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ABSTRACT: Using Hirota’s direct method and Bécklund transformations we construct ex-
plicit complex one and two-soliton solutions to the complex Korteweg-de Vries equation,
the complex modified Korteweg-de Vries equation and the complex sine-Gordon equation.
The one-soliton solutions of trigonometric and elliptic type turn out to be P7-symmetric
when a constant of integration is chosen to be purely imaginary with one special choice
corresponding to solutions recently found by Khare and Saxena. We show that alterna-
tively complex P7-symmetric solutions to the Korteweg-de Vries equation may also be
constructed alternatively from real solutions to the modified Korteweg-de Vries by means
of Miura transformations. The multi-soliton solutions obtained from Hirota’s method
break the P7-symmetric, whereas those obtained from Bicklund transformations are
PT-invariant under certain conditions. Despite the fact that some of the Hamiltonian
densities are non-Hermitian, the total energy is found to be positive in all cases, that is
irrespective of whether they are P7-symmetric or not. The reason is that the symmetry
can be restored by suitable shifts in space-time and the fact that any of our N-soliton
solutions may be decomposed into N separate P7 -symmetrizable one-soliton solutions.

1. Introduction

PT-symmetrically deformed nonlinear wave equations have been found to possess various
interesting properties [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In general, the P7-symmetric
deformations destroy the integrability of models with that property, although some rare
cases pass the Painlevé test [5] indicating that they remain integrable. Furthermore, it was
shown [4] that it is possible to construct specific P7-symmetric deformations that preserve
the supersymmetry of some models. Some P7T-symmetrically deformed nonlinear wave
equations possess very intricate shock wave structures [10].

Most notably when the P7-symmetrically deformed models are of Hamiltonian type,
with densities H[u(x,t),uz(z,t),...] depending on some field u(z,t) and its derivative, the
PT-symmetry will ensure that the energy on symmetric intervals [—a, a]

E = ' Hu(z,t)|dx = éH[u(m,t)]d—u, (1.1)

—a Uy
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remains real despite the fact that the Hamiltonian density is complex [2]. The reasoning
to establish this is similar to the one applied to quantum mechanical models, although the
quantity E as defined in (1.1) will not play the role of the energy in the quantum theory
for reduced models as explained in more detail in [8].

The simplest way to obtain complex solutions is to keep the form of the original
equation intact and just take the field u(z,t) to be complex by demanding that the com-
plexified equations remain invariant under the antilinear transformation P7: x — —ux,
t — —t, i — —i and u — u or v — —u. For such a setting Khare and Saxena [12] have
recently found some interesting apparently novel P7-symmetric solutions to various types
of nonlinear equations that appear to have been overlooked this far. Their approach is
to start off from some well-known real solutions to these equations and then by adding
a term build around that solution a suitable complex Ansatz including various constants.
In many cases they succeeded to determine those constants in such a way that their ex-
pressions constitute solutions to the different types of complex nonlinear wave equations
considered.

One of the purposes of this note is to demonstrate that these solutions may be derived
in a more constructive, systematic and generic way. We focus here on nonlinear wave
equations for which we use Hirota’s direct method [13] to derive complex solutions including
those of [12] as special cases. Some of the one-soliton solutions produced in this manner turn
out to be P7T-symmetric, whereas the multi-soliton solutions obtained from this method
break the P7-symmetry in general. Subsequently we employ Bécklund transformations
to construct new P7 -symmetric multi-soliton solutions from some previously constructed
complex solutions. For a specific case we evaluate the time-delay in the real and imaginary
parts of these solutions.

Computing the energies F corresponding to our solutions we find that all of them are
real irrespective of whether they are P7-symmetric or not. While this is to be expected
for the P7-symmetric solutions, this is less obvious for the P7 -broken solutions. We will
present the argument and mechanism responsible for this behaviour. Our analysis is carried
out for the complex Korteweg-de Vries (KdV) equation in section 2.1, complex modified
Korteweg-de Vries (mKdV) equation in section 2.2, both considered also in [12], and in
addition for the complex sine-Gordon equation in section 2.3. Our conclusions are stated
in section 3.

2. The construction of complex multi-soliton solutions

At first we employ here Hirota’s direct method [13]. The general principle of this approach
is to convert the nonlinear equation of interest into Hirota’s equation of bilinear form by
means of a dependent variable transformation

P(D1,Ds,...,Dy)T-0 =0, (2.1)

with P(D1, Ds, ..., D,) being a polynomial in the Hirota derivatives (D1, Da, ..., D,) act-
ing on the product of the two functions 7 and o both depending on (z1,x2,...,z,). The
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general expressions for the Hirota derivatives in terms of ordinary derivatives may be ob-
tained from the generating function

T(T1 + Y1y s Ty F Yn)o(T1 — Y1y ey Ty — Yn) = eV D1ty Dot Ayn Do (2.2)

by reading off powers in y;. In particular, we shall require below the expressions

D0 = T30 — 0,7, (2.3)
DgT “O = Tpg0 — 2T304 + TO 2z, (2.4)
D370 = Toue0 — 370004 + 370000 — T0a0a, (25)
DIT 0 = Toua0 — AT00004 + 6700000 — AT00 000 + TOspaa, (2.6)
DyDyT - 0 = Ty40 + Tay0 — T20¢ — Ty0y. (2.7)

The solution procedure is then to expand the functions 7 and o in powers of A\ as 7 =

Ay Nerk o = o Mok and subsequently solve the bilinear Hirota equation order by
order in A. It turns out that one can systematically set 7% = o = 0 for some j < k.
The constant A\ may then be absorbed into the 7% and ¢* so that the terminated series
constitute an exact solution to the Hirota equation and therefore, after re-transformation,
to the original nonlinear equation.

2.1 The complex Korteweg-de Vries equation

The KdV equation for the complex field u(z,t) may be considered as a set of coupled
equations for the real fields p(z,t) and ¢(z,t)

(2.8)

6 — 600, =0

qt +6(pQ)z + Qrzx = 0 ’

when taking v = p 4 ig. The coupled equations reduce to the Hirota-Satsuma [14] and Ito
system [15] when setting (pq), — pgr and gzzr — 0 in the second equation, respectively.
Evidently these equations remain invariant for P7: z — —z, t — —t, i — —i, u — u,
p — p, ¢ — —q. We stress here that, although there are many P7-symmetric solutions to
(2.8), not all solutions to (2.8) need to be P7-symmetric since the symmetry could map
one solution, say ui(z,t), into a new one uj(—x, —t) = wua(z,t) # ui(x,t). Unlike as in
the linear quantum mechanical scenario the sum of these two solution would of course not
constitute a new P7-symmetric solution, as the KdV equation is nonlinear. In fact, it
would not be a solution at all, unless (ujug), = 0.

2.1.1 Complex solutions from the Hirota method

Since the original work of Hirota [13] it is well known that the KdV equation (2.8) can be
converted into Hirota’s bilinear form

(Di+ DyDy) 77 =0, (2.9)
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by means of the variable transformation v = 2(In 7),, together with (2.6) and (2.7). Equa-
tion (2.9) is solved easily with the above mentioned expansion for 7. At order A" the
equation is trivially satisfied and at order A! we have to solve

(D2 +DyDy) (1- 7'+ 78 1) = 2(7H 2t + 2(7) 2w = 0. (2.10)

Thus the original problem to solve a nonlinear equation has been reduced to the much
simpler task of just solving a linear equation. We may now take

Tl =¢n with n; = kjx 4+ wit + p;, ki,w; € R, p;, € C, (2.11)

with nonlinear dispersion relation ki)’ + w1 = 0 to solve (2.10), stressing at this point that
the constant of integration p; might be complex. At order A? we need to solve

(DE+ DyDy) (t' - 11 = — (D4 + DyDy) (1- 72 472 - 1) (2.12)

= —2(7%)2t — 2(7%) zazar- (2.13)

Using D™Dy (ekiztwit+i . ekj”Jr“’jH“j) = (ki — kj)"™(wi — wj)"ekix+wit+“iekf"”“’f”“j for
n,m € Ny this is easily achieved by setting 72 = 0. Then all higher order terms vanish by

setting 7% = 0 for £ > 2. Thus an exact 7-function and corresponding solution to the KdV
equation are simply

2
1
Tup(x,t) =1+ eﬁx_ﬁsH", and u,g(z,t) = 5 sech? [—(B:z: — B3t + u)] , (2.14)

2 2
where we have set w; = —3, k; = 3, iy = p in order to satisfy the dispersion relation and
A = 1. The standard choices are here ; = 0 and p = im giving rise to the well-known real
solutions
s 2 |1 3 B 2 |1 3
up g(z,t) = 5 sech 5(/330 —p°t)| and uirp(z,t) = —3 csch 5(5$ -5t ,

(2.15)
that may also be obtained from direct integration of the KdV equation with appropriate
boundary condition assuming the solutions to be travelling waves. However, it is clear that
any choice for which p is purely imaginary, i.e. u =0 with 6 € R, would constitute a finite
‘PT -invariant solution. Separating this solution into its real and imaginary part we obtain

2 + 32 cos O cosh(Bx — £3¢) 32 sin @ sinh(Bz — §3t)

- B - 2.16
s 1) [cos 6 + cosh(Bz — 5°¢)] = [cos 0 + cosh(Bz — 5%t)] ’ o

This form also allows explicitly to identify the solutions to the coupled equation (2.8)
by just reading off the real and imaginary parts. For the choice § = £7/2 this solution
reduces precisely to the one found by Khare and Saxena in [12], up to an overall minus
sign due to the difference in (2.8). We notice that while the PT-invariance of u,(z,t) is
apparent, the one for the corresponding 7-functions 7,.5(x, t) are not immediately obvious,
in fact they are not P7-invariant. This is due to the ambiguity in those functions, as for
instance 7(z,t) — ui(x,t) exp [c1z + c2 + f(t)] with arbitrary constants ¢1, ¢z and function
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f(t) will give rise to the same solution u(z,t) to the KdV equation. Instead of taking the
standard form in (2.14) we may start from #,,3(z,t) = cosh [(Bz — %t + p) /2] leading
also to the same u,g(z,t) in (2.14). In this form the P7-invariance is directly evident.
In other words the 7-functions do not need to be P7-symmetric in order to generate a
PT -symmetric solution for the KdV equation.

Let us next construct a two-soliton solution. As a starting point we take

h =M 4 ez (2.17)

which naturally solves (2.10) with nonlinear dispersion relations k3 + w; = 0 for i = 1,2.
At order A\? we determine from (2.12) that

7% = e T2, (2.18)
with v = (o — 8)?/(a 4 B)%. The equation resulting at order A\
(Dy+DoDy) (17 + 7t 72472 rh 473 1) =0, (2.19)

is solved by 7! and 72 given in (2.17) and (2.18) when setting 72 = 0. Once again all higher
order equations are also satisfied when setting 7% = 0 for k > 3, so that with A =1

r=14eMn +em + 76771'*‘772’ (2.20)

becomes an exact solution to the Hirota equation (2.9), with p; as defined in (2.11) possibly
being complex. Translating the 7-function back to the u-variable we obtain thee two-soliton
solution

2a26aaz—a3t+u + 2ﬁ2€,6’z—53t+1/ + 4(0( _ B)Zeaz—a3t+u+ﬁz—53t+u

H —
u“’y;a’ﬁ(l" t) o (1 + eazfa3t+u + e,@zf,@3t+u + ,yea:rfa3t+,u+,8zf,83t+u)2 (221)

2y <a26az—a3t+u+2(ﬁz—63t+u) + 6262(az—a3t+u)+6az—ﬁ3t+y)

(1 4 ear—adttp 4 eﬁx—63t+u 4 ,-yeozz—oz3t+u+5a:—63t+1/)2

Notice that (2.21) is not P7-symmetric, even for the real solution when taking ;1 = v = 0.
It is evident that further multi-soliton solutions constructed by means of the Hirota method
will also not be P7T-symmetric. However, as we will show in section 2.2 that does not
mean that all multi-soliton solutions have broken P7-symmetry. Moreover, it will turn
out that despite having broken P7-symmetry their corresponding energies are real. In the
next subsection we shall demonstrate that P7-symmetric multi-soliton solutions may be
constructed from Bicklund transformations instead.

2.1.2 Complex solutions from Bécklund transformations
Converting the KdV equation (2.8) into an equation for the quantity w, defined via u = wy,
the KdV-Bicklund transformations are well known to relate two different solutions wu, w
and v/, w as

we +wl, = Kk — =(w—w')?, (2.22)

wi +wp = (w— W) (Wee — wh,) — 2[w? + wew!, + (wh)?]. (2.23)
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A “nonlinear superposition principle” is then obtained by relating four different solutions
as wo 2t w1, Wo = wWa, W1 = w12 and ws 2t wi2. Using the corresponding four versions of
(2.22) all differentials may be eliminated, such that one can construct a new solution wis
to the KdV equation from three known solutions wg, wy and we as

K1 — R2

wie = wo + 2 (2.24)

wy — wa
With w,,5(z,t) = Btanh [1(Bz — B3t + 1)], resulting from w,,5(x, ) in (2.14), we identify
Kk = 3%/2 from (2.22) when taking w = wp,s = 0 and w' = w,.3. A new solution to the
KdV equation is therefore

2 2
o —p
Wy, = ) (2.25)
Wz — Wy
with corresponding wavefunction
B (2.1) a? — g% B%sech? [£(Bx — B3t + v)] — a® sech? [§(az — a3t + p)] (2.26)
Uy, 08T, t) = . .
S 2 [atanh [1(ax — a3t + p)] — Btanh [1(Bz — B3 + 1/)]]2
- Re(u®,, .0, 5(x, 1) Im(u® /,,,,,.,;,, #(x, )
1.0
L5 , —t=-25 0.5 ‘ . . |'\
" ’ n i
' B t=-10 j\ ! n | \\
10 , :: ------ t=0 0.0 / 2 - Ll
l'I 1" t=10 3 nd 00
:I il o 4=25 5 '/I l:
0.5 70 I' '| —0. \“
| ‘l 10
| ' o1 -L0 :
Ry 20 0 —40 —20 [ 20 40

Figure 1: PT7-symmetric KdV two-soliton solution with « =6/5, 6 =1 and p = v = in/2.

Notice that, unlike for ufj via30 for Teal values of p and v the denominator of uﬁ v
vanishes at certain values for z and t. Thus complex values for 1 and v can be used to
regularize this expression. We observe further that while the P7-symmetric one-soliton
solutions may formally be obtained simply from complex shifts in space or time from one
basic solution ug.g(z,t), neither the broken P7-symmetric two-soliton uff nor the P7-

symmetric two-soliton u?

is obtainable from a known two-soliton solution in this simple
manner when p # v. However, we may use real shifts in space or time to restore the
PT-symmetry for the broken P7-symmetric one-soliton solution w,, 44, with u,,u; € R,

as

Uy, tip,;B (m - %,t) = Uy tin,;8 (m,t + %) = Uiy, (T,1) . (2.27)

To achieve this restoration for the broken P7-symmetric two-soliton solution we require a
simultaneous shift in space and time

3 3
B Bpy — vy Bp, —ave.\ g
Uy, +ips vrtivisa,B <LL’ + 35— af? Jt+ o35 (XBS) = Uy ivisa,p (T51) - (2.28)
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B

In figure 1 we display the two-soliton solution w;, .. 5 for a P7-symmetric choice of

via,f3

the parameters y = v. We observe Re[u?(z,t)] = Re[{;B(—x, —t)] and also Im[u®(x,t)] =
— Im[uP(—xz, —t)]. The real part exhibits the typical features of a two-soliton scattering,

=

that is being separated into two one-soliton solutions in the past and regaining the original
shapes with exchanged positions in the future, with a time-delay as the only residual
effect. For the complex solutions this behaviour is now accompanied by a smooth scattering
structure for the imaginary part. In as similar fashion as in [16, 17, 18] we compute the
time-delay for the real and imaginary parts as

lim Re [ugr/zm/z;a,ﬁ (m,t)} ~ Re [tirja. (@, F Ag)| + Re [wir 0,0 (x,t £ Ag)], (2.29)
lirin Im [ugr/z,m/za,ﬁ (x, t)} ~ Im [Uir 2.8 (2,6 F Ag)| —Im [t /0,0 (2,6 £ Ag)], (2.30)

where the time shifts are given by

1 a+p
A= —n [aﬁ] . (2.31)

We confirm our analytic results by numerical computations displayed in figure 2.

Re(u”/,,,,;,,v/y(x, t)) Im(uB/,,,,;,,,/;(x, t))
2.0 . Lo

— t==20
t=20

4
e t=-20-4, j\ ﬁ
e 0.0 P Ja
t=-20+4, W kf
. 1=20 -4, 4

St=20+4, -05

1.5

1.0

3
) J\ /’ l
73 -1.0
0.0 L

—40 =20 0 20 40 —40 =20 0 20 40

Figure 2: Time delay in the KdV complex two-soliton scattering uﬁ v fOr p=v = in/2,

a =7/5and 8 = 4/5. The scattered solitons are the one-solition solutions at the shifted times as
indicated in the legend and the thin solid black lines are the unshifted one-soliton solutions at time
t = —20, —20, 20, 20 from the left to the right.

We observe a perfect match between the two-soliton solutions and the A -shifted one-
soliton solution in the real as well as in the imaginary part. The faster soliton, i.e. the one
related to « in our choice of parameters, in the two-soliton solution is shifted to the left in
the past and to the right in the future. These shifts are in the opposite direction for the
slower soliton related to 8. The details of the derivation for (2.29), (2.30), (2.31) together
with a some further analysis are presented elsewhere [19].

As seen in figure 3 the qualitative behaviour does not change in the broken regime,
with the only difference that two solutions for some specific values ¢ and —t' are no longer

B

symmetric around x = 0, similarly as for the solution w”. Taking p different from v we

can modulate the shapes of the different solutions as displayed in figure 4.
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Re(u® 1.0, 5(x, D)) Im(u®, ... 5(x, 1)

1.5
2.0
1.0
)
15 f ' P "\
H i Al oS
H 1 | !
X
1.0 \ i T, VT
/ 1l i V!
} 1 \ |
pe il [l
0.5 i '
I
1 '
i ] " P
0.0 VA RV & TN L.

—40 —20 0 20 70 15y

Figure 3: Broken P7-symmetric KdV two-soliton solution with o =6/5, 5 =1, u =5+ i7/2 and

v =1imw/2.
Re(u® 1.0, p(x, 1)) Im(u® .0, 5(x, D)
15 '
{ !
i 0.5 1
i 1
:I —t=-25 i :l
! I
1.0 I t=-10 I “
H ] i A |
H | VAl
U I t=0 0.0 J\ — - LI
o t=10 \ > |
I
0.5 \ " - — =25 Ug
U | Y
1 1
M [ -0.5 I
) i N
’ ‘\ Iy Y
0.0 -
—40 20 40 —40 -20 0 20 40

Figure 4: P7-symmetric KdV two-soliton solution from different types of one-solitons with « =
6/5, 8 =4/5, un=1ir/6 and v = imw /2.

2.1.3 Real energies from P7-symmetric and broken P7-symmetric solutions

Having obtained various types of solutions, we will now compute the corresponding energies

resulting from the expression (1.1). The Hamiltonian density leading to the KdV equation
in the form (2.8) is given by

H(u, ug) = —ud + Ui (2.32)
From the KdV Bicklund transformation (2.22) with w’ = 0 and the observation that
(Wpsp)a /U = —wyp = —Btanh [3(Bz —B?’t+u)], we derive the identity (uu8)zz =

(uu;8)3 /W — us.g. These relations allow us to write the Hamiltonian density as

Up;8 Up;B

5 2
H [up, (Wpsp)e] = {%0 [M} +% [M] (W) +uu;/5(uu;5)z} . (2.33)

T

The corresponding energy then simply results to

oo 1]1 AL 3 > 5
Bp = / Hlwsp, (wusp)elde = 5 | 2 () + (U#QB):E + (u2~6)z = 7
’ —o0 2|51 uup ’
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when using asymptotically vanishing boundary conditions for the wave function and its
derivative limg 4o U3 = limy—too(uy8)s = 0 together with lim, 400 (upg)e/uus =
F5. Notice that as long as 5 is real this energy is real at all times ¢, irrespective of whether
Uy is P7T-symmetric or not. The reason is simple: Taking j to be of the form p1 = 1.+,
the P7-symmetry of H is broken when p, # 0. However, a simple shift in time or space, as
explained in (2.27), will restore the P7 -symmetry of the integrand. Both type of shifts are
permitted, as the shift in z can be absorbed in the limits of the integral and the shift in ¢ is
allowed since H is a conserved quantity in time. As argued before, having a P7 -symmetric

integrand the complex part does not contribute to the overall value of E,,.3.
H,B

oo
ergy is the sum of the individual one-soliton solutions

For the two-soliton solutions u (x,t), we compute numerically that the total en-

a® + 35

- (2.35)

(o .9]

H,B H,B H,B

By = / m [u%”;a,ﬁ(m’t)’ (uu,V;a,ﬁ(x’t)>J dr = Eyp + Eya = —
—00

Once again we notice that we obtain real energies also for the P7-symmetrically broken
scenario. In this case we can restore the P7-symmetry by a simultaneous shift in x and
t as explained in (2.28). While this explains the reality of the spectrum, it does not yet
account for the concrete values in (2.35). However, as we have seen in (2.29) and (2.30)
for one specific case, asymptotically the two-soliton solution separates into two from each
other isolated one-soliton solutions, in both the real and imaginary part. These one-soliton
solutions contribute separately to the total energy, which is the same value at all times.
As the latter argument applies to any N-soliton solution we expect their energies to be
the sum of all their N asymptotic individual one-soliton solutions. However this still needs
verification [19].

2.2 The complex modified Korteweg-de Vries equation
Using the variable transformation v = w, the mKdV equation can be written in the two
equivalent forms

v+ 240%0, F Vppe =0 & Dy + 85 + e = 0. (2.36)

Unlike the KdV equation, the mKdV equation allows for two alternative types of P7T-
symmetries P7Ty: ¢z — —x,t — —t, i —» —i, v — +v. With the further substitution
w = arctan(7 /o) the latter equation in (2.36) can be converted into Hirota’s bilinear form
20]

(Di+D3)7-0=0, and Di(r-T+0-0)=0, (2.37)

when using the relations (2.3)-(2.7). Taking now o = 1 the equations (2.37) reduce to
Tt + Togz = 0, and 7T — 712 =0. (2.38)

The exact solutions to these equations with corresponding solution to the mKdV equation
(2.36) are

Tup(x,t) = ePr=BPttu  and vp(e,t) = gsech Bz — B3t + w - (2.39)
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It is well known that the mKdV and the KdV equation are related by a Miura transforma-
tion. Here we find that the solutions (2.14) and (2.39) to the KdV equations and mKdV
equation (2.8) and (2.36), respectively, are related as

Upiz5(T, 1) = 4vi;5(x, t) £i20,v,u.8(x, ). (2.40)

This means for instance that the real solution vy.g(z,t) to the mKdV equation leads in-
evitably to the complex P7 -symmetric solutions Uiz, g(z,t) for the KdV equation. Thus
we have obtained yet another way to derive the solutions reported in [12]. The complex
part simply results from scaling the more familiar transformation v = v? + v,, that relates
the mKdV with nonlinear term —6v2v, to the KAV equation with nonlinear term +6uu,,
to the present forms (2.8) and (2.36).

The latter argument may also be applied to solutions in terms of Jacobi elliptic func-
tions!. Starting with the shifted known solution to the mKdV equation

Opp(x,t) = gdn Bz — B2 —m) + p, m], (2.41)
we obtain from (2.40) the corresponding solution to the KdV equation

ﬁiﬁ(m’, t) = B2dn? [2,m] £ imfB? cn [2,m]sn [2,m] (2.42)
where we abbreviated the argument Z := Sx — 53t(2 —m) + p. The elliptic parameter is
denoted by m as usual. Likewise from the shifted known solution to the mKdV equation

Vpp(x,t) = g\/ﬁcn Bz — B3t(2m —1) + 1, m] (2.43)

we construct
ﬂiﬁ(l', t) =mpB%cen? [2,m] £ iv/mB2dn [2,m]sn [Z,m], (2.44)

with 2 := Bz — 8°t(2m — 1) + p. Thus the solutions 9g.5(x,t) and @.5(x,t) to the mKdV
equation, which could be real for specific values, lead to the complex P7-symmetric so-
lution for the KdV equation reported in [12], see for instance also [8, 22] for construction
procedures of such type of sultions. It is clear that this is only one possibility as other
choices for purely imaginary p also respect the P7-symmetry.

2.2.1 Real energies from P7-symmetric and broken P7-symmetric solutions

Next we compute the energy resulting from the mKdV Hamiltonian density leading to the
equation of motion (2.36) after variation

1
H(v,v,) = —20* + 51}% (2.45)
For the solution v,.3 in (2.39) we compute the energy
o) 63
Bup= [ Hluuslant) (ap(ant), ] do = =5, (2.46)

!We use here the conventions of [21].
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which has the same properties as the energy of the KdV one-soliton, that is being real for
all values of p. The elliptic solutions have the two periods 4K (m)/f and i4K (1 —m)/f in
x with K(m) denoting the elliptic integral of the first kind. Thus we have to restrict the
domain of integration in (1.1) in order to obtain finite energies. For the solution 7.5 in
(2.39) we compute the real energies

. 2K(m)/B R
Bus = / H [15 (2, 1), (B9, )] v (2.47)
—2K(m)/B
63
= 51 [(m = 2)Eam (4K (m)[m) , m] + 4K (m)(m — 1)],
where am (u|m) denotes the amplitude of the Jacobi elliptic function and E [¢, m] the
elliptic integral of the second kind. Similarly for the solution 7,3 in (2.43) we find

_ 2K(m)/5 ]
Fp = / H [5y05(2, 1), (Bp(a. 1), ] (2.48)
—2K(m)/B

53
=51 [(1 - 2m)E [am (2K (m)|m) ,m] — 4K (m)(3m* — 4m + 1)] .
We observe that lim,,_.1 Eu;ﬁ = lim,,,—1 Eﬂ;g = 2F,.3. For the same reason as for the
hyperbolic solutions all energies are real, irrespective of whether the Hamiltonian densities

are P7T-symmetric or not.

2.3 The complex sine-Gordon equation
The quantum field theory version of the complex sine-Gordon model has been studied for
some time [23, 24, 25, 26, 27, 28]. Here we demonstrate that its classical version also

admits interesting P7 -symmetric solutions with similar properties to those constructed in
the previous subsections. We consider the equation in the form

6, = sin g, (2.49)

using light-cone variables, which we still call x and ¢ with a slight abuse of notation.
We observe that this equation admits various symmetries for P7 g:L )w o —x, t — —t,
1 — —i, ¢ — £+ n2w with n € Z, with PT(fL) and PT(P squaring to 1 as expected for a
proper P7-symmetry. In [29] Hirota showed that the sine-Gordon equation (2.49) can be

converted into the bilinear form
D,Dit-0=1-0, and D,Dyt-7=D,D;o- o0, (2.50)

when using the relations (2.3)-(2.7) and the transformation ¢ = 4arctan(r/c). Taking
o = 1 these equations reduce to

Tt =T and TTat = ToeTt. (2.51)

The exact solutions to these equations and therefore the corresponding solutions to the
sine-Gordon equation (2.49) are easily found. For instance, we obtain the well-known kink
solution as

Tup(x,t) = PTHBHI and ¢,.5(x,t) = 4arctan [65“’5/5*“} . (2.52)
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Recalling that arctanz = —arctanz~! 4 7/2 for Rezzo, we note that the solution for
u = i with 8 € R is PT(,i)—symmetric. Let us separate off the real and imaginary
parts of the solution for these values of p by using the well-known relation arctanz =
—i/2In[(i — 2z)/(i + z)]. For the principle value of the logarithm we obtain

o h . . h2 2
sin <p+zcos€} iln[sm © + cos 6]’ (2.53)

0.5(T,t) = 2ar :
Pig;3(: 1) g[ cosh ¢ + sin 6 (cosh ¢ + sin §)?

where we abbreviated ¢ = Sz + t/5. Using the relation between the argument function
and the arctan function equation (2.53) can be converted into the more practical form

\/ﬁ i . 2 2

P [ h i cos 9*““”} ~iln [Snteret0] g g

—iln e for § = +2
(2.54)

The real part is P7T (_i)-symmetric and the imaginary part respects a P7T (_())-symmetry, such

that overall ¢;9.5 is PT (,i)-symmetric. As depicted in figure 5 for 6 # +m/2 the real part

of the solution constitutes a kink solution accompanied by a one-soliton solution in the

imaginary part. For § = +7/2 the real part of the solution vanishes and the imaginary

part becomes a cusp type solution as can be found for instance in [30].

Re(ﬁﬂ;ﬂ(x, t)) Im(¢/’v‘/9(x' ’))
7
________ | I A
’ e — :
g / ‘~
! 1.5 |
5 ! — =20 : !
I
S t=-10 1
4 I 0f
L B Y R I =0 10 1
|
2 I H t=10 ,‘ |
i |
| i
i - = t=20 1
’ ,' 0.5 7
o
t /’ / T
/ ; ;
0 g v s 0.0 ' S R S
—40 —20 0 20 40 0 T 5 = vy

Figure 5: Complex sine-Gordon solution with kink as real part and soliton as imaginary part at
different values of time for a« = 4/5 and p = in/4.

Let us now construct a two-soliton solution from the sine-Gordon complex solitons
using the Bécklund transformation which associates two different types of solutions ¢ and

¢’ via the two solutions

Pot oy 1. [~ i N ko
5 = . Sin 5 , and 5 = ksin 5 . (2.55)
In this case the “nonlinear superposition principle” relates four solutions ¢, ¢;, ¢q, @3 as
$3 — P K1+ K2 1 — ¢y
t = t . 2.56
an [ 1 p— an 1 (2.56)

Taking now ¢/ =0, ¢ = ®,:o We identify the constant in (2.55) as £ = 1/a. Then taking
1 = buiar P2 = 3 and @3 = @, ., g equation (2.56) leads to the new complex two-
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solution solution

Dpvra,p = Aarctan {g i_ Z tan (Wﬂ . (2.57)

This solution exhibits the same kind of symmetry properties as the one-soliton solutions
as we observe in figure 6. When p # im/2, v # im/2 the real part consists of a kink-kink
scattering and the imaginary part of a two soliton scattering.

Re(B,,1:0,5(x, 1)) 5 Im(B,,1:0,5(x, )
6 s T2 ' h
/ 0 I
4 0 | 1 Ug
! | — =20 0 q
2] \ S e
/ L t=-10 g/~ .
ol—z \ Py - t=0
t=10 _jp
-2
- = t=20
—4 -2
-6
—40 -20 0 20 40 0 -20 0 20 40

Figure 6: Complex sine-Gordon solution with kink-kink scattering in the real part and soliton-
soliton scattering in the imaginary part at different values of time for « = 6/5, 5 = 4/5, p = in/3
and v = in/4.

As computed in (2.54), when p = im/2 the kink solution in the real part vanishes and
the soliton solution in the imaginary part degenerates into a cusp. Choosing p = v = in/2
we observe a two cusps scattering in the imaginary part. These features are depicted in
figure 7.

i Im(, 5(x, 0) Im(By1,1:0,5(%, 1)
u ' | ' it
| 6 §
6 | b
f 4 ;‘
5 ! —t=-20 T
| \
AR S S N (N g t=-10 2 1,
4 : Iy
:l ------ t=0 0 z ~ x
\
3 1" t=10 t //
1! 2 [
2 1! - —t=20 )
l’ l‘ - ‘H‘
1
/A - | é
i 7 \\ C | E
—40 -20 0 40 —40 -20 0o 20 40

Figure 7: Complex sine-Gordon travelling one-cusp solution with 5 = 4/5, u = i7/2 and two-cusp
scattering solution for a« = 6/5, § =4/5 and p =i = v = i /3 at different values of time.

2.3.1 Real energies from P7-symmetric and broken P7-symmetric solutions

The Hamiltonian density for the sine-Gordon equation is well-known, see e.g. [31]. When
converted to light-cone variables it reads

H(}, bpr b)) = = (62 + ¢7) + 1 — cos(6). (2.58)

=
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From this expression we compute real energies for all times ¢t and any values u to

22 7 2)2
#B = / 7’[ d)uﬁa ¢p, ,8)277 (d)uﬁ) ] - (1;#?) / sech2(6m+t/5+u)dm = M;Tﬁ)
- (2.59)

Once again the imaginary parts of H do not contribute as the are already or, by suitable
shifts, can be made P7-symmetric. Numerically we also confirm that the energy of the
two-soliton solution is the sum of the individual one-soliton solutions

E;J,,V o8 — / H ¢u via,3) (d),u,zx a,,B)E’ (d),u,zx a,,B) ] dr = E/ig + E/i%” (260)

at all times ¢ and any values of 1 and v.

3. Conclusions

Using various techniques, such as Hirota’s direct method, Bécklund and Miura transfor-
mations, we have constructed complex one and two-soliton solutions to the complex KdV,
mKdV and sine-Gordon equations. Some of the solutions turned out to be P7-symmetric,
whereas others have broken P7 -symmetry, as for instance the two-soliton solution obtained
from Hirota’s method. Nonetheless, despite the fact that the corresponding Hamiltonian
densities are non-Hermitian, all solutions were found to lead to real energies. While this
was to be expected [2] for the P7T-symmetric solution, it is less obvious why this should
be the case for the broken scenario. However, as we have shown any of our one-soliton
solution may be converted into a P7-symmetric one-soliton solution by suitable shifts in
time or space and any of our two-soliton solution may be converted into a P7-symmetric
two-soliton solution by suitable simultaneous shifts in time and space. Since the value of
the energy is insensitive to any of these shifts it must therefore be real. Moreover, when
considering the asymptotic behaviour of N-soliton solutions we conjecture that one might
be able to use of the fact that they separate into N different one-soliton solutions with
possible shifts in time, with each of them contributing a real value to the overall energy.
As we have seen in section 2.1.2 this is certainly correct for the KdV two-soliton solution
when p = v = i7/2, but in order to establish this in more generality we need to investigate
in more detail the effect of the time-delay the for different values of i and v and especially
the cases N > 2 [19].

The above mechanism explains well why certain complex soliton solutions posses real
energies. Here we have not allowed complex dispersion relations, i.e. keeping our parame-
ters a, [ real, or permitted complex parameters occurring directly in the nonlinear wave
equations. In fact, also for those scenarios it was found [8] that broken P7-symmetric
solutions with non-Hermitian Hamiltonian densities may lead to real energies, although in
a much more constrained setting. The mechanism responsible for the reality of the energy
in those cases is still unclear, but we believe that the studies presented here will also shed
light onto those situations.

— 14 —



Complex solitons with real energies

References

[1] C. M. Bender, D. C. Brody, J. Chen, and E. Furlan, P7-symmetric extension of the
Korteweg-de Vries equation, J. Phys. A 40, F153-F160 (2007).

[2] A. Fring, P7-Symmetric deformations of the Korteweg-de Vries equation, J. Phys. A: Math.
Theor. 40, 4215-4224 (2007).

[3] C. M. Bender and J. Feinberg, Does the complex deformation of the Riemann equation
exhibit shocks?, J. Phys. A: Math. Theor. 41, 244004(8) (2008).

[4] B. Bagchi and A. Fring, P7-symmetric extensions of the supersymmetric Korteweg-De Vries
equation, J. Phys. A: Math. Theor. 41, 392004(9) (2008).

[5] P. E. G. Assis and A. Fring, Integrable models from P7-symmetric deformations, J. Phys.
A: Math. Theor. 42, 105206 (2009).

[6] C. M. Bender, F. Cooper, A. Khare, B. Mihaila, and A. Saxena, Compactons in
PT-symmetric generalized Korteweg-de Vries Equations, Pramana J. of Phys. 73, 375-385
(2009).

[7] P. E. G. Assis and A. Fring, Compactons versus solitons, Pramana J. of Phys. 74, 857-865
(2010).

[8] A. Cavaglia, A. Fring, and B. Bagchi, P7-symmetry breaking in complex nonlinear wave
equations and their deformations, J. Phys. A: Math. Theor. 44, 325201(42) (2011).

[9] Z. Yan, Complex P7-symmetric extensions of the nonlinear ultra-short light pulse model, J.
Phys. A: Math. Theor. 45, 444035 (2012).

[10] A. Cavaglia and A. Fring, P7-symmetrically deformed shock waves, J. Phys. A: Math.
Theor. 45, 444010(16) (2012).
[11] P. E. G. Assis, PT-symmetry in quasi-integrable models, J. Phys. A: Math. Theor. 49,
245201(16) (2016).
[12] A. Khare and A. Saxena, Novel PT-invariant solutions for a large number of real nonlinear
equations, Phys. Lett. A 380, 856-862 (2016).
[13] R. Hirota, Exact Solution of the Korteweg-de Vries Equation for Multiple Collisions of
Solitons, Phys. Rev. Lett. 27, 1192 — 1194 (1971).
[14] R. Hirota and J. Satsuma, Soliton solutions of a coupled Korteweg-de Vries equation, Phys.
Lett. A 85, 407-408 (1981).
[15] M. Ito, Symmetries and conservation laws of a coupled nonlinear wave equation, Phys. Lett.
A 91, 335-338 (1982).
. Rubinstein, Sine-Gordon Equation, J. Math. Phys. , — .
16] J. Rubi in, Sine-Gordon E ion, J. Math. Phys. 11, 258-266 (1970
[17] R. Jackiw and G. Woo, Semiclassical scattering of quantized nonlinear waves, Phys. Rev. D
12, 1643 (1975).
. Fring, P. Johnson, M. Kneipp, an . 1. Olive, Vertex operators and soliton time delays in

18] A. Fring, P. Joh M. Knei d D. I. Olive, Vi d soli ime delays i
affine Toda field theory, Nucl. Phys. B 430, 597614 (1994).

[19] J. Cen, F. Correa and A. Fring, Time-delay and reality conditions for complex solitons , in

preparation .

— 15 —



Complex solitons with real energies

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

R. Hirota, Exact solution of the modified Korteweg-de Vries equation for multiple collisions
of solitons, J. Phys. Soc. Japan 33, 1456-1458 (1972).

M. Abramowitz and I. A. Stegun Handbook of mathematical functions: with formulas,
graphs, and mathematical tables 55, (Courier Corporation) (1964).

E. Fan, Multiple travelling wave solutions of nonlinear evolution equations using a unified
algebraic method J. Phys. A: Math. Theor. 35, 6853-6872 (2002).

F. Lund and T. Regge, Unified approach to strings and vortices with soliton solutions, Phys.
Rev. D 14(6), 1524 (1976).

F. Lund, Example of a relativistic, completely integrable, hamiltonian system, Phys. Rev.
Lett. 38, 1175 (1977).

H. J. De Vega and J. M. Maillet, Semiclassical quantization of the complex sine-Gordon field
theory, Phys. Rev. D 28, 1441 (1983).

N. Dorey and T. J. Hollowood, Quantum scattering of charged solitons in the complex
sine-Gordon model, Nucl. Phys. B 440, 215-233 (1995).

H. Aratyn, L. A. Ferreira, J. F. Gomes, and A. H. Zimerman, The complex sine-Gordon
equation as a symmetry flow of the AKNS hierarchy, J. Phys. A: Math. Theor. 33, L331
(2000).

K. Okamura and R. Suzuki, Perspective on classical strings from complex sine-Gordon
solitons, Phys. Rev. D 75, 046001 (2007).

R. Hirota, Exact solution of the sine-Gordon equation for multiple collisions of solitons, J.
Phys. Soc. Japan 33, 1459-1463 (1972).

S. Kawamoto, Cusp soliton solutions of the Ito-type coupled nonlinear wave equation, J.
Phys. Soc. Japan 53, 12031205 (1984).

R. Rajaraman, Instantons and solitons, (North-Holland, Amsterdam) (1982).

— 16 —



