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Abstract

We find classical open string solutions in the AdSs x S°/Z5 orientifold with angular mo-
menta along the five-sphere. The energy of these solutions has an expansion in integral
powers of A with sigma-model corrections suppressed by inverse powers of J - the total
angular momentum. This gives a prediction for the exact anomalous dimensions of oper-
ators in the large N limit of an AN/ =2 Sp(N) Super-Yang-Mills theory with matter. We
also find a simple map between open and closed string solutions. This gives a prediction
for an all-loop planar relationship between the anomalous dimensions of single-trace and

two-quark operators in the dual gauge theory.
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1 Introduction

Recently there has been a great deal of interest in stringy tests of the AdS/CFT correspon-
dence [T].! This work was initiated by the discovery of the maximally supersymmetric Type
IIB plane-wave background [3], and its subsequent light-cone quantisation []. Since the plane
wave background can be viewed as a Penrose limit of AdSs x S° [3], in [A] it was argued that
the anomalous dimensions A of a large R-charge J sector of the N' =4 SU(N) SYM theory

were related to the energies E of single string states in the plane-wave background.
E=A—-]. (1.1)

The duality was first proposed [ and investigated [6] in the planar limit, at all loops for
operators of large R-charge J. Subsequently, through string interactions in the plane wave
background [7], the non-planar corrections to this were considered [§].2 In [T4, [15, [0, 1] 1/.J
corrections to the BMN duality were considered, which, on the string side, correspond to going

back towards the AdSs x S° geometry from the plane-wave background.

In the original large N expansion in gauge theory [12],> 1/N? was used as an expansion param-
eter. An essential feature of the BMN duality was the presence of a large R charge, allowing
for 1/J, as well as 1/N?, to be used as a small parameter. In this approach one considers
classical spinning string solutions in the SO(2,4) x SO(6) sigma model, which carry a large
amount of angular momentum or spin in some directions [I4} [T5, I6]. The energy of such a
configuration is then determined as an expansion in angular momenta and o/ =1/ VA, and can
be compared with the planar anomalous dimensions of gauge theory operators which transform

in the corresponding representation of the superconformal group.

Recent progress [17, I8, 19, 20, 21] has been made by studying closed string solutions which
carry angular momentum in the S® directions. It has been argued that the energy of such

solutions has a double expansion in \/J? and 1/.J
(A i
1 — — 1.2
26 (2] "

where .J is the total angular momentum of the solution on S°. This expansion has the beautiful

E(J)=J

feature that the classical energy, expressed as a function of J and string tension v/\, arranges

itself into a regular expansion in A\/J? with quantum sigma-model corrections suppressed by

For a review see [2].
2For a different approach to this see [9].
3For the large N limits of SO and Sp gauge theories relevant to this paper see [T3].



1/J. This allows for exact comparisons with gauge theory. Following the work on spin chains,
the Bethe ansatz, and N' =4 SYM [22, 23] extensive comparisons with gauge theory have been
made [24 [T9, 20}, 21], and impressive agreement has been found.* Further, in [26], a beautiful
relation was established between an infinite set of local charges on both sides of the duality (for

work on non-local charges see [27].). It would be interesting to understand the general criteria

for which classical sigma model solutions exhibit these nice properties.

In this paper we find classical spinning open string solutions whose energies do have an expan-
sion of the form (CZ). In particular we consider the AdSs x S°/Z, orientifold 28], which can
be thought of as the near-horizon geometry of a tadpole-canceling O7-plane D7-brane system

in the presence of a large number, 2N, of D3-branes. The metric on AdSs x S° is given by

ds* = —cosh® pdt® + dp® + sinh? p(d#* + sin? 0d¢ + cos? 0d?)
+dy? + cos® ydp] + sin® y(dip? + cos® wdips + sin® dyp3) . (1.3)

The orientifold action is generated by g = QZy (—1)%", where Q acts as
Q(U) = Omax — 0, (14)

with oax = 7,27 for open and closed strings, respectively; (—1)%t (needed for the orientifold
action to square to one on fermions) acts trivially on the bosonic solutions considered here and

Ty acts trivially on all coordinates of AdSs x S® apart from @3 on which it acts as
Iy(p3) = w3+ . (1.5)
The fixed point is then at ¢ = 0. In terms of global X, Y, Z coordinates on the sphere
7 = cosye't | X = siny cose#? Y = sin ysine#? (1.6)
Iy acts trivially on X and Z and on Y acts as
Iy(Y)=-Y, (1.7)

and the fixed point is located at Y = 0. As a result the O7-planes and D7-branes stretch
over the AdSj; space as well as X and Z. In other words the open strings will have Neumann
boundary conditions along X and Z with Y Dirichlet. The SO(6) R-symmetry is broken to

4Tt should also be noted that integrable structures have been discussed in non-supersymmetric gauge theories
as well [25].
5For example, based on present evidence, these properties seem to be connected to the presence of a large R

charge. Solutions with large spin, but small angular momenta, seem not to possess these nice properties.



SO(4) x SO(2) by the orientifold projection, and half of supersymmetry is broken by the O7-
plane and D7-branes; further, the SU(2N) gauge group on the world-volume of the D3-branes
is broken to Sp(N). In the large N limit the surviving states are the D3-D3 and D3-D7 open
strings. The former give rise to an A/ = 2 theory with a hypermultiplet in the antisymmetric
representation of Sp(N), while the latter give rise to four hypermultiplets in the fundamental of
Sp(N). The SO(8) gauge group on the D7-branes’ world-volume becomes a global symmetry
of the gauge theory. At the origin of moduli space the D3-brane theory has been shown to be
conformal [29]. The BMN sector of this theory was investigated in [30), 31].

This paper is organised as follows. In section @ we briefly review classical spinning open and
closed string solutions in orientifolds of flat space. In section Bl we construct orientifold invariant
open and closed string solutions of the circular and folded type [17, I8, [T9]. In section @l we con-
sider general Neumann model type solutions [20] in this geometry. We find a simple relationship
between orientifold-invariant closed and open string solutions (E22) and their energies (EL23]).
As a result, for all solutions found, the energy has the desired expansion ([LZ). This provides a
prediction for the anomalous dimensions of large R-charge operators on the gauge theory side,
as well as prediction for a relationship between the planar anomalous dimensions of single-trace
and two-quark operators. We briefly discuss the dual gauge theory in section Bl and we conclude
in section @l An appendix is included in which we study the stability of open and closed string

circuar type solutions in the orientifold model.

2 Flat spacetime classical rotating strings

In this section we briefly review classical rotating open and closed string solutions in flat space,
and analyse their behaviour under orientifold actions. To simplify the notation we restrict to

R'*. The string coordinates satisfy
(02 = *)Xp(7,0) =0, (2.1)

and the constraints
XXy + XXy =0,  XyX,=0. (2.2)

The closed string periodicity condition is
X (1,04 2m) = X(7,0 + 27). (2.3)
The solution describing a classical string rotating in two planes is

Xo = KT, X = X; +1iX, = a; cos(nyo)e™T Y = X3+ iXy = agsin[ny(o + 09)]e™7,
(2.4)



for n1, no € N and aq, as, 09 € R and

K =nial + nias. (2.5)
The energy and spins are
1 21
E = doXy = — 2.6
o | drXo= 2 (2.6
. 27 2
i : = niaj
= XX -XX)= 2.
g Amad /0 do )= 2 (27)
i 2m . n2a2
= do(YY —YY) = 2 2
/> 4ol /0 o ) 2a/ (2:8)
In other words
2
FE = \/a(nljl —+ n2J2) . (29)

We will be interested in open strings which satisfy Neumann or Dirichlet boundary conditions

at their endpoints
N: O Xp(1,0=0,7m) = 0, (2.10)
D: Xy(r,o=0,m) = 0, (2.11)
as well as the equation of motion (1) and the constraints (Z2). In particular, for X, and X
Neumann and Y Dirichlet, the solution is
Xo = kT, X = X, +iXy = aj cos(ny0)e™7 Y = X3+iXy = aysin(ngo)e™ . (2.12)
with
K% =nial + nia3. (2.13)
In fact the full open string solution is given by X,; ® 3, where 3 is a Chan-Patton matrix. The

energy and spins are given by integrals as in the closed string case above, with the integration

range now being 0 < ¢ < 7, from which we find that

1

Finally, the orientifold will act by g = QZ3,(—1)", as well as on the Chan-Patton matrix by

9(8) = 146", (2.15)

where 7, is a matrix satisfying the usual consistency conditions [32]. It is an easy check to see
that the closed string solution is g-invariant provided that oy = 0,7,... (we might as well set
0o = 0 by re-defining as). The open string solution X, ® (3 is ¢ invariant for n;, ns even, and
B = 787, A g-invariant solution with n;, ny odd is obtained by swapping the X and Y’
coordinates.



3 Two Spin String Solutions on S°

In this section we extend the two spin circular [I7, 8] and folded solutions [T9] to open and

closed string solutions in our orientifold model.

3.1 Circular solutions

The major difference to flat space classical string solutions is that now the co-ordinates satisfy

the constraint
XaXa=|XP+YP+|ZP =1, (3.1)
where

Z=X+iXo, X=Xs+iXy, Y =X5+iX;, (3.2)

This constraint is enforced by a Lagrange multiplier A with the Lagrangian
L=0,X40°X4+AXaX4—1). (3.3)
The equations of motion then are
—PXA+AX, =0, XuXa=1, A=-0,X,0"X4 (3.4)

as well as the contraints (Z2), with the index M now running over time and the six fields on
S5. Finally, the closed string solution is periodic while the open string one satisfies Neumann

boundary conditions in the X, Y directions an Dirichlet boundary conditions in the Z direction.

The closed string solution with a constant Lagrange multiplier A = /2 is [17]

wT

Xo = kT, X = sin~yycos(no)e™” Y = sin g sin(no)e™T, Z = cosype™™, (3.5)

where n is an integer and v, w, k and vy are real numbers which satisfy

1

o (k* — %) (3.6)

w? =n? 4 12, sin? vy =

From equations (26), ([Z7) it follows that the above solution has

" 2;2” I, Jx=Jy= g L+ (v/n)2(k? — 1), (3.7)

E=VXe, Jz=V\[ -

The closed string solution above can be interpreted as an open string solution (with o € [0, 7]

now) for a string with Neumann boundary conditions in the X and Z directions and Dirichlet

6



boundary conditions in Y. The full classical rotating open string solution should be tensored
with 3, the Chan-Patton matrix.

It is easy to see that the closed string solution (BH) is invariant under the orientifold generator
g = Iy Q(—1)%t. Note, however, that circular closed string solutions with a different orientation
(obtained by permuting X,Y and Z) are not g-invariant. On the open string solution g acts

9(Xo) = Xo,  g(X)=(=D)"X, g(Y)=(=D)"=Y, ¢g(2)=27, (3.8)

As in flat space, the open string solution carries Chan-Patton indices §, on which ¢ acts as
in equation (ZIH). These Chan-Patton factors give rise to an SO(8) R-symmetry group on
the gauge theory side. We see immediately that the solution is g-invariant for n even and
b= vgﬁTvg‘ 1 Such open string solutions have the following energy and angular momenta
K 2V K2 — 1?2 A
e T N R Vi (R B Y
n

with n even. Swapping the X and Y coordinates gives a g-invariant solution for n odd.

In [T8] small fluctuations around closed string circular solutions were analysed, in order to study
the stability of the circular solutions. It was found that only for certain ranges of the parameters
were the solutions stable. One might hope that the orientifold projection will stabalise some
of the solutions which were unstable in [I8]. In Appendix [Al we carry out the relevant analysis
for both open and closed strings. Unfortunately, we find that while the orientiation projection
removes some of the unstable modes, it does not remove all of them. As a result the regions
of stability of the circular solutions analysed in this section are not improved compared to the

unorbifolded theory.

3.2 Folded-type solutions

In this section we review the folded rotating string solution of [I9], and extend it to the case

of an open string. The classical folded string rotating in two planes is given by

t:"iTv p:07 7:7‘-/27 @1207 P2 = wW1T, Y3 = WaT , ¢:¢(U)

(3.10)
where 1
"+ §w§1 sin2¢) = 0. (3.11)
Integrating once we get
V(o) = w3, (sin? ¢y — sin? (o)) + k2, (3.12)

7



with w3, = w3 — w} is taken to be positive, and

—thy < P(0) <ty . (3.13)

The folded string solutions have k& = 0, while the circular string solutions have w9, = 0.
Solutions with k and wsy; both non-zero are expected to be unstable [T4), [T9]. This solution has

energy v Ak which satisfies due to the conformal gauge constraint

E=VXk= \/X\/wg sin? 1 + w} cos? g , (3.14)
and carries angular momenta
27 2m
d d
szwlf —Ucosqu, jY:wQ/ —asin2¢. (3.15)
o 2m 0 27

The closed string solution is periodic

(o +2m) =Y(o), (3.16)

and so for the n-folded string

2w ) d¢
27 = / do = 4n/ : (3.17)
0 0 Wo \/ sin? ¢y — sin® ¢

This determines vy in terms of w; and ws, which are in turn functions of Ji, Jo through

equation ([BIH); the energy as a function of the angular momenta follows from equation (BI4I).

Consider next open string solutions with two Neumann and one Dirichlet directions. The
solution (BI0) satisfies
O,(c=0,7) =0, (3.18)

and since v = 1/2, we see from equation ([CH) that we may interpret (BI0) as an open string
solution with Neumann boundary conditions in X and Y directions and Dirichlet boundary
conditions in the Z direction.® Such an open string has energy \/XFL/ 2 and carries angular
momenta J; and 75 given by equation (BIH) with the integration range changed to 0 < o < 7.
The open string solution also satisfies equation ([BIT). Since Z = 0, we may also regard it
as satisfying Neumann boundary conditions. One might wonder then if a folded-type solution
(i.e. with £k = 0) can be found for X and Z satisfying Neumann and Y Dirichlet boundary

conditions. It is not difficult to check that there are no such solutions.

6To make it consistent with the orientifold action, we should redefine g to act by Q(—1)#1Z; rather than by
Q(—l)FlIy.



It is easy to see that the closed string folded solutions considered above are invariant under
the orientifold action g = ZzQ(—1), in other words for folded closed strings which do not
extend in the Dirichlet direction. Similarily the open string solution is also invariant under the
orientifold action if it too does not extend in the Dirichlet direction and its end-points are at

the same point on S° - in other words for n even.

4 The Three Spin Solutions

In the previous sections we considered the simplest circular and folded solutions. In this section

we now turn to the general class of solutions studied in [20]. These are of the form
X; +iXy = x1(0)e™T, X3 +iXy = x3(0)e™ | X5 +iXg = x3(0)e™s™ (4.1)
where

3
d al=1. (4.2)
=1

They carry charges J; under the Cartan subalgebra of SO(6)

J,-:\/Xwi/ do 23 (o), i=1,2,3, (4.3)

027T

while the energy is ”

=Vk, (4.4)

with the Virasoro constraint
k2= Xy Xu 4+ X0, X0 (4.5)

which makes the energy a function of the three spins. The Lagrangian for the three fields x; (o),
together with the Lagrange multiplier enforcing (E2) is

1
Lzﬁé( —wx2+AEx—1 (4.6)
The closed string solution satisfies

zi(0) = xi(o + 2m), i=1,2,3 (4.7)

"These definitions are for closed string charges; the open string charges are the same but with the integration

range now being 0 < ¢ < 7; the open string energy is \/XH/Z



while the open string solution will satisfy
Opa(c=0,m) =0, a=1,2 xz3(c =0,7)=0. (4.8)

In [20] it was found that elipsoidal coordinates are useful in describing the closed string system.

These coordinates are the two real roots (; and (5 which solve the quadratic equation

2 2 2
Ty ) T3
=0. 4.
T A A o
The Lagrangian for (y, (s is
1
L= igab(g)g;glg - U(C) ) (410)

where the metric is diagonal

C2_C1 Cl _C2

SR (o rop) o) Rl (g roume) copmpn) R )
and the equations of motion are
(j—f,) =4 P ere PO = (¢~ ud)C — ud)C— udC - b)(G - 8. (412
The closed string solution will then obviously satisfy
G(o+27m) = (i (o), (o +2m) = (o). (4.13)

We may ask what boundary conditions are consistent with the vanishing of the boundary
variation of the Lagrangian (EI0). Such terms come from the integration by parts of the

variation of the ((')? terms and they vanish for
G(0=0)—C(c=0)=0, (4.14)
or (; and (, satisfying the usual Neumann or Dirichlet boundary conditions
Glo=0)=0, ((o=0)=cst, i=12. (4.15)

The boundary conditions (BEI4)) do not seem compatible with the equations of motion (EI2)

and so we will not consider them here.

For z; > 0 and ( in the range

wi < ¢ <wi < G <y, (4.16)

10



we have

— w? — w?

T; = (G 12)@22 ;) , w?j = w? — wjz-, (4.17)
Wi Wi

fori =1, 2, 3 and j, k such that €;;;, # 0. We are interested in x5 satisfying Dirichlet boundary

conditions. From the above it is easy to see that this is equivalent to imposing (in our range of

;) at the boundary
(o(o=0,7) = w3. (4.18)

Next, with the above boundary condition on (,, requiring that z; and x, satisfy Neumann

boundary conditions is equivalent to requiring
Cl = bl or bg s (419)

at the endpoint. Either of these boundary conditions ensures that 0 = 0,21 = 0,15 = x3 with
Oyr3 # 0 on the boundary. The open string starts on the equator of the S parametrised by ¢
and moves off north or south. It will at some point reach maximum longitude and then move
back down towards the equator/brane. The above applies at both endpoints o = 0, m of the
string.

There are of course many types of open string solutions with the above boundary conditions.
A solution is characterised by the range of ¢; and (, and by the type and number of extremal
points along it. An extremal point is any point oy, for which /(o) = 0 for some ¢ = 1,2, 3. It

is easy to see that there are three types of extremal points

e F: A fold point has all 2 = 0; here (3, (s = by, bo;

e B;: A bend point has z; # 0 and 2, = 0 for j # i; here one of the ('s equals w? while the
other b,;

e A: An arch point has xj = 0 and 2 # 0 for j # i; here (1, (o = w}, wy, for j, k # i.

Given our choice (; < (5 there are four possible ranges for the solutions

I by < ¢ < wi, by < G < wds

IL: by < ¢ < by, wi < G < w3

IIL: w? < ¢ < w3, by < G < w3,

IV: w} < < by, wi < G < wi.

11



The extremal points allowed in each range are
I F, Bg, Bg, Al, 1II: BQ, Bg, I1I: Bl, BQ, Al, Ag, 1V: BQ, B3, AQ, A3, (420)

From the boundary conditions (LH), we see that the endpoints of the open string are Bs
extremal points. As a result the range III is of no interest to us. A general open string solution
will then start and end with the extremal point Bs, and have various intermediate extremal
points allowed by its ¢ range (c.f. equation (@20)). As in [20], one can consider limiting
cases in which one of the (’s range is reduced to a point 8. Solutions with no F point can
be understood as generalised circular solutions discussed in section B, while those with an F

point are generalised folded solutions of section B2

Finally we should consider the action of the orientifold on the above open and closed string

solutions. The orientifold will act on the opens string solutions as
x1(0) = z(m —0), xo(0) = xo(m — 0), x3(0) = —x3(m — 0), (4.21)

with the action on the closed strings as above but with 7 replaced by 27.

We have already seen in the previous sections that open string folded and circular solutions
are very similar to the closed string solutions. The same turns out to be true for the more
general solutions considered in this section. For consider any open string solution z¢(o) which
satisfies the boundary conditions (L)) and is invariant under the orientifold action (EZI). It
is easy to see that for such a solution z;(0) = z;(7), in other words that the end-points of the

open string are at the same point on S3. Defining a closed string solution as
() = x3(0), where 6 = 20, (4.22)

we see immediately that z¢ satisfy the closed string periodicity conditions (EE7)) and are invariant
under the closed string orientifold action. Similarily, consider a closed string solution x§, which
satisfies equation (7)) and is invariant under the orientifold action. It is easy to see that
2§(0) = 0 = z§(2m). Differentiating with respect to o, the orientifold-invariance conditions
for ¢ (a = 1,2) one also finds that z§'(0) = 0 = z{'(2r). From z{ we can define z¢ as in
equation (E22)) which satisfies the open string boundary conditions (£Y)) and is invariant under
the open string orientifold action.

Note that the mid-point of the open/closed string is also a Bz point. A general orientifold
invariant solution will then start at a Bs point and go through several extrema allowed in its
(¢ range (as discussed above equation ([EZZ)), before it gets to its mid-point which is also a Bj

8For example by letting by — w3.

12



point. The solution after the mid-point is defined by requiring invariance under the orientifold
action. As in the previous sections the open string solution will carry a Chan-Patton matrix
(3, and the full solution should be viewed as a tensor product of z¢ with . Since Xg = k7 ® 3

has to be invariant under the orientifold action we see that 5 = vgﬁTvg_ L

Open string solutions constructed from closed string solutions via equation (f22) will carry

half the angular momenta and energy of the closed string solution. As a result we have

1
E.(Jio) = §EC(2JZ-7C). (4.23)
In other words the energy of the open string solutions can be read-off from the orientifold-

invariant closed string solutions.

As an example of an orietifold invariant solution consider the folded-bent string discussed in
section 3 of [20]. By relabeling z3 < x5 and ¢ — o + 7/2 we obtain a closed string solution of
the type B3 —F—B3 —F—Bj, which is the minimal orientifold invariant solution containing
an F' point and, as discussed above, can be interpreted both as an open and closed string
solution. The energy of the closed string solution can be found in [20], while that of the open

string solution follows from equation ([EZ3).

5 Relationship to gauge theory

In [30] an identification between the free open and closed string spectrum and the planar
anomalous dimensions of a large R-charge sector of the gauge theory was carried out. Later,
using lightcone string field theory for open strings [33], ® the non-planar corrections were con-
sidered [31]. In the previous sections we have found that the classical open and closed spinning
string solutions invariant under the orientifold action have an energy expansion of the form (.2
- in integal powers of A\, with sigma model corrections suppressed by extra powers of 1/J. Re-
producing this expression as the exact scaling dimensions A(A, J) of SYM operators with the
same global charges constitutes a test of the AdS/CFT duality.

In this section we identify in more detail the map between these global charges and the operators
dual to the string solutions. On the string side the orientifold action does not act on the AdS5
geometry, in other words the energy E and two spins S, Sy, which are Casimirs of SO(2,4)
are the same as in the unorientifolded theory. In particular, we may identify the string energy
with the scaling dimension of an SYM operator, as in the N' = 4 case. The orientifold action
breaks the SO(6) symmetry of S5 down to SO(4) x SO(2) ~ SU(2);, x SU(2)r x U(1) where,

9For a recent paper on open-closed string field theory see [34].
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in our conventions, Jy is the U(1) Casimir, while Jx and Jy combine to give the Casimirs of

the two SU(2)’s

= SUx =) (5.1)

The N/ = 2 Sp(N) theory has a vector multiplet, whose scalar we denote by W, as well as

Jsv@)r = §(JX +Jy), Jsu@),

a hypermultiplet in the antisymmetric representation. This can be split into two chiral fields
Z, 7Z'. Further, there are four hypermultiplets in the fundamental, which also possess a global
SO(8) symmetry, as a result of which we write them as an SO(8) vector ();. The ‘closed
string’ chiral fields Z, Z', W carry charges (Jx, Jy, Jz) equal to (1,0,0), (0,1,0) and (0,0, 1)
respectively, while the @; have charges (1/2,0,0). In the planar limit, there are two types of
gauge invariant operators we may consider: those in a trace, or those sandwiched between two
fundamental fields. These correspond to closed and open strings respetively. For example the
energy of the open string solution of section B2, should match with the anomalous dimension
of an operator

BiQiUQZ) X (QZ) Y Qi+ -+ (5.2)

where 3 is the SO(8) ‘Chan-Patton’ matrix, and --- denotes all permutations of the above,

O Similarily a general

which have the same global charges and classical scaling dimension.!
closed string solution of the type discussed in section @l should have an energy expansion which

matches the anomalous dimension of the operator

Tr (Q2)™*(QZ") (QW)77) 4 - (5.3)

Given the work on the anomalous dimensions of N' = 4 operators [22, 23], it should be
straightforward to find a spin-chain model corresponding to the closed string operators - afterall
these are just an orientifold-invariant subsector of the A/ = 4 theory. The open string operators
of the type B3), should be described by a spin-chain model which satisfies suitable boundary
conditions, rather than being periodic. The string theory prediction is that the eigenvalues
of the Hamiltonian of such an open spin-chain model will be related to the eigenvalues of the
periodic spin-chain Hamiltonian via equation ([E23)). It would be interesting to carry out this

analysis explicitly.

6 Conclusion

In this paper we have found classical open and closed string solutions in the AdSs x S°/Z,

geometry whose energy has a regular expansion in A/J? with quantum sigma model corrections

10Tn keeping with standard notation, in this section Q denotes the invariant tensor of Sp(IN), rather than

string orientiation reversal.
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suppressed by extra powers of 1/J 1. The theory considered here has half the supersymmetries
of the previously studied examples. Furthermore this is the first time that open spinning strings
have been studied. We have identified the operators whose anomalous dimensions should be
equal to the energy of the spinning strings; in particular, as in the BMN case [30], open strings

correspond to two-quark operators and closed strings to single-trace operators.

We have found an equivalence between classical open and closed string solutions, and their
energies (see equation ([EZJ)). Since the energies represent an exact expression in \/J? at
the planar level, this gives a prediction for an all-loop relationship between the anomalous
dimensions of two-quark and single-trace operators on the gauge theory side. It would be
interesting to extend the spin-chain formalism [22, 23], developed for the N = 4 theory, to
the NV = 2 Sp(N) theory considered here.'> In this case there should be two types of spin
chains - periodic ones corresponding to single-trace operators and open ones corresponding to
two-quark operators. It would be interesting to find their respective hamiltonians, and to apply

the Bethe ansatz techniques to study their eigenvalues.

A generalisation of the analysis of [26] to the case at hand is also desirable. Given the equiv-
alence of open and closed string solutions on the string theory side, the Backlund equations
should readily give an infinite set of local charges for the open strings. These should be com-
pared with the higher local charges of the Bethe ansatz in the open spin-chain model. From
the point of view of non-local symmetries too, open spin chains are perhaps more interesting
than the periodic ones. For rapidly decreasing boundary conditions the non-local Yangian sym-
metry becomes an exact symmetry of the theory. It is then expected that given one solution,
one can generate others by applying to it the non-local generators of the Yangian. Finally, all
the evidence of the spinning string spin-chain duality, suggests that there should be a mapping
between the two structures without reference to any particular solution. Recently, progress on

this has been achieved [36], and finding an exact map would be very instructive.
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A Stability Analysis of the Two-Spin Circular solutions

In this section we analyse the stability of the open and closed string two-spin circular solutions
found in the previous section. We briefly review the analysis of [I8] and apply it to the closed
and open string solutions described in section In [I8] it was found that the quadratic

Lagrangian for fluctuations in S® around the closed string solution (B3 is
Ly = =0, X0 X,y — AX X — 20X, X, (A1)
Redefining X as
X(7,0) = O12434(w7T)O13194(ko ) Os6(v7) O15(70) X (1, 0) (A.2)

it is possible to satisfy the A constraint with X; = 0. The unconstrained Lagrangian is then

L2 = (87X5)2 - (80Xs)2 + 4v sin 70)2587)26 - 4w(cos 70)2587)22 + X387X4)
+4]€(COS 70)2580)23 - X280X4) y (A?))

where compared to section Bl we have set k = ny =no, and s =2,...,6.

A.1 Closed strings

Since the closed string is periodic in o, we look for solutions of the form

o) 8
Xo= ) ) AWeitenirino) (A.4)

n=—oo 1=1
Non-trivial solutions of the equations of motion following from ([A3) require the vanishing of
the determinant of the characteristic matrix
det(M,) = (n*—w?) (wp —2w2(n*+2(v° + k) + n*(n® — 4k?))
(wi — 2w (n® 4+ 21 + k* cos® 79)) 4+ n*(n* — 4k* cos® o)) , (A.5)

This expression is the same as equation (2.27) of [I8]. Setting £ = 0 in equation ([AL) we

recover the BMN spectrum

w, =t vEvVn2+r?, (A.6)
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while setting vy = 7/2 the frequencies are

w? = 0?4202 + E?) £ 2/ (V2 + k2)2 + n2(v? 4 2k2), (A.7)
w, = FrvEtvn2+r2, (A.8)
Reality of w, then requires n?> > 4k? which is not satisfied for n = +1,... ,4+(2k — 1) and

corresponds to the instability discussed in [I§].

The action of the orientifold generator g on the fluctutations X, follows from equations (IC7)
and ([A2) and is given by

X (r,0) — X (1,21 —0), s=1,2,56,
Xi(r,0) — =X (1,21 —0), s=3,4. (A.9)
It is easy to see that the Lagrangian (A3) is explicitly invariant under this transformation.

The quadratic flucutations need to be invariant under this orientifold action, which requires

AD =AY s=1,2,56, (A.10)
AD =AY s=3 4. (A.11)

This halves the number of independent n # 0 modes, and removes the n = 0 modes in the
s = 3, 4 directions. As we saw above any potential unstable modes come as pairs +n. The
orientifold projection then removes one linear combination of these modes and keeps the other.

As a result the orientifold projection will not fully stabalise any unstable solutions.

A.2 Open strings

Consider next small fluctuations around the open string solution. The fields X5 and X, will
have Dirichlet boundary conditions at their end-points with the other spherical fluctuations
having Neumann boundary conditions. From equation (A2) one can see that X3 and X, will
satisfy Dirichlet boundary conditions, while X, X, X5 and Xg will satisfy Neumann boundary
conditions.

The orientifold generator g acts on X,, as

Q(X1,2,5,6(7—7 o)) = X1,2,5,6(7—7 T™—0), g()~(3,4(7, o)) = —X3,4(7'7 T™—0). (A.12)
From equation ([A.2)) it then follows that for k even

g()_(1727576(7‘, o)) = )_(172,576(7', T—o0), g()_(3,4(7', o)) = —)_(374(7', T—0), (A.13)
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while for k& odd

9(Xs46(1.0)) = Xsao(r,m—0), 9(Xa(1,0)) = =Xo(r, 7 — 0),
g(Xi(1,0)) = —cos(2y0) X1 (7,7 — &) +sin(2v) Xs(1, 7 — 7),
9(Xs5(r,0)) = sin(2v)X1(7, 7 — ) + cos(270) X5(1, ™ — 7). (A.14)

It is easy to see that the action squares to one. Note also that for k odd setting X; = 0 in
order to satisfy the A constraint is not a ¢ invariant process. However, it was argued below
equation (B:8) that the classial solution with & odd is not g invariant and so we are not interested

in fluctuations around it.

For k even we may set X; = 0, and look for solutions to the Lagrangian ([A-3)) of the form

co 8

X, = Z ZAgzgem,ir cos(no) $=2,5,6 (A.15)
n=0 i=1

co 8

XS —= Z Z Ag’lgeiw”,iT Sln(no-) , S = 3’ 4 . (A16)

n=1 i=1
The determinant of the characteristic matrix is the same as in the closed string case and so the
frequencies will be the same as in the closed string case. In particular, in the un-orientifolded

theory, the stability analysis is identical to the closed string case.

Taking the orientifold of the above fluctuations is also straightforward

9(X) = >

n

(=1)" AW eniT cos(no) s=2,56 (A.17)

M-

I
o

=1

(—1)"AWeniTsin(no),  s=3,4, (A.18)

WE
]~

9(Xs) =

1
which needs to be combined with the action of g on the SO(8) Chan-Patton factors 3. As a

result n-even fluctuations will have Chan-Patton factors which satisfy 5 = fygBTfyg_ ! while the

n 1

n-odd fluctuations will have Chan-Patton factors which satisfy 3 = —VQBTvg_l. Since 3 are
8 x 8 matrices, there will always be some g-invariant states for any value of n. Hence, the open
string solutions with k even, will be stable in the same range of parameters as the closed string

solutions.
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