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ABSTRACT: We compute lateral displacements and time-delays for a scattering processes
of complex multi-soliton solutions of the Korteweg de-Vries equation. The resulting
expressions are employed to explain the precise distinction between solutions obtained
from different techniques, Hirota’s direct method and a superposition principle based
on Béacklund transformations. Moreover they explain the internal structures of degen-
erate compound multi-solitons previously constructed. Their individual one-soliton con-
stituents are time-delayed when scattered amongst each other. We present generic for-
mulae for these time-dependent displacements. By recalling Gardner’s transformation
method for conserved charges, we argue that the structure of the asymptotic behaviour
resulting from the integrability of the model together with its PT-symmetry ensure the
reality of all of these charges, including in particular the mass, the momentum and the

energy.

1. Introduction

It is one of the defining features of classical multi-soliton solutions to nonlinear integrable
equations that individual one-soliton contributions maintain their overall shape before and
after a scattering event. The only net effect is that they are delayed or advanced in time
as a result of the scattering with other solitons when compared to the undisturbed motion
of a single one-soliton [EI, B, E] Besides providing a more detailed picture on the motion
of classical solitons, following ideas of Wigner and Eisenbud [[], the concrete values of the
delay times are also important for the quantization of the theory as they can be related to
quantum mechanical scattering matrices in a semi-classical approximation.

We present here a detailed analysis of the delay times for complex soliton solutions to
the Korteweg de-Vries equation (KdV) previously reported in [f, f]. We use our results
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for a variety of purposes. On a technical level the explicit expressions allow to clarify the
precise distinctions between solutions obtained from different types of solution methods,
in particular Hirota’s direct method and Béacklund transformations. Moreover, the time-
delays also shed new on the degenerate multi-soliton solutions constructed in [fj], especially
the internal structure of compound multi-solitons can be explained in detail when using
the expression for the time-delays or some approximate asymptotic formulae.

In the quantum mechanical context it is well understood which role P7T-symmetries,
or better antilinear symmetries [[f, play in order to explain the reality of the energy eigen-
spectrum [E, M, E] For nonlinear integrable wave equations and their P7-symmetric
deformations [[L1], 13, [(3, [4, [(3, [Ld, [[7, [S, [[d, R4, R1] there is still some uncertainty about
the precise reasoning. For the model discussed here we argue that physical quantities based
on one-soliton solutions, P7 -symmetric or not, can always be made P7T -symmetric and in
this case that feature alone guarantees their reality. The integrability of the model then
ensures that asymptotically any multi-soliton solution separates into a collection of one-
soliton solutions, possibly time-delayed, of which each contributes only a real value to an
overall conserved charge. We recall the structure of all of these charges constructed from
Gardner’s transformation and then use it to show that P7-symmetry and integrability
ensure the reality of all conserved charges.

Our manuscript is organized as follows: Starting from some general definitions and
properties of conserved quantities and complex one-soliton solutions we compute in section
2 the time-delays in nondegenerate and degenerate two and three-soliton solutions. We
provide closed expressions for the time-dependent displacements for degenerate N-solitons
for any V. In section 3 we present the reasoning that ensures the reality of all conserved
quantities. Our conclusions and an outlook into future work and open issues is presented
in section 4. In general the detailed computations are omitted in section 2, but in order to
illustrate the working we present some sample computations in an appendix.

2. Time-delays for multi-soliton solutions

2.1 Generalities

Following [, B, B the classical time-delay of a scattering process is defined as follows:
We consider the trajectories of a particle, or a soliton for that matter, with velocity v
before and after the collision as z = vt + 2 and = = vt + 2\, respectively. The lateral
displacement resulting from the scattering event is then defined as the difference between
these two trajectories, that is simply

Ay =) — O, (2.1)
so that the time-delay is naturally defined as

. n (@)
A, = t(f)_t(l):_x_+$ :—ﬁ, (2.2)
v v v

Negative and positive time-delays are interpreted as attractive and repulsive forces, re-
spectively. In a multi-particle scattering process of particles, or solitons, of type k the
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corresponding lateral displacements and time-delays (A;)x and (A;)g, respectively, have
to satisfy certain consistence conditions [J]. Demanding for instance that the centre of

mrx

:Zk kLk
m

Zk k

remains the same before and after the collision, i.e. X = X (), immediately implies that

Zk mip(Ag)r = 0. (2.4)

Furthermore, given that mA, = —mvA; = —pA; yields

kak(At)k =0, (2.5)

where pj, is the momentum of a particle of type k. We will use the relations (2.4) and (P.5)

mass coordinate

X (2.3)

for consistency checks.

2.2 Complex KAV multi-soliton scattering

Let us now see how the above applies to the scattering of multi-solitons that are solutions
of the KdV equation for the complex field u(z,t) = p(z,t)+iq(z,t) with p(x,t), g(z,t) € R

ug + 6uty + Ugpy = 0. (2.6)

Separating (R.4) into its real and imaginary part one may view it of course as set of coupled
equations for the real fields p(z,t) and ¢(x,t). In the limits (pg), — pg, and g¢pzz — 0
they reduce to some well studied systems, the Hirota-Satsuma [PJ] and Ito equations [B3],
respectively. The total mass, momentum and energy associated to the solution u(x,t) are
defined as

m = / udz, p= / u?dz, E= / (2u3 - ui) dz, (2.7)

—00

respectively. See section f§ for a derivation of these expressions. We have to establish that
these quantities are real as they are meant to be physical, i.e. observable.

2.2.1 Properties of the one-soliton solutions

First we need to compute complex solutions to the KdV equation. We recall that they
may be constructed for instance from Hirota’s direct method [R4]. Defining the quantities

Nyso 1= QT — a3t + p, we consider the 7-function for a one-soliton

Tua(z,t) = 14 elme, (2.8)

from which the corresponding solution to the complex KdV equation is obtained as u(x,t) =
2[ln7(x,t)]y,. Taking the value for p in a form that respects the PT-symmetry of the
solutions, i.e. purely imaginary u = if with 6 € R, we obtain [f]

a? + a? cos 0 cosh(az — a3t) a?sin @ sinh(az — a3t)

Uig-o (X, 1) = —1 . 2.9
bia(: 1) [cos 0 + cosh(az — a3t))? [cos 6 4 cosh(az — a3t)]? (29)
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We may restrict ourselves to this choice, because PT-symmetry breaking choices, such as
pu = K+ i6 with k € R, can be converted to the form (R.9) by simple shifts in z or ¢,
Upti0:0(T, 1) = Uig.o(T + K/, t) = Uig.o(x,t — k/a3). The former may then be absorbed in
the limits of integrals when computing physical quantities and the latter may be neglected
when considering conserved charges. Using this solution we compute the quantities as
defined in (R.7). For the mass of the complex one-soliton we obtain always a real value

o0

= 2a. (2.10)

r=—00

ui@;a(x7 t)d:E =

/°° asinh(az — o3t) +iasind
m, =
“ o cos 0 + cosh(ax — a3t)

Thus only p(x,t) component contributes to the mass of the soliton u(z,t), so that g(z,t)
may be viewed as a massless soliton. Likewise, the momentum of the one-soliton turns out
to be always real

o = /°° 2 — a3 sinh N0:0 [5 + 6 cos 6 cosh 1., + cosh (2770;a)] >
= 7y =
“ o 6 (cos 0 + cosh no;a)g e
_a®sinf (5 + cos(26) + 6 cos 0 cosh (1,,,)) ~ 2 4 (2.11)
i = —a’, .
6 (cos 6 + cosh no;a)g o 3
and the value for the energy was reported in [ff] to be real as well
[e.e]
2
E, = / [Zuf’g;a - (uig;a)i] dx = ga5. (2.12)
—00

In comparison with [[] we have rescaled the energy by a factor of —2 for reason that become
apparent in section 3.

We now follow [[] by choosing a reference frame that tracks a distinct point on the
soliton, such the crest or trough of the wave. Tracking the one-soliton solution by keeping
the traveling wave coordinate x — ot at a fixed value, we obtain for the real part of the
solution (R.9) the constant values

a? 0 -
Pigsa [ta?,t] = 75902 <§> =: Pa(0), (2.13)

B PO S _ o2 (9) = E
Pigia |te” £ aAT(H),t =~ cot” (0) =: P,(6), (2.14)

corresponding to a maximum and two minima, respectively, with shift function
A, (0) := arccosh(cos § — 2sec6). (2.15)

Notice that the minima only emerge when 6 € ((4n + 1)7/2, (4n + 3)7/2) with n € Z as
otherwise the argument of the arccosh in (R.19) is smaller 1. For the imaginary part we
define the shift function

A;(#) := arccosh % cosf + g\/ 17 + cos(20) | , (2.16)
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and compute the minimal and maximal values

, 1 8a? sine\/5+cos(20) + V2 cos 04/17 + cos(26)
i |t £ L0,0)1] =3 2 = FQu(0).
@ {6 cos ) +v/2/17 + cos(26)]
(2.17)

With these shifts the real part of the one-soliton solution is simply fixed to remain on the
crest of the wave as time evolves in (R.1J) or on either of the two minima in (2.14) when
they exist. For the imaginary part we have the option to track either the crest or trough
as specified in (R.17).

We summarize these features in figure [[.

i pié‘;a(x-, t) t{')’i ~~~~~~~~~~~~~ PR PR RREIERREY

Figure 1: PT-symmetric one-soliton solution (.9) of the KdV equation (2.) with o = 6/5 and
0 = 6/5m at time t = 20.

2.2.2 Properties of nondegenerate two-soliton solutions

Next we consider the complex two-soliton solution. Abbreviating the reoccurring constant
sx(a, B) == (a — B)?/(a + B)?, the two-soliton 7-function is compactly expressed as

Tuwia,8(T, 1) = 1+ e 4 eMid 4+ se(a, fB)eMma™ s, (2.18)
from which, by using again the transformation u(x,t) = 2[In7(x,t)].», we compute the
solution

2[a2eni9;a+B2eni¢>;6+%(a75)(a2€’7i9;a+2’7i¢;ﬁ+B262’7i9;a+’7i¢;6)+2(a_6)2eni9;a+’7i¢;ﬁ]
Uibigior8 =

2
Ti0,i¢;a,8

(2.19)
We now have to track the one-soliton contributions within the solution (R.19) and according
to our definitions (R.1)) and (R.J) we need to compare the values in the infinite past with
the one in the infinite future in order to find the lateral displacements and time-delays.
From (R.13) we can read off which frame we have to choose. Tracking the maxima for the
real part of the two-soliton solution (R.19), we compute the asymptotic values

: 2 4] _ s 2 saB 4] _ F
M pioigas [t 1] = Wm  pigiges [t +557,1] = Pa(0),
i pigiga,s [t5°,t] = m pig.igia,p [tﬁz + 5;’674 = P3(9),

t—+o00 ——00

(2.20)
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where for definiteness we have taken the ordering o > 3 and furthermore abbreviated the

quantity

Y,z .
U7 =

(2.21)

2 <y+z>
—In ,
y—z

X

for conciseness. See appendix A for the details of this computation. According to our
definitions (R.I)) and (2.9) we can now read off the lateral displacements and time-delays
from the asymptotic values in (2.20) by comparing the infinite future and the infinite past.

For the soliton with velocity a? we find

Eo © Digis
1.25F
‘

1
(Ax)a - 5267 and (At)a - _?537’87 (222)
and for the soliton with velocity 8% we identify
1
(Aa)p =657, and  (A)s= Fagﬁ. (2.23)
£ e e e e L B S . B B |
T T T T T T T T T T T T T T T (')43 T
Dio,igia,3 R io g5, 63
150 g « Diga 1 osoF * Qi K b
1Qa(0) Giar b

3 ¢ !»qgos g

.
.
A1 Pt .
* | 0251 3
:
N Qu() E
7& 1 -050 : i 1
* [ o *;
1 1 j 1 1 1 1 P n 1 1 1 1 1 1
0 T 10 20 30 40 50 60 60 -50 -40 30 -20 -10 OZI,' 10 20 30 40 50 60

Figure 2: Lateral displacements for the complex PT-symmetric two-soliton KdV solution )
with @« = 3/2, $ =1, 6 = /3 and ¢ = 7/4. The plots in the negative and positive regime of x
correspond to the time taken to be t = —20 and ¢ = 20, respectively.

Using the values for the masses and momenta computed in (2.1() and (R.11]), we verify
that the quantities (B.29) and (B.23) indeed satisfy the consistency relations (B-4) and (R.3),

since

20057 — 28657 =0, (2.24)

31
2

Ma(Az)a +mp(Az)p

2 2 .1
—_— —_ — a?/B — 3 a7B E—
Pa(At)a +pp(Ar)p = 3¢ oo + 3ﬂ _5256 =0. (2.25)
We may of course also track any other point and should obtain the same values for the

displacement and delays. For instance, tracking the minima for the real part we compute

. . 2 | A(0) } _ . [ 2 | A(0) a,B } _ P
t—ligéo Pibig;a,B [ta + P )t t—lg—noo DPibig;a,B ta” + o + 5& Ny Py (9)’ (2 26)
. 2 | An(¢ T 2 Ar(e By P ’
A Pig,igia {tﬂ + =5 ),t} = 1m pig.iga,s {tﬂ + —5( Lt L) ,t] = Ps(¢),
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or tracking the minimum or maximum for the imaginary part we obtain

: NI : A0
A dig igia, {mz + il ),t} = lim gGig,igia,8 [ta2 e 53’5,4 = FQa(8),

t—+o00

im  gpi4:0,8 {tﬁﬁ + AiTw), t} = tljl_noo 4i0,idhcr, 3 {tﬁﬁ + AiTw) + 52757 t} = FQs(¢).

t—+00

(2.27)

We depict these features in figure fJ].
We also remark here that the time-delays are important to clarify the precise relation
between the solutions obtained from the Hirota method (R.19) and those constructed via

Bécklund transformations [f]

a? — 3% 3% sech [2(Bz — B3t + 1/)]2 — a?sech [3(az — &3t + p)] 2

B 5
w0 (@ t) = (2.28)
M7V7a75( ? 2
2 [otanh [1(ax — 3t + p)] — Btanh [3(Bz — B3t + )]
Tracking the maxima of the real part of (R.2§) we compute the asymptotic values
lim pZ ot + 0271 = lim pB a2t — & p (0 +m)
(L Pib,igia.p z | = M Pigigia,p 2 |~ te
. B 9 (52’5 . B 9 (5;”8 ~ (229)
M Dig a5 [ﬂ t= —] = m pipigas [/B t+ T] = P3(9)
T T T T T T T T T T T T T T T 2 T T T T T T T

3.0 - ‘)-f;“d/Q 5:43/2,. |

5 § KK
=T i 11r q§+w.m‘>:u.a(%f) b
20k . Piovimivan(@t) flF 99 i, (T5 1)

3 — Pg;,z@;n.ﬁ(”ﬁ) :
151 ! 40 = A\f
‘Qp(0)
1.0 (5:;'3/2 =
05 1'r ]
0.0 N LD
e w0 0 50 »

Figure 3: Complex Hirota two-soliton KdV solution (2.19) versus two-soliton KdV solution ob-
tained from Bécklund transformations () fora=1.2,8=0.8,0=7/3 and ¢ = w/4. The plots
in the negative and positive regime of x correspond to the time taken to be ¢t = —20 and ¢ = 20,
respectively.

Comparing the real parts of the one-soliton contribution within the Backlund two-
soliton solution with those in the Hirota solution, we find that the slower and faster one are
delayed by the amount 52"6 /2 and 5375 /2, respectively. Thus the two types of solutions are
not simply shifted by an overall amount, but each of the individual one-soliton contributions
shifted by a different amount relative to each other. Furthermore, comparing (2.26) and
(2.29) we observe that we require a shift in § by 7 in the Hirota solution in order to obtain
the same qualitative features in both solution, in the sense of matching amplitudes and
occurrence of minima. Overall we obtain the same total delays (R.2J) from any of the
solutions.
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Tracking the minima and maxima for the imaginary part we obtain
: A (e 5@ B A0+
lim qi%’id);a’ﬁ [oﬂt—l— -+ %} = hm qle it p [ 2t — + %] = FQ.(0 + )

t—4o00
. s .
lim qig,w;a,g [5% -4 2(¢):| :tl}I_noo qie,w;a,g [5215-1- ’32 + %Az(¢):| = FQp(9).
(2.30)

t——+o0
As expected, we observe from this that the imaginary parts of the soliton solutions are

displaced by the same amount as the real parts, but for the faster soliton we also acquired
an overall minus sign.

These features are displayed in figure B

We notice that the time-delay caused by the scattering between the faster and the
slower soliton is the same in both solutions, i.e. they are preserved quantities.

2.2.3 Properties of degenerate two-soliton solutions

As discussed in [fi], the degenerate solutions for which some of the energies are the same
are quite special. In general the limit 5 — « to degenerate energies in a multi-soliton

solution is divergent. However, as discussed in detail in [ff], in a complex setting, when

tuning certain parameters it can be performed consistently, leading to the solution

20/ [(oz:z: — 33t + z'qS) sinh (ni(,;a) — 2 cosh (772-9;(1) — 2]

uid igiona(T:t) = [ozx — 3a3t + i¢ + sinh (772‘0;(1)] 2 (2:31)
Defining the time-dependent displacement
A(t) == éln (40 It]), (2.32)
we track the maximum for the real part of the degenerate solution (R-31)) as
m i igia [ta® — A(t),t] = Jim pig igiaa [ta® + A(t),t] = Pa(9), (2.33)
N pigigaa [to® + A, 1] = Tm pigigaa [ta® = Alt),t] = Pu(0+m), (2.34)

See appendix A for a derivation of these asymptotic expressions. Comparing (P.33) with
(2.13) we observe that the time-dependent shift is tracking the maximum of the one-soliton
solution. The second maximum (2.34)) corresponds to the one-soliton solution (B.13) with
0 — 0 + m, which relates the sech? to the csch? solution. We expect these solutions to
emerge as in the real case they correspond to the two independent solutions from which the
degenerate one (R.31]) was constructed in [[] when using Wronskians involving Jordan states.
Moreover, regarding the internal structure of the degenerate two-soliton we deduce that
the one-solitons with amplitude P,(8) and P, (6 +7) are laterally displaced by —2A(t) and
2A(t), respectively, as a result of the scattering process. When t — oo the displacements
tend to infinity as we somehow expect from the displacement (P.23) which diverges when
8 — a.

As we have seen, the real part of one of the one-soliton solutions also develops two
minima, for which we compute the limits
hm Dibidiaa [t — T A(t) £ éAT(H),t = P,(0). (2.35)

t—o
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where o can be +1 or —1. Since the two one-solitons are relatively shifted to each other
by 0 — 6 + 7 it follows from the remarks after (R.1§) that these minima can only emerge
in one of the two solitons.

For the imaginary part we compute the eight limits

i q,mm[az—w(t)i 2:(0).¢] = 3Qul0), (2.36)
tggnoo 4i6,id0,0 [ta2 +oA(t) £ EAZ'(Q +7), t} = £Qq(0 + 7). (2.37)

We also observe from the imaginary part that the overall time-delays are £2A(t).

2.2.4 Properties of nondegenerate three-soliton solutions

Let us now consider the three-soliton solution for which the 7-function reads

T piafoy (@, ) = 14 elue 4 eMis 4 Mo 4 se(a, B)eMma™is 4 5¢(a, y)ellma™Mem (2.38)
%(/87 fy)enu;6+np;'y + %(a7 5)%(a7 fy)%(/@j fy)enu;a'i'nwﬁ"'npw,

leading to the three-soliton solution

which we do not report here explicitly. Assuming the ordering o > 5 > 7 we track the
maxima for the real parts and compute the asymptotic values

LM Pig.ig,ivia6y [ta?,t] = A Digigi9;0,8,7 [ta? + 627 +607,t] = Pu(6),
3 2 76 — 3 2 B? — >
tligloopie,iqb,iﬁ;a,ﬁfy [tﬁ + 5% 7t:| - tlg-noo Pib,i¢,iv;0,8,y [tﬁ + 55 PY’ t:| - 5(@), (240)
] 2 ) ) — 1 e 2 _ P
i pio ig iia iy [177 + 057 + 057 8] = B pigiginasy [177 1] = Py(9)-

When tracking the minima or maxima in the imaginary part we obtain

. A; (6 i(0
tl}I_Yloo%amw;aﬁ,y [tOé2 + oE ) ] - hm%e o, 10,8,y [tOé + 50‘75 + 50"7 + OE )7t:| = :FQCV(H)a

: 2 B _ 2 B, Ai(é _
tly_nooqw,i¢,i19;a,6,'y [tﬁ + 5; + ﬁ( )7 ] —tligzqw,i¢,i19;a,ﬁ,'y [tﬁ 5 7 + B )7 ] - :FQB(QS)a

. A (9 . 9)
tlgl_noo%e,iqs,m;a,gﬁ [t’y2 +057 + 55’“’ + #, t} :tglgoqw,i(b,iﬂ;a,ﬁ,ﬁ/ [t’Y + é } FQ ().

Similarly as in the previous section for the two-soliton solution we read off the lateral

displacements form these expressions as
(Ap)a =007 4057, (Ap)s =057 =637, (Ag)y=—07— 387, (2.41)
The corresponding time-delays are

(Ao =~ (527 4 827) . (A= % (557 85), (&0, = % (537 + 680 .
(2.42)
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Once again we may use the values for the soliton mass (R.10) and momentum (R.11)) to
confirm that these quantities satisfy the consistency relation (2.4) and (R.5). As the values
in (R.42) are simply the sums of the scattering of two solitons, this confirms the well known
factorization property in integrable systems stating that a multiple scattering process can
always be understood as consecutive scattering of two particles for which any ordering is
equivalent [29]. In the quantized version of the model this property is reflected in the
Yang-Baxter and bootstrap equations.

2.2.5 Properties of degenerate three-soliton solutions

Let us now consider the degenerate three-soliton solution for which the limit 8,7 — «a is

carried out. In [ff] a solution to this scenario was reported as

(1)

(1)
2 Mg, N
Uig,ipiviona,a(T:t) =2 ¢ In (1 + (nf;)a) + cosh n§;3a> sinh % — 772(330{ cosh % 7

(2.43)
with 77821 := ax — Aa’t + p. In this case we find the three maxima for the real parts in the
limits

tl}I:Eloo Pibig,iv0,0,0 [tOé2, t] = Pa (9 + 77)7 (244)
lim Dibig,i0;0,0,x [taz + A(t), t] = Pa(0)7 (245)

t—+oo

where the time-dependent displacement is defined as

Alt) = éln (8a5#2) . (2.46)

Thus we find the center soliton converging to the sech?-one-soliton solution and the two
outer ones to the csch?-one-soliton solution. The outer ones keep moving away from the
center as |t| increases. Similarly as for the degenerate two-soliton, the two individual outer
solitons with amplitudes 15(1(0) are time-dependently displaced by the different amounts
+2A(t). This might is not be obvious from the limits (R.45) as these one-solitons are
identical, but they have actually exchanged their position. The one-soliton in the center
with amplitude ]5&(9 + m) is not displaced or time-delayed and simply travels identically
to a one-soliton solution. The real part of the solutions posses also minima in the regimes
for 0 as specified after (2.15). For those we compute

1 §
3 . . . 2 J— —
A pig i iva.a.a [toz + aAT(e + ), t} P,(6), (2.47)
_ 1 .
M D 2 - -
tll?oop“”mw;a,ava [ta +A(t) + aAr(e),t} P,(0). (2.48)

— 10 —
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For the imaginary parts we evaluate

1 -
tEm 46,110,000 [ta2 + EAi(H +7),t| = FQu(f + ), (2.49)
_ 1 :
_ 1 :
tEm qi0,i¢,iv;0, 000 |:ta2 — A(t) + —A,(G), t| = :FQQ(H). (2.51)
ofe’e} [0

Using these limits we deduce the same values for the displacements as from the real part.

Next we consider the degenerate three-soliton solution for which only the limit 8 — «
is carried out, such that only two of the contributions are degenerate. We recall a solution
for this from [f]

(1) 2 2 2 _ 2
Ui i 900,07 (T, 1) = 2 ¢ In coshm% [% sinh (ngé)a) — %ng)a} (2.52)

o (Y ()
——Vcosh2 L sinh Ly
2 2
T

For the degenerated compound soliton the two maxima of the real part have the properties

5077 ~
i o 2 o —
A piseinans |t + oA + a5 t] = Po(6) (2.53)
. 2 A 537’\/ A 0
and for the non-degenerated one-soliton contribution we compute
tggnoopiﬁ,w,iﬁ;a,a,'y [t’72 - 0-536’77 t] = P“/(ﬂ) (2.55)

The degenerate one-solitons with amplitudes P, () and P.(# + 7) are now time-
dependently displaced due to the scattering amongst each other and in addition displaced
by a constant due to the scattering by

(A2 =2A@1) + 627 and  (A)0FT = —2A(t) + 697 (2.56)
respectively. From (B.55) we deduce
(Ag)y = —2657 (2.57)

the constant displacement for the one-soliton with amplitude P,y (). Our consistency equa-
tion (R.4) is satisfied as

Ma(Ag)l, +ma(Ag)0T™ +my(As)y = 40657 — 47527 = 0. (2.58)

«

We can argue similarly for the time-delays. Thus while the two individual degenerate
contributions are time-dependently displaced, there are in addition nonvanishing constant
contributions as a result of the scattering with the remaining non-degenerate one-soliton.
In a similar fashion as above, these features are confirmed when tracking the minima in
the real part or the minima and maxima in the imaginary part.

These features are summarized in figure [i.
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in,iO,,zﬁ;a,a,'y

== {ig+ima

Pioi¢,,i9;0,07
== Dig+ima

Figure 4: Time-delays for a complex P7T-symmetric three-soliton KdV solution with a compound
two-soliton with &« = 6/5, v = 4/5, § = 7/3 and ¥ = ¢ = ©/4. The plots in the negative and
positive regime of x correspond to the time taken to be ¢ = —30 and ¢ = 30, respectively.

2.2.6 Properties of degenerate multi-soliton solutions

We have seen in sections and that the individual one-soliton constituents within
the degenerate two and three-soliton solutions (R.31)) and (R.43) are shifted relative to each
other by the time-dependent displacements (2.33) and (P.46)), respectively. As these shifts
are logarithmic in time the change is very slow and when confined to some finite regions they
may be viewed as a compound N-soliton as advocated in [f]. This qualitative behaviour
remains the same for degenerate N-soliton solutions for any IV, albeit the fomulae for the
time-dependent displacements (R.32) and (R.46]) need to be generalized.
Using the notation

ag,...,o}IiVIgalza Uiy =ih,...,i0 N;01,....,aN (1‘, t) = pi97,,,,i9N;Na($a t) + iQiG,...,iGN;Na(x’ t) (259)

We compute the asymptotic limits for IV even and N odd separately. For the even case we

compute
) ) . 1— (_l)n—i-l—i-l
MM pio iy, ona [te” + 0Dp e (1), t] = Po <9 + fﬂ) (2.60)
] 5 . 1— (_1)n+€
tgglmpie,...,iezn;2na [ta® — oA, p1(t),t] = Pa [0+ — 7 (2.61)
forn=1,2,...,¢=1,2,...,n and for the odd case we obtain
) 5 . 1— (_1)n+€
A pio ity senina [107 £ Ango(t), 1] = Fa |0+ ——F5—— (2.62)
forn=20,1,2,...,£=0,1,2,...,n. The time-dependent displacement takes on the general
form ) ( o
n—/0)!
A t)==In|——2 (4|t| )2 " . 2.63
nan®) = 210 | 2 (2:63)

As in the previous cases we could also track the minima in the real part when they are
present or the minima and maxima in the imaginary part, which leads to the same expres-
sions for the time-dependent displacement (R.63).
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3. Reality conditions for conserved charges

We will now argue that P7T-symmetry together with integrability will guarantee that all
conserved charges in the model will be real. In order to see the structure of all of the charges
we briefly recall how they can be constructed from the so-called Gardner transformation
B4, BT, B§]. The central idea is to expand the KdV-field u(x,t) in terms of a new field
w(z,t)

u(z,t) = w(x,t) + ew, (z,t) — 2w?(z, 1), (3.1)

for some deformation parameter ¢ € R. The substitution of u(zx,t) into the KdV equation

E.4) yields

(14 €0y — 26%w) [wy + (wae + 3w — 252w3)m] =0. (3.2)
Since the last bracket is in form of a conservation law and needs to vanish by itself, one
[e.e]
concludes that / w(z,t)dx = const. Expanding the new field as
—0o0
o0
w(z,t) = anwn(az,t) (3.3)
n=0
o
then implies that also the quantities I,, := / wop—o(x, t)dr are conserved. We may then
— 0o
use the relation (B.J)) to construct the charge densities in a recursive manner
n—2
Wy, = Ubp,0 — (Wn—1), + Z WEWyy—f—9- (3.4)
k=0

Solving (B.4) recursively, by taking w, = 0 for n < 0, we obtain easily the well known
expressions for the first charge densities

wo = u, (3.5)
wy = — (wp), = Uy, (3.6)
wy = — (w1), + WG = Uga + 7, (3.7)
ws = — (wa),, + 2Wow1 = —Upzy — 2(u?)a, (3.8)
wy = — (w3), + 2wows + W} = Ungae + 6(utly)z + 2u® — ul. (3.9)

The expressions simplify substantially when we drop surface terms and we recover the first
three charges reported in (R.7). For the energy to be part of this general series is the reason
why we rescaled it as compared to [{, [f.

For the charges constructed from the one-soliton solution (R.9) we obtain real expres-
sions

& 2
I, = /_oo Wop—o(x, t)dr = T 1a2"_1 and L5 = 0. (3.10)

The reality of all charges build on one-soliton solutions is guaranteed by PT-symmetry
alone: When realizing the PT-symmetry as PT: v — u, x — —x, t — —t, i — —i it is
easily seen from (8.4) that the charge densities transform as w, — (—1)"w,. This mean
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when u(z,t) is PT-symmetric so are the even graded charge densities way,(z,t). Changing
the argument of the functional dependence to the traveling wave coordinate ¢, = r — ot
this means we can separate way,((,) into a PT-even and PT-odd part w§,((,) € R and
w§,(C,) € R, respectively, as wan((,) = w5, (¢,) + iw$s, (C,), which allows us to conclude

o o o
L@= [ wnalotide= [~ (w6 +iug oG] doa= [ whp(Cade € R
— 0o —00 —00
(3.11)
It is easily seen that the previous argument applies directly to the charges build from the
solution u;g.o(,t) in (B.9), i.e. the real part and imaginary part are even and odd in (,,
respectively. When the parameter u has a nonvanishing real part the P7T-symmetry is
broken, but it can be restored by absorbing the real part by a shift either in ¢ or = as
argued in [f.
In order to ensure the same for the multi-soliton solutions we use the fact that the
multi-soliton solutions separate asymptotically into single solitons with distinct support.
As the charges are conserved in time we may compute [,, at any time. In the asymptotic

(™)

regime any charge build from an N-soliton ;" o0, 4

v decomposes into the sum of
charges build on the one-soliton solutions.

o
N
L(oa,...,ay) :/_ (wg(,l?wwN;aMaN)M (,t)da, (3.12)

- /iooo Z]kvzl |:<w§;3€§ak>2n_2 (Cak):| dCa, (3.13)

=3 L), (3.14)

2 N o on1
=5 Zk:l a1t (3.15)

We used here the decomposition of the N-soliton into a sum of one-solitons in the asymptotic

. (N) WY (1) . . . .
regime ;g " g oy = E ey \Witysay ) which we have seen in detail above. Since each

of the one-solitons is well localized we always have ugi ap ugél) o =0 when k # [, which

implies that

18 i) = [ ()] = (00) " 310

As all the derivatives are finite and the support is the same as for the us, this also implies
(V) m_ [N (0 oY o\
|:(uiely---7i0N§0617---706N>nx:| - [Zkzl (ui0k§ak>nx:| - Zkzl (uiek;ak)mc’ (3'17)

and similarly for mixed terms involving different types of derivatives. As all charge densities
are made up from v and its derivatives we obtain

(N) W 1)
(wiel,...,iGN;al,...,aN>2n_2 - Zk:l (win;ak>2n_2 (318)

in the asymptotic regime, which is used in the step from (B.13) to (B.13)). In the remaining

two steps (B.14) and (B.15) we use (B.10).

Thus PT-symmetry and integrability guarantee the reality of all charges.
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4. Conclusions

We have explicitly computed lateral displacements and time-delays for complex two and
three-soliton solutions of the KdV equation. Our solutions satisfy the consistency equations
(B4) and (R.3) resulting from the preservation of the centre of mass coordinate. The
expressions for the time-delay of the three-soliton scattering, being the sum of the delays
of two two-soliton time-delays, confirm on classical level the standard factorization property
of the scattering matrix for integrable systems that allows to treat any multiple scattering
process as a succession of two particle scatterings. The imaginary part in our solutions
may be thought of as a massless soliton partaking in the scattering process.

We used our expressions for three different purposes: Firstly we made the relation be-
tween solutions obtained from Hirota’s direct method on one hand and those constructed
from a superposition principle based on Béacklund transformations precise. They differ by
non-identical lateral displacements in each of their one-soliton constituents and additional
shifts by 7 in the shift parameters. Overall they lead to the same values of the time-delays
as they are preserved quantities. Secondly we elaborated on the internal structure of com-
pound soliton solutions within degenerate multi-soliton solutions. We found that the de-
generate one-soliton contributions are displaced relative to each other by a time-dependent
shift. When scattered with any nondegenerate one-soliton constituent they are all displaced
by the same amount. With (R.6J) we presented a generic formula for the relative time-
dependent displacement valid for any degenerate IN-soliton solution. Thirdly we clarified
the role P7-symmetry plays in guaranteeing the reality of conserved charges, the energy
being one of them. It turned out that P7-symmetry is solely responsible for the reality
of any charge based on one-soliton solutions. For charges constructed from multi-soliton
solutions we need to invoke integrability having the effect of separating asymptotically the
multi-solitons into single solitons to ensure the reality these charges.

As our approach is entirely model independent, it would naturally be interesting to
apply it to other complex integrable systems. Furthermore, it would be very interesting
to employ the expressions obtained for a semi-classical quantization. In particular the role
played here by the massless soliton might shed some new light on some old results [9].

Acknowledgments: FC would like to thank the Alexander von Humboldt Foundation
(grant number CHL 1153844 STP) for financial support and City University London for
kind hospitality.

A. Sample time-delay computations

Most of the computations are rather cumbersome, so that it suffices to present a few
samples. Let us for instance derive the values for the shifts in (R.2(]). For simplicity
we take the real part of wigig.ap(z,t) in (R.19) at specific values of § and ¢. Taking
0 = ¢ = /2 it acquires the relatively simple form

. . . . 2
4 [aea3t+263t+ax + ﬁe2a3t+53t+5x + ax(a’ﬁ)ea3t+ax+2ﬁx + 5X(a’ﬁ)eﬁ3t+2ax+ﬁx]

. (A.1)
|:62t(a3+53) n (ff?)? et(a3+53)+x(a+ﬁ) + 2031428 | o28%t4+2ax | (e, 5)e2m(a+ﬁ)]
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Tracking the soliton with speed o in the multi-soliton solution and trying to match it with
the one-soliton, we may try to solve the equivalence relation

uiw,iﬂ;a,ﬁ(taz + A: t) ~ uiw;a(ta2a t), (Az)

in the asymptotic regimes t — 400 for some as yet unknown constant A. The right hand
side of ([A.2) is easily computed from (R.9) to a®. Replacing = by ta? + A in ([A.d]) and

4t(aB+a?B)

identifying e as the dominant term in the numerator and denominator in the

large ¢ regime we read off the corresponding coefficients. Thus for large ¢ the equivalence
relation (A.J) becomes

402 (a? — 32 4 2aA
- (2= ) « — a2 (A.3)
9 (a2 _ 52) €208 4 (o — B)8edaA 4 (a + B)8
Solving this equation for A leads to the time-displacement A = 2/aIn[(a+ )/(a — )] for

t — 0o, which corresponds to the shift reported in (R.20) for generic values of § and ¢.
Next we present a sample computation for a degenerate multi-soliton solution for which

the lateral displacement becomes time dependent rather than just being constant. We
derive the asymptotic relation (P-33). Taking x to be ta?+ A in the degenerate two-soliton
solution (R.31)) for some constant A, we observe that the limits ¢ — +oo always yield zero
and we will not be able to obtain a finite value such as the maximum of the one-soliton
P, (#). Hence we are forced to include a time-dependence into A. This mildest dependence
we may introduce is a logarithmic one. Taking therefore as an Ansatz A(t) = —1/a/ln(k |t|)
for some unknown constant x we compute

402e"k |t| [k*% (203t — v — 2+ In(k [t])) — €*? (203t + 2 — v+ In(k |t])) — 1€k |t]]
[€2i0 — 122 — 2eik [t] (203t — v + In(x |t]))]? '

(A.4)
For large |t| we can now find matching powers in ¢ in the numerator and denominator. We
replace now |t| by ot and take o to be =1 depending on whether ¢ is negative or positive.

The leading order terms are proportional to t*. Neglecting all other terms, the expression

in (A.4) reduces to

8abe? ko

, A5
(k + doadei?)? (4.5)

A

For x = 4a3 thls equal () and P, (0 4 ) for 0 = 1 and 0 = —1, respectively. Thus we
have derived ( ) and (R.34) with the lateral displacement takeing on the form (R.33).
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