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Abstract. A significant improvement in the economy-of-scale of small-scale organic Rankine cycle 

(ORC) systems can arise from the appropriate design of components that can be manufactured in large 

volumes and implemented flexibly into a wide range of systems and potential applications. This, in turn, 

requires accurate predictions of component performance that can capture variations in the cycle 

conditions, parameters or changes to the working fluid. In this paper previous work investigating a 

modified similitude theory used to predict the performance of subsonic ORC turbines is extended to 

analyse the supersonic flow of organic fluids within 2D converging-diverging nozzles. Two nozzles are 

developed using a minimum length method of characteristics design model coupled to REFPROP. 

These are designed for R245fa and Toluene as working fluids with nozzle exit Mach numbers of 1.4 

and 1.7 respectively. First, the nozzle performance is confirmed using CFD simulations, and then further 

CFD simulations are performed to evaluate the performance of the same nozzles over a range of different 

inlet conditions and with different working fluids. The CFD simulations are compared to predictions 

made using the original and modified similitude theories, and also to predictions made by conserving 

the Prandtl-Meyer function for the different operating conditions. The results indicate that whilst the 

modified similitude model does not accurately predict nozzle performance, conserving the Prandtl-

Meyer function allows to predict the nozzle outlet Mach number to within 2% providing there is not a 

significant change in the polytropic index. Finally, the effect of working fluid replacement on the ORC 

system is discussed, and preliminary results demonstrate the possibility of matching a particular turbine 

to a heat source through optimal working fluid selection. 

 

1. Introduction 

The organic Rankine cycle (ORC) is a promising technology for the conversion of low temperature heat sources 

into mechanical work across a range of power outputs ranging from a few kW to the MW scale. However, 

despite successful commercialization for large-scale systems [1], implementation of smaller systems has not 

followed the same progress, primarily due to their high capital costs. Among other improvements such as in 

performance and reliability, improvements in their economy-of-scale can act as an important enabling factor in 

their widespread implementation. One approach to achieving this is to develop ORC systems that operate 

efficiently over a range of operating conditions, whilst using different working fluids. Although robust 

techniques do exist for the design of components that best match targeted operating conditions, the development 

of ORC components that can operate flexibly over a range of conditions requires methods to predict the 

performance of these components at design and off-design conditions. 
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Within an ORC system, the turbine is arguably a critical component since it is responsible for generating 

the power within the system. ORC turbine design is complicated since the behaviour of organic fluids can 

significantly deviate from that of an ideal gas, thus requiring complex equations of state. Furthermore, at 

operation close to their critical point, organic fluids could exhibit non-classical fluid dynamic behaviour leading 

to expansion shocks and compression fans [2,3]. In addition, low values for the speed of sound can also result 

in supersonic flows at the rotor inlet and possibly at the rotor outlet. For rotor inlet Mach numbers only slightly 

exceeding unity, a conventional converging stator blade can be implemented with the required supersonic 

conditions being achieved in the rotor-stator interspace [4]. However, at higher Mach numbers, supersonic 

stators are required. These are constructed with a subsonic converging section that accelerates the flow to the 

choked conditions followed by a diverging section that expands the flow isentropically to the desired Mach 

number. A number of papers have addressed the design of these stators, for example Wheeler and Ong [5] who 

developed a stator design model using the Method of Characteristics, and Pasquale et al. [6] who constructed a 

stator using Bezier splines and optimized the geometry using a genetic algorithm. 

Alongside the development of design methods, studies have focused on supersonic flows in ORC stators 

using computational fluid dynamics (CFD) [7-10]. These simulations couple either research flow solvers, or 

commercial CFD codes, with suitable equations of state. In the absence of experimental data for validation, 

these solvers were evaluated qualitatively against design models, or experimental data for ideal gas turbines. 

Recently, Galiana et al. [3] presented experimental results investigating trailing edge losses in ORC turbines in 

a Ludwieg tube. This, along with further developments in other organic vapour test facilities [11,12], is critical 

for the validation of CFD tools used to simulate supersonic flows in ORC turbine components. 

Clearly, the added complexities of using non-ideal working fluids mean that it is not suitable to apply 

conventional ideal gas turbine performance prediction models, such as similitude theory, directly to ORC 

turbines. This has been attempted, for example in Ref. [13], but the errors introduced by using simplified 

methods based on the ideal gas law has been demonstrated recently [14]. The similitude concept has been 

applied to ORC turbines [15], but this is generally for turbine design, rather than off-design performance 

predictions. Previously, the present authors investigated the application of similitude theory for the prediction 

of subsonic ORC turbine performance and developed a modified similitude model for this purpose [16]. 

Equation 1 is a simplified form of this model assuming a given turbine design with a fixed geometry, where 

Δℎs is the isentropic enthalpy drop across the turbine, 𝜂 is the turbine isentropic efficiency, �̇� is the mass flow 

rate, 𝑁 is the rotational speed, and 𝑎∗, 𝜌∗ and 𝜇 are the speed of sound, density and dynamic viscosity at the 

Nomenclature 

𝑎 Speed of sound, m/s 𝛽 Relative flow angle, ° 

𝑏 Blade height, mm 𝜃 Flow turning angle, ° 

𝑐 Fluid velocity, m/s 𝜌 Density, kg/m3 

𝐷h Hydraulic diameter, mm 𝜇 Viscosity, Pa s 

ℎ Enthalpy, J/kg 𝜈 Prandtl-Meyer function, ° 

𝐿 Nozzle length, mm 𝜈ts Isentropic velocity ratio 

𝑘 Polytropic index 𝜂n Stator isentropic efficiency 

�̇� Mass flow rate, kg/s Δℎs Isentropic enthalpy drop, J/kg 

Ma Mach number   

𝑁 Rotational speed, rpm Subscripts  

𝑜th Throat width, mm * Choked conditions 

𝑃 Pressure, kPa 0 Original operating point 

𝑅 Nozzle construction radius, mm 01 Total inlet conditions 

Re Reynolds number 2 Rotor inlet/nozzle outlet 

𝑇 Temperature, K 3 Rotor outlet 

𝑢 Rotor blade velocity, m/s c Condensation 

𝑍n Stator blade number d Design 

𝛼 Absolute flow angle, ° s Isentropic conditions 

 

 

2

1st International Seminar on Non-Ideal Compressible-Fluid Dynamics for Propulsion & Power      IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 821 (2017) 012002         doi:10.1088/1742-6596/821/1/012002



stator throat. Recently, this model has been used to show how the economy-of-scale of a small subsonic ORC 

turbine can be improved through appropriate operation and working fluid selection [17]. 

[
Δℎ𝑠

𝑎∗2
, 𝜂] = 𝑓 (

�̇�

𝜌∗𝑎∗
,
𝜌∗𝑎∗

𝜇
,

𝑁

𝑎∗
) (1) 

The aim of this paper is to extend the similitude concept by considering working fluid replacement in 

supersonic ORC turbines, through the design and analysis of two converging-diverging nozzles for R245fa and 

Toluene using a minimum length nozzle design model. Nozzle performance is investigated using CFD 

simulations. Subsequently, methods to predict nozzle performance following a change in the working fluid are 

hypothesized; these involve using the modified similitude theory to predict the nozzle mass flow rate and 

isentropic enthalpy drop, and predicting the nozzle performance by conserving the Prandtl-Meyer function. 

These predictions are compared to further CFD simulations. Finally, the implications of fluid replacement on 

ORC system performance are discussed with the ultimate goal of improving the current economy-of-scale. 

 

2. Method of characteristics and inviscid 2D nozzle design 
To design a supersonic nozzle an inviscid 2D minimum length nozzle design model, based on the method of 

characteristics (MoC), is coupled to real gas equations of state to account for non-ideal fluid properties [18]. 

Aldo and Argrow [19] were the first to investigate minimum length nozzles for organic fluids, and the model 

developed here is similar. Although more sophisticated nozzle design methods have been developed more 

recently, for example [6], the focus of this paper is to investigate the effects of working fluid replacement on 

nozzle performance, rather than generating optimized geometries. Therefore, the simpler, minimum length 

method was deemed to be suitable. For a differential fluid element undergoing a supersonic expansion, the 

amount of flow turning, 𝑑𝜃, is given by Equation 2, where 𝑐 is the fluid velocity. For a perfect gas with a 

constant ratio of specific heats, Equation 2 can be integrated analytically to determine the Prandtl-Meyer 

function. However, for a non-ideal gas Equation 2 can be integrated numerically.  

𝑑𝜃 = (√Ma2 − 1/𝑐) 𝑑𝑐 (2) 

Before considering an ORC radial inflow turbine stator, this paper studies the flow within 2D converging-

diverging nozzles. This is done not only to validate the design model, but also as a preliminary investigation 

into scaling effects in supersonic flows of organic fluids. Using the total inlet conditions and Mach numbers 

defined in Table 1 for R245fa and Toluene, the MoC model was used to design the diverging sections of two 

converging-diverging nozzles. These working fluids were selected since they are suitable working fluids for 

low temperature and high temperature ORC applications respectively [1]. The total inlet conditions were 

defined as 95% and 101% of the critical pressure and temperature respectively to ensure operation near the 

critical point where non-ideal gas effects are expected. The turbine outlet pressure was defined based on an 

assumed ORC condensation temperature 𝑇c. Defining the rotor inlet absolute flow angle (𝛼2 = 74.5°), rotor 

inlet relative flow angle (𝛽2 = -21.8°), and isentropic velocity ratio (𝜈ts = 𝑢2/√2Δℎs = 0.68; where 𝑢2 is the 

rotor inlet blade velocity and Δℎs is the turbine isentropic total to static enthalpy drop) enables the rotor inlet 

velocity triangle to be determined. Finally, assuming a stator isentropic efficiency (𝜂n = 0.9) defines the rotor 

inlet conditions. The mass flow rates correspond to a radial inflow turbine with a rotor diameter of 80 mm. 

Table 1. Thermodynamic cycles and turbine designs used in this study. 

 𝑇01 [K] 𝑃01 [kPa] �̇� [kg/s] Ma2 𝑃2 [kPa] 𝑏2 [mm] 𝑇c [K] 
R245fa 431 3469 1.76 1.4 1138 2.38 323 

Toluene 598 3920 0.45 1.7 667 1.20 383 

The accuracy of the MoC model depends on the number of lines used to construct the expansion fan, and 

the number of elements used in the numerical integration of Equation 2. A sensitivity study using 𝑛 = 50, 100 

and 250 was conducted for both of these parameters and it was found that 100 elements were sufficient, with 

maximum errors for the wall coordinates of 0.05% and 0.25% for R245fa and Toluene respectively, relative to 

𝑛 = 250. Figure 1 shows the final nozzle designs. The parameters used to construct the rest of the nozzle are 
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shown in Figure 2 and Table 2. The throat width, 𝑜th, is calculated by Equation 3 with 𝑏2 the rotor inlet blade 

height (Table 1), 𝑍n  the number of turbine stator vanes (𝑍n  = 16), and 𝜌∗  and 𝑎∗  the static choked throat 

conditions. Equation 4 gives the design Reynolds number where 𝐷h is the throat hydraulic diameter. 

𝑜th = �̇� (𝜌∗𝑎∗𝑏2𝑍n)⁄  (3) 
  

Red = (𝜌∗𝑎∗𝐷h) 𝜇⁄  (4) 
 

 

Figure 1. Minimum 

length supersonic 

nozzles for the 

expansion of R245fa 

to Ma  = 1.4 and 

Toluene to Ma = 1.7, 

obtained using the 

MoC model. 

 

 

 

Figure 2. Geometry of the 

converging-diverging 

nozzles. 

 
 

 

Table 2. Design parameters for the converging-diverging nozzles. 

 𝑜th [mm] 𝑅 [mm] 𝐿 [mm] Red 

R245fa 2.97 2.23 8.91 2.52×106 

Toluene 1.89 1.41 5.66 1.09×106 

 

3. CFD simulation setup and MoC validation 

A steady-state quasi-2D CFD simulation was setup in ANSYS CFX to validate the two nozzle designs. The 

inlet conditions were set to the total inlet conditions, the outlet was set to a supersonic outlet and the 𝑘-𝜔 SST 

turbulence model with automatic wall function was selected. The meshes were constructed from 160×103 

elements. For each nozzle design two additional meshes, consisting of 40×103 and 360×103 elements, were also 

constructed. It was found that the percentage error in the nozzle efficiency predicted by the original mesh 

compared to the finest mesh was less than 0.1% for both nozzles, thus confirming the suitability of the original 

meshes. Working fluid properties were accounted for by generating fluid property tables using REFPROP prior 

to the simulation, and a sensitivity study considering the resolution of these fluid property tables was conducted 

with table sizes of 50, 100 and 250. The results show that the percentage errors in the nozzle efficiency predicted 

for a table size of 100 compared to a table size of 250 were 0.07% and 0.04% for the R245fa and Toluene 

nozzles respectively. The CFD results for the R245fa and Toluene nozzles, both with a mesh size of 160x103 

elements and fluid property table size of 100, are shown in Figure 3. 

Overall, the MoC model has generated supersonic nozzles that expand the two fluids to the desired Mach 

numbers. Weak oblique shocks are found downstream of the diverging supersonic sections and this leads to 

small bumps in the midline Mach number distribution. This effect is attributed to the nozzle wall boundary 

layers, which effectively reduce the nozzle flow area. Boundary layer effects are not considered within the MoC 

model, therefore explaining the small discrepancies observed. The model can be improved by extending the 

nozzle wall by the boundary layer displacement thickness. However, given that the outlet Mach numbers agree 

to within 1%, this modification was deemed unnecessary. 
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Figure 3. Validation of 

the MoC nozzle design 

model: R245fa nozzle 

CFD simulation (top); 

Toluene nozzle CFD 

simulation (middle); 

comparison between 

the midline Mach 

number distributions 

obtained using the 

MoC model and CFD 

simulation. Note that 

MoC results are only 

valid for 𝑥 > 0. 

 

 

4. Scaling of the supersonic nozzle 

Having setup CFD simulations for both nozzles, the analysis can be extended to investigate alternative operating 

conditions. The first investigation considers a change in the total inlet conditions. Moving down the isentropes 

that correspond to the total inlet conditions defined in Table 1, alternative inlet conditions were defined at 75%, 

50% and 25% of Red (Cases 1 to 3 in Table 3). Cases 4 to 9 correspond to changing the working fluid. For 

these cases it was desirable to keep Re constant, such that the effect of changing the working fluid and Re 

effects can be isolated from one another. Therefore, for each working fluid an isentrope was constructed that 

coincides with an operating point at 95% and 101% of the fluid critical pressure and temperature respectively. 

The throat Reynolds number was then calculated for various points along this isentrope and the nozzle inlet 

conditions were selected to ensure that Re remained constant. From Table 3 it can be seen that in some cases it 

was not possible to maintain Re. In these cases, the inlet conditions were set to the conditions that resulted in 

the Reynolds number that was closest to the original design point. 

Using these alternative inlet conditions, a number of CFD simulations can be performed to establish nozzle 

performance. However, the purpose of this work is to also develop simple methods to predict nozzle 

performance following these changes. The first method applies the modified similitude model (Equation 1), 

and hypothesizes that for the same reduced head and flow coefficients, the nozzle performance will remain the 

same. Here the reduced head coefficient is defined as the isentropic total-to-static enthalpy drop across the 

nozzle normalized by the speed of sound squared (ℎ01 − ℎ2s)/𝑎2. In the conventional similitude model the 

total inlet speed of sound, 𝑎01, is used whilst in the modified similitude model the choked throat speed of sound, 

𝑎∗ is used. Using 𝑎∗ is expected to be more accurate, since the choked mass flow rate will be conserved. 

However, the use of 𝑎01 is included here as further validation of the modified similitude model. Similarly, the 

mass flow rate is related to the flow coefficient, �̇�/𝜌𝑎. 
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A second method considers the Prandtl-Meyer function, 𝜈. Since 𝜈 is central to the supersonic nozzle design 

process, it is hypothesized that nozzle performance can be determined by maintaining the same amount of flow 

turning within the nozzle following a change in the operating conditions. For each case, the value of 𝜈 for a 

range of Mach numbers is shown in Figure 4. 

 

Table 3. Alternative inlet conditions for the R245fa and Toluene nozzles. 

Case Working fluid 
R245fa nozzle Toluene nozzle 

𝑇01 [K] 𝑃01 [kPa] Re/Red  𝑇01 [K] 𝑃01 [kPa] Re/Red  
1 R245fa/Toluene 411 2366 0.75 574 2684 0.75 

2 R245fa/Toluene 390 1470 0.50 553 1666 0.50 

3 R245fa/Toluene 364 677 0.25 526 763 0.25 

4 R245fa 431 3469 1.00 412 2438 1.00 

5 Toluene 598 3920 0.77 598 3920 1.00 

6 MDM 570 1344 0.57 570 1344 0.74 

7 R1234yf 368 3046 1.00 349 2109 1.00 

8 Isopentane 465 3209 0.85 457 2811 1.00 

9 R123 461 3479 0.99 439 2470 1.00 

 

 

 

 

Figure 4. Prandtl-Meyer 

functions for: R245fa 

nozzle alternative inlet 

conditions (top-left); 

Toluene nozzle alternative 

inlet conditions (top-right); 

R245fa nozzle alternative 

fluids (bottom-left); 

Toluene nozzle alternative 

fluids (bottom-right). 

 

 

For both nozzles, operating with the design fluid but at lower Reynolds numbers results in a reduction in 𝜈 

for expansion to the same Mach number. Similarly, a change in the working fluid also causes a change in 𝜈 for 

expansion to the same Mach number. It is found that the lines for Toluene and MDM coincide, indicating that 

both fluids exhibit similar flow turning under similar expansion conditions. The same is found for the R245fa 

and R123 lines. Ultimately, Figure 4 could be used to predict the Mach number distribution within the nozzle 

for alternative conditions. By example, consider the centreline Mach number distribution obtained for the 

R245fa nozzle (Figure 3). For each 𝑥-coordinate the corresponding Mach number can be converted into a value 

for 𝜈. Then for an alternative inlet condition each value of 𝜈 can be converted into the equivalent Mach number 

that would be required to maintain that same amount of flow turning within the nozzle. 

At this point, it is suitable to discuss the work of Wheeler and Ong [5] who proposed an alternative method 

of obtaining 𝜈  to avoid the numerical integration of Equation 2. They assumed that during an isentropic 

expansion across a known pressure ratio the working fluid obeys the polytropic law 𝑃/𝜌𝑘 = constant, where 𝑘 

is the polytropic index and can be obtained numerically using a linear regression. It was shown that as 𝑘 reduces, 
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𝜈  increases, resulting in a greater flow turning for expansion to the same Mach number. Using the 𝜈 

conservation method described in the previous paragraph the static outlet pressures for the cases described in 

Table 3 can be predicted, and the values for the polytropic index can be obtained (Table 4). These values 

confirm the results shown in Figure 4, with cases with a higher 𝑘 value corresponding to lower 𝜈 values. 

Furthermore, the close proximity of the MDM and Toluene lines, and the R245fa and R123 lines, are confirmed 

by their similar 𝑘 values. Finally, it should be noted that cases 1 to 3 also correspond to significant changes in 

𝑘. Therefore, when the CFD results for these cases are evaluated it will be important to identify whether any 

deviations are attributed to the change in Reynolds number, or the change in 𝑘. 

To conclude this section, a final remark is made regarding Wheeler and Ong’s work [5]. Through calculating 

𝜈 based on 𝑘 it was demonstrated how the shape of a supersonic nozzle changes with changes in 𝑘. Considering 

this, it is expected that a significant change in 𝑘 will require a significantly different nozzle design. In the context 

of developing small-scale ORC turbines to be used within multiple applications the important question then 

becomes how much of a deviation in 𝑘  can be tolerated before the performance of the nozzle deviates 

significantly from the design point. 

Table 4. Polytropic index values for the similitude cases corresponding to conservation of 𝜈. 

Case R245fa Toluene Case R245fa Toluene Case R245fa Toluene 

1 0.876 0.901 4 0.790 0.923 7 0.823 0.944 

2 0.947 0.962 5 0.733 0.813 8 0.757 0.869 

3 1.010 1.011 6 0.714 0.802 9 0.797 0.925 

 

5. CFD results for alternative inlet conditions 

CFD simulations were also performed for the cases defined in Table 3, resulting in 9 simulations per nozzle. 

For each simulation the centreline Mach number distribution was determined, along with the mass flow rate, 

mass averaged values for 𝑇01  and 𝑃01 , and the area averaged values for 𝑃2  and Ma2 . This facilitated the 

calculation of the nozzle efficiency 𝜂n (Equation 5), which ranged between 0.983 and 0.987, and 0.984 and 

0.988 for the R245fa and Toluene nozzles respectively. For both nozzles the lowest efficiency was found for 

the 0.25𝑅𝑒d cases, whilst the highest efficiencies were found for the highest 𝑅𝑒d. This was expected since 

lower Reynolds numbers imply thicker nozzle wall boundary layers, and a greater viscous loss. 

𝜂n = (ℎ01 − ℎ2) (ℎ01 − ℎ2s⁄ ) (5) 

Using the CFD results, the reduced head and flow coefficients were calculated using both total (�̇�/𝜌01𝑎01) 

and choked (�̇�/𝜌∗𝑎∗)  conditions. The flow coefficient based on total inlet conditions ranged between  

68.9×10-6 and 79.7×10-6 for the R245fa nozzle, and 2.27×10-6 and 2.62×10-6 for the Toluene nozzle. By 

comparison the flow coefficient based on the choked conditions was found to be 112×10-6 for all cases for the 

R245fa nozzle, and 3.68×10-6 for all cases for the Toluene nozzle. This shows that the similitude model based 

on total conditions cannot predict the choked mass flow rate following a change in the working fluid or inlet 

conditions. By comparison, the choked conditions can accurately predict the mass flow rate. However, the head 

coefficients based on the choked conditions ranged between 1.08 and 1.32 for the R245fa nozzle, and 1.73 and 

2.34 for the Toluene nozzle. Therefore, since the head coefficient is not the same, these results indicate that the 

modified similitude model cannot fully predict the supersonic nozzle performance following a change in the 

inlet conditions. It is therefore necessary to investigate scaling using 𝜈. 

Considering the R245fa nozzle operating at the design point (Case 4), the midline Mach number distribution 

obtained from CFD for that particular case can be scaled to the other 8 cases defined in Table 3 by conserving 

𝜈 . This provides the predicted midline Mach number distribution for that nozzle operating under each 

alternative condition. These predictions can then be compared to the midline Mach number distributions 

obtained directly from CFD for that particular nozzle and alternative inlet condition, thereby confirming 

whether the conservation of 𝜈 can be used to predict nozzle performance. To conduct a thorough assessment 

on the suitability of the scaling method, the process was repeated using each CFD simulation as the initial 

starting point which is scaled to the other 8 cases. Overall, this resulted in 144 comparisons (9×8 per nozzle) 

between the predictions made by conserving 𝜈 and the CFD results obtained directly from CFD. Quantitative 
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comparisons were done using three parameters. The first parameter 𝑘/𝑘0 is the change in the polytropic index 

where 𝑘 is the polytropic index corresponding to the alternative inlet condition, and 𝑘0 is the polytropic index 

associated with the original simulation used during the 𝜈  conservation. Similarly, the second parameter 

Re/Re0 is the change in Reynolds numbers where Re is the Reynolds number associated with the alternative 

inlet conditions, and Re0 is the Reynolds number associated with the original simulation. The final parameter 

was defined as the maximum percentage error between the prediction and the CFD result. 

Of the 144 comparisons, Figure 5 displays 4 of these comparisons in more detail. The solid lines correspond 

to the predictions made by conserving 𝜈 and the dashed lines correspond to the CFD results. These comparisons 

have been selected to isolate the effects of varying 𝑘, and varying Re, from each other. The left plot displays 

comparisons made for the R245fa nozzle when Re/Re0 = 1, whilst the right plot displays comparisons made 

for the R245fa nozzle when 𝑘/𝑘0 = 1. 

 

Figure 5. Comparison 

between centreline 

Mach number 

predicted by 

conserving 𝜈 (full) and 

CFD (dashed): R245fa 

nozzle, Re/Re0 = 1 

(left); R245fa nozzle, 

𝑘/𝑘0 = 1 (right). 

 

Firstly, it is noted that in some cases more uneven Mach number distributions are found compared to the 

flatter Mach number distributions shown in Figure 3. This is because a significant change in the inlet conditions 

can result in either under or over expansion within the nozzle, resulting in more pronounced variations in the 

Mach number in the straight section downstream of the diverging nozzle. Furthermore, since each case was 

used as a reference case to be scaled to the other 8 cases, there are situations where an off-design simulation is 

used during the conservation of 𝜈 (i.e. the Re/Re0 = 0.5 case). Secondly, it is observed from the right plot that 

the 𝜈 conservation method accurately predicts the midline Mach number distribution following a change in Re, 

provided that 𝑘 does not change. However, the left plot shows the predictions made by conserving 𝜈 are much 

more sensitive to a change in the polytropic index. Whilst the results for the R245fa nozzle with 𝑘/𝑘0 = 1.042 

show good agreement, the 𝑘/𝑘0 = 0.837 case shows a much greater deviation. The CFD results indicate that 

for 𝑘/𝑘0 < 1 the flow accelerates quicker within the diverging section of the nozzle than predicted by the 𝜈 

conservation method. Although not demonstrated in Figure 5, it was also observed that for 𝑘/𝑘0 > 1 the CFD 

results indicate the opposite, with the flow taking longer to reach the maximum Mach number. Interestingly 

though, both results predict the same maximum Mach number within the nozzle. 

The results from all 144 comparisons are summarized in Figure 6, which is a contour plot showing the 

maximum percentage error in the Mach number predicted by conserving 𝜈 compared to the CFD simulation 

results. This plot indicates that the 𝜈  conservation method accurately predicts the midline Mach number 

distribution when 𝑘/𝑘0 = 1 and Re/Re0 = 1. Furthermore, within the ranges of 0.9 < 𝑘/𝑘0 < 1.1 and 0.5 < 

Re/Re0 < 2.0 the 𝜈 conservation method can predict the midline Mach number distribution to within 2%. 

Therefore, this investigation into the scaling effects in supersonic nozzles suggests that providing the change in 

𝑘 and Re following a change in the inlet conditions or working fluid is within this limit, the 𝜈 conservation 

method can accurately predict nozzle performance. 

 

6. Implications of working fluid replacement on ORC system performance 

Finally, it is important to discuss the implications of working fluid replacement on the performance of the whole 

ORC system. Considering the CFD results shown for the 𝑘/𝑘0 = 1.042 and Re/Re0 = 1.507 cases in Figure 5, 

these results show a relatively flat Mach number distribution. This suggests that the flow is not significantly 

under or over turned at the end of curved supersonic section such that significant variations in the Mach number 

downstream of this point are not observed, therefore suggesting the nozzle is operating close to optimal 
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conditions. These 𝑘/𝑘0 = 1.042 and Re/Re0 = 1.507 cases correspond to the R245fa nozzle operating with 

R1234yf and Isopentane respectively. A similar result is also obtained when this nozzle operates with R123. 

Therefore, based on the known nozzle outlet static pressures and absolute flow velocities, and assuming that 

the nozzle design can be incorporated into a suitable stator design that will deliver the flow at the desired flow 

angle (i.e. 𝛼2 = 74.5°), the turbine blade velocity for each case can be selected to ensure the same relative flow 

angle at the rotor inlet (i.e. 𝛽2 = -21.8°) using Equation 6. Based on this, and assuming that the rotor operates 

at the same isentropic velocity ratio (i.e. 𝜈ts = 0.68), the enthalpy at the turbine outlet following an isentropic 

expansion ℎ3s (Equation 7), and therefore, the turbine pressure ratio and ORC condensation temperature can 

be obtained. Finally, conserving the flow coefficient (�̇�/𝜌∗𝑎∗) supplies the mass flow rate, and in turn the 

expected turbine power. 

𝑢2 = Ma2𝑎∗(sin 𝛼2 − cos 𝛼2 tan 𝛽2) (6) 

ℎ3s = ℎ01 − (1/2)(𝑢2/𝜈ts)2 (7) 

This results from this analysis are plotted against the turbine inlet temperature in Figure 7. Ultimately, the 

results demonstrate how the same turbine could be used in applications with different heat sources by matching 

the working fluid to the heat source, thus providing an indication of the possibility of working fluid replacement 

in supersonic ORC turbines. This is a promising result that extends previous work completed for subsonic ORC 

turbines [17]. It should of course be noted that a slight penalty in terms of an increasing condensation 

temperature is observed, and future efforts should investigate this more thoroughly. 

 

  
Figure 6. Maximum error in Ma 

predicted by conserving 𝜈 , 

compared to the CFD results, as a 

function of 𝑘/𝑘0 and Re/Re0. 

Figure 7. The impact of working fluid replacement on the 

overall ORC system performance assuming the same flow 

conditions within the turbine supersonic stator. 

 

 

7. Conclusions 

To realise the widespread implementation of small-scale ORC technology it is necessary to reduce system costs. 

One way to do this is to develop ORC components that can operate flexibly and with high efficiency with 

different working fluids, over a wide range operating conditions and in a variety of applications. This paper has 

investigated the effect of the inlet conditions and of the working fluid on the performance of supersonic 

converging-diverging nozzles, as simplified models of turbine flow paths. Two supersonic nozzles have been 

developed using a minimum length method of characteristics design model and the nozzle performance has 

been verified using CFD. To investigate nozzle performance following a change in the operating conditions, 9 

operating cases were defined for each nozzle covering a range of nozzle Reynolds numbers and values for the 

polytropic index 𝑘 (𝑃/𝜌𝑘 = constant). Predictions for the nozzle performance were made using the similitude 

model, and also by conserving the amount of flow turning (the Prandtl-Meyer function). Whilst the modified 

similitude model accurately predicted the nozzle mass flow rate, it is unsuitable for predicting the nozzle outlet 
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conditions. However, it was found that conserving the Prandtl-Meyer function can lead to reasonably accurate 

predictions (to within 2%) of the nozzle outlet conditions provided the percentage change in 𝑘 is less than 10%. 

Finally, by assuming the nozzle design can be implemented into a suitable turbine design and then ORC system, 

the possibility of matching the same turbine with different heat sources through working fluid selection has 

been demonstrated. 
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