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Abstract

We study the scattering theory for the Gross-Neveu model on the half-line. We
find the reflection matrices for the elementary fermions, and by fusion we compute
the ones for the two-particle bound-states, showing that they satisfy non-trivial
bootstrap consistency conditions. We also compute more general reflection matrices
for the Gross-Neveu model and the nonlinear sigma model, and argue that they

correspond to the integrable boundary conditions we identified in our previous

paper [{].
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1 Introduction

After the seminal paper by Ghoshal and Zamolodchikov [f] (see also [B]) on integrable
quantum field theories with boundary, a lot of work has been done extending it, especially
in the analysis of different models. In this paper we study one of these extensions, namely
the O(N) Gross-Neveu (GN) model [B] on the half-line, which is closely related to the
boundary O(N) non-linear sigma (nlo) model studied by Ghoshal in [[]. Recently [
we have found new integrable boundary conditions (bc’s) for the GN and nle models,
based on the microscopic (lagrangian) description of these models. Here we find general
(diagonal) solutions for the boundary Yang-Baxter equation and propose a one-to-one
correspondence between these solutions and the boundary conditions we found in [J].
This paper is organized as follows. In the next section we briefly review the GN
and nlo models, and their exact S-matrices; in section 3 we find the exact reflection
matrices for the GN model with the physically interesting free (Neumann) and fixed
boundary conditions; in section 4 we solve the boundary Yang-Baxter equation for the
more general boundary conditions we found in our previous paper [f], and establish the
correspondence between those boundary conditions and the reflection matrices we find;
in the final section we present our conclusions. We also have an appendix where we write
the exact amplitudes for the scattering between bound-states of elementary fermions in
the GN model [[i, §]. Their computation is a simple exercise in fusion, but since we need

their explicit form in this paper, we give the results in the appendix.

2 The Gross-Neveu Model

The GN model is defined by the following lagrangian

2
Lon = i + - (0)? (2.1)

where v is a N-component massless Majorana fermion in the fundamental representation
of O(N). In the above equation 17 should be understood as YN, 9" and so on. In
this paper we will refer to the O(N) GN model simply as GN model. It is useful to write

the GN model lagrangian in light-cone coordinates, where it reads
Lon = 20%500_¢Y + 2070, 9" +2¢* (V0" ) . (2.2)

The particle spectrum of the GN model [ff] is composed by the O(N) vector multiplet
of elementary particles included in the lagrangian (the “elementary fermions”) and a set

of O(N) multiplets (scalar and higher rank antisymmetric tensors) of increasing mass,



which can be thought of as bound-states of a number of elementary fermionsf] In what
follows we will restrict our considerations to the sector of the theory containing only
the elementary fermions (denoted by the symbols A;, i = 1,..., N) and the two-fermion
bound-states: the isoscalar particle (denoted by B), corresponding to the bound-state
in the isoscalar channel of the S-matrixof elementary fermions, and the antisymmet-
ric multiplet (denoted by B;;), corresponding to the bound-state in the antisymmetric
channel.

The exact S-matrixfor the elementary fermions was found by Zamolodchikov and
Zamolodchikov in [[] and we quote it here for further reference. The Faddeev-Zamolod-

chikov algebra is
Al(el)Aj(92> 51301 912 ZAk ‘92 Ak 91
=1

+ 0-2(012)/43'(92)14@'(01) + 0'3(912)142‘(92)14]‘(91) y (23)

where 015 = 0; — 6. The 0;(0) are given by
P I\

o.1(0) = E— 902(9) ) o3(0) = _502(9)7 (2.4)
d
an sinhf +isin A
72(0) = sinh § — i sin A %2(0) (2:5)
with
(&~ )TE - ) TG+ +2)T(1+2)
0.8(9) — 2 2 2 2 27r 27r (26)

TE+2 -4+ 2+2) TR +2)°
where we introduced A = 27/(N — 2). The pole at § = i) in the CDD prefactor in
equation P.J gives rise, by bootstrap, to the full exact spectrum of bound-states.

The S-matrixelements for B and B;; particles can be obtained from the elementary

fermion S-matrixby fusion, using the identity [[
A (0 —iXN/2) Aj(0 +iN/2) = 6;; B(0) + /(N —4) By;(0) . (2.7)

A partial list of these amplitudes can be found in the appendix.
The GN model is closely related to the O(N) nlo model; they share very similar
properties, and in particular the elementary particles in both models have the same S-

matrix, up to a CDD factor. The O(N) nlo model is defined by the following lagrangian
1
Lo =—0,0-0"'1, 2.8
l 290 un n ( )

where 1 is a vector in N-dimensional space, subject to the constraint n-n = 1. The
exact S-matrixfor the elementary particles in the nlo model is given by equations P.3-2.6

with oy substituted by o3 [[], and consequently there are no bound-states in this model.

'In fact, the spectrum contains also kink states, associated to the spontaneous breaking of the chiral
symmetry [E]



3 Reflection Matrices

In this section we will compute the reflection matrices for the GN model with free and
fixed boundary conditions, following Ghoshal’s analysis for the nlo model [[]. Before we
proceed let us note that what Ghoshal means by fixed boundary condition is not what
we meant by Dirichlet boundary condition in our previous paper [f] (and in this one).
Ghoshal’s condition corresponds to leaving only one component of the field 1 fixed at the
boundary, while by Dirichlet boundary condition it should be understood that the field
n is fixed at the boundary, 6(z,t)|,—0 = 1.

Since the S-matrixof the GN model is, up to a CDD factor, the same as the S-matrixof
the O(NN) nlo model, the boundary Yang-Baxter equation (BYBE) for the two models
is exactly the same, and so the reflection matrix of the GN model is given by the one of
the nlo model multiplied by the appropriate CDD factorsf]. This indicates that there is
a one-to-one correspondence between the integrable boundary conditions for the GN and
nlo model. Similarly to the bulk case, the different physics of these two models resides
in these CDD prefactors.

Let us summarize the results of the analysis of integrable boundary conditions for the
GN model . The action of the boundary GN model is given by

Sbgn:/_ooodx/_o:odt Lot [~ dt £, (3.1)

where L is the boundary action. As we have shown in [[j] the boundary lagrangian

N .
oo
Ly = Z §€i¢+¢_ ) (3-2)
i=1
where €¢; = £1, preserves the integrability of the GN model at the quantum level. The

boundary condition derived from this action is

Py om0 = €9 |o=0 - (3.3)

Borrowing the terminology from the nlo model, we will refer to bc’s with all ; = +1 or all
€; = —1 respectively as Neumann and Dirichlet be’s. Therefore, up to index reshuffling,
we have N + 1 inequivalent boundary conditions, which have to correspond to different
solutions of the boundary Yang-Baxter equation. Due to the fact that the boundary
interaction does not involve any flavor-changing terms, we should be able to find diagonal
solutions for the BYBE, which will be done in section 4. In this section, following Ghoshal
analysis, we exhibit solutions for the free and fixed boundary conditions, which serves as

a warm-up for the more general case.

2This will give us a minimal solution, without any extra poles in the physical strip.



3.1 Free Boundary Condition

As it follows from our discussion above, we should assume that the reflection amplitude

for the elementary fermions is given by
RI(0) = R(0) 5! . (3.4)

Physically it means that we can not change the ‘flavor’ of the fermion by scattering it off
the boundary and that the amplitude of scattering does not depend on the index . For
the nlo model this ansatz corresponds to no interactions on the boundary [H]. In the case
of GN model, it corresponds both to the bc’s in equation with all €; equal to “+” or
all €; equal to “—", the difference between the two cases lying in a CDD factor. Due to

the similarity between GN and nlo model S-matrices, R(f) can be written as
R(0) = [(0) Ro(0), (3.5)

where Ry(#) is the reflection amplitude for the nlo model with free bc computed by
Ghoshal in [{]:

Roe) = DGt =S DA+ SO TG+ 4+ 5) G — 50) 56
D+ ) T TG+ — TG+ 30)

The prefactor f(0) is fixed by unitarity and boundary crossing-unitarity, which generally
read

R{(0) Ri(—0) =0] K7(0) = S1,(20) K7 (=9), (3.7)
where K%(0) = C% R}, (‘T — ¢), and C is the charge conjugation matrix. Equations .7
imply that f(6) should satisfy

fOf(-0) = 1, (3.8)
T inh20 +isin A . im
f(?_e) - zizhzetz'ziEA f(?+9)‘ (3.9)

The minimal solution of B.§, B.9 can be found by elementary methods. In fact, there are

two minimal solutions, with rather different physical properties. They are given by

sinh 3(0 + 2) sinh 1(0 — 2 — i)

9 _ (I) 9 ' 2 '2 , 3.10
f(0) Ugmh%( — D) sinh §(0+ 2 + Z) o
and hl(ﬁ 'A) hl(e A )
sinh5(0 4+ %) sinhz(0 — % + &
0) = @(g) T2V T o) AW T 5 T i
f(0) ()sinh%(é’—%) sinh 3(0 + 5 — )’ .
differing by the CDD factor
tanh(Z — 2 4 ¢
FCDD(G) o (-4 > i 2) (3.12>



The first solution exhibits only a simple pole in the physical strip, at § = i\/2, corre-
sponding to the bound-state pole at # = i\ in the bulk S-matrix. The second solution
exhibits an additional simple pole at § = i7/2 — iA/2, meaning that the boundary state
for this solution contains a zero-rapidity single-particle contribution by the particle B [[l].
In equations B-I0, B-I1] ®(0) is a prefactor satisfying
T

dOB-)=1 . (T -p=- cp(%” +0). (3.13)

The above equations are exactly those for the reflection matrix of the Ising model [l].
Since we do not expect any free parameters in our reflection matrices (the boundary
term in the lagrangian having no free parameters), we pick up the minimal solutions
corresponding precisely to the boundary conditions ¢4 |,—o = 1_|.—¢ for Ising fermions:

®, = —icoth <% — g) , ®_ =itanh <% — g) . (3.14)
Therefore, we propose that R(6) in equation B.5 with ®, corresponds to Neumann bc
and with ®_ to Dirichlet bec.

As we noticed before, the reflection amplitude R(6) has a pole at § = %, corresponding
to the bound-state pole at § = ¢\ in the bulk S-matrix. Since the particles B and B;; can
be interpreted as bound-states of A;A;, we can use the boundary-bootstrap equation to
compute the reflection amplitudes for them (see also [[[1]), assuming that the boundary
has no structure and consequently that the only non vanishing reflection factors are RE ()
and Rgg (0). Recall that in general, if the particle A, can be interpreted as a bound-state
of A, Aq, (corresponding to a pole in the bulk scattering amplitude at 6 = 7w , ), the
boundary S-matrixelements for A, can be obtained by taking the appropriate residue at
the bound-state pole of the two-particle boundary S-matrixR21%2(6;, 62) [

aia2

by Ri(0) = f2 ., R2(0 —ult,) S52(20 + iug2, — iull,) Ry (0 + iug? ) . (3.15)

ajaz cicea a1bs azb

where © = 7 —u and ffl’laz are the three-particle on-shell couplings defined by the residue
of the bulk S-matrixat the bound state pole:
0 — iul
Serez () o - mas gerc (3.16)

aiaz ; £b
aiaz

Notice that the fused reflection amplitude is manifestly unitary, and we need only

check boundary crossing-unitarity. A straightforward bootstrap computation gives

By (A +20)(im + 20)
RE20) =~ 222 R(6.) R(0.,))0n(26), (318)



where 0L = 0 + %

We can check the consistency of the bootstrap computation by verifying that the
appropriate boundary crossing-unitarity equation is satisfied by these reflection ampli-
tudes. It can be written easily, but one should be careful with factors coming from charge

conjugation (see the appendix in [[7]). The final result is
N(N=1) 4
fKBwa(—e)SB”BU(ze) (3.19)

where KB(0) = RE(Z — ) and KPuPi(9) = —2Rp7(‘Z — ). By using the bulk
amplitudes listed in the appendix, equation B.IJ can be easily shown to be satisfied.

KBB(9) = KPB(—0)SEE(26) +

3.2 Fixed Boundary Condition

Now let us consider the case where the first N —1 fermions satisfy the “+” bc and the N-
th fermion satisfies the “—” be. In terms of reflection matrices, this situation is described

by the ansatz

RY(0) = Ruy(0), (3.20)

which is the same as the one for fixed bc in the nlo model considered by Ghoshal, and

therefore we follow his analysis closely. The amplitudes B.20] can be written as

F(0) RY(9),
F(0) By(9), (3.21)

R1(0)
Ry(0)

where f(6) is given by B-I0 and RY and R are the amplitudes for the nlo model. From

the BYBE Ghoshal found
RYO)  im—26

RY(O)  im+20°
and by solving unitarity and crossing-unitarity

X(0) =

(3.22)

RO(e):_F(%Jrﬁ—é—i)( 2)F(§+ﬁ+§_g)r(%_é_i)

Tl+ 2+ T - T(E+2 —OTE+ 2)°
30(9)=—F(%+ﬁ_%)< + TR+ 2+ (-1 - &)
TG e T TG - T )

Using these reflection amplitudes we can compute, as before, the reflection factors for the
two-particle bound-states. Notice that in this case we can obtain B by fusing fermions
satisfying “+” be:

RE(0) = Ry(0-) Ry(04) [(N — 1) 01(20) + 02(20) + 05(20)] + Ry(0_) Ro(6,)01(20) ;
(3.23)



but we can also write B as the fusion of the N-th fermion, which satisfies “—” bec:

Rg(@) = RQ(H_) R2(9+) [0’1(29) + 0’2(29) + 0’3(29)] + Rg(e_) R1(9+) (N — 1) 0’1(29) .
(3.24)
These two expressions for R5 () have to be equal, and this provides a non-trivial consis-

tency condition for the boundary-bootstrap:

X(0-) X(04)[(N —1)01(20) + 02(20) + 03(20)] + X (0-) 01(20) =

As we have checked, equation .2 turns out to be an identity. Notice that in this
equation all information needed is the ratio Ry /R, which is fixed by the BYBE, and the
ratio between bulk S-matrixelements (CDD factors cancel out) which is fixed by the bulk
Yang-Baxter equation; in other words, it depends only on the O(N) structure and not
at all on CDD factors. This is quite surprising, since the consistency check is meaningful
only if bound-states exist, which instead depends crucially on the presence of the CDD
factor.
The explicit expression for RE(0) is
(1A + 20)(im — i\ + 20)

REO) = — g ox =g a0 Fa(0)ox(20). (3.26)

Similar bootstrap computations give the reflection amplitudes for the antisymmetric ten-

sor components,

rE:0) = 222 B0 R0 ea(20), i £ N (3.27)

Bax oy (A +20)(im — i\ + 26)
o) = =gy (ir —ix — 20)

Ry (0-)Ra(64)02(20) - (3.28)

These amplitudes satisfy unitarity automatically. In this case boundary crossing-unitarity

reads
K72(0) = 57 ()55 20) + XTI penoms gyspm, () 1
+ (N = 1)KPBN (—9)SEE L (26) . (3.29)

and we have checked that it is indeed satisfied.

4 General Boundary Conditions

For the general boundary condition let us assume that for ¢ = 1,..., M, ¢ = +1
and fori = M +1,...,N, ¢, = —1, which is, up to index reshuffling, the most general

7



boundary condition we have to consider. Since, as before, the boundary action has no
term involving flavor change, we have to assume that the reflection matrix is diagonal.
Therefore we have the following ansatz for the non-vanishing elements of the reflection
matrixf]

Rﬁ(@) = Ry(0), Ra(0) = Ra(0) - (4.1)

Similarly as in previous case, the BYBE fixes the ratio R;(#)/R3(0). Consider first the
factorization of the two-particle reflection process |A4(0) A;(0))in — [Ai(—0") Au(—0))ous;
it gives the following equation:

02(912) R1(91) 03(512) R1(92) + 03(912) R2(91) 02(9_12) Ry (92) = (4-2)
= R2(92) R1(91) 02(912) R1(91) 03(912) + R2(92) 03(912) R2(91) 02(912) )

where 015 = 0, + 6,. By dividing this expression by Ry(0;) Ry(:) 02(12) 02(012) and
taking the limit ; — 60y we get a differential equation for X (0) = Ry(6)/R2(0),

d XQ(H) -1
X(0) = 20—, (43)
whose solutions are O_g

C' being an arbitrary integration constant. The solution X (6) = 1 corresponds to Neu-
mann or Dirichlet boundary conditions, since in these cases Ri(0) = Ry(#), which we
have analyzed in the previous sectionf].

Consider now the factorization of the process |A,(0) Ao (€'))in — |Aa(—0") As(—0)) ous-

It gives the following equation:

[Mo1(012) + 02(612) + 03(612)] Ry (61) 01(612 Ra(6:) +
+ 01(012) Ra(01) {(N M)oy (6 ) + 09(012) + 03(912)] Ry(6;) =
= Ry(62) [M01(912) + 09(012) + 03(012) } 0) o1(012) +
+ Ry (0:) 01(012) Ra(01) [(N — M)<71 (012) + 02(012) + 03(012)] . (4.5)

If we plug X () in this expression, the final, compact result is that C' is fixed to be
=———\ (4.6)

By analyzing the BYBE for the other processes we find that [I.q is the unique consistent
solution. Notice that by taking M = N — 1 in equation [[.6, we obtain C' = im/2 and, for

3From now on we will use letters in the middle of the alphabet (i, 7,...) for fermions labeled from 1
to M, and letters in the beginning of the alphabet (a, b, ...) for fermions labeled from M + 1 to N.
4Recall that the Neumann and Dirichlet cases will only differ by overall CDD factors.

8



the nlo , we recover Ghoshal’s results for fixed be. All that is left to do is to compute
the prefactors for the reflection amplitudes, by using unitarity and boundary crossing-
unitarity B.1, which will fix R;(f) and R2(6) up to CDD factors. These conditions read
explicitly

Ri(O)Ri(-0)=1 ,  Ry(6)Ro(—0) =1, (4.7)
i A =20] [iIA(N-M —-1)—20 in
il —0= L’A + 29] L’A(N 1) 9| VRGO, (48)

where 07(0) = Noy(0) + 02(0) + 03(0). The minimal solution of equations [.§ is given by

PG+ i+ PG+ -G+ (N =M —1)+ )
Ri(0) = —f(0)Ro(0) 1 by 0 3 By i0 1 by 0
D4 2N -1 1)~ ) )
X E3 0 (4.9)
F(Z%—E(N—M—l)%—g)
and
P+ &) TG+ e+ ) TG+ (N =M —1) - 42)
LR+ AN -1 - 2 o
L AN M =1 RUAN ’
F( 4+47r( )+2w)

where f(6) is given in equation B-I(j and Ry in equation B.§. The same amplitudes, but
with f Ry replaced by Ry, apply to the nlo model.

Notice that R, has a pole at 6§ = —%(N — 2M), which is in the physical strip for
N/2 < M < N — 1. As argued by Ghoshal, this pole signals the presence of one-particle
contributions in the boundary state. Since upon the substitution M — N — M, the ratio
X(0) — 1/X(0) and Ry, and Ry get interchanged, for 1 < M < N/2 it will be R; to
exhibit this pole in the physical strip.

It is interesting to notice also that for M = N, R; reduces to the second minimal
solution for the free boundary condition, equation B.11].

The amplitudes for the two-particle bound-states can be computed by boundary-

bootstrap, and they read explicitly
(1A 4 20)(2C — i\ + 20)

RE0) = i g a0 Ra(0.)02(20). (4.11)
Ry (0) = —%Rl(m)&(mag(w) , (4.12)
Rp(0) = — (M(;H)Q (Z)éQi.; & ;9)2 gff;? ;9)29) Ru(0_)Ry(0,)0(20) ,(4.13)
REn(9) = -2 2CC- AT ) ) )R (6, )0u(20) (414)

(20)(2C — ix — 20)



In this more general case, the appropriate bootstrap consistency condition corresponding

to the generalization of equation B.27 is

= [(N — M)o1(20) + 02(20) + 05(20)] + Mo1(20) X (64) . (4.15)

It is very easy to see that if M = N —1 this reduces to equation B.25. As before we should
stress that bootstrap consistency requires only information obtained from the BYBE, via
the ratio X (6), and the fact that the elementary fermions form isoscalar bound-states.
Finally, we have also explicitly checked that the reflection amplitudes listed above satisfy

the appropriate boundary crossing-unitarity.

5 Conclusions

In this paper we have computed the minimal boundary S-matrixfor the Gross-Neveu
model, extending Ghoshal’s analysis of the nonlinear o model. We found general (diag-
onal) solutions for the boundary Yang-Baxter equation for both models and connected
them to the boundary conditions proposed recently in our paper [H]. We also proved that
the solutions presented in this paper are consistent with the boundary-bootstrap. This
seems to indicate that the boundary contains a lot of information of the bulk theory. It
would be interesting to investigate how much we can learn about bulk integrable models
starting from the boundary. As a natural follow-up to this work it would be interesting
to study the boundary Yang-Baxter equation in general and see if there are non-diagonal
solutions, that is flavor-changing scattering off the boundary. There should be possible,

then to find associated microscopic boundary conditions for the elementary fields.
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A Appendix

In this appendix we list the S-matrixelements for scattering processes involving two-
particle bound-states (the isoscalar and the first antisymmetric tensor), that we need to
write down the boundary crossing-unitarity equation B.19, B.29. These amplitudes are
obtained from those of elementary fermions by fusion.

Recall that if the scattering amplitude of two particles A, and A, has a simple pole
in the physical strip at, say, 0 = iu¢,, with residue given by :

, ife, fov
SV (f) o =ab=c Al
0) = e (A1)
then the scattering of the bound-state particle A, with all other particles in the theory
can be obtained by the bootstrap equation [[[{]

Sl (0) = £, Sp™ (0 — iud,) SUT (0 + k) , (A.2)

a

where @ = m — u. In the case of GN model, we get

BB _(im—0) [\(m = 3X) + 0(imr — 0)] — 27N (A — 7))~ <
Sop(6) = 0im — 0)(0 — iN(ir — 0— iN) 72(0+) 92(6-) 7 (6)

2i(N — 4)\°

SEP0) = e @) 020 0),
S,0) = s (0 020 0),
SER0) = a0 0x(0) a306),
SE0) = g (B 0l) (0)

where 6, = 6 & i\. Unitarity follows directly from the fusion procedure and crossing
symmetry is satisfied with charge conjugation matrix elements CB? = 1 and CPiiPii =
—2.

11
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