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Abstract

For two derived equivalent k-algebras A and T', we introduce a correspondence between O-orders reducing
to A and O-orders reducing to I'. We outline how this may be used to transfer properties like uniqueness (or
non-existence) of a lift between A and T'. As an application, we look at tame algebras of dihedral type with
two simple modules, where, most notably, we are able to show that among those algebras only the algebras
D*0(2A) and D*(2B) can actually occur as basic algebras of blocks of group rings of finite groups.
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1. Introduction

In this article we consider, roughly speaking, the following problem: Given a finite-dimensional k-algebra
A, how many O-orders A are there with k ® A =2 A? Here k is a field of characteristic p > 0 and O is a
complete discrete valuation ring with residue field k. Moreover, the field of fractions K of O is assumed to
be of characteristic zero. Of course, there are usually infinitely many such lifts A of A, and we may want to
impose further restrictions on A to get a meaningful answer. Our main focus lies on the case where A is a
block of kG for some finite group G, and the restrictions imposed on A should therefore be known properties
of the corresponding block of OG. The semisimplicity of K @ A and the symmetry of A are certainly the
simplest of those properties, but further properties may come from knowledge of the decomposition matrix
and character values of G. The ideal outcome, for any given block of a group algebra kG, would be that
any O-order A subject to a certain set of conditions is isomorphic to the corresponding block of OG.

For some algebras we can tackle these sorts of questions directly, essentially using linear algebra. The
method we devise in this paper is the transfer, at least to some extent, of answers to the above questions
via derived equivalences of k-algebras. The key point is that although, for two given derived equivalent
finite-dimensional k-algebras A and T, the respective problems of lifting A to an O-order and lifting T to
an O-order may appear to be of a different degree of difficulty from the point of view of elementary linear
algebra, we will show that they are in fact essentially equivalent. For this we associate to a two-sided tilting
complex X € D’(A°” @, T) a bijection

oy : £(A) — £(T) (1)
where E(K) denotes the set of equivalence classes of pairs (A, ¢), A being an O-order and ¢ : k@ A = A

o~

being an isomorphism (see Definition B for a precise definition). £(T) is defined in the same way. Of course
some more work is needed to make this map useful, as, for instance, the sets E(K) and E(f) usually contain
many elements representing one and the same order.

The idea behind this map ®x can be explained fairly easily in the case of a Morita-equivalence: If A and
T are two Morita-equivalent k-algebras, then there is some invertible A-I'-bimodule X with inverse X ~'.
We can restrict X! to a projective right A-module P. The endomorphism ring of P can be identified
with T. Now for any pair (A,¢) € £(A) we can use ¢ to turn P into a projective k ® A-module. This
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projective k ® A-module will lift uniquely to a projective A-module P. The endomorphism ring (let us call
it T') of P will then be a lift of I'. What is still missing at this point is an isomorphism k ® I' = T. Since
P may be construed as a I'-A-bimodule, we just choose 1 : k ® I' = T so that when we turn X! into a
k @ I'-k @ A-bimodule using ¢ and 1), it becomes isomorphic to k@ P. Note that this does in fact determine
¥ uniquely. (T',1)) will then be the lift of I' we associated to (A, ¢).

A field of application are tame blocks of group algebras over k. Here the appendix of [E] gives a list
of k-algebras which may occur as basic algebras. The first question is what the corresponding blocks of
group algebras over O look like, and under which conditions two tame blocks of group algebras over O are
Morita-equivalent given that the corresponding blocks of the group algebras over k are Morita-equivalent.
Concretely, we look at blocks with dihedral defect group and two simple modules. The upshot here is
that two such blocks are Morita-equivalent over O if and only if their corresponding blocks defined over k
are Morita-equivalent and their centers are equal. Lifts for these blocks are then determined explicitly in
Theorem

We also narrow down which algebras given in Erdmann’s list may actually occur as blocks of group rings.
The key point here is that blocks of group rings defined over k possess a lift, namely the corresponding block
defined over O, which has all the well-known properties that blocks of group rings share. We show that such
a lift does not exist for algebras of dihedral type with two simple modules and parameter ¢ = 1, implying
that only those algebras with parameter ¢ = 0 occur as basic algebras of blocks of group rings (Corollary
[6.9). The last assertion was recently proved for principal blocks in ﬂ], but the general case was still open.

2. Foundations and Notation

In this section we recall some definitions and theorems, and state some corollaries for later use. Through-
out this article, (K, O, k) will denote a p-modular system for some p > 0, and we assume that O is complete.
We let 7 be a uniformizer of O.

Notation 2.1. If A is a ring, we denote by mod 4 the category of finitely generated right A-modules, and
by proj 4 the category of finitely generated projective right A-modules. By a “module” we will always mean a
right module (unless we explicitly say otherwise). By C’(proj,) we denote the category of bounded complezes
over proj 4, and by K'(proj,) we denote the corresponding homotopy category. By D°(A) = D’(mod.,)
(respectively D~ (A) = D~ (moda)) we denote the bounded derived category of A (respectively the right-
bounded derived category of A). By “—®% =" we will always denote a left-derived tensor product.

Notation 2.2. Let R € {O,k}, and let A, B and B’ be R-algebras. Let a: B — A, : B' — A be R-algebra
homomorphisms. Then define o Ag to be the B-B’-bimodule which is (as a set) equal to A with the action

BxAxB — A: (byz,b)— a(b)-x-B(1) (2)

Definition 2.3. Let R € {O,k}, and let A be any R-algebra that is free and finitely generated as an
R-module (i. e. an order if R = 0). Then define the Picard group of A as follows:

Picr(A) := { Isomorphism classes of invertible A @p A-modules } (3)

Note that we will always identify A°P? @ r B-modules with the corresponding A-B-bimodules. An A°P @ A-
module X is invertible (by definition) if it is projective as a left and as a right A-module and there is an
AP @p A-module Y (also projective as a left and as a right A-module) such that X @ 4Y 2Y @4 X = 4A4.
Now Picg(A) becomes a group with “—® 4 =" as its product.

Similarly define the derived Picard group of A as follows:

TrPicg(A) := { Isomorphism classes of invertible objects in D°(A°P @g A) } (4)

We say a complex X in D°(A°P ®@p A) is invertible if there is a Y in D°(A°P ®p A) such that X @5 Y =
Y ®HA X 20— 444 — 0. TrPicg(A) is a group with “—®HA =" as its product.
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Remark 2.4. Situation as above. There is a group homomorphism
(Autr(A),0) — (Picr(A),®a) 1 arriada = a-14ia (5)

The kernel of this homomorphism consists of all inner automorphisms of A, and we denote its image by
Outr(A). In case R =k is an algebraically closed field, Outy(A) is a linear algebraic group defined over k,
and we denote its connected component by Out} (A).

Remark 2.5. Situation as above. If X € Picr(A), then X is projective and finitely generated as a left
A-module and as a right A-module. Hence if P € proj,, then P ®4 X is again in proj,. If P is
indecomposable, then so is PR X, since X is invertible. This implies that there is a group homomorphism
from the Picard group of A into the symmetric group Sym(P) on P

Picg(A) — Sym(P): X — [P— P®jy X] (6)

where P is the set of all isomorphism classes of finitely generated projective indecomposable A-modules.
Define Picy (A) to be the kernel of this group homomorphism, and Outy(A) to be the intersection of Pick(A)
with Outr(A). Define Autiz(A) to be the preimage of Outy(A) under the canonical epimorphism Autp(A) —
Outp (A) .

Remark 2.6. Situation as above. Then we get a series of embeddings
Outpr(A) — Picg(A) — TrPicg(A) (7)

Notation 2.7. If A is a ring and T € K®(proj,) is a tilting complex with endomorphism ring B, then we

denote by
Gr: D°(A) = D"(B) (8)

an equivalence which agrees on objects with taking T-resolutions. For proper definitions and proof of the
existence of such an equivalence we refer the reader to m] For our purposes, the most important property
of Gr is that Gr(T) is isomorphic to the stalk complex 0 — B — 0.

Remark 2.8. Let A be an O-order. The functor k ® o — : mody — modyga has a (unique) left-derived
functor k@@ — : D™(A) — D~ (k®A), which restricts to a functor from K (proj,) to KP(projuga). For a
compler C € K°(proj,), k®ﬂ(‘9 C' is obtained by simply applying k @o — to this compler viewed as a sequence
of modules. Hence, for objects C' € K°(proj,), there is no harm in writing k ®o C instead of k ®I[(‘9 C.

Remark 2.9. Let A and B be R-algebras and let F : D°(A) — D*(B) be an equivalence that sends the
stalk complex 0 — A — 0 to 0 — B — 0. Then there is an a: A — B such that F(X) = X ®4 o Bia for
all objects X € D*(A). This follows from m, Proposition 7.1].

Lemma 2.10. Let A be a finite-dimensional k-algebra and T € K*(A) a tilting complex with endomorphism
ring B. Then there exists a two-sided tilting compler X € ’Db(BOp ® A) with restriction to Db(A)
isomorphic to T.

Proof. By [11], there exists a functor F : DP(B) —s D?(A) sending 0 — B — 0 to T. By [12, Corollary
3.5] this equivalence is afforded by RHomp(Y,—) for some Y € DY(A°? @ B). This Y has an inverse
X € D°(B°? ® A) such that RHomp (Y, —) & — ®% X (see [12, Definition 4.2] and the remarks following it).
Since B ®% X = F(B) = T, X has the desired properties. O

Lemma 2.11. Let A be a finite-dimensional symmetric k-algebra and let

be a two-term tilting complex. Then Gr(0 — A — 0) is again a two-term tilting complex.



Proof. Set B := Endpsa)(T). Let X € DY(B°? @ A) be a two-sided tilting complex with restriction to
Db(A) isomorphic to T. Let Y € DY(A°P @ B) be the inverse of X. By |7, Lemma 9.2.6] we may assume
that X is a bounded complex of A-B-bimodules that become projective upon restriction to A and restriction
to B. We may then furthermore assume that ¥ = Homy (X, k) (see |7, Corollary 9.2.5]; Note that both
Lemma 9.2.6 and Corollary 9.2.5 in [ﬂ] use that A is symmetric). Hence Y has non-vanishing homology
in precisely two adjacent degrees, since the same can be said about X and Homy(—, k) is exact on vector
spaces. Now — ®%5 Y sends T to 0 — B — 0, which implies that for some automorphism v : B — B the
functor —®45 Y ®% 4B, agrees with Gr(—) on objects. Hence the image of 0 — A — 0 under Gr(—) is equal
to the restriction Y ®% 1B, to D’(B). Therefore it is a bounded complex of projective B-modules that
has non-zero homology (at most) in two (adjacent) degrees. Since A and B are symmetric (so in particular
self-injective), any injection of a projective module and any epimorphism onto a projective module splits.
Hence Y ®% iqB., is isomorphic in K®(proj) to a two-term complex. O

For the rest of the section, let k& be algebraically closed.

Theorem 2.12 (Rouquier, Huisgen-Zimmermann, Saorin). Let A, B be finite-dimensional k-algebras and X
a bounded complex of A-B-bimodules inducing an equivalence between D°(A) and D*(B) (i. e., a two-sided
tilting complex). Then there exists a (unique) isomorphism of algebraic groups

o Outl(4) == Outd(B) (10)

such that
idAa ®% X 2 X @ 1aBo(a) (11)

for all o € Outf(A).
Proof. The Theorem was stated in this form in [15, Theorem 3.4]. A proof can be found in [] or in [14]. O

Theorem 2.13 (Jensen, Su, Zimmermann). Let A be a finite-dimensional k-algebra. Then up to isomor-
phism in Kb(proj 4) there exists at most one two-term (partial) tilting complex

0P —FP—0 (12)

with fixed homogeneous components Py and P .
Proof. See |6, Corollary 8]. O
Corollary 2.14. Let A be a finite-dimensional k-algebra and T a tilting complex over A. Then

1. T®4i1aA, 2T forally € Outg(A).

2. If T is a two-term complex, then T ® 4 igAy =T for all v € Outy (A).
Proof. The first point follows from Theorem 212l and Lemma 210l The second point follows from Theorem
and the definition of Out(A4). O
3. A Correspondence of Lifts

In this section we introduce a bijection between “lifts” of derived equivalent finite-dimensional k-algebras.

Definition 3.1. For a finite-dimensional k-algebra A define its set of lifts as follows:
E(K) = {(A,cp) | A is an O-order and ¢ : k@ A = A is an isomorphz’sm} / ~ (13)

where we say (A, p) ~ (A, ¢) if and only if



1. There is an isomorphism o : A = A’

2. There is a B € Autg(A) such that the functor — ®% gMia fizes all isomorphism classes of tilting
complezes in K°(projx)
such that ¢ = Bo ¢ o (idg ® ).
Our bijection will be based on the following theorem of Rickard:
Theorem 3.2 ([13, Theorem 3.3.]). Let A be an O-order and let T € K (proj,ga) be a tilting complex

for k@ A. Then there exists a unique (up to isomorphism in D*(A)) tilting complex T € K'(proj,) with
k@T =T. Endpy)(T) is torsion-free and

k/’ X EDdDb(A) (T) = EndDb(k®A) (T) (14)

Remark 3.3. By m, Proposition 3.1.] it is immediately clear that we can replace the word “tilting complex”
by “partial tilting complex” in the above theorem (where we understand “partial tilting complex” as defined

in [1, Definition 3.2.1.]).

Lemma 3.4. Let A be an O-order and T € K®(proj,) a tilting complex. Define I' := Endpup)(T), and
assume that I' is also an O-order. Then k&T is a tilting complex and the k-algebras k@I and Endpo ) (k@T)
are (canonically) isomorphic. Moreover, the diagram

gr

D (A)————=D (I (15)
lk@“‘ lk@“
D (ko) —22" . D-(keT)
commutes on objects.
Proof. This follows from [lﬂ, Proposition 2.4.]. O

For the rest of the section let A and T be two derived equivalent finite-dimensional k-algebras. Fur-
thermore let X € Db(AOp ®k I') be a two-sided tilting complex, and let X! be its inverse. Let T be the
restriction of X ! to D’(projy) and likewise let S be the restriction of X to D’(projg).

Definition 3.5. Define a map o L
Dy L(A) — £(1) (16)

as follows: Assume (A, p) € E(X) Let T be the lift of T @ ialy (which exists and is unique by Theorem
[Z2). We put x (A, @) = (I',), where I' = Endps(4)(T) and ¢ : k@ T 5 T is an isomorphism such that
the following diagram commutes on objects:

D (A) ) D (Endpsa) (1)) D (D) (17)
k®L—l J{k@h— ‘/I@L_
D (k®A) —2" . D (Endpien) (k © T)) === D~ (k @ T)
—®2®MAidl J/s l—®t®rwraa
D—(%) — D~ (T) D~ (T)

Here, £ is defined so that the bottom left square commutes.
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Proof of well-definedness. First note that the top left square commutes on objects by Lemma 341 Thus
the left half of the diagram will commute on objects. Note furthermore that £ sends 0 - k' — 0 to
0 — I’ = 0, and hence a ¥ making the diagram commutative on objects can be chosen due to Remark 20l
This 9 is unique up to an automorphism 3 of T' such that — ®% idfg fixes all objects in D~ (T), and hence
in particular fixes all tilting complexes. Therefore the equivalence class of (T, ) is certainly independent of
the particular choice of .

Now assume (A, @) ~ (A, ¢), that is, there are « and § as in Definition B Ilsuch that ¢ = Soy¢'o(idx®«).
We need to show that (T',¢) := ®x(A,p) ~ Px (A, ") = (I",¢’), Px being given by the construction
above. We get the following diagram (where we define 7" analogous to T'):

r(— *®L/i A; -

D)~ poay——Eete _poy T pom (18)
lk@L— lk@L— lk@L— lk@L—

_ / gk@T/(_) _ ’ _ gk®T(_) _

D (ko) D (k@A) - D (k@A) D (k®T)
—®pgaridk®MNa, gao

l@‘;;@rwwlfid l@r,;@/\/‘p/xid l_®t®/\¢j\id l_®t®rwrid

D~ (T D~ (A D-(A) —— D (T
0~ ®) ® (M)

This diagram will commute at the very least on tilting complexes (that is, if we take a tilting complex in
any of those categories and take its image under a series of arrows in the above diagram, the isomorphism
class of the outcome will not depend on the path we have chosen). Note that all horizontal arrows are
equivalences, and so we get a diagram (again commutative on tilting complexes)

Fi(-)

D (I) D-(I) (19)
lk@L— lk@L—
_ , F2(-) _
D (k®T) D (k®T)
l@‘;;@rww/fid l_®t®rwrid
D~ (T) D (T)

where F; and F, are two equivalences. Due to commutativity on tilting complexes, F2 needs to send
0 k@I - 0to0 - k®T — 0. Due to unique lifting (and again commutativity), F; needs to
send 0 - I — 0 to 0 = I' = 0. Hence there is an isomorphism « : I — T" such that F1(—) agrees
on objects with — ®Hf, ol'id. Due to commutativity, F2(—) then needs to agree on tilting complexes with
— ®H,;®F/ idy@ak @ Tiq (this is owed to the fact that every tilting complex lies in the image of k ®* — due to
Theorem[3.2)). Commutativity on tilting complexes of the lower square then implies that ¢’ = Soo(idx ® )
for some B € Auty(T) so that — ®% sTiq fixes all tilting complexes in K’(projz). By definition this means

(T 9) ~ (T, ). O

Proposition 3.6. The maps ®x and ®x-1 are mutually inverse. In particular, they induce a bijection

o~

£(A) +— £(T) (20)

Proof. We keep the notation of Definition Set (T',¢) := ®x (A, ) and (A, @) := @x-1(T',4)). Further-
more, let S be the lift of S®@gial'y,. Consider the following diagram (obtained by composing (7)) with itself)



k®L—l lk@l“— l;@L_
g - g _
D_(k®A) kT (—) D_(k®1—‘) ks (—) D_(k®A')
_®£®A¢Aidl l®2®rwrid l_®k®A/¢>Kid
D~A) ——— =D (T D (T
®—— 0 T)

Commutativity on objects implies that Grgs o Grer sends the stalk complex 0 — k ® A — 0 to the stalk
complex 0 — k ® A’ — 0. Hence, due to unique lifting, Gs 0o G sends 0 -+ A - 0to 0 - A’ = 0. Gg o Gr
hence agrees on objects with — ®% id\o for some isomorphism a : A’ =+ A. Thus, Gres © Grer will agree
on tilting complexes with — ®],1€‘® Aidk ® Aig, @a. Hence, due to commutativity on objects, we must have that

— ®fga phid and — @ idyoak @ Aid ®Fgp whid = — Qg wo(idk(@a)xid_agree on tilting complexes. This
however is the same as saying that ¢ = S oo (idy ® a), where 3 € Auty(A) is an automorphism such that
— ®%‘ pAia fixes all tilting complexes. This means, by definition, that (A, ) ~ (A’,@). So we proved that

Oy 10Px =id, and Px o ®y-1 = id follows by swapping the roles of X and X ~'. O
Proposition 3.7. Out,(X) acts on £(X) from the left via

a-(Ap) = (A aop) (22)

Proof. The above formula clearly defines an action of Autg(A). In order to verify that it defines an action
of Outy(A), we just need to check that for any inner automorphism a of A we have (A, @) ~ (A, a0 ¢).
But an inner automorphism a of A gives us an inner automorphism ¢! o avo ¢ of k ® A, which lifts to an
inner automorphism & of A (since the natural map of unit groups A* — (k® A)* is surjective). (A, ¢) and
(A,ao ) = (A, po(idy ® &)) are then clearly equivalent in the sense of Definition Bl O

Proposition 3.8. If k is algebraically closed, then Outg(X) lies in the kernel of the action of Outy(A) on
S(N).

Proof. This follows directly from Theorem O

Proposition 3.9. Let Outy(A)7 respectively Outy(I')g denote the stabilizers of the isomorphism classes of
T respectively S. There is an isomorphism

—%: Outy,(A)7 — Outy(T)s (23)

such that for all o € Outy(A)z we have

Px(a-(Ap) =a™ - Px(A, @) (24)
In particular, ®x induces a bijection
Outy,(A)7 \ £(&) +— Outy,(T)g \ £(T) (25)
Proof. Set
—% Outy, ()7 — TrPic(T) : a+> X! ®%‘ o ®% X (26)

First note that the restriction of X! to Db(A) is isomorphic to T by ~definition of T. Since « stabilizes the
isomorphism class of T, the restriction of X ! ®%‘ Ao ®%‘X to DY(T) is isomorphic to 0 — ' — 0. Thus

X! ®% Ao ®%X is isomorphic to 0 — idfﬂ — 0 for some ( € Autk(f). That is, the image of —% as



defined above is indeed contained in _Outk(f) < TrPic(T'). Now S is by definition _just the restriction of X
to D*(T'), and hence S ®%X‘1 ®% ala ®%X is isomorphic to the restriction of jqA, ®%X to D*(T') which
is again isomorphic to S. So —% does indeed define a map with image contained in Outk(f)g. It is also

easy to see that —~ is a group homomorphism, and that —% ~'is a two-sided inverse for —X.
Now the claim of (24]) follows from the commutativity of the following diagram
— —®%X _
D~ (A) ————=D (I (27)
7®%idxa l l@;lidfax
D~ (A) ———= D~ ()
—R%X
by gluing it below diagram (IT). O

Definition 3.10. Define the set £(A) to be the set of all isomorphism classes of O-orders A such that
k@ A=A, Clearly, £(A) is in bijection with Outy(A) \ £(A). Furthermore, we define the projection map

II: (A) — &(A) : (A, @) 5 A (28)

Corollary 3.11. Assume k is algebraically closed, A is symmetric, and T is a two-term complex. Assume
furthermore that Outy (A) = Outy(A) and Out} (') = Outy(I') (a sufficient criterion for this is for instance
that the Cartan matrices of A and T have no non-trivial permutation symmetries). Then there is a bijection

£(A) «+— £(T) (29)

Proof. Lemma [Tl implies that S may be assumed to be a two-term complex as well. The assertion now

follows from (25) together with Theorem [ZT3 since the latter implies that Outy(A)7 = Outg(A) and
Outk(F)§ = Outy, (F) O

The following proposition is useful to prove a “unique lifting property” for the group ring of SLy(pf) in
defining characteristic, which we will do in a later paper.

Proposition 3.12. Assume k is algebraically closed. Let A € £(A), and let v : k@ A = A. be an
isomorphism. Now assume

Auto(A) - Out)(A) = Outy (A) (30)

where Auto(A) is the image of Auto(A) in Outy(A) (here we identify k ® A with A via ). Then the fiber
I-Y({A}) has cardinality one.

Proof. Let (A,¢) € £(A) for some ¢ : k® A — A. Now if @) holds, we can write yo o=t = yo
(idr, ® &) oy~ o B for some & € Autp(A) and B € Autg(A) such that the image of 3 in Outg(A) lies in
Out?(A). Hence 7o (idy ® &~') = o . Proposition (together with the definition of “~”) implies
(A7) ~ (A, B oyo (ide ® 671)) = (A, ). O

4. Tilting Orders in Semisimple Algebras

What we would want to do now is to partition the set E(K) into manageable pieces, so that the map
®x defined in the previous section restricts to a bijection between corresponding pieces of E(X) and E(f)
In order to do that in the next section, we first need to study how those properties of orders that we are
interested in behave under derived equivalences. The results in this section are elementary and therefore
certainly known, but we were unable to find explicit references for most of them, which is why we include

proofs. We assume throughout this section that A is an O-order in a finite-dimensional semisimple K-algebra
A.



Lemma 4.1. If T € K’(proj,) is a tilting complex for A and Endpup)(T') is torsion-free as an O-module,
then K @ T is a tilting complex for A. Furthermore, Endps(2)(T') is a full O-order in Endps ) (K @ T').

Proof. First we show that Homps () (K @ T, K ® T[i]) = 0 for i # 0. Assume that ¢ € Homps4)(K ®
T,K ® TJi]) for some i. Then we may view ¢ (or rather a representative of it) as a morphism of graded
modules K @ T' — K ® T'[i] commuting with the differential. As such we may restrict it to T', and for a
large enough n € N, we will have Im(7™ - ) C T[i]. Hence 7 - ¢ defines an element in Hompu (7', T'[i]).
For i = 0 this implies that Endps(,)(T) is a full O-lattice in Endpe(q)(K @ T). For i # 0 this implies that
7™« p is homotopic to zero, and hence so is ¢ (by dividing the homotopy by 7).

Since K @ — : D~ (A) — D~ (A) is an exact functor between triangulated categories that maps 7' to
K ®T, it is clear that add(K ® T) contains the image of add(T). But add(7T) is equal to K°(proj,) by
definition, and so in particular contains 0 — A — 0, which maps to 0 — A — 0, which in turn clearly
generates K?(proj,). Hence add(K ® T') = K®(proj ,). O

Lemma 4.2. Situation as above. Let Vi, ..., V, be representatives for the isomorphism classes of simple A-
modules. Then there are sets Q; for i € Z with |¢), Q0 = {1,...,n} and numbers 6; € Z~q for j € {1,...,n}
such that

KT %pay ... > PVIS P vy S (31)
JEQ; JEQit1
———
degree i

In particular, each V; occurs as a direct summand of precisely one of the H'(K @ T). Also, it follows that
H{(K®T) = @jem Vj&j, and the map below is an isomorphism:
PH: Endpray(KE @T) = @ Enda(H' (K @T)) = € Enda(V;)%*% (32)

i JEQ,

Proof. K ® T is, as a complex over A, certainly split, and hence isomorphic in the homotopy category to
a complex C' with differential equal to zero. Clearly H'(C) = C* and Endpe4)(C) = @, Enda(C?). So
all that remains to show is that any V; occurs in precisely one C*. But Hompe(4)(C,C[l]) = 0 for I # 0
implies that Hom 4 (C?, C**!) = 0 for all [ # 0 and hence that V; occurs in at most one C*. The fact that
add(C) = D’(A) implies that each V; has to occur in some C". O

Definition 4.3. The above lemma contains a definition of sets §); and numbers d; associated to the tilting
complex T. We keep this notation. In addition to those, define € : {1,...,n} — Z to map j to the unique i
such that j € §;.

Note that in the context of perfect isometries, the numbers (71)5(1') are known as the “signs” in the
“bijection with signs” induced by a perfect isometry.

Theorem 4.4 ([16, Theorem 1]). Assume A is a symmetric order. Then any O-algebra T which, is derived
equivalent to A is again an O-order, and symmetric.

We close this section by making Theorem [£.4] constructive. We wish to give an explicit symmetrizing
form (as defined below) for T', provided we know one for A (which we usually do, for instance in the case
when A is a block of a group ring).

Definition 4.5 (Symmetrizing Form). Assume in this definition that the Wedderburn-decomposition of A
is given by

A= P DD (33)
i=1

for certain skew-fields D; (finite-dimensional over K) and certain numbers d;. Let ¢; € Z(A) (for i €
{1,...,n}) be the central primitive idempotent belonging to the Wedderburn-component DfiXdi. For any



element u € Z(A)* =@, Z(D;)* define the non-degenerate associative symmetric bilinear form

T,: AxA—K: (a,b)HZtr.Z(Di)/Ktr.red.inxdi/Z(Di)(Ei-u.a.b) (34)

i=1

Here tr.z(p,)/K : Z(D;) = K denotes the usual trace for field-extensions.

We call a full O-lattice L C A self-dual with respect to T, if it is equal to its dual lattice L! := {a €
A | Ty(a,L) CO}. If A is self-dual with respect to T, then we call T,, a symmetrizing form for A, and u a
symmetrizing element.

Remark 4.6. 1. Any non-degenerate symmetric and associative K-bilinear form on A is equal to
Tu(—,=) for someu € Z(A)*. This follows fairly easily from the structure theory of finite-dimensional
semisimple algebras.

2. We sometimes write T,,(a) (where a € A) instead of Ty, (a,1).

Theorem 4.7 (Transfer of the Symmetrizing Form). Let A be symmetric, and let T € K’(proj,) be a
tilting complex. Set I' = Endpua)(T), and B = Endps4)(K @ T). Identify

Z(4) =@Z(EndA(Vj)) = Z(B) (35)

Letu = (u1,...,uy,) € Z(A)* such that A is self-dual with respect to the trace bilinear form T, : AX A — K
induced by u. Then T is self-dual with respect to the trace bilinear form Ty : B x B — K, where

= ((—1)"W uy,..., (=1)*™ u,) € Z(B)* (36)
where € is as defined in Definition[{.3

Proof. Let @ = (41, ...,4,) € Z(B) be an element such that I" is actually self-dual with respect to Ty. Then
the p-valuations of the ; are in fact independent of the particular choice of , since the coset @ - Z(T')* €
Z(B)*/Z(')* is. Furthermore, the v € Z(B)* such that I is integral with respect to T, are precisely the
elements of & (Z(I')NZ(B)*). An element of ¢- Z(I')NZ(B)* lies in @- Z(I')* if and only in v, (u)) = vp(t;)
for all ¢ (all of those assertions are elementary). Now assume we had shown that T' is integral with respect
to Ty. Then we have . € 4+ (Z(I') N Z(B)*). Thus vp(t;) > vp(4;) for all ¢, and equality for all ¢ holds if
and only if @ € - Z(T')*, that is, if T" is self-dual with respect to T;. So we have seen (up to the assumption
above that we have yet to prove) that if A is self-dual with respect T3, and I' is self-dual with respect to
Ty, then vy(u;) > vp(4;), and, by swapping the roles of A and T', also v,(%;) > vp(u;). In conclusion, we
have vp,(@;) = vp(u;) = vp(w;) for all 4, which, by the above considerations, implies that I' is self-dual with
respect to 1.

So far we have reduced the problem to showing that I' is integral with respect to T;, which we will do now.
So let ¢ € Endps(a)(T) (and fix a representative in Endes(proj,)(T')). Then ¢’ induces an endomorphism
of T%, and we can decompose the A-module K ® T as follows

KT '=H(KeT)®Im(idg ®d )oK @ T"/Ker(idg ® d*) (37)
=:H? =7 ::Zi
Define mpi, 7z and Tz to be the corresponding projections. Define B® := Enda(K ® T%), By :=

10



mi By = Enda(HY), BY := wZiBiﬂZi =Ends(Z.) and B". := 7, B'ry = Enda(Z%). Now we have

Z(_l)i ’ TlBi'u((pi)

Z Ty oa(Th 'myi) + (1) T”z;'“(”zi ‘pi”Zi) +(-1)"- Tﬂzg (g SDiWZi) (38)

—~

= ZTﬂ'Hi»ﬁ(ﬂ-Hi(P i) = Taly)

Here (x) holds because _ _
Tﬂzi‘u(ﬂ'zi SD'“]TZi) = Tﬂ.zijl‘u(ﬂ'zijl (‘01+17Tzi+1) (39)

as ¢ is a map of chain complexes. The equality (*) holds in fact just by definition, as we have identified
@ Enda(HY) = B. The left side is trivially integral, as ¢’ € Enda(T"), and Enda(77) is a self-dual (and
so in particular integral) lattice in B? with respect to Th,,.«. Hence the right side is also integral. So I is
indeed integral with respect to Tj;. This concludes the proof. O

5. Partitioning £(A) by Rational Conditions

Now we continue with what we started in Section We want to define “rational conditions” on lifts
that behave well under the map ®x, that is, conditions such that ®x restricts to a bijective map between
the lifts of A that fulfill the given conditions and the lifts of T’ that fulfill certain corresponding conditions.
Probably the simplest of those conditions is to demand that the K-span of A shall be Morita-equivalent to a
certain semisimple K-algebra A. It follows from the previous section that ®x sends lifts of A with K-span
Morita-equivalent to A to lifts of I' with the same property (and @;(1 does it the other way round).

Since it will make things easier for us, we first give a slightly non-standard definition of decomposition
matrices (which is linked to the usual definition via Brauer reciprocity, and coincides with the usual definition
in the split case).

Definition 5.1 (Decomposition matrix). We define the decomposition matriz D® of an O-order A with
K ® A semisimple to be the transposed of the matrix of the canonical map of Grothendieck groups

Ko(projyga) = Ko(proj,) — Ko(modkga) (40)

sending [P] to [K ® P] with respect to the bases consisting of projective indecomposable modules on the
left and simple K ® A-modules on the right. We call this map the “decomposition map”. Note that the
rows of D™ may be thought of as being labeled by the central primitive idempotents in Z(K @ A) (resp.
Wedderburn-components of K ® A).

Theorem 5.2. Let A and T be finite-dimensional k-algebras that are derived equivalent. Let the derived
equivalence be afforded by the (one-sided) tilting complex T, and let X be a two-sided tilting complex such
that its inverse has restriction to Db(projx) isomorphic to T'. Set ® :=11o ®x. Define

(A :={(A, ) € £A) | K ® A is semisimple } (41)

Then ®x induces a bijection

o~ ~

£4(A) +— £,(T) (42)
The following holds:
(i) If (A, @), (N, ') € £(R) are two lifts with Z(K @ A) = Z(K ® A'), then

Z(K @ ®(A\, ¢) = Z(K 2 ®(N,¢)) (43)
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and every choice of an isomorphism v : Z(K @ A) — Z(K ® A’) gives rise to a (canonically defined)
isomorphism ®(v) : Z(K @ ®(A,p)) = Z(K @ ®(N,¢)).

(ii) If (N, ), (N, @) € £(A) are two lifts and v : Z(A) =5 Z(A') is an isomorphism, then ®(v) :
Z(P(A, @) = Z(P(N,¢")) is well defined and an isomorphism as well.

174 I A N, Q') e Es A) are two lifts, and v : Z(K @ A) = Z(K @ A') is an isomorphism such that
(iii) v0), (A v
= DN up to permutation of columns (where rows are identified via ), then D*(M¢) = D®A,¢7)
up to permutation of columns (where rows are identified via ®(v)).

(i) If (A, ), (A, 50) € g, (A) are two lifts with D = DY up to permutation of rows and columns then
D‘I>(A ¢) = DA, up to permutation of rows and columns.

Proof. The fact that ®x induces a bijection between 25( ) and g, (T') follows from the last section.

Let (A, ) € E(K) Then Z(K ® ®(A)) is naturally isomorphic to K ® Z(®(A)). But there is an
isomorphism between Z(A) and Z(®(A, ¢)) (letting ¢ € Z(A) correspond to the endomorphism of the tilting
complex that is given by multiplication with ¢ in every degree). That proves (i), and shows how ® () should
be defined. The claim of (ii) also follows.

To the proof of (iii): Let 7' € C’(proj,) be the lift of T' (we identify k @ A and A via ¢). Write
T = To ® T such that G=(To) =2 0 — P — 0 for a projective indecomposable I-module P. By Remark
B3] there is a corresponding direct sum decomposition 7' = Ty @ 17 and we will have Gr(Tp) =20 — P — 0,
where P is the unique projective indecomposable ®(A, p)-module with k¥ @ P = P. Then take ep to be
the endomorphism of 7' inducing the identity on 7Ty and the zero map on Tj. Clearly this is a primitive
idempotent in ®(A, ¢) (which is just Endps(a)(T), so this statement makes sense) with ep®(A, ) = P. So
the decomposition number associated to P and the simple K ® ®(A, ¢)-module corresponding to the simple
K ® A-module V; (under the isomorphism of the centers) is just the Endgga (V})-rank of the image of ep
in Endgen(V;)% o) under the map given in Lemma 2] On the other hand (due the way Lemma [.2] was
obtained) this is just the absolute value of the coefficient of [V;] € Ko(modggya) in the image under the
decomposition map of Y_,(—1)* - [T{] € Ko(proj,). But due to the isomorphism Ko(proj,) = Ko(projx)
we can compute this coefficient, and hence the decomposition matrix of ®(A, ), from the knowledge of
a direct sum decomposition of T' and the knowledge of the decomposition matrix of A (since the latter
determines the map Ky(proj;) — Ko(modxga)). Therefore, if the decomposition matrices of A and A’
coincide, then so do the decomposition matrices of ®(A, @) and ®(A’, ¢'). This concludes the proof of (iii).
The explicit formula for the decomposition matrix of ®(A, ) we obtained above is in fact independent of
the knowledge of Z(K ® A). This implies (iv). O

Remark 5.3. The last theorem shows that the lifts ( ) € E(K) that satisfy certain conditions (as listed

in the theorem) correspond via ®x to lifts (T',v) € 2( ) that satisfy a corresponding set of conditions. We
shall call these kinds of conditions on A “rational conditions”.

6. 2-Blocks with Dihedral Defect Group

In this section we specialize K to be the 2-adic completion of the maximal unramified extension of Qg
(so, in particular, k will be algebraically closed). We fix a finite group G and a block A of OG with dihedral
defect group Dan for some fixed n > 3 (we use the convention where |Dan| = 2"). Set A :== K @ A and
A:=k® A. For any i > 2 we denote by ¢; a primitive 2-th root of unity in K (that is, we fix a choice for
each 7). In what follows, by a “character” we always mean an absolutely irreducible ordinary character with
values in K.
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6.1. Generalities

Lemma 6.1 (Facts from Number Theory). (i) Define K; := K(¢; + ¢ '). K;/K is a field extension of
degree 272, Its Galois group is cyclic, and we denote by v; one of its generators. Hence the subfield
lattice of K; is just a chain, and in fact equal to

K=K,CK;C...CK; (44)

We denote by O; the integral closure of O in K;.

(ii) The field extension K;/K is totally ramified and the 2-valuation of its discriminant is equal to (i —1) -
2072 1.

(iii) If G is any finite group, then KG is isomorphic to a direct sum of matriz rings over fields (i. e., no
non-commutative division algebras occur in the Wedderburn decomposition of KG ).

Proof. (i) This is elementary Galois theory.

(i) This is [§, Theorem 1]. The result from that paper carries over to our situation without change, as
the 2-valuation of the discriminant of K (¢; + ¢, *)/K equals the 2-valuation of the discriminant of
Q(¢ + ¢ 1) /Q due to both extensions having the same degree.

(iii) To see this let D be a skew-field that occurs in the Wedderburn decomposition of Q2G, and denote
the center of D by E. Then by [@, Corollary 31.10] the unique unramified extension E’ of E of degree
equal to the index of D will split D. We may write £/ = E - F for some unramified extension F' of Q5.
Then F ®g, D will be isomorphic to a direct sum of matrix rings over E’. Since F' is contained in K,

this proves the assertion.
O

Theorem 6.2 (Brauer). (i) There are precisely 2"~2 + 3 characters in A. Four of these characters have
height zero, the rest has height one. See l@, Theorem 1].

(ii) All characters of A take values in K,_1 (see [, Proposition (5A)]). There are exactly 5 characters in
A with values in K. The remaining characters lie in families F,. forr =1,...,n—3, where each F, is a
single Gal(K,,—1/K)-conjugacy class of characters. Each F, consists of 2" elements (see E’ Theorem
3]). Together with Lemmal6]l (i) and elementary Galois theory the latter implies that a character in
F,. takes values in K, o.

(iii) The four characters of height zero in A take values in K. See E, Theorem 4.

Note that we may as well denote the one-element set containing the unique K -rational character of height
one by Fy, and use indices » = 0,...,n — 3. The grouping of the characters into four height zero characters
and n — 2 families F,. of height one characters seems more natural in what follows.

Corollary 6.3. From the above it follows immediately that A is an O-order in

4 n—3
A= @ K%*% g @ Kfféér for certain 6,0, € Zo (45)

i=1 =0
that is self-dual with respect to T,, where u = (u1,us,us, s, ..., Unt2) € Z(A) with va(u;) = —n for
1=1,...,4 and va(u;) = —n+ 1 for i > 4. Of course the analogous statement will hold for a basic order of

A.

Proof. Lemma [6.]] (iii) implies that K ® A is a direct sum of matrix rings over fields (and not merely skew-
fields). Therefore K’ ® A is Morita-equivalent to its center. From ordinary representation theory we know
that given a finite group G we have

Z(KG) = EB K(x) (46)
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where x runs over representatives for all Galois conjugacy classes of absolutely irreducible characters of G
with values in the algebraic closure of K. Theorem says that in a block of defect Dan there are n + 2
Galois conjugacy classes of characters (four K-valued characters of height zero and one conjugacy class of
K, o-valued characters for each r = 0,...,n — 3). This shows that K ® A =2 A (with A as given in ({H) for
some choice of numbers ¢; and §}). As for the choice of u, note that the group ring OG of a finite group G
is self-dual with respect to T, where u is defined as follows:

u= Y %sx € Z(QG) c Z(KQ) (47)

x€lrg (G)

Here, €, denotes the central primitive idempotent in Z (I_( G) associated to y. The entry of this element u in
the Wedderburn component of the right hand side of (@6 associated to the absolutely irreducible character
X is just x(1)/|G|. Now the assertions on the heights of the characters in a dihedral block made in Theorem
imply our assertion on the p-valuations of the u;. The fact that this symmetrizing element u carries over
to a basic order may be seen as a consequence of Theorem 7] (since a Morita equivalence is a special case
of a derived equivalence). O

Theorem 6.4 (Erdmann). The basic algebra of A is isomorphic to one of the algebras of dihedral type in
the list given in the appendiz of E] (Technically, this follows from [B, Lemma IX.2.2] together with the fact
that A is known to be of tame representation type and thus has to occur in the list.)

Theorem 6.5 (Holm and Linckelmann). (i) In Erdmann’s classification, the algebras D(2A)™¢ and
D(2B)~¢, for any combination k = 2" 2 > 1 and ¢ € {0,1}, are derived equivalent. In particu-
lar, for fized n, there are at most two derived equivalence classes of 2-blocks over k with defect group
Don and two simple modules. See B]

(i) There is precisely one derived equivalence class of 2-blocks over k with defect group Daon and three
simple modules. See E, Theorem 1].

6.2. Blocks with Two Simple Modules

Assume in this subsection that A has precisely two isomorphism classes of simple modules. We first
assume that A is Morita-equivalent to D(2B)%¢ for some ¢ € {0,1} and x = 2"~2 (the latter is implied by
K+ 3 = dimg Z(D(2B)**) = dimg Z(A) = 2"~2 4 3). Now let Ay be a basic algebra of A. From [d] we
know that k ® Ag = kQ/I, where

~

Q=o(Cowi__Za ) (18)
B
and
I={(Bn, my, vB, a® —c-afy, afy - fya, vaf —n") (49)
We may assume the following rational structure on Ay
Z(A) u 0 1
K w 1 0
K u; 1 0 (50)
K u 1 1
K u 1 1
K,yo us 0 1 [exactly once for each r=0,...,n—3]

where u1,us € K have 2-valuation —n and ug € K has 2-valuation —n + 1.
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Remark 6.6. We say that a lift I' of k® A satisfies the rational conditions given above if all of the following
conditions hold:

(i) KT is Morita equivalent to K@K@K@K@@:;g K, 19 (soin particular K @T will be semisimple).

(i) The decomposition matriz of T is as in (&), where the individual rows pertain to the summand of the
center that is given on the left of the table.

(iii) There exists some u = (ui,u1,us, g, us,...,u3) € K"? C KO K® K ® K @ @f;g K,y o with
va(uy) = va(u2) = —n and ve(uz) = —n + 1 such that T is self-dual with respect to T,,.

We should probably also explain what we mean when we say that two lifts ' and T of k ® Ao subject to the
above rational conditions have equal center. The point is that the rows of the decomposition matriz of I are
canonically in bijection with the Wedderburn components of Z(K @ T') (or, equivalently, central primitive
idempotents in K @ T'). Naturally we demand that there should be an isomorphism v : Z(T') — Z(I'") such
that if e € Z(K ®T) is a central primitive idempotent, then the rows in the respective decomposition matrices
pertaining to € respectively (idxg ® v)(g) are equal (up to some fized permutation of the columns).

Lemma 6.7. Let

n—3

rcoe0o@ o (51)
r=0

be a local O-order such that kT is generated by a single nilpotent element n (so, in particular, k@T = k[n]).
Furthermore assume that T’ is symmetric with respect to Ty, where u = (u1,u2,us...,u,) € K & K &
69:;03 K, yo with va(u1) = va(ug) = —n and va(u;) = —n+ 1 for all i > 2. Then for some x € k™ there
ezists a preimage 1 of x-n in I’ of the form

(0,4,7‘(‘0,...,71'”_3) (52)
where the m, are prime elements in the ring O, 2.

Proof. It ) = (a,b,dy .. .,d,_3) is a preimage of 7, then a € (2)p, and hence 77 —a - (1,...,1) is a preimage
of n as well. So we may assume without loss that « = 0. Hence some non-zero scalar multiple of n will have
a preimage in I' of the following shape:

i =(0,2", 7m0, ..., mn_3) with 7, € Jac(O,42) (53)

Note that we do not know yet that the m,. are prime elements in O, 5. All we can say at this point is
vo(mr) = 27" (because we know the ramification indices of the extensions K,12/K to be 27). The fact that
T is self-dual with respect to u implies that

Vo ({oﬁ"_’f“ : On_1 ®0 FD - % (2n+ (22 = D)(n — 1)) (54)

Here, for two O,,_1-lattices N C M such that M/N is a torsion module, we denote by [M : N| the product
of all elementary divisors of M /N (of course, this is only well-defied up to units). The left-hand side of the
above equation is equal to the 2-valuation of the determinant of the (2772 + 1) x (2772 4 1) Vandermonde
matrix M (S) associated to the values

S ={s1,...,80m241}:={0,27% | r=0,...,n -3, a, € Gal(K,;2/K)} (55)

T
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But the factorization (note that we fix an arbitrary total ordering on the Galois groups Gal(K;/K))

n—3
H(s —55) = +2!. H H |- H H (QZ*W?)
i>7 r=0 acGal(K,42/K) r=0 acGal(K,42/K)
n—3 n—3

I T I1 | I G (56)

r=0 q=r+1 aEGal(KT+2/K) ﬁGGal(Kq+2/K)

II (mp — 7))

a>BeGal(Kry2/K)

of det M (S) yields the following estimate of its 2-valuation:

(detM(S))
1 1
T T T+
> l+22r 2 +22r 2 +Tzo<q;12 q. 2q)+2y2d1scr1mK(Kr+2)>
(57)
= 14+2(n—2 +Z(n 3—7)-2" 4 ((r+1) i 1))
1 1., 1 n O

Here we used that for any = € Jac(O;) we have

v I @’ = w (|03 00 80 Ol))
a>BeCal(K;/K) (58)

” ([ogjj - On_1 0 OD = %yg(discrimK(Ki))

WV

Now the right hand side of (B4]) has to be greater than or equal to the right hand side of (&1). This
implies [ < 2. On the other hand, the assumptions on u would imply that v (T, (7)) < 0 if I < 1, which is of
course impossible. Hence | = 2, and in particular the “>” in (&1 is really an equality, which is easily seen
to be equivalent to vo(m,) =277 forall r =0,...,n — 3. O

Theorem 6.8. If ',V € £(D(2B)~°) (where k = 2"~ 2) satisfy the rational conditions stated in ([&0) and
Z(T) = Z(I"), then T = T". Furthermore, the existence of such a lift implies ¢ = 0.

Proof. Our general approach is to determine the structure of I' up to some parameters, and then conclude
that these parameters are determined by the knowledge of Z(I"). We assume (without loss) that

n—3
rcoe0o0”?e0™? o0, (59)
r=0

Choose lifts ég and é; in T' of the idempotents ey and e; in D(2B)"°. Assume without loss that these
idempotents éy and é; are diagonal in each direct summand on the right hand side of ([B9) (this is of course
only a non-trivial condition in the two summands which 2 x 2-matrix rings), and identify in the obvious way

n—3
FOO:éOFéOQO@OEBO@O Fu::élFélgO@O@@Orw
=0 (60)
FlO = éJ‘éO g O (&) O FOl = éorél g O & O
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We first look at T'11. Note that e;D(2B)"%; = k[n], and therefore Lemma tells us that there is a lift
7] € T'11 of some non-zero scalar multiple of 7 of the form (0,4, 7, ..., Tm—3).
Now we consider I'gg. We may assume without loss that I'gg is equal to the row space of

1 1 1 1
0 2% o y .
00 2 = for certain a,b € Z~ and z,y,z € (2)o (61)
o 0 o0 2"
We may furthermore assume without loss that & := [0,2%, x,y] is a lift of a (non-zero) scalar multiple of a.

To see this first note that & ¢ Tgy - T'19 + 2 - Too, and therefore the image of & in D(2B)"° will be of the
form ¢y -+ ¢co - By + ¢3 - afy with ¢1,c0,¢3 € k and ¢y # 0. For all ¢q,co € k there is an automorphism
of D(2B)™¢ with a— a+¢1 - By +ca-afy, B— B, v+ ~vand n— n (to verify this just plug the right
hand sides into the defining relations of D(2B)"¢). Thus we may replace o by an appropriate multiple of
the image of & in D(2B)"°.

Next we look at the trace form T, to get some restrictions on the parameters (by “~” we mean “equal
up to units in O”):

T.([1,1,1,1]) ~ 27" (2+2-2) €0 = = =-1 mod (2"")
T.([0,0,2° 2]) ~ 277 - (20 + 2) €0 — :=-2 mod (27)

VLoE  — ob (62)
Tu(6) =27 (204 (v+9)-B) €O = aty=-2.20 mod (2")

rLoE r=2%—y

Now let 4 € I'1p and B € I'gy be lifts of non-zero scalar multiples of v and S such that
B-4=10,0,2°—2° 4+ €-10,0,0,2"] for some £ € O (63)

Then we have .
4-B=1[20,—2"+¢€-2"0,...,00 €'y (64)

Sinceﬁnszehave%-ﬁ-ﬁ-ﬁel",andthus

1 . !
T. <§W~ﬂ~ﬁ> =up (-2 42~ 2T e = b>n—1 (65)

But a +b =n and a, b are both strictly greater than zero. This implies b =n — 1 and a = 1. To summarize:
At this point we know that I'gg is equal to the row space of

1 1 1 1
8 (2) 27?71 22,;? for some z € (2)p (66)
0 0 0 2

Note that (for large n) this row space will not be multiplicatively closed for all values of z. So this gives us
a condition on z:

6% — 24 = [0,0,2% — 22,22 — 2] € ([0,0,2"~",2"71],[0,0,0,2"]),, (67)
This is equivalent to 2 = 2x mod (2"~ 1), which in turn is equivalent to
r=0 mod (2"7?) or x=2 mod (2"?) (68)
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For now let us assume z = 0 mod (2"72). Then z = 2772 - ¢ for some £ € O. But then
&* =20 =£(2" ¢ —1)-[0,0,2" 7", 2" (69)

and
G-Tor-Tio+2-Too € ([0,0,0,2"]), +2-Too (70)

Hence a? and a8y would be linearly independent over k if £(2773¢ — 1) € O*. The relation o? — ¢ - a8y
prohibits this though. Therefore we must have £(2"73¢ — 1) € (2)o, and thus a? = 0. This implies the
assertion that the existence of a lift implies ¢ = 0. Furthermore, if n > 3, the fact that £(2"73¢ — 1) € (2)o
implies =0 mod (2"71). If n = 3, the fact that £(2" 3¢ —1) € (2)p implies that either x =0 mod (2" 1)
orz =2 mod (2" !). Had we started with the assumption z = 2 mod (2"~2), we would in the same fashion
have arrived at z = 2 mod (2" ') (again with the exception of n = 3 where z = 0 mod (2"71) is also
possible). Hence independent of our assumptions on x it follows that either z = 0 mod (2"7!) or z = 2
mod (2"~ 1), which means that g is equal to the row space of

1 1 1 1 1 1 1 1
0 2 0 2 0 2 2 0
0 0 2n—1 2n—1 or 0 0 2n—1 2n—1 (71)
0 0 0 A 0 0 0 2n

The row space of the second matrix is obtained from the row space of the first matrix by swapping the first
two columns. This swapping of columns is induced by an automorphism of K ® I'. Hence we may assume
that we are in the case where T'gg is equal to the row space of the leftmost matrix in ([7I)). Note that the
aforementioned automorphism which swaps the first two Wedderburn components of Z(K & I') might not
fix Z(T'). This will however not matter to us since we only use that the projection of Z(T") to all but the
first two Wedderburn components is equal to the projection of Z(I'V) to all but the first two Wedderburn
components (instead of Z(I") = Z(I'); in particular, we could have made a slightly stronger assertion in the
statement of the theorem).

Now if we project I'gg onto its last two Wedderburn components we get an order I'y, := ([1,1], [0, 2]),.
Clearly I'y; and I'1g are both I'(,-lattices with the natural action. However, I'y, has only two non-isomorphic
lattices L with K ® L =2 K ® I';, namely L1 = O & O and Ly = I'{;,. Both of them are self-dual lattices
in K ® T'{y. Assume I'gy = Ly (if we assume T'g; & Ly, we may as well assume equality, by means of
conjugation). By self-duality of ', we would then have I'ig = 2" - L1, and hence I'g;T'19 C Jac?(Tgo). But
B~ certainly is not contained in Jac?(eqD(2B)"“eq). Hence we have a contradiction. This implies (without
1OSS) FOl = L2 and FlO = [271—17 7271_1] . L2.

All that is left to verify is that the choice of the 7; in I'1; can be reconstructed from Z(I'). But from our
knowledge of T'gp and I'1; we know that the following element is in Z(T'):

n—3
[0,4,0,4,70,..., 73] € ZT) CK@ K& K& K & @D Ko (72)
r=0
Hence the natural homomorphism Z(I") — TI'y; is surjective. This concludes the proof. O

Now assume that A is Morita-equivalent to D(24)"°. Then we may assume the following rational
structure of Ag

Z(A) u 0 1
K up 1 0
K up 1 0 (73)
K ug 1 1
K u9 1 1
K,yo us 2 1 [exactly once for each r=0,...,n—3]
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where u1,u2 € K have 2-valuation —n and uz € K has 2-valuation —n + 1. We also know from [@] that
there is a tilting complex T' € le(projD(QA)n,c) with Endps(paays.e) (1) = D(2B)™¢ looking as follows:

T=0->P &P =P —0&[0—P —-0—0] (74)

Let X be a two-sided tilting complex the inverse of which restricts to 7. Then clearly ®x maps a lift of
D(2A)"%¢ satisfying the rational conditions (73)) to a lift of D(2B)%° satisfying the rational conditions (B0).
Hence we get the following Corollary directly:

Corollary 6.9. If there is a ' € £(D(2A)"°) subject to the rational conditions stated in ([Z3), then ¢ = 0.
In particular, if B is a 2-block of kG with defect group Dan (where n = 3), and B has exactly two simple
modules, then B is Morita-equivalent to either D(2A)*Y or D(2B)~° with k = 2"~2.

Corollary 6.10. If ', IV € £(D(2A4)%¢) (where k = 2"~2) satisfy the rational conditions stated in (73) and
Z(T) = Z(I"), then T = T,

Proof. By Corollary Bl ®x induces a bijection between £(D(2A4)%°) and £(D(2B)"°). Note that ®x
maps the lifts of D(2A)%¢ satisfying rational conditions as in (B0) to lifts of D(2B)"¢ satisfying rational
conditions as in (73]). Hence our assertion follows from Theorem [G.8 O

6.3. Explicit Computation of the Lifts

In this section we will compute the unique lift of D(2A)"¢ explicitly (depending, of course, on a prescribed
center). We know already that we may assume ¢ = 0. Define a complex of D(2B)"%-modules

— Yo
T=0—-P P — PB—-020—-P —-0—0 (75)

::To ::Tl

Here, for the sake of simplicity, we identify the generators of D(2B)%° with homomorphisms between pro-
jective indecomposables satisfying the same relations as the original generators (as opposed to the opposite
relations). We can do this since the algebra D(2B)"Y is isomorphic to its opposite algebra (it even carries
an involution).

Remark 6.11. The algebra D(2A)"° has Ext-quiver

¥
@=wCo_ = ()
ﬁ/
with ideal of relations

I'= (Y8, o, (a/BY)" = (B'9)),0 (77)

where k = 272, Its Cartan matriz is

4K 2K

] )

Lemma 6.12. T as defined in {73) is a tilting complex with endomorphism ring D(2A)"°.

Proof. First note that v and va form a k-basis of Hom(P;, Py). and (5, a8 form a k-basis of Hom(Py, P).
Now let ¢ =c¢1 - 8+ c2 - aff € Hom(Py, P1). Then

{Vygam:»[”:w‘ﬂ]wzw (79)



This implies Hom (T, T[~1]) = 0 (already in CP'(Projp(zayro))- Hom(T;, T[~1]) = 0 is clear since in any
degree at least one of these complexes is the zero module. Now assume ¢ = ¢1 -y + ¢ - ya € Hom(Py, ).
Then clearly

Yy

p=1[a 02}'[7] (80)
which implies that every chain map from_T to T[1] is homotopic to zero. Furthermore T generates
D*(D(2B)"°), since P;[1] is a summand of T, and the mapping cone of the projection map Ty — T1 © T

is isomorphic to Py[0]. So we have seen that T is a tilting complex.
Now we claim that the endomorphisms
Y
oze

PoP —— - P, (81)

00 ] |

PPoP —F

(which we denote by ') and

PP ——> D Pp———0 (82)

0

1] | o] |
Pp———0 P&P ———>P,

(which we denote by 8" and +’) together with the idempotent endomorphisms coming from the decomposition
T =Ty ®T; (which we denote by e and e;) generate the endomorphism ring of 7. To prove this, we
determine the dimension of the subalgebra of End(T) they generate. It should be noted that one can deduce
from the shape of T and the Cartan matrix of D(2B)"° that the Cartan matrix of End(7T') is equal to that
of D(2A4)%0. First look at the endomorphism ring of T in the category C*(D(2B)%°) (which we identify as
a subring of End(P; @ P1) @ End(Fy)). Here o/ and -4’ generate the subalgebra

(o 2 [)eCCo o Lo, o (i 3 1) ®

which has dimension 2 + 4 - 2"~2. The zero-homotopic endomorphisms generate the subspace

(0% 8hem) ([0 757 ]0)- ([ 8 ]0)- ([0 0 L)), o0

which has two-dimensional intersection with the vector space in ([83). Hence the subalgebra of the endo-
morphism ring (in D*(D(2B)*)) of Ty generated by o’ and 3’ -+’ is 2"-dimensional. Since we know the
dimension of End(T) to be 2", it follows that o/ and 3’ -y generate End(T)).

With much less effort one can see that (in the category C®(D(2B)"°)) we have Hom(To, T) = k[n]©k[n],
and B generates this space as an End(Ty)-module. Similarly Hom(T1,To) = nk[n] ® nk[n] and +' generates
this space as an End(T)-module. Furthermore v - o’ - 3/ = 1 generates End(T;) = End(P;) as a k-algebra.
The above considerations imply that ef), ¢}, o/, 3" and 7' generate the endomorphism ring (in D*(D(2B)"°))
of T as a k-algebra.

Now one can easily verify that o/, 5" and +/ satisfy the relations given in (7Gl), and this is all we have to
check, since we know that the endomorphism ring of 7' has the same dimension as D(24)"°. O
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Theorem 6.13. Define K-algebras A and B as follows:

n—3 n—3
A=KoKo K> ?oK*? 0@ K2 B=KoKoK>?oK*?o@K:S (85)
r=0 r=0

Define idempotents ég,é1 € A:

. R I e -

and define idempotents é, ¢} € B:
1 0 0 1 0 0
& = 1,1,[(1) 8},[(1) 8}, 01 0/|,....]010 & =15 — & (87)
0 0 O 0 0 O

Any lift A of D(2B)~° subject to the rational conditions in ([50) is isomorphic to the O-order in A
generated by the idempotents ég, €1 and

éoAégd>a = (0, 2, 0, 2)
é1Aé1 > 77 = (0, 4, TOy  eves 7Tn,3)

- 88
€oAér > 6 = (L 1) ( )
61Aép 39 = (271—17 2n—1)

for certain prime elements m; € K;1o. Any lift T' of D(2A)%° subject to the rational conditions in (Z3) is
isomorphic to the O-order in B generated by the idempotents éj,, é; and

pon o[22 [22])
G [ ey

(-2, =2, [m -2, ..., [m=s —2])

e\Beéy > &

éyBé, 3

e Beéy >4

for certain prime elements m; € K;1o. In particular, any block with dihedral defect group Dan and two simple
modules is isomorphic to an order of one of the above shapes.

Furthermore, if X is a two-sided tilting complex the inverse of which restricts to T, the lifts of (88) and
(89) with equal 7; correspond to each other under the bijection ®x.

Proof. We have already seen in the proof of Theorem [6.8 that A has to be as in (88). We did however not
see (and in general it is not true) that &, B, 4 and 77 may be assumed to be lifts of the elements «, 3, and
7. What we did see is that & and 7 may be assumed to reduce to scalar multiples of o and 7. Since we will
need it below we now show that we may in fact assume that &, and 7 reduce to «,~ and 7. To see that
one simply verifies that for all ¢1, co, c3, ¢4 € k with ¢1, co, ¢y # 0 the following

cy cacy

D(QB)”’O — D(QB)"””’O D arca, B ;6 + s> af, v coy + 3y, e eqn (90)
1C2 1C5

defines an automorphism of D(2B)"°.
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Now we show that I" as given in (89) equals ®x(A). We choose

,?
Jé&

T:=0-P@P "— PB—=-0® 03P —0-0 (91)

=Ty =T,

as a lift of T (where the P, are the projective indecomposable A-modules). Now

Poh— - p (92)
0 1 )
0 2 “
P @& P ———— P
is a lift of o’ (which we denote by &), and
P Pp——— >0 (93)

O

are lifts of 4 and 4/ (which we denote by B and 4’ ). We now have to calculate the action of those
endomorphisms on homology. For that identify K@ Py 2 K KPKPK and K@ P, = KEBKEB@" 3 K, 1o.
Only for the third and fourth Wedderburn-component we need to do any actual work. Choose [ 0 1 } as a
basis for the projection of the kernel of the differential to the third Wedderburn-component, and [ -2 1 ]
as a basis of the projection to the fourth Wedderburn-component. Now, for instance,

pol |

pl@pl 4>P0

Q-&;@>

0 1 0 1
[0 1]-{02]2-[0 1] and [ -2 1]-[02}0-[—2 1] (94)
which leads to the corresponding entries of &' in the third and fourth Wedderburn-component. O
Acknowledgments

This work was supported by the priority program DFG SPP 1388 of the German Research Foundation
(DFG). I would also like to thank G. Nebe for pointing out to me the problem of lifting tame blocks, and
K. Erdmann for helpful discussions regarding the subject matter of this paper.

References

[1] F. M. Bleher, G. Llosent, and J. B. Schaefer. Universal deformation rings and dihedral blocks with two simple modules.
J. Algebra, 345(1):49 — 71, 2011.

[2] R. Brauer. On 2-blocks with dihedral defect groups. Symposia Math., 13:366-394, 1974.

[3] K. Erdmann. Blocks of Tame Representation Type and Related Algebras. Number 1428 in Lecture Notes in Mathematics.
Springer, 1990.

[4] T. Holm. Derived equivalent tame blocks. Journal of Algebra, 194(1):178 — 200, 1997.

[5] B. Huisgen-Zimmermann and M. Saorin. Geometry of chain complexes and outer automorphisms under derived equiva-
lence. Trans. Amer. Math. Soc., 353(12):4757-4777 (electronic), 2001.

[6] B. T. Jensen, X. Su, and A. Zimmermann. Degenerations for derived categories. J. Pure Appl. Algebra, 198(1-3):281-295,
2005.

[7] S. Kénig and A. Zimmermann. Derived Equivalences for Group Rings. Number 1685 in Lecture Notes in Mathematics.
Springer, 1998.

[8] J. Liang. On the integral basis of the maximal real subfield of a cyclotomic field. J. reine angew. Math., 286-287:223-226,
1976.

22



[9] M. Linckelmann. A derived equivalence for blocks with dihedral defect groups. Journal of Algebra, 164(1):244 — 255, 1994.
[10] I. Reiner. Mazimal Orders. Academic Press Inc., 1975.

[11] J. Rickard. Morita theory for derived categories. J. London Math. Soc., 39(2):436-456, 1989.

[12] J. Rickard. Derived Equivalences as Derived Functors. J. London Math. Soc., 43(2):37 — 48, 1991.

[13] J. Rickard. Lifting theorems for tilting complexes. Journal of Algebra, 142(2):383 — 393, 1991.

[14] R. Rouquier. Groupes d’automorphismes et équivalences stables ou dérivées. preprint.

[15] R. Rouquier. Derived equivalences and finite dimensional algebras. Proc. ICM (Madrid 2006), 2:191-221, 2006.
[16] A. Zimmermann. Tilted symmetric orders are symmetric orders. Archiv der Mathematik, 73(1):15-17, 1999.

23



	1 Introduction
	2 Foundations and Notation
	3 A Correspondence of Lifts
	4 Tilting Orders in Semisimple Algebras
	5 Partitioning L"0362L() by Rational Conditions
	6 2-Blocks with Dihedral Defect Group
	6.1 Generalities
	6.2 Blocks with Two Simple Modules
	6.3 Explicit Computation of the Lifts

	References

