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ABSTRACT

The aim of this thesis is to study local and global invariants in representation theory of
finite groups using the (restricted) Lie algebra structure of the first degree of Hochschild
cohomology of a block algebra B as a main tool. This lead to two directions:

In the first part we investigate the global approach. In particular, we prove the
compatibility of the p-power map under stable equivalence of Morita type of subclasses
of the first Hochschild cohomology represented by integrable derivations. Further results
in this aspect include an example showing that the p-power map cannot generally be
expressed in terms of the BV operator. We also study some properties of r-integrable
derivations and we provide a family of examples given by the quantum complete
intersections where all the derivations are r-integrable.

In the second part our attention is focused on the local invariants. More precisely, we
fully characterise blocks B with unique isomorphism class of simple modules such that
the first degree Hochschild cohomology HH!(B) is a simple as Lie algebra. In this case
we prove that B is a nilpotent block with an elementary abelian defect group P of order
at least 3 and HH'(B) is isomorphic to the Witt algebra HH!(kP).



Chapter 1

Introduction

Modular representation theory seeks to understand the representations of a finite group
when the group algebra is not semisimple. The group algebra can be decomposed into
indecomposable algebras called blocks such that for every simple module there is exactly
one block that does not annihilate it. This leads to the strategy of investigating the
structure of the blocks and the interaction between them.

There are two types of invariants associated with block algebras: those related to
the algebra structure and those related to the group structure. The first family includes
module categories, stable categories, numbers of isomorphism classes of simple modules
and the Hochschild cohomology, for instance. The second family contains defect groups,
fusion systems and some of their cohomological invariants.

In this context Hochschild cohomology plays a crucial role. It is shown in [26] that
the Hochschild cohomology HH*(B) of a block algebra B of a finite group G over an alge-
braically closed field k of prime characteristic p and the corresponding block cohomology
H*(B) are isomorphic modulo nilpotent ideals. Hence Hochschild cohomology can be seen

as a bridge between the local and the global worlds - and there are not many of these



bridges.

With this in mind, my thesis aims to analyse the interplay between the local and
the global invariants with a focus on the first Hochschild cohomology HH!(B) of a block
algebra B. Tt is worth noting that HH!(B) is a restricted Lie algebra. This rich algebraic
structure points to analysing HH!(B) in two directions: first, we investigate the extent to
which the restricted Lie algebra structure of HH!(B) is preserved under stable equivalences
of Morita type; and, secondly, we investigate the connections between the local structure
of a block B and the Lie algebra structure of HH!(B).

Chapter 2 contains the background material and some results for the global approach.
In particular, we give an example showing that the p-power map cannot generally be
expressed in terms of the BV operator. Furthermore, we provide an example showing that
p-power maps do not necessarily commute with transfer maps.

Chapter 3 continues with global invariants. In particular, it is devoted to the study of
the invariance of the properties of p-power maps under stable equivalences. We define the
notion of r-integrable derivation which are derivations that are induced by automorphisms
on A[[t]] such that induce the identity on A[[t]]/¢" A[[t]]. Using transfer maps as main tool,
we show in Theorem 3.5.2 that the p-power map, restricted to the classes of r-integrable
derivations, commutes with stable equivalences of Morita type between finite-dimensional
selfinjective algebras. We also study some properties of r-integrable derivations and we
provide a family of examples given by the quantum complete intersections where all the
derivations are r-integrable.

In the last chapter we consider the second aspect. We prove that, if HH!(B) is a simple
Lie algebra such that B has a unique isomorphism class of simple modules, B is nilpotent

with an elementary abelian defect group P of order at least 3 and HH'(B) is isomorphic



to the Witt algebra HH!(kP). In particular, no other simple modular Lie algebras arise

as HH!(B) of a block B with a single isomorphism class of simple modules.
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Chapter 2

Background and first results

2.1 Basics facts on algebras

The background for this section can be found in [2] and [4].

2.1.1 Idempotents and Blocks of an Algebra

Let k be a field. Let A be a finite dimensional associative unitary k-algebra. An idempotent
i of A is a nonzero element of A such that i> = i. Two idempotents 4, j of A are said
to be orthogonal if ij = ji = 0. A decomposition of an idempotent ¢ of A is a finite set
J of pairwise orthogonal idempotents of A such that ¢ = jesJ- An idempotent 7 of A
is called primitive if the only decomposition of 7 is given by i¢. A decomposition of an
idempotent i € A consisting of primitive idempotents is called a primitive decomposition
of 4.

Let A be a finite-dimensional k-algebra. Recall that, if I is a primitive decomposition

of 1 in A, we have a direct sum decomposition
A . @ie[Ai.
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Two summands Ai, A7 in this sum are isomorphic if and only if the corresponding prim-
itive idempotents 1, i are conjugate. Thus, if we choose a set of representatives J of the

conjugacy classes of elements in I, then
A = @ieg(AD)™

for some positive integers n;, equal to the number of idempotents in I which are conjugate

to 7. Dividing by the radical yields a direct sum
AJJ(A) = @iy (AifJ(A)i)™

and this is a direct sum of simple modules. More precisely, if we set S; = Ai/J(A)i then
{S;}ics is a set of representatives of the isomorphism classes of simple A-modules. The
proof of Wedderburn’s theorem yields an algebra isomorphism
AJJ(A) =[] M, (Ds)
1€J

where D; = End4(5;)°. If k is algebraically closed, then

AJT(A) = [ Mn, (k) = ] Endy(S)).

This shows that if k is algebraically closed, then the integer n; is both equal to dimg(S;)

and to the multiplicity of Ai as a direct summand of the regular A-module A.

Definition 2.1.1. Let A be a finite-dimensional k-algebra and let I be a set of repre-
sentatives of the conjugacy classes of primitive idempotents in A. The Cartan matrix of
A is the square matrix of non negative integers C' = (c;;)i,jer where ¢;; is the number of
composition factors isomorphic to the simple A-module S; = Ai/J(A)i in a composition

series of the projective indecomposable A-module A;.

12



An idempotent i of A which lies in the center, Z(A), of A is called a central idempotent
of A. A primitive idempotent i of Z(A) is called a primitive central idempotent, or a block
of A. If 14 has a primitive decomposition B in Z(A), we have a decomposition of algebras

A=TJAj
JjeEB
where each Aj is an indecomposable algebra. Such Aj is called the block algebra of the

block j.

Proposition 2.1.2. Let A be a finite dimensional algebra over a field k. Then A has only

finitely many blocks.

Let U be a finite dimensional A-module. If B is a primitive decomposition of 14 in

Z(A), then U = @®pepbU not only as vector spaces but as A-modules:

Proposition 2.1.3. Let A be a finite-dimensional k-algebra, let B be the set of block
idempotents of A, and let U be an A-module. We have a direct sum decomposition of U

as an A-module of the form

U= @beBbU.

In particular, if U is an indecomposable or simple A-module, then there is a unique
b € B such that bU = U and such that bU =0 for all b’ € B for all b’ # b . We then say
that M belongs to the block b or to the block algebra Ab.

The next propositions will be useful later:

Proposition 2.1.4 (Rosenberg’s Lemma). Let A be a finite dimensional algebra over a
field k. Let i be a primitive idempotent of A. Ifi € Y ;oA I where A is a set of ideals of

A, then i € I for some I € A.
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Theorem 2.1.5 (Wedderburn-Malcev). Let k be an algebraically closed field and let A be
a finite dimensional k-algebra. Then there is a semisimple subalgebra S = A/J(A) of A
such that A = S @ J(A), where the direct sum is a direct sum of vector spaces, and where

S is a subalgebra of A.

Proposition 2.1.6 (Idempotent Lifting Theorem). Let k be a field. Let A, B be finite
dimensional k-algebras with ideals I, J, respectively. Let f: A — B be a k-algebra homo-

morphism such that f(I) = J. Then

e Ifi is a primitive idempotent of A contained in I, then either f(i) =0 or f(i) is a

primitive idempotent of B.

o If j is a primitive idempotent of B contained in J, then there exists a primitive

idempotent i of A contained in I such that f(i) = j.

o Let i,i be primitive idempotents of A contained in I such that f(i) # 0 # f(i).

Then i and i are conjugate in A if and only if f(i) and f(i') are conjugate in B.

Blocks are particular examples of symmetric algebras. In the next section introduce

them.

2.1.2 Symmetric algebras

During this section we denote by k£ a unitary commutative ring unless otherwise specified.
Let A, B be two k-algebras and let M be an A-B-bimodule. Then the k-dual MV =
Homy (M, k) has a structure of a B-A-bimodule given by (b-« - a)(m) = a(amb) for all
a€ A be B,me M and a € Homy(M, k). In particular AV is again an A-A-bimodule.

An element ¢t € A is called symmetric if t(ab) = t(ba) for all a,b € A.

14



Definition 2.1.7. Let A be a k-algebra. We say that A is symmetric if A is finitely
generated projective as a k-module and if A = AV as A-A-bimodules. The image of 1 € A

under such isomorphism is called a symmetrising form and denoted by s: A — k.

Equivalently we can define a symmetric algebra A by requiring there is a non-degenerate
bilinear form <—, —> : A x A — k. In this case the isomorphism is defined as ¢ : A — AV
which sends a to <a, —>. Conversely, given the isomorphism, hence the symmetrising form,
the bilinear form is obtained by letting <a, b> = s(a-b).

A symmetrising form s of a symmetric k-algebra A is automatically symmetric, in fact,
if p: A= AV is an A-A-bimodule isomorphism such that s = ¢(14), then for any a € A,
we have a-14 = a = 14-a. Applying ¢ on both sides, yields a-s = s-a, which is equivalent
to s(ab) = s(ba) for all a,b € A.

Note that if k£ is a field and A is symmetric, then this implies that A is finite-

dimensional.

Definition 2.1.8. Let k be a field and let A be a finite dimensional k-algebra. Let {u;}

be a basis for A. We define {v;} to be the dual basis with respect to the bilinear form
(=, =) if (ui, v5) = i

Ezxample 2.1.9. Let G be a finite group. We have an isomorphism of kG-kG-bimodules
(kG)Y = kG sending any k-linear map p : kG — k to po = Y., c; p(z 1)z in kG. The
symmetrising form s : kG — k is given by S(erG )\xx) = A\ where \, € k for z € G.

Let {g}4ec be the group basis of kG. Then {g~'},eq is the dual basis.

Ezample 2.1.10. Let n be a positive integer. The matrix algebra M, (k) is symmetric with
symmetrising form the trace map tr : M, (k) — k. In fact for 1 <4, j < n denote by E; ;

the matrix whose coefficient at (4, j) is equal to 1 and zero otherwise. The set{E; ; }1<i j<n

15



is a k-basis of M, (k); in particular, M, (k) is finitely generated projective as a k-module.
The isomorphism is constructed by sending Fj ; to E%J where E* is the dual basis element
in M, (k)" sending F; ; to 1 and Ey i to 0 for (i,7) # (¢',5). Under this isomorphism the

identity matrix is mapped to the trace map.

The following proposition will be useful in the last chapter:

Proposition 2.1.11. Let A be a symmetric k-algebra with symmetrising forms s € AV.

For any idempotent e € A, the algebra eAe is symmetric with symmetrising form sleae.

Proof. Clearly eAe is finitely generated projective as k-module because it is a direct sum-
mand of A as k-module. Any bimodule isomorphism A = AV restricts to a bimodule
isomorphism eAe = e- AV -e, and any element in e- AV - e can be identified with an element

in (eAe)Y, whence the statement. O

2.2 Some concepts from homological algebra

In the following two sections we follow [39] and [4].

2.2.1 Homotopy

In this section we recall some classical results on chain homotopy categories.
Let C be an abelian category. We denote by Ch(C) the category of chain complexes
over C. We denote by Gr(C) the category of graded objects over C with graded morphisms

of degree zero.

Definition 2.2.1. Let C be an abelian category and let X € Ch(C). Then X is acyclic if

H.(X) = {0}.

16



Definition 2.2.2. Let C be an abelian category and let X, Y € Ch(C). A chain map
f: X =Y is a quasi-isomorphism if the induced map on homology, say H.(f) : H.(X) —

H.(Y), is an isomorphism in Gr(C).

Definition 2.2.3. Let C be an additive category and let X,Y € Ch(C) with differentials
€,d respectively. A (chain) homotopy from X to Y is a family of morphisms h, : X, —
Yo+1 in C, for any n € Z. Two chain maps f, f/ : X = Y are called homotopic , written

f ~ f', if there is a homotopy h : X — Y such that
f—f =hod+ecoh,

or equivalently if f,, — f,; = hp—1 08, + €p41 0 hy, for any n € Z. Similarly, we define a
cochain homotopy for cochain complexes X,Y but in this case h™ : X® — Y"1 for any

n € 7.

Definition 2.2.4. Let C be an additive category and let X,Y € Ch(C). A chain map
f X — Y is a homotopy equivalence if there is a chain map g : ¥ — X such that
go f ~Idx and fog ~ Idy ; in that case, g is called a homotopy inverse of f, and the
complexes X,Y are said to be homotopy equivalent, written X ~ Y. If X ~ 0, then X is

called chain contractible or simply contractible.

Proposition 2.2.5. Let C be an additive category and let X € Ch(C). Then X is con-
tractible if and only if the identity on X is homotopic to the zero chain map on X that is,

Idx ~ 0.

Let A be an algebra over a commutative ring k. During this section we let C = Mod(A)
denote the category of left A-modules. We denote by Homcy(vod(a)) (X, Y) the k-module

of chain maps from X to Y in Ch(Mod(A)).

17



Proposition 2.2.6. Let X,Y € Mod(A). The relation ~ on the set of Homcpniod(a) (X, Y)

s an equivalence relation, compatible with sums and compositions of chain maps.

Let us denote by Hom%h(Mod( A))(X ,Y) the k-submodule of all chain maps f: X — Y
satisfying f ~ 0, or equivalently, f = h o 4 € o h for some homotopy h from X to Y.

Then Proposition 2.2.6 leads to the following definition:

Definition 2.2.7. The homotopy category of complexes over Mod(A) is the category
K(Mod(A)) whose objects are the same as in Ch(Mod(A)) and whose morphisms are the

homotopy equivalence classes of chain maps; that is,

Homy (voa(ay (X, Y) = Homenoaay (X, Y)/Homey, ageacay (X; V)

Proposition 2.2.8. Let f : X — Y be in Homcpnioda(a))(X,Y). If f is a homotopy

equivalence, then f is a quasi-isomorphism.

Corollary 2.2.9. Let X be a complex of A-modules. If X is contractable then X is

acyclic.

Proof. If X is contractable, then X is quasi-isomorphic to zero by Proposition 2.2.8, which

is equivalent to H.(X) = 0. O

There is a deep connection between the homology and cohomology of complexes and

homotopy classes of chain maps. This is given by the following two propositions:

Proposition 2.2.10. Let X be a complex of A-modules and let n be an integer. Let A[n]
be the complex equal to A in degree n and zero in all other degrees. Then there is a natural
isomorphism

Hn(X) = HomK(Mod(A)) (A[n]u X)

18



Let X in Ch(Mod(A)) and let V' be an A-module. Applying the contravariant functor
Hom4(—, V) to X yields a cochain complex Hom4 (X, V') of k-modules defined by
Homy (X, V)" = Homy (X, V)
with differential
0" : Homa (X, V) — Homa (X141, V)

given by 6"(a) = a o §"*! for any a € Homu(X,, V). The cohomology of this cochain

complex can be expressed as a family of morphisms in the homotopy category:

Proposition 2.2.11. Let X be a chain complex of A-modules, and let V' be an A-module.

For any integer n we have a natural isomorphism of k-modules
H"(Homa (X, V)) = Homg o)) (X, VI[n]).

The right hand side of the isomorphism in Proposition 2.2.11 depends only on the
homotopy category K(Mod(A)).Therefore any homotopy equivalence preserves the left

side, that is

Corollary 2.2.12. Let A be an algebra over a commutative ring k. Let n € Z and let
V be an A-module. Let f : X — Y be a homotopy equivalence of chain complezes of

A-modules. Then f induces an isomorphism:
H"(Hom4(Y,V)) 2 H*(Hom4 (X, V)).

This interpretation in terms of the homotopy category will allow us to introduce extra

structure on cohomology.

2.2.2 Ext functor

Definition 2.2.13. Let A be an algebra over a commutative ring k. A projective resolution
of an A-module U is a pair (P, ) consisting of a complex P of projective A-modules such

19



that P; = 0 for ¢ < 0 and a quasi-isomorphism g : P — U. If we view U as a chain

complex concentrated in degree zero then a projective resolution of U can be written as:

b2 o1

P, P Py 0
I I T
0 0 U 0—...

Equivalently, we define a projective resolution (P, §) of an A-module U as an exact bounded

below chain complex of the form:

where all P, are projective. The exactness of the above sequence is equivalent to the

chain map being a quasi-isomorphism. In fact, the homology of both rows of the previous

>~

diagram is concentrated in degree zero, which is isomorphic to Py/Im(d1) = Py/ker(u)

U. If u is clear from the context, then we simply denote the projective resolution by P.

Definition 2.2.14. Let A be an algebra over a commutative ring k£ and let U, V be
A-modules. Let (P,d) be a projective resolution of U with differentials denoted by &,.

Then the Ext functor is defined by:
Ext’y (U, V) = H*(Homyu (P, V))
where Hom 4 (P, V) is the cochain complex :
Homu(Py, V) —2 Homa(Pr, V) ——s Homu(Ps, V) — ...

with differentials 6" : Homa(P,, V) — Homa(P,+1,V) given by 6"(a) = a0 ,41. By

Proposition 2.2.11 we have an interpretation of the Ext functor as

Ext’; (U, V) = Hom g (voacay) (P Vn)).

20



Proposition 2.2.15. Let A be an algebra over a commutative ring k and let V' be an
A-module. Then Ext’y(U, V) does not depend on the choice of the projective resolution,

that is, for any two projective resolutions (P, ), (P/,,u/) of U we have
H"(Hom (P, V)) = H"(Homy (P, V)).
In order to prove this we recall the following two propositions:

Proposition 2.2.16. Let A be an algebra over a commutative ring k. Let P be a complex

of projective A-modules, and let

be a short exact sequence of complexes of A-modules. Suppose that g is a quasi-isomorphism
and that one of P,Y is bounded below. The map
Homey(mod(a)) (P Y) — Homenod(a)) (P Z)

given by composition with g induces an isomorphism

Homy (njoaa)) (P Y) = Homg vod(ay) (P Z)-

Proposition 2.2.17. Let A be an algebra over a commutative ring k. Let (P, ), (Q,u)

be projective resolutions of A-modules U,V , respectively. We have canonical isomorphisms
HOH]A(U, V) = EXtOA(Ua V) = HomK(Mod(A)) (P7 Q)

The isomorphism sends o : U — V to the homotopy class of a chain map ¢ : P — @ such

that co pu~ ' o ¢ as chain maps from P to V.

Proof. With the notation of Definition 2.2.14 we have Ext% (U, V) = ker(6°). This is
the family of all A-homomorphisms « : Py — V such that o o §; = 0, that is, all A-
homomorphisms « such that Im(d;) C ker(«). Any such homomorphism factors uniquely
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through the canonical surjection Py — Py/Im(d1). Since p: P — U is quasi-isomorphism,
this implies p is determined by a surjective A-homomorphism, still denoted u, from F
to V such that ker(u) = Im(8;). Thus ker(6") can be identified with the space of A-
homomorphisms from P/ker(y) = U to V' . This shows the first isomorphism. To show
the second isomorphism we use the fact that the projective resolution ) comes with a

quasi-isomorphism ,u/ : @ — V. By Theorem 2.2.16 composition with ul is an isomorphism
Homy (voa(ay) (P, Q) = Homg voa(ay (P, V) = Ext% (U, V).

The compatibility with p and g follows from the explicit descriptions of these two iso-

morphisms. O

Proof of Proposition 2.2.15. We claim that for any two projective resolutions (P, u1), (P, i)
of an A-module U there is a homotopy equivalence 8 : P — P’ such that // of = pu. By
Corollary 2.2.12 we deduce the result.

We now prove the claim. Applying Proposition 2.2.17 with U = V and P’ = Q
shows that Idy corresponds to the homotopy class of a chain map ¢ : P — P’ satisfying
ul o¢ ~ Idy o p = p. Exchanging P and P’ yields a chain map v : P° — P satisfying
pot = . Thus potod = p. But also poldp = u. Now, by Proposition 2.2.16,
composition with y induces an isomorphism Homg (nvioq(a)) (P P) = Homg (vod(ay) (P U),-
Therefore, 1 o¢ and Idp should be the equal in the homotopy category, that is Yo ~ Idp.

A similar argument shows that ¢ o+ ~ Id s, and hence that P = P’ as stated. O

Theorem 2.2.18. Let A be an algebra over a commutative ring k. Let U,V be A-modules
with projective resolutions P, @), respectively, and let n > 0 be an integer. We have a

natural k-linear isomorphism

Ext’ (U, V) = Hom g (arod(a)) (P, Q[n])
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Proof. Let i’ : Q — V be the quasi-isomorphism associated with Q. Then y'[n] : Q[n] —
V[n] is a quasi-isomorphism and hence, by Proposition 2.2.16, induces an isomorphism
Homg (vod(ay) (P, Q[n]) = Homy (oacay) (P, VIn]) = Ext?(U,V) as stated. The naturality

is an easy verification. O

2.3 Hochschild cohomology

In this section we let A be an algebra over a commutative ring k which is projective over
k. We denote by A°P the opposite algebra, that is, A°? = A as k-module but the product
is defined as a - b = ba where the first product is in A° and the second in A. The tensor
product A ®; A°P over k is simply denoted by A ® A°P. We will work in the category of
A-A-bimodules or equivalently in the A ® A°’?-module category. We can regard A as an

A ® A°P-module by left and right multiplication on itself.

Definition 2.3.1. Let M be a A-A-bimodule. The Hochschild cohomology of A with
coefficients in M is

HH* (A, M) — EXt:Z@Aop (A, M)

and the Hochschild cohomology of A is
HH*(A) = HH*(A; A) = Ext)g 400 (A, A).

A fundamental feature of Hochschild cohomology is that there is a canonical projective
resolution which is constructed as follows:

We denote by A° = k. We regard A®™ as an A ® A°’-module where A acts on the left
on the first copy of A and A acts on the right on the last copy of A. Note that A®"*2 is a
projective A ® A°P-module for every n > 1. Here the assumption of A being projective as
a k-module is crucial. In fact, since A is projective, A®" is projective as a k-module for
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any n > 1. If n > 0, then A®"*2 = A ® A®" ® A is a summand of a direct sum of copies
of k, i.e A®"*2 is projective as an A ® A°’-module. Hence a projective resolution of A as

A ® A°P-bimodules is given by
AR AR At ApA-2 A0

where d,, : A®"T2 5 A®n+1 g defined as

n
d(a0 @ a1 @+ @ any1) = Y _(—1)'ag @+ ® 4iais1 ® -+ ® 1. (2.3.1)
1=0

We denote by X the complex above, that is, for n > —1 set X,, = A®"*2 and for n > 0
denote by d, : X, = X,,—1 the A ®) A°’-homomorphism given by Equation 2.3.1 and set
X, =0forn < —-2and d, = 0 for n < —1. The last step left in order to prove that
X is a projective resolution is to show that it is exact. Hence it is enough to show that
it is contractible as a complex of right and left A-modules (by Corollary 2.2.9). In the
first case, using Proposition 2.2.5, it is equivalent to show that there exists an homotopy
h : X — X such that Idx, = dn41 0 hy + hy—1 0d, for all n € Z. The homotopy h is
defined as hp(ag® a1 @ - R apt1) =1 ®ag @ a1 @+ -+ ® apq1for all n € Z. Similarly for
the second case.

This resolution is called the bar resolution of A and we denote it by P4. It can
be used to explicitly calculate the Hochschild cohomology of A with coefficients in any

A ®p A°’-module M as
HH"(A; M) = H"(Hom ag, Aor (Pa, M)).

The differentials are given by 0"(f) = f odp+1. In particular, the Hochschild cohomology

of A can be written as:

Ker(d™)

HH"(A) = H" (Homag aor (P4, A)) = Tm(on 1)

(2.3.2)
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In order to work more explicitly with this cohomology, especially in lower degrees, we use

the following canonical isomorphism:

Proposition 2.3.2. There is a canonical isomorphism
Homy,(A®™, M) = Hom ag g0 (A2, M)

for any n > 0. The isomorphism sends a k-linear map 1 : A®™ — M to a unique A® A°P-
homomorphism ¢ : A ® A" @ A — M such that ¢p(ag @ ¢ @ ant1) = agp(c)ans1 for any

ag,ani1 € A and c € A®™,

Proof. To show that this is an isomorphism, we explicitly construct the inverse map:
an A ® A°P-homomorphism ¢ : A ® A" @ A — M is sent to a unique k-linear map
P A" — M by ¥(c) = ¢(1® c®1). Tt is easy to check that the given maps are inverse

to each other. ]

Hence we define

Definition 2.3.3. Let M be an A ® A°’-module. We define k-modules C™(A, M) for
n > 0 by
C"™(A, M) = Homy (A®™, M).
We define the cochain maps 6" : Homy(A®™; M) — Homy(A®" 1 M) by
"(fllag®ar @ ®ay) =aof(a1 @+ @ an)
+§n:(—1)"f(ao®---®ai_1ai®---®an) (2.3.3)
i=1
+ (=) flao® a1 @ - @ an_1)an
for any f € Homy(A%™, M).
It is easy to prove that C*(A; M) = (C™(A, M),d"™) is a cochain complex. By Propo-
sition 2.3.2 we can relate the cohomology of C*(A; M) with the Hochschild cohomology.
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Theorem 2.3.4. Let M be an A ® A°?-module. The cochain complex C*(A; M) is iso-
morphic to Homagaor (Pa, M). In particular the cohomology of this cochain complex is

the Hochschild cohomology of A with coefficients in M.

As we are mostly interested in the Hochschild cohomology of A from now on we will
focus on C™(A, A) = Homy(A®", A). However some of these results can be generalised to
C"™(A, M). Let us study the degree zero of the Hochschild cohomology of A using Theorem

2.3.4.
Proposition 2.3.5. The degree zero term of the Hochschild complex can be identified as
Homggaor (A® A, A) = C’O(k; A) = Homy(k, A) = A

where the first isomorphism is from Propositon 2.3.2 and the second sends the linear map
o:k— Atoo(l). The composition of these two isomorphisms send a bimodule homomor-
phism ( : A® A — A to the element ((1®1) in A. The differential 6° : A — Homy (A, A)

sends an element b € A to the map 6°(b) : A — A given by 6°(b)(a) = ab — ba.
Consequently we have:

Proposition 2.3.6. We have a canonical isomorphism
HH'(A) = Z(A).
Proof. By definition we have
HH®(A; A) = Ker(6°) = {b € A st ab—ba =0 for all a € A} (2.3.4)
Hence the result. O

The following definitions allow us to provide an explicit interpretation of the degree 1
of the Hochschild cohomology:
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Definition 2.3.7. The k-linear map f : A — A is called a derivation if 0 = af(b) +

f(a)b— f(ab) for all a,b € A. The set of all derivations is denoted by Der(A) .

Definition 2.3.8. Let [—,—] : A® A — A denote the additive commutator that is,
[a,b] = ab — ba for every a,b in A. Then [—,b] is a derivation, called an inner derivation,

and the set of them is denoted by IDer(A).

Proposition 2.3.9. We have a canonical isomorphism
HH!(A; A) = Der(A) /IDer(A).

Proof. By definition we have HH!(A) = ker(6')/Im(6°). Consequently we need to show
that ker(6') = Der(A) and Im(6°) = IDer(A). Let f € Homg(A;A). Then 6'(f) €
Homy (A ®, A; A) is defined by §'(f)(a ® b) = af(b) — f(ab) + f(a)b. Hence Ker(s!) =
{f:A— Al f(ab) = af(b) + f(a)b} = Der(A). We have f € Im(6°) if and only if there
exists b € A such that f = 6°(b), that is, if and only if f(a) = ab — ba for all a € A. Or

equivalently, Im(6°) = {f : A — A| f(a) = ab — ba}. Hence the result. O

In the few next sections we analyse some of the rich algebraic structure of Hochschild

cohomology. We begin with a recollection of gradings in different algebraic structures:

2.3.1 Grading

Definition 2.3.10. A graded algebra A over a commutative ring k is a k-algebra which
is a direct sum of k-modules A; such that A;A; C A;4; for all 7,5 € Z. An element f € A;

is called homogeneous of degree 1.

Definition 2.3.11. A graded-commutative algebra A over a commutative ring k is a
graded algebra such that for f, g homogeneous elements of degree m,n respectively, we
have fg = (—1)"*"gf.
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Similarly, we can define a graded version of a Lie algebra:

Definition 2.3.12. A graded Lie algebra of degree —1 is a Lie algebra L over a field k
endowed with a grading which is compatible with the Lie bracket. That is, as a graded

vector space L = ®;czL; we have:
[£m cr) C cmnl
For every f,g € L of degree m, n respectively, we have
[f,9] = —(=1)m =D =D[g, ]

and for every f,g,h € L of degree m, n, [ respectively, we have

(=D DEDF gl Bl 4+ (~1) DD g, ], f] 4+ (<1 ][n, 1], 6] = 0.

2.3.2 Gerstenhaber and BV algebras
Using Proposition 2.2.18 we have

Proposition 2.3.13. Let A be an associative unital algebra over a commutative ring k.

Let U,V be A-modules. Then the graded k-module
EXtZ(U, U) = @nzoEXtZ(U, U)
s a graded unital associative k-algebra through composition of chain maps.

Proof. Let P be a projective resolution of U. Given

¢ € Exti(U,U) = Hom g (pr0a(4)) (P, P[n])
(2.3.5)
7 € Ext}(U,U) = Hom g (proa(a)) (P, P[m])

define the product ¢ - 7 in Ext’} ™ (U,U) by

(-1 =([m]or € Ext""(U,U) = Hom g (arod(a)) (P, P[n +m]).
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This defines a graded product on Ext’ (U, U) which is associative because it is induced
by composition in the homotopy category. The unit element of this multiplication is given

by Idy, viewed as an element of Ext% (U, U). O

Corollary 2.3.14. The Hochschild cohomology of A is a graded unital associative k-

algebra.

Since HH"(A) = Ext’g, 40p(A, A), we can regard the Hochschild cohomology of degree
n as being naturally isomorphic to the abelian group of equivalence classes of extensions

of A by A of length n. Consequently we have a cup product on HH*(A). This is given by:

Definition 2.3.15. Let A be an associative unital k-algebra over a commutative ring.
Let f € C"(A, A) = Homi(A®" A) and g € C™(A, A). Then the cup-product f — g

€ C"t™ (A, A) is given by:

(f ~ g)(ala s aaner) = f(ala s 7an) : g(an+17 s 7an+m)-

Under the isomorphism in Theorem 2.3.4, the cup product on Hochschild cohomol-
ogy corresponds to graded composition in the homotopy category (defined in Proposition
2.3.13).

The following proposition is due to Gerstenhaber [12]:

Proposition 2.3.16. Let A be a k-algebra. Then the Hochschild cohomology of A is a

graded-commutative algebra with respect to the cup product.
We recall the definitions of Gerstenhaber and Batalin-Vilkovisky algebras.

Definition 2.3.17. Let k& be a commutative ring. A Gerstenhaber algebra is a graded

k-module A = @, A; such that:

e A is a graded-commutative algebra with the operation denoted by —.
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e A is a graded Lie algebra of degree —1

e The Lie bracket and — satisfy the Poisson rule, that is, for any ¢ € A; the map

[—,c] : A; — A;4 ;1 satisfies
[a—b,d =la,c] — b+ (=1)"""Vg — [b,(] (2.3.6)
where m, [ are respectively the degrees of a and c.

Gerstenhaber showed in [12] that the Hochschild cohomology of an algebra A is a
Gerstenhaber algebra. We recall the construction:
Let A be a k-algebra. Let f € C"(A) = Homy (A", A) and g € C™(A) with n,m > 0.

If n,m > 1, then for 1 <1 < n, define

(f O3 g)(ala o 7an+m—1) = f(a17 cee 7ai—1ag(ai7 ey ai-i-m—l)v Qitmy - - - 7a7’b+m—1) (237)

If we let n > 1 and m = 0, then g can be identified as an element of A. For 1 < i < n,
define
(f 04 g)(ala . 'aanfl) = f(ala sy @i—1,9, 4, . '7an71)

for any other case, define f o; g to be zero. Let

n

fog=) () Vi rog (2.3.8)

i=1

then we define the Gerstenhaber Lie bracket as

[f.9] = fog— (-1)n D Ngo g (2.3.9)

This Lie bracket with the cup product makes Hochschild cohomology into a Gersten-

haber algebra.

30



Remark 2.3.18. If we let f,g € C'(A) = Homy (A, A), then the Gerstenhaber Lie bracket
becomes the usual Lie bracket [f,g] = f o g — g o f which induces a Lie algebra structure

on HH!(A).

Definition 2.3.19. A Batalin- Vilkovisky (BV') algebra is a Gerstenhaber algebra A =
DOnez Ay together with a degree —1 operator A : A, — A,_1, called the BV-operator,

such that A o A = 0 and such that we have
[a,b] = —(=1)™ D" (A(a — b) — (Aa) — b— (=1)™a — (Ab)). (2.3.10)

for any two homogeneous elements a, b of degrees n, m, respectively. In other words, the

deviation of A from being a derivation is the bracket.

In [38] Tradler noticed that the Hochschild cohomology of a symmetric algebra is a

BV algebra. In order to state this result, we need the following definition:

Definition 2.3.20. Let k be a unital commutative ring and let A be symmetric k-algebra

with a non-degenerate bilinear form (—, —) induced by a bimodule isomorphism between
A and its k-linear dual AV. Let n > 1 and f € C"(A, A). For i € {1,...,n} define

A;f € C"1(A, A) by the equation

<Aif(a1, Ce ,an,l), an> = (f(ai, ey p—1,0Qp, a1, ... ,ai,l), 1> (2311)

with this we define

Theorem 2.3.21 ([38, Theorem 1)). Let A be a finite dimensional symmetric k-algebra
with non-degenerate bilinear form (—, —) : Ax A — k. For f € C"(A,A), let Af €
C"1(A, A) be given by the Equation 2.3.11. Then Hochschild cohomology is a BV algebra

with BV operator A defined above.
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2.3.3 Hochschild cohomology of the tensor product of two algebras

In [21], Le and Zhou define the tensor product of Gerstenhaber algebras:

Definition 2.3.22. Let (A4, —a4,[—,—]4) and (B, —p,[—, —|B) be two Gerstenhaber al-
gebras over k. Then there is a new Gerstenhaber algebra (L,—,[—,—]) over k given as
follows:

(i) Ly, = ®iyj=nd; ® Bj as a k-vector space for each n € Z;

(i) (a@b) — (@ @) = (-1 P(a — 4 @) © (b—p V):

(iii) [a@b, ' @] = (=1)el+PbI=DI¥[q a/] 4@ (b — p V)4 (=)l I+ =D (g — 4 a")@[b, V] 5
where a,a’ € A and b,V € B are homogeneous elements. We call (L,—,[—, —]) the

tensor product of the two Gerstenhaber algebras A and B, and denote it by A ® B.
The following result will be useful in Chapter 4.

Theorem 2.3.23 ([21, Theorem 3.3]). Let A and B be two k-algebras such that one of

them is finite dimensional. Then there is an isomorphism of Gerstenhaber algebras:
HH* (A ® B) ¥ HH*(A) ® HH*(B).

Corollary 2.3.24 ([21, Theorem 3.4]). Let A and B be two k-algebras such that one of

them is finite dimensional. Then there is an isomorphism of Lie algebras
HH'(A ® B) =~ HH'(A) ® HH(B) @ HH°(A) ® HH'(B).

Let n be a positive integer. In the following corollary we denote by [[i; A; the n-fold

tensor products A1 ® As ® -+ Q@ A,.

Corollary 2.3.25. Let n be a positive integer. Let A; be a finite dimensional k-algebras

32



for 1 <1 < n.Then there is an isomorphism of Lie algebras

n

n
na (JT4) = 3 [IHEv(4).
i=1 i10yin>0, j=1

Proof. We prove it by induction. For n = 2 it holds by Corollary 2.3.24. Let assume that

it holds for n, then we have:

HH! (ﬁ Ai) ~ HH! ( - Ai> © HH(A,1) & HHO ( ﬁ Ai) ® HH (A1)
i=1 1 i=1

1=

= Y J]HHY(4;) @ HH(A, 1) @ [[HH(A;) ® HH' (Ap41)
1,010 >0, j=1 i=1
i1+t =1

= > JJuHY(A4)).

01,0020,  J=1
i1+ Fipp1=1

2.3.4 Restricted Lie algebra structure on Hochschild cohomology
Definition 2.3.26. Let £ be a Lie algebra over a field k£ and let x,y € £. We denote by

Ad : £ — Endg(L)
(2.3.12)
x = Ad(z)(y) = [z, 9]

the adjoint representation of L.
We introduce the last structure on Hochschild cohomology

Definition 2.3.27. Let £ be a Lie algebra over a field k of positive characteristic p. We
say that L is a restricted Lie algebra if there exists a map [p] : £L — L, called p-power or

p-operator, such that:
o Ad(zP)(y) = Ad()P(y)

o (\z)lPl = \plP)
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o (x4 gl =all 4yl 430 si(a,y)
for all ,y € £ and \ € k. Here, the element is;(x,y) is the coefficient of t*~! in
AdP Y (ta +b)((a)) = [...[a, ta +b],... ta + D).
The following theorem is due to Zimmermann [40]

Theorem 2.3.28. For any field k of characteristic p > 2 the sum of the odd degree
of the Hochschild cohomology, ®,enHH?" (A, A), is a restricted Lie algebra under the

Gerstenhaber bracket.

In particular HHl(A) is a restricted Lie algebra with the p-power map given by com-

posing f with itself p times, that is fPl = fo...0 f = fP.

We end the section with two definitions that will be useful later.

Definition 2.3.29. Let £ be a restricted Lie algebra. An element z of L is p-nilpotent if

2Pl = 0.

Definition 2.3.30. Let £ be a restricted Lie algebra. An element x of £ is p-idempotent

if 2Pl = 1.

2.4 Transfer map and Hochschild cohomology

One of the fundamental tools in this thesis are transfer maps in Hochschild cohomology. In

order to introduce them, we need first some background covered by the following section.

2.4.1 Adjoint functors

Definition 2.4.1. Let F': C — D, G : D — C be two covariant functors of two categories
C,D. We say G is the left adjoint to F, or equivalently, F is right adjoint to G, if there
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is an isomorphism of bifunctors Hom¢(G(—), —) = Homp(—, F(—)), that is, a family of
isomorphisms

Home (G(V),U) = Homp (V, F(U))

where U and V are objects of C and D respectively such that
Home(G(—),U) = Homp(—, F(U))

and
Hom¢(G(V), —) = Homp(V, F(—))

are isomorphisms of contravariant and covariant functors respectively.

Such an isomorphism of bifunctors need not be unique. If C,D are k-linear categories,
for some commutative ring k, we always require such an isomorphism of bifunctors to be
k-linear.

Given an adjunction isomorphism ¢ : Home(G(—),—) = Homp(—,F(—)), we can

evaluate ¢ at an object V in D and G(V') and hence obtain an isomorphism

Homp(V, F(G(V))) = Home(G(V), G(V)).

We denote by f(V) : V — FG(V) the morphism corresponding to Idgy through this
isomorphism, that is f(V) = ¢(V,G(V))(Idgy). It is easy to check that the family of

morphism f(V') defined in this way is a natural transformation

fildp — FoG (2.4.1)

called the unit of the adjuction isomorphism ¢. Similarly if we evaluate ¢ at an object U in
C and F(U) we get an isomorphism Hom¢ (G(F(U),U)) = Homp(F(U), F(U)). We denote

by g(U) : G(F(U)) — U the morphism corresponding to Id ;) through the isomorphism
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Home (G(F(U), U)) = Homp (F(U), F(U)) Le g(U) = ¢(F(U),U) " (Idr). Again this
is a natural transformation

g:GoF —1de (2.4.2)
called the counit of the adjuction isomorphism ¢.

Example 2.4.2. Let A, B be algebras and let M be an A-B-bimodule. For any A-module

U and any B-module V we have natural inverse isomorphisms of k-modules
Homu(M ®@p V,U) = Homp(V,Hom (M, U))
o= (v—=(m—=p(mew))) (2.4.3)

(m@v—=P(v)(m)) < ¢

Hence M ®p — is left adjoint to Hom4 (M, —).

Proposition 2.4.3. Let A, B be two finite dimensional k-algebras and let 4Mp be an A-
B-bimodule. Furthermore, if A is symmetric, then Homa (M, A) is isomorphic to MV =

Homy (M, k) as B-A-modules. The isomorphism sends ) € Hom 4 (M, A) to s o 1.

Proof. In order to define the inverse map we take {u;} to be a basis of A and let {v;} be

the dual basis respect the bilinear form of A denoted by <—, —> Then if we consider

4
6 € MV and = € M the image of 6 under the inverse map is given by >_. 0(v,x)u;. O

Proposition 2.4.4 ([41, Lemma 4.2.5]). Let A, B be two k-algebras. Let M be an A-B-

bimodule. Then there is a natural transformation
n: Homy (M, A) ®4 — — Homy (M, —) (2.4.4)

of functors from the category of A-modules to the category of B-modules. In addition
if M is finitely generated and projective as an A-module, then Hom4 (M, A) is a finitely
generated projective right A-module and n is an isomorphism of functors.
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Let A, B be two symmetric finite dimensional k-algebras. Using Proposition 2.4.3 and
Proposition 2.4.4 and Example 2.4.2 we have the adjoint pair (M ®p —, MY ®4 —). Let
{u;} be a basis of A and let {v;} be the dual basis with respect to the bilinear form of A.
The counit morphism ey : M ®p MY — A is explicitly given by ep(z®40) =3, 0(viz)u;
forz € M and § € MV.

Similarly, if B has a symmetrising form ¢t € BY and if M is finitely generated and projective
as a right B-module, then MV is finitely generated and projective as a left B-module and

we have an isomorphism of functors
Homp(M"Y,—) =2 Homp(MY,B)®p — = M"W @ — = M ®p —. (2.4.5)

Consequently we have another adjoint pair (MY ®4 —, M®p, —) with unit morphism
pyv 2 A — M ®p MY which can be calculated as follows. Since M is finitely generated
and projective as a right B-module, there exist a positive integer s and ¢; € Homp(M, B)

with 1 < i < s such that for any z € M, x = >, zjp;(z). Hence ppv sends a € A to

> ax; @p to ;.

2.4.2 Transfer maps in Hochschild cohomology

We recall that the Hochschild cohomology of a k-algebra A is the cohomology of the
Hochschild complex Hom ggaor (Pa, A) = C*(A). By Theorem 2.2.18 we have another
characterisation of the Hochschild cohomology which is given in terms of the homotopy
category that is,
HH"(A) = Hom g (Mod(AwAcr)) (Pas Pa[n]).

In [24] Linckelmann introduced the transfer maps in Hochschild cohomology for symmetric
algebras, say A, B, as follows: Let 4 Mp be an A-B-bimodule such that 4M and Mp are
finitely generated and projective. Let P4 (resp. Pp) be a projective resolution of A (resp.
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of B) as bimodules. Suppose we are given ¢ € HH"(B) = Hom g (pgper)(Pp, Pp[n]). Then
we define t(¢) € HH"(A) = Hom ¢(ag ar)(Pa, Pa[n]) to be the class of the composition

v ldyeceld,y
—_

Py~ M ®p Pg@p M M ®p Pgln] @5 MY 2= Py[n] (2.4.6)

where 7 lifts the unit morphism and o lifts a translation of the counit morphism €,y :
Mg MY — A.

An explicit construction of the transfer map is due to Koenig, Liu, and Zhou [20].
They choose P4, respectively Pg, to be the bar resolution P4, respectively Pg and they

explicitly construct the first lift. This is given in the following proposition:
Proposition 2.4.5. Let A, B and M be as before. Then for n > 0 we let

O, : A2 5 M @p B+ @ p MY (2.4.7)
denote the map which sends ag @ -+ @ any1 € A2 to

D aomi, ® @iy (a125,) @ -+ @ @4, (aniy) @ (0 Pig)any1. (2.4.8)

The map 0,, commutes with the differential, that is, 6,,—1d; = (Idp;@d;@Idpsv )0y, for each i,
where x; € M and p; € Homp(M, B) with 1 < i < s such that anyx € M, x =), z;p;(x).

Moreover 0 lifts the unit morphism that is, nyvpa = (Idpyr @ pp @ Idpsv)bp.

Proof. We just prove that 6V lifts the unit morphism nyv : A — M ®pg MY, that is,
nuvva = (Idy ® vp ® Idyv)0y, where vg : A®, A — A and vg : By B — B
are the multiplication maps. For ag,a; € A we have (Idy ® vp ® Idpv)bp(ap ® a1) =
(Idp@vp®Id v ) (apr;@tog;ar) = apxr;@ptog;ar, and on the other hand, vy«va(ap®ayr) =

nav (apar) = apx; @p t o ¢yaq since 1y is an A- A-bimodule homomorphism. O

Hence if we let f € C™(B), then TrM(f) is given by:

B MV Idas ®f®Id1wv
A ASY

A®MH2) Bny ar o BOMT) o MegBog MY 2 A (24.9)
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Explicitly we have:

Proposition 2.4.6. For f € C"(B) = Hom(B®", B) with n > 0, the map TrM (f) €

Homy, (A®" A) sends a1 @ -+ ® ay, to

> <<Pio (vjziy)s fpi (a173,) @ -+ @ 4, (an$io))>Buj- (2.4.10)

20,--50n,]

Here z; € M and ¢; € Hompg(M,B) with 1 < i < s such that for any © € M,z =
> wipi(w), where (—, —>B is the bilinear form over B and where {u;},{v;} are the dual

bases in A. In addition TrM : C™(B) — C"(A) is a chain map.

Proof. The proof of the first statement follows from the explicit construction of ,, and
€rs- The second part is also direct since 6* is a chain map by Proposition 2.4.5 .

O]

Remark 2.4.7. Let f € C'(B). Using notation from Proposition 2.4.5, the map TrM(f)

sends a1 € A to :

> (eunlvmn), flon (@) u;. (2:4.11)

10,81,]
2.4.3 Compatibility between transfer and p-power map

Let k be a field of positive characteristic p. Let A, B be two finite dimensional symmetric
k-algebras. Since the first Hochschild cohomology group is a restricted Lie algebra, we
can ask about the compatibility between the p-power and the transfer map. That is, we

can ask if the following diagram commutes:

HH!(B) — ™", HH!(A)

[p] [p]

1 TrM 1
HH!(B) — I HH(A)
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Ezample 2.4.8. Let k be a field of characteristic 2. Let H = {1,(12)} = Cy < S3 and
M = kS5 considered as a kS3-kCy bimodule. By (—, —) we mean the standard bilinear
form for the group algebra kH. We choose R = {1, (13), (23)} as set of representatives of
S3/Cy. We note that M is finitely generated and projective as a right kCo-module, since
[S3 : H] = 3, so there exist ¢; € Homye, (kSs, kC2) with 1 < i < 2 such that for any

xeM,x=> xzpi(x). Explicitly:

(1) = 1, @1((12)) = (12), p1(g) =0 (2.4.12)

for every other g € S3. Similarly we define @3 and 3, which are denoted by ¢(3) and

©(23) respectively, as follows:

va3)((13)) =1, ¢a3)((123)) = (12), ¢as)(g) =0
(2.4.13)

90(23)((23)) =1, <P(23)((132)) = (12), 90(23)(9) =0
for every other g € S3.
It is easy to check that these maps satisfy x = ), z;p;(z) for every z € M. Indeed,
let g € S5, h € H such that g = 2'h and let vz(zh) = h, where z, 2" € R. Then we have:

Z rL(g) = Z 2o (z'h) = x,cpm/ (z'h)=x'h=g. (2.4.14)
Te€R zeER

Since Cy is commutative, HH!(kC5) = Dery,(kCs) is generated by {fo, f1} such that
fo((12)) =1, f1((12)) = (12). In this case if we let f € Der(kC5), then the transfer map

can be expressed as:

Y (f)a)= <S%/(9_133)af(€0:r(al‘,))>Bg (2.4.15)

m,z'GR,gGG

/ .
where x,x are coset representatives.
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For a = (13) we get:

>~ (g (13)), Flens (1)) g+ Y (eas (g™ Fler(1) g+

geG geG
g; (#0971 (23)). Flpen (23))) 9= ZG (¢ (97'(23), £(12))) g

= (L, 7((2))1 + ((12), 7(12) ) (13)

In particular for fo and f; we have:

T (fo)(13) = 1, Te™ (f1)(13) = (13).
By a similar calculation we have:

T (f0)(23) = 1, Te™ (£1)(23) = (23).

In order to compute TrM(fy)(123) and TrM(fy)(132), we use the fact that (13)(23) =
(132), (23)(13) = (123) and the property that the transfer map of a derivation is itself a

derivation. Hence:
T (fo)(123) = Te (o) ((23)(13)) = Tr™ (fo)(23)(13) + (23)Tr™ (fo)(13) = (13) + (23)
Similarly:
T (fo)(132) = (13) + (23), Tr™ (f1)(123) = Tr™(f1)(132) = 0.
Finally writing a = (12) = (132)(13):
TrM(fo)(12) = 1+ (123) + (132), TYM(f1)(12) = (12).

It is straightforward to check the following conditions on element of Ss:
T (fo)2 = T (£ = 0
T ()P = M () = T ()
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since fy is p-nilpotent and f; is p-idempotent. Let us now consider an element f €

Der(kC3). Then f = Afo + uf1 where Ao, A1 € k. Hence

FE = Mo+ wf)P = 2 fo + Mu(fofi + fifo) + p2f}

= N2 fE + Aufo + 12 ff = Mufo + 12 fu

since fof1 = fo and fi1fo = 0. So
T (f2) = MTe™ (fo) + p*TeM (fr).

On the other hand
T (A fo + pfi)? = (TeY (A fo) + T (wfr))?
=2 (T (f0))? + AT (fo) Te™ (f1) + T (F)Te™ (fo)) + 2 (Te™ (f1))?
=2 TrM (f1) + AT (fo)
since TrM (fy) is 2-nilpotent, Tr™ ( f1) is 2-idempotent and TeM (fo) TeM (f1)+TeM (f)TeM (fo) =

TrM(fo). Hence the diagram commutes.

Despite what we have seen in this example, the p-power and transfer maps do not
commute in general. In fact we give a negative example in the next section.

There are many open problems regarding the compatibility between the transfer and
the p-power maps. For example, it is not known if the transfer maps send p-nilpotent
elements to p-nilpotent elements. The main problem lies in the explicit calculation of the
composition of the transfer with itself p times. Even if in the next chapter we show that
p-power maps commute with stable equivalences of Morita type on the subgroup of classes
represented by integrable derivations, this does not give a complete answer. In fact, not all
p-nilpotent derivations are integrable. For example, if we let k£ be a field of characteristic
2 and A = kCy as in the previous example, then HH!(kCy) = Dery(kCs) is generated by
{fo, f1}- Tt is easy to prove that fy is not integrable but it is 2-nilpotent.
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2.4.4 Transfer and p-power maps need not commute

In the previous section we provided an example of the compatibility between transfer and
p-power maps for the algebras A = kS5 and B = kC5. In Chapter 3 we will show that this
compatibility holds for any finite-dimensional selfinjective k-algebras A, B, with separable
semisimple quotients, in a certain subgroup of HH' when A and B are stably equivalent
of Morita type. A natural question emerges: can we have the compatibility between these
maps without the assumption of stable equivalence of Morita type? The following example

gives a negative answer to this question.

Ezample 2.4.9. In this example we will show that Tr™ does not always commute with [p].
Let k be a field of characteristic 3. Let H = {1, (123),(132)} = C3 < S3 and M = kS3
considered as a kS3-kC3 bimodule. By (—, —) we mean the standard bilinear form for the
group algebra kH. We choose R = {1,t = (12)} as set of representatives of S3/H. We
note that M is finitely generated and projective as a right kCs-module, since [G : H| = 2,
so there exist x; € M and ¢; € Homye, (kS3,kCs) with i = 1 or 2 such that for any

xeM,x=> xzpi(x). Explicitly:

p1(1) = 1,¢1((123)) = (123),

(2.4.16)
©1((132)) = (132),1(g) = 0
for every other g € G. Similarly we define s, denoted by ¢y, as follows:
e1((12)) = 1,¢¢((13)) = (132), 4 ((23)) = (123),01(g) =0 (2.4.17)

for every other g € G. Since C3 is commutative, HH'(kC3) = Dery(kC3) is generated
by {fon f1, fo} such that fo((123)) = 1, f1((123)) = (123) and fo((123)) = (132). Using
Equation 2.4.15, if we let f € Dery(kC3) and g = xh for some x € R and h € H then we
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have :

T ()@= Y (erloe) flealar)) g

x,x'ER,gEG

= S (WL fora)) Yh+ (0 flgna)) e (2A418)

heH
(1, Fr(at)) Yt + { b7, fpilat)) Yeht
where in the second equation we use the identity tht = h~!. In particular for a = (123)

we have:

T (f0)((128)) = 3 ((h7% £o((123))) + (B, fo((132))) )

heH

-y <<h—1, 1> + <h, —(123)>>h = 1-(132)

heH

(2.4.19)

similarly we have:

T (f5)(132) = 1 — (123). (2.4.20)

We can note that Tr™ ( f([)g]) = 0 since fo is p-nilpotent. Therefore Tr™ ( [[)3})(132) =0. On
the other hand Tr™ (fo)B((132)) = Tr™M (fo) o TrM (fo) (1 — (123)) = trM (fo)(—1+(132)) =
1—(123). Now, the transfer maps send elements of HH!(B) to elements HH!(A). Therefore
there should exists a inner derivation in S5 which sends (132) to 1 —(123) if we require the
commutativity of the diagram. But there is no element in a € kS3 such that [a, (132)] = 1.

Hence in this case the p-power map does not commute with the transfer map.

2.4.5 The p-power map and BV-operator

In the previous section, we noticed that the stable equivalence of Morita type is a fun-
damental condition for the compatibility between the p-power and transfer maps. We
will show this for the spaces in HH! given by integrable derivations. It is natural to ask
if this compatibility holds for the entire Hochschild cohomology of degree 1. Koenig et
al. in [20] prove that if A and B are two symmetric k-algebras that are related under a
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stable equivalence of Morita type then their Hochschild cohomology are isomorphic as BV
algebras. As a corollary we have that the Gerstenhaber bracket is invariant under stable
equivalences. This is because the bracket can be written in terms of the BV-operator
and the cup product (as shown by Tradler in [38]). More precisely, Tradler expressed the

Gerstenhaber bracket of two elements f € HH"(A), g € HH™(A), in the following way:

[fi9l =A(f —9) —A(f) —g—(=1)"f — A(g).

The aim of this section is to prove that the BV-operator and the cup product do not

determine the p-power map on HH!.

Proposition 2.4.10. Let A be symmetric k-algebra with symmetrising form s : A — k

and let f: A — A be a derivation. Then so f: A — k is a symmetric map.

Proof. We need to prove that so f is symmetric. We have:

(s o f)(ab) = s(f(ab)) = s(f(a)b+ af(b)) = s(f(a)b) + s(af(b))
(2.4.21)

= s(f(b)a) + s(bf(a)) = (s o f)(ba)

since s is symmetric. ]

Remark 2.4.11. Let A be a symmetric algebra with a symmetrising form s : A — k or
equivalently with a non-degenerate bilinear form < —, — >. Let f € C'(A, A). Using

Equation 2.3.11 the BV operator in degree 1, Af € C%(A, A) = A, is given by
< Af(l),a >=< f(a),1 >=(so f)(a) (2.4.22)

Since A is of degree —1, this implies A sends HH!(A) to Z(A). Alternatively this can
be proven using Proposition 2.4.10. In fact, if we let f € Der(A), then we have to show
that (Af)(1)-a = a- (Af) for every a € A where we denote by - the multiplication in
A. Tt is enough to prove that < (Af)(1)-a,b >=<a- (Af),b > for every a,b € A since
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< —,— > is not degenerate. Using Proposition 2.4.10 and the properties of bilinear forms

we have that
< (Af)(1)-a,b> =< (Af)(1),ab) >=< f(ab),1 >= (s o f)(ab)
= (50 f)(ba) =< (Af)(1),ba > (2.4.23)
=< ba, (Af)(1) >=<a- (Af)(1),b >
Finally if g € Tnn(A), then < Ag,a >= (s o g)(a) = s(ab — ba) = 0 for every a € A. So

Ag = 0.

Note that the p-power map can be defined as a map, only on the diagonal entries,
from the p-ary cartesian product HH!(A) x --- x HH'(A) to HH'(A) sending (f,..., f)
to fP. Our question is the following: is it possible to express the p-power map as k-linear
combination of compositions of the cup product and the BV -operator having as domain
the p-ary cartesian product HH!(A) x --- x HH!(A) and codomain HH*(A)?

The first step is to write down all the possible ways to compose the BV -operator and
the cup product. For the sake of simplicity, we denote by the p-tuple (n1,...,n,) the
p-ary cartesian product HH"!(A) x --- x HH"?(A) where the entries denote the degrees of
Hochschild cohomology. With this notation, the BV -operator sends (n;) to (n; — 1) and
the cup product sends the couple (n1,n2) to (n1 + ng) for non-negative integers n; and

ny. Another example is the map — ®Id which sends (1,1,1) to (2,1).

Theorem 2.4.12. Let A be symmetric algebra over a field k of positive characteristic
p. If p =2 let n = 2, otherwise let n > 2. Let f € Der(A) and let z1,...,2, € Z(A).
Every composition of the BV -operator and the cup product sends an element of the form

(z1- fr.oyzm - f) € HHY(A) x --- x HHY(A) to 2’ - f € HH'(A) where 2" € Z(A).
We need some technical lemmas in order to prove Theorem 2.4.12:
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Lemma 2.4.13. Let A be symmetric algebra over a field k of positive characteristic p and

let f: A— A be a derivation. For p > 2 then f— f is zero.

Proof. Let p > 2 and let f € Der(A). Since Hochschild cohomology has the structure
of a graded-commutative algebra and since f has odd degree we have that f — f =
(—1)|f|2(f — f)=(=1)f — f. Hence f — f should be zero. In particular this implies

that for every p > 2 the cup product of f with itself is zero. Hence the statement. ]
For p = 2 we have the following:

Lemma 2.4.14. Let A be symmetric algebra over a field of characteristic 2, let f: A — A

be a derivation and let A denote the BV operator. Then A(f — f) = 0.

Proof. Let f € C'(A, A). Then f — f € C?(A, A). Using the Equation 2.3.11 we have

A = —Aq + Ay where:

<A = Hlar), a2 >=<(f — f)(a1,a2),1 >= s 0 (f(a1)f(a2)) = s o (f(az) f(a1))

(2.4.24)
since s is symmetric. Similarly for As. Hence we have:
<A(f — f)lar),a2 > = — < f(a1)f(az),1 > + < f(az)f(a1),1 >
(2.4.25)
= —s(f(a1)f(a2)) + s(f(a2)f(a1)) =0
for every ai,as. Thus A(f — f) =0. O

Proof of Theorem 2.4.12. The proofis by induction. Let n = 2 then the product HH!(A4) x
HH!(A) is represented by the couple (1,1). The cup product sends (1,1) to (2). If

char(k) > 2 we get zero by Lemma 2.4.13. In fact if we let 21,22 € Z(A) then

(Zl'fv22'f)(al,a2)ZZl'f(a1)'22'f(a2)=(Zl'zz)'(fvf)(al,@):()
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for all a;,a9 € A. In characteristic 2 the only possible composition at this point is to
apply A which send (2) to (1). By Lemma 2.4.14 we get zero. Starting again from
(1,1), the other possibility is to apply either A ® Id or Id ® A which send (1,1) to (0,1)
or (1,0), respectively. In both cases we can only compose with the cup product which
sends (1,0) or (0,1) to (1), that is, to HH(A). At this point we cannot neither compose
with the cup product nor with A (since A? = 0). It is easy to check that an element
(21 - f, 20 - f) € HH'(A) x HH'(A) is sent through these maps to z - f where z° € Z(A).
For example, the map — o(A ® Id) sends (z1 - f, 22 f) to A(z1 - f) - 22 f.
Assume it holds for n — 1, then we show it holds for n. The n-ary product HH!(A) x
- x HH'(A) is represented by the n-tuple (1,...,1). If we apply the cup product to
any two components it will give us the zero by Lemma 2.4.13. The only possibility is to
apply the BV -operator to one of the entries, that is, [d® --- ® A ® - -- ® Id which sends
the n-tuple (1,...,1) to the n-tuple which has as entries n — 1 ones and 1 zero. The cup
product can only be applied on the entries of the form 1,0 or 0,1 otherwise we get zero.
In this cases, the cup product sends an n-tuple to an n — 1 tuple with one in all entries.
By induction hypothesis the result follows. Considering again the n-tuple which has n—1
ones and 1 zero, we can apply the BV -operator to a non-zero entry which has as codomain
a n-tuple with n — 2 ones and 2 zeros. If we keep applying the BV -operator to non-zero
entries, we get a n-tuple with all zero entries except one. In this case we can only apply
the cup product until we have as codomain HH!(A). It is easy to check that an element of
the form (21 - f,...,zn - f) is sent through these compositions to z - f for some 2 € Z(A).
Otherwise at certain point we get an m-tuple, where m is a positive integer less than n,

with one in all entries. By induction hypothesis the result follows.
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Corollary 2.4.15. Let A be a symmetric k-algebra over a field of positive characteristic p.
Let f = (f,...,, ) be ap-tuple in HH!(A) x --- x HH'(A). Then all possible compositions
of the cup product and the BV -operator send f to z - f for some z € Z(A). In particular

every k-linear combination of compositions of — and A sends f to z - f.

Theorem 2.4.16. Let A be symmetric k-algebra over a field of positive characteristic
pand let f + A — A be a derivation. Then fP cannot always be expressed k-linear

combination of compositions of the BV-operator and the cup product.

Proof. For any fixed p, we need to find a derivation f such that f! cannot be expressed
as z - f for some z € Z(A). We provide a family of examples with these properties.
Consider the algebra A = k[z,y]/ < 2P, y? >. Let {fup},{9ca} € Der(A) be such that
fap(z) = x4, Jap(W) =0, gea(z) = 0 and g.q(y) = z¢y? where 0 < a,b,¢,d < p — 1.
Then a basis for Der(A) is given by {fa5} U{gcq}. Since A is commutative this implies

Inn(A) = 0. An element of the algebra A acts on {f; ;} and {g;;} in the following way:

. fivkjp for0<i+k j+1<p-—1
Y - fig =

0 otherwise.

Similarly for g; ;. We can also note that fip o go1 = go1© fio = 0 and f10,90,1 are
p-idempotents. Let f = Af1 0+ pgo1 for A\, u € k. Since Der(A) is a restricted Lie algebra

we have:

FP = (Afro + pgoa)P = N 1o+ pPgo + Z S
i (2.4.26)

= MNfio+ 1Pg01

where s; are zero since they are consecutive compositions of f1o and go1. An element of

the centre z € Z(A) can be written as z =}, ; N\ijz'y’l. Consequently

2 f =0 Xga'y! )Mo+ pgon) = D Nij(Afiyry + 1gij1) (2.4.27)
i,J
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for 0 < 4,5 < p—1. Since {fi;}, {gi;} are linearly independent, in order to have
f[”} = z- f, we should impose Ao = AP~1and 0,0 = uP~1. For a field k large enough we

have a contradiction. O
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Chapter 3

Invariance and properties of

r-integrable derivations

Sections 3.2,3.3,3,4 and 3.5 of this chapter are based on the paper [34].

3.1 Introduction

Since the pioneering work of Happel [15, 16], Rickard [31], [32], [33] and Keller [19],
derived categories have played an increasing role in the representation theory of groups
and algebras. Broué’s abelian defect group conjecture [7] has been the starting point of a
major development in block theory using derived equivalences as main tool. Broué [8] has
introduced stable equivalences of Morita type, which are implied by derived equivalences
between symmetric algebras (as a consequence of a theorem of Rickard [32]). This puts
the focus on understanding invariants under derived and stable equivalences. Derived
equivalences have been shown to preserve the Hochschild cohomology. However stable

equivalences only preserve the positive part of the Hochschild cohomology. Keller [19] has
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shown that a derived equivalence preserves the Gerstenhaber algebra structure. Koenig
et al. [20] have shown that a derived equivalence between symmetric algebras preserves
the BV algebra structure using the transfer maps introduced in [24]. Apart from a paper
of Zimmerman [40], little has been done with the Lie restricted p-power map. In addition,
there are also evidences from calculations in examples in [6] that suggest there is a strong
relation between the algebra structure of A and the restricted Lie algebra structure of
HH'(A). In this chapter we address this compatibility problem for a subfamily of HH!(A)
called integrable derivations.

Integrable derivations have been introduced by Gerstenhaber in [13] and then studied
by Matsumura [28] and others. The main aim of this chapter is threefold. Following
Farkas, Geiss and Marcos (who have proved in [11] that integrable derivations are invariant
under Morita equivalences) we generalise the concept of integrable derivations, called r-
integrable derivations. In a similar fashion to [26] we prove they are invariant under stable
equivalences of Morita type. On the other hand, let k& be a field of prime characteristic
p, for symmetric k-algebras, Zimmermann proved in [40] that the p-power map on (the
positive part of) Hochschild cohomology commutes with derived equivalences. We show
that the p-power map, restricted to the classes of r-integrable derivations, commutes
with stable equivalences of Morita type between finite-dimensional selfinjective algebras
(See Theorem 3.5.1 and Theorem 3.5.2 below). Finally we provide some properties of
r-integrable derivations and a family of examples when all derivations are integrable.

The chapter is divided into the following sections: in 3.2 we introduce the concept of
r-integrable derivations and some of their properties. Section 3.3 explains how to endow
the set of integrable derivations with a p-power map. Section 3.4 gives a cohomological in-

terpretation of integrable derivation whilst in 3.5 we prove the two main results. In section
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3.6 we study different properties of the p-power maps and integrable derivations. Then
we prove that the family of the r-integrable derivations form a poset and the subfamily
of p®-integrable derivations, where p is a prime number and a a positive integer, form a
vector space. We also establish the invariance of the Jacobson radical under r-integrable
derivations. In the last section we provide a family of examples given by quantum complete

intersection in which all the derivations are integrable.

3.2 Integrable derivations of degree r

We recall some background lemmas that will be helpful during the chapter. Let A be a
finite-dimensional k-algebra over a field k. Then we denote by A[[t]] the formal power
series with coefficients in A and by Z(A[[t]]) the centre of A[[t]]. In the following, all the

tensor products are over a field k£ unless otherwise specified.

Lemma 3.2.1. Let A be a finite-dimensional algebra over k. Then the multiplication in

Al[t]] induces a k[[t]]-algebra isomorphism k[[t]] @ A = A[[t]].

Proof. The given map sends Y. A\it' ®a to Y5 Aat’ where \; € k and a € A. In order
to show that this is an isomorphism, we construct its inverse as follows: let > .., a;it’ €
A[[t]] and let {e;}1<j<n be a k-basis of A. Write a; = 377, pyje; for every non-negative

integer i where y;; € k. The inverse map sends >, a;t’ to Py <Zi>0 pijtt ® ej). O
Lemma 3.2.2. Let A be a finite-dimensional algebra over k and let v be a positive integer.

Then the canonical map Z(A[[t]]) — Z(A][t]]/t" Al[t]]) is surjective.

Proposition 3.2.3. (c¢f. [26,2.1]) Let A[[t]] be the formal power series with coefficients
in A. Then the canonical map A[[t]] — Al[t]]/t" A[[t] induces an isomorphism
HH"(A[[¢]]; A[[e]] /" A[[#]]) = HH" (A[[#]]/t" A[[#]])
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for alln >0 and r > 0.

We denote by Aut(A[[t]]) the group of k[[t]]-algebra automomorphisms of A[[t]] and by
Out(A[[t]]) the group of outer k[[¢]]-algebra automorphisms of A[[t]]. We introduce now a
subgroup of Aut(A[[t]]) related to the notion of r-integrable derivations.

For a fixed positive integer r, we denote by Aut,(A[[t]]) the group of all k[[t]]-algebra
automorphisms of A[[t]] which induce the identity on A[[t]]/t" A[[t]]. Clearly we have an
inclusion Aut, (A[[t]]) € Auty(A[[t]]) for every r > 1. We denote by Out,(A[[t]]) the image

of the canonical map ¢ : Aut,(A[[t]]) — Out(A[[t]]).

Lemma 3.2.4. Let A be a finite-dimensional k-algebra. Let r be a positive integer. Then

Out,(A[[t]]) is the kernel of the canonical group homomorphism

¢ Out(A[[t]]) — Out(A[[t]]}/ (¢ A[[]]))- (3.2.1)

Proof. Clearly Out,(A[[t]]) € Ker(¢). Let a be a representative of an element in the kernel

of . Then 1(«) is given by conjugation with an invertible element @ = u + t" A[[t]] in

A[[t]]/t" A[[t]] where u € A[[t]]. We denote by A[[t]] = A[[t]]/t" A[[t]]. Now, @ is invertible in

A[[H] and so A[[f] = A[[t]]a. We lift u to A[[t] = A[[t]Ju-+t"A[[t]] € A[[t]Ju+J(A[[])A[[]].

By Nakayama’s Lemma we have A[[t]] = A[[t]]u hence u is invertible. Consequently if we

1

replace o by u™"au, then the resulting automorphism is in the same class as a and it

induces the identity on A[[t]]/t" A[[t]]. O

We recall a definition from [28] which is connected with Aut; (A[[¢]]):

Definition 3.2.5. (cf. [28,1.1]) Let A be a finite-dimensional k-algebra. A higher
derivation D of A is a sequence D = (D;);>0 of k-linear endomorphisms D; : A — A

such that Dy = Id and D, (ab) = >_ D;(a)D;(b) for all n > 1 and all a,b € A.

i+j=n
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We recall from [28,1.5]:

Proposition 3.2.6. Let A be a finite-dimensional k-algebra. The set of higher derivation
of A is a group, called the Hasse-Schmidt group of A and denoted by HS(A), with the
product defined by

n
D oD = (ZDZ» o D;H.) - (3.2.2)
=0 -

for any two higher derivations D = (D;)i>0 and D' = (D));>o.
From [28] we have the following relation between HS(A) and Auty (A[[t]]) :

Proposition 3.2.7. Let A be a finite-dimensional k-algebra. The Hasse-Schmidt group of
A is isomorphic to Auty(A[[t]]). The isomorphism sends a higher derivation D = (D;)i>0

to a € Auty(A[[t]]) defined as a(a) = Y ;50 Di(a)t’ for all a € A.

Proof. Note that any k[[t]]-ring endomorphism of A[[t]] is determined by its restriction to
A since it can be extended linearly. Let D = (D;);>0 be an higher derivation. Then we
can construct a € Auty(A[[t]]) as follows: a(a) = 3 i D;(a)t" for all a € A. Tt is easy
to check that o € Auty(A[[t]]) using Proposition 3.2.6. Conversely, let a € Auty(A) and
let d; : A — A such that a(a) = 3,5, di(a)t® for all a € A. Using the fact that « is an
automorphism which induce the identity on A, we have that the d; satisfy 3.2.2 for every

i. Hence (d;);>0 is a higher derivation. O

Definition 3.2.8. Let A be a finite-dimensional k-algebra. A higher derivation D =
(D;)i>o is of degree r if Dy =1d, D; =0 for 1 <i <r —1 and D, # 0. The set of higher

derivations of degree r is denoted by HS, (A).
We have the following:

Corollary 3.2.9. Let A be a finite-dimensional k-algebra. The set HS,.(A) is a subgroup
of HS(A).
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Proof. Let us consider Aut,(A[[t]]). Then the image of Aut,(A[[¢]]) under the isomorphism

in Proposition 3.2.7 is HS,(A). O

Remark 3.2.10. Let (D;);>0 be a higher derivation of degree r. Since Dy = Id, D; = 0 for
1 < ¢ < r —1 then by definition of higher derivation we have that D; are derivations for
r <4< 2r. In fact for r <1 < 2r:
Di(ab) = > Dj(a)Di(b) = aD;(b) + Dj(a)b.
k=i
In particular D, is a derivation.
Consequently, we can slightly extend Matsumura [28] in order to introduce the follow-

ing terminology:

Definition 3.2.11. Let A be a finite-dimensional k-algebra and let r be a positive integer.
A derivation D € Der(A) is called r-integrable if there exists a higher derivation of degree
r, say D = (D;);>0, such that D = D,. We denote by Der,(A) the set of r-integrable

derivations of A.
Note that for 7 = 1 we have the notion of integrable derivation defined in [13]; that is,
integrable derivations are 1-integrable.

Remark 3.2.12. The notion of integrable derivation can be defined over more general rings
(see e.g [26]) but we only work over a field k since the main results mostly require a field

as a base ring.

Now using Proposition 3.2.6 we have that:

Corollary 3.2.13. Let A be a finite-dimensional k-algebra and let r be a positive integer.

The set Der,(A) is a subgroup of the additive abelian group Der(A).
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Proof. 1f we let D, D" € Der,(A) with D, D’ the corresponding higher derivations, then
the rth term of D o D’ is D + D’. Thus the collection of r-integrable derivations is closed
under addition. Using Proposition 3.2.6, the rth term of the inverse of D, say D', is

—D,. It is easy to check that the unit in the group of higher derivation is given by D; =0

for ¢ > 0 and Dy = 1. In particular D, = 0. O

It is helpful to have an equivalent characterisation of Der,(A) in terms of Aut,(A[[t]]).

Using Proposition 3.2.7 we can write o € Aut,(A[[t]]) as follows: let a = > ;2 a;t". Then

k
a(a) = > Dpla)t™ =a+1"> > Du(a)t" "
imn>0 k>r n>1,
i>0
i+n=~k
since D; =0 for 1 < i <r — 1. Hence we can write « as a(a) = a + t"u(a) where u is a

k[[t]]-linear endomorphism of A[[t]]. We need now the following:

Proposition 3.2.14. Let A be a finite-dimensional k-algebra. Let r be a positive integer,
let o € Aut,(A[[t]). Let p = A[[t]] — A[[t]] be the unique k[[t]]-linear map such that a(a) =
a+t"u(a) for all a € A[[t]]. Then the map i : A = A[[t]]/tA[[t]] — A = A[[t]]/tA[[t]]

induced by p is a derivation.

Proof. Let a,b € A[[t]], since « is an automorphism we have a(ab) = ab+ t"u(ab) is equal
to a(a)a(b) = ab+t"p(a) + " p(b) + 2" u(a) u(b) hence we obtain p(ab) = au(b) + pu(a)b+

t"u(a)p(b). Reducing modulo ¢ we have

f(ab) = ai(b) + p(a)b (3.2.3)
hence f is a derivation on A. O

By Proposition 3.2.14 the map i1 : A — A induced by u is a derivation over A, in fact,

i is exactly D,.. We can now introduce an equivalent definition of r-integrable derivation:
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Remark 3.2.15. Let A be a finite-dimensional k-algebra. A derivation D is r-integrable if
there is a k[[t]]-algebra automorphism of A[[t]], say «, and a k[[t]]-linear endomorphism g
of A[[t]] such that a(a) = a+t"u(a) for all a € AJ[t]] and such that D is equal to the map

@ induced by pon A = A[[t]]/tA[[t]].

Definition 3.2.16. Let A be a finite-dimensional k-algebra. Let r be a positive integer.

We denote by HH}(A) the image of Der,(A) in HH!(A).
We can now prove some results regarding r-integrable derivations:

Proposition 3.2.17. Let A be a finite-dimensional k-algebra. Let r be a positive integer,
let € Aut,(A[[t]]). Let p : A[[t]] — Al[t]] be the unique k[[t]]-linear map such that

ala) =a+t"u(a) for all a € A[[t]]. Let i the map induced by p on A. The following hold:

(a) Let a be an inner automorphism. Then fi = [d,—] for some d € A; that is i is a

imner derivation.
(b) The class of i € HH!(A) depends only on the class of o € Out,.(A[[t]]).

Proof. Let a be an inner automorphism induced by conjugation by an element ¢ €
(A[[#]]); that is a(a) = cac™* for a € A[[t]]. Since a induces the identity on A[[t]]/#" A[[t]]
then taking the projection of o in A[[t]]/t" A[[t]] we have cac—! = a, that is ¢a = ac hence
c e Z(A[[t)]/t" A[[t]])*. Since the map Z(A[[t]]) — Z(A[[t]]/t" A][t]]) is surjective (Remark
3.2.1), there is an element z € Z(A[[t]])* such that z = & hence such that cz~! € 1+¢" A[[t]].
Therefore if we replace ¢ by ¢z~ we have ¢ = 1+t"d for some d € A[[t]]. If we take a € A[[t]]
we have cac™! = a(a) = a + t"pu(a) and hence ca = ac + t"u(a)c, that is [c, a] = t"u(a)c.

Now if we replace ¢ by 1+ t"d and we divide by t" we obtain

[d,a] = p(a) + t"p(a)d. (3.2.4)
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Consequently [d, a] = ji(a), whence statement a).

For the second part we let oy, as be two representatives of the same class in Out, (A[[t]])
with induced derivations pi, 2. Since o, g are in the same class, then aq o ay lis an
inner automorphism of A[[t]]. By Proposition 3.2.6 the induced derivation of a; o o' is
u1 — po. Then by statement a) we have that gy — po is an inner derivation. Hence the

result. O
The following proposition is useful for Proposition 3.2.19 and for the next section:

Proposition 3.2.18 ([34, Theorem 3.6]). Let A be a finite-dimensional k-algebra and
let a € Auty(A[[t]]). Let (Di)i>o be the higher derivation satisfying a(a) =3 ;5 D;(a)t!
for a € A. The map that sends a to Zizo D;t" induces a group homomorphism ¢ :

Auty (A[[t]]) — (Endg (A)[[])*

Proof. Let B € Auty(A[[t]]). For [ > 0 let £y € Endg(A) such that 8(a) =35, Ey(a)t.
For all a € A let {e;}1<j<n be a k-basis of A. For every ¢ > 0 define p;; : A — k such that

Di(a) = >7%_; pij(a)e; where a € A. On one side we have:

(oa)(a) = 5( D Dila)t’) = Zﬂ(ZuU )tle;)

>0 >0

=D mia)t'p ZZZ”W VEr(e;)t!

j=11i>0 >0 i>0 j=1

(3.2.5)

where the third equation holds since 3 is an automorphism over k[[t]]. If we fix a degree

m € N, we have

> ZMU VEi(e)t™ = > B> pla)e)t™
- =

lg gj=1 ,
i—i—l:m i+l=m

= Z El (Di(a))tm
2+éim

(3.2.6)
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Hence ¢(f o o) in degree m is equal to ) ;>0 £; o D;t™. This is clearly equal to the
i+l=m

coefficient at t™ of ¢(8)d(«). O
Proposition 3.2.19. Let A be a finite-dimensional k-algebra. Let r be a positive integer
and let o € Aut,(A[[t]]) . Let p be the unique k[[t]]-linear map on A[[t]] such that a(a) =
a+ t"u(a) for all a € A[[t]]. We denote by i the derivation induced on A by u as in

Remark 3.2.15.
(a) The derivation [i is inner if and only if o induces an inner automorphism in A[[t]]/t" 1 A[[t]].

(b) We have the following short exact sequence of groups:

1 Outyrr (A[[t]]) —— Oute(A[[t]) — 2 HH'(A) — 1.

where 1 is defined as in Proposition 3.2.17

Proof. Let us assume that f is an inner derivation so i = [d,—] for some d € A[[t]].
Take ¢ = 1 + t"d as in the proof of Proposition 3.2.17. By Equation 3.2.4 we can choose

7(a) = —p(a)d so that we have [d,a] = p(a) —t"7(a). Since ¢ = 1 + t"d we get
[c,al = [1+t"d,a] =t"[d, al. (3.2.7)

So [c,a] = t"[d,a] = t"u(a) — t*"7(a). Hence t"u(a) = [c,a] + t>"7(a). Consequently
cac™t = a+t"p(a)c™t — ¥ 7(a)c™t. Now, afa) = a + t"u(a) implies that a(a) — cac™t =
t"u(a)(1 — 1) + t?'7(a)c™!. Since ¢ belongs to 1 + t"A[[t]], we have ¢=! € 1 + " A[[t]]
and hence 1 — ¢! € t"A[[t]]. This shows that a(a) — cac™ € 2" A[[t]] C "L A[[t]]. Con-
sequently o induces an inner automorphism on A[[t]]/¢" L A[[]].

Conversely, suppose that « acts as an inner automorphism on A[[t]]/t"T1A[[t]]. Us-
ing the same argument as in Lemma 3.2.4 we may assume that a acts as identity on

A[[t]]/t" A[[t]] and hence it induces an inner derivation on A[[t]]/t"T1A[[t]]. Hence we
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can assume « € Aut,;1(A[[t]]) . Hence a(a) = a+t""1p/(a) for some p'(a) € A[[t]], which
gives the equality p(a) = ¢t/ (a). Consequently we have that p induces the zero map on
A.

For the second part, we let 5 € Aut,(A). Let v be the unique k[[t]]-linear map on A[[¢]]
such that 5(a) = a+t"v(a) for all a € A[[t]]. Fori,l > 0let D;, E; € Endy(A) be such that
a(a) = Y5 Di(a)t" and Bla) = 35 E;(a)t! for all a € A[[t]]. By Proposition 3.2.18, the
coefficient of the term of degree r of Soais > ll’i Ei(Di(a)) = Ey(a)+Dy(a) = fi(a)+7v(a)

itl=r

since F; = D; = 0 for 1 < 14,5 <r —1. Hence by Proposition 3.2.17 we have that the class

determined by 3o o in HH!(A) is the class determined by fi + 7. The exactness follows

from part a). O

3.3 The p-power map on r-integrable derivations

In this section we denote by k be a field of positive characteristic p. A way to under-
stand the action of the p-power map on the integrable derivations is by studying it on
Aut; (A[[t]]) and then using the homomorphism in Proposition 3.2.18, ¢ : Auty (A[[t]]) —
(Endy (A)[[t])*. In the following proposition the expression [;_; D;; is to be understood

as the composition D;, o D;, o---0 D; . Note that this product is not commutative.

Proposition 3.3.1. Let D be a higher derivation and let I,n be positive integers. The

AN
coefficient of the monomial t' in (Zi>0 Ditl) s equal to

l c
>() ¥ I 3:31)
c=1 1,021 j=1
11++Zc:l

AT
Proof. The term at t in (zizo Ditl) is given by

> f[ D,. (3.3.2)

iyenyin>0 j=1
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If i; = 0, then D;; = Id, so we regroup the sum ) ;, i, >0 over the n-tuples in terms of
i1 tin=l

the number c¢ of indices ¢; which are strictly positive. Then for each c-tuple (47,15, ..,1,)
which has non-zero components and such that 25:1 z; = [, there are (Z) different n-
tuples (i1,1i2,...,i,) which have the ¢ non-zero components of the c-tuple (i},1,...,1.)
and rest equal to zero. Since Do = Id, this implies [T;_; D;; = [j_, Di;. For a fixed ¢
the Equation (3.3.2) is given by (2) D o>l H;:l D;;. If we sum over all ¢ we have
21++Zc:l
the result. O
Proposition 3.3.2. Let A be a finite-dimensional k-algebra and let o € Aut,(A[[t]]) for
some positive integer . Then oP € Aut,,(A[[t]]). The p-power map sends HHL(A) to

HH}op(A), and Out,. (A[[t]]) to Out,,(A[[t]) and we have a commutative diagram

Out (A[[t]])) —— L Outy (A[[#]])

[p]

HH}(A) HH,,(A)
where the vertical maps are from Proposition 3.2.19 (b), ( )P is the p-fold composition and

[p] is the p-power map.

Proof. Let a € Aut,(A[[t]]) and let D, the derivation in Der,(A). Let D’ be the higher

derivation associated to aP. Using Proposition 3.3.1, in degree | < p — 1 we have:

l c
3 <i’) | Z H Dit' =0 (3.3.3)
=t ezl =1

since the binomial coefficient are multiples of p. For [ > p

Z@) 2 ﬁD"jtl: > ﬁDijtl (3.3.4)

c=1 i1,eie>1 j=1 i1,ip>1 =1
i1 tic=l i1+ Fip=l
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Now we know that each D; is zero for ¢ = 1,...,r — 1, so in order to have an element
different from zero we should impose that each i; be at least r. Therefore i1 +---41, = rp,
that is [ = rp, hence the first non-zero coefficient is DY. Consequently the diagram

commutes. O

3.4 A cohomological interpretation of r-integrable deriva-

tions

In this section we let k be an arbitrary field. Integrable derivation can also be interpreted
using a cohomological point of view (See [26], [34]). We recall a standard theorem from

cohomology which is fundamental for the following sections:
Proposition 3.4.1. Let

0o— s X—T> v —2%2 7 40

be a short exact sequence of cochain complexes of modules over some k-algebra A with

differentials 6, ¢, ( respectively. This induces a long exact sequence

an

H"(7) H"(2) ;H""'I(X) c...

H"(0)
_—

S HY(X) H(Y)

depending functorially on the short eract sequence, where d" is called the connecting
homomorphism. The functoriality dependence means that given a commutative diagram

of chain complexes with exact rows




we get a commutative ladder of long exact sequences

-'%H”(X)MH”(Y)MH"(Z)LH”“(X)*»--

J(H"(f) JH"(Q) JH”(h) lH"“(f)

r H T/ s/, H™ (o’ / l
(X)) 2 e vy 2T e 7y e (X s
Proof. We only prove how d" is obtained. Let z = z + Im(¢""!) € H*(Z) for some

z € Ker(¢"™) C Z™. Since o is surjective in each degree, there exists y € Y such that

0"(y) = z. Then €(y) € Y"*! satisfies

o e (y) = ¢"(0"(y) = C"(2) =0 (3.4.1)

Hence e(y) € ker(o™*!) = Im(7"*1). Thus the is an x € X"*! such that 7" (z) = "(y).

In addition we have that

Tn+2(5n+1(x)) — €n+2(7_n+1<x)) _ 6n+1(6n(y)) = 0.

*2 is a monomorphism, this shows that 6"*!(z) = 0. Consequently x + Im(§")

Since 7"
is an element in H**1(X). One can verify that if z € Im(¢"™!) then z € Im(6"). This
implies that there is a well-defined map d" : H*(Z) — H""1(X) sending 2 + Im(¢™) to

x + Im(d"). O

Let o € Aut(A[[t]]) and let U be a right, equivalently left, A[[t]]-module. We denote
by Uy (or 4U) the A[[t]]-module which is equal to U as a k[[t]]-module, with a € A[[t]]
acting on the right, equivalently on left, as «(a) on U.

Let us consider the short exact sequence of A[[t]]-A[[t]]-bimodules:
0 ——— A[[t]] /¢ A[[t] —— A[[]]/#*+ A[[t] ——— Al[t]) /" A[[f] ———0.

Twisting the exact sequence on the right by the automorphism a € Aut,(A[[t]]) does
not affect the A[[t]]-A[[t]]-bimodules A[[t]]/tA[[t]] and A[[t]]/t" A[[t]], since « induces the
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identity on A[[t]]/t" A[[t]], but only A[[t]]/t"T1A[[t]]. The resulting sequence is also exact

hence we have the following short exact sequence:

0 ——— A[[t]] /¢ A[[t)] —— (A[[e]) /L Al[1)]) o — A[[A)) /27 Al[t]) —— 0.

Proposition 3.4.2. Let A be a finite-dimensional algebra over k. Set A = A[[t]] and set
Ae = A O[] AP Let o € Auty(A). Let r a positive integer and let 1 : A — A be the
unique k[[t]]-linear map satisfying a(a) = a + t"u(a). Let P be a projective resolution of

A as A®-module. Applying the functor Hom ;. (P, —) to the exact sequence of A¢-modules

0 AfA—C S (Apr+1A), —— s AjrA——0

yields a short exact sequence of cochain complexes
0 —— Hom 4, (P, A) —“— Hom 4 (P, (A/t"*' A),) —— Hom 4, (P, A/t" A) —— 0
The first non trivial connecting homomorphism can be identified with a map
End . (A/t"A) — HH'(A) (3.4.2)
and this map sends IdA/trA to the class of the derivation induced by u on A.

Proof. We take as a projective resolution the bar resolution P of A where the tensor

products are over kl[[t]]:

A 5 "
B . L e

which is given by d,(ap® - @ an41) = Z?:O(—l)iao ® R a;ai41 @+ R apr1. The last
non-zero differential is the map d; : A®3 — A®2 which sends a ® b®@ ¢ to ab @ ¢ — a & be

for a,b,c € A. We have the following identifications:
HO(Hom 4. (P, A/t"A)) = HH(A, A/t" A)
(3.4.3)
~ HH(A/t"A) = End 4. (A/t" A)
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The identity map in End 4. (121 / t”/l) corresponds to the homomorphism

¢: A Okl[] A— /Al/tr/i

(3.4.4)
a®b—((a®@b)=ab+t"A
for all a,b € A[[t]]. This lifts to an A°~homomorphism
(A A— (A1 A),
(3.4.5)

a®b— ((a®b) =an(b) +t"T1A
for a,b € A since a induces the identity on A/tTA.
Following the proof of Proposition 3.4.1, since ¢ € HomAe(fl @ A, (A/t"T1A),), we need

to apply the first non-zero differential
¢ : Hom 4. (A®%, (A/t""1 A),) — Hom 4. (A®3, (A/t"TTA),) (3.4.6)

which is given by composing with —d;. Hence in A/ "1 A we have:

(=Cod)(a®b®c) =—((ab® c—a® bc) = —aba(c) + aa(bc)
(3.4.7)
= a(a(b) — b)a(c) = t"au(b)a(c).
for all a,b, ¢ € A. In order to construct the first non trivial connection homomorphism, we

observe that t"au(b)a(c) + "1 A € A/t"H1 A is the image, under ¢" : A/tA — (A/t"T1A),,
of the map ¥ : A®3 A/ tfl, that is we have the following commutative diagram:
A®3
—Cob
AJtd ¢ (A/r+14),

where 1) sends a ® b ® ¢ to au(b)a(c) + tA which is equal to au(b)c + tA since a(c) — ¢ €
t"A C tA. Consequently 1 induces a map ¢ : A®3 — A which sends a ® b® ¢ to afi(b)e
that can be restricted to the map v : A — A that sends b to p(b). Using Proposition 3.2.3
the result follows.
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Remark 3.4.3. Let O be is a complete discrete valuation ring with maximal ideal J(O) =
7O for some nonzero element w € O. Let B be an O-algebra such that B is free of finite
rank as an O-module. If we consider the exact sequence in [26,4.1] with O = k[[t]] and

B = A ®y, k[[t]] for some finite-dimensional k-algebra A then we have:
0 AA T (A Ay AA 0
The commutative diagram

AprAd— (A Ay —— s AJrd——0

1

AftA —E s (A1 A)y ——— AP A ———0

together with the naturality of the connecting homomorphism implies that the follow-

ing diagram commutes:

End ;. (A/t"A) ————— HH'(A/t" A)

End 4. (A/t" A) ———— HH(A/tA)

Consequently Proposition 3.4.2 can be deduced from [26,4.1].

3.5 Invariance theorems

Our first aim in this section is to prove the invariance of the r-integrable derivations under

stable equivalences which is a variation of [26,5.1]:

Theorem 3.5.1. Let A, B be finite-dimensional selfinjective k-algebras indecomposable
with separable semisimple quotients. Let r be a positive integer and let M, N be an
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A-B-bimodule, B-A bimodule, respectively, inducing a stable equivalence of Morita type
between A and B. Then for any o € Aut,(A[[t]]) there is a f € Aut,(BJ[[t]]) such that
a1 M[[t]] = M][t]]s as A[[t]-B|[t]]-bimodules. This correspondence induces a group iso-

morphism Out, (A[[t]]) = Out,(B][t]]) making the following diagram commute:

Out, (A[[t]) ———— Out,(B[[t]])

1%

HH; (A) HH}(B)
where the vertical maps are from Proposition 3.2.19 and the lower horizontal isomorphism

is induced by the functor N ® 4 — @4 M

Proof. Let a € Aut,(A). Then « induces the identity on A[[t]]/tA[[t]] = A, hence stabilises
the isomorphism classes of all A-modules, hence in particular of all simple A-modules
and all finitely generated projective A[[t]]-modules. By Theorem 4.2 in [23] there ex-
ists an automorphism S € Aut,(B[[t]]), unique up to inner automorphisms, such that
a1 M([t]] = M][t]]s as A[[t]]-B[[t]]-bimodules. Then by [26, Lemma 5.2] we have that the
upper horizontal map is a group isomorphism. Note that in [26, Lemma 5.2] A, B are
nonsimple in order to exclude trivial cases, that is, when HH! is zero. The hypotheses of
separable semisimple quotients and indecomposablity of A and B are needed in order to
apply Theorem 4.2 in [23].

We also have that « is such that a(a) = a + t"pu(a) for all a € A[[t]] and 8 such that
B(b) = b+t"v(b) for all b € B[t]] for some k[[t]]-linear endomorphisms u,v. We denote by
fi and 7 the classes in HH(A) and HH!(B) respectively determined by the canonical group
homomorphism Out, (A[[t]) — HH'(A) and Out,(B[[t]]) — HH'(B). Set M = M[[t]]. By
the assumptions, tensoring by M yields a stable equivalence of Morita type between A
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and B. In particular we have:
HH'(A) = Extlyg, por(M, M) = HH'(B) (3.5.1)

induced by the functors — ®4 M and M ®p —. In addition since B[t]] is isomorphic to
N® A[[1] M in the relatively k[[t]]-stable category of BJ[t]] ®p() Bl[t]]P-modules, it follows

that the isomorphism

HH'(A) = HHY(B) (3.5.2)

given by the composition of the two previous isomorphisms is induced by the functor

N®s — ®4 M. The functors M ® g —, — ® 4 M also induce algebra homomorphisms
Endagaor (A) — End ggpor (M) < Endpggpor(B) (3.5.3)
Tensoring the following two exact sequences
0—— A—— (A[[t]]/t Af[t]))o — A[lt]] /£ A[[t] —— 0

and

0—— B —— (B[[t]]/t"' B[[t]])a — BI[t]}/t"B[[t]] —— 0
by — @ aq) M and M @ By — vields short exact sequences of the form
0—— M —— 1 (M[[t]] /' I M[[t]]) — M ——0

0—— M —— (M[[t]]/t" T M[[t])s —— M ——0

By the naturality properties of the connecting homomorphism and the description of f, v
in Proposition 3.4.2 the image of i ® Idjs and Idy ® ¥ in Exth@)kBop(M, M) are equal to

the images of Id,; under the two connecting homomorphisms

Endag, Ber (M) - EXt,l4®kBOP (M, M) (3.5.4)
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obtained after applying the functor Hom 4 B[[t”op(M ,—) to the short exact sequences
using the same identification used in Proposition 3.4.2. By Lemma [26,4.3] the two exact
sequences are equivalent, consequently the connecting homomorphisms are equal. Hence
the two images of Idy; coincide. This shows that the group isomorphism HH}(B) =
HH!(A) induced by Out,(B[[t]]) = Out,(A[[t]]) is equal to the one determined by the

functor N ® 4 — ®4 M. Hence the result. O
We want now to prove the compatibility between the transfer map and the p-power
map under stable equivalences:

Theorem 3.5.2. Let k be a field of positive characteristic p. Let A, B be finite-dimensional
selfinjective indecomposable k-algebras with separable semisimple quotients, and let M, N
be an A-B-bimodule, B-A-bimodule, respectively, inducing a stable equivalence of Morita
type between A and B. For any positive integer r, the p-power map sends HH(A) to

HH}np(A), and we have a commutative diagram of maps

HH.(A)—— = HH(B)
[p] [p]

HH,l,p(A) SN HH,%p(B)

where the horizontal isomorphisms are induced by the functor N @4 — ®4 M, and where

the vertical maps are the p-power maps.
Proof. We show first that the following diagram commutes:
Out,(A[[t]]) — = Out, (B][t]

()

Ot (A[[t]]) ———— Outyp( B[
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where the horizontal maps are from Theorem 3.5.1 and the vertical maps are p-fold compo-
sitions. Let a € Aut,(A[[t]]) and 8 € Aut,(B][t]]) such that -1 M[[t]] = M][t]]s. Let p,v
be the unique linear maps on A[[t]] such that a(a) = a + t"u(a) and S(b) = b+ t"v(b) re-
spectively. By Corollary 3.3.2 we have o € Aut,,(A[[t]]), B” € Aut,p,(A[[t]]) and also that
the maps fi, 7, induced by u, v on A, are sent under the p-power map to g? and v respec-
tively. Hence we have the commutativity of the diagram above since ,—» M{[t]] = M[[t]]gr.
Using the commutative diagram above and Theorem 3.5.1 we have that the class of g? is
sent though the isomorphism defined in Theorem 3.5.2 to the class of 7P. Hence we have

the commutativity of the diagram in the beginning of the theorem. O

3.6 Structure on r-integrable derivations

Let p be a prime number and let a,r be two positive integers. The aim of this section is
to study the structure of the r-integrable derivations. We divide this section in two parts:
if r = p® and if r is arbitrary.

3.6.1 Vector space structure of p®-integrable derivations

Matsumura in [28] already notes the following for 1-integrable derivations:

Proposition 3.6.1. Let A be a k-algebra. Then the set of 1-integrable derivations of A

form a Z(A)-submodule of Der(A). In particular Dery(A) is a k-vector space.

Proof. In Proposition 3.2.13 we prove that Der;(A) is a subgroup of the additive abelian
group Der(A). Let D = (D;)i>0 be a higher derivation of degree 1 . For any central

element in Z(A) the sequence

AD = (1,ADy,...,\"Dy,...)
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is a higher derivation of degree 1. O
Slightly generalising we have the following:

Theorem 3.6.2. Let k be a perfect field of positive characteristic p and let A be a finite
dimensional k-algebra. Let a be a non-negative integer. Then Derpa(A) is a k-vector

subspace of Der(A).

Proof. In Proposition 3.2.13 we prove for any positive integer r that Der,(A) is a subgroup
of the additive abelian group Der(A). Hence we just need to show that Derya(A) is closed
under scalar multiplication. Let )\P% be the unique p®-th root of A. If we let n be a positive
integer, we denote by \/P* = (A1/P*)". Let D = (D;);>o be a higher derivation of degree
p®. Then we define the scalar multiplication as follows:

p?+1

)\’Q:(l,o,...,ADpa,A pe Dpa+1,...) (361)

It is easy to check that A- D is a higher derivation for every A € k , in fact for any positive

integer 7:
Pt P pP4r—i p%+r piAr
> A Di(a)A P Dpayri() =X 7 > Di(a)Dyori(b)
i=0 i=0 (3.6.2)

Remark 3.6.3. It is not known if Derpa(A) has a Z(A)-module structure.

Theorem 3.6.4. Let k be an algebraically closed field of positive characteristic p and let A
be a finite dimensional k-algebra. Let n be a positive integer. Then Dery,(A) is a k-vector

subspace of Der(A).
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Proof. Using Proposition 3.2.13 we just need to show that Der, (A) is closed under scalar
multiplication. Let A7 be a n-th root of . If we let m be a positive integer, we denote
by A" = (AY/™)™_ Let D = (D;)i>0 be a higher derivation of degree n. Then we define

the scalar multiplication as follows:

n+1

XD =(1,0,...,ADyp, A" Dp41,...) (3.6.3)

Similarly to Theorem 3.6.2 it is easy to check that A - D is a higher derivation for every

Aek. O

Remark 3.6.5. By Proposition 3.6.1 the sequence
AD = (1,AD1,...,A\"Dy,...)

is higher derivation but it is not additive in A, so does not yields a vectors space structure

in Der,(A).

3.6.2 Filtrations of r-integrable derivations

In this section we ask if there are inclusions among integrable derivations. The following

theorem provides the answer:

Theorem 3.6.6. Let A be a finite dimensional algebra over a field of positive character-
istic p. Let n,k be two positive integers. Let {Der,(A)}r>1 be the set having elements
r-integrable derivations for r > 1. If k divides n, then Derg(A) C Der,(A). Hence,

{Der,(A)}r>1 is a poset where the partial order is given by the inclusion.

Proof. Let o € Aut,(A[[t]]) and let D = (Dy)r>0 be the higher derivation of degree r
associated to it. Clearly D, € Der,(A). We need to construct 8 € Aut, (A[[t]]) such that
D], = D,, where D' = (D} )i>0 is the higher derivation associated to 3. We divide the
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proof in different steps given by the homomorphisms that are defined below:

P2

Auty (A[[1]) — 2 Aut, (A[[t"]) Aut, (A @ k[[t"]])

lwg

Auty (A[[t]]) ¢ —— Autn(A @ [t]]) ¢ — Aut, (A @ k[[t"] @pyemy K[[1])

5

Since all the maps are k[[t]]-linear, it is enough to evaluate them in A rather than
in A[[t]]. Let a € A and let ¢1(a) = Y, at™. Set Bi(a) to be equal to (¢ o a)(a) =
>, Di(a)t™ for a € A. Then the image of 3; under 1, say (2, is defined as the unique

automorphism of A[[¢]] such that the following diagram commutes:

B1

Affe™]] A[fe™]]

A K[[t")] — 22— A® K[[t"]

where ¢, is the isomorphism from Lemma 3.2.1. Hence f2(a) is defined as

P1(P1(a)) = Z Dj(a) ® t™ (3.6.4)

Since 2 € Aut,(A®k[[t"]]), it can be extended to the automorphism on A® k[[t"]] @)

k[[t]], which is the image of 93 of (32, in the following way:
ar Y Di(a)@t"®1 (3.6.5)

We define 84 = 14003 to be the unique automorphism of A®k[[t]] such that Si0ps = Pa003

where ¢ is the isomorphism between A @ K[[t"]] ®y;n)) k[[t] and A @ E[[t]], hence :
Ba(a) = Di(a) ®t™. (3.6.6)
Finally S35 is given by Bs(a) = Y, D;(a)t™. Hence S5 is in Aut,, (A[[t]]). O
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As a consequence we have:

Corollary 3.6.7. Let A be a finite dimensional k-algebra over a perfect field of positive
characteristic. Let a,b be two positive integers such that a < b. Then Derye(A) is a

k-vector subspace of Der,(A).

3.7 Other properties of r-integrable derivations

In this section we collect some other properties of r-integrable derivations.

3.7.1 Invariance of the Jacobson radical under integrable derivations

We recall from Farkas, Geiss and Marcos in [11]:

Proposition 3.7.1. Let A be a finite dimensional k-algebra. If D : A — A is a 1-

integrable derivation. Then D(J(A)) C J(A).
The result is based on the following theorem:

Theorem 3.7.2 ([11, Theorem 2.1]). Let A be a finite dimensional k-algebra. Let (D;)i>0
be a higher derivation and let o € Auty(A[[t]]) be the corresponding automorphism. Then

a(J(A)) C (J(A))[[t]], that is D;(J(A)) C J(A) for all .
We generalise Theorem 3.7.1 for every r-integrable derivation.

Proposition 3.7.3. Let A be a finite dimensional k-algebra and let D : A — A be a

r-integrable derivation. Then D(J(A)) C J(A).

Proof. Let D be a higher derivation of degree r. Then using Theorem 3.7.2, we deduce

that D, (J(A)) C J(A) for every positive integer m. Hence the result. O
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3.8 Integrable derivations of quantum complete intersec-

tions

In [11] Farkas, Geiss and Marcos provide a family of examples given by commutative
monomial algebras such that all their derivations are 1-integrable. The aim of this section
is to provide another family given by certain quantum complete intersections.

Let k be a field of odd prime characteristic and let ¢ € k* be an element of finite order

e > 2 such that e divides p — 1. Then
A= k(z,y| 2¥ = y¥ = 0,yx = qry) (3.8.1)

is a symmetric local k-algebra of dimension p?. This k-algebra is called a quantum com-

plete intersection. The set of monomials
V={z9|0<i,j<p-—1} (3.8.2)

is a k-basis of A. The symmetrising form is given by the linear map that sends P~ ly?~!

to 1 and all other monomials in V' to 0. The set
X = {z'y/| 0 <i,j <p—1,iand j divisible by e,ori =p—1, or j =p — 1}

is a k-basis of Z(A).

Remark 3.8.1. One can relax the condition that e divides p—1 in the definition of A. How-
ever, the resulting algebra A is not symmetric (although it is selfinjective [6]). Therefore
A cannot be Morita equivalent to a block algebra of a finite group. To see this, assume
that A is symmetric. Then any symmetrising form s of A is nonzero on the socle. In

particular on 2P~ 'yP~!. Thus

0# s(@P1yP™h) = s(aP 2P~ le) = ¢ Ls(aP Iy, (3.8.3)
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and consequently ¢?~! = 1.
Proposition 3.8.2 ([6, Lemma 5.2]). Let a,b be integers such that 0 < a,b <p—1.

e Ife divides a—1, and b, or b = p —1 there is a derivation, say, fo, on A satisfying

fa,b(x) = xayb

and

fa,b(y) =0.

o If e divides b — 1 and a, or a = p — 1 then there is a derivation, say, g.,p on A
satisfying
Gap(z) =0
and

Gap(y) = 2"

We recall a result from [6] that allows us to determined the set of derivations and inner

derivations in A.

Lemma 3.8.3 ([6, Lemma 5.3]). Let a,b,c,d be integers such that 0 < a,b,c,d < p — 1.
Let

X1 ={fap| 0<a,b<p—1,edivides a — 1, and b,or b=p—1} (3.8.4)
X2 ={gap| 0<a,b<p—1,edivides a, and b—1,0r a =p —1}. (3.8.5)

Then X1 U X3 is the complement of IDer(A) in Der(A). Hence every element in HH'(A)

is represented by X1 U Xo.

The following Lemma describes the Z(A)-module structure of Der(A).
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Lemma 3.8.4. Let i,j be two non-negative integers and let x'y? be an element of the

basis of Z(A). Let a,b,c,d be integers such that 0 < a,b,c,d < p—1 and let fop € X1,

ge,d € Xa2. Then the action of the monomials on the derivations is described as follows:
fatipt; for0<a+i—-1,0+j5j<p-—1

xzyj . fa,b =

0 otherwise.
Similarly:
o Jetidts forO<c+id+j—-1<p-1
$Zyj *Ye,d =
0 otherwise.
Proof. Tt is enough to prove the statement for the generators of the algebra A. Since
fap(x) = 2%P then x'y! f, ,(z) = 24Hiy** = f,1ip1(x). Clearly if a+1+dor b+ 7 is

greater than p we have zero. Similarly for g 4. O
We can now prove the main theorem of this section

Theorem 3.8.5. With the notation and assumptions above, we have that all derivations

on A are 1-integrable.

Since X is a k-basis in HH'(A) where X1, X are from Lemma 3.8.3, our aim is to
prove that all elements of X = X; U X5 are 1-integrable derivations.

Let us first consider fio € Xi. Set a : A — A[[t]] defined as a(x) = z(1 +t) and
a(y) =y for z,y in A. In order to show that v extends to an automorphism in Aut; (A[[t]])
we need to check that the following relations hold:

a(z)P =0
a(y)? =0 (3.8.6)
a(z)aly) = qa(y)a(z).
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Since a(z)P = (x(1 +t))P = 0 = 2P = a(aP). The second equation is straightforward. For
the last one we have: a(z)a(y) =x(1+t)y = zy(1 +1t) = qyz(l +t) = qa(y)a(z). Hence
f1,0 is integrable. Now we consider f,; such that a # 0 and e divides a — 1 and b. Every
element of this form can be obtained from f; ¢ by the multiplication by 2yt € Z(A).
Since the integrable derivations are a Z(A)-module we have that they are integrable. All
the elements of the form f,,_1 where a # 0 can be obtained as fop—1 = 2% 14?1 fi.
Since % 1yP~1 is an element of the centre they are also integrable. The only remaining
element, using Lemma 3.8.4, is fo ,—1. If we consider the automorphism a(x) = (z+2P~1t),
then it is easy to check that « verifies the conditions 3.8.6. Similarly we can do the same

for g.4. Consequently, all the elements of the basis of X are l-integrable. Any other

derivation is represented by a class of linear combinations of them, hence the result.
Corollary 3.8.6. Let A be a quantum complete intersection. Then
HH!(A) = HH!(A).
In particular, HH}(A) is a restricted Lie algebra
Using Theorem 3.5.2 we have also the following:

Corollary 3.8.7. Let A be a quantum complete intersection and let B be symmetric a
k-algebra. Let M, N be an A-B-bimodule, B-A-bimodule, respectively, inducing a stable

equivalence of Morita type between A and B. Then
HH'(A) =~ HH'(B)
as restricted Lie algebras. In addition HH'(B) = HH](B).

Proof. We have HH} (A) = HH}(B) from Theorem 3.5.2 . From Corollary 3.8.6 it follows
that HH}(A) = HH!(A). We also have that HH!(A4) = HH!(B) as k-vector spaces (from
the stable equivalence of Morita type). Hence the statement. O
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Chapter 4

Block algebras with HH! a simple

Lie algebra

4.1 Introduction

Let p be a prime and k an algebraically closed field of characteristic p. The purpose of
this chapter is to illustrate close connections between the Lie algebra structure of HH!(B)
and the structure of B, where B is a block of a finite group algebra kG. We consider two
extreme cases for blocks with a single isomorphism class of simple modules. The main

result of this chapter is from a joint paper with Markus Linckelmann [27].

Theorem 4.1.1. Let G be a finite group and let B be a block algebra of kG having a
unique isomorphism class of simple modules. Then HH! (B) is a simple Lie algebra if and
only if B is nilpotent with an elementary abelian defect group P of order at least 3. In

that case, we have a Lie algebra isomorphism HH(B) = HH!(kP).

In particular, Theorem 4.1.1 implies that no other simple modular Lie algebra occurs
as HH!(B) for B a block with a single isomorphism class of simple modules. See [35], [36]
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for details and further references on the classification of simple Lie algebras in positive
characteristic. We do not know whether the hypothesis on B to have a single isomorphism

class of simple modules is necessary in Theorem 4.1.1.

Theorem 4.1.2. Let G be a finite group and let B be a block algebra of kG having a

nontrivial defect group and a unique isomorphism class of simple modules. Then
dimy,(HH'(B)) > 2.

We introduce some background material in the next four sections. In section 4.6 we
prove some intermediate results which are fundamental for the proofs of the main theorems

which are proved in the last section.

4.2 Block theory background

The background for this section can be found in [37].

4.2.1 The G-Algebra Structure and the Trace Map

If k has characteristic zero or positive characteristic not dividing the order of a finite
group G, then kG is semisimple, or equivalently, its block algebras are matrix algebras
over division algebras. If char(k) = p > 0 and p divides the order of G, then the structure
of the block algebras of kG is more complicated. A first measure for how far off a block
is from being a matrix algebra is encapsuled in the defect groups of a block, a concept
due to Brauer. We will see that the defect groups of a block form a conjugacy class of
p-subgroups of G and in some sense control the complexity of the representation theory of
the block algebra. There are many different ways to characterise defect groups of blocks;

we will follow the approach due to Green in [14] using the notion of a G-algebra.
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Let G be a finite group. The group algebra kG is endowed with an action of G, given
by the conjugation action *a = zax~!, where z € G, a € kG. In addition, the map
sending a € kG to ®a is a k-algebra automorphism of kG for all x € G. In this sense, kG

is called a G-algebra over k.

Definition 4.2.1. Let G be a finite group. For every subgroup P of G we denote by

(kG)T the subalgebra of all P-fixed points in kG that is,
(kG ={a € kG| Ya = a for all y € P}.

Ezample 4.2.2. Let G be a finite group. We have (kG)Y = Z(kG).

It is easy to check that (kG)¥ is an Ng(P)-algebra. If Q C P are subgroups of G,
then there is an inclusion map (kG)" — (kG)?. Conversely, we define a k-linear map
Trg  (kG)Q = (kG)T as follows. If a € (kG)? and = € P, then a depends only on the
coset x(), not on the choice of x because a is fixed by Q). Thus, if we denote by [P/Q)] any
set of representatives in P of the Q-cosets P/Q = {zQ| = € P}, then the expression

TYg(a): Z “a

z€[P/Q)]

does not depend on the choice of [P/Q]. Moreover, for any y € P, we have

yTrS(a): Z Yrq
z€[P/Q)

As z runs over a set of representatives of the cosets P/Q, so does yz, and hence this
expression is again equal to Trg (a). Thus defined k-linear map Trg :(kG)Q — (kG)T is
called the trace map from @ to P on kG. We set (k;G)g = Im(Trg).

We outline some properties of the trace map:

Proposition 4.2.3. Let G be a finite group and let S, Q, R, P be subgroups of G such that
Q< Pand R<S < P. Then we have:
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e For any a € (kG)F and b € (kG)E we have
aTry(b) = Trg(ab), Trig(b)a = Trg(ba)
In particular, (kG)E is a two-sided ideal in (kG)T.
o We have TriTrs, = Trk.

e Ifac (kG)E then

TrE(a) = Z TrguxR(‘”a)
2€[Q\P/R]

which is called Mackey formula.
Proof. The first two parts are straightforward, hence we just prove the last. In the
disjoint union P = U,c(g\p/r@=R any double coset QzR is again a disjoint union
QTR = Uyc(g/gn=ryTR. In other words, we can take for [P/R] the set of all yz, with z
running over [Q\ P/R] and, for any such z, with y running over [Q)/Q N* R], which implies

the formula. ]

Proposition 4.2.4. Let Q), P be subgroups of G such that Q < P. Then (kG)g 15 spanned

by elements of the form Trg )({L‘), z €G.

Q=

4.2.2 The Brauer Homomorphism

Let G be a finite group and let H be a subgroup of G. In general the canonical k-linear
projection kG — kH sending > .~ AsT to > .y Az7 is not an algebra homomorphism.
However, the next theorem illustrates that this map does restrict to be an algebra homo-

morphism for suitable subalgebras of fixed points:

Theorem 4.2.5. Let G be a finite group and let P be a p-subgroup of G. The canonical
k-linear projection kG — kCq(P) induces a split surjective homomorphism of Ng(P)-
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algebras over k,
Brk“ : (kG)F — kCq(P)

Z)\xx —> Z e T

z€G 2€Cq(P)

(4.2.1)

where N\ € k. The kernel of (BriY) is given by

> (kGG

Q<P

where in the sum @ runs over all proper subgroups.

The N(P)-algebra homomorphism Brk” is called the Brauer homomorphism for P on kG.
We write Brp instead of Br]f;G if it causes no confusion. The following two propositions

analyse the interaction between the Brauer homomorphism and the trace map.

Lemma 4.2.6. Let P, QQ be p-subgroups of G. Suppose that a € (kG)g and Brg(a) # 0.

Then there exists x € G such that QQ C* P.

Proof. We have a = Tr%(c) for some ¢ € (kG)?. By Mackey’s formula, Proposition 4.2.3,

we have
Brg(a) = BrgTré(c) = Z BrQTrng(xc)
z€[P\G/P]
Since Brg(a) # 0, there exists « € G such that Q U* P = @, that is, Q C* P. O

Proposition 4.2.7. Let P be a p-subgroup of G. Then for a € (kG)¥ we have

BrpTr(a) = TrgG(P)Brp(a).

In particular, Brp((kG)%) = (kCG(P))gG(P)‘

Proof. By Mackey’s formula, Proposition 4.2.3, we have

BrpTr(a) = Z BrpTrb . p(%a).
z€[P\G/P]
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But PN? P = P iff # € Ng(P). Thus

BrpTr(a) = Z Brp(¥a) = TrgG(P)Brp(a).
z€[Ng(P)/P]

We are ready to define the defect groups of a block:

4.2.3 Defect Groups of a Block

Definition 4.2.8. Let b be a block of kG. A defect group P of the block b is a minimal

subgroup of G such that b € (k‘G)IGD.

Using Brauer homomorphisms, we can give alternative characterisations of defect

groups of a block.

Theorem 4.2.9. Let b be a block of kG. For a p-subgroup P of G, the following conditions

are equivalent:
o P is a defect group of b.
e P is a mazimal subgroup of G such that Brp(b) # 0.
o We have b € (kG)% and Brp(b) # 0.

Since b is G-invariant, any G-conjugate of P is again a defect group of b. In fact the

converse is also true:

Proposition 4.2.10. Let G be a finite group, b a block of kG and let P be a defect group
of b. If char(k) = 0, then the defect groups of b are trivial. If char(k) =p > 0, then the

defect groups of the block b of kG form a single G-conjugacy class of p-subgroups of G.
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Definition 4.2.11. Let G be a finite group. The kG-module k endowed with the iden-
tity action of all group elements is called the trivial kG-module. The surjective algebra
homomorphism € : kG — k defined by

e(Z)\xaz) = Z)\x

zeG zeG

is called the augmentation homomorphism and the ideal I(kG) = Ker(e) is called the

augmentation ideal of kG.

Proposition 4.2.12. Let G be a finite group. The augmentation ideal 1(kG) is free as a

k-module and the set {x — 1| x € G\{1}} is a k-basis of 1(kG).

Proof. Let Y .o Aex € I(kG); that is, > Az = 0. Then

Z)\wx:Z)\w(x—l): Z Az(x —1)

zeG zeG z€G,x#1

which shows that the set {z — 1| z € G\{1}} generates I(kG) as a k-module. Since G is
a k-basis of kG one easily sees that this set is k-linearly independent, hence a k-basis of

1(kG). 0

Proposition 4.2.13. Let G, H be finite groups. Let ¢ : G — H be a group homomorphism
and let « : kG — kH be the induced algebra homomorphism. Set N = ker(¢). We have

ker(or) = kG - I(kN) = I(kN) - kG.

Proof. Let > cnpyy € I(kN); that is, >° cypy = 0. Since N is normal in G we
have - oy pyryr~t € I(kN), hence zI(kN) = I(kN)x for all x € G, from which we
get the equality kG - I(kN) = I(kN) - kG. Since ¢ maps all elements in N to 1 we get
I(kN) C ker(«). As «vis an algebra homomorphism, its kernel is an ideal and thus contains
the ideal I(kN) - kG generated by I(kN) in kG. Let > . Az € ker(a). Denote by
[G/N] a system of coset representatives G/N in G. Thus a(D,cq Xa®) = Y cq Aae@(T) =
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Zme[G/N] ZyeN Azyd(2y) = er[G/N} ZyeN Azy@(x) = 0 if and only if ZyeN Azy = 0 for

any x € G. This means that > _y Agyy € I(EN) for any z € G, and hence >~ A2z =

yeN zeG

D_2e(G/N] 2oyeN AayTY = D peicy/N] T(2yen Azyy) belongs to kG - I(kN) O

Clearly €(Z(kG)) = k. Since the algebra k has a unique block 1j, the Idempotent
Lifting Theorem, Proposition 2.1.6, tells us that there exists a unique block bg of kG such
that e(by) = 1j, that is, by is not contained in I(kG). The block by is called the principal

block of kG.

Proposition 4.2.14. Let by be the principal block of kG. The defect groups of by are the

Sylow p-subgroups of G.

Theorem 4.2.15 (Brauer’s First Main theorem). Let G be a finite group, let P be a
p-subgroup of G,and let b be a block of kG with P as a defect group. Then There is a
unique block ¢ of kNg(P) with P as defect group such that Brp(b) = Brp(c), and this
correspondence defines a bijection between the sets of blocks of kG and of kNg(P) with P

as defect group.

Definition 4.2.16. Let G be a finite group, let b be a block of kG and let P be a
defect group of b. The unique block ¢ of kNg(P) with P as defect group satisfying

Brp(b) = Brp(c) is called the Brauer correspondent of b.

4.2.4 Brauer Pairs and Nilpotent blocks

Definition 4.2.17. A Brauer pair for kG is a pair (P, e) consisting of a p-subgroup P of
G and a block e of kC(P). The set of Brauer pairs for kG admits the natural conjugation

action by G: for a Brauer pair (P, e) and x € G, then

*(P,e) = (*Pe).
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Definition 4.2.18. Let G be a finite group, let b be a block of kG and let P be a defect
group of b. The unique block ¢ be the Brauer correspondent of b. If e is a block of kCq(P)
satisfying ec = e then the group E = Ng(P,e)/PCq(P) is called the inertial quotient of

b.

Definition 4.2.19 ([1], [9]). Let (P, e), (Q, f) be Brauer pairs for kG. We say that (P, e)
contains (@, f) and write (Q, f) < (P,e) if @ < P and for every primitive idempotent ¢

for (kG)¥ such that Brp(i)e # 0 we have Brg(i) f = Brg(i).

It is possible to prove that the set of Brauer pairs is partially ordered using the Brauer
map with respect this inclusion. The Brauer pair (P,e) belongs to a block b if b is the

unique block such that (1,b) < (P, e).

Definition 4.2.20 ([10]). Let k be an algebraically closed field of characteristic p > 0
and let G be a finite group. A block b of kG with defect group D is nilpotent if whenever
there is a Brauer pair (Q,eqg) that belongs to b and satisfies (Q,eq) < (D,e), then

(Q,eq)? < (D, e) implies that there is a ¢ € Cg(Q) and v € D such that g = cu.
Nilpotent blocks with abelian defect can be characterised as follow:

Theorem 4.2.21 (Okuyama and Tsushima [29]). Let G be a finite group and B a block
algebra of kG. Then the following are equivalent:

(i) B is a nilpotent block with an abelian defect group.

(i) J(B) = J(Z(B))B.

(iii) B has abelian defect group and trivial inertial quotient.

4.3 Basic algebras

Background for this section can be found in [2].
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Let A be a k-algebra. The aim of this section is to introduce the concept of a basic
algebra of A which allows us to reduce the study of the representation theory of A to a

smaller algebra.

Proposition 4.3.1. Let A be a k-algebra. Let e an idempotent in A and let U be an A-

module. The correspondence sending U to eA®4 U yields a functor, called Schur functor,

Mod(A) — Mod(eAe)

which sends an A-module homomorphism ¢ : U — V to the eAe-module homomorphism
ldea® ¢ :eARaU — eA®4V defined by (Idea ® ¢)(ea @ u) = ea @ ¢(u) for alla € A

andv e U.

If the algebra A and the module U are finite-dimensional, then eAe and eU are finite-

dimensional, and hence this functor restricts to a functor

mod(A) — mod(eAe)

where by mod(A) we denote the category of finitely generated left A-modules. The fun-
damental question regarding the Schur functor is to understand for which idempotent the

functor is an equivalence.

Theorem 4.3.2. Let A be a k-algebra and e an idempotent in A. The following are
equivalent.
(i) The functor eA ®4 — : Mod(A) — Mod(eAe) is an equivalence.
(ii) We have AeA = A.
(i1i) For every simple A-module S we have eS # {0}.
If one of three equivalent statements holds, then the functors eA ®4 — and Ae Rc¢pe —

are equivalences between Mod(A) and Mod(eAe) which are inverse to each other.
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Proof. Suppose that A = AeA. We are going to show that the functor
eA®4 —: Mod(A) — Mod(eAe)

has as inverse the functor
Ae ®@¢pe — : Mod(eAe) — Mod(A)

sending an eAe-module N to the A-module Ae ®.4. N. Here Ae is considered as an A-
eAe-bimodule. The functor Ae ®.4. — followed by eA ® 4 — is given by tensoring with
eA®y Ae = eAe, and clearly eAe ®c 4. — is the identity functor on Mod(eAe). Conversely,
the functor eA® 4 — followed by Ae®c 4. — is given by tensoring with Ae®¢4.eA. In order
to show that this is the identity functor on Mod(A) we have to show that Ade ®.4.eA = A
as A-A-bimodule. What we are going to show that the map u: Ae ®cae eA — A sending
ce ® ed to ced is an isomorphism, where ¢,d € A. Clearly this map is a homomorphism
of A-A-bimodules. Its image is Im(u) = AeA = A, so this map is surjective. It remains
to see that u is injective. Since AeA = A there is a finite set J and elements z; € Ae,

yj € eA, for any j € J, such that > .. z;y; = 1. Let ) _gcs ® ds be in the kernel of

Jj€J
this map, where S is a finite indexing set and c¢s € Ae, ds € eA, for s € S. That means

that we have ) __qcsds = 0. But then also ) . gqyjcsds = 0 for any j € J. Note that

seSs

y;cs € eAe. Therefore, tensoring with z; and taking the sum over all j yields

0= Z $j®yjcsds: Z xjyjcs®ds:ZCs®ds-

jeJ €S JEJ,s€S sesS

Thus ker(p) = 0. This shows the implication (ii) == (i). The implication (i) = (iii)
is trivial. For the implication (iii) == (ii), suppose that AeA is a proper ideal. The
nonzero A-module A/AeA is finitely generated as a left A-module (by the image of 1).
This module has a maximal submodule, hence a simple quotient S. In particular, S is
annihilated by e, which completes the proof. O
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The following Lemma give us some criteria for when the Schur functor is an equivalence.

Lemma 4.3.3. Let A be a finite-dimensional k-algebra, e an idempotent in A, I a primi-

tive decomposition of 1 and J a primitive decomposition of e. The following are equivalent.
(i) We have AeA = A.

(ii) Every i € I is conjugate to an element in J.

(i1i) Every primitive idempotent in A is conjugate to a primitive idempotent in eAe.

(iv) For every simple A-module S we have eS # {0}.

We recall from Chapter 2 that f k is algebraically closed, then

AJT(A) = [ Mn, (k) = ] Endy(S)).

which shows that the integer n; is both equal to dim(S;) and equal to the multiplicity of
Ai as a direct summand of the regular A-module A.
The point of the following definition is to bring the dimensions of the simple modules

to be equal to 1, without changing the equivalence class of the module category of A.

Definition 4.3.4. Let A be a finite-dimensional k-algebra. We say that A is a basic
k-algebra if in any primitive decomposition I of 14, the elements of I are pairwise non-

conjugate, or equivalently, if the summands in A = @;c;Ai are pairwise non-isomorphic.

Proposition 4.3.5. Let A be a finite-dimensional k-algebra. The following are equivalent.
(i) The algebra A is basic.

(ii) As a left A-module, A/J(A) is a direct sum of pairwise non-isomorphic simple A-

modules.

(iii) As an algebra, A/J(A) is a finite direct product of division algebras.
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Proof. Consider a module decomposition A = @;crAi for some primitive decomposition
of 1. Then the elements in I are pairwise non-conjugate if and only if the A-modules
Ai, i € I, are pairwise non-isomorphic. This holds if and only if the simple modules
S; = Ai/J(A)i, i € I, are pairwise non-isomorphic. This shows the equivalence of (i) and

(ii). The equivalence of (ii) and (iii) follows from Wedderburn’s theorem. O

Corollary 4.3.6. Suppose that k is algebraically closed. The following are equivalent for

a finite dimensional k-algebra A.

e The algebra A is basic.
e The algebra A/ J(A) is a finite direct product of copies of k.
e For any simple A-module S we have dimy(S) = 1.

Proof. This is an easy consequence of Wedderburn’ss theorem and Proposition 4.3.5. [

Theorem 4.3.7. Let A be a finite-dimensional k-algebra. There is an idempotent e in
A such that the algebra eAe is basic and Morita equivalent to A wvia the Schur functor
given by e. Moreover, e is then unique up to conjugation, and hence eAe is unique up to

isomorphism.

Proof. Let I be a primitive decomposition of 1 in A. Choose in I a set J of representatives
of the conjugacy classes of elements in I. Set e = Zje 7J- The result follows from

combining Proposition 4.3.2 and Lemma 4.3.3. O

Definition 4.3.8. Let A be a k-algebra and let e be an idempotent in A such that eAe

is basic. Then we define eAe to be a basic algebra of A.

Proposition 4.3.9. Let A be a finite dimensional k-algebra and let eAe be a basic algebra
of A. Then A and eAe have the same Cartan matriz.
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Proof. Since Morita equivalence preserves projective indecomposables and simple modules

the result follows. O

Definition 4.3.10. Let A be a finite dimensional k-algebra. Then A is local if the k-

algebra A/J(A) is isomorphic to k.

Theorem 4.3.11. Let A be a finite-dimensional split k-algebra, and let I be a set of
representatives of the conjugacy classes of primitive idempotents in A. Let C = (cij)i jer

be the Cartan matriz of A. For any i,j € I we have ¢;; = dimy(iAj).

Proposition 4.3.12. Let A be a symmetric local k-algebra. If A is Morita equivalent to
a block algebra B of kG for some finite group G then dimg(A) = |P|, where P is a defect

group of B.

Proof. The proof uses the fact, due to Brauer, that the elementary divisors of the Cartan
matrix of B, hence of A, divide |P| and exactly one of them is equal to |P|. Thus if A is
local, its Cartan matrix consists of the single entry |P|, which then by Theorem 4.3.11 is

the dimension of A. O

4.4 Uniserial algebras

Background for this section can be found in [2] and [41].

Definition 4.4.1. Let A be a k-algebra. An A-module M is uniserial if it has only one
composition series. An algebra A is uniserial if each indecomposable projective A-module

is uniserial.

The following theorem is well known:
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Theorem 4.4.2 ([3, Theorem VI.2.1]). Let A be a uniserial algebra. Then every inde-

composable A-module is uniserial, and A has finite representation type.

Theorem 4.4.3 ([22, Theorem 2.1)). Let k be a field and let A be a finite dimensional
symmetric k-algebra. Then the following statements are equivalent.

(i) There is at € A such that J(A) =A-t or J(A) =t- A.

(ii) The A-modules A/ J(A) and J(A)/J?(A) are isomorphic.

4.5 Bounds and simplicity of HH' for elementary abelian
p-groups
We collect in this section results needed for the proof of Theorem 4.1.1.

Theorem 4.5.1 ([6, Theorem 3.1]). Let A be a symmetric k-algebra and let E be a maz-
imal semisimple subalgebra. Let f: A — A be an E-E-bimodule homomorphism satisfying
E+J(A)? C ker(f) and Im(f) C soc(A). Then f is a derivation on A in socz(4)(Der(A)),

and if f # 0, then f is an outer derivation of A. In particular, we have

Z dimk(EXti‘(s, S)) < dimk(SOCZ(A) (HH1 (A)))
S

where in the sum S runs over a set of representatives of the isomorphism classes of simple

A-modules.

Corollary 4.5.2 ([6, Corollary 3.2]). Let A be a local symmetric k-algebra. Let f: A — A
be a k-linear map satisfying 1 + J(A)? C ker(f) and Im(f) C soc(A). Then f is a
derivation on A in socza)(Der(A)), and if f # 0, then f is an outer derivation of A. In

particular, we have

dimy (J(A)/T(4)%) < dimy (soc 4 (HH' (A))) .
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Theorem 4.5.3 (Jacobson [18, Theorem 1]). Let P be a finite elementary abelian p-group

of order at least 3. Then HH'(kP) is a simple Lie algebra.
The following holds as well.

Proposition 4.5.4. Let P be a finite abelian p-group. IfHHl(kP) 18 a simple Lie algebra,

then P is elementary abelian of order at least 3.

Proof. Suppose that P is not elementary abelian; that is, its Frattini subgroup @ = ®(P)
is nontrivial. Let where I(kQ) be the augmentation ideal of kQ. We will show that the
set of derivations with image contained in I(kQ)kP, which is equal to ker(kP — kP/Q)
by Proposition 4.2.13, is a nonzero Lie ideal in Der(kP). Indeed, every element in @ is
equal to zP for some x € P. Consequently, using Proposition 4.2.12 and the fact that
k has characteristic p, every element in (k@) is a linear combination of elements of the
form (x — 1)P, where x € P. Every derivation on kP preserves I(kQ)kP. In fact let
(x—1)P € I(kG),y € P and let f : kP — kP be a derivation on kP. Using the fact that k
has characteristic p we have: f((z—1)Py) = f((x—1)P)y+(x—1)Pf(y) = f(aP - 1)y+ (z—
DPf(y) = f(aP)y + (x — DPf(y) = pf(x)a?y + (z — DPf(y) = (x — 1P f(y) € I(kQ)P.
Thus there is a canonical Lie algebra homomorphism ¢ : Der(kP) — Der(kP/Q). In
order to prove that ¢ is nonzero with nonzero kernel we first let P = Cpn =< y > for
some y € Cpn. Then Q = Cpn1 =< y? > and P/Q = C,. Hence ¢ : Der(k[z]/(zF")) —
Der(k[z]|/xP). If we consider the derivation f(z) = = we have ¢ o f is nonzero whilst the
image g(x) = 2P under ¢ is zero. We apply the same idea when P be a finite abelian
p-group. We have P = Cpni X --- X Cpnr for some positive integers n;. Then the group

algebra kP is isomorphic to kCyn1 @ - - - @ kCpnr. Using the notation from Corollary 2.3.25
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we have kP = [[;_; kCpni and kP/Q = [[;_; kCp. By Corollary 2.3.25 we have

Der(kP) = HH'([[kCpr) = 3" J[HHO(KCp) = >0 J]HEY (Kz,)/ ()
! Pl P
(4.5.1)

and
Der(kP/Q) = HH'(kP/Q)= Y [[HHY(kC,) = > []HH (klx;]/2h)
01,0020, j=1 15000 >0, =1

i1+t Fip=1 i1t Fir=1
(4.5.2)

Let f = f@xo®- @z, € Der(k[z1]/2" " )@ k[z]/2h " ©- - -@k[z] /22" where f(z1) = 1.
Then the image of f under ¢ is non-zero. Similarly, if we let § = g R 22 ® - @z, €
Der(k[z1]/2}) ®@ k[xo] /ab @ - - @ k[x,]/2F, where g(z1) = ¥, then the image of § under ¢ is
zero. Hence HH! (kP) is not simple. Note that the order of P cannot be 2. In fact in this

case we have kP = kCy = k[x]/x? and Der(k[z]/z?) is not simple. The result follows. [

Remark 4.5.5. Theorem 4.1.1 implies that the hypothesis on P being abelian is not nec-

essary in the statement of Proposition 4.5.4.

4.6 Further results on derivations

Let B be a block having a unique isomorphism class of simple modules and let A be the
basic algebra of B. In order to exploit the hypothesis of HH! being simple in the statement
of Theorem 4.1.1, we consider Lie algebra homomorphisms into the HH! of subalgebras

and quotients of A.

Lemma 4.6.1. Let A be a finite-dimensional k-algebra and f be a derivation on A. Then
f sends Z(A) to Z(A), and the map sending f to the induced derivation on Z(A) induces

a Lie algebra homomorphism HH(A) — HH!(Z(A)).
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Proof. Let z € Z(A). For any a € A we have az = za, hence f(az) = f(a)z +af(z) =
f(z)a+ zf(a) = f(za). Comparing the two expressions, using zf(a) = f(a)z, yields

af(z) = f(2)a, and hence f(z) € Z(A). The result follows. O

Lemma 4.6.2. Let A be a local symmetric k-algebra such that J(Z(A))A # J(A). Then

the canonical Lie algebra homomorphism HHY(A) — HHY(Z(A)) is not injective.

Proof. Since J(Z(A))A < J(A), it follows from Nakayama’s lemma that J(Z(A))A +
J(A)? < J(A). Thus there is a nonzero linear endomorphism f of A which vanishes on
J(Z(A))A+J(A)? and on k-14, with image contained in soc(A). In particular, f vanishes
on Z(A) =k-1a+ J(Z(A)). By Corollary 4.5.2, the map f is an outer derivation on A.
Thus the class of f in HH*(A) is nonzero, and its image in HH'(Z(A)) is zero, whence

the result. O

Lemma 4.6.3. Let A be a local symmetric k-algebra and let f be a derivation on A such

that Z(A) C ker(f). Then f(J(A)) C J(A).

Proof. Since A is local and symmetric, we have soc(A) C Z(A), and J(A) is the annihilator
of soc(A). Let z € J(A) and y € soc(A). Then zy = 0 and hence 0 = f(zy) = f(x)y +
xf(y). Since y € soc(A) C Z(A), it follows that f(y) = 0, hence f(z)y = 0. This shows

that f(x) annihilates soc(A), and hence that f(x) € J(A). O

Lemma 4.6.4. Let A be a finite-dimensional k-algebra and J be an ideal of A.

(i) Let f be a derivation on A such that f(J) C J. Then f(J") C J™ for any positive

mteger n.

(ii) Let f, g be derivations on A and let m, n be positive integers such that f(J) C J™

and g(J) C J". Then [f,g](J) C Jmtn~1,

97



Proof. In order to prove (i), we argue by induction over n. For n = 1 there is nothing to
prove. If n > 1, then f(J") C f(J)J"* + Jf(J"'). Both terms are in J", the first by
the assumptions, and the second by the induction hypothesis f(J"~ 1) C J*~ L. Let y € J.
Then [f, 9](y) = f(g(y)) — g(f(y)). We have g(y) € J™; that is, g(y) is a sum of products
of n elements in J. Applying f to any such product shows that the image is in J™"~1,

A similar argument applied to g(f(y)) implies (7). O

Proposition 4.6.5. Let A be a finite-dimensional k-algebra. For any positive integer m

denote by Der(,,)(A) the k-subspace of derivations f on A satisfying f(J(A)) C J(A)™.
(i) For any two positive integers m and n we have [Der(,,)(A), Der,y(A)] € Der(,1n—1)(4).
(ii) The space Der(1y(A) is a Lie subalgebra of Der(A).

(i4i) For any positive integer m, the space Der(,,)(A) is an ideal in Der(;)(A).

(iv) Let A be a local finite dimensional k-algebra. The space Der(9)(A) is a nilpotent Lie

subalgebra of Der(A).

Proof. Statement (i) follows from Lemma 4.6.4 (ii). The statements (ii) and (iii) are
immediate consequences of (i). In order to prove statement (iv) we observe that derivations
on a local algebra are non-zero only on the Jacobson radical. Then the proof follows from

1) and the fact that J(A) is nilpotent. O
(i) p

4.7 Proofs of main Theorems

Proof of Theorem 4.1.1. Let G be a finite group and B a block of kG. Suppose that B has
a single isomorphism class of simple modules. If B is nilpotent and P a defect group of B,

then by [30], B is Morita equivalent to kP, and hence there is a Lie algebra isomorphism
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HHY(B) = HH!(kP). Thus if B is nilpotent with an elementary abelian defect group P
of order at least 3, then HH'(B) is a simple Lie algebra by Theorem 4.5.3.

Suppose conversely that HH!(B) is a simple Lie algebra. If J(B) = J(Z(B))B, then
B is nilpotent with an abelian defect group P by Theorem 4.2.21. As before, we have
HH'(B) = HH!(kP), and hence Proposition 4.5.4 implies that P is elementary abelian of
order at least 3.

Let e be an idempotent in B such that the algebra A = eBe is a basic algebra of
B. Suppose that J(Z(B))B # J(B). Then J(Z(A))A # J(A). We give a proof by
contraposition: assume J(Z(A))A = J(A). By Lemma 4.3.3 it follows that BeB =
B. By Proposition 4.3.7 we have that A and B are Morita equivalent hence they have
isomorphic centers, that is, Z(A) = Z(B)e. It is easy to prove that J(A) = eJ(B)e and
J(B) = BJ(A)B. Consequently, J(B) = BJ(A)B = BJ(Z(A))AB = BJ(Z(B)e)AB =
BJ(Z(B))eAB = J(Z(B))BeBeB = J(Z(B))B. Hence J(Z(B))B = J(B) .

Since B has a single isomorphism class of simple modules and since the set of represen-
tatives of the isomorphism classes of simple B-modules is in bijection with the conjugacy
classes of primitive idempotents we have that there is just one conjugacy class of primitive
idempotents. By Corollary 4.3.6 and Wedderburn’s Theorem we have that A is local. By
Proposition 2.1.11 we have that A is symmetric. Thus soc(A) is the unique minimal ideal
of A. We have J(A)? # {0}. Indeed, if J(A)?> = {0}, then soc(A) contains J(A), and
hence J(A) has dimension 1, implying that A has dimension 2 by Wedderburn-Malcev’s
theorem and by the fact that A is local. By Proposition 4.3.9 A and B have the same
Cartan matrix C. Since A is basic, local and has dimension 2, then A = k[z]/z%. Con-
sequently the Cartan matrix C has one single entry which is equal to 2. By Theorem

4.3.11 and Proposition 4.3.12 it follows that B is a block with defect group of order 2.
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Then the number of simple modules equals the order of the inertial quotient E (see The-
orem 6.5.5 in [4] for example), hence by Theorem 4.2.21 and by the fact that B has a
unique simple module then B is nilpotent. Consequently B Morita equivalent to kCs.
Hence HH!(B) = HH'(kC3) which is not a simple Lie algebra, a contradiction. Thus
J(A)? # {0}, and hence soc(A) C J(A)%. By Lemma 4.6.2, the canonical Lie algebra
homomorphism HH'(A) — HH'(Z(A)) is not injective. Since HH'(A) is a simple Lie
algebra, it follows that this homomorphism is zero. In other words, every derivation on
A has Z(A) in its kernel. It follows from Lemma 4.6.3 that every derivation on A sends
J(A) to J(A). Thus, by Lemma 4.6.4, every derivation on A sends J(A)? to J(A)2. This
implies that the canonical surjection A — A/J(A)? induces a Lie algebra homomorphism
HH'(A) — HH'(A/J(A)?). Let a,b be two elements in A. Using the fact that A is split
local, there are r,s € J(A) and A\, u € k such that a =A-14+7rand b= p-14 +s. Then
ab=Au-1a+p-r+ X s+rs. Sincers € J(A)?, the algebra A/J(A)? is commutative.
Since J(A)? contains soc(A), it follows that the kernel of the canonical map HH!(A) —
HH'(A/J(A)?) contains the classes of all derivations with image in soc(A4). By Corol-
lary 4.5.2 there are outer derivations with this property. It follows from the simplicity of
HH!(A) that the canonical map HH(A) — HH!(A/J(A)?) is zero. Using the fact that
A/J(A)? is commutative, that is Inn(A) = {Id}, this implies that every derivation on
A has image in J(A)2. But then Proposition 4.6.5 implies that Der(A) = Der()(4) is a
nilpotent Lie algebra. Thus HH!(A) is nilpotent. By Proposition 4.3.7 A and B are Morita

equivalent hence HH!(A) = HH!(B) which contradicts the simplicity of HH!(B). O

Proof of Theorem 4.1.2. Denote by A a basic algebra of B. Since B has a unique isomor-
phism class of simple modules and a nontrivial defect group, it follows by Corollary 4.3.6,

Proposition 2.1.11 and Weddernburn’s Theorem that A is a local symmetric algebra. Since
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B has nontrivial defect, the dimension of A is at least 2, otherwise B is Morita equivalent to
a simple algebra which is a contradiction. By Corollary 4.5.2 we have dimy(HH'(A))) >
dimy(J(A)/J(A)?). Thus dimy(HH'(A)) > 1. Moreover, if dimj(HH'(A)) = 1, then
dimy,(J(A)/J(A)?) = 1. Consequently J(A)/J(A)? is a simple module which is isomor-
phic to A/J(A), hence by Theorem 4.4.3 A is a uniserial algebra. By Theorem 4.4.2 we
have that A has finite representation type which implies that B is a block with a cyclic de-
fect group P. By assumption B has a unique isomorphism class of simple modules, hence
by Theorem 4.2.21 B is a nilpotent block. Note that A and kP are both basic algebras,
hence by Theorem 4.3.7 we have A = kP . We have dimy HH'(A4) = dimy,(HH*(kP)) =

|P|, a contradiction. The result follows. O

Remark 4.7.1. The hypothesis that B has a single isomorphism class of simple modules is
necessary in Theorem 4.1.2; for instance, if P is cyclic of order p > 3 and if E is the cyclic

automorphism group of order p — 1 of P, then HH!(k(P x F)) has dimension one.

Remark 4.7.2. All finite-dimensional algebras in this paper are split thanks to the assump-
tion that k is algebraically closed. It is not hard to see that one could replace this by an
assumption requiring k to be a splitting field for the relevant algebras. Lemma 4.6.1 and

Lemma 4.6.4 do not require any hypothesis on k.
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