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SUMMARY

In this paper, in-sample forecasting is defined as forecasting a structured density to sets where
it is unobserved. The structured density consists of one-dimensional in-sample components that
identify the density on such sets. We focus on the multiplicative density structure, which has
recently been seen as the underlying structure of non-life insurance forecasts. In non-life insur-
ance the in-sample area is defined as one triangle and the forecasting area as the triangle that
added to the first triangle produces a square. Recent approaches estimate two one-dimensional
components by projecting an unstructured two-dimensional density estimator onto the space of
multiplicatively separable functions. We show that time-reversal reduces the problem to two one-
dimensional problems, where the one-dimensional data are left-truncated and a one-dimensional
survival density estimator is needed. This paper then uses the local linear density smoother with
weighted cross-validated and do-validated bandwidth selectors. Full asymptotic theory is pro-
vided, with and without time reversal. Finite sample studies and an application to non-life insur-
ance are included.

Some key words: Aalen’s multiplicative model; Cross-validation; Do-validation; Density estimation; Local linear
kernel estimation; Survival data.

1. INTRODUCTION

This paper develops a dimension-reduction procedure in order to forecast an age-cohort struc-
ture. Our motivating example is taken from non-life insurance where the estimation of outstand-
ing liabilities involves an age-cohort model. In non-life insurance such a structure is called chain-
ladder: cohorts are based on the year of underwriting the insurance policy and age is the devel-

10

20

25

30

35



40

45

50

55

60

65

70

75

80

2 M. HiABU, E. MAMMEN, M. D. MARTINEZ-MIRANDA AND J. P. NIELSEN

opment of claims. Age-cohort and chain-ladder models have often been formulated as discrete
models aggregating observations in months, quarters or years. Martinez-Miranda et al. (2013)
identified the chain-ladder method as a structured histogram in the vocabulary of non-parametric
smoothing, and suggested replacing the structured histogram smoothers by continuous kernel
smoothers, which are more efficient.

We assume that our data follow a joint distribution with independent components, one for
cohort and one for age, but are truncated if cohort plus age is greater than the calendar time of
data collection. Future observations remain unobserved, and the forecasting exercise is to pre-
dict them. Visualised, the historical data belong to a triangle and the forecasting exercise is to
predict the densities on the triangle that added to the first completes a square. We call this fore-
casting structure in-sample forecasting, because information on the two relevant densities of the
multiplicative structure is indeed in the sample. The independence assumption for the unfiltered
data will be discussed in the next section. Our model is thus that we have independent and iden-
tically distributed truncated observations sampled from the two-dimensional random variable,
(X,Y), with values on the triangle Z = {(x,y) : * +y < T, z,y > 0}, T € Ry. These obser-
vations are truncated from the complete set with support on the square [0, T]?. We wish to make
in-sample forecasts of the density with support on the second triangle, 7 = [0, T]? \ Z, which
completes the square. Furthermore, for unfiltered (X,Y), the joint density, f, has support on
the whole square, [0, T]? and is multiplicative, i.e., f(x,y) = f1(x) f2(y). Given this multiplica-
tive structure, the truncated observations provide in-sample information about the density in the
forecasting triangle. Estimating only the survival functions or cumulative hazards is not enough
when integrating the forecasts considered in this paper, since 7 is non-rectangular.

We estimate the two multiplicative components without first having to estimate the two-
dimensional density. This is possible due to the reinterpretation of the forecasting aim as two
distinct one-dimensional right-truncated density estimation problems, which can be solved in a
counting process framework. It is well-known that intractable right-truncation can be replaced
by more tractable left-truncation by reversing the time scale; see for example Ware & DeMets
(1976) and Lagakos et al. (1988). The time-reversal approach requires estimates of the survival
densities, for which we use the local linear survival kernel density estimator of Nielsen et al.
(2009) with cross-validated or do-validated bandwidths; see Mammen et al. (2011), Gdmiz et al.
(2013) and Gamiz et al. (2016). We introduce full asymptotic theory of the corresponding band-
width selectors with and without weighting, and with and without time reversal. Reducing the
forecasting to a one-dimensional problem enables us to introduce a new measure of forecasting
accuracy that is equivalent to an importance-weighted loss function. The bandwidths chosen by
this new measure focus on the areas of the one-dimensional functions that are most important for
the forecast. When estimating outstanding liabilities, least information is available for the most
recent years but they are the most important ones to estimate accurately. The new approach leads
to larger bandwidths than classical goodness-of-fit loss measures. This better reflects the nature
of the underlying problem, and improves forecasting accuracy.

2. IN-SAMPLE FORECASTING AND RELATED WORK

While we use counting process theory in this paper to reduce the number of dimensions,
the problem can also be formulated via independent stochastic variables X and Y and their
density on a triangular support; see Martinez-Miranda et al. (2013), Mammen et al. (2015) and
Lee et al. (2015), where in the two latter papers the triangular support is one special case. The
density components of X and Y have direct analogues in survival analysis. The density f; of X
measures exposure, i.e., the number of individuals at risk, while the density fo of Y corresponds
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to duration. While classical counting process theory in survival analysis operates with observed
exposure, in-sample forecasting estimates f; and does not need observed exposure. This has
the advantage of requiring fewer data. Simple model assumptions are often preferable when
forecasting, so in-sample forecasting might be preferable even in situations where more data,
including exposure, are available.

For example when reserves for outstanding liabilities are to be estimated in insurance com-
panies, there is usually no follow-up data of individuals in the portfolio available and reported
claims, categorised in different businesses and other baseline characteristics, are the only records.
The reason that insurers do not use classical biostatistical exposure data, i.e., they do not follow
every underwritten policy, might be because of the bad quality and complexity of such exposure
data, with many potential causes of failure which heavily affect the actual cost of a claim.

When claim numbers are considered, then X is the underwriting date of the policy, and Y is the
time between underwriting date and the report of a claim, the reporting delay. Truncation occurs
when X + Y is smaller than the date of data collection. The mass of the unobserved, future
triangle, 7, then corresponds to the proportion of claims underwritten in the past which are not
yet reported. The assumption of a multiplicative density means that the reporting delay does
not depend on the underwriting date. Thus, calendar time effects like court rulings, emergence
of latent claims, or changes in operational time cannot be accommodated in the model per se.
Nevertheless we restrict our discussion to the multiplicative model for several reasons. It has
its justification as baseline for generalisations in many directions. It also approximates the data
structure well enough in many applications. We will return to this point when discussing our
data example. The relevance of the multiplicative model also lies in the fact that it helps the
understanding of related discrete versions that are used in all non-life insurance companies; see
England & Verrall (2002).

The underlying model before filtering is the same in forward and backward time, namely that
the underlying sampled random variables, X and Y, are independent with joint multiplicative
density f(x,y) = fi(z)f2(y). This multiplicative structure based on partially observed indepen-
dent random variables is well known in biostatistical theory and can be checked via independence
tests of Tsai (1990), Mandel & Betensky (2007) and Addona et al. (2012). Brookmeyer & Gail
(1987) aimed at understanding the estimation of outstanding numbers of onset AIDS cases from
a given population. They considered prevalent cohorts, where time of origin is not known, and
discussed the resulting biases from just using the prevalent time available instead of infection
time of each observed individual. Wang (1989) works with prevalent cohort data, but where time
of origin is known, and points out that this sampling boils down to a random truncation model.
Both papers work in forward-moving time but could have used the filtered non-parametric den-
sity approach of this paper, see §6, had it existed.

In the in-sample forecasting application two sampling details are different, leading us to re-
verse the time and using the non-parametric density approach in reversed time. One is that less is
known than in Wang (1989), because exposure, i.e., the number of people at risk, is unobserved.
Another is that more is known than in Wang (1989), because all failures are observed, without
exception. In reversed time, the future numbers of failures, the past number of failures in regu-
lar time, is exactly the exposure needed for estimation. Therefore, the extra information that all
failures are observed up to a point can alleviate the challenge of unobserved exposure, and the
technique doing this is to reverse the direction of time. The most favourable approach depends on
the application and situation. For approaches that study reserving for outstanding liabilities and
that work with exposure in forward-moving time see Arjas (1989), Norberg (1993) and Antonio
& Plat (2014).
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3. MODEL

Consider the probability space {S, B(S), P}, where S is the square {(x,y) : 0 < z,y < T},
where B(-) denotes the Borel o-field. We are interested in estimating the density, f = dP/d),
where A is the two-dimensional Lebesgue measure. We will assume that f(z,y) = fi(x)f2(y),
and that observations are only sampled on a subset of the full support of this density, f. The
truncated density is assumed to be supported on the triangle, Z. In this case, we consider ob-
servations of the independent and identically distributed pairs, {(X1,Y1),..., (X, Y,)}, with
X; <T =Y, or equivalently Y; < T — X;, where T is the calendar time at which the data are
collected. Since the observations are truncated, and hence Z-valued, the pair (X1, Y7) is not
distributed according to P, but has density f(z,y)/P(Z). Both observation schemes can be
understood as random right-truncation targeting only X or Y, respectively, and so both can be
formulated in the following counting-process framework. We define two counting processes, one
indicating the occurrence of X, and the other indicating the occurrence of Y. By reversing the
times of the counting processes, right-truncation becomes left-truncation (Lagakos et al., 1988).

We define the two time reversed counting processes as

Nit)=I(T-X;<t), Nit)=I(T-Y;<t) (i=1,...,n),

with respect to the filtrations

f{7t:a<{TXi§s: sgt}U{Yigs: sgt}u/\/),
fé,t20<{T—Yi§82 SSt}U{XZ‘§82 sSt}UN),

satisfying the usual conditions (Andersen et al., 1993, p. 60), and where ' = {A: AC B, B €
B(S), P(B) = 0}. Adding the null set, \V, to the filtration guarantees its completeness. This is
a technically useful construction, but it has been argued that it is not necessary; see Jacod (1979)
and Jacod & Shiryaev (1987). We keep the assumption because we use results that rely on it.

Both counting processes operate on a reversed timescale, so all the usual estimators derived
from these counting processes will be based on 7' — X and 1" — Y, rather than on X and Y.
To minimize any potential confusion, we will mark all functions corresponding to 7" — X or
T —Y with a superscript, R. The desired estimators will then be linear transformations of the
time-reversed versions.

The advantage of this time reversal can be seen by identifying the random intensity of NV, f, )\f,
which is well-defined since X and Y have bounded densities. It holds, almost surely, that for all
t € [0,T] we have X} (t) = limp, ;o h ' E [N} {(t + h)—} — Nj(t—)| Fi—] (I =1,2), see Aalen
(1978). At this point we used that our assumptions will imply that )\f is piecewise continuous.
Straightforward computations lead to intensities satisfying Aalen’s (1978) multiplicative inten-
sity model,

Al(t) = au(t) Z} (1),

with predictable processes Z (t) = I(Y; <t < T — X;), Z4(t) = I(X; <t < T —Y;), cumu-
lative distribution functions F; = [, fi(x)dz (I = 1,2), and hazard ratios

im b~ AT =t _ @)
al(t):%ﬁ}h or{T — X € [t,t+h) | T_th}:Fll(T—t) :SlR(t)’

1
T 1 o fQ(T_t) _ fQR(t
Ctg(t)—léﬁ]lh pr{T —Y €[t,t+h) | T_th}_Fg(T—t) = S

) .
)

165
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As the hazard function, o, does not depend on f5, and the hazard function, a2, does not depend
on f1, we can estimate f; and f as one-dimensional densities.

4. LOCAL LINEAR DENSITY ESTIMATOR IN REVERSED TIME

Due to the symmetry between T' — X and T — Y, all of the following results hold for both
f1 and fo. For clarity, therefore, we suppress the subscript {, which indicates the coordinate.
Furthermore, we will denote the exposure or risk process by Z(t) = > | Z(t).

Following Nielsen et al. (2009), our proposed estimator of the density function, f%,
will involve a pilot estimator of the survival function, ST(t). Here, for simplicity, we
choose the Kaplan-Meier product-limit estimator, S (t) = [Ts<: {1 - A;&(S)} where A(t) =

S 1 fg {Z(s)} 1 dNi(s) is the Aalen estimator of the integrated hazard function, A(t) =

fo s)ds. We define the local linear estimator fh R (t) of fE(t) as the minimizer fo in the
equatlon

(g()) — arg min [/Kh E— 8) {00+ 0u(t — 5)}2 Zi(s)W (s)ds

1 90,91€R
— 2/Kh(t —5) {00+ 01(t —s)} §R(8)Zi(8)W(8)dNi(3)] . (D

Here and below, an integral | with no limits denotes integration over the whole support, i.e.,
fOT. In addition, for kernel K and bandwidth h, K},(t) = h~' K (t/h). The definition of the local
linear estimator as the minimizer of (1) can be motivated by the fact that the sum on the right
hand side of (1) equals the limit of

Z/ [{ / ST (u)dN* (u )_90_91(75_3)}2_5(8)] Ku(t — 8)Z'(s)W (s) ds,

for & converging to zero. Here, £(e) = {e =" [*** §B(u)dN’(u)}? is a vertical shift subtracted
to make the expression well-defined. Because £(¢) does not depend on (6y, 61), 8o is defined
by a local weighted least squares criterion. The function W is an arbitrary predictable weight
function on which the pointwise first order asymptotics will not depend. There exist two popular
weightings: the natural unit weighting, W (s) = 1, and the Ramlau—Hansen weighting, W (s) =
{n/Z(s)}1{Z(s) > 0}. The latter becomes the classical kernel density estimator in the simple
unfiltered case. However, in the framework of filtered observations the natural unit weighting,
W (s) = 1, tends to be more robust (Nielsen et al., 2009), so we use it. For this, the solution of
(1) (Nielsen et al., 2009; Gdmiz et al., 2013) is

PRk (t) IZ/Ktht—sSR( )AN’(s), )

where
as(t) —ay(t)(t — s)
ao(t)az(t) — {ai(t)}?

a;j(t) =n" /Kh(t— s)(t—s)Z(s)ds (j=0,1,2).

Ft,h(t — S)

Kh(t — S),
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If K is a second-order kernel, then n™1 [ K;u(t —s)Z(s)ds =1, n™! [ K p(t —s)(t —
$)Z(s)ds =0, n7! [ K;p(t —s)(t —s)?Z(s)ds > 0, so that K; ), can be interpreted as a
second-order kernel with respect to the measure, 11, where du(s) = n~1Z(s)ds. This is essential
in understanding the pointwise asymptotics of the local linear estimator which, as we will see,
coincides with the kernel estimator » . | [ Kj(t — $)SB(s){Z1(s)}LdN'(s). The stochastic
character of the local linear kernel allows for the automatic adjustment near boundary regions;
see also Fan & Gijbels (1996), Nielsen (1998) and Nielsen et al. (2009).
We introduce the following notation. For every kernel, K, let

. — | YK (s)ds = 2(s)ds, K (u)= pall) — ja (i)
u](K>—/ K(s)ds, R(K) /K (s)ds, K (u) po(K) — {1 (K)}?

We make the following assumptions.
Condition 1. The bandwidth h = h(n) satisfies h — 0 and n'/*h — oo for n — oo.

Condition 2. The densities f; and fa2 are strictly positive and twice continuously differen-
tiable.

Condition 3. The kernel K is symmetric, has bounded support and has finite second moment.

Conditions 2 and 3 are standard in smoothing theory. In contrast to the unfiltered case, Con-
dition 1 assumes more than just the bandwidth h converging to zero. This is required, otherwise
the estimation error of the survival function would determine the first-order asymptotic proper-
ties of the bias, since n~/2/h? — 0 would not hold. We write fhK(t) = ]/CZ%K(T —t) , for the
local linear estimator of the density f. The key in obtaining the pointwise limit distribution of
J?h, K (t) — f(t) is to split the estimation error into a sum of a stable part and a martingale part,

BR(®) = £l () = 170, VI = Flk(t) = Hil®),
where f,f;(t) =n Y0 [ Kt — $)Z¢(s)SE(s)a(s) ds. The estimation error can then be
described as

T (t) = f(t) = BRT —t) + VE(T —t) = B(t) + V(t).

PROPOSITION 1. Under Conditions 1-3, fort € (0,T),
()2 { Fon () = ft) = B } - N {0,070} (1=1,2), n o0,

in distribution, where By(t) = ips (K f, ()R + o(h?), o}(t) = lim, yeonh (V}); =
R(K) fit) Fi(®)n(t) ™, w(t) = pr(Z} () = 1).

Proposition 1 is proved in the Supplementary Material.

5. BANDWIDTH SELECTION IN REVERSED TIME
5-1.  Cross-validation and do-validation

For a kernel estimator, the bandwidth is a positive scalar parameter controlling the smooth-
ing degree. Data-driven cross-validation in density estimation goes back to Rudemo (1982) and
Bowman (1984). Nowadays, a slightly modified version (Hall, 1983) is used intended to min-
imize the integrated squared error. By adding a general weighting, w, and the exposure, Z,
which acknowledges the filtered observations, the aim is to find the minimizer of the integrated

230
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~ 2
squared error A (h) = [ {f}fK(t) - fR(t)} Z(t)w(t) dt, which has the same minimizer as

f{fh O Zw(t)dt—2 [ Jﬁh?K(t)fR(t)Z(t)w(t) dt. Only the second integral of this term
needs to be estimated. For the survival density estimator defined in §4, Nielsen et al. (2009)
propose choosing the bandwidth estimator, hé(v, as the minimizer of

Qucult) = [ {Flxc)} 2t t—2Z/ WS () aN'D), @)

where fR 1y =1 iz f Ken(t— )8R (s) dN7(s). This can be seen as a generalization
of classical cross-validation.

Over the last 20 years, many methods have been developed to improve cross-validation;
see Heidenreich et al. (2013). One of the strongest bandwidth selectors of this review is so-
called one-sided cross-validation (Hart & Yi, 1998; Martinez-Miranda et al., 2009). Under mild
regularity conditions, there exists an asymptotically optimal bandwidth. However, this band-
width is infeasible in practice, since it depends on the unknown quantities f,~; see (8) be-
low. One-sided cross-validation uses the fact that the ratio of asymptotically optimal band-
widths of two estimators with different kernels, K and L, is a feasible factor, p(K, L) =
{R(K)p3(L)/p3(K)R(L)}'/5, which depends only on the two kernels; see (8) and (9). The
authors replace the kernel K used for the kernel estimator in (2), by its right-sided version
L =Kpr=2K(-)I(- >0) when minimizing (3) and multiply the resulting cross-validation
bandwidth by the feasible factor, p(K, Kr), to derive a bandwidth for a kernel estimator with
kernel, K. Hence, one firstly performs cross-validation with a kernel K in order to derive a
bandwidth estimate. After correction with the factor p(K, Kr), the bandwidth is then used in
conjunction with the original kernel K to derive an estimator of the density. Such a construc-
tion makes sense if cross-validation for a one-sided kernel estimator works better than cross-
validating with the original kernel K. One can generalize this idea by defining indirect cross-
validation as a method where a kernel, L, can be arbitrarily chosen. We denote such bandwidth
estimator by hit, = p(K, L)hE,.

Savchuk et al. (2010) propose an indirect cross-validation procedure where one chooses a
linear combination of two Gaussian kernels as kernel, L. Mammen et al. (2011) introduce the
do-validation method, which performs indirect cross-validation twice by using two one-sided
kernels, L1 = K1, = 2K (-)I(- <0) and Ly = KRp, as indirect kernels in (3) The do-validation
bandwidth is the average of the two resulting bandwidths, hpo = 0. 5(hICV + hICV) Cross-
validation for kernels K7, and K works better than for K because the asymmetry of the kernels
K7 and Kg leads to larger optimal bandwidths. An empirical study in favour of do-validation in
our survival setting has been performed in Gdmiz et al. (2013). Asymptotic theory for weighted
and unweighted cross-validation and do-validation, with and without time reversal, is developed
in §6 in our general survival density framework. Below we discuss how the weighting, w, in (3)
can be chosen when the aim is to estimate outstanding loss liabilities.

5-2.  Weighting for application in claims reserving

In Gdmiz et al. (2013), standard cross-validation is defined as the minimizer of (3) with w(t) =
1. Hence, standard cross-validation can be formulated as an in-sample technique, which aims to
estimate the optimal bandwidth for the estimator calculated from the given sample. However, the
situation in the forecasting problem motivating this paper is different, since our interest focuses
on the unobserved region.
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In this section, we illustrate how to choose a reasonable weighting scheme to estimate the
outstanding liabilities for a non-life insurance company. The most relevant data for this relate
to the most recent time-periods, for which only a small number of data are available. This is a
well-known challenge for actuaries, who generally tackle it by using expert opinion and manual
adjustments to the data. Bornhuetter & Ferguson (1972), Mack (2008) and Alai et al. (2010) give
a flavour of the Bornhutter—Ferguson method used by actuaries. Our smoothing methodology,
based on continuous data, could be used as an alternative to these less rigorous approaches, and
so replace expert opinion and manual adjustments by using information from relevant neighbour-
hoods according to an optimal smoothing criteria.

Unfortunately, the trivial weighting, w = 1, implies that the recent years only have small
influence on the size of the bandwidth, due to the lack of sufficient data. In contrast, we
want the weighting, w(t), to depend on the estimated size of the liabilities at ¢, in order to
give greatest weight to the most recent period. Assume that 7" is an integer indicating for in-
stance months or years then for a period p=1,...,T, the reserve, R(p), is given as R( )=
nfy f1(s)S2(T = s) ds/ [ f(z,y) dady, which is proportional to [ | fi(s)F} R(s) ds.
Hence if this is the quantity of interest, for short periods, we propose the followmg welghted
integrated squared error to be the optimality criteria for estimating f1,

Busc(h) =07 [{AEFF) - Fax@FFE)} ds
—n! / { FE(5)Sa(s) — ﬁl?h,K(s)@(s)}Q ds. )

The estimator §2 converges to Sy uniformly with rate n=1/2 (Andersen et al., 1993, p. 261),
which is faster than the non-parametric convergence rate of the density; see Proposition 1. Thus,
we can substitute S(s) by its estimator So(s) = 1 — SI(T — s), and define

X -1 R R (5 2
Busc(t) =~ [ {ifis) = Hig@)} {Bal0)} s
But, since f; and §2 do not depend on h, minimizing &1, x in h is equivalent to minimizing

Q) =B - [ {050} a

:/{f\l}?h,K(t)} {§2(t)}2 dt—Z/fo(t)ﬁ?h,K(t) {§2(t)}2 dt.

Therefore, we choose the weight wy (£) = S5 (¢)2/Z1(t) in (3), and the cross-validation estimator
of Qx (h) becomes

Q) = [{Fx} {80} ar
22 [ Fwsto (8.0} oyt avie. o)

By symmetry, the weighting for fo can be derived in a similar fashion, with wq(t) =

S1(8)2/Z5(2).
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6. ASYMPTOTICS FOR WEIGHTED COMBINATIONS OF INDIRECT CROSS-VALIDATION

In this section we formulate the asymptotic theory of the bandwidth selectors in the original
time direction. This gives statisticians using cross-validation or do-validation with the local linear
density estimator of Nielsen et al. (2009); as in Gadmiz et al. (2013), the asymptotic theory needed
to support their approach. We then provide the theory for the reversed time direction.

We first briefly describe the general model in the original time direction (Nielsen et al., 2009;

Gdmiz et al., 2013). When observing n individuals, let N; be a {0, 1}-valued counting process,
which observes the failures of the ith individual in the time interval, [0,7"]. We assume that
N; is adapted to a filtration, %, which satisfies the usual conditions, see §3. We also observe
the {0, 1}-valued predictable process, Z;, which equals unity when the ith individual is at risk.
It is assumed that Aalen’s multiplicative intensity model, \;(t) = «(t)Z;(t), is satisfied. This
formulation contains the case of a longitudinal study with left-truncation and right-censoring.
In this case, we observe triplets (Y;, X;,d;) (i =1,...,n) where Y; is the time at which an
individual enters the study, X; is the time he/she leaves the study and J; is binary and equals 1 if
death is the reason for leaving the study. Hence, Y; < X;, and the counting process formulation
would be N;(t) = I(X; < t)d; and Z;(t) = I(Y; <t < X;).
__The local linear survival density estimator in the original time direction is then defined as
f@)=n"t30, [Kip(t— $)S(s) dNj(s), where S(s) is the Kaplan-Meier estimator of
the survival function. The integrated squared error, A (h), and the cross-validation criterion,
Q K.w(h), then become

m=nY [{Fo - 0} vz, ©)
1=1
~ - ~ 2 i R
Qualt) =X [ {70} zZtou ae 23 [ oS0 e, @
i=1 =1

where fli(t) = n! Dii | Ken(t — $)S(s) dN;(s).

We will derive the asymptotic properties of weighted combinations of indirect cross-
validation bandwidths and in particular of the do-validation approach. In Lemma 1
of the Supplementary Material, we prove that the mtegrated squared error 1n (6)
is uniformly asymptotically equivalent to Mg (h) = (nh K') [ f(t)S(t)w(t)dt +

K7 [{f"(t)/2}*y(t)w(t)dt, which leads to the optimal determlmstlc bandw1dth selec-
tor

1/5
(K fftStw(t)dt} | ®

_ ~1/5 _
hanise = Con ., Co { (f )ff”(t)2 (Hw(t)dt
where v(t) = n~'E{Z(t)}. We define hisg as the minimizer of (7) over the interval I} =
[atn=1/% atn~1/%], where the constants a% > a} > 0 are chosen such that a} < Cy < a3,

We will study the asymptotic properties of the weighted combinations of indirect cross-
validation selectors introduced in §5-1,

(K3 (L; >}”5 ©

J
hicv = ijpjhcj\p pj = p(Lj) = {(K)R%)
j=1
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where L; are arbitrary kernels and m; are weights with Z;-le m; = 1. For K symmetric, J =
2,Ly = K1, Ly = KR, and m; = mg = 0.5 we get the do-validation bandwidth estimator. We
make the following assumptions.

Condition4. Let Z =73 Z;. The expected relative exposure function,
v(t) =n"'E{Z(t)} is strictly positive on the support of w, is twice con-
tinuously differentiable, and supgeqo,r 12 (s)/n —v(s)| = op {(logn)~1},

SUD, yefo7,t—s|<cich {Z(1) = Z(s)} /n — {3(8) = 4(s)}| = op {(nh)7}/2},  where  the
constant (' is defined in Condition 5.

Condition 5. The kernels, K and L; (j = 1, ..., J), are compactly supported, i.e., the support
lies within [—Ck, Ck] for some constant, Cx > 0. The kernels are continuous on IR\{0} and
have one-sided derivatives that are Holder continuous on IR~ = {z: x < 0} and R" = {x :
x > 0}. Thus, there exist constants ¢ and § such that |g(z) — g(y)| < c|z — y|° for 2,5 < 0 or
x,y > 0 with g equal to K’ or L;- (j =1,...,J). The left and right-sided derivatives differ at
most on a finite set. The kernel K is symmetric.

Condition 6. Tt holds that f € C5([0,T]). The second derivative of f is Holder continuous
with exponent § > 0 and f is strictly positive.

Condition 7. There exists a function w € C1([0, T7), with sup,¢(o 77 |w(t) — w(t)| = op(1).

Condition 5 is a weak standard condition on kernels. Condition 6 differs from standard
smoothness conditions only by the mild additional assumption that the second derivative of
the density function fulfils a Holder condition. Condition 4 is also rather weak. In the special
framework considered in §1-4, we have for [ = 1 that Z;(¢) = [(V; <t <T - X;) = 1(V; <
t) 4+ I(X; <T —t)— 1. This gives the stochastic expansions of Condition 4 by using uniform
n~1/2-convergence of the empirical distribution function. For longitudinal data sets, as described
at the beginning of §6, and other examples, one can use exponential inequalities for empirical
processes to check Condition 4.

THEOREM 1. Under Conditions 4-7, the bandwidth selector hicv of the local linear survival
density estimator in the original time direction satisfies

n3/10 <EICV - hMISE> — N (0,0%), n®10 (EICV - hISE> = N(0,02), n— oo,

where
2
L R(K)
a% = 51/ ;mj R(Ej) (HLj - GLj)(pju) du,
2
g, / (i( — Gy,)(pju) — Hic(u) y du+ Sy,
f52 w®(t)dt
=95 R7/5 V(K K {[ (1) dt}s/s {[f®OSE)w(t) dt}7/5,

YA S(t)f(t)@Q(t)v(t)dt - f {J;T £/ FB () ()du} oty ()t
B e 0 [ 10shaoa T [ renrosnay
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Table 1. The factor WX in (10) as comparison of asymptotic variances among bandwidth selec-
tion methods.

Method Epanechnikov ~ Quartic ~ Sextic

Do-validation 2.19 1.89 2.36

Cross-validation 7.42 5.87 6.99

Plug-in 0.72 0.83 1.18
and G (u) = I(u # 0) { (—u)} and

Hic(u) = I(u#0) [ K" (v) {K (u+v)—F**(—u+u)}dv,wim

S p2(K) — pa (K)u / p1(K)u

B == — @ K e e X
Theorem 1 is proved in the Supplementary Material. The theorem states that the relative differ-
ence between the bandwidths hcv, havise and hrsg is in probability of order n~1/19_ This can
be explained intuitively by the fact that a bounded interval contains O(nl/ °) non-overlapping
subintervals of length h, and the kernel estimators are thus asymptotically independent if their
argument differs by a magnitude of order O(n~'/?). The rate n~ /19 = (n=1/5)1/2 can then be
explained by a central limit theorem.

The result generalises the asymptotic properties of do-validation established by Mammen et al.
(2011) in the unfiltered case. If the observations, X1, ..., X,,, are unfiltered, i.e., Z;(t) = I(t <
X;), then the Kaplan—Meier estimator becomes S(t) = n™! >; Z;(t), which implies that y(t) =
S(t). Then, by choosing the weighting w(t) = S ()7L, the integrated squared error (6) and the
cross-validation criterion (7) are identical to the unfiltered case and, thus, Theorem 1 is Theorem
1 in Mammen et al. (2011).

For a fixed kernel K and different choices of weighted indirect kernels (m;, L), the variances,
o3, only differ in the feasible factor

2
J
R(K
Uiy (ma,...,my,Ly,... . Ly) = / ijlg(iz(HLj - Gr,)(pju) — Hi(u) o du.
j=1 :

(10)

The asymptotic variance of a plug-in estimation error, (hnisg — hisg), is obtained by replac-
ing the factor U4, in 03 by UE o = [ Hr(u)? du. Plug-in estimators are those derived by
estimating the infeasible quantities of hypisg, see (8), and achieve the same asymptotic limit
as hyiisg under appropriate conditions. Their implementation in practice is not straightforward
and involves pilot estimators. The values of WX can be used to compare the asymptotic per-
formance of different methods. Table 1 shows these values for do-validation, cross-validation
and the plug-in method using the Epanechnikov, quartic and sextic kernels. Once the asymptotic
properties in the original time direction are derived, it is straightforward to derive a similar result
in the reversed time direction.

COROLLARY 1. Under Conditions 4-7, the bandwidth selector, hicy, of the local linear sur-
vival density estimator in the reversed time direction satisfies

n3/10 (};ICV — hMISE) - N (0,0%), n?10 (EICV B hISE) S N(003), neo,
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Fig. 1. Development factors of the first six quarters for in-
dividual underwriting quarters.
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where
2
J
R(K)
2
g :Sl/ my = ( GL )( ) du7
! = "R(L;)
J 2
R(K
0%251/ ijg(HLj —Gp,)(pju) — H(u) du + So,
= " R(L)
g _ 2 RTA(K) [ FA(t)o(T — t)yw?(T — t)dt
L= 557 %6/5 — 375 — 775°
25 132 (K) L f7(8)29(T — )@ (T — t) at}*° { [ f(OF@)@(T - 1) de}
5= L ff”( )2 ( )f(t) ~2(T —t)y(T — t)dt
R/5(K) /> (K) { [ f7 (02T — ya(T — )dt}*> { [ () F@)@(T — t)de}™”
2
/ { i f”(u)f(u)w(T — u)y(T — u)du} a(tw—l(t)dt
RSP (K ) {[ 02T = )& (T — )dt}*> { [ f&)F(R)@(T — t)dt}>®

7. ILLUSTRATION

We now analyse a data set of reported and outstanding claims from a motor business in Cyprus.
All the calculations in this and the next section have been performed with R (R Development
Core Team, 2016). The data consist of n = 58180 claims reported between 2004 and 2013. The
data are {(X1,Y1),...,(Xn, Yn)}, where X; denotes the underwriting date of claim ¢, and Y;
the reporting delay in days. The data exist on a triangle, with X; +Y; < 31 December 2013.
Our aim is to forecast the number of future claims from contracts underwritten in the past which
have not yet been reported. It is implicitly assumed that the triangle is fully run off, such that
the maximum reporting delay is ten years. This is reasonable, see Figure 2, since f» has a strong
decay already after one year. According to the theory, we use a multiplicative structured density,
f(z,y) = fi(x)f2(y), where the components f; and fo are the underwriting date density and
the development time density, respectively.
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For justification of this assumption, we performed several tests, which all indicated that
the assumption might be violated. We then did a more pragmatic step which is motivated
from actuarial practice. We transformed the data into a triangle with dimension 3653 x 3653,
Noy=301(X; =2, Y;=y), (z,y)€{1,...,3653}?, and then aggregated the data into
a quarterly triangle, (./\/}(?S), with dimension 40 x 40, which is the form usually available in a re-
serving department; see the Supplementary Material. For s = 1, ..., 6, we calculated the quanti-
ties au(r, s) = SN TQl SN rc?l’ known as development factors in actuarial science (Kuang
et al., 2009). The values of «(r, s) are displayed in Figure 1. If the multiplicativity assumption
is satisfied, then a(r, s) is approximately equal to {>5" f1 (2,) fa(v) } /{35, fi(r) fa(wn)}
which does not depend on 7. Here, x, lies in the rth quarter and y; in the /th quarter. Hence, the
points in each plot should lie around horizontal lines.

Only considering the first four plots, one could argue that non-constancy is caused by the
stochastic nature of the observations. However, there seems to be a negative drift in the Sth
and 6th plots. Non-constancy is caused in particular by the first seven underwriting quarters,
which correspond to the first seven points in each plot. Re-evaluating the first four plots, one
can also spot the drift there. When the values are subtracted by one, the relative drift size in
the different plots seems of similar magnitude. This indicates that the data do indeed not satisfy
the independence assumption, even though this is hard to see due to larger noise in the early
development quarters. A pragmatic solution would be to throw away the data of the first seven
underwriting quarters, as is often done by actuaries when using the chain-ladder method. We
preferred to keep the whole data set because few data are available after the fourth development
quarter. A better strategy might be to look for extensions of our model where the reporting delay
density fs depends on calendar time. Additional seasonal effects are considered in Lee et al.
(2015). Other calendar time effects will often involve the need of extrapolation of a time series;
see also Kuang et al. (2008) for the discrete-time case. Accounting for the drift seen in the data
example leads only to a slight change of the total number of forecasted claim numbers but to
larger differences in the forecasted delay times.

We have calculated the local linear density estimators of the two underlying multiplicative den-
sities, f1 and f2, using the Epanechnikov kernel and weighted cross-validated and do-validated
bandwidth selectors. For the density fi, cross-validation chose a bandwidth of 408 days and do-
validation a bandwidth of 1,860 days, while, for fo, the minimizer of the cross- and do-validation
criteria were 15 days and 72 days, respectively. Figure 2 shows the estimated densities. The left
plot indicates that there is no trend in the amount of underwritten policies. In the right plot,
consistent with the policy duration of one year and our experience of other motor insurance, we
find that most of the claims are reported within 1.4 years. There is a sharp increase and decrease
at the beginning and at the end of the first year, respectively, and a near-uniform development
in between. It seems plausible that boundary and bias correction techniques would be useful in
future analyses. One could for example consider multiplicative bias correction (Nielsen et al.,
2009) or asymmetric kernels (Hirukawa & Sakudo, 2014).

In this application, we encounter the usual problem with standard cross-validation, which can
pick bandwidths that are much too small. Do-validation seems to have estimated a reasonable
bandwidth.

The number of outstanding claims for the future quarters, obtained by integrating the multi-
plicative estimator over diagonals in the unobserved part, are shown in Table 2. As a benchmark,
we have calculated the total reserve using the standard chain-ladder method by aggregating the
data on an quarterly basis. The chain-ladder method is the most widely used reserving method in
practice, and can be interpreted as a Poisson maximum likelihood estimator with multiplicative
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Fig. 2. Estimated underwriting and development densities
in the real data application: Cross-validation (dashed), do-
validation (solid).
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Table 2. Number of claims forecasts in the real data application in quarters; 1 = 2014 Q1, 39 =
2022 Q3.

Future quarter: 1 2 3 4 5 6 7 8 9 10 11-39 Total
Cross-validation 1027 733 465 201 15 5 3 2 1 1 1 2452
Do-validation 970 684 422 166 14 5 3 2 1 1 1 2270
Chain-ladder 948 651 387 148 12 5 3 2 1 1 1 2160

mean structure (Kuang et al., 2009). It predicts a smaller number than the continuous approaches.
Under a Poisson approximation with an approximated standard deviation of 48 we get significant
differences between the predicted future claims.

8. SIMULATION STUDY

We simulated the two do-validated densities from the application section, shown in Figure
2, assuming the multiplicative structure f(x,y) = f1(x) f2(y). These models have been chosen
to illustrate realistic situations in claims reserving. Furthermore, for computational reasons, we
simulated data by aggregating the occurrence of claims in bin sizes of three days; see the Sup-
plementary Material. We consider four sample sizes corresponding to 0.5, 1.0, 1.5 and 2.0 times
the sample size, n = 58180, from the application.

For each sample size, we generated 500 samples and have solved the forecasting problem using
the methods described in this paper. Since the data are generated in discrete time, the methods
were applied using the discrete expressions in the Supplementary Material. The performance of
the methods for each simulated data set was evaluated using the discrete approximation of the
integrated squared error.

The local linear estimators were calculated using the Epanechnikov kernel with four differ-
ent bandwidth choices. Firstly the infeasible integrated squared error optimal bandwidth which
changes in each simulated sample and secondly the mean of those integrated squared error op-
timal bandwidths of the 500 simulated samples for every run. These two infeasible choices
are compared to the two data-driven bandwidths, weighted cross-validation and weighted do-
validation.

Table 3 shows that weighted cross-validation and do-validation perform reasonably well.
The results support the asymptotic theory ranking cross-validation as more volatile than do-
validation. For the development density, fs, note that, for larger sample sizes, there is nearly no
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Table 3. Summary of the integrated squared errors multiplied by 10°, along the 500 simulated
samples. Four different bandwidths: optimal bandwidth (ISE), averaged optimal out of the 500
samples (MISE), cross-validation (CV), do-validation (DO).

S fo
n ISE MISE CV DO ISE MISE CV DO
29090 Median | 0.84 245 5.87 6.49 140 144 157 150
Mean 1.50 331 18.40 17.65 149 153 166 1.58
SD 172 239 33.07 39.64 059 060 068 0.60
58180 Median | 0.56  2.29 4.65 4.47 0.84 086 091 0.87
Mean .12 281 1124 721 0.87 089 095 0.89
SD 1.30 158 17.27  9.09 029 029 034 029
87270 Median | 0.52 242 4.04 3.74 062 063 067 0.65
Mean 0.99 271 7.49 5.29 064 065 069 0.66
SD 1.14 124 1155 5.68 020 020 022 020
116360 Median | 043 235 3.42 3.74 049 051 053 053
Mean 0.89 2.64 5.97 6.15 051 053 055 054
SD 1.06  1.08 8.54 9.00 0.15 015 0.17 0.15

difference between the optimal infeasible methods and the two validated bandwidth selectors. In
any event, the feasible approaches seem to be doing very well at picking appropriate bandwidths.

We also simulated the development of the claims according to Table 2. Let R, be the
true reserve for the future period p and ﬁp its estimator. Then, the error was calculated as

(R, — EP)Q}I/ 2. Figure 3 shows box plots of the errors in the future count development,
obtained from the 500 simulated samples. For comparison, we calculated estimates based on the
chain-ladder method, with data aggregated in years, quarters, and months, respectively. Chain-
ladder modelling is competitive for yearly numbers, but breaks down for more detailed quarterly,
monthly, or daily numbers. It is not included in Table 3.

Our simulations suggest that the do-validation estimate in the application of the previous sec-
tion, Table 2, is more likely to be nearly correct than the other two estimates. This is supported
by the smaller standard deviation of do-validation compared to cross-validation for the sample-
size n = 58180, Table 3, and by the better performance of the cross-validated and do-validated
density approaches in quarterly aggregated data, Figure 3.

9. CONCLUDING REMARKS

This paper produces a simpler alternative to the in-sample forecasting approach of Mammen
et al. (2015) and Lee et al. (2015). This is done by reversing the time, and it works because all
failures are observed until some calendar time. Obviously the simple multiplicative structure of
the model could be questioned, see England & Verrall (2002) for some actuarial discussion on
the short-comings of the multiplicative chain-ladder model. One possible generalisation of our
model would be to let the development density depend on calendar time. Another generalisa-
tion would be to include covariates, as has been done e.g. by Wells (1994) for counting process
intensities. An example would be to incorporate claim severities. This could be done by extend-
ing the counting process set-up of this paper to the marked point processes approach (Norberg,
1993). This could also help to generalise the recent double chain-ladder technique of Verrall et al.
(2010), Martinez-Miranda et al. (2011) and Martinez-Miranda et al. (2012) to continuous time.
In this paper we developed detailed asymptotic theory for the estimation of the density f(z,y).
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Fig. 3. Prediction errors of simulated monthly (right panel),
quarterly (middle panel) and yearly (left panel) data along
the 500 simulated samples. Sample size is n = 58180.
Three different methods: Chain-ladder method (CLM), lo-
cal linear density estimator with cross-validation (CV) and
do-validation (DO) bandwidth.
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Discussions of plug-in estimators of integrals of the density over triangles and/or diagonals need
further theory.

SUPPLEMENTARY MATERIAL

Supplementary material available at Biometrika online includes proofs of Proposition 1 and
Theorem 1 and a discussion of discrete approximations of our model.
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