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Abstract

Inflation expectation is acknowledged to be an important indicator for policy
makers and financial investors. To capture a more accurate real-time estimate of
inflation expectation on the basis of financial markets, we propose an arbitrage-free
model across different countries in a multi-maturity term structure, where we first
estimate inflation expectation by modelling the nominal and inflation-indexed bond
yields jointly for each country. The Nelson-Siegel model is popular in fitting the term
structure of government bond yields, the arbitrage-free model we proposed is the ex-
tension of the arbitrage-free dynamic Nelson-Siegel model proposed by Christensen,
Diebold and Rudebusch (2011). We discover that the extracted common trend for
inflation expectation is an important driver for each country of interest. Moreover,
the model will lead to an improved forecast in a benchmark level of inflation and

will provide good implications for financial markets.
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1 Introduction

Today most economists favour a low and steady rate of inflation because it facilitates real
wage adjustments in the presence of downward nominal wage rigidity. Hence one of the
major objectives of modern monetary policy is to bring inflation expectation under control,
which is considered to be the first step in controlling inflation. Meanwhile, hedging the
risk around the inflation forecast becomes more attractive in financial markets, as many
investors rely on the stability and predictability of future inflation levels. Moreover,
price stability is of immense importance to sustain social welfare, job opportunities and
economic upturn. The objective of price stability refers to the general level of prices
in the economy which implies avoiding both prolonged inflation and deflation. Inflation
expectation that is involved in a contemporary macroeconomic framework anticipates
future economic trends, will further affect monetary decisions. Since there is large demand
on having reasonable estimates of inflation expectation levels, a large amount of literature
has focused on analysing the government conventional and inflation-indexed bonds, which
can implicitly provide a vast amount of information about the expectations of nominal
and real interest rates obtained from the market. Such estimates are known to be an
important complement to the estimates provided from the survey data. Despite the
fact that inflation indexed bonds have been more frequently and widely issued in recent
times, one would still have great difficulties in integrating the market information from
multiple countries to get individual level estimates of the inflation expectation. The major
problems lie in the relative short period of data availability and the existence of a lot of
missing values. While the existing literature’s focus is mainly on specific country, we would
like to consider an estimation framework that allows us to analyse the co-movement of

inflation expectation for multiple countries, and also provide the country specific estimates
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Figure 1:  BEIR for five industrialized European countries - U.K.(red dotted line),
Germany(blue dashed line), France(black line), Italy(orange dot-dashed line) and Swe-
den(grey line).
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of inflation expectation(IE) and the inflation risk premium (IRP).

The starting point of our research is to analyse the break-even inflation rate (BEIR),
which is known to be the difference between the yield on a nominal fixed-rate bond and
the real yield on an inflation-linked bond of similar maturity and credit quality. The
BEIR can generally indicate how the inflation expectations are priced into the market.
However they are not a perfect measure for IEs, as they may also encompass inflation
risk premium, liquidity premium and "technical" market factors. We show the BEIR for
five European countries - U.K., Germany, France, Italy and Sweden in Figure [1, which
exhibits some degree of co-movement. This facilitates the following study in a multiple
country framework. It is known that the euro-zone annual inflation rate was recorded at
-0.2 percent in December of 2014 which matches, but are slightly higher than the overall
BEIR shown in Figure A fall in consumer prices first only appears since September
2009 due to a drop in energy costs. This motivates us to extract a joint time-varying

structure of IEs estimated from individual (country-specific) BEIR.



The modelling of BEIR requires a model for the joint dynamics of the nominal and the
real yields. For instance, Hérdle and Majer (2014) investigated the yield curves using
a Dynamic Semiparametric Factor Model (DSFM). To adopt a real time approach to
help access the term structure of nominal and inflation-linked yields, in this study we
consider a three-factor term structure model originally from Nelson and Siegel (1987).
The attractiveness of factor models of the Nelson-Siegel type is due to its convenient
linear functions and good empirical performance. Diebold and Li (2006) extend the
original Nelson-Siegel model to a dynamic environment. Theoretically, the Nelson-Siegel
(NS) model does not ensure the absence of arbitrage opportunities, as shown by Bjork and
Christensen (1999). Christensen et al. (2011) further develop the NS model to an AFNS
model by imposing the arbitrage-free hypothesis, which reflects most of the real activities
of financial markets. With arbitrage-free pricing, financial institutions apply arbitrage
conditions to prices that are observable in financial markets in order to determine other
prices that are not. The standard approaches for pricing forwards, swaps are all derived
from such arbitrage arguments for both complete and incomplete markets. In our paper,
we will use an AFNS model for the dynamics of the nominal and the real yield respectively,

and combine the two models later on.

Based on the joint dynamics of the nominal and the real yields, a sizable amount of
literature has analysed how to isolate IE and IRP from BEIR. Earlier work mainly focuses
on U.K. data because the U.K. was one of the first developed economies to issue inflation-
indexed bonds for institutional investors. Since the 1981 launch of the original U.K. index-
linked gilts, various developments have occured in the international markets. Barr and
Campbell (1997) estimated market expectations of real interest rates and inflation from
observed prices of U.K. government nominal and inflation-linked bonds. Joyce, Lildholdt
and Sorensen (2010) developed an affine term structure model to decompose forward
rates to obtain IRP. Notably, Christensen, Lopez and Rudebusch (2010) used an affine
arbitrage-free model of the term structure to decompose BEIR that captures the pricing
of both nominal and inflation-indexed securities. A four-factor joint AFNS model was

achieved by combining the AFNS models for nominal and inflation-linked yields, which



proved efficient for fitting and forecasting analysis. Unlike Christensen et al. (2010), we
align the four factor models over different maturities to make the factors consistent over

maturities.

With the AFNS model for the joint dynamics on hand, we proceed with our European
country analysis. Most of the existing literature mentions little about the story of mul-
tiple countries. Diebold, Li and Yue (2008) are the first to consider a global multiple
country model for nominal yield curves. There are a few European central bank reports,
which focus on household and expert inflation expectation and the anchoring of inflation

expectations in the two currency areas before and during the 2008 crisis.

Here we would like to look into five industrialised European countries by constructing
a joint model of country-specific IEs. We construct an AFNS model in multi-maturity
term structure for modelling nominal and inflation-indexed bonds simultaneously, we
also propose a joint model of IE dynamics over European countries, which discovers the
extracted common trend for IE is an important driver for each country of interest. Then we
conduct an analysis to explore the estimated common factor by decomposing the variation

into parts driven by common effect variation and macroeconomic effect variation.

The rest of the paper proceeds as follows. Section 2 estimates the joint AFNS model in
multi-maturity term structure for estimating yields on nominal and inflation-linked bonds
and also covers the decomposition method of BEIR. In section 3, we discuss the econo-
metric methodology used in the joint modelling of IE dynamics. The technical details are

in the Appendix. The empirical results are shown in Section 4. Finally section 5 concludes.

2 Preliminary Analysis

In this section, we introduce the methodology to obtain the model-implied BEIR. Sub-
section [2.1] briefly introduces the Nelson-Siegel model, and sub-section [2.2] constructs the

joint AFNS structure for modelling nominal and inflation-indexed bonds. Sub-section



introduces the joint AFNS model across countries in a multi-maturity term structure. In

the last sub-section we describe the decomposition method of BEIR.

2.1 A factor model representation

The classic Nelson-Siegel (NS) yield curve model for fitting to static yield curves with

simple functional form,

AT AT
y(1) = Bo + B (1)\—i> + B2 (1)\—i - 6_”) (1)

where y(7) is a zero-coupon yield with 7 months to maturity, and Sy, 51,2 and A are
parameters. This model is popular because it is simple and tractable. For a fixed value
of parameter A the remaining three s can be estimated by the OLS method. Maturity 7

determines the decay speed of parameters.

The aforementioned dynamic version of Nelson-Siegel (DNS) model enables institutional
investors and policy makers to understand the evolution of the bond market over time,

the DNS model can be written as,

1— e—/\T 1— e—/\'r
yt(T) = Lt -+ St <?) + Ct (? — e/\‘l'> (2)

where y;(7) denotes the continuously zero-coupon yield of maturity 7 at time t. the time-
varying parameters are defined as level L;, slope S; and curvature C;. Such choice of the
latent factors is motivated by principal component analysis, which gives us three principal
components corresponding to the latent factors. For instance, the most variation of yields

is accounted for by the first principal component - level factor L.

By incorporating the theoretical restriction of arbitrage-free, the AFNS model bridges
the best of the Nelson-Siegel model and the AF model. Thus, the AFNS model consists

of two equations by taking the structure of the DNS model and the real-world dynamics



(under P-measure) equation derived from the AF model respectively,

1—e ™M 1—e ™M B AT
3

dX, = K* (0" — X,)dt + 2dw}

where X, = (X}, X?, X}) is a vector of latent factors, is an unavoidable yield-

A(T)
-
adjustment term and only depends on maturity. K% and 0F correspond to drifts and
dynamics terms, and both are allowed to vary freely. ¥ is identified as a diagonal volatility

matrix.

2.2 A joint factor model

The AFNS structure is a useful representation for term structure research. Christensen
et al. (2010) employed and conducted a separate AFNS model estimation of nominal and
inflation-linked Treasury bonds respectively. Here we construct an extended AFNS struc-
ture for modelling nominal and inflation-indexed bonds simultaneously without exploring

the estimated correlation of separate AFNS models.

The separate AFNS model of nominal and inflation-indexed type for a specific country ¢

can be written as,

1 — —AT 1— A7 AN
y)(7) = LY + S) (_) Lo <_ ) A> _ANG)

AT AT T
1—e" 1—e™ AR(T)
yi () = L + Sf (T) +Cf <?—e * > i

To explore the relationship between nominal and inflation-indexed bond yields within a

country, we need combine two types and model them jointly.

To work with a simplified version of the yield curve, we assume the correlation between



the latent factors of nominal and inflation-indexed bonds as follows,

Sff = afSi]X
(4)

R _ _C/ N
Ci = a7 Cy

i

The assumption will be justified by the performance of the joint model illustrated in

sub-section The yield curve of the joint AFNS model is:

LY
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where yl) and y/f represent the nominal and inflation-linked yields for country i at time

t. The real-world dynamics (under P-measure) equation takes the form of,
dX, = K* (0" — X,)dt + Xdw}

where the state variable X;; = (LY, S}, CY, L) evolves dynamically.

2.3 Multiple Yield Curve Modelling

Diebold et al. (2008) extend the DNS model to a global version by modelling a potentially
large set of country yield curves in a framework that allows for both global and country-
specific factors. The model proposed here employs the joint AFNS model introduced in

sub-section and we further extend it to a multiple-maturity case.

For a specific country i, we first assume the state variable X} introduced in sub-section
is a common state variable for the yield curves across different maturities. The multiple

yield curve model may very well lead to efficient estimation. As in the following analysis



examined, the small size of model residual represented in sub-section 4.4] accounts for the
overall good fit of the model. More specifically, the joint AFNS yield curve in multi-

maturity term structure is,
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where v (7,) and y}(7,,) represent the nominal and inflation-linked yields for country 7 at

time ¢ with maturity 7,,. The real-world dynamics equation is in the same form as before,

dXF = K (0" — X;)dt + ZdW/})

where state variables X;j = (LY, S¥,C}, L%) evolves dynamically.

The methodology used to obtain the estimates of yield curves is the Kalman filtering

technique. The technical details are in Appendix [A]



2.4 BEIR decomposition

In order to find a more appropriate measure of expected inflation, it is necessary to under-
stand the components of the bond yields intuitively and economically, for both nominal
and inflation-linked types. A sizable amount of literature has adopted a parameterized
approach for modelling the term structure of interest rates to estimate the IE and risk pre-
mia using data from both nominal and indexed bonds. Adrian and Wu (2009), Campbell
and Viceira (2009), Pflueger and Viceira (2011) decomposed the yield of an inflation-
linked bond into current expectation of a future real interest rate and a real interest rate
premium. The yield on a nominal bond can be decomposed into parts of the yield on a
real bond, expectations of future inflation and TRP. Therefore the spread between both

yields, the BEIR, reflects the level of IE and IRP.

In the environment of an arbitrage-free model, there are no opportunities for investors to
make risk-free profits, the bonds can be priced by basic pricing equations according to

Cochrane (2005),

p=g {piled, | )

where the price is denoted by P, the value ¢; at time ¢ has a payoff x; 1, § is the discount
factor. We break up the basic consumption-based pricing equation and get the stochastic

discount factor (SDF) M, at time ¢ + 1,

My = 5% (8)

Then the prices of the zero-coupon bonds that pay one unit measured by the consumption
basket at time ¢ with maturity 7 are formed as follows,

PtN(T) =E (Mt]YHMtZYrQ T Mt]JVrT)

(9)

PtR(T> =k (MtlilMt}i2 T Mtlir)

where the nominal and the real (for inflation-linked bond) SDFs at time ¢ are denoted by

MY and ME. PN and PF represent the prices of nominal and real bonds respectively.

10



The price of the consumption basket, which is known as the overall price level ); has the

following link with SDFs given the assumption of no arbitrage,

MtN _ Qt—l

ME T Q, (10

1
Converting the price into the yield by the equation of y;(7) = ——log P,(7),
T

1

ygv(ﬂ = - log E; (Mt]LMt]YrQ T MtJL
1 1
1

th(T) = 7 log E; (Mtlj-lMtIiQ T Mﬁr

1 1

Therefore,
1 MN, MN MY 1 MY, MN MY
N R t+1 t+2 t+7 t+1 t+2 t+7
y (1) =y () = ——F (log ) + —Var, (log )
— =C 1 tHL T2 T o0 ME O ME ... MEB
T oV (Og Mt}il M£2 Mtﬁf’ 0og t+1-"t42 t+7

Qt-H

Given the log inflation is m,; = log and the relationship between SDFs according

t
to equation (10), the BEIR can be defined as,

1 1
ytN(T) - th(T) = ;Et (log Ty 1Tiqn - Tyyr) — ZVart (log T 1miq - - - Tigr)

1
+ ;Covt (log T+ ** Tpr, log ML ME, -+ MtIL)

(11)

that is,

BEIRy(t) = y;" (1) = 4 (7) = m(7) + m(7) + &4(7) (12)

where m;(7) is the IE, n:(7) is the corresponding convexity effect and ¢;(7) is IRP. To link

the BEIR,(7) with the estimated state variable mentioned in sub-section we assume

11



that the P-dynamics equations of the SDFs are,

dMN
M]i[ = _(Tiv - Tﬁﬁdt - (Fiv - Fi\i1)thP
o e
th-z = _(Tﬁ - Tﬁl>dt - (Ff - Fﬁl)thP
t

where 7, is the stochastic risk-free rate and I'; represents the corresponding risk premium;
their dynamics can be connected to the underling state variable X, in equation (6),

details are given in Appendix |Bl Hence the dynamics of the overall price level is,

dlog (Qg)_l) = —(riv — rtR)dt + (rﬁl — rﬁl)dt
t

dlog (Qy) = (r) —r[H)dt

The IE is given by,

r) =~ 106 [exp {= [0 - rtas (15)

which can be solved by a system of ODEs with a Runge-Kutta method, see Appendix

The convexity effect can be written as,

i) = 26 [l {= [ 2 - rm1as}] (16)

Then the IRP can be easily calculated out by equation (12).

3 Econometric Modelling of Inflation Expectation

Diebold et al. (2008) extended the dynamic Nelson-Siegel (DNS) model proposed by
Diebold and Li (2006) to a global version by modelling a potentially large set of country
yield curves in a framework that allows for both global and country-specific factors. As
far as we have obtained the country-specific estimates of IE, we can tell a story of multiple

countries in this section. We aim to investigate the country-specific idiosyncratic factors

12



to load on a common time-varying factor and country-specific factors. The dynamics of

an extracted common trend is also evaluated.

The model without a macroeconomic factor is structured as follows, the idiosyncratic

factors 7§, for each country ¢ at time ¢, to load on a common time-varying latent factor

IL,

T = my + ndly + pi (17)
The dynamics of common factor,

I =p+qli1+ 1 (18)

where m, n, p and ¢ are unknown parameters. The errors p; and v; are assumed to be

1.i.d white noise.

Since there is a dynamic interaction between macro-economy and the yield curve as evi-
denced by Diebold, Rudebusch and Aruoba (2006), and in Figure [1| we can observe that
the decrease of the BEIR appears around 2012 due to the European sovereign debt crisis.
A straightforward extension of the joint modelling equation (16) is adding a proxy of the

macroeconomic factor - default risk factor. The model with a macroeconomic factor is,
T = mi + nilly + Lidi + (19)

where d;; is the default risk factor varying over time and m, n, p, | and ¢ are unknown
parameters. The noises p; and v;; are assumed to be i.i.d. The dynamics of the common

factor is the same form as in (18).

4 Empirical Results

We now turn to the analysis of the results obtained using the model proposed. Sub-

section [4.1]describes the data, we then discuss the fitting performance of the multiple yield

13



curve modelling, setting up a brief discussion on the estimation results of the preliminary
analysis in sub-section Sub-section establishes the estimated IE for each country,
and sub-section discusses the common trend extracted from the joint modelling of
country-specific IEs. The results of the cross-sectional forecast is shown in sub-section

4.0l

4.1 Data

Monthly nominal and inflation-linked yield data of zero-coupon government bonds used for
model estimation are taken from Bloomberg and Datastream. The research databases are
supported by the Research Data Center (RDC) from the Collaborative Research Center
649, Humboldt Universitéit zu Berlin. The time series for a specific country are estimated
using data from the same source. We consider five samples from the industrialized Euro-
pean countries - United Kingdom (U.K.), France, Germany, Italy and Sweden, all member
states of European Union (EU). It should be noted that, even though two of the selected
five European countries are outside the euro-zone - U.K. and Sweden, they have their
own currencies therefore independent central banks and monetary policy, the inflation
co-movement can be observed across the selected countries in sub-section This also

motivates our analysis to extract a joint time-varying structure of country-specific IEs.

The lack of short-maturity inflation-linked bonds of the sample countries indicates that
inflation-linked yield at short-maturity tends to be less reliable and accessible, so the
shortest maturities we could get access for each country are limited. We therefore selected
three maturities for each country to ensure that enough observations are available. The
sample period involves the subprime crisis in 2008 and is sightly different for each country
due to the integrity of the data. The surfaces of the yield data are plotted in Figure
The blank areas in the Figure are for missing values and not zeros. Summary statistics

are depicted in Table

14
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Figure 2:



Period Maturity Type Min Mean Max SD

nominal 0.16 220 569 1.73

30.06.2006 3 inflation-indexed -2.87 -0.14 5.35 1.81

et B 4 nominal 0.35 244 562 1.59

= inflation-indexed -2.62 -0.04 4.74 1.64

nominal 0.57 2.66 556 148

31.12.2014 g inflation-indexed -2.37 0.11 427 149

nominal 0.18 1.80 4.67 1.27

o 30.04.2007 3 inflation-indexed -0.71 0.15 1.83 0.54

% B 5 nominal 0.58 233 471 1.11

UB) inflation-indexed -0.84 0.51 2.33 0.79

nominal 0.88 259 461 1.03

29.08.2014 10 inflation-indexed -0.30 098 229 0.64

nominal -0.02 1.86 4.74 1.46

o 30.06.2006 3 inflation-indexed -1.19 043 275 1.29

2 - 5 nominal 0.06 210 4.80 1.37

= inflation-indexed -1.20  -0.40 1.06 0.60

nominal 0.18 234 480 1.28

31.12.2014 10 inflation-indexed -1.09 1.03 2.66 1.03

nominal -0.07 0.90 2.38 0.77

2 30.06.2009 g inflation-indexed -1.39 -0.35 1.00 0.54

g B . nominal 0.05 1.37 2.85 0.86

5 inflation-indexed -1.16 0.05 1.36 0.65
@ )

nominal 0.39 1.94 329 0.84

31.12.2014 10 inflation-indexed -0.53 0.33 1.67 0.67

nominal 0.55 294 737 1.33

30.06.2007 3 inflation-indexed -0.34 1.51 8.21 1.46

% - 5 nominal 0.95 3.53 754 1.20

= inflation-indexed  0.20 200 784 1.29

nominal 1.89 445 7.11 0.93

31.12.2014 10 inflation-indexed  1.02 277 6.72 1.06

16

Table 1: Descriptive statistics of the monthly bond yields data. SD is standard deviation.



4.2 Estimates of Yield Curve Modelling

We assess the performance of the previously discussed multiple yield curve model by
conducting Kalman filtering, whose recursion is a set of equations allowing for an estimator
to be updated once a new observation ¥, is available; more technical details can be found
in Appendix [A] The objective is to see if the yields of nominal and inflation-linked bonds
are suited to the model proposed in sub-section [2.3] Figure [3] shows the model residuals

over different maturities for all five European countries.

While the model residuals have jumps for short periods, it is not entirely surprising as the
jumps can be identified as the occurrence of extreme events. The outliers observed in the
sub-figure of Italy happened to be the financial default crisis of Italy in 2012. We can also
observe a jump around September 2008 for the U.K. and Sweden due to the well-known
subprime crisis. Basically the overall small size of the model residuals indicates the good
fit of the joint multiple yield curve model. The summary statistics of the model fit is
represented in Table 2] Again, the value of the mean and RMSE of the model residuals

are smaller due to the outliers in Figure

The country-specific state variables are plotted in Figure [4 with four underlying latent
factors LY, SN, C¥, LE presented. We observe that the level factors LY, LE are signifi-
cantly positive, which in turn verifies the previously discussed choice of latent factors in
sub-section That is, the choice of the latent factors is motivated by principal com-
ponent analysis, which gives us three principal components corresponding to the latent

factors L;;, Si, Cy. For instance, the most variation of yields is accounted for by the first

principal component from principal component analysis - level factor L.

4.3 IE

We started by fitting the multiple yield curve modelling, where the model residuals are
used to indicate the efficiency of the four-factor AFNS model over different maturities.
We then conducted the decomposition of BEIR, as already described in sub-section [2.4]

into parts of IE, the convexity effect and IRP to facilitate the following analysis. Figure

17



United Kingdom

Germany

mj\
va \v

w/\, '\/\v"'\/f.jwlw\«

_@N\f/’\ e v\/\/ \’W\"/"H"

oo l—.,

T T T
2008 2010 2012
Time

France

T
2014

T
2010

T T T T
2011 2012 2013 2014
Time

Italy

T
2015

4 ,/ww f"\\ \/V/«/\/M‘

L=~

T T T
2008 2010 2012
Time

Sweden

T
2014

T T T
2008 2010 2012
Time

T
2014

T
2008

T T T
2010 2012 2014
Time

Figure 3: The model residuals of multiple yield curve modelling over different maturities

(7'1 < T < Tg).
dotted line.

The nominal type with 71 is the red line and the real type is the blue
The nominal and real types with 7 are the black long-dashed and green

dot-dashed lines. For maturity of 73, the nominal type is grey and real type is an orange

dashed line.
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Maturity Type Mean RMSE

3 nominal 0.12 0.10
inflation-indexed 0.10 0.22

e 4 nominal -0.10 0.08
= inflation-indexed  -0.09  0.18
5 nominal 0.13 0.08
inflation-indexed 0.12 0.17

3 nominal 0.06 0.12

o inflation-indexed 0.06 0.04
%’ 5 nominal -0.07 0.11
C% inflation-indexed  -0.20 0.51
10 nominal 0.02 0.12
inflation-indexed 0.18 0.03

3 nominal 0.01 0.08

© inflation-indexed 0.01 0.05
= 5 nominal -0.15 0.07
= inflation-indexed  -0.12  -0.06
10 nominal 0.02 0.06
inflation-indexed 0.04 0.05

5 nominal 0.14 0.08

£ inflation-indexed 0.02 0.08
g . nominal -0.22 0.05
5 inflation-indexed  -0.25 0.09
© 10 nominal 0.23  0.08
inflation-indexed 0.12 0.14

3 nominal 0.07 0.40
inflation-indexed 0.01 0.50

% 5 nominal -0.25 0.27
= inflation-indexed  -0.18 0.40
10 nominal -0.02 0.13

inflation-indexed 0.24 0.22

Table 2: Summary statistics of the model fit using the multiple yield curve model. RMSE
is a root mean square error.
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Figure 4: The estimated four latent factors of state variable X, = (LY, SY,C}, L%) for
each European country - the nominal level factor LY (red), the real level factor L (blue),
the nominal slope factor S} (purple) and the nominal curvature factor C} (black). The
preidicted state variables are presented as line type and the filtered state variables are
dashed.
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compares the estimated three-year and five-year forecasts of 1E for each European country.
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Figure 5: The model-implied IE for each European country. The 3-year IE is the red line

and the 5-year IE is dashed blue.

Q MTS_expinf

Figure [5lobserves a decrease of the expected inflation for the U.K., which is also seemingly

present in the other countries. To illustrates the similar trend among the five European

countries, we present the country-specific three-year IE in Figure [f] to facilitate the fol-

lowing study of the similarity and difference among these five countries. Because the

model-implied inflation expectation is on the three-year basis, the difference existing be-

tween the realized inflation level is understandable. We still find that the estimated IEs
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using the multiple AFNS model show similar trends as the realized levels. For instance,
the realized inflation level of Sweden has two fluctuations in magnitude around the second

half of the years 2008 and 2011, which is consistent with our finding.

Inflation expectation

2008 2010 2012 2014

Time

Figure 6: Model-implied inflation expectation for different countries - U.K.(red dotted
line), Germany(blue dashed line), France(black line), Italy(green dot-dashed line) and
Sweden(grey line)

Q MTS_expinf

4.4 Common Inflation Factor

Based on the methodology proposed in section [3] we can built the relationship among
idiosyncratic countries to find out the similarities and differences for the model-implied
IEs. The common inflation factor is extracted from the joint time-varying structure of
IE dynamics and depicted in Figure[7] To be more specific, the estimated parameters for

the joint modelling of IE dynamics are presented in the Table [3]

We conduct a variance decomposition to split the variation in model-implied IE into parts

driven by the estimated common factor and the corresponding idiosyncratic factor. The
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Figure 7: Common inflation factor in the red. The grey lines are the country-specific TEs.
The predicted II; is the red line and the filtered II; is the blue dashed line.
Q MTS_comexpinf

Country-specific equations

UK 75(r) = 0.166 + 057611,
France 75 (1) = —0.022 + 0.665I1;
Italy w5 (7)) = —0.347 + 0.822I1;
Sweden 76 (1) = —0.057 + 0.665II,
Germany g (T) = 0.008 + 0.64411;

Common Effect equation

II; = 0.588 4+ 0.6511I;_;

Table 3: Estimates for the dynamics of 1E.
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U.K. France Italy Sweden Germany
Common effect 2491 30.66 40.32 30.65 29.32
Country-specific effect  69.34  50.69 69.35 58.50 70.68

Table 4: Variations explained in percentage

variance equation is listed,

Var(7%,) = B7Var (I1;) + Var () (20)

The variations explained by the common inflation factor are shown in the Table 4] The
common inflation factor explains the least variation in the U.K., which can be explained
by the U.K. being outside the euro-zone and having its own currency, therefore being
independent of European central bank and monetary policy. FEven though Sweden is
also outside the euro-zone, we find out it has closer relationships with other European
countries compared with the U.K.. The international interaction among countries can

also be observed through the estimation results.

To illustrate the efficiency of joint modelling of country-specific IEs, the model residuals
are reported in Figure [§| The small size of the model residuals represents the overall
good fit of the joint modelling of IE dynamics. However the model residuals are relatively
high, around 2012, due to the European sovereign debt crisis including Italy’s default. To
eradicate this, we try to incorporate one more macroeconomic factor- default risk proxy
to improve the model performance. By applying the method using the equations (18)
and (19) proposed in section 3] we assess the joint model of IE dynamics by checking the

model residuals in Figure [10] and the estimation results listed in Table [6]

The data we implement is the three-year CDS of Italy, the extracted common inflation
factor derived from the joint model of IE dynamics with default proxy is presented in
Figure [0} and successfully captures the decrease of ITE caused by the subprime crisis. The
estimated parameters for the joint modelling of inflation dynamics with macroeconomic

factors - default proxy are presented in Table
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Figure 8: Model residual for modelling of inflation expectation dynamics over different
countries - U.K.(red line), Germany(grey line), France(blue dashed line), Italy(black dot-
ted) and Sweden(green dot-dashed).

Q MTS_comexpinf

Country-specific equations

UK 75 (r) = —0.358d; + 0.7981L,
France 5, (t) = 0.085d; + 0.714I1,
Italy 5 (7) = 1.078d; + 0.53111;
Sweden 76 (r) =  —0.621d, + 0.80511,
Germany g (T) = 0.045d; + 0.7001I1;

Common Effect equation

II; = 0.382+ 0.97611;_4

Table 5: Estimates for the dynamics of IE.
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2008 2010 2012 2014

Figure 9: Common inflation factor with default proxy. The predicted estimation of com-
mon factor II; is the red line and the filtered II; is the blue dashed line.
Q MTS_comexpinf cds

U.K. France Italy Sweden Germany

Common effect 36.08 33.59 11.54 31.87 32.84
Country-specific effect  56.66  65.88 40.92 49.17 67.02
Default risk effect 7.26 0.53 47.55 18.96 0.14

Table 6: Variations explained in percentage

We also conduct a variance decomposition to split the variation in model-implied IE into
parts driven by the estimated common factor II; and the default proxy d;. The variations
explained by the common inflation factor and default factor are reported in Table[6] The
default factor explains the most variation in Italy and least variation in Germany, which
can be explained by the stability of the economy because Germany is generally considered
to be the benchmark in the European financial system. It is generally known that the
European sovereign debt crisis including Italy’s default happened around 2012, the 47.55%

variation explained by the default factor for Italy is understandable.

The model residuals are presented in Figure to illustrate the efficiency of the joint

model of TE dynamics with a default factor. Even though the model residuals with a
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default factor remain unchanged compared with Figure |8, we discover that the extracted
common trend for IE is an important driver for each country of interest. Table [6] reports
that the variation explained by the common inflation factor accounts for more than 30%

of almost all the sample countries.

| T T T T T T
2008 2009 2010 2011 2012 2013 2014

Figure 10: Model residual for modelling of inflation expectation dynamics with a default
proxy factor over different countries - U.K.(red line), Germany(grey line), France(blue
dashed line), Ttaly(black dotted) and Sweden(green dot-dashed).

Q MTS_comexpinf cds

4.5 Forecast

Having obtained the estimation from the joint model of TE dynamics, we continue in this
section by forecasting the common inflation factor. Figure 11| displays a forecast (in blue)
containing 30 observations, that is, a two and a half year prediction. The predicted linear
model we use involves trend and seasonality components. The confidence intervals are

presented graphically and are shown at confidence levels of 80% and 95%.

Figure[12|clearly shows the difference among different measures of inflation. The real-time

approach to measure IE proposed previously performs better than the other measures.
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Figure 11: The forecast of common inflation factor derived from the joint model of TE
dynamics with default factor. The 80% and 95% confidence intervals are marked in the
shaded area.

A similar co-movement is seemingly present between the realized inflation level and the
three-year IE estimated derived from our model. The 1 year and 2 year SPF (Survey
Professional Forecast) data plotted in Figure [12| vary slightly over time therefore contains

limited information of financial markets.

5 Conclusion

This study attempts to provide an additional measure of IE on the basis of financial mar-
kets. We firstly construct an AFNS model in multi-maturity term structure of modelling
nominal and inflation-indexed bonds simultaneously. The performance of this multiple
yield curve modelling was assessed by conducting Kalman filtering, whose recursion was
a set of equations allowing for an estimator to be updated once a new observation y; is
available. We then conducted the decomposition of model-implied BEIR into parts of IE,

convexity effect and IRP to facilitate the modelling of joint structure of IE dynamics. The
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Figure 12: The comparison of different measures of inflation - the model-implied common
inflation level (in red line), the observed inflation level (blue dashed line), the 1 year SPF
forecast level of inflation (black dot-dashed) and the 2 year SPF forecast (in green).

joint models of IE dynamics with, and without, macroeconomic factors indicated the ex-
tracted common inflation factor and was an important driver for each country of interest.

Moreover, the model should lead to a better forecast in benchmark levels of inflation and

give good implications for financial markets.

6 Appendix

A Estimation of multiple yield curve modelling

The analysis starts by introducing the yield-adjustment term proposed in the original

A(7)

T

AFNS model. Derived in an analytical form, the yield-adjustment term with 7
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months to maturity can be written as,

A(T) i 2 5 { 1 1 1—exp(=\7) N 1 1 —exp(=2X7) }

202 \3 T 4\3 T
rel ] (—A7) ! (—2A7) ; (—2A7)
e T3z OXP(=AT) = 5T exp 7) = e &P T

- 2 1 —exp(—A7) 5 1—exp(—2AT7)
PO tee

_ (1 1 1 1—exp(—A7)

DS 74— ) - A
+ o7 + 2 exp(—AT7) E - }

— (3 1 1 3 1 —exp(—A7)
+ E ¥ exp(—A1) + STURIDY exp(—AT) e .

_ (1 1 1 3 1 —exp(—A7) 3 1—exp(—2A7)
+ F 32 + 2 exp(—AT) — 5\ exp(—2A1) — b - + 5 -

(A.1)
where the six terms A, B, C, D, E and F can be identified by the volatility matrix ¥
defined in the dynamics equation under P-measure. The value of the adjustment term

is constant in time t, but depends on time to maturity 7, coefficient A that governs the

mean reversion rate of slope and curvature factors, and the volatility parameters A, D

and F.

The four latent factors defined in the state variable X, = (LY, S}, CJ}, LE) evolve dy-

namically and hence we can identify their shocks accordingly,

N N LN
dLit K11 K12 K13 K14 Lit th
N N SN
dS@'t K91 K929 K923 Kog Sz't th
- it + 3% i (A.2)
N N C
dCit K31 K32 K33 K34 Cit th
R R LR
dLit K41 K42 K43 K44 Lit th

N N N R . . .
where WL, W5 WE" and WL are independent Brownian motions.

We estimate the parameters in (A.2) using the Kalman filter technique. The Kalman filter
recursion is a set of equations which allow for an estimator to be updated once a new ob-
servation y; becomes available. It first forms an optimal predictor of the unobserved state
variable vector given its previously estimated value. This prediction is obtained using the
distribution of unobserved state variables, conditional on the previous estimated values.

These estimates for unobserved state variables are then updated using the information
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provided by the observed variables.

By rewriting the yield equation (6) of the joint AFNS model in multi-maturity term

structure proposed in sub-section we obtain the measurement equation as,

Afv(ﬁ)
yi (11) en (1) ks
A- (7’1)
B(r A(r A1)
yzt( 1) _ AXZt n zt( 1) _ ,7_1 (A?))
R
Yl () B (ra) Al ()
Tn

The transition equation derived from Christensen et al. (2011) takes the form of,
Xt = [[ —exrpm (—KPAt)] 0F + expm (—KPAt) Xit—1+m (A.4)

where expm is a matrix exponential. The measurement and transition equations are

assumed to have the error structure as,

where Q has a special structure,
At P PN\NT
Q= / e KesmnTe (K s
0

For estimation, the transition and measurement errors are assumed orthogonal to the
initial state. The initial value of the filter is given by the unconditional mean and variance

of the state variable X,” under the P measure,

X, =6"

Y o= / e K s T o= (K Ts s

o
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which can be calculated using the analytical solution provided in Fisher and Gilles (1996).

B BEIR Decomposition

In the environment of an AF model, there are no opportunities to make risk-free profits.
Based on the pricing equation from Cochrane (2005), the bond can be priced by the

equation,

P =E {5“;6(?:)1)@“} (B.1)

where the value of the bond ¢; has a payoff x;,1, § is the discount factor. We break up
the basic consumption-based pricing equation (B.1) and get the stochastic discount factor
(SDF) Mt+1 at time t+ 1,

My = ﬂ“u(,jg;) (B.2)

To estimate the expected value of inflation using the stochastic discount factor (SDF) M,.

Firstly we use the Taylor series to approximate the moments of the logarithm. Assuming
that M, in a sense, significant from 0, so the yield for a nominal bond can be extended

as follows,
log (Mt{VHMt]YH T Mﬁr) = log { (MM + MtIX1MtJX2 T MtZXT - MM)} (B.3)

where

py = E (Mt]-\lf-lMt]-\if-Q - MY

t+T) (B4)

Expand equation (B.3) using Taylor series and take the expectation on both sides,
E: (log M/} M}, -+ MY ) =log uns — Var, (log MY ML, - MY ) (B.5)

Therefore,

1
u (1) = . log B¢ (MY MYy - M) (B.6)
1 1 .
= —;Et (log MY M}, - M) — ZVart (log MY MY, - M)
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Similar solution could be obtained for the inflation-indexed bonds by the same logic.

To facilitate the calculation of equation (12), the instantaneous risk-free rate r; and the
risk premium T'; are given, more details can be found in Christensen et al. (2011) and

Christensen et al. (2010),

re = polt) + pr(t) X, (B.7)

I'' = v%+mnY: (B.8)

where po(t), p1(t), 70 and v, are bounded, continuous functions. X; is the state variable

and Y, is the realized observations.

The estimation of the inflation expectation can be calculated by

ro(7) = —% log EF [exp {— /t e rf)dsH (B.9)

which are the solutions to a system of ordinary differential equations using the fourth-order

Runge Kutta method.
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