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ANCHORS OF IRREDUCIBLE CHARACTERS

RADHA KESSAR, BURKHARD KULSHAMMER, AND MARKUS LINCKELMANN

ABSTRACT. Given a prime number p, every irreducible character x of a finite
group G determines a unique conjugacy class of p-subgroups of G which we
will call the anchors of x. This invariant has been considered by Barker in
the context of finite p-solvable groups. Besides proving some basic properties
of these anchors, we investigate the relation to other p-groups which can be
attached to irreducible characters, such as defect groups, vertices in the sense
of J. A. Green and vertices in the sense of G. Navarro.

Dedicated to the memory of J. A. Green

November 2, 2015

1. INTRODUCTION

Let p be a prime number and O a complete discrete valuation ring with residue
field k = O/J(O) of characteristic p and field of fractions K of characteristic 0.
For G a finite group, we denote by Irr(G) the set of characters of the simple KG-
modules. For x € Irr(G), we denote by e, the unique primitive idempotent in
Z(KG) satistying x(ey) # 0. The O-order OGe, in the simple K-algebra KGe,
is a G-interior O-algebra, via the group homomorphism G — (OGe,)* sending
g € G to ge,. Since (OGey)® = Z(OGe,) is a subring of the field Z(KGe,), it
follows that OGe, is a primitive G-interior O-algebra. In particular, OGe, is a
primitive G-algebra. By the fundamental work of J. A. Green [7], it has a defect
group. This is used in work of Barker [1] to prove a part of a conjecture of Robinson
(cf. [24, 4.1, 5.1]) for blocks of finite p-solvable groups. In order to distinguish this
invariant from defect groups of blocks and from vertices of modules, we introduce
the following terminology.

Definition 1.1. Let G be a finite group and let x € Irtr(G). An anchor of x is a
defect group of the primitive G-interior O-algebra OGe,,.

By the definition of defect groups, an anchor of an irreducible character x of
G is a subgroup P of G which is minimal with respect to e, € (OGeX)g, where
(OGe,)$ denotes the image of the relative trace map Tr& : (OGe, )P — (OGe, )C.
Green’s general theory in [7, §5] implies that the anchors of y form a conjugacy
class of p-subgroups of G.

For the remainder of the paper we make the blanket assumption that K and k
are splitting fields for the finite groups arising in the statements below. In a few
places, this assumption is not necessary; see the Remark 1.7 below.

The second author gratefully acknowledges support by the DFG (SPP 1388).
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Theorem 1.2. Let G be a finite group and let x € Irr(G). Let B be the block of
OG containing x and let L be an OG-lattice affording x. Let P be an anchor of x
and denote by AP the image {(x,x) |z € P} of P under the diagonal embedding of
G in G x G. The following hold.
(a) P is contained in a defect group of B.
) P contains a vertex of L.
c) We have O,(G) < P.
) The suborder OPe,, of OGe,, is local, and OGe,, is a separable extension of
OPe,,.
(e) AP is contained in a vertex of the O(G x G)-module OGe,, and P x P contains
a vertex of OGe,. Moreover, AP is a vertex of OGey if and only if x is of
defect zero.

(b

(d

For G a finite group, we denote by IBr(G) the set of O-valued Brauer characters
of the simple kG-modules. We denote by G° the set of p’-elements in G, and for x
a K-valued class function on G, we denote by x° the restriction of y to G°.

Theorem 1.3. Let G be a finite group and x € Irr(G). Let B be the block of OG
containing x and let L be an OG-lattice affording x. Let P be an anchor of x. The
following hold.

(a) If x° € IBr(G), then L is unique up to isomorphism, P is a vertex of L, and
P x P is a vertex of the O(G x G)-module OGe,,.

(b) Let T be a local point of P on OGe,. Then the multiplicity module of T is
simple. In particular, O,(Ng(P;)) = P and P is centric in a fusion system of
B.

(¢) If B has an abelian defect group D, then D is an anchor of x.

(d) If x has height zero, then P is a defect group of B, and P X P is a vertex of
the O(G x G)-module OGe,,.

The hypothesis x° € IBr(G) in the first statement of Theorem 1.3 holds if x is a
height zero character of a nilpotent block. If G is p-solvable, then by the Fong-Swan
theorem [4, §22], for any ¢ € IBr(G) there is x € Irr(G) such that x° = ¢. The
fact that anchors are centric is essentially proved in the proof of [1, Theorem] as an
immediate consequence of results of Knorr [14], Picaronny-Puig [20], and Thévenaz
[26]; see the proof of 3.7 below for details.

The next result shows that anchors are invariant under Morita equivalences
given by a bimodule with endopermutation source, hence in particular under source
algebra equivalences.

Theorem 1.4. Let G, G’ be finite groups. Let B, B’ be blocks of OG, OG’, with
defect groups D, D', respectively. Suppose that B and B’ are Morita equivalent
via a B-B’-bimodule M which has an endopermutation source, when viewed as an
O(G x G")-module. Let x € Irr(B) and X' € Irr(B') such that x and X' correspond
to each other under the Morita equivalence determined by M. Then there is an
1somorphism D = D’ sending an anchor of x to an anchor of X'. In particular, if
B and B’ are source algebra equivalent, then x and X' have isomorphic anchors.

The last statement in Theorem 1.4 can be made more precise: if B, B’ are
source algebra equivalent, then the isomorphism D = D’ can be chosen to have an
extension to a source algebra isomorphism; see Theorem 4.1 below.
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In [17] Navarro associated, via the theory of special characters, to each ordinary
irreducible character y of a p-solvable group G, a G-conjugacy class of pairs (Q, 9),
where @ is a p-subgroup of G and ¢ is an ordinary irreducible character of (), which
behave in certain ways as the Green vertices of indecomposable modules (see also
[5],[2] and [3]). We call such a pair (@, x) a Navarro vertex of x. We prove the
following two results relating Navarro vertices and anchors (see Section 5 for the
definitions).

Theorem 1.5. Let G be a finite p-solvable group and let x € Irr(G) such that x° €
IBr(G). Let (Q,0) be a Navarro vertex of x. Then @ contains an anchor of x.
Further, if p is odd or § is the trivial character, then Q is an anchor of x.

Theorem 1.6. Let G be a finite group of odd order, and let x € Irr(G) have
Navarro vertex (Q,0). Then Q is contained in an anchor of G.

We give examples which show that equality does not always hold in the above
theorem. We also give examples which show that if |G| is even, then a Navarro
vertex need not be contained in any anchor of x.

Section 2 of the paper contains some basic properties of quotient orders of finite
group algebras. In Section 3, we prove the theorems 1.2 and 1.3. In section 4 we
characterise anchors at the source algebra level, and use this to prove Theorem 1.4.
In Section 5 we prove some properties of anchors with respect to normal subgroups.
Section 6 contains the proofs of Theorems 1.5 and 1.6. In Section 7 we compare
anchors of OGe,, to the defect groups of k ®o OGe,.

Remark 1.7. The splitting field hypothesis on K and k is not needed in Theorem
1.2 and the Propositions 3.1, 3.2, 3.3, and 3.5, on which the proof of Theorem 1.2
is based. This hypothesis is also not needed in Theorem 4.1, stating that anchors
can be read off the source algebras of a block.

Remark 1.8. Let G be a finite group, x € Irr(G), and b the block idempotent
of the block of OG to which x belongs; that is, b is the primitive idempotent in
Z(OG) satistying be, = e,. Let P be an anchor of x; that is, P is a minimal
subgroup of G such that there exists an element ¢ € (OGe,)? satisfying e, =
Tr%(c). We clearly have (OG)Fe, C (OGey )T, but this inclusion need not be an
equality, and this is one of the main issues for calculating anchors. The spaces
(0OG)Fe, and (OGe, )P have the same O-rank, since (KG)Pe, = (KGe, ). An
equality (OG)e, = (OGe,)? implies that P is a defect group of the block of OG
to which x belongs; see Proposition 3.9 below.

2. ORDERS OF CHARACTERS

Let G be a finite group and x € Irr(G). Then OGe,, is an O-order in the simple
K-algebra KGe,, called the O-order of x. In general, OGe, is not a subalgebra
of OG, but it is an O-free quotient of OG. The map f : OG — OGe,, sending x €
OG to xe, is an epimorphism of O-orders; in particular, the O-orders OGe,, and
OG /Ker(f) are isomorphic. Since we assume that K and k are splitting fields for
all finite groups arising in this paper, we have e, = % dec x(g71)g, and as a K-
algebra, K Ge, is isomorphic to the matrix algebra KxM>xx() " In particular, KGe,
has up to isomorphism a unique simple left module M, , and we have dimg (M, ) =
x(1). Since the O-rank of OGe,, is x(1)?, it follows that k ®o OGe,, is a k-algebra
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of dimension x(1)? whose isomorphism classes of simple modules are in bijection
with the set

IBr(G|x) = {¢ € IBr(G) : dy,, # 0}

where d, , denotes the decomposition number attached to x and ¢, defined by the
equation x° = > cip.(q) dx.e¥- It is well-known that dy,, = x(i), where i is a
primitive idempotent in OG such that OGi is a projective cover of a simple module
with Brauer character ¢. In particular, dy , # 0 if and only if e, # 0. The simple
k ®o OGey-module N, corresponding to ¢ € IBr(G|x) has dimension ¢(1). Thus
we have an isomorphism of k-algebras

k®o OGey /J(k®o OGe,,) = H Ee(Dxe(1)
€IBr(Glx)

Let P(N,) denote an OGe,-lattice which is a projective cover of N,. Then
the KGey-module K ®o P(N,) is isomorphic to M%:¢; in particular, we have
tko(P(N,)) = dy »x(1). Setting ¢, = |IBr(G|x)|, the decomposition matrix of the
O-order OGe,, is the 1 x {,-matrix

Ay = (dy,p : ¢ € IBr(Glx)) -
Hence the Cartan matrix of OGe, is the ¢, x {,-matrix
Cy = AL A = (dypdyy : 9,1 € IBr(Gly)).
By definition, C, has rank 1. The only non-zero invariant factor of C, is

ged(dy,pdy .y @, € IBr(Glx)) = ged(dy,p : ¢ € IBr(G|X))2.

If x° € IBr(G), then it is well-known that the O-order OGe, is isomorphic to
OX(>x(D) (see e. g. [13, Prop. 4.1]), and thus the k-algebra k ®p OGe, is
isomorphic to kX(D*X(1)_ n this case the decomposition matrix A, is the 1 x 1-
matrix (1), and so is the Cartan matrix C,.

Since Z(KGey) = Ke, = K, we have Z(OGe,) = Oe, = O; in particular,
Z(OGey) is a local O-order, and hence Z(k ®o OGe,) is a local k-algebra, by
standard lifting theorems for central idempotents. It is obvious that

Z(k ®@o OGey) D k ®p Z(OGey) = k ® ey,.

This inclusion can be proper, or equivalently, the canonical map Z(OGe,) —
Z(k @0 OGe,) need not be surjective. The following example illustrates this.

Example 2.1. Let G be the dihedral group of order 8, let x € Irr(G) with x(1) = 2,
and let p = 2. We represent G in the form G = {(a,b) where

0 1 01
a—(_l()) and b_<1 0).
Then OGe,, is isomorphic to the subalgebra A of O?*? generated by a and b. Note

that ba = —ab, so that (1®b)(1®a) =(1®a)(1®b) in k ®o A. This shows that
k®o OGey = k ®o A is commutative and of dimension 4.
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3. PROOFS OF THE THEOREMS 1.2 AND 1.3

Proposition 3.1. Let G be a finite group, x € Irr(G), and let P be an anchor of
x. Let B be the block of OG containing x, and let L be an OG-lattice affording x.
The following hold.

(i) P is contained in a defect group of B.

(#i) P contains a vertex of L.

Proof. Let D be a defect group of B. Then there exists an element 2 € (OG)? such
that Tr%(z) = 15. Then ze, € (OGe, )P, and Tr% (zey ) = TrH(z)ey, = 1pe, = ey.
Thus D contains an anchor of x, and (i) follows. Let y € (OGe,)F such that
Tr%(y) = ey. Then the map 7 : L — L sending z to yz, is an element in Endpp(L)
such that Tr%(n) = idy. By Higman’s criterion, P contains a vertex of L, whence
the result. O

Proposition 3.2. Let G be a finite group, x € Irr(G), and let P be an anchor of
Xx- Then O,(G) < P.

Proof. Set N = O,(G). Arguing by contradiction, suppose that P does not contain
N. Then P is a proper subgroup of PN. For g € N, we have g — 1 € J(ON) C
J(OG). Tt follows that gd —d, dg~! —d, and gdg~! —d = gdg=* —dg='+dg=' —d
are contained in J(OGe,) for all g € N and all d € OGe,. Let d € (OGe, ) such
that Tr%(d) = e,. By the above , we have TrbY (d) — |PN : P|d € J(OGe,). Since
p divides |PN : P|, it follows that = = TrEN(d) € J(OGe,). Applying Tr%y to
this element shows that e, = Tr&(d) = Tr& y (z) € J(OGe, ), a contradiction. [

Let R be an O-order with unitary suborder S. We recall that R is called a
separable extension of S if the multiplication map p: R ®s R — R sending = ® y
to zy for all z, y € R splits as a map of R-R-bimodules. This is equivalent to the
condition that 1z = u(z) for some z € (R®s R)%.

Proposition 3.3. Let G be a finite group and x € Irr(G). Let P be an anchor of
X. Then the O-order OGe, is a separable extension of its local suborder OPe,.

Proof. The O-order OP is local, and the map OP — OGe, induced by multipli-
cation with e, is a homomorphism of O-algebras with image OPe,,. Thus OPe, is
a local suborder of OGe,. Let T be a transversal for G/P, and let d € (OGe,)”

such that
ex =TrE(d) =Y gdg "
geT

1eX € OGey ®ope, OGe,y is independent of

Then the element x = 3 7 gdey ® g~
the choice of T since

1 1

gude, @u"tg e, = gdeyue, @u e, g ey, = gde, @ g7 ey

for g € T and u € P. But, for h € G, hT is another transversal for G/P. Thus
T = Z hgde, ® g_lh_lex = hah™ L.
geT
This shows that z € (OGey ®ope, OGe,)°%x, and

'u(;[;) = ngexg_lex = Trg(d)ei = ei = €y
geT
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where 11 : OGey ®ope, OGe,, — OGe,, denotes the multiplication map sending
a ® b to ab. The result follows. |

Remark 3.4. The proposition above implies that k ® o OGe,, is also a separable
extension of k ®» OPe,. Note that k ®o OPe, is a homomorphic image of the
group algebra kP. Thus, if P is cyclic, then k ® o OPe, has finite representation

type.

Proposition 3.5. Let G be a finite group and x € Irt(G). Let P be an anchor of
X- Then AP is contained in a vertex of the O(G x G)-module OGe,, and P x P
contains a vertex of OGe,. Moreover, AP is a vertex of OGey, if and only if x is
of defect zero.

Proof. Viewing OGe,, as an O(G x G)-module, we have OGe, (AP) # 0, where
OGe,(AP) is the Brauer quotient of OGe, (cf. [27, §11]). The first assertion
follows by [27, Exercise 27.2 (a)]. Next, we claim that OGe, is relatively P x G-
projective. Indeed, let T be a transversal for G/P, and let d € (OGe,)F such

that
ex =TrE(d) = > gdg™".
geT
The map
OGe, — O(G x G) ®o(pxa) OGey, (x— Y (9,1)@dg~'z), z € OGe,
ueT

is an O(G x G)-module splitting of the surjective O(G x G)-module homomorphism
O(G x G) ®opxa) OGey, (y@y = yy'), ye OGxG),y" € OGey

proving the claim. Similarly, OGe, is relatively G x P-projective. Let R; be a
vertex of OGe, contained in G x P and let Ry be a vertex of OGe, contained in
P x G. Since Ry and Ry are G x G-conjugate, it follows that R; < *P x P for
some = € G and hence that OGe,, is relatively P x P = (@' (=P x P)-projective.
This proves the second assertion.

Finally, if AP is a vertex of O(G x G), then Resgggig)OGeX is projective. In
particular, the character of OGe, as a left OG-module vanishes on the p-singular
elements of G. Since the character of OGe, is a multiple of x, it follows that x
is of p-defect zero. Conversely, if x is of p-defect zero, then by Proposition 3.1 we
have P =1, hence 1 = P x P = AP is a vertex of OGe,. ([

Proof of Theorem 1.2. Proposition 3.1 implies (a) and (b) of the theorem. Propo-
sition 3.2 proves (c). Part (d) follows from Proposition 3.3 and Part (e) is proved
in Proposition 3.5. (]

Proposition 3.6. Let G be a finite group, and let x € Irr(G) with anchor P.
Suppose that x° € IBr(G). Let L be an OG-lattice affording x. Then L is unique
up to isomorphism, P is a vertex of L, and P X P is a vertex of the O(G x G)-module
OGe,,.

Proof. The hypotheses imply that the O-orders OGe, and OxM>xx(M) are isomor-
phic. Since OX() is the only indecomposable OX(1)*X(1)_]attice, up to isomorphism,
L is the only indecomposable OGe,-lattice, up to isomorphism. Thus the canonical
map

OG@X — Endo (L)
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is an isomorphism of G-interior O-algebras, and hence these two primitive G-interior
(-algebras have the same defect groups. Higman’s criterion implies that P is
a vertex of L. Moreover, we have a canonical O(G x G)-module isomorphism
Endp(L) = L ®o L*, where L* is the O-dual of L. This implies that P x P is a
vertex of OGe,,. g

We observe next that the multiplicity modules of the primitive G-interior O-
algebras OGe, are simple. Background material on multiplicity modules can be
found in [26, §9 Appendix].

Proposition 3.7. Let G be a finite group and x € Irr(G). Let P, be a defect
pointed group of the primitive G-interior O-algebra OGe,,. Then P is an anchor of
x and the multiplicity module of T is simple. In particular, we have Op(Ng(Pr)) =
P, and P is centric in a fusion system of the block containing x.

Proof. The fact that P is an anchor of x is a standard property of local pointed
groups on primitive G-algebras (see e. g. [27, (18.3)]). As noted earlier, we have
(OGey )Y = 0. Set N = Ng(P;)/P). It follows from [26, 9.1.(c), 9.3.(b)] that the
multiplicity module V. of 7 is simple. The well-known Lemma 3.8 below implies
that Op(Ng(P;)) = P. By results of Knorr in [14], every vertex of a lattice with
irreducible character y is centric in a fusion system of the block containing Yy.
Centric subgroups in a fusion system are upwardly closed. Since the anchor P of
X contains a vertex of every lattice with character y, the last statement follows.
One can prove this also by applying the results of [20] directly to the G-interior
O-algebra OGe,,. ]

Lemma 3.8. Let G be a finite group, A a primitive G-algebra, and let P. be a defect
pointed group on A. If the multiplicity module of T is simple, then Op(Ng(Pr)) =
P.

Proof. Set N = Ng(P,)/P. The multiplicity module V; of 7 is a module over a
twisted group algebra ko N for some a@ € H2(N;k*). Since P, is maximal, V; is
projective (cf. [26, 9.1]). Since V; is also simple by the assumptions, it follows that
ko N has a block which is a matrix algebra over k. By [27, (10.5)] we have k, N =
kN'e for some central p’-extension N’ of N and some idempotent e € Z(kN’). Thus
the multiplicity module corresponds to a defect zero block of kN'. Since O,(N’) is
contained in all defect groups of all blocks of kN’, it follows that O,(N’) is trivial.
By elementary group theory, the canonical map N’ — N sends O,(N’) onto O, (N),
and hence O,(N) is trivial, or equivalently, O,(Ng(P;)) = P. O

Proof of Theorem 1.3. Part (a) is proved in Proposition 3.6. Part (b) follows from
Proposition 3.7, and (c) is an immediate consequence of (b). If x has height zero
then x(1), = |G : D|, where D is a defect group of B. Then D contains a vertex
Q of L, and |G : Q|, divides (rkoL), = x(1), = |G : D|,. This implies @ = D.
Hence D is an anchor of y in this case. A similar argument shows that D x D is a
vertex of the O(G x G)-module OGe,. This proves (d). O

Proposition 3.9. Let G be a finite group, x € Irr(G), and let P be an anchor of
x- If (0G)Fe, = (OGey )P, then P is a defect group of the block of OG to which
x belongs.

Proof. Denote by b the primitive idempotent in Z(OG) such that be, = e,. Suppose
that (OG)Fe, = (OGey)?. Then e, = Tr(ce,) = Tr%(c)e, for some ¢ € (OGH)P.
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Thus w = Tr%(c) is not contained in J(Z(OGH)), hence invertible in Z(OGH).
Therefore b = ww = Tr8%(w~'¢), which implies that P contains a defect group
of b, hence is equal to a defect group of b by Theorem 1.2 (a). O

4. ANCHORS AND SOURCE ALGEBRAS

We show that anchors of characters in a block can be read off the source algebras
of that block, and use this to prove Theorem 1.4. As before, we refer to [27, §11]
for the Brauer quotient and Brauer homomorphism.

Let G be a finite group, B a block of OG, and D a defect group of B. We
denote by Irr(B) the subset of all x € Irr(G) satisfying x(1g) = x(1). Let ¢ be
a source idempotent in BP; that is, 4 is a primitive idempotent in B satisfying
Brp(i) # 0. Then A = iBi = iOGi is a source algebra of B. We view A as a
D-interior O-algebra with the embedding of D — A* induced by multiplication
with ¢. By [21, 3.5], the A-B-bimodule iB = iOG and the B-A-bimodule Bi =
OGi induce a Morita equivalence between A and B. In particular, if X is a simple
K ®» B-module, then iX is a simple K ®» A-module, and this correspondence
induces a bijection between Irr(B) and the set of isomorphism classes of simple
K ®0 A-modules. Equivalently, the map e, — ie, is a bijection between primitive
idempotents in Z(K ®p B) and Z(K ®p A). If U is a B-lattice with character
X € Irr(B), then iU is an A-lattice such that K ®¢ iU is a simple K ®» A-module
corresponding to x. This Morita equivalence induces a bijection between the O-
free quotients of B and of A. If x € Irr(B), then the O-free quotient OGe, = Be,
corresponds to the O-free quotient iOGie, = Aie, = Ae,. Note that Ae, is again
a D-interior O-algebra, via the canonical surjection A — Ae,. Note further that
Ae,, is a direct summand of Be, as an OD-OD-bimodule, since it is obtained from
multiplying Be, on the left and on the right by the idempotent ie, in (BeX)D.
The next result shows that anchors of y can be characterised in terms of the order
Ae,,. This is based on a variation of standard arguments, similar to those used in
[15, §6], identifying vertices of modules at the source algebra level.

Theorem 4.1. Let G be a finite group, B a block of OG, D a defect group of B,
and i € BP a source idempotent. Set A = iBi. Let x € Irr(B).

(i) Let Q be a p-subgroup of G such that (Bey)(Q) # 0. Then there is x € G such
that *Q < D and such that (Aey)(*Q) # {0}.

(i1) Let QQ be a subgroup of D of mazimal order subject to (Aey)(Q) # {0}. Then
Q is an anchor of x.

Proof. We use basic properties of local pointed groups; see e. g. [27, §18] for an
expository account of this material. Let v be the local point of D on B containing
i. Let @ be a p-subgroup of G such that (Be,)(Q) # {0}. Since e, is the unit
element of Be,, this is equivalent to Brgex (ey) # 0. By considering a primitive
decomposition of 15 in B? it follows that there is a primitive idempotent j € B?
such that Brgex (jey) # 0. Then necessarily also Brg (j) # 0, because the canonical

map B — Be, sends ker(Brg) to ker(Brgex). Thus j belongs to a local point ¢ of Q
on B. Since the maximal local pointed groups on B are all G-conjugate, it follows
that there is x € G such that *Qs < D.. In other words, after replacing ()5 by a
suitable G-conjugate, we may assume that Qs < D.,, and hence that j € A® for
some choice of j in §. For this choice of j, we have je, € Ae,. Thus the condition
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Brgex (jey) # 0 is equivalent to Brge" (jey) # 0; we use here the fact, mentioned
above, that Ae,, is a direct summand of Be,, as an OP-OP-bimodule. In particular,
we have (Ae,)(Q) # {0}. This proves (i). For (ii), let @ be a subgroup of D such
that (Ae,)(Q) # {0} and such that the order of ) is maximal with respect to this
property. Then (Be,)(Q) # {0}, and hence @ is contained in an anchor R of x.
By (i), there is € G such that *R < D and such that (Ae,)(*R) # {0}. The
maximality of |@Q| forces @ = R, whence the result. O

Theorem 4.1 implies that anchors are invariant under source algebra equiva-
lences. By a result of Scott [25] and Puig [23, 7.5.1], an isomorphism between
source algebras is equivalent to a Morita equivalence given by a bimodule with a
trivial source (see also [16, §4] for an expository account). In order to extend the
invariance of anchors to Morita equivalences given by bimodules with endopermu-
tation source, we need to describe these Morita equivalences at the source algebra
level. Let G, G’ be finite groups, and let B, B’ be blocks of OG, OG’ with defect
groups D, D', respectively. By results of Puig in [23, §7], a Morita equivalence
between B and B’ given by a bimodule with endopermutation source implies an
identification D = D’ such that for some choice of source idempotents i € B, i’ €
(B")P, setting A = iBi and A’ = i’ B'i’, we have D-interior O-algebra isomorphisms

A'2e(S®o Ale, A= (SP @A),

where S = Endp (V) for some indecomposable endopermutation OD-module V
with vertex D, and where e, ¢’ are primitive idempotents in (S ®o A4)”, (S ®o
AP respectively, satisfying Brp(e) # 0, Brp(e’) # 0. These isomorphisms induce
inverse equivalences between mod(A) and mod(A’), sending an A-module U to the
A’-module e(V ®p U), and an A’-module U’ to the A-module ¢/(V* ®o U’). Here
V* is the O-dual of V; note that Endp(V*) = S°P as D-interior O-algebras.

Proof of Theorem 1.4. We use the notation above. Let x € Irr(B) and x' €
Irr(B’) such that y and x’ correspond to each other through the Morita equiv-
alence mod(B) = mod(A) = mod(A’) = mod(B’) described above. As mentioned
at the beginning of this section, the primitive idempotent in Z(K ®» A) corre-
sponding to x is ie,. Similarly, the primitive idempotent in Z(K ®o A’) is equal to
i’eys. The explicit description of the Morita equivalence between A and A’ above
implies that we have

i'ey = e+ (ls ®iey)

iey =€ - (lgor ®i'eyr)

where these equalities are understood in the algebras K ®o A and K ¢ A’. By
Theorem 4.1, it suffices to show that for @ a subgroup of D, we have (Ae,)(Q) #
{0} if and only if (A’e,/)(Q) # {0}. It suffices to show one implication, because the
other follows then from exchanging the roles of A and A’. Thus it suffices to show
that if (Ae,)(Q) = {0}, then (A’e,/)'(Q) = {0}. Let @ be a subgroup of D such
that (Ae,)(Q) = {0}. We have (S ®p A)(ls @ iey) = S ®p Ae,. Since S has a
D-stable basis, it follows from [22, 5.6] that (S ®e Aey)(Q) = S(Q) R (Aey)(Q) =
{0}. Since A’e,/ is obtained from S ®o Ae, by left and right multiplication with
the idempotent e, it follows that (A’e,)(Q) = {0} as required. O
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5. ANCHORS AND NORMAL SUBGROUPS

We prove in this section some results on anchors of characters which are induced
from a normal subgroup or inflated from quotients. Since an anchor of an irreducible
character y contains a vertex of any lattice affording x, constructing suitable lattices
is one of the tools for getting lower bounds on anchors. The following is well-known
(we include a proof for the convenience of the reader).

Lemma 5.1. Let G be a finite group and x € Irr(G). Let S be a simple kG-module
with Brauer character ¢ such that dy, 7# 0. Then there exists an OG-lattice L

affording x such that L has a unique mazximal submodule M, and such that L/M =
S.

Proof. Let i be a primitive idempotent in OG such that OGi is a projective cover
of S. Since x(i) = dy, # 0, there is an O-pure submodule L’ of OGi such that
L = OGi/L affords x. Since the projective indecomposable OG-module OGi has
a unique maximal submodule and S is its unique simple quotient, it follows that
the image, denoted M, in L of the unique maximal submodule of OGi is the unique
maximal submodule of L, and satisfies L/M = S. O

In [19], Plesken showed that if G is a p-group and x is an irreducible character of
G, then there exists an OG-lattice affording y whose vertex is G. Our next result
is a slight variation on this theme.

Proposition 5.2. Let G be a finite group, N a normal subgroup of G of p-power
index, and x € Irr(G). If there exists ¢ € IBr(G) of degree not divisible by |G : N|
and such that d , # 0, then there exists an OG-lattice L with character x which
is not relatively ON -projective. In particular, in that case, N does not contain the
anchors of x.

Proof. Let S be a simple kG-module with Brauer character ¢ of degree not divisible
by |G : N|and such that d, ,, # 0. By 5.1 there exists an OG-lattice L with a unique
maximal submodule M such that x is the character of L and such that L/M = S.
Note that the character of M is also equal to y. We will show that one of M or
L is not relatively O N-projective. Arguing by contradiction, suppose that L and
M are relatively ON-projective. By Green’s indecomposability theorem, there are
indecomposable ON-modules Z and U such that L = Ind$ (Z) and M = Ind$ ().
Then x = Ind§ (1), where 7 is the character of Z. Since y = Ind$ () is irreducible,
it follows that the different G-conjugates *7 of 7, with = running over a set of
representatives R of G/N in G, are pairwise different. Similarly, y = Ind%(T’ ),
where 7/ is the character of U. After replacing U by *U for a suitable element
x € G, we may assume that 7/ = 7. By the above, we have Res$ (L) & D.cr 2,
and the characters of these summands are the pairwise different conjugates *7 of
7. In particular, Res§ (L) has a unique O-pure summand with character 7, and
this summand is isomorphic to Z. We denote this summand abusively again by Z.
Similarly, Res$ (M) has a unique O-pure summand, abusively again denoted by U,
with character 7. Since M C L induces an equality K ® o M = K ®¢o L, it follows
that K o U = K ®p Z. Moreover, we have U C K ®» Z N L = Z, where the
second equality holds as Z is O-pure in L. Thus the inclusion M C L is obtained
from inducing the inclusion map U C Z from N to G. By the construction of M,
the inclusion M C L induces a map k ®po M — k ®» L with cokernel S. Thus we
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have
dimg (S) = codim(k ®o M — k ®p L) = |G : N|codim(k @0 U = k ®0 Z) .

This contradicts the assumption that ¢(1) is not divisible by |G : N|. Thus one of
L or M is not relatively O N-projective. O

Corollary 5.3. Let G be a finite group, N a normal subgroup of p-power indet,
and let x € Irr(G). Let P be an anchor of x. If there exists ¢ € IBr(G) of degree
prime to p such that dy, # 0, then G = PN.

Proof. Arguing by contradiction, suppose that PN is a proper subgroup of GG. Since
G/N is a p-group, it follows that PN is contained in a normal subgroup M of index
pin G. Then M contains every anchor of x, hence M contains the vertices of any
OG-lattice affording x. Let ¢ € IBr(G) such that (1) is prime to p and such
that d, , # 0. Proposition 5.2 implies however that |G : M| = p divides ¢(1), a
contradiction. (]

We record here an extension of [19, Lemma 3] which will be used in the next
section.

Proposition 5.4. Let G be a finite group, P a Sylow p-subgroup, and x € Irr(G).
Suppose that Resg(x) 1s irreducible and that there exists an irreducible Brauer char-
acter ¢ of p'-degree of G such that dy, , # 0. Then there exists an OG-lattice L
affording x with vertex P. In particular, the Sylow p-subgroups of G are the anchors
of x-

Proof. Let 7 be a generator of J(O) and let S be a simple kG-module with Brauer
character . By 5.1, there is an OG-lattice L affording x such that £ ®o L has
a simple head isomorphic to S. Let N be the maximal submodule of L. Then
wL C N and N is an OG-lattice affording x. The invariant factors of the O-
module L/N are either 1 or m and the number of non-trivial invariant factors of
L/N equals dimg(L/N) = dimg(S). Thus the product of the invariant factors
of L/N equals 7%+ By hypothesis, Res®(L) is irreducible. If Res%(L) has
vertex P, then L has vertex P. So, we may assume that Res®(L) is relatively
U-projective for some proper subgroup U of P. By Green’s indecomposability
theorem, Res%(L) = Ind{; (M) for some OU-lattice M. By [19, Lemma 3], Res%(N)
has vertex P, whence N has vertex P. Note that [19, Lemma 3] is stated for O
a localisation of the |P|-th cyclotomic integers, but as remarked in [19, Page 235],
[19, Lemma 3] remains true in our setting. The second assertion of the proposition
follows from Proposition 3.1. |

Proposition 5.5. Let G be a finite group, N a normal subgroup, and let x €
Irr(G) such that x = Ind$(7) for some T € Irr(N). Let V be an ON -lattice with
character T. Suppose that the composition series of the kN -modules k @0 *V', with
x running over a set of representatives of G/N in G, are pairwise disjoint. Then
OGe, = Wd§(ONe,) as G-interior O-algebras. In particular, N contains the
vertices of all lattices affording x, and N contains the anchors of x.

Proof. It suflices to show that e, belongs to OGe,,. Indeed, if this is true, then the
assumptions on x and 7 imply that e, = Tr%(ef), and the different conjugates of e,
appearing in Tr% (er) are pairwise orthogonal idempotents in OGe,,. In particular,
we have e,OGe, = ONe,. It follows from [27, (16.6)] that OGe, = Ind§ (ONe,).
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It remains to show that e, belongs to OGe,. Let I be a primitive decomposition
of 1 in ON. Let i € I such that e;i # 0. This condition is equivalent to k ®p V'
having a composition factor isomorphic to the unique simple quotient 7; of the
ON-module ONi. Since the different G-conjugates of the kN-module k ®» V have
pairwise disjoint composition series, it follows that e.,i = 0 for x € G\ N. Thus
eyt = e;i € OGe, for any ¢ € I such that e;i # 0. Taking the sum over all such
i implies that e, € OGe,. The last statement follows from the fact that e, =
Tr% (e;) and Higman’s criterion, for instance, or directly from the fact that Ind%
induces a Morita equivalence between ONe, and OGe,,. (]

Corollary 5.6. Let G be a finite group, N a normal subgroup of p-power index,
and let x € Trr(G) such that x = Ind$(7) for some T € Trr(N). Suppose that dy.,
is either 1 or 0 for every ¢ € IBr(G). Then N contains the anchors of x.

Proof. Let V be an ON-lattice affording 7. Let I be a primitive decomposition of
1in ON. By Green’s indecomposability theorem, I remains a primitive decompo-
sition in OG. Let ¢ € I. We have
X() = 7(i)
x

where x runs over a set of representatives R of G/N in G. By the assumptions on
the decomposition numbers of y, the left side is either 1 or 0. Thus either *7(i) =
0 for all z € R, or there is exactly one x = x(i) € R with *7(i) # 0. This implies
that the composition series of the different G-conjugates of k ®» V' are pairwise
disjoint. The result follows from 5.5. (]

Proposition 5.7. Let G be a finite group, N a normal subgroup of G, and x €
Irr(G).  Suppose that x is the inflation to G of an irreducible character v €
Irr(G/N). Let P be an anchor of x. Then PN/N is an anchor of ¢, and PN N is
a Sylow p-subgroup of N.

Proof. Let d € (OGe, )" such that Tr%(d) = e,. The assumptions imply that the
canonical map G — G/N induces a G-algebra isomorphism OGe, = OG/Ney, such
that N acts trivially on both algebras. Thus e, = Tr&(d) = |PN : P|TrGy(d).
This implies that P is a Sylow p-subgroup of PN, and hence that PN N is a
Sylow p-subgroup of N. Since the isomorphism OGe, =2 OG/Ne,, sends Tr& y (d)
t TTG/N

O Upn/N
an anchor of ¢. Using the fact that P is a Sylow p-subgroup of PN, one easily
checks that any proper subgroup of PN/N is of the form QN/N for some proper
subgroup Q of P containing PN N. The previous isomorphism implies that PN/N
is an anchor of . O

(d), where d is the canonical image of d, it follows that PN/N contains

Example 5.8. (1) p=2, G = &3, x(1) = 2: Then x lies in a defect zero block of
G, hence by Theorem 1.2, the trivial group is the only anchor of x.

(2) p=2, G =64, x(1) = 2: Then x is inflated from the character in part (1).
In this case, by Proposition 5.7 the Klein four subgroup Vj of &4 is the only anchor
of x. However, the defect groups of the block containing x (i.e. of the principal
block of &4) are the Sylow 2-subgroups of &4 (i.e. dihedral groups of order 8).

(3) p = 2, G = G5 All irreducible characters of G except the one of degree 6
are of height zero in their block. So their anchors coincide with their defect groups,
by Theorem 1.3 (a) .
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Now let x € Irr(G) with x(1) = 6. Then x is induced from an irreducible character
of the alternating group 25 of degree 3. Thus there exists an OG-lattice affording
x with vertex Vj.

On the other hand, y is labelled by the partition A = (3,1,1) of 5. By the remark
on p. 511 of [28], the Specht module S* is indecomposable, and G, x &5 is a vertex
of S*, by Theorem 2 in [28]. Thus the anchors of x are Sylow 2-subgroups of G,
by Theorem 1.2 (b).

6. NAVARRO VERTICES
We prove Theorems 1.5 and 1.6.

Theorem 6.1. Let G be a finite p-solvable group. Let x € Irr(G) and let (Q,9) be
a Navarro vertex of x. Supppose that x° € IBr(G). Then Q contains an anchor of
X. Moreover, if § = 1g or if p is odd, then Q is an anchor of x.

Proof. Since x° € IBr(G), there is a unique OG-lattice L affording x, up to iso-
morphism. Moreover, k ® L is the unique simple kG-module with Brauer char-
acter x°, up to isomorphism. Recall that there is a nucleus (W, ) of x such that
x = Ind$, (7), and Q € Syl,(W) (cf. [17, p. 2763]). Further, v € Irr(W) has
a unique factorization v = «f where « € Irr(W) is p’-special and 8 € Trr(W) is
p-special. Going over to Brauer characters, we have x° = Ind‘CfV (7°) and 7° = «°f°;
in particular, v°,a°,3° € IBr(W). Let R be a vertex of the unique OW-lattice
affording v and let Ry be a vertex of the unique kW-module affording +°. Then,
up to conjugation in W, Ry < R < . Since xy = Indg/ (7), R is also a vertex of
the OG-lattice affording x and hence by Proposition 3.1 (iii), R is an anchor of x.
This proves the first assertion.

Since « is p’-special, the p-part of the degree of v equals the p-part of the degree
of 8. Since G is p-solvable, it follows that

Wlp
A1)y
Now suppose that p is odd. Since ° is irreducible, by [18, Lemma 2.1], 5 is

linear. It follows from the above that Ry = @@ = R, proving the second assertion
when p is odd. Since § = Resg(ﬁ), a similar argument works when § = 1. [

|Ro| =

Lemma 6.2. Let G be a finite p-solvable group and x € Irr(G). Suppose that x
is p-spectal and that there exists ¢ € IBr(G) of p'-degree such that dy, # 0. Then
there exists an OG-lattice affording x with vertex a Sylow p-subgroup of G.

Proof. This is immediate from Proposition 5.4 and the fact that the restriction
of a p-special character of G to a Sylow p-subgroup of G is irreducible (cf. [6,
Prop. 6.1]). O

The following is due to G. Navarro.

Lemma 6.3. Let G be a finite group of odd order and x € Irr(G). Suppose that x
is p-special. Then the trivial Brauer character of G is a constituent of x°.

Proof. By the Feit-Thompson theorem, G is solvable and hence p-solvable. Let H
be a p-complement of G and let ¢ be a primitive |G|,-th root of unity. By [6, Theo-
rem 6.5], Q[(] is a splitting field of y. Thus Res% () is a rational valued character
of odd degree. Hence, Resfl (x) contains a real valued irreducible constituent, say
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a. By Brauer’s permutation lemma, the number of real-valued irreducible charac-
ters of H equals the number of real conjugacy classes of H. Since |H| is odd, « is
the trivial character of H. By Frobenius reciprocity, x is an irreducible constituent
of Ind% (). On the other hand, since H is a p-complement of G, Ind%(«) is the
character of the projective indecomposable OG-module corresponding to the trivial
kG-module. |

Combining the two results above yields the Theorem 1.6. In fact we prove more.

Theorem 6.4. Let G be a finite group of odd order, let x € Irr(G) and let (Q,9)
be a Navarro vertex of x. Then there exists an OG-lattice affording x with vertex
Q. In particular, Q is contained in an anchor of x.

Proof. Let (W, ) be a nucleus of x such that @ is a Sylow p-subgroup of W and
0 = Res‘év(oz), where v = af, with a a p’-special character and 8 a p-special
character of W (cf. [17, Sections 2,3]). By Lemma 6.3, the trivial Brauer character
is a constituent of 5°. By Lemma 6.2, there exists an OW-lattice X affording
B and with vertex . Let Y be an OW-lattice affording @. Then V =Y ® X
is an OW-lattice affording v. We claim that V has vertex Q. Indeed if V is
relatively R-projective, then every indecomposable sumand of Y* ® V is relatively
R-projective. On the other hand, since « has p’-degree, the OW-lattice Y*®Y has
a direct summand isomorphic to the trivial OW-module. Thus, Y* ® Y ® X has
a direct summand isomorphic to X. Since @ is a vertex of X, and @ is a Sylow
p-subgroup of W, it follows that R is a Sylow p-subgroup of W. Then Ind‘c};,(V)
is an OG-lattice with character y = Ind$, (7). Clearly, Ind$, (V) is relatively OQ-
projective. Suppose if possible that Ind‘CfV(V) is relatively OR-projective for some
proper subgroup R of @, say Ind$ (V) is a summand of Ind%(X) for some R
properly contained in @) and for some OR-lattice X. By the Mackey formula, V is
a summand of Ind%mmR(Res;V%mR *X) for some z € G. This is a contradiction as
|“R| < |Q|. Thus Q is a vertex of Ind$, (V) proving the first assertion. The second
is immediate from the first and Proposition 5.4. O

I. M. Isaacs and G. Navarro provided us with an example of a p-special char-
acter of a p-solvable group none of whose irreducible Brauer constituents have
degree prime to p. Proposition 5.5 can be used to prove that the anchors of the
Isaacs-Navarro example, which we give below, are strictly contained in the Sylow p-
subgroups of the ambient group (so in particular, these characters are not afforded
by any lattice with full vertex).

Example 6.5. [Isaacs -Navarro] Let p = 5 and let M be the semidirect product of
an extraspecial group of order 5% and of exponent 5, acted on faithfully by Qg where
the action is trivial on the center. Let G = M { C5 be the wreath product of M by
a cyclic group of order 5. In G, there is the normal subgroup N = M; x --- x M5,
with each M; isomorphic to M. Also, there is a cyclic subgroup C of order 5 that
permutes the M; transitively. Note that M7 has a 5-special character « of degree
5.

Let 6 € Irr(N) be the product of o with trivial characters of My, Msz, My and
Ms. Then @ has degree 5 and x = 6% is 5-special of degree 25.

There is a Sylow 2-subgroup S of G with the form Q1 X Q2 X ... X @5, where Q;
is a Sylow 2-subgroup of M; and the @; are permuted transitively by C. Now 6g
is the product of ag, with trivial characters on the other Q;.
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Also, ag, is the sum of the irreducible character of degree 2 and the three
nontrivial linear characters, so there is no trivial constituent. It follows that g has
no C-invariant irreducible constituent. The same is therefore true about xg. Then
each 5-Brauer irreducible constituent of x has degree divisible by 5.

The construction also shows that if x € G\ N, then 6 and “# have no irre-
ducible Brauer constituents in common. So by Proposition 5.5, the anchors of y
are contained in N.

In conjunction with Proposition 5.2, the following example provides characters
whose anchors are not contained in Navarro vertices. The construction is similar
to that in the Isaacs-Navarro example above.

Example 6.6. Suppose that M = O, (M), and « is an irreducible p-special
character of M such that Resgfp (m)@ is irreducible. Suppose further that there
exists a nontrivial irreducible Brauer character ¢ of M such that dn , # 0. Let 3
be the irreducible character of M with O,(M) in the kernel of 8 and such that 8°
equals the dual ¢* of . Then f is p’-special.

Let G = MC,,. In G, there is the normal subgroup N = M; x - - - x M, with each
M; isomorphic to M. Let & € Irr(IV) be the product of o and the trivial characters
of My, -+, M,, let B e Irr(N) be the product of 8 and the trivial characters of
My, -+, M, and let ¢ be the product of ¢ with the trivial Brauer characters of
My, -+, M,. Let x = Ind%(af).

Since & is p-special and J is p/-special, by results of [6], &f is an irreducible
character of N. By construction, neither & nor B is G-stable. Hence, also by
general results on p-factorable characters, &f is not G-stable. Since |G/N| = p, it
follows that y is an irreducible character of G. Now, since 3 is not G-stable, it is
easy to see that x is not p-factorable. On the other hand, N is a maximal normal
subgroup of G. Thus (N, @p3) is a nucleus of G in the sense of [17], and the Sylow
p-subgroups of NV are the first components of the Navarro vertices of x.

We have (&B)O = a°B3°, and @ is an irreducible Brauer constituent of & and
(° = ¢*. Since $(1) = (1) is relatively prime to p, it follows that the trivial
Brauer character of N is a constituent of (dﬁ)o. Consequently, the trivial Brauer
character of G occurs as a constituent of y. Thus, by Proposition 5.2, the anchors
of x are not contained in N.

7. LIFTING

Let G be a finite group and x € Irr(G). Let P be an anchor of x. Then
k ®o OGe, is a G-interior k-algebra. Since

(k ®0 OGey ) = Z(k ®0 OGey)

is a local k-algebra, it follows that k ®o OGe,, is a primitive G-interior k-algebra.
Since
k®o (OGey )" C (ko OGey )",

k ®o OGey has a defect group @ contained in P. We will see below that we
often (but not always) have equality here. If x° € IBr(G), then there is, up to
isomorphism, a unique OG-lattice L affording y, and k ®» L is the unique simple
kG-module with Brauer character x°, up to isomorphism. We have seen above that
in that case the G-interior O-algebra OGe,, is isomorphic to Endp(L). This implies
that the G-interior k-algebra k ®o OGe, is isomorphic to Endy(k ®o L). Thus the
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anchor P of x is a vertex of L, and the defect group @ of k ®o OGe, is a vertex
of k ®» L. The examples 7.1 and 7.2 below illustrate the cases where () = P and
Q@ < P, respectively.

Example 7.1. Let G be the symmetric group &, for a positive integer n. Let
x € Irr(G) such that x° € IBr(G), and let L be an OG-lattice affording x. We
claim that L and k ®» L have the same vertices.

Indeed, let A be the partition of n labelling x. Since the Specht lattice S3 is
an OG-lattice affording x, the uniqueness of L implies that Sg >~ L. Thus the
kG-module S,;\ = ko S{} >~ k ®o L has Brauer character x° and is therefore
simple.

A result by Hemmer (cf. [8]) implies that S} lifts to a p-permutation OG-lattice
M. Then K ®p M is a simple KG-module; that is, K @ M = Sy =~ K ®¢ S§, for
some partition x4 of n. Moreover, S}’ is isomorphic to k ®o M = S,?; in particular,
we have

Homy (S, i) # 0 # Homyg (S, Sp).

Suppose first that p > 2. Then [11, Proposition 13.17] implies that A > u and
p > A, hence = . The uniqueness of L implies that S} = L = M; in particular,
L is a p-permutation OG-lattice. Hence L and k ®» L have the same vertices.

It remains to consider the case p = 2. In this case a theorem by James and
Mathas (cf. [12]) implies that either A is 2-regular, or the conjugate partition A’ is
2-regular, or n = 4 and A = (2,2). The last alternative is trivial. Multiplying by
the sign character, if necessary, we may therefore assume that A is 2-regular. If y is
also 2-regular then we certainly have A = u. If i/ is 2-regular then we have A = p/,
in a similar way. Now, arguing as in the case p > 2, we conclude that L and k ®o L
have the same vertices.

Example 7.2. Let p =2, G = GL(2,3) and N = SL(2,3). Let R be the unique
Sylow 2-subgroup of N and H a complement of R in N. Let 7 be the 2-dimensional
irreducible character of R and let n be the unique extension of 7 to N with deter-
minantal order a power of 2 (cf. Corollary (6.28) in [10]). Let x be an extension
of n to G. Then x is 2-special, by [9, Proposition 40.5]. Further, x° is irreducible
and equals Ind$ (1), where 1 is a linear Brauer character of N. (Note that the
restriction of x° to H is a sum of two distinct irreducible Brauer characters).

Thus, R is a vertex of the unique kG-module affording x° and R is contained in
some (and hence every) vertex of the OG-lattice affording x. Since y is not induced
from any character of N, and G/N is a 2-group, Green’s indecomposability theorem
implies that the OG-lattice affording y is not relatively N-projective. Hence R is
properly contained in a vertex of the OG-lattice affording x, which is consequently
a Sylow 2-subgroup of G.

Remark 7.3. Let G be a finite p-solvable group and x € Irr(G) such that x° €
IBr(G). Let L be an OG-lattice affording x. Suppose, as in the above example
that a vertex P of L strictly contains a vertex R of k®» L. Let S be an OP-lattice
source of L. We claim that S is not an endopermutation module. Indeed, assume
the contrary. Since P is a vertex of S and since S is endopermutation, k ®¢ S is an
indecomposable endopermutation kP-module with vertex P. On the other hand,
k ®o S is a direct summand of k ®p L, k ®» L has vertex R, and R is strictly
contained in P, a contradiction.
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