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SIMPLE MODULES FOR THE PARTITION ALGEBRA AND
MONOTONE CONVERGENCE OF KRONECKER COEFFICIENTS

C. BOWMAN, M. DE VISSCHER, AND J. ENYANG

ABSTRACT. We construct bases of the simple modules for partition algebras which are indexed
by paths in an alcove geometry. This allows us to give a concrete interpretation (and new
proof) of the monotone convergence property for Kronecker coefficients using stratifications of
the cell modules of the partition algebra.

INTRODUCTION

A fundamental problem in the representation theory of the symmetric group is to describe
the coefficients in the decomposition of the tensor product of two Specht modules. In [BDO15],
the first two authors and Orellana proposed a new approach to this problem by using the Schur—
Weyl duality between the symmetric group &,, and the partition algebra Pé% (n). The Kronecker
coefficients are interpreted as the decomposition multiplicities which arise in restricting a simple
Pé%(n)—module to a Young subalgebra.

The purpose of this article is to construct bases of the simple modules of partition algebras
and begin exploring the applications of these bases to the study of the Kronecker coefficients.
We proceed by embedding the branching graph of the partition algebra into a parabolic alcove
geometry of type A,_1 C A, and defining n-permissible paths in this graph via a certain geo-
metric condition. We construct a cellular basis indexed by paths in this graph with the following
remarkable property: The paths which are n-permissible form a basis for the simple module and
those that are n-impermissible form a basis for the radical of the cell module (see Theorem 6.6
and Corollary 6.7). In the case that the algebra is semisimple, the resulting bases are equal
to those constructed in [Eny13b]. That this geometry governs the representation theory of the
partition algebras is perhaps surprising, but could be explainable through interactions with the
associated parabolic category O, via Deligne’s tensor category (see [EA16] and [CO11]).

We further show that these bases precisely encode the decomposition of the restriction of a
simple module (along the tower of the partition algebras) into indecomposable direct summands
(see Theorem 5.6). As a corollary, we determine the branching rule of the partition algebra in
terms of the geometry.

Similar bases for a certain subset of the simple modules for the Brauer algebra (namely those
appearing in Schur—Weyl duality with the symplectic and orthogonal groups) were constructed
in terms of an alcove geometry of type A, C D, in [DVM17]. Graded bases (of a completely
different flavour) for all simple modules for the walled Brauer algebra were constructed in terms
of an alcove geometry of type A, x As C A, in [BS12]. For semisimple partition and (walled)
Brauer algebras these questions were first answered in [EG17], where the authors construct
cellular bases which are compatible with induction and restriction.

We turn now to the Kronecker coefficients. One attempt to understand these coefficients is via
their limiting behaviour and stability properties. Murnaghan observed that as we increase the
length of the first row of the indexing partitions, the sequence of Kronecker coefficients obtained
stabilises. The limits of these sequences are known as the stable Kronecker coefficients. This
stability has been proven using invariant theory [Lit58], geometric methods [Bri93, Section 3.4],
and by means of vertex operators [Thi91l, Section 3]. In [BDO15] we observed that increasing

the length of the first row of the indexing partitions corresponds to increasing the parameter n
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for the partition algebra. The stability is then naturally explained by the fact that the partition
algebra is semisimple for large values of n. Moreover, the stable Kronecker coefficients are
given a concrete representation theoretic interpretation as the decomposition multiplicities of
the restriction of a cell module for the partition algebra to a Young subalgebra.

The bases constructed in this paper allow us, for the first time, to study simple modules for
partition algebras directly. Correspondingly, many formulas [BDO15, BO05, BOR09, Ros01,
RW94] for computing Kronecker products proceed indirectly by (implicitly) expressing the Kro-
necker coefficient as a signed sum of stable Kronecker coefficients. Our main result gives explicit
bases for the simple modules; the action of the generators of the partition algebra on these
bases have been described in [Eny13b]. This gives a direct approach to studying the non-stable
Kronecker coefficients (which we will explore in further work) and for studying Murnaghan’s
stability phenomena (see below).

In [Bri93] Brion showed that, as we increase the length of the first row of the indexing
partitions, the sequence of Kronecker coefficients obtained is weakly increasing (in addition to
having a stable limit). This monotone convergence property has been proved using geometric
methods [Bri93] and by analysing integer points in polyhedra [Stel2]. In this paper, we provide
a new proof of this monotone convergence property which follows from the simple fact that any
n-permissible path is also (n + 1)-permissible. This answers a question posed to us by Briand.

Notation: The focus of this paper is the representation theory of the partition algebra over
the field Q and with integer parameter n. However, we wish to use results from Enyang [Eny13b]
on the seminormal representations of the partition algebra with parameter z over the field Q(z).
We will relate these in the usual manner. Let z be a variable and define R := Z[z] with field of
fraction F := Q(z). Given n € Zx(, we define O,, to be the localisation of R at the prime ideal
p = (2 —n). Then we have natural embeddings R — O,, — F and projection map m, : O, — Q
given by specialising to z = n, giving both F and Q the structure of O,,-bimodules. Throughout
the paper, all modules for the partition algebras (over R, F, O, and Q) will be right modules.

The first three sections are not new but recall all the necessary background. In Section 1,
we define the partition algebra over R and recall its cellular structure. In particular, we recall
the properties of the Murphy-type basis constructed inductively on the branching graph by
Goodman and Enyang in [EG17]. In Section 2, we consider the representations of the partition
algebra over F. In particular, we recall some of the properties of the seminormal bases for
cell modules constructed by Enyang [Eny13b]. In Section 3-7 we work over the field Q. In
Section 3, we apply the general framework developed by Mathas to generalise the seminormal
bases to the partition algebra over Q with integer parameter. In Section 4 we introduce a
reflection geometry (for a fixed parameter n) on the branching graph for the partition algebra
and reinterpret results due to Martin on the representation theory of the partition algebra over
Q in this geometrical setting. We also develop properties of this geometry which will be needed
in the following sections. In Section 5 we study the restriction of cell and simple modules. This
will be used in Section 6 to describe a basis for the radical of cell modules, and hence also for
simple modules. The main results are Theorem 6.5 and Corollary 6.6. These are then used in
Section 7 to give a new proof of the monotone convergence of Kronecker coefficients.

Acknowledgements. The authors are grateful for the financial support received from the Royal
Commission for the Ezhibition of 1851 and EPSRC grant EP/L01078X/1. The authors would

also like to thank Emmanuel Briand for some useful discussions.
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1. THE PARTITION ALGEBRA: BRANCHING GRAPH AND CELLULARITY

For a fixed k € Zs, a set-partition of S = {1,2,...,k,1,2,...,k} is a collection of disjoint
subsets of S whose union is S. We call each subset of a set-partition a block. For example,

d={{1,2,4,2,5},{3},{5,6,7,3,4,6,7},{8,8},{1}}

is a set-partition (for k£ = 8) with 5 blocks.

A set-partition of S can be represented by a partition diagram consisting of a frame with
k distinguished points on the northern and southern boundaries, which we call vertices. We
number the southern vertices from left to right by 1,2, ...,k and the northern vertices similarly
by 1,2,...,k and connect two vertices by a path if they belong to the same block. Note that
such a diagram is not uniquely defined, two diagrams representing the set-partition d above are
given in Figure 1.

12345678 12345678
FIGURE 1. Two representatives of the set-partition d.

Let z be a variable and set R = Z[z]. We define the partition algebra PJ(2) to be the set
of R-linear combinations of set-partitions equipped with a product defined as follows. Given
two partition diagrams x and y, consider the concatenation of x above y, where we identify
the southern vertices of x with the northern vertices of y. If there are ¢ connected components
consisting only of middle vertices, then the product zy is set equal to 2! times the diagram
with the middle components removed. Extending this by linearity defines the multiplication on
PE(2).

We let Pﬁ_l(z) denote the subspace of Pﬁ:(z) with basis given by all set-partitions such that
k and k belong to the same block. The subspace P;,E_l(z) is closed under the multiplication
and therefore is a subalgebra of Pjf(z). We also view Pjf(z) as a subalgebra of P4} ., (2) by
adding to each diagram an additional block consisting of {2k + 1,2k + 1}. So we obtain a tower
of algebras

PRy c PRy c...c PE(2)c PE(2) C...

and we can define restriction functors resf,j_1 from the category of P,f(z)—modules to the category
of P (z)-modules.

There is an anti-isomorphism * on P,f(z) given by flipping a partition diagram through its
horizontal axis.

The representation theory of the partition algebra can be described in terms of a directed
graph, called the branching graph, with vertices given by partitions (to be distinguished from
the set-partitions considered earlier).

Let [ denote a non-negative integer. A partition of [, denoted A F [, is a weakly decreasing
sequence A = (A1, Ag,...) of non-negative integers such that » -, \; = I. We denote by @ the
unique partition of 0. If A is a partition, we will also write |A| = > ;- A;. With a partition, A,
is associated its Young diagram, which is the set of nodes

N ={(i,4)eZ | j <N}
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Given a node a = (7, 7) € [)\] specified by 7,j > 1, we say the node has content j — i and write
¢(a) = j —i. The diagram [\] is frequently represented as an array of boxes with A\; boxes on
the i-th row. For example, if A = (3,2), then

=

We will identify the partition A with its Young diagram and write A in place of [A\]. We write
A C p when [A] C [p]. Let A be a partition. A node (4,7) is an addable node of A if (i,7) & A
and = AU{(7,7)} is a partition. We also refer to (i,j) as a removable node of p. We let A(X)
and R(\) respectively denote the set of addable nodes and removable nodes of A.

The branching graph, ), for the partition algebra is defined as follows. We take the vertex
set Up>0)k where

Ve ={(\ k)| AF1< |k/2]}
We call V.. the set of vertices on level k.

For (pu,k—1) € Yp—1 and (N, k) € Vi we have an edge (i, k —1) — (A, k) if and only if either
A=p,or kiseven and A = p U {a} for some a € A(u), or k is odd and A = p \ {a} for some
a € R(p).

The first few levels of ) are given in Figure 2 where, to simplify the picture, we have displayed
the levels on the left hand side and the corresponding partitions on each level.

|
|\
2 %} (1)
| |
3 1% (1)
LN LN
4 @ (1) (2) (1%)

FIGURE 2. The branching graph of the partition algebra up to level 4.

Definition 1.1. For k € Z>(, we denote by Stdy the set of all paths on the branching graph Y
starting at (&,0) and ending at a vertex on level k. For (A, k) € )V we denote by Stdg(A) the
subset of Stdy consisting of all paths ending at (A, k). If t € Stdg(A\) we write it as a sequence
of vertices

t = (t(0),t(1),t(2),...,t(k — 1),t(k))
where t(0) = (2,0) and t(k) = (A, k). To simplify notation we will sometimes identify t(k) =
(A, k) with A.
For 0 < r < k and t € Stdy, we define t},. € Std,., the truncation of t to level r, given by

tl, = (t(0),t(1),...,t(r)).
Definition 1.2. If A and u are partitions, we write A\ > p if either |A| < |u|, or |\| = |u| and

Z’":/\i>z”:m for all » > 1.
i=1 i=1

4



We write A > p if A > poand X # p. For (A k), (4, k) € Vi, we write (A, k) > (p, k) whenever
A D> .

We extend this to a reverse lexicographic ordering on the paths in Stdg(\) as follows. Given
s,t € Stdg(\), we write s > t if there exists 0 < r < k such that s(i) = t(¢) for all » < i < k and
s(r) > t(r). We write s 5= t if we have either s =t or s = t.

Working inductively along the edges of the branching graph, Goodman and Enyang con-
structed in [EG17, Section 6] an element mg € P,f(z) associated to any pair of paths s,t €
Stdg(A). They showed that the set of all such elements form a cellular basis for PF(z). More
precisely we have the following result.

Theorem 1.3. [EG17, Proposition 6.26 and Theorem 6.30] The algebra Pl (z) is free as an
R-module with basis

{mst ‘ s, t e Stdk(/\), (/\, k) € yk} .
Moreover, if s,t € Stdi()\), for some (\,k) € Vi, and a € PE(2) then there eist scalars
rwu(a) € R, which do not depend on's, such that

Mst@ = Z rtu(a)msy,  (mod P§A7k)(z)), (1)
ueStdy,(\)

where Plf(%k) (2) is the R-submodule of PE(z) spanned by
{maqr | > A and q,r € Stdy ()}

Finally, we have that (ms)* = mys, for all (\ k) € Vi and all s,t € Stdg(\). Therefore the
algebra PE(z) is cellular, in the sense of [GL9G.

Definition 1.4. Given (A, k) € Y, the cell module A} 5()) is the right P[(z)-module with
linear basis {m. | t € Std()\)} and right P(z)-action

mya = Z reu(a)my,  fora € P]f(z),
uEStdk(A)

where the sum is over all u € Std;(\) and the 7y, (a) € R are determined by equation (1).

These cellular basis are compatible with the restriction from P,f(z) to P,i 1(2). More precisely
we have the following result.

Proposition 1.5 ([EG17, Lemma 3.12]). Let (A, k) € Vi and assume that (p,k — 1) — (A, k)
is an edge in Y. Define N>P C N®P C A7 r(A) by

N®P = R—span{m; € AL rN) [tk =1) = (p,k—1)} and
NPP = R—span{m € A} p(A) [ t(k —1) > (p,k —1)}.

Then NP and N?? are PE | (2)-submodules of resﬁflAéR()\) and the linear map
NBP/NPP — A% 1 r(p) given by

my+ NP my, |, fort e Stdi(X) with t(k —1) = (p,k—1)
is an isomorphism of PE | (z)-modules.
The cellular structure on P(z) gives a bilinear form on the cell modules defined as follows.

Definition 1.6. Let (A, k) € Vi, and s, t € Stdg(N).
We define a map (, ) : A} p(A) X Af z(A) = R by
MsyMyt = (My, My)Ms  mod Pg)\’k)(z), for u,v € Stdg ().

Then (, ) is a symmetric bilinear form on A} 5(A) which is independent of the choice of s, t €
Stdg ().
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2. JUCYS—MURPHY ELEMENTS AND SEMINORMAL BASIS

In [HRO5, Section 3] a family of so-called Jucys—Murphy elements Ly,..., Ly for Pf(z) is
defined diagrammatically. A recursion for these Jucys—Murphy elements, analogous to the
recursion for the Jucys—Murphy elements in the group algebra of the symmetric group, is given
in [Enyl13a, Section 3] or [Eny13b, Proposition 2.6]. We will not need the explicit definition of
these elements here but will recall their properties.

Proposition 2.1 (See [Enyl13b, Proposition 3.15]). Assume that (\ k) € V. If t € Stdi(N)
and 1 <1<k, then

meL; = c(i)my + Z TsMs
st

for scalars rs,ce(i) € R. Moreover, if we write t = (t(0),t(1),t(2),...,t(k)), the coefficients
ci(i) € R are given as follows. If i is even, we have

(i) = { —It@. i)
c(a), iftli)

t(i —1),
t(i — 1) U{a},

and, if i is odd, we have

(i) = {\t(z’)\, if (i) = t(i — 1),
z—c(a), ift(i) =t —1)\{a}.

Therefore the elements Ly, ..., Ly form a family of Jucys—Murphy elements as in [Mat08].

Definition 2.2. Given t € Stdi(\), we let c(t) denote the content vector (c¢(1), ce(2), ..., ce(k)).
Example 2.3. For k = 6, we let t € Stdg(@) and s € Stde((3)) denote the paths
(2,2,(1),(1),(1),2,2) (9,9,(1),(1),(2),(2),(3))
respectively. These paths have content vectors c(t) and c(s) given by
(0,0,1,2—1,2,2) (0,0,1,1,2,2)
respectively.

A straightforward induction on k shows that this family of Jucys—Murphy elements satisfies
the separation condition (over R) given in [Mat08, Definition 2.8], which in essence says that
the content vectors distinguish between the elements of Stdy. This allows us to develop further
the representation theory of the partition algebra over the field of fractions F = Q(z).

We write

P{(z) = Pf'(z) ®r F.

To simplify notation, we will freely write L;, m¢, and so on, in place of L; ® 1g, my ® 1p, and so
on. If (A, k) € Yy, we define

rr(A) = AL g(\) @R F.

The algebra Pf(2) is semisimple and the set {ALp(N) © (A k) € Yy} form a complete set of
isomorphism classes of simple Pf (z)-modules.

Following [Mat08], Enyang constructed in [Eny13b] seminormal bases for the partition algebra
over the field F which diagonalise the action of the Jucys—Murphy elements and are orthogonal
with respect to the bilinear form (, ). We recall the construction of these bases and some of
their properties.



Definition 2.4. Let (A, k) € Vi and t € Stdg(\). Define

H H Lz — Cu(i)
1<i<k UEStdk(p Ct(l) N CU(Z)
cu(i)#ex (i)

where the product is taken over all (p, k) € V. We also define
Jo = mikt.

Proposition 2.5 (See [Eny13b, Proposition 4.2]). Let k € Z=o and (\, k) € V.
(1) If t € Stdg(X), then we have that

fe=m¢ + Z TsMs,

s€Stdy ()
s>t

for scalars rs € .

(2) The set {f¢ | t € Stdg(A)} is an F-basis for A7 z(A).

(8) We have fiL; = ci(i)fr for allt € Stdg(A) and i =1,... k.
(4) We have FgF; = 6stFs and fsFy = dstfs for all s, t € Stdy.
(5) We have (fs, fr) = 0st(fs, fs) for all s,t € Stdg(N).

Enyang described explicitly the action of the generators of the partition algebra on the semi-
normal basis {f¢ | t € Stdi(A)} for A7 (). Enyang also gave an explicit inductive formula for
the value of the bilinear form on the seminormal basis elements. Here we only recall what we
will need later in the paper.

Proposition 2.6 (See [Enyl13b, Proposition 4.12]). Let (A, k) € Vi and t € Stdi(\) with t(k —
1) =n. Writes=tl,_,. Then we have

(fe, fr) = Y(nk—1)—(\k) (fs; fs)
where Yy k—1)—(\ k) Satisfies the following:
(1) If k is odd and X =, or k is even and A = nU {a} then v, r—1)-ox) € Q.
(2) If k is odd and A\ =n\ {a} then

(=) = A =1
Mok 00 = L @ = )

for some r € Q.
(3) If k is even and A =1 then

_ HﬁeA(A)(z —c(B) — [A]) /
Tk =08 = T2 0 — e(B) — V)

for some r' € Q.
We will also make use of the following result

Proposition 2.7 (See [Mat08, Theorem 3.16]). For each (A k) € Vi define
> n
teStdy, (\)

Then the set {F(\r) | (A, k) € Yy} forms a complete set of pairwise orthogonal primitive central
idempotents in Py (z) and we have

AL p() Firy) = Ak p(p)
for all (u, k) € V.



3. GENERALISING SEMINORMAL BASIS TO THE NON-SEPARATED CASE

Throughout this section we fix n € Zxg.

We wish to study the representations of the partition algebra over the field Q and with
parameter n. We will relate these to the representations over R and F in the usual manner.
Given n € Zzg, we define O, to be the localisation of R at the prime ideal p = (2 —n). Then we
have a natural embedding R — O,, — F and projection map m, : O,, = Q given by specialising
to z = n. We can consider the O,- and Q-algebras

PP"(2) = PE(2) @r 0, and P2(n) = PO"(2) ®0, Q,
and their cell modules
ron(A) =AL g(AN) @r Op  and A g(A) = Af 0, (A) ®o, Q

for (X, k) € Vk. To simplify notation, we will freely write L; and m, instead of L; ® 1g and
me @ 1@.

Over the field Q the family of Jucys—Murphy elements L;, 1 < i < k no longer satisfies the
separation property, and so the algebra P,? (n) is not semisimple in general.

The radical, rad A}, (A), of the form (, ) on the cell modules A} () is non-trivial in general.
We can define

ko) = A oV)/rad Af o (A).

Then, by the general theory of cellular algebra developed by Graham and Lehrer in [GLI6] we
have that

{LioN) #0[ (A k) € Vi}

form a complete set of pairwise non-isomorphic simple P,? (n)-modules (see [GLI6, Theorem
3.4]). Moreover, we have that if L} 5(u) is a composition factor of A} () then p < A (see
[GL96, Proposition 3.6]). Given a non-zero L} o(A), we fix a projective cover Py'q(A).

Any algebra A decomposes into a direct sum of indecomposable two-sided ideals, called the
blocks of the algebra A. It is a general fact that every simple A-module is a composition factor
of a unique block of A. Moreover, if A is a cellular algebra, then it is known that all composition
factors of a cell module belong to the same block of A (see [GL96, 3.9.8]).

The partition algebra Pj (z) studied in Section 2 is semisimple and so its block decomposition
is simply given by the two-sided ideals generated by the primitive central idempotents given in
Proposition 2.7.

Mathas developed a general framework in [Mat08, Section 4] which (partially) generalises the
theory of seminormal bases and associated central idempotents to the non-separated case. We
now recall his results in the case of the partition algebra P,;Q(n)

Definition 3.1 (See [Mat08, Definition 4.1]).

(1) For t € Stdy, we define r,+(i) = my(ct(7)) and the n-residue vector, ry(t), to be the
vector (rp (1), 7nt(2),...,mne(k)), that is, the specialisation of the content vector c(t)
at z =n.

(2) For s,t € Std;, we say that t and s are in the same n-residue class and write t =, s if
Tn(t) = rn(s).

(3) For (A, k) € Vi and t € Stdx(\) we write

[ty = {s € Stdy | s~ t} and [P = {s € Stdp(N) | s ~p t}.

n

(4) Let (A k), (u, k) € V. We write (A, k) ~yp (1, k) if there exists to, t1,...,t, € Stdx with
to € Stdg(A) and t, € Stdg(p) such that t; ~, tj;q for all j =0,1,...,r — 1. In this
case we say that (A, k) and (p, k) are in the same n-linkage class.

8



Example 3.2. Let n = 2 and k = 6. We have two paths

t= (®7®7 (1>7 (1), (1),@76) s = (®7®7 (1)7 (1>7 (2), (2)7 (3))

whose content vectors are given in Example 2.3. Specialising to z = 2 we have that ra(t) =
ro(s) =(0,0,1,1,2,2) and so t &9 s and (&,6) ~2 ((3),6).

Definition 3.3. Let (A, k) € Vi and t € Stdg(\). We define

Fiy, = Z F, e Pi(z) and fn =mFly, € Afx()N).

s€[tln

Now, we note that inverting the equations given in Proposition 2.5(1) we have

my = fi + g aw fow = meFy + g Ao Foy (2)
weStdg (A) weStdg ()
wi-t wit

Note that all terms on the righthand-side of the final equality are labelled by paths in Stdg()).
Therefore, multiplying equation (2) on the right by Fg, for some s € Stdy, and applying Propo-
sition 2.5(4), we deduce that

miFs =0 for s & Stdg (). (3)

Multiplying equation (2) on the right by Fly, we deduce that

ft,n = mFpy, = (meFy + Z awmwa>F[t}n = fi+ Z awfw € AZ,F()‘)~ (4)

weStdg (M) weStdy ()
w>t w>t
WA, t

The next lemma shows that in fact these elements are defined over the ring O,,.
Lemma 3.4 (See [Mat08, Lemma 4.2]). Let (A, k) € Vi and t € Stdi(\). Then we have
Fy, € PO"(2) and  fen € Afp, ().
We can therefore make the following definition.
Definition 3.5. For each (A k) € Vj and t € Stdi(\) we define
gt = JEtn ® 1@ € AZ@()\).

Proposition 3.6 (See [Mat08, Proposition 4.9]). Let (A, k) € V. The set {g: : t € Stdg(\)}
form a basis for A} o(X). Moreover, fors,t € Stdg(A) we have

o <m579t> if s~ t
(95, 91) = { 0 otherwise

Definition 3.7. For each (\, k) € Vg, define [(\, k)], = {s € Stdy, | s =, t for some t € Std;(\)}
and set

Fow, = >, F
sl

Then Fj\ n), € P,?“(z) and so we can define
G()\,lc) = F[(/\,k’)]n ®1lg € P;c@(n)

Note that if (u, k) ~, (A, k) then G()\7k) = G(“’k).
Let Yi/ ~n be a set of representatives for the n-linkage classes on V.
9



Proposition 3.8 (See [Mat08, Corollary 4.6 and 4.7]). The set {G ) | (A, k) € Y/ ~n} form
a complete set of pairwise orthogonal central idempotents in P,?(n) and we have

. AR o) if (s k) ~n (A k)
AL oGk = { 0 e otherwise

In particular, if A} o(A) and AR () are in the same block then (A, k) ~n (p, k).

We will see in the next section that in fact the G, )’s are primitive central idempotents;
equivalently, that A} 5(A) and A} o(u) are in the same block if and only if (A, k) ~y, (p, k).

4. RESIDUE CLASSES, REFLECTION GEOMETRY AND BLOCKS

In this section we give a geometrical interpretation of the n-linkage classes on ), and the
n-residue classes on Stdg. The main idea was already introduced in [BDK15] but here we take
it further by looking at the geometry on the whole branching graph ) (rather than just on one

level V).
Let {€9,€1,€2,...} be a set of formal symbols and set

= H Ze;
=0
We will write each z = Zi20 xie; € L as a vector x = (xg, 21, T2,...). We take the infinite
symmetric group G to be the group generated by the transpositions s;; (for 7,57 > 0 and
i # j) where each s; ; acts on Z*> by permuting the i-th and j-th coordinates of the vectors.

Define the graph Z with vertex set given by the disjoint union Ug>¢Z) where Zj, = Z* for
all £ > 0 and

(1) if k is even and = € Z, an edge v — y if y € 241 with y = x — ¢; for some ¢ > 0,
(2) if kis odd and = € 2, an edge x — y if y € 241 with y = z + ¢; for some i > 0.
For any partition A\ = (A1, A2, Az, ...) define

A} = (0 = [A[, A1, A2, Ag, ) € Z7°
(adding infinitely many zeros after the last part of \). Define also p € Z* by
= (0’ _17 _27 _3, .. )

We now define an embedding ¢,, of the graph ) into Z. For each k& > 0 and each (\ k) € Vg
we define @, (A, k) € Zj as follows,

At if £ is even,
on(A k) = { Ajn—1) +p if k is odd. ©)

Note that ¢, ()) is then the full subgraph of Z on the vertex set ¢, (Ur>0Vk)-
Example 4.1. Let n = 2 and A € ). The coordinates w2 (A, 2k) € Zgy for k > 0 are as follows,

0a(2) =(2, -1, 72, 23, wa((1) =(1,0,-2,-3,...) 02((2)) =(0,1,-2,-3,...)
¢2E§12;§_( (00 3)) 0a((3)) =(=1,2,-2,-3,...) ©2((2,1)) =(=1,1,~1,-3,...)
= —2,...).

and @o(\, 2k + 1) € ng+1 for k > 0 is as follows,

( ) =(1,-1, 2 -3,...) v2((1)) =(0,0,—2,-3,...) v2((2)) =(-1,1,-2,-3,...
(( ) ( 1 0, — 3, ) we((3) =(-2,2,-2,-3,...) ¢2((2,1)) =(-2,1,—-1,-3,...
©2((13)) =(-2 1, 2,...).

Remark 4.2. Note that if = (xg, 21,22, x3,...) is a vertex in ¢,()) then we have

XT1 > Ty >T3 > ...

Moreover we either have xg > x1, or g = x; for some j > 1, or x;_1 > w9 > x; for some j > 1.
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The composition factors of the cell modules AR () for all (A, k) € Vi were originally de-
scribed (for k even and n # 0) by Martin in [Mar96] in terms of n-pairs of partitions. This
result was then extended to include the case n = 0 by Doran and Wales in [DW00]. We now
reformulate it in terms of reflections on the graph Z. This reformulation had already been
observed in [BDK15] in a slightly different form.

Definition 4.3. Let A\, i be partitions. We say that (A, x) from an n-pair if A C p and p differs
from A by a single row of boxes the last of which having content n — |A|.

Lemma 4.4. Let (\ k), (1, k) € Vi with |A| < |p|. Then we have pn(p, k) = so,j(pn(A, k) for
some j = 1 if and only if either k is even and (X, u) form an n-pair, or k is odd and (A, ) form
an (n — 1)-pair.

Proof. (See also [BDK15, proof of Theorem 6.4]). We prove the result for k even. The case
k odd is identical. Suppose that (A, u) form an n-pair. Then by definition, there exists some
7 = 1 such that

= ()‘17)‘27'"7>\j*1muja)‘j+17"')
with pj —j =n —|A|. So we have
Qpn(/%k) = (7’L— |/'L|a)\1 - 17"- 7)‘j71 - (.7 - 1)7” - |)‘|a)\j+1 - (] + 1)7)
Now, as |p] = |A| 4+ (j — Aj) and pj =n — || + j we have

n—lul = n—=(A+ (1 —X))
= n—Al=(n—[Al+j)+X
= \—J

Thus we have @, (1, k) = 50,j(¢n(A, k)) as required.
Conversely, suppose that ¢p (1, k) = s0,j(pn(A, k)) for some j > 1. Then A and p only differ
in row j and the last box in row j of ;1 has content p1; —j = n—|A|. So (A, p) form an n-pair. [

Using Lemma 4.4, we can now reformulate Martin’s (and Doran and Wales’) result about
the blocks and decomposition numbers for the partition algebra and extend it to include the
case when k is odd. We recall that for an arbitrary cellular algebra, every cell module belongs
to a unique block [GL96, (3.9.8)] and that every simple module appears as the head of some
cell module [GL96, (3.4)]. Therefore to determine the P,i@ (n)-blocks, it is enough to determine
when two cell modules belong to the same P,? (n)-block.

Theorem 4.5. Two cell modules AZ’Q()\(“), k) and AZ’Q(AU’), k) belong to the same Pg(n)—block
if and only if (A9, k) and (A", k) belong to a sequence of the form
AW E), AP k), .., (A7) k)

for some 1 < a,b < 7 satisfying | AV | < [ANP| < ... < |AD] and 0, (ATTD k) = 50 (0, (A, k))
forallj=1,...,r—1.

Moreover, the cell module AZ,@()\O)) forj=1,...,r—1, has two composition factors, namely
LZ’Q()\(j)) as its head and LZ’@()\(ﬁl)) as its socle, and AZ’Q()\(’")) = LZQ()\(’”)) is simple, except
for the case when k is even, n =0, and A\ = & where we have A%Q(Q) = L%Q((l)).

Remark 4.6. Note that if v, (X, k) = soj(¢n(A, k)) for some j > 1, then (A, k) is alone in its
block and A} o(A) = P'g(A) = Li o(A).

Proof. For the case k is even, this is just a reformulation of [Mar96, Proposition 9] (and [DW00]
for the case n = 0). The case k is odd and n > 1 is obtained using the Morita equivalence
between P;% 4+1(n) and Pé%(n — 1) given in [Mar00, Section 3| (see also [BDK15, Theorem 5.2]

for a detailed proof). This equivalence is obtained using an idempotent & € P;% 41(n). We have
11



£P2%+1(n)§ = Pé%(n — 1) and under this isomorphism we have (AL, () = Ag,;é(k) for all
(A 2k +1) € Vorr1.

Now when n = 1, we claim that (, ) on any A}, o(A) for A € Vop11 is non-degenerate. Let
A € Yorr1 and write A = (A, Ag, ..., A\g) for Ay > Xg > ... > Ny > 0. Let t denote the path

t = (—€o0, +€1,...,—€0, +€1, ..., —€0, T€0, ..., —€0, T€0, —€0, FE441, —Er41,- -5 TELLL, —Eb41)-

2)1 2) 2(k—|Al)
One can verify (using the definitions in [EG17, Section 6.5]) that

e = S

gEG ), X XB,

[A| k+1
and therefore (my,m¢) = Ail... A\ which is non-zero in Q. In particular, the form (,) on
A%kH,Q(@) is non-degenerate and so L%kH,Q(@) # 0. This shows that the above Morita equiv-
alence cannot hold in this case (as the number of simple modules of these two algebras does not
coincide). However, we still have an idempotent functor from the category of P;% +1(1)-modules
to the category of fP;% +1(1)§ = P% (0)-modules taking cell modules to the corresponding cell

modules (by an identical argument to that used in the proof of [BDK15, Theorem 5.2]). Given
(AN, 2k +1) € Vopy1 and (p, 2k + 1) € Yor11 \ {9} we have that

[A%ks1,0((A 2k + 1)) = Lypyy (1 2k +1))] = [€A%,41,0((A, 2k + 1)) : €L3 1 g((1 2k + 1))
= [AY (N, 2k)) : LYy (1, 2K))]
by [Gre07, (6.6b)Lemma]. Finally, we observe that (&, 2k + 1) is maximal in the dominance
order and so Al +1,0(9) is the unique cell-module in which L} +1,0(9) appears as a composition
factor (and it appears with multiplicity equal to 1 in this module, by cellularity). Therefore the

decomposition numbers are as claimed. The structure of the cell modules follows immediately
(because there are only two composition factors and each cell module has a simple head). O

Motivated by Theorem 4.5 and Remark 4.2, we make the following definition.

Definition 4.7. Let © = (zg,x1,x2,...) be a vertex in Z. We say that x is
(1) on the j-th wall if zg = z; for j > 1;
(2) in the first alcove if xg > 21 > 29 > 23 > ...
(3) in the j-th alcove, for some j > 1,if 1 > a0 > ... > xj1 > 20 > 2; > Tjp1 > ...

The following lemma follows directly from Remark 4.2.

Lemma 4.8. Let x be a vertex in p,(Y). Then there exists a unique j > 1 such that either x
1s in the j-th alcove or x is on the j-th wall.

Lemma 4.9. Let (A k), (u, k) € Vi with [N < |u|. If on(X k) = so,i(en(p, k)) for some j > 1
then @n(\, k) is in the j-th alcove and @, (u, k) is in the (j + 1)-th alcove.

Proof. Write z = ¢p(A\, k) and y = ¢, (u, k). We have x = (zo,x1,22,...,Tj—1,Zj, Tjy1,-..)
and y = (zj,1,2,...,%j—1,%0,Tjq1,...). By assumption, [A| < |u| and z; = y; for all i > 1
except for ¢ = j; therefore we must have x; < y;. Thus we have
Tj—1>To=Y; > Tj
and x is in the j-th alcove. And we also have
Yj = %o > Yo = Tj > Yj+1 = Tj41

and y is in the (j + 1)-th alcove. O
12



Remark 4.10. Any non-semisimple P];Q(n)—block is given by a subset of ) of the form
{AO k) e Vi | (0n(A9), k) = 50,5 - - - 50,250,1(¢n (A, k)) for some ¢, (A, k) in the first alcove}.
In particular, each (A9, k) belongs to the jth alcove for j > 1.

Proposition 4.11. Let z,y be vertices in p,(Y). Assume that x is in the j-th alcove and that
y — = is an edge in the graph Z. Then we are in precisely one of the following cases:

(1) y is in the j-th alcove.
(2) y is on the j-th wall and either y = x +¢; ory = — €o.
(3) y is on the (j — 1)-th wall and either y = x +¢ep ory=x —€;_1.

Proof. As y — z is an edge in Z we have that y = x £ ¢ for some k£ > 0. As z is in the j-th
alcove we have

T1> Ty > ... > Tjo1 > T > T > Tjpl > .
and so y satisfies

YI>Y2 > > Y1 2 Yo Z Y5 > Yjrl > -
This implies that either y is in the j-th alcove, or y;_1 = yo (that is, y is on the (j — 1)-wall),

or y; = yo (that is, y is on the j-th wall). Now we have y;_1 = yo implies either y = x + ¢ or
y = x — €j—1. Similarly we have y; = yo implies either y = x —eg or y = x + ¢;. U

Lemma 4.12. Let t = (t(0),t(1),...,t(k)) € Stdy and let p,(t) = (2@, 20 ... 2*)) be its
image in Z. Then the n-residue vector r,(t) is given by

7

, Q) if £ = 2071 ¢, for some j
rag(l) =4 7 (i) j

2
n—1-u; =

0
if 2 = (-1 — ej for some 0

Proof. This follows directly from the definition of the embedding ,, given in (5) and Definition
3.1(1). O

Example 4.13. Let n = 2. For k = 6, we let t € Stdg(@) and s € Stde((3)) denote the paths
(,2,(1),(1),(1),2,2) (2,2,(1),(1),(2),(2),(3))
respectively from Example 2.3. We have that ¢s(s) is given by the following sequence of points
(2,-1,-2) (1,-1,-2) (1,0,—-2) (0,0,—2) (0,1,—-2) (—1,1,-2) (—1,2,-2)
and po(t) is given by the following sequence of points
(2,-1,-2) (1,-1,-2) (1,0,—-2) (0,0,—2) (1,0,—2) (1,—-1,-2) (2,—1,-2)

(Here we have only depicted the first three coordinates (zg, 21, z2) as the coordinates z3, 24, . . .
are fixed.) These paths both have the same 2-residue vector: ra(s) = ro(t) = (0,0,1,1,2,2).
This can be calculated as in Lemma 4.12 above or by setting z = 2 in the two distinct content
vectors given in Example 2.3.

Proposition 4.14. Lets,t € Stdg. Then we have s =, t if and only if s and t agree everywhere
except possibly on some intervals [a,b] for 0 < a < b < k and for each such interval [a,b] there
exists some j > 1 satisfying the following conditions.

(1) We have that t(a) = s(a) and ¢n(t(a)) is on the j-th wall. Moreover, if b # k then we also
have that t(b) = s(b) and ¢, (t(b)) is on the j-th wall.

(2) Either all o (t(i)) for a <i < b are in the j-th alcove and all v (s(i)) for a <i < b are in
the (j + 1)-th alcove, or vice versa.

(3) on(t(?)) = s0,;(n(s(i)) for all a <i <b.
13



Proof. We write
pn(t) = (0, aW,2® L a®)pn(s) = (@, y M, y® Ly W),
Note that (2) follows from (3) using Lemma 4.9. It is enough to show that
(I@) if 2 = @ and 2+ £ ¢+ then () is on the j-th wall for some j > 1 and y(t!) =
So,w(fﬂ(Hl));
(11) if 2 # 4@ and y@) = so;(x@) then y+ = s¢ ;(2(+D).
First we fix some notation. For 0 < i < k, we let u; (respectively v;) denote the row in which
the coordinates of ¢, (t(7)) and ¢, (t(i — 1)) (respectively of ¢, (s(i)) and @, (s(i —1))) differ, in
other words
It follows from Lemma 4.12 that t ~,, s if and only if
(1)

CH

) =y

w;

for all 1 < i < k. We start by proving (I). Assume that () = y® and z(+1 £ 4+ and so
u; # v;. As t &, s we must have

:cﬁjjl) — 20 41 = y(i“) =20 41

Uj v Vs
and so 1:1(2.) = ngz) Thus we must have that one of u; or v; is equal to 0. Assume without loss
of generality that v; = 0. Then we have

) = af)

and so () is on the u;-th wall. To simplify the notation we set u = u;. We have

yit

for all m except m = 0 and m = u and we have

— x%ﬂ)

Y =i,

We also have
Thus we have

as required.

Now we turn to (IT). Assume that z() # y(® and y®) = sq (). Ast ~, s we must have
a;fffl) = yl()iﬂ) and so mq(fi) = 1()? As yl) = 50,j () we must have that one of u; or v; is equal
to 0 and the other is equal to j. Without loss of generality we assume that u; = 0 and v; = j.
Then we have

20D = 20 4 o yith) = 40 4 £j.
Thus we have

() = (ZL’éi) +1, l'gi), x;i), e ,:Ug-i), cl) gt = (wgi),mgi), ajg), e ,LE((]i) +1,...).

So we have y(+1) = sq (1)) as required. O

Example 4.15. Let k£ = 6 and n = 2, the subgraph of the first 6 levels of p2()) intersected
with Z{ep,e1,e2} is depicted in Figure 3. We have used partition notation in Figure 3. The
coordinate notation obtained by applying s is given in Example 4.1. The dashed lines on the
diagram depict the 1-st and 2-nd walls; the vertices are drawn in such a manner that the points
obtained by reflection through a wall matches the points one obtains by reflecting in the dashed

lines of the diagram.
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FIGURE 3. For k = 6 and n = 2, the subgraph of the first 6 levels of ¢2())
intersected with Z{eg,e1,e2}.

Example 4.16. Let s and t be as in Examples 2.3 and 4.13. We saw in Example 4.13 that
s ”5g t. It is clear from Figure 3 that s and t are obtained from one another by a single reflection
through the 1st wall.

It follows from Proposition 4.14 that if (A, k) ~,, (1, k) with A # p then ¢, (A, k) and @, (u, k)
belong to distinct alcoves (see Remark 4.10). Suppose that ¢, (A, k) is in the a-th alcove and
©n(p, k) is in the b-th alcove for some a,b > 1. We can assume that b > a. Moreover we have

O, k) = 50,b—1 - - - 50,a+150,a(@n (A, k)).

But then using Theorem 4.5 we know that A} o(\) and A} (1) belong to the same block. Thus
we can strengthen Proposition 3.8 as follows.

Theorem 4.17. Let (A, k), (1, k) € Y. Then we have that A} o(A) and A} o(p) belong to the
same block if and only if (N, k) ~n (u, k). In particular, we have that

{Gok = (NE) € Vi/ ~n}

form a complete set of primitive pairwise orthogonal central idempotents in Pg(n)

5. RESTRICTING CELL AND SIMPLE MODULES

We have seen in Proposition 1.5 that the restriction of any cell module has a filtration by
cell modules and that the factors appearing are determined by the branching graph. In this
section, we fix n € Z>¢ and study in more details the restriction of all cell modules AZ@(A) and
all simple modules Ly ().
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Theorem 5.1. Let (A k) € Vi, with ¢,(\, k) in an alcove. Then we have
resﬁ—lAZ,Q()‘) = @ Z,Q(A)G(n,k—l)
(n,k—1)—=(\k)
where the direct sum is taken over all edges (n,k — 1) — (A, k) in Y. Moreover,
AL oNG -1y = Q—span{g; : t € Stdg(\) with t(k — 1) =n}
and we have an isomorphism
AroMNGp-1) = Ai_10(m)  ge = gy,
In order to prove this theorem we will need the following four lemmas.

Lemma 5.2. Lett € Stdg and s € Stdi_1. Then we have

o Ft Zf t\l’k—l =S
Fels = { 0  otherwise.
Proof. Tt follows from the definition of Fi given in Defintion 2.4 that Fy = KFy, | for some
K e P}f(z). Now the result follows from the fact that the Fy’s for s € Stdg_; are orthogonal

idempotents. O

Lemma 5.3. Let (A, k) € Vi with (N, k) in an alcove. If t,s € Stdg(N) satisfy
t(k—1) #s(k—1) then t %, s.
Proof. We argue by contrapositive. By Proposition 4.14, if t(k) = s(k) = X\ and s =, t, then
either
e ¢, (t(k)) belongs to the jth wall and ¢, (s(k — 1)) = @p(t(k — 1)) or pu(s(k — 1)) =

50,5 (o (t(k —1)));
e ¢, (t(k)) belongs to an alcove and ¢, (s(k — 1)) = @, (t(k — 1)).

The result follows by our assumption that ¢, (t(k)) belongs to an alcove. O

Lemma 5.4. Let (A k) € Vi with on(A k) in an alcove. Let (n,k —1) — (A, k) be an edge in
Y and let t € Stdg(N\). Then we have

F, iftlk—=1)=n
Figp Flop -l = { OH otherwise.
Proof. This follows from Lemmas 5.2 and 5.3. U

Lemma 5.5. Let (\, k) € YV with ¢, (N, k) in an alcove and let t € Stdi(N). Then we have
meFly, = meFly, )

n'

Proof. Multiplying equation (2) on the right by F, )., we obtain

meFly, ), =M Z F, = (mFy + Z awmwFy) Z E,. (6)
vEStdy 1 WEStdk(A) veEStdy _1
VRt g VRt

Using Lemma 5.2, for any w € Stdg(\) and v € Std;_; we have F\,F, = 0 unless v =w/;_; in
which case we have F, F, = F\,F,, = F,,. Therefore

veStde 1 seStdy sEStdg
VRpth_ Shr—1Ratleog sbe—1™ntly 1

Therefore if we multiply on the right of equation (6) by this sum we obtain

th[tikfﬂn = th[tikfl]n( Z Fs) = mt( Z FS) = mt( Z FS)

seStdy seStdy seStdy ()\)
Sbp—1/”ntlr_1 Shp—1/ntlg_1 she—1®ntly_1
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where the final equality follows from equation (3). Note also that as ¢, (), k) is in an alcove we
have that for any s,t € Stdg(\) we have s &, t if and only if s},_; ~, tl,_;. Thus we get

th[tikfﬂn = mt( Z FS) = mt( Z Fs) = th[t]n

seStdy () seStdy
syt st
where the penultimate equality follows from equation (3). O

Proof of Theorem 5.1. We have Aj o(\) = Q—span{g | t € Stdg(A)} where gr = mFjy, ® 1.
Now by definition we have G, x—1) = Fj;x—1)], ® 1. So using Lemma 5.4 we obtain

kNG k—1) = Q—span{gt : t € Stdg(A) with t(k — 1) = n}

and

resi_1 A% g(A) = Af (M) (z(nvk—l)eykfl/"/n G(n,kfl)) = B e-1)-00 AhoMNCGme-1),

where the first equality holds by Theorem 4.17 and the second equality holds by equation (3).
Now, using Proposition 1.5, for each edge (n,k — 1) — (A, k) in ) we have a chain of P,?_"l (2)-
submodules

No " € NGV € Ao, (V)

where
o ' =0p—span{m; : t(k—1)> = O, —span ~tn ctk—-1) =1y,
Nb(nk 2 @ { (k—1) 77} O {f, (k—1)>n}

n

(where the second equality follows from equation (2) and Definition 1.2) and similarly
Ngimk_l) = O, —span{m; : t(k — 1) >n} = Op—span{ fi, : t(k —1)>n}.
By Proposition 1.5, we have an isomorphism
B (n,k—1 k-1
Noin )/Ngfl77 ) — Ai—l,on (n) : my — My, -

Now using Lemma 5.5 we have ftn = m¢Fyy, = meFly, ), and under the above isomorphism

we have

In

fen = may, Fley ), = Fely
Specialising to z = n we get the isomorphism
AN G -1y = Af_10(0) : g g, s
as required. O

We now describe the restriction of simple modules in an alcove. This will be used in the next
section to construct bases for the radical of cell modules (and hence for the simple modules).

Theorem 5.6. Let (\ k) € Vi. If pn(\ k) is in the j-th alcove then
resg_y LoV = €D r-1,0(1) (7)
(p,k—1)—(N\E)

where the sum is taken over all edges (u,k — 1) — (A k) in Y such that @, (u, k — 1) is either
in the j-th alcove or on the (j — 1)-th wall.
If on(A, k) lies on the j-th wall then

resg 1 LigN) 2 D Plig) @D Lo (8)
(k—1)—=(\.k) (vk—1)—(\ k)

where the sum is taken over all edges (u,k — 1) — (A, k) and (v,k —1) — (A, k) in Y such that

on(p, k —1) is in the (j + 1)-th alcove and ¢, (v, k — 1) lies on a wall.
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For p mazimal, respectively non-mazimal in its block, the submodule structure of P’ | Q(u)
is given by the following strong Alperin diagrams

Ly 10 (1) LZA,Q(M)
LZ—L@(M_) LZ—LQ(MJF) LZ—l,@(N_)
Li-10() Li_1,0(1)

respectively; here on (", k — 1) = s j+1(on(p, k — 1)) and on(p™, k — 1) = 0 (en(p, k — 1)).

Note that if k is even, n = 0 and A = & then both sides of the equation in (8) are zero and
so the result trivially holds in this case.
In order to prove this theorem we will use the following lemma.

Lemma 5.7. Let (A k) € Vi with on(\, k) in the j-th alcove. Suppose that there exists an edge
(n,k—1) = (N k) in Y with on(n,k — 1) on the j-th wall. Then either

(1) k is even, X\ =1 and we have (u, k) := (n+¢;,k) € Vi, or

(2) k is odd, A\ =n — ¢j and we have (u, k) := (1, k) € V.
In both cases there is an edge (n,k —1) = (u, k) in Y and @, (p, k) = so,j(pn(Ak)).

Proof. Suppose that (n,k—1) — (A, k) is an edge in ) and ¢, (n, k—1) is on the j-th wall. Then
using Proposition 4.11 we have either k is even and ¢, (1, k —1) = @, (A, k) — e or k is odd and
on(n,k—1) = pn(A, k) +¢;. In the first case we define (i, k) = (n+¢;5,k) € Vi (note that p is
a partition as @, (A, k) is in the j-th alcove). In the second case we define (u, k) = (n,k) € V.
In both cases we have an edge (1,k —1) — (i, k) and @, (1, k) = s0,;(pn(A, k)) as required. [

Proof of Theorem 5.6. If on(A, k) lies on a wall, then A} o(A) = Li o(A) = Fi!g()) and this
module is self-dual. Restriction maps a self dual projective module to a direct sum of self-
dual projectives. The characters of the indecomposable projective modules can be calculated
using Theorem 4.5 and Proposition 1.5; this and self-duality determine the structure of the
indecomposable projective modules.

We now assume that ¢, (A, k) lies in the j-th alcove. We prove this result by downward
induction on the degree of partitions in each block. First consider the case where (\, k) has
maximal degree in its block. Using Theorems 4.5 and 5.1 we have

Tesg—lLZ,Q()\) = reslé—lAZ,Q(A) = EB k-1.0(M)
(mk—1)—=(A\k)

where the sum is over all edges (n,k —1) — (A, k) in ). Now using Proposition 4.11 and
Lemma 5.7, for any such edge we have that either ¢, (n,k — 1) is in the j-th alcove or on the
(j — 1)-th wall. Note also that as L o(A) is self dual, so is its restriction and so we have
A} 10 = Li_; o(n) for any edge (n,k —1) — (A, k). So we are done in this case.

Now assume that (A, k) is not maximal in its block. Then using Theorem 4.5 we have
(1, k) € Vi with @n(p, k) = s0,(pn(A k)) in the (j + 1)-th alcove, |u| > |A| and an exact
sequence

0— res],j_lLZ,Q(u) — res’;_lAZ’Q()\) — resﬁ_lLQ’@()\) — 0.

Using Theorem 5.1 and induction, this short exact sequence becomes
0= P ILiio®) > @ Aol —resf Lig(A) — 0. (9)

(0,k—1)—(u,k) (n,k—1)—(N\k)
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Note that for all (6, k — 1) appearing in (9) we have that ¢, (6, k — 1) is either in the (j + 1)-th
alcove or on the j-th wall, and for all (n,k — 1) appearing in (9) we have that ¢, (n,k — 1) is
either in the j-th alcove, on the j-th wall or on the (j — 1)-th wall.

As LZ’Q()\) is self-dual, so is its restriction and so we have a surjection

@ 71;11@(77) — reS’ZflLZ,@(A)
(m,k=1)—=(A\.k)
where the (7,k — 1) appearing in the direct sum are as in (9). Now, any Lp ,; o(n) with
©n(n, k — 1) in the j-th alcove, or on the (j — 1)-th wall does not appear on the left hand side
of the short exact sequence given in (9) and so must appear in resg_lL’g,Q(/\).

Finally, for any L} o(n) with ¢, (7, k —1) on the j-th wall we have an edge (n,k—1) — (1, k)
in Y by Lemma 5.7, and thus L}, (n) appears on the left hand side of (9). If the composition
factors of @(mkfl) SO A} _1o(n) are multiplicity free, then such a simple module cannot
appear in resﬁ_le@()\). It remains to show that the composition factors are multiplicity-free,
as claimed. If (M, k —1),(n®, k —1) = (A k), then (M k — 1) %, (n®,k —1) by our
assumption that ¢, (), k) belongs to an alcove (see also the proof of Lemma 5.3). Therefore the
composition factors of Ga(nvk—l)ﬁ(%k’) AZ&,Q(U) are multiplicity free by Theorem 4.5. O

6. A BASIS FOR THE RADICAL OF A CELL MODULE

Throughout this section we continue to fix n € Z>¢. The aim of this section is to provide
an explicit basis for the radical of the bilinear form on any cell module A} () for P,?(n), and
hence also for any simple module.

Definition 6.1. Let ¢, (A, k) denote a point in the j-th alcove for some j > 2. We say that
t = (t(0),t(1),...,t(k)) is a path which last enters the j-th alcove from the (j — 1)-th wall if
there exists 0 < r < k with ¢, (t(7)) in the jth alcove for all r < ¢ < k and ¢, (t(r)) lies on the
(j — 1)th wall.

Using Proposition 4.11 we can make the following definition.
Definition 6.2. Let (\,k) € Y. Given t € Stdg(\), we say that t is n-permissible if the

following conditions hold.

(1) if pn(A, k) in the first alcove, then ¢, (t(7)) belongs to the first alcove for all 0 < i < k.
(2) if on(A, k) in the j-th alcove for some j > 2, then t is a path which last enters the j-th alcove
from the (j — 1)-th wall.

We denote by Stdj () the set of all n-permissible t € Stdg(\).

In particular, if ¢, (X, k) is on a wall then any t € Stdx () is n-permissible and so Stdj(\) =
Stdk(N). If @, (N k) belongs to the first alcove, then a path t € Stdg()) is permissible if and
only if t(i) belongs to the first alcove for all 0 <1 < k.

Example 6.3. Let n =2 and k£ = 6 as in Figure 3. We have paths
s=(2,9,(1),2,(1),2,9) t=(2,2,(1),(1),1),2,9) uw=(2,2,(1),(1),(2),(2),(3))

The paths s and u are 2-permissible but the path t is not. This is because ¢2(t(3)) belongs to
the 1-st wall.

Lemma 6.4. Let (A, k) € V. We have that dimg (L}, (X)) = [Stdg (A)]-

Proof. This follows from Theorem 5.6 by induction on k. Note that for kK even,n =0and A = &
we have that Stdj(A) = 0 and L} o(A) = 0 so the result also holds in this case. O

Example 6.5. Let n =2 and k£ = 6 as in Figure 3. We have that

dimg(Lig(@)) =4 dimg(L§g((1))) = 4.
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The next result lifts the dimension result given in Lemma 6.4 to an explicit basis.

Theorem 6.6. Let (A, k) € V. Then the set {g: | t € Stdx(\) \ StdZ(A)} forms a Q-basis for
rad A% o(A).

Proof. If k is even, n = 0 and A = & then rad A%Q(Q) = A%Q(@) and Std?(2) = 0 so we are
done. Now, if ¢, (X, k) is on a wall then by Remark 4.6 we have that AZQ(A) is simple and so
rad A} (A) = 0. As we have Stdj;(A) = Stdy()) in this case, we are also done.

Now suppose that LZQ()\) # 0 and @, (A k) is in an alcove, say the j-th alcove. We proceed
by induction on k. If £ = 1 then A = @. We have that A?’Q(Q) is one-dimensional, hence
simple and so rad A (@) = 0. As we have Std; (@) = Stdj (@) the result holds in this case.

Assume that the result holds for £ — 1 and prove it for k. Using Theorem 5.1 we have an
isomorphism

Tesi—lAZ,@()\) — @ k—1.0M) * g guy, (10)
(n,k—=1)—=(\k)
for any t € Stdi(\), where the direct sum is over all edges (n,k —1) — (A, k) in Y. So the
pre-image of ®(n,k—1) S (Ok) rad AZﬁLQ(n) under the isomorphism given in (10) gives precisely
the (unique) smallest submodule of resﬁ_lAZ’Q()\) with semisimple quotient. Now, note that

resi_lszQ(A)/resg_l rad Ag o(A) = resy_, ( ro(A)/rad AR o(N) = res,':_lLZ@()\)

which is semisimple using Theorem 5.6. Thus, under the isomorphism given in (10), the pre-
image of P, ;1) k) rad A} g(n) must be contained in resy_, rad AL o(A).

Using Proposition 4.11, we know that for any edge (n,k — 1) — (A, k) in ) we have that
either ¢, (n, k—1) is in the j-th alcove, on the (j — 1)-th wall or on the j-th wall. If v, (n,k—1)
is in the j-th alcove, then by induction and using the isomorphism given in (10) we can deduce
that any g¢ with t € Stdy(A) \ Stdj(A) and t(k — 1) = (n,k — 1) must be in rad A} (A).

We claim that any g; with t};,_; € Stdg_1(n) and ¢,(n,k — 1) on the j-th wall also belongs
to rad A} (A). Then, using Lemma 6.4 the result will follow by a dimension count.

Now, if ¢n(n,k — 1) is on the j-th wall, then A} , 5(n) is simple, so it is enough to show
that one g for t];_; € Stdg—_1(n) is in the radical of A} ;(A). Suppose |u| = m, then we choose
t to be any path satisfying t(0) = t(1) = ... = t(k — 2m) = & (the rest of the path can be
taken by adding boxes along the rows of 1 at every even step and with the last step going
from (n,k — 1) to (A, k)). It is easy to see that for such a path t we have [t]ﬁ?”“) = {t} and

[tik_l}%n’kfl) = {tlx_1}. Thus we have
JFt,n:ftGPE"(Z) and gt:ft®1€P,i@(n),

and similarly f~t¢k717n = fty,, € P,?_”l(z) and gy, | = fu, ,®1€ P,;Q_l(n). Now by Proposition
3.6 we have that (gi,gy) = 0 for all u € Stdg(A) with u # t (as t is alone in its residue class). It
remains to show that (g, gt) = 0. Now we have

(9, 90) = (fe, f) © 1
Let s =t};_; € Stdg—_1(n). Then we have

(fer Jt) = Ymh—D)= 0k (s f5) (11)

where the coefficient v(;, ,_1)— (k) is given in Proposition 2.6. Now as ¢, (A, k) is in the j-th
alcove and ¢, (1, k — 1) is on the j-th wall we know, from Lemma 5.7 and Proposition 2.6 that
either
(I) k is even, A =1, n+ ¢; is a partition and
H,BeA(A)(Z —c(B) = [A] ,
VY k—1)=(Ak) = r (12)
T Taenoy (= = e(3) = A
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for some 1’ € Q, or
(IT) k is odd and A =1 —¢; and

(z=cla) = A= 1)
Topk=1)= R = T ) — W)

where a denotes the box removed from row j of 1 to get A and r € Q.

Now as ¢, (n,k — 1) is on the j-th wall we have

. n—=1—|n| ifkiseven
i) = n— |n| if k is odd

In case (I) the partition A = n has an addable box /8 in row j with content

cB)=nj+1—j=n—I\.

Thus we get from (11) that (gi, g¢) = 0. (Note that there is no possible cancellation in (12) as
the content of removable boxes and addable boxes of a given partition are all distinct.) In case
(IT) the content of « is given by

cla)=n;—j=n—Inl=n—[A-1
Thus we get from (11) that (gi, g:) = 0 in this case as well. O

Corollary 6.7. Let (\,k) € V. Then the set {g: + rad A} o(A) | t € Stdi(N)} form a basis

LZ’Q()\). Moreover, if pn (A, k) is in the first alcove, then for all t € Stdj(\) we have ftn = fi
and g = i @ 1.

Proof. The first part follows directly from Theorem 6.6. The second part follows from the fact
that when ¢, (A, k) is in the first alcove we have t(7) in the first alcove for any t € Stdj(\) and
0 < ¢ < k. This implies that any such t is alone in its residue class. Hence f;, = f in this
case. O

7. MONOTONE CONVERGENCE OF KRONECKER COEFFICIENTS

In this final section, we apply Theorem 6.6 to the study of the Kronecker coefficients. These
coefficients appear in the classical representation theory of the symmetric group. Denote by
G, the symmetric group of degree n. The simple Q&,,-modules, known as the Specht modules,
are indexed by partitions of n. We will use a slightly unusual notation for these partitions; the
reason for this will become clear in what follows.

For a partition A = (A1, A2, Az, ...) and n € Z>o we define

Al = (0= A AL A2, As, ..

Note that for n sufficiently large A, is a partition of n. Moreover, any partition of n can be
written as A, for some partition A.
For each partition A, we denote by S()\[n]) the corresponding Specht module for Q&,,. Now

for Ap), pn]s Vjn) partitions of n, the Kronecker coefficient g:[["]] . is defined by

14 .
g’\[[n]W[n1 = dimg Homgs,, (S(Af)) ® S(up)), S(vn)))-
Murnaghan discovered an amazing limiting phenomenon satisfied by the Kronecker coeffi-
cients; as we increase the length of the first row of the indexing partitions the sequence of
Kronecker coefficients stabilises (see [Mur38, Bri93, Val99] for various proofs). This is illus-

trated in the following example.
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Example 7.1. We have the following decomposition of tensor products of Specht modules:

n=2 S(1?)®S(1%) = S(2)
n=3 S(2,1)®8(2,1) =S(3) ®S(2,1) ® S(1%)
n=4 S(3,1)®8(3,1) =S(4) ®S(3,1) @ S(2,1%) ® S(2?)

at which point the product stabilises, i.e. for all n > 4, we have
Sn—1,1)®8S(n—1,1)=8n)®S(n—1,1)®S(n—2,12) ®S(n — 2,2).

The limit of the sequence g;[["]] ., @8 1 increases are known as the stable (or reduced) Kronecker
n

sH[n]
coefficients and denoted by g e So for N sufficiently large we have

:[[];J;Z]W[NM] =05, for all n > 1.

This stability is rather startling from the point of view of the symmetric group. However,
in [BDO15], the Kronecker coefficients were given a new interpretation in the setting of the
partition algebra where this phenomenon becomes very natural. Using the Schur-Weyl duality
between the symmetric group and the partition algebra we obtain a new interpretation of the

Kronecker coefficients as follows. Let A, i), ¥} be partitions of n with [A| = r and |u| = s

and write p = r + s. We write nggs(n) = Pg(n) ® P;%(n) - Pé%(n) and write resgfgs for the

restriction functor from Pé%(n)—modules to Pg(n) ® P% (n)-modules. Then we have
. 2 .

Vin) _ { dimg Hom 0 (n)(L’Sr,@(A) X LSS’Q(M),res2f72sL§p7Q(y)) if v <p (13)

g 27r,2s .
A[n] sH[n] 0 OtheI‘WISe

(see [BDO15, Section 3]).

Note that as |[A| = 7 and [u| = s we have Ly (\) = A} o(A) and Ly, o(p) = AL, o(n).
Now for sufficiently large values of n the partition algebra P;%(n) is semisimple and Ly, o(v) =
Agp@(y) and so we have a new interpretation of the stable Kronecker coefficients as

—v . 2
g)\,u = dlm@ HomPéQTzs (n)( ST,Q(A) X Ags,(@(u)a res2f,2sA3p,Q(V))

for all n sufficiently large (see [BDO15, Corollary 3.2]).

Brion proved in [Bri93, Section 3.4, Corollary 1] that the sequence of Kronecker coefficients
g:[[”]] ] not only stabilises but is also monotonic. More precisely, he showed that
YIn)

Afn] Hn]

Vin
’\[[ni]w[mrl] Z9
Briand asked whether this monotonicity could also be explained in the context of the partition
algebra. In the rest of this section we will show that it does.

Using (13) we need to study simple modules for the partition algebra. We first make the
observation that we only need to consider simple modules labelled by partitions in the first

alcove. More precisely we have the following lemma.

Lemma 7.2. Let n,k € Zxo and let X be a partition with |A\| < k. Then Ay, is a partition if
and only if on (N, 2k) is in the first alcove.

Proof. We have that A, is a partition if and only if n — [A| > A1. But this holds precisely when
n — |A\| > A1 — 1 which is exactly the condition for ¢, (), 2k) to be in the first alcove. O

Lemma 7.3. Let (v, k) € Yy with ¢, (v, k) in the first alcove. Then pn11(v, k) is also in the
first alcove. Moreover, if t € Stdj(v) then t € StdZﬂ(V)‘

Proof. We have ¢, (v, k) in the first alcove if and only if

n—|v|>v -1 if k is even
n—1—|v|>v —1 if kisodd
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and ¢n41(v, k) in the first alcove when the same condition holds with n replaced by n 4+ 1. So
clearly we have that if ¢, (v, k) is in the first alcove then so is ¢p41(v, k). Now t € Stdi(v)
precisely when every ¢, (t(7)) for 0 < 7 < k belongs to the first alcove. Hence if t € Std}(v)
then t € Std}" (v) as required. O

Lemma 7.4. Let (A k) € Vi with ¢, (A k) in the first alcove and || = |k/2]. Then we have

Fioumn = Flouk)nn = Fouky-

Moreover, Ly o()) (respectively LZ’(BI(/\)) is alone in its block and we have

AN =Lig\) and AFH(N) = LEH (V).

Proof. Let t € Stdg(A). As |\ = |k/2] we have that every step in t is of the form ¢, (t(i)) =
on(t(i — 1)) +¢; for some j > 1 if i is even and ¢, (t(7)) = pn(t(i — 1)) —eg is ¢ is odd (and
similarly for n + 1). As ¢,(A, k) is in the first alcove, so is ¢p+1(A, k), by Lemma 7.3. It
follows from Proposition 4.14 and Lemma 5.7 that [t], = [t],+1 = {t}. Note that this holds
for any t € Stdg()) and so we get Fjax), = Fiok = F(\x) by definition. This implies

]n+1

that the simple module L o(A) (respectively LZE()\)) is alone in its block and hence we get
A% o(A) = Ly o(A) (respectively AZj'@l()\) = LZj'@l()\)) as required. O

Lemma 7.5. Let (v, k) € V. Then we have
F—span{ fi. | t € Std(v) \ Std}(v)} = F—span{f; | t € Stdg(v)\ Std}(v)}.
Proof. Recall from equation (4), that for any t € Stdy(r) we have
Fon = Fot S st (14)
St

where the sum is over s € Stdi(r). Now using Proposition 4.14, if s ~,, t then s(i) = t(i)
whenever ¢, (t(7)) is on a wall. It follows that t is n-permissible if and only if s is n-permissible.
Now the result follows from the fact that the change of basis given in (14) is unitriangular. O

Proposition 7.6. Let (v, k) € Vi with p,(v, k) in the first alcove. Define Op- and Opq-
modules

Afl () = Op—span{fen |t € Stdi(v) \ Stz (1)},
Ai%ﬁl(v) = Onp1—span{ fnt1 |t € Stdg(v) \ Stdy™ (v)}

and F-vector spaces A;’f;(u) = Ai%n (v) ®o, F and A;’;H(u) = Az?ﬂtil(”) ®0,41 F. Then we
have inclusions of F-vector spaces

AYFH () © ATRY) € Afp().

Proof. This follows directly from Lemmas 7.3 and 7.5. (]
Corollary 7.7. (see [Bri93, Section 3.4, Corollary 1]) Let Ay, fin], Vs be partitions of n, then
V] Vnt1]
g>\[n]7y‘[n] A g>‘[n+1]7y‘[n+1] ’

Proof. Let r = |A|, s = |u| and p = r + s. We can assume that |v| < p as otherwise g:[["]] i =

V[n41)
Aln41) B [n+1]

A;}fon(’/) ®o, Q =rad A3, o(v) and A;p":gi(l/) ®o,., Q =rad Ag;é(u).

Now consider 15, := F() 2r) ® F(,25) € P5.(2) @ Pi,(2) C Png(z). Using Lemma 7.4 we have

= 0. Using Theorem 6.6 we have

On,
lA,u = F()\,Qr) ® F(u,?s) S Pgn (Z) N P2p i (z)
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and

om0, Wy @0, Q = (rad Ay, (V) (Gx2r) @ Gus))
= (95, 9:[[2]],“[”])( 9r,0(A) ® A ()

Similarly we have

1 _ (5 n+1] +1 +1
A0 W @0, Q= (35, — QA[HL],MW (A5 0(AN) ® Aylg (k).

Now, using Proposition 7.6 we have

) +1 I’ +1 I’
A;;:onﬂ(’/)l)\,u Q0,4 F = Aép% (W) C AZ o ( V) = A;;:on W)z ®o, F

So we have

ranko, . (A31SL, (1)) < ranko, (A3, (1)), (15)
Moreover, it also follows from Definition 3.5 and Propositions 3.6 and 7.6 that
] ) 1 ) 1
dlmQ(A;pq?an (V)1 u ®0,,, Q) =rankp, (A;pilgnﬁ 215w (16)
dimg( ;;;Lon (v)1, ®0, Q) =ranke, ( ;}JT,LOn ()1 ) (17)

It follows from equation (15) to (17) that

Now, as

we get,

and hence ¢ A

[BDK15]
[BDO15]
[BOOS]

[BOR09]

[Bri93]
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[Eny13al

dimg (A5 (1)1x,) < dimg(ASTH ()15,).

dimg A%, o(A) @ AL, o() = dimg A3t (A) © A3TE(w),

—v _ Vn] > g¥ Vin+1]
g)‘uu' gA[n] nu‘[n] = g)\"u' g)‘ "+1]"u‘[”+1]
VIn] VIn+41] 1

. g/\[n+1]7u[n+1] as required. O
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