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1 Introduction

Following the discovery of the plane-wave solution of Type IIB supergravity [1] !, the spectrum
and superalgebra of the free superstring theory in this background were found in the light-cone

gauge [4, 5]. The theory possesses a unique groundstate and a tower of states with energies

o = /1 F (palpT ), (L1)

where n € Z and p and p* are the R-R field-strength and light-cone momentum respectively.

proportional to

The plane-wave background has also become important because of its interpretation as a Pen-
rose limit [6] of the AdS5 x S° space-time. In this setting, the AdS/CFT correspondence has
been identified as a relation between string theory in the large p limit and the N' = 4 U(N)
SYM gauge theory in a non-'t Hooft limit where not only N, but also J, a chosen U(1) R-
charge, is taken to be large, with the ratio J?/N fixed [7]. A subset of so-called BMN operators
has been identified in the gauge theory which corresponds to string states. These operators
have an expansion in terms of an effective coupling constant X' = g3\, N/J? = (ua/p™)~? and
effective genus counting parameter g3 = (J?/N)? = ¢?(ua’p™)* [8, 9], and the gauge/gravity
correspondence in this background is given by [10]

Yn—a-y, (1.2)
1

viewed as an operator identity between the Hilbert spaces of string theory and the BMN
sector of gauge theory. This correspondence has been placed on a firm footing at the level of
planar graphs, or equivalently at the level of free string theory [7, 8, 9, 10, 11]. At the non-
planar/string interaction level there is also good evidence that, at least for so-called impurity
preserving amplitudes, the operator identity above is valid [12, 13, 14, 15, 16, 17, 18, 19], see

also [20, 21] for recent reviews.

An essential ingredient in the understanding of string theory in the plane-wave background
is the knowledge of string interactions. Unfortunately, the background has only been quantized
in light-cone gauge and so conformal field theory tools such as vertex operators cannot be used
here. 2 The only known way of studying string interactions in the plane-wave comes from
light-cone string field theory [23, 24, 25, 26, 27, 28, 29]. In this formalism the generators of

the supersymmetry algebra are divided into two sets of operators: the kinematical and the

'For previous work on supergravity plane-wave solutions see [2, 3].
2In flat space it is possible to develop vertex operator techniques even in light-cone gauge [22]. This is aided

by the presence of a classical conformal invariance of the equations of motion in light-cone gauge, as well as by

the existence of angular momentum generators J 7.



dynamical. The former, such as the transverse momenta P, do not receive corrections in the
string coupling g,, while the latter, which include the Hamiltonian, are modified order by order

in the string coupling. For example
H5:H2+g8H3+..., (13)

where Hj is the free-string Hamiltonian and Hj represents the process of one string splitting
into two (as well as the time-reversal of this interaction). When computing string interactions

it is most convenient to write H3 as an operator in the three-string Hilbert space [28, 29].

The interaction Hamiltonian Hj is constructed by requiring two conditions. Firstly, the
process is to be smooth on the world-sheet; this is equivalent to demanding the supercommuta-
tion relations between the interaction Hamiltonian and the kinematical generators be satisfied.
In the operator formalism this is enforced by a coherent state of the three-string Hilbert space
often denoted by |V'). Secondly, Hj is required to satisfy the supersymmetry algebra relations
involving the Hamiltonian and the dynamical supercharges at next-to-leading order in the string

coupling. These conditions require that
[H3) = P|V), (1.4)

where P is the so-called prefactor which, in the oscillator basis, is polynomial in the creation

operators.

Originally [30, 31, 32, 33], when Hj3 was constructed in the plane-wave background, the
oscillator basis expression was built on the state |0) which has energy 4u and (hence) is not the
groundstate of the theory.® Rather, it is smoothly connected to the SO(8) invariant flat space
state |0),—o on which the flat spacetime interaction vertex was built [27]. We will refer to Hj

constructed on this state as the SO(8) solution throughout this paper

|H3)so®) = Psos)|V)sos) - (1.5)

The presence of the R-R flux in the plane-wave background breaks the transverse SO(8) sym-
metry of the metric to SO(4) x SO(4) x Z,, where the discrete Z5 is an SO(8) transformation
that exchanges the two transverse IR* subspaces of the plane-wave. Based on this Z, symmetry
it was argued [34] that one should in fact construct Hs on the true groundstate of the theory:
|v). A solution of the kinematical constraints based on this state was given in [35], while the

dynamical constraints were solved in [36]; this solution will be called the SO(4)? solution here

|H3)so(a2 = Psoy2|V)sow):? - (1.6)

3For the precise definitions of |0) and |v) see section 2.




The two interaction Hamiltonians appeared to be quite different, and it was not, a priori clear,

if they should give the same physics.*

In this paper we prove that the two interaction Hamiltonians are identical when viewed
as operators acting on the three-string Hilbert space. The proof is presented in section 2 for
the supergravity modes only, and generalized in section 3 to the full three-string Hamilto-
nian. Two appendices are provided in which our conventions are summarized and some of the

computational details are presented.

2 The equivalence of the SO(8) and SO(4)?

formalisms in supergravity

In this section we prove that the supergravity three-string interaction vertices constructed in
the SO(8) formalism in [30] and in the SO(4)? formalism in [36] are identical to each other.

Recall the fermionic part of the light-cone action on the plane wave [4]
27| o
Sterm.(r) = 8 dT/ do, [i(0,0, + 0, v ) — 0,0, + 9,9, — 2u0,119,] (2.1)
T

where r = 1, 2, 3 denotes the rth string, o, = o'p; and e(a,) = a,/|a,|. V% is a complex,
positive chirality SO(8) spinor, 9, = 0.9, V. = 9,9, and Iy = (V192939 Y) e is symmet-
ric, traceless and squares to one. The mode expansions of ¥¢ and its conjugate momentum
M\ = 0%/41 at T = 0 are

i (o) = gy + \/_Z (9 cO8 | U| + 9%, sin %) :
a, a,
(2.2)
a a no, a . nho,
)\7,, (0'7») = 2 | | )\ ‘l’ \/_Z n(r COS — |Q{T,| ‘l‘ )\_n(r) S111 m)] .

The Fourier modes satisfy 2A7,, = |a,|U% | and the canonical anti-commutation relations for

n(r)

the fermionic coordinates yield the anti-commutation rules

{9%(0,), \o(05)} = 6°6,40(0,. — o) &= {005 A m(s V= 5% 8 mOrs - (2.3)
The fermionic normal modes are defined via (e(0) = 1)
Cn s
ﬁn(r) = v [(1 + pn(r)H)bn(r) + 6(0(7,)6(71)(1 - pn(r)H)bT_n(T) ’ n e Z> (24)

Vlarl

4Some evidence that they were in fact identical was already presented in [36].
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and break the SO(8) symmetry to SO(4) x SO(4). Here

Wn(r) — |7] 1
Pn(r) = P-n(r) = ) Cn(r) = Con(r) = —F77—77—- (25)
pet 1+ p?z(r)

These modes satisfy {b¢ . 01 = §%8,m0rs. The two states |v) and |0), on which the inter-

n(r)’ “m(s)

action Hamiltonians are constructed, are then annihilated by all b, (r) for n # 0 with
g510) =0, bolv) =0. (2.6)

We use a y-matrix representation in which

M- (5515% 0 ) (2.7)
0 =040,

where vy, éy (B, (k) are two-component Weyl indices of SO(4),.5 Hence, (1 + IT)/2 projects
onto the (2,2) and (2/,2") of SO(4) x SO(4), respectively, and
{bn(r Yaiazs b&éﬂ} = 66156257177157’5 ) {bn(r ) Gidos bflliZT} - 5615525nm5r8 . (28)

a1 Vag & Y de

The fermionic contribution to the free string light-cone Hamiltonian is
Hy(py = Z ) (O3 oy aras + Uiy’ o) dnda) » (2.9)

and we have neglected the zero-point energy that is canceled by the bosonic contribution.

2.1 The kinematical part of the vertex

The fermionic contributions to |V') - the kinematical part of the supergravity vertices - in the
SO(8) and SO(4)* formalisms are respectively (8, = =22 and oy + as + a3 = 0)

| E3) sos H [Z o(r] 0)123 (2.10)

a=1

Mwﬂ

r=1

5See appendix A for our conventions.



To relate these two expressions recall that (c¢f. equation (2.4))
aja A3 010 Gy & A3 6160t
Mo’ =T % A = T e (2.12)
\o102 %balagf )\alag _ balag (2 13)
0(r) 2 o(r)y > 0(r) 2 0(r) :

== II By manl®)ss 100 =TT boaranlv)e- (2.14)

a1, a1, Qe

and

The relative sign in (2.14) is not fixed and has been chosen for convenience. Then it is easy to

show that A
«
[Ep)sors) = — (5) H (v /glbg( \ 6260(1 ) s | ) 5002 (2.15)

G, G
By construction, both |E})soes) and |Ef)so)z satisfy the world-sheet continuity conditions.
Hence, the combination ] (\/ bo(z V ﬁgbg(l))dldz has to commute with the kinematical

a1, G2
constraints, and so can be re-written in terms of the (zero-mode of the) fermionic prefactor

constituent Z,4, (in the notation of [32]). In fact

1

9 4
(—) (1 — 4paK )| E)som) = — [[ Zoaasl ED) soup = 2Z§|E£>SO(4)2- (2.16)

«
3 G, G

4
The factor of (O%) (1 —4paK)? was introduced in the SO(8) formalism as the overall normal-
ization of the cubic vertex.

2.2 Prefactor

In order to proceed further, we have to re-write the prefactor of the SO(8) formulation in a
manifestly SO(4) x SO(4) invariant form using the y-matrix representation given in appendix A.
The prefactor is [33, 30]°

Psow = (KK — ’“;—Ofa”)UU(Y) . (2.17)

Here K' and K7 are the bosonic constituents commuting with the world-sheet continuity con-

ditions (for their explicit expressions see e.g. [33]) and vy = wry + yrs with’

1
w'’ =517 + i th yeytyeyd 4 8,5  apedesgnY Y, (2.18)
y' = — 2' abyayb—m%ba cdefgnY - Y, (2.19)

SWhen no confusion arises we will suppress the subscript ‘0’ in what follows.

"Compared to [33] we have redefined —%’Ythcm = Yere.



JK

and t/}., = vl 72y - The positive and negative chirality parts of Y* are®

3
yailaz — Z Z Gn(r)bz?;l)az ; (220)

r=1 n>0
2 3
Y99 = (1= paK) 2 e BT Y S Ui G LN (2.21)
r,s=1 r=1 n>0

where G is defined in [36]. Note in particular that the zero-mode of Y142 is an annihilation
operator. If we want to suppress the spinor indices of Y4192 we will denote these components
by Y. We have the useful relations

{Yoaran, Z07} = 650152 Yo anao | EY)soqy = 0. (2.22)

[e5 e

Using identities (A.8)—(A.16) of appendix A, the SO(8) prefactor decomposes into the following
SO(4) x SO(4) expressions’

_ _ 1 _
KK uw'? = KIKJcSU(l i —Y4Y4)

144
0 s
KR (5 (V) () )
+ 1([(611011[’;'642042 + [}mocl[(dwﬂ) (leoQYdlaQ + YalaZY§’1d2) , (2'23)

3

and

20K K yy' = Kol (Y2 (14 %Y/”‘) V(14 11—25/4))

~ ) 1 — — ! 1
KKy (Y27 (1= Y1) + 727 (1 —v)
12 12
o~ ~ 1
+ 2(Ka1a1Ka2a2 _ Koz1a1Koz2a2) (Yalagydldg _ §Y§)1agyé?1d2) ’ (224)
where we use the notation of [36], for example
K9 = Kigi @y =y gl (yRr?) Y = yRhiy ik (2.25)
and le 5, etc. are defined in appendix B. Commuting the terms involving Y through the Z*4

term in equation (2.16) using equations (2.22) and (B.9)—(B.16), one can show the equivalence

of the two interaction Hamiltonians at the supergravity level

(P|V>)SO(8) ; Sugra - (P|V>)SO(4)2 ,Sugra (226)

8Here the chirality refers to either of the two SO(4)’s.
9For the derivation of the decomposition of the O(Y %) term see equations (B.17)-(B.21).
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Here [36]

1 dral 70 M o G 3 *
PSO(4)2 _ (§K ra1 prbifr ?8 1612 1ﬁ1)ta161(y)t- . (Z)

a1 61

1w~ N
— (GRen R B iy (v (2)

G232
— KUK 5,0, (V) s5,0,(2) = KUK %57 (Y)s4,065(2) (2.27)
and the spinorial quantities are
' 1
s(Y)=Y + %W L) =e i oy (2.28)

3 Extension to non-zero-modes

In this section, we prove that the string theory three-string interaction vertex constructed in
the SO(8) formalism in [30, 31, 32, 33] and in the SO(4)? formalism in [34, 35, 36] are identical.
In the SO(8) formulation, the complete fermionic contribution to the kinematical part of the
vertex is [32, 30]

| Eb) s0(s) —GXP[Z Z b_m(r :rfnb;rl(s \/_AZZQT _m(r]|E£>SO(8)~ (3.1)

r,s=1m,n=1 r=1 m=1

In the SO(4)? formalism the fermionic contribution to the kinematical part of the vertex is [35]

[Ev)so 2—GXP[Z > (N mnen @5~ 000,250

r,s=1m,mn=1

alo r o a1a = AT
- \/_A re Z Z Q —m(r g ﬁ@ e Z mein(r) dldz] |El()]>50(4)2 ) (32)
m=1

r=1 m=1

and we have the following relations between the fermionic Neumann matrices of the two vertices

rs T+11 1—1I rs

= < 5 + 7 Um(r)Un(s)) mn s (3.3)
1+II 1-1I _

@ - (B - a0, ) @ (3.4)

The positive chirality parts of the vertices agree in both formulations. In what follows we
concentrate on the contribution with negative chirality. Recall that ©|E})sos) = 0, (30 =
’190(1) — ’190(2)) and

ST QrT TS
nm -~ asm mn (35)
dom — U@ Uts)) ,, = Gonir) (U9 G),, - (3.6)



Equation (3.6) can be derived using the factorization theorem for the bosonic Neumann ma-
trices [37, 32]. Using these identities, one can show that the generalization of (2.16) to include

the stringy modes is

2\" 1
(a—g) (1 —4paK)?|Ey)sos) = EZ4|Eb>SO(4)2 : (3.7)
Finally, note that o
{Yé‘lé@’ Zﬁlﬁz} = 551553 ) Yd1éc2|Eb>SO(4)2 =0. (38)

Since equations (3.7) and (3.8) are algebraically the same as (2.16) and (2.22), the results of
section 2 imply that

(PIV)) so = PIV) sopy (3.9)

as conjectured in [36].

4 Conclusions

In this paper, we have proved that the plane-wave light-cone superstring field theory Hamil-
tonians constructed on the states |0)123 and |v)123 are identical. This analysis could be easily
extended to show the equivalence of the dynamical supercharges as well. We have thereby
resolved one of the puzzling features of the SO(4)? formalism, namely that it appeared not to
have a smooth p — 0 flat space limit to the vertex of [27]. In fact Z4|Eb>SO(4)2 ~ | Ey)so(s)
and 7330(4)2574 ~ Psos) have well-defined limits as 1 — 0 rather than |Ej)sow)y and Pgoy.
Moreover, since it is known that |Ey)so(s) and |Ey)soyz ~ Y4 E,)so(s) have opposite Z par-
ity [36, 34], it follows that Pgo()2 and Psos) also have opposite parity and, therefore, Pgo sy
is odd under the Z,.

The existence of a smooth flat space limit, together with Z, C SO(8) invariance, suggests
that the assignment of negative Z, parity to |v) (equivalently positive Zy parity to |0)) is
correct: only then the plane-wave interaction Hamiltonian is invariant under SO(4)xSO(4) X Z
and the latter is continuously connected to the SO(8) symmetry of the flat space vertex. This
suggests the uniqueness'® of the interaction Hamiltonian at this order in the string coupling as

a solution of the world-sheet continuity and supersymmetry algebra constraints.!!

10Up to the overall normalization, which due to the absence of the J~! generator can be any suitable function

of the light-cone momenta.
HRecently, a different solution of these conditions has been presented [38]. However, it does not have a

smooth flat space limit and is not Z, invariant with the above parity assignment.



The presence of apparently different interaction Hamiltonians has already been encountered
in flat space, where two such objects were constructed. These had an explicit SO(8) or SU(4)
symmetry, respectively [39], and at first sight appear to be quite different. It is clear that our
proof can be easily applied to show that the two expressions are, in fact, equivalent. Similarly
for the open string interaction Hamiltonian in the plane-wave background, two apparently
different expressions exist [40, 41]. Again our proof can be easily adapted to this case to show

that the two are identical as operators in the three-string Hilbert space.
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A Conventions and Notation
The R-R flux in the plane wave geometry breaks the SO(8) symmetry of the metric into
SO(4) x SO(4) x Z5. Then

8, — (4,1)® (1,4), 8,—(2,2)8(2.2), 8.—(2,2)a(2,2), (A1)

where 2 and 2 are the inequivalent Weyl representations of SO(4). We decompose v, and ~},
into SO(4) x SO(4) as follows

i 582 i S
ot 0 gt g0 0
B2 s
il (—5&02:252 0 ) i (—551 O'i/OQﬁz 0 ) (A 3)
Yaa = Gy _i'%2fB2 | Yoa = G gl : :
0 561 7 0 551 UO@BQ

Here, the o-matrices consist of the usual Pauli-matrices, together with the 2d unit matrix

ot = (ith, 7?07, _1)ad (A.4)
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and we raise and lower spinor indices with the two-dimensional Levi-Civita symbols, e.g.

oly = 5a55dﬁ-aiﬁﬁ = co50'h = 5dﬁ-aiﬁ : (A.5)

«

The o-matrices obey the relations

Tele

U(imaj‘j‘ﬁ + gidgidﬁ = 25957, aidaaiﬁ- +ol o= 25“52‘ : (A.6)
In particular, in this basis
olo2adot) 58 0 oprz
oy = <( 0 )al . ( 123 4)d15dz - a10a2 _§drgh2 | 0 (A7)
7T )5 %, 61 o

and (1 4 IT)/2 projects onto (2,2) and (2',2'), respectively. The following identities are used
throught the paper

Eaps™® = 3007 — 0100, (A.8)
7Ll = ~8izas+ 0y, (o= olyo s = o) (A9
Ufmajg = —5”8(-15 + O’Zﬁ-, (0;]6 = a([jda]] ) = azﬁ]a) (A.10)
Taalts = 2apEsp s (A.11)
0'3]%0'55 = 5cw0'25 + €ﬁ~y0'fyg , (A.12)
U@’%Uilg = 5ij(5ow€ﬁa + €a6€py) — %(0’2{7555 + aggem + 025557 + agwsa(;) , (A.13)
05055 = H(Earess + Easpn) (A.14)
affﬁa’;g =0, (A.15)
20‘3‘5‘0?36 = 5’75&55@5 + azgiﬁl ai)lkﬁ-l — €a60'23 — aéfbedﬁ . (A.16)

B Useful relations

We define the following quantities, which are quadratic in Y and symmetric in spinor indices

2 — « 2 — «
Yoo = Yo Y5, Y6 = Yoa Yy, (B.1)
cubic in YV
3 2 B _ 2 a
Yalﬁz = Ya161yﬁ21 - _Y62a2Ya12 ) (B.2)
and, finally, quartic in Y and antisymmetric in spinor indices
1 1
4 2 27m 4 4 2 272 4
Yalﬁl = Yal'YlY B/~ _igalﬁly ) Ya2,62 = Yaz’mY B2 — 5806252)/ ) (B3)

10



where

Yi=y2, v2h = y? |y (B.4)
These multi-linears in Y satisfy
Yoras Y58, = —%(smlejﬁQ + Cass Yoy ) » (B.5)
VooV = =5 (o Vs + Eoun Vi) (B.6)
Yoras Yoo, = %(salﬁly o e Yo ay) s (B.7)
V3, Yaus, = ieﬁlale,m(;QY‘l. (B.8)

Analogous relations hold for Z.

To derive equations (2.16) and (3.7) we need the following (anti)commutators

[V, Zém] = €4, Zindn T Enin Ly (B.9)

Yasan, Zém ] = € Zinse T Carin iy (B.10)

(Yarae: 25,5, } = =370, %5100 » (B.11)

Vi, Z4] = —4Z3 4, (B.12)

i a161 2| Ey)sowe = —12Z; | Ev)so@z (B.13)

v? oy ZY|Ev) soae = 122d252|Eb>50(4)27 (B.14)

Y2 b 4]|Eb>so = —36Z4,4, | Eb) s0(2)2 (B.15)

Y, ZY|Ey) soy = 144 By) soy? , (B.16)

Finally, to rewrite the O(Y®) term in the SO(8) prefactor in a manifestly SO(4) x SO(4)

invariant form, it is useful to employ the identity [27]

1
— 57 e & edesonY VY VIV YR = / d* Ay AP AP (B.17)
and
Y1 1
[T dhaian e 27 = —EW (B.18)
[e%Ke %)
. ; 1
H dACVlOQ Aﬁ1ﬁ26 Yo AT — _gyﬁglﬁz ) (B'19>
a1an
/ H dA ooy NG 56 2 A = VG S (B.20)
1o
[T dharan Adse 2™ = =y 5 (B.21)
a0

11
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