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Abstract

We define Landau-Lifshitz sigma models on general coset space G/H, with H a maximal
stability sub-group of G. These are non-relativistic models that have G-valued Nother
charges, local H invariance and are classically integrable. Using this definition, we con-
struct the PSU(2,2|4)/PS(U(2|2)?) Landau-Lifshitz sigma-model. This sigma model
describes the thermodynamic limit of the spin-chain Hamiltonian obtained from the com-
plete one-loop dilatation operator of the N = 4 super Yang-Mills (SYM) theory. In the
second part of the paper, we identify a number of consistent truncations of the Type IIB
Green-Schwarz action on AdSs x S° whose field content consists of two real bosons and 4,8
or 16 real fermions. We show that k-symmetry acts trivially in these sub-sectors. In the
context of the large spin limit of the AdS/CFT correspondence, we map the Lagrangians of
these sub-sectors to corresponding truncations of the PSU(2,2[4)/PS(U(2|2)?) Landau-

Lifshitz sigma-model.
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1 Introduction

The gauge/string correspondence ﬁslc)%)vides an amazing connection between quantum gauge
and gravity theories. The correspondence is best understood in the case of the maximally
supersymmetric dual pair of N’ = 4 SU(N) super-Yang-Mills (SYM) gauge theory and Type
IIB string theory on AdSs x S°. Recent progress in understandirlllg1 tliis d}l&lity has come from
investigations of states in the dual theories with large charges [3, 4 B]. In these large-charge
limits (LCLs) it is possible to test the duality in sectors where quantities are not protected by
supersymmetry. Typically, one compares the energy of some semi-classical string state with
large charges (labelled schematically J) to the anomalous dimensions of the corresponding op-
erator in the dual gauge theory, using 1/.J as an expansion parameter which supresses quantum
corrections. A crucial ingredient, which made such comparisons possible, was the observation
that computing anomalous dimensions in the N' =4 SYM gauge theory is equivalent to find-
ing the energy eigenvalues of certain integrable spin-chains Wollowmg the earlier work on
more generic gauge theories ﬁht the same time the classical Green-Schwarz (GS) action
for the Type IIB string theory on AdSs x S° was shown to be integrable @ The presence of
integrable structures has led to an extensive use of Bethe ansatz-type techniques to investigate
the gauge/string duality ﬁ In particular, impressive results for matching the world-sheet S-
matrix of the GS string sigma-model with the corresponding S-matrix of the spin-chain have

. matrix
been obtained

The matching of anomalous dimensions of gauge theory operators with the energies of semi-
classical string states was shown to work up to and including two loops in the 't Hooft coupling
A. At three loops it was shown that the string and gauge theory results differ. As has been
noted many times in the literature, this result should not be interpretted as a falsification of
the gauge/string correspondence conjecture. Indeed, while the (perturbative) gauge theory
computatons are done at small values in A, they are compared to dual string theory energies
which are computed at large values of A and as such are not necessarily comparable. It has

then been a fortunate coincidence that the one- and two-loop results do match.

This match was first established in a number of particular semi-classical string solutions
and corresponding single-trace operators [5]. Later it was shown that, to leading order in the
LCL, for some bosonic sub-sectors the string action reduced to a generalised Landau-Lifshitz
(LL) sigma model, which also could be obtained as a thermodynamic limit of the corresponding

1.k2.h11.stl.k
spin-chain hﬂm (see also W% In this way, by matching Lagrangians on both
sides one can establish that energies of a wide class of string solutions do indeed match with

the corresponding anomalous dimensions of gauge theory operators without having to compute



these on a case-by-case basis.

A natural extension of this programme is to match, to leading order, the LCL of the full
GS action of Type IIB string theory on AdSs x S° to the thermodynamic limit of the spin-
chain corresponding to the dilatation operator for the full ' =4 SYM gauge theory; including
fermions on both sides of the map is interesting given the different way in which thety2 egllter the
respective actions. On the spin-chain side fermions are on equal footing to bosons [[19; - the
LL equation, which describes the thermodynamic limit of the system, relates to a super-coset
manifold when fermions are included, as opposed to a coset manifold when there are no fermions.
In particular, both fermions and bosons satisfy equations which are first order in 7 and second
order in ¢. On the other hand, fermions in the GS action possess k-symmetry %ﬁﬁ%m
and their equations of motion are first order both in 7 and o. Previous progress on this
question was able tgzmatch string and spin chain actions in a LCL up to quadratic level in
fermions [20; (L7, [19].” Roughly speaking, on the string side, x-gauge fixed equations of motion
for fermions typically come as 2n first order equations. From these one obtains n second-order
equations for n by ’integrating out’ half of the fermions. Taking a non-relativistic limit on
the worldsheet one ends up with equations which are first order in 7 and second order in o
which can be matched with the corresponding LL equations obtained from the spin chain side.
Matching the terms quartic and higher in the fermions had so fzirl ariotculiggn achieved, though
it is expected that this should be possible given the results of @.—H?)g‘m, finding a suitable
r-gauge in which this matching could be done in a natural way remained an obstacle. Below
we propose a k gauge which appears to be natural from the point of view of the dual spin-chain

and allows for a matching of higher order fermionic terms in the dual Lagrangians.

In this paper we first present a compact way of writing LL sigma models for quite general
(super-)cosets G//H; in particular we write down the full PSU(2,2|4)/PS(U(2|2)?) LL sigma
model which arrises as the thermodynamic limit of the one-loop dilatation operator for the
full ' = 4 SYM theory. This generalises earlier work by ﬁ, and allows one to write down
LL-type actions without having to go through the coherent-state @Fthermodynamic limit of
the spin chain. We then identify a number of sub-sectors of the classical GS action all of
which have two real bosonic degrees of freedom and a larger number of fermionic degrees of

freedom (specifically 4,8 and 16 real fermionic d.o.f.s ) Finally, we define a LCL in which

!By a sub-sector we mean that the classical equations of motion for the full GS superstring on AdS5 x S°
admit a truncation in which all other fields are set to zero in a manner which is consistent with their equations
of motion. This is quite familiar in two cases: (i) when one sets all fermions in the GS action to zero and, (ii)

when one further restricts the bosons to lie on some AdS, x S¢ sub-space (1 > p, ,q > 5). N
2The 4 fermion model was previously postulated to be a sub-sector of the classical GS action in w and

represents a starting point for our analysis.



the GS actions for these fermionic sub-sectors reduce to corresponding LL actions. In this way
we match the complete Lagrangians for these sub-sectors and not just the terms quadratic in
fermions. Since the largest of these sectors contains the maximal number of fermions (sixteen)
for a k-fixed GS action the LCL matching to a LL model gives a clear indication of what the

natural k-gauge is from the point of view of the dual spin-chain.

The fermionic sub-sectors of the GS action that we find are quite interesting in themselves
because on-shell k-symmetry acts trivially on them - in particular the sub-sector containing 16
fermionic degrees of freedom contains the same number of fermions as the x-fixed GS superstring
on AdSs x S°. Since k-symmetry acts trivially in this case one cannot use it to eliminate half of
the fermions as one does in more conventional GS actions. Further, these fermionic sub-sectors
naturally inherit the classical integrability of the full GS superstring on AdSs x S° found in ﬁ
Integrating out the metric and the two bosonic degrees of freedom one then arrives at a new

class of integrable differential equations for fermions only.

ec2
This paper is organised as follows. In section I'we give a prescription for constructing a LL

sigma model on a general coset G/H. We also present a number of explicit examples of LL
sigma models most relevant to the gauge/string correspondence there and in Appendix ﬁ.’p—eIn
section evfzeé identify the fermionic sub-sectors of the GS superstring on AdSs x S°. In section &(ﬁ
we define a LCL in which the GS action of the fermionic sub-sectors reduces, to leading order in

J, to the LL sigma models for the corresponding gauge-theory fermionic sub-sectors. Since the
GS action for the four fermion subsector is quadratic in the remaining appendices to this paper
we present a more detailed discussion of it including a light-cone quantisation in Appendix ﬁ:@
a discussion of its conformal invariance in Appendix ﬁ'%nd a T-dual form of the action in

d
Appendix i%il

2 Landau-Lifshitz sigma models

In this section we construct the Lagrangian for a Landau-Lifshitz (LL) sigma model on a coset
G/H. The Lagrangian will typically be first (second) order in the worldsheet time (space)
coordinate, and so is non-relativistic on the worldsheet. We refer to such models as LL sigma
models because in the case of G/H = SU(2)/U(1) the equations of motion reduce to the usual
LL equation

87—712‘ = aijknjﬁgnk y where n;n; = 1. (21)

d.
3For earlier work on this see [[L1].



The construction of LL Lagrangians is closely related to coherent states |w, A). RecallH that
to construct a coherent state |w,A) we need to specify a unitary irreducible representation A
of G acting on a Hilbert space V) and a vacuum state |0) on which H is a maximal stability

sub-group, in other words for any h € H
A(h)|0) = ™ o) | (2.2)
with ¢(h) € R. Given such a representation A and state |0) we define the operator € as
Q=10)(0] . (2.3)

The LL sigma model Lagrangian on G/H is defined as

ELL G/H — »CLWLZG/H + Elﬁlﬁl G/H (24)

where
LY om = —iTr(Q9'0.9) , (2.5)
L em = Tr(9'Dogg'Dsyg) . (2.6)

Above, g'D,g = ¢'0,9 — g'0,g|x is just the standard H-covariant current. It is then clear that

Lin sy 1s invariant under gauge transformations

g — gh, (2.7)

for any h = h(7, o) € H. We may also show that the same is true of L)%, - To see this note

h
that the gauge variation of £;¥%, i+ Using equation (Efﬁlui, oE g?\s/gn by
SuLYom = e M (0] 0-h|0) = e~ Mo ((0| h[0)) = i, ¢(h) . (2.8)

This in turn is a total derivative; and so the full action is invariant under local right H action.

The Lagrangian also has a global G' symmetry

9= 909, (2.9)

for any go € G with 0,99 = d,90 = 0, and the corresponding Nother current is given by

(Gr s Jo) = (999", 2iDygg') . (2.10)

ere
4For a detailed exposition of coherent states see ﬁ?a brief summary, using the same notation as in this

paper, is also presented in Appendix A of )

vacuumphas

Omega

LLsigmamod

LLLWZ

IHIH



t1,st . . . . . .
In ﬁf@% LL actions were written down in terms of Lie algebra matrices denoted typically
by N. To make contact with the present notation we note that

1
N = ¢gQqg' — EIn, (2.11)

where the second term on the right hand side is included since N is traceless. Finally, let us
note that these LL sigma models admit a Lax pair representation and as a result are integrable.
This is most easily seen in terms of the matrix /N for which the equations of motion are the LL

matrix equation

1
O.N=-[N,dN} . 2.12
2 [ 7 To } ( )
This is equivalent to the zero-curvature condition on the following Lax pair
N
L 0y — —, 2.13
— dmx ( )
iN [N,0,N}
. - , 9214
M — 0 422 8 (2.14)
where [, -} is the (super)-commutator. In the remainder of this section we construct a number

of explicit examples of LL sigma models. Further examples of interest in the gauge/string
e
correspondence are relagated to Appendix ﬁ.’p_The reader who is not interested in the details

of these examples should skip the remainder of this section.

2.1 The U(1]1)/U(1)?> model
This is one of the simplest LL sigma models, H in that the Lagrangian is quadratic

Ly vapyvae = WO + Opp0,1) (2.15)

with 1) a complex Grassmann-odd field and 1) its complex conjugate. Notice that this result
can be obtained using the explicit 2 x 2 supermatrix representation of U(1[1), with the vacuum
state |0) being the super-vector (0, 1).

2.2 The SU(3)/S(U(2) x U(1) model

Before proceeding to our main example - the PSU(2,2|4) model - in this subsection we show how
the above formal prescription applies to the well known SU(3) Landau-Lifshitz model %

5The following equation is due to Charles Young.
6There is also the equally simple bosonic U(1) LL sigma model.



Recall that the Lagrangian for this is

Lsv@/swe x vy = =iU'0:U; = S |D,Ui* + AUU" = 1), (2.16)
where
DU =9,-iC,, C,=—iUd,U;, (2.17)

for u = 7, 0 and U’ = U}. To show that we can obtain this from our general expression (‘ﬁf%del
we write elements of the group SU(3) as 3 X 3 matrix g, split into a 3 X 2 matrix X and a
vector Y

g=(X,Y), (2.18)

and because g is in SU(3) (i.e. g'g = 1) we have

XTX =1,, YTV =1, XY =0, YiX =0, (2.19)
XXT+yy?h = 14. (2.20)
i del
The kinetic part of the Lagrangian (ié[ﬁlli %S thom given by
1 —1 -1
Liin sSUE)/SWUE) xUQ) = ZTI ((g7'D1g)(g~ ' Drg))

_ lTr <XTD1X XDy )2 _ lTr ( 0 X0y )2
4 YD, X YiDY 4 Yiox 0

= %Tr [(XT0Y Y10, X]

- —%Tr [0 XYY, X] = —%Tr (Y TIXXT0,Y]

_ % ~Tr [ XT(1 - XXM, X] = _%alyi(ag —Y;Y7)0rY;

1 = 1-
= —5Tr [D1 XD, X] = =5 DYDY (2.21)

The final expression is the same as the kinetic term of the usual SU(3) Landau-Lifshitz La-

3 .
grangian dﬁ%f upon identifying Y; with U; (above Y = Y'T). Above, we have defined

DY; = 0Y;i=YiY0;, DY = (DY) (2.22)
DX = 0 X-XX'0X, D X=(DX). (2.23)

WZ
The WZ term of the Lagrangian is given by equation (%de can be written as

Lwz su@)swe x vy = i Tr(XT90X) = —iY'8,Y; . (2.24)



This follows from the fact that g='dyg is traceless and so
Tr(XT9oX) = —Y'0,Y; . (2.25)

Upon identifying 3YZ- with U;, the WZ term above is the same as the usual SU(3) Landau-
Lifshitz one . Notice that we have also given an alternate parametrisation of the SU(3)

Landau-Lifshitz model in terms of X
. 1 _
Lsu)swe xvay =i Tr(XT19pX) — 5T [DiXTDi X + AXTX — 1), (2.26)

which has an explicit SU(2) gauge invariance.

Finally, out of X and Y we may define a matrix which takes values in the SU(3) Lie algebra
N'; =3Y'Y; — 61 = —=3X;, X" + 26}, (2.27)

where @ = 1,2. This matrix is however, not a general SU(3) matrix but rather satisfies the
identity
N?=N+2. (2.28)

In terms of N the equations of motion take the form of the matrix Landau-Lifshitz equation
BN = —%[N LO2N]. (2.29)

These are equivalent to the consistency of the following linear problem

{
Elp - |i80 - mN:| lp - 0, (230)
i b

2.3 The SU(2,2|4)/S(U(2|2) x U(2|2)) model

In this sub-section we present an explicit Lagrangian for the complete PSU(2,2|4) Landau-
Lifshitz sigma model Lagrangian following the general discussion at the start of the present se
section. The action we are interested in is the Landau Lifshitz model as defined in equation (ié[ﬁlli S

on the coset

PSU(2,2/|4)
PS(U(2)2) x U(2]2)) (2.32)
or on the coset
SU(2,2|4) -

S(UQ2) x U(22))

8



both of which have 32 real components. The derivation is very similar to the SU(3) Lagrangian
derived in the previous sub-section, and so we will simply state our results. A general group
element g can be written as (X, Y) where now X (V) is a 8 X 4 supermatrix, with the diagonal
4 x 4 blocks bosonic (fermionic) and the off-diagonal 4 x 4 blocks fermionic (bosonic). The

Lagrangian is then given by
. 1 =
ELL PSU(2,2|4)/PS(U(2[2) x U(2]2)) = ZSTI(XTa(]X) - §ST1"(D1XTD1X) + A(XTX - 1) . (234)
Note that there are 32 complex degrees of freedom in X, which the constraints reduce to 48

real degrees of freedom. The action also has a local U(2]2) gauge invariance, so in total the

above Lagrangian has 32 degrees of freedom - the same as the coset.

In fact we may write X as

X=U,Vo, U, V),  X'=(UVe,0V"), (2.35)
where a = 1,...,8, and
vv, = -1, VV,=-1, VU,=0, U"
v'v, = 1, Vv, =1, ViU, =0, Uv,=0,
v, = 0, UW,=0, VU,=0, VV=0,
Uv, =0, UW,=0, VU,=0, VY5,
Above we have defined
U = Urche Ve = yrcha 0e = —0pche Ve = _vrcbe (2.40)
where C% = diag(—1,—1,1,1,1,1,1,1).
The Lagrangian (%%Wl"itten in terms of Ua, \7(1, U, V, is

L1y psu@am pswe? = —iUU, — ViV, — iU U, — iV 9V,

2.36
2.37
2.38
2.39

Sz

Y

o~ o~ o~
— — ' ~—

(800, + 0.7 AT, + 000U, + BV ALV,

~U,0,0°0,0;, — VooV, V0.V,

+Ve oV, VPo Vi, + U0,U, U0, U,

+2Ve0,U, U0V, — 2V°0,U,U°0,V, + 200U, U0, U,

L2 NV VI Oy Ty + 200Uy + 200V, V'O,V )

(2.41)
One can check explicitly that this action has local U(2]2) invariance
(Uas Vo, U, Va) = (U, VU, Va)U (7, 0). (2.42)

for U a U(2]2) matrix.



2.3.1 Subsectors of the the SU(2,2/4)/S(U(2|2) x U(2]|2)) model

In the above Lagrangian we may set
U, = (1,07, Vo =1(0,1,0%), Uy = (0%,Us, ..., Us), Vo= (0%Vs,...,Vk), (243)

where

v, =1, Vev, =1, Ve, =0, Uu*v, =0. (2.44)
The resulting Lagrangian is that of the SU(2|4) sector. If we further set
0=Us=Us=Vs=1V}, (2.45)

t
we can recover the SO(6) Lagrangian (m) Details of this are presented in Appendix B we

may further consistently set
0=Us=Vs=Vi=Vs =Vs =17, Vs=1, (2.46)

t
in which case we obtain the SU(2|3) Lagrangian (ﬁ), with the identification (Us,U,) =
(¢17¢2)-

We may instead set

U, =(07,1), V, = (0°,1,0), U, = (Uy,...,Us 0%, Vo= (Vi,...,Vs,0%), (247)

where

v, =-1, VV,=-1, VU, =0, UV,=0. (2.48)
The resulting Lagrangian is that of the SU(2,2|2) sector. If we further set
0=Us=Us=Vs=1V}, (2.49)

we recover the SO(2,4) Lagrangian, which is the Wick rotated version of the SO(6) La-
grangian (ﬁ) In Appendix i%] e write out this Lagrangian explicitly.

A final interesting choice is to set
U= (07,1),  Vo=(0,Va,...,V5,0),  U,=(0,Us,...,Us,0),  Vy=(1,07), (2.50)

where
v, =-1, V'V,=1, VU,=0, U*V,=0. (2.51)

The resulting Lagrangian is that of the SU(1,2|3) sector. If we further set
0=Vo=V;s =0, =Us, (2.52)

we get the SU(2|2) Lagrangian. In Appendix i%] Re write out this Lagrangian explicitly.

10



3 Green-Schwarz actions and fake k-symmetry

in this section we construct GS sigma model actions whose field content are two real bosons
and 4,8 or 16 real fermions. These models all come from consistent truncations of the equations
of motion for the full Type IIB GS action on AdSs x S°. Just as any GS sigma model these
fermionic actions have a k-symmetry. However, we show that for these models x-symmetry is
trivial on-shell. As a result one cannot use it to reduce the fermionic degrees of freedom of

these models by fixing a k-gauge as one does in more conventional GS actions.

Let us briefly recall the construction of the GS action on a super-coset G/H. We require
that: (i) H be bosonic and, (ii) G admit a Z, automorphism that leaves H invariant, acts
by —1 on the remaining bosonic part of G/H, and by +i on the fermionic part of G/H. The

currents j, = ¢'9,g can then be decomposed as
Ju=30 + 30+ 30+ 50 (3.1)

where ) has eigenvalue i* under the Z, automorphism. In terms of these the GS action can

be written as

Lcs a/a = /d20' V=g9"Str(jP i) + e str (VP (3.2)

from which the equations of motion are

. og [0 - 1, (1) . (3) .
0 = 9u(v=99"%%) — V=99°" [JS”J?’] + 5 ([ S),Jﬂ - [95’),9%3)}) ., (3.3)
0 = (V=ag* + ) i, 5% | (3.4)
0 = (V=ag* =) [i0,58] . (3.5)

3.1 Fermionic GS actions

Having briefly reviewed the general construction of GS actions on G/H super-cosets, we now
turn to the main focus of this section which is identifying GS actions with a large number of
fermionic degrees of freedom, which are consistent truncations of the full AdSs x S®> GS action.

To do this consider the following sequence of super-cosets

U(1)1) x U(1]1) U(2)2) PS(U(1,1]2) x U(2[2)) PSU(2,2|4)
UL x U(l) ~ SUQ)xSU@2) ~ SU(L1) xSU(2)® —~ SO(L,4) x SO(5)

(3.6)

The C symbols are valid both for the numerators and denominators and hence for the cosets

as written above. Notice that the right-most of these cosets is just the usual Type IIB on

11

currz4dec

z4gs

eoml
eom?2

eom3



AdS5 x S® super-coset. Further, it is easy to convince onself that each of the cosets above
admits a Z, automorphism which is compatible with the Z, automorphism of the Type IIB
on AdSs x S° super-coset. The Z, automorphisms may be used to write down GS actions
for each of these cosets. The fact that the cosets embed into each other as shown above in a
manner compatible with the Z, automorphism implies that their GS actions can be thought
of as coming from a consistent truncation of the GS action of any coset to the right of it in
the above sequence. In particular this reasoning shows that the GS actions for U(1|1)?/U(1)?,
U(2]2)/SU(2)* and U(1,1]2) x U(2|2)/(SU(1,1) x SU(2)? can all be thought of as coming from
consistent truncations of the Type IIB GS action on AdSs x S°.

Counting the number of bosonic and fermionic components of the three cosets U(1|1)?/U(1)?,
U(2]2)/SU(2)* and U(1,1]|2) x U(2|2)/(SU(1,1) x SU(2)? we see immediately that they each
have 2 real bosonic components and, respectively, 4,8 and 16 real fermionic components - which
is why we refer to these actions as fermionic GS actions. We might expect that some of the
femrionic degrees of freedom could be eliminated from the GS actions by fixing x-symmetry.
In fact, it turns out that for these models k-symmetry acts trivially on-shell and so cannot
be used to eliminate some of the fermionic degrees of freedom. Indeed, the GS actions on the

above-mentioned cosets do have 4,8 and 16 real fermionic degrees of freedom, respectively.

In the remainder of this sub-section we write down explicitly the GS actions for U(2|2)/SU(2)?
and U(1[1)?/U(1)? and discuss their x and gauge transformations; the GS action for U(1, 1]2) x
U(2]2)/SU(1,1) x SU(2)? may also be written down in an analogous fashion but since we will

not need its explicit form later we refrain from writing it out in full.

3.2 The GS action on U(2[2)/SU(2)?

The GS action on action on U(2|2)/SU(2)? can be written down in terms of the parametrisation
of the U(2|2) supergroup-valued matrix written as

g=(X,Y;X)Y), (3.7)

where X, Y (X, Y) are four-component super-vectors with the first (last) two entries Grassmann
even and the last (first) two entries Grassmann odd. Since the matrix g is unitary we must

have
1 = XIX=vly=X'X=vTy,
0 = Xly=v X=X X=X x=XY=YX
= YiX=Xly=vly=vly =Xy =YX,
lop = XXT+YYT+ XXT+vYT, (3.8)

12
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where the matrix 1(gj9) is just the 4 x 4 identity matrix. The Z, automorphism is given by
A B a2 0 AT CT a2 0

Q:MZ(C D)ﬁ( O 02)(_BT _DT)( 0 ) (59)
which acts on the current as
~vto,y Xty —vio,y Xty
vto,x  Xxt9,x vYiox -Xxt9,X
vto,y —Xto,y —v'9,y Xto vy
vt X Xt9,X Vvi9,X -X19,X

The Green-Schwarz action then is

1
Las v@)/(sU@)xsu@) = 3 /d20' Vg (X0, X +Y19,Y) (X9, X +Y19,Y)

Q) = (3.10)

~(XT9,X +YT0,V)(X19,X + ?Tayif))
+2ie (X19,XY10,Y + V19, X19,X
~X19,Yv19,X - X19,yV19,X) . (3.11)

One can easily check that this action has a local SU(2) x SU(2) invariance which acts on the
doublets (X,Y) and (X,Y). The action also has k-symmetry which acts on the fields asE'

6.X = —X(6+é&)-Y(e
6.Y = iX(e—&)—iY
6. X = X(e+&)+iY (& —é)
0.Y = X(ex+&)—iY(6— &), (3.12)
where
e = NP (X0, X +Y0,Y + XT0, X + Y9,V )k, 4
& = N°(XT0,X +YT8,Y + X109, X + Y10,V )R 5, (3.13)

fori =1, 2 with x; 3 and &; g local Grassmann-odd parameters. The world-sheet metric also

varies as
5u(v/—=gg®%) = MY (nf7+(XTaVX — YY) + K5 L (V10,X +iv1a,X) + c.c.) +a [
I (Rfv_(f(T@VX +ivioy) + & (VX —ivTo, X) + c.c.) tae 8.

(3.14) |ku22metric

"The k-action below has the nice feature of acting as a local fermionic group action by multiplication from

carthur
the right. Such a repg:esentation was originally suggested in and was developed more fully for the AdS5 x S°
notes
GS action in ; the formulas below are a simple extension of this latter construction to the coset at hand.
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Notice that the above variation is consistent with the symmetries and the unimodularity of

V/—g9°" as long as
kO =TVk 5, " =Tk 5. (3.15)

In the above formulas we have decomposed two-component vectors v, as

e Q 1 « 6}
UiEHiﬁngg(\/—gg P+ e*) vy, (3.16)

3.3 The GS action on U(1[1)?/U(1)?

To obtain the GS action on U(1]1)?/U(1)?* we may simply set

0=X;=Y, =X, =Y;. (3.17)

s2param

2
in the action (%% . This is because now the group element g given in equation (iE%; ZI) Beiozrags to
t
U(1]1)? € U(2]2); this truncation is also consistent with the Z, automorphism (%% was

argued at the start of this sub-section these facts imply that setting the above components to
S
zero is a consistent truncation of the equations of motion for the action . The GS action

for the truncated theory then is
Lasvapyewaye = % / d’o /99" (X109, X +Y19,Y)(X'9,X +Y19,Y)
—(XT9,X +YT0,V)(X19,X + Y/Ta,,f/)>
20 (X19,7Y19,X + X19,YV19,X) | (3.18)
It has two U(1) gauge invariances

X — %X, Y — ey, (3.19)

X — %X, Y — ey (3.20)
d tri
as well as k-symmetry which is simply the restriction of equations (%% (%L iﬁ]i.e e
If we parametrise the group element g = (X,Y, X,Y) € U(1|1)? by
. 1 iy T , 1 :
X = ("1 + §¢2) 0,0, —e7 %)) Y = (0, "1 + 5172) —e 25 0) (3.21)

. . 1 8 . . 1
X = (0,e"?n, e 21— 2n%),0), Y:(e“/%,0,0,6—20/2(1—?%)), (3.22)

2
_ 12
where 1% = ¢) and n? = 7jn, the action (Eﬂ)‘becomes
«—> . .
Las vanyzum? = /dza\/ﬁgw (—8uq§+8,,¢_ +i0,94m: Oy 0" — 8u¢+3u¢+772m>
— Dy (1 Oy — ' Dy (3.23) |gsuli2comp
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This action was postulated in % to be a consistent truncation of the full Type IIB GS action
on AdSs x S®, by checking the absense of certain cubic terms in the latter action, using an ex-
plicit non-unitary representation for PSU(2,2|4). Here we have shown that on group-theoretic
grounds this action is indeed such a consistent truncation, and have obtained its form using a

unitary representation of the group.

On the local coordinates defined above k-symmetry acts as
on; = €, 0t = —da =1 (niei + mei) . (3.24)

In particular notice that d¢, = 0. The parameters ¢; are not however free, instead they are
given by »
7

570 i o
5 (niﬁan +i0,0_ +in niaam) K5 . (3.25)

Above k{* are complex-valued Grassmann functions of the world-sheet; their complex conjugates

Ej:

are denoted by k*. We will also require that the metric vary under s-symmetry as
595" = —L[xeP(—na %0 20, + 20,1
(V=99"") = —5 |#"P7 (=m0y¢s — i 0y + 2i0ym + 20,7°)
FRCOPD (=0 0,0, + insdydy — 2i0ym" + 20,7)
RO P (o, — in®0,04 — 2i0,m + 20,07
+i& P (00,04 + a0y 64 + 2i0,m" + 2(%772)]
- 75 {V —99™" (“6 O+ R, O’ + §av¢+("‘fﬁ i — K ))
+ie*” </<af&mg + fig&,m — KPlom? — mﬁzaﬁ,nl)
1

—§€ma~y¢+ (mfm + ko + KPP m52n1>} . (3.26)

where a“v? = a®b® + a®b* and
) 1
'%(11 = _(’% - "%a) ) "{'(2)6 = 5("%& + K'a) ) (327)

with the complex conjugates defined as x' = & and #" = k. The above variation of the metric

is symmetric and since \/—gg®’ has unit determinant (is uni-modular) we require that
kY= PYrg, k= P"ks. (3.28)
12com
Using the above formulas one can check that the action 1&5%2%]) 1s indeed invariant under this

symmetry. However, as we show below this local symmetry is trivial on-shell.
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3.4 Fake r-symmetry

In this sub-section we show that x-symmetry acts trivially on-shell on the fermionic GS actions
studied in this section. To see this most easily we will first consider the particle limit (in other

words we remove all o dependence of fields) for the action Lgg yaj1y2/ua)2. This gives
Lparticle = — /d76_1¢+ (‘f?— + ban'n — imin — iﬁ%i) = - /d76_1<15+a7 (3.29)
where for convenience we have deﬁnedH
a= (ciﬁ- + don'n; — i)’ — Wm) : (330)
Setting e = constant, we may solve the the ¢, ¢_ and 7; equations of motion to get
O = 2KT, G- = AT, ni=e "Ny, (3.31)

where k, A (respectively, 79;) are complex constant Grassmann-even (odd) numbersH Finally,

we turn to the equation for the einbein e which reduces to
kA =0. (3.32)

or in other words forces us to set either xk or A\ to zero. As a result the theory consists of two
sectors, one with k = 0 and the other with A = 0. The former sector is trivial and uninteresting
as all fields apart from ¢_ are constant and the energy is zero. The physically more relevant
sector has A = 0 and  # 0.

t
Let us now turn to the s invariance of the action (%L It is easy to see that this action is
invariant under
0py =0, on; = akK; , So_ =ia(n'r; + k'),
0(e™") = 2i( ks + 7ik’) + Gy (7' ks + i’ (3.33)
where k; are arbitrary Grassmann-odd functions of 7. Since we are free to pick the parameters

r; one might think that we could simply gauge away the femrionic degrees of freedom using

this symmetry; had the k variations been of the form

6771 = K4,

8As an aside note that the fermion index i can now run over any number and is not restricted to i = 1,2 as

is the case for the super-string. This is quite typical of k-invariant particle actions.
9In the above solution we have, without loss of generality, set the constant parts of ¢, and ¢_ to zero.
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we would have been able to gauge away the fermions. In fact this is not the case: the x variation
of the fermions instead reads
on; = ak; , (3.34)

From the equation for the einbein e we see that in fact @ = 0 (in the physically important

sector for which x # 0 as discussed above) and so on-shell the above k symmetry acts trivially

on all fields except the einbein itself. But any x variation of the einbein e can be compensated
. . . . t 12

for by a diffeomorphism. We conclude that while the actions (ﬁ%% and (%_formally have a

r-symmetry, this has a trivial action on-shell and so cannot be used to eliminate any fermions.

The argument in the above paragraph relies on the fact that on fermions k-symmetry was acting
as 01; = ar; and on-shell @ = 0. Returing to the fermionic GS superstring actions discussed in
this section we see from equation (%)g%?lat here too k-symmetry acts as 07; = Gstringii, Where
now

Ostring = (XT0,X + Y10,V + X0, X +YT9,V). (3.35)

It is easy to check that because of the Virasoro constrains dgying is also zero on-shell. We
. 12comp .
conclude that the k-symmetry of the action (ﬁfﬁ)ﬂr%wal on-shell and so cannot be used to

eliminate any fermions.

4 Large charge limits of fermionic GS actions

Given a Z, automorphism on some coset G/H we may construct a Green-Schwarz Lagrangian
for it ﬁ? On general grounds the large charge limit of this Lagrangian should be a generalised
Landau Lifshitz sigma model. Further, since we expect the global charges of the two actions
to map onto one another, this LL sigma model should be constructed on a coset G/ H. In this

section we will attempt to identify H.

One step in this direction is to count the number of degrees of freedom that the GS action
has and compare it with that of the LL model. For example in the case of the Type II1B
superstirng on AdSs x S® there are 10 real bosonic degrees of freedom, and there are 32/2 = 16
fermionic degrees of freedom (where the factor of 1/2 comes from s symmetry). In the large
charge limit two of the bosonic degrees of freedom are eliminated; the remaining eight are
"doubled’ since the LL Lagrangian should be thought of as a Lagrangian on phase space. The
16 fermions are described by coupled first order equations. When taking the LCL we integrate
out half of the fermions, in order to arrive at second order equations ﬁ, leaving us with 8 real
fermionic degrees freedom; as in the case of the bosons this should also be 'doubled’, leaving

us with 16 fermionic degrees of freedom. At this point we may simply guess what H is in the
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case of G = PSU(2,2|4), since the only coset of the form G /H with 16 bosonic and fermionic
degrees of freedom each is
H=PS(U(1,1]2) x U(2]2)), (4.1)

though of course in this case H is well known from gauge theory.

Let us persue this counting argument further and consider the GS action on

(4.2)

This is a sub-sector of the classical GS string action on AdSs x S°. It has 2 real bosonic
degrees of freedom and 4 real fermionic degrees of freedom. As was shown in section ﬁ%
symmetry in this case is trivial on-shell, and so, following the counting argument in the previous
paragraph, ﬁ we expect the LL sigma model corresponding to the LCL of this GS action to
have 4 real fermionic degrees of freedom and no bosonic degrees of freedom. The only such

coset is

(4.3)

in other words H = U(1)*.
Similarily, we may consider the bigger sub-sector of the full classical superstring on AdSsx S°

U(2)2)
SU(2)?2°

(4.4)

for which k-symmetry is also trivial on-shell. This sub-sector has 2 bosonic and 8 fermionic
d.o.f. As a result we expect the LL sigma-model to have no bosonic d.o.f. and 8 fermionic d.o.f.

Again this is enough for us to identify
U(2[2)

U(2)?’

as the coset on which the LL sigma model is constructed. Finally, the largest classical sub-

(4.5)

sector of the GS string action on AdSs x S° for which s-symmetry is trivial is the GS action

on

PS(U(1,1)2) x U(2]2))
SU(1,1) x SU(2)?

(4.6)

10For the bosons we subtract two real degrees of freedom in the LCL and double the remaining ones. In the
present case this gives 2 x (2—2) = 0 d.o.f. For the fermions, the number of d.o.f. in the LL sigma model should
be the same as that of the GS string once k-symmetry is fixed. This is because, once k-symmetry is fixed, we
halve the number of d.o.f. since the GS action gives first order differential equations, and the LL action gives
second order differential equations; we then double it because the LL action is an action on phase space. In the

present case, since k-symmetry is trivial on-shell we end up with 2 x 4/2 = 4 fermionic d.o.f.
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By our counting argument the corresponding LCL coset should have 16 fermionic and no bosonic
d.o.f. As a result, the LL sigma model which corresponds to the LCL limit of the GS action on
(U(1,1]2) x U(2]2))/SU(1,1) x SU(2)? is constructed over the coset

PS(U(1,1]2) x U(2]2))
UL, 1) x U(2)3

(4.7)

While this counting argument shows how to identify H, it is not very clear how the LCL
should be taken in practice and in particular how starting from a GS action one arrives at a LL
action. The rest of this section will address these issues in the three cases of G = U(1]1)?, U(2]2)
and U(1,1]2) x U(2]|2). We will restrict our discusion to the leading order term in the LCL and

leave the matching of sub-leading terms to a future publication.

4.1 Matching the U(1]1)? sub-sectors

In this subsection we will argue that the large charge limit of the Lagrangian given in equa-
. 12 12com . .
tions (E%f and (Eﬁ)_wﬁfgh describes the Green-Schwarz string on the coset

U1

W 5 (4.8)
is given by the Landau-Lifshitz Lagrangian on the coset
U(1]1)®
o (4.9)

We will first arrive at this result in a very pedestrian way. Since general solutions to both
the LL and GS cosets can be given explicitly in full generality we will write them down using

unconstrained coordinates. On the GS side,
by = KT, (4.10)

the general solution takes the form

o0

m= 3 (Yl ey | (4.11)

n=—oo

where 1 are constant Grassmann-odd numbers, and

wp = /n?+ Kr2/4. (4.12)

a
UThis is somewhat different to the comparison between gauge and string theory done in (ﬁ) where it was
argued that on the gauge theory side the coset should be U(1[1)/U(1)?.
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7)o is completely determined via the equation of motion
ko1

Oyt = 10, — o' (4.13)

In the LCL we take kK — oo in which case we have

o0

o~ Z pino <€i(ﬁ/2+n2/ﬁ)7w7—i—+e—i(ﬁ/2+n2/n)rwg>

n=—oo

62’&7/2

w(—)ﬁ- + Z e’in2T/H (¢:eina + wtne—ina)]
n=1

_l_e—im‘/Z

¢a + Z e—inzT/H (,w;eina + ¢:ne—ina)]
n=1
= eim—/2w1 L+ €_MT/2QZQ L, (414>

where 1y 1, arid 1o 11, are the 2 complex fermionic d.o.f. for the LL sigma model on (see

equation )
U(11)?
) 4.15
In particular, after rescaling 7 — k7, they satisfy the equations of motion
0=(92—i0;) Y1o1L- (4.16)

In this way we match, to leading order in the LCL, the classical string Lagrangian with the
corresponding coherent state continuum limit of the gauge theory dilatation operator in the
U(1]1)? sub-sector.

Notice that physical string solutions have to satisfy the level-matching condition

2m
/ Oo— =2mm, forme Z. (4.17)
0

The winding parameter m does not, however, enter the LCL Lagrangian Rather, it gives a
constraint on its solutions. This matches the spin-chain side where m enters as a constraint
on the Bethe roots, but does not enter the algebraic Bethe equations or the LL sigma-model
action. This feature is very similar to the SL(2) sector discussed in %

4.2 Large Charge Limit of fermionic GS actions

In this section we re-phrase the above discussion in terms of the embedding coordinates

X,Y ..., and the currents jff). This allows for a straightforward generalisation from the

20



U(1]1)% sub-sector to the U(2|2) and U(1,1]2) x U(2|2) sub-sectors. We present the explicit

discussion only for the case of U(2|2), but the other case follows almost trivially.

The first thing to note is that the equation of motion for one of the two bosonic fields, ¢,
is particularily simple in the GS models presently considered. This can be obtained as the

super-trace of equation . As a result we may set
X9, X +Y19,Y — X19,X —Y19,Y = ird, o. (4.18)

Using this, in conformal gauge the equation of motion for the off-diagonal component of the

worldsheet metric implies that
X0, X +Y'0,Y + X19,X +Y'9,Y =0, (4.19)
while the fermionic equations of motion ﬁ% (%}g reduce to
0=r(j® — i +...,  0=r(GY+;W)+.. .. (4.20)

As a result 1of these relations the WZ term does not contribute to the bosonic equation of

motion (%f This fact allows us to check explicitly that the bosonic equations of motion,
ipansat

together with the ansatz ﬁt lﬁ]i, are consistent with the equations of motion for the metric g,

in conformal gauge. In fact these Virasoro constraints then imply that

K

Do = ~0u 0% - (4.21)

K

2 )
. . . . atch . .

As in the discussion around equation (ﬂ_aﬁove, the level matching condition that follows

from the Virasoro constraints does not enter the LCL action.

. . ipan iagVir el . . .
Using equations ) an ogether with a rescaling 7 — k7 we may re-write

121 terms of X, Y, X, Y this implies that we have relations of the form

D“t - (5“ ,0

X0,y =iX'o,Y, X0,y = —iXTo,Y . etc.

3 This is easy to see since the WZ term’s contribution to these equations is proportional to [jil) ,j((fl)} —

[jgg) 7]}(;3)]. However, since jﬁl) = - j,(,l) and j§3) = j,(,g) each of these commutators vanishes seperately.
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the GS Lagrangian in conformal gauge as follows

Lasvep)/sue? = WSU(J“ 15 + EWSU(J“ )
= 7 (X19,X + Y19,y - X19,X — V19,7)
x (X19,X +Y19,Y + X19,% +V19,7)
—28tr (§{59)
= (XTaTX +Yfoy + X0, X + }7*8737) — STr (G + 3G + 59)

= LiLuep/ue)? (4.22)

The right-hand side of the above equation is nothing but the LL sigma model Lagrangian
defined on G/ H, where H is fixed under the Z, automorphism which is the square of the Z,
automorphism used in the construction of the GS action. We have thus shown that to leading
order in the LCL the fermionic GS actions constructed in section ﬁ_ﬁove reduce to LL sigma
model actions in the manner anticipated by the general argument presented at the start of the
present section. It would be interesting to consider sub-leading corrections to this LCL for

example in a manner similar to

4.3 A gauge-theory inspired s gauge

The GS sigma model on AdSs x S° has k-symmetry. This, as well as other symmetries of the
string action, such as world-sheet diffeomorphisms, are not manifest in the corresponding spin-
chain simply because this latter system keeps track only of the physical degrees of freedom. One
of the challenges of defining a LCL is to identify suitable gauges for these stringy symmetries
in which the physical degrees of freedom are written in the most natural coordinates for the
spin-chain: while all gauges should be in principle equivalent it may be much more difficult
to define a LCL between the two theories if we pick an unnatural gauge. In the previous
sub-section we have defined an LCL which matches all 16 fermionic degrees of freedom from
the GS action to the corresponding LL model in a very natural way. This strongly suggests
what k-gauge should be used in the full AdSs x S® string action when comparing to gauge
theory. Specifically it should be the gauge which keeps non-zero the 16 fermions of the coset
PS(U(1,1|2) x U(2]2))/(SU(1,1) x SU(2)?). In fact this is the gauge used recently in ﬁ and

the above argument can be interpreted as one motivation for their xk-gauge choice.
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A Some examples of Landau-Lifshitz sigma models

In this appendix we collect some expressions for a number of relevant Landau-Lifshitz sigma

models.

A.1 The SU(2|3)/S(U(2]2) x U(1)) model
The SU(2|3) sub-sector sigma model Lagrangian is ﬁ
; 1 1= ,
Ly su(es) = —iU'0:U; — i 0r¢), — §\D0Ui\2 - §DU¢GDU% + AUU" + 9 = 1), (A1)

where
D, =0, —1iC,

.

DM = 8u + 'iCu, CM - —ZUZauUz - i?/)aau%, (AQ)
and ¥* = and a = 1,2.

A.2 The SU4)/S(U(2) x U(2)) model

The SO(6) ~ SU(4) sub-sector sigma model Lagrangian is ﬁ

1 1
Liysusy = Lsuw wz — ng"(alm)z - @Tf(malmy + A(m —m?)

. 1 . L
= Vo,V - 5|D(,v2-\2 + A VIV = 1) + Ay (ViV; — 1) + A5(VIVE — 1) (A.3)
where m;; is a 6 x 6 matrix, related to V; by
m;; = Vivj - Vjvia (A-4)

and
D,=9,—iC,,  C,=—iV'0,V;. (A.5)
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Let us define . .
MAp = §mijpijABa mi; = th(Mpij)a

where p are the usual SU(4) p-matrices. Notice that
TrM =0, M =M, M*>=M.

and so we can write it as
M=2XX"—1=—-2vyYi+4+1,

where now X and Y are 4 x 2 matrices which satisfy

XX =1,, Yy =1,, X'y =0, YIX =0,

XX +vyt = 1,.

Further we can write the 4 x 2 matrix X as two four-component vectors u4 and vy

X = (UA, ’UA) 3
in terms of which M“ 5 can be written as
MAB = 2UAUB + 2’UAUB — (Sg s

with

uAqul, vAvAzl, uAvA:O.

We can relate u4q and vy to V; by

1 , . 1 ,
V;' — ﬁuApfAB,UB’ V= _,UApzABuB )

V2

It is an easy check to see that these are consistent with

ViVi=1, ViVi=0, Mip=VVpp.

In terms of these, the Lagrangian is

1
ELL Su4) — —iuAﬁouA — iUAﬁ()UA — 5 (81uA81uA + 81UA81UA

+ud A uauPoiug + v vavPovg + 2uA811)AvBE91uB>

1 _
= —iTr(XT0,X) — iTr(DlXTDlX) :
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(A.10)

(A11)

(A.12)

(A13)

(A.14) |natgencoor:

(A.15)
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As before

X = (ua,va), Xt = (uj ) : (A.17)

v
DX = 9,X—-XX"9,X. (A.18)
1so6
The action (%_}s*n%s a local U(2) invariance
X — XU(r,0), (A.19)

for U(7,0) a general U(2) matrix
Ul(r,0)U(r,0) = U(r,0)U'(1,0) = 1,. (A.20)

1s06
In terms of the uy and vy the action (%Ts—mvariant with respect to the following local

transformations

(ua,v4) — (cosO(T,0)us+sinb(r,0)va, —sinb(1,0) us + cosl(r,0)va),

(ug,v4) — (6Z¢1(Ta eio1(7, U)UA) ’

(ua,va) — (e“m(”’ ,et92(m9)y ) |

(ua,v4) — (93T y,, —e3(Tqy ) (A.21)

A.2.1 Subsectors of the SU(4)/S(U(2) x U(2)) model

When written in terms of the V;, the Lagrangian Lgy(4) can be reduced to the SU(3) sub-sector

by requiring
1

V2
which can further be restriced to the SU(2) subsector for V5 = (0 = V°. In terms of the u4 and

v, this restriction is easily enforced by setting for example

V2a _ _Z-V2a—l = U ’ a = 1’ 2’ 3 ’ (AQQ)

Upa = (Ul,Ug,Ug,O), Va = (0,0,0,1). (A23)
Since U,U® = 1, this choice satisfies the constraints (%7 Restricting to the SU(2 sec’gor is
achieved by setting us = " Us = 0. Upon inserting these ansatze, the Lagrangian ?g uces

to the Lagrangian

Another interesting sub-sector is obtained by setting

Upg = (Ula U2a 07 0) ’ Va = (07 0, Vz’n V;l) ) (A24)
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together with the conditions
UlU, +UUy =1, VIVi+ V2V, =1. (A.25)
This results in SU(2)xSU(2) subsector consisting of two decoupled SU(2) Landau Lifshitz

Lagrangians.

A.3 The SU(2,2)/S(U(2) x U(2)) model
For later convenience we present here the SO(2,4)/S(0(2) x O(4)) ~ SU(2,2)/S(U(2) x U(2))
Landau-Lifshitz Lagrangian
Linsupy = —iViaV; — %|Da‘~/i|2
= —ii iy — 16 0s — %(alaf‘ﬁlm + 010174

@00 s — 0T Oy tug — 2@A8117A17381123>

- - 1 . -
= iTr(XT9,X) + §Tr(D1XT D X), (A.26)
where
Vi=Vry',  where oy =diag(—1,—1,1,1,1,1), (A.27)
and
at=apoPt, o =095C0PY ) where  Cup=(1,1,—1,-1). (A.28)

The 4 x 2 matrix X has two columns

and the covariant derivatives are

We define

XTE—<ZA). (A.32)

This is done for convenience, so that the form of the action in terms of X is independent of the
. . . 1s024 . .
signature. The fields in the Lagrangian (%W satisfy the constraints

XX = 1, (A.33)
ViV, = -1,  ViV,=0, (A.34)
ity = -1,  oMa=-1, @, =0. (A.35)

goodllso24
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The action (%_1% a local non-compact U(2) invariance
X — XU(r,0), (A.36)
for U(7,0) a general U(2) matrix

Ul(r,0)U(r,0) = U(r,0)U'(1,0) = 15. (A.37)

1s024
In terms of the uy and v4 the action (%Tﬁwariant with respect to the following local

transformations

(Ua,04) — (cosO(T,0)Ua+sinO(T,0) 04, —sin@(7,0) Us + cosb(7,0) V4),

('lNLA,f)A) — (6Z¢1(TJ ml(T U)UA),

(ia,74) — (€920, e—wﬁz(f i4),

@Lh@A) N ( mﬂ70~ 4, WﬂTﬂuA) @X38)

To relate the ‘71 coordinates to the @4, U4 coordinates recall that the SU(4) p matrices could

be combined into 8 x 8 v matrices of SO(6) as follows

7i=<pi23 p%B>, i=1,...,6, (A.39)
with the +* satisfying the SO(6) anti-commutation relations
{+',7"} =267 (A.40)
The SO(2,4) ~v-matrix algebra is instead
{3,497} = —2nY. (A.41)

Given a set of SO(6) v matrices we can define

. ‘ =1.2
;}'/Z — 7 " 'l ’ (A42)
1y, 1=3,...,6,
i 24
which satisfy (ﬁf Similarily we will define
: = 1,2 : iAB =1,2
T R U o R R W
iPs 1=3,...,6, e 1=3,...,6,
which now satisfy
PapP’"C + Papp’”C = —2040" (A.44)
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as well as
NijPapd " = 2(0505 — 056%). (A.45)

Note also that for SU(4) p matrices we had

(Pap)" = —p"7, (A.46)
while for the SU(2,2) p matrices we have
(Pap)" =n?p " (A.47)

The relationship between the ¥4, 4 and the f/, is

. 1 . N | .
Vi = —at 5, 508 Vie —ioapB0p. (A.48)

—u v,
2 PaB NG

1s024
This can be used to derive the equality between the first and second lines in equation 1‘%%%‘)

A.3.1 Subsectors of the SU(2,2)/S(U(2) x U(2)) model

When written in terms of the V;, the Lagrangian Ly, su(,2) can be reduced to the SU(1,2)
sub-sector by requiring

1
V2

which can further be restriced to the SU(2) subsector for V5 = 0 = V6. In terms of the @, and

U4 this restriction is easily enforced by setting for example

V¥ =iVl = — 0 a=1,2,3, (A.49)

ﬁA = (Ula02703a0) ) IN)A - (0,0,0,1) (A50)
We require
3
> U0, = 1, (A.51)
a=1

nst
so as to satisfy the constraints (%f_o%estricting to the SU(1,1) secicorQiZLs achieved by setting
@3 = Us = 0. Upon inserting these ansatze, the Lagrangian d%;%&uces to the standard
SU(1,2) Landau-Lifshitz Lagrangian

-1 . L
ESU(1,2) = _'éUaaOUa - §|D0Ua|2 + A(UaUa + 1) ’ (A52)
with a = 1,2,3 and U® = n*U;.
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A.4 The SU(2/2)/S(U(1|1) x U(1|1)) model

i del
Lets construct the LL model on SU(2|2)/S(U(1|1) x U(1|1)). Starting from equation &Eﬁil), HEReES

with Tr now replaced by STr we may define
g=(X,Y), (A.53)

with X and Y super-matrices which satisfy

I, 0
Xtx=1,, VYiy=1,, XXU—YYT:(; X ) (A.54)
2

The LL Lagrangian for this model is then

i 1, 0 _ 1 _ _
Livsvee) = 55T ( 0 1 )g 1809] — 35T (97 Dig)(g™ Drg))
= iSTr(XT9yX) — %STr [D:X'DX], (A.55)
where
DX =0 X - XX'0, X . (A.56)

The bosonic base of SU(2|2) is SU(2)xSU(2), where in the case of interest to us we write

X:(ﬂA,UA), Azl...,4, (A57)
with
W, = —1, viug =1, (A.58)
and
aA
Wt =aycPr, v =ecPr, Xt=— ( N ) , (A.59)
v

where CP4 = diag(—1,—1,1,1). Note that the first (last) two components of uy (v4) are

bosonic and the last (first) two components of u4 (v4) are fermionic.
Lipsupn = —iitdiia — iv v — %(alaAalaA + 010 dyua
A0, aAuP g + vAB AP BLug + 2aAalvAvBalaB) . (A60)
The action (%lﬁ%% a local non-compact U(1]1) invariance

X — XU(r,0), (A.61)
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for U(7,0) a general U(1]|1) matrix

Ul(r,0)U(r,0) = U(r,0)U'(1,0) = 15.

(A.62)

1su22
In terms of the us and vy the action (%Tﬁwariant with respect to the following local

transformations
(Ua,v4) — (Ua+va01(T,0),04 + Uaby(7,0)),
(Ua,v4) — (U4 —0als(T,0),v4 +iUabs(T,0)),
(aA7 UA) N (62(1)1(7—0 z¢>1(7— o) A) ’
(,aA’ UA) N ( Z¢2(TO’ qug(‘r,a),UA) ’

where 11, 1 (61, 62) are real Grassmann-even (-odd) valued function.

(A.63)

sull?2
B Quantising the action (E’;jﬂ) in the ¢t + o = k7 gauge

12 12com
Given the simple form of the action (%T (iﬁ%%%:%]i we present a brief light-cone quantisation of
it here. The main point is that, as expected, the Hamiltonian has a non-zero normal ordering

rdconst
constant .

Since the equation of motion for ¢, is
= 0, (a9 ) |
we may impose conformal gauge (g,,, = 1,,) and set
O = 2KT.
The fermionic equations of motion then reduce to
0 = (i0o+ k)0’ + Oin;,
where ¢ # 7. The fermionic fields have the following periodicity conditions
m(7,2m) =en(r,0),  ap(r,2m)=e"m(r,0),

The fermionic equations of motion then are solved by

m o= Z Hnei(no+wn7') + énei(ncr—wnﬂ-) ’
n = Z gne—i(na—i-wn'r) + gne—i(na—wnr) ’
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where

wy = \/n? + % , (B.7)
and for n # 0 . _
_ mn = —in -
0= " 0= " B.8
Wy, + /{6 Wy — /{6 ( )
while for n =0

The Virasoro constraints can be used to find ¢_ in terms of the other fields

T < . K
0 = 00¢_+§17i0017 —§nni, (B.10)
7 = .

The Nother current for time translations t — ¢t + € is
-t L7 i v 57 197 2
Jp = =040 — 0ud— + im0’ — 20,040 — €, (m Oyme—1n Oy ) : (B.12)

We can use the equations of motion to write the Hamiltonian of the system as
Ho= -2 [dojt =26+ [ don 5 B.13
"= Tjo = m+§ on; Oon' . (B.13)

The canonical momentum conjugate to n; is 4ixn’ and so upon quantisation we must have

, 1
{'(m0),m(7,0")} = = -8j0(0 = o). (B.14)
As a consequence the mode oscillators have the following non-zero anti-commutators
c Wp + K oz Wp — K
nySm | — " OnmIT mSm (= OnmT 7 B.1
{6 ¢ } g 167 Kw,, {5 & } 0 16T KW, (B.15)
together with
_ 1 - 1
&y =——,  {f0b}=—, B.16
{60 60} 8Tk { 0,70 8Tk ( )

with all other anti-commutators equal to zero. With the convention that &,, §n, & and 6, are

the annihilaiton operators the normal ordered expression for H, in the quantum theory is

H, = 2r(&éo + 9:050) + 4Zwi ( Enbn + Enba ) + a, . (B.17)
T Wy +K Wy, — K
The normal ordering constant a,, is
1 oo
n = 7 Z W, - (B.18) |normordcon
TK



The remaining non-trivial bosonic Nother current for the rotations

m—em,  m— e, (B.19)
is
Jf = 0ud(mn' — m2n®) + 200, 0,04 (nam +1°n’") - (B.20)
The corresponding normal-ordered conserved current is
J = —— /dO’jO /da(ngn —mnt)

(B.21)
Wn — K Wp+K

= 2/{9:050 — 2kEoé0 + Z Wy, <
n#0

In this case the normal ordering constant is zero. Since ¢_ is periodic in ¢ we require that

2T 2T —
0= / do0i¢p_ = Z/ don; O n', (B.22)
0 0

In the quantum theory this is equivalent to the level matching requirement

0= ann < nbn &l ) | physical ) . (B.23)

T Wn + K

Finally, we may compute the four non-zero supercharges

™ do do =
Q1 = Z/ Q04 _MT2_771 = Kby , (B-24>
0 T
(T do . do _
Q2 = l/ —Qog MT2—772 = Ko, (B.25)
0 T
_ (T do o do
O = l/ —Qm = ke 2—771 = fﬂ@o, (B.26)
0
~ (T do do
Q. = Z/o - 82 = Ke 2—7)2 ko, (B.27)

The above (super-)charges form a U(1]1)? algebra and in particular we find

He J)=0, {QnQ;} = —%&j. (B.28)
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C Comments on conformal invariance of the action (E’)jﬂ)

. . . R . . 12 12com
In this appendix we entertain the possibility of using the action (E%)T L as a Polyakov
com
string action. As a warm-up let us integrate out ¢_ in the action . We arrive at an
effective action for the fermions in which we may set
GOy = 2KT. (C.1)
Explicitly we then have
2 . 97 i i 7 197, 2
Leg=(—k) [ doin;Oon" — 260 +mOinz —n . (C.2)

We may represent the worldsheet gamma matrices as

() () e

and define a world-sheet Dirac spinor as

zpa:(";), a=1,2. (C.4)

The conjugate spinor is then

@Ea = (¢Tp0)a = (_771’772)04 s (05)
and the effective action may be written as
— —— —
Lur = (=) [ Poidtip 5w+ 2uiv, (C.6)
where
sza @Mb = sza W - 8#&’7[11# . (07)

This is simply the Lagrangian for a worldsheet Dirac fermion of mass 2x. Since such fermions

12
are not conformal, we get the first indication that the Lagrangian (%Ts also not conformal.
_ 12
With the above definitions for p*, 1, and 1, we can re-write the action (%7 as

L= [ @ov=g (90u0,0,0- + iek s 5,0+ 2mi) (©8)

where

el = (g“V8V¢+, E”Va,,(f)+> : (C.9)

1
V=4
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We have written the above expression in the form of an inverse zwei-bein; we will see shortly

that this is indeed justified. The corresponding zwei-bein is

€, = (au¢+ ) €uuay¢+> ) (C.lO)
and the metric is ]
G/u/ = €Z€,€nab - _Eg/u/ . (Cl].)
Above
m = gHVa“¢+8V¢+ = \/_G“V8u¢+au¢+ ) (C12)

is the norm of ¢, , which needs to be non-zero. For completness note that the determinant of

the metric and the zwei-bein are

_ Y _ a v—9g
G=detG,, = oy e = det(e},) = . (C.13)
Rescaling fermions in the action @Lﬁ;rii
v —m~ Y2y, (C.14)
gives
/dZO'\/ ( M0+ Oy— + im ™ etahp” 0M¢+2¢w> (C.15)
Integrating by parts this can be written as
_ O (et /—agm™1) — _
£ - [eov (g“”amam_ + 2oty + 2L I ) 5oy 2ww)
V=9
)
= /dza\/_ ( " 0,p 40,0 + 2im el pp Db + mT! ”(\/l/_)qb ‘o + QWP)
= / dPoy/=g (9" 0u0+ 0y + 2im™" elip* Outp + m ™ wy o porth + 20))
_ / Por/ = (~G™ 0,64 0,6 + 20(ip" D,y + m)D) . (C.16)

The final form of the action is that of a world-sheet Dirac fermion of mass m together with the

fields ¢+ moving in a curved metric GG,,,. Above we have used the fact that in two dimensions

b

for any zwei-bein €}, and corresponding metric gy, the spin connection wj” can be written as

p 1
~ab d AU ~
¥ = \/_euec Oy (ed\/g) : (C.17)
where €? (e.9) is the flat Minkowski space e-tensor with non-zero components €’! = =1
(€o' = €,° = —1). This formula can be derived from the xpressions presentd in Appendlx " f]
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We may now want to define a string theory path integral gor this Lagrangian. To do so we
consider the Polyakov path integral for the Lagrangian (% Since the path integral integrates

over metrics g,,, and the Lagrangian is a function of the metric G, = —m™'g,, we first rescale
G — _m1/2guua (018)

in order to eliminate the metric GG,,,. We arrive at a Polyakov-type path-integral with action

co / or/=g (98,04 0yb- + 20(ip" D, + TND) . (C.19)

This Lagrangian is conformally invariant. One way to see this is to generalise the argument
presented in ﬁ which considered sigma-models on plane-wave backgrounds. Let us integrate

out the fermions to obtain an effective Lagrangian for ¢, 14

1 6L
Eeff ~ T]'U'V u¢+8“¢_ + 5 lOg det [— :|

onon

) 1
= "0,0,0,6_ + %log det l(?mmﬂil“? Oy Oy 0 117120, + Zm2

= 0,04 0,0_ + %det [82 + %mQ] + % log(m?)
~ 0,010, + 10,0400+ In A, (C.20)
where A is the cut-off. We can re-absorb this divergent piece by re-defining ¢_
- — ¢ — ¢ InA. (C.21)

1
This shows that the Lagrangian (ﬁﬁsf is conformal. As it stands however, this Lagrangian is

rt
not Weyl invariant and, just as in F@, we need to turn on a dilaton

D= ¢ . (C.22)

D Two dimensional spin connection

Let us consider a geenral Lorenzian two dimensional metric g, which we will parametrise for

a’® b
vV - 9 D.]_
gu ( b d2 ) ( )

T am grateful to A. Tseytlin for a number of discussions and explanations of these issues.

convenience as
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where a, b and d are complex functions of 7 and ¢ the coordinates on the manifold. The

zwei-bein from which this follows is given by

e, = (asinhp, —dsinh p) e2 = (acoshp,dcoshp),
where
b 1 b
cosh—p=—.
2P =~ ad

The Christoffel symbols
1 K
Fﬁ)\ = §gﬂ (gm/)\ + Grx,v — Gux ,Ii)

are given by
I, = g ' (aba; +ad’ag — bb,

r, = Iy, =¢" (d2aa71 — bdd,
F%Z = g_l (dzb,l — bdd,l — d3d,0

0)
0)
)
Iy, = g ' (—d’a; —abagy+a’by
I'Y, = Iy =g " (—aba; +d°dd,
I2, = g (a®dd, — b, + bddy) .

)
0)

Y

where g = det g,,,,. It is easy to check that these satisfy the defining equation
Guv X — gm/FZ)\ — greul'on = 0.
The spin connection w™ can be determined from the following equation
Dyey = e +w,ine, — e =0.

Since w™ is anti-symmetric in (m,n) the non-zero components are given by

u}01 _ _wlo _ —2a2da71 — bda,o + adbp + abd@
’ ’ 2ad\/—g J
[ 10 _ —bda71 - adb,l + ade + 2ad2d70

Wy = —wp = .

2ad~/—g

sull2
E T-dual version of the action (Ejﬂ)

(D.2)

(D.13)

(D.14)

12
Performing T-duality for the action (%Elong a leads to a very simple form for an equivalent

action. In this appendix we breifly present these results. To T-dualise along a we replace J,a
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by A, and adding the Lagrange multiplier term e*VA,0,&. The A, are then integrated out and

we obtain the action

d _ > V99" [ - b
Lo = dgl—ﬁim < (Ot 277,8un)(8yt 277,8,,77)
- < 1957 2 ~ 37 197 9
+(0ue = (m Oz — 1" 0un”)) (D — (11 Oym2 — 17 Dy )))
2 Loy ~ 97 197, 2
+ — | Out = 5m:0,0")(Ovc — (M Oy — 1 Oum”)) (E.1)
L—n'n; 2
where we have used the fact that up to total derivatives
/d2a et D0, am'n; = /d20 et 0,t0, & (E.2)
L= T I '

At the level of classical equations of motion we may integrate out the metric to get a Nambu-

Goto type action

v ,
£ive = / e (@t = mBan) (D6 = By —0'0n?)) . (B3)
where we have rescaled ¢t — ¢/2 and multiplied the whole action by a factor of 2. The Nambu-

Goto form of the action is particularily simple due to the 'two-dimensional’ target space form

. 1 . . ~ .
of the action (ﬁ% The equations of motion for & and ¢ imply that

1 1 ;
1 — nin; (Ot — o'l Oun') = Ouxa, (E.4)

1 ~ 97 157 2
1— nln (8,,@ - (771 aI/ 2 — 1 aﬂ? ) = 8MX2 , (E5)

where y; are arbitrary Grassmann-even functions of 7 and ¢. The fermion equations of motion

can then be written in form notation as
0 = midxaadyxe — idnadxe + idxiAdn | (E.6)

where i # 7.

Let us combine the (1 4 1 dimensional) spacetime coordinates into a two-vector
7= (t,a)", i=1,2, (E.7)

and represent the spacetime gamma matrices as

T I )
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a spacetime Dirac spinor as

T
\I/a:<n2>, a=1,2. (E.9)

Vo= (U)0=(—n"n2), - (E.10)

The conjugate spinor is then

With these definitions the Nambu-Goto action can be written as

LING = 1/d2aﬂni I, (E.11)
2 1+ w2 w
where we define =
I, = (92’ —i0~' 0, ¥), U2 =0, (E.12)
and o
Uy 0,V = U0,V —0,¥y'V¥. (E.13)
References

[1] J. M. Maldacena, The large N limit of superconformal field theories and supergrav-
ity, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]
larXiv:hep-th /9711200].

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from
non-critical string theory, Phys. Lett. B 428 (1998) 105 |arXiv:hep-th/9802109].

2] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
larXiv:hep-th /9802150].

[3] D. Berenstein, J. M. Maldacena and H. Nastase, Strings in flat space and pp waves from
N = 4 super Yang Mills, JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[4] S.S. Gubser, I. R. Klebanov and A. M. Polyakov, A semi-classical limit of the gauge/string
correspondence, Nucl. Phys. B 636 (2002) 99 [arXiv:hep-th/0204051].

[5] S. Frolov and A. A. Tseytlin, Semiclassical quantization of rotating superstring in AdS(5)
z 8(5), JHEP 0206 (2002) 007 [arXiv:hep-th/0204226].
S. Frolov and A. A. Tseytlin, Multi-spin string solutions in AdS(5) x S**5, Nucl. Phys. B
668 (2003) 77 |arXiv:hep-th/0304255].

38


http://arXiv.org/abs/hep-th/9711200
http://arXiv.org/abs/hep-th/9802109
http://arXiv.org/abs/hep-th/9802150
http://arXiv.org/abs/hep-th/0202021
http://arXiv.org/abs/hep-th/0204051
http://arXiv.org/abs/hep-th/0204226
http://arXiv.org/abs/hep-th/0304255

S. Frolov and A. A. Tseytlin, Quantizing three-spin string solution in AdS(5) x S**5, JHEP
0307 (2003) 016 |arXiv:hep-th/0306130].

S. Frolov and A. A. Tseytlin, Rotating string solutions: AdS/CFT duality in non-
supersymmetric sectors, Phys. Lett. B 570 (2003) 96 |arXiv:hep-th/0306143].

G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, Spinning strings in AdS(5) © S**5
and integrable systems, Nucl. Phys. B 671 (2003) 3 [arXiv:hep-th/0307191].

G. Arutyunov, J. Russo and A. A. Tseytlin, Phys. Rev. D 69 (2004) 086009
larXiv:hep-th /0311004].

N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, Precision spectroscopy of
AdS/CFT, JHEP 0310 (2003) 037 [arXiv:hep-th/0308117].

J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP
0303 (2003) 013 [arXiv:hep-th/0212208].

N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super
Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 |arXiv:hep-th/0303060].

N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning
strings, JHEP 0309 (2003) 010 [arXiv:hep-th/0306139].

N. Beisert, The complete one-loop dilatation operator of N = 4 super Yang-Mills theory,
Nucl. Phys. B 676 (2004) 3 |arXiv:hep-th/0307015].

N. Beisert and M. Staudacher, The N = / SYM integrable super spin chain, Nucl. Phys.
B 670 (2003) 439 [arXiv:hep-th/0307042].

N. Beisert, The su(2—3) dynamic spin chain, Nucl. Phys. B 682 (2004) 487
larXiv:hep-th/0310252].

A. V. Belitsky, A. S. Gorsky and G. P. Korchemsky, “Gauge / string duality for QCD
conformal operators,” Nucl. Phys. B 667, 3 (2003) |hep-th/0304028].

A. V. Belitsky, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, “Superconformal
operators in N = 4 super-Yang-Mills theory,” hep-th/0311104. “Quantum integrability in
(super) Yang-Mills theory on the light-cone,” hep-th/0403085.

J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP
0303 (2003) 013 [arXiv:hep-th/0212208].

V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, Classical / quantum
integrability in AdS/CFT JHEP 0405 (2004) 024 |arXiv:hep-th/0402207].

N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N =
4 super Yang-Mills, JHEP 0407 (2004) 075 [arXiv:hep-th/0405001].

G. Arutyunov, S. Frolov and M. Staudacher, JHEP 0410 (2004) 016

39


http://arXiv.org/abs/hep-th/0306130
http://arXiv.org/abs/hep-th/0306143
http://arXiv.org/abs/hep-th/0307191
http://arXiv.org/abs/hep-th/0311004
http://arXiv.org/abs/hep-th/0308117
http://arXiv.org/abs/hep-th/0212208
http://arXiv.org/abs/hep-th/0303060
http://arXiv.org/abs/hep-th/0306139
http://arXiv.org/abs/hep-th/0307015
http://arXiv.org/abs/hep-th/0307042
http://arXiv.org/abs/hep-th/0310252
http://arXiv.org/abs/hep-th/0304028
http://arXiv.org/abs/hep-th/0311104
http://arXiv.org/abs/hep-th/0403085
http://arXiv.org/abs/hep-th/0212208
http://arXiv.org/abs/hep-th/0402207
http://arXiv.org/abs/hep-th/0405001

larXiv:hep-th /0406256].

V. A. Kazakov and K. Zarembo, Classical / quantum integrability in non-compact sector
of AdS/CFT, JHEP 0410 (2004) 060 |arXiv:hep-th/0410105].

N. Beisert, V. A. Kazakov and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT,
Commun. Math. Phys. 263 (2006) 611 |arXiv:hep-th/0410253].

S. Schafer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B 714
(2005) 3 [arXiv:hep-th/0412254].

N. Beisert and M. Staudacher, Long-range PSU(2,2—/) Bethe ansaetze for gauge theory
and strings, Nucl. Phys. B 727 (2005) 1 |arXiv:hep-th/0504190].

S. Frolov, J. Plefka and M. Zamaklar, J. Phys. A 39 (2006) 13037 |arXiv:hep-th/0603008].

N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical super-
strings on AdS(5) x S**5, Commun. Math. Phys. 263 (2006) 659 |arXiv:hep-th/0502226].
N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, Complete spectrum of long operators
in N =4 SYM at one loop, JHEP 0507 (2005) 030 [arXiv:hep-th/0503200].

M. Staudacher, The factorized S-matriz of CFT/AdS, JHEP 0505 (2005) 054
larXiv:hep-th/0412188].

N. Beisert, An SU(1—1)-invariant S-matriz with dynamic representations, Bulg. J. Phys.
33S1 (2006) 371 [arXiv:hep-th/0511013).

N. Beisert, The su(2—2) dynamic S-matriz, arXiv:hep-th/0511082.

R. A. Janik, The AdS(5) x S**5 superstring worldsheet S-matriz and crossing symmetry,
Phys. Rev. D 73 (2006) 086006 [arXiv:hep-th/0603038].

G. Arutyunov and S. Frolov, On AdS(5) © S**5 string S-matriz, Phys. Lett. B 639 (2006)
378 [arXiv:hep-th/0604043].

J. Plefka, F. Spill and A. Torrielli, On the Hopf algebra structure of the AdS/CFT S-matrix,
Phys. Rev. D 74 (2006) 066008 [arXiv:hep-th/060803].

N. Beisert, R. Hernandez and E. Lopez, A crossing-symmetric phase for AdS(5) x S**5
strings, JHEP 0611 (2006) 070 |arXiv:hep-th/0609044].

N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701 (2007) P021
larXiv:hep-th/0610251].

T. Klose, T. McLoughlin, R. Roiban and K. Zarembo, Worldsheet scattering in AdS(5) x
S**5, JHEP 0703 (2007) 094 [arXiv:hep-th/0611169].

N. Dorey, D. M. Hofman and J. Maldacena, On the singularities of the magnon S-matriz,
arXiv:hep-th/0703104.

40


http://arXiv.org/abs/hep-th/0406256
http://arXiv.org/abs/hep-th/0410105
http://arXiv.org/abs/hep-th/0410253
http://arXiv.org/abs/hep-th/0412254
http://arXiv.org/abs/hep-th/0504190
http://arXiv.org/abs/hep-th/0603008
http://arXiv.org/abs/hep-th/0502226
http://arXiv.org/abs/hep-th/0503200
http://arXiv.org/abs/hep-th/0412188
http://arXiv.org/abs/hep-th/0511013
http://arXiv.org/abs/hep-th/0511082
http://arXiv.org/abs/hep-th/0603038
http://arXiv.org/abs/hep-th/0604043
http://arXiv.org/abs/hep-th/0608038
http://arXiv.org/abs/hep-th/0609044
http://arXiv.org/abs/hep-th/0610251
http://arXiv.org/abs/hep-th/0611169
http://arXiv.org/abs/hep-th/0703104

[11]

[21]

[22]

S. Randjbar-Daemi, A. Salam and J. Strathdee, Generalized spin systems and sigma mod-
els, Phys. Rev. B 48, 3190 (1993) [hep-th/9210145].

A. Perelomov, ”Generalized Coherent States and Their Applications”, Berlin, Germany:
Springer (1986) 320 p. W. M. Zhang, D. H. Feng and R. Gilmore, “Coherent States: Theory
And Some Applications,” Rev. Mod. Phys. 62, 867 (1990).

M. Kruczenski, Spin chains and string theory, Phys. Rev. Lett. 93 (2004) 161602
larXiv:hep-th/0311203].

M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, Large spin limit of AdS(5) © S**5 string
theory and low energy expansion of ferromagnetic spin chains, Nucl. Phys. B 692 (2004)
3 |arXiv:hep-th/0403120].

M. Kruczenski and A. A. Tseytlin, Semiclassical relativistic strings in S**5 and long co-
herent operators in N = 4 SYM theory, JHEP 0409 (2004) 038 [arXiv:hep-th/0406189].

R. Hernandez and E. Lopez, The SU(3) spin chain sigma model and string theory, JHEP
0404 (2004) 052 |arXiv:hep-th/0403139].

R. Hernandez and E. Lopez, Spin chain sigma models with fermions, JHEP 0411 (2004)
079 [arXiv:hep-th/0410022].

B. Stefanski, jr. and A. A. Tseytlin, Large spin limits of AdS/CFT and generalized Landau-
Lifshitz equations, JHEP 0405 (2004) 042 [arXiv:hep-th/0404133].

B. Stefanski, jr. and A. A. Tseytlin, Super spin chain coherent state actions and AdS(5) x
S**5 superstring, Nucl. Phys. B 718 (2005) 83 [arXiv:hep-th/0503185].

A. Mikhailov, Speeding strings, JHEP 0312 (2003) 058 [arXiv:hep-th/0311019].

Slow evolution of nearly-degenerate extremal surfaces, hep-th/0402067.

Supersymmetric null-surfaces JHEP 0409 (2004) 068 [arXiv:hep-th/0404173].

Notes on  fast moving strings, Commun. Math. Phys. 264 (2006) 683
larXiv:hep-th /0409040].

I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS(5) x© S**5 superstring,
Phys. Rev. D 69 (2004) 046002 [arXiv:hep-th/0305116).

W. Siegel, Hidden Local Supersymmetry In The Supersymmetric Particle Action, Phys.
Lett. B 128 (1983) 397.

41


http://arXiv.org/abs/hep-th/9210145
http://arXiv.org/abs/hep-th/0311203
http://arXiv.org/abs/hep-th/0403120
http://arXiv.org/abs/hep-th/0406189
http://arXiv.org/abs/hep-th/0403139
http://arXiv.org/abs/hep-th/0410022
http://arXiv.org/abs/hep-th/0404133
http://arXiv.org/abs/hep-th/0503185
http://arXiv.org/abs/hep-th/0311019
http://arXiv.org/abs/hep-th/0402067
http://arXiv.org/abs/hep-th/0404173
http://arXiv.org/abs/hep-th/0409040
http://arXiv.org/abs/hep-th/0305116

[23]

[24]

[25]

2]

[27]

[28]

[29]

[30]

[31]

M. B. Green and J. H. Schwarz, Covariant Description Of Superstrings, Phys. Lett. B 136
(1984) 367.
Properties Of The Covariant Formulation Of Superstring Theories, Nucl. Phys. B 243
(1984) 285.

M. Henneaux and L. Mezincescu, A Sigma Model Interpretation Of Green-Schwarz Co-
variant Superstring Action, Phys. Lett. B 152 (1985) 340.

R. R. Metsaev and A. A. Tseytlin, Type IIB superstring action in AdS(5) x S(5) back-
ground, Nucl. Phys. B 533 (1998) 109 [arXiv:hep-th/9805028].

I. N. McArthur, Kappa-symmetry of Green-Schwarz actions in coset superspaces, Nucl.
Phys. B 573 (2000) 811 |arXiv:hep-th/9908045].

G. Arutyunov, unpublished notes.

L. F. Alday, G. Arutyunov and S. Frolov, New integrable system of 2dim fermions from
strings on AdS(5) x S**5, JHEP 0601 (2006) 078 [arXiv:hep-th/0508140].

I. Y. Park, A. Tirziu and A. A. Tseytlin, JHEP 0503 (2005) 013 [arXiv:hep-th/0501203].

S. Frolov, J. Plefka and M. Zamaklar, The AdS(5) © S**5 superstring in light-cone gauge
and its Bethe equations, J. Phys. A 39 (2006) 13037 |arXiv:hep-th/0603008].

G. Arutyunov, S. Frolov, J. Plefka and M. Zamaklar, The off-shell symmetry algebra of the
light-cone AdS(5) © S**5 superstring, J. Phys. A 40 (2007) 3583 [arXiv:hep-th/0609157].

G. Papadopoulos, J. G. Russo and A. A. Tseytlin, Class. Quant. Grav. 20 (2003) 969
larXiv:hep-th/0211289].

42


http://arXiv.org/abs/hep-th/9805028
http://arXiv.org/abs/hep-th/9908045
http://arXiv.org/abs/hep-th/0508140
http://arXiv.org/abs/hep-th/0501203
http://arXiv.org/abs/hep-th/0603008
http://arXiv.org/abs/hep-th/0609157
http://arXiv.org/abs/hep-th/0211289

	Introduction
	Landau-Lifshitz sigma models
	The U(1|1)/U(1)2 model
	The SU(3)/S(U(2)U(1) model
	The SU(2,2|4)/S(U(2|2)U(2|2)) model
	Subsectors of the the SU(2,2|4)/S(U(2|2)U(2|2)) model


	Green-Schwarz actions and fake -symmetry
	Fermionic GS actions
	The GS action on U(2|2)/SU(2)2
	The GS action on U(1|1)2/U(1)2
	Fake -symmetry

	Large charge limits of fermionic GS actions
	Matching the U(1|1)2 sub-sectors
	Large Charge Limit of fermionic GS actions
	A gauge-theory inspired  gauge

	Some examples of Landau-Lifshitz sigma models
	The SU(2|3)/S(U(2|2)U(1)) model
	The SU(4)/S(U(2)U(2)) model
	Subsectors of the SU(4)/S(U(2)U(2)) model

	The SU(2,2)/S(U(2)U(2)) model
	Subsectors of the SU(2,2)/S(U(2)U(2)) model

	The SU(2|2)/S(U(1|1)U(1|1)) model

	Quantising the action (??) in the t+= gauge
	Comments on conformal invariance of the action (??)
	Two dimensional spin connection
	T-dual version of the action (??)

