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LUSZTIG INDUCTION AND /-BLOCKS
OF FINITE REDUCTIVE GROUPS

RADHA KESSAR AND GUNTER MALLE

To the memory of Robert Steinberg

ABSTRACT. We present a unified parametrisation of £-blocks of quasi-simple finite groups
of Lie type in non-defining characteristic via Lusztig’s induction functor in terms of e-
Jordan-cuspidal pairs and e-Jordan quasi-central cuspidal pairs.

1. INTRODUCTION

The work of Fong and Srinivasan for classical matrix groups and of Schewe for certain
blocks of groups of exceptional type exhibited a close relation between the f-modular
block structure of groups of Lie type and the decomposition of Lusztig’s induction functor,
defined in terms of /-adic cohomology. This connection was extended to unipotent blocks
of arbitrary finite reductive groups and large primes ¢ by Broué-Malle-Michel [6], to
all unipotent blocks by Cabanes-Enguehard [9] and Enguehard [12], to arbitrary blocks
for primes ¢ > 7 by Cabanes—Enguehard [10], to non-quasi-isolated blocks by Bonnafé-
Rouquier [4] and to quasi-isolated blocks of exceptional groups at bad primes by the
authors [14].

It is the main purpose of this paper to unify and extend all of the preceding results
in particular from [10] so as to establish a statement in its largest possible generality,
without restrictions on the prime ¢, the type of group or the type of block, in terms of
e-Jordan quasi-central cuspidal pairs (see Section 2 for the notation used).

Theorem A. Let H be a simple algebraic group of simply connected type with a Frobenius
endomorphism F' : H — H endowing H with an F,-rational structure. Let G be an I'-
stable Levi subgroup of H. Let £ be a prime not dividing q and set e = e,(q).

(a) For any e-Jordan-cuspidal pair (L,\) of G such that X € E(LY ('), there exists a
unique (-block bgr (L, \) of G such that all irreducible constituents of RS (N) lie in
bgr (L, A).

(b) The map Z : (L, \) = bgr(L, \) is a surjection from the set of GI'-conjugacy classes
of e-Jordan-cuspidal pairs (L, \) of G such that A € E(LY,{') to the set of {-blocks of
G,

(c) The map = restricts to a surjection from the set of GI'-conjugacy classes of e-Jordan
quasi-central cuspidal pairs (L, \) of G such that A\ € E(LY, ') to the set of £-blocks
of G
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(d) For £ > 3 the map = restricts to a bijection between the set of G -conjugacy classes
of e-Jordan quasi-central cuspidal pairs (L, \) of G with A\ € E(L¥, ¢') and the set of
(-blocks of G

(e) The map Z itself is bijective if £ > 3 is good for G, and ¢ # 3 if GI' has a factor
*Du(q)-

The restrictions in (d) and (e) are necessary (see Remark 3.15 and Example 3.16).
In fact, part (a) of the preceding result is a special case of the following characterisation
of the ¢’-characters in a given ¢-block in terms of Lusztig induction:

Theorem B. In the setting of Theorem A let b be an £-block of G and denote by L(b)
the set of e-Jordan cuspidal pairs (L, \) of G such that {x € Irr(b) | {(x, RE(N)) # 0} # 0.
Then

Ir(b) N E(GE, ) = {x € E(GF,0) | 3(L,\) € L(b) with (L, \) <. (G,x)}.

Note that at present, it is not known whether Lusztig induction R is independent of
the parabolic subgroup containing the Levi subgroup L used to define it. Our proofs will
show, though, that in our case bgr(L, ) is defined unambiguously.

An important motivation for this work comes from the recent reductions of most long-
standing famous conjectures in modular representation theory of finite groups to questions
about quasi-simple groups. Among the latter, the quasi-simple groups of Lie type form
the by far most important part. A knowledge and suitable inductive description of the
(-blocks of these groups is thus of paramount importance for an eventual proof of those
central conjectures. Our results are specifically tailored for use in an inductive approach
by considering groups that occur as Levi subgroups inside groups of Lie type of simply
connected type, that is, inside quasi-simple groups.

Our paper is organised as follows; in Section 2, we set up e-Jordan (quasi-central)
cuspidal pairs and discuss some of their properties. In Section 3 we prove Theorem A
(see Theorem 3.14) on parametrising ¢-blocks by e-Jordan-cuspidal and e-Jordan quasi-
central cuspidal pairs and Theorem B (see Theorem 3.6) on characterising ¢'-characters in
blocks. The crucial case turns out to be when ¢ = 3. In particular, the whole Section 3.5
is devoted to the situation of extra-special defect groups of order 27, excluded in [10],
which eventually turns out to behave just as the generic case. An important ingredient of
Section 3 is Theorem 3.4, which shows that the distribution of ¢'-characters in /-blocks is
preserved under Lusztig induction from e-split Levi subgroups. Finally, in Section 4 we
collect some results relating e-Jordan-cuspidality and usual e-cuspidality.

2. CUSPIDAL PAIRS

Throughout this section, G is a connected reductive linear algebraic group over the
algebraic closure of a finite field of characteristic p, and F' : G — G is a Frobenius
endomorphism endowing G with an F,-structure for some power ¢ of p. By G* we denote
a group in duality with G with respect to some fixed F-stable maximal torus of G, with
corresponding Frobenius endomorphism also denoted by F'.
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2.1. e-Jordan-cuspidality. Let e be a positive integer. We will make use of the termi-
nology of Sylow e-theory (see e.g. [6]). For an F-stable maximal torus T, T, denotes its
Sylow e-torus. Then a Levi subgroup L < G is called e-split if L = Cg(Z°(L).), and
A € Irr(LY) is called e-cuspidal if *Ri;op(A) = 0 for all proper e-split Levi subgroups
M < L and any parabolic subgroup P of L containing M as Levi complement. (It is ex-
pected that Lusztig induction is in fact independent of the ambient parabolic subgroup.
This would follow for example if the Mackey formula holds for R, and has been proved
whenever G does not have any component of type 2E4(2), E7(2) or Fg(2), see [3]. All the
statements made in this section using RS are valid independent of the particular choice
of parabolic subgroup — we will make clarifying remarks at points where there might be
any ambiguity.)

Definition 2.1. Let s € G*'' be semisimple. Following [10, 1.3] we say that xy € £(G', s)
is e-Jordan-cuspidal, or satisfies condition (J) with respect to some e > 1 if
(J1) Z°(C&-(s))e = Z°(G*), and
(J2) x corresponds under Jordan decomposition (see [11, Thm. 13.23]) to the Cg-(s)-
orbit of an e-cuspidal unipotent character of Cg.(s).

If L < G is e-split and A € Irr(L”) is e-Jordan-cuspidal, then (L, \) is called an e-Jordan-
cuspidal pair of G.

It is shown in [10, Prop. 1.10] that x is e-Jordan-cuspidal if and only if it satisfies the
uniform criterion

(U): for every F-stable maximal torus T < G with T, £ Z(G) we have *R$ () = 0.

Remark 2.2. By [10, Prop. 1.10(ii)] it is known that e-cuspidality implies e-Jordan-cuspi-
dality; moreover e-Jordan-cuspidality and e-cuspidality agree at least in the following
situations:

(1) when e = 1;

(2) for unipotent characters (see [6, Cor. 3.13]);

(3) for characters lying in an ¢'-series where ¢ is an odd prime, good for G, e is
the order of ¢ modulo ¢ and either £ > 5 or { = 3 € I'(G, F') as defined in [9,
Notation 1.1} (see [10, Thm. 4.2 and Rem. 5.2]); and

(4) for characters lying in a quasi-isolated ¢'-series of an exceptional type simple group
for ¢ a bad prime (this follows by inspection of the explicit results in [14]).

To see the first point, assume that y is 1-Jordan-cuspidal. Suppose if possible that x
is not 1-cuspidal. Then there exists a proper 1-split Levi subgroup L of G such that
*RE () is non-zero. Then *RE(x)(1) # 0 as *RE is ordinary Harish-Chandra restriction.
Hence the projection of *RE () to the space of uniform functions of L is non-zero in
contradiction to the uniform criterion (U).

It seems reasonable to expect (and that is formulated as a conjecture in [10, 1.11]) that
e-cuspidality and e-Jordan-cuspidality agree in general. See Section 4 below for a further
discussion of this.

We first establish conservation of e-Jordan-cuspidality under some natural construc-
tions:
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Lemma 2.3. Let L be an F-stable Levi subgroup of G and A\ € TIrr(LY). Let Ly =
LN [G, G| and let Ny be an irreducible constituent of Resfg()\). Let e > 1. Then (L, \)

is an e-Jordan-cuspidal pair for G if and only if (Lo, \o) is an e-Jordan-cuspidal pair for
(G, GJ.

Proof. Note that L is e-split in G if and only if Ly is e-split in Gg. Let ¢ : G < G be
a regular embedding. It is shown in the proof of [10, Prop. 1.10] that condition (J) with
respect to G is equivalent to condition (J) with respect to G. Since ¢ restricts to a regular
embedding [G, G] < G, the same argument shows that condition (J) with respect to G
is equivalent to that condition with respect to [G, G]. O

Proposition 2.4. Let s € G** be semisimple, and Gy < G an F-stable Levi subgroup
with G} containing Cg=(s). For (Ly, A1) an e-Jordan-cuspidal pair of Gy below E(GT, s)
define L := Cg(Z°(Ly)e) and X\ := eper, RE, (\1). Then Z°(Ly). = Z°(L)., and (Ly, Ay) —
(L, \) defines a bijection \1181 between the set of e-Jordan-cuspidal pairs of Gy below
E(GYE | s) and the set of e-Jordan-cuspidal pairs of G below E(GF | s).

We note that the character A and hence the bijection W& above are independent of
the choice of parabolic subgroup. This is explained in the proof below.

Proof. We first show that W& is well-defined. Let (Ly, A1) be e-Jordan-cuspidal in Gy
below £(GY,s), so s € L. Then L* := Cg«(Z°(L}).) clearly is an e-split Levi subgroup
of G*. Moreover we have

L} = Cq;(2°(L)e) = Ca-(Z2°(L1)e) N Gy = L' N Gy,
Now s € L by assumption, so

LI =L"NG] > L NCg«(s) = Cr:(s).

In particular, L} and L* have a maximal torus in common, so Lj is a Levi subgroup of
L*. Thus, passing to duals, L; is a Levi subgroup of L = Cg(Z°(Ly).).

We clearly have Z°(L;). < Z°(L).. For the reverse inclusion note that Z°(L). < Ly,
as Ly is a Levi subgroup in L, so indeed Z°(L), < Z°(Ly)e.

Hence by [11, Thm. 13.25] A := eper, RE (M) is irreducible since, as we saw above,
L} > Cr+(s). By [11, Rem. 13.28], A is independent of the choice of parabolic subgroup
of L containing L; as Levi subgroup. Let’s argue that A is e-Jordan-cuspidal. Indeed,
for any F-stable maximal torus T < L we have by the Mackey-formula (which holds
as one of the Levi subgroups is a maximal torus by a result of Deligne-Lusztig, see [3,
Thm.(2)]) that eer, "R%(A) = "RERE (A1) is a sum of L¥-conjugates of *Ry*(A1). As Aq is
e-Jordan-cuspidal, this vanishes if T, £ Z°(L;y). = Z°(L).. So A satisfies condition (U),
hence is e-Jordan-cuspidal, and U is well-defined.

It is clearly injective, since if (L, \) = W& (La, X2) for some e-cuspidal pair (Ly, A2) of
G17 then ZO(Ll)e = ZO(L)e = ZO(LQ)E, whence L1 = CGI(ZO(Ll)e) = CGI(ZO(IQ)e) =
Ly, and then the bijectivity of Rf, on E(L{, s) shows that A\; = Xy as well.

We now construct an inverse map. For this let (L, A) be an e-Jordan-cuspidal pair of
G below £(GT,s), and L* < G* dual to L. Set

L = Ca; (2°(LY).) = Ca-(2°(LY).) NG} = L* NG,
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an e-split Levi subgroup of Gj. Note that s € L*, so there exists some maximal torus T*
of G* with T* < Cg+(s) < G7, whence L} is a Levi subgroup of L*. Now again
LI =L"NG] >L"NCg«(s) = Cr:(s).

So the dual Ly := Cg,(Z°(L).) is a Levi subgroup of L such that er, ep RE, preserves
irreducibility on £(L{,s). We define \; to be the unique constituent of *Rp (A) in the
series £(LY,s). Then ); is e-Jordan-cuspidal. Indeed, for any F-stable maximal torus
T <L, with T, £ Z°(L), = Z°(L,), we get that *R%!(\;) is a constituent of *R&(\) =0
by e-Jordan-cuspidality of A. Here note that the set of constituents of *RI; (n), where nis a
constituent of *RE, (\) different from A is disjoint from the set of irreducible constituents
of *RE (\y).

Thus we have obtained a well-defined map *¥§ , from e-Jordan-cuspidal pairs in G
to e-Jordan-cuspidal pairs in Gy, both below the series s. As the map \1181 preserves
the e-part of the center, *UE o W& is the identity. It remains to prove that Ug is
surjective. For this let (M, ) be any e-Jordan-cuspidal pair of G below £(GT,s), let
(L, Ar) = *PE (M, p) and (L,A) = ¥& (L, A). Then we have Z°(M), < Z°(Ly). =
Z°(L)., so L = Cg(Z°(L).) < Cg(Z°(M).) = M is an e-split Levi subgroup of M.
As Ly <L <M and e, emRy? is a bijection from (LY, s) to £(MF, s), it follows that
eLem RM is a bijection between E(L, s) and £(M”, s). As A and p are e-Jordan-cuspidal,
(J1) implies that Z°(M*), = Z°(L*)., so M = L, that is, (M, z1) is in the image of U§ .
The proof is complete. U

The above bijection also preserves relative Weyl groups.

Lemma 2.5. In the situation and notation of Proposition 2.4 let (L,X) = U (Ly, Ay).
Then Ngr(Li, M) < Ngr(L,A) and this inclusion induces an isomorphism of relative
Weyl groups War (Li, A1) = War (L, A).

Proof. Let g € Ngr (L1, A1). Then g normalises Z°(Ly ). and hence also L = Cg(Z°(L1)e).
Thus,

IN= e, e, Ror, (9A1) = en e RE, (A1) = A
and the first assertion follows.

For the second assertion let g € Ngr (L, A) and let T be an F-stable maximal torus of
L, and 6 an irreducible character of T such that )\ is a constituent of RI{_J (0). Since \; €
E(LY)s), (T,0) corresponds via duality (between L; and Lj) to the Li"-class of s, and
all constituents of R%! (#) are in £(L¥, s). Consequently, RE, induces a bijection between

the set of constituents of R%! (f) and the set of constituents of R%(6). In particular, \ is
a constituent of R%(6). Since g stabilises A, A is also a constituent of Rup(96). Hence
(T,0) and 9(T,0) are geometrically conjugate in L. Let [ € L geometrically conjugate
9(T,0) to (T,0). Since Cg+(s) < G, lg € G (see for instance [14, Lemma 7.5]). Hence
F()I™' = F(lg)(lg)™' € Gy NL = L;. By the Lang-Steinberg theorem applied to Lj,
there exists I; € Ly such that [yl € L¥. Also, since |, € G; and g € GY, l1lg € GI.
Thus, up to replacing ¢ by l;lg, we may assume that g € G¥'.
Since Ly = Cg, (Z°(L).), it follows that g € Ngr(L1), and thus

EL1€LR£1 (/\1) =A=9)\= €L1€LR£1(9A1).
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Since R}jl induces a bijection between the set of characters in the geometric Lusztig series
of LI corresponding to s (the union of series £(LY",¢), where ¢ runs over the semisimple
elements of Lif" which are Li-conjugate to s) and the set of characters in the geometric
Lusztig series of L corresponding to s, it suffices to prove that 9\; € (LI ¢) for some
t € L*F which is Li"-conjugate to s. Let T, # and [ be as above. Since lg € G; and
g € Gy, it follows that [ € G; N L = L;. Hence 9(T,#) and (T, ) are geometrically

conjugate in L;. The claim follows as 9\ is a constituent of Rgi}(gﬁ). OJ

2.2. e-Jordan-cuspidality and /-blocks. We next investigate the behaviour of /-blocks
with respect to the map \I/gl. For this, let ¢ = p be a prime. We set

0 i 0£2

ee(q) := order of ¢ modulo {4 Py

For a semisimple #-element s of G*/', we denote by &(G?,s) the union of all Lusztig
series £(GT, st), where t € G*I' is an f-element commuting with s. We recall that the set
E(GT,s) is a union of (-blocks. Further, if G; < G is an F-stable Levi subgroup such
that Gi contains Cg-(s), then eg,egRG, induces a bijection, which we refer to as the
Jordan correspondence, between the (-blocks in £(GY',s) and the ¢-blocks in £(GF s),
see [5, §2A].

Proposition 2.6. Let { # p be a prime, s € G*'' a semisimple '-element and G < G

an F-stable Levi subgroup with G containing Cg+(s). Assume that b is an (-block in
E(GF,5), and c its Jordan corresponding block in E,(GY,s). Let e := e,(q).

(a) Let (Ly, A1) be e-Jordan-cuspidal in Gy and set (L,\) = W& (Ly, \1). If all con-
stituents of Rﬁl(}\l) lie in c, then all constituents of RE(N) lie in b.

(b) Let (L, \) be e-Jordan-cuspidal in G and set (Ly,\) = *U& (L, \). If all con-
stituents of RE(X\) lie in b, then all constituents of Rﬁl(}\l) lie in c.

Proof. Note that the hypothesis of part (a) means that for any parabolic subgroup P
of Gy containing L; as Levi subgroup all constituents of Rfllc p(A1) lie in ¢. A similar
remark applies to the conclusion, as well as to part (b).

For (a), note that by the definition of & we have that all constituents of

ever, R (\) = RE (A1) = R RE (\1)

are contained in RS _(c), hence in b by Jordan correspondence.

In (b), suppose that n is a constituent of Rf’ll()\l) not lying in c¢. Then by Jordan
correspondence, R (1) does not belong to b, whence Rf (M) has a constituent not
lying in b, contradicting our assumption that all constituents of RE (M) = RE Rp, (A1) =
even, RE(N) are in b. O

2.3. e-quasi-centrality. For a prime ¢ not dividing ¢, we denote by £(G!, (') the set
of irreducible characters of G lying in a Lusztig series £(GY, s), where s € G*F' is a
semisimple ¢'-element. Recall from [14, Def. 2.4] that a character xy € £(GF, ¢) is said to
be of central (-defect if the ¢-block of G containing x has a central defect group and Yy is
said to be of quasi-central (-defect if some (and hence any) character of (G, G]* covered
by x is of central (-defect.
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Lemma 2.7. Let L be an F-stable Levi subgroup of G, and set Ly = L N [G,G]. Let
(= p be a prime.
(a) [f L(] = O[G7g](Z(L0)eF), then L = Cg(Z(L)f)
(b) Let A € E(LY, 0') and let Ng be an irreducible constituent of Resjﬂg (A). Then A is
of quasi-central ¢-defect if and only if A is of quasi-central (-defect.

Proof. Since G = Z°(G)[G, G| and Z°(G) < L, we have that L = Z°(G)Lo. Hence if
Lo = Clg,q(Z(Ly); ) then L = Cg(Z(Lo);) 2 Ca(Z(L);) 2 L. This proves (a). In (b),
since A is in an ¢-Lusztig series, the index in L’ of the stabiliser in L of \q is prime to
¢ and on the other hand, )\, extends to a character of the stabiliser in L of \g. Thus,
A(1)g = Xo(1)e. Since [Lg, L] = [L, L], the assertion follows by [14, Prop. 2.5(a)]. O

Remark 2.8. The converse of assertion (a) of Lemma 2.7 fails in general, even when we
restrict to e;(q)-split Levi subgroups: Let ¢ be odd and G = GL, with F' such that
GT = GLy(q) with ¢|(g — 1). Let L a 1-split Levi subgroup of type GL, ; x GLj.
Then Z(L)} =2 C, x Cy and L = Cg(Z(L)}). But Z(Lo)! = C, = Z([G, G])!’, hence
Cia.cl(Z(Lo);) =[G, G].

One might hope for further good properties of the bijection of Proposition 2.6 with
respect to (quasi-)centrality. In this direction, we observe the following:

Lemma 2.9. In the situation of Proposition 2.4, if (L, \) is of central {-defect for a prime
 with e,(q) = e, then so is (Ly, A1) =*W& (L, \), and we have Z(L); = Z(Ly); .
Proof. By assumption, we have that \(1), = |L¥ : Z(L)|,. Now Z(L) lies in every
maximal torus of L, hence in Ly, so we have that Z(L);" < Z(Ly);. As A = e, e, Ry, (A1)
we obtain A(1), = A\ (1),|L¥ : LF,, whence
M(1)e= A1) L" Ly |t = Lyl Z(L)" [ > Ly Z(L0)" e
But clearly (1), < |L¥ : Z(Ly)¥|,, so we have equality throughout, as claimed. O
Example 2.10. The converse of Lemma 2.9 does not hold in general. To see this, let
G = PGL, with G = PGLy(q), L = G, and G; < G an F-stable maximal torus such
that GI" is a Coxeter torus of G, of order ®,. Assume that £|(g — 1) (so e = 1). Then
L; = G;. Here, any \; € Irr(LY) is e-(Jordan-)cuspidal, and certainly of central (-defect,
and |Z(Ly)¥| = (®4) = ¢ for £ > 3, while clearly Z(L)¥' = Z(G)!' = 1. Furthermore
A1) = A (1) [L7 : LT], = [L" : LT,
since A is linear. Since |Z(L¥)|, =1 and |L{|, > 1, it follows that
A(1)e| Z(L")]e < LT,
hence A is not of central ¢-defect (and not even of quasi-central ¢-defect).
Example 2.11. We also recall that e-(Jordan-)cuspidal characters are not always of
central (-defect, even when £ is a good prime: Let G = SL2(q) with £|(¢ — 1), so e = 1.

Then for T a Coxeter torus and 6 € Irr(TF) in general position, R$(6) is e-(Jordan-)
cuspidal but not of quasi-central ¢-defect.

For the next definition note that the property of being of (quasi-)central ¢-defect is
invariant under automorphisms of G
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Definition 2.12. Let £ # p be a prime and e = ¢,(q). A character Y € E(GF, ') is
called e-Jordan quasi-central cuspidal if x is e-Jordan cuspidal and the Cg«(s)f-orbit
of unipotent characters of Cg.(s)"" which corresponds to x under Jordan decomposition
consists of characters of quasi-central /-defect, where s € G*f is a semisimple ¢'-element
such that xy € £(GF,s). An e-Jordan quasi-central cuspidal pair of G is a pair (L, \)
such that L is an e-split Levi subgroup of G and A € £(LY, #') is an e-Jordan quasi-central
cuspidal character of L'

We note that the set of e-Jordan quasi-central cuspidal pairs of G is closed under
GP-conjugation. Also, note that Lemma 2.3 remains true upon replacing the e-Jordan-
cuspidal property by the e-Jordan quasi-central cuspidal property. This is because, with
the notation of Lemma 2.3, the orbit of unipotent characters corresponding to A under
Jordan decomposition is a subset of the orbit of unipotent characters corresponding to Ag
under Jordan decomposition. Finally we note that the bijection \1181 of Proposition 2.6
preserves e-quasi-centrality since with the notation of the proposition A; and A correspond
to the same orbit of unipotent characters under Jordan decomposition.

3. LUSZTIG INDUCTION AND /-BLOCKS

Here we prove our main results on the parametrisation of /-blocks in terms of e-Harish-
Chandra series, in arbitrary Levi subgroups of simple groups of simply connected type.
As in Section 2, ¢ # p will be prime numbers, ¢ a power of p and e = e/(q).

3.1. Preservation of /-blocks by Lusztig induction. We first extend [10, Thm. 2.5].
The proof will require three auxiliary results:

Lemma 3.1. Let G be connected reductive with a Frobenius endomorphism F endowing
G with an F,-rational structure. Let M be an e-split Levi of G and ¢ an (-block of M¥.
Suppose that
(1) the set {d"™M" (p) | p € Ire(c) N EMFE )} is linearly independent; and
(2) there exists a subgroup Z < Z(M)I" and a block d of C&(Z)F such that all irre-
ducible constituents of R&&(z) (1), where p € Trr(c) NEME L), lie in the block d.

Then there exists a block b of G such that all irreducible constituents of RSGy(u), where
w € Trr(e) NEME '), lie in the block b.

Proof. We adapt the argument of [14, Prop. 2.16]. Let x € Irr(G,¢) be such that
(RS (1), x) # 0 for some pu € Trr(c) N EME ). Then (u,*RS(x)) # 0. In particular,
c*RS(x) # 0. All constituents of *R$; () lie in (MY, '), so by assumption (1) it follows
that d"™" (¢.*R$;(x)) # 0. Since d"M" (¢.*RS,(x)) vanishes on (-singular elements of MF,
we have that

(@M (R (X)), "Bz (X)) = (™M (e "B (x), "™ (¢ R (x))) # 0.
If ¢ and ¢’ are irreducible /-Brauer characters of M! lying in different ¢-blocks of M,
then (¢, ¢’) = 0 (see for instance [17, Ch. 3, Ex. 6.20(ii)]). Thus,

("M (e B3 (X0), ¢ Rix(x) = (@M (e Ryg(x)), d"M (¢ "Rz (x) = 0

for all blocks ¢ of MF different from c. So, (d"™" (¢.*R$;(x)), *R$:(x)) # 0 from which it
follows that (d"™M" (1), *R$;(x)) # 0 for some ' € Irr(c) N E(MF, £/).
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Continuing as in the proof of [14, Prop. 2.12] gives the required result. Note that
Condition (1) of [14, Prop. 2.12] is not necessarily met as stated, since p/ may be different
from p. However, p and p/ are in the same block of M* which is sufficient to obtain the
conclusion of the lemma. 0

Lemma 3.2. Let G be connected reductive with a Frobenius endomorphism F. Suppose
that G has connected centre and |G, G| is simply connected. Let G = XY such that either
X is an F-stable product of components of (G, G| and Y is the product of the remaining
components with Z(G), or vice versa. Suppose further that G /X¥YT is an (-group.
Let N be an F-stable Levi subgroup of Y and set M = XN. Let ¢ be an (-block of M¥
and let ¢ be an (-block of N¥' covered by c. Suppose that there exists a block v/ of YT
such that every irreducible constituent of RS (1) where 7 € Irr(d) N ENF, ') lies in b
Then there exists a block b of G such that every irreducible constituent of RS (1) where
p € Irr(e) NEME ') lies in b.

Proof. We will use the extension of Lusztig induction to certain disconnected groups as in
10, Sec. 1.1]. Let Go = |G, G] = [X, X] x [Y, Y], My = GonM = [X, X] x ([Y, Y] N).
Then, G C XFYF and M§ C X N¥. Let T be an F-stable maximal torus of M. Since
G and hence also M has connected centre, M = M{'T* and G' = G{ T*. Further, A :=
XEYF ATF = XENF ATF and XFYF = GEA = (GoA)F, XFNF = MEA = (MyA)F.
As in [10, Sec. 1.1], we denote by E(XFYT ') the set of irreducible characters of X*'Y”
which appear in the restriction of elements of £(G*, ¢') to XF'YT.

Let x € E(GF,¢'). Since GI'/XFYT is an (-group, by [10, Prop. 1.3(i)], ResgiYF(X) is
irreducible. Now if x’ € Trr(G*') has the same restriction to X*'Y* as x, then again since
GI'/XTYT is an f-group, either Y’ = x or X' ¢ E(GT,¢'). In other words, restriction
from ZE(GF, ') to ZE(XFYT () is a bijection. Similarly, restriction from Z&E(M*, ¢') to
ZE(XEFNT ') is a bijection.

In particular every block of G covers a unique block of X*Y*. Since GF'/XIYF
is an (-group, there is a bijection (through covering) between the set of blocks of G¥
and the set of blocks of X¥'Y¥. Hence, by the injectivity of restriction from Z&E(G* ¢')
to ZE(XEYT ), it suffices to prove that there is a block by of X¥'Y¥ such that every

irreducible constituent of Res)c('iYF RS (1) as p ranges over Irr(c) N EME, ) lies in by.

Following [10, Sec. 1.1], we have that Res$ry r RS = Rﬁ%‘zRes%pr on Irr(M*) (where

here Rﬁ%ﬁ is Lusztig induction in the disconnected setting). Thus, it suffices to prove that

there is a block by of X*Y* such that every irreducible constituent of Rﬁ%ﬁRes%ﬁNF ()
as u ranges over Irr(c) N E(MT (') is contained in by.

By the above arguments applied to M and X N¥', there is a unique block ¢y of X*N¥'
covered by c. The surjectivity of restriction from ZE(ME ') to Z&(XFNT, ¢') implies
that it suffices to prove that there is a block by of X*'Y such that every irreducible
constituent of Rye (1) for pu € Irr(co) N E(XINT, ') is contained in by.

The group I := {(x,z7') | x € X N YT} < X x Y is the kernel of the multiplication
map X x YF — XFYT. Identifying X*Y? with X x Y¥' /I through multiplication,
Irr (XFYT) is the subset of Irr(X¥ x Y!') consisting of characters whose kernel contains
I. Since X NYF <XNY < Z(G) <M, I is also the kernel of the multiplication map
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XF x N — XFNF and we may identify Irr(XY*) with the subset of Irr(X* x N*')
consisting of characters whose kernel contains .

Any parabolic subgroup of Gq containing My as Levi subgroup is of the form [X, X]|P,
where P is a parabolic subgroup of [Y, Y] containing N N [Y,Y] as Levi subgroup. Let
U = R,(XP) = R,(P) < [Y,Y] and denote by £7'(U) the inverse image of U under
the Lang map G — G given by g — g ' F(g).

The Deligne-Lusztig variety associated to Rﬁ%ﬁ (with respect to XP) is L7 (U)NGA.
Since T = (T N M) Z(G), U is normalised by T and in particular by A. Hence,

LU NGeA = (L7HU)NGp)A = [X, X]F(£LH(U)N[Y,Y])A
= [ X, X[F(ANXT)LHU)N[Y, Y)(ANY).

For the last equality, note that A = X*YFNT = (XFNT)(YFNT) = (XFNA)(YFNA).
Now, L7H(U)NY = (£L7YU) N [Y,Y])S" for any F-stable maximal torus S of Y.
Applying this with S = TNY, we have that (L' (U)N[Y, Y)(ANY") =LY (U)NY.
Also, [X, X]F(ANXF) =X, Altogether this gives L71(U) N GoA = XF(L71(U)NY).
Further, £71(U)NY is the variety underlying RY (with respect to the parabolic subgroup
PZ(G)). Hence, for any 7; € Irr(X*), 75 € TIrr(YT) such that I is in the kernel of 717,
we have
Rﬁ%ﬁ(ﬁﬁ) = 1 R% (7).

Further, 7y75 € E(XFNT ') if and only if 7, € E(XF, ') and 7, € E(NF, 1),

To conclude note that ¢ is the unique block of N** covered by ¢y and ¢q = dc’, where d
is a block X*". Let ¥ be the block of Y in the hypothesis. Then, setting by = db’ gives
the desired result. O

We will also make use of the following well-known extension of [13, Prop. 1.5].

Lemma 3.3. Suppose that q is odd. Let G be connected reductive with a Frobenius
endomorphism F. Suppose that all components of G are of classical type A, B, C" or D
and that Z(G)/Z°(G) is a 2-group. Let s € G*F' be semisimple of odd order. Then all
elements of E(GY, s) lie in the same 2-block of G¥.

Proof. Since s has odd order and Z(G)/Z°(G) is a 2-group, Cg+(s) is connected. On
the other hand, since all components of G* are of classical type and s has odd order,
C&-(s) is a Levi subgroup of G. Thus, Cg+(s) is a Levi subgroup of G* and by Jordan
correspondence the set of 2-blocks of G which contain a character of £(GYs) is in
bijection with the set of unipotent 2-blocks of C¥', where C is a Levi subgroup of G in
duality with Cg«(s). Since all components of C are also of classical type, the claim follows
by [13, Prop. 1.5(a)]. O

We now have the following extension of [10, Thm. 2.5] to all primes.

Theorem 3.4. Let H be a simple algebraic group of simply connected type with a Frobenius
endomorphism F' : H — H endowing H with an F,-rational structure. Let G be an F'-
stable Levi subgroup of H. Let ¢ be a prime not dividing q and set e = e;(q). Let M be an
e-split Levi subgroup of G and let ¢ be a block of M¥. Then there exists a block b of G
such that every irreducible constituent of RS () for every pu € Irr(c) NEME ') lies in b.
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Proof. Suppose that dim(G) is minimal such that the claim of the Theorem does not
hold. Let s € M*!" be a semisimple ¢-element such that Irr(c) N E(MT, ¢') C E(MT, s).
Then all irreducible constituents of RS (u) where p € Irr(c) N E(ME, ') are in E(GF, s).

First suppose that s is not quasi-isolated and let G be a proper F-stable Levi subgroup
of G whose dual contains Cg«(s). Let M* be a Levi subgroup of G* in duality with M and
set M} = Cg:(Z°(M*).). Then, as in the proof of Proposition 2.4, MJ is an e-split Levi
subgroup of Gj and letting M; be the dual of M7 in G, M; is an e-split Levi subgroup
of Gy. Further, M} > Cpp+(s). Hence there exists a unique block say c¢; of MI" such that
Irr(c;) NEMIE ') C (MY, s) and such that ¢; and ¢ are Jordan corresponding blocks.

By induction our claim holds for G; and the block ¢; of M. Let b; be the block of GI
such that every irreducible constituent of Rf/fl (1) where p € Trr(c;) NE(ME, ') lies in by
and let b be the Jordan correspondent of b; in G

Now let p € Trr(c) NE(MF, s) and let x be an irreducible constituent of RS (u). Let py
be the unique character in Irr(M{, s) such that y = =R} (111). Then, py € Irr(c1) and

R$i(n) = R§(RM, (11)) = RE (R (1))

All irreducible constituents of Rf/fl (1) lie in by. Hence, by the above equation and by
the Jordan decomposition of blocks, x lies in b, a contradiction.

So, we may assume from now on that s is quasi-isolated in G*. By [10, Thm. 2.5], we
may assume that ¢ is bad for G and hence for H. So H is not of type A. If H is of type
B, C or D, then ¢ = 2 and we have a contradiction by Lemma 3.3.

Thus H is of exceptional type. Suppose that s = 1. By [6, Thm. 3.2] G satis-
fies an e-Harish-Chandra theory above each unipotent e-cuspidal pair (L, A) and by [12,
Thms. A,A.bis|, all irreducible constituents of RZ()) lie in the same ¢-block of G¥".

So we may assume that s # 1. We consider the case that G = H. Then by [14,
Thm. 1.4], GT satisfies an e-Harish-Chandra theory above each e-cuspidal pair (L, \)
below £(GF,s) and by [14, Thm. 1.2], all irreducible constituents of RE(\) lie in the
same /-block of GF.

So, we may assume that G is proper in H. If H is of type Go, Fy or Fg, then £ = 2, all
components of G are of classical type. For Gy and Fy we have that Z(H) and therefore
Z(G) is connected. If H is of type Eg, since 2 is bad for G, G has a component of type D,
n > 4. By rank considerations, [G, G| is of type Dy or Ds. Since |Z(H)/Z°(H)| = 3 it
follows again that Z(G) is connected. In either case we get a contradiction by Lemma 3.3.

So, H is of type E7; or Fg. Since G is proper in H, 5 is good for G, hence ¢ = 3 or 2.
Also, we may assume that at least one of the two assumptions of Lemma 3.1 fails to hold
for G, M and c.

Suppose that ¢ = 3. Since G is proper in H and 3 is bad for G, either |G, G| is of type
Es, or H is of type Eg and [G, G| is of type Eg + A; or of type E;. In all cases, Z(G)
is connected (note that if H is of type E;, then [G, G] is of type Eg, whence the order
of Z(G)/Z°(G) divides both 2 and 3). If G = M, there is nothing to prove, so we may
assume that M is proper in G. Let C:= C&(Z(M)~%) > M.

We claim that there is a block, say d, of C¥ such that for all p € Irr(c) N E(MT, 1),
every irreducible constituent of R () lies in d. Indeed, since M is proper in G and since
Z(G) is connected, by [8, Prop. 2.1] C is proper in G. Also, by direct calculation either
C is a Levi subgroup of G or 3 is good for C. In the first case, the claim follows by the
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inductive hypothesis since M is also e-split in C. In the second case, we are done by [10,
Thm. 2.5].

Thus, we may assume that assumption (1) of Lemma 3.1 does not hold. Hence, by [10,
Thm. 1.7], 3 is bad for M. Consequently, M has a component of non-classical type. Since
M is proper in G, this means that [G, G| is of type Eg + A; or of type E; and [M, M]
is of type Eg. Suppose that [G, G| is of type Eg + A;. Since [M, M] is of type FEj, and
since 3 is good for groups of type A, the result follows from Lemma 3.2, applied with X
being the component of G of type Eg, and [10, Thm. 2.5].

So we have |G, G] of type E; and [M, M] of type Eg. Suppose that s is not quasi-
isolated in M*. Then ¢ is in Jordan correspondence with a block, say ¢ of a proper
F-stable Levi subgroup, say M’ of M. The prime 3 is good for any proper Levi subgroup
of M, hence by [10, Thm. 1.7] condition (1) of Lemma 3.1 holds for the group M’ and
the block ¢. By Jordan decomposition of blocks, this condition also holds for M and ¢, a
contradiction. So, s is quasi-isolated in M*. Since as pointed out above, G has connected
center, so does M whence s is isolated in M*. Also, note that since s is also quasi-isolated
in G*, by the same reasoning s is isolated in G*. Inspection shows that the only possible
case for this is when s has order three with Cg+(s) of type As + Ay, Cp+(s) of type 3As.
Since s is supposed to be a 3’-element, this case does not arise here.

Now suppose that ¢ = 2. Since Z(H)/Z°(H) has order dividing 2, by Lemma 3.3 we
may assume that G has at least one non-classical component, that is we are in one of the
cases (G, G| = Eg, or H = Eg and |G, G| = Eg + A or E7. Again, in all cases, Z(G) is
connected and consequently Cg-(s) is connected and s is isolated.

Suppose first that [G, G] = E;. We claim that all elements of £(G”, s) lie in the same
2-block. Indeed, let § be the image of s under the surjective map G* — [G, G]* induced
by the regular embedding of [G, G] in G. By [14, Table 4], all elements of £([G, G]¥', 5) lie
in the same 2-block, say d of [G, G]*. So, any block of G which contains a character in
E(GF, s) covers d. By general block theoretical reasons, there are at most |G /|G, G]¥' |
2-blocks of G covering a given d. Now since s is a 2'-element, Cjg g+(8) is connected.
Thus, if u € £([G, G]F, 5), then there are |G /[G, G]|F|y different 2'-Lusztig series of G
containing an irreducible character covering p. Since characters in different 2'-Lusztig
series lie in different 2-blocks, the claim follows.

By the claim above, we may assume that either (G, G] = Eg or [G, G] = Eg+ A;. Since
s is isolated of odd order in G*, by [14, Table 1] all components of Cg+(s) are of type
Ay or A;. Consequently, all components of Chy-(s) are of type A. Suppose first that M
has a non-classical component. Then [M, M] is of type Es, and |G, G] = Eg + A;. This
may be ruled out by Lemma 3.2, applied with X equal to the product of the component
of type Eg with Z(G) and Y equal to the component of type A;.

So finally suppose that all components of M are of classical type. Then, Cypp(s) =
C}y+ () is a Levi subgroup of M with all components of type A. Hence, the first hypothesis
of Lemma 3.1 holds by the Jordan decomposition of blocks and [10, Thm. 1.7]. So, we may
assume that the second hypothesis of Lemma 3.1 does not hold. Let C := Cg(Z(M?¥),).
Since M is a proper e-split Levi subgroup of G, and since Z(G) is connected, by [8,
Prop. 2.1] C is proper in G. By induction, we may assume that C is not a Levi subgroup
of G. In particular, the intersection of C with the component of type Fg of G is proper
in that component and hence all components of C are of type A or D. If all components
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of C are of type A, then 2 is good for C and the second hypothesis of Lemma 3.1 holds
by [10, Thm. 2.5]. Thus we may assume that C has a component of type D. Since all
components of C are classical, by Lemma 3.3, we may assume that Z(C)/Z°(C) is not
a 2-group and consequently C has a component of type A,,, with n = 2 (mod 3). But
by the Borel-de Siebenthal algorithm, a group of type Es has no subsystem subgroup of
type D,, + A, with n > 1 and m > 4. O

3.2. Characters in /-blocks. Using the results collected so far, it is now easy to char-
acterise all characters in ¢'-series inside a given ¢-block in terms of Lusztig induction.

Definition 3.5. As in [10, 1.11] (see also [6, Def. 3.1]) for e-split Levi subgroups My, M,
of G and p; € Irr(MF) we write (M, p1) <. (M, uz) if My < My and ps is a constituent

of Rl\l\% (p1) (with respect to some parabolic subgroup of My with Levi subgroup My).
We let <, denote the transitive closure of the relation <,.

As pointed out in [10, 1.11] it seems reasonable to expect that the relations <, and <,
coincide. While this is known to hold for unipotent characters (see [6, Thm. 3.11]), it is
open in general.

We put ourselves in the situation and notation of Theorem A.

Theorem 3.6. Let b be an (-block of GI' and denote by L(b) the set of e-Jordan-cuspidal
pairs (L, \) of G such that there is x € Irr(b) with (x, RE(X\)) # 0. Then

Ir(b) N E(GE, ) = {x € E(GF,0) | 3(L,\) € L(b) with (L, \) <. (G,x)}.

Proof. Let b be as in the statement and first assume that y € Irr(b) N E(GF, ). If x
is not e-Jordan-cuspidal, then it is not e-cuspidal, so there exists a proper e-split Levi
subgroup M; such that y occurs in R§; (pu1) for some py € E(M{,¢'). Thus inductively
we obtain a chain of e-split Levi subgroups M, < ... < M; < M, := G and characters
pi € EMI ) (with po := x) such that (M,,p,) is e-Jordan cuspidal and such that
(M, 115) <e (M_1, 1) for i = 1,...,r, whence (M,, i) <. (G, x). Let b, be the ¢-
block of MZ containing p,.. Now Theorem 3.4 yields that for each i there exists a block, say
bi, of MF such that all constituents of Rﬁj‘l(g) lie in b;_; for all ¢; € Irr(b;) NEME, 1.
In particular, x lies in by, so by = b, and thus (M, u,.) € L(b).

For the reverse inclusion, let (L,\) € £(b) and x € Irr(G¥, ¢') such that (L,)\) <.
(G, x). Thus there exists a chain of e-split Levi subgroups L = M, < ... < My = G
and characters y; € Irr(MF) with (M, ;) <. (M;_1,pi-1). Again, an application of
Theorem 3.4 allows us to conclude that x € Irr(b). O

3.3. (-blocks and derived subgroups. In the following two results, which will be used
in showing that the map = in Theorem A is surjective, G is connected reductive with
Frobenius endomorphism F, and Gg := [G,G]. Here, in the cases that the Mackey
formula is not known to hold we assume that RE'OO and R are with respect to a choice
of parabolic subgroups Py > Ly and P > L such that Py = Gog N P.

Lemma 3.7. Let b be an (-block of G and let by be an (-block of Gk covered by b. Let L
be an F-stable Levi subgroup of G, Ly = LN Gyq and let Ay € Irr(LE). Suppose that every
irreducible constituent of RSOO()\O) is contained in by. Then there exists A € Irr(LY) and
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X € Irr(b) such that Ao is an irreducible constituent of Resig(k) and x 1is an irreducible
constituent of RS ().

Proof. Since G = Z°(G)Go, by [2, Prop. 10.10] we have that

F F
RETndp'r (Mo) = IndGr R (o).

Note that the result in [2] is only stated for the case that G has connected centre but the
proof does not use this hypothesis. The right hand side of the above equality evaluated
at 1 is non-zero. Let x' € Irr(G”) be a constituent of the left hand side of the equality.

There exists A € Irr(LY) and xo in Irr(G{') such that X is an irreducible constituent of
Indi‘g(/\o), X' is an irreducible constituent of RE(\), xo is an irreducible constituent of

RSOO(AO) and Y’ is an irreducible constituent of Indgg(x()). Since xo € Irr(bg), X’ lies in a
block, say b, of GI" which covers by. Since b also covers by and since G /GJ is abelian,

there exists a linear character, say 6 of GI'/G{’ such that b = ¥ @60 (see [?, Lemma 2.2]).
Now the result follows from [2, Prop. 10.11] with x = x' ® 0. O

Lemma 3.8. Let b be an (-block of GI" and let L be an F-stable Levi subgroup of G
and \ € TIrr(LY) such that every irreducible constituent of RE(N) is contained in b. Let

Lo = LN Gq and let \g € Trr(LY) be an irreducible constituent of Resfg()\). Then there

exists an [-block by of GE' covered by b and an irreducible character xo of Gt in the block
by such that xo is a constituent of RS’OO()\O).

Proof. Arguing as in the proof of Lemma 3.7, there exist x € Irr(G*), X' € Irr(L) and xq
in Irr([G, G]¥) such that ) is an irreducible constituent of Indkg()\o), X is an irreducible

constituent of RE(X'), xo is an irreducible constituent of Rfi ‘Gl(\o) and y is an irreducible
constituent of Ind[(éig] r(x0). Now, A = 0 ® )\ for some linear character 6 of L' /Lf. By
2, Prop. 10.11], f ® x is an irreducible constituent of RF(\), and therefore 0 @ x € Irr(b).

Further, 6 ® x is also a constituent of Ind[c(;:(;} r(X0), hence b covers the block of [G, G]¥
containing xg. 0

3.4. Unique maximal abelian normal subgroups. A crucial ingredient for proving
injectivity of the map in parts (d) and (e) of Theorem A is a property related to the
non-failure of factorisation phenomenon of finite group theory, which holds for the defect
groups of many blocks of finite groups of Lie type and which was highlighted by Cabanes
[7]: For a prime ¢ an f-group is said to be Cabanes if it has a unique maximal abelian
normal subgroup.

Now first consider the following setting: Let G be connected reductive. For i = 1,2, let
L; be an F-stable Levi subgroup of G with \; € 5(LiF, ¢"), and let u; denote the ¢-block of
LY containing \;. Suppose that Cg(Z(L),) = L; and that ); is of quasi-central (-defect.
Then by [14, Props. 2.12, 2.13, 2.16] there exists a block b; of G¥ such that all irreducible
characters of R{ ();) lie in b; and (Z(Lf)s, u;) is a b;-Brauer pair.

Lemma 3.9. In the above situation, assume further that fori = 1,2 there exists a mazximal
bi-Brauer pair (P;,c;) such that (Z(LI),,u;) < (P;, ¢;), and such that P; is Cabanes with
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Z(LE), as the unique mazimal abelian normal subgroup of P;. If by = by then the pairs
(L1, A1) and (L, \2) are GT -conjugate.

Proof. Suppose that b; = by. Since maximal b;-Brauer pairs are G'-conjugate it follows
that 9(Z(L¥)s, ug) < 9(Py, o) = (P, c;1) for some g € GF. By transport of structure,
97(LE), is a maximal normal abelian subgroup of Py, hence 9Z(LY), = Z(LY),. By the
uniqueness of inclusion of Brauer pairs it follows that 9(Z (L), us) = (Z(L1)F, uy). Since
L; = Cg(Z(Lf),) this means that 9Ly = L;. Further, since ); is of quasi central (-defect,
by [14, Prop. 2.5(f)], A; is the unique element of £(LF, ¢')NTrr(u;). Thus 9uy = uy implies
that 92y = A\; and (Ly, \;) and (Lg, \o) are GF-conjugate as required. O

By the proof of Theorems 4.1 and 4.2 of [10] we also have:

Proposition 3.10. Let G be connected reductive with simply connected derived subgroup.
Suppose that £ > 3 is good for G, and ¢ # 3 if GI' has a factor *Dy(q). Let b be an
(-block of G such that the defect groups of b are Cabanes. If (L,\) and (L', \) are
e-Jordan-cuspidal pairs of G such that A € E(LF, ), X € E(L'F ") with bgr(L,\) = b =
bar (L, N), then (L, \) and (L', N) are G*'-conjugate.

Proof. This is essentially contained in Section 4 of [10]. Indeed, let (L, ) be an e-Jordan-
cuspidal pair of G such that A € E(LF, ¢). Let T*, T, K = C&(Z(L)!l'), K*, M and
M* be as in the notation before Lemma 4.4 of [10]. Let Z = Z(M)!" and let Ak and
Am be as in Definition 4.6 of [10], with A replacing ¢. Then Z < T and by Lemma 4.8,
M = C&(Z). The simply connected hypothesis and the restrictions on ¢ imply that
Ca(Z) = C%4(Z) = M. Let by = by be the (-block of MF containing Ap;. Then
by Lemma 4.13, (Z,bz) is a self centralising Brauer pair and (1,bgr(L,\)) < (Z,by).
Further, by Lemma 4.16 of [10] there exists a maximal b-Brauer pair (D, bp) such that
(Z,bz) < (D,bp), Z isnormal in D and Cp(Z) = Z. Note that the first three conclusions
of Lemma 4.16 of [10] hold under the conditions we have on ¢ (it is only the fourth
conclusion which requires ¢ € I'(G, F')). By Lemma 4.10 and its proof, we also have

(1,bgr (L, \) < (Z(L); , bgr (L, \) < (Z,bz).
Suppose that N is a proper e-split Levi subgroup of G containing Cg (z) = Cg(z) for some
1 # z € Z(D)GaNGy. Then N contains L, M and Z by Lemma 4.15(b). Since LNGy, =

KNGy, by Lemma 4.4(iii), it follows that IN also contains K and K = Cn(Z(L)). Thus,
replacing G with N in Lemma 4.13 we get that

Let (L', )\) be another e-Jordan-cuspidal pair of G with X' € &(L'F,¢") such that
bgr(L,\) = b = bgr(L/,N). Denote by K',M', D’ etc. the corresponding groups and
characters for (L, ). Up to replacing by a G¥-conjugate, we may assume that (D', bp/) =
(D,bp).

Suppose first that there is a 1 # z € Z(D)Ga N Gp. By Lemma 4.15(b), there is a
proper e-split Levi subgroup N containing Cg(z). Moreover, N contains D, L', M’ K’
and G, and we also have

(17 bnr (le A/)) < (Z(L/)fv bK’F(L/’ )‘/)) < (D’ bD)
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By the uniqueness of inclusion of Brauer pairs it follows that byr (L, A) = bnr (L', X).
Also D is a defect group of byr (L, A). Thus, in this case we are done by induction.

So, we may assume that Z(D) < G, hence D < G,. From here on, the proof of
Lemma 4.17 of [10] goes through without change, the only property that is used being
that Z is the unique maximal abelian normal subgroup of D. 0

We will also need the following observation:

Lemma 3.11. Let P = P, x P, where Py and P, are Cabanes. Suppose that Py is a normal
subgroup of P such that m;(Py) = P;, i = 1,2, where m; : Py x Py — P; denote the projection
maps. Then Py is Cabanes with maximal normal abelian subgroup (A; X As) N Py, where
A; is the unique maximal normal abelian subgroup of P;, 1 =1, 2.

Proof. Let A = Ay x Ay. The group ANPF, is abelian and normal in F,. Let S be a normal
abelian subgroup of F,. Since m;(Fy) = P;, m;(S) is normal in P; and since S is abelian,
so is m;(S). Thus, m;(S) is a normal abelian subgroup of P; and is therefore contained in
A;. So, S < (m(S) xma(9)) NPy < (A x Ay) N Py = AN Py and the result is proved. O

3.5. Linear and unitary groups at ¢ = 3. The following will be instrumental in the
proof of statement (e) of Theorem A.

Lemma 3.12. Let q be a prime power such that 3|(q — 1) (respectively 3|(q + 1)). Let
G = SL,(q) (respectively SU,(q)) and let P be a Sylow 3-subgroup of G. Then P is
Cabanes unless n = 3 and 3||(q — 1) (respectively 3||(¢ + 1)). In particular, if P is not
Cabanes, then P is extra-special of order 27 and exponent 3. In this case Ng(P) acts
transitively on the set of subgroups of order 9 of P.

Proof. Embed P < SL,(q) < GL,(¢). A Sylow 3-subgroup of GL,(¢) is contained in the
normaliser C,_; ! &,, of a maximally split torus. According to [7, Lemme 4.1}, the only
case in which &,, has a quadratic element on (Cy'_,)3NSL,(q) is when n = 3 and 3|[(¢—1).
If there is no quadratic element in this action, then P is Cabanes by [7, Prop. 2.3]. In
the case of SU,(¢), the same argument applies with the normaliser Cy1 1 S,, of a Sylow
2-torus inside GU,(q).

Now assume we are in the exceptional case. Clearly |P| = 27. Let P, P» < P be sub-
groups of order 9, and let u; € P; be non-central. Then u; is G-conjugate to diag(1, ¢, (?),
where ( is a primitive 3rd-root of unity in F, (respectively F,2). In particular, there ex-
ists g € G such that 9u; = uy. Let ~: G — G/Z(G) denote the canonical map. Then
9(iiy) = 1ip. Since the Sylow 3-subgroup P of G is abelian, there exists h € Ng(P) with

"(1) = 1iy. Then h € Ng(P) and "P, = Py as P; = (Z(G), u;). O

Lemma 3.13. Suppose that 3||n and 3||(q — 1) (respectively 3||(q +1)). Let G = GL,,
G = SL, and suppose that G = GL,(q) (respectively GU,(q)). Let s be a semisimple
3'-element of GF such that a Sylow 3-subgroup D of Cgr(s) is extra-special of order 27
and let Py, P» < D have order 9. There exists g € Ngr(D) N Cgr(Cgr(D)) such that
gP1 = Pz.

Proof. Set d = %. Identify G with the group of linear transformations of an n-dimensional
[F,~vector space V' with chosen basis {e;, | 1 < i < d,1 < r < 3}. For g € G, write
a(g)irjs for the coefficient of e;, in g(e;). Let w € G be defined by w(e;,) = €11,
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1<i<d,1<r<3.Forl<i<dletVbethespan of {e;1,e;2,€;3} and G, = GL(V;)
considered as a subgroup of G through the direct sum decomposition V = @, <i<a Vi

Up to conjugation in G we may assume that F' = ad,, o I, where Fy is the standard
Frobenius morphism which raises every matrix entry to its g-th power in the linear case,
respectively the composition of the latter by the transpose inverse map in the unitary
case. Note that then each G; is Fy-stable.

Thus, given the hypothesis on the structure of D, we may assume the following up to
conjugation: s has d distinct elgenvalues 01,...,0q with 5Z+1 of (respectlvely 6, ); Vi
is the 9; elgenspace of s, and Cg(s) = H G,. Further, F(G ) = Gz+1 and denoting by

A:G— H Gy, xF( ) PN ), the twisted diagonal map we have Cgr(s) =

A(GFY. Here, GF" = GlO is isomorphic to either GL3(¢%) or GUs(q?). Note that
GUjz(g%) occurs only if d is odd.

Consider GF 0 < GFSI Let U; be the Sylow 3-subgroup of the diagonal matrices in é 0
of determinant 1 and let o; € GF0 be defined by oy(e1,) = €141, 1 < r < 3. Then
Dy := (Uy,01) is a Sylow 3-subgroup of G o Since by hypothesis the Sylow 3-subgroups
of Cgr(s) have order 27, D := A(D) is a Sylow 3-subgroup of Cgr(s) with A(U;) = Uy
clementary abelian of order 9. Note that A(oy)(e;,) = €41 for 1 <i<dand 1 <r <3.

Let ¢ € Fq be a primitive 3rd-root of unity. Let u; € U; be such that uy(e;,) = ("e1,,
1 <r <3 Forl <r <3, let W, be the span of {e1,,...,eq,}. Then W, is the
("-eigenspace of A(uy), whence

Ca(D) < Ca(AWL) = Ca(Aw) = ] GLOW.
1<r<3

Since A(oy)(W,) = W,41, and A(oy) acts on Cg(A(Uq)), it follows that Cg(D) =
A(GL(W,)), where A" : GL(W,) — [lyc,c3 GL(W,), @ + 2°27 x, is the twisted di-
agonal. o

We claim that A(GT?) centralises Cg (D). Indeed, note that g € A(G1?) if and only
if a(g)irjs=0ifi# jand a(g)iris = a(Fy " (9))1r1.s = a(g)1,1, for all i and all 7, s.
Also, h € Cg(D) if and only if a(h);, ;s = 0 if r # s and a(h);,j,» = a(h);11 for all 4, j
and all . The claim follows from an easy matrix multiplication.

Let H =[G G!*] and note that D; < H. By Lemma 3.12 applied to H any two
subgroups of Dy of order 9 are conjugate by an element of Ng(D;). The lemma follows
from the claim above. l

3.6. Parametrising /-blocks. We can now prove our main Theorem A, which we restate.
Recall the Definition 2.1 of e-Jordan (quasi-central) cuspidal pairs.

Theorem 3.14. Let H be a simple algebraic group of simply connected type with a Frobe-
nius endomorphism F': H — H endowing H with an F,-rational structure. Let G be an
F-stable Levi subgroup of H. Let { be a prime not dividing q and set e = e4(q).

(a) For any e-Jordan-cuspidal pair (L,\) of G such that X € E(LY ('), there exists a
unique (-block bgr (L, \) of G such that all irreducible constituents of RE(N\) lie in
bgr (L, A).

(b) The map Z : (L, \) — bgr (L, \) is a surjection from the set of G¥'-conjugacy classes
of e-Jordan-cuspidal pairs (L, \) of G with X\ € E(L¥, (") to the set of (-blocks of G\
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(c) The map = restricts to a surjection from the set of GI'-conjugacy classes of e-Jordan
quasi-central cuspidal pairs (L, \) of G with A € E(LY, 1) to the set of (-blocks of G

(d) For £ > 3 the map = restricts to a bijection between the set of G -conjugacy classes
of e-Jordan quasi-central cuspidal pairs (L, \) of G with A\ € E(LY, ¢') and the set of
(-blocks of G

(e) The map Z itself is bijective if £ > 3 is good for G, and ¢ # 3 if GI' has a factor
3D4(q)

Remark 3.15. Note that (e) is best possible. See [12], [14] for counter-examples to the
conclusion for bad primes, and [12, p. 348] for a counter-example in the case ¢ = 3 and
G =3D4(q). Counter-examples in the case £ = 2 and G of type A,, occur in the following
situation. Let G = SL,(¢) with 4|(g + 1). Then e = 2 and the unipotent 2-(Jordan-)
cuspidal pairs of G correspond to 2-cores of partitions of n — 1 (see [6, §3A]). On the
other hand, by [8, Thm. 13], G has a unique unipotent 2-block.

Also, part (d) is best possible as the next example shows.

Example 3.16. Consider G = SL,, with n > 1 odd, G = GL,, and let GF = SL,(q)
be such that ¢ = 1 (mod n) and 4|(¢ + 1). Then for £ = 2 we have e = ey(q) = 2, and
F, contains a primitive n-th root of unity, say ¢. Let § = diag(1,¢,...,¢" ") € G* and
let s be its image in G* = PGL,,. Then Cg&.(s) is the maximal 1-torus consisting of the
image of the diagonal torus of G*. Thus, (C&.(s)); = 1 = Z°(G*),.

As [Cg-(5)F : C&.(s)F| = n we have |E(GT,s)] = n, and all of these characters are
2-Jordan quasi-central cuspidal. We claim that all elements of £(G, s) lie in the same
2-block of G, so do not satisfy the conclusion of Theorem 3.14(d).

Let T be a maximal torus of G in duality with Cg.(s) and let § € Irr(T*) in duality

with 5. Let T =T NG, and let § = f|pr. Since 3 is regular, \ := RE(0) € Irr(GF), and
E(GF,5) = {\}. Further, X covers every element of £(G¥,s). By [1, Prop. 10.10(b*)],

RS () = ResSr RS (0) = ResGr(N).

Thus, every element of £(GF, s) is a constituent of R$(#). On the other hand, since T is
the torus of diagonal matrices, we have T = Cq(T%) by explicit computation. Hence by
[14, Props. 2.12, 2.13(1), 2.16(1)], all constituents of RS(0) lie in a single 2-block of G,

Proof of Theorem 3.14. Parts (a) and (b) are immediate from Theorem 3.4 and the proof
of Theorem 3.6. We next consider Part (e), where it remains to show injectivity under
the given assumptions. By [10, Thm. 4.1 and Rem. 5.2] only ¢ = 3 and G of (possibly
twisted) type A, remains to be considered. Note that the claim holds if 3 € I'(G, F') by
[10, Sec. 5.2]. Thus we may assume that the ambient simple algebraic group H of simply
connected type is either SL,, or Eg, and 3 ¢ I'(G, F'). By Proposition 3.10 the claim
holds for all blocks whose defect groups are Cabanes.

Let first H = SL,, and G < H be an F-stable Levi subgroup. As 3 ¢ I'(G, F) we
have 3|(¢ — 1) when F' is untwisted. We postpone the twisted case for a moment. Embed
H — H = GL,,. Then G = GZ(H) is an F-stable Levi subgroup of H, so has connected
center. Moreover, as H is self-dual, so is its Levi subgroup G. In particular, 3 € F(é, F).
Now let b be a 3-block of G in £(GF,s), with s € G*! a semisimple 3'-element. Let

b be a block of G covering b, contained in Eg(GF ,5), where § is a preimage of s under
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the induced map G* — G*. Since 3|(q — 1), Ca(8)" has a single unipotent 3-block,
and so by [10, Prop. 5.1] a Sylow 3-subgroup D of Cg(3)" is a defect group of b. Thus,
D:=DNG=DNHis a defect group of b.

Now Cg(5) is an F-stable Levi subgroup of G, so also an F-stable Levi subgroup of
H = GL,,. As such, it is a direct product of factors GL,, with >, m; = m. Assume
that there is more than one F-orbit on the set of factors. Then by Lemma 3.11 the Sylow
3-subgroup D of Cg &(5)F has the property that D = DN H is Cabanes and we are done.
Hence, we may assume that F' has just one orbit on the set of factors of Cg(5). But
this is only possible if F has only one orbit on the set of factors of G. This implies that
G = GL,(¢™") and GF 2 SL,(¢"™/™) for some n|m.

Exactly the same arguments apply when F' is twisted, except that now 3|(¢ + 1). So
replacing ¢ by ¢™/™ we may now suppose that G = SL,, with 3 ¢ I'(G, F/). Assume that
the defect groups of b are not Cabanes. Let (L, A) be an e-Jordan- cuspidal pair for b with
A € E(LF,s) and let L = Z°(G)L. There exists an irreducible character X of L¥ covering
A, an irreducible constituent y of RE’(S\) and an irreducible constituent, say x of RE(\)

such that y covers y. By Lemma 2.3, (I:, 5\) is e-Jordan-cuspidal. Let b be the block of
G* associated to (L, \), contained in &(G*, 5). So, b covers b.

As seen above Cg(3)F has a single unipotent 3-block and a Sylow 3-subgroup D of
Ce(3)F is a defect group of b and D := DN G is a defect group of b. Moreover F has
a single orbit on the set of factors of Cg(3). By Lemma 3.12, Cg(3)F = GL3(¢5) or
GU; (q%), 3 does not divide § and D is extra-special of order 27 and exponent 3. Also, L
is an e-split Levi subgroup isomorphic to a direct product of 3 copies of GLn.

Let U = Z(L)f and let ¢ be the 3-block of L containing A\. From the structure of L
given above, |[U| =9 and L = Cg(U). Thus, by [10, Thm. 2.5] (U, ¢) is a b-Brauer pair.
Let (D, f) be a maximal b-Brauer pair such that (U,c) < (D, f).

Let (L', \') be another e-Jordan-cuspidal pair for b with X' € £(L'", s). Let U' = Z(L/)§
and let ¢ be the 3-block of L'* containing X, so |U’| = 9 and (U’,¢) is also a b-Brauer
pair. Since all maximal b-Brauer pairs are G'-conjugate, there exists h € G! such that
MU', ) < (D, f). Thus, U and "U" are subgroups of order 9 of D. By Lemma 3.13, there
exists g € Ngr(D) N Cgr(Cgr(D)) such that 9"U’ = U. Since g centralises Cgr (D),
9f = f and since g normalises D, 9D = D. Hence

(U’ ghcl) = gh(U/7cl) < g<D>f) = (Daf)

By the uniqueness of inclusion of Brauer pairs we get that 9*(U’ /) = (U,¢). Thus
9L = L and 9"¢ = c. Since U is abelian of maximal order in D, (U,c) is a self-
centralising Brauer pair. In particular, there is a unique irreducible character in ¢ with U
in its kernel. Since A € £(LY,¢'), U is contained in the kernel of \. Hence 9"\ = \ and
injectivity is proved for type A.

Finally suppose that H is of type Eg. By our preliminary reductions we may assume
that G has only factors of type A and 3 ¢ T'(G, F'). Thus G must have at least one factor
of type Ay or As. The remaining possibilities hence are: G is of type As, 245 + Ay, or
2A,. Note that for G of type 245 + A;, the Aj-factor of the derived subgroup [G, G]
splits off, and that 24, is a Levi subgroup of As. So it suffices to show the claim for Levi
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subgroups of this particular Levi subgroup G of type As. Since H is simply connected,
|G, G] = SLg and thus virtually the same arguments as for the case of G = SL,, apply.
This completes the proof of (e).

Part (d) follows whenever ¢ > 3 is good for G, and £ # 3 if G has a factor ®Dy(q), since
then by (e) there is a unique e-Jordan-cuspidal pair for any ¢-block, and its (unipotent)
Jordan correspondent has quasi-central ¢-defect by [9, Prop. 4.3] and Remark ??. So now
assume that either £ > 3 is bad for G, or that £ = 3 and G has a factor *D,(q).

Note that it suffices to prove the statement for quasi-isolated blocks, since then it
follows tautologically for all others using the Jordan correspondence, Proposition 2.4
and the remarks after Definition 2.12. Here note that by Lemma 2.5 the bijections of
Proposition 2.4 extend to conjugacy classes of pairs. We first prove surjectivity. For this,
by Lemma 3.7, Lemma 2.7 and by parts (a) and (b), we may assume that G = [G, G].
Further, since [G, G] is simply connected, hence a direct product of its components, we
may assume that G is simple. Then surjectivity for unipotent blocks follows from [12,
Thms. A, A.bis], while for all other quasi-isolated blocks it is shown in [14, Thm. 1.2]
(these also include the case that GI" = 3Dy(q)).

Now we prove injectivity. If G = H, then the claim for unipotent blocks follows from
[12, Thms. A, A.bis|, while for all other quasi-isolated blocks it is shown in [14, Thm. 1.2]
(these also include the case that G = 3D,(¢q)). Note that in Table 4 of [14], each of
the lines 6, 7, 10, 11, 14 and 20 give rise to two e-cuspidal pairs and so to two e-Harish-
Chandra series, but each e-Jordan cuspidal pair (L, A) which corresponds to these lines
has the Cabanes property of Lemma 3.9, so they give rise to different blocks.

So, we may assume that G # H, and thus ¢ = 3. Suppose first that G has a factor
3D4(q). Then H is of type Fg, E; or Fg, there is one component of [G, G] of type D4 and
all other components are of type A. Denote by Gy the component of type Dy, and by
G the product of the remaining components with Z°(G). We note that Z(G;)/Z°(G1)
is a 3'-group. Indeed, if H is of type E7 or Fg, then Z(G)/Z°(QG) is of order prime to 3,
hence the same is true of Z(G1)/Z°(Gq) and if H is of type Fg, then G; = Z°(G).

Now, GI' = GI" x GI'. So, the map ((Ly, A1), (L2, X2)) — (LiLg, A A2) is a bijection
between pairs of e-Jordan cuspidal pairs for GI" and GI and e-Jordan cuspidal pairs for
GF'. The bijection preserves conjugacy and quasi-centrality. All components of G, are of
type A and as noted above 3 does not divide the order of Z(G;)/Z°(Gy), hence by |10,
Sec. 5.2] we may assume that G = Gy, in which case we are done by [12, Thm. A] and
[14, Lem. 6.13].

Thus, G has no factor D,(q). Set Gy := [G,G]. Since 3 is bad for G, and G is
proper in H, we are in one of the following cases: H is of type E7; and Gy is simple of
type Eg, or G is of type Eg and Gy is of type Eg, Eg + A1 or E7. In all cases note that
Z(Q) is connected,

Let s € G*f' be a quasi-isolated semisimple 3'-element. Let 5 be the image of s under
the surjection G* — G§. Since Z(QG) is connected, s is isolated in G* and consequently
5 is isolated in G{. In particular, if Gy has a component of type A, then the projection
of 5 into that factor is the identity. Since s has order prime to 3, this means that if
Gy has a component of type Eg, then Cg;(5) is connected. We will use this fact later.
Also, we note here that 5 # 1 as otherwise the result would follow from [12] and the
standard correspondence between unipotent blocks and blocks lying in central Lusztig
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series. Finally, we note that by [14, Thm. 1.2] the conclusion of Parts (a) and (d) of the
theorem holds for G{ as all components of G are of different type (so e is the same for
the factors of G as for GT").

Let b be a 3-block of G in the series s and (L, \) be an e-Jordan quasi-central cuspidal
pair for b such that s € L* and A € E(LY,s). Let Ly = L N Gy and let \g be an
irreducible constituent of the restriction of A to L{". By Lemma 3.8 there exists a block by
of GI' covered by b, and such that all irreducible constituents of RS'OO()\O) belong to b. By
Lemma 2.3 and the remarks following Definition 2.12, (L, A\g) is an e-Jordan quasi-central
cuspidal pair of G’ for by.

First suppose that Cg,(5) is connected. Then all elements of £(GY,5) are G'-stable
and in particular, by is G¥-stable. Now let (L', \') be another e-Jordan quasi-central
cuspidal pair for b. Let Ly = L'NGq and A} be an irreducible constituent of the restriction
of X to Lyf'. Then, as above (L}, \}) is an e-Jordan quasi-central cuspidal pair for by. But
there is a unique e-Jordan quasi-central cuspidal pair for by up to Gf-conjugacy. So, up
to replacing by a suitable G&-conjugate we may assume that (Lg, A\g) = (L{, \j), hence
L =L/, and A and X cover the same character Ay = \ of L = Ly'F".

If u € E(GL,5), then there are |GF/GJ |3 different 3'-Lusztig series of G containing
an irreducible character covering p. Since characters in different 3'-Lusztig series lie
in different 3-blocks, there are at least |G!'/G'|s different blocks of GF covering by.
Moreover, if &' is a block of G covering by, then there exists a linear character, say 6 of
GI /Gl = LY /LL of 3'-degree such that (L,0 ® \) is an e-Jordan quasi-central cuspidal
pair for ¥ and )y appears in the restriction of # ® X\ to LJ. Since there are at most
L /LY |3 = |GF /Gl |3 irreducible characters of L in 3'-series covering Mg, it follows
that A = X\

Thus, we may assume that Cg,(S) is not connected. Hence, by the remarks above Gy
is simple of type E;. Further 5 corresponds to one of the lines 5, 6, 7, 12, 13, or 14 of
Table 4 of [14] (note that § is isolated and that e-Jordan (quasi-)central cuspidality in
this case is the same as e-(quasi-)central cuspidality).

By [14, Lemma 5.2, Ly = Cg,(Z(L¥)3). In other words, (Lg, \o) is a good pair for by in
the sense of [14, Def. 7.10]. In particular, there is a maximal by-Brauer pair (P, ¢) such
that (Z(L{)s, brr (M) < (Fo, o). Here for a finite group X and an irreducible character
n of X, we denote by bx(n) the ¢-block of X containing 7. By inspection of the relevant
lines of Table 4 of [14] (and the proof of [14, Thm. 1.2]), one sees that the maximal Brauer
pair (P, ¢p) can be chosen so that Z(LE)3 is the unique maximal abelian normal subgroup
of PQ.

By [14, Thm. 7.11] there exists a maximal b-Brauer pair (P,c) and v € E(L", ) such
that v covers \g, Py < P and we have an inclusion of b-Brauer pairs (Z(L)3, byr(v)) <
(P, c). Since ) also covers \g, A = 7 @ v for some linear character 7 of L' /LY =~ GI' /G
Since tensoring with linear characters preserves block distribution and commutes with
Brauer pair inclusion, replacing ¢ with the block of Cgr(FPy) whose irreducible characters
are of the form 7 ® ¢, ¢ € Irr(c), we get that there exists a maximal b-Brauer pair (P, c¢)
such that Py < P and (Z(L%)s3,bpr(N)) < (P, c).

Being normal in G¥', Z(G*);3 is contained in the defect groups of every block of G, and
in particular Z(G*)3 < P. On the other hand, since Gg has centre of order 2, P,Z(G*);
is a defect group of b whence P is a direct product of Py and Z(G*)3. Now, Z(L{)3 is the
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unique maximal abelian normal subgroup of Fy. Hence, Z(L¥); = Z(G")3 x Z(L¥)3 is
the unique maximal normal abelian subgroup of P (see Lemma 3.11). Finally note that
by Lemma 2.7, A is also of quasi-central (-defect. By Lemma 3.9 it follows that up to
conjugacy (L, \) is the unique e-Jordan quasi-central cuspidal pair of G*' for b.

Finally, we show (c). In view of the part (d) just proved above, it remains to consider
the prime ¢ = 2 only. Suppose first that all components of G are of classical type.
Let s € G*F be semisimple of odd order and let b be a 2-block of G¥' in series s. By
Lemma 3.17 below there is an e-torus, say S of Cg.(s) such that T* := Ccg, (5(S) is
a maximal torus of Cg&.(s). Let L* = Cg+(S) and let L be a Levi subgroup of G in
duality with L*. Then L is an e-split subgroup of G and T* = C§.(s). Let A € Irr(L¥, s)
correspond via Jordan decomposition to the trivial character of T*". Then (L, \) is an
e-Jordan quasi-central cuspidal pair of G.

Let G — G be a regular embedding. By part (a), Lemmas 3.3 and 3.8, there exists
g € GF such that b = bgr (9L, 9)). Now since (L, A) is e-Jordan quasi-central cuspidal, so
is (9L, 9X). In order to see this, first note that, up to multiplication by a suitable element
of G and by an application of the Lang-Steinberg theorem, we may assume that g is in

some F-stable maximal torus of Z°(G)L. Thus L = L, and A and 9\ correspond to the
same Cp-(s)!" orbit of unipotent characters of C§.(s).
Now suppose that G has a component of exceptional type. Then we can argue just as

in the proof of surjectivity for bad ¢ in Part (d). O

Lemma 3.17. Let G be connected reductive with a Frobenius morphism F' : G — G. Let
e € {1,2} and let S be a Sylow e-torus of G. Then Cg(S) is a torus.

Proof. Let C := [Cg(S), Ca(S)] and assume that C has semisimple rank at least one. Let
T be a maximally split torus of C. Then the Sylow 1-torus of T, hence of C is non-trivial.
Similarly, the reductive group C’ with complete root datum obtained from that of C by
replacing the automorphism on the Weyl group by its negative, again has a non-trivial
Sylow 1-torus. But then C also has a non-trivial Sylow 2-torus. Thus in any case C has
a non-central e-torus, which is a contradiction to its definition. 0

4. JORDAN DECOMPOSITION OF BLOCKS

Lusztig induction induces Morita equivalences between Jordan corresponding blocks.
We show that this also behaves nicely with respect to e-cuspidal pairs and their corre-
sponding e-Harish-Chandra series.

4.1. Jordan decomposition and e-cuspidal pairs. Throughout this subsection, G is a
connected reductive algebraic group with a Frobenius endomorphism F': G — G endow-
ing G with an F,-structure for some power g of p. Our results here are valid for all groups
GT satisfying the Mackey-formula for Lusztig induction. At present this is known to hold
unless G has a component H of type Es, E; or Eg with HY € {2E4(2), F7(2), Ex(2)}, see
Bonnafé-Michel [3]. The following is in complete analogy with Proposition 2.4:

Proposition 4.1. Assume that G has no factor *Fg(2), E7(2) or Fs(2). Let s € G*F,
and G1 < G an F-stable Levi subgroup with Gi containing Cg«(s). For (Li, A1) an
e-cuspidal pair of Gy below E(GT,s) define L := Cg(Z°(Ly)e) and A := eper, RE, (M).
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Then (Ly, A1) — (L, \) defines a bijection W& between the set of e-cuspidal pairs of Gy
below E(G', s) and the set of e-cuspidal pairs of G below E(GT s).

Proof. We had already seen in the proof of Proposition 2.4 that L is e-split and Z°(L;), =
Z°(L).. For the well-definedness of \1181 it remains to show that A is e-cuspidal. For any
e-split Levi subgroup X < L the Mackey formula [3, Thm.] gives

even, "R (V) = "RYRE, (M) = Y RXpor, R, (M)
g

where the sum runs over a suitable set of double coset representatives ¢ € L. Here,
X N9L; is e-split in L; since Ly N X9 = Ly N CL(Z°(X9).) = Cp,(Z2°(X9),). The e-
cuspidality of A\; thus shows that the only non-zero terms in the above sum are those for
which Ly N X9 = Ly, i.e., those with L; < X9. But then Z°(L), = Z°(Ly). = Z°(X9)e,
and as X is e-split in L we deduce that necessarily X = L if *R%()\) # 0. So A is indeed
e-cuspidal, and \Ilgl is well-defined.

Injectivity was shown in the proof of Proposition 2.4, where we had constructed an
inverse map with L := L* N G} and A; the unique constituent of *Rf (\) in (LT, s).
We claim that A\; is e-cuspidal. Indeed, for any e-split Levi subgroup X < Lj let Y :=
OL(Z°(X).), an e-split Levi subgroup of L. Then *Ry!()\;) is a constituent of

Rx(A\) = "RX"Ry(\) =0
by e-cuspidality of A, unless Y = L, whence X =Y NL; =LNL; =Lj.
Thus we have obtained a well-defined map *\Ifgl from e-cuspidal pairs in G to e-

cuspidal pairs in Gy, both below the series s. The rest of the proof is again as for
Proposition 2.4. 0

4.2. Jordan decomposition, e-cuspidal pairs and /-blocks. We next remove two of
the three possible exceptions in Proposition 4.1 for characters in ¢'-series:

Lemma 4.2. The assertions of Proposition 4.1 remain true for GI having no factor
Eg(2) whenever s € G** is a semisimple ¢'-element, where e = e;(q). In particular, Vg,
er1Sts.

Proof. Let s be a semisimple ¢’-element. Then by [10, Thm. 4.2] we may assume that
¢ < 3, s0 in fact £ = 3. The character table of G** = 24(2).3 is known; there are 12
classes of non-trivial elements s € G** of order prime to 6. Their centralisers Cg-(s) only
have factors of type A, and are connected. Thus all characters in those series £(GF, s)
are uniform, so the Mackey-formula is known for them with respect to any Levi subgroup.
Thus, the argument in Proposition 4.1 is applicable to those series. For G = F;(2),
the conjugacy classes of semisimple elements can be found on the webpage [15] of Frank
Liibeck. From this one verifies that again all non-trivial semisimple 3’-elements have
centraliser either of type A, or of type 2D4(q)A1(q)®4, or 2Dy(q)®1®P5. In the latter two
cases, proper Levi subgroups are either direct factors, or again of type A, and so once
more the Mackey-formula is known to hold with respect to any Levi subgroup. 0

Remark 4.3. The assertion of Lemma 4.2 can be extended to most £-series of G = Eg(2).
Indeed, again by [10, Thm. 4.2] we only need to consider ¢ € {3,5}. For ¢ = 3 there are
just two types of Lusztig series for 3'-elements which can not be treated by the arguments
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above, with corresponding centraliser Fg(2)®3 respectively 2Dg(2)®,. For ¢ = 5, there
are five types of Lusztig series, with centraliser 2Eg(2)%45(2), E7(2)®2, 2D7(2)®,, Fs(2)P3
and 2Dj5(2)®,®P¢ respectively. Note that the first one is isolated, so the assertion can be
checked using [14].

Proposition 4.4. Assume that G has no factor Eg(2). Let s € G**' be a semisimple
U'-element, and G; < G an F-stable Levi subgroup with G containing Cg-(s). Assume
that b is an £-block in E(GT,s), and c is its Jordan correspondent in E(GT,s). Let

e =eq).
(a) Let (L1, \1) be e-cuspidal in Gy, where (L, \) = W& (Ly, \y). If all constituents of
Rﬁl(}\l) lie in c, then all constituents of RE(\) lie in b.
(b) Let (L,\) be e-cuspidal in G, where (Ly, \) = *U& (L, \). If all constituents of
RE(X) lie in b, then all constituents of Rf'll()\l) lie in c.

The proof is identical to the one of Proposition 2.6, using Proposition 4.1 and Lemma 4.2
in place of Proposition 2.4.
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