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Abstract

This thesis considers pattern formation governed by the two dimensional
Swift-Hohenberg equation in square and rectangular domains.

For the square, the dependence of the solution on the size of the square
relative to the characteristic wavelength of the pattern is investigated for pe-
riodic, non-periodic (rigid) and quasi-periodic boundary conditions. Linear
and weakly nonlinear analysis is used together with numerical computation
to identify the bifurcation structure of steady-state solutions and to track
their nonlinear development as a function of the control parameter. Non-
linear solutions arising from secondary bifurcations and fold bifurcations are
also found. Time-dependent computations are also carried out in order to
investigate stability, and to find certain nonlinear steady states.

The structure of solutions in the limit where the size of the square is much
larger than the characteristic wavelength of the pattern is investigated using
asymptotic methods.

For the rectangle, the dependence of the solution on the size of the rectan-
gle relative to the characteristic wavelength of the pattern is investigated for
non-periodic (rigid) boundary conditions. Most results are obtained for two
aspect ratios, 0.75 and 0.5. Linear analysis is used together with numerical
computations to identify the bifurcation structure of steady-state solutions
and to track their nonlinear development. Nonlinear solutions arising from
secondary bifurcations and fold bifurcations are also found, again making use
of time-dependent calculations where necessary.

Finally, the structure of solutions in the limit where the size of the rect-
angle is much larger than the characteristic wavelength of the pattern is
investigated using asymptotic methods.

The results are discussed in relation to patterns observed in physical
systems such as Rayleigh-Bénard convection.



Chapter 1

Introduction

1.1 Background

Pattern formation through transition from a homogeneous or structureless
state to a more complex state is a common occurrence in nature with well
known examples occurring in fluid dynamics, chemical reactions and biolog-
ical systems (see for example Cross and Hohenberg 1993). In laboratory ex-
periments designed to understand such transitions, for example in Rayleigh-
Bénard convection and Taylor-Couette flow (see the book by Koschmieder
1993), the container walls have a significant impact on the patterns that
are observed not only in small aspect ratio systems but also in large scale
systems where the dimensions of the geometry are much greater than the
characteristic length scale of the instability.

In the Rayleigh-Bénard system, early theoretical work designed to take
account of the lateral walls of the container includes that by Davis (1967)
and Catton (1970) who used a ‘finite roll’ Galerkin approximation to the
linearized Boussinesq equations to predict that in rectangular planform con-
tainers convection begins in the form of rolls parallel to the shorter sides. This
is consistent with experimental observations in moderately sized planforms
(Stork and Muller 1972, Buhler, Kirchartz and Oertel 1979, Kirchartz and
Oertel 1988) and with the long channel limit considered by Davies-Jones
(1970) although in larger planforms patterns appear to rarely consist of
straight parallel rolls (Gollub and McCarriar and Steinman 1982). Other



experiments showing the range of patterns observed in Rayleigh-Bénard con-
vection include those in square planform containers by Koschmieder (1966),
those in circular planform containers by Koschmieder (1974) and Croquette,
Mory and Schosseler (1983), those on externally excited systems by Chen
and Whitehead (1968) and Croquette and Schosseler (1982) and those on
pattern dynamics by Croquette (1989). '

For square containers, finite roll Galerkin approximations to the linearized
system predict an orthogonal combination of "crossed rolls” at onset (Ed-
wards 1988) whereas experiments in large planforms often reveal diagonal
structures (Koschmieder 1966). A possible reason for this discrepancy as
pointed out by Edwards (1988) is that Galerkin representations based on
finite roll approximations parallel and perpendicular to the sides of the con-
tainer are unlikely to be able to predict diagonal roll structures unless a large
number of modes is used and this is generally not possible for large three di-
mensional domains (Arter and Newell 1988). This is a major drawback to
the use of Galerkin methods because the preferred modes at onset generally
do involve diagonal structures.

A better approach may be to use finite-difference or finite-element meth-
ods where no assumptions of the underlying structure of the eigenfunctions
are involved. Even so one of the difficulties still encountered in such studies
is the large computing power needed to solve even the linearized system for
three dimensional domains large enough to contain more than just a few rolls.
This led Greenside and Coughran (1984) to undertake a numerical study of
the simpler Swift-Hohenberg system, a two dimensional relaxational model
(Swift and Hohenberg 1977) designed to contain many of the ingredients of
the Boussinesq system. This has the non dimensional form

—88—1: =eu— (14 V?)2u — o3, (1.1)

where V2 = a—‘?:g + %25, r and y are non-dimensional Cartesian coordinates,
¢ is a control parameter and u(z,y,t) is a characteristic property of the
system such as the vertical velocity component at mid-height in a horizon-
tal fluid layer. The control parameter € is equivalent to the excess of the
Rayleigh number above its critical value for an infinite layer, where non-

trivial solutions of (1.1) first appear at € = 0 with characteristic wavelength
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2m. Greenside and Coughran (1984) carried out a time evolution study of
(1.1) identifying many interesting patterns in both squares and rectangular
domains and because of the relatively simple form of the equation it was
possible to compute patterns over a wide range of domain sizes. Other work
on the Swift-Hohenberg equation includes that for a rectangular geometry
by Greenside, Coughran and Schryer (1982) and for a circular geometry by
Morris, Bodenschatz, Cannell and Ahlers (1993).

A major development in the theoretical understanding of Rayleigh-Bénard
convection was the development by Newell and Whitehead (1969) and Segel
(1969) of multiple scale representations of the solution in large domains. This
work showed how multiple-scale methods could be used to represent the so-
lution as a set of convection rolls modulated by an envelope or amplitude
function. This allowed a weakly-nonlinear theory to be formulated describ-
ing these solutions just beyond the onset of convection. The introduction of
lateral walls in such systems was studied by Brown and Stewartson (1977,
1978) for rectangular and circular domains respectively. The effect of lateral
boundaries in simpler two-dimensional containers was considered by Daniels
(1977a, 1978) and later papers (Daniels 1981, 1984) studied the stability and
evolution of the roll pattern. The main effect of the lateral boundary is to
determine the boundary conditions for the amplitude functions, as also dis-
cussed by Cross (1982). This type of representation was used by Daniels and
Weinstein (1992) to discuss the cross roll structure of the Swift-Hohenberg
equation near a single lateral boundary and by Daniels and Weinstein (1996)
to discuss orthogonal roll patterns for the Swift-Hohenberg equation in rect-
angular planforms. The structure of grain boundaries in the latter system
was discussed by Daniels and Lee (1999). Other investigations of large plan-
form systems include those by Cross and Newell (1984) and Newell, Passot
and Souli (1990). More recently Daniels (2000) has used the amplitude for-
mulation to describe the weakly-nonlinear structure of the Swift-Hohenberg
system near onset in an arbitrary two dimensional planform. This work pro-
poses that at onset the roll pattern forms along the largest available span of
the domain. This is of relevance to the present work which is concerned with
finding solutions of the Swift-Hohenberg equation in square or rectangular
domains. where the longest spans are the diagonals.



1.2 Plan of Study

The main aim of the present work is to find solutions of the two dimensional
Swift-Hohenberg equation in square and rectangular domains. In Chapter
2, the problem is formulated for a square domain 0 < z < L, 0 <y < L.
Thus there are two non-dimensional parameters, the control parameter &
and the parameter L which determines the size of the domain relative to
the characteristic wavelength which for an infinite layer is 27. Unlike the
study of Greenside and Coughran (1984) the main aim here is to undertake
a bifurcation analysis allowing the underlying structure and symmetries of

the system to be identified for a range of values of L and . The boundary
conditions are taken to be

o

u—an 8_q 0 on z=0,L and y=0,0L, (1.2)

where g is the inward normal to the boundary and 6 in a constant parameter.
With 6 = 0 the conditions are referred to as periodic because they are then
consistent with periodic solutions of (1.1) in an infinite domain. If ¢ is non-
zero such solutions are excluded and the conditions are then non-periodic;
in particular if ¢ is infinite v and its first derivative vanish on the boundary,
equivalent to realistic rigid lateral boundaries in the Rayleigh-Bénard system.
Most solutions determined here are for the rigid problem but the periodic
problem (6 = 0) and quasi-periodic problem (4 small) are studied in Sections
2.3 and 2.5 respectively using weakly-nonlinear theory to provide some useful
analytical insight. In Section 2.4 a thirteen point finite-difference scheme is
used to obtain the eigenvalues € and eigenfunctions w of the steady linearized
version of (1.1) for the rigid problem. Results are obtained for a wide range of
values of L showing how the symmetry and structure of the preferred pattern
changes as a function of L. Nonlinear solutions of the rigid problem are first
found in Section 2.6 using an explicit time dependent finite-difference scheme
to compute the solutions forward in time to reach steady-state. This reveals a
wide range of steady-state solution patterns. In order to track these solutions
and those found in the linear analysis of Section 2.4 into the nonlinear regime
in Section 2.7 the finite difference scheme of Section 2.4 is extended and

combined with a Newton iteration to track the nonlinear development of
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these steady-state solutions for increasing e. Secondary bifurcations and
nonlinear fold bifurcations are also identified. The results are compared with
experimental findings for the Rayleigh-Bénard system in Section 2.8.

In Chapter 3 an asymptotic theory is developed for the square domain
in the limit as L — co and the results are compared with those of Chapter
2. The asymptotic theory is based on the analysis of Daniels (2000) but
modified to allow for the corners of the square. This leads to significant dif-
ferences in the scalings involved for the control parameter and length scales.
The main core expansion is considered in Section 3.3 and uses a multiple
scale representation of the roll pattern. The core solution must match with
solutions in the corners of the square which are considered in Section 3.4.
The leading order core solution is constructed using Fourier transform the-
ory in Section 3.5 and linear and weakly nonlinear solutions are determined
in Sections 3.6 and 3.7 respectively. Section 3.8 discusses further wall regions
that are needed near the boundary of the square to adjust the solution to
the rigid boundary conditions. The results are discussed in Section 3.9.

In Chapter 4 the results of Chapter 2 are extended to the case of the
rectangular domain although here only the rigid problem is considered. The
rectangle occupies the domain 0 < ¢ < L, 0 < y < M and most results are
for two particular aspect ratios, M/L = 0.75 and M/L = 0.5. These are
described in Sections 4.3 and 4.4 respectively. The results are discussed in
Section 4.5.

Chapter 5 considers the limit of large rectangular domains where L — oo
and M — oco. The asymptotic theory of Chapter 3 is modified in Section 5.3
to allow for the rectangular geometry and linear and nonlinear solutions are
obtained in Sections 5.4 and 5.5 respectively. The results are discussed and
compared with the numerical results of Chapter 4 in Section 5.5.

Chapter 6 contains a summary of the main results and conclusions along
with a discussion of possible future avenues of research.

11



Chapter 2

Pattern Formation in Squares

2.1 Introduction

This study investigates convection patterns in a square by finding solutions
of the two-dimensional Swift-Hohenberg equation subject to various bound-
ary conditions. The aim is to gain insight into the nature of patterns at
the onset of convection and also in the supercritical nonlinear regime. The
Swift-Hohenberg equation (Swift and Hohenberg 1977) is one of several phe-
nomenological models (see, for example, Cross and Hohenberg 1993) which
provide a simplification of the three-dimensional Rayleigh-Bénard system but
have many features in common with the latter.

There have been a number of key studies of pattern formation in finite
domains, although none of those have studied the square domain in great
depth. Davis (1967) studied the linear theory for Rayleigh-Bénard convec-
tion in a rectangular box heated from below and used a Galerkin method
based on ‘finite roll’ solutions to predict that convection would set in as rolls
parallel to the shorter sides. Some of Davis’s findings were confirmed experi-
mentally by Stork and Muller (1972) although their observations of patterns
in moderately-sized rectangular boxes, including square boxes, also produced
various cellular patterns not predicted by Davis’s linear theory. The occur-
rence of crossed rolls, a superposition of rolls parallel to both sides, was
studied using linear theory by Edwards (1988) who showed that such pat-
terns are preferred to unidirectional rolls in square or near-square boxes. In

12
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the square, such solutions allow the four-fold rotational symmetry of the sys-
tem to be preserved, and this helped to explain some of the other patterns
observed by Stork and Muller (1972).

These theoretical and experimental studies of the three-dimensional
Rayleigh-Bénard system were limited to boxes accommodating up to about
six rolls. One of the advantages of studying the Swift-Hohenberg equation
is that much larger domains can be investigated numerically, as in the study
by Greenside and Coughran (1984). They used a time-dependent scheme to
study nonlinear pattern evolution for the two-dimensional Swift-Hohenberg
equation in rectangular domains, including the square, accommodating up
to about thirty rolls. This identified a wide range of possible stable states
of the system and although a bifurcation analysis was not carried out the
relative stability of various nonlinear states was studied using a Lyapunov
functional. A numerical study of a more complex two-dimensional system in
rectangular domains has been carried out by Manneville (1983).

Theoretical studies of orthogonal roll patterns governed by the Swift-
Hohenberg equation in large rectangular domains (that is, where many rolls
can be accommodated) have been carried out by Daniels and Weinstein
(1996) and Daniels and Lee (1999) using weakly nonlinear theory based on
multiple-scale and matched asymptotic expansion techniques. These studies
are limited to solutions composed of roll components parallel and perpendic-
ular to the sides of the rectangle and do not include the limiting case of a
square domain. Similar methods have been used to study patterns governed
by the Swift-Hohenberg equation in large closed two-dimensional domains of
arbitrary shape by Daniels (2000).

The main aim of the present study is to carry out a bifurcation analysis
of the Swift-Hohenberg equation in a square. Section 2.2 sets out the equa-
tion and the various boundary conditions to be considered. In Section 2.3,
analytical insight is gained by first studying the weakly nonlinear problem
with periodic lateral boundaries. This is extended to the more realistic case
of rigid lateral boundary conditions in Section 2.4, where a numerical scheme
is developed based on finite differences. Qualitative differences between the
periodic and rigid cases are considered in Section 2.5 by using weakly non-
linear theory to study a quasi-periodic system where the periodic conditions

13



are modified to incorporate a small rigid component. The next two sections
consider the nonlinear system with rigid boundary conditions. Solutions are
found using a time-dependent scheme in Section 2.6, and a bifurcation analy-
sis of nonlinear steady-state solutions is carried out in Section 2.7 by tracking
solutions using Newton iteration. Results are obtained for a wide range of

sizes of the square. The results are discussed in Section 2.8.

2.2 Formulation of the problem

The Swift-Hohenberg equation is

% =eu— (1+ V2 -8, (2.1)

where ¢ is the non-dimensional time, V2 = 0%27 + %ﬁ' where r and y are non-
dimensional Cartesian coordinates, ¢ is a control parameter and u(z,y,t) is
a scalar field.

The geometry that we are considering is asquare 0 <z < L, 0<y <L
with the equivalent of rigid lateral boundaries so that on the boundary u and
its derivative normal to the boundary vanish:

u=—a—u=0 on z=0,L and y=0,L. (2.2)
dq
Note that here ¢ is used to denote the inward normal direction.

In order to gain analytical insight we shall also consider the case of pe-
riodic boundary conditions where u and its second derivative normal to the
boundary are equal to zero at the boundary:

uzg—;%ﬂ on 2=0,L and y=0,L. (2.3)

In Section 2.5 we shall consider a combination of the rigid and periodic

conditions: '

u—@—aa—“—o on r=0,L and y=0,L (2.4)
0 0q T y=ne '
which we shall refer to as the quasi-periodic system. Here & is a general

parameter which is zero in the periodic problem and infinity in the rigid
case.

14



2.3 Analysis of the periodic problem

In this section we shall consider the Swift-Hohenberg equation with the pe-
riodic boundary conditions (2.3). We first describe the analytical solution
of the linear problem and obtain the eigenvalues ¢ at which steady-state
linearized solutions exist. We then find the form of weakly nonlinear steady-

state solutions near these bifurcation points and examine their stability.

2.3.1 Linear solution

Solutions of the linearized Swift-Hohenberg equation

%itt = eu— (1+ V), (2.5)

subject to the boundary conditions (2.3) can be expressed in the form

ot MTT . NTY 96
= ¢”*sin ——sin —, :
u=e”sin— T (2.6)
where m and n are positive integers. Substitution into (2.5) shows that the
growth rate ¢ is given by

m? + n?)r?
g=¢£&— (1 - -(—‘—L2—))2’ (27)
and that steady-state linearized solutions exist for
m? + n?)r? :
E=Emn = (1 - '('—L'E——)2 (28)

Since ¢ = € ~ €my, our analysis shows that the trivial solution u = 0 becomes
unstable to the mode (m,n) defined by
mmwr . nuy

_J 2.9
7S, (2.9)

when € > g,,,,. Figure 2.1 shows the eigenvalues z,,, plotted as a function of
L.

U = Upy = SID

At low values of L the (1,1) mode is preferred (i.e occurs at lowest €) but at
higher L the preferred mode depends on which steady-state eigenmode (2.9)
best fits the size of the square. Table 2.1 shows the sequence of bifurcations
predicted in the case L = 5.

15



mi|n Emn

111 10.044281478
1 |2]0.948521881
2 12 |4.658144105
113 18.689771045
2 {3 17.07502964
1|4 ]3261930171
3 13| 37.28464245
2 |4 |47.55045122
3 | 4| 78.66988223

Table 2.1: Bifurcation sequence for the case L =5

Note also that modes (m,n) for which m # n correspond to the existence
of repeated eigenvalues € = €, = €nm and thus the possibility of solutions
formed from linear combinations of u,,, and its orthogonal rotation w,,. A
weakly nonlinear analysis is used (below) to identify the actual solutions of
the nonlinear system in such cases.

2.3.2 'Weakly nonlinear solution

We now investigate solutions of the nonlinear Swift-Hohenberg system (2.1),
(2.3) near the bifurcation points (2.8) of the steady state solution. We assume
an expansion for v in the form

1

u=€5uo+€‘u1+é%u2+..., (2.10)
where
E=€— Emn, (2.11)

and w; = w;(z,y,7). Here 7 is a slow time scale defined by 7 = £t and is
included to allow the stability of weakly nonlinear steady-state solutions to
be examined. Substitution of (2.10) into (2.1) and (2.3) gives at order £3,

2\2 52u0
E1n1qu‘"(1+V)uo=0; u=——>=—=0 at l‘=0,L; y=0,L.

0q?
(2.12)

16



This is the linearized steady-state system and so the solution is

Uy = (T)Umn + b(T)Unm, (2.13)

where w,,, is the linear eigenfunction defined by (2.9) and a and b are arbi-
trary functions of 7. Here we allow for the possibility that m # n, so that
both w,,, and u,,, are possible eigenstates; in the case where m = n we may
simply take b = 0. We do not consider cases where ¢,,,, has the same value
for different (m,n) combinations, such as (1,7) and (5,5).

At order &, u; is found to satisfy the same linearized system as ug:

oty — (1 + V)2 =0; = = 0=0 at 2=0L; y=0,L
(2.14)
and so the solution can be taken to be u; = 0 without loss of generality.
At order &3, uy is found to satisfy the system

62U2

Ou
Emntia—(1+ V) uy = == —ugtug®;  up = 8g®

=0 at z=0,L;y=0,L.
or

(2.15)
A consistent solution for us requires that the secular terms proportional to
Umy, and u,, on the right-hand side vanish. These can be found by substi-
tuting (2.13) into the right-hand side and expanding the nonlinear term into
products of the form sin ZfZsin *7¥ where 7 and s are integers. After some

algebra, it then follows that, from terms proportional to uy,,, we require

da 9 4 3
= — — — —ab 2.16
0 R a-+ 16a + 4a , (2.16)
and, from the terms proportional t0 u,m, We require
db 9 3
0=— —b+ —b3 + “ba’. 2.17
R TR (2.17)

First consider the case of a non-repeated eigenvalue (m = n) where we
take b = 0 and a satisfies

— =a-—a". 218
dr (218)
For € > 0 we see that there are three steady state solutions a = a, given by

o, = 0 and a, = £3. The local stability of these can be examined by setting
a = as+ Ae’ in (2.18) with A small. For a, = 0 we obtain 5 = 1 confirming

17



that the trivial solution is unstable for & > 0, whilst for as = i% we obtain

o = —2, showing that the two nonlinear solutions

mmzr . nmy

L L
are stable. The patterns associated with (2.19) for (m,n) = (1,1), (2,2) and
(3,3) are shown in Figure 2.2.

4
L Emn)Sin (2.19)

Now consider the case of a repeated eigenvalue (m # n). In this case there
are nine steady-state solutions a = ag, b = bs of (2.16) and (2.17) consisting
of the trivial solution a, = b5 = 0 together with:

4
as = :tgv bs = 07 (220)
4
a; =0, b= ig, (2.21)
4 4
as =t—, by=x——=, 2.22
ol Yo (222)
4 4
Qs = +—=, b = F——. 2.23
s \/ET s :F\/—Q_l ( )
These correspond to supercritical onset solutions for u of the form
u~Ez(e - €un) SID mzzsin T-l%y- (2.24)
4
u~ (e~ €n) 35iN TI\:—xsin -”% | (2.25)
4
U~ :{:—\/ﬁ(s — €mn) ¥ (sin ———mzx sin n—% + sin T%sin —-mzy), (2.26)
4 n n
U~ iﬁ(e - em")% (sin ﬁz—{sin —Zy- — sin %sin %@). (2.27)

We can test the local stability of the solutions (2.20)-(2.23) by setting

a = as+ Ae’", b = by + Be?™ and linearizing in A and B in (2.16) and (2.17)
to obtain

2 3. o - _

F-1+ igaf + Zb;")A + %asbsB =0, (2.28)
27 3 .- 3

(6 -1+ 1—éb32 + Zaﬁ’)B + 5a:biA =0, (2.29)

18



This yields growth rates § = —~2 and ¢ = —é for each of the solutions (2.20)
and (2.21) which are therefore stable, and growth rates ¢ = —2 and ¢ = %
for each of the solutions (2.22) and (2.23), which are therefore unstable. If

1 L L ) 1 9
s 2 2.30
) L(/o /0 u’dzdy)? (2.30)

is used as a measure of the amplitude of each solution then for (2.24) and
(2.25),

0~

2
i~ %s‘ (0 + b = 5(e = e} (2.31)
whereas for (2.26) and (2.27)
1 1 8 1 :
U~ 55—% (as2 + bs2)é = 2_1'(5 - Emn)é (2'32)

so that the solutions (2.24) and (2.25) of larger amplitude @ are the stable
ones.

Finally we consider the nature of the weakly nonlinear patterns associated
with the solutions (2.24)-(2.27). We ignore the possibility of changing the
sign of u as this will not affect the patterns observed. We shall refer to the
four solutions with the plus signs in (2.24)-(2.27) as uy, uy, us, uq respectively.
There are four cases to consider, as follows:

(i) m even, n odd

In this case u; has OE symmetry, i.e it is odd in z about z = 3L and is
even in y about y = %L. Since u, is obtained from u,; by interchanging z and
y it is just an orthogonal rotation of %, and has EO symmetry. Solution uj is
unchanged by the transformation z — y, y — « and is therefore symmetric
about the diagonal y = z. Its sign is reversed by the transformation L —z —
Y, ¥ — L — z and it is therefore antisymmetric about the other diagonal,
y = L — 2. Solution w4 is antisymmetric about y = z and symmetric about
y = L — z and is just an orthogonal rotation of us. Figure 2.3 shows an
example with m = 2 and n = 1, where u; and u, are ‘2-cell parallel’ modes
(i.e consist of 2 cells parallel to one pair of boundaries) and u3 and u4 are *2
cell diagonal’ modes. A further example with m = 4 and n = 1 is shown in
Figure 2.4.
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(ii) m odd, n even

Interchanging m and n in (2.24)-(2.27) is equivalent to swapping u, and
Uz, has no effect on uz and reverses the sign of uy, so the same patterns occur
as in (i) except that now u; has EO symmetry and u, has OE symmetry.
(iii) m odd, n odd

In this case u; and u, both have EE symmetry. Again u, is just an
orthogonal rotation of u;. Since u; and u; both have EE symmetry, any
linear combination of them also has EE symmetry. Thus both u3 and uy
have EE symmetry. In addition, u3 is symmetric about both diagonals y = z,
y = L — x and w4 is antisymmetric about both diagonals. Figure 2.5 and
Figure 2.6 show examples withm =3, n=1and m =5,n=1.

Note that u3 and u4 are those combinations of u; and us which, ignor-

ing the sign of the solution for w4, possess 4-fold rotational and reflectional
symmetry.

(iv) m even, n even

In this case u; and uy both have OO symmetry. Again u, is just an
orthogonal rotation of u;. Since u; and us both have OO symmetry, any
linear combination of them also has OO symmetry. Thus uz and u4 both
have OO symmetry. In addition, as in (iii), us is symmetric about both
diagonals and u, is antisymmetric about both diagonals. Figure 2.7 shows
an example with m = 4 and n = 2. Again u3 and u4 are those combinations of

u; and uy which, ignoring the signs of the solutions, possess 4-fold rotational
and reflectional symmetry. “

2.4 Linear solution of the rigid problem

The linearized steady-state Swift-Hohenberg equation

eu=(1+V?)%, (2.33)
is now considered with rigid boundary conditions
u:%zo on z=0,L and y=0,0L. (2.34)
q

The system (2.33) is homogenous and constitutes an eigenvalue problem for
¢ with eigenfunction u(z,y). The lowest eigenvalue ¢ defines the onset of
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convection and the corresponding function u(x,y) determines the pattern of
convection at onset. Higher eigenvalues € and eigenfunctions u determine
the onset and nature of higher modes of convection at a given value of L. In
Section 2.4.1 below a numerical scheme is developed to allow the eigenvalues
¢ and corresponding eigenfunctions u(z,y) to be determined.

2.4.1 Numerical scheme

We can solve (2.33) with (2.34) numerically by a finite difference approach.
Equation (2.33) is discretised on to a uniform grid

z=th for 1=0,.M+1, (2.35)

y=jk for j=0,.N+1, (2.36)

where h and k are the spatial step lengths in z and y respectively and (M +
1)h = (N+1)k = L. We let u;; be the numerical approximation to u at grid
point (i, j) so that (2.33) becomes

ew; = {(1+ V?)?u}i,. (2.37)

The spatial derivatives on the right-hand side of (2.37) are approximated
using a second-order accurate 13-point central difference representation as
follows. We first expand the right-hand side to get

To find approximations to each derivative listed in (2.38) we can use
Taylor expansions as follows. For a function f(z) of one variable, we have

’ h2 " h3 " h4 1t
f(:r:l:h)zf(:r)ihf(x)+3f (I)i—6—f (1‘)+2—4f (x)+.... (2.39)

3
f(z£2h) = f(z)+£2hf (x)+2h f”(x)i% @)+ 2—;’1 £ () +. ... (2.40)

Adding the two expressions in (2.39) and also the two expressions in (2.40)
and solving simultaneously for f* and f*, gives

f(z) = —L[f(aH—Qh)—16f(x+h)+30f(1:)——16f(:r—h)+f(:r—2h)]+0(h“).
12 (2.41)
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"

1
f (z) = F[f(r+2h) —4f(z+h)+6f(x)—4f(x—h)+ f(x —2h) +0(h?).
(2.42)
It also follows directly from adding the two expressions in (2.39) that

"

£'(@) = lf@+h) = 20() + fle =R+ O().  (243)

Formulae (2.43) and (2.42) provide the following second-order accurate ap-
proximations to four of the five derivatives of u{z,y) in (2.38):

1
{tgz}ij = ﬁ(um_j — 2u; 5 + ui-1 ) + O(R?), (2.44)
1
{Uyy}iyj = F(uivjﬂ - Q’U,i’j -+ 'Lti'j_.l) + O(Irz), (245)
1
{'uuu},»‘j = F[UHQJ —_ 4’LLi+1y]’ + 6ui‘j ot 4Ui_1.j + Ui_g)j] + O(hQ), (246)

and similarly

1
{uyyyy}i,j = ﬁ[ui,j” — 4ui,j+1 -+ 6u,-,j - 4u1~,j_1 + U,‘_j-g] + O(kz) (2.47)

Note that for the second derivatives we use (2.43) rather than the more
accurate fourth order approximation (2.41) to maintain a consistent level of
approximation. It remains to find a second-order accurate numerical approx-
imation to the mixed derivative uzzyy. To do this, we first use the Taylor
expansions of u(z £ h,y + k) and u(z £ h,y F k) to give

Wz +hy+k)+ulz—hy—k)+ulz+hy—k) +ulz-hy+k) =
4 4

h - k
du(z,y) + 2(112uII + kzuyy)(z, y) + (—G—uu_m + h'k2uuyy + —G—uywy)(:r,y)

+O(h8, R4k K2k k%) (2.48)

An approximation to ugz,, can now be obtained by using (2.41) and (2.42)
to replace all of the other derivatives in (2.48), maintaining the error at the
order of the sixth power of the step length. From this we obtain

1
{ur:zyy}i,j = W{4lti,j - 2(U1+1,j + U1+ U+ Ui,j—l)
2 1.2 ke
FUit1 541 + Uimrj-1 + Uiy j-1 T Ui-1,j+1] + O(R®, k%, %k ﬁi) (2.49)
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This gives the discretized form of equation (2.37) as

D;;=eu;, i=1,.M, j=1,.N, (2.50)

where

2
Dij=u;+ ﬁ(um,j = 25 + Uim15) + 5 (Ui = 25 + Ui 1)

k2
1
+Ez[ui+2,j —dupy 5+ 6u; —4uy; + ui_zJ]
1
+F[U,‘,j+2 - 4ui,j+1 + 6’U¢J’ — 4u,-,j_1 + ’Lti'j_g]
2

+ h2k2 [4ui.j - 2(ui+1,j + ui—l,j + Ui j+1 -+ ui'j_l)

FUig i1 T i1 o1+ Uigy o1+ Uimp ] (2.51)

The equations (2.50) apply at all internal points of the grid; this requires
evaluation of u; ; at fictitious points outside the grid wherei = —1,1 = M +2,
j = ~1land j = N+2. This is done by using the boundary conditions %—;‘ =0
onz =0, L and y = 0, L which in discretised form become

U_r; = Uy, Urr+2,5 = UM s Ui —1 = Uj 1, Ui N+2 = Ui N
(2.52)
The values of u; ; in (2.50) on the boundary are replaced using the condition
u=0onz=0,L and y =0, L which gives

Upj = UM+1,j = Uip = UjN1 = 0. (2.53)

Since D;; is a linear function of the u;;’s, equation (2.50) can now be
expressed in the matrix form

Au = eu, (2.54)

where u is the column vector containing the values of u; ; at all internal grid
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points:

U1 ‘\

U2,1

Up

U1,2

Unr o

Uy N

UM N

and the NMxNM matrix A is given by

Q o o
w O w
O w Q
b QO =

0
0
C

o QO W U

Qw T w aQ

o W Qo o
O O o ©o o o oo o

(2.55)



where

’,,, ay + a; + as
as
a4
0
D= 0
0
0
0
\ 0
f aat+ar ap
ao ay
a4 as
0 "
D= 0 0
0 0
0
0
0 0
a3 ag
(g Q3
0 ag
0
B=10 0
0 0
0
0o .
0 O

as
a) + as
Qg

a4
a

a1

Qe

as

ay

ap

a; + as

ay

Qs

ag

25

0
ay

Q2

0

ay4

aq

0

)

ay

Qg

0 0
0
0
0
0 0
]
as Qy a3+ as
a4 )
0 0 }
0 0
0
0
0
0 0
a9 a4
ax az
Qs a4+ Qg
0 0
0 0
0
0
0
0 O
0 0
az ag
as as |

aq + a; + as )
(2.57)

(2.58)

(2.59)



as 0 ... ... ... ... 0 0 O
g . . 00
s e 0
as
C= “
as
0 as
0 0 "~ . .ol el g
0 0 0 . " . el Tl ag
6o 0 0 0 ... ... ... ...00

are MxM matrices and

4 4 6 6 8

aEl-p et et e T e
2 4 4
QRERE T g
2 4 ¢
BER TR R
1
a4_54~7
1
a5_E{a
Y
a6=h—2ﬁ.

2.4.2 Accuracy
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as

(2.60)

(2.61)

(2.62)
(2.63)
(2.64)
(2.65)

(2.66)

Note that A is a symmetric matrix. The matrix equation (2.54) was solved
using Mathematica, which computes all of the eigenvalues and eigenvectors
by the QR method in which A is first balanced and then transformed into
upper Hessenberg form.

Initial calculations were made for fixed L with different step sizes h(= k).
Table 2.2 shows a comparison of the leading eigenvalues for the case L = 5
for different grids. The eigenvectors associated with each eigenvalue for these



Mode | h=k=05|h=k=025|{h=Fk=0.15625| h =k = 0.125
1 1.020972753 | 1.076166636 1.090222056 1.091083918
2 4.107593799 | 4.751277379 4.900802877 4.933877698
3 10.08752594 | 11.82658277 12.24762645 12.346600
4 14.31531158 | 18.21773996 19.17849635 19.407716
5 14.71007557 | 18.61901068 19.57322833 19.800523
6 24.58668899 | 30.58976291 32.11738626 32.487922
7 35.78291717 | 50.66682575 54.58722708 55.546068
8 45.28573134 | 57.39985710 60.62084000 61.416953
9 00.52054596 | 69.01803175 74.04047113 75.284872
10 | 51.24628780 | 69.96693461 74.97978581 76.216988

Table 2.2: Leading eigenvalues ¢ for the case L = 5 on various grids

grids are also in reasonable agreement. For higher values of L and higher
modes the variation of u across the square occurs more rapidly and so it

can be expected that larger grids will be required to adequately resolve the
solution.

2.4.3 Results

Results were obtained for values of L in the range 4 to 25 and Figures 2.8 and
2.9 show the eigenvalues ¢ plotted as a function of L. These are based mostly
on computations of the eigenvalues at intervals of 1 in L. The lowest eight
modes are shown. The curves in Figure 2.8 are labelled according to their
symmetry properties and their order at low values of L, where the patterns
bear some resemblance with those of the periodic problem. Each branch
corresponds to an eigensolution u with one of the symmetries described in
relation to the periodic problem (EE, OO or OE/EO). Unlike the periodic
problem, however, only the solutions with OE/EQ symmetry, which also
give rise to diagonal modes, are found to correspond to repeated eigenvalues
- further discussion of this point is given in Section 2.5 below. As L increases,
the various branches interweave as a particular mode ‘best fits’ the size of
the square. However, unlike the periodic problem (Figure 2.1) where an
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ever-increasing number of modes assume the position of leading eigenmode
as L increases, here the most dangerous mode is confined to one of the three
branches EE1, OE1 and OO1. The various branches appear to divide into
distinct groups - branches EE1, OEl and OO1 constitute the first group
and members of the second group include branches EE2, 002 and OE2
(see Figure 2.8). This behaviour is reminiscent of two-dimensional Rayleigh-
Bénard solutions in finite cavities with rigid lateral walls, where pairs of
solutions with odd and even symmetry combine into distinct groups (Drazin
1975, Daniels 1977b).

The leading group of modes consists of solutions with EE symmetry, OO
symmetry and a repeated eigenvalue with OE/EO symmetry. The repeated
eigenvalue is associated with two distinct patterns so that this group actually
encompasses four patterns covering the various possible symmetry arrange-
ments. We now discuss in more detail the patterns corresponding to each of
the branches EE1, OE1 and OO1, and how they change as functions of L -
unlike the periodic problem, the pattern is not conserved along each branch
as L changes.

Branch EE1 has EE symmetry and at low values of L consists of a single-
cell or ‘one cell’ solution. Contours of the eigenfunction w associated with
this branch at various values of L are shown in Figures 2.10 and 2.11. It is
the dominant mode for L < 8, for 10.1 < L < 12.7 and then again when L
reaches 18.9; at large L it continues to interweave with branches OE1 and
OO1. The pattern changes in an interesting manner as L increases. In the
region 8.2 < L < 10.1 (where it is not the dominant mode) it develops four
new cells in the corners, sitting at both ends of the diagonals. A further set
of four cells is added when 12.7 < L < 18.9 and it appears that this process
continues as L increases. A computation for L = 30 (as seen in Figure 2.11)
shows that the solution is developing into two sets of cells placed along the
diagonals of the square.

Branch OE1 contains solutions with OE/EO symmetry. Because this
branch corresponds to a repeated eigenvalue, the eigenvector determined
by the numerical scheme is non-unique. However, from our analysis of the
periodic problem, we expect the possible nonlinear solutions to have four
symmetrical arrangements corresponding to the solutions u, u2, u3 and 1y
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defined in Section 3.2. If we assume that u; has EO symmetry then if an

eigenfunction produced by the numerical scheme is denoted by @(z,y) then
we can construct u, as

ui(z,y) = u(z,y) + @(L - z,9). (2.67)

Then solution u,, which has OE symmetry, is determined as

u2(z,y) = wi(y, z) (2.68)

and is just the orthogonal rotation of u;. The diagonal mode ug can now be
determined as

us(z,y) = w(z,y) + ua(z, y) (2.69)

and is symmetric about the diagonal y = z and antisymmetric about the
diagonal y = L — z. Finally, uy is determined as

U4(l',y) = ul(z’y) - ug(:r,y) (270)

and is antisymmetric about the diagonal y = z and symmetric about the
diagonal y = L — z. Contours of the OE solution u;, and the diagonal
mode u3 at various values of L along branch OE1 are shown in Figures 2.12
and 2.13. At low values of L the solution u; is a 2-cell parallel mode and
u3 is a 2-cell diagonal mode, resembling the corresponding solutions of the
periodic problem (Figure 2.3). The branch OE1 modes are dominant when
8.2 < L <10.1,12.7 < L < 14.4 and then again when 16.8 < L < 189. As L
increases, the diagonal mode u3 gains additional cells and the simplest way
of interpreting u, is as a superposition of this solution and its orthogonal
rotation (uy(x,y) = $(ua(z,y) +us(z,y))). Thus at large L the solution u, is
effectively a combination of cells placed along each diagonal - any resemblance
to a parallel mode no longer exists. At L = 30, the solution u; is visually
similar to that of branch EE1 at L = 30; the main difference is that whereas
branch EE1 has EE symmetry and therefore contains an odd number of cells
along each diagonal, the OE symmetry of v, implies that it must contain an
even number of cells along each diagonal.

Branch 001 has OO symmetry and contours of u at various values of L
are shown in Figures 2.14 and 2.15. At low values of L the pattern consists
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of a *4-cell’ solution similar to the (2,2) mode of the periodic problem. This
branch becomes the dominant mode for 14.4 < L < 16.8. Four new cells
appear in the corners when L = 14 and at L = 30 the solution consists of
a combination of 12 cells placed along each diagonal. In this case the OO
symmetry of the solution implies that there are an even number of cells along
each diagonal, like the solution w; of branch OE1, but the solution here differs
in that there is a saddle-point zero of u at the centre of the square, and the
cells in the opposite corners are of common sign.

Figures 2.16, 2.17 and 2.18 show contours of u at various values of L on
the branches EE2, EE3 and OE2. There is again an indication that diagonal

patterns emerge at large values of L, but with dual cells along the diagonals
rather then single cells.

2.4.4 Comparison with the periodic problem

The lack of repeated eigenvalues in the rigid case associated with EE or OO
modes is a significant difference from the periodic problem, although many of
the 4-fold symmetric patterns found in the rigid case bear a close resemblance
to those which occur in the periodic case, especially for low and moderate
values of L. Tests of the numerical code for the rigid problem described in
Section 4.1 were carried out with different grid sizes to ascertain whether the
lack of repeated EE and OO eigenvalues could be due to the approximations
inherent in the numerical scheme. However, these tests showed no evidence
of the convergence of such eigenvalues to common values with increasing grid
size.

As a further check, the code was modified to solve the periodic problem
numerically, to ascertain whether it correctly predicted repeated EE and
OO eigenvalues in that case. The modifications are straightforward because
implementation of the boundary condition %’f = 0 in place of %’—; = 0 just
changes the sign of the four relations (2.52). This in turn is equivalent to
changing the sign of the terms a, and as which appear in the main diagonals
of the matrices D and D given in (2.57) and (2.58). Table 2.3 shows numerical
results for the leading eigenvalues of the periodic problem at L = 5 obtained
using step lengths h = k = 0.15625. A comparison with the analytical
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m|n Emn numerical eigenvalue ¢
1] 1]0.044281478 0.0465318900453688
112]0.948521881 0.940022406381974
0.940022406434657

2 | 24658144105 4.61643751306343
8.689771045 8.53950540848336
8.53950543374084

2 | 3117.07502964 16.8243396048629
16.8243396048807

1143261930171 31.7016479888962
31.7016479889166

3 | 37.28464245 36.6636113944453
47.55045122 46.3760140550676
46.3760142292442

3 14} 7866988223 76.7961119894832
76.7961119894886

Table 2.3: Eigenvalues for the periodic problem with L = 5 obtained numer-
ically and analytically.

formula (2.8) indicates reasonable agreement given that the numerical scheme
15 second-order accurate. Moreover, the scheme correctly identifies whether
eigenvalues are repeated to an extremely high level of accuracy.

2.5 Weakly nonlinear analysis of the quasi-

periodic problem

In Section 2.3 an analysis of the periodic problem showed that there are
repeated eigenvalues

(m? + n?)x?

(1- )2, (2.71)

corresponding to the fact that for m#n

. mmwr | nwy
U= Uy, = SIN ——sin ——, (2.72)

L L
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and u = wy,, are both eigensolutions of the linearized system. If m is odd and
n is even (or vice versa) these correspond to two weakly nonlinear solutions
with EO (or OE) symmetry which also combine to produce two solutions
with diagonal symmetry. If m and n are both odd (or both even) they corre-
spond to two weakly nonlinear solutions with EE (or OO) symmetry which
also combine to produce two solutions with 4-fold EE (or OO) symmetry. In
the rigid problem, however, repeated eigenvalues are confined to the modes
equivalent to (2.72) with EO (or OE) symmetry, and solutions with EE (or
OO0) symmetry bifurcate at different values of €. Thus, for example, branch
OE1 of the rigid problem (Figures 2.12 and 2.13) is a repeated eigenvalue
whereas branches EE1, EE2, EE3 and OO1 are distinct. In order to gain
insight into this qualitative difference between the periodic problem and the
rigid problem, it is proposed in this section to study weakly nonlinear solu-
tions of the quasi-periodic system

%1:_ =eu—(1+ V)2 -, (2.73)
0*u  _Ou
u=0,a—q2—66—q=0 on z=0.L;y=0,L. (2.74)

Note that here q is used to denote the inward normal direction to the bound-
ary and 6 is an arbitrary parameter. The periodic problem corresponds to
6 = 0 and the rigid problem corresponds to § = oc. Here it will be assumed
that § is small so that analytical progress can be made, and the effect of in-
troducing a small component of the rigid boundary condition ¢an be gauged.
Note that the system (2.73), (2.74) possesses the same basic symmetry as
the individual periodic and rigid problems.

We assume the amplitude for u is of order é and pose an expansion of the
form

u=0ug + 6%u; + 3uy + ..., (2.75)
as § — 0, with
e=¢gp+ 06 + 0%+ ..., (2.76)

and, in order to discuss stability, we incorporate a slow time scale 7. where
t = 6~27. Substitution into (2.73), (2.74) gives, at order §

2,
(1+ V) ug—equg = 0;  up = %529 =0 on r=0,L; y=0L (277)
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This is just the linearized periodic problem, with solution

Up = a‘(T)UWm + b(T)unmyEO = Emn, (278)

where a(7) and b(r) are arbitrary amplitudes, um, is defined by (2.73) and
€mn by (2.71). Since we are interested specifically in the possibility of re-
peated eigenvalues, we shall assume that m # n. The objective of the anal-
ysis is to determine the amplitude equations for a and b by continuing the
analysis to higher levels of approximation.

At order 6%, u; is found to satisfy

(1+ V?)%u; — gqup = €1y, (2.79)
with boundary conditions

*up  Oug

uy =0, 32 =9, O = 0, (2.80)
w =0, % = —% on z=1L, (2.81)
u; =0, %gl = %;—0 on y=0, (2.82)
u =0, ac,:—;; = —%%0 on y=0L. (2.83)

A solvability condition for this system can be derived by introducing an
adjoint function

Uy = Cliyn + dUpm, . (2.84)

where ¢ and d are arbitrary constants. Multiplication of (2.79) by u, and
integration over the square gives

L /L L L
/ / tio(1 + V?)*u dzdy — 50/0 /0 Toudzdy =
0 Jo

L ;L
51/ / Tgupdzdy. (2.85)
0 Jo

Integration by parts on the left-hand side and use of the boundary conditions
(2.80)-(2.83) then gives

L L 0ty 0 Otg Ou
/0 /0 Ul((1+v2)2ﬂ0-80ﬁ0 d.Tdy—!—/ Oug ll()‘z_0 Jdug OII L)dy

E) Or Or Oz
L By Oug iy Oug drd 2.86
+/ (ﬁy—Fy_hFJra 1yLdr—~1//u0“0~Ty (2.86)
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However, since @, satisfies the same linear equation as ug, the first term on

the left-hand side vanishes and evaluation of the remaining terms using (2.78)
and (2.84) gives

1
LY m? + n®)n?(ac + bd) = zlez(ac + bd). (2.87)

Terms proportional to ¢ and d must balance separately on each side, but this
just fixes

e1 = 4n?L73(m? + n?). (2.88)

and does not determine the amplitudes a and b. Note that if § is positive,
this result indicates that the ‘rigid’ component of the boundary condition
has the effect of raising the critical value of £ compared to its value for the
periodic problem. The amplitudes a and b must be found by proceeding to
the next order in the expansion, but before doing this it is necessary to find
an explicit solution for u;.

Since the solution for u, is forced by that for ug, it is possible to write

Uy = aUpp(z,y) + bUnm(2,y), (2.89)
and
€1 = €1mn T €1nm, (290)
where e .
Unn = Fma(y)sin 7 + Fom(z)sin —L—y, : (2.91)
and, from (2.79), F,.. and €1, satisfy
" ’ITI,27I"2 " m27T2 2 . . nﬂ’y
an + 2(1 - T)an + [(1 - T)o - E(]_an = E1mnSM T (292)

From (2.80)-(2.83) the boundary conditions are

" nmw " ’n+1n__7£ —
Fon = 0, Fnn = "E (y = 0), Fon=0, Fan = ("‘1) I (y L)

(2.93)
The solution for F,,, exists provided that &,,,, = 4n?72L =3 and is given by

Gy~ L0 9y -
nt_coshhin(y —3L) 2y LCOSE%E/_) (2.94)

Fo, = T
" 2L cosh $km L L
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if n is odd, and

1
inhkZn(y—3L) 2y—L
F, = nr . sinhk (yl 5 )+ Y cosmry) (2.95)
2Lgmn sinh LkdnL L L

if n is even, where
2 4 2)-2
(m* +n®)m

mn = 1z 1 (2.96)
and , o o
kmn = (_QT__E;LE -9, (2.97)

For a given mode (m,n), gmn and ky,, are positive for low values of L and
negative for high values of L. For k., < 0 the solutions (2.94) and (2.95)
generally remain valid with the hyperbolic functions replaced by the corre-
sponding trigonometric functions. It is evident however that the theory must
be revised to deal with resonant cases for certain discrete negative values of
kmn and also in the case gm, = 0 corresponding to the minimum points of
the marginal stability curves in Figure 2.1. The expansions (2.75) and (2.76)
would need to be modified to treat these special cases but here we focus on
general values of m, n and L.

Strictly speaking, the solutions (2.94) and (2.95) can also contain an ad-
ditional term Asin 2% where A is an arbitrary constant, but this is just
equivalent to the fact that u; can contain an arbitrary muitiple of ug, corre-
sponding to a renormalization of the overall solution. We therefore proceed
taking A = 0; it can be confirmed that if A is non-zero, it does not influence
the amplitude equations for a and b determined below. Note that the value
of €1mn + €1nm confirms the earlier result (2.88) for £, given by using the
solvability condition. Note also the non-trigonometric form of F, and the
asymmetry in r and y which arises from the influence of the ‘rigid’ component
of the boundary conditions around the square.

At order 6%, uy is found to satisfy

alto

(14 V) 2uy — egug = £1u1 + €aup ~ ug® — 5 (2.98)
with boundary conditions
0Puy  Ouy
Uy = 0, 572 = E on r= O, (299)
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8%us _ 8u1

Ug = 0, Tl on z=1L, (2.100)
82U2 Oul

Ug = 0, —é—yT = —5@— on y= 0, (2101)
0%us oy

Uy = O, a—yz = —a—y on y= L. (2102)

The solvability condition for this system is found by multiplying (2.98) by
the adjoint function (2.84) and integrating over the square, giving

L dayg 8u1 Buo 3u1 L 8170 611.1 Otg oy
| Gy 3 om0+ 3 e lemi )y /(a*yay‘ 0t 3y By =

L L .
=51/ / aouldxdy+€2/0 /0 ﬁouod.rdy—/ / ﬂougdl‘dy
o Jo

/ /Luo%dxdy

(2.103)

All of the integrals involved in this equation can be calculated from the known
expressions for ug, u; and . From terms proportional to c, after extensive
algebra and for m # n, this gives

2da 2,9 @ + 3 1o
) et = - — 2.104
4Ld + kia + kob = Lea L(64 16ab), ( )
and from terms proportional to d,
d 9 3 N
-L2Ef3 +kib+ kya = -L252b L2(64b3 Tgha a’), (2.105)

where the coefficients on the left-hand side are given by

ky = (”'7mn + 'mf')'nm)"r - 27r2L_2(n2an + mzﬁnm), (2106)
ky = 2nma2 L™ (0mn + Q). (2.107)
Here
_rt . nmy 2mnl?
amn=/0 Fopn(y)sin I dy = (212 + 3m2a? — 2L2)(n? — m?)

(2.108)
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if m,n are both even or both odd and a,,, = 0 if m is even and n is odd (or
vice versa),

L . mmy (n%r? — m?n? + L?)
mnE an d = , 2109
B /0 (y)sin I Y 4(n27? + m2x? — L2)2 ( )
and
nr 2 % 1 1
__kr'hntu h'k21L, dd,
Yo =F"_(0) = Lo (L | WQT‘)”O (2.110)
212)7;:,. (% — khncoth %krznnL), n ever.
By introducing the scale transformation
1
ko = ZLQk (2.111)
and a local control parameter € defined by
E=¢€y— 4L %, (2.112)

the amplitude equations (2.104), (2.105) can be written in the simpler form

3
%:m—w—%&—r& (2.113)
3
3—3 = &b~ ka — %b3 - Zbaz, (2.114)

from which the local bifurcation structure and weakly nonlinear development
can now be deduced. We first discuss steady-state solutions a = as, b = b,
where the left-hand sides are set to zero.

First note that if m is even and n is odd (or vice versa) the coefficient k is
zero and the equations (2.113), (2.114) are then similar to those discussed in
the periodic problem in Section 2.3 (cf (2.16), (2.17)). This implies that (to
within an arbitrary change of sign in ) four steady-state solutions bifurcate
from & = 0, two of which are pure EO and OE modes (where either a, = 0
or by = 0) and two of which are the diagonal combinations:of these modes
(where either a5 = b, or a; = —bs). Thus inclusion of the ‘rigid’ component
of the boundary condition has no qualitative effect on the nature of the
bifurcation in this case. This is consistent with the fact that in the rigid

linearized problem (Section 2.4) such modes are still associated with repeated
eigenvalues e.
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However, if m and n are either both odd or both even, the coefficient &
is non-zero, being given from (2.106), (2.107) and (2.111) by

b 32m®*n?n?
~ L2(n?n? 4 3m2n2 — 2L2)(m2n2 + 3n2n2 — 2L2)

(2.115)

In this case the bifurcation points from the trivial solution a, = b; = 0 of
(2.113), (2.114) move to separate locations £ = —k and € = k and correspond

to solutions for which ay = —b, and as = b, respectively. The full nonlinear
solutions of (2.113) and (2.114) are

g = —bs = i\/—z_]-:(g'*F k)%, E> "k (2116)
and A
s=by=k——(E- k)3, E>k 2.117)

and are equivalent to the 4-fold symmetric EE or OO solutions, consistent
with the occurrence of separate eigenvalues of the linearized rigid problem
in Section 2.4. Solutions of (2.113), (2.114) for which either a; = 0 and
bs # 0 or a, # 0 and b, = 0, corresponding to a pure mode Uym OF Umn,
are no longer possible, but are replaced by solutions which develop from a

secondary bifurcation. This can be seen by multiplying (2.113) by by, (2.114)
by a, and subtracting to obtain

3
16
The solutions for which by = a, have already been discussed, but there are
also solutions for which

(as® — bs%)(k + —asbs) = 0. , (2.118)

o L6k (2.119)
3ag
From (2.113), these are given by
ag = i%(éi(? ~ 36k%)2)3, (2.120)

(with b, then determined from (2.119)) and exist for £>6|k|. These four
solutions bifurcate from the leading branch of (2.116), (2.117) at & = 6|k|
where |a,| = |b,| = 4(6/3)%. As ¢ increases, however, one pair of solutions
becomes doniinated by the a, component, so that |as|~4£3/3, |bs| — 0 as
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g§—o00 and the other pair becomes dominated by the b; component, with
las] — 0, |bs|~4£7/3 as &—occ0. Thus the pure tpy, and ty,, modes emerge
on these secondary branches as £—00. Note that using the measure (2.30)
the overall amplitude of the solutions (2.116), (2.117) is

1 8 1
i~z8(as” + bs2)% = ﬁaéé, (2.121)

whereas the overall amplitude of the secondary solutions (2.119), (2.120) is
slightly larger with '
fw%&(as? +b%)2 = %55%. (2.122)

Figure 2.19 shows the bifurcation diagram for the case where m = 3,
n =1and L = 5, in which case k = 0.07244 in (2.113), (2.114). Solutions for
u on the various branches, constructed from (2.78), are shown in Figure 2.20.
The bifurcation diagram will look qualitatively the same for any value of &
since k can be removed from the equations (2.113), (2.114) by a rescaling of
e,a,b and 7. Negative values of k are just equivalent to changing the sign of
one amplitude function relative to the other.

Finally the local stability of these steady-state solutions can be examined
using the method described in Section 2.3 for the periodic problem. Writing
a=a,+ Ae’", b= b, + Be’", substituting in (2.113), (2.114) and linearizing
in A and B yields the growth rates & from the equations

- 3 _

(6 -+ gzas"’ + §bSQ)A + (k + =ashs)B=10, . (2.123)
16 4 2

2T, 3 L 3

(6—-€+ Ebs + 70 )B+ (k + §asbs)A =0. (2.124)

Substituting the solutions for a, and b,, this shows that only the branch
(2.117) or (2.118) which bifurcates first ((2.117) if k > 0 or (2.118) if k¥ < 0)
is stable, and since the maximum growth rate is given by

5= %(e‘—ﬁlkl), (2.125)

this branch loses stability when & reaches the value 6|k|. At this point the sec-

ondary branches given by (2.119), (2.120) bifurcate and these have maximum
growth rate o5
- [ ")) 2y &
- L 7 24k%)3 2.126
G=—cft ( T )3, (2.126)
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which remains negative for & > 6|k|. Thus the secondary branches become
the stable steady-state solutions of the system.

2.6 Nonlinear solution of the time dependent

rigid problem

The time dependent form of the Swift-Hohenberg equation is a nonlinear
system in two spatial variables and time. This is a non-trivial system and
cannot be solved in general by analytical means. In this section we describe
numerical solutions of the system. We will focus on the discretisation of
the system and the various numerical methods employed, the accuracy and
stability of the numerical schemes that we derive and finally the results that
our scheme produces from various initial conditions.

2.6.1 Numerical scheme

The simplest approach is to use an explicit forward difference scheme in which
the Swift-Hohenberg equation (2.1) is replaced by the discretised form
Ui — Ui
At
Here u,;; is the solution at time ¢ + At and position = = ih, y = jk, i =
0,.,..M+1; j =0,..N+1, where h and k are the step lengths in the z
and y directions respectively and (M +1)h = (N + 1)k = L; @;; denotes the
corresponding solution at time ¢.
The discretisation of the term (1 + V?2)24 is carried out using central
differences exactly as in Section 2.4. This yields a scheme with truncation

errors of order h? and k? in the spatial derivatives and of order At in the
time derivative:

=et;; — {(1+ V), —ad.. (2.127)

1’]

Ugj — Ty 4 _ 2, _ _
-—l-'J—AtJ = (8 — l)ui_j - ﬁ(uiﬂﬂ- - Q’Ui']‘ + ui—l,j)
9 ) ) i _
"p(ﬂi,jﬂ —-2u;j + ﬁi‘j—l)"ﬁ(ﬁﬂ-?,j — 4y j 4 6% 5 — 401 + Wi-2y)
1

_F(ﬂi,j-ﬂ =44 jq + 60y ; — 41l j—1 T+ Wi jo2)
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2 - _ _ _
TRk [4t;5 — 2(Tig1,j + Bim1j + Ui+ + Tij-1)

Ui 541 + Ui-1,5-1 + Uip15-1 T+ i1 j+1)
fori=1,..M;j=1,...N. (2.128)

The equation (2.128) is applied at all internal points; this requires evaluation
of 4; ; at fictitious points outside the grid where i = —-1,i =M +2, j = -1
or j = N + 2. This is done by using the boundary conditions ‘3—’; = 0 on
z=0,L and y = 0, L which in discretised form become

Uoyy = Uy, UM+2,5 = Up ;-1 = U1, Ui, N+2 = Ui,N.
(2.129)
Values of 4;; in (2.128) on the boundaries are replaced using the condition
u=0onz=0,L and y =0, L giving

Ugj = Unr+1,j = Uip = Ui N41. (2.130)

Thus (2.128) provides the solution u;; at time ¢ + At at all internal grid
points, and w;; is zero on the boundaries. In this way the solution can be
computed forwards in time, from a specified initial state

’l—l,,',j= 1.9 at t=0. (2131)

Several other numerical schemes were also considered as follows. A mod-
ified Euler scheme (pseudo predictor/corrector) was developed as a possible

means of increasing the time step used in the numerical scheme. The scheme
takes the form

ai,j = Ui; + Atf(ﬁi‘j), (2132)
_ At . 1, _ R .
wij = Ui+ o (f(8g) + f(85)) = 5(8 + %) + Atf(2g) - (2133)

where f(1; ;) is the right-hand side of (2.127) and w, ; is the corrected value
of the solution at time t + At.

The Dufort-Frankel leapfrog method was also considered with a view to
improving stability. This is a three-time-level scheme but for a fourth-order
equation in two spatial variables is not generally explicit and is therefore

niore difficult to implement than for a second-order equation.
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The use of a Crank-Nicolson scheme was also considered. This again
18 an implicit scheme which would allow larger time steps to be used and
would have order At? truncation error in the time derivative. However the
nonlinearity of the system would necessitate an iterative process at each time
step. As the main aim is to identify steady-state solutions, it was decided to

limit the use of implicit schemes to the steady state system (see Section 2.7
below).

2.6.2 Accuracy and validation

We expect that for the fourth order equation (2.127), and provided h = &,
the forward-difference scheme described above will be stable provided that

At < kh*, (2.134)

where k is a constant. Temporal and spatial errors will be compounded
and the numerical scheme will quickly become unstable and diverge if this
condition is not met.

A number of experiments were carried out to test the validity of (2.134)
and to estimate a value of k. These were done for the case L = 1 and
€ = 2000 using a 10x10 grid (M = N = 9), a 20x20 grid (M = N =
19) and a 40x40 grid (M = N = 39). This is a case where the solution
approaches a non-zero steady-state as t—oco. For the 10x10 grid using a
random initial state U;; it was found after numerous runs testing At that
for At>0.0000032 the scheme is unstable, giving an approximation for & of
0.032. This was tested by running the numerical scheme using a finer mesh
(40x40) and again examining the stable area. The solution was found to be
stable for At = 1.289x1078, in agreement with the criterion At<xh* with
k = 0.032 and h = 0.025. Computations with the 20x20 grid also confirmed
this criterion. We thus have a suitable estimate of the restriction on At for
a defined mesh resolution to use in the numerical work. Because the Swift-
Hohenberg equation is fourth order, extremely small time steps are needed
to maintain stability in the forward difference scheme.

The modified Euler scheme (2.132) and (2.133) produced the same steady-
state solution at L = 1, ¢ = 2000 to 6 decimal places but it was found after
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Grid size Unum
10x10 | 38.970028
20x20 | 37.339985 | 36.79663733
40x40 | 36.802868 | 36.65839067

Utrue

Table 2.4: Central values of %num and s, for various grid sizes with L =1
and ¢ = 2000.

some testing that At could not be increased to any significant degree in
comparison to its value for the forward Euler scheme (2.126) and therefore
the modified scheme was not used further.

The next set of tests were designed to determine how the steps h and k
affect the accuracy of the solution. Table 2.4 gives results for L = 1, ¢ = 2000
on three different grids (M = N =9,M = N =19, M = N = 39) showing
the steady state value of the single cell solution at the centre of the square.
It also shows the solution predicted using an h%-extrapolation of the results
based on the formula

Unum = Uprye -+ h2A (2.135)

where u,,m is the numerical solution and A is a constant. Values of urye in
Table 2.4 are calculated using the numerical results for the given grid and
the grid of doubled step size. This analysis suggests that the results for the
10x10 mesh are up to 5.9 percent in error, for the 20x20 grid the error is
1.47 percent and for the 40x40 grid the error is only 0.3 percent. Despite the
large value of e the qualitative nature of the solution is preserved even on a
10x10 grid. For more complex patterns it can be expected that finer grids
will be necessary to adequately resolve the solution.

2.6.3 Results

The time-dependent system was used to allow the solution to evolve to non-
linear steady-state solutions of the Swift-Hohenberg equation. By computing
steady-state solutions for a range of values of ¢, at fixed L, the nonlinear de-

velopment from the linear onset solutions identified in Section 2.4 can be
obtained.
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It is also possible to examine how the time evolution depends on the initial

state (2.131) specified at t=0. Results were obtained for several diﬁerentA L

initial states u = U(z,y) at t = 0, including

mnr . Ny

U(z,y) = Upsin 7 sin =7 (2.136)
with Uy, m and n specified and
U(z,y) = R(1,7) atz=th, y=jk, (2.137)

where R(i,j) is taken as a random real value in the range —1 < R < 1 at
each grid point (i, j). Different initial states can be used, to some extent, to
generate steady-state solutions of a particular form. This is because solutions
of (2.1), (2.2) which are initially even or odd in x or y retain that symmetry
at later times. However, in practice if the steady-state solution is an unstable
state, truncation errors in the numerical computation destroy the symmetry
and lead to an asymmetric temporal evolution, with the solution tending
to a stable steady-state at large time. This means that the present time-
dependent method cannot be used to obtain all of the steady-state solutions
of the system (2.1), (2.2).

Results were obtained for several different sizes of square and details are

given here for the cases L = 5, 57, 30 and 16m.

(@) L=5

Figures 2.21-2.26 show contours of steady-state solutions and time evolution
graphs for the case L = 5. These were mostly obtained using 10x10 and
20x20 meshes and a time step At of 0.0001.

Figure 2.21 shows a solution with EE symmetry, which is the solution
generally achieved using a random initial profile, U(z,y) = R(i.j) or a sym-
metric initial profile such as U = z(L — 2)y(L — y), indicating that it is a
stable steady-state. At high values of € the nonlinear solution has a plateau
form with the main variation in u occurring near the boundaries. The height
of the plateau is given by u ~ €% as ¢ — oo, corresponding to a balance
between the terms eu and u® in the Swift-Hohenberg equation. Convergence

to the steady-state solution occurs faster at higher values of €, as can be seen
from Figure 2.22. '
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The pattern of Figure 2.23 was achieved by using the initial profile U(z,y) =
sin % sin 32—-‘1 and h = k = 0.25. The pattern is a 2-cell parallel structure with’
EO symmetry, and is comparable with the pattern of the linearized solution
uy for L = 5 of Figure 2.12. It was only possible to track this solution for
£ > 60; for € < 60 the solution converged to the one-cell solution of Figure
2.21. Figure 2.24 shows the evolution with time of the solution (in this case
the solution at the centre of the square remains zero for all ¢ and so @, defined
by (2.30), is used as a measure of the amplitude of the solution). For e = 200
the convergence of the solution to its steady-state form is slower than for the
one-cell solution of Figure 2.21.

An initial profile of the form U(z,y) = sin ZZsin 2 was used to try
and generate a four-cell OO solution of the form observed in the linearized
solution of Figure 2.14. This led to a rather interesting three-cell diagonal
steady-state solution shown in Figure 2.25. The solution in Figure 2.25 was
only found for € > 141.5 on a 10x10 grid. However, several simulations on
finer grids (20x20 and 40x40) were inconclusive as the solution in Figure 2.25
could not be found on these finer grids. Figure 2.26 shows the time evolution
to the steady-state solutions of Figure 2.25. In fact the solution almost
converges to the OO mode, but then undergoes a second stage of evolution .
to the diagonal mode, which is presumably more stable. The diagonal mode

appears to be a combination of the one-cell EE mode and the four-cell OO
mode.

(b) L =57

Figures 2.27-2.30 show contours of solutions for the case L = 5m. These were
obtained with a 32x32 grid (h = k = 0.49087) and a time step At of 0.00001.
Random initial conditions were used for most of the computations in this
subsection and this led to a number of different steady-state patterns, as
shown in Figures 2.27,2.28 and 2.30. In some cases the steady-state pattern
found at one value of € was used as an initial state for computations at other
values of €.

The 4-cell parallel mode of Figure 2.27 has OE symmetry. This steady-
state pattern was first found when performing numerical simulations using
a random initial state with ¢ = 0.18 and was also readily found at higher
values of €. The amplitude of the cells increases with .
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Figure 2.28 shows a steady-state 5-cell diagonal mode achieved using a
random initial state over a range of values of €. Figure 2.29 shows the pattern
evolution to steady-state through time for the case where £ = 0.3.

The steady-state contours of Figure 2.30 are the product of simulations
using an initial profile U(z,y) = |R(4,5)|. This mode was only found for
£ 2 0.37. It is even about z = %L but has no symmetry in the y direction.

Finally, Figure 2.31 shows a centrosymmetric steady-state pattern found
at € = 0.855 and a non-symmetric steady-state pattern found at ¢ = 1.248.
Similar stable patterns can be found for other reasonably high values of €.
(c) L=30
Figures 2.32-2.34 show contours of steady state solutions for the case L = 30.
These were all obtained using a 32 x32 mesh and a time step At of 0.001.
Random initial conditions were used for the computations and this led to
various steady state patterns.

Figure 2.32 shows steady-state solutions found in the range £ = 0.028 to
¢ = 0.08. This 12-cell diagonal mode is associated with the linearized solution
u3 of Figure 2.13 and as ¢ increases the cells spread across the square to fill
the opposite corners.

Figure 2.33 shows steady solutions found in the range ¢ = 0.09to ¢ = 0.14.
The 12-cell diagonal mode is still found at € = 0.09 and versions without
symmetry about the second diagonal are found at higher . In addition, a
new centrosymmetric mode is found for € > 0.11.

Figure 2.34 shows steady solutions found in the range € = 0.16 to € =
0.22. These include non-symmetric diagonal modes (e = 0.18, ¢ = 0.22),
centrosymmetric modes (¢ = 0.16, ¢ = 0.17) and a non-symmetric mode
(e =0.21).

(d) L =16x
Figures 2.35 and 2.36 show the contours of a steady-state solution and its
time evolution for the case L = 167 with e = 0.1. These results were obtained

with a 96x96 grid (h = k = 0.523599), a time step At of 0.001 and a random
initial profile U(x,y) = R(3, j).
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2.7 Nonlinear solution of the steady-state rigid

problem

Consider the steady-state Swift-Hohenberg equation

eu— (14 V3% -1 =0, (2.138)
with boundary conditions
u———g—u=0 on r=0,L and y=0,L. (2.139)
q

In this section we describe a numerical scheme for solving this problem based

on Newton iteration, and present results for several values of L.

2.7.1 Numerical scheme

We discretise the system on to a uniform grid in z and y, as in the solution

of the linearized system in Section 2.4. The equation (2.136) can then be
expressed in the form

Fij = euy — {(1+ V) ’ulij —ui® = 0. (2.140)

Since this is a nonlinear system, it can be solved by performing a Newton
iteration:

Fij+ ;gf;i dury =0, . (2.141)
to obtain the Newton increments du;; at each grid point. These are then
used to produce an improved approximation u; ; + du; ; to the solution. The
iterative process is continued until all of the Newton increments tend to zero,
to within some specified tolerance. The advantages of this method over the
time-dependent scheme of Section 2.6 are that it can find both stable and
unstable steady-states, it can significantly reduce computation times and it

allows solutions to be tracked as a function of ¢ in a relatively straightforward
manner.

In (2.140), the middle term is discretised in exactly the same way as in
Section 4.1, so that

2
Fi,j = (E - 1)ui‘j — ﬁ(ui+1‘j - 2ui,j + ui—l,j) - —(ui,j+1 - 2’U,i,j + ui.j——l)

L2
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~ e = duisn o Bui — 4oy + Uiog]

_EZ[Ui,j+2 = dug g+ 6ug; — dug o + w2

2
~viE [dug; = 2(Wip1j + Wim1j + i1 + Uig—1)

TUit1 541 + Uim1j-1 + Uity j-1 + u,-—x,j+1}
fori=1,.M;5=1,..N. (2.142)

Using the boundary conditions (2.52) and (2.53), this implies that F;; is
defined at all internal grid points. The partial derivatives g-:;—-;— appearing
in (2.141) can now be calculated, and provide the (M N)? elements of the

matrix P in the matrix equation

Péu=-F (2.143)

obtained from (2.141). Here du is the column vector of unknowns:

5’(111’1
51.1.2,1

(S’U,M'l
51141,2
(2.144)

&
I

5UM.2

(5u1_N

5UM,N
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F is the column vector

I~
il

(2.145)

\ Fan
and P is the matrix

P=A-el+Q, (2.146)

where A is the matrix defined by (2.56)-(2.66). The additional contributions

arising from the nonlinear term —u; ;% in (2.142) are contained in the matrix
Q, which is defined by

@ 0 ... ... ...... 0 0 0 0
' Q2 ". .'. .'. .'. "- O 0 0
o N
.
Q=| T e
0
0 0
0 0 0 S Qn_y O
0 0 0 0 ... ... ... ... 0 QN )
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where

~3ud, 0 0 0 0 0
—3u2, 00 0
) 0 0
0
Q;=
0
0 0
00 0 0 0 ...o.oooo0 -3,
(2.148)

Note that P is a symmetric matrix.

"Two methods were used to solve the matrix equation (2.143). In the first,
Gauss-Seidel iteration was applied, starting from an initial guess du;; = 0
for all 4, 7. Although this method worked successfully in a number of simple
cases and required minimal computer storage, it did not prove to be robust,
and convergence was generally very slow because of the large number of
equations involved. The second approach was to use a direct method based
on Gauss elimination. This proved reliable and was therefore adopted for all
subsequent calculations.

The Newton iteration was implemented generally by using the linearized
solution of Section 2.4 as an initial guess for u;j, and, once convergence to
within a specified tolerance had been achieved, by incrementing the value of
¢ and using the previous solution for u;; as the next initial guess. For most
calculations a tolerance of

M N

S 6l < 1078, (2.149)

i=1j=1

was applied to ensure adequate convergence of the Newton iteration. Results
from the time-dependent calculations of Section 2.6 were used as a check on
the numerical scheme.
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2.7.2 Accuracy

Results were tested for accuracy using different step sizes, L = 5 and € =
1.285 for various grids. These indicated reasonable agreement. Checks were
also made to ensure that calculations of the nonlinear system were consistent
with the bifurcation points predicted by the linear analysis of Section 2.4.

2.7.3 Results

Results were obtained for various values of L and are described in detail here
for the cases L = 5, 57 and 30. A convenient single measure of the amplitude
of the nonlinear solution is @, as defined in (2.30), and this was computed
numerically as 1

M N 3

ﬂ=((M+1 N+1) Y s) (2:150)

z—IJ 1

using the trapezium rule. An alternative measure is to use the value of u

at the centre of the square, but this is not useful for solutions with odd
symmetry.

(a) L=5

Figure 2.37 shows a bifurcation diagram of steady-state solutions for the
case L = 5 obtained using a 32x32 mesh (h = k = 0.15625). The leading
branch bifurcates at ¢ = 1.090, and consists of a solution with EE symmetry,
consistent with the results of Section 2.4. Figure 2.38 shows contours of u for
branch EE1 of Figure 2.37 at various values of €. The amplitude 4 increases
with € and the pattern remains in the form of a single cell which develops a
plateau region at the centre when ¢ is large.

The second and third branches both bifurcate at € = 4.901 where thereis a
repeated eigenvalue of the linearized system. Figure 2.39 shows the nonlinear
solution with larger amplitude, branch D1, which is a 2-cell diagonal mode.
Again as ¢ increases the pattern remains the same in symmetry and general
appearance and the amplitude % increases. Figure 2.40 shows the other
solution which bifurcates at ¢ = 4.901 which is a 2-cell parallel mode with
OE symmetry (branch OE1). The nonlinear results obtained here confirm
the existence of the diagonal and OE modes predicted in the linear analysis of
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Section 2.4 although it is interesting to note that, in contrast to the periodic
problem, it is the diagonal mode here which has a larger amplitude.

The fourth branch bifurcates at ¢ = 12.248 and has OO symmetry. Figure
2.41 shows contours of « on this branch (branch OO1) at various values of €.
Again the pattern does not change with increasing &, and the amplitude
@ increases. This branch was also computed by solving the problem on
the quarter domain 0 < z < %L, 0<y < %L with boundary conditions
u = g—z% = ( applied on the internal edges z = %L and y = %L. Since these
are equivalent to periodic boundary conditions, the modifications needed
to the numerical scheme are similar to those mentioned in Section 2.4. The
results were useful in providing an additional check on the numerical scheme.

The fifth and sixth branches (EE2 and EE3) bifurcate at ¢ = 19.178
and € = 19.573 respectively. These two branches are solutions with EE
symmetry and are consistent with the patterns predicted by the linearized
analysis of Section 2.4. Again as ¢ is increased the patterns remain the same
in symmetry and general appearance and the amplitudes increase. Contours
are shown in Figures 2.42 and 2.43.

(b) L =57

The nonlinear results of this section are for the case L = 57 and were obtained
mainly with a 32x32 mesh (h = k = 0.49087). Figure 2.44 shows a bifurcation
diagram of steady-state solutions that were found. We first discuss solutions
that bifurcate from the trivial solution u = 0.

The first branch, branch OO1 of Figure 2.44, has OO symmetry and
bifurcates at € = 0.107, consistent with the linear numerical results of Section
2.4. Figure 2.45 shows the contours of this solution for increasing €. The
amplitude increases and the pattern retains the same form as € increases.

The second branch bifurcates at € = 0.116 and is also a non-repeated root
of the linear system. Figure 2.46 shows this nonlinear solution (branch EE1
of Figure 2.44) which has EE symmetry and is basically a 9-cell structure
similar to the (3,3) mode of the periodic problem.

The third and fourth branches of Figure 2.44 bifurcate at € = 0.119 where
there is a repeated eigenvalue of the linear system. Figure 2.47 shows the
contours of u for the solution with diagonal symmetry (branch D1). which is
consistent with the 6-cell linearized form of u3 predicted in Section 2.4. The
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other solution predicted by the linear analysis, which has OE symmetry is
shown in Figure 2.48.

The fifth and sixth branches both bifurcate at ¢ = 0.1434, and again
are solutions arising from a repeated OE mode of the linearized system.
Figure 2.49 shows contours of « on branch OE2 which has OE symmetry
and is associated with the solution u; of the linearized system. This pattern
is somewhat like the (3,2) mode of the periodic problem. The branch of
solutions D2 with diagonal symmetry, is shown in Figure 2.50.

The seventh branch O02 has OO symmetry and contours of u are shown
in Figure 2.51.

We now discuss nonlinear solutions which do not bifurcate from the trivial
solution, taking them in order of their appearance as ¢ increases. The exis-
tence of such modes is indicated by reference to the time-dependent analysis
of Section 2.6 because many of the solutions found there do not have patterns
which identify with any of the seven branches listed above. These nonlinear
modes were located by using the steady-state solutions found in Section 2.6
as initial guesses in the Newton scheme. In each case the entire branch of
steady-state solutions could then be tracked by incrementing the value of €
backwards and forwards from its initial value.

The first solution to arise nonlinearly is a secondary bifurcation from the
primary mode OO1 which appears at ¢ = 0.1345. This solution has diagonal
symmetry and is the 5-cell diagonal mode of Figure 2.28. It is designated Dg1
(D for ‘diagonal’, S for ‘secondary’) in Figure 2.44. Its amplitude @ is larger
than that of the primary mode OO1 from which it bifurcates, explaining
why it is seen in the time-dependent calculations. Contour plots are shown
in Figure 2.52 and demonstrate how the diagonal pattern evolves by breaking
the symmetry of the OO pattern.

Another solution to arise nonlinearly is a fold bifurcation at € = 0.1707.
This has OE symmetry and its upper branch OE%1 (F for ‘fold’, U for
‘upper’) is the stable 4-cell parallel mode reported in the time-dependent
calculations of Figure 2.27. The lower branch OE%1 also consists of 4 cells
but these become less ‘parallel’ as ¢ increases. Patterns on the upper branch
are shown in Figure 2.53 and on the lower branch in Figure 2.54. The solu-

tions were found by starting from a point on the upper branch and tracking
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backwards in € until the vertex of the fold bifurcation was eventually located
(using extremely small steps in €) at € = 0.1707; for lower values of £ the
solution converged to mode OO1. In order to track the solution down past
the vertex and on to the lower branch, the solution at each grid point was
regarded as a function of , allowing a linear extrapolation to be used to
provide an initial guess for the Newton iteration at the first point on the
lower branch. Thereafter, the solution could be tracked forwards in €, ini-
tially using extremely small steps. Figure 2.55 shows the solution in the
neighbourhood of the vertex.

Another solution to arise nonlinearly is a secondary bifurcation from the
mode EE1 which appears at ¢ = 0.336. This solution has even symmetry in
one direction only and is therefore designated Egl in Figure 2.44. It is the
mode reported in the time-dependent calculations of Figure 2.30. Contour
plots are shown in Figure 2.56 and demonstrate how the pattern evolves from
the EE pattern by breaking the symmetry in one direction.

Finally, another nonlinear solution appears as a fold bifurcation at ¢ =
0.6318. This has centrosymmetry and contour plots on its upper and lower
branches (designated C%1 and CEk1) are shown in Figures 2.57 and 2.58
respectively. This is the mode reported in the left-hand contour plot of Figure
2.31 in the time-dependent calculations. The patterns on the two branches
differ very little, although slight differences are discernible when & reaches
0.854. The solution was tracked around the vertex using the same method
as for branch OEf1; Figure 2.59 shows the solution in the neighbourhood of
the vertex.

It is almost inevitable that other nonlinear solutions appear through sec-
ondary bifurcations and fold bifurcations within the range of € shown in
Figure 2.44. However, those described here are likely to be of greatest signif-
icance as they give rise to solutions, some of which, from the time-dependent
analysis, are stable states. The results of Figure 2.44 show that the am-
plitudes 4 of the various stable modes are extremely close, explaining why
the diagonal, parallel and centrosymmetric modes are all observable in the
time-dependent calculations. In fact the leading linear onset solution, which
is an OO mode, has largest amplitude only for a very restricted range of ¢

(0.107 < € < 0.13); thereafter, solutions containing longer, more coherent
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cells (diagonal, parallel or curved) are preferred states of the system.

(c) L=30

A less comprehensive set of results is reported in this section for the case
L = 30, obtained using a 32x32 grid (h = k = 0.9375). Figure 2.60 shows
a bifurcation diagram of steady-state solutions that were found. Again solu-
tions that bifurcate from the trivial solution u = 0 are discussed first.

The first two branches bifurcate at ¢ = 0.0255 and correspond to a re-
peated eigenvalue of the linear system. One of those branches has OE sym-
metry (associated with the onset solution u; shown in Figure 2.13) and the
other has diagonal symmetry (associated with the onset solution uz shown
in Figure 2.13). Only the diagonal mode D1, which from the time-dependent
calculations shown in Figure 2.32 is expected to be stable, is shown in Figure
2.60. Contour plots on this branch are shown in Figure 2.61. The solution
consists of 12 cells and as ¢ increases there is tendency for these to spread
laterally to fill the square.

The third branch EE1 bifurcates at € = 0.0258, consistent with the eigen-
value of the linear system shown in Figure 2.11, and at onset consists of 11
cells on each diagonal. Contour plots for this branch are shown in Figure
2.62. As ¢ increases the outer cells spread laterally to fill the corners and the
central region becomes dominated by square cells formed by the interaction
of the two diagonal sets; this solution was not observed in the time-dependent
calculations and may not be stable.

The fourth branch, OO1, bifurcates at ¢ = 0.026, consistent with the
eigenvalue of the linear system shown in Figure 2.15, and at onset consists of
10 cells on each diagonal, separated by a central saddle point. Contour plots
for this branch are shown in Figure 2.63. As ¢ increases, the central region
again becomes dominated by square cells.

Two nonlinear solutions, which do not bifurcate from the trivial solution
u = 0, were also located. The first of these, EEf1, appears as a fold bifur-
cation at € = 0.0455 and on the upper branch (EE¥1) consists of a 9-cell
parallel mode, as shown in Figure 2.64. This solution was found in the time-
dependent calculations of Figure 2.34 at ¢ = 0.19, suggesting that it is stable.
On the lower branch (EE1) the parallel structure becomes less well-ordered
as € increases, as shown in the contour plots of Figure 2.65, and the solution
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is likely to be unstable.

A second fold bifurcation (Cpl) was located at € = 0.0666 and is a cen-
trosymmetric mode of the type observed in the time-dependent calculations
of Figure 2.33 at ¢ = 0.11 and £ = 0.13. Contour plots on the upper branch

(C¥1) are shown in Figure 2.66 and on the lower branch (Ck1) in Figure
2.67.

These two fold bifurcations are similar to those observed in the case L =

57, suggesting that they are a generic feature of convection patterns in square
cavities.

2.8 Discussion

Pattern formation in a square has been investigated by solving the two-
dimensional Swift-Hohenberg equation analytically and numerically for pe-
riodic, quasi-periodic and rigid boundary conditions. One of the aims of the
study has been to establish the preferred structure and orientation of the
pattern, especially in cases where the square is sufficiently large for many
cells to be accommodated. In this section we give a summary of the main
results.

For periodic boundary conditions the results of Section 2.3 show that
solutions onset in the form of parallel-cell solutions (i.e. cells with bound-
aries parallel to the sides of the square) with EE, 0O, OE (or EO) symmetry.
Apart from the parallel-cell solutions that already have 4-fold rotational sym-
metry, all of the other modes appear at repeated eigenvalues of € which, in
the OE/EO case, gives rise to further onset solutions with diagonal sym-
metry and, in the EE or OO case, give rise to further onset solutions with
4-fold rotational symmetry. However, a weakly nonlinear analysis shows that
these non-parallel solutions are all unstable, having lower amplitude than the
corresponding modes that bifurcate at the same value of €. As the size of
the square (measured by the non-dimensional parameter L) increases the
most dangerous mode continually changes so that on average the parallel on-
set pattern contains an increasingly large number of cell boundaries in both
directions, the specific number depending on the precise value of L.

For the rigid problem, the linear theory of Section 2.4 again reveals so-
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lutions with EE, OO, OE (or EO) symmetry. Like the periodic case, the
OE/EO modes appear at repeated eigenvalues of ¢, giving rise to further
onset solutions with diagonal symmetry, the existence of which is confirmed
by nonlinear computations in Section 2.7. In the rigid case, however, these
diagonal solutions can have larger amplitude than the corresponding OE or
EO solution. Also in contrast to the periodic case there are in general no
repeated eigenvalues with EE or OO symmetry - in the rigid problem all EE
and OO modes appear with 4-fold rotational symmetry at distinct eigenval-
ues. In Section 2.5 this qualitative difference is investigated by studying a
quasi-periodic system containing a small element of the rigid boundary con-
dition. This confirms that the influence of the rigid condition is to render the
repeated OO and EE eigenvalues of the linearized periodic system distinct
and instead the corresponding parallel modes of the periodic problem emerge
as a secondary bifurcation of the primary mode.

Another important difference between the rigid and periodic systems is
that in the rigid case the most dangerous mode of the linearized system
does not continually change as L increases. Instead there is a competition
between just three modes, one with EE symmetry, one with OO symmetry
and one with OE/EO or diagonal (D) symmetry. These modes interweave
as L changes and the pattern best ‘fits’ the square, so that each becomes the
most dangerous mode for particular intervals of L. The pattern associated
with each mode also changes as L changes, facilitating the incorporation of
additional cells as L increases. This leads to patterns at large values of L
that consist of cells along, and with axes orthogonal to, the diagonals of the
square. For the EE, OO and OE/EO modes the cells are positioned along
both diagonals whereas for the diagonal mode D they are positioned along
one diagonal. These results are consistent with the idea that in large plan-
form systems with rigid boundaries, roll patterns occupy the region spanning
points of the boundary of maximum separation.

The results for the linearized rigid problem not only emphasize the preva-
lence of diagonal structures but also the notable lack of parallel-cell solutions.
The existence of nonlinear parallel modes and other modes is, however, con-
firmed by the time-dependent calculations presented in Section 2.6. These
show that as € increases a whole range of nonlinear stable steady states can
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in fact be found, including diagonal modes, parallel modes, modes with cen-
trosymmetry and modes with no symmetry. The question of analyzing the
nonlinear bifurcation structure of these modes is addressed in Section 2.7.
For relatively low values of L (e.g. L = 5) and moderate values of ¢ this
structure is reasonably straightforward and the results confirm the existence
of supercritical nonlinear branches of solutions which bifurcate from the lin-
earized eigenvalues and have EE, OO, OE/EQ or D symmetry.

As L increases, more modes fit into the square at low values of € and the
complexity of the bifurcation structure is evident from results obtained for
L =57 and L = 30. These indicate that in addition to the modes stem-
ming from the linear eigenvalues there are other important nonlinear modes
that arise through secondary bifurcations and fold bifurcations. In the case
L = 30 the primary solution is a diagonal mode and in the case L = 5m,
where the primary mode is an OO solution with 4-fold symmetry, it rapidly
gives way to a diagonal mode through a secondary bifurcation. In both cases,
at higher ¢, a parallel mode and then a centrosymmetric mode enter through
fold bifurcations, with the time-dependent calculations indicating that the
upper branches of these modes are stable. Other stable states were also
found, consistent with the idea of complex patterns evolving through sym-
metry breaking. The various nonlinear patterns reflect a preference for long
coherent cells (either straight or curved) thereby minimizing cell boundaries
within the interior of the domain. At the boundaries of the domain, the
preference is for cells to approach orthogonally, avoiding extended areas of
weak convectioh there.

A more comprehensive set of nonlinear solutions is needed in order to
identify all the generic features of the bifurcation diagram for general values
of L. However, it is conjectured that diagonal modes with an even number
of cells generally bifurcate from the trivial solution at an OE eigenvalue
and that diagonal modes with an odd number of cells generally appear as
secondary bifurcations through a nonlinear interaction between EE and OO
modes. Parallel and centrosymmetric modes with an odd or even number of
cells generally appear through fold bifurcations. Further work is needed to
confirm these ideas and to carry out a stability analysis of nonlinear solutions.
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Figure 2.1: The first ten branches of the eigenvalues ¢,,, as functions of L.
Branches are labelled (m,n).
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Figure 2.2: Contour plots of the solutions (2.19) for (m,n)=(1,1). (2,2),
(3,3).
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Figure 2.3: Contour plots for m = 2 and n = 1 of solutions Uy, Uy, uz and
uy.
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Figure 2.4: Contour plots for m = 4 and n = 1 of solutions uy, us, us and

Uy.
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Figure 2.5: Contour plots for m = 3 and n = 1 of solutions u1, u2, uz and

Uy.
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I'igure 2.6: Contour plots for m = 5 and n = 1 of solutions uy, us, uz and

Uy.
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Figure 2.7: Contour plots for m = 4 and n = 2 of solutions u, us, uz and

Uy.
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Figure 2.8: The first eight branches of the eigenvalues ¢ as functions of L

obtained using a 20x20 grid. 66



16 17 18 19
Figure 2.9: The first eight branches of the eigenvalues ¢ as functions of L in

the region 15 < L < 20 obtained using a 40x40 grid.
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Figure 2.10: Sequence of patterns on branch EE1 for L = 5,8, 11,12, 14, 16.
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L=30

Figure 2.11: Sequence of patterns on branch EE1 for L = 18, 20. 30.
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L=12

Figure 2.12: Sequence of patterns on branch OF1 for L =5, 10, 12. The OE

solution uy is shown on the left and the diagonal solution u on the right.
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L=20 L=20

Figure 2.13: Sequence of patterns on branch OE1 for L = 16, 20, 30. The
OE solution u, is shown on the left and the diagonal solution uz on the right.
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L=10 L=12

Figure 2.14: Sequence of patterns on branch OO1 for L = 5, §, 10, 12,
18.
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Figure 2.15: Sequence of patterns on branch OO1 for L = 20. 30.

73



Figure 2.16: Sequence of patterns on brauch EE2 for L = 9, 9, 12, 16, 20.



L=20

Sequence of patterns on branch EE3 for L = 5, 9, 12, 20.
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Figure 2.18: Sequence of patterns on branch OE? for [ =9, 12, 16. The OE

solution wy is shown on the left and the diagonal solution w3 on the right.
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Figure 2.19: Bifurcation diagram for the case m = 3, n = 1, L = 5 where
k = 0.07244. Branch (1) corresponds to the solutions a; = —bs, branch
(2) corresponds to the solutions a, = by and branch (3) corresponds to the
solutions given by (2.119), (2.120).
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Figure 2.20: Contours of u on the various branches of Figure 2.19. The

patterns on branch (3) are shown for various values of ¢, whereas those on

branches (1) and (2) are independent of z.
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Figure 2.21: Contours of steady-state solutions u for L = 5, obtained with

an initial state U(zr,y) = x(L — z)y(L — y).
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Figure 2.22: Time evolution of two steady-state solutions of the type shown
in Figure 2.21.



Figure 2.23: Contours of steady-state solutions u for L = 5, obtained with

an initial state U(z,y) = sin ("—LI) sin (Q{ﬂ)-
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€=200

Figure 2.24: Time evolution of the steady-state solutions shown in Figure
2.23.

o0
o



€=200

Figure 2.25: Contours of steady-state solutions u for L = 5, obtained with

an initial state U(x,y) = sin (2£) sin (3¥).
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Figure 2.26: Time evolution of two of the steady-state solutions shown in
Figure 2.25.



Figure 2.27: Contours of steady-state solutions u for L = 5w, obtained with
an initial state U(z,y) = R(4, 7).
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Figure 2.28: Contours of steady-state solutions u for L = 5, obtained with
an initial state U(x,y) = R(1, 7).



€=0.30, ©=25.9 €=20.30, ta50

©20.30, £=300

Figure 2.29: Contours of u at various times { in the evolution leading to the

steady-state solution for £ = 0.30 shown in Figure 2.28 .
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€x0.37 €=0.40

Figure 2.30: Contours of steady-state solutions u for L = 5, obtained with
an initial state U(x,y) = |R(4, 7)|.



Figure 2.31: Contours of steady-state solutions u for L = 5, obtained with
an initial state U(z,y) = R(1, ).
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Figure 2.32: Contours of steady-state solutions u for L = 30, obtained with
an initial state U(x,y) = R(i, j).
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Figure 2.33: Contours of steady-state solutions u for L = 30, obtained with
an initial state U(x,y) = R(i, j).
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Figure 2.34: Contours of steady-state solutions u for L = 30, obtained with
an initial state U(x,y) = R(i,7).
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Figure 2.35: Contours of a steady-state solu

obtained with an initial state U(z,y) = R(i.J).
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Figure 2.36: Time evolution of the steady-state solution shown in Figure
2.35.
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Figure 2.37: Bifurcation diagram for the case L = 5.

95



«=1.090 C=1.28%
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c=8.185 =13.085

Figure 2.38: Contour plots of solutions u on branch EE1 for increasing € and
L=},
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Figure 2.39: Contour plots of solutions u on branch D1 for increasing ¢ and
L= 5.



Figure 2.40: Contour plots of solutions « on branch OE1 for increasing € and
L=35.



Figure 2.41: Contour plots of solutions u on branch QO1 for increasing ¢ and
L=5.
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Figure 2.4

2 Contour plots of solutions « on branch EE2 for increasing ¢ and
L=5.
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Figure 2.43: Contour plots of solutions « on branch EE3 for increasing € and
L=5.
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Figure 2.44: Bifurcation diagram for the case L = 57.
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Figure 2.45: Contowm plots of solutions 1 on branch Q01 for increasing & and
L =57,
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Figure

2.46: Contour plots of solutions « on branch EE1 for increasing ¢ and
L= 5q
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Figure 2.47: Contow plots of solutions w on branch D1 for increasing = and

L= 8.
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Figure 2.48: Contour plots of solutions « on branch OE1 for increasing € and
Lis= 5,
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Figure 2

L = 5%

~49: Contour plots of solutions u on branch QE2 for increasing ¢ and
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«=0.1435 «=0.15095

€=0.1629

Figure 2.50: Contour plots of solutions « on branch D2 for increasing € and
L= 5.
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Figure 2.51: Contour plots of solutions u on brarch OO2 for increasing € and
L = 5.
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Figure 2.52: Contour plots of sol

utions v on branch Dg1 for increasing € and
L = 5.
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Figure 2.53:

and L = 57

Contour plots of solutions u on branch OEY%1 for increasing

111

m



¢=0.17069

(=0.17336

©=0.18002

Figure 2.54: Contour plots of solutions « on branch OE;1 for increasing e
and L = 57
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Figure 2.55: The fold bifurcation of branch OEF1 near € = 0.170.
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Figure 2.56: Contour plots of solutions u on branch Eg1 for increasing ¢ and
L= o,
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Figure 2.58: Contour plots of solutions u on branch Ck1 for increasing € and

L =5m.
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Figure 2.59: The fold bifurcation of branch Cp1 near € = 0.6318.
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Figure 2.60: Bifurcation diagram for the case L = 30.
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Figure 2.61: Contour plots of solutions u on branch D1 for increasing ¢ and
L =30,
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Figure 2.62: Contour plots of solutions u on branch EE1 for increasing e and
L =30.



€=0.026774 €=0.030674

Figure 2.63: Contour plots of solutions u on branch Q01 for increasing € and
L == gl
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Figure 2.64: Contour plots of solutions u on branch EE%I for increasing ¢
and L = 30.
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Figure 2.65: Contour plots of solutions u on branch EEf1 for increasing ¢
and L = 30.
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Figure 2.66: Contour plots of solutions u on branch C%1 for increasing € and
L= 30.
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Figure 2.67: Contour plots of solutions « on branch Cf,«l for increasing € and
L = 30.



Chapter 3

Pattern Formation in Large

Squares

3.1 Introduction

Pattern formation in a square with sides of length L has been investigated
by solving the 2D Swift-Hohenberg equation numerically for rigid boundary
conditions. One of the aims of this study has been to establish the preferred
structure and orientation of the pattern, especially in the cases where the
square is sufficiently large for many cells to be accommodated. This chapter
will investigate the idea that in large planform systems with rigid boundaries,
roll patterns can occupy the region spanning points of the boundary of max-
imum separation, in other words with axes orthogonal to the diagonals of
the square. This type of pattern has already been observed in the numerical
solutions for the square in Chapter 2 and appears to be the leading mode of
convection as L — o0.

This study will attempt to gain insight by making use of asymptotic meth-
ods, based on the assumptions that the lateral dimensions of the container
are much larger than the characteristic wavelength of convection and that
the solution is weakly nonlinear. Since we are considering large squares in
which many cells can be accommodated, a solution near onset is sought in
terms of an envelope function which modulates the amplitude and phase of
a set of rolls with axes perpendicular to the diagonal. The problem is for-
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mulated in Section 3.2 and the equation for the envelope function is derived
in Section 3.3. The boundary conditions for this function are determined by
considering corner regions in Section 3.4, where the solution adjusts to the
wall conditions. In Section 3.5 a Fourier transform method together with a
solvability condition leads to a closed system for the transform of the enve-
lope function. Solutions of this system are found in Sections 3.6 and 3.7.
Further properties of the asymptotic structure of the solution in the corners
are investigated analytically in Section 3.8 and show how reflection at the

walls generates a local cross-roll structure. The results are summarized in
Section 3.9

3.2 Formulation of the problem

The Swift-Hohenberg equation is

% =eu— (1 + V*)2u - ®, (3.1)

. . A . 2 2
where t is the non-dimensional time, V? = -837 + 5"’3,—2 where z and y are non-
dimensional Cartesian coordinates, ¢ is a control parameter and u(z,y,t) is a

scalar field. The domain is a square with sides of length L and the conditions

ou

uzég =

0 (3.2)

on the boundary where ¢ is used to denote the inward normal direction to
the boundary.

It is convenient in this chapter to choose the origin of the coordinates
x,y at the centre of the square, with the z axis directed along one of the
diagonals, as shown in Figure 3.1. A parameter [ is introduced such that the
diagonal is defined by —l < z <, y = 0 and then L = v/2l.

This chapter is concerned with an asymptotic description of the solution
for u as [ — oo, focusing on the structure of the leading modes of convection
as the control parameter ¢ increases. Figure 3.1 shows the main regions of
the proposed solution structure. A core region of width y ~ 7 lies along
the diagonal and contains rolls with axes in the y direction. At each end of

: § . 1 L R
the core region are corner regions of size z = ~ {z and y ~ (2 and within

127



these further adjustments occur in wall regions on a length scale of order one
normal to the boundaries of the square.

The main ingredients of the structure proposed here are based on the
weakly nonlinear theory developed by Daniels (2000) for the onset of con-
vection in arbitrarily-shaped domains. In that theory the boundary of the
domain is assumed to be smooth and the convection pattern forms along the
diameter of the domain, the straight line of maximum length spanning the

domain. At the ends of the diameter the boundary is described locally by
the equations
rFl R
:zF :;ci(%) (3.3)
where the parameters ¢, are a measure of the local curvature of the boundary.

This leads to the onset of convection when € reaches a critical value

s
s=l—9+l—3+...,l—>oo, (3.4)

with the parameter § depending on c+. The leading term in (3.4) represents
the fact that the presence of the boundaries, distance 2! apart, gives rise to
an increase in the critical value of ¢ relative to its value (¢=0) for an infinite
layer. The correction term involving § is the additional increase in ¢ needed
to allow for inward curvature of the boundaries at each end of the diameter.
In the limit of large boundary curvature (c+ — oo) Daniels (2000) showed
that, at onset, § ~ ¢4 and that the lateral extent of the rolls in the y direction
is of order (2 and independent of cy. Although this theory cannot be applied
directly to the case of a square because of the non-smooth nature of the
boundary, it can be used to estimate the likely effect on (3.4). In the case
of the square, = F ! and y are of comparable magnitudes near the corners.
With y ~ I3 it follows from (3.3) that if 2 F { ~ [% also then cx ~ 3. Since

§ ~ ¢y as cx — oo it follows that for the square it can be expected that the

) ) 1
onset of convection will occur when § ~ 13 and so we set

| 2.

4
€= +—él (3.9)
2

o

E

~

where ¢, is an order one parameter. A further implication is that the mag-
A . N 4 20 _3 >
nitude of u in the core region is of order (E—%—)E ~ |71. The expansion of

the solution in the core region is considered next.
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3.3 Core expansion

A solution in the core region is assumed in the form

u= l'%uo+l_§ul+l‘%u2+l—%U3+ l*¥u‘;+l—l-?us+... (3.6)
where u; = u;(x, X, Y, 7) are functions of z and the scaled variables X = z/l,
Y = y/I? and 7 = t/I3. These are chosen to accommodate a modulation
of the roll pattern along the diagonal (=1 < X < 1), the decay of the roll
pattern on the lateral scale y ~ 12 corresponding to —oo < Y < oo and the
temporal evolution of the weakly nonlinear solution near onset. Justification
for the precise scalings in | will become clear in due course. The expansion
(3.6) is substituted into the governing equation (3.3) with the control pa-

rameter ¢ expressed in the form (3.5), leading to a series of problems for
U, Uy y vnen

At order 11, yg is found to satisfy the equation

4 2
L(ug) = T+27+u0 =) (3.7)

and the relevant solution is

wy=Ao(X, Y, 7)eT+ A" (X, Y, 7)™ (3.8)

where Aj is a complex amplitude function and * denotes complex conjugate.
This solution represents a set of rolls with axes orthogonal to the diagonal

whose amplitude and phase are modulated by the function Ao.

At order 71, v, is found to satisfy the equation L(uy) = 0 and the
relevant solution is

U, = Al(/Y, Y, T)eir + Alm()(7 Y, T)e—i'r, (39)

where A, is a further complex amplitude function.

At order [~ 1, uy 1s found to satisfy the equation

4 az 62 64u
Tt 0 ug U Ug 0

- - - - (3.10)
130X 0x0X ~OY? " 0220Y°
From (3.8), the terms on the right-hand side sum to zero, so that
Up=Ay(X,Y, 7)e" + Ay*(X,Y, 7)™, (3.11)
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where A, is a further complex amplitude function.
At order I, ug is found to satisfy

i T ~ 0%, _,)a?ul - 0,
0r3oN 0rdX T OY? T Or?0Y?

and again the right-hand side terms sum to zero, giving

uz=A3(X,Y, 1) + A" (X, Y, T)e ™, (3.13)

L(us)= (3.12)

where Aj is a further complex amplitude function.
At order [=F, uy is found to satisfy
4 My 4 0%us _QOQUE D 8:u-_) :
0x30X 020X TOY? T0x2%0Y
84110 ’ 84110 a’llto 82U0
9r20X? 0x0X09Y? oY+ ToX? _
A bounded solution for uy requires that the terms on the right-hand side

L(uy)=

+12ug—6 (3.14)

(which are proportional to e***) sum to zero, and substitution for up from
(3.8) and u, from (3.11) shows that A, satisfies the equation
o i 0
zr—5
0X 20Y?

The assumed scaling for y ~ [2 ensures that the Y derivatives appear in this

)2 Ag-+72 Ag=0. (3.15)

equation along with the X derivatives, essential in allowing a solution for Ay

that decays as Y — =£co. This solution will be considered in Section 3.5.
15

At order [T, uj is found to satisfy

0*us Puz 0%y O'us
L(us)=— - e
(W)==45 5% " omox 2av:  23aiay?
G 8 0*uy o 0ty _a*ul_ 9wy
VU0220X2 0roXoY? oY+ C9X?
. . 0u ;
+01110—u03—§770- (316)

A bounded solution for uz requires that the terms proportional to e* on the
right-hand side sum to zero; substitution from (3.8),(3.9) and (3.13) shows
that A, satisfies the equation
TN
0X 20Y?
The scalings in (3.5), (3.6) and of the time t ensure that the terms in Ag
involving &,, nonlinear effects and the time derivative appear on the right-
hand side of (3.17). The solution of (3.17) is considered in Section 3.5.

5 . A 9 .
)-.41+772A1=Q070-51‘40+3A0lA0\~' (317)

130



3.4 Corner regions

The corner region near x=—1 is defined by |Y| < X_ < oo where y=12Y and
w=—I+13 X_. Since the scale in z is much larger than the critical wavelength
of the roll pattern, this corner region contains many rolls and the solution
must match with that in the core region as X_ — oo. In the core region
it will be assumed that the leading order amplitude function Ay approaches
zero as X — +1 so that

Ao(£1,Y,7)=0. (3.18)

This is consistent with the usual behaviour in finite domains with rigid lateral
boundaries (Daniels 1977a) and is needed to ensure that the wall conditions
(3.2) can be satisfied (see Section 3.8 below). This implies that as X — —1
the core amplitude function has the behaviour

Ag ~ (X+1)%%(—1,Y, T), (3.19)

giving rise to a solution in the corner region of the form

u——-l_%ug(:r,X_,Y,T) +... (3.20)
as | — oo.

The required solution for u; can be found by an expansion procedure
similar to that of Section 3.3 but allowing for the new scaling of X_ in place

of X. Since the analysis is essentially the same but with X_ in place of X,
it can be inferred that the required solution for uj is

ug=Ay (X_,Y,7)e"+AT*(X_,Y, 7)™ (3.21)

where the amplitude equation equivalent to (3.15) is dominated by the X_
derivative, giving
2 -
d Af’ =0. (3.22)
X2

Matching with (3.19) requires that

. 04y

Aj~ X SS(-LYir) A Xo — oo (3.23)
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and the other boundary condition for A7 is that it vanishes on the boundary
of the square, so that

Ag=0 on X_=|Y|, -co<Y <00 (3.24)

This is necessary to allow the solution to adjust to the wall conditions (3.2)
in the wall regions, to be considered in Section 3.8. From (3.22) - (3.24) the
solution for Aj is
Ag=(X_~Y )21 ;7). (325)
The corner region at =1 is defined by —co < X, < —|Y'| where r=l+12 X,
and the solution there is

u=l_%u§(a:, XY, 1) +... (3.26)
as | — oo, where
upt=Ag" (X4, Y, T)eT+ATN(X,, Y, T)e™ (3.27)
and
A
Ay* _(x++|yt)% A?(1,}’,7). (3.28)

Matching between the corner solutions (3.25), (3.28) and the core solution

now implies that the core amplitude function A, must satisfy the boundary
conditions

A(xl,Y,")=% IYIOAO(:H,Y, ) (3.29)

If the core functions %3(:&:1,}’, T) are smooth functions of Y that are non-
zero at Y = 0, it follows that the corner solutions (3.25) and (3.28) have a
discontinuous gradient in Y across Y = 0. This is a consequence of the lack
of Y derivatives in the governing equation (3.22) and can be expected to be
smoothed out on a smaller lateral scale y ~ [ within each corner region,

where the y derivatives in the governing equations become significant. The
details of the solution in this region are not considered here.

3.5 Fourier transform theory

From the results of Sections 3.3 and 3.4 a local onset of convection requires
a solution of 5 8
i
L VYRS P (3.30)
Ugx~zgye) Aot Av=0
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for which Ap=0 at X = £1 and A; — 0 as Y — +oo. Such solutions can
conveniently be represented using a Fourier transform in Y,

Ao(X,w,m)= [ A(X, Y, ) dy (3.31)

and it follows from (3.30) that Ay satisfies

a\,+7)?A0+w2Ao=o (3.32)

so that

== w2 X IX
Ap=a(w, T)e'_2\" cos(r2

where a(w,7) is an arbitrary function of 7 and the transform variable w. A
single Fourier component of frequency w would correspond to a roll whose axis
lies at an angle w/l 3 to the y direction. The function @ must be determined
by considering the problem for A; which consists of the equation

) (3.33)

0 10 2, OA
4(8—}(_§W)2AI+W-A1=8—T0_61A0+3A0‘A0‘2 (334)

together with the boundary conditions given by (3.29) and the requirement
that Ay — 0 as Y — =oo. It follows that the transform A,(X,w,7) of A,
must satisfy

L(A)=R(X,w,7) (3.35)

where R is the transform of the right-hand side of (3.34), together with
A(£],w,7)=Di(w,T) (3.36)

where Dy are the transforms of the right-hand sides of (3.29).
The adjoint function for Ag is e T COS(%) and so the problem for A,
has a solution only if the solvability condition

y: 1 i 2

L 2x X _ il _
] Re™ cos(%)dX=27r(D+eT+D_e ) (3.37)

is satisfied. Given that Aj is known in terms of a(w,7), this is an equation
for the unknown function a(w, 7):

8 o iw? == i
52:51(1 +2m(Dye T + D_e™ ) =3y (3.38)

(S
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where

iw

1 -
T /_IHO(X,w,T)e -~ cos(%)dX,

Ho(X,w,7)= / Aol Ag|2e™Y aY,

IY

X
i cos &=
A(X,Y,7)= 27r2
and
w T :l:/
where 94
0
+1, Y7
0X ( ) ! ?

/

W2 N s s
/ a(w,T)'e"TA"“” dw
—2o0

:i:l,), 7)Y dY

(w,7) e:F 4 iy dw.

The system (3.38) - (3.43) admits solutions of the form

a(w,T)

=r(w,T)e

0

where 7 is real and the phase 6 is constant. In this case

A():eioA, H0=€i0H, Io‘:

6191,

and r is the solution of the system

or

D_:eioD, D+=ei0Dt

1 w?x X
](w,'r)=/_lH(X,w,*r) =7 cos( )X

H(X,w,7)= / T A|APEY 4y

r(w, T)e"%i"i“ydw

D{w,7)= - / T YIF(Y, 1)eY dY

E:61T+27T(D - 2
where
cos ZX oo
- _ 2
A, Y, T)=— /_oo
and
where 1
F(Y,7)=; /_ )

Solutions are required for which

r—0

iw?

r(w, T)e T %Y duw.

as
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(3.39)
(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)



The value of the phase constant 8 is arbitrary but is expected to be deter-
mined at higher order in the expansion of the solution for u as | — o0 (see,
for example, Daniels 1978) with 6 = 0 corresponding to solutions for uo even
in z, and 6 = § corresponding to solutions for up odd in z.

The system (3.46) - (3.52) has real solutions r that are even or odd
functions of w, the nonlinear term I appearing in (3.46) being real in this
case. This follows because if 7(w,7) = r(—w, ) then A is even in Y and
its real and imaginary parts are even and odd in X respectively, whilst if
7(w,T) = —r(=w,7) then Aisodd in Y and its real and imaginary parts are
odd and even in X respectively. In either case it then follows that the real
and imaginary parts of H are even and odd in X respectively and thence that
the imaginary part of I is zero. Solutions of the steady linearised version of

(3.46) are found in Section 3.6 and of the full nonlinear system in Section
3.7.

3.6 Linear Solution

In this section solutions of the steady linearised version of (3.46),
—iu2 |'..J2
or + 27T(De’2_ + D‘eT):O (353)

are found subject to the boundary conditions (3.52). This is an eigenvalue
problem for 4, with the lowest value of 6, and the corresponding eigenfunc-
tion 7 = r(w) defining the onset of convection.

3.6.1 Solution method

Solutions of (3.53) were found using a Fourier series representation

o0
r=Y Tpsinnmw (3.54)
n=1
where !
a)=-2-(1 +tanhw), O0<2< 1 (3.55)

This ensures the smooth decay of the eigenfunction r to zero as w — 00
(that is, as@ — 1 and @ — 0).
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From (3.51),

F=ZrnFn(Y)
n=1
where F,, = F,,, + iF,; and

2 2
Fm=l /oo (cos Y coswY + sin utl sinwY) sin nrwdw,
4/ - 2 2

- 2 2
Fm'=l / (sin Y coswY — cos = sin wY)sinnrodw
4J-00 2 2
and then (3.50) gives
D=Zv*nDn(w)

n=1

where D, = D,, +tD,; and
D,,= - /oo |Y|(FprcoswY — Fp;sinwY)dY,
—00

o
Dpi= — / \Y|(FpicoswY + Fp,sinwY)dY.

Equation (3.53) is now decomposed into individual modes as

61Tm + 4T Tpbyp=0 (m=1,2,...)

n=1
where

1 w? L owr -
brn=2 / (Dprcos — + Dy sin ?) sin mrwdw
0

2
or, in matrix form,

5o
(B + -Dr=0

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

where B is the matrix with elements bmn, I is the identity matrix and r is

the column vector with elements r,.

From (3.57) and (3.58), F,, and F; are even in Y for odd values of n
and odd in Y for even values of n. It follows from (3.60) and (3.61) that Dn.
and Dy; are even in w for odd values of n and odd in w for even values of
n. Thus by, = 0 when n is odd and m is even, and when m is odd and n
is even. It follows that one set of eigensolutions is obtained with rn =0 for
even n, corresponding to eigenfunctions r(w) that are even functions of w,

and another set with 7, = 0 for odd n, corresponding to eigenfunctions r(w)

that are odd functions of w.
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3.6.2 Results

The matrix eigenvalue problem (3.64) was solved using a standard Math-
ematica routine. The system was truncated to N modes and the matrix
elements by, calculated using Simpson’s rule in the integrals (3.57), (3.58),
(3.60), (3.61) and (3.63). For the integrations in w the integrals were trans-
formed to the variable @ and the domain 0 < @ < 1 subdivided into equal
intervals. The integrands oscillate rapidly as @ — 0 and @ — 1 and the
integrations were performed from @ = € to @ = 1 — € with the parameter €
chosen sufficiently small (typically € = 0.01) to provide an accurate evalua-
tion; the integrands are bounded as @ — 0 and @ — 1 and so contributions
to the integrals from the neighbourhood of @ = 0 and @ = 1 are small. The
integration over Y in (3.60) and (3.61) was performed typically with a step
size AY = 0.1 and various outer boundaries Y = 1Y, with Y, ranging from
10 to 80. The integrations in & were performed with the same number of
steps as those in Y. Results were obtained for a range of truncation levels
up to N = 28, at which point reasonable convergence was achieved.

Table 3.1 shows the dependence of the leading eigenvalue 4, on the trunca-
tion level and the outer boundary Y,,. Results for the first six eigenvalues §,
and the corresponding eigenvectors r obtained for a truncation level N = 28
and outer boundary Y, = 80 are shown in Table 3.2. The leading eigenvalue
is calculated to be §; = 15.5 to three significant figures. The leading eigen-
function r(w) is constructed from (3.54) and the real and imaginary parts
of the corresponding amplitude function A(X,Y) calculated from (3.49) are
shown in Figure 3.2. Figure 3.3 shows the solution for uy calculated from
(3.8) in the case where L is taken as 30 and # = 0. The corresponding results
for the second eigenvalue 6, = 31.5 are shown in Figures 3.4 and 3.5.

3.6.3 Comparison with numerical results

The asymptotic results obtained here can be compared with the linearised
solutions of the Swift-Hohenberg equation reported in Section 2.4. Setting
| = L/v/2 in (3.5), the present asymptotic theory predicts linear solutions at

27'('2 2%51
~N— 4 —., L= 3.65
€ 2 + 3 00 ( )
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Yoo =10 | Yoo = 20 | Yo, = 40 Y. =80
19.2215 19.2224
16.8609 | 16.8604 | 16.8614
16.0670 | 16.0954 | 16.0973
15.7127 | 15.7709 | 15.7741
15.6183 | 15.6226
15.5421 | 15.5495

DS 0o s oz

14 15.5048 | 15.5152

16 15.5009 | 15.5091
18 15.4969 | 15.5061
20 15.4982 | 15.5082
22 15.5015 | 15.5123
24 15.5066 | 15.5171
26 15.5097 | 15.5216
28 15.5154 | 15.5254

Table 3.1: Dependence of the leading eigenvalue §; on the outer boundary
Yo and the truncation level N for AY = 0.1,

01 | 15.5254 | 41.1787 | 67.5581 | &, | 31.4943 | 53.5543 | 82.3752
T | -0.7918 | 0.1126 | -0.0008 | r, | -0.5651 | -0.0000 | 0.0083
rs | -0.4317 | -0.3644 | -0.0180 | 7, | -0.4711 | -0.0357 | -0.1317
s | -0.2911 | -0.4247 | 0.1850 | r¢ | -0.3860 | 0.2505 | 0.4552
77 | -0.2102 | -0.4089 | -0.4860 | 75 | -0.3177 | -0.4846 | -0.1082
7o | -0.1567 | -0.3720 | 0.0473 | 70 | -0.2628 | -0.0680 | -0.3789
" | -0.1189 | -0.3297 | 0.3766 | ry, | -0.2179 | 0.3219 | -0.3238
rig | -0.0909 | -0.2874 | 0.3464 |1y, | -0.1806 | 0.3752 | -0.1266
15 | -0.0696 | -0.2472 | 0.1364 | rys | -0.1492 | 0.2039 | 0.0820
m17 | -0.0530 | -0.2096 | -0.0948 | rys | -0.1224 | -0.0300 | 0.2400
"o | -0.0399 | -0.1747 | -0.2650 | 790 | -0.0992 | -0.2227 | 0.3204

Table 3.2: The le

ading six eigenvalues and the first ten non-zero elements

of the corresponding eigenvectors obtained with AY = 0.1,Y, = 80 and a
truncation level N = 9§.
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and these are shown in Figure 3.6 for the first two eigenvalues d; listed in Ta-
ble 3.2, along with the linearised solutions of the Swift-Hohenberg equation
displayed in Figure 2.8. These indicate good agreement. The leading eigen-
value §; = 15.5 is associated with the first group of branches; the distinction
between the different modes (EE, OO and EO/OE/D) identified in Section
2.3 corresponds to the possibility of selecting the phase as § = 0 or § = § and
is expected to give rise to the next correction to € in (3.65) which is likely to
be a term of order L3 (cf Daniels 1978). The value of this correction term
is expected to be different for each of the three symmetries (EE, OO and
EO/OE/D), providing the three distinct curves.

The diagonal pattern predicted by the asymptotic theory is consistent
with that observed in the Swift-Hohenberg calculations. The single diagonal
mode corresponds to the mode D1 observed in Figure 2.13. Superposition of
the asymptotic structure along one diagonal with a similar structure along
the other diagonal of the square gives rise to the OE,EQ,00 and EE modes
observed in Figures 2.11—2.15. Although the asymptotic theory is nonlinear,
such a superposition is permissable because the two diagonal structures only
interact with each other where they intersect at the centre of the square.
Because this interaction occurs over a short length scale (z and y of order
l%) it does not affect the leading order solution - the pattern observed in
this central region is therefore just the linear superposition of the two sets of
orthogonal rolls.

The second eigenvalue §; = 31.5 is associated with the second group of

branches; here the amplitude function is odd in Y and so sets of double cells
are predicted along the diagonals.

3.7 Nonlinear solution

In this section solutions of the full nonlinear version of (3.46),

iu2 iw
gr =67+ 2n(De” 7 + D‘eTz)—BI (3.66)

T

are found subject to the boundary conditions (3.24).
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3.7.1 Solution method

The Fourier series representation

o0

7‘=Zrn sin N (3.67)

n=1

with .
o=5(1+tanhw), 0<@<1 (3.68)

was again used but now with r, = r,(7) functions of the time 7. Provided

r is an even or odd function of w the nonlinear term I is real and can be
expressed as a Fourier series

o0

H{w,7) = _casinnrd (3.69)

n=1

where the coefficients ¢, = ¢,(7) are given by

1
cn=2/ H{w, 7)sin nrwdo, (3.70)
0

Equation (3.66) therefore gives a system of ordinary differential equations:

m’—57m+47l2 T bm - = 3.71
1 nYmn 3Cm, m 1,2 ( . )
5T

n=1

to be solved for the individual modes r,,. These equations are coupled
through both the linear terms involving the coefficients bma calculated in
Section 3.6 and the nonlinear terms ¢, given by (3.70) where I must be
calculated in terms of r,,,m = 1,2, ... using (3.18) - (3.20).

An Euler forward difference scheme was used to solve (3.71), so that the

solution at time 7 = (j + 1)A7 is obtained in terms of that at time 7 = j AT
from the formulae

Tmj+l = T'myj + AT[(Sle'j + 47TZTn.jbmn - 3C.myj], m=1,2..., (372)

n=1
where A7 is the time step. The solution is allowed to evolve in time until a
steady state is attained. The linearised solution of Section 3.6 with a suitably
chosen amplitude was used to provide an initial state at 7 = 0, starting with

a value of §; somewhat greater than the critical value identified in Section 3.6.
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Once a steady state was achieved the value of §, was incremented and the new
steady-state values of 7, used as the initial state for the next computation.

The various integrations involved in (3.70) and (3.18) - (3.20) were per-
formed using Simpson’s rule and results were tested for accuracy using dif-
ferent step sizes in X,Y, o and 7, and different outer boundaries £ Y for the

integration in Y. Results were also obtained for various truncation levels N
in the Fourier representation.

3.7.2 Results

Figure 3.7 shows a plot of the steady state solution for rat w = 0 asa function
of &, for the leading mode that bifurcates at &; = 15.5. This was obtained
using a truncation level N = 10 and with 20 steps in X and 100 stepsin & and
Y in the integration formulae with Y., = 5. A time step At = 0.005 was used
and convergence to a steady-state solution was achieved typically to within
an error of 0.005 in the value of r when 7 = 1, although this time increased
significantly in the neighbourhood of the bifurcation point, d; = 15.5. Plots
of the steady-state solution for the real and imaginary parts of A at 0y =23
constructed from (3.49) are shown in Figure 3.8. As &, increases the solution
increases in amplitude and spreads outwards from the diagonal. Figure 3.9
shows the steady-state solutions for ug constructed from (3.8) at §, = 18 and

8, = 45 in the case when L is taken as 30 and 6 = 0. Here it is seen that the
curvature of the roll pattern decreases as §; increases.

3.8 Wall regions

In this section it is confirmed that the assumptions made in Sections 3.3 and

3.4 concerning the behaviour of the core and the corner region solutions are
consistent with satisfaction of the wall conditions (3.2).

First, recall that in the corner region near x = —{ the solution is given by

u=l‘§u5(:c,X_,Y,T)+... (3.73)

as | — oo, where
uy=A7(X_,Y,7)e" + A7* (XY, 7)e ™ (3.74)
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and

Ag=(X_-|Y|)f(Y, 7). (3.75)
where we introduce
—'a—AQ — 3.76
f(YvT)"‘aX( I,Y,T). ( )
Then
FY,m)=e®F(Y, ) (3.77)

where @ is the arbitrary phase constant and F is the function defined in
(3.51). Plots of the real and imaginary parts of the steady-state solution for
F for various values of §; on the leading branch of solutions computed in
Section 3.7 are shown in Figure 3.10.

As X_ — |Y| the amplitude function A approaches zero and the solution
for u undergoes a further adjustment within wall regions whose width is
comparable with that of individual rolls. The proposed structure is shown
in Figure 3.1. In order to describe the solution within the wall regions it is

convenient to introduce the new coordinates ¢ and 7 aligned with the walls,
defined by

_nE =8 (3.78)
V2 V2

Wall region Ia (see Figure 3.1) then occupies the domain 0 < 7 < 00, 0 <
€ < 0o where £ = £/1!/2, The solution there is

T+

w= 1", E.T) + ... A (3.79)

as | — oo where @ satisfies the linearised version of the Swift-Hohenberg
equation

1+ V2 =0 (3.80)

with V2 = 0%25 + 6%75. Matching with the incident z-roll pattern given by
(3.73)-(3.75) requires that

i~ VI F(~E/VE, 7)) 4 (VB me ) — o (381)

and the wall conditions (3.2) require that

N = — = = (3.82)
i an 0 on n=0.



Satisfaction of the wall conditions requires the generation of a reflected
(y-roll) component and a solution for % can be found in the form

—i(U% i(1= *, 1( )
= (a+bne ) 4 (@* +b"n)e (%)+(c+dv7)e ) (c*+d'n e

(3.83)
where a,b, ¢ and d are complex functions of 7 and £ to be determined. From
(3.81) it follows that

b= V2f(=€/V2,m)e, d=0 (3.84)
and then from (3.82),
a+c'=0, b+ —\j—i(a—c*) = 0. (3.85)
Thus |
= if(_g/\/_é?T)e—“’ c= Zf*(_é/\/iv T)ell (386)

and the solution for % is

. Y )1t e iU+ il 155)
= ('l+\/§n)f€1(_l+%) +(_z+\/§n)f:&ei(l -bé)'*‘lf et(H"'T,zg) __,Lfe J?é

(3.87)
where f = f(=€/v/2,71).

A similar solution can be found in wall region Ib, which occupies the
domain 0 < € < 00,0 < 7} < 0o where 7 = n/1}/2, Here

w= PG 0, 7) 4  (389)

as | — oo where @ again satisfies (3.80). Matching with the incident z-roll
pattern requires that

@~ VRIS V2T R 4 (VR e TR, g oo (389)
and the wall conditions (3.2) require that

- o0n _ 3.90)
u—a£—0 on £=0. (

The relevant solution is

= (H“‘/_E el l+17$ i+ﬁ{)f‘ei(l—%)-&-if‘ei(”%)—ife—i(“'%?a).
(3.91)
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where f = f(7/V2,7). |

The last two terms in (3.87) and (3.91) represent the generation of a y-roll
component, a result of the reflection of the incident z-roll pattern at the e'dges
of the square. This y-roll component emerges into the main corner region l
where, together with the finite parts of the z-roll component in (3.87) and
(3.91), generates a term of order {~%4 in the expansion (3.73):

w= 1"y + 179+ (3.92)

as | — co. The solution for u; therefore contains both z and y-roll compo-
nents associated with complex amplitude functions A} and By respectively:

up = A7 (XY 1)e" +AT* (XY, T)E’—im—{-Bl_(X_,Y, T)e¥+ B (XY, T)e™.
(3.93)

The amplitude equations for A7 and By can be derived in the usual way,

allowing for the ['/2 length scales associated with X and Y, to obtain

AT _ 4 (3.94)
0X®  0X_0Y?
and -
9B (3.95)
dY?2

The component A7 is just a small correction to the z-roll pattern in the
corner region but By represents the leading-order y-roll component. Bound-
ary conditions for B are provided by matching with (3.87) and (3.91) at
Y = -X_andY = X_, respectively. Since £ = /2X_ at ¥ = —X_ and

7=v2X_atY = X_, this gives

Bl =if*'(-X_,7)e! at Y =-X_ (3.96)
and

Bl =—if(X_,7)e™® at Y =X_ (3.97)
Thus the required solution of (3.95) is

Bl =a(X_, 7)Y + B(X_,7) (3.98)
where .
1

= —2x_ {f(X_,T)e-“ + f*(_X_,T)e“}, (399)

144



8= %{f’(—X_,T)e“ - f(X_,m)e ™ ). (3.100)

The solution for B] decays at the inner edge of the corner region because
F(X_,7) and f(-X_,7) tend to zero(exponentially) as X_ — co. Thus the
y-roll component identified here is confined to the corner region and has no
impact on the core expansion. A similar solution can be derived for corner
region II at the opposite end of the diagonal. It is observed from (3.99) that
o is generally singular as X_ — 0 so that the solution for By has a term
proportional to Y/X_ as X_ — 0. This is consistent with the existence of an

inner corner region 1 ~ £ ~ 1 formed by the junction of the two wall regions;
the details of the solution in this region are not considered here.

For the leading branch of solutions, where the steady-state formof f =
e’ F is an even function of Y (with F as shown in Figure 3.10) it follows

that a = iq; is purely imaginary and 8 = 3, is purely real in (3.99) (3.100).
Thus the y-roll component in the corner region has the form

u~ I"4(Bre + Brte ™) = 217%4(0,Y siny + B3, cosy) (3.101)

and is thus an even function of y. The structure obtained here confirms that
the assumptions made in Sections 3.3 and 3.4 concerning the behaviour of
the core and corner region solutions are consistent with satisfaction of the
wall conditions (3.2). The rigid boundaries of the square require that the
core and corner-region amplitude functions tend to zero as the edges of the
square are approached, where the motion is weak. The other main effect of
the corners is to generate a cross-roll component within a distance of order

11/2 of the corner although this is weaker, by order {~/2, than the main roll
pattern there.

3.9 Discussion

In this chapter the question of whether the onset of convection in a square
domain takes the form of a local solution concentrated along the diagonals
has been investigated. A Fourier transform technique is used to derive a
closed system governing disturbances which to a first approximation take

the form of rolls with axes aligned perpendicular to the diagonals. 'These
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axes extend a distance of order !/? which is small compared with the size l
of the square. The structure is similar to that proposed by Daniels (2000)
for the case of an arbitrary domain with a smooth boundary except that
here the corners of the square must be taken into account. A local structure
has been found that allows the solution to adjust via a main corner region
discussed in Section 3.4 and wall regions discussed in Section 3.8 to the full
boundary conditions at the walls. An interesting feature of this structure
is the generation of a weak cross-roll pattern perpendicular to the main roll
pattern.

The asymptotic structure discussed here focuses on one diagonal of the
square but because of the local nature of the solution, solutions correspond-
ing to rolls along both diagonals can just be constructed by superposition.
Because the two patterns overlap only on a short 1'/2 x {!/? length scale at
the centre of the square, to leading order they have no effect upon each other
at least within the weakly nonlinear regime considered here.

The predicted critical value of ¢ given by (3.65) compares well with the
numerical results of Section 2.4 for large L. The leading order asymptotic
theory described here does not distinguish between solutions with EE,00,
OE or D symmetry. It is envisaged that this group of branches in Figure
2.8 has the same critical value of € to the order given in (3.65) but that the
EE,00 and OE/D symmetries will be distinguished by different higher order
terms in the expansion (3.65). It is beyond the scope of the present work to
carry out the necessary analysis to find these higher order terms.
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Figure 3.1: Schematic diagram of the asymptotic structure for large L, show-
ing the diagonal from z = —! to z = [ and the core region of width order

12,
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Figure 3.2: Contours of the real and imaginary parts of the amplitude func-
tion A(X,Y) in the domain =1 < X < 1. -5 < Y < 5 for the leading mode

at onset (0, = 15.5).
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Figure 3.3: Contours of u, for the leading eigenfunction constructed from
(3.8) with L = 30 and @ = 0 in the domain —1 <X<1l,-5<Y <5.
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Figure 3.4: Contours of the real and imaginary parts of the amplitude func-
tion A(X,Y) in the domain =1 < X' < 1,-5 < Y < 5 for the second mode

at onset (0; = 31.5).
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3.5: C s of A ; : :
5: Contours of uy for the second eigenfunction constructed from

(3.8) with L =30 and 6 = 0 in the domain -1 < X <1.-5<Y <5.
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Figure 3.6: Comparison of the asymptotic theory (dashed curves) with the
numerical results for the two leading eigenvalues.
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Figure 3.7: r(0) versus d; for the leading branch of solutions.
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Figure 3.8: Contours of the real and imaginary parts of the amplitude func-

tion A(N.Y) in the domain =1 < X < 1, -5 < Y < 5 for the leading mode
at d§; = 23.
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Figure 3.9: Contours of ugp for §; = 18,45 on the leading sol

constructed from (3.8) with L = 30 and 6 = 0 in the dom
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Figure 3.10: Real and imaginary parts of F'(Y) for the leading solution branch

at 6, = 17,21, 25, 40, 50, 60.
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Chapter 4

Convection Patterns in

Rectangles

4.1 Introduction

In this chapter the numerical investigation of the rigid problem of Chapter
2 is extended to the case of a rectangular geometry 0 < x < L,0 <y < M.
Detailed results are obtained for two aspect ratios M/L = 0.75 and M/L =
0.5 and are described in Sections 4.3 and 4.4 respectively. One of the main
objectives is to see whether onset now occurs in the form of rolls parallel to
the shorter side as in the Galerkin calculations for the equivalent Rayleigh-
Bénard problem by Davis (1967) and Catton (1970). Such patterns are also
predicted for moderately large planforms (containing up to about 6 rolls) by
experiments such as those of Stork and Muller (1972), Buhler, Kirchartz and
Oertel (1979) and Kirchartz and Oertel (1988). However for large planforms
(L — 00, M — o) the asymptotic theory of Daniels (2000) suggests that
at onset rolls may form along the diagonals of the rectangle indicating a
possible transition between parallel roll solutions and this more complicated
roll structure as L and M become large. The asymptotic theory of Daniels
(2000) does not allow for corners and so is not immediately applicable to the
case of a rectangle; modifications to the theory similar to those of Chapter 3
to allow for this are considered in Chapter 5.



4.2 Formulation of the problem

The Swift-Hohenberg equation is

% =eu—(1+ V-, (4.1)

- . . . 92 02

where ¢ is the non-dimensional time, V? = % + 5‘317 where z and y are non-
dimensional Cartesian coordinates, ¢ is a control parameter and u(x,y,t) is
a scalar field.

The geometry that we are considering is a rectangle 0 <2 < L, 0 <y <
M with the equivalent of rigid lateral boundaries so that on the boundary w
and its derivative normal to the boundary vanish:

u=%=0 on r=0,L and y=0 M. (4.2)
q

Note that here ¢ is used to denote the inward normal direction.

4.3 Results for aspect ratio 0.75

In this section results are described for the case M/L = 0.75.

4.3.1 Linear solution

Results were obtained for values of M in the range 6 to 30 using the method
described in detail in Section 2.4 and grids of 32 x 24. Figure 4.1 shows
the eigenvalues ¢ plotted as a function of M for the first seven modes. The
curves in Figure 4.1 are labelled according to their symmetry properties and
their order at low values of L. Each branch corresponds to an eigensolution
u with EE, OO, OE or EO symmetry. Unlike the square problem, there
are no repeated eigenvalues for solutions with EO and OE symmetry and
diagonal modes are absent. As L increases, the various branches of Figure 4.1
interweave as a particular mode ‘best fits’ the size of the rectangle. It appears
that in the rectangular geometry the most dangerous mode is confined to
one of two branches EEL or OE1 for moderate L. At larger L, the various
branches appear to divide into distinct groups - branches EEI, OEl, EO1
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and OOL1 constitute the first group and members of the second group include
branches EE2, OE2, O02 and EO2. This behaviour is similar to that found
for the square problem of Chapter 2.

We now investigate in more detail the patterns corresponding to each of
the leading branches specified above, and how they evolve as functions of
M. Branch EE1 has EE symmetry and at low values of M consists of a
single cell. Contours of the eigenfunction u associated with this branch at
various values M are shown in Figures 4.2 and 4.3. It is the dominant mode
for M < 6.48, for 8.4 < M < 10.1 and then again when M reaches 12.48;
at large M it continues to interweave with branches OE1, EO1 and OOLl.
The pattern changes in an interesting manner as M increases; in the region
6.48 < M < 8.16 (where it is not the leading mode) it develops two new cells
parallel to the shorter side. In the region 10.24 < M < 12.24 it develops four
new cells in the corners which eventually join up at M = 12.36 to form two
rolls placed parallel to the shorter sides of the rectangle and hence the EE1
mode becomes a (5,1) roll structure. A computation for M = 30 (Figure 4.3)
shows that the EE1 mode has developed into a roll solution consisting of two
main components concentrated along the diagonals of the rectangle.

Branch OE1 contains solutions with OE symmetry, and contours of the
solution at various values of M along branch OE1 are shown in Figures
44 and 4.5. At low values of M the solution is a 2 - roll parallel mode
resembling the solution of Section 2.4 for the square with L = 5. The OE1
mode is dominant for 6.48 < M < 8.4, 10.32 < M < 12.48 and then again for
14.64 < M < 15.36. As M increases, the (2,1) OE1 mode gains additional
cells in all four corners which in the region 8.88 < M < 9.84 join up to give a
(4,1) parallel mode at M = 9.92. It repeats this process of adding new cells
In corners in the region 12.48 < M < 13.92 (it is not the dominant mode
here) and as a result develops an additional two parallel rolls at A/ =~ 12.08
to become a (6,1) mode. At large M, a diagonal structure emerges similar
to that of the EE1 mode.

Branch EO1, which has EO symmetry, is shown in Figures 4.6 and 4.7.
It is not the leading mode in the region 6 < M < 15.12 but reaches the rank
of second-most dominant solution at M ~ 15.12. At low values of M it is
very similar in structure to branch OEL, being a 2-cell (1,2) parallel mode
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in the region 6 < M < 8.4. As we increase M, we gradually observe the
formation of four new cells in the corners of the rectangle and by M = 9.84
we can describe the pattern to be a typical (3,2) structure. At M =~ 13.8,
the pattern on branch EO1 has again gradually evolved and is now a (5,2)
mode. At large L it develops a diagonal structure.

Branch OO1 has OO symmetry and contours of u at various values of
M are shown in Figures 4.8 and 4.9. At low values of M the pattern is
reminiscent of the (2,2) mode seen in the L = 5 square (Section 2.4). Unlike
in the square mode, OO1 does not become the dominant mode for moderate
M. In the region 10.32 < M < 11.76 it develops new cells in the corners,
sitting at both ends of the diagonals to become a (4,2) mode. When M =
15.12, branch OO1 has again grown an extra four new cells and is seen to be
a (6,2) solution. For large M it develops a diagonal structure.

The next group of branches also contains solutions with EE, EO, OE and
OO symmetry. Figures 4.10, 4.11 and 4.12 show contours of u at various
values of M on the branches EE2, EO2 and QE2.

Branch EE2 has EE symmetry and is shown in Figure 4.10. In the region
6 < M < 7.2, we can describe the pattern on branch EE2 to be a typical
(3,1) mode similar to the solution of branch EE1 of Figure 4.2. As we in-
crease M past M = 7.2, we can find most interestingly that the outer rolls
are growing whilst pinching the middle roll. The outer rolls continue to grow
until they manage to merge hence completely annihilating the middle roll.
Two new cells, parallel to the longer sides, appear at the top-and bottom of
the rectangle and the pattern on branch EE2 for M = 9.12 can be described
as a (1,3) parallel roll structure. In the region 12 < M < 15.12, the solu-
tion on branch EE2 loses its appearance as a typical parallel roll pattern by
developing six new cells.

Branch EO2 has EO symmetry and contours of u are shown in Figure
4.11. For low M, we can describe the pattern as a (3,2) solution reminiscent
of the patterns seen on branch EO1 of Figures 4.6 and 4.7. As we increase M
we find the solution on branch EO2 goes through a similar metamorphosis
as described above for branch EE2, in that the outer cells grow and force the
middle cells to decay. This results in the solution that can be described as a
(1,2) parallel roll solution for M ~ 10.8. In the region of 10.8 < M < 12.96,
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the pattern develops two new cells parallel to the longest sides and thus
branch EO2 has become a (1,4) parallel roll solution. The pattern develops

a further four new cells in the region 12.96 < M < 15.12 and hence loses its
parallel roll structure.

Branch OE2 has OE symmetry and solutions are shown in Figure 4.12.
Again for low M the pattern on branch OE2 can be described as a (4,1)

parallel roll solution but changes appearance as M increases in the same
manner as branches EE2 and EO2.

4.3.2 Nonlinear time-dependent solutions

The method described in detail in Section 2.6.1 was used to compute the
time evolution of the system for M = 15.12 and M = 30.

(a) M =15.12

Figures 4.13 - 4.19 show contours of steady-state solutions for the case M =
15.12. These were mostly obtained using a 32 x 24 mesh and a time step
At of 0.005 with h = k = 0.63. Figures 4.13 and 4.14 show contours of u
with OE symmetry, which is the solution generally achieved using a random
mnitial profile, U(z,y) = R(4,j) in the region 0.077 < ¢ < 0.09, indicating
that it is a stable steady-state. This pattern is a 6-cell parallel structure and
is comparable with the pattern of the linearized solution u for M = 15.12 of
Figure 4.5. For £ > 0.09, the solution would either converge to branch OEl
or alternatively jump to another mode which is described next.

Figures 4.15 and 4.16 show contours of a rather interesting steady-state
solution. This solution has centrosymmetry and is a 6-cell mode; it is not
directly associated with the linearized solutions of Section 4.3.1.

The patterns of Figure 4.17 were achieved by using the initial profile
U(z,y)=sin ”T’ sin 3. The solution has EE symmetry and is a 5-cell parallel
mode. This particular initial profile was chosen in order to establish whether
a T-cell parallel mode with EE symmetry exists nonlinearly (the investigation
of Section 4.3.1 did not yield a 7-cell parallel linear mode with EE symmetry
for M = 15.12). Instead we obtained the 5-cell mode which is comparable
with the pattern of the linearized solution u for M = 15.12 of Figure 4.3.
Having not found a 7-cell parallel mode for £ < 0.9, we tried the same initial
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profile in the region £ > 2.1.

Figure 4.18 shows a steady-state with EE symmetry achieved by using
the initial profile U(x,y)=sin7%sin T in the region 2.1 < & < 2.185. It is
predominantly a 5-roll mode where the first and fifth rolls are pinched towards
the corners by small centrally placed cells. This solution is not comparable
to any of the linearized solutions of Section 4.3.1.

It was finally established in the region 2.19 < £ < 2.5 using the initial
profile U(x,y)=sin = sin 5 that there exists a 7-roll parallel mode with EE
symmetry. The contours of this solution are shown in Figure 4.19.

Figures 4.20-4.22 show several other steady-state solutions with some or
no symmetry achieved using a random initial profile U(z,y) = R(i, j) in the
region 0.2 < € < 2.085.

(b) L =40

Figures 4.23-4.25 show contours of solutions for the case M = 30. These were
obtained using a 40 x 30 grid (h = k = () and a time step At of 0.03. Random
initial conditions were used for all computations in this subsection and this
led to three different steady-state patterns. In some cases the steady-state
pattern found at one value of € was used as an initial state for computations
at other values of ¢ . Figure 4.23 shows a steady-state pattern at € = 0.017
that is comparable with the contours of the linearized solution of Figure
4.5. This pattern was not found at higher values of ¢ using a random initial
state. Figure 4.24 shows steady solutions for a 13-cell parallel mode with
EE symmetry found in the range 0.022 < £ < 0.135. In addition a 14-cell
centrosymmetric mode is presented in Figure 4.25. The solutions shown in

Figures 4.24 and 4.25 are not directly comparable with the linear onset modes
of Section 4.3.1.

4.3.3 Nonlinear steady-state solutions

The method described in detail in Section 2.7.1 was used to track steady-
state solutions of the system for M = 15.12 and M = 30.

(a) M =15.12

Figure 4.26 shows a bifurcation diagram of steady-state solutions for the
case M = 15.12 using a 32 x 24 mesh with h = k£ = 0.63. The leading
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branch bifurcates at € = 0.078 and consists of a solution with OE symmetry,
consistent with the results of Section 4.3.1. Figure 4.27 shows contours of
u for the leading branch OE1 of Figure 4.26 at various values of . The

amplitude @ defined as
1 L M 12

increases with e, and the pattern expands to fill the rectangle as < is increased,
resulting in six well-formed rolls at large €. This is consistent with the time-
dependent results of Figures 4.13 and 4.14. The second branch bifurcates at
e = 0.0837 and has EO symmetry. Figure 4.28 shows contours of w on this
branch at various values of €. This is a (5,2) mode. Again as ¢ increases
the pattern remains the same in general appearance and the amplitude 7
increases. The third branch, branch EE1 of Figure 4.26, has EE symmetry
and bifurcates at = = 0.0845, also consistent with the results of Section 4.3.1.
Contours are shown in Figure 4.29. This is the (5,1) mode obtained in the
time-dependent results of Figure 4.17. As ¢ increases the cells seem to fit
the rectangle better by losing their curvature and straightening so that the
axes of the rolls are parallel to the shorter sides of the rectangle. The fourth
branch bifurcates at ¢ = 0.0905 and has OO symmetry. Figure 4.30 shows
contours of u on this branch at various values of ¢. This is essentially a (6,2)
mode. As ¢ increases the cells near the shorter sides adopt an "L” shape
so that they are perpendicular to both sides of the rectangle. The fifth,
sixth and seventh branches (OE2, EE2 and O02) bifurcate at ¢ = 0.109,
e = 0.117 and ¢ = 0.124 respectively, consistent with the linear analysis of
Section 4.3.1. Contours of u are shown in Figures 4.31, 4.32 and 4.33.

We now discuss nonlinear solutions which do not bifurcate from the trivial
solution. The first nonlinear mode was located by using the steady-state
solution found in Section 4.3.2 (Figure 4.14) as the initial guess in the Newton
iteration scheme. The entire branch of steady-state solutions could be tracked
by incrementing the value of € backwards and forwards from its initial value.
This branch is a secondary bifurcation from the primary mode OE1 which
appears at € = 0.0885 and has centrosymmetry. Its amplitude u is larger
than that of the primary mode OE1 from which it bifurcates, explaining

why it is so prominent in the time-dependent calculations. Contour plots are
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shown in Figures 4.34 and 4.35 and demonstrate how the centrosymmetric
pattern evolves by breaking the symmetry of the OE pattern. The solution is
designated Cgl (C for ‘centrosymmetric’, S for ‘secondary’) in Figure 4.26.
Another solution appears as a fold bifurcation at ¢ = 1.249. This has EE
symmetry and contours of its upper and lower branches, designated EEY1
and EEL2 (F for ‘fold’, U for ‘upper’, L for ‘lower’), are shown in Figures
4.36 and 4.38 respectively. This is the pattern represented in the contour plot
of Figure 4.18 in the time-dependent calculations. The patterns on the upper
and lower branches differ very little although slight differences are discernible
in that the small cells adjacent to the short sides have larger amplitude on the
upper branch for comparable . The solutions were found by starting from
a point on the upper branch and tracking backwards in ¢ until the vertex of
the fold bifurcation was eventually located (using extremely small steps in €)
at € = 1.249; for lower values of ¢ the solution converged to mode EE1. In
order to track the solution down past the vertex and onto the lower branch,
the solution at each grid point was regarded as a function of #, allowing a
linear extrapolation to be used to provide an initial guess for the Newton
iteration at the first point on the lower branch. Thereafter, the solution
could be tracked forwards in ¢, initially using extremely small steps.

Another solution to arise nonlinearly is a fold bifurcation at £ = 2.186.
This has EE symmetry and its upper branch, EEY2 is the stable 7-cell parallel
mode reported in the time-dependent calculations of Figure 4.19. The lower
branch EE,L:‘z also consists of seven cells. Patterns on the upper branch are
shown in Figure 4.38 and on the lower branch in Figure 4.39. The solution
was tracked around the vertex using the same extrapolation method as for
branches EEf1.

There will be a number of other nonlinear solutions appearing through
secondary and fold bifurcations within the range of £ used for Figure 4.26.
However, those described here are likely to be of greatest significance as they
give rise to solutions some of which, from the time dependent analysis, are
stable states. Figure 4.26 shows that the amplitudes @ of the various stable
modes are extremely close, explaining why the parallel and centrosymmetric
modes are all observable in the time dependent calculations. In fact the

leading linear mode, which is an OE solution, has largest amplitude only
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for a very restricted range of € (0.078 < £ < 0.088); thereafter solutions
containing larger, more coherent cells (diagonal, parallel or curved) are the
preferred states of the system.
(b) M = 30
A set of results is reported in this subsection for the case of M = 30, obtained
using a 40 x 30 grid (h = k = 1). Figure 4.40 shows a bifurcation diagram of
steady-state solutions that were found. The solutions that bifurcate in the
linear regime are discussed first. The first branch bifurcates at € = 0.01696
and corresponds to a mode with OE symmetry (associated with the onset
solution u shown in Figure 4.5). This pattern is also comparable to that
found in the time dependent calculations, Figure 4.23. Contour plots of this
branch are shown in Figure 4.41. The solution consists of ten curved rolls but
with main components distributed along the diagonals and the central region
forming three distinct sets of cells, the outer two of which form arcs relative
to the larger sides. The second branch, OO1, bifurcates at e=0.016997 and at
onset consists of two arcs of twelve cells (see Figure 4.9). It was not possible
to find nonlinear solutions for this branch using the Newton iteration scheme
as the solution would always converge to branch EO1. This may be due to the
fact that branches EO1 and OO1 onset very close to each other. The third
branch, EO1, bifurcates very close to the second branch at ¢ = 0.017008
consistent with the linear analysis of Section 4.3.1. At onset the pattern
consists of two arcs of eleven small cells. Contour plots for this branch are
shown in Figure 4.42. The fourth branch, EE1, bifurcates at ¢ = 0.01724
and at onset consists of a pattern similar to that of branch OE1. Contour
plots for this branch are shown in Figure 4.43. Branches EO1, OO1 and EE1
were not observed in the time dependent calculations and may not be stable,
except possibly for a very small range of = close to onset.

‘Two nonlinear solutions which do not bifurcate from the trivial solution
u = 0 were also located. The first of these, Cg1, consists of a centrosym-
metric mode of the type observed in the time dependent calculations (Figure
4.25). This branch does not appear as a fold bifurcation but as a secondary
bifurcation from the primary mode OE1 at ¢ = 0.01715. Its amplitude @ is
larger than that of the primary mode OE1, explaining why this stable mode
is seen in the time dependent calculations. Contours of u are shown in Fig-
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ures 4.44 and 4.45 describing its interesting metamorphosis from branch OEl
into a diagonally dominant mode. The second nonlinear solution, EEFl, is
a fold bifurcation at € = 0.0194 and consists of a 13-roll parallel solution as
shown in Figures 4.46 and 4.47. This solution was found first in the time
dependent calculations (Figure 4.24, ¢ = 0.037) suggesting that it is stable.
On the lower branch (EE£1) the parallel rolls become curved as € increases,

as shown in the contour plots of Figure 4.47, and the solution is likely to be
unstable.

4.4 Results for aspect ratio 0.5

An extensive set of results was also obtained for the case AM//L = 0.5. These
revealed bifurcation structures similar to those of the case M/L = 0.75 and
some of the main results are shown in Figures 4.48-4.66. Figure 4.48 shows
the first seven branches of the eigenvalue ¢ as a function of M. Interweaving
again occurs along with the grouping together of the leading eigenfunctions
of each type of symmetry (EE1, OE1, OO1, EO1) as M increases. This
process, leading again to diagonal structures at large M, now occurs over a
larger range of M because with M /L = 0.5 there is less room for the diagonal
cell distributions to fit into the rectangle than with M/L = 0.75. However
for sufficiently large M the same structure emerges. Figures 4.49-4.52 show
sequences of patterns on each of the four leading branches. At moderate
values of M rolls roughly parallel to the shorter side of the rectangle are the
preferred pattern.

Figures 4.53-4.59 show nonlinear steady-state patterns obtained at vari-
ous values of € as a result of time-dependent computations from a random
initial state with M = 10. These include EE and OE states (Figures 4.53,
4.54), centrosymmetric states (Figure 4.55), solutions even in one dimension
only (Figures 4.56) and solutions with no symmetry (Figures 4.57-4.59). Cor-
responding results for M = 30 include an EE steady state shown in Figure
4.60 and a centrosymmetric steady state shown in Figure 4.61. Figures 4.62-
+4.66 show nonlinear steady-state solutions tracked using the Newton iteration
code. A bifurcation diagram showing the leading EE, OE and 00 modes for

the case M = 10 is shown in Figure 4.62 and two fold bifurcations associated
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with centrosymmetric modes (Cp1) and (Cp2) are shown in Figures 4.63 and
4.64. A bifurcation diagram for the case M = 30 is shown in Figure 4.65 and
contour plots for the leading mode OE1 and the centrosymmetric mode Csl

which is a secondary bifurcation from OE1 are shown in Figure 4.66.

4.5 Discussion

The steady-state structure and time-evolution of solutions of the Swift Ho-
henberg equation in a rectangular domain0 <z < L ,0<y < M with rigid
boundary conditions have been investigated. Results have been obtained for
a range of values of L and M focusing on two aspect ratios M/L = 0.75 and
M/L =0.5.

As far as the linearized eigensolutions are concerned the main difference
from the four-fold symmetric case of the square is that solutions now arise
with the four distinct symmetries EE, OO, OE and EO. The critical values ¢
for these solutions interweave as functions of M forming into groups of four
as M — oo. At low and moderate values of M the preferred patterns are
typically parallel roll solutions consistent with the original theoretical pre-
dictions for the Rayleigh—Bénard system by Davis (1967) and Catton (1970)
and with experiments such as those by Stork and Muller (1972) and others.

At large M the preferred linear patterns develop into the more complex
diagonal structures of the type already discussed for the square domain. How-
ever as € increases above critical this quickly gives way to a more diagonally
dominant centrosymmetric structure typically via a secondary bifurcation of
the type illustrated in Figures 4.45 and 4.66. This centrosymmetric pattern
dominated by one diagonal is consistent with the type of steady-state solu-
tions found by Greenside and Coughran (1984, figure 10) in a large planform
rectangular domain.

For more moderate values of M, roll patterns parallel to the shorter sides
tend to be one of the preferred states and may develop as nonlinear solutions
either from the linear eigensolutions of the system or as fold bifurcations at
supercritical values of €. As ¢ increases, strongly aligned parallel roll states
with differing numbers of rolls become available and these can also be subject

to cross-roll effects near the shorter ends. Stable centrosymmetric solutions
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also oceur as ¢ increases at moderate values of M as do more complex asym-
metric patterns. In general the preference is for coherent roll structures (as
opposed to individual cells) with straight rolls parallel to the shorter sides
particularly prevalent for moderately sized planforms and diagonally oriented
curved roll structures prevalent for large planforms. An asymptotic analysis

for large planform rectangular domains is undertaken in the next chapter.
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Figure 4.1: The first seven branches of the eigenvalues € as functions of M
for M/L = 0.75 obtained using a 32 x 24 grid.
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L=8,M=6 L=8.32,M=6.24

L=8.64,M=6.48 L=9.6 ,M=7.2

L=9.92,M=7.44 L=10.24,M=".68

Figure  4.2: Sequence of patterns on branch EE1 for M =
0.6.24,6.48,7.2,7.44, 7.68.
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L=12.48,M-9.36

Figure 4.3:  Sequence of patterns  on branch EE1 for M =
9.36.12,12.48,13.92, 15.12, 30.



Figure 4.4 Sequence  of patterns on  branch OEl for M =
6.6.96,8.88.9.12,9.6. 10.32.



L=15.68,M=11.76

L=16.64,M=12.48

Figure 4.5:  Sequence of patterns on branch OE1 for M
11.76,12.48,13.68. 14.64. 15.12, 30.
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Figure  4.6: Sequence of patterns on branch EO1 for M =
0.7.2,9.36,10.08.10.8, 11.76.
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L=16.32,M=12.24

L=17.28,M=12.96

Figure 470 Sequence of patterns on  branch EO1 for M =
12.24,12.96,13.44, 14.88, 15.12, 30.



L=10.24,M=7.68

L=13.44,M=10.08

Figure  4.8: Sequence of patterns on branch OOl for A =
6.7.68,8.4,10.08, 10.8. 11.59.
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Figure 190 Sequence of patterns on branch 001 for A =
12,13.44,14.16. 14.88, 15.12. 30.
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L-8,M=6

L=14.4,M=10.8

L-17.6,M=13.2 L=20.,16 ,M=15.12

Figure  4.10:  Sequence of patterns on branch EE2 for M =
0.9.6,10.8,12,13.2. 15.12.



Figure 4.11:  Sequence of patterns on branch EO2 for M =
0.9.6,10.8,11.52.13.2,15.12.
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Figure 4.12: Sequence of patterns on branch OE2 for A =
0.9.6,10.8,12,13.2.15.12.
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€=0.093 0

Figure 4.13: Contours of steady-state solutions « for M = 15.12 obtained
with an initial state U(x,y) = R(i, ).
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€=2.185

1.76

€=

15.12 obtained

Figure 4.14: Contours of steady-state solutions u for M

with an initial state U(z,y) = R(i, 7).
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€=0.143

Figure 4.15:

Contours of steady-state solutions « for M = 15.12 obtained
with an initial state Ua,y) = R(i,j).
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€=0.72

Figure 4.16: Contours of steady-state solutions u for A = 15.12 obtained

with an initial state U(z,y) = R(i, 5)
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gure L17: Contours of steady-state solutions i for M = 1519 obtuined
with an initial state [/(y 6 V. i
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¢ (2,3} = sin IS 3.
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Figure 4.18: Contours of steady-state

with an initial state U(z,y) = sin TTTT sin 22,

solutions u for M = 15.12 obtained



=2 ..195

2,19

€=

d

3

15.12 obtaine

Contours of steady-state solutions u for M

Figure 4.19:

Tn2 ) gip T
7 ) sin v

sin (

with an initial state U(z,y)
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€=1.24

st e o S S A e

Figure 4.20: Contours of steady-state solutions u for M = 15.12 obtained

with an initial state U(x, y) = R(i, 7).
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Figure 4.21: Contours of steady-state solutions u for M = 15.12 obtained
with an initial state U(x,y) = R(i, ).
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€=1.825 €=1.955

Figure 4.22: Contours of steady-state solutions u for M = 15.12 obtained

with an initial state U(z,y) = R(4,J).
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Figure 4.23: Contours of steady-state solution « for M = 30 obtained with
an initial state U(x,y) = R(i, 5).
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€=0.057

0.037

€=

€=0.082

0.072

€=

=0.132

€

0.127

€=

o +
g ) SHY
RS 0 A

Samadl s o

ol

ik

Figure 4.24: Contours of steady-state solutions u for M = 30 obtained with

R(i, ).

an initial state U(x,y)
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Figure 4.25: Contours of steady-state solutions « tor M = 30 obtained with
an initial state U(x,y) = R(1, j).
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15

10 ¢

| L 1 |

0.5 1 1.5 2

Figure 4.26: Bifurcation diagram for the case M = 15.12.
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0.08

€=

0.0775

€=

7.61

€=

§:12,

with M =1

“igure 4.27: Contours of « on branch OE1 for increasing
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€=0

0.0837

€=

365

€=2.

0.133

€=

T R

=%

6.33

€=

4.505

€=

with M = 15.12.

<

Lmcereasing

Contours of u on branch EOQ1 fo;

Figure 4.28
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€=0.0844 €=0.1186

Figure 4.29: Contours of v on branch EE1 for increasing = with M = 15.12.
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Figure 4.30: Contour of u on branch OO1 for increasing ¢ with M = 15.12.
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o S 1t
Figure 4.31: Contours of u on branch OE2 for increasing ¢ with M = 15.12.
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€=0.1168

€=0.125

Figure 4.32: Contours of u on branch EE?2 for increasing € with M = 15.12.
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Figure 4.33: Contours of u on branch Q02 for increasing ¢ with M = 15.12.
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Figure 4.34: Contours of « on branch Cs1 for increasing ¢ with A = 15.12.
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g

Figure 4.35: Contours of © on branch Cg1 for increasing € with M = 15.12
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€=2.1866

€=2.186522

€=2.607

€=2.19

€=4,01

5.12.

Figure 4.36: Contours of on branch EEl,?l for increasing ¢ with M =1
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€=2.186625

€=2.608

Figure 4.37: Contours of « on branch EEL1 for increasing ¢ with M/ = 15.12.
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«99

€=l

1.2494

€=

4.67

€=

€=3.07

with A/ = 15.12.

Figure 4.38: Contours of u on branch EEY.2 for increasing
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1.2495

€=

3

€=4.67

€=3.075

€=5.718

with M = 15.12.

-

Figure 4.39: Contours of u on branch EEL2 for increasing
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Figure 4.40: Bifurcation diagram for the case M = 30.
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€:=0.018

0.01696

0.02

€=

0.019

€=

0.021%

€=

0.021

€=

30.

v
0

with M =

(4
o -

1igure 4.41: Contours of u on branch OE1 for increasin

Fi

209



0.01856

€

0.01701
0.0192

€

€

with M = 30.

£
<

Figure 4.42: Contours of u on branch EQ1 for increasing
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€=0.01724 €=0.017913

€=0.018219 €=0.018951

€=0.0199

Figure 4.43: Contours of « on branch EE1 for increasing £ with M = 30.
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€=0.017095 €=0.017125

Figure 4.44: Contours of u on branch Cs1 for increasing £ with M = 30.
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€=0.01719

€=0.01722

Figure 4.45: Contours of u on branch Cs1 for increasing ¢ with M = 30.
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0.0195

€=

0.0194063

€

0.0215s

€

0.02

€=

30.

with M =

g€

increasin

“igure 4.46: Contours of v on branch EE%I for
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€=0.01940615

Figure 4.47: Contours of u on branch EE%1 for increasing ¢ with M = 30.
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OE1l

6 7 8 9

Figure 4.48: The first seven branches of the eigenvalues € as functions of M
for M/L = 0.5 obtained using a 40x20 grid.
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Figure 4.49: Sequence of patterns on branch EEL for (top to bottom) M =
10, 20, 30.
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Figure 4.50: Sequence of p

atterns on branch OE1 for (top to bottom) M =
10, 20, 30.



h OO1 for (top to bottom) M =

Figure 4.51: Sequence of patterns on branc

10, 20, 30.
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Figure 4.52: Sequence of p

atterns on branch EO1 for (top to bottom) M =
10, 20, 30.
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Figure 4.53: Contours of EE steady state solutions for u for M = 10 obtained

with an initial state Uz, y) = R(i,7) at (top to bottom) € = 0.108,0.6,2.8.
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Figure 4.54: Contours of OE steady state solutions for u for M = 10 obtained
with an initial state U(z. y) = R(i.j) at = = (.15, 1.6.

U



Figure 4.55: Contours of centrosymmetric steady state solutions for u
for M = 10 obtained with an initial state Ulx,y) = R(i,j) at € =
0.8,2.3,3.2,0.9,1.4.
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Figure 4.56: Contours of steady state solutions for u even in x for M = 10
obtained with an initial state U(z,y) = R(i.j) at ¢ = 1.8 (top) and 3.1
(bottom).
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' state solutions M
Figure 4.57: Contours of non-symmetric steady state solutions for u for

10 obtained with an initial state U(x,y) = R(i.j) at (top to bottom) ¢
1.0,1.1,3.4.



e S o At i s

Figure 4.58: Contours non-symmetric steady state solutions for u for M =10
obtained with an initial state U(z,y) = R(i.j) at (top to bottom) € =
1.4, 1.5, 1.1.
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v v el A

Figure 4.59: Contours of non-symmetric steady state solutions for u for M
10 obtained with an initial state U(x,y) = R(i.J) at (top to bottom) ¢
2.6,3.0,3.3.
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Contours of EE steady state solutions for u for M = 30

Figure 4.60:

obtained with an initial state U(r.y) = R(i.j) at (top to bottom) &

0.00811,0.1,0.15.

o0
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Figure 4.61: Contours of centrosymmetric steady state solutions for u for
M = 30 obtained with an initial state U(z,y) = R(7,7) at (top to bottom)
¢ =0.01211,0.09111, 0.1811.
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w

EE1 001

0.I15 0.2 0.25 0.3

Figure 4.62: Bifurcation diagram for the case M = 10.
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13.672
I " A i el E
0.7862_0-7864 0.7866 0.7868 0.787
13.668

Figure 4.63: Fold bifurcation of the first centrosymmetric mode Crl (the
mode shown in Figure 4.55) for M = 10 near € = 0.786.
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14.075¢
14.05¢

14.025¢

0.806 0.808 |~ 0.81270.814 0.816 0.818
13 595!

gyt

13.,925*

Figure 4.64: Fold bifurcation of the second centrosymmetric mode C¢2 (the
mode shown in figure 4.55) for M = 10 near ¢ = 0.807.
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0.4 EE OEl

0.0085 0.009 0.0095 0.01 0.0105

Figure 4.65: Partial bifurcation diagram for the case M = 30.
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Chapter 5

Pattern Formation in Large

Rectangles

5.1 Introduction

This chapter adapts the theory and methodology described in Chapter 3
for the square to the case of a rectangle with sides of length L and M.
We consider a solution in the regions spanning points of the boundary of
maximum separation in the form of sets of rolls with axes perpendicular to
the diagonals. The problem is formulated in Section 5.2 and the theory is
developed in Section 5.3. Linear results are presented in Section 5.4 and
nonlinear results in Section 5.5. The results are summarised in Section 5.6.

5.2 Formulation of the problem

The Swift-Hohenberg equation is
ou

22 ey — VPR 5.1
5 = €L (14 V*)%u — v, (5.1)

where ¢ is the non-dimensional time, V2 = %7 + 505, where z and y are non-
dimensional Cartesian coordinates, € is a control parameter and u(z,y,t) is
a scalar field. The domain is a rectangle with sides of length L and M and

the conditions

U=7— = | (5.2)



on the boundary, where q is used to denote the inward normal direction to
the boundary.

The origin of coordinates = and y is chosen to be at the centre of the
rectangle with the z-axis directed along one of the diagonals . A parameter !
is introduced such that the diagonal is defined by —! < z <!, y = 0. Unlike
the square, the diagonal does not split the corners into two equal angles. As
a result we introduce the angle o where tana = M/L and L = 2lcosa, as
shown in Figure 5.1. As in the case of the square it is expected that the onset
of convection is associated with finite values of the parameter 4, where

71'2 (51

€=l—2+ig/—2. (53)

5.3 Theory

The asymptotic structure of the solution as [ — oo closely follows that
developed for the square in Chapter 3. The core solution in the region
~1< X <1, -0 <Y < oo, where z = IX and y = ['/2Y, is again
expanded in the form (3.6) for times ¢t = [5/27 and an identical analysis to

that of Section 3.3 leads to the same equations for the amplitude functions
AO and A]!
o 18

—_ = 24 = 54
(8X 28Y2) Ag+m?Ap=0, (5.4)

o 10 0A
U~ 5 AT AR Al (55)

where the leading term in the expansion of u is given by [~*/%ug, with
ug=Ao(X,Y, T)e+ A" (X, Y. 7)e ™. (5.6)
As in the case of the square, the amplitude function Ay satisfies
Ao(£1,Y,7)=0. (6.7)

Corner region I near z = - is defined by ~X_cota <Y < X_tana,
N_ >0, where £ = —1 +{/2X_, and the solution there is given by (3.20)

and (3.21) where the amplitude function A; satisfies
%A

e =0 (5.8)
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and the boundary conditions

0Ag

A ~X-5%

(-1,Y,7) as X_ — o0 (5.9)
and
Aj=0onY=-X_cota and Y = X_tana, X-2>0. (5.10)

Thus the solution for Ay is now given by

Ag=(X_ Ycota)%;( LY,7), Y>0 (5.11)
04
Ay=(X_+Y tana)—2(~1,Y,7), Y <0 (5.12)

0X

Similarly, corner region II near r = [ is defined by X tana < Y <

—Xicota, Xy <0, where z = [+ 1'/2X_, and the solution there is given by

(3.22) and (3.28) where the amplitude function A} satisfies

& A}
o= 5.13
an‘:_ 0 ( )
and the boundary conditions
0A
Af ~ X+8_X0(1’Y’ T) as Xy — —00 (5.14)

and

Af=0 on Y=X,tana, and Y=-X,cota, X;<0. (5.15)

Thus the solution for A7 is now given by

Al=(X;+Y tana)=— 4

X —2(1,Y,71), Y >0, (5.16)

Af=(X;-Y cot a)%j(

Matching between the corner solutions and the core solution now implies
that the core amplitude function A; must satisfy the boundary conditions

(L,Y,7). Y <o (5.17)

S Y >0
Al("'l,Y,T):{ ~Yeotag@(-1.Y,7), (5.18)

Ytana%( ,Y,7),Y <0
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YtanaQﬁQ(l Y, 7),Y >0

(5.19)
Ycota-%(l Y,7),Y <O0.

Al(l, Y, T)= {

As in the case of the square, the Fourier transform of the leading-order
core amplitude function Ay is given by

- iw2 Y WX
Aoza(w,r)e’T'\ cos( 5 )
and the solvability condition for the Fourier transform of the second ampli-

tude function A, leads to the same result (3.37) except that the transform
functions Dy defined by

(5.20)

Al(£l,w,7)=Di(w, 1) (5.21)

must now be determined from (5.18) and (5.19). This leads to the equation
for the unknown function a(w, 7):

_ a2 _ 2
?zéla + 27T(D+€—7_ + D_C_T) — 3[0 (522)
-
where , ¥
Io(w,r)=/ Ho(X,w,T)e%cos(%-)dx, (5.23)
-1
Ho(X,w,7)= /w Ag|Ag|2e™Y dY, (5.24)
X
cos T+ [ ..;x__ v
whdo 5.25
Ao(X,Y, 7)== /_ooa(w,'r)e (5.25)
and
aA } aA luJY
w 1,Y, dY
Dy(w,7) / Ytanaax(l Y, 7)e® dY — / Ycotaax( T)e
(5.26)
aA iw 6A ’ wY v
D_(w,7)= / YcotaaX( -1,Y,7)e }dY+/ YtanaaX( -1,Y,7)e" dY
(5.27)
where 94
0 —iwY d 528

The system (5.22) - (5.28) is the same as that for the square except that
the angle o now appears in the forms of D, in (5.26) and (5.27). When
a = m/4 these forms reduce to those for the square given by (3.42).
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As in the case of the square, the system (5.22) - (5.28) admits solutions
of the form

a(w, 7)=r(w, 7)e® (5.29)

where r is real and the phase 6 is constant. In this case
Ag=e®A, Hy=e“H, I,=e®I, D_=e®D, D,=e®D" (5.30)

and 7 is the solution of the system

or w2 2
5—=51r +2n(De” 7 + D*e7)—3I (5.31)
-
where
1 X IX
](%7):/ H(X,w,T)e'%\' cos(ZQ——)dX (5.32)
-1
H(X,w,)= [~ alapesay (5.33)
cos &% oo eI
AX.Y,7)= 27{2 / r(w,T)e” 2 dw (5.34)
and
O - - - -
D(w,7)= / (Y tan a)F(Y,7)e*" dY — / “(Y cot @) F(Y, T)e*Y dY (5.35)
— 0
where
1 b iu2_- Y
F(Y,7)=3 / r(w, 7)e Y du. (5.36)
Solutions are required for which
r—0 as w — oo (5.37)

The value of the phase constant 6 is arbitrary but, as in the case of the

square, is expected to be determined at higher order in the expansion of the
solution for u as | — oo.

For solutions determined by (5.29)-(5.37) it follows from (5.34) that the
amplitude function A satisfies

AX,Y,7) = A" (=X, -Y,T). (5.38)

This is equivalent to solutions that are centrosymmetric. so that, for ex-
ample, if 6 = 0 then ug(z, X,Y,7) = yo(-z,-X,-Y,7) and if 0 = F,
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uo(z, X,Y,7) = —up(—z,-X,=Y,7). This just reflects the fact that the
geometry of the rectangle is centrosymmetric relative to its diagonals. Odd
or even symmetries in z and y, as in the case of the square, are excluded (in

general) for the rectangle because its geometry is not symmetric relative to
the diagonals.

A further consequence of (5.38) is that
H(X,w,7)=H(-X,w,7). (5.39)

and from this it follows from (5.32) that I is real. Thus all of the terms in
(5.31) are real and solutions can be found describing the onset of convection

and its weakly nonlinear development. These are considered in the next two
sections.

5.4 Linear solution

The system (5.31) - (5.36) is identical to that for the square except for the

definition of D(w, 7) in (5.35). Thus solutions of the steady linearised version
of (5.30),

iw? iw?
hir+2r(De T + D*ez)=0 (5.40)

can be obtained using the same method as that described in Section 3.6.1
except that D is now defined in terms of a by (5.35).

5.4.1 Solution method

Solutions for

r=Y rasinnmw (5.41)
n=1
where .
w=§(1 +tanhw), O0<w< 1l (5.42)

are no longer even or odd functions of w and so all of the Fourier coefficients

1, are non-zero. These are determined from the system

§1i7m +47Y Tpbmn=0 (m =1.2,...) (5.43)

n=}
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where 0 )

1
bmn=2 / (Dpyr cOs U—;— + D, sin %) sin mnwdw (5.44)
0

and

0 % g
D,”.z/ Y tan a Fy,, coswY — Fy; sian)dY—/ Y cot a(Fnr coswY —Fy; sinwY)dY
-0 0
(5.45)
0 x , FEUVIC
Dm:/ Y tan a(F,; coswY +F,, sian)dY—/ Y cot o Fpi coswY +For sinw}’)dY"
m ° (5.46)

Here D,, and D,; are the real and imaginary parts of the Fourier coefficients
D, arising in the representation

D= i'rnDn(w) (5.47)

and F,,, and F.,; are defined, as in the case of the square, by (3.57) and (3.58).
In matrix form, (5.43) is

(B + %1)1:0 (6.48)

where B is the matrix with elements b,,,, I is the identity matrix and r is
the column vector with elements r,.

5.4.2 Results

The matrix eigenvalue problem (5.48) was solved using a standard Mathe-
matica routine in the same way as outlined in Section 3.6.2. The integrals
involved in the calculation of b,,, were evaluated using Simpson's rule, with
those in w transformed to the variable @. The integration over Y in (5.45)
and (5.46) was performed typically with a step size of AY = 0.1 and various
outer boundaries Y = 1Y, with Y. ranging from 10 to 80. The integrations
in @ were performed with the same number of steps as those in Y. Results
were obtained for truncation levels up to N = 10.

Results for the first six eigenvalues &, and the corresponding eigenvectors
r obtained for a truncation level N = 10 and outer boundary Yx = 20 are
shown in Tables 5.1 and 5.2 for o = 0.644(36.9°) and a = /6. The first
corresponds to the aspect ratio M/L = 0.75 studied in Chapter 4. Figure
5.2 shows the leading eigenvalue 8, for a range of values of a. Note that a
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6 | 15.4165 | 33.8769 | 50.19907 | 68.3098 | 93.5224 | 115.436
ry | 0.7925 | 0.1844 | -0.1350 | -0.0346 | 0.0285 | -0.0037
ry | 0.1765 | -0.6672 | -0.2469 | 0.3072 | 0.0508 | 0.0711

r3 | 0.4347 | -0.0863 | 0.6130 | 0.1946 | -0.4531 | 0.0648

rs | 0.1348 | -0.5168 | -0.0446 | -0.4955 | -0.1420 | -0.5505
rs | 0.2782 | -0.1069 | 0.5641 | 0.0661 | 0.5003 | -0.1121
Te | 0.0969 | -0.3742 | 0.0121 | -0.5781 | -0.0447 | 0.3873
r7 | 0.1773 | -0.0856 | 0.4097 | 0.0107 | 0.6054 | -0.0439
rg | 0.0652 | -0.2529 | 0.0210 | -0.4564 | -0.0031 | 0.5963
T9 [ 0.0986 | -0.0524 | 0.2370 | -0.0037 | 0.3903 | -0.0055
ro | 0.0369 | -0.1442 | 0.0136 | -0.2721 | 0.0022 | 0.4093

Table 5.1: First six eigenvalues and eigenvectors for o = 0.644.

slight dip in the curve occurs with a minimum at a ~ /3, but generally
the critical value of §; increases as the angle o decreases to zero because
the edges of the rectangle nearest to the diagonal become more restrictive.

Eigenvalues and eigenvectors for the case of the square, o = 7/4, are in good
agreement with those obtained in Chapter 3.

The leading eigenfunction r(w) with a = 0.644 constructed from (5.41)
and the real and imaginary parts of the corresponding amplitude function
A(X,Y) calculated from (5.34) are shown in Figure 5.3. The corresponding
results for & = 7/6 are shown in Figure 5.4. Figures 5.5 and 5.6 show the

solution for ug calculated from (5.6) in the case where ! is taken as 20 and
6 =0 for a = 0.644 and o = 7/6 respectively.

9.4.3 Comparison with numerical results

The asymptotic results obtained here can be compared with the linearised
solutions of the Swift-Hohenberg equation reported in Section 4.2. Setting

= -’2=seca in (5.3), Figure 5.7 shows the first two eigenvalues 4, for o =
0.644 listed in Table 5.1 along with the linearised solutions of the Swift-
Hohenberg equation for A/L = 0.75 displayed in Figure 4.1. These indicate
good agreement. It should be noted that in the case of the rectangle there are
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61 | 15.0994 | 36.8888 | 56.5410 | 76.5044 | 104.194 | 128.431
ry | -0.7156 | -0.3151 | 0.0810 | 0.0551 | -0.0237 | 0.0063
ro | -0.2807 | 0.5875 | 0.4182 | -0.2429 | -0.0873 | -0.0631
r3 | -0.4338 | 0.1398 | -0.5620 | -0.3403 | 0.4136 | -0.1141
T4 | -0.2196 | 0.4970 | 0.0660 | 0.4772 | 0.2543 | 0.5208
rs | -0.2903 | 0.1801 | -0.5347 | -0.1142 | -0.4931 | 0.2019
re | -0.1599 | 0.3737 | -0.0320 | 0.5596 | 0.0802 | -0.3855
r7 | -0.1898 | 0.1459 | -0.3947 | -0.0165 | -0.5977 | 0.0792
rg | -0.1081 | 0.2568 | -0.0449 | 0.4444 | 0.0053 | -0.5920
re | -0.1071 | 0.0898 | -0.2298 | 0.0081 | -0.3863 | 0.0098
T10 | -0.0613 | 0.1468 | -0.0286 | 0.2655 | -0.0041 |} -0.4069

Table 5.2: First six eigenvalues and eigenvectors for a = 7/6.

four distinct modes (EE, OO, EO and OE) that form each group of branches
in the linearised solutions of Figure 4.1. These all correspond to patterns with
sets of rolls along both diagonals, as observed in results for M = 30 in Figures
1.3, 4.5,4.7 and 4.9. Unlike the case of the square, the modes EO and OE do
not generally coincide and so there is no linearised solution consisting of rolls
along only one diagonal (that is, a diagonal mode D). Thus it is expected
that the asymptotic structure described in this chapter will represent a truly
linear solution for general large [ only when the structure occurs along both
diagonals. The solution for a single diagonal will. nevertheless, correspond to
a weakly nonlinear combination of the EQ and OE modes that will produce
a diagonal mode. In the asymptotic theory, these issues can only be resolved
by taking the asymptotic expansion to higher order in L.

5.5 Nonlinear solution

5.5.1 Solution Method
Solutions of the full nonlinear version of (5.31),

%mhr + QW(DC_% + D% T) -3 (5.49)
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subject to the boundary conditions (5.37) were obtained using the same

method as that described for the square in Section 3.7. This leads to the

system

652 =0Tm+ 4WX:"'nbmn —3Cm, m=12... (550)
T

n=l

to be solved for the individual modes r,,, where

I(w,7) = icnsinnmb. (5.51)
n=1

The coefficients ¢, are calculated in the same manner as that described
for the square in Section 3.7 and the coefficients by, are those given by
(5.44) in the linear analysis of Section 5.4. The linearised solution with
a suitably chosen amplitude was used to provide an initial state at 7 =
0 and the solution allowed to evolve to its steady-state form at a slightly
supercritical value of §;. Further steady-state solutions were then computed

by incrementing 4, and using the previous solution as the initial state.

5.5.2 Results

Figure 5.8 shows a plot of the steady-state solution for r at w = 0 as a function
of 4, for the leading mode in the case a = 0.644 where the bifurcation occurs
at &, = 15.417. This was obtained using a truncation level N = 10 and
with 20 steps in X and 100 steps in @ and Y in the integration formulae. A
time step A7 = 0.0035 was used and convergence to a steady-state solution
was achieved typically to within an error of 0.0005 in the value of r when
7 =1, although this time increased significantly in the neighbourhood of the
bifurcation point. Table 5.3 shows the steady-state values of r for several
values of §;. Plots of the steady-state solution for the real and imaginary
parts of A at §, = 22.5 are shown in Figure 5.9 and the corresponding
contours of uy calculated from (5.6) in the case when ! is taken as 20 and
6 = 0 in Figure 5.10. As §, increases the solution increases in amplitude
and spreads outwards from the diagonal; the curvature of the roll pattern
decreases. Corresponding results for the case a = 7/6 are shown in Figures
9.11 and 5.12 and in Table 5.4.
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o 25 30 35

T1 | 6.9926 | 8.7118 | 10.1595
T2 | 1.5253 | 2.2729 | 3.1966
T3 | 1.2272 { 1.4362 | 1.5732
rq | 0.5510 | 0.7799 | 1.0315
s | 0.4199 | 0.4558 | 0.4552
6 | 0.2512 | 0.3404 | 0.4260
r7 | 0.1645 | 0.1618 | 0.1398
rs | 0.1210 | 0.1573 | 0.1862
r9 | 0.0586 | 0.0496 | 0.0318
0 | 0.0521 | 0.0649 | 0.0721

Table 5.3: Steady-state values of Ty for the leading solution branch at several
values of §; with a = 0.644.

0 25 30 35

Ty | 6.5336 | 7.8601 | 8.7981
T2 | 2.4338 | 3.3973 | 4.4477
r3 | 1.5760 | 1.9898 | 2.4156
T4 | 0.9516 | 1.2994 | 1.6679
5 | 0.6386 | 0.8031 | 0.9789
16 | 0.4543 | 0.6066 | 0.7610
rr | 0.2878 | 0.3562 | 0.4297
rs | 0.2255 | 0.2941 ({ 0.3597
T9 | 0.1182 | 0.1428 | 0.1691
710 | 0.0990 | 0.1257 | 0.1491

Table 5.4: Steady-state values of r,, for the leading solution branch at several
values of d; with a = 7/6.
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5.6 Discussion

The present chapter shows that the asymptotic theory of Chapter 3 can be
extended to the case of a rectangular domain in a relatively straightforward
manner. The solutions in the core region and corner regions are similar to
those for the square domain except that the rectangular geometry implies
that the end conditions for the amplitude functions A; are now asymmetric.
leading to solutions for the leading order amplitude function Ao that are
centrosymmetric relative to the diagonal of the rectangle. The values of
&, at onset for the case M/L = 0.75 give critical values of € that are in
good agreement with the numerical results for the leading groups of branches
as M — oo in Figure 4.1 and the associated roll patterns are consistent
with those of the numerical results of Chapter 4 at large values M. The
dependence of &, on o = tan~!(M/L) shown in Figure 5.2 is consistent with
the results of Chapter 3 when a = 7/4 and also predicts that §; — oo as
a — 0. This is consistent with the fact that if M <« L the closeness of the
walls at y = 0 and y = M begins to have a significant impact on the critical
value of & which must rise above the value 72/I> when M is finite and the
geometry is essentially that of a narrow channel.

It is envisaged that wall regions equivalent to those of Section 3.8 for
the square domain exist in order to adjust the solution to the full bound-
ary conditions at the walls of the rectangle. Although these have not been
considered in the present chapter it is expected that they will result in the
main incident z-roll component (Aoe®) in each corner being reflected from
the boundary at an equal angle, generating a weak roll component B within
each corner region where the roll axes are at angle 2a to the axes of the main
roll component (i.e to the y direction in Figure 5.1). In the case of the square
domain we have o = 7/4 and the roll axes of the reflected component B are
then orthogonal to those of the main z-roll component.
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Figure 5.1: Schematic diagram of the rectangular domain, showing the diag-
onal from & = —I to z = | and the core region of width order /2.
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Figure 5.2: The leading eigenvalue 4, as a function of
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Figure 5.3: Contours of the real and imaginary parts of the amplitude func-
tion A(N,Y) in the domain =1 < X < 1, =5 < Y < 5 for the leading
eigenfunction with a = 0.644



Figure 5.4: Contours of the real and imaginary parts of the amplitude func-

tion A(X.Y') in the domain -1 < X < 1, =5 <Y < 5 for the leading
eigenfunction with o = /6
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Figure 5.6: Contours of tg for the leading eigenfunction constructed from

(5.6) with [ = 20 and 6 = 0 in the domain —1 < X < 1.=-5< Y < 5 for
a=r7/6.
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20 25 30 35

Figure 5.8: 7(0) versus 6, for the leading branch of solutions with o = 0.644.



Figure 5.9: Contours of the real and imaginary parts of the amplitude func-
tion A(N,Y) in the domain —1 < X < 1, =5 < Y < 5 for the leading

eigenfunction with a = 0.644 and §; = 22.5.
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Figure 5.10: Contours of wgy for §; = 22.5 on the leading solution branch
constructed from (5.6) with { = 20 and # = 0 in the domain -1 < X <
l.=5< Y <5 for e =0.644.
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Figure 5.11: 7(0) versus 6, for the leading branch of solutions with & = /6.
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Figure 5.12: Contours of the real and imaginary parts of the amplitude
function A(X,Y) in the domain =1 < X < 1, =5 < Y < 5 for the leading

eigenfunction with a = 7/6 and §, = 22.5



Figure 5.13: Contours of ug for §; = 225
constructed from (5.6)

on the leading solution branch

with [ = 20 and @ = 0 in the domain -1 < X <
1.=6<2Y <5 for o= 7 /6.



Chapter 6
Summary and conclusions

In Chapter 2, the bifurcation structure of steady-state solutions of the Swift-
Hohenberg equation in square domains has been studied using a combination
of weakly nonlinear analysis and computation. For periodic boundary condi-
tions the bifurcation structure can be deduced analytically and introduction
of a small rigid (non-periodic) component reveals some significant qualitative
differences in the more realistic non-periodic case. For rigid boundary con-
ditions solutions onset either as OE modes at repeated eigenvalues in which
case there is also an associated diagonal mode with an even number of cells or
as four fold symmetric EE or OO modes at single eigenvalues. For low values
of L the single cell EE mode is the most dangerous but as L increases the
leading modes of each type compete with one another so that the symmetry
that occurs first depends on the precise value of L as shown in Figure 2.8.
At large values of L the modes interweave forming distinct groups containing
each type of symmetry.

Beyond the linear bifurcation points the complexity of nonlinear solu-
tions becomes apparent, arising either from symmetry breaking secondary
bifurcations or through new nonlinear fold bifurcations. Stable solutions oc-
curring in this way include modes with an odd number of cells, modes with
symmetry in one direction only, parallel modes and centrosymmetric modes.
The ordering of these modes depends on the domain size L and even for a
moderate value of L such as 57 the situation is extremely complex. The
solutions shown in Figures 2.37, 2.44 and 2.60 are just a subset of the modes
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that arise at moderate values of €. For high values of L many modes fit into
the domain even at low values of € and the bifurcation structure becomes
more difficult to compute.

An interesting feature of the leading rigid eigenfunction at large L is that
the cells form along the diagonals of the square, either both diagonals in
the case of the EE, OO or OE modes or one diagonal in the case of the D
mode. For the EE and OO modes there are an odd number of cells along each
diagonal whereas for the OE modes there are an even number of cells along
the diagonals. For the EE, OO and OE modes the central part of the pattern
is more complicated but is essentially a local superposition of the two sets
of cells along each diagonal. This diagonal structure is intimately related to
the non-periodic nature of the homogeneous boundary conditions and is not
observed in the periodic problem. As ¢ increases and nonlinear effects set in
patterns containing square cells or cross-rolls tend to be unstable. This is
because for the Swift-Hohenberg system, like the Rayleigh-Bénard system,
square cells are unstable to rolls in an infinite layer. Thus at large L if the
linear onset pattern is one containing cross-rolls at the centre (EE or OO) it
subsequently loses stability to a diagonal mode via a secondary bifurcation.
On the other hand, if the onset pattern is OE, the corresponding diagonal
mode D sets in immediately.

The intricate structure revealed here for large values of L would be diffi-
cult to compute for the Rayleigh-Bénard system because of the considerable
computing power needed to simulate multiple-cell solutions in three dimen-
sions. However it is expected that the same symmetry arguments will apply
and hence that similar patterns will be observed. For moderate L. patterns
similar to those of Figure 2.10 have been observed in a square planform con-
tainer by Stork and Muller (1972, figure 6g). For larger L, diagonal structures
have been observed in shallow square planform containers by Koschmieder
(1966, figure 13) and although these bear quite a close resemblance to those
of the EE1 mode in Figure 2.62 some caution is necessary in making definite
comparisons. One possibility is that the container size used in the experi-
ment corresponds to the case where the onset mode has EE éymmetry and
that this mode remains sufficiently stable to be observed in the experiment.
However the observed motion appears to be strongly nonlinear making it
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surprising that there was no evidence of a purely diagonal mode of the kind
shown in Figure 2.61. The motion observed in the experiment may corre-
spond to a secondary or fold bifurcation at higher € in the Swift-Hohenberg
model or it may be that experimental conditions (for example the poorly
conducting glass lid used to observe the flow) were such as to favour square
cell convection (see for example Hoyle 1995). Experiments focusing on the
weak motion near onset are needed in order to test the main predictions of
the present work for large aspect ratio systems.

In Chapter 3, the diagonal structure of solutions in square domains as
L — oo has been confirmed by a multiple scale matched asymptotic analysis,
making use of the fact that the length scale of the domain is much greater
than the length scale of individual rolls. The results appear to confirm both
the behaviour of the eigenvalues € of the linearised system and the overall
structure of the weakly-nonlinear solutions in the limit as L — oo.

In Chapter 4 the numerical results for the rigid problem are extended
to the case of rectangular domains. Here the main difference from the case
of the square domain is that diagonal modes cannot onset as linear eigen-
solutions and the repeated OE/EO/D modes of the square are replaced by
distinct OE and EO modes at different eigenvalues. The results here gen-
erally confirm the prevalence of roll patterns parallel to the shorter sides of
the rectangle for moderately sized planforms. However for planforms whose
dimensions L, M are large in both directions local structures confined to the
diagonals of the rectangle are preferred near onset. Beyond onset these so-
lutions change into more coherent roll patterns typically by means of the
structure along one diagonal strengthening relative to the other and leading
to centrosymmetric curved roll patterns of the type computed numerically by
Greenside and Coughran (1984, figure 10) and observed in Rayleigh-Bénard
experiments (see Cross and Hohenberg 1993). Although straight roll patterns
parallel to the sides of the rectangle remain possible steady-state solutions
in large planforms they do not constitute the leading eigenfunctions, offering
a possible explanation of why such simple patterns tend not to be observed
in experiments in large planform rectangular domains.

In Chapter 5 the asymptotic analysis of Chapter 3 is extended to the
case of the rectangular domain and it is confirmed that, near onset, solutions
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exist consistent with a localised roll structure confined to the diagonals of the
rectangle. The analysis determines the dependence of the critical eigenvalue
€ on the aspect ratio of the rectangle (M /L = tana) in the limit as M — oo

and L — oo and this appears to agree well with the numerical results of
Chapter 4.

An advantage of studying the Swift-Hohenberg equation is that it is suf-
ficiently simple to allow numerical solutions to be computed for a wide range
of domain sizes in a relatively straightforward manner and without the need
for extensive computing power. This has allowed various key features of the
system, including the role of rigid (no slip) boundaries, to be identified and
compared with asymptotic solutions. Possible future avenues of research in-
clude the extension of the present work to more realistic physical systems
such as the Darcy-Bénard system (governing convection in a porous medium
heated from below) and the Rayleigh-Bénard system. Because of the close
connection between the weakly nonlinear form of the Swift-Hohenberg equa-
tion and that of the Darcy-Bénard and Rayleigh-Bénard systems it seems
possible that many features of the present study will carry over to these
more realistic systems.

Other possible extensions of the present work would be to carry out a for-
mal stability analysis of the numerous solution branches identified here and
to relate the findings to values of the Lyapunov functional defined by Green-
side and Coughran (1984). This was not possible within the time limitations
of the present study but may help to distinguish the relative importance

of the various patallel, diagonal, centrosymmetric and asymmetric modes of
convection that can arise.

263



References

Arter, W and Newell, A C 1988 Numerical simulation of Rayleigh-Bénard
convection in shallow tanks. Physics of Fluids 31, 2474-2485.

Brown, S N and Stewartson, K 1977 On thermal convection in a large box.
Stud. Appl. Math 57, 187.

Brown, S N and Stewartson, K 1978 On finite amplitude Bénard convection
in a cylindrical container. Proc.Roy.Soc.Lond A360, 455-469.

Buhler, K, Kirchartz, K R and Oertel, H 1979 Steady convection in a hori-
zontal fluid layer. Acta Mechanica, 31, 155-171.

Catton, I 1970 Convection in a closed rectangular region: the onset of mo-
tion. J.Heat Transfer, 92, 186-188.

Chen, M M and Whitehead, J A 1968 Evolution of two-dimensional periodic
Rayleigh convection cells of arbitrary wavenumber. J.Fluid Mech., 31, 1-15.
Croquette, V 1989 Convective pattern dynamics at low Prandtl number.
Part 1. Cont.Physics, 30, 113-133.

Croquette, V, Mory, M and Schosseler, F 1983 Rayleigh-Bénard convective
structures in a cylindrical container. J. Physique, 44, 293.

Croquette, V and Schosseler, F 1982 Diffusive models in Rayleigh-Bénard
structures. J. Physique, 43, 1183-1191.

Cross, M C 1982 Boundary conditions on the envelope function of convective
rolls close to onset. Phys. Fluids, 25, 936-941.

Cross, M C and Hohenberg, P C 1993 Pattern formation outside of equilib-
rium. Rev.Mod. Phys., 65, 851-1112. '

Cross, M C and Newell, A C 1984 Convection patterns in large aspect ratio
systems. Physica D , 10, 299-328.

Daniels, P G 1977a The effect of distant sidewalls on the transition to finite
amplitude Bénard convection. Proc. Roy.Soc.Lond., A358. 173-197.

Daniels. P G 1977b Asymptotic sidewall effects in rotating Bénard convec-
tion. Z.angew.Math.Phys., 28, 577-584.

Daniels, P G 1978 The effect of distant sidewalls on the transition to finite
amplitude Bénard convection II. Mathematika, 25, 216-235.

Daniels, P G 1981 The effect of distant sidewalls on the stability and evo-

lution of finite amplitude Rayleigh-Bénard convection. Proc.Roy.Soc. Lond.,
A378, 539-566.

264



Daniels, P G 1984 Roll pattern evolution in finite amplitude Rayleigh-Bénard
convection in a two-dimensional fluid layer bounded by distant sidewalls.
J.Fluid Mech., 143, 125-152.

Daniels, P G 2000 Onset of convection in shallow cylindrical containers.
Proc. Roy.Soc. Lond., A456, 527-551.
Daniels, P G and Lee, A T 1999 On the boundary layer structure of patterns

of convection in rectangular planform containers. J.Fluid Mech., 393, 357-
380.

Daniels, P G and Weinstein, M 1992 On finite amplitude patterns of convec-
tion near a lateral boundary. Quart.J.Mech. Appl. Math., 45, 315-336.
Daniels, P G and Weinstein, M 1996 On finite amplitude patterns of convec-
tion in a rectangular planform container. J. Fluid Mech., 317, 111-127.
Davies-Jones, R P 1970 Thermal convection in an infinite channel with no
slip sidewalls. J. Fluid Mech., 44, 695-704.

Davis, S H 1967 Convection in a box: linear theory. J.Fluid Mech., 30, 465-
478.

Drazin, P G 1975 On the effects of sidewalls on Bénard convection. Z.angew.
Math. Phys., 26, 239.

Edwards, B F 1988 Crossed rolls at the onset of convection in a rigid box.
J.Fluid Mech., 191,583-597.

Gollub, J P, McCarriar, A R and Steinman, J F 1982 Convective pattern
evolution and secondary instabilities. J.Fluid Mech., 125, 259-281.
Greenside, H S and Coughran, W M 1984 Nonlinear pattern formation near
the onset of Rayleigh-Bénard convection. Phys.Rev., A30, 398-428.
Greenside, H S, Coughran, W M and Schryer, N L 1982 Nonlinear pattern
formation near onset of Rayleigh-Bénard convection. Phys.Rev.Lett., 49,
726.

Hoyle, R B, 1995 Steady squares and hexagons on a subcritical ramp. Phys.
Rev.E, 51, 310.

Kirchartz, K R and Oertel H 1988 Three-dimensional thermal cellular con-
vection in rectangular boxes. J.Fluid Mech., 192, 249-286.

Koschmieder, E L 1966 On convection on a uniformly heated plane. Beitr.
Phys.Atmos., 39, 1-11.

Koschmieder, E L 1974 Bénard convection. Adv.Chem.Phys., 26, 177-212.

265



Koschmieder, E L 1993 Bénard Cells and Taylor Vortices. Cambridge Uni-
versity Press.

Manneville, P 1983 A numerical simulation of convection in a cylindrical ge-
ometry. J.Phys.Lett., 44, 903-916.

Morris, S W, Bodenschatz, E, Cannell, D S and Ahlers, G 1993 Spiral defect
chaos in large aspect ratio Rayleigh-Bénard convection. Phys.Rev.Lett., 71,
2026-2029.

Newell, A C, Passot, T and Souli, M 1990 The phase diffusion and mean
drift equations for convection at finite Rayleigh numbers. J.Fluid Mech.,
220, 187-252.

Newell, A C and Whitehead, J A 1969 Finite bandwidth, finite amplitude
convection. J. Fluid Mech., 38, 279-303.

Segel, L A 1969 Distant sidewalls cause slow amplitude modulation of cellu-
lar convection. J.Fluid Mech., 38, 203-224.

Stork, K and Muller, U 1972 Convection in boxes: experiments. J.Fluid
Mech., 54, 599-611.

Swift, J and Hohenberg, P C 1977 Hydrodynamic fluctuations at the con-
vective instability. Phys.Rev., A15, 319-328.

266



