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SUPPLEMENT TO “LARGE RISKS, LIMITED LIABILITY, AND
DYNAMIC MORAL HAZARD”: PROOFS
(Econometrica, Vol. 78, No. 1, January 2010, 73-118)

BY BRUNO BIAIS, THOMAS MARIOTTI, JEAN-CHARLES ROCHET,
AND STEPHANE VILLENEUVE

In this document, we give complete proofs for the results exposed in the main pa-
per. A precise description of the stochastic environment is provided in Appendix A. In
Appendix B, we use martingale techniques to formulate the agent’s incentive compat-
ibility constraint. Appendix C is devoted to the free boundary problem that character-
izes the principal’s value function. The verification theorem is established in Appendix
D. In Appendix E, we analyze the asymptotic properties of firm size dynamics. Finally,
a heuristic approach to small perturbations of the constant returns to scale model is
offered in Appendix E.

KEYWORDS: Martingale representation theorem, delay differential equation, free
boundary problem, verification theorem, Markov process, law of large numbers.

APPENDIX A: THE STOCHASTIC ENVIRONMENT

IN THIS APPENDIX, we provide a precise description of the stochastic environ-
ment. Let a complete probability space ({2, F, P) over which is defined a Pois-
son process N = {N,},-o of intensity A be given. Denote by F~ = {FN},., the
filtration generated by N and augmented by the P-null sets. This filtration sat-
isfies the usual conditions (Dellacherie and Meyer (1978, Chapter IV, Defini-
tion 48)). The process M = {M,} -, defined by

M,=N,— At

for all + > 0 is an F"-martingale under P. For any F"-predictable process
A = {A,};50 with values in {A, A + AA}, denote by Z* = {Z"},., the unique
solution to the stochastic differential equation

t A
Z,A:1+/ Z§<—°—1>dMs
0 A

for all ¢ > 0. By the exponential formula for Lebesgue-Stieltjes calculus (Bré-
maud (1981, Appendix A4, Theorem T4)),

se(0,1] 0

for all £ > 0, where AN, = N; — N,- for all s € [0, t], with Np- =0 and [[, =1
by convention. From Brémaud (1981, Chapter VI, Theorem T2), Z4 is a
strictly positive " -local martingale under P. Moreover E[Z/'] = 1 for all # > 0.

© 2010 The Econometric Society DOI: 10.3982/ECTA7261



2 BIAIS, MARIOTTI, ROCHET, AND VILLENEUVE

A standard extension argument implies that there exists a unique probability
measure P4 over ({2, F) defined by the family of Radon-Nikodym derivatives

d_PA —zA
dP N !

for all ¢ > 0. It then follows from Brémaud (1981, Chapter VI, Theorem T3)
that the process M* defined by (11) is an F"-martingale under P*.

APPENDIX B: THE INCENTIVE COMPATIBILITY CONSTRAINT

PROOF OF LEMMA 1: Since U, (I, A) is integrable by (8), a nonnegative
FN-martingale U (I, A) under P* can be defined by choosing for each t >0 a
random variable U,(I', A) in the equivalence class of the conditional expecta-
tion in (10). Moreover, since the filtration 7" satisfies the usual conditions, for
each ¢t > 0 we can choose U,(I', A) in such a way that the martingale U (I, A)
is right-continuous with left-hand limits (Dellacherie and Meyer (1982, Chap-
ter VI, Theorem 4)). The predictable representation (12) then follows directly
from Brémaud (1981, Chapter III, Theorems T9 and T17). Q.E.D.

PROOF OF PROPOSITION 1: Let U, denote the agent’s lifetime expected
payoff, given the information available at date ¢, when she acts according to
A ={A'}> until date ¢ and then reverts to A = {A,}5¢:

INTT

(B.1) U= / e_ps(dLs + Tgpmrsan X B ds) +e "W, A).
0

Following Sannikov (2008, Proposition 2), the proof now proceeds as follows.

First, we show that if U’ = {U}},5, is an F"-submartingale under P that is

not a martingale, then A is suboptimal for the agent. Indeed, in that case there

exists some ¢ > ( such that

Uy (I, A)=U,. <EV[U]],

where Uy-(I', A) and U correspond to unconditional expected payoffs at
date 0. By (B.1), the agent is then strictly better off acting according to A’
until date ¢ and then reverting to A. The claim follows. Next, we show that if
U’ is a FN-supermartingale under P", then A is at least as good as A’ for the
agent. From (10) and (B.1),

INT
B2) U =UA) + / e (Lnorean) — Laonsan) X, B ds
0

for all ¢ > 0. Hence, since U(I', A) as given by (12) is right-continuous with
left-hand limits, so is U’. Moreover, since U’ is nonnegative, it has a last ele-
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ment. Hence, by the optional sampling theorem (Dellacherie and Meyer (1982,
Chapter VI, Theorem 10)),

Up- = EV[U1 = Up- (I, A,
where again Uy- (I, A’) is an unconditional expected payoff at date 0. Since
Uy,- =Uy-(I', A) by (B.1), the claim follows. Now, for each ¢ > 0,
INT
U =U,A) +/ eips(llA§=A+A)L} - 1[AS=A+AA})XsB ds
0

INT
=U0(F,A)—/ e "H(I', A)dM}
0
INT
+/ e (Li=rran — Liaymaran) X, Bds
0
INT
=Uy(I', A) — / e ™H (I, A)dM"
0
INT
—/ e "H (I, A)(A, — Ay)ds
0
INT
+ / e_’”(l(Ag:HA/\] - 1{/13:/\+A/\])X‘YB ds
0
INT
=Uy(T', A) — / e "H(I, AydM"
0

INT
+/ e P AX(Liagmaran = Linonsan))[Xsb — Hy(I', A)] ds,
0

where the first equality follows from (B.2), the second equality follows
from (12), the third equality follows from (11), and the fourth equality fol-
lows from a straightforward computation. Since H(I', A) is F"-predictable
and M*¥ is an FV -martingale under PY', the drift of U’ has the same sign as

(1{A;:A+AA} - 1(At:)\+A/\})[th —H,(I', A)]

for all ¢ € [0, 7). If (14) holds for the effort process A, then this drift remains
nonpositive for all ¢ € [0, 7) and all choices of A) € {A, A + AA}. This implies
that for any effort process A’, U’ is an F"-supermartingale under P"" and, thus,
that A is at least as good as A’ for the agent. If (14) does not hold for the effort
process A, then choose A’ such that for each ¢ € [0, 7), A, = A if and only if
H,(I', A) > X,b. The drift of U’ is then everywhere nonnegative and strictly
positive over a set of P'-strictly positive measure. As a result of this, U’ is an
JFN-submartingale under P’ that is not a martingale and, thus, A is suboptimal
for the agent. This concludes the proof. Q.E.D.
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APPENDIX C: THE VALUE FUNCTION

To simplify the exposition, we work in this appendix with the size-adjusted
social value function, v, rather than with the size-adjusted value function of the
principal, f. These two functions are related by v(w) = f(w) +w for all w > 0,
so that (41) can be rewritten as

(C1) v(w) = %b)w, if wel0,b],

rw)=uw—AC —(p—rw+ Lv(w), if we (b, w],
(r—yww)=p—-AC—vyc—(p—rw
+Lv(w), if we (W', wk],

v(w) =v(w?), if we(w?’,oc0),
where £ and £, are linear first-order delay differential operators defined by
(C2) Lu(w)=(pw+ Ab)u'(w) — Alu(w) — u(w — b)]
and
(C3) L,u(w) =Lu(w) — ywu'(w)

for all w > b and any continuous function u of class C'(R, \ {b}). We assume
that

(C4)  pw—AC>(p— r)b(Z + %)

throughout this appendix.

C.1. The No Investment Case

As a preliminary, we deal with the case in which investment is not feasible,
that is, y = 0. For each B > 0, consider the delay differential equation

(C5) vg(w) =pw, if wel0,b],
rvg(w) =p — AC — (p—rw+ Lyg(w), if we(b,o0).

Given the initial condition over the interval [0, b], which is fixed by the slope
parameter B, (C.5) reduces to a sequence of initial value problems over the
intervals (kb, (k+1)b], k € N\ {0}, that satisfy the assumptions of the Cauchy-
Lipschitz theorem. This ensures that there exists a unique continuous solution
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vg to (C.5), which can be recursively constructed. We can check from (C.4) and
(C.5) that vy is not differentiable at b:

(p—r)b—pu+AC r+A

(CO) vy by =T E N < B=1 ()

Since vy is continuous, however, it follows from (C.5) that it is of class

C'(R, \ {b}). As a result, we can differentiate (C.5) over R, \ {b, 2b}, which

in turn implies that vy is of class C*(R, \ {b, 2b}). By iterating this procedure,

we can easily verify that vg is of class CK(R, \ {b, ..., kb}) for all k € N\ {0}.
For each 8 > 0, it is convenient to decompose vg as

(C7)  vg=u+ Buy,

where the auxiliary functions u; and u, are the continuous solutions to the
delay differential equations

(C8)  wu(w)=0, if wel0,b],

ruf(w)y=u —AC — (p —r)w+ Luy(w), if we(b,o0)
and
(C.9) u(w)=w, if wel0,b],

ruy(w) = Lup(w), if we (b, 00),

respectively. Just as vg, u; and u, are of class C*(R, \ {b,..., kb}) for all
k € N\ {0}. The decomposition (C.7) allows us to strictly order the derivatives
of the functions (vg)go.

PROPOSITION C.1.1: If B > B' > 0, then v, > v, over Ry \ {b}.

Given the decomposition (C.7), Proposition C.1.1 is an immediate conse-
quence of the following result.

LEMMA C.1.1: u) > O over R, \ {b}.

PROOF: From (C.9), u), =1 over the interval [0, b). Consider now the inter-
val (b, 00). From (C.9) again, it is easy to check that

r+A

(C.10) %J@=p+A>

0.

Thus, since u, is of class C' (R, \ {b}), we only need to check that u, has no
zero in (b, 0o0). Arguing by contradiction, let w > b be the first point at which
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u, vanishes. Note that ), > 0 over [0, w) \ {b}. Then, using (C.9) yet again, we
obtain that

—Aur (W) — up(w — b)] — rux(w) =0,

which is impossible since u, is strictly increasing and strictly positive over
(0, w]. This contradiction establishes the result. QO.E.D.

Proposition C.1.1 shows that the derivatives of the functions (vg)gso are
strictly ordered by their slopes 8 over [0, b). We now show that the subfam-
ily of (vg)s-0 composed of those functions whose derivatives have at least a
zero in (b, oo) has a maximal element.

PROPOSITION C.1.2: There exists a maximum value B of B such that the equa-

tion v = 0 has a solution over (b, 00). The function vg, is increasing over R .

PROOF: The proof of Proposition C.1.2 proceeds as follows. For each
w € [b, 00), the ratio —u}, (w)/u,, (w) is well defined since ), > 0 over [b, 00)
by Lemma C.1.1. In the first step of the proof, we show that this ratio attains a
maximum S, > 0 over [b, co). Using Proposition C.1.1 along with the decom-
position (C.7), we then obtain that

Vg > Vg, = U+ Bouy >0
over (b, oo) for all B > B,. Hence, for any such B, vj; has no zero in (b, o). By
contrast, let wy be the smallest point at which the function —u}, /u,, attains

its maximum B, over [b, c0). In the second step of the proof, we show that
wp, > b, so that vy, is differentiable at wy . By construction,

Vg, (wp,) = i (wp, ) + Botts (wp,) =0,

and vg, is increasing over R, and strictly so over [0, wgo]. We now provide a
detailed exposition of each step of the proof.

Step 1: Because u; and u, are of class C' (R, \ {b}), the function —u,_ /u}, is
continuous over [b, 00). Moreover, since u;, (b) > 0 by (C.10) and

(p—r)b—pn+AC
(p+M)b

by (C.4) and (C.8), —u},(b)/u,, (b) > 0. Hence, to show that the function
—u}, /u,, attains its maximum over [b, 00), we only need to check that it takes
strictly negative values beyond some point. Given Lemma C.1.1, this is an im-
mediate consequence of the following result.

(C11) wuy, (b)= <0

LEMMA C.1.2: liminf,, . u)(w) > 1.
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PROOF: Suppose first by way of contradiction that liminf,_, ., u}(w) = —o0.
Then there exists an increasing divergent sequence (w,),s; in (2b, co) such
that lim,_, o, u}(w,) = —oo and w, = argmin,,.,{#;, (w)}. For each n > 1,
we can find some w, € (w, — b, w,) such that

(pw, + Ab)u (wy,) = Alur(w,) — ui(w, — b)] + rus(w,) + (p —Hw,
—pn+AC
= Abuy(w,) + ruy(w,) + (p — rw, — u+ AC,

where the first equality follows from (C.8) and the second equality follows from
the mean value theorem. This can conveniently be rewritten as

~ wn / r /
u)(w,) = E[pu](wn) - w—ul(wn)} + uj(w,)

u—AC —(p —rw,
Ab '

Since u;(0) = 0, we have u;(w,) > w,u’(w,) by construction of the sequence
(Wy)n=1. Moreover, u}(w,) < 0 for n large enough. It then follows that for any
such n,

+

(p —rwyuj(w,) +u—AC

Uy (w,) < D

Therefore, since u(w,) <0,

ui(ﬁ)n) - (p_r)wn M_)‘C
W(w,) — b Abu(w,)’

so that the ratio u|(w,)/u|(w,) goes to co as n goes to co. As uj(w,) <0
for n large enough, we obtain that eventually u(w,) < u|(w,), which,
since W, < w,, contradicts the fact that w, = argmin,cy,y, {u},(w)}. Thus
liminf, .. #j(w) > —oco. Assume without loss of generality that
liminf,_, . u}(w) is a finite number /. It remains to prove that / > 1. Consider
an increasing divergent sequence (w,),»1 in (2b,00) such that
lim,,_, », 4} (w,) = [. Then there exists a constant U such that u;(w,) > lw, + U
for all n > 1. Constructing w, € (w, — b, w,) as above and rearranging, it fol-
lows that

- Ab[u)(w,) — u)(w,)]+rU —u+ AC

pluy(w,) —11—r( —1)
Wy,

for all n > 1. Letting n go to oo, we obtain

(p—r)(I —1) > Ablimsup ul(w,,)‘

n—oo n
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If I <1, this implies that limsup,  _ u)(w,) = —oo, which in turn contra-
dicts the finiteness of / = liminf,_, ., u}(w). Hence / > 1, and the result fol-
lows. O.E.D.

Step 2: A sufficient condition for wy , > b is that the right derivative at b of
the function —u, /u), be strictly positive. Differentiating (C.8) and (C.9) at
the right of b leads to

A=—p+nu, (b)+p—r
(p+M)b

uy, (b) =

and

. _ (A—=p+ryu, (b) —A
L=

Combining these expressions with (C.10) and (C.11), we obtain

—uy, (D)u,, (b) 4+ uy (b)u| (b)

_ (p— ru,, (b) + Aui, (b)
N (p+A)b

A r
N e

which is strictly positive by (C.4). The result follows. By construction, we have'

(C12)  wh =inf{(v}) " (0)} > b.
This concludes the proof of Proposition C.1.2. Q.E.D.

In the remainder of this section, we study the concavity of the function vg,.
The following proposition summarizes our findings.

PROPOSITION C.1.3: vy, is concave over [0, wy, 1, and strictly so over [b, wy, ].

PROOF: The proof of Proposition C.1.3 proceeds through a sequence of
lemmas.

LEMMA C.1.3: vg0+(b) < 0.

!'We can show along the lines of the proof of Lemma C.1.6 that v, vanishes at w§0 only, so
that vg, is actually strictly increasing over R,. This refined statement is, however, not required
for our purposes.
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PROOF: By (C.6) and (C.12), we have
(p—r)b—pu+AC r+)\>

C13) v, (b)= 0.
€13 v () TES TS
As a result,

—AC—(p—r)b
(C14) B> 2 (p=n)b.

(r+A)b
Now, differentiating (C.5) at the right of any w > b leads to
(pw + Ab)vy () = A[v) , (W) — V), (w—Db)]
— (p—)[vg,, (w) —1].
Applying this formula at b, and using (C.13) and (C.14), we then obtain
(p+ N)bvj (b)) = A[vp,, () = Bo] — (p = )|V, (b) — 1]

_(A=p+nlp—r)b—p+AC]
B (p+M)b
(r—p)(r+21)
BT e
- Al(p—r)b — pu+ AC]
(r+A)b

which is strictly negative under (C.4). Hence the result. Q.E.D.

+p_r7

LEMMA C.1.4: v . is upper semicontinuous over [b, 00).

PROOF: As v, is of class C*(R; \ {b,2b}), we only need to check that
Vg, L(2b) > vgo_(Zb). Differentiating (C.5) both at the left and at the right of

any w > b, and using the fact that vy, is of class C*(R, \ {b}) leads to
(pw -+ AB)[of () = ()] = AL}, (w = b) =) (w—b)].
Applying this formula at 26 and using (C.6) yields the result. Q.E.D.

It follows from Lemma C.1.4 that the set {w > b | vgo L(w) > 0} is closed.
Denote by wj, its smallest element. By Lemma C.1.3, wy > b and vy, <0
over [b, wg, ) Thus vy, is strictly concave over [b, wg 1. Moreover, v, is linear
over [0, b] and v;;0+(b) < v;gn_(b) by (C.6). Thus vy, is concave over [0, w1
To complete the proof of Proposition C.1.3, we now show that wy, coincides
with wj . We need the following result.
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LEMMA C.1.5: wg, > 2b.

PROOF: Suppose by way of contradiction that wp < 2b. Then, as wy > b
and vg, is of class C*(R; \ {b, 2b}), v (Wi ) =0 and vy < 0 over (b, wy).
There are three cases to consider.

Case 1. Suppose first that A < p — r. Since wg, — b < b and v, (WG ) = 0,

differentiating (C.5) at wj yields
/\[vgo(wgo) —Bo] — (p— r)[v/BU(w;U) —1]=0.
Using the fact that A < p — r and that Vg, = 0 over (b, c0), we obtain

BO:(/\—p+r)v/ﬁ;‘(wgo)+p—r§p;r‘

By (C.14), it follows that

p=AC—(p=—nb _p—r
(r+Mb - A7

which contradicts (C.4).
Case 2. Suppose next that A > 2p — r. Differentiating (C.5) twice over (b, 2b)
and using the fact that vg, is linear over (0, b) yields

(pw + Ab)vjy (w) = A[vj, (w) — v (w—b)] = (2p — r)v), (w)
= (A —2p+r)vj (w)

for all w € (b, 2b). Since A > 2p — r and v;;o < 0 over (b, wg, ), this implies
that Vg, =< 0 over this interval and, hence, v, (W) < v, . (b). This leads to a
contradiction since v, (Wh ) = 0 and Vg, +(b) <0by Lemma C.1.3.

Case 3. Suppose finally that p — r < A < 2p — r. Differentiating (C.5) twice
as in Case 2 shows that v, and vy have opposite signs over (b, 2b). It follows
that ‘v;;’o > (0 and hence Vg, > v;;ﬁ(b) over (b, wi 1. Since A —2p +r <0, we
obtain
(A=2p+ r) v, (W) - (A=2p+ r)v’[;ﬁ(b)

pw+ Ab pw—+ Ab

v, () =

for all w € (b, wh ). We then have

0 e\ — "h (A= 2p + ), (w)
v, (Wh,) = U, (0) +L o1+ Ab

e A—2p4r
< <1+‘/; mdl[))vﬁo+(b).
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Since v, (W) = 0 and Vg, . (b) <0by Lemma C.1.3, we obtain a contradiction
if

wg /\_2
1+/ PATEPET o0,

To see that this actually holds whenever wp, € (b, 2b), observe that

By 1 ® 1
— dw< dw < )

Since p —r < A <2p — r, this implies that

Voo A —2 21 —
1 + / Fo —p—i_r dw > —p—i_r > O
and the result follows. O.E.D.

Proposition C.1.3 is then an immediate consequence of the following result.

LEMMA C.1.6: wBO =wp,.

PROOF: Since vy, is increasing and vp (wg’o) = 0 by Proposition C.1.2, we
must have v/ +(wB ) > 0 and thus wB > wy, . It remains, therefore, to prove
that wBU < wp,. . First show that v/[; > 0 over an interval (wg,, wg, + &) for some
& > 0. Whenever wy, = =2b and Vs, +(2b) > 0, this is immediate since vg, is of
class C3(R, \ {b,2b}). In all the other cases, vy (wp ) = 0. Differentiating
(C.5) twice at the right of w§ then yields

(pwgo + /\b) ,L;/()Jr( ) - A[ 130+( ;30) B U};0+(w;30 B b)]
(2P - r)vﬁn+(wgo)

= -, (wh, —b) >0,
where the strict inequality follows from the fact that w, — b e [b,wCBO)
by Lemma C.1.5 and that v;; + < 0 over [b, wp ). Since vﬁo+(wgﬂ) =0 and
”/+(w50) > 0, we have vB > (0 over an interval (wp,, wg, + €) for some
e > 0, as claimed. Suppose by way of contradiction that wﬁ > wg . Then
v, (wg ) > 0 by (C.12), so that v cannot be nonnegative everywhere over
(wh,, wg,)- Let @ = inf{w > wj | vy (w) < 0} € (w, wg,). We have v >
0 over (wg,, w) and Vg (11)) = 0 since vg, is of class C*(R, \ {b,2b}) and
w>wp > 2b by Lemma C.1.5. Now show that w — b > wg . Note that we must
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i

have Vg, L(w) <0, because Vs, would otherwise be strictly positive over an in-
terval (w, w + ) for some n > 0. Differentiating (C.5) twice at the right of w
then yields

0> (pw+ Ab)v; (W)

Bo+
= A[v, (W) — v, (0 — b)] — (2p — r)vj, ()
= —Avj, (W —b)
and thus v;;0+(11) — b) > 0. Now, v;;0+ < 0 over (b, w, ). Since w > 2b and
thus w — b > b, it follows that w — b > w¢ , as claimed. Because v}, > 0 over

Bo’ Bo
(wgo, w), this implies that vg, is convex over [w — b, w]. Then, since

0= (pw + Ab)vy (W)
= A}, (W) — v (0 — b)] = (p — ) [v}, () — 1]
by differentiating (C.5) at w, we obtain v’BO(ﬂJ) > 1. We then have
(C.15)  pw+ Abvg (W) < (pw + Ab)vj (W)
= AL, () — Vg, (@ — b)] + rvg, ()
+(p—rw—pn+AC
< Abv (W) + rvg, (W) + (p — r)w — u+ AC,

where the first inequality reflects the fact that U/BO (w) > 1, while the second fol-
lows from (C.5) and the third follows from the convexity of vg, over [ — b, w].
As a result of (C.15), we have vg, (W) > (u — AC)/r. Since wgo > w and vg,
is increasing, we must have vﬁo(wg’o) > (n — AC)/r as well. However, writing
(C.5) at wy, yields

0= (pu, + Ab)uf (wf,)

= /\[UEO (wgo) ~ Usy (wgo - b)] + 1Ug, (wgo) +(p— r)wgo — K+ AC,
which, since vg, is increasing, implies that vﬁo(wgo) < (u—AC)/r, a contradic-
tion. The result follows. QE.D.

C.2. The Investment Case

PROOF OF PROPOSITION 2: Suppose now that investment is feasible; that is,
v > 0. Our goal is to construct a solution to (C.1) that satisfies the following
three requirements:
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(i) The first-order condition for investment holds at the investment thresh-
old w':

(C.16) w'=inf{w>b|v(w) —wv, (w) > c}.

(i) The first-order condition for transfers holds at the payment thresh-
old w?:

(C17) v(w?)=0.

(iif) The solution is maximal among the solutions to (C.1) for which there
exist thresholds w’ and w? that satisfy (C.16) and (C.17).

We proceed as in Section C.1. For each 8 > B, consider the delay differen-
tial equation

(C18) wvg,(w)=pw, if wel0,b],
rg,(w) =u—AC — (p—r)w+ Lug,(w), if we(b,wyl,
(r=yvg,(w)y=pn—AC—yc—(p—rjw

+ Lyvp,(w), if we (wh,o00),

where the operators £ and £, are defined by (C.2) and (C.3), and the threshold
wy, satisfies

(C.19)  wi=inf{w > b|vg,(w) —wvj,, (w)>c}.

It should be noted that we may have wj, = b, in which case the intermediary
region (b, wj] is empty. We assume that

(C20) c=wg(wp)>c
throughout this section. As we will see in Appendix D, (C.20) is a necessary and

sufficient condition for investment to ever be strictly profitable. The existence
of a solution to (C.18)—(C.19) is guaranteed by the following result.

LEMMA C.2.1: Foreach B > By, there exists a unique continuous solution vg ,
to (C.18) with wy, given by (C.19). Moreover, vg , is of class C' (R, \ {b}), w} €
[b, wgo), and wiB is decreasing and continuous with respect to 3.

PROOF: The proof consists of three steps.
Step 1. First show that if 8 > B’ > B, then

vg(w) — wv/m(w) > vg(w) — wv’ﬁ,+(w)
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for all w > b. Since
vg(w) — wug(w) = uy(w) — wu, (W) + Plus(w) — wu,, (w)]

by (C.7), we must prove that u,(w) —wu,, (w) > 0 for all w > b. This holds at b
since, by (C.9) and (C.10), u,(b) — bu), (b) = (p —r)b/(p + A) > 0. The claim
then follows if u], < 0 over [b, 00). Proceeding as for vgo . in the proof of
Lemma C.14, it is easy to check that u}, is upper semicontinuous. There-
fore, the set {w > b | uj, (w) > 0} is closed. Suppose by way of contradiction
that this set is nonempty, and denote by w its smallest element. Observe that
w > b, since u;, (b) =[(A — p +r)u, (b) — Al/[(p + A)b] as shown in Step 2
of the proof of Proposition C.1.2 and u, (b) < 1 = u),_(b) by (C.10), which
implies that u}, (b) < 0. As a result, u;, <0 over [b, w) and, in particular,
uy(w) < u,, (W — b). Differentiating (C.9) at the right of w, we therefore ob-
tain

(r — p)uy(ib) = (pib + Ab)uy, (i) — Mty (1) — uy, (% — b)] > 0,

which, since r < p, contradicts the fact that u,(w) > 0 by Lemma C.1.1.
The claim follows. Note that u, is concave over R, and strictly so over [b, c0).
Step 2. Next show that, for each B > By, vg(w) — W, (w) is a strictly in-
creasing function of w over [b, wgo]. To this end, we only need to check that
vy, < 0over [b, wﬁo). For each 8 > By, it follows from (C.7) and Step 1 that

o " " "o
vB+ =Up, + Bu2+ < Uy + :80”2+ - v,BO+’

which is strictly negative over [b, wgo) as shown in the proof of Proposi-
tion C.1.3. This implies the claim.

Step 3. There are now two cases to consider.

Case 1. First, fix some 8 > B, and suppose that vg(b) — bvg, (b) < ¢. From
Step 1, this is the case whenever

¢ —uy(b) +buy, (b)

Cc.21 3 =
(C21) <P 12(b) — bty (b)

From Step 1 again, vg(w) — wu, (W) = vg, (W) —wug (W) for all w € [b, wgo].
Hence, by (C.12) and (C.20),

Ug (wgo) - wgov% (w;;o) Z Vg, (wgo) - ng'U;;O (wgo) = Ug, (wgo) > C.

Since vg(w) — wvg, (w) is continuous and strictly increasing with respect to w
over [b, wy 1 by Step 2, there exists a unique wj, € (b, wy,) such that vg(wj) —
wyv(wp) = c. It follows from Step 1 that, as long as vg(b) — bvj, (b) < ¢, wi is
strictly decreasing and continuous with respect to 8. We can then construct vg ,
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by setting it equal to vs over [0, wj] and extending it to (wj;, oo) as stipulated
in (C.18). Using the fact that vm(wg) — Wy, (wﬁ) =, it is easy to check
from (C.18) that v, ,_(w}) = v}, (w}) = v (w}). This, along with (C.18), im-
plies that vg , is of class C' (R, \ {b}). We can further show that v, is of class
CKR\ (b, ..., kb, Wy, ..., Wy + (k —2)b}) for all k € N\ {0, 1}. To conclude,
we must verify that wj satisfies (C.19). A sufficient condition for this is that

v, (wh) < 0. leferentlatlng (C.5) and (C.18) at the right of wj, and using the
fact that v, , = v, over [b, wj] yields

[(p — y)wg + Ablvg , (w))
= AV (wp) — v, (W — b)] — (p — r)[vg(wy) —1]
= (pw + )\b)vﬂ+(wﬁ)

which implies that v}, . (wj) < 0 since wj, € (b, wy, ) and, as shown in Step 2,
vj, <0 over [b, wg ) whenever 8 > .

Case 2. Next, fix some 8 > By, and suppose that 8 > B with 3 given by (C.21),
so that vg(b) — bv’B . (b) > c. Define vy , as the continuous solution to the delay
differential equation

(C22) g, (w)=pw, if wel0,>],
(r—=yvgy(w)=pn—AC—yc—(p—rjw
+ L,vg,(w), if we(b,00),

reflecting that the intermediary region (b, wg] is empty. To show that this is
consistent with (C.19), we must verify that wj, = b for all B8 > max({f,, B}. In
analogy with (C.7), for each B > 3, it is convenient to decompose v, as

(C23) wvg,=uy,+ Busy,

where u; , and u, , are the continuous solutions to the delay differential equa-
tions

(C24) wu(w)=0, if wel0,b],
(r=yuy(w)y=p—-AC—yc—(p—rjw
+ Lyuy,(w), if we(b,o00)
and
(C25) w,(w)y=w, if wel0,b],

(r —Yuy(w) = Lyu, (w), if we (b,o0),
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respectively. Proceeding as in Step 1, we can show that vy, <0 over [b, o0),
which implies that if 8 > 8’ > B, then

Vg, o (W) —wug (W) > v (W) —wip (W)

for all w > b. As v;,(b) = vi(b) = Bb and v (b) = v (b), which fol-
lows from (C. 5) and (C.22) along with the fact that va(b) — bv L(b)=c,we
have v; , (D) — (b) =c.If By > B we immediately obtain that Vg, (b) —

Vg, 1/+(b) > ¢ for all B > By, which implies that w = b, as claimed. If B > Bo,
we must in addition check that v/, 7+(b) <0. Argumg as in Case 1 yields

(p—v+ M (b)=(p+ vy, (D),

which implies that vg er(b) < 0 since, as shown in Step 2, vg+ < 0 over [b, wgo)
whenever ﬁ > By. The result follows. O.E.D.

As for the functions (vg)sso, a key result is that we can strictly order the
derivatives of the functions (vg ,)g=g,-

PROPOSITION C.2.1: If B > B' > By, then vy, > v,

., over R\ {b}.

PROOF: If B8 > B' > B3, with 8 given by (C.21), the proof proceeds along
the lines of that of Proposition C.1.1, replacing the decomposition (C.7) into
the auxiliary functions (C.8) and (C.9) by the decomposition (C.23) into the
auxiliary functions (C.24) and (C.25), and showing similarly to Lemma C.1.1
that u; ,, > 0 over R, \ {b}. From now on, suppose instead that B>B>pB. By
Case 1 of Step 3 of the proof of Lemma C.2.1, w;;, > wj; > b. It immediately

follows from (C.18) and Proposition C.1.1 that v, , > v,  over [0, wj] \ {b}.
The remainder of the proof consists of two steps.

Step 1. Consider first the interval [w}, w;;,]. Since vg , is of class C' (R, \ {b}),
we have

v’B’y(w;g) = v’B(w;) > v’B,(w’B) = v}g,ﬁ(w’ﬁ),

where the inequality follows from Proposition C.1.1. Therefore, since vg, —
v, is of class C' (R, \ {b}), we only need to check that Vg, — Vg, has no zero
in (wy, ,'3,] Arguing by contradiction, let W > wj, be the first point at which

vy, — U, vanishes. Note that v, > vy, over [0, w)\{b} Then, writing (C.18)
for vg and Vg, at w, and rearranglng yields

(C26)  (r—y)Mvp, () — vy, (W)]
=Yg, (W) — vy, (W) —c]

— Avg,, (W) — vg (W — b) —vg (W) +vg (W — D)].
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Now, since w < wj,

Vg (W) — W (W) < c.
Moreover, since Vg, > vg,,y over [0, ) \ {b},
Uﬁ’y(ﬁ)) — vB"y('II) — b) > Uﬁ/’y(ﬁ)) — va"y(ﬁ) — b).

Substituting these two inequalities into (C.26), we obtain that vg (W) <
vg ,(w), which is impossible since v, (0) = vg,(0) =0 and Vg, > Uy, OVer
[0, w) \ {b}. This contradiction establishes that Vg, > Uy, OVer [wg, wg,].

Step 2. Consider next the interval [w},, 00). By Step 1, vg,y(wg,) > vy (W)
and, thus, we only need to check that Vg, — v/ﬁ,, y has no zero in [w, 00). Argu-
ing by contradiction, let w > w;;, be the first point at which v, | — v}, | vanishes.
Observe that vy, > vp,  over [0, w) \ {b}. Then, writing (C.18) for vg , and vy

at w, and rearranging yields

(r = Vvp,y (W) — v, (W)]

= —)\[Uﬁ’y(&)) — Uﬁ,y(ﬁ) — b) — UB/’Y(’II)) + UB/,y(ﬂ) — b)]

As in Step 1, we obtain that vg,(w) < vg ,(w), which is impossible. This
contradiction establishes that v}, > Uy, over [wj, 00). The result fol-
lows. Q.E.D.

Proposition C.2.1 shows that the derivatives of the functions (vg,)s-p, are
strictly ordered by their slopes B over [0, b). As in the no investment case of
Section C.1, we now show that the subfamily of (vg ,) - g,, Which is composed of
those functions whose derivatives have at least a zero in (b, 00), has a maximal
element.

PROPOSITION C.2.2: There exists a maximum value 3, of B such that the equa-
tion v, ., = 0 has a solution over (b, 00). The function vg, , is increasing over R,

and 3, > By.

PROOF: The proof of Proposition C.2.2 proceeds as follows. We first show
that the set of B8 > B, such that Vs .(b) > 0 and vy, has at least a zero in
(b, 00) is a nonempty interval. Next, we show that this interval is bounded.
Then we show that it is closed, so that it contains its upper bound ,. Finally,
we show that the function vy, is increasing over R, and that I is not reduced
to a point, so that in particular 8, > By. We now provide a detailed exposition
of each step of the proof.

Step 1. Let I ={B = By | v’BﬁJr(b) > 0 and (v:,iy)‘l(O) # (J}. We have the fol-
lowing result.
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LEMMA C.2.2: [ is a nonempty interval.

PrROOF: That I is an interval is an immediate consequence of Proposi-
tion C.2.1. It remains to show that I is nonempty. There are three cases to
consider. A A

Case 1. Suppose first that By < B, with B given by (C.21), which corre-
sponds to Case 1 of Step 3 of the proof of Lemma C.2.1. We show that
in this case B, € I. We have Wy, € (b, u)B ) and vg, , = vg, over [0, wy, 1, s0
clearly Ug,, H(b) > 0. Moreover, smce Vg, 18 Of class C'(R, \ {b}), v Bo,y(wﬁo) =

(w .- Finally,

Bo 'Y+(w ) _ + AD
30+(w5) (P 7)w30 + /\b

which 1mphes that U, y+(w ) < vBOJr(w ) since w € (b, an) and Vs < <0
over [b, wB ) as shown in the proof of Proposmon C.1.3. It follows that
Vg,.y < Vg, OVEr an interval (wBU, Wp, + €) for some ¢ > 0. We now show that
actually g,y < U, OVEr (wBO wBU] Since Vg, 7(w;go) = v (wp, ), We only need
to check that vy | - Vg, does not have a zero in (wﬁo, wy, ]. Arguing by con-
tradiction, let w > wj be the first point at which v  — v} vanishes. Observe
that Vgy.y < VU, OVEr [0, w) \ {b}, this inequality being strict over (wgu, w). Then,
writing (C.5) and (C.18) for vg, and vg, , at w and rearranging yields

(C27)  (r = V)[vgy,y (W) — vg, (W) ]
= y[vg, (W) — Wvj, () — c]
— AV, (W) — Vg, (W — b) — v, (D) + Vg, (W — b)].
Now, since w € (wgo, wg, 1 and Vg4 <0 over [wy , wg,),
Vg, (W) — wvgo(ﬁ)) > c.
Moreover, since Vg,.y < Vg, OVEr [0, w) \ {b},

Vpy,y (W) — Vg, (W — b) < 0, (W) — g, (D — b).

Substituting these two inequalities into (C.27), we obtain vg, , (W) > vg, (W),
which is impossible since vg,, y (W) = vg, (W, ) and v;go’y < v;;O over (wp, w).
This contradiction establishes that vj, . < v} over (wj, , wi 1. As v’BU(wgo) =0
and vg, , is of class C'(R, \ {b}) and has a strictly posmve derivative at wﬁ "
this implies that Vgy.y has at least a zero in (wﬁo, wBO). Thus By € I, as claimed.

<V,



LARGE RISKS AND DYNAMIC MORAL HAZARD 19

Case 2. Suppose next that 8, > 3, so that wgo = b, which corresponds to
Case 2 of Step 3 of the proof of Lemma C.2.1, and that Vgory . (b) > 0. We show
that in this case also B, € I. Writing (C.5) and (C.18) for vs, and v, , at the
right of b and rearranging yields

(p— v+ Mb[vy , (b) — v . (b)] =y[vg,(b) — bu (b) —c],

which is nonnegative if By > B, and strictly positive if By > B. Whenever
Bo = B, we have v/ﬁo+(b) = U/Bo,w(b) but v L(b) > vﬁ 7+(b) since v () <0
by Lemma C.1.3 and

%WW) p+A

> 1.

Hence, in any case, U}ao , < Ug, over an interval (b, + &) for some & > 0.
We can then show as in Case 1 that actually Vgory B, Over (b, wl’;O]. As
UBO(wBO) =0 and vg, , is of class C'(R, \ {b}) and has a strictly positive right

derivative at b, this implies that Vgy.y has at least a zero in (b, wgo). Thus By €1,
as claimed. R

Case 3. Suppose finally that B, > B, so that wgo = b, and that U}io,w(b) <0;
that is, by (C.22) and in analogy with (C.6);

< v,

(p—r)b—pu+AC+yc r—y4+A
' b) = <0.
Venor+ () (p—y+M)b AP

Define then ) > 3 as the unique solution to the equation vB 5+ (0)=0,

B__M—AC—VK—@—rw
o (r—y+Mb ‘
Arguing by contradiction, suppose that v, > 0 over (b, co) for all g > B;.

Given the decomposition (C.23), which is valid for all 8 > B, it follows by tak-
ing limits as B decreases to B that U/B(’w > 0 over (b, 00). Yet, differentiating

(C.22) at the right of b and using the fact that v}%,y . (b) =0 along with (C.14)
leads to
(p— 7’+)\)bv,; D) ==ABy+p—r<—=AByt+p—r

Al(p —r)b— pu+ AC]
<
(r+A)b

+p_r,

which is strictly negative under (C.4). Since v;g[,ﬂ . (b) =0, this implies that

Vg oy < 0 in an interval (b, b + &) for some & > 0, a contradiction. It follows
"
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that there exists some Bf > B; such that v’ﬁ,, 5 has at least a zero in (b, 00).
i
B, +(b) =0as B > By, it follows that B; € I. Note that, un-

like in Cases 1 and 2, this argument establishes that / has a nonempty interior
since any B € (B, B;) also belongs to I. The result follows. O.E.D.

Since v/ B, (b) >V,

Step 2. The following result shows that the interval [ is bounded.

LEMMA C.2.3: For B large enough, the equation v, , = 0 has no solution over

By
(b, 00).

PROOF: Consider the functions u; , and u, , defined by (C.24) and (C.25).
As observed in the proof of Proposition C.2.1, it is easy to check along the lines
of the proof of Lemma C.1.1 that u; , > 0 over R, \ {b}. Similarly, it is easy to
check along the lines of the proof of Lemma C.1.2 that limsup,,_,  u) y(w) > 1.
Combining these observations with the fact that the function —u/ , /u)_, is

continuous over [b, c0) as u;, and u,, are of class C'(R, \ {b}), we obtain
that

(C28)  sup {—w} < 00.

we(b,00) u/2,y+(w)

Defining f as in (C.21), the decomposition (C.23) then implies that whenever
N up ., (w
B> max{,B, sup {—}L()}},
welb,00) ”2,y+(w)

Vg, has no zero in (b, co). The result follows. O.E.D.

REMARK: The supremum in (C.28) is actually a maximum. As shown in
Lemma C.2.7, the conditions (C.4) and (C.20) imply that w — AC — yc >
(p —r)b, so that by (C.24),

(p—r)b—pu+AC+yc
<0.

(C29) uj . (b)=

(p—y+Mb
Since by (C.25),
, r—vy+A
(C30) u2,y+(b) = m > 0,

it follows that —u, L(b)/u;, _+(b) > 0. As the function —Uy U, is contin-
uous and takes strictly negative values beyond some point, it must therefore
attain its maximum over [b, c0).



LARGE RISKS AND DYNAMIC MORAL HAZARD 21

Step 3. Denote by B, the upper bound of the interval I, which is finite
by Lemma C.2.3. We now show that 8, € I. For each B € I, let wg,y =
inf{(v%yy)‘l(O)} > b. Observe that since U’B’y+(b) > 0 whenever B € I, for any
such B, the function vy, remains strictly positive over the interval (b, wg,y). As
the derivatives of the functions (vg ,)ge; are strictly ordered by their slopes 8
over [0, b), it follows that wg,y is strictly increasing with respect to 8 over 1.
The following result implies that the family (wyj,)ge; is uniformly bounded
above, so that wy , converges to a finite limit when 8 converges to 8, from
below.

LEMMA C.2.4: For each & > 0, there exists w, > b such that v, (w)>1—e
forall B> Byand w > w,.

PROOF: We show that liminf,_, . v/ﬁo,y(w) > 1, which implies the result by
Proposition C.2.1. It is convenient to decompose v, , as

(C.31) UBO;Y = Ml’%o + Buz’y’o,

where u, ., and u,,o are the continuous solutions to the delay differential
equations

(C32)  upyow)=w(w), if wel0,w],

(r=yuyo(w)=p—AC—yc—(p—rw
+ Ly yo(w), if we (wp,o0)

and

(C33)  wpyo(w) =w(w), if wel0,wy],

(r = Vg po(w) = Lyuy yo(w), if we (wh,00),

wgo = b, in which case u, , o = u;, and u, o = u, ,, where u, , and u, , are de-
fined by (C.24) and (C.25). We can easily show that u; , , and u, , are of class
CY(R, \ {b, wgo}). The proof then proceeds along the lines of Lemmas C.1.1
and C.1.2.

First, show that u;  , > 0 over R, \ {b, wgo}. From (C.33) and Lemma C.1.1,
Uy o= Uy > 0 over the set [0, wg )\ {b}. Consider now the interval (wp, , 00).
From (C.33), it is easy to check that

respectively. Note that whenever B, > f, with 8 given by (C.21), we have

(= Yua(wy) + Aluz(w ) — us(wpy — b)] .

’ i — i 0.
u2,y,0+ (wﬁo) (p _ ,y)wigﬂ + )\b
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Thus, since u, ¢ is of class C' (R, \ {b, wgo}), we only need to check that u) 0

has no zero in (wgo, 00). The proof mimics that of the similar claim about )

in Lemma C.1.1 and is therefore omitted.

Second, show that liminf,, . u; , ,(w) > 1, which completes the proof given
(C.31). Suppose first by way of contradiction that liminf,, . . uy , o(w) = —oo.
Then there exists an increasing divergent sequence (w,),>; in (w;'30 + b, 00)
such that lim,_, o uy ,o(wy) = —o0 and w, = argminwe[o,wn]{ul%w(w)}. For
each n > 1, we can find some w, € (w, — b, w,) such that

[(p — y)w, + ADJu , o(w,)
= Muy y0(wy) — Uy 0w, — b))+ (r — y)uy 5 0(w,)
+(pp—rw,—u+AC+yc
= Abu , o(W,) + (r — Y)u1,5,0(w,)
+(p—rw,—pu+ AC +vyc,
where the first equality follows from (C.32) and the second follows from the
mean value theorem. Since u;,o0(w,) > ur(wg ) + uy , o(wy)(w, — wp, ) by

construction of the sequence (w,),>1, it is easy to verify as in the proof of
Lemma C.1.2 that, for # large enough,

Uy @a) _ (p—rw, p—AC—ye— (r—y)in(wp,)
u/l,y,o(wn) - Ab )\bu’l,y’o(wn)

b

so that the ratio uy (W, /Uy, o(w,) goes to oo as n goes to oo, which contra-
dicts the fact thgt w, = arg min,,,e[o,w.n]{u/L%0 +'(w.)}. Thus lim infw?oo ”/1,7,0(’”) >
—oo. Assume without loss of generality that liminf,, . ¢} _, ,(w) is a finite num-
ber [,. Proceeding as in the proof of Lemma C.1.2, we obtain that there exists
a divergent sequence (w,),>1 such that

. Uy o(Wn)
(p—r)(l, —1) > Ablimsup —2—"
n—oo wn
If I, < 1, this implies that limsup, , ) ,(w,) = —oo, which in turn contra-
dicts the finiteness of [, = liminf, . u} , ((w). Hence /, > 1 and the result
follows. O.E.D.

Let wy , > b be the limit of wy , when B converges to B, from below. For
cach Bel, vy y(1112,7) = 0. To establish that I contains its upper bound 3,, we
need to show that this equality also holds at 8,. This immediately follows from
the following result, which states that the derivatives of the functions (vg ,)g-g,
vary continuously with S.
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LEMMA C.2.5: Let (B,).s1 be a sequence in [By, 00) that converges to B...
Then the sequence (vj, ), converges locally uniformly to vj, . over R, \ {b}.

PROOF: We repeatedly use the following simple technical fact.

FACT 1: Let (g.).=1 be a sequence of real-valued continuous functions that
converges uniformly to a function g, over a compact subset K of R, and let
(@)1 and (b,),=1 be two sequences in R converging to a,, and b.,. Then, if
J is a compact subset of R for which there exists ny > 1 such that b,J C K for all
n > ny, the sequence (a,g, o (b,1d)),=1 converges uniformly to a..g- o (b,Id)
over J.

PROOF: Note first that g is continuous over K, being the uniform limit of
the sequence of continuous functions (g,),-1. By assumption, b,x € K for all
n > ny and x € J, and thus b, x € K for all x € J since the sequence (b,),s1
converges to b,, and K is compact. For each n > ny and x € J,

(C34)  [a,81(bnX) — 0800 (Do X)| = 181 (DrX) — oo (bnX)]
+ 1@y — aso18o0 (D)
+ 1000|1850 (bnX) = goo (b X)),
Consider now each term on the right-hand side of (C.34). For each n > n, and

xel,

|an||gn(bnx) - goo(bnx)| S Sup{|an|}“gﬂ - goo”K:

n=ng

which converges to 0 when n goes to oo because the sequence (g, ),>1 converges
uniformly to g, over K. Next, for each n > n, and x € J,

|a, — asol18o0(DuX)| <Ay — Aol 8oollk»

which converges to 0 when n goes to oo because the sequence (a,,),-1 converges
to a.. Finally, for each n > ny and x € J,

1800 (D X) — goo(boox)| < sup {18(») — 8O},

{(7,y)€K?||y—y'|<|bn—boo| supJ}

which converges to 0 when n goes to oo because the sequence (b,,),-; converges
to b, and because, by the Heine—Cantor theorem, the function g, is uniformly
continuous over K because it is continuous over K and K is compact. Substi-
tuting these three uniform bounds into (C.34) yields the result. Q.E.D.

We can now proceed with the proof of Lemma C.2.5. It is sufficient to prove
the result for monotone sequences (,),-1 that converge to B, from below
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or from above. Focus without loss of generality on the first case. According to
Proposition C.2.1, the derivatives of the functions (vg, ,).-1 over R, \ {b} are
ordered by their slopes (8,),-1 over [0, b). As a result, the sequence (vg, y)ns1
is increasing and bounded above by vg_ , over R,, and thus it has a point-
wise limit over R, , hereafter denoted by v, ,. Now, fix some compact interval
[w, w] of R, . By Proposition C.2.1 again, for each n > 1 and w € [w, w],

yg[lu}n]{ B1, 7+(y)}— Bn y+(w)< max{ 59@ 7+(y)}

holds; hence the sequence (vg, ,).>1 1S equicontinuous over [w,w]. Since
[w, w] is an arbitrary compact interval of R, the sequence (vg, ,).>1 converges
locally uniformly to its pointwise limit v _ , by the Arzela—Ascoli theorem. To
translate this into a uniform convergence result for the sequence (Vg, yIn=1 it
is convenient to change variables as follows. For each (B, z) € [Bo, 00) x R,
define vy (z) = vg ,(wpz); similarly let vy (z) = Vg, y(w' 'z). Observe also

for future reference that for each 8 > Bo, , satisfies the delay differential
equation

(C35) vy (2)=vg(wyz), if ze€l0,1],
(r =g, (2) =p = AC = yc = (p = r)wp .z
+ Lp v, (2), if ze(,00),

where L , is a linear first-order delay differential operator defined by

(C36) Lg,u(z)= [(p v)z+ )\b]u (z) — [u(z) — u(z - il)}
Weg Wpg

for all z > 1 and any continuous function u of class C'(R. \ {b/ wg}). From
Lemma C.2.1, the sequence (wj ),-1 is decreasing and converges to wj_.
Now, fix some interval J = [z,z] of R, and apply Fact 1 to the sequence
(g,,),,>1 = (Vg, 1) n=1 that converges uniformly to g, = Vs, over the interval

[w 2> W Z] and to the sequences (@)1 = (Dps1 and (by)ns1 = (wﬁn),N
w1th 11m1ts doo =1 and b, wB . Since the interval J is arbitrary, it follows
that the sequence (a,g, o (b,1d)),=1 = (v V=1 converges locally uniformly
t0 o800 © (Do Id) = f)’ , over R,. We now show that v UB = vB , Or, equiva-
lently, letting 65, = v;goo, ,— Vg, , foralln > 1, that §, the locally umform limit of

the sequence (8;,).>1, is identically equal to 0. Consider first the interval [0, 1].
For each n > 1 and z € [0, 1], we have, by (C.35),

(C37) 6.311 (Z) - v:BOO( Boo ) vB” (w;n Z)'

The decomposition (C.7) implies that the sequence (vg,),-1 converges locally
uniformly to vg, . Therefore, since the sequence (wj, ),-1 converges to wy_,
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it follows from (C.37) that the sequence (84,(z)),>1 converges to 0 for all z €

[0, 1] and thus that § =0 over [0, 1]. Consider next the interval (1, Z] for some
given z > 1. For each n > 1 and z € (1, z], we have, by (C.35) and (C.36),

b
(C38) (r—v)d,(2) = [(p —-Y)z+ w,—]S};n(Z)

Boo
1 1 )
+ )‘b<wi - Wi )vlﬁ,n,v(z)
BOG Bﬂ

—(p =)Wy, —wp,)z

b
—Ald ) — —
(NS
; b ; b
+ A Vg, y z—me — Vg, Z_wén .

Now the sequence (wg" )n=1 CONVErges to wgw. Moreover, the sequence (8, )21
converges uniformly over (1, z]. Finally, the sequence (vgm Yy )n=0 is uniformly
bounded over [0, Z] since, by Proposition C.2.1 and the definition of the func-

tions (v ) p=0,

| Ugn Y+

b

sup. (o), (w} ]

(2)] < w, max{
we[O,w;;lE]

inf {U,Bw/+(w)}

P
we[O,wBlz]

for all n > 1 and z € [0, z]. Using these three observations along with (C.38),
we then obtain that the sequence (3/5,1)”21 converges uniformly over (1, z]. As
8p, is of class C' (R, \ {b/wj , b/wy_}) and b/wj, <b/wy <1foralln=>1, it
follows from the fundamental theorem of calculus that the uniform limit over
(1, 7] of the sequence (8} ).-1 must be equal to the derivative § of 5. Taking
limits in (C.38) as n goes to co then reveals that & is the unique continuous
solution over [0, z] to the delay differential equation

(C39) 6(2)=0, if ze[0,1],
(r—v)o(z)=Lg ,0(2), if ze(l,z].

However, the constant function everywhere equal to 0 is clearly a continuous
solution to (C.39) over [0, Z]. Since Z is arbitrary, we obtain that § =0 over R,
as claimed. Thus the sequence (v} _),- converges locally uniformly to vj, ..

Now consider the derivatives of the functions (U;a,,, Yn=1- It has already been
established that the sequence (vj;, .),-1 converges locally uniformly to vy
over (1,00). If wj, = b, this is all that is needed in what follows. If w, > b, we

must in addition prove that the sequence (vj;, ),-1 converges locally uniformly
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to vy over (b/wj ,1]. For each n>1and z € (b/wj,_, 1], we have, by (C.7)
and (C.35),
U, (2) = wp, v, (w)y, 2) = wp [} (w}, 2) + Bauiz (w), 2)]-

Given this decomposition, fix some interval J = [z, Z] of (b/wgw, 1], and ap-
ply Fact 1 to the sequence (g,).>1 = (1] + B,u)),>1 that converges uniformly
to go = U} + Boout, over the interval K = (w2, wg, Z] and to the sequences
(@)1 = (by)ys1 = (w Jn=1 With limits a,, = by, = wgm. Since the interval J
is arbitrary, it follows that the sequence (a,g, o (b,1d)),>1 = (vg, ,)n=1 CON-
verges locally uniformly to a8« o (bold) = vy . over (b/wy_, 1]. Combin-
ing this with the previous result, we thus obtain that the sequence (vj _)u=1
converges locally uniformly to v over (b/wj ,o0). It remains to show

BoosY
that this implies that the sequence (vj, )= converges locally uniformly to

v/B ., over (b, 00). Note that since the sequence (w n=1 converges to wB R
for any interval J = [w, w] of (b, c0) and for each £ > 0, there exists some
no(J, &) = 1 such that w/wj, > (w — &)/wy_ for all n > ny(J, &) and w € J,
so that, letting K = [(w — &)/wj,_, w/wy_1, (1/wj )J C K for all n > ny(J, ¢).
Now choose & > 0 such that w — & > b, and apply Fact 1 to the sequence
(8)ns1 = (an ,)n=1 that converges uniformly to g, = vgm,y over K and to the
sequences (d,)u=1 = (by)u=1 = (1/wW} )21 With limits ao, = by, = 1/wj . Since
the interval J is arbitrary, it follows that the sequence (a,g, o (b,1d)),s; =
(U/Bn,,,)nz1 converges locally uniformly to a,,g., o (b, Id) = v/ﬁx’y over (b, 00).
Finally, since the sequence (8,),=1 converges to B, the uniform convergence
of (v, . )n=1t0 (Vg )ns1 Over [0, b) follows immediately from (C.18). Hence
the result. Q.E.D.

To complete the proof of Proposition C.2.2, we only need to check that vg,
is increasing over R, and that 8, > B,. The first of these claims follows from
considering a strictly decreasing sequence (f8,).»1 converging to §,. By con-
struction of B,, the derivatives of the functions (vg, ,).>1 are strictly positive
over R, \ {b}, and according to Lemma C.2.5 the sequence (Vj, ., )n=1 CONVETgES
locally uniformly to %w over R, \ {b}. Hence v , > 0over Ry \ {b}, which
implies the first claim as vg, , is continuous over R To prove the second claim,
we have to go back to the proof of Lemma C.2.2, where three cases were dis-
tinguished. In Case 3, we already observed that 8, > B. In Cases 1 and 2, we
established that vj, ,(wg ) < 0. Hence, since Vg, ,(wg ) = 0 by the above argu-
ment, it follows from Proposition C.2.1 that 8, > B,. This concludes the proof
of Proposition C.2.2. Q.E.D.

In the remainder of this section, we study the concavity of the function vg, .
The following proposition summarizes our findings.
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PROPOSITION C.2.3: vg, , is concave over [0, wgw], and strictly so over
[b’ wgyay]'

PROOF: The proof of Proposition C.2.3 is very similar to that of Proposi-
tion C.1.3. It proceeds through a sequence of lemmas.

LEMMA C2.6: vy .

(w;;y) <0.

PROOF: There are two cases to consider.

Case 1. Suppose first that 8, < B, with B8 given by (C.21). This corresponds
to Case 1 of Step 3 of the proof of Lemma C.2.1. Since 8, > 3y, the result
follows along the same lines.

Case 2. Suppose next that 8, > ,é Then wgy = b. This corresponds to Case 2
of Step 3 of the proof of Lemma C.2.1. The function vg, , can then be de-
composed as in (C.23). Since uy ., <0over [b, o0) and v%’w(b) < 0, the result

follows. O.E.D.

LEMMA C.2.7: v

. . ;
Byt is upper semicontinuous over [wﬁy, 0).

PROOF: By construction, w >b.If w > 2b, the result is immediate since

vB o is of class C*(R, \ {b, 2b w b If w < 2b, we only need to check that

L/ L(2D) > v | (2b). D1fferent1at1ng (C 18) both at the left and at the right
of any w > b, and using the fact that v, is of class C'(R, \ {b}) leads to

(CA40)  [(p—y)w+Abl[vy ., (w)—vy ()]
=AMvp, , (w—b)—vy  (w—Db)].

There are now two cases to consider.

Case 1. Suppose first that 8, < B, with 3 given by (C.21). This corresponds to
Case 1 of Step 3 of the proof of Lemma C.2.1. Then Vg, +(b) = v’B . (b), and ap-
plying formula (C.40) at 2b and using (C.6) yields that vy, . (2b) > vy _(2b),
as claimed.

Case 2. Suppose next that 8, > j. Then wj, = b. This corresponds to Case 2
of Step 3 of the proof of Lemma C.2.1. Applylng formula (C.40) at 2b, and
using (C.29) and (C.30) yields that v}, _,(2b) > v}, . (2b) if and only if

By,v+

By,v+ By,v—

(p—r)b—pu+AC+yc r—y+A
b
gy (0) = —y+nb  Pmya P

=vg (D).
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A sufficient condition for this to be true is that u — AC — yc > (p — r)b. Now,
since wgw > b and v’BW(wgw) =0, we have, by (C.18),

mw—AC—vyc—(p—r)b
>p—AC—yc—(p—nwy

= (r - FY)UB“/"Y(waaY) + A[UBY’V(wa,Y) - Uﬁ“/"y(wgyv’}’ - b)]’

which is strictly positive since vy, , is strictly increasing and strictly positive
over (0, wl‘;y’y]. Hence the result. O.E.D.

REMARK: It should be noted that the inequality u — AC — yc > (p — r)b
derived in the proof of Lemma C.2.7 is a consequence of our standing assump-
tions (C.4) and (C.20), from which the whole analysis conducted so far follows.
It may at first seem a bit odd that a parameter restriction that involves y can in
this way be obtained from two conditions from which v is absent. This apparent
paradox results from the assumption of constant returns to scale, which implies
that the desirability of investment depends in a bang-bang way on the level of
the agent’s size-adjusted payoff. It follows that size growth when it takes place
does so at a constant rate, which essentially amounts to an equal reduction in
the principal’s and in the agent’s discount rates. The only restriction to which y
is subjected to is thus that it be strictly lower than the least of these discount
rates, thatis, y <r.

It follows from Lemma C.2.7 that the set {w > wgy | v}, . (w) >0} is closed.

Bys7+
Denote by w¢ . its smallest element. By Lemma C.2.6, w§ _ > w) and
By’y . 37,7 ) ﬁy
/" 12 C 1 1 1] C
Vg oyt < 0 over [wﬁy, wBM). Thus vg, , is strictly concave over [wﬁy, wBM].

Moreover, vg, , coincides with vg, over [0, w}sy]. Since B, > By and u, is
concave over R, as shown in Step 1 of the proof of Lemma C.2.1, the de-
L . . " /" i i p
composition (C.7) implies that vy . <wvp  over [0, wy ). As wy < wg by
Lemma C.2.1, and vg, is concave over [0, wgo] and strictly so over [b, wy, ] by
Proposition C.1.3, it follows that v, is concave over [0, w;;y] and strictly so
over [b, wgy]. Finally, observe that either v’By%(wgy) = v’By’%(wgy) if wgy > b,
as shown in Case 1 of Step 3 of the proof of Lemma C.2.1, or v%w +(w’ﬁy) <
Vg, y_(w;y) if w;;y = b, as shown in Case 2 of the proof of Lemma C.2.7. Thus
Vg, 1s concave over [0, wgy) ,1. To complete the proof of Proposition C.2.3, we

now show that wl’;w coincides with wj; . We need the following result.

LEMMA C.2.8: w¢ > 2b.

Bya}’ -
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PROOF: Suppose by way of contradiction that wj  <2b. Then,as w > b

and vg, , is of class C*(R, \ {b, 2b, wgy}), B, y(wﬁy »
(wgv, wg% ) There are three cases to consider.

Case 1. Suppose first that A < p — r. Proceeding as in Case 1 of the proof
of Lemma C.1.5, we obtain that 8, < (p —r)/A. Using (C.14) in combination
with B, > B, then shows that this is in contradiction to (C.4).

Case 2. Suppose next that A > 2p — r — y. We closely follow Case 2 of the
proof of Lemma C.1.5. Differentiating (C.18) twice over (w;;y, 2b), which is
feasible as wg + b > 2b, we obtain that v/” , < 0 over this interval and, hence

By Y(wB L=V /3 7+(u) ). This leads to a contradlctlon since v (wB )=
and UB y+(u)By) <0by Lernma C.2.6.

Case 3. Suppose finally that p—r < A < 2p —r—y. Arguing as in Case 3 of the

proof of Lemma C.1.5, we obtain that v”’ ,>0 and hence vﬁ 5> UB o +(w;37)

over (wBy, wBY’ S which in turn implies that

)_Oande<00ver

’ (e Yo A=2p+r+y 7, ;
B (10,.) < [1 " /w;; (p—y)w+Ab dw} s (45,
Since vy (wB =0 and v/,

By +(wgy) < 0 by Lemma C.2.6, this yields a con-
tradlctlon as

w"’ A—2 2bA—2
1+/ﬁw p+r—|—7dw>1+ ptr+vy
wy  (P=7y)w+Ab » (pP—y)w+Ab
2A—p+r
>———>0.
—v+A
The result follows. Q.E.D.

Proposition C.2.3 is then an immediate consequence of the following result.

LEMMA C.2.9: wﬂy—u%y

PROOF: Since vg, , is increasing and v’B 7(wf3 ) = 0 by Proposition C.2.2,
5,.y- 1t remains therefore to
prove that wﬁ . <wg . The proof closely follows that of Lemma C.1.6. We
first show that v” , > 0 over an interval (wB 0 g% , 1+ &) for some & > 0. We
then show that 1f wﬁ 5> wlB o then vB 7 must have a zc?ro in (wgw, wgw).
Letting w be the least of the points at which v  vanishes, we next show
by differentiating (C.18) twice at the right of w that w — b > wj , which in

turn implies that vg, , is convex over [w — b, w]. Using this information along

we must have vB w(wB ) =0 and thus wB 5 =W
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with the fact that vy  (w) =0, we can establish by differentiating (C.18) at
w that vy (W) > 1 Fmally, using inequalities similar to (C.15) reveals that
this 1mphes that vg, y(w) > (uw — AC — yc)/(r — 7). This leads to a contra-
diction since w < wBM and, as is easily checked from (C.18), vﬁy,y(wgy’y) <
(u— AC —yc)/(r — 7). The result follows. QO.E.D.

To simplify notation, we hereafter write w' and w” instead of wy and wy .
The function v defined by

v(w) = vg, (W) A vg, (W)

for all w > 0 is the unique solution to (C.1) that satisfies the requirements
(1)—(iii) laid down at the beginning of this section. Our candidate for the op-
timal value function of the principal is the function f defined by f(w) =
v(w) — w for all w > 0. This function is linear over [0, b] and affine with
slope —1 over [w?, 00). Moreover, it is concave over R, and strictly so over
[b, wP]. Finally, f(w) — wf’(w) > c if and only if w > w’. This completes the
proof of Proposition 2. Q.E.D.

APPENDIX D: THE VERIFICATION THEOREM

This appendix establishes that, under conditions (C.4) and (C.20), the func-
tion F defined by F(X, W) = Xf(W/X) for all (X,W) e R,, xR, is the
principal’s optimal value function.

D.1. An Upper Bound for the Principal’s Expected Payoff

In this section, we show that the function F provides an upper bound for
the expected payoff that the principal obtains from any incentive compatible
contract that incites the agent to always exert effort. The following lemma is
crucial in establishing this result. Observe that f is of class C' (R, \ {b}), just as
is v, so that f| = f" over (b, 00).

LEMMA D.1.1: Whenever 0 < g <+yand w>b,

(D.1)  p—gw+Ablf (w) — Alf(w) — f(w—b)] — (r — &) f(w)
<—u+ArC+gc.

PROOF: There are three cases to consider.
Case 1. Suppose first that w € [b, w'). Then

(pw + Ab) f1.(w) — ALf (w) — f(w — b)] = rf (w) = —p + AC
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and

fw) —wfi(w) <c,
from which (D.1) follows as g > 0.
Case 2. Suppose next that w € [w', w?). Then
[(p—y)w+ AbIf (W) — ALf(w) — f(w—D)] — (r —y)f(w)
=—u+AC+yc

and

fw) —wfi(w) =c,

from which (D.1) follows as g <.
Case 3. Suppose finally that w € [w”, 00). Then
Lv(w) — (r—=y)v(w) — (p—rw+u—AC —yc
=—Av(w?”) —v(w—Db)] = (r — y)v(w’) — (p —r)w
+u—AC—vyc
= Av(w = b) —v(w” = D)] = (p — r)(w —w")
< [AV (w? —b) — p+r](w—wP)
=—[(p—y)w” + Ablvy . (w")(w—w")

<0,

where the first equality follows from the fact that v is constant above w?,
the second equality follows from substituting £, v(w?) — (r — y)v(w?) = (p —
r)w? — u + AC + yc into the second line and from observing that v'(w?) =0,
the first inequality follows from the concavity of v, the third equality follows
from the fact that v/ (w? — b) = v/B% o+ (w? — D), from differentiating (C.18) at
the right of w” and from observing that v;, (w”) =0, and the last inequality
follows from the fact that vy , is increasing and that vy (w”) = 0. We thus
have

[(p — YI)w+ AbIf (W) — ALf (w) — f(w—b)] = (r — ) f(w)
<—u+AC+yc

and the result follows as in Case 2. O.E.D.

Then the following proposition holds.
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PROPOSITION D.1.1: Suppose that conditions (C.4) and (C.20) hold. Then,
for any contract I' = (X, L, 1) that induces maximal risk prevention A, = A for
all t € [0, 7) and that yields the agent an initial expected payoff Wy- given an initial
project size Xy, we have

(D.2)  F(Xo, Wy-) > E[‘/Te—rt{Xt[(M —gc)dt—CdN,] — sz}},
0

so that the principal’s initial expected payoff is at most F(X,, Wy-).

PROOF: Fix an arbitrary contract I' = (X, L, 7) that has the required prop-
erties. Since A, = A for all 7 € [0, 7), we have P! = P; see Appendix A. For
simplicity, we omit mentioning the contract I" and the effort process A in the
remainder of the proof. The agent’s continuation payoff follows a process W
whose dynamics is described by (13) with A, = A. In line with the assump-
tion that X is F"-predictable while W is F"-adapted, there is no loss of
generality in assuming that X has left-continuous paths, while W has right-
continuous paths. The limited liability and incentive compatibility constraints
imply that W,- > X,b for all ¢ € [0, 7). Now observe that because f is of class
C'((b,00)), F is of class C'({(X,W) e R, x R, | W/X > b}). Moreover,
since f is continuous at b and f” has a finite right-hand limit f7 (b) at b, we
can continuously extend the derivative of F to the set {(X, W) e R, xR, |
W /X = b}. This in turn ensures that we can apply the change of variable
formula for processes of locally bounded variation (Dellacherie and Meyer
(1982, Chapter VI, Section 92)) to the pair (X, W-) = {(X,, Wi-)}i»0, yield-
ing

(D3) e TF(Xpe, Wy)
= F(Xy, Wo-)

T
+ / e (pWi- + XH)Fy (X, W) — rF (X, W) dt
0
T
+ f e Fx(X,, W) (dX " + X, g, d1)
0

T
- / " Fy (X, W) dL¢
0

+ Y e "F(Xp, W) — F(X,, W)

te[0,7T]

for all T € [0, 7), where X¢¢ and L¢ stand for the pure continuous parts of
X4 and L. For each t € [0, T], we have the decomposition of the jump in
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F(X,, W,-) at time ¢,

F(X+, W) - F(X,, W;-)
=F( X+, W) —-F(X;,W)
+ F(X;,W,- —HAN,—AL,) — F(X,;,W,- — HAN,)
+F(X,,W-—-HAN, — F(X,,W-),
reflecting that W, = W,- — H/ AN, — AL,, where AN, =N, — N~ and AL, =
L,—L,- forall ¢t € [0, T, with Ny- = Ly- = 0 by convention. Now fix T € [0, 7)

and, as in Appendix A, let M, = N, — At for all ¢ > 0. Using the above decom-
position along with

> e IF(X,, W, — HAN,) — F(X,, W,-)]

tel0,T]

T
_ / ¢ "F(X,, W, — H,) — F(X,, W,)]dN,,
0

we can then rewrite (D.3) as
(D4) e "F(Xr+, Wy)
— P W) + L MEX, Wi — ) — PO WM,
+ A+ Ay + A,

where A is a standard integral with respect to time,

T
(DS5) A= f (Wi + AH )y (X, W)
0

—AF(X,, W) - F(X,, W- — H)]
+ Fx (X, W-) X8 — rF(X,, I/Vt’)} dt,

A, accounts for downsizing, that is, negative changes in the size of the
project,

T
(D.6) A, = f e ""Fy (X, Wi-)dX**
0

+ Z 6_”[F(X,+,VV[) - F(X,, W)],

te[0,T]
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and A3 accounts for changes in cumulative transfers,
T
D.7) A= —/ e "Fy(X,, W-)dLS
0

+ ) ¢ "[F(X,, Wi- — HAN, = AL))

tel0,T]

— F(X,,W- — HAN))].

We now treat each of these terms in turn.

Consider first 4. For each ¢t € [0, T], let w, = W,-/X, and h, = H,/ X,.
Since F is homogenous of degree 1, we have Fy (X,,W,-) = f,(w,) and
Fx(X;, W)= f(w,) —w,f, (w,) forall ¢ € [0, T]. Thus

(D8) A= fOT e "X {[(p — g)w, + AR f, (w) — ALf (w,) — f(w, — hy)]
— (r—g)f(w)}dr
< /OT e " X {[(p — g)w, + AbIf, (w,) — ALf (w,) — f(w, — b)]
— (r—g)f(w,)}dr
< /OT e X (—pu+ AC + gic) dt,

where the first and second inequalities, respectively, follow from the concav-
ity of f and from Lemma D.1.1, along with the fact that w, > h, > b for all
t € [0, T] by limited liability and incentive compatibility.

Consider next A4,. Since F is homogenous of degree 1, we have

T
(D.9) A= / e "If (w) —wf (w)]d X[
0

e S emle) (v

te(0,7T)

=0,

where the inequality can be justified as follows. Since f is concave and vanishes
at 0, f(w) — wf} (w) > 0 for all w > 0. Because the process X is decreasing,
this implies that the first term on the right-hand side of (D.9) is nonpositive.
The properties of f stated above also imply that f(w)/w is a decreasing func-
tion of w. Since W,/ X+ > W,/ X, for all ¢ € [0, T1], this implies that the second
term on the right-hand side of (D.9) is nonpositive. As a result of this, we have
A, <0.
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Consider finally A;. Since F is homogenous of degree 1 and f is concave, we
have

F(X,,W-—-HAN,—AL,) - F(X,, W- — HAN,)

() ()

(W, —HAN
§_f+<thff>ALt

<AL,

for all 7 € [0, T'], where the last inequality reflects that f; > —1. Using again
the fact that —Fy (X, W;-) = —f,.(w,) < 1for all ¢ € [0, T'] along with the def-
inition of A3, we therefore obtain that

T T
(D.10) A; < / edLi+ Y e AL = / e dL,.
0 0

te[0,T]

Substituting the upper bounds (D.8), (D.9), and (D.10) for 4,, A,, and A; into
(D.4) and rearranging then yields

(D.11)  F(Xo, Wo-) = e ""F( X+, Wr)
+ /OT e {X,[(n—gc)dt — CdN,] —dL,} + My
for all T € [0, 7), where the process M= {M (}i=0 1s defined by
(D.12) M, = / e "[F(X,, W,-) — F(X,, Wy- — H,) + X,C1dM,,,
0
for all t > 0. For each t > 0,

INT
E|:/ e_rle(Xsa I/Vr) - F(Xw I/V.F - HY) +Xsclds:|
0

.

INT I/Vs— m_ _Hs
=E X\l =)l —— C
[ exli() () +

§E/ Te‘”(VVS- sup {|f’(w)|}+XsC>ds]
LJ0

we(b,wP]

B IAT
<E / e (W™ sup {If w)l} + Xoer'C) ds}
LJO

we(b,wP]

< 00,
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where the first inequality follows from the limited liability constraint (16), and
the second inequality is an immediate consequence of (13) and of the fact that

X grows at most at rate y. Since the integrand in (D.12) is F” _-predictable,
where, by definition FY_= {F} }, a straightforward adaptation of Brémaud

INT

(1981, Chapter II, Lemma L3) shows that M is an FN_-martingale under P. In
particular, E[M 1= MO = 0. Taking expectations in (D.11) then leads to

(D.13)  F(Xo, Wy

= E|:e_rTATF(XT/\T+ 5 WT/\T)
Tnt
+/ e X [(n— gic)dt — CdN,] — dL,}}
0
= E|:/T e"’{Xt[(M —g.c)dt— CdN,] — dL,}:|
0
— E|:1[T<T) (/T e*”{Xt[(pL —g:ic)dt—CdN,] — st}
T
— e_"TF(XT+, WT)):|
= E|:/T e"’{X,[(M —g.c)dt— CdN,] — dL,}:|
0

— e’TE|:1[T<T) (E[/ e D
T

x {X.[(n— g.c)dt — CdN,] —dL,}

-
> E[/Te""{Xt[(;u —gic)dt—CdN,] — st}:|
0

X —AC
_ e"E[l[M [L Wy — F(Xpe, WT)H
r—y

for all T > 0, where the first equality reflects that W, = 0 by (9), while the
second inequality follows from the fact that X grows at most at rate y < r and
from the definition (9) of Wr, bearing in mind that p > r. Now, for each T > 0,

X —AC
| KB ZAC) R X, W)
r—vy
X —AC W,
— T r(p ) —XT+U( T )'
r—y XT+
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—AC
<e X, |:’U“— + U(wp)i| .
r—=vy

Since r > v, taking limits as 7" goes to oo in (D.13) yields (D.2). Hence the
result. O.E.D.

D.2. Attaining the Upper Bound: The Optimal Contract

We now show that the upper bound (D.2) for the principal’s expected payoff
derived in Proposition D.1.1 can actually be attained by an incentive compat-
ible contract, which is therefore optimal in the class of contracts that induce
maximal risk prevention. We assume as in Proposition D.1.1 that conditions
(C.4) and (C.20) hold.

PROOF OF PROPOSITION 3: Since A, = A for all £ > 0 under maximal risk
prevention, we have P = P; see Appendix A. It follows from (42) and (43)
that w, > b for all £ > 0. This ensures that the size process X = {X,},, defined
by (44) always remains strictly positive. The proof then consists of four steps.

Step 1. First justify equation (44) for X. The proposed downsizing policy
stipulates that the project be downsized by a factor [(w, —b)/b] A1 at any time ¢
at which the process N jumps. Hence the cumulative downsizing process X

satisfies
- . — b
X;’:/ Xs(wb /\1—1)qu
0

for all r > 0. Next, the proposed investment policy stipulates that the size of
the project grow at rate vy as long as w, > w' and at rate 0 otherwise. Hence the
cumulative investment process X' satisfies

t
X::/ Xs‘yl{wpwi}ds
0

forall > 0. As X = X,+X“+ X', X solves the stochastic differential equation

-  — b
(D.14) X, =X+ /0 XsKw‘ 5 Al — 1) AN + v i) ds:|

for all # > 0. Since X has left-continuous paths, it follows from the exponential
formula for Lebesgue-Stieltjes calculus (Brémaud (1981, Appendix A4, Theo-
rem T4)) that

_ t
X, =X, 1_[ [14— (wsb b Al—l)ANS} exp(/ yl(ws>wi}ds)
0

s€(0,1)
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forall t > 0, where AN, = N,— N,- forall s € [0, ¢], with Np- =0and [[, = 1 by
convention. This in turn yields (44) by definition of the stopping times (7} ).
Step 2. Now show that

-
(D.15)  X,w, = Xow, + / {X,[(pw; + Ab)ds — bdN,] — dL}
0

for all ¢ > 0. Adapting the integration by parts formula for functions of locally
bounded variation (Dellacherie and Meyer (1982, Chapter VI, Theorem 90))
to the case of the product of two processes with left-continuous paths, we ob-
tain

[ [
(D.16)  X,w, = Xow, + / X, dw, + / wodX, + Y AXAw,
0 0

s€[0,1)

for all t > 0, where AX, = X+ — X, and Aw, = ws+ — w, for all s € [0, 1), with
>, = 0by convention. Substituting (D.14) and (42) into (D.16), and using (45)
yields

Xow, = Xowy + / [X(pws+ Ab)ds — dL)
0

+/ Xs[(ws_b)(wsb_b/\l>—w5i|st
0

w,—b ws,—b
+ZXsb< 5 /\1)< 5 Al—l)(ANs)z,

s€[0,1)

from which (D.15) follows after a straightforward computation.

Step 3. Then show that, for each ¢ > 0, the proposed contract delivers the
agent a continuation payoff W, = lim,;, X,w; after the realization of uncer-
tainty at time ¢. From Step 2, we have

W, =Wy + / (oW, + X.Ab)ds — X.bdN, — dL]
0

for all + > 0. Applying the change of variable formula for processes of locally
bounded variation (Dellacherie and Meyer (1982, Chapter VI, Section 92)) to
W = {W,} -0 yields, after simplifications,

T
e "Wy =e "W, — / e P (X;bdM; +dLy)
t
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for all T > ¢, where M is defined as in Appendix A. Since X is F"-predictable

and grows at most at rate y < p, it then follows from Brémaud (1981, Chap-
ter I, Lemma L3) that

T
(D7) W, =E[e*T W, | FN]+ E|:_/ o) dLs‘]:,N]
t

for all T > t. Now, observe from (42) and (43) that w, € (b, w”] for all £ > 0, so
that

(D.18) 0< e PTOW, < ePte=(P=NTyyp

for all T > ¢. In addition, an immediate consequence of (43) and (45) is that

T T
(D.19) / e P00 4L, = / e PO X[(p — YIW? + A1y, ) ds
t t

- X,[(p —y)w” + Ab]
B p—v

for all T > t. Note that both (D.18) and (D.19) reflect the fact that X
grows at most at rate y < p. Since L is increasing, the family of functions
{ ftT e P dL}r-, is increasing and, by (D.19), it is uniformly bounded. Hence,
by the monotone convergence theorem, taking limits as 7" goes to oo in (D.17)
yields

W, = E|:-/ e PG dLS‘]:tNi|’
t

from which the claim follows.

Step 4. From Step 3, the proposed contract generates a continuation util-
ity process that satisfies (13) with A, = A and H, = X,b for all ¢ > 0. Thus,
by Proposition 1, this contract induces maximal risk prevention. It remains to
show that it is optimal in the class of contracts that induce maximal risk preven-
tion and yield the agent an initial expected payoff W,- given an initial project
size X,. By Proposition D.1.1, we only need to show that this contract yields the
principal an initial expected payoff F(X,, W;y-). Fix some T > 0. Proceeding as
for the derivation of (D.4), we obtain

(D20) e 'TF(Xye, Wy)
T
— F(Xo, Wy ) + / E (X, W, — X,b) — F(X,, W, )] dM,
0

+ A1+ A+ As,
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where A;, A,, and A; are defined as in (D.5), (D.6), and (D.7), with

8 =Ylu-wy and H, = X,b for all ¢+ > 0. We now treat each of these terms
in turn.

Consider first 4;. By (D.8),
T
(Dzl) Al = / eirtXt{[(p - y1{1br>1})i})wt + )\b]f/(wt)
0

— Af(w) — f(w, — ) = (r — Ylpyoun) f(w) } dt

T
:/ e" X, (—u+ AC + g;0) dt,
0

where the second equality follows from (41), and from the fact that g, =
Y1,-wiy and w, € (b, w?] for all ¢ € [0, T7.
Consider next A,. Since the process X ¢ is purely discontinuous,

(D.22) Ay= Y e"[F(X,,W,) = F(X,,W,)]

tel0,T)

> o) ol

te(0,T)

,— b
— Z e”Xt[w ) f(b)_f(wt_b):|1{AXz<0}

tel0,T]

=0,

where the second equality follows from the homogeneity of degree 1 of F, the
third follows from the fact that X,+ = [(w, — b)/b] X, and W, = W,- — X;b =
X, (w, — b) when AX, < 0, and the fourth follows from the linearity of f over
[0, b] along with the fact that AX, < 0 implies w, — b < b.

Consider finally A;. Since the process L is continuous except perhaps at
time 0,

T
(D23) As=- / e Fy (X, W) dLS + F(Xo, Wy — L) — F(Xo, W)
0

T
= _/ e_nf/(wt)Xt[(p - ’Y)w‘p + )\b]l{u)ﬁ:wp} dt
0

+ - = Xow?) v O

T
=f e "dL,,
0
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where the second equality follows from the homogeneity of degree 1 of F to-
gether with (43) and (45), and the third follows from (45) along with the fact
that w,+ = w” implies w, = w? and thus f'(w,) = —1.

The end of the proof proceeds along the lines of that of Proposition D.1.1.
First, taking expectations in (D.20) and using (D.21), (D.22), and (D.23) leads
to

(D.24)  F(Xo, Wp-) = E[e"TF(X T+, Wr)

T
+ / e {X.[(n— ge)dt —CdN,] — dL,}}
0

for all T > 0. By construction, W,/ X+ = lim,,, w, € [b, w”] for all £ > 0. Thus
Wr
—rTX
¢ T+f<X T+ ) ‘

< e " ITX, max
< ma i)

le™ " F(Xr+, Wr)| =

for all T > 0, reflecting that X grows at most at rate y < r. Then, as in Step 3,
we can take limits as T goes to oo in (D.24), which yields

E[/Oo e {X.[(n—ge)dt —CdN,] — dL,}} = F(Xo, Wp-),
0

and the result follows. Q.E.D.

REMARK: An implication of our analysis is that, given (C.4), (C.20) is a suf-
ficient condition for the optimal contract to entail investment. We can actually
show that (C.20) is also necessary for investment to ever be strictly profitable.
Indeed, suppose that (C.20) fails to hold and define an alternative value func-
tion for the principal by

fBo(w) = vﬁo(w) A Vg, (wgo) —w

for all w > 0. Observe that since vg, is concave over [0, wgu] and v}ao =0 over
[wg,» 00), fg, is concave over R, and fh, = —1over [w,» 00). Hence,

(D.25)  fa,(w) —wfy,  (w) < fp,(wh,) — wh fr (wh))
= Ug, (wgo) =c

for all w > 0. Now, proceeding as in the proof of Lemma D.1.1, it is easy to
check that

(D.26)  (pw+ Ab)fy,  (w) — A[ fa,(w) — fa,(w — b)| — rf (w) < —p+ AC
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for all w > b. From (D.25) and (D.26), we obtain that whenever 0 < g <y and
w>b,

(D.27)  [(p — &w+ Ablfy , (w) — A[fa,(w) — fg,(w —b)] = (r — &) f, (w)
<—-u+AC+gc,

in analogy with (D.1). Arguing as in the proof of Proposition D.1.1, the inequal-
ity (D.27) can then be used to show that any contract that induces maximal risk
prevention and yields the agent an initial expected payoff ;- given an initial
project size X yields the principal an initial expected payoff at most equal to
Fg,(Xo, Wo-) = Xofg,(Wo- / Xo). Finally, an incentive compatible contract that
attains this upper bound can easily be constructed along the lines of Proposi-
tion 3, replacing w” by wy throughout and requiring that no investment ever
take place, g, =0 for all £ > 0.

D.3. Initialization

Proposition 3 describes the optimal contract for a given initial project size X
and a given initial promised utility ;- for the agent. In this section, we briefly
examine how X and W,- are optimally determined at time 0. Consider for sim-
plicity the case in which the principal is competitive. We then look for a pair
(Xo, Wy-) that maximizes utilitarian welfare under the constraint that the prin-
cipal breaks even on average. Letting w, = W,-/ X, the corresponding maxi-
mization problem is

(D.28) ()Iggé}u?g){Xo[f(wo) + wol},

subject to the principal’s participation constraint
(D:29)  Xof (wp) =0,

the agent’s limited liability contraint

(D.30) wy >0,

and the feasibility constraint

(D.31) 1= X,,

reflecting that the initial size of the project is at most 1. Let 5 be the La-
grange multiplier for constraint (D.29) and focus on the interesting case where
(14+m)f(wp) +wp > 0 at the optimum.? It immediately follows that it is optimal

2This is the case whenever f takes strictly positive values. Otherwise the solution to problem
(D.28)—(D.31) is Xy = wy = 0 and the project is not operated.
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to start operating the project at full scale, X, = 1. This result hinges on the ho-
mogeneity of the principal’s value function F. As shown in (D.28), this enables
us to separate at time O the determination of the project’s size from that of
the manager’s size-adjusted utility. The initial size-adjusted utility of the agent
is given by the first-order condition f’'(w,) = —1/(1 + n). Two cases arise, de-
pending on whether constraint (D.29) is slack or binding at the optimum. If
f(wP) > 0, this constraint is slack, so that n =0 and wy = w?, which, from the
point of view of utilitarian welfare, is optimal. If f(w”) < 0, this constraint is
binding, so that n > 0 and w, < w?, reflecting that an initial size-adjusted util-
ity for the agent equal to w? is inconsistent with the participation constraint of
the principal.

APPENDIX E: FIRM S1ZE DYNAMICS

PROOF OF PROPOSITION 4: We repeatedly use the following simple techni-
cal fact.

FACT 2: Let (Y,),s1 be a sequence of real-valued random variables that con-
verges P-almost surely to a constant y, and let (n,) =9 be a family of integer-valued
random variables that diverges P-almost surely to oo as t goes to 0o. Then the
family (Y,,),=o converges P-almost surely to y as t goes to oo.

PROOF: Since (Y,),-1 converges P-almost surely to y, there exists a mea-
surable set (2, with P[{2;] = 1 such that for each w € {2, and ¢ > 0, there ex-
ists my(w, €) > 1 such that |Y,(w) — y| < ¢ for all n > my(w, &). Next, since
(1) diverges P-almost surely to oo as ¢ goes to oo, there exists a measur-
able set {2, with P[{2,] = 1 such that for each w € £, and m, > 1, there ex-
ists #(w, my) > 0 such that n,(w) > m, for all t > t,(w, my). Hence, for each
w € yN{; and ¢ > 0, we have n,(w) > my(w, &) and thus | Y, (w) —y| <&
for all ¢t > fy(w, my(w, €)). This implies the result as P[2, N4 ]=1. Q.E.D.

Now, from (47), we have

n(x,) 1 -
(E.1) “( 2 [Zl (w” 1>+ / Y1) ds
0

t
+ / ‘Yl(ws>wi}ds}
In,_

for all £ > 0. We now treat each of the terms on the right-hand side of (E.1) in
turn.
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CLAM 1: Let p" be the unique invariant measure associated to the process
{wTk}kzl- Then

N, _
Iim=) In| —-—Al)=A In Y(dw),
Hoofk; ( b [b,2b) b w5 (aw)

P-almost surely.

PROOF: The proof goes through a sequence of steps.

Step 1. A straightforward implication of (42) is that {wy, },-; is a Markov
process. Let P:[b, w”] x B([b, w?]) — [0, 1] denote the associated transition
function, where B([b, w?”]) is the Borel o-field over [b, w”]. Let A € B([b, w”])
be Markov invariant for {wy, }-, that is, P(w, A) =1 for all w € 4. Then a
further implication of (42) is that for all w € A, 4 must contain a subset of full
Lebesgue measure in [(w — b) Vv b, w”]. Hence there are no disjoint Markov
invariant sets and {wr, }- is Markov ergodic (Stout (1974, Definition 3.6.8)).
We now show that {wy, }-; has a stationary initial distribution. Define #, ,,» to
be the minimum amount of time it takes for the process {w,},» to transit from
b to w?, that is, from (42):

1 pwi—l—)\b) 1 ((p—y)w”—i—)\b)
E.2 thwr = —In + In - .
€Dl p (prr/\b p—y \(p—y)w +Ab

Then clearly P(w, {w?}) > exp(—At,,,») for all w € [b, w”]. Hence the transi-
tion function P satisfies Condition M in Stokey and Lucas (1989, Chapter 11,
Section 4). Specifically, for each 4 € B([b, w”]) the following statement holds.
Either w? € 4 and P(w, A) > exp(—At, ,») for all w € [b, w?] or w? ¢ A and
P(w, [b, w?]1\ A) > exp(—At,,») for all w e [b, wP]. Let A([b, w’]) be the
space of Borel probability measures over [b, w?], and let T*: A([b, w’]) —
A([b, wP]) be the adjoint operator associated with P and defined by

(T"p)(A) =/ P(w, A)p(dw)

[b,wP]

for all (m, A) € A([b, w’]) x B([b, w”]). Condition M as stated above im-

plies that 7* is a contraction of modulus 1 — exp(—At, ,») over the space

A([b, w”]) endowed with the total variation norm || - ||rv (Stokey and Lucas

(1989, Lemma 11.11)). Because this is a complete metric space, it follows from

the contraction mapping theorem that 7* has a unique invariant measure ",

which corresponds to the unique stationary initial distribution of {wz, }=.
Step 2. Next we show that

(E.3) /[ -

ln(w [: b A 1) ‘p,"’(dw) < 00.
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To do so, define an auxiliary process {;};-o by
Wo=[1+(p—y+0)(t—Ty_)]bA2b

for all # > 0. It is easy to check from (42) that w, < w, for all # > 0. Now, for
eachk > 1,

Wr, =1+ (p—y+ A (T, — Ty_1)1b A 2,

where T, = 0 by convention. Thus, by the properties of the Poisson process,
(Wr, k=1 1s a sequence of independently and identically distributed random
variables, with

AMw —b)

(E4) P[wTk < 'LU] =1- eXp<—m

), if welb,2b),

N A

for all kK > 1. Denote by u* the corresponding measure over [b, 2b]. For each
j=1and w € [b, w?], define g;(w) = In([(w — b)/b] A1) V (—)), and observe
that —j < g; <0 over [b, w”] and g; = 0 over [2b, w”]. Since Wy, < wy, for all
k>1,

1< . 1<
(E.5) P > g(r) < p > gj(wr,)
k=1 k=1

for all n > 1, P-almost surely. Since the random variables (Wr, )«-1 are indepen-
dently and identically distributed over [b, 2b] according to u™, and since the
function g; is measurable and bounded, and hence u”-integrable, it follows
from the strong law of large numbers that the sequence (% Y i & (W) )z
converges P-almost surely to

/ g;(w)p"” (dw)
[b,2b]

_/2b ) A o (_ AMw —b) )dw
=) S =y b TP\ T =y ap )

where the equality follows from (E.4) and from the fact that g;(2b) = 0. Sim-
ilarly, since the process {wr, };~; is Markov ergodic by Step 1, with invariant
measure u" over [b, w”], and since the function g; is measurable and bounded,
and hence p"-integrable, it follows from the strong law of large numbers for
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Markov ergodic processes (Stout (1974, Theorem 3.6.7)) that the sequence
(2> %_1 8&i(wr,))a=1 converges P-almost surely to

/ gi(w)p” (dw).
[b,wP]

Combining these observations with (E.5) and using the fact that g; <0, we
obtain

(E.6) / 12, (w) " (dw)
[b,wP]

</2h| <(w)|+ex (—M)dw
=), N =y o P\ T =y )

By construction, the sequence of functions (|g;|);>1 is increasing and converges
pointwise to the function |g..|: [0, w’] — RU{oo} defined by g..(w) = In([(w—
b)/bIA1) e RU{—o0} for all w € [b, w”]. Applying the monotone convergence
theorem to both sides of (E.6) and using the fact that g, (w) = In((w — b)/b)
if w € [b, 2b] then yields

(E.7) / 1n(“’_
[b,wP]
2 w—>b A Mw — b)

E/b 1“( b )‘(p—v+A)beXp(_<p—v+A>b>dw

A 1
» —/ In(x)| dx
p—v+Arly

o
o p—y+N

b A 1) ‘uw(dw)

from which (E.3) follows.

Step 3. Since the process {wy, }«>1 is Markov ergodic by Step 1, with invariant
measure p® over [b, w”], and since the function g, is u*-integrable by Step 2,
it follows from the strong law of large numbers for Markov ergodic processes
(Stout (1974, Theorem 3.6.7)) that the sequence (%37 | gu(Wr))us1 =

(% Y i In([(wr, — b)/b] A1)),-1 converges P-almost surely to

w p—
/ Zoo(W)p" (dw) =/ ln(
[b,wP] [b,wP]
:f ln(w_b>uw(dw),
[b,2b) b

b 1>M“’(dw)
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where the second equality follows from the fact that g, = 0 over [2b, w”].
Applying Fact 2 to the sequence (Y,),s1 = (% Yoo In([(wg, — b)/bI A1)),ee
and to the family (n,),-9 = (IV,-)=0, and using the fact that N,-/¢ converges
P-almost surely to A as ¢ goes to oo by the strong law of large numbers for the
Poisson process, we then obtain that % kN;'l In([(w7, — b)/b] A 1) converges
P-almost surely to Af[h’zh) In((w — b)/b)u* (dw) as t goes to co. Q.E.D.

CLAIM 2: Let p*+ be the unique invariant measure associated to the process
{wrs st and let A be the exponential distribution with parameter \. Then

1 -
lim - Loty ds
t—oo [ 0

1 pw' + Ab
:1—/\/ {|:—ln<—>:|/\s} “+ @ A(dw, ds),
b,whxRy LLP pw + Ab ¥

P-almost surely.

PROOF: The proof goes through a sequence of steps.
Step 1. For each w € [b, w'), define ¢, to be the minimum amount of time
it takes for the process {w,},>¢ to transit from w to w’, that is, from (42),

1 "+ Ab

(E8) . = —In[ P FAD)
’ p pw—+ AD

For each k > 1, consider the integral I, = f;{ "71 1w,y ds, where T, = 0 by con-

vention. According to (42), two cases must be distinguished. Suppose first that

wrs > w'. Then w,; > w' for all s € (Ty_,, T¢] and, therefore, I, = T, — Ty_;.

Suppose next that wrr < w. I T, — Ty < R then w, < w' for all

k-1
s € (Ty_1, Ti] and, therefore, I, = 0. Finally, if T, — T > LA then
) k-1
w, > w' foralls e (T, + by s s T,] and, therefore, I, =T, — T)_1 — P
k=1 k-1
Summing over k =1, ..., n and rearranging, we obtain

n

1o 1
E.9 — 1 nds = — T, —T,_
( ) n/(; {ws>wt} N ”Z( k k 1)

k=1

1 n
— ; Z[th+ ,w[ AN (Tk - Tk-])]l[wT+ <w[}

k=1 k-1 k-1

forall n > 1.
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Step 2. Observe from (42) that the process {Z;}i>1 = {(wTJL’ Ti — Ti 1) }bist
is Markov. Let Q:[b, w”] x R, x B([b, w?] x R,) — [0, 1] denote the asso-
ciated transition function, where B([b, w”] x R,) is the Borel o-field over
[b, w?] x R, . From (42) again, we have Z; ;| = (h(Z;), Tiy1 — T;) forall k > 1,
where the function £:[b, w’] x R, — [b, w? — b] is defined by

|:<w+ A—b>ep’— /\—b —b] v b,
p p

ifwel[b, wi) and t < t, i,
Ab

(w + ) (=t i) —:| AwP — b} v b,
p—Y

1fwe[b w)andt>twwl

|:(w+ ) (Pt —)\b :|/\wp—b}\/b,
p—Y Pp—Y

ifwe[w,wPland >0,

h(w,t) =

with ¢, as defined in (E.8). Since Z, and T,,, — T, are independent,
and T,y — T, has distribution A for all £ > 1, this in turn implies that
Q((w7 t): A) = /\(Ah(w,l)) fOf all (w7 ta A) € [ba wp] X I&+ S B([ba wp] X IR+)7
where A, = {¢ € R, | (w',t') € A} is the w section of A for all w €
[b, w”]. Now, let A € B([b,w”] x R,) be Markov invariant for {Z;};-,
that is, Q((w, t), A) =1 for all (w,t) € A. Then A(Au.n) = 1. Moreover,
since (h(w, t),t') e Aif ' € Apw.y, we have Q((h(w, t),t"), A) =1 and thus
A(Apnw.n.y) =1 for all ¢ € Apq,ry. For each (w, t) € A, consider the set
h(h(w, t), Anw.r)- It follows from the definition of 4 that A(h(w, t), Apw.n) C
[[h(w,t) — b] v b, w?’ — b]l. We now show that A(h(w,t), Ayu.) has full
Lebesgue measure in [[#(w, t) — b] vV b, w? — b]. Observe first that the map-
ping A(h(w, t),-) is increasing over R, , with A(h(w, t),0) = [A(w, t) —b]V b
and h(h(w,t),t) =w? —bfort' >t ,», with t, ,» as defined in (E.2). Thus we
only need to check that A(h(w, t), R, \ Anw.n) has Lebesgue measure 0. This
follows from the fact that R, \ Ajq, ) has A measure 0 and, thus, has Lebesgue
measure 0 since these two measures are mutually absolutely continuous, along
with the fact that A(h(w, t), -) is increasing and absolutely continuous over
any interval of the form [0, n], n > 1, and thus maps sets of Lebesgue mea-
sure 0 onto sets of Lebesgue measure 0 (Rudin (1986, Theorem 7.18)). Since
h(h(w, t), Anw.r) has full Lebesgue measure in [[A(w, t) — b] v b, w? — b] for
any Markov invariant set 4 and all (w, t) € A, we have

h(h(wi, ), At o)) N A(R(W2, ), Ao junir)) 7# 9

for any Markov invariant sets 4; and A, and for all (w,4) € A; and
(U)z, tZ) € AZ' As A(141,w”) = /\(AZ,w”) =1forallw” e h(h(wb tl)a Al,h(wl,tl)) N
h(h(wy, &), Az hawy.1y))> WE get that Ay v N Ay, # @ for any such w”, so that
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A; N A, # (. Hence there are no disjoint Markov invariant sets and {Z; };s;
is Markov ergodic (Stout (1974, Definition 3.6.8)). To complete this step of
the proof, we show that {Z;},.; has a stationary initial distribution. Pro-
ceeding as in Step 1 of the proof of Claim 1, it is easy to check that the
process {wr+}i=1 has a unique stationary initial distribution. That is, letting
P, :[b,w’] x B([b, w’]) — [0, 1] denote the associated transition function,
there exists a unique probability measure u*+ over [b, w?] such that, for each
A e B([b, w"]),

€10 @)= [ Puw dut(dw)

[b,wP]

Since Z;, = (wTk+_l, T, — T,_,) for all k > 1, and since wrt and T, — T;_, are
independent for all £ > 1, a natural guess for the invariant measure associated
to {Z;}=1 is the product measure pu*+ ® A. To verify this, let £, x E, be a
measurable rectangle in B([b, w”] x R, ). Then, for each k > 1, we have

/ Q((w7 t)7E1 X EZ)"LUH- ®A(dw, dt)
[b,wP]xR4+
:/ Linqw,neen A(E)) p™ ® A(dw, di)
[b,wP]xR4
AE) [ pdw) / Loy A1)
[b,wP] Ry

=A(Ey) Plh(w, T — Ti—1) € EIpn™ (dw)

[b,wP]

=A(Ey) Plw;: € Ey |wrr = w]p"* (dw)
(b.wP] k k—1

= A(Ey) P (w, Ey)p"* (dw)
[b,wP]

= A(Ey)p"™ (Ey)

=p"t @ AE, x Ey),

where the first equality follows from the definition of the transition function Q,
the second follows from Tonelli’s theorem, the third follows from the fact that
T, — Ty, has distribution A, the fourth follows from the independence of wrt
and T}, — Tj_,, the fifth follows from the definition of the transition function P,
the sixth follows from (E.10), and the last follows from the definition of the
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product measure pu*+ ® A. A standard monotone class argument then implies
that

Mw.,. ® /\(A) :/ Q((w’ 1), A)’Lw+ @A(dw, dt)

[b,wP]xR4

for all 4 € B([b, w?] x R,), so that ™+ ® A is an invariant measure associated
to {Zi}i=1. Since {Z;},-1 is Markov ergodic, this invariant measure is in fact
unique (Stout (1974, Theorem 3.6.7)).

Step 3. Finally we use (E.9) to evaluate the limit of the sequence

(% fUT" Liwoowiy d8)y=1. Since the random variables (7, — Ty_i)x>1 are inde-
pendently and identically distributed according to the exponential distribu-
tion A with parameter A, it follows from the strong law of large numbers
that the sequence (% Y (T — Ti—1))n=1 converges P-almost surely to 1/A.
Next, since the process {(wTk+_l, T — Tk-1)}x>1 is Markov ergodic by Step 2,
with invariant measure u"+ ® A over [b, w”] x R,, and since the mapping
(w, 8) = (tyi A S)1j,-i 1S measurable, nonnegative, and bounded above by
(w, s) — s, and hence u"+ ® A-integrable, it follows from the strong law of
large numbers for Markov ergodic processes (Stout (1974, Theorem 3.6.7))
that the sequence

n

1
(; 2:[th,:r Jwh AN (Tk - 71k71):|1{wTk+71 <11Ji)>
n>1

k=1 B

converges P-almost surely to

/ (tw,wi A S)l{w<wi}’.l,w+ & )t(dw, dS)
[b,wP]xR4

= / (tw,wi A S)Mw+ & /\(dw, dS)
[b,wi) xR+

1 pw' + Ab>i| }
= —In{ ———— ) | As ™ ® A(dw, ds),
/[b,wf)xﬂh{[l) (pw+/\b K

where the second equality follows from the definition (E.8) of ¢, ,:. Apply-
ing Fact 2 to the sequence (Y),),=1 = (% fOT" Lw,=wiy d8)s=1 and to the family

(n,)=0 = (N~ )0, and using the fact that N,- /¢ converges P-almost surely to A
as t goes to oo by the strong law of large numbers for the Poisson process, we

T,
then obtain that 1 f; e 1w -wiy ds converges P-almost surely to

1. (pw +Ab
1—)\/ {[—ln(i)}/\s} Y+ @ A(dw, ds)
[b,w!) xR P pw + Ab "

as t goes to oo. Q.E.D.
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CLAIM 3: We have

t

.1
lim — Lwowiy ds =0,
t—oo [ Ty
-

P-almost surely.

PROOF: For each ¢ > 0,

t
E.11 05l 1iowiy ds
( {ws>w'}
t Ty ‘

N_
Ty_. N | t 1 &

<1— L — T, —T,_ .

< ; ; |:Nz N- ;( = Ty 1)]

Applying Fact 2 to the sequence (Y},),>1 = (% Y ((Ty — Ty _1)),=1 and to the
family (n,);-0 = (N,-)=0, and using the fact that N,-/¢ converges P-almost
surely to A as ¢ goes to oo by the strong law of large numbers for the Poisson
process, we then obtain from (E.11) that ! thN 1w, wiy ds converges P-almost

surely to 0 as ¢ goes to oo. Q.E.D.

Given (E.1) and (E.8), combining Claims 1-3 completes the proof of Propo-
sition 4. O.E.D.

REMARK: The proofs of Claims 1 and 2 given above directly proceed by es-
tablishing that the processes {wr, }x=1 and {(wz; , T — Ti—1)}k=1 are Markov
ergodic, that is, that they have no disjoint invariant sets. Since the existence of
an invariant measure can be proven in each case by other means, this allows
us to use the strong law of large numbers for Markov ergodic processes (Stout
(1974, Theorem 3.6.7)). A slightly different approach consists in first showing
that the transition functions associated to these processes satisfy Doeblin’s con-
dition (Doob (1953, Chapter V, Section 6)), which ensures the existence of in-
variant measures. We then establish that there exists a unique ergodic set and,
correspondingly, a unique invariant measure. Finally, we use the strong law of
large numbers for Markov processes whose transition functions are known to
satisfy Doeblin’s condition (Doob (1953, Chapter V, Theorem 6.2)). That this
is the case of the transition function P of {wy, },- is implicit in Step 1 of the
proof of Claim 1, where it is shown that it satisfies Condition M in Stokey and
Lucas (1989, Chapter 11, Section 4). This condition is stronger than Doeblin’s
and implies at once that there exists a unique invariant measure. Consider now
the process {(wTk+_1, T, — Ty_1)}r>1 With transition Q over [b, w”] x R,. By de-
finition, the transition Q satisfies Doeblin’s condition if there exists a finite
measure ¢ over B([b, w’] x R,), an integer v > 1, and a number ¢ > 0 such
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that, for each (w, t, A) € [b, w?] x Ry x B([b, w’]1 xR,), O"((w, 1), A) <1—¢
whenever ¢(A) < . We now exhibit a triple (¢, v, ) such that this condition
holds. To do so, fix some ¢ € (0, exp(—Aty ,r)), With ¢, ,» defined as in (E.2),
and consider the measure ¢ = [exp(—Aty )&/ (€XP(— Aty wp) — €)10ur_p @ A,
where &,,_, is the Dirac mass at w? — b. For each A € B([b, w’] x R,),
note that ¢(A) = [exp(—Aty ,r)e/(EXp(—Atywr) — €)IA(Ayr_p), Where A,p_p
is the (w? — b) section of A. This implies, in particular, that A(A,»r_,) <
1 — e/ exp(—At,.,») Whenever ¢(A) < g, so that in this case

Q*((w, 1), A) =1 — Q*((w, 1), A°)
<1-0%((w, 1), {w” —b} x R, N A)
<1 — exp(—Aly )1 = A(Ayr )]
<l-=¢

for all (w, t) € [b, wP] x R,, where the second inequality follows from the def-
initions of ¢, ,,» and Q. Thus Q satisfies Doeblin’s condition, as claimed. More-
over, observe that for each (w, t, A) € [b, w?] x R, x B([b, w”] x R,),

Q* ((w, 1), A) > exp(—Aly 0 )A(Awr_p)
_ <eXp(—Atb,wp) 3 1>¢(A),

&

which, since exp(—At,,») > &, implies that Q*((w,t), A) > 0 whenever
@(A) > 0. This in turn is a sufficient condition for Q to have a unique er-
godic set (Stokey and Lucas (1989, Theorem 11.10)). We can then show as in
Step 2 of the proof of Claim 2 that the corresponding unique invariant measure
is u*+ ® A. Finally, Step 3 of the proof of Claim 2 follows from applying the
strong law of large numbers for Markov processes whose transition functions
satisfy Doeblin’s condition (Doob (1953, Chapter V, Theorem 6.2)).

PROOF OF PROPOSITION 5: We first check that (49) holds uniformly in
v whenever c is close enough to 0. Specifically, using the notation of Ap-
pendix C and keeping in mind that vg,(b)/b = By > vj ,(b) by (C.6), sup-
pose that vg, (b) — bv’BOJr(b) > ¢. Then, for each y € (0, r), it must be that
f(b) — bf, (b) = vg,,(b) — bv%y,w(b) > ¢ as well. Suppose indeed that the
contrary holds for such a . Then, since 8, > By by Proposition C.2.2 and
u(b)/b=1> u, (b) by (C.10), we have

¢ >vg, 4(b) — bv;gy,w(b)
= u1(b) — bu, (b) + Bylua(b) — buj, (D)]
> uy(b) — bui, (b) + Boluz(b) — buj, (b)]
= Vg, (b) — bug , (b),
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a contradiction. The claim follows. Now, under (49), we have, by (48),

In(X —
(E12) lim X ’):/\/ ln(w—b>uw(dw)+y.
t—00 t [b,2b) b

The remainder of the proof then consists of constructing appropriate upper
and lower bounds for f[b,%) In((w — b)/b)pm”(dw). Consider first the upper

bound. Writing (C.18) at w” and using (C.17) along with the fact that v is non-
negative and increasing yields

_ p—=AC —yc— (r—y)v(w?) — Av(w?) — v(w” — b)]
p—r

w?

u—AC

p—r

<

uniformly in y. Let w” = (u — AC)/(p — r) and define auxiliary processes
{Wi}1=0 and {/,} ;>0 by

I _ -
E13) W, =uwo + (o, - byds — b P A1) an, —di |,
(E.13) p 5

0

t
(E14) Z[ = max{ﬁo — EP, 0} + / (pﬁp + Ab)l(mﬁ_:ml’] dS
0

for all ¢ > 0. Observe that the process {w;,},s( is independent of vy. It is easy to
check from (42), (43), (E.13), and (E.14) that w, <w, for all ¢ > 0. Proceeding
as in Claim 1 of the proof of Proposition 4, we can further show that {wy, }i>1
has a unique stationary initial distribution p* and that

/ ln(w_b);u“’(dw)ff ln(w_
[b,2b) b [b,2b)

uniformly in y. Here the strict inequality follows from the fact that for each
k> 1 and w € (b, w"], there is for each ¢ > 0 close enough to 0 a strictly pos-
itive probability that wy,,, < w given that wy, = w + &, which implies in turn
that the lower bound of the support of the stationary initial distribution u” of
{wr, }x=1 18 b. Therefore, for y close enough to 0,

w J—
A / ln(
16,2b)

from which (50) follows by (E.12). Consider next the lower bound. By (E.7),

/ In ( w=
16,2b)

b)uw(dw) <0,

b
)M”’(dw) +7v <0,

# T o p—y+N
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uniformly in y. Therefore, if y > A2/(p — v + A),

-b
A/ ln(w >u“’(dw)+y>0,
[b,2b) b

from which (51) follows by (E.12). Hence the result. Q.E.D.

PROOF OF PROPOSITION 6: Consider for each k > 1 the o-fields
(E'ls) flk = (T((WO, Tl - T0)7 (wT17 TZ - Tl)7 L] (wTk,lz Tk - Tk—l)))
Fe = U((wTH, T, — Tk—l): (wTk, Ti1 — Tk), .- -),
and denote by
(E16) T=(\F"
k=1

the corresponding tail o-field. Then the following zero—one law holds.
CLAIM 4: Foreach E € T, either PIE]=0o0r P[E]=1.

PROOF: We first show that for each ¢ > 0, there exists ny > 1 such that
(E17) A(k,n,w,t, A)
=P[(wr,., > Tken — Tkzn-1) € Al (wr,_, T — Ticr) = (w, 1) ]
—P[(wr,,, , Tern — Tions € A)]

<e&

forallk > 1,n> ny, (w, t) € [b,w’]xR,,and A € B([b, w’] x R, ). A standard
monotone class argument implies that it is enough to verify (E.17) for sets
A =", E} x E} that are finite unions of disjoint measurable rectangles in

B([b, w?] x R,). Now, fix some such set 4 and let E}, e, E{" be the atoms
of the field of subsets of | J;", E| generated by E|, ..., E{". The sets E|, ..., E}'
form a partition of | )", E}. Define

I"={ie(l,...,m}|Plwy.,  €El | (wr_,, T — Te1) = (w, )]
— P[wTkJrn—l € Ei] > 0}

As in Claim 1 of the proof of Proposition 4, let 7* be the adjoint operator
associated to the transition function P of {wy, }«-1, and let || - ||v be the total
variation norm over the space A([b, w”]) of Borel probability measures over
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[b, w”]. Finally, define 4 as in Claim 2 of the proof of Proposition 4, and let
By be the distribution of wy, . We then have

Atk,n,w,t, A)
=Y {Plwy,, , € E} | (wr,_,, Te — Tiet) = (w, 1)]
i=1
—Plwy,, , € E]JALE)]

= P[wTk+nl € U Ei

(wrk,l, Ty — Tk—l) = (w, t)]

iel™
— P|:wTk+n—1 € U Ei]
iel+
1
= 5 ” T (5[h((w—b)vb,t)+b]mul’) - T*nfl(l-‘vwrk) HTV
1 n—1
< S (1= exp(=Atyur))"™" |81 =y, 1y

< (1 — eXp(_)\tb,wP))’Fl:

where the first equality follows from the fact that 7, — T;_, is independent of
any random variable measurable with respect to F, ' and thus, in particular,
independent of wy,_,, the first inequality from the definition of I'* and from
the assumption that the rectangles that make up A are disjoint; the second in-
equality follows from the definitions of 7%, 4, and [ and the third inequality
follows from the fact that, as shown in Claim 1 of the proof of Proposition 4,
T* is a contraction of modulus 1 — exp(—A#, ,»). Thus (E.17) holds as soon as
ny>1+In(e)/In(1 — exp(—At, r)), uniformly in (k, n, w, t, A). The remain-
der of the proof closely follows Bartfai and Révész (1967). As in their Exam-
ple 2, a consequence of condition (E.17) is that for each ¢ > 0, there exists
ny > 1 such that the mixing property

(E.18) PIE|Ff1—P[El<e¢

holds for all k > 1, n > ny, and E € F3,, P-almost surely. Fix some E € 7,
so that, in particular, E € 73, for all n > n,. Since & is arbitrary, the mix-
ing property (E.18) then implies that P[E | ] < P[E] for all k > 1, P-almost
surely. From Doob (1953, Chapter VII, Theorem 4.3), it follows that P[E |
Ve, Ff1 < PLE], P-almost surely. Since E € 7 C \/;—, Ff, we finally have
PE]= [, PIE|\/_, F{1dP < [_P[E]dP =P[E]*. Hence the result. Q.E.D.
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From now on, we implicitly suppose that lim, ., N, = oo, which is without
loss of generality since this event occurs with probability 1.

CLAIM 5: Each of the events {lim,_ X7, = 0} and {lim,_.., X7+ = 00} be-
longsto T.

PROOF: Consider first {lim,.., X7, = 0}. Fix some k;, > 1. For each

n>ky+ 1, we have
—b Tn
o A 1) eXp(/ yl{wpwi} dS)
b 0 ‘

T}’l
(E19) X, =X]]

- Z[th+ Jwh A (Tk - kal)]l{wrlj <wi}})
-1

k-1

n—1
wr, — b
= XT/(O l_[ ( ka A 1)

- Z [th+ Jwi AN (Tk - Tk_l)]lleJr <wi)}>

k=kg+1 <! k=t

with [], = 1 by convention, where the second equality follows from (E.9) and
from the fact that N7, =n — 1. Since X7, is a strictly positive random vari-

able, (E.15) and (E.19) jointly imply that {lim,.. X7, =0} € F¢°,,. Since kj is
arbitrary, {lim,_ ., X7, =0} € 7 by (E.16). The proof for {lim,_ X7+ = oo} is
similar, observing that

‘ -b
XTVT :XTI:) 1_[ <wka /\1)

k=ko+1

X exp(y{ Z (Tk — Tk,1)

k=kop+1
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n
- Z [th;:],w" AN (Tk - 71/’(71)]1(“)7_;1l <wt} })

k=ko+1

and that X T} is a finite random variable. Hence the result. Q.E.D.
0

CLAIM 6: We have

{th, =o} - {hm X =0},
t—00 n—oo
{limX, = oo} = {lim Xr+ = oo}.
—00 n— 00

PROOF: Consider first {lim,_, .. X, = 0}. For each w € {lim,_, .. X, = 0} and
g > 0, there exists f(w, €) > 0 such that | X,(w)| < & for all t > f)(w, &).
Since the sequence (7,(w)),s; is strictly increasing and diverges to oo, there
exists ny(w, &) > 1 such that 7,(w) > f(w, &) and hence |X7,,)(w)| < &
for all n > ny(w, €). As a result of this, w € {lim,_., X7, = 0} and thus
{lim,, o, X; = 0} C {lim,_», X7, = 0}. Conversely, for each w € {lim, .., X7, =
0} and &> 0, there exists ny(w, ) > 1 such that | X7, (w)| < e for all
n > ny(w, €). Since the process {X,},»¢ is increasing on any random interval
(Tx-1, Ti], k = 1, it follows that | X,(w)| < & for all ¢ > T, (, .. As a result of
this, o € {lim,_, ., X; = 0} and thus {lim,_, ., X7, =0} C {lim,_. ., X; = 0}. Hence
{lim, ., X, = 0} = {lim,_, , X7, = 0}, as claimed. The proof that {lim, ., X, =
oo} = {lim,_, . X7+ = oo} is similar and is therefore omitted. Q.E.D.

Combining Claims 4-6 completes the proof of Proposition 6. Q.E.D.

APPENDIX F: A HEURISTIC ANALYSIS OF THE
NONCONSTANT RETURNS TO SCALE CASE

In this appendix, we relax the constant returns to scale assumption and pro-
vide a heuristic assessment of the robustness of our results to small nonlinear
perturbations in the private benefits function. Specifically, suppose that the
private benefits from shirking are represented by a function

(F1)  B*(X)=BX +eX¢(X)

of firm size X, where ¢ is a nonnegative number, and ¢ is a bounded, strictly
positive, increasing, and differentiable function.? In the paper, we consider the

3These assumptions ensure, in particular, that B® is invertible, and that, in the positive orthant,
the graph of B¢ lies in a cone pointed at the origin and whose upper and lower edges cross the
axes at the origin only. Since ¢ is bounded, there is no loss of generality in assuming that it is
strictly positive: the situation with a strictly negative ¢ could be mimicked by starting from a
smaller value of B.
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constant returns to scale case where ¢ = 0. To assess the robustness of our
analysis to this assumption, we heuristically discuss below what happens when
¢ is small, but strictly positive. We argue that the key qualitative properties of
the optimal contract are upheld for such a small perturbation.

Denote the principal’s value function by F¢. The Hamilton—-Jacobi-Bellman
equation now is written as

(F2)  rF*(X,, W) = X,(— AC)
+ max{—XtZ, + (pWi- + AH, — X L) F}, (X, W,-)
+thl[F)£((Xl’ W) —cl
—ALF( X, W) = F (X ox, Wi~ — Ht)]}7
where the maximization in (F.2) is over the set of controls (g,, H,, ¢,, x,) that
satisfy
(E3) 0=g=v,

B°(X,)
H, ,
=Y

¢ =0,

B (X,x,)
W —Hz—5—.

The second of these constraints is the agent’s date ¢ incentive compatibility
constraint, while the fourth of these constraints, which parallels condition (19),
expresses the fact that if a loss occurs at date ¢, reducing by H, the continuation
utility of the agent, it must still be possible to provide incentives after this loss,
which requires being able to further reduce the agent’s utility by B°(X,x,)/AA,
where X,x, is the size of the firm after the date ¢ loss.

Optimizing With Respect to £,

The first-order condition with respect to ¢, is
(F4) Fp (X, W-)>-1,

with equality only if ¢, > 0. Call W#¢(X,) the first value of W,- at which (F.4)
holds as an equality; this corresponds to the payment threshold for a given
size X,. In the constant returns to scale case, we have W?%(X,) = X,w”. As in
Property 1 of the paper, payments are made only when W,- > Wr?(X,). For
the purpose of this heuristic presentation, we assume without proof that the
mapping X — W#*¢(X)/X converges uniformly to w? as & goes to 0.
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Optimizing With Respect to x,

Consider now the case where W,- < W??(X,). Property 2 in the paper
states that, in the optimal contract, downsizing is imposed only as the last
resort. Let us now examine what happens when ¢ > 0. Differentiating the
objective function on the right-hand side of (F.2) with respect to x, yields
X, F%(X,x,, W,- — H,). In the limit case where & = 0, this is equal to

(ES) f(W’_H’>_W;_Htf/(W[—H,

X, X, X, ) > f(b) —bf.(b)

>0,

where, recalling that b = B/AA, the first inequality follows from the fact that

W.- — H, g
W >b+ H(b(szz) >b

by (F.1) and (F.3) along with the strict concavity of f over [b, w”], while the sec-
ond inequality reflects that f vanishes at 0 and is globally concave over R, but
not differentiable at b. It follows from (ES5) that FY(X,x,, W;- — H,) is strictly
positive and bounded away from 0 over the set of 4-tuples (X, x,, W,-, H,)
that satisty (F.3) and W,- < W?*(X,). Hence, by continuity, we can reasonably
expect that, for £ small enough, F%(X,x,, W;- — H,) > 0 for any such 4-tuple;
this is, for instance, the case if the partial derivative JF% /Jde is bounded. In that
case, it is optimal to let x, be as large as possible in (F.2). This yields

_ B) AW - H)) A

(E6) X, X,

1,

which generalizes Property 2 in the paper, reflecting that, for a given degree
of incentives as measured by H,, downsizing is imposed only when neces-

sary.

Optimizing With Respect to H,

Consider again the case where W,- < W??(X,). Property 3 in the paper
states that, in the optimal contract, the exposure to risk of the agent is min-
imized by letting &, equal the minimal amount b consistent with her exert-
ing effort or, equivalently, by letting H, equal X,b. Let us now examine what
happens whenever ¢ > 0. Substituting (F.6) into (F.2) and right-differentiating
the objective function on the right-hand side of (F2) with respect to H,
yields

(E7)  AFy (X, W) = Fy (X, Wi- — H)))
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if B*(X,) < AAM(W,- — H,) and
(E8) A[FSV(X,, W) — F, (B " (AMW;- — H))), W;- — H,)

— F3((B)™ (AAW,- — H))), W,- — H,)

y AX ]
(B*) ((B*) " (AA(W;- — H))))

if B°(X,) > AA(W,- — H,). Examining each case in turn, we argue below that
the expressions in (E.7) and (E8) are strictly negative for & small enough.
In that case, it is optimal to let H, be as small as possible in (FE2). This
yields

B (X))
Ax
which generalizes Property 3 in the paper, reflecting that it is unnecessary to

expose the agent to more risk than what is required to provide her incentives
to exert effort.

(F'9) H, =

CASE 1—B°(X,) < AM(W,- — H,): Denote by D{(X,, W;-, H,) the expres-
sion in (E7), divided by A. In the limit case where ¢ = 0, this is equal to

(VN (W —H,
(FlO) D?(Xt, I/Vt,Ht):f(Xl>_f+(T).

Using the concavity of f along with the fact that
&
H >bX, + A_)\d)(Xt)

by (E1) and (E3), and recalling that w, = W,-/ X,, it follows from (F.10) that
(F-ll) D?(Xt, W.-,H,) ff,(wz)_fjr(wt_b)-

Since we have assumed that the mapping X — W??(X)/X converges uni-
formly to w?” as € goes to 0, w, < w” + O(e) for & small enough, uniformly
in the pairs (X,, W,-) that satisfy W,- < W»#¢(X,). Therefore, since the map-
ping w = f'(w) — f,(w — b) is strictly negative and bounded away from 0
over (b, w”] as f is strictly concave over this interval and globally concave
over R, but not differentiable at b, it follows from (F.11) that, for ¢ small
enough, D)(X,, W,-, H,) is also strictly negative and bounded away from 0
over the set of triples (X,, W,-, H,) that satisty (E3), W,- < W»#(X,), and
B?(X,) < AM(W,- — H,). Hence, by continuity, we can reasonably expect that,
for ¢ small enough, D{(X,, W;-, H,) < 0for any such triple; this is, for instance,
the case if the partial derivative dF;}, /de is bounded.
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CASE 2—B?(X,) > AAM(W;- — H,): Denote by D;5(X,, W,-, H,) the expres-
sion in (E8), divided by A. In the limit case where ¢ =0, this is equal to

W,- b
(F12)  DI(X,, W, H) =f/<7lt> 1o,
An alternative way to see this is that when & = 0, the terms in H, in
the objective function on the right-hand side of (E2), H,F}, (X, W) +
F((B")"Y(AN(W,- — H,)),W,- — H,), can be rewritten as H,f'(W,-/X,) +
(W,- — H,)f(b)/b, from which (F.12) follows on differentiating with respect
to H,. Now, by (E.1) and (F.3),

Xt b+—q,'>(X)>b

Therefore, since f vanishes at 0 and is globally concave over R, but not differ-
entiable at b, we have, from (E.12),

(£13) DY, W Hy < f1by ~ T2 <o

It follows from (F.13) that, for & small enough, D}(X,, W;-, H,) is strictly neg-
ative and bounded away from 0 over the set of triples (X,, W,-, H,) that satisfy
(E3), W- < WP#(X,), and B*(X,) > AAM(W,- — H,). Hence, by continuity, we
can reasonably expect that for ¢ small enough, D;5(X,, W;-, H,) < 0 for any
such triple; this is, for instance, the case if the partial derivatives dF%/de and
dF},/de are bounded.

An important consequence of (F.9) is that downsizing takes place following
a loss at date ¢ if and only if W,- < 2B®(X,)/AA, that is, if and only if it is
absolutely necessary, so as to maintain limited liability while ensuring incentive
compatibility.

Optimizing With Respect to g,

Consider again the case where W,- < W7#(X,). It follows from (F2) that it
is optimal to let g, = y if

(F14) Fi(X,W-)>c

and let g, = 0 otherwise. Let W"*(X,) = inf{W,- > B*(X,) | F;(X,,
W,-) > c}. Note that, as in the constant returns to scale case, such a value
need not exist if ¢ is too high. In the constant returns to scale case, we have
Wil(X,) = X,w' with w’ < w? whenever it is then strictly optimal to invest,
that is, if f(w?) + w? > c. In particular, it is optimal to invest at rate y as
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soon as W;-/X, exceeds w'. Now consider an arbitrary pair (X,, W,-) such
that Wi-/ X, < WP4(X,)/ X, = w’ 4+ O(¢), and, as usual, let w, = W,-/X,.
Then, if w, > w’, we have F%(X,, W-) = f(w,) — w,f'(w,) > c¢. Observe that
this remains true even if w, > w?, for then F3(X,, W;-) = f(w”) + w? > c as
f'(w,) = —1. Hence, by continuity, we can reasonably expect that for & small
enough, (F.14) holds for any such pair; this is, for instance, the case if the partial
derivative JF} /de is bounded. It is then optimal to invest at rate vy at any such
pair whenever ¢ is small enough, which generalizes Property 4 in the paper.
In terms of Figure 1 in the paper, this indicates, in particular, that any straight
line W = Xw whose slope w lies strictly between w' and w”, and which there-
fore belongs to the investment region in the constant returns to scale case, also
belongs to the investment region in the nonconstant returns to scale case for &
small enough.

Overall, the above analysis suggests that if the mapping (e, X, W)
F#(X, W) is not too irregular, then the main qualitative features of the opti-
mal contract under constant returns to scale are robust to small perturbations
in the private benefit function. Thus the optimal contract under a small per-
turbation from constant returns to scale could be depicted on a figure similar
to Figure 1 in the paper. The differences would be that the boundary of the
downsizing region would be the nonlinear function B*(X)/AA of firm size X
instead of the linear function X b, and that the upper and lower boundaries of
the investment and no transfers region would be the (presumably nonlinear)
functions W7-*(X) and W%?(X) of firm size X instead of the linear functions
Xw” and Xw'.
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