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CUBIST ALGEBRAS

JOSEPH CHUANG AND WILL TURNER

ABSTRACT. We construct algebras from rhombohedral tilings of Euclidean space obtained as projec-
tions of certain cubical complexes. We show that these ‘Cubist algebras’ satisfy strong homological
properties, such as Koszulity and quasi-heredity, reflecting the combinatorics of the tilings. We con-
struct derived equivalences between Cubist algebras associated to local mutations in tilings. We recover
as a special case the Rhombal algebras of Michael Peach and make a precise connection to weight 2
blocks of symmetric groups.
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1. INTRODUCTION

1.1. Homological algebras. How many algebras are there which possess every strong homological
property known to mathkind, yet are not semisimple ?

We define algebras Uy, which generalise the Rhombal algebras of M. Peach, as well as the Brauer
tree algebra associated to an infinite line. We prove that these algebras are Koszul, symmetric, super-
symmetric algebras, whose projective modules are of identical odd Loewy length 2r — 1, for some
natural number r. There are r! different highest weight structures on Uy-mod. Standard modules are
Koszul, for any highest weight structure. Given a highest weight structure, there is a canonical choice
of homogeneous cellular basis for Uy.

The Koszul duals Vy of the Uy generalise the preprojective algebra associated to an infinite line.
They have global dimension 2r — 2. Thinking of Vy-mod as the category of quasi-coherent sheaves on
a chimeric noncommutative affine algebraic variety of dimension 2r — 2, we may define a category of
sheaves on the corresponding projective variety, which has dimension 2r — 3, and obeys Serre duality,
with trivial canonical bundle. There are r! different highest weight structures on Vy-mod, dual to
those on Uy-mod. Again, standard modules are all Koszul. Given a highest weight structure, there is
a canonical choice of homogeneous cellular basis for Vy.

The only finite-dimensional algebras which enjoy these potent combinations of properties are semisim-
ple algebras. Our examples are therefore necessarily infinite dimensional.

The combinatorics of our algebras is governed by collections of cubes in r-dimensional space, viewed
from (r — 1)-dimensional space. In homage to P. Picasso and G. Braque, who explored manifold
possibilities of this geometric attitude when r = 3, we call them Cubist algebras.

We expect there to be further examples of algebras A, which satisfy many of the listed properties
of the Uy’s, and upon a suitable localisation, describe the Morita type of blocks of symmetric groups
/ Schur algebras. The Koszul duals of the algebras .A;, upon localisation, will describe the Koszul
duals of blocks of Schur algebras.

There are further similarities between the Cubist algebras Uy, and blocks of symmetric groups.
Large collections of them are derived equivalent, the tilting bimodule complexes being obtained by
composing two-term complexes. Symmetric group blocks of weight two are largely similar to certain
Uy’s, in case r = 3.

Differences between the algebras Uy, and A, are soon visible. On Uy, there are r! possible highest
weight structures. However, A; has only two alternative orderings on its simple objects, correspond-
ing to the dominance ordering of partitions and its opposite. The combinatorics surrounding A is
complicated, and mysterious, whilst numerical properties of Uy are elegant, and transparent.

Relations between matrices of composition multiplicities for Uy and Vy release beautiful combina-
torial formulae, associated to Cubist views of Euclidean space.
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Our proofs begin with the combinatorics of Cubist diagrams. Pursuing these combinatorics allows
us to prove the existence of highest weight structure on Vy-mod. Standard modules for Vy have linear
projective resolutions, implying that Vy is standard Koszul, in the sense of Agoston, Dlab and Lukacs.
This allows us to deduce Koszulity, and the existence of highest weight structures on Uyx-mod. The
existence of cellular structures on Uy, Vy are then apparent. Eventually, symmetry of Uy is won.

We proceed to prove that the derived categories of Uy, Uy are equivalent, whenever X’ is obtained
from X by a local flip. This equivalence of categories allows us identify portions of symmetric group
blocks of weight two with portions of certain Cubist algebras, in case r = 3, following a path down
from the Rouquier block.

FI1GURE 1. Part of a tiling I

1.2. The case r = 3: Peach’s rhombal algebras. Let ' be a tiling of the plane by congruent
rhombi affixed to a hexagonal grid (see Figure[l). The rhombal algebra Ur associated to I' is defined
to be the path algebra of the quiver obtained from I" by replacing every edge by two arrows in opposite
directions, modulo the following quadratic relations:
e Two rhombuses relation. Any path of length two not bordering a single rhombus is zero.
e Mirror relation. The sum of the two paths of length two from one vertex of a rhombus to
the opposite vertex is zero.
e Star relation. At each vertex x, there are six possible paths of length two from x to itself,
which we label as follows:
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We impose the relation
a+d=b+e=c+f,
where we read any of a, b, c,d, e, f as 0 if it is not present at the vertex x.
The choice of signs in this presentation is due to Turner [30, Definition 15]. The relationship with
Peach’s original presentation [22] is described in Remark [18] below.

We now list the good properties of Ur, together with references to results (proved in the generality
of Cubist algebras) in the main body of the paper. Some of the properties were originally established
by Peach; in those cases we also provide the reference in Peach’s thesis.

e Ur is a locally finite dimensional graded algebra; each indecomposable projective module has
radical length five ([22, Corollary 2.4.2], Corollary [69)
e Ur is a symmetric algebra, i.e. it possesses an invariant inner product. ([22, Theorem 2.5.1],
Theorem [68)
e Ur is Koszul (Theorem 52)
e Ur is quasihereditary (Theorem 55)
Let V1 be the quadratic dual of Upr. Then

e U is Koszul (Theorem 46)
e Vp is quasihereditary (Theorem
e VT has global dimension 5 (Theorem [69)

The quasihereditary structure on Ur comes with a partial order < on simple modules and therefore on
the vertices of I'; the partial order for Vr is the opposite order. The partial order < may be described
as follows. There exists a bijection A from the set of vertices of I' to the set of rhombi in ', given
by Figure 2 Then y < z if y is a vertex in the rhombus Az, and this relation generates the partial
order. The standard modules are pictured in Figure 3. Note that the standard module for Ur has
four composition factors, while the standard module for V1 has infinitely many.
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FIGURE 2. Bijection between vertices and rhombi.

FIcure 3. Standard modules in Ur and Vr.

Rotating Figure 2 by a multiple of 7/3, we obtain 6 different partial orders on the vertices of I and
therefore 6 different quasi-hereditary structures on Ur and Vr.

The quasi-hereditary and Koszul properties give rise to curious formulae for the inverse of a matrix
recording distances in I'. Indeed, given z,y € I, let d(z,y) be the length of the shortest path from
x to y along edges in I'. Let Dist(q) be the infinite matrix with rows and columns indexed by the
vertices of T, whose (z,y)-entry is ¢*@¥). Then

Dist(¢) Loc(—q) = (1 — ¢*)?I,

where [ is the identity matrix, and Loc(q) is a matrix with a number of equivalent descriptions,
each of which describe certain local configurations in I'. The (z,y)-entry of Loc(q) can be written
S @A) +d=Y) | where the sum is over all vertices z in T' such that z,y € Az (Corollary [57).

An alternative formula for the (x,y)-entry of Loc(gq), which does not depend on a choice of highest
weight structure is - ¢ () ¢%[3 — d(z,z) — d(z,y)]y, where Ir(z) is a set describing a local
configuration about z (Proposition [86), and [n], = (¢" — ¢7")/(¢ — ¢~'). Let H be a tiled hexagon,
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in which the six internal lines/rhombi are placed in correspondence with the six external vertices, as
in Figure

6, 2

T

4

FIGURE 4. The hexagon H.

Let H(zx) be the hexagon H, centered at x, and dilated so its external vertices coincide with the six
vertices of I" closest to x. Note that the rhombic tiles in H(x) cannot necessarily be thought of as tiles
in I'. The set Ir(x) consists of the vertex z, as well as those vertices 1, ...,6 in H(z) corresponding to
lines/rhombi in H(x) which can also be thought of as lines/rhombi in T'.

1.3. Acknowledgements. We thank Volodymyr Mazorchuk for helpful discussions on standard Koszul
algebras, Claus Ringel for his kind encouragement and Michael Peach for volunteering his pictures of
rhombus tilings. Joe Chuang thanks the EPSRC for its support (grant GR/T00924/01).

2. CUBIST COMBINATORICS

We define and study certain subsets of integer lattices that correspond to tilings of Euclidean space
by rhombohedra.

2.1. Cubist subsets. Given z,y € R", we write x < y if y — 2 € RY,. This defines a partial
order on R". We denote by €1, ..., ¢, the standard basis of R". For x € R" and ¢ € R, let z[(] =
x+(eg+--+¢€)€ER.

Definition 1. A subset X C Z" is Cubist, if X = X~ \X " [—1], where X~ is a nonempty proper ideal
of Z" (with respect to the partial order <).

Note that X~ is uniquely determined by X; it is the ideal of Z" generated by X. An ideal of
7?2 is an infinite version of (the Ferrers diagram of) a partition, and of Z3 is an infinite version of
a plane partition (see, e.g., [28, p.371]). So Cubist subsets may be regarded as higher-dimensional
generalisations of infinite partitions.

We have the following easy inductive characterisation of ideals in Z".

Lemma 2. X~ is an ideal of Z" if, and only if,
(1) X7 ={x € Z 1| (z,i) € X} is an ideal of Z""" fori € Z, and
(2) X, C &, forallicZ. O

This leads to an useful inductive description of Cubist subsets.

Lemma 3. If X C Z" is Cubist, then X; = {x € Z" 1 | (z,1), (z,i — 1) € X} is either a Cubist subset
of Z'Y or empty, forie Z. O
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Proof. By Lemmal[2, X = {z € Z"7' | (x,i) € X} is an ideal in Z""!, and
XNXT [ ={zeZ " | (x,0) € X7, (2[1],i) & X7}
= {2z cZ 7| (x,0), (x,i—1) € X7, (z[1],4), (x[1],i+1) ¢ X~}
—{zcZ 7| (z,i) € X, (x,i—1) € X}
O

The set of Cubist subsets of Z" is invariant under translations and under the action of the symmetric
group X, permuting coordinates, as well as under the involution x +— —x. The latter is true because

of the following easy lemma.

Lemma 4. A subset X of Z" is Cubist if, and only if, X = XT\XT[1], where XT is a nonempty
proper coideal of Z". O

2.2. Rhombohedral tilings. In case r < 3, it is easy to understand Cubist subsets: one only needs
to draw a picture. In higher dimensions, Cubist combinatorics are not so easy, but a topological
perspective can be helpful. Here we associate to any Cubist subset X of Z" a polytopal complex Cy of
dimension r — 1 inside R", whose faces are all cubes. This cubical complex projects homeomorphically
onto a hyperplane, inducing a tiling of Euclidean (r — 1)-space by rhombohedra.

Let us spell this out it detail. We define a cube in Z" to be a subset of the form

C=x+ ZCL]‘EJ', aj =0,1,,
jeS
where x € Z" and S is a subset of {1,...,r}. We say C is a d-cube if S has size d. These cubes
define a polytopal decomposition of R" in which the d-dimension faces are the convex hulls of the
d-cubes in Z". For x = (x1,...,2,) € R", the unique face of smallest dimension containing x is
{y eR"| [z] <y <[]}, where |z = ([21],..., [2]) and [z] = ([a1],..., [2,]).
Fix a Cubist subset X of Z".

Definition 5. We define Cx to be the smallest subcomplexr of R™ containing X. FEquivalently Cx is
the subcomplex consisting of all faces which are convex hulls of cubes contained in X.

For all x € R", we have x € Cy if and only if |z] € X and [z]| € X, ie., if and only if [z] € X~
and [z][1] ¢ X~. We define Cy- much as we did Cx: as the smallest subcomplex of Z" containing
X ™. We note that if = is in the ideal of R" generated by X', then [z] is as well. It follows that this
ideal is equal to Cy-.

Let L be an affine line in R" parallel to the vector ¢; + ...+ ¢,.. Because X~ is a nonempty proper
subset of Z", the intersection of L with C,- is a half-line: there exists x € L such that for all y € L,
y € Cx- if and only if y < zp. Clearly, xy is on the boundary of Cy-. Conversely any point on the
boundary is of the form xy for some L. Indeed, if x € Cy- and x # xp, where L is the affine line
parallel to €; + ...+ €, containing x, then {y € R" | y < x5} is a neighborhood of x contained in Cy-.

We claim that the boundary of Cy- is Cx. Suppose that z € Cy is not on the boundary of Cy-.
By the discussion above, zle] € Cy- for some ¢ > 0. Then |z| € X and |z][l] < [z[e]] € X,
contradicting the assumption that X is Cubist. On the other hand if = is on the boundary of Cy-,
then [2] € X~ and |z][1] ¢ X, the latter because x[¢] < |x][1] for some & > 0.
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Proposition 6. Let Ry be the hyperplane {(z1,...,2z,)| > x; = 0} of R". Let m be the orthogonal
projection of R™ onto Ry. Then the restriction of ™ to Cx is a homeomorphism onto RJ.

Proof. In the discussion above we proved that Cy is the boundary of Cy- and thus meets each fiber
of m in exactly one point. So the restriction of m to Cy is a continuous bijection. In fact it is a
homeomorphism, since the restriction to any cell of Cy is a homeomorphism onto a closed subset of
RG. O

The homeomorphism between Cx and Rjj induces a rhombotopal decomposition of R{j, which Linde,
Moore and Nordahl call ‘a configuration of the (r — 1)-dimensional tiling’ [17, §2]. When r = 3 we
obtain the rhombus tilings in R? considered in §/1.2!

From Proposition 6 we deduce some useful properties of Cubist subsets.

Definition 7. A subset S of Z" is connected, if for any x,y € S, there erists a sequence r =

20,21, .. 2t =y, such that 2™ € S and for each m > 1, we have z™t! = 2™ + €;, for some
n =n(m).

Let S be a connected subset of Z'. For z,y € S, let ds(x,y) be the smallest number I for which
there exists a sequence x = 20, x',..., ' = y, such that ™ € S and for each m > 1, we have

a™H =™ 4 ¢, for some n = n(m).
We write d(x,y) = dzr(z,y).

Corollary 8. Let X be a Cubist subset of Z". Then

(1) X is a connected subset of Z", such that Z" = 7z X|m)].
(2) No r-cube is contained in X.
(3) For any x € X the intersection of the (r — 1)-cubes in X containing x is {x}.

Given a polytopal complex C which is everywhere locally homeomorphic to R, for some w, one can
form its dual complex C’. The dual C’ is a polytopal complex homeomorphic to C, whose d-dimensional
faces are in bijection with the (w — d)-dimensional faces of C. The poset of faces of C’ is opposite to
the poset of faces of C.

Definition 9. Let x be an element of a cubist subset X of Z". We define P, to be the face of C’,
which corresponds to the vertex x € Cx.

Thus, P, is an r — 1-dimensional polytope, which describes the configuration of X about .

In case r = 3, the polytope P, can be a triangle, a square, a pentagon, or a hexagon. For general
T—l—dl)
Y

r, the number of ds-dimensional faces containing any given di-dimensional face of P, is ( dy—dy

whenever d; < ds.

2.3. Vertex-facet bijection. While we have defined d-cubes in Z" for all d, Proposition 6] shows that
(r — 1)-cubes are particularly relevant. We call them facets. Let F be the set of facets in Z" and Fx
the set of facets contained in a Cubist subset X. Any F' € F can be written as

F=x+F,,
where

Fl’ = Zajej - Zaj(—:j, a; = 0, 1 5

1< 7>
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for a unique choice of x € Z" and ¢ € {1,...,r}.
q Y )

Proposition 10. For each x € X, there is a unique © such that x + F; C X. We have
i=max{j|z+e +...+€-1 € X},
and putting Ax = x + Fj, we obtain a bijection
A=Ay : X — Fy.

Proof. Let ¢ = max{j | x + e + ... +€j—1 € X}. Then z + F; C X. Indeed if y € = + F;, then
y<zt+e+...+eg1€X  andy[l]>z+e +...+¢ ¢ X . On the other hand, if j > ¢ (resp.
j<i)thenz+e +...+¢€ (resp. £ — € — ... — € ) is in z + F; but not in X. Once the map A is
defined it is clearly a bijection. OJ

Definition 11. For x € X, let ux be the cone opposite x. Thus, if \x = x + F;, then ux = x + C;,
where C; = 723! < Z x 72,

2.4. Basic examples. Let 1 < j < r. Then the lattice H; = {(z1,...,2,) | ; =0} is a Cubist
subset of Z". The corresponding tiling of R{) is a regular tiling composed of translates of a fixed
(r — 1)-dimensional rhombohedron. A Cubist subset X C Z" may look locally like one of these ‘flat’
Cubist subsets Hj.

Definition 12. Let X C Z" be Cubist. The subset Xgiq4 of flat elements is defined to be the subset
of elements x € X for which there exists i = i(x) such that x + €;,x — ¢; ¢ X. The subset Xerooked Of
crooked elements is the complement X\ Xfjqs.

Lemma 13. Let X C Z" be a Cubist subset.
1. If v € X is crooked, then for all j, either x +¢; € X, orx —¢; € X
2. If x € X is flat, then for all j # i(x), we have x + €, —¢; € X. O

Proof. We proceed by induction on r. The lemma is obvious for small r. Suppose the lemma holds in
dimensions < r, and X is a cubist subset of Z". We may assume that x = 0. If x € Xy, then x—¢, € X,
and the statement of the lemma holds by the inductive hypothesis. Similarly, if x € X} — €., then
x+¢€, € X, and the statement of the lemma holds by the inductive hypothesis. Otherwise, x +¢, ¢ X,
in which case z[-1],z[1] ¢ X. Therefore, x + >, €,z —> ;€ € X, and z £ ¢ € X, for
1<j<r—1. O

Another example is the ‘corner configuration’.

Definition 14. The Corner configuration is the Cubist subset
Xoo = Lo\ ZZo[—1]
={(z1,..., @) € ZLy | i = 0 for some i}
of 7.

Lemma 15. Any Cubist subset X can be approrimated in an arbitrarily large finite region, by removing
a finite number of r-cubes from the Corner configuration.
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Precisely, given x € X, and N > 0, there exists z € Z", and a Cubist set X(x,N) C Z", such that
X(x,N)~ is obtained from (z + Xoc)~ by removing a finite number of elements, and

ye X eye X(z,N),
for all y € Z" such that d(y,z) < N.

Proof. Let X(x, N)~ be the ideal of (Z", <) generated by
(XN (z+[-N,N]")U{z[N] —2N¢; |i=1,...,7}.
Let z = z[N]. The statement of the lemma is satisfied for this pair (z, X'(z, N)7). O

3. SOME ALGEBRAIC PRELIMINARIES

Let k be a field. We shall be working with associative k-algebras A graded over the integers. So
A = @jezA; and A;A; C A;j;. While not assuming the existence of a unit, we require A to be equipped
with a set of mutually orthogonal idempotents {e,; | s € S} C Ap such that A = @, ycsesAdey. It will
be useful to allow some of the idempotents to be zero. Unless stated otherwise, all A-modules M are
assumed to be graded left modules, so that M = @®;czM; and A;M; C M;y;, and to be quasi-unital,
ie., M = @®sesesM. Given n € Z, we let M(n) be the A-module obtained by shifting the grading by
n, so that M(n); = M(n —1i).

Suppose that A; = 0 for all but finitely many negative integers ¢, and that e;A;ey is finite dimen-
sional for all s,s' € S and i € Z. We define the graded Cartan matrix C4(q) to be the matrix with
rows and columns labelled by S and entries

CA<q)S,S = Z (dim esAies’) qi
1€EZ
in the ring of Laurent power series in an indeterminate q. If e; = 0 then the entries in the row
and column labelled by s are zero. So we will often regard C4(g) as an R X R matrix, where
R ={seS|es#0}.

Now suppose that A is positively graded, i.e. 4; =0 for i < 0, and that {es | s € R} is a basis for
Ap. Let us also impose the finiteness condition dimegA; < oo for all s € R and ¢ € Z. Let A-Mod
be the category of all graded A-modules, where the space of morphisms between graded modules M
and N, which we denote Hom 4 (M, N), consists of A-module homomophisms preserving degree. We
denote by A-mod the full subcategory consisting of modules M such that dimes;M; < oo for all s € R
and i € Z, and that M; = 0 for i << 0.

Then Ae; is a projective A-module (=projective indecomposable object in A-mod) for each s € R,
and every projective indecomposable A-module is isomorphic to Aeg(n), for a unique s € R and n € Z.
Similarly, every simple A-module is isomorphic to L4(s)(n) for a unique s € R and n € Z, where
Ly(s) = Aes/Aspes. The category A-mod contains enough projective objects.

Fix a partial order < on R. For each s € R, the standard module A4(s) = % is the
largest quotient of Aes which does not contain L(t)(n) as a composition factor for ¢ > s. We define
the graded decomposition matrix D 4(q) of A to be the R x R matrix with entries

Da(q)st = Z (dime;Aa(s);) ¢
1€EZ
If A has an antiautomorphism fixing each es, then D 4(q)=D 4or(q), where A°P is the opposite algebra.



CUBIST ALGEBRAS 11

We say that A is a graded quasi-hereditary algebra, or that A-mod is a graded highest weight
category, if for all s € R,

® Da(q)se =0 forallt £s,
o ker(Aes — A4(s)) has a filtration in which each section is isomorphic to A4(t)(n) for some
t>sandneZ.

This differs from the original notion of quasiheredity introduced by Cline, Parshall and Scott in
that A is allowed to be infinite dimensional; in particular A may have infinite global dimension. We
are also using a slightly different notion of (graded) highest weight category than that introduced by
Cline, Parshall and Scott. We filter projective objects by standard modules, rather than injectives by
costandards. Furthermore, we do not assume the finite interval property holds with respect to our
partial order <.

If A-mod is a highest weight category, then according to [8, Theorem 3.1.11] we have Brauer-
Humphreys reciprocity:

Calg) = Da(q)" Dao(q).
We will need a version of Rickard’s Morita theorem for derived categories [24] adapted to our graded
algebras (see, e.g., [10, §2]). Let us assume that Aeg is finite dimensional for each s € S. Let
{T'; | t € T} be a collection of bounded complexes of projective A-modules. Denote by D°(A-mod) the
derived category of bounded complexes in A-mod. Our formulation is rather clumsy; for the general
theory it is better to think in terms of functor categories.

Theorem 16 (Rickard). Suppose that
o fort,t' € T and m,n € Z with m # 0,
Home(A—mod) (Ft <TL>, Ly [m]) = 0.

e The triangulated subcategory of D?(A-mod) generated by all summands of T¢(n), t € T, n € Z,
contains Aeg for all s € S.

Then, the graded endomorphism ring £ = ®nez by with components
En = @rpex Hompy s mea) (Te(n), Ty,
comes equipped with idempotents e, = idr, € Ey, and there exists an equivalence
F : D*(E°P-mod) = D®(A-mod)
such that F(E%e;) =Ty for allt € T, and F(X(n)) = F(X)(n) for X € D*(A-mod) and n € Z.

4. DEFINITIONS

Let 7 be a natural number. In this section, we define algebras U,, and V, by quiver and relations.
The Cubist algebras are defined to be quotients, or subalgebras of these.

Motivation. Before stating the generators and relations which define U, and V,., we explore their
conception.

Indeed, let J be a 2r-dimensional orthogonal vector space over an algebraically closed field k, with
non-degenerate bilinear form (, ).
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Let H be the Heisenberg Lie superalgebra of dimension 2r +1 associated to J, with Hy = k, Hy = J,
and bracket

(A 2), (1, 9)] = ((,9),0).

Let T be a maximal torus in SO(J). Then T acts on H as automorphisms, via (A, z)! = (A, zt).

In the sequel, we define an algebra U, over an arbitrary field k. Over k, this algebra has the same
finite-dimensional graded complex representations as the crossed product U(H) x T of the universal
enveloping algebra of H with T.

The Koszul dual of this crossed product is S(J*)/6 x T, where S(J*) is the symmetric algebra on
J, and § is the quadratic form on J, identified as an element of S?(J*) = S%(J). This Koszul dual
algebra has the same finite-dimensional graded representations as the algebra V...

Definition 17. We define a graded associative algebra U, by quiver and relations, over any field k.
The quiver Q has vertices

{ex |z €Z"},
and arrows

{agisbpi |z e Z,1 <i<r}.

The arrow ay; is directed from e, to ezic;, and by ; is directed from e, to ey—.,. U, is defined to be
the path algebra kQ of Q, modulo square relations,
Ay iQyte;i = 0,
bs,ibr—c;i =0,

forxeZ", 1 <i<r, as well as supercommutation relations,

(U0)

Qz,i0z+e;,5 + Qg,j0z+e;,i = 0,
(Ul) bx,ibxfei,j + bm,jbxfej,i = 07
aa:,ib:r;—&-q,j + bx,jaac—e]-,i =0,
forx ez, 1<i,5<r i#j, and Heisenberg relations,
(U2) by iGz—e;i + Qzibrte;i = bz it10u—cp1 041 T Gz it1bste;yq itls

forxeZ’, 1<i<r.

Remark 18. Applying the automorphism 7 of kQ defined by 7(e;) = ez, T(az,i) = (—1)Zé=1x<ax,i
i—1

and 7(bg;) = ( —1)24:1 “b,.i, we obtain an alternative presentation for U,, in which the relations (U1)

and |(U2) are replaced by

Az,iQz+e;,j — Ax,jQz+e;,i = 0,
(Ul’) bm,ibxfei,j - bm,jbmfej,i = 0,
aaz,ibx—&-ei,j - bx,jaaf—e]-,i =0,
forxeZ", 1<i,j<r, i#j,and
(U2) (1) (bp,iGz—c; i — Qaibatei) = (—1)" (bayit10a—crsit1 — it botersr,itl) s

for x € Z", 1 < i < r. This presentation coincides with that used by Peach for his rhombal algebras
(the r = 3 case).
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Remark 19. Let R, be the algebra generated by indeterminates a;, b;,2 = 1,...,r, modulo relations
a? = b? =0,
a;a; + aja; = b;bj +bjb; =0,
a;bj +bja; =0, i # j,
a;b; + bja; = a;b; + bjaj, i # j,
for i,j =1,...,r. The algebra R, acts on the right of U,, via

uoa; = § Ul

TEL"

uob; = Z ubg i,

TEL"
for w € U,. Similarly, R, acts on the left of U,.. Let ¢ be the element a1b; + biay; of U,.. By the

supercommutation relations, the left and right actions of ¢ commute: cou = woc, for u € U,.
Therefore, by a combination of the left and right actions, U, attains the structure of an R, @y R?-
module.

Definition 20. We define V,. to be the quadratic dual of U,. It is the path algebra of the quiver Q'
with vertices

{falzeZ,

and arrows,

{ag,i; Bei | v € Z",1 < i <},
modulo commutation relations,

Qg iQgte; j — Qg jOzte; i = 0,

Br,iBr—eij — BrjBr—c;i = 0,

reZ1<j<i<nr,

Qz,iBrtej — PrjQz—e;i = 0,

forxeZ" 1 <j<i<r, and the Milnor relation,

.
E 51,2’0%—51-,1' =0,
=1

forxeZ.

Remark 21. Let oy, 5; (i =1,...,r) be indeterminates. Let v; = «;3;. Let

AT = k[ala e 7047"’617 R >5r]/(2%)
=1

The algebra A, acts on the right of V,., via

Vo = E VO 4,

TEL"

vof = Z Uﬂx,ia
TELT
for v € V,. Similarly, A, acts on the left of V;.. Let I', be the subalgebra k[y1,...,7]/(> i) of

A,. By the commutation relations, the right and left actions of I', commute: 7; o v = v o ~y; for
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v € V.. Therefore, by a combination of the left and right actions, V, attains the structure of a
A, ®r, A7P-module.

Remark 22. Let x,y € Z". Any two paths in @’ of length d(z,y) represent the same element of V.,
by the commutation relations. We define p,, to be the element of V, representing a path in Q' of
length d(z,y).

Lemma 23. Let 1 <i<r. The set
Bi:{pxyom | xvyGer m is a monomial in 715‘"7ryi—17’yi+17"'777”}5
is a basis for V.

Proof. We first demonstrate that B; is a spanning set of V.
The commutation relations for V; reduce any path from z to y in @’ to the form p,, oq,, where g, is
a monomial in 71, ...,v.. The Milnor relation reduces g, to a polynomial in v1,...,%i—1, Yit1,---,Vr

We now show that B; is linearly independent.
Let W, be the vector space with basis

{(xayvm) | ZE,yEZT, m is a monomial in Clv"'7Cifla<.-i+17"'a<7'}'

We define an action of V,. on W,.; via

fx o (y, Z, m) = 5:r:y(ya z,m),

((z,2,m), ifx+e =y, dx,2) =dy,z)+1,
O[x,jo(yazam) = (J:’Z?’yjm)’ 1fx+6] :y’d(x’Z) :d(y’Z)_ljj?éZ’
- ZI;Az'(x?Zame)? if x 4 €5 = y,d((lJ,Z) = d(y7 Z) - 17] =1,
0, otherwise.
(ZL‘,Z,’I?’L), lfl‘—6] :y,d($,2) :d(y,2)+l,
hotamy= | EEIM: g =nd) = dws) Lyt
—2uzi@ oz, ym),  ifx+e =y dz z)=d(y,z) —1,j =1,
0, otherwise.

This does in fact define an action. Indeed, we defined this action precisely in such a way that the
defining relations for V. are forced to hold.
Now observe that the V,-module W, is generated by {(z,x,1),x € Z"}. In fact, the image of B;
under the map
VioW,: v Zvo(m,x,l)
TEL"
is the defining basis for W,.. Therefore, B; is linearly independent. O

Corollary 24. Cy,(q)zy = (1 — A @Y | for iy e 20, O

Lemma 25. The actions of A, on V,. are free.
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Proof. We look at the right action. For x € Z", the map
Ay — fo Vi,

v frov,
is clearly surjective, and degree preserving. To see it is an isomorphism, we observe that the Hilbert
polynomials of the two sides agree. Indeed, by corollary summing over all y, we see the Hilbert
series of the right hand side is
1+q\" 2 —2
L ) (¢ ) s
) — - o

which is the Hilbert series of the left hand side. O

1I-A)'""A+2¢+2¢2+..) =1 - <

Let X C Z" be a Cubist subset. We now define our main objects of study.

Definition 26. The Cubist algebras associated to X are

Ux= U/ > U,
TELT\X

and

Vo= > fVily

T, yeX
Remark 27. Cy,(q)zy = (1 — q2)1_qu(“”y), for z,y € X.

Remark 28. The algebras U,, V. each have an anti-involution w, which swaps a, ; and by, ; (respec-
tively o ; and Bz, ). These anti-involutions descend to Uy, V.

Remark 29. When r = 1, the algebras Uy and Vy are all isomorphic to the field k.
When r = 2, the algebras Uy are all isomorphic to the Brauer tree algebra of an infinite line, and

the algebras Vy are all isomorphic to the preprojective algebra on an infinite line.
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[

FIGURE 5. Cubist algebras when r = 2.

The commutation relations for the preprojective algebras come from the commutation relations for
V5 at flat elements x € X and the Milnor relations at crooked elements. The commutation relations
for the Brauer tree algebras come from the supercommutation relations for Us at flat elements z € X
and the Heisenberg relations at crooked elements; the square relations for the Brauer tree algebras
come from the square relations for Uy at flat elements and the supercommutation relations at crooked
elements.

When r = 3, the algebras Uy are isomorphic to the rhombal algebras of Peach introduced in §[1.2]
The rhombus tilings are obtained from the Cubist subsets X by projecting the cubical complex Cy
onto a hyperplane, as described in §12.2. The star relations come from the Heisenberg relations for Us,
and the mirror relations from the supercommutation relations. The two rhombuses relations come in
two varieties: straight paths of length two in the rhombus tiling are zero (a consequence of the square
relations), and nonstraight paths of lenth two not bordering a single rhombus are zero (a consequence
of the supercommutation relations).

To obtain the original presentation of the rhombal algebras given by Peach, one has to use a different
presentation of Us. This alternative choice of signs is described in remark

5. HIGHEST WEIGHT CATEGORIES

In this section and the following one, we demonstrate that Uxy-mod, Vy-mod are graded highest
weight categories, in the sense of Cline, Parshall and Scott. As throughout the rest of the paper, we
frequently forget the word graded, and use the term ”highest weight category” as an abbreviation for
“graded highest weight category”.

Let X C Z" be a Cubist subset. The bijection A between X and its set of facets Fy established in
Proposition [10] gives rise to a partial order on X which usually does not coincide with the restriction
of the partial order on Z" that we have been employing.
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Proposition 30. X possesses a partial order =, generated by the relations x > y, for y € Ax.

Proof. We proceed by induction on r.
When r = 1, the set X has only one element, and the lemma is trivial.
Now assume r > 1. Let
c=a"-2t> .. -2l =2
be a loop in X. To prove the lemma, we show any such loop has length zero. Without loss of generality,
we may assume that x = 0.

Let us first observe that the loop must lie in the hyperplane Z"~! x 0 C Z". This is because by
definition 2! € \z* + F}; for some j, which implies that the last coordinate of 21 is less than or
equal to the last coordinate of z* Let us write Zp = X N (Z"~! x 0). We have proved the loop lies in
Zy.

Secondly, we prove that the loop must lie either in the subset Xy of 2y, or else in Zy\ Xy where
Xo={reZy|z—¢ X}
={reZy|=x+F;,j=1,..,r—1}.

Indeed, the loop cannot pass from Xy onto Zo\Xp, since if A(z') = 2° + F;, and j = 1,..,7 — 1 then
T = 2% + h, where h € F; N (Z""! x 0), and so h — ¢, € Fj, 2" + h — ¢, € X, which implies that
il ¢ Xp.

The relation = on Zy\AX is precisely the restriction of the relation > on Z"~! x 0, so there are no
loops in Zy\Xp.

Therefore, the loop must lie in Xy. By corollary 3] Xj is a Cubist subset of Z"~!. Therefore, by the
inductive hypothesis, our loop has length zero. O

Remark 31. Permuting indices 1 < ¢ < r with an element of the symmetric group 3,, we obtain an
alternative partial order on X. Indeed, conjugating > by elements of the symmetric group, we obtain
r! different partial orders on X'. The theorems of this paper hold for any such partial order.

Example 32. (1) Consider the flat Cubist subset H; = {z = (z1,...,2,) | z; =0} in Z". For
each x € H; we have Az = « + F}. So for all x,y € H;. x = y if and only if z; < y; for i <j
and x; > y; for ¢ > j.

(2) The partial order on the corner configuration Xc¢ is more subtle. Given z € Xo¢, we have
AT = 2 + Fy() where m(z) = min {i | 2; = 0}. We claim that 2 = y in Xcc if and only if the
following hold:

o m(@) = m(y),

o z; <y, if 1 <1< m(y),

o z; >y, if m(x) <i<r.
These conditions define a transitive relation on Xo¢ which clearly holds when y € Ax and
therefore when x > y. Conversely suppose that the conditions are satisfied for some x,y € Xo¢.
Then z = 20 = ... = 2(m@)-mW) = ¢ where ) € Xo¢ is defined by

W {0 if m(z) — j < i < m(x),

x; otherwise.
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Our proofs of the strong homological properties of the Cubist algebras, rely on the following com-
binatorial observation.

Proposition 33. For xz,y € X, the intersection Ax N py s a d-cube, for some dimension d.
If v # vy, and AxNpy # 0, then there exist some k € {1,...,r}, 0 € {1} such that x+oe, € AxNpy,
and d(x + o€, y) = d(z,y) — 1.

Proof. The intersection of x+ F; with y+ Cj is certainly a d-cube for some d. Indeed, if it is nonempty,
this subset of the (r — 1)-cube x + F; is carved out by a number of inequalities on coordinates.

The second statement of the proposition is trivial when r» = 1. Let us assume that the proposition
is true for all Cubist subsets of Z"~!. Let X be a Cubist subset of Z". We prove that the proposition
is true for X', and thereby for any Cubist subset, by induction. We assume that Az N uy # 0 for
some x # y, and demonstrate the existence of some coordinate k so that the proposition is satisfied.
Without loss of generality, y = 0.

Case 1. \y = F,, \x = x + F,. Therefore, uy = Zgl X ZNX. Then x € py, and = + ¢; € py, for
some ¢ < 1, and the proposition holds for k£ = 1.

Case 2. \y = F., x = x + F;, for some i < r. Again, puy = (ngol x Z) N X. We claim that the
intersection of py with Ay is empty. Indeed, suppose for a contradiction that this set is non-empty,
and there exists z € Xy N uy C (ZZ)1 x 0)NX. Then z — ¢, € X. Since z < 0, we have z — ¢, < —¢,.
Therefore —¢, € X+, and €] + ...+ 6,1 € XT[1]. Thus €1 + ...+ ¢_1 ¢ X. However, \y = F, by
assumption, so €1 + ...+ €._1 € X, realising our contradiction.

We may now observe that the existence of a nontrivial intersection between uy and Az implies the

rt" coordinate of & must be strictly greater than zero, and the proposition holds for k = r.

Case 3. \y = F; for some ¢ < r, Az = x + F,.. Suppose there is a non trivial intersection Az N py.
Then py = Zi<_()1 X 7 X Z;‘Oi. If the j** coordinate of z is strictly less than zero for some j < i, then
the propositio}l holds for k = 7.

If the 1%, ...,i — 1" coordinates of x are equal to zero, let us observe the i** coordinate of z is

1" coordinates of x

strictly less than zero. Indeed, suppose for a contradiction that the 1%¢,... i —
are equal to zero, and the i** coordinate of x is greater than, or equal to zero. Let z € Az N puy. We

may assume that z € z + (0° x {0,1}"7%). Thus, 2z € ZigN X, and z+ € + ... + & € X. Thus,

e1+...+t6€X,80 —€41—...— 6 € X[1], and —€;41 — ... — ¢, ¢ X. However, \y = Fj, and so
—€i41 — ... — € € X, giving a contradiction.
When the 1%, ... i — 1'" coordinates of = are equal to zero, we may now observe the truth of the

proposition for k = i.

Case 4. \y = F;,\x = x + F} for some ¢,j7 < r. Then either the " coordinate of z is strictly
greater than zero, in which case the proposition holds for & = r, or else x € &), in which case the
induction hypothesis gives the result. O

Corollary 34. If x # y € X, and A\x N py is non-empty, then there exists a (d —1)-cube C, an integer
ke{l,...,r}, and o € {£1}, such that

Az Npy =C+{0,0¢;},
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and such that for all c € C,
d(z,c+ oe) = d(x,c) + 1,
d(c+ oex,y) =d(c,y) — 1.
Proof. By proposition[33] there exists a (r —2)-cube C’ such that Az = C'+{0, o€}, and for all ¢ € (’,

we have d(z + oex, y) = d(z,y) — 1, d(y,c+ oex) = d(y,¢) — 1, and ¢ € py exactly when ¢ + oei, € py.
The corollary follows upon putting C = C' N uy. g

Let DVX (¢) be the X x X matrix, whose xy entry is gy if y € pz, and zero otherwise.
Let DUX(q) be the X x X matrix, whose xy entry is =y if y € Az, and zero otherwise.
(We shall eventually show that these are equal to the decomposition matrices Dy, (¢) and Dy, (q).)

Lemma 35.

Dy (q) Dy, (—a)" = 1.
Proof. For x,y € X, the zy entry is equal to

Z g®2) (_q)d(zvy)_

zEATNUY

If Az N py = (), then this sum is equal to zero.
If x # y, and Az N py is non-empty, the previous corollary shows that this sum is equal to

Z(_l)d(c—i—aek,,y) (qd(x,c+ask)+d(c+oek,y) - qd(x,c)—l—d(c,y)) —0.
ceC

If x =y, then Az N py = {z}, and the sum is equal to 1. O
Corollary 36. Let x,y € X. If x € py, then x = y.

Proof. The matrix ]_NDUX (¢) is lower unitriangular with respect to »=. Therefore its inverse is also lower
unitriangular, with respect to =°P. O

Let 1 <4 <r. Consider the subalgebra P; of V, generated by elements
{fer Bats ooy Bryim1s Qajig1y - - Qg | ¢ € Z7}
Let L(z) be the simple P;-module corresponding to = € Z". Let
Av,i(z) =V, @p, L(z),
a Vy-module. Let Q; = k[f1, ..., Bi—1,®it1, ..., a;] a polynomial subalgebra of A, in r — 1 variables.

Lemma 37. The algebra P; is free over Q; with basis {f, | x € Z"}. The algebra V, is free over P;
with a basis {bo 1| b€ B;}, where

B; ={monomials in ai,...,;, Bit1,--.,0r}

U {monomials in ai,...,ca;—1,5i,...,0:}.
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Proof. By Lemma [25, the action of A, on V, is free, with basis {f, | = € Z"}. The commutative
algebra €; acts freely on A,., with basis B;. Hence

= @hok = @@k = @on

TEL" TEZ" beEB; beB;
the action of Q; on P; is free with basis {f,} and the action of P; on V; is free with basis {bo 1| b €
B;}. d

Let X C Z" be a Cubist subset. Given z € X, we have Az = = + F;, for some i.

Corollary 38. Letx € X', 1 <¢ <.

[Avi(@): L)y = > ¢",

zex+C;
[fxAvi, () : L(©)]lg = Dy (q)ay O
Lemma 39. Let x € X. Then Ay, (z), the standard Vy-module corresponding to X with respect to
=P possesses a linear projective resolution:

.= EB Va fy(2) — @ Vafy(l) — Vafo — Avy(z).

YEAT YyEAT
d(x,y)=2 d(z,y)=1

Furthermore, Ay, (z) = fyAv, (x), and consequently Dy, (q) = Dy, (q).

Proof. We first prove the existence of a linear projective resolution for Ay, (x), before deducing the
standard property.
In fact, we first reveal a linear projective resolution of

Ay =V, ®q, k,

for 1 <4 < r, where k is the unique graded simple €2;-module. Note that

Ay; =2 V. ®p, (@ foi> ®o, k = V. ®p @ L(xz) = @ Avy(z)

x€Zr z€Z" P/
as V,-modules, and therefore Ay ;(x) possesses a linear projective resolution. In case i = i, applying
the exact functor ®©ycx Hom(V; fz, —), we obtain a linear projective resolution of Ay, (z).
How to obtain the linear projective resolution of Ay; 7 Recall that €2; is a Koszul algebra, whose
Koszul complex

k[ﬂl)' . 'aﬁi—]nai-‘rlv .. ‘7ar] ®k \/(ﬁla R 7/8i—17a’i+17- . 'aaT) - k

defines a linear projective resolution of o, k. Here, we write \/(WW) for the vector space dual of A(WW*).
Note that A(W?*) is Koszul dual to S(W) = k[W*].

Recall that P; acts freely on V.. Furthermore, ; acts freely on P;. Therefore, tensoring the Koszul
complex for §2; with V. over €);, we obtain a linear projective resolution of V.-modules,

Ve QB - Bt g, o] @ \(Bus - Bicn, i an)
Q;

-V, @k = Av,.
Q;
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Let x € X. Taking a direct summand of this complex, in case ¢ = i,, we obtain a linear projective
resolution of Ay;_ (z), whose term in differential degree d is

P Viforn @k,
heF;,|h|=d
where &, = 5,% V...V§, and

B;  if the coefficient of €; in h is 1
§{L =<1 if the coefficient of ¢; in [ is 0
a;  if the coefficient of €; in h is —1
for h € F;,. Note that all the projective indecomposable terms in this complex are indexed by
elements of X. Therefore, applying the exact functor @,cxHom(V, fy,—), we obtain a projective
linear resolution of the Vy-module fyAy;, (x), as described in the statement of the lemma.

Looking at the first two terms in our resolution, and observing that x +¢; <z for j =1,...,i, — 1,
and x —e; <z for j =i, +1,...,7, we perceive that fxAy; (x) surjects onto the standard module at
x. However, we also know that y > z, for y € pz, and so every composition factor L(y) of fxAvy,, ()
satisfies y = x. Therefore, fxAvy,;, (z) is a standard module Ay, (z) for Vy. O

Theorem 40. Vy-mod is a highest weight category, with respect to =°P.

Proof. Thanks to the linear resolution of standard modules, we have the formula

Dy (—q)Cv, () = Dy, (q).

Together with proposition 35 and the identification Dy, (q) = Dy (q), this implies that
CVX (q) = DVX (Q)TDVX (Q)

Now that this numerical manifestation of the highest weight property is evident, we may appeal
to a standard argument due to Dlab [9]. Let A = Vy. The existence of the (graded) highest weight
structure is equivalent to the surjective multiplication map

Afs - foA . 2 yra AfyA

Zy>x AfyAfx Zy>x fl"AfyA Zy>x AfyA
being an isomorphism, for all x € X. Keeping in mind that we have an anitautomorphism w of A fixing
each f;, we see that this is equivalent to the sum over x € X of the Hilbert series of f,A(z) ®j f.r A(z)

AfyA
being equal to the sum over x of the Hilbert series of fz%‘tI—A;ZA for, for all z, 2/ € X. This is precisely
y-x

the formula,

Cvy (q)zer = (DVX (q)TDVX (q))zz’ )
O

Remark 41. We are using a slightly different notion of highest weight category than that introduced
by Cline, Parshall and Scott. We filter projective objects by standard modules, rather than injectives
by costandards. Furthermore, we do not assume the finite interval property holds with respect to our
partial order <. In other words, we do not assume that {z | x < z < y} to be finite, for all z,y € X

The following theorem can be proved by the dual of an argument given by Cline, Parshall and Scott
(8], Theorem 3.9(a)).
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Theorem 42. Suppose that X possesses the finite interval property. Let Ty C X be an ideal relative
to 2. Let Vi, be the quotient of Vx by the ideal generated by fy,x € X\7;.
There is a full embedding of derived categories,

Db(Vy-mod) < DP(Vy-mod).

We conclude this section by observing the finite interval property does hold for those Cubist sets
which are obtained from the corner configuration X¢o¢o by removing finitely many boxes.

Lemma 43. Suppose that X~ is obtained from the corner configuration X by removing finitely
many elements. Then set {z € X | © < z <y} is finite for all x,y € X.

Proof. The finite interval property holds for Xo¢, by example [32(2). O

6. STANDARD KOSZULITY

Theorem 44. U, and V, are Koszul dual.

Proof. Note that A, is a Koszul algebra, whose Koszul complex
Ay @k (AL — E,

defines a linear projective resolution of 5 k. (More generally, any commutative complete intersection
with quadratic regular sequence is Koszul, see [12, §3.1].) Tensoring over with V,. over A,, we obtain
a linear projective resolution,

v, (Ar ®% (A;)*) —V, Rk =V,
Ar A

of the degree zero part of V... The Koszul dual of V, is equal to its quadratic dual, namely U,.. O

Let 7 be a finite truncation of the poset (X, =°P). Thus 7 is the intersection of an ideal 77, and
a coideal 73 in X, and 7 has finitely many elements. Since Vy-mod has a highest weight module

category, it has a finite dimensional subquotient V7, which is quasi-hereditary, and whose simple
modules are indexed by 7 ([8], Theorem 3.9).

Proposition 45. Standard modules for Vi have linear projective resolutions. Vr is Koszul.
The Koszul dual VT!— of V1 is quasi-hereditary, with respect to ». Standard modules for V% have
linear projective resolutions.

Proof. Let t € T. Let X(t,N) be a Cubist subset of Z" defined as in Lemma [15. Thus X (¢, N) is
identical to X in the region of radius N about ¢, and is obtained by removing finitely many boxes from
a shift of the Corner configuration. We know by Lemma 43 that X (¢, V) satisfies the finite interval
property. Note that for N >> 0, the finite truncation V7 is also a finite truncation of Vx (¢, N).
Replacing X by X (¢, N) for some N >> 0, if necessary, we may now assume that X possesses the
finite interval property.
Let A(s) be a standard Vy-module. By Lemma [39] we have a linear projective resolution,

@ Va fo = Als),

ters
of A(s). The term Vy f; rests in homological degree d(s,t).
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We first prove that standard modules for V7; have linear projective resolutions. Indeed, let L be a
simple Vz;-module, and assume s € 7;. We have, by Lemma

Exty, moa(L(j), A(s)) = Exty, mea(L{j), A(s)).
Therefore, our linear projective resolution of A(s) in Vy-mod descends to a linear projective resolution
of A(s) in Vz;-mod.

Let s € 7. Let fr = > ,c7 ft- A standard module for V7 is obtained by applying the functor
Homy, (Vx, fr,—) to the standard Vz;-module A(s). Applying this functor to our resolution of A(s),
we obtain a linear resolution of f7rA(s), as required. The terms in this resolution are projective,
because they are sums of modules frVz f; such that t € As N 7;; and therefore ¢ =P s, and t €
TiNT,="T.

We have proved that the algebra V7 is a ‘Standard Koszul algebra’, in the sense of Agoston, Dlab,
and Lukdcs [1]. In other words, V7 is a quasi-hereditary algebra, all of whose standard modules have
linear projective resolutions. These authors have proved that such algebras are always Koszul, and
that their Koszul duals are standard Koszul, with respect to the opposite ordering. Therefore V7 is
Koszul, and V} is standard Koszul with respect to >. O

Theorem 46. Vy is Koszul.

Proof. Let x € X. Let X(x,N) be a Cubist subset of Z" defined in Lemma [15. Thus X(z, N) is
identical to X in the region of radius NV about z, and is obtained by removing finitely many boxes from
a shift of the Corner configuration. We know by Lemma [43] that X' (z, N) satisfies the finite interval
property. Consequently there exists a finite subset 7 (z, N) of X'(z, N), which is the intersection of
an ideal and a coideal, and contains the region of radius N about z. The algebra Vr(, x) is therefore
Koszul by the previous theorem. In particular, Vi, n) is a quadratic algebra, and as this is true for all
x, N, the algebra Vy is quadratic. Let K be the Koszul complex associated to the quadratic algebra
Vx. Thus, K = @y~ Kn is the sum of complexes

Ky = @ (V)i © (Vi)
i+j=N
To prove that Vy is Koszul, it suffices to show that f, Ky is exact for all x, and all N > 1. This is
true, however, because we can identify f, Ky with the corresponding summand of the Koszul complex
of V’T(:Jc, N)- O

Proposition 47. Vy is isomorphic to the path algebra of the quiver with vertices

{fa |z € X},

and arrows
{ozi|z,x+e6 € XYU{B,; | z,x — ¢ € XY},
modulo the ideal generated by quadratic relations,
CQg,iQgte;,j — Qu,jQute;i = 0 (xa T+E€,T+€,T+€6+€C X),
BrilBe—eij = BrjBi—ec;i =0 (v, 2 — €, 7 — €j,7 — & — € € X),
O‘z,iﬂaﬂrq,j - ﬂx,jaxfej,i =0 (xam T €, —€,T+€ —¢€ € X)v
1<i,j<r, 1i#}],
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ng,i"?x,i =0 (33 S Xcrooked)v
[

where
(/Br,iaaz—ei)a Zf-r — € S X
(Qzis Brve i)y  ifx—e ¢ X.

Proof. Since Vy is Koszul, it is generated in degrees zero and one, modulo the ideal generated by qua-

(gﬂv,ia 77171) = {

dratic relations. In degrees zero and one, by definition Vy has a basis as described in the proposition.
It remains to check the quadratic relations between these generators.

The commutation relations between generators of Vy are visible as the first three families of relations
given in the proposition. The Milnor relation at z is inherited from V, if z is crooked. However, the
degree two part of f,Vyf, has dimension r — 1, and when z is flat, the Milnor relation need not be
invoked to demonstrate that the elements {3, jaz—;,j # i(x)} form a basis for this space. O

Corollary 48. If x,y € X, then dyx(x,y) = dgr(z,y). O

The Koszul dual of Vy is equal to the quadratic dual V/{g. The quadratic presentation of V/{g is by
the quiver with vertices,
{ex |z € X}
arrows,
{azi |z, 0+ €6 € X} U{by; |z, — € € X},
and relations,
UgiGpte;i =0 (x € X, v4+¢6 € X, v+ 26 € X),
bpiby—e,i=0(reX, v —¢ € X,z —2 € X),
1< <.
Az iQte;j + Oz jOpte;i =0 (2,7 + € +¢5 € X),
bribr—e;j + bz jbre;i =0 (,0 — 6 — € € X),
Az ibre; j+ bz jz—c;i =0 (2,0 + 6 — € € X),
1<id,j<r i#]
by iGr—e;i + Qzibate;i = brit10z—cipy 100 T Qait10ntepy 15
(reX)1<i<r.
Here, the term a; ;a,4,, ; is defined to be zero if x + ¢; is not an element of . The same convention
applies to any term in the last four relations.

Lemma 49. V)!( s a locally finite dimensional algebra.

Proof. The relations allow an element of degree 21 to be written as a sum of elements,
cody L dh o€, {d,d} = {a,b}.

1
ol *

by the supercommutation relations, and there exists such a path through each vertex of the r-cube.

The term c . ¢y, represents a path of length r across an r-cube. All such paths are equal up to sign,
However, no r-cube is a subset of X', so this term is equal to zero in V)!(. O

Because V3 = E:L't’{,x(Vo, V9) is locally finite dimensional, we have the following fact:
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Corollary 50. Vy has finite global dimension. [

Corollary 51. There is a recollement of derived categories,
Db(V,-mod) = D®(V,-mod) = D®(Vy-mod).

Proof. Since Vx has finite global dimension, a theorem of Cline, Parshall, and Scott implies that
the map D’(V,-mod) — DP(Vy-mod) extends to a recollement of derived categories ([8], Theorem
2.3). Here, D?(V,-mod)y is the category of complexes of modules, whose homology is given by simple
modules outside X' 0

Theorem 52. We have an isomorphism, V)!( & Uy. In other words, Uy is Koszul dual to Vy.

Proof. The relations for V)!( are precisely the relations for U,, modulo the relation ey = 0. Therefore,
there exists a surjection V)!( — U, /UrexU, = Uy of graded algebras.
Thanks to the aforementioned recollement, there exists a surjection,

U, = Baty, (VO,V0) — Ext}, (V9 V) = Vi,

in the kernel of which lies U,.eyxU,. Thus, we have a surjection Uy — V/{g of graded algebras.

We have proved the existence of graded surjections from V)!( to Uy, and back. Such maps preserve
homogeneous spaces of projective indecomposable modules, which are finite dimensional. Each of
these surjections is therefore an isomorphism. O

Corollary 53. There is an equivalence of derived categories,
Db(Uy-mod) = D?(Vy-mod).

Proof. By a theorem of Beilinson, Ginzburg, and Soergel, such an equivalence holds for a general pair
of Koszul dual algebras, one of which is locally finite dimensional ([2], Theorem 2.12.6). O

Corollary 54. There is a recollement of derived categories,
DY(Uz-mod) = D®(U,-mod) = DY(U,-mod)™.

Proof. Since Vy is equal to fxV fx, we know that Ext’i]r(S, T) = Ext@X(S, T), for all simple Uy-
modules S,T. By functorality, Exty; (M,T) = Exty, (M, T), for all finite dimensional Uy-modules
M, and all simple Ux-modules T'. Again by functorality, we find that Ext;; (M, N) = Bty (M,N),
for all finite dimensional Uy-modules M, N.

A theorem of Cline, Parshall and Scott allows us to deduce that the map D?(Uy-mod) — D®(U,-mod)
extends to a recollement ([7], Theorem 3.1). Here, D®(U,-mod)?¥ is the quotient category of D®(U,-mod)
by the thick subcategory D’(Ux-mod). 0

Corollary 55. Uxy-mod is a highest weight category, with respect to =. Standard modules possess

linear projective resolutions.

Proof. For x € X, N > 0, let X(z, N) be a Cubist subset which can be identified with X" in a box of
diameter N around z, such that X' (z, N) is obtained by removing boxes from a translate of the corner
configuration. Such an X'(z, N) has the finite interval property, and therefore for all finite truncations
T (z, N), the algebra Ur(, n) Koszul dual to Vr(, y) is standard Koszul. Because Uy is locally finite
dimensional, Uy can be identified with Uz, y) in a large region around z, so long as N is large enough.
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For this reason, the regular Uy-module possesses a A-filtration. As the Koszulity of Vr(, ny implied
the Koszulity of Vy in the proof of theorem now the existence of linear projective resolutions
for standard Uz, n)-modules imply the existence of linear projective resolutions for standard Ux-
modules. g

Lemma 56. The standard module Ay, (x) of Ux has a basis {q, | y € Az}, with g, in degree d(y,x).
If y,y € Az and d(y',z) = d(y',y) + d(y,x), then vyyqy = £q,. In particular, Ay, (x) has simple
socle L(z°P)(w).

Proof. Let K~! : D*(Vy-mod) — D?(Ux-mod) be the inverse Koszul duality functor (see [2, Theorem
1.2.6]). Then K~!is a triangulated functor such that K ~1(M(n)) = K=Y(M)[-n](—n), K~ (Vye,) =
L(z), and K~Y(L(z)) = U%e,. By Lemmal39}, we deduce that K ~1(Ay, (x)) is quasiisomorphic to a
module M whose composition factors are described by the matrix Dy, (¢). Moreover, by Lemma 38|
yeuz,d(y,e)=1Uyey(—1) — .... Hence M is the costandard
module of Uy associated to the simple module L(z), and Ay, = M*, the corresponding standard

M has an injective resolution Uye, — @

module, also has composition factors given by Dy, (¢). By comparing Dy, (¢) with Cy, (q), we deduce
that the images ¢y, ¥ € Az of v, 2, y € Az under a surjective homomorphism Uye, — Ax(z) form a
basis for Ay (z), and furthermore we have 7,,q, = ¢, whenever d(y',z) = d(y',y) + d(y, x). O

Corollary 57.
CUX (q) - DUX (q)TDUX (Q)

Definition 58. Let x € X. We call the standard Ux-module Ay, (x) the facetious module correspond-
ing to \x. It is a graded Ux-module whose head is L(x), and whose Hilbert series is ), ¢\, =Y L(y).

Theorem 59. Uy, and Vx have homogeneous cellular bases. For either algebra, there is a canonical

choice of such basis, with respect to our fixed generators.

Proof. Let X C Z" be a Cubist subset. The cellularity is immediate from the definition of S. Konig
and C. Xi [16, Corollary 4.2]: a quasi-hereditary algebra which has a decomposition by primitive
idempotents each fixed by an anti-involution is cellular. Our anti-involution is w, which swaps a ;
and by, ; (respectively o, ; and B, ;). The grading on our algebras is compatible with the highest
weight structure, and therefore with the cellular structure. Cellular bases can be canonically defined
with respect to the generators of Uy, Vy, because the g-decomposition numbers are all monomials. [

7. SYMMETRY

Before proving an algebraic property of the Cubist algebras, we must always do some combinatorics.
Let us prove some lemmas, before we deduce the symmetry of Uy. ..

Let wg be the longest element of ¥,.. Let the standard partial order be the partial order explicitly
written down in the paper.

Lemma 60. Fiz a partial order = on X. The map x — z°P which takes x to its opposite in Ax is
bijective.

Proof. Let A : X — Fx be the map defined by the standard partial order =. Let N : X — Fx be
the map defined by the partial order =“°. Since 2°? = N ~!\(z), and A\, ) are bijective, the lemma
holds. O
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Lemma 61. Let x,y be distinct elements of X. Then there exists a facet F' of X such that x € F and
y¢F.

Proof. Because Cy is homeomorphic to R"™!, any d-cube C in X can be characterised as the intersec-
tion of facets containing C. For this reason, P, can be characterised as the largest subcomplex of Cx
whose vertices are all contained in P,. However, since x,y are distinct, we have P, # P,. Therefore,
some vertex of P, is not a vertex of P,. This completes the proof of the lemma. O

Definition 62. Let x € X, and let & be a facet of X containing x. Let

a; ifx+e €E,
§i=qbi fr—e €,
1 otherwise,

fori=1,...,r. Let s(§) to be the order of the set {&; | & = b;}.
Definition 63. Let F, ={{ € Fx |z €&}, forz € X

Lemma 64. If £, &' € F,, then there is a sequence &€ = &9, &Y. .. € = ¢ in F,, such that € NETL s
an r — 2-cube.

Proof. The polytope P, has a 1-skeleton whose vertices correspond to elements of F,, and whose edges
correspond to r — 2-cubes containing x. The poset of faces of P, ordered by inclusion is the opposite
of the poset of cubes containing x, ordered by inculsion. The 1-skeleton of any polytope is connected.
Therefore, the lemma holds. O

Lemma 65. Suppose that &, 1 € Fx, and that £ENn is an r — 2-cube. Then one of the following holds:

(a) There exists i € [1,7], such that & = a;,n; = b, and & = ny, for k € [1,r], k # 1.

(b) There exists i € [1,r], such that & = b;,m; = a;, and & = ng for k € [1,r], k #i.

(¢) There exist distinct i,j € [1,7], such that (&,&;) = (a;,1), (ni,n5) = (1,a5), and & = ny for
kell,r],k+#i,j.

(d) There exist distinct i,j € [1,7], such that (&,&;) = (bi, 1), (s, m;) = (1,b5), and & = ny, for
ke lr]k#ij.
Proof. We only need eliminate a couple of possibilities. The first is the existence of distinct i, 5 € [1, 7],
such that (&,&;) = (ai, 1), (mi,m;) = (1,b5), and & = g for k € [1,7],k # 4,j. However, such an
arrangement implies that z¢ = x + Zk,$+6k€f e € C X, aswell as x; = — Zk@_%@] erENCX.
Thus x,), xy[1] = ¢ € X, which cannot happen.

The remaining possibility is the existence of distinct 4, j € [1,7], such that (&,&;) = (a, 1), (ni,1;) =
(1,b5), and &, = ny, for k € [1,7],k # 4, j. This we can eliminate for identical reasons. O

Lemma 66. Let x € X, and let £, be facets of X containing x. Then

(=1)*@ep 08 .. 616 1. &8 = (=1)*Degon . onp_1n 4 ... 0%,

and these are non-zero elements of Uy.

Proof. The written elements of Uy are non-zero, by the cellularity of Uy. By lemma (64, we may
assume that £ N7 is an 7 — 2-cube. By lemma (65, we should check cases (a)-(d).
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Case (a): By the supercommutation relations, the left hand side is equal to

(—1)* @y 081 &gt .. Eraibi€? . E8 €8 €7,
whilst the right hand side is equal to

(1)t e, 08 G1binr .. &b €5 EL .. &Y.
Let j # i be that number such that §; = n; = 1. The difference of the left and right hand side is

(—1)*@ep 081 &1&ipr .. Er(aibi + bia)E8 .. €468 . €,

which is equal to

(—1)*@eg 08 .. Gir&ipr .- &lab; + bjaj)& . E5.67 . €&,

by the Heisenberg relation. Note that z—3, . c.€x € X, and so its shift, x+€;+> 3 . cer ¢ X,
and thus

er0&1...& 1811 ... §ra; = Teg 0 a; H &k H &k =0.
k,x+e €€ kx—ep€€
Similarly, ez 0&1...&-1&+1-..&-b; = 0, and we have proved the difference of left and right hand side
is zero.

Case (b) is proved identically to case (a).
Case (c): The left hand side is equal to
(—1)*©ey 081 Girbir .. &rabi€? . £ EF .. €Y,
whilst the right hand side is equal to
(—1)*®eg 01 .. & 1&j 11 ... E&rabi€s €268 €.
By the Heisenberg relations, we have
(—1)*®eg 08y &o1&igr .. & (aibs + biag)E2 .. E54E7 .. & =
(—1*Oezo&r &agnn - Erlaghy +bjag)&y . 656 - &

However, z —¢; = Zk,x—ekeg €, € X, and so its shift, x + Zk,ereiG{ er ¢ X, and thus
€x O fl .. -Ei—lfi—&-l ce frbi = ie;,; e} bi H &c H fk =0.

kx—er€€  kaxtep€l
Similarly, e; 0 &1 ... &—1§j41 ... &:bj = 0, and we have proved the equality of left and right hand side.
Case (d) is proved identically to case (c). O

Lemma 67. Let F' be a facet of a cubist set X, containing an element x. Then there exists o € X,
such that F' =z + F7.

Proof. We have

F = :U+Zaj6j+ Z ajej, a; =0,1
Jes JESu{i}
for some S C {1,...,r} and i ¢ S. Let o be some element of ¥,, such that o({1,...,|S|})=S. O

Theorem 68. Uy is symmetric.
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Proof. Let us define a bilinear form on Uy by the formula

(ui,u2) = Z c(ug.uz),
zeX
where c(u) the coefficient of the element (—1)%(©)¢; ... &€Y ... & of lemma 66 in u. The form is
clearly associative. Let us prove its non-degeneracy.

By lemma [66, we know that the the degree 2r — 2 part of Uy is isomorphic to kX as a Ux-Ux-
bimodule, and that Uy vanishes in degree 2r — 1. Therefore, let 0 # u € e;Uxe, be homogeneous of
degree i < 2r — 2. We are required to show that U;O.u # 0. Suppose not. Then the socle of Uxe,
contains a summand isomorphic to L(z)(i). Hence the same is true of the socle of one of the factors
Ay, (2){d(2,9)), y € Az in a standard filtration of Uye,. By Lemma 60 there is a unique z € X such
that 27 = z, and by Lemma 56 we must have y € Az and i = d(z,y) +r — 1. In particular we have
y# .

Now the above argument remains valid for any conjugate of the partial order on X. By Lemma 61
there is a facet F of X such that z € F and y ¢ F. Let 2’ be the vertex of F opposite z. By lemmal67,
we may choose a partial order =’ on X, with respect to which Nz’ = F. Then 2/? = z with respect
to N, but y ¢ N2/, which is a contradiction.

Let us finally observe that (,) is symmetric. We need to see that the Nakayama automorphism N
of Uy, defined by

(l’,y) - (N@/)’x)?

is trivial. The Nakayama automorphism is a graded homomorphism, so it is enough to know that
N(x) = =, for arrows x, since these generate Uy. The explicit formula of lemma (66| makes this
clear. 0

Corollary 69. FEvery principal indecomposable Uy -module has radical length 2r — 1. The global
dimension of Vy is 2r — 1.

Corollary 70. Uy is Ringel self-dual.
Proof. Projective modules are also injective, and therefore tilting. O

R. Martinez-Villa has characterised Koszul self-injective algebras by a noncommutative Gorenstein
property [18], providing a corollary to theorem [68:

Corollary 71. There is an isomorphism of graded kX -kX -bimodules,
E'rtr/x-mod(k‘)c‘v VX) = kX<27“ — 2>\:|

Let A be a Z-graded algebra. Let A-nil be the Serre subcategory of A-mod, of modules on which
A~ acts nilpotently. Let

A-Qmod = A-mod /A-nil,

the non-commutative analogue of coherent sheaves on a projective scheme Proj(A) associated to a
commutative graded algebra A. Let A-qmod be the subcategory of A-Qmod of graded Vy-modules
with projective resolutions whose terms are all finitely generated. A theorem of R. Martinez-Villa and
A. Martsinkovsky [19] provides a second corollary to theorem
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Corollary 72. (Serre duality) For graded Vy-modules M, N, we have,

Emt%/X-qmod(M’ N) = Ewt%/g;gr;z)d(N’ M<—2’I" + 2>)*|:|

Note that in the above duality, we do not twist the module N by an automorphism of Vy. The
absence of such an automorphism (canonical bundle) is known to some as the Calabi-Yau property.
The Calabi-Yau dimension of Vy-qmod is 2r — 3. In particular, when r = 3, these categories have
Calabi-Yau dimension 3. String theorists are said to be interested in such things.

To end this section, let us give a few definitions concerning the algebra Uy which will be of some
application in the sequel.

Definition 73. Let w : kQ — kQ be the graded antiautomorphism, defined by w(ez) = ez, w(az i) =
boteiis W(bei) = Gp—e,i- We have w(R) = R , so w defines antiautomorphisms on U, and Ux which
we still call w.

Given a graded Uy-module V = @V}, we make the dual V* = &(V*),, = ®V*, a graded Uy-module
via (ug)(v) = d(w(u)v).

Definition 74. Let k be the automorphism of Z" defined by k(z) = —x.

Then G = Z" x (k) acts as a group of automorphisms on Z" (the Z" by translations) and thus as a
group of automorphisms of kQ, with g(ez) = €425 9(ax,i) = ag(z),; and g(bz ;) = by(y; if g € Z"; and
K(az,i) = by(z)i and K(byi) = agr),; if g ¢ Z".

Let z = (z1,...,2), y = (y1,...,yr) € Z". All paths in @ from z to y of shortest length have the
same image in U,, up to sign, by virtue of the anticommutation relations. In order to be precise, we
make the following

Definition 75. Let v, € Q be the path of shortest length starting at x, visiting (yi,22,...,%p),
(Y1,Y2, 23, -« s Tn), vy (Y1y--vyYn—1,Tpn) in succession and ending at y.

8. DERIVED EQUIVALENCES

In this section we show how certain mutations of Cubist subsets correspond to derived equivalences
of Cubist algebras. These ‘flips’ play an important role in the study of rhombus tilings (see, e.g., [17,

§2]).

Lemma 76. Let X be a Cubist subset of Z" and let z € X. Then the following statements are
equivalent.

(1) z is a mazximal element of X with respect to the partial order <.

(2) Forallx € Z", if z[-1] <z < z, thenx € X.

(3) The subset X' of ZI" obtained from X be replacing z by z|—1] is a Cubist subset.
(4)

4) The polytope P, is an r — 1-simplex.

For most of the remainder of this section we fix a Cubist subset X C Z" and an element 2z € X
satisfying the conditions of the Lemma. Our aim is the following result
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Theorem 77. There exists an equivalence of triangulated categories
F : D*(Uy-mod) = Db(Ux-mod)

such that F(X(n)) =2 F(X)(n) for X € D*(Uy-mod) and n € Z. Moreover, for all x € Z", we have
F(U'ey) =T, where I'y is a complex explicitly described in §8.2.

8.1. Structure around a flip. We begin by describing the structure of Uy near z. Given n € Z, let

" —q" -1
[nlg = ——F € Zlg,q" ]
T g—q?
be the associated ‘quantum integer’. Note that [—n] = —[n].
Lemma 78. (1) The element C, = e;b;;a,—, e, in Uy is independent of i.
(2) The elements
Va,2C5 z[-ll <z <z 0<s<r—1-d(zx2)

form a basis of Uye,, and the elements
e z[-l]<x <z, 0<s<r—1-d(zx)
form a basis of e,Ux.
(3) We have Cuyp(q)zy = ¢~ 95 4+ g =m¥2 4 qd2) — g7 r — d(z, 7)),
(4) Suppose z[—1] < x < z and let p(7.) : Ure.(d(z,x)) — Uxey be the homomorphism defined
by right multiplication by 7y, 5. Then Homy, (Uxe.(n), coker(p(y.4))) =0 for all n € Z.

Proof. Part (1) is a consequence of the Heisenberg relations because z + ¢; ¢ X for all i. Define a
kQ@Q-module W with basis

{wzs| 2z[-1l]<x <z 0<s<r—1-d(zuz)}
with deg(w,,s) = d(z,z) + 2s and action

wes ify=um,
CyWg,s = .
Y 0 otherwise,

0 (—1)%Wgte; 541 fy=zand x+¢ € X,
yrs 0 otherwise,

(—1)wy—e, s fy=z, 02— X, and s#r—1—d(z, ),

by iWz,s = ’ .
T 0 otherwise,

where 0 = #{j € {1,...,i — 1} | y; = x; — 1}. It is easy to check that the defining relations of U,

hold, and that W is annihilated by e, for all x ¢ X. Hence W is a Uy-module. There is a unique
homomorphism ¢ : Uxe, — W such that ¢(e.) = w; 0. We have 1(v;,.(5) = wy s, 50 ¢ is surjective.

The dimension of W is
"\ . " r—1 1
3 <r_d<z,x>>:2<,> :rz(j_J:rg |

z[—1]<z<z j=1 J j=1
On the other hand the dimension of Uxe, is ) Dy, (1)y-Dy, (1)yz, where the sum is over all z,y

such that z,y € Az. This is also 72", since z is contained in exactly r facets of X', by Lemma, [76!
We deduce that ¢ is an isomorphism and that the first half of part (2) is true. The second half is
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obtained by applying the antiautomorphism w. Part (3) is follows immediately. The last part is also
a consequence of the second, because

Homyr,, (Uxe. (n), coker(p(7z.))) = (%>

€z UX’Yz,x

8.2. The tilting complex. For each x € Z" we define
I — cone(Uxe,(d(z,x)) PO=g) Uxez) if z[-1] <z <z,
.=
Uxey otherwise.

So each I'; is a complex of projective Uy-modules concentrated in homological degrees —1 and 0.
Observe that I, is contractible and that I',[_;j is isomorphic to Uxe.(r)[1]. Hence I', is nonzero as
an object of D’(Uxy-mod) if and only if z € &”.

Proposition 79. The complexes T, satisfy the hypotheses of Theorem/|[16.

Proof. The generation condition clearly holds, because Uxe, = T',;_yj(—7)[~1] and, for all x # z,
Uxey is isomorphic to I'; or to the cone of a morphism from I'y, to Uye,(d(z,z))[—1]. So it remains
to prove that for z,2’ € X and m,n € Z with m # 0,

Hom pb (17, -mod) Iz (n), Tor[m]) = 0.

This is clear unless m = 1 or m = —1, since I';, and I'» are complexes concentrated in degree —1 and
0. Thus it suffices to show that Homy,, (Uxe.(n), H*(I',)) = 0 and Homy,, (H°(T';)(n), Uye,) = 0 for
all n € Z. The first is true by Lemma [78 and the second follows because Uy is a symmetric algebra
(Theorem [68)). O

We form the graded endomorphism ring
E = @®nezbn, By = @4 yezr Hompo (17, moa) (T (1), I'y),
and put e/, = idp, for each z € Z". By Theorem 16 there exists an equivalence
F : D°(mod(E)) = D°(mod(Ux))
such that F(E¢!) =T, for all x € Z", and F(X(n)) = F(X)(n) for X € D*(E°-mod) and n € Z.
To complete the proof of Theorem [77] we shall construct an isomorphism between Uy and E°P.
8.3. Identification of the endomorphism ring. We define a graded homomorphism
D: kQ — E°P
as follows:
P(ey): Iy — Ty =1idp,

®(ag;) : Tu(l) = Tope, = {E( ():I Z))( 2), plazi)) ioftlzh[;vi]isf 7+ ¢ < z,
((—1)7=¢id, p(bay)) if 2[-1] < z,2— ¢ < 2,
(0,

<1>be ZFI 1 I‘xfE':
(bi) (1) — i { p(bei)) otherwise,
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where 0,; = #{j < 1| y; # x;} and chain maps (f_1, fo) are specified by their components f_i, fp in
degrees —1 and 0. Using Lemma 78 it is straightforward to check that these are indeed chain maps.

Proposition 80. ® is surjective.

Proof. Let f : I';(n) — T'y be a chain map. We want to show that the image of ® contains f. It
certainly contains a chain map whose degree 0 component agrees with f, so by taking their difference
and scaling we may assume that z[—1] < z,y < z, and that f = (p(¢?),0) where 2s = n + d(z,z) —
d(z,y). Since f is a chain map, we have ($7v,, = 0 which implies by Lemma 78/ that s > r — d(z,y).
Hence n > 2r — d(z,x) — d(z,y) > 0.

If n =0 then f = ®(e,—y)). If n =1 then f = ®(a,_1);) or f = P(b.[_1]4,,) for some i. Now
we assume n > 2 and argue by induction on n. Suppose that y = z[—1]. Since T, is contractible we
may assume that  # z and choose 7 such that z[—1] < z + ¢; < z. Then f is the composition of
D(ani)(n — 1) and (p(¢3),0) : Ty, (n — 1) — Ty,

Suppose on the other hand that y # z[—1]. Choose i such that z[—1] < y —¢ < z. Then f is
the composition of (p(¢571),0) : [x(n) — T'y_¢, (1) and ®(by_, ;). The former is a chain map because
s—1>r—d(z,y—¢). O

Proposition 81. ® factors through the natural homomorphism kQ — Uxy:.

Proof. Since ®(e;) = idp, = 0 for z ¢ X', it suffices to show that ® kills the defining relations of
U,. We shall show that in fact the image of any relation under @ is the zero chain map (not merely
nullhomotopic); note that this is clear in homological degree 0.

e Square relations @: For any « € Z", at least one of =, x +¢;, and x 4 2¢; is not in z — {0, 1}"
and hence ®(ay iy4e,;i) = 0. A similar argument applies to ®(by ;iby—, ).

e Supercommutation relations m: Consider (P(a/x’jaerei’j + am,jam+€j7i). We may assume that
both I'; and 'y, +¢,are nonzero in degree —1, and therefore that z,x +€;,x +€j, 7+ € +¢; €
z —{0,1}". Then the component of ®(ayitzte; j + Az jAzte;i) = 0 in degree —1 is right
multiplication by

((_1)Ux,i+0':c+ei,j + (_1)Uac,j+%+ej,i) CZQ —0.

The argument that ® (b ibrte; i + bz jbrte; i) = 0 and ®(az ibrte, j + bz jaz—c; ;) = 0 is similar.

e Heisenberg relations (U2): If z ¢ z — {0,1}", then the degree —1 component of ®(az ;bye; i +
beiGz—c, i) is 0. If x € 2 —{0,1}" then exactly one of x +¢; and z — ¢; is in z — {0,1}", and
therefore the degree —1 component of ®(az ;byte;i +bzi0z—¢, i) is p(¢z), which does not depend
on 1.

g

By virtue of these two propositions we have a surjective homomorphism Uy — E*. We now show
that this is actually an isomorphism, by demonstrating that Cy,, (q) = Cgor(q).

Lemma 82. We have

Crov(q)zy = {OUX(Q):B,y — ¢ r—d(z,x) —d(z,y)]y if2[-1] <z <z,

Cux (Q)x,y otherwise.
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Proof. By Lemma

qr_l[r —d(z,z)], ifz[-1] <z <z,
0 otherwise,

CUX (Q)z,z = {

and since w(e;Uye,) = e, Uxey, we have Cuy (Q)e,: = Cua (@) 2,2
Hence

CEop (Q)x,y = Z dlm Home(Ux-mod) (Fx <n>, Fy) qn

neZ
= Z dim Homy, (Uxes(n), Uxey) ¢"
nez
+ Z dim Homy, (Uxe.(d(z,x) + n), Uxe.{(d(z,9))) q¢"
nez
— Y dim Homy, (Uxe(n), Uxe=(d(z,y))) ¢
nez
— Z dim Homy, (Uve.(d(z,z) +n),Uxey) ¢".
nez

So if z[-1] < z,y < z, then
CEOP (Q)x,y = CUX (Q)x,y + qriler(Z’y)id(Z’x) [T]q
—q Ve —d(z,2)]y - ¢ - d(z, )]
= CUX (Q)&?,y - qr—l[r - d(za l’) - d(Z, y)]lb
and otherwise Cgor(q)z,y = Cua(@)a.y- O
By using the automorphism « we see that the results of this section apply to a dual situation in
which we specify an element of a Cubist subset minimal with respect to <. Taking in particular the

Cubist subset X" and the minimal element z[—1], we obtain a graded endomorphism ring E’ together
with an epimorphism Uy — (E')°P, and the formula

_ O (@ay — @M r = d(z[-1),2) — d(z[-1],9)]g if 2[-1] < 2,y < 2,
C(E’)OP(Q)x,y o .
Uy (@)ay otherwise.
There is an equivalence of categories,
F': D*((E")?P-mod)) = D°(Uxr-mod).

Note that r — d(z[—1],z) — d(z[-1],y) = d(z,z) + d(z,y) — .

We are now ready to show that Cy,, (q)ey = Cgor(q)ey for all z,y € Z", and thus complete the proof
of Theorem 77. Because I'; is contractible we may assume that x # z and y # z. If z[-1] < z,y < z,
then

Cror(Q)ay = Cur(Qay + ¢ Ir — d(z,3) — d(2,9)]
> Cipnov (@)ay + ¢ 'r — d(z,2) — d(z,9)]q
= Cu, (@) y
> Cgor(Q)ay,
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where > means an inequality holds for each pair of corresponding coefficients. We deduce that the
inequalities are actually equalities.

Remark 83. By Koszul duality, the derived categories of Uxy-mod, Vy-mod are equivalent. Therefore,
there also exists an equivalence of triangulated categories

D®(Vyr-mod) = D(Vy-mod).

Remark 84. The simple Vy-module L(z) has extension algebra e,Uxe, = k[(,]/¢7 = H*(P""1) in the
category of ungraded Vy-modules. Objects whose extension algebras are isomorphic to H*(P") are
called P"-objects by D. Huybrechts and R. Thomas [13|, and give rise to self-equivalences whenever
they appear in the derived category of a smooth projective variety.

In our setting, self-equivalences of D?(Uxy-mod) can be obtained by composing equivalences,

FoF': D"(Uy-mod) = D°(Uyi-mod) = D(Ux-mod).

8.4. Another formula for the entries of the graded Cartan matrix of Uy. We can now derive
a different formula for the entries of Cp, (¢), one which isn’t tied to a choice of quasi-hereditary
structure on Uy.

For any z € X we define

Iy(z) ={z€e X |z <z<z[l]}.

Lemma 85. Let Xy and Xy be Cubist subsets containing x, and suppose that Iy, (x) = Ix,(x). Then
for ally € Z", we have Cu,, (@)ay = Cun, (@)ay-

Proof. Let X C Z" be a Cubist subset. Using the fact that Uy is quasihereditary (Corollary and
the formula for its decomposition matrix given in Lemma 56, we have

Cua @y = D ¢ @I = 37 oA O,

zEX FeFy
:D,yEAZ x,yEF

Hence it suffices to show that whether or not a facet F' € F containing x is contained in X depends
only on Iy(z). For some S C {1,...,7} and i ¢ S, the facet F consists of all 2/ € Z" such that
v Sx+)egaieg and @’ > x—3 706 0 aj€;. Hence F'is contained in X if and only if 2+3 ;. g€ € X

and 2 + 3 icqun 6 & X O
Proposition 86. Let X be a Cubist subset. Then for all x,y € X, we have
Cox(@ay= D,  d '[r—d(z,2)—d(zy),
ze€lx (z)Nx (y)

Proof. We induct on |Ix(x)|. If Ixy(z) = {z}, then the sum on the right hand side of the desired
equality contains a single term ¢"~![r — d(x,y)], if y < = < y[1] and is zero otherwise. This is in
agreement with part (3) of Lemma

Now suppose |Ix(z)| > 1. By Lemma 85 we may assume that X = X~ \ X~ [—1], where X~ is the
ideal in Z" generated by Ix(x). Choose an element v € Iy (z) maximal with respect to <. Then v is
also a maximal element of X with respect to <. By Lemma 76/ the subset X’ of Z" obtained from X
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by replacing v by v[—1] is Cubist. We have Iy/(z) = Ix(z) \ {v}, so by induction the stated formula
holds for Cy,,, (q)zy. Hence for all y € X' we have

Cux(Q)ay = {CUX' (@ay +¢" 7 r = d(v,2) —d(v,p)]; if v € Lx(2),

CU i (@) y otherwise
= Z qr_l[r —d(z, x) —d(z, y)]Q?
Zelx(x)ﬂlx(y)
where the first equality is by Lemma[82] and the second by induction. O

9. FORMULAE

We assemble nine elegant formulae, which combine to give purely combinatorial relations. It seems
difficult to imagine how such expressions could have been conceived, without the Cubist algebras.

Note that the formulae involving decomposition matrices hold for any of the 7! possible highest
weight structures, but depend on the given highest weight structure. The formulae which do not
involve decomposition matrices are independent of highest weight structure.

Theorem 87. Combinatorial formulae for decomposition matrices:

DU,\» (Q)xy — Z 5zyqd(z,a:)7

zEAX
DVX (Q)xy = Z 5zyqd(zw)-
zZENT
Combinatorial formulae for Cartan matrices:
CUX <Q):Ey = Z qril[r - d<27 Q?) - d(Z, y)]q

z€lx (x)NIx (y)

Cvp (@)y = (1 = %) 77",

Brauer formulae for Cartan matrices:

Cu(q) = Duy(9)" Dy (q),

Cv, (¢) = Dy, ()" Dv, (),
Transpose formulae:
CUX (Q) = CUX (q)T'

Cva(9) = Crp ()"
Inverse formulae:

Dy, (¢)".Dyy(—q) = 1.
CUX (q)'CVX (_q) =

Symmetry formula:
Cur(g™") = ¢ ¥ Cuy(q).
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Proof. The combinatorial formulae for the decomposition matrices were proved during our study of
highest weight categories (corollary 38, lemma(56). The combinatorial formula for Cy, (¢) was proved
in the last section (proposition [86)). The combinatorial formula for Cy, (¢) is recorded as remark [27.

The Brauer formulae for Cartan matrices in terms are abstract consequences of Uy-mod, Vy-mod
being highest weight categories with duality [8, Theorem 3.1.11]. The transpose formulae follow
immediately.

The inverse formula relating the decomposition matrices of Uy, Vy was proven as lemma[35. The
inverse formula relating the Cartan matrices of Uy, Vy is an abstract consequence of Uy, Vy being
Koszul dual ([2], Theorem 2.11.1).

The symmetry formula holds because Uy is symmetric. U

10. INTERPRETATION

The algebras Uy look like blocks of finite group algebras. Let us detail this metaphor.

Consider the diagram,

Blocks of finite groups — Abelian Categories

N 7

Triangulated categories .

Here the horizontal arrow describes a functor ®, which takes B to its module category B-mod.
The southwest pointing functor W carries an abelian category to its derived category. The southeast
pointing functor T takes a block to its derived category. We have the following vague conjectures:

Conjecture 88. 1. The image of ® is small.
2. The image of T is very small.

We should be more precise. Let k have characteristic p. Let P be a p-group, and Bp be the set of
blocks with defect group P. Let b be a block of some group in which P is normal, and let By be the
set of blocks whose Brauer correspondent is Morita equivalent to b.

Conjecture 89. 1. (P. Donovan) For any P, |im(®p,)| < cc.
2. (M. Broué) For abelian P, |im(Yp,)| = 1.

Specialising to symmetric groups, both parts of conjecture [89 are theorems. Let By ,, be the set of
blocks of symmetric groups of weight w.

Theorem 90. 1. (J. Scopes) |[im(®py )| < oo.
2. (J. Chuang, R. Rouquier) [im(Ypy )| = 1.

Various investigations into blocks of symmetric groups suggest the following parallel to theorem [90:

Conjecture 91. Let w < p.
im(q)Bz,w) C
eAe-mod, A a standard Koszul, symmetric algebra,

graded in degrees 0,1,. .., 2w,
e an idempotent in A
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The relation between the algebras Uy and blocks of symmetric groups should now be clear. We have
proved the Uy’s possess all of the strong properties of the algebras A of the above conjecture, as well
as various refinements of these properties. We have also revealed a multitude of derived equivalences
between Uxy’s, as one expects to find between blocks of finite groups.

In fact, the similarity between blocks of symmetric groups and Cubist algebras appears to be more
than merely formal. In the following section, we make a precise connection between the algebras Uy
in case r = 3, and symmetric group blocks of defect 2.

It would be interesting if there were generalisations of conjecture 91 to other families of finite groups.

The stated conjecture already appears to be quite deep.

Remark 92. Let G be a finite group. Let x be the submatrix of the ordinary character table of
G, whose columns are indexed by p-regular elements. The matrix B of p-Brauer characters of G, is
related to x by the formula,

x = D.B,

where D is the p-decomposition matrix of G. Therefore, to compute B from y, one uses the formula
B= D’lx, where D71 is a left inverse of D.

It is always easier to find the ordinary character table of G than the table of Brauer characters.
Therefore, from a computational point of view, D~! is more important than D itself.

For the algebra Uy, we know exactly what the inverse of the decomposition matrix is: it is the
g-decomposition matrix of Vy, evaluated at ¢ = —1.

For the algebras A which we expect to control blocks of symmetric groups of abelian defect, the same
situation ought to arise. The Koszul dual of such an algebra will have a ¢-decomposition matrix. It is
the evaluation of this matrix at ¢ = —1 which should allow for the direct computation of the Brauer
character table B of a related block from the ordinary character table x of the relevant symmetric

group.

11. SYMMETRIC GROUP BLOCKS AND RHOMBAL ALGEBRAS

11.1. Overview. Here we establish a direct connection between rhombal algebras and some blocks
of symmetric groups, making more precise and complete the observations of Michael Peach [22, §4].
Let B be a weight 2 block of a symmetric group in characteristic p # 2. Then B has % p—1)(p+2)

simple modules. In this section we will prove the following result.

Theorem 93. There exists a Cubist subset X C Z3, an idempotent e € Uy and an idempotent f € B
such that eUye and fBf are isomorphic as algebras, each having % (p — 1) p simple modules.

Actually we shall obtain a more precise result, in which X is described explicitly in terms of the
combinatorics associated to B. The strategy of the proof is to first construct an isomorphism directly
for a special class of blocks, the Rouquier blocks, which are known to have a description in terms of
wreath products [4]. Then the result is extended to all blocks using the derived equivalences between
Cubist algebras in §8, together with known equivalences between blocks of symmetric groups: the
Morita equivalences of Scopes [26] and the derived equivalences of Rickard [25].
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11.2. Blocks of symmetric groups. We begin by sketching the combinatorics of the block theory
of the symmetric groups, referring the reader to the standard references [14] and [20] for more details.
Let &,, be the symmetric group of degree n and let k be a field of characteristic p. The simple modules
D?* of kG,, are parametrized by p-regular partitions \ of n.

We describe a method due to Gordon James [15] for representing partitions which is useful in
this context. We consider an abacus with p vertical half-infinite runners, with positions labelled
0,1,... from left to right and then top to bottom. Thus the positions on the i-th runner are labelled
i,i+p, i+ 2p,.... Given any partition A = (A1, A2, ...) of n, an abacus representation of \ is obtained
by placing N beads in positions Ay + N — 1, Ao + N — 2, ..., Ay, where N is any integer at least
as big as the number of parts of A\. By moving all the beads as far up their runners as possible one
obtains an abacus representation of a partition of n — wp for some w > 0. This partition is the core
of A and w is the weight of A. The simple modules D* and D* belong to the same block of k&, if
and only if A and p have the same core (and therefore the same weight). This statement, known as
Nakayama’s Conjecture, allows us to assign a core x and weight w to each block B of k&,,. Any two
blocks of the same weight have the same number of simple modules. We denote by Ap the set of all
partitions (of n) with core x and weight w. Then the simple modules D* of B are indexed by the
p-regular partitions in Ap.

We choose mutually orthogonal idempotents fy € B such that Bfy is a projective cover of D?.
Then (3 fA)B(>_ f)) is a basic algebra Morita equivalent to B.

11.3. Weight 2 blocks. We now assume that p > 2 and restrict our attention to blocks of weight
2. This class of blocks has been well studied. Peach and our work on rhombal algebras has been
partly inspired by the general results of Scopes [27] and Tan [29], the determination of decomposition
numbers by Richards [23] and the calculation of quivers and relations by Erdmann and Martin [11]
and by Nebe [21].

We shall describe a natural parametrization of the simple modules in any block of weight 2 by the
set

S={(u,v)eZ*|0<u<v<p—1, (u,v) # (0,0)}.
The simple modules corresponding to the subset
P={(u,v)eZ*|0<u<v<p—1}

will survive in a truncation of the block which will be shown to be isomorphic to a truncation of a
rhombal algebra.

Let B be a block of k£G,, of weight 2. Consider an abacus representation of the associated p-core
partition . Let qo,...,gp—1 be the first unoccupied positions in each of the p runners, relabelled so
that go < ... < gp—1, and define the pyramid of B to be

P = {(u,v) € P| q — qu < p}.

This is a corruption of a notion introduced by Matthew Richards [23]; his pyramid, defined for any
weight, contains the same information in weight 2 as ours. Richards proves that if (u,v) € Pp, then
(u,w), (w,v) € Pp whenever u < w < v, and that any subset of P with this property is equal to Pp
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for some block B of weight 2. We also define

S ={(u,v) €S| q — qu < p}.
=PpU{(u,u) €Z* |1 <u<p—1}.

Example 94. Let k£ be a field of characteristic 7, and let B be the block of k& s of weight 2
corresponding to the 7-core partition k = (12,6,6,1,1,1,1). Choosing N = 7 we get place beads
on the abacus in positions 1,2, 3,4, 10,12, 18. The first unoccupied positions on each of the runners
are, from left to right, 0,8,9,17,25,5,6. Hence

(90,91, 92, 43,94, G5, 96) = (0,5,6,8,9,17,25),
Pe =1{(0,1),(0,2),(1,2),(1,3),(1,4),(2,3),(2,4),(3,4) },
Sp = {(17 1)7 (27 2)7 (37 3)7 (474)7 (57 5)7 (67 6)7 (07 1)7 (07 2)7 (17 2)7 (17 3)7 (174)7 (27 3)7 (274)7 (374)} .

We shall use a variation of a shorthand, due to Scopes [26, 27], for labelling the partitions in Ap:

e (u,v) for the partition (whose abacus display is) obtained (from the abacus display of k) by
moving the beads at positions g, — p and g, — p down one position, i.e. to positions g, and g,.
Here u # v.

e (u) for the partition obtained by moving the bead at ¢, — p to q, + p.

e (u,u) for the partition obtained by moving the bead at ¢, —2p to ¢, —p, and the beas at g, —p
to qy.-

The same set of shorthands labels is used for all blocks of weight 2. However the subset of labels that
corresponds to p-regular partitions in Ag depends on B.

Scopes [26] considers pairs of blocks related to each other by ‘swapping adjacent runners’. Even
though her results are valid for blocks of arbitrary weight, here we just describe the weight 2 case.
Suppose that there exists an abacus display of x and 0 < s <t < p — 1 such that ¢ — ¢s = mp + 1,
where m > 0. Then by moving the beads from positions ¢: —p, ¢ —2p, ..., ¢ —mp, to the unoccupied
positions ¢ —p—1, ¢ —2p—1,..., ¢ — mp — 1 we obtain the abacus display of a p-core partition
k. Then B and the block B of weight 2 with p-core & are said to form a [2 : m] pair. It is easy to
describe the relationship between the pyramids of B and B: if m > 2 then Pg = Pp, and if m = 1
then P is the disjoint union of Pp and {(s,¢)}. For an arbitrary block B of weight 2, there exists a
sequence By, ..., B of blocks of weight 2 such that Pg, = (), B = B and for i = 1,...,1, the blocks
B;_1 and B; form a [2 : m] pair for some m.

By Scopes [27], there exists a bijection

<I>:<I>B,B:A31>AB
such that
e O()) is p-regular if and only if A is p-regular,
e ®()\) and A have the same shorthand notation, except in the following cases when m = 1:
@ ((t,1)) = (s),
®((s,1)) = (t,1),
D ((s)) = (s,1)
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In case m = 1, we are extending Scopes’ Definition 3.4 in [27] by taking, in her notation, ®(«a) = a,

®(B) =7, and ®(v) = 3.
We now produce the promised parametrization of simple modules in blocks of weight 2.

Proposition 95. (1) Let B be a block of weight 2. Then the map

Ag:S —Ap
defined by
(u+1,v) if (u,v) ¢ Sp and (u+1,v) ¢ Sp
A, v) = (v,v) if (u,v) ¢ Sp and (u+1,v) € Sp
Bl = (u,v+1) if (u,v) € Sp and (u,v+1) € Sp
( )

(u) if (u,v) € Sp and
is an bijection of S onto the set of p-reqular partitions in Ap.
(2) If B and B form a (2 : m] pair, then

u,v+1) ¢ Sp

Proof. First suppose that Pg = 0. Then Ap(u,u) = (u) and Ap(u,v) = (u + 1,v) if v < v. Thus
Ap is a bijection onto the set of partitions in Ag whose shorthand labels do not involve 0, which are
precisely the p-regular ones. This proves statement (1) in this special case.

For an arbitrary block B, there is a sequence of blocks starting at one with empty pyramid and
ending at B such that each successive pair of blocks forms a [2 : m] pair for some m. Hence in order
to prove both statements in general it suffices to show that statement (2) holds for a fixed [2 : m]-pair
of blocks B and B under the assumption that statement (1) holds for B. This is clearly true if m > 2,
because then Sp = S and ® preserves shorthand labels. So let us suppose that B and B form a
[2: 1] pair. We have Pz = PgU{(s,t)} for some 0 < s <t < p—1. Note that (s+1,¢),(s,t—1) € Sp
and (s —1,t),(s,t +1) ¢ Sp. Hence

D(Ap(s, 1)) = @((t, 1)) = (s) = Ap(s, 1),
(I)()\B(S - ]-7t)) =o (<87t>) = <t)t> = )‘B (S - 17t) )
P(Ap(s,t —1)) = ®((s)) = (s,8) = Ap(s,t = 1).
Remembering our assumption that statement (1) holds for B, we also see that for any (u,v) €

S\ {(s,t),(s —1,t),(s,t — 1)}, the shorthand labels for ®(Ag(u,v)) and Ap(u,v) are the same and
therefore that ®(Ag(u,v)) = Ag(u,v). O

Example 96. We take p = 7 and x = (12,6,6,1,1,1,1) as in Example [94. The graph in Figure [6
records the bijection of Proposition [95. Its vertices are in bijection with the p-regular partitions in
Ap, each of which has a shorthand label as well as a label by an element of S, via Ag. The shorthand
labels are placed to the right of the vertices, and the S-labels to the left, in boldface. The subset P is
indicated by black vertices and the pyramid Pp by square black vertices. Two vertices are connected
by an edge if an only if there exists a nonsplit extension of one of the corresponding simple B-modules
by the other; in fact, by replacing each edge by a pair of directed edges in opposite directions one
obtains the ‘extension quiver’ of B.
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11012 /22023 /33034 /4404/5505 660 6
01l02\ /12.13\ /23.24\ /34.3 /45.55\ /56.66
0200 13l14\ /24.2 /35045\ /46056
03 @ 33 14071 25 @35 36 @ 46

/
\
"\

04 @ 44 15 @ 25

\/

/
\
/

05 @ 15 16 ® 26

/
\

06 ® 16

FIGURE 6. Extension quiver of B when p =7 and x = (12,6,6,1,1,1,1)

11.4. Gradings. We expect that all blocks of weight w < p should have gradings compatible with
radical filtrations. This is easy to verify when w < 2, and has been proved by Peach for w = 2.

Theorem 97 (Peach [22]). Let B be a block of weight 2. Then there exists a grading B = ®}_,B;
such that rad’ (B) = @?:J-Bi.

We may assume that the idempotents fy introduced in §11.2 are in By.

11.5. Morita and derived equivalences. There is a strong relationship between the module cat-
egories of blocks in a Scopes pair. Suppose that B and B form a [2 : m] pair of blocks. Scopes [26]
proves that, if m > 2, there is an equivalence

F': B-mod = B-mod

such that
F'(Bfx) = Bfo

for all p-regular A € Ap. Her results are true in greater generality, for blocks of arbitrary weight.
Rickard [25] (see also [5]) built on the ideas of Scopes, proving the existence of some derived equiva-
lences between blocks. A special case of Rickard’s result (see [3] and [22, §5]) states that if B and B
form a [2 : 1] pair, then there exists an equivalence

F': D’(B-mod) = D%(B-mod),
such that, in the notation of the analysis of [2 : 1] pairs in §11.3,

F'(Bfu(3)[1]) = Bfaoqum

and

!

¢
F'(cone(Py == Bfy)) = Bfa(y

for all p-regular A € Ap apart from (¢,t), where (} is a projective cover of the smallest submodule M
of Bfy such that Homp(B fy; 4 (n), Bfx/M) = 0 for all n € Z.
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We will only make use of truncated versions of these equivalences. Let

f: Z f)\B(u,v)eB and fT: Z f)\g(u,v)EB'

(u,v)EP (u,v)eP
If m > 2, then by Proposition 95| the Morita equivalence F’ above induces an equivalence
F =Fpp: fBf-mod = fBf-mod
such that
for all (u,v) € P. If m = 1, then (t,t) = Ap(s,t) and, by Proposition 95| we have A € Ag(P) if and
only if ®(\) € Ag(P). Hence the equivalence F': D?(B-mod) = D’(B-mod) induces an equivalence
F = Fp 3 : D’(fBf-mod) = D"(fB f-mod)
such that
F(fB o)1) = FBfrg,..,
and )
(u,v) ~ FD
F(COHG(P(U,U) - fo)\B(u,v))) = fo)\B(u,fu)
for (u,v) € P\ {(s,t)}, where ((,,) is a projective cover of the smallest submodule M of fBfyu,v)
such that Homyps(fBfp(st)()s fBfapuw) /M) =0 for all n € Z.

11.6. Main result. We are now ready to state and prove our result linking Cubist algebras and blocks
of symmetric groups. Let B be a block of weight 2. Define
xB:{(u,v)EZ2]u<v} — 73

by

—u—1 if Z?

() = (—u—1,v,0) 1 (u,v) € Z*\ Pp,

(—u,1+v,1) if (u,v) € Pp.

Then
Xp =TIm(zg)U{(i,j,1) € Z® |i+j <1}
is a Cubist subset of Z3. Indeed,
X =ZxZxZ<oU{(i,j,1)€Z*|i+j<lor(—i,j—1)€P}

is an ideal in Z3 such that Xp = X5 \ X5z[—1].
Example 98. As in earlier examples, we take p = 7 and k = (12,6,6,1,1,1,1). Figure |7 shows part

of X' realised in the plane as a rhombus tiling. The image of P under z g is indicated by black vertices
and that of Pp by square black vertices. Compare with Figure 6!



44 JOSEPH CHUANG AND WILL TURNER

O
O
O
O
O
O
O

o
o
o

/N N\

o
N
|

o
o
o
o
o

o
o

N\

/N N\

-
@
|

o

/N NS

-
IS
|

e/ \/

NN N\ N\ N

o
o
o
o
o
o
o
o

o
[ ]
[ ]
o

O
[
]
O

o
o
[ ]
o

N
o
[ ]
o

VAVAVIRN

o
e}

NAVAVANAN
VAV
VAW

o

NN\ N

o

NN NN

YAVAVANAVY
I\

/NSNS N\ NS

O

NSNS N\ S

o

A VAN
NSNS N NS

/NN

FIGURE 7. Part of the Cubist subset Xp when p =7 and k = (12,6,6,1,1,1,1)

Let Uy, be the Cubist algebra corresponding to Xp and put e = Zz@B(P) ex € Uxy.

Theorem 99. We have an equivalence
Fp : eUyye-mod = fBf-mod

such that for all (u,v) € P,
FB(eUXBexB(u,U)) = fo)\B(u,v)'

Proof. The case Pg = () is handled in §11.7.

Now suppose that B and B form a [2 : m] pair and assume that the theorem is known to hold for
the block B. We need to prove that it holds for B.

Suppose that m > 2. Then Pp = Pp, and hence zp = x5 and Xp = X5. So we simply define
Fp=FppoFg.

Suppose that m = 1. We have Pg = PgU{(s,t)}, where 0 < s < t < p—1. Thus xp(u,v) = z5(u,v)
for (u,v) € P\ {s,t}, and z5(s,t) = zp(s,t)[1], and Xz = (X \ {(zp(s,t)}) U{zp (s,t)[1]}. Let
z =xpg(s,t). By Theorem [77 and Lemma |78 we have an equivalence

G': D’ (Ux,-mod) = D’ (Ux,-mod)

such that
G/(UXB€Z<3>[1]) = UXgez[l]'

and

G'(cone(Q), LR Uxger)) = Uxyen

for z € Xp \ {z}, where £, is a projective cover of the smallest submodule M of Uy,e, such that
Homy, (Uxgex(n),Uxzes/M) = 0 for all n € Z. We know that @/, is either 0 or isomorphic to
Uxgez(n) for some n € Z.



CUBIST ALGEBRAS 45
Since (s,t) € P, we have ee, # 0, which implies the existence of an equivalence
G:Db (eUx,e-mod) = Db (éU;\{B é—mod)
such that
G(eUxge:(3)[1]) = eUxze)-
and
G (cone(Qy LN eUxgzer)) = eUxyex

for x € zp(P) \ {2}, where &, is a projective cover of the smallest submodule M of eUx,e, such that
Homey,, (eUxyez(ny,eUxye,/M) =0 for all n € Z. Put

Fp=FppoRFgoH:D'(eUx,e) = D'(fBf),
where H is a quasi-inverse to G. Then we have

RFg(eUxpe,psnll)
fo)\B(s,t) [1])

and for (u,v) € P\ {(s,t)},

_ ~ &
FB(eUXBexB(uW)) = FBB(RFB(cone(Qx =, UXBeIB(w))))
FB(EI)

= FB,B(Cone(FB(QI) - Bex\B(u,v)))
= foAB (u,v)
It follows that F5 restricts to an equivalence eUx,e-mod = fBf-mod. g

11.7. Rouquier blocks. Now we assume that Pg = (). In this case B is known as a Rouquier block
of weight 2 and is particularly well understood. We shall prove that there is an isomorphism eUx,e —
fBf sending e, (y.0) t0 ), (uw) for all (u,v) € P, and thus complete the proof of Theorem [99.

We have

X =X =2XU A,
where
Xo = Im(zp) = {(i,4,0) | i+j > 0}
and
X ={G,4,1) | i+j <1}

We shall in fact prove that the algebra Zz@,e Xo e;Uxyey is isomorphic to a truncation of an infinite-
dimensional wreath product. Then a further truncation will yield the desired isomorphism.
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11.7.1. Reformulation in terms of wreath products. Let A be the path algebra of the infinite quiver

2o 9w
CE g1 gy Frgy e
571 50 51 52

modulo the relations v;v;41 = 0, 8;0;—1 = 0, 7;0;+1 + d;vi—1 = 0, for i € Z; this is a graded algebra
with each arrow in degree 1. (We saw in Remark that this algebra is isomorphic to Uy, for any
Cubist subset ) C Z2.)

We now form the wreath product A1 Gy = A ® A ® kGs, graded with kG in degree 0. Let o
be the nonidentity element of G,. The following elements of A &5 are a complete set of orthogonal
idempotents:

95 =9i®9g;®1, (i,j € Z,i <j),
95 =9i®gi®(1+0)/2, (icZ).

Now observe that (g1 + ...+ gp)A(g91 + ...+ gp) is a Brauer tree algebra of a line with p — 1 simple
modules, so is Morita equivalent to the principal block of k&,. It follows that ¢'(A ! S2)g’ is Morita
equivalent to the principal block of k6,165, where ¢’ = Zl§i<j§p—1 9@']“"219’9-1 g;'g—l—zlgigp_l i -

On the other hand there is a Morita equivalence between the block B and the principal block of
k&, Sg (see [3] and [4]), where the correspondence between simple modules is known explicitly.
Passing to truncated algebras, we obtain an isomorphism fBf = g(A18&2)g that sends Ji,j) to gij for
1<¢<j5<p—1, where g;; is defined to be gi"i' if i is even and g;; if 7 is odd, and g = Zlgigjgp—l Gij-

For (u,v) € P, we have Ag(u,v) = (u+1,v) and zp(u,v) = (—u—1,v,0). So to obtain the desired
isomorphism between eUxye and fBf, it suffices to get an isomorphism eUye = g(A ! G2)g sending
e(—ijo) to gij for 1 <i<j<p-—1

It will be more convenient to prove a stronger statement. Let

eUyé = @ e;Uxey and g(A162)g = EB Gii (A1 S2) gy .
2! €Xo igyi ' €2, i<, i <j'

We will show that there is an isomorphism éUxyé — §(A163)g sending €(—i,j,0) to gij fori,j € Z, i < j.
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FIGURE 8. Xp in case Pg = 0.

11.7.2. A presentation for eUyé. We first observe that eUyé is a Koszul algebra, since X is a Cubist
subset and X is an ideal in (X, <), as in Figure 8l In particular it is quadratic algebra.

So using the alternative presentation of Us given in Remark [18 we deduce a presentation of eUxyé
by quiver and relations. The quiver has vertices

{ei,j ’27] € Za Z_'_j Z 0}>

and arrows

{aiga,aigali+j >0},
{Bija: Bije li+i>1}

The arrows «; ;1 and o j2 are directed from e; ; to e;11; and from e; ; to e; j41, and the arrows f; ;1
and f3; j2 are directed from e; ; to e;—1 ; and from e; ; to e; j—1. Then eUxeé is isomorphic to the path
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algebra of this quiver, modulo relations

ijicivigl =0 (i+75>0),
(0) Qijotijr12 =0 (i+j>0),
BijaBi—1i0 =0 (i+j>2),
Bij2Bij—12=0 (i+j>2);
Q1152 = Qi joqijt11 (P47 >0),
Bij1Bi-1j2 = Bij2bij—11 (1+7>2),
(1) @i j1Pit1,52 = Bijecij-11 (i+j21),
®ij2bijrin = Bijacicrje (i4+7>1),
a_jjiB-j+1,52=0 (j €Z),
a—jj2B-jj+11=0 (j€Z);
i j1Biv11 = Bijaci-1j1 (i+37>2),
(2) aij2fijr12 = Bijetij—12 (+7>2),

Qi1 841,410 — Bojjr1, 1015411 = B—jjt1,20—552 — @—jj+1,20—j,j+2,2

Q—jj1B—j+1,51 = a—jj2B-jjr11  (J € Z).

The three groups of relations come from (UO0), (U1’)|and (U2’), respectively.

11.7.3. Construction of the isomorphism. We define a homomorphism

eUxé — §(A162)g

€ij — 9—ij,

_i®gj®1 iti+j>1,
Qg1 , e
5j®gj®1+(—1)]gj®5j®0 ifi4+7=0,
g—i @7 ®1 ifi4j>1,
Qi j2 , e
gj®’}/j®1+(—l)]’7j®gj®0' ifi+7=0,
ifi+j5>2,

Bii1 {7_i®gj®1
Z7J7

%(%’—1®gj®1+(—1)j7j—1®gj®0) ifti4j=1,

P {g_imj@l
Z7J7

ifi+7j>2,

191 ®0; @14 (-1)"lg1©8;®@0) ifit+j=1

This yields a homomorphism: that the images of the generators satisfy the relations stated in §11.7.2

is a straightforward calculation in A G,.
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The graded Cartan matrix C'(q) for éUyé is just a submatrix of that of Uy, which can be calculated
using Proposition We get
(1+¢*+q"  if (i,5) = (7,j) and i +j =0,
14 3¢% +q¢* if (i,5) = (I',5/) and i + j = 1,
!l

1+2¢% +q¢* if (i,5) = (,j") and i +j > 2,
C(@) .51 =

a+q if i —d'|+|j—j'|=1,
q° if i—4|=1and|j—j|=1,
0 otherwise.

Replacing (i,7) by (—i,7) and (¢/,5") by (=i, j'), we obtain the same answers for the graded Cartan
matrix of (A S2)g, by direct calculation (see, e.g., Proposition 7.1 of [6]). So to show that our
homomorphism is an isomorphism as desired, it suffices to demonstrate that it is surjective. This can
be done by making the following observations:

e The degree 0 and degree 1 components of G(A ! S3)g are contained in the image of our homo-
morphism, so it is enough to show that they generate (A &2)g as an algebra.

e The algebra A &y is generated by its degree 0 and 1 components.

e Define hj; to be g;; if ¢ is odd and git if 7 is even. Then h;;(A 1 S2)19y5 # 0 if and only if
girj' (A1 G2)1hy; # 0 if and only if (¢, j) = (i — 1,4) or (¢, j") = (4,7 + 1).

e The product maps

9i-1,9 (A162); §® G (A162), §gi-1: — gi-1,i (A162)y gi—1,
and

9i-1,i9 (A162); § ® §(A162); §9iit1 = gi-1,i (A1 S2)5 Gijit1
and

9i,i+19 (A162); § ® §(A162); §gi-1,i = Gii+1 (A1 S2)5 gim1,

are surjective.

12. OPEN QUESTIONS

Let » = 2. The affine Lie algebra gl is associated to the infinite Brauer line Uy, via the Cartan
matrix Cp, (—1). Via a construction of Ringel-Hall type, the positive part of glo can be obtained
as a Lie algebra of constructible functions on the set of indecomposable Vy-modules on which arrows
act nilpotently (G. Lusztig, H. Nakajima). D. Joyce has shown analogously how to associate a Lie
algebra L(A) to any abelian category A. Are the examples £(Vy-nil) of any distinguished interest,
when r > 2 7 Can one define analogues of the full Lie algebra gl,, in this setting, and not only its
positive part ?

Can one deform the Cubist algebras in an interesting way 7 In case r = 2, PBW deformations of
Vx have been introduced by Crawley-Boevey (“deformed preprojective algebras”), and deformations
of Vy 1 ¥, by Etingof, and Ginzburg (“symplectic reflection algebras”).

Let p be a prime number. Let (K, O, k) be a p-modular system. In case r = 2, there is a polynomial
deformation Uy = O[z] @ Uy of Uy defined over O, such that Uy /(z — p) is the Green order associated
to an infinite line, defined over O. Can one make analogous constructions for r > 2 7
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Is it possible to deform the Cubist algebras, whilst preserving all their homological structure (in-
cluding decomposition matrices, etc.) 7

Classify all symmetric algebras with highest weight module categories, whose Loewy length is < 5.

In case r = 2, the preprojective algebra Vy is closely related to the hereditary algebra kA, with
linear quiver of type Ao. There are analogues of this algebra, and its Koszul dual, in case r > 2.
Indeed, the algebras

Ux = @ Extzx'//y—mod(AVX (2)7 AVX (x) <1 >)7
z,x€X IEL

Vx = @ Emt%]/y—mod(AUx (Z)7 AUX (x) <t >)7
z,x€X IEZ

are Koszul dual to each other, with Cartan matrices Dy, (¢), Dy, (g). One can associate such a pair
of algebras to any dual pair of standard Koszul algebras. Are these of any interest ?
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