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Abstract

Models of cognition and decision making based on quantum theory have been the subject of much interest recently. Quantum
theory provides an alternative probabilistic framework for modelling decision making compared with classical probability theory,
and has been successfully used to address behaviour considered paradoxical or irrational from a classical point of view.

The purpose of this tutorial is to give an introduction to quantum models, with a particular emphasis on how to build these models
in practice. Examples are provided by the study of order effects on judgments, and we will show how order effects arise from the
structure of the theory. In particular, we show how to derive the recent discovery of a particular constraint on order effects implied
by quantum models, called the Quantum Question (QQ) Equality, which does not appear to be derivable from alternative accounts,
and which has been experimentally verified to high precision. However the general theory and methods of model construction we
will describe are applicable to any quantum cognitive model. Our hope is that this tutorial will give researchers the confidence to

construct simple quantum models of their own, particularly with a view to testing these against existing cognitive theories.

Keywords: quantum theory, order effects, similarity

1. Introduction 31

32
Models of decision making based on the mathematics of

quantum theory have attracted a large amount of interest re-

cently (Busemeyer and Bruza, 2014; Aerts, 2009; Mogiliansky *
et.al., 2009; Yukalov and Sornette, 2011; Khrennikov, 2010; *
Pothos and Busemeyer, 2013; Wang et al., 2013). These mod- *
els have arisen in part as a response to the empirical chal- 7
lenges faced by ‘rational’ decision-making models, such as *
those based on Bayesian probability theory (such examples are *
mostly associated with the famous Tversky-Khanaman research *
tradition. See e.g. Tversky and Kahneman (1974); Chater et al. N
(2006).) These quantum models posit that, at least in some cir- *
cumstances, human behaviour does not align well with classical
probability theory or expected utility maximisation. However
unlike, for example, the fast and frugal heuristics programme “
(see, e.g. Gigerenzer et al., 2011), quantum cognition aims “
not to do away with the idea of a formal structure underlying *
decision-making, but simply to replace the structure of classi- “
cal probability theory with an alternative theory of probabili- “
ties. This new probability theory has features, such as context ®
effects, interference effects and constructive judgments, which *'
align well with psychological intuition about human decision- %
making. Initial research involving quantum models tended to %
focus mainly on explaining results previously seen as para- *
doxical from the point of view of classical probability theory, ss
and there have been a number of successes in this area (Pothos s
and Busemeyer, 2013; Wang et al., 2013; Trueblood and Buse- s7
meyer, 2011; White et al., 2014; Pothos and Busemeyer, 2009; ss
Aerts et al., 2013; Bruza et al., 2015; Blutner at al., 2013). More so
recently, the focus has switched to some extent to testing new eo
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predictions arising from quantum models, and designing better
tests of quantum vs classical decision theories (Atmanspacher
and Filk, 2010; Yearsley and Pothos, 2014, in preparation).

One key success of quantum models of cognition has been
the treatment of question order effects (Moore, 2002). ‘Order
effects’ here describes a phenomenon where, for example, given
two particular questions, each with a number of possible re-
sponses, the expected distribution of responses to a particular
question depends on whether it was asked first or second in the
series. In other words, asking a prior question can influence the
outcome of a subsequent one. We will explain in more detail
below exactly how to characterise this effect.

As we shall see, order effects arise naturally in quantum the-
ory, and thus they can be accounted for by quantum cognitive
models. However what is more remarkable is that quantum the-
ory also predicts particular constraints on the probabilities that
can be generated by these models, most notably in the form of
the Quantum Question (QQ) Equality (Wang and Busemeyer,
2013). These constraints seem to be extremely well satisfied in
the data from real world experiments and surveys (Wang et al.,
2014). Thus as well as being a natural application of quantum
theory, question order effects also represent a striking empiri-
cal confirmation of the idea of using quantum theory to model
decisions.

Although the mathematical machinery of quantum theory is
not inherently more complex than that required by many other
cognitive models, essentially linear algebra and a small amount
of calculus, it is rather unfamiliar to most cognitive scientists.
Our aim in this tutorial paper is therefore to introduce readers to
the ideas and machinery of basic quantum theory, such that after
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working their way through this tutorial readers will feel morers
confident making use of quantum models in their research. 116
As well as existing cognitive scientists, we hope this tutorial
may find a secondary audience in those researchers who already
have a background in quantum theory gained from studying the
physical sciences, who are interested in the application of these
ideas in social science '. To help these readers we have struc- 1:
tured our discussion of the basic formalism of quantum theory
in a way which should feel familiar to anyone who first encoun- :
tered it in the context of the physical sciences (see for example N
Isham (1995) or the notes by Plenio available online). Hope-
fully this should enable those already familiar with quantum j
theory to quickly grasp how to apply their existing knowledge N
to the construction of cognitive models. e
The material we will cover in this tutorial is essential back-127
ground to any application of quantum theory in judgment and
decision making. We will pay particular attention to two im- .
portant but sometimes overlooked issues; first how exactly does
one choose a particular framework of Hilbert space, basis vec-
tors, initial state etc to suit the problem at hand, and what do
these choices mean? Second, how are the various calculationsts
actually carried out? Grasping both of these issues is essen-1s2
tial for any student of the field, and we hope this tutorial willtss
help researchers bridge the gap between reading about quantumsss
models and actually constructing them for themselves. 135
There are a number of things we will not cover in this tuto-13
rial, which may be worth stating now. First, although we willts
mention it, we will not cover the dynamics of quantum systems13s
in any detailed way; this is mainly a tutorial on quantum stat-1
ics. Quantum dynamics are relatively simple to grasp once one4
understands the material in this tutorial. Second, we will not+
touch upon ‘entanglement’ or issues around quantum informa-4
tion. Finally, some advanced topics, such as CP-Maps and thet«s
full theory of POVMs will not be covered, as they are best learnt1+
about once one is familiar with the basics. They will be coveredr4s
in a subsequent tutorial (Yearsley, in preparation). 146
We will assume the reader has a good familiarity with linear+
algebra in the usual form of vectors, matrices etc, but for ref-14
erence, and to set notation, we give a brief summary of some
important ideas in an appendix. 150
The rest of this tutorial is structured as follows; in Section's'
2 we introduce the basic elements of quantum cognition. In's?
Section 3 we then expand upon some points, with the aim of's
guiding readers through the process of constructing a quantum?+
model in practice rather than in theory. In Section 4 we give'ss
a brief introduction to order effects in quantum theory, and in'se
Section 5 we expand on this to include a derivation of the QQ1”
Equality. In Section 6 we give a brief introduction to POVMs, 5
which can be used to represent noisy or imperfect measure-'s
ments, and in Section 7 we apply these in the setting of orderte
effects, our goal being to see to what extent the QQ Equality®'
generalises to the case of more realistic noisy measurements.'s?
In Section 8 we briefly talk about another application of quan-'6

tum theory to modelling similarity judgments. We summarise's+
165

17

130

166

'Indeed one of the present authors (JMY) has such a background. 167

in Section 9. A number of mathematical details are contained
in the Appendix.

2. The basics of quantum cognition

The aim of this section is to present the basic formalism of
quantum cognition, including information about the state, the
dynamics, and the description of measurements. Our goal here
is to give a reasonably concise account of the essentials; in the
next section we will return to each element in turn and ask in
more detail what it means and how it may be specified for a par-
ticular model. We hope this format will make it easy for readers
to grasp the essential structure of quantum models. All of the
material in this section is standard, and we will not give ref-
erences for individual results/definitions. For a more compete
account see Isham (1995) or for an alternative description with
a more cognitive focus see Busemeyer and Bruza (2014).

2.1. What is quantum cognition?

Quantum cognition is a framework for constructing cogni-
tive models based on the mathematics of quantum probability
theory, which is itself a mathematical framework for assigning
probabilities to events, much like classical probability theory
(for a full account see Busemeyer and Bruza (2014)). For a
given event, usually thought of as the outcome of some judg-
ment process, and specification of the decision maker by means
of a cognitive state, quantum cognition gives a real number be-
tween 0 and 1 which is to be interpreted as the probability that
the decision maker will make that particular choice. Quantum
cognition also includes information about the set of possible
dynamics, state transformations and measurements that can be
performed on a system, although to a large extent this follows
directly from the basic probabilistic structure.

In its most conservative form, quantum cognition is simply
an algorithm for computing probabilities, without any claim to
reflect the underlying way decisions are made in the brain. In
this way of thinking, the success or otherwise of the approach is
to be judged purely by the empirical success of its predictions.
However steps are being taken towards viewing quantum cogni-
tive theories as process models, that do reflect in some way the
process of arriving at a given decision (Kvam et al., 2015). The
attraction of quantum models in this case stems in part from the
fact they have features, such as contextuality, interference ef-
fects, order effects and constructive judgments, to name a few,
that seem to align well with the way we think human decision
makers process information. However an important feature of
quantum models of decision is that they generally do not as-
sume the underlying processing that happens in the brain is rep-
resented by quantum physics. In this sense that are distinct from
so called quantum brain models (Hameroff and Penrose, 1996;
Tegmark, 2000; Hagan et al., 2002; McKemmish et al., 2009).

The ingredients of any quantum cognitive model are a space
of possible thoughts/judgment outcomes etc with subspaces
corresponding to particular beliefs/opinions/choices, together
with a cognitive state that keeps track of a decision maker’s cur-
rent state of mind, and a dynamics that specifies how this state
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of mind changes with time/evidence presentation etc. From
these ingredients we can compute probabilities for any relevant
judgment outcome.

In the following subsections we will introduce each element
in turn.

2.2. The Space

The most basic ingredient in quantum cognition is a space'®®
of possible thoughts/beliefs/etc. This space is a finite dimen-'*
sional Hilbert space®, which is essentially just a vector space?®
equipped with an inner product (:|-). In quantum theory the®'
Hilbert spaces we consider are complex spaces, which means
they can be spanned by vectors whose entries are complex num-
bers. It is usual to denote the Hilbert space by the symbol .

We will write the elements of H as |u). |u) is known as a
‘ket’, and is roughly analogous to a column vector in standard
linear algebra. The inner product of two vectors in H is denoted
as

(), lu))y = (viuy (1)

which is roughly analogous to the dot product of two vectors in,,

linear algebra. The inner product induces a norm | - | on H via,

206

(2)207

(ulu). 208

[-]:H—>R

|ty —

209

Technically our Hilbert space is an abstract space, i.e. it can,,
be spanned by many different possible sets of basis states. One
important point about this is that the object, |u), while a ‘vector’

. . . . 21
in the technical sense, is not equal to a column vector, i.e.
212

a 213
|u>¢( b ) 3),,
215
The reason for this is that the right hand side of Eq.(3) is definedzss
relative to a particular basis, whereas the left hand side is basiszi7
independent. We will often abuse notation to write a ket ases
equal to a column vector etc, but when we do so we will alwayszis
take care to specify the basis in which we are computing thezeo
vector. 221
One particularly striking example of the difference betweenzz.
vectors in HH and vectors/functions in a particular basis oc-zes
curs when dealing with states of a particle moving along a linezes
(Isham, 1995). Let |¢) be the state of a particle in 1D. Thenzes
Y(x) = (x|y) is the wave function of the particle in positionzzs
space, and ¥(p) = (ply) is the wave function in momentumsz;
space. Y(x) and /(p) are equivalent representations of |y) (one
is the Fourier transform of the other, and they carry the same,,,
information), but they live in different spaces and have different
units, so they are certainly not equal, and neither are they equal
to the abstract vector |i).

2The restriction to finite dimensions is not strictly necessary. The exten-
sion to infinite dimensional spaces such as those required to model motion in
a continuous space requires only some extra mathematical precision. However
the spaces most often used in quantum cognition are finite, so we will mostly
restrict to this case in this tutorial. See below or Isham (1995); Reed and Simon
(1980) for more.

An important concept is the idea of an operator on a Hilbert
space. An operator on a space is a map which sends an element
of the space to another element of the same space. e.g.,

A:H->H

liey — Alu) @
In a particular basis, the operator A will be represented by a
matrix. Note though that in a similar way to states, an operator
is not equal to a matrix, since the particular matrix depends on
the choice of basis.
An important property of operators in Hilbert space is that
they need not commute. Let A and B be two operators on H.
The commutator [A, B] is defined as,

[]: HxH —>H 5
[A,B] > AB—BA ©)
i.e. the commutator represents the difference between the two
possible orders in which A and B could be applied to a state. A
and B are said to commute if [A, B] = 0. Otherwise they are said
to be non-commuting. That many important operators do not
commute with each other, such as those representing position
and momentum, is what lies behind many interesting features
of quantum theory, such as the uncertainty principle.
A basic overview of operators on Hilbert spaces is given in
the appendix.

Aside on Infinite Dimensional Spaces

In this tutorial we will be working mainly with finite dimen-
sional vector spaces, such as are appropriate for modelling fi-
nite sets of possible question answers. However we may some-
times need to model situations where the variables can take any
value in a continuous range, such as the position of a slider,
or situations where the set of possible outcomes is so large it
may be more convenient to think of them as continuous, for
example confidence judgments on a 0-100% scale, where the
corresponding finite dimensional representation has 101 dimen-
sions. In these cases we can extend the formalism to a infinite
dimensional Hilbert space. Instead of vectors our space is now
spanned by complex valued functions. Most of what we say
in this tutorial still holds, but the maths becomes slightly more
complex. Interested readers should consult any good book on
quantum theory (e.g. Isham, 1995), or for the full mathematical
glory, see Reed and Simon (1980).

2.3. The Knowledge State

The second ingredient in any quantum model is the specifi-
cation of the initial knowledge state of a participant, or group
of participants. This is given in the simplest case by a vector
[¥) in H. This state vector encodes information about the cog-
nitive state of participants prior to any computation. This state
can also be written as an operator on the Hilbert space by taking
the outer product of |) with itself, to give the density operator,

p =)<yl (6
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The main advantage of using density matrices to representsss
knowledge states, rather than just vectors, is that it allows uSy;s
to deal with situations where we have some (classical) uncer-y;
tainty about the state. Suppose we have an ensemble of differ-,;
ent groups of participants and each group can be characterised,ss
by the state vector |y;) for i = 1,2...N. Let the proportion ofy,
participants in each group be w;. Then the state of the whole,,
ensemble can be written as, o7

272

p= ) wily) Wi )

It is cumbersome to represent this type of ensemble using state
vectors alone.

Let us introduce some simple nomenclature. States that can®®
be written in the form p = ) (| for a single i), i.e. that have?*
w; = 1 for some i and wjz; = 0 are called pure states. States?’s
that cannot be written in this form, i.e. that have w; # 0 for?s
more than one i, are called mixed.

The knowledge state plays a role roughly analogous to a prior
probability distribution in classical theories. If the states |i/;) are
orthonormal then the w; play the role of the probabilities for the
initial state to be one of the |y;). The following properties of p277
guarantee that the w; can be interpreted as probabilities in thiszzs
way; 279

280

e p = p'. This guarantees the w; are real. 281

e Tr(p) = 1. This guarantees ; w; = 1.

o (Ylpl) =0, V|y) e H. This property, known as posi-
tivity, guarantees the w; are non-negative.

A particularly important example of a knowledge state is the
case where the {|/;)} form an orthonormal basis for H and w; =
wy ... = 1/D, where D is the dimension of the space. The
knowledge state can be written in this case as,

1
p=71

5 ®)

282
where 1l is the identity operator, i.e. the operator that has the
property that, for any A, 1A = A1l = A. This state corresponds
to a state of maximum (classical) uncertainty, and it plays a
similar role to a uniform prior in classical models. Note that it
is possible to define the notion of the ‘entropy’ of a quantum
state, in a similar way to the entropy of a classical probabil-
ity distribution. This is beyond the scope of this tutorial, see
Neilsen and Chuang (2000) or Yearsley (in preparation) for de-
tails, however it can be shown that p = %11 does indeed give
the maximum value of the entropy, equal to In(D).

We note that it is usual in quantum cognitive models to see
the initial knowledge state represented as a pure state (e.g. in
Busemeyer and Bruza (2014) density matrices are introduced
only at the very end of the book). In the interests of complete-
ness we will mainly work in this tutorial with density matrices,
so that the initial state may be either pure or mixed. Where
appropriate we will show how our expressions simplify in the
case of pure states.

2.4. Observables and Measurements

The term observable in quantum theory refers to any quan-
tity whose value can be measured by a suitable experiment.
In quantum cognition observables are generally preferences or
choices, such as whether a suspect if guilty or innocent, which
of two gambles is preferred, or how confident a decision maker
feels about a particular choice. The observables in a quantum
cognitive theory are ultimately the same as they would be in a
classical theory.

Observables in quantum theory are represented by Hermitian
operators on H. An operator is Hermitian if

A=A"= A"y 9)

The operation { is known as Hermitian conjugation. Hermitian
operators are an important class because they have real eigen-
values, which makes sense, since any measurement must have
a result that is a real number.

The expected value of the observable A for a participant with
a cognitive state given by p is equal to,

(A) = Tr(Ap) = (YA )

where the final equality holds if the cognitive state is pure.
However if we perform a measurement of A we do not get the
result (A) in general. An important feature of quantum theory
is that the possible results of a measurement of any observable
are one of its eigenvalues.

Because the operators representing observables are self-
adjoint, the spectral theorem for self adjoint operators (see Ap-
pendix) tells us that A may be written as,

A:Za,-P?

where the g; are the eigenvalues of A and P? are the projection
operators onto the subspaces corresponding to these eigenval-
ues. The probability of measuring A and getting the result a; is
given by,

(10)

an

plai) = Te(P}p) = (Y| P} W) (12)

where again the last equality holds if the cognitive state is pure.

A crucial feature of quantum theory is what happens to the

state when this measurement is carried out. Suppose we mea-

sure the observable A and we get the answer a;. Then the state
collapses to the new state,

Pkl 13

pﬁﬁ@%) (13)
or A| >
Py

—_ 4 14

V)] P (14)

if the state is pure. This is known as the collapse postulate
in quantum theory and is responsible for much of the strange
non-classical behaviour of the theory. Note that if we take the
collapsed state and immediately preform another measurement
of A then we will get the answer a; again with certainty, since,

PApP!
w2,

I Te(PAp) (1
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This means that measurements represented by projection oper-
ators can also be used to prepare systems to be in a known state.
These are often known as ‘ideal first kind” measurements. That
such operations can actually be carried out in practice is a criti-
cal assumption in quantum cognition.

It is worth saying a little more about the role of the collapse
postulate, since anecdotally it seems to cause some concern
amongst cognitive scientists. On the surface it looks a lot like
Bayesian updating. Imagine that the initial state is a density op-
erator p which can be written as a weighted sum of projection
operators onto eigenvectors of a particular observable A, i.e.,

p = pla)la;ai (16)

with {p(a;)} a probability distribution over the possible a;. Such
a decomposition is not guaranteed to be possible, because al-
though the |a;) form an orthonormal basis p need not be di-
agonal in this basis. However suppose it is possible for thess
particular state under consideration. Then if we measure thes;
observable A and get the result a; then the state collapses to, s
319
(17)320
321
In other words, if one thinks of the w; in Eq.(16) as defining as,,
probability distribution over the set of states |a;), then the col-s;
lapse looks exactly like a Bayesian updating of this probability,,,
distribution. azs
The reason this interpretation doesn’t work in general is thatss
a Bayesian update happens when one gets some new informa-s;
tion about the state as a result of performing a measurement.ss
Because of this, a Bayesian update may, at least in some cases, sz
decrease the uncertainty, or entropy, associated with our de-ss
scription of the system. In contrast, at least for pure quantumss
states, increasing our knowledge of an observable A will de-ss
crease our knowledge of any observable that doesn’t commutess;
with A. For pure states this means state collapse does not re-s.
duce our uncertainty about the state, in contrast to a classicalass
Bayesian update. That being said, there is an approach to un-ss
derstanding the interpretation of quantum theory which empha-ss,
sises the connection between collapse and Bayesian updating,sss
called Quantum Bayesianism (See, for example, Caves et al.ss
(2002).) We will not discuss this further here since the inter-s,
pretation of quantum theory is beyond the scope of this tuto-s.;
rial. The important point to take away from this discussion isa.
that although the collapse postulate is a fundamentally quantuma,,
feature, it does have some similarities with more familiar ideas
in classical probability theory.

p— l%‘) (aj|

2.5. Evolution

We will not be especially concerned in this tutorial with the
evolution of quantum states. Nevertheless, for the sake of com-
pleteness we note here the basics of quantum evolution.

3 Although one can argue that it is a critical assumption in any theory of
cognition, quantum or otherwise.

For a closed quantum system, evolution is generated by an
Hermitian operator H known as the Hamiltonian*. The evolu-
tion of a quantum state is governed by,

p(t) = UMpOYU' (1) (18)
or
[ () = U(@) I (0)) (19)
where, if H is time independent, U(¢) is given by,
U(r) = e ! (20)

The operator U(t) is unitary which turns out to be an extremely
important property. Unitary operators preserve the length of the
state vector, or more generally the trace of the density operator,
which means they conserve total probability. They also have an
inverse, U~'(¢) = UT(r) = ¢, so that,

UT(HU@) = UOU () = 1. 1)

The reason this is important is the following: In practice we
generate evolution of a cognitive state by the presentation of
some stimuli. If we assume this evolution can be modelled by
a Hamiltonian operator leading to a unitary evolution, then we
also assume that this evolution is reversible. That means we are
implicitly assuming there is some second set of stimuli that, if
presented to a participant, could undo the change in cognitive
state caused by the first set of stimuli (assuming no measure-
ment intervenes). Whether this is reasonable or not depends on
the experimental set up, but it is frequently not realistic.

The solution is to model the cognitive state not as a closed
system, but as an open one, where information can flow be-
tween the cognitive system and some external system or envi-
ronment. This allows for the possibility of irreversible evolu-
tions not represented by unitary operators. It is also beyond the
scope of this tutorial (Yearsley, in preparation). Concerns about
reversibility notwithstanding, unitary evolutions are the most
widely used in quantum models of decision, and have indeed
proven to be very successful. However one should recognise
that such a choice may not always be appropriate.

There are two further points we want to make about evolu-
tion. First we want to quickly discuss how to write expressions
for the probabilities associated with measurements at different
times, second we want to give two simple examples of useful
Hamiltonians.

If we start with an initial cognitive state pg, evolve for a time
t and then perform a measurement of A, the probability we will
get the outcome ¢; is given by any of the following expressions,

plai,t) = Tr(PAU@poUT (1) (22)
= Tr(P!p(1)) (23)
= Tr(PA(t)po) 24)
where,
p(t) = UMpoU' (t) )

P = UT(OPIU()

4Since H is Hermitian, it is an observable. In physics H corresponds to the
energy of a system, however its significance in cognition is less clear.
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Eq.(23) and Eq.(24) refer to the Schrodinger and Heisenbergss
pictures of evolution respectively. They differ in terms of
whether one regards the evolution as changing the cognitivesss
state, or the observables. For the most part we tend to work
in the Schrédinger picture in quantum cognition, but both rep-_
resentations are equally valid. -
Now suppose we measure A at time 71, then we continue to_
evolve our state, and now we also measure B at time #,. The37
probability that we get the outcome a; at ¢; and b; at 1, is,

0

371

plai, t1;bj, 1) = Tr(PfU(tz — t)PLUt)poU T (t)PAU (12 — 1)y

= Tr(PE () PA ()0 P (1) -
(26)

375

This can easily be extended to further evolutions and measure-37
ments. The Heisenberg picture of evolution comes into its owns?
here. 378
We want to conclude this section on evolution with a couples?
of examples of useful Hamiltonians. The first is the Hamilto-se
nian for a single particle evolving in some potential V(x), suchss
as might be appropriate for modelling a set of beliefs whichse
could take any value in a given range. In the x basis we have, sss
l 62 384

H= “m I +V(x) (27)2::

Here m is some constant (the mass in physical terms) which,,,
gives rise to a sort of ‘inertia’ of our cognitive state, in other,,,
words it determines how quickly the state changes as a result of,
applying some force determined by V(x). This sort of Hamilto-,
nian has been used in studies of confidence judgments (Kvam
et al., 2015). Good choices for the potential might be lineaur391
(V(x) = ax + b) which generates a constant force in a particular
direction, or a quadratic (V(x) = ax*) which produces a states?
which oscillates around x = 0. 303
Second, the Hamiltonian for a simple two state system can3®+
be written (like any other Hermitian operator on this space) as3®
a weighted sum of the identity operator and the three Pauli ma-s
trices, 397

H =al +bo,+coy+do, (28)308
399

where
0 1 0 i 10 -
el o s (o} sl 5) e
402
and a, b, c,d are real numbers. Adding an overall scale to thess
numbers just speeds up or slows down the evolution, which isas
equivalent to rescaling the time. Thus only the ratios of thesos
different coefficient are important. Now, the term involving thesos
identity matrix just adds an overall phase to the state. Since theso
absolute phase is unobservable we can ignore this term. The4os
terms involving o, 0y, 0, generate rotations about the x,y,z
directions respectively, depending on the set up one might be
able to further simplify this expression by considering rotation""
around only a single axis. Thus, for example, in Yearsley and*"
Pothos (2014) it was argued that the Hamiltonian, “2

H =bo,

409

(30)413

414

gives a reasonable general dynamics if one is interested only inas
the observable o,. 416
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3. What does it all mean?

3.1. Introduction

In the previous section we introduced the basics of quantum
theory, as applicable to constructing theories of decision mak-
ing. In theory this gives all the information you need to go and
study existing quantum models, and even in principle to build
models of your own.

However much was left unsaid about the meaning of the var-
ious objects introduced. As a consequence, while it should now
be obvious that, for example, to build a quantum model of order
effects one first needs to identify the Hilbert space, it is proba-
bly less clear exactly how to do this in practice. What we want
to do in this section is to fill in some of the gaps regarding the
meaning of the various pieces of the quantum formalism. Our
aim will be to give some clues about how to build a quantum
model for a particular set of judgments.

There are two possible positions one might find oneself in
when attempting to construct a quantum model of a particular
decision making process. First we might have in mind some ex-
isting classical model, and want to explore a quantum analogue,
either because the classical model is already empirically inade-
quate, or simply because one is interested in whether a quantum
model might produce novel predictions. The second position is
that we might have little idea about any existing treatment of the
problem, and we have to start modelling from scratch. In prac-
tice we tend to encounter he latter more often than the former,
but we will look at both scenarios here.

3.2. Quantisation?

Suppose we already have a classical model of a decision
making problem, and we are interested in creating a quan-
tum analogue. This is very similar to the typical situation in
the physics literature, and physicists already have a reasonably
straightforward process for constructing quantum models from
classical ones. This process is known as ‘quantisation’ (The
classic reference is Dirac, 1982), and we will describe it briefly.

It is easiest to take a specific example, so we will look at
confidence judgments than can be expressed on a 0 — 100%
scale. We will assume the range of possible values is continu-
ous, even if the set of possible responses is discrete. Assume
we have some initial distribution of confidence levels, dynam-
ics that might be generated by some evidence presentation, and
then a judgment process that corresponds to splitting the scale
into some intervals, e.g. 0% < x < 10%, or 20% < x < 30%
etc. The precise details are unimportant, but the key is the clas-
sical model gives us four things,

1. The space of states. In this case they are probability distri-
butions (functions) in the interval (0, 100).

2. The initial state. Or at least what that allowable class of
initial states looks like.

3. The dynamics. Which we will assume can be written in
terms of a classical Hamiltonian function.

4. The observables. In this case the probabilities of lying in
various intervals of the form [a, b].
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Given these four features, we can now construct a fairlysss
unique quantum analogue of this model. Let us explain how.s
to do thiSS, 438

439
e The Hilbert space is given by the set of complex val-

ued functions on the interval (0,100), together with the441
condition that these functions are normalisable. Strictly,,,
H = L%([0, 100]). These are just the infinite dimensional,,

analogues of column vectors. "

e The initial state is a normalised state |y) € H. “
446
e The dynamics follow from the classical Hamiltonian. Sup-47
pose we have H = f(x, p) where x an p are the classi-«s
cal position and momentum of the state. A typical exam-+e
ple might be a particle evolving in according to some po-4s
tential V(x) (representing the effect of evidence presented«s
maybe) H = p*/2m + V(x). To get the equivalent quan-+>
tum dynamics one makes the replacement® x — £, p — p,s
soH - H = p?/2m + V(%). Here p is the operator in
Hilbert spaces corresponding to momentum, in the x basis**
it is given by —i%. The dynamics are then given by thesss
Schrodinger equation, 456
457

(3 1)458

459

0 N
i W) =HW)
460
¢ Finally, the observables are given by self adjoint operators,,
on H, but the most important one is simply %, which is the
operator corresponding to the confidence judgment. Typi-,,
cal judgments might be whether a participant’s confidence,,,
was between a% and b%, which corresponds to the pro-,,,
jection operator,

462

466
467

(32)%s

469

b
Pras = f dx )
a

470
so that,
471
472

(33)75

474

b
p(@.b) = (W Prasy 1) = f dxu(0P

So much for this ideal situation. In practice we are unlikely*”

to have a concrete classical model from which to work, and we*®
have to be considerably more inventive to set up our quantum‘”’
models. We will explain how to do this below. e

479

3.3. Building quantum models from scratch "

In the last section we saw that if one has a well defined classi-,g,
cal model of decision making, setting up a quantum analogue is,,,
a fairly straightforward process. However it is much more com-,,,
mon in practice to approach a modelling problem with little or,,
no prior idea about how to model it. In this case one cannot start,g,

486

487
5To avoid confusion, in this subsection we use hats to denote operators.

This hides a multitude of sins. If the classical Hamiltonian contains terms
like x" p™ there is no unique quantisation, since classically this term does not*&®
depend on the order of x and p, whereas of course in quantum theory it does. 490
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with an existing classical model, and we need to find a different
way to proceed.

The difficulty we face is not so much that it is hard to build
a quantum model, but that it is hard to constrain the possible
choices. For simple models this is rarely a problem, but as the
number of, say, responses grows so to does the number of pos-
sible ways of encoding these responses as vectors in a Hilbert
space. For this reason what we will describe below is a reason-
ably algorithmic way to construct quantum models, but it may
often be the case that the modeller has some extra information
that suggests a particular structure to use. Remember that, pro-
vided a few simple rules are followed, it is hard to produce a
model that is ‘wrong’ in the sense of not being a valid quantum
system. Some degree of experimentation when building models
is therefore fine, and may indeed be necessary to get a model
which works well.

Here is a rough outline of how you might go about building
a quantum model of a particular decision making process.

3.4. Identify the observables

Identify all the observables/measurements/judgments you
wish to include in your model. An observable must be defined
for any state. Decide which of them you expect to be able to
define simultaneously, and for each set of simultaneously well
defined observables decide how many distinct states there are.
In other words, identify the commuting subsets of your observ-
ables, and the associated eigenstates. If all observables com-
mute you have a classical model.

As an example, suppose we have three variables, A, @ and B.
Suppose A can take values aj, ay, @ can take values a1, @, and
B can take values by, b,, b3, bs. Suppose we expect to be able to
define A and « simultaneously, but we don’t expect to be able
to define either together with B. So our two sets of commuting
observables are {A, @} and {B}.

Now an important question is whether states with the same
value of A might have different values of « or vice versa. If this
isn’t the case then A and « are simple functions of one another
and that’s not very interesting. Suppose instead that states with
the same value of A can indeed have different values of @. Then
there are four possible states defined by the set {A, a}, let’s de-
note them {|a;, a;), a1, @) ,laz, @1),laz, @2)}, where e.g. state
|ai, a1) has value a; for observable A and value @ for observ-
able a.

Once we have identified the sets of observables we can use
these to determine H.

Aside on degeneracy

One possibility we are ignoring here is that all the commuting
subsets we generate may have degenerate eigenspaces.

It might happen that all eigenstates are degenerate because
of some observable we have failed to account for. For ex-
ample, as well as the operators A, @, B there may be some
fourth operator C which commutes with all the other opera-
tors and gives multiple possible flavours for all existing states,
e.g. |b1,c1),|by,cz2) .... This could happen if there is a mismatch
between the way a judgment is elicited and the way that observ-
able is represented cognitively, e.g. we may ask participants to
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give preference judgments on a 1-9 scale when their preferencessss
are actually encoded on a 0-100 scale in the brain. 547

Although it seems like this might be a problem, it is actuallysss
unlikely to cause difficulty as long as the dynamics do not con-s«
tain interactions between C and other observables. However asso
good general rule is to choose your observables to match thess:
way you think the quantities are encoded in the brain, and thenss
if necessary represent the measurements in a coarse grainedsss
way as projection operators onto large dimensional subspaces. ss

555
3.4.1. Identifying H 556

For the sets of simultaneously definable observables, find thess;
set with the largest set of associated states. If two or more setssss
of commuting observables tie for the largest number of statessss
then pick either, call this number D. Your Hilbert space thense
must have D complex dimensions, or in other words H = CP. s

To go back to our example, it turns out our two sets of com-ss2
muting observables {A, @} and {B} have equal numbers of dis-ss3
tinct states, four each, so we can work with either. Since the setses
{B} has four distinct states, we will need a 4D space for themsss
to live in. This means we need a Hilbert space of four complexses
dimensions, so we have determined that H = C*.

What we have done here is used the spectral theorem for Her-
mitian operators in reverse (see the appendix). We know that
the eigenstates of an Hermitian operator span the Hilbert space
in which it lives. Thus if we know that we have an observable
with D distinct eigenvalues, that means it must live in a com-
plex space with at least dimension D. The trick is then to look
at our observables and find the one with the largest number of
eigenvalues, this gives the minimum dimension of our Hilbert
space. Care needs to be taken if we have commuting subsetssss
of observables, like A and a above, since the number distinctses
states now depends on the degeneracy. (e.g. if A and a canses
each take one of three possible values, the number of vectorssn

may vary between 3 and 9.) 571
So in our example H = C* and the statess
{1b1),1b2) ,1b3) ,1ba)} and {lai, a1}, a1, @2),laz, ar), laz, az)}srs
form two orthonormal bases for H. 574
575

3.4.2. The relationship between the observables 576

Now by construction the eigenstates of B and those of the pairsz
{A, a} span H, so we already know two different bases for oursss
Hilbert space. The question is, what is the relationship betweenszs
the sets of bases? Or in other words, we started by assumingsso
that A and B could not be defined simultaneously, which meansss:
that they won’t commute as operators. So the question is, whatss
is their commutator? 583

Well the short answer is that we can’t tell you! This isss
essentially where the maths ends and the psychologist’s intu-sss
ition has to take over. Quantum cognitive theories, like anysss
other theory, require certain inputs from the modeller, andsss
one of these is the relationship between the observable quan-sss
tities. However although we can’t tell you exactly how tosss
proceed, we can give you some clues about how to imple-se
ment different choices. One comes from the fact that sincess
the two sets of vectors {|a;, a1), |ai, @), |az, a1),|as, @)}, andse
{lb1),1b2),|b3), |bs)} each form an orthonormal basis for H ses
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they must be related to each other by a unitary transform. A
unitary transformation in the space C” has D* parameters, so
that gives us the maximum number of parameters to be fixed.
However this number will often be much lower in practice, be-
cause of simplifying assumptions we can make

Another is that we may sometimes be able to make simplify-
ing assumptions about the relationship between the states. Sup-
pose for example we are dealing with emotion states from two
different points of view, perhaps two different people, so that
our states are {|Happy),|Sad),|Excited),|S cared)} from one
point of view, and {|Happy’),|Sad’),|Excited’),|S cared’)}
from a different point of view. It might be that we have rea-
son to believe that e.g. [Happy’) is a mixture of [Happy) and
|S ad) and |Excited’) is a mixture of |Excited) and |S cared), but
that the change of perspective doesn’t mix e.g. |Happy) and
|Excited). The unitary transformation can then be split into two
separate transformations, each operating on a 2 dimensional
subspace, and the number of parameters drops from D? = 16 to
2 %22 = 8. Another simplification occurs when we have a small
number of observables compared with the dimension of H. We
may then be able to pick all our basis vectors to be real

A further special case is when we think the different bases
are maximally mixed, in the sense that a basis state from one
basis is a mixture of all basis states from the other basis, so that
there is equal probability to measure this state to be in any of
the basis states for the other basis. In other words, if we have
two bases {le;)} and {|f;)} then,

2 1 .

|<e,~|fj>| = 5. Vijel2.D (34)
If our two bases have this property then they are called mu-
tually unbiased (mutually unbiased bases were introduced in,
Schwinger (1960). For a more recent review see Bengtsson
(2006)). There are only a fixed number of mutually unbiased
bases in a given Hilbert space, which means only a fixed num-
ber of options for choosing {|f;)} given {le;)}. If the dimension
of the Hilbert space, D, is a power of a prime number, then the
number of mutually unbiased bases is D + 1. It is not known
how many mutually unbiased bases there are for general D, but
it is always less than or equal to D+ 1 (Durt, 2010). Thus in this
case there are only a finite set of possible choices for the basis
vectors.

What exactly does the choice of relation between observables
mean for a model? In a classical model all observable are com-
patible, which means they can be defined at the same time. In
quantum models observables are generally not compatible, and
they cannot be defined simultaneously. Assuming one wants to
use a quantum model in the first place, then presumably one
is looking for incompatibility. The relationship between ob-
servables in a particular model therefore determines two things;
how much incompatibility one has, and whether the incompati-
bility occurs equally across all states of those observables.

As we will show for a specific example in Section 4, the de-
gree of incompatibility, measured through non-commutation or
order effects, depends on the overall size of the unitary rotation
between bases for A and B. However if the unitary transforma-
tion does not effect all basis states equally, it might be the case
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that, for example, some subset of the possible outcomes of Ass
commutes with a subset of the possible outcomes of B, so thatss
although the observables are technically incompatible this maysss
not be the case when acting on all possible states. In generalss
deciding on the relationship between a given set of observablesss
is a hard problem, that needs a lot of psychological insight toess
solve successfully. 649

650

3.4.3. Identifying the initial state 651
The initial state is straightforward to identify, at least in the-**?
ory. The initial state can be fixed from the probabilities for the®®
outcomes of measurements. So if one knows the initial mea-***
surement probabilities, one can identify the state. 655
The problem is that there are 2D — 2 free parameters in a pure™
quantum state, and D*> — 1 in a general density operator. By
contrast, a complete set of measurements can fix at most D — 1
parameters (see appendix for information on how to compute
these). Thus to fix all the parameters of a pure state we need®
probabilities for at least two non-commuting observables, and*®
we will need many more than that to fix a density operator. ~ *'

However, this is almost never the way things are done in prac-
tice. Usually we set the initial state to be a particular eigenstate
of one observable. How can we get away with this? The answer
lies in recognising that because measurements change the state
via the collapse postulate, measurements can be thought of a
equivalent to state preparation (Peres, 1998).

Suppose we have a D dimensional Hilbert space with some,,,
unknown initial cognitive state |i/) and an observable A withg,
eigenvectors |a;),|ay) .... If we perform a measurement of the,,
observable A on the initial cognitive state and get the result aj,g;
then we know that the cognitive state has now collapsed to |a; ).
Thus we can use an initial measurement as a priming, to fix the
cognitive state. Assuming not all participants give the same an-
swer to this initial question, they will not all be in the same state
afterwards. We can deal with this in one of two ways; if there
is an extremely high probability of participants giving one an-
swer, say aj, then we can simply screen out any participant who
answers otherwise. Our cognitive state is then p = |a;) (a,].

If, on the other hand, there are a spread of likely answers, we
can either model each participant separately with a cognitive
state corresponding to his/her initial answer, or we can use the

density operator,
p = wila) i
i

where the {w;} are equal to the probabilities that participants
give each of the possible answers {a;} to the initial question. A
special case of this is when there is equal likelihood of partici-ses
pants being in any of the |a;), in which case the most appropri-é7
ate initial state is the completely mixed state, corresponding tosss
maximum ignorance, p = %]1.

We can then take this idea further. Suppose we have goodes®
reason to believe participants would, with extremely high prob-e7
ability, answer the initial question in a particular way. One ex-e7
ample might be if our experimental set up was something likesz
a jury trial, and the initial question was prior to the presenta-sz
tion of any evidence, since participants should overwhelminglye

657

658

(35)

9

prefer innocent to guilty in the absence of any evidence. In
this case since we are close to certain that participants would
respond innocent if questioned, we can say their initial state
must be very close to the ‘innocent’ eigenvector. However this
rapidly becomes unreliable as our confidence in what the initial
judgment would be drops from 100%. This is, in its simplest
form, because it is impossible to tell the difference between a
superposition of the form va|0) + V1 — a|l) and a mixed state
of the form a|0) (0] + (1 — @) |1) (1| by only measuring in the
{I0),]1)} basis.

Nevertheless, the key is that the application of some quan-
tum know how together with some psychological intuition can
usually help us to identify the initial cognitive state in a straight-
forward manner.

3.4.4. Identifying the dynamics

‘We shall briefly talk though how the dynamics might be spec-
ified. In the same way as for the initial state above we shall
begin with the technical story, and then we shall show how the
problem can be simplified with some psychological intuition.

Evolution is generated by a Hermitian operator, the Hamilto-
nian. For finite dimensional systems this is an D X D Hermitian
matrix, and thus has D? parameters. We can fix some of these
parameters by using the transition probabilities,

pi — jit) = [GIU@) i) I? (36)

There are D?/2 of these transition probabilities, so we either
need them for two different bases, or for the same basis at two
different times. In theory we know this information if we know
the expected dynamics.

In practice, in much the same way as we could assume a
simplified form for the initial state, we can probably assume a
simplified form for the dynamics. A standard assumption is that
the dynamics of a quantum system functions like a transforma-
tion between two known bases. e.g. it might rotate the states
{|0), |1} to the states {|+),|—)} after some total time 7. This
means,

1
U)oy =+)= @(IO) +[1) (37)
SO we can take,
U(T) = exp (—ig(ry) (38)
thus we conclude,
U(r) = exp (—i%ay) 39)

Again, we have seen that with some psychology intuition
about the expected dynamics, we can fix the unitary operator
controlling evolution fairly simply.

3.5. The interpretation of quantum theory

Despite all that we have said above, it is reasonable to feel
like we have not really scratched the surface of what quantum
theory means as a theory of cognition. What does superposi-
tion really mean? Why are certain variables incompatible and
what does that mean for the way they are actually encoded in
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the brain? If wave function collapse is not exactly Bayesian up-
dating then what is it? These questions about the meaning of
the theory are in some ways the most interesting and important.

Unfortunately we cannot cover these questions in this tuto-
rial. The reason is essentially twofold; first, the primary pur-
pose of this tutorial is to explain how to use quantum theory to
model certain effects. Furthermore, addressing the meaning of
the theory is generally best done once one has a good grasp of
the way the theory works in practice, and so it is more prof-
itable for the reader to return to this question once they have
more experience with how the theory is used.

Second, there is in fact no general agreement on how to in-
terpret quantum theory as a theory of cognition. The confu-
sion is partly inherited from physics, since the interpretation of
quantum theory in physics is hardly without controversy, but
it is also worsened by the fact that quantum theory is gener-
ally regarded as an effective theory of cognition, where the ac-
tually neuroprocessing may take place in an essentially classi-
cal way. Thus, in cognition, quantum theory is regarded as an
effective theory possibly arising from an underlying classical
process. For various reasons this cannot be the case in physics
(Isham, 1995; Bell, 2004), and thus it is not obvious whether
the interpretative framework associated with quantum theory
can be directly imported to quantum cognition in the same way
as the mathematics (see Blutner and beim Graben (2014); beim
Graben and Atmanspacher (2006) for some attempts to inter-
pret quantum cognition as arising directly from classical neuro-
physics). We hope that further research will help us to under-
stand why quantum theory works, and what it tells us about the
underlying process of cognition.

4. Order Effects I

The basic framework we have outlined so far can be used
to build quantum models for any particular set up one wishes.
However it is useful to look at specific examples to see how the
theory works in practice. For the rest of this tutorial we will
therefore focus on the particular example of order effects, but
bear in mind this is just one possible application of these ideas.

Order effects are a central feature of quantum theory because
of the non-commutation of operators. Recall; if A and B are
two operators on H then the commutator [A, B] is defined as,

[]: HXH—>H
(40)
[A,B] - AB - BA
A and B are said to commute if [A, B] = 0. Otherwise they are
said to be non-commuting.

Most operators in quantum theory do not commute with each;,,
other, and thus the order in which they are evaluated matters. If;,,
the two operators represent two possible survey questions, for,,
example, then a lack of commutation means that the expected
answers these questions depends on the order in which they are
asked. Thus quantum theory can naturally incorporate order ef-
fects via non-commuting operators (Atmanspacher and Romer,
2012).

10

As an example, let us consider a two dimensional Hilbert
space spanned by {|0), |1)}, and two projection operators given
by

1
Po =10)<01, P, = Z(0) + 1O+ (ID). (41)

A striking example of order effects in this case occurs when the
initial state is [¢/) = |1). We have

1 1
p(+,0) = |PoP, 1) = IE(I0> O+ [0y (1P 1) > = I (42)
but,
1
p(0,+) = [PLPo|1) > = IE(I0> O+ DO =0. (43)

If we examine the commutator, we see,

1
50y <01+ 10) <11)

PP, =
1 (44)
PPy = (10} (0] + |1)(0)
SO 1
[Po. P41 = 5(10) (1 = 1) (0D # 0 (45)

However this masks a more complicated structure. The com-
mutator of two operators is itself an operator. There may be
some states for which the expectation value of this operator is
0, and thus for which the order of operations does not matter,
even though the commutator does not vanish identically. In-

deed, it is easy to see that,
(0| [Po, P+110) = (1| [Py, P+111) = 0 (46)

On the other hand, we can show that the largest order effects
come from the two eigenstates of the commutator, |+i), where,

[+i) = %(Im +il1)), |-y = %00) —i[1)) 47
and we have 7, )
&ﬂU%JﬁHiD:ié. (48)

In addition we have the following very important property:
Consider any two operators A and B, and look at the average
value of their commutator across a complete basis of . This
is equivalent to computing the expectation value of the com-
mutator in a state where p = %]1. Such a state corresponds to
an ensemble where participants are equally likely to be in any
initial knowledge state, i.e. there are no privileged states. We
see,

Tr([A, B]1l) = Tr(AB — BA) = 0. (49)

In other words, this type of order effect averages out across
Hilbert space. The presence of a particular order effect is there-
fore as much about the initial state as it is about the operators

"It is easy to see that for two Hermitian operators A and B, [A, B] is anti-
Hermitian, i.e. [A, B]" = —[A, B]. Anti-Hermitian operators have pure imagi-
nary eigenvalues, a fact that follows from a simple modification of Theorem 1
of the Appendix.
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in question. (We will see in a later section an example of a dif-
ferent type of order effect which does not average out in this
way.)

The discussion so far might lead you to conclude that com-
mutation is a binary property, two operators either commute or
they do not. This is technically true, but it is more helpful to
think of commutation as a continuum. To explore this let’s con-
sider the projection operator Py, defined by

Py = UO)PoU(O)' (50)
where, in the basis {|0), |1)},
_ [cos(d) —sin(B)
v = (sin(9) cos(6) ) (51)zss
735
so Py is a unitary rotation of Py. In the basis {|0),|1)} we have, 73
737
_( cos*(6) sin(6) cos(6) (52)
O~ \sin(@)cos(@)  sin’(6)
We can show,
1 . 0 1
[Po, Pe] = 3 sin(26) (_] O) (53)

The eigenvectors of [Py, Py] are equal to the eigenvectors of
(91 (1)), i.e. they are the same as |+i) above, but the eigenvalues

are now given by A, = iw The maximum order effects that
we can observe are therefore given by,
+i
(xi| [Py, Po] |£i) = > sin(26). (54)
Therefore although strictly Py and Py do not commute unless,;,
0 is a multiple of /2, there is a sense in which they approx-,,
imately commute for values of 6 close to these. In a realistic,,,
experiment with some low level of noise in the experimental,,,
data, for these values of 8 the maximum possible order effects,,,
may be too small to observe against the noise. 743
Now thus far we have been interested in the expected value,,,
of commutators as a measure of order effects. However when,,,
we perform a sequence of measurements of two observables, A,
and B this is not in fact what we obtain. Rather the probability,,,
of getting a positive result for the measurement of A followed,,,
by a positive one for the measurement of B is given by, 749
750
P(A and then B) = Tr(PpPapP4) = |PgPa /) > (55)._,
where the second equality holds when the initial knowledge’™
state is pure. The probability for the same measurements in’>
the opposite order is given by,

754
p(B and then A) = Tre(PAPppPs) = [PAPs W) >  (56)
755
We are therefore interested in the quantity, 756
p(A and then B)—p(B and then A) ::;
= Te(PpPapPa) — Te(PaPppPp)  (57)ss
= Tr({PaPpP4s — PpP4Pglp) 760
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The order effect we will observe in a measurement therefore
depends on the operator P4 PgP4 — PgP4Pg. Note that this op-
erator is Hermitian. Using the same 2D Hilbert space as above,
and taking P4 = Py and Pg = Py we can show, in the {|0), |1)}
basis,

sin(6)
—cos(6)

—cos(6)

—sin(g)] OY

PyPyPy — PyPyPy = cos*(6) sin(a)(
The eigenvalues of this operator can be easily, if somewhat te-
diously, shown to be,

A, = +cos>(0) sin(6) (59)

The eigenvectors can be computed if required, but they are not
necessary here. The key is that the maximum possible order
effects that we can observe are given by the eigenvalues of this
operator.

It is worth looking in more detail at how these eigenvalues
behave with different values of 6. Firstly they are zero for 6 =
0,7/2 as expected. The maximum value is,

max(cos*(0) sin(0)) =

~ 0.385
(60)

Which occurs at
0= 2tan_1(\/5—2\/€) ~35.2° 61)

Somewhat surprisingly then, the angle between the projectors
Py and Py at which the measured order effect is maximised is
not the same as the angle at which the commutator attains its
maximum value, which recall was 7r/4 radians or 45°. Also, the
maximum possible order effect, in the sense of the difference
between the probabilities p(A and then B) and p(B and then A)
is limited to about .385. This is significant because logically,
since the probabilities themselves are bounded by 0, 1, one
might have expected to be able to produce order effects of any
size from O to 1.

So far in this section, we have glimpsed how order effects
may be modelled, and we have seen that there are some non-
trivial restrictions on the type of effects that can be accounted
for. In the next section we will introduce a precise test of the
quantum account of order effects which allows the quantum ac-
count to be compared with other models.

5. Order Effects 2

Designing a theory to fit existing data is relatively easy. What
is much harder is to develop an a priori or parameter free test
of a theory which would allow the theory to be falsified. As we
will now show, quantum theory is very constrained with respect
to the types of order effects it can account for. This leads to a
remarkable equality between various probabilities which must
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be satisfied if the probabilities are to be explained by quantum
theory (Wang and Busemeyer, 2013; Wang et al., 2014).

Our aim in this section is to show in detail how this con-
straint, which is known as the Quantum Question, or QQ Equal-
ity, is derived. The derivation in the original papers was rather
long, here we will make use of the machinery of quantum the-
ory we have discussed in this tutorial to give a simpler and
hopefully more transparent derivation.

Suppose we have two different measurements we can per-_
form, A or B, and cru_cially thes_e measurements have two785
possible outcomes, A,A and B,B. Denote the projection786
operators corresponding to these measurement outcomes as
Ps,Pj, P, Ps, with Py + P; = Pp + P = 1. Let’s788
write the p{obabilities associated with these measurements as
p(A, B), p(A, B)... where p(A, B) = Tr(PgPspP,) etc. o0

Now since these measurements don’t necessarily commute, o

P(A.B) # p(B.A) (62)

However, slightly unexpectedly, the following is true, e
795

p(A,B)+p(A_9B)_p(B,A)_p(B9A_) =0 (63)796

797

This is the QQ Equality (Wang and Busemeyer, 2013). (This™®
equality also holds if we relabel A < A, or B <> B, and the orig-7*
inal form of the equality given in Wang and Busemeyer (2013);5®
Wang et al. (2014) had B < B, but the form given above is®'

better to see the essential symmetry of the equality.) 802

The QQ Equality holds because the following operator is®®

identically zero, 804

805

PAPpPs + P;PgPs — PgPsPg — PgP;Pp =0 (64)s08

807

We give a proof of this below. 808

This derivation makes use of the properties of commutatorseee

and projection operators, which together imply, 810
[Pa, Pgl = [Pa, (1 = Pg)] = =[Pa, Pg] = [Pg, P4l

(65)s11

= —[Pg, Pzl = [P;, Pj] etc.
812
Note however that the use of commutators is just a mathemati-_
cal convenience.

Now for the derivation. We begin with,

814
815
[Pa, P5l = [Pa, P5] = 0 (66),,.

818

Inserting two copies of the identity gives,
819

[Pa, PglPs + [Py, P3]Ps — Pg[Pa, Pgl = P3[Pa, Pl = 0 (67)*
821

Now we use the property of the commutator noted above, to®?
get, 823
824

[P, PglPa+ [Pz, PplPz — PplPa, Ppl — Pp[Ps, Pl = 0 (68)%
826

Expanding out the commutators gives, 827
828

PaPpPy + PzPpP; — PgPAPy — PsPiP5 =0  (69)azs

12

which is Eq.(64). Since this operator is identically zero, it fol-
lows that for any density operator p,

Tr({PaPpPs + PsPpPs — PpPaPp — PpPiPglp) =0 (70)
By the linearity and cyclic property of the trace this gives,

p(A,B) + p(A, B) - p(B,A) — p(B,A) = 0 (71)
Where p(A, B) = Tr(PgPapP,) etc.

This QQ Equality was first introduced by Wang and Buse-
meyer (2013), and it was strongly supported experimentally in
a very compelling paper by Wang et al. (2014). That the QQ
Equality is obeyed by real world data is surprising in view of
the fact that it does not follow from general contextual proba-
bility theories, but can only (apparently) be derived assuming
the particular structures of quantum theory. This means observ-
ing that the QQ Equality is obeyed in the wild provides very
good evidence that human decision-making can be described
by quantum theory in particular, rather than just a contextual
probability theory in general.

It is worth asking exactly what properties of quantum theory
the derivation relies on. That is, exactly what properties does
the QQ Equality test? The key ones appear to be the properties
of the projection operators representing measurements, specif-
ically the fact that they are orthogonal and idempotent. This
raises the question of whether the QQ Equality still holds if
the measurement operators do not have these ‘ideal’ properties,
such as one might expect to be appropriate for more realistic
measurements. We will address this question in a later section.

Another property that this derivation relied upon was that the
measurements had binary outcomes. Despite extensive work,
we have not been able to prove a generalisation of this result
for measurements with more than two possible outcomes. It
remains unclear whether any such analogue exists, but it would
obviously be of huge interest to resolve this question.

6. A brief introduction to POVMs

The measurements we have been dealing with so far are ideal
measurements, in the sense that they are perfectly idempotent
and perfectly orthogonal. This means if the cognitive state of a
participant happens to be an eigenstate |a;) of an operator A, if
we perform a measurement of the observable represented by A
we will get the result a; with probability 1.

Realistic experiments are never this straightforward, and
there is always some irreducible noise that means that real mea-
surements are not exactly ideal. The reason for this could be
as simple as the presence of response errors; for example if
an experiment is performed under conditions where speed is
emphasised. Alternatively noise could enter because different
response options are not viewed as orthogonal, or because it
is impossible to separate out the cognitive variable one is inter-
ested in from others which are also effectively ‘measured’ when
a decision is made. In order to account for this we need to gen-
eralise the ideal measurements we have been using so far. The
correct way to do this in quantum theory is via the use of what
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are known as Positive Operator Valued Measures or POVMsass
for short. 854

This tutorial is not the place to give a full introduction tosss
POVM measurements®. However the noise inherent in real-
istic measurements can play an important part in determining
whether we observe order effects in experiments, and it is there-
fore worth presenting a bare bones account that will enable us to
see how noise in the measurements interacts with order effects.

Suppose we wish to model an experiment where we have par-
ticipants express a preference for one of two alternatives, A or
B, and that these are exhaustive and exclusive alternatives. In
an ideal measurement these would be represented by projection
operators Py = |0) (0|, P; = |1)(1]. Suppose instead our mea-
surement isn’t ideal but, intentionally or otherwise, is subject to
some noise. This means some participants who really prefer 0"
will select option 1, and vice versa. 7

Let’s see how we might model this. What we want is an’’
operator E, whose expectation value in the state |0) is close to
one, but which also has a non-zero expectation value in the state”
|1), and likewise for E. That is,

(01Epl0) =1 —¢,
(O1EL10) =€,

11Eg|l) = €,
(11 Eo [1) 72)
AIE ) =1-€
Where 0 < € < 1 is some small error probability °. Let us also
assume,

(0| Eo|1) = 0, etc. (73)

In the basis {|0) , |1)} these operators can therefore be written as,

l1-€ 0 e O
E"‘( 0 e)’ El‘(o 1—6)'

Can we use these operators to describe a measurement process?
It is easily seen that they are not projection operators, neverthe-
less they satisfy the following properties,

(74)

861
e They are positive operators, which means they have posi-ss2
tive eigenvalues. 863

864
e They are complete, in the sense that Ey + E; = 11, where, g,

recall, 1 is the identity operator over H. a6

These properties mean that for any density operator,

0<TrEp) <1 (75)
and
D Tr(Ep) =1 (76),_
i=0,1

8The best book IMY has read on POVMs is Busch et al. (1995), however868
this is currently out of print. A popular alternative is Neilsen and Chuang
(2000). See also Yearsley (in preparation). 869

° An important point here is that we are assuming the errors are unbiased.g;,
i.e. the probability of incorrectly answering 1 when the state is |0) is the same
as the probability of incorrectly answering O when the state is [1). This need
not hold in general, but this would describe a something other than pure noise,87?
so we will ignore this possibility here. 873
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The quantities Tr(E;p) can thus be interpreted as probabilities,
and so Ey and E; are good candidates to describe a measure-
ment process.

But what measurement process do they describe? Well there
are many ways to think about this, but probably the easiest is to
note that we can write,

E0=(1—€)P0+EP], E]ZEPQ+(1—E)P1. (77)
In other words, we can write these operators like,
Eo= ) po()P; (78)

where po(i) have (loosely) the interpretation of probabilities.
So one way to think about these measurements is that instead
of performing a measurement P,, we instead perform one of
the possible measurements P; with some probabilities py(i). So
these measurements look like noisy versions of ideal ones.

Ey and E| are specific examples of elements of POVMs. The
probability that a measurement described by E; gives a positive
answer is then given by,

p() = Tr(Eip). (719)

Suppose we perform a measurement of E;, what is the resulting

state after the measurement? Writing,

Ei= MM, (80)

we can show that if we get a positive answer to the measurement
described by E; then the state collapses to,

~ MipM]
Te(Eip)’

’

P @81)
The M; are often called ‘measurement operators’. The decom-
position of E; into M; is not unique; there in fact many different
realisations of a given POVM in terms of a set of measurement
operators M;. We ignore this issue here, and simply take the
simplest, M; = VE;. For more details see Yearsley (in prepara-
tion); Busch et al. (1995).

To return to our example above, in the basis {|0), |1)} the mea-
surement operator associated with Ey will be,

\/1_—60)

0 Ve (82)

e

which is nice and simple.

7. Order Effects and POVMs

We are now ready to explore the extent to which the presence
and size of order effects depends on whether the measurements
are perfect. We will start with the simple case, and then move
on to consider whether the QQ Equality still holds for imperfect
measurements.
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We will replace the projection operators Py, Pp, with the fol-sss

lowing POVMs 10, 884
885
PB d EB = (6 O ) 886
0 1-¢€
(83)887
888

889

1 1-2
P, = E, =2 i
2 2

890

These have associated measurement operators, 81

892

894
Vierye  VIie-ye (84) s
M. ( : : )
Vice-ve  VIcerye ao6
2 2 897
Now we can see that, 898
pe(+ and then B) =Tr(EgM,pM.)
1 (85)
:Z(l -2(1-2€e)VeVi-¢)
and
pe(B and then +) =Tr(E, MgoMp)
€ (86)

We plot these results against the value of € in Fig.(1). The re-
sults are interesting. The key is that the difference in the values
of the probabilities (plotted as the dotted line) decreases sharply
with increasing e, i.e. with increasing noise. Note however that
the value of € is interpretable in terms of the ‘error’ probabil-
ity of the measurement. Realistic experiments would probably
have values of € in the range 1-5%, and so order effects are still
likely to be visible in such experiments, although they might
appear smaller than one might have expected.

899
900
901

902

)
]
1
)
)
3
b

o
&

903

e then +

@ @» ; then B

Value of probability

o
i

® ¢ ® o Difference

0.05

*e
*e
.
ces
...............

0

0 005 01 015 0.2 0.25 0.3 035 04 045 0.5

Value of epsilon

Figure 1: pc(Bandthen +), pe(+ and then B), and their difference, plotted
against €.

10Readers are encouraged to convince themselves E, is reasonable. Either
start with Ep and rotate through /4, or consider a combination of P, and P_
as in Eq.(78).
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We don’t have space here to pursue this further, but it is clear
that small amounts of noise will still allow order effects to be
observed, even though very large amounts of noise rapidly kill
off such effects. This has important implications for studies
looking for these effects in the wild.

If the noise inherent in realistic measurements can kill off
order effects, can it also disrupt the important QQ Equality that
we introduced previously to test the quantum explanation for
such effects? It is obviously vital to know the answer to this if
we want to understand whether we expect to see this equality
obeyed under realistic conditions.

What we want to do is to examine what happens to the op-
erator in Eq.(64) when we replace the projectors with POVMs.
Clearly the derivation that led to Eq.(64) will no longer hold,
but it is unclear whether this means the equality is no longer
valid.

We are going to restrict ourselves in what follows to a very
simple class of POVMs, in particular we will take, in the basis

{IA),|A)}
l1-¢ 0 € 0
EA:( 0 e)’ E_:(O l—e)' 87)
and in the basis {|B), |B)}
(1= 0 _(m 0
ol ) o

We will also chose the measurement operators to have a simple
form. Eg in the {|A), |A)} basis

Vi-e¢ O
My = .
! ( 0 e (89)
This is useful because it means we can write,
Ey=(1—€Py+ePs, My= V1—€Ps+ VePg  (90)

etc. This choice of POVM is special because of the fact that the
E4 etc can be written as sums of commuting projection opera-
tors. This means they are in some sense very close in behaviour
to the more usual projective measurements''. The significance
of this is discussed in Busch et al. (1995).

We will now see what happens when we replace the projec-
tors with POVMs in Eq.(64). We will use the trick of replacing
the POVMs with sums of projection operators, as above. This
then lets us write,

MyEgMy + MzEgM; — MpgEsMp — M3E ;Mg =

(V1= €Py+ VeP3)((1 - )Py + nPp)(V1 — €Ps + VePy)

+ (VePy + V1= eP)nPs + (1 - Pp)(VePa + V1 — €Pg)
— (N1 =nPg + \Pp)(1 — €)Ps + €P;)(\[1 =P + \7Pp)

—(\nPg+ 1 —nPp)(€Ps + (1 — €)Pz)(\nPp + /1 —nPj)
On

1'We are grateful to an anonymous referee for emphasising this point.
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Some rather tedious algebra gives, 924

MAEgMy + MzEgMz — MgEAMp — MgE; Mz =
(PaPpPa + PiPpP; — PgPpPp — PpPzPp)((1 — €)(1 —n) + €n)

+ (PaPgPy + PiPpPs — PpPiPp — PpP,Pp)(1 — e)n + €1 — 1))

+ (PaPgP;i + PiPpPs + PAPsP; + PiPgPy) Ve V1 — €

- (PBPAPB + PBPAPB + PBPAPB + PBPA’PB) \/ﬁ\/l -n
92)

The first term on the right hand side of this equation is propor-
tional to the original QQ operator Eq.(64) and thus vanishes.
The second term is also proportional to the QQ operator, with
Band B interchanged, and thus this also vanishes. What we are
left with is,

925
MuEgMy + MzEgMg — MgExMp — MgEzMp = ”
(PAPBPA+PAPBPA+PAPBPA+PAPBPA)\/EVl—E (93)

_(PBPAPB + PBPAPB + PBPAPB + PBPAPB) WV] -n
By using the properties of projection operators, we see e.g.,

PoPpPz = Ps(1 = Pp)P; = —PaPpP; 94)
etc. From this we can see that the both the terms on the right
hand side of Eq.(93) also vanish, and so finally we see,

MAEBMA+MAEBMA_MBEAMB_MEEAMB:0 (95)

Therefore for any density operator p we have, o7
928
Tr({MAEgMa+MzEgMz—MpE,Mg—MgE;Mglp) = 0 (96)

929

930
and thus,

pe,r](Aa B) + pe,n(A’ B) - Pe,n(Ba A) - pe,rl(ng) =0 (97)

Where pc (A, B) = Tr(EgMspM,) etc.

Therefore we have shown the QQ Equality still holds when
the measurements are given by these simple types of POVM.
This is an important result, since it helps to explain why the
equality seems to hold so well in real world data sets (Wang etg,;
al., 2014). 932

Note that this result relied on the POVMs having unbiased er-g;
rors. If we relax this condition then the QQ equality no longerss.
holds. This corresponds, for example, to having systematic er-gs
ror that bias the result towards or away from A, and similarlyss;
for B. We will not explore this possibility further here. 037

In summary, using realistic noisy measurements does effectsss
the size and presence of order effects. In general adding noisesss
to a quantum system tends to make it look more classical, ands
this case provides a good example of that. (For a good introduc-
tion to the quantum to classical transition see Halliwell (2005).
For a classic review we recommend Zurek (1991).) However
for realistic levels of noise order effects should still be visible,
and crucially the QQ Equality will still hold provided the noisy
measurements remain unbiased.
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8. Order Effects in Similarity Judgments

In this final section we want to explore the presence of order
effects in a slightly different context, namely that of similar-
ity judgments. Similarity judgments are an important part of
many other more complicated cognitive processes such as cate-
gorisation. In a classic paper Tversky (1977) demonstrated that
human similarity judgments have a number of properties that
one would not expect from the simplest classical models. The
most important for us is that similarity can sometimes display
asymmetry, in other words, if Sim(A, B) denotes the similarity
of A to B, then,

Sim(A, B) # Sim(B, A) (98)
In particular, so the theory goes (Tversky, 1977), Sim(A, B) >
Sim(B, A) if we have more knowledge about B than about A.

In an attempt to model this interesting finding, Pothos et al.
(2013) came up with a model of similarity judgments based on
quantum theory (see also Pothos et al. (2015)). Their model
works as follows, suppose we have a space of concepts H, with
subspaces representing the concepts A and B defined by the pro-
jection operators'? P4 and Pg. Then the judged similarity of A
to B, given our initial knowledge state is p, is given by,

Sim(A, B) = Tr(PgPapPa)/ Tr(Pap) (99)
or )
. PsPA )|
Sim(A,B) = ————— 100
mAB) = P (100)

if the state is pure'3. In actual fact Pothos et al didn’t include the
normalisation factor in the denominator of Eq.(99). However
they left the question of normalisation open, so we may explore
any reasonable choice of normalisation.

The initial knowledge state is to be set such that the state is
‘unbiased’. Specifically “in the absence of priming manipula-
tion or contextual influence, we require the state vector to be
neutral between the compared concepts” (Pothos et al., 2013).
One might expect that this means the initial state is set such
that,

Tr(Pap) = Tr(Ppp) (101)

and this is indeed what Pothos et al had in mind. However there
are other ways to interpret this. They go on to say “Such an as-
sumption is equivalent to that of a uniform prior in a Bayesian
model.” Now the concept of a uniform prior is rather slippery,
because it depends on what exactly it is uniform over. In this
case there are two obvious choices; the prior could be uniform
over the whole knowledge space, so one is equally likely to
be thinking about any thought in the space, or it could be uni-
form over the concepts under consideration, which, recall, are
represented by subspaces of dimension potentially greater than

120ne might also use smeared projectors or POVMs instead of projection
operators if there is some uncertainty about the concept boundary.

13This assumes that the similarity between a stimulus and itself is always
judged to be 1. If desired, this assumption can be dropped by using POVMs in
place of the projection operators.
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one. A uniform prior over the whole knowledge space would be
given by the density operator p = %11, whereas a uniform prior
over the concepts under consideration would be given by a den-
sity operator satisfying Eq.(101). One advantage of the former
is that it is guaranteed to exist, whereas the latter is not. At any
rate, in the absence of further information we will explore both,,
possibilities. o2

This similarity measure looks like a quantum version of ag,
conditional probability. It has two nice properties, it is nor-
malised in the sense that,

Sim(A,A) =1 (102)
and also in the sense that,
Z Sim(A,B;) = 1 (103)

if the set {B;} is complete, i.e. },; B; = 1.

Now the key factor responsible for asymmetry in this model
is that P4 and Pp may have different dimensions. This corre-
sponds in cognitive terms to a participant having greater knowl-
edge about one of the stimuli. Greater knowledge implies more?
possible thoughts connected with that stimuli, which means a®s
higher dimensional subspace for that stimuli. What we want to®ss
do is explore how the asymmetry depends on the relationshipes”
between the different subspaces corresponding to P4 and Pp. A%s
full analysis is given in Pothos et al. (2013), what we want tos
do is explore a simple analytically tractable example. 970

As our example, we will take a three dimensional Hilbert®™
space of possible thoughts, and P4 and Py to be one and two°72
dimensional respectively. It is useful to choose a basis of eigen-°7

states of B, so that, 974
0 0 O
Pp=]0 1 O (104)
0 0 1

The bases formed by the eigenstates of A and B are related by a
unitary transform U, so in the basis of eigenstates of B we can
also write,

1 00
P,=U"|0 0 0|U=UPzU (105)
0 00

The relationship between P4 and Pp, and therefore the asym-
metry, depends on the unitary transformation U.

There appear to be several possible choices for U. How-
ever the only important component of any transformation is that
which rotates P, towards the plane defined by Pz. Anything
else is equivalent to a relabelling of the coordinates. Therefore
without loss of generality we can choose the transformation to
simply rotate P4 towards one of the states in Pg. Since the set
up is symmetric we can choose,

cos(f) —sin(@) O
U=|sin(d) cos(@ 0 (106)
0 0 1

16

this gives,
cos?(6) —cos(@) sin(@) 0
Py=|-cos@sin@®  sin’® 0 (107)
0 0 0

Now we need to ensure we have an allowable initial state.
Recall we have two choices, either our initial state is propor-
tional to the identity, or we must choose it so that (P4) = (Pg).

Let us start with the simpler case, of p = %]]. Clearly,

1
Tr(PgPspPys) = §TF(PAPB) = Tr(P4PppPp) (108)

so the numerators of the two similarities, Eq.(99), are equal.
However we can also see,

1 1 1 2
Tr(Pap) = 3Te(Pa) = 3. Tr(Ppp) = Tr(Pp) = 3. (109)

Thus we have,
Sim(A,B)  Tr(PpPapPa)Tr(Ppp)
Sim(B,A)  Tr(P,PpPp)Tr(Pap)

2. (110)

We see therefore that in the case S im(A, B) is always larger than
Sim(B, A) by a factor of two. In general the ratio of the similari-
ties is the inverse of the ratio of the dimension of the subspaces,
and thus the inverse of the ratio of the ‘degree of knowledge’ we
have about A and B, as desired !*. Turning back to our specific
example, Sim(A, B) is easily computed to be sin2(0).

In summary, this choice of initial state is interesting because
it always gives rise to the expected asymmetry. It also produces
a particularly simple expression for the similarities. However
it is an open question whether the observed asymmetry shares
this behaviour.

Now let us turn to the more challenging case. It is easiest to
start by looking at the eigenvectors of A — B. Once we have
these we can take a combinations that give zero expectation
value for A — B, and which are thus unbiased. In the B basis
the eigenvectors are given by,

0 (cos(0)—1) (cos(0)+1)

sin(6) sin(6)
vi) =10, |2) =N, 1 , vy =Ns 1
1 0 0
111)

with eigenvalues, —1, — cos(#) and cos(6) respectively. Here N,
and N3 are normalisation factors given by,

sinz(e)
2(1 + cos(0))

sin2(9)

2(1 — cos(9))’ (112)

We will choose a pure initial state for simplicity, and we will
also choose the state to be real. Then the following (unnor-
malised) set of states have zero expectation value with respect
to the operators A — B,

[Wa) = ay/cos(8) [vi) + V1 —a?[va) + |v3) (113)

14This way of achieving asymmetries can also be implemented classically.
Pothos et al (2013) argue that this might not represent a good solution. However
we are only interested here in exploring the structure of the theory.
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Figure 2: Plots of Sim(A, B) and Sim(B, A) against 6 for two choices of a. 1018
1020
1021
where 0 < a < 1. Thus these states have the same expectationoz
value for the operators A and B and are ‘unbiased’ in the sensaozs
of Pothos et al. Note that there is not a single state with thigo
property, but crucially rather a whole family of possible states.tozs
Now we can compute the similarities Sim(A, B) etc accordsozs
ing to Eq.(99). We save the reader the algebra involved in thise?
but note it is quite straightforward to run in MatLab or similariozs
We plot the special cases of a = 0 and @ = 1 in Fig.(2), theoz
general case interpolates between these two extremes. The im-os0
portant point is that we generally have Sim(A, B) > Sim(B, A)jos
with equality in the case a = 0 and for the values 6 = 0, /2.
We see that with this choice of initial state the similarities
show a rather more complex behaviour. The ratio of the simi-
larities is now a function of 8, as well as of the new parametef033
a. Thus in this case the degree of asymmetry predicted depends,,,
on how incompatible A and B are. 1035
The purpose of this section was to introduce a different type,
of order effect, which occurs in models of similarity judgments,
that behaves in a slightly different way to the order effects we
see in survey designs. Recall, measured order effects in survey
designs result because the operator, 1038

1032

A = PsPgPs — PpPsPp (11403

1040
is non-zero. However, although A # 0 it is fraceless, whichos
means that the average of A over the whole Hilbert space isose
zero. In other words, order effects in survey designs are gen+os

erally balanced, for every cognitive state which gives rise to aos
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particular asymmetry, there is another state which gives the op-
posite result. In contrast, the order effects that produce asym-
metries in similarity judgments do not have this property, and it
can be that case that Sim(A, B) > Sim(B, A) for all states in the
cognitive space.

9. Summary

Order effects are an important feature of the study of human
decision making. But order effects are just one of many dif-
ferent kinds of phenomena addressed by quantum models of
cognition. Others include the conjunction fallacy, violations of
total probability, over and under extension effects in concep-
tual combinations, etc. We hope this tutorial has convinced you
that quantum models represent a useful and potentially power-
ful way to model these phenomena. The existence of order or
asymmetry effects strongly suggests that theories beyond classi-
cal probability theory are needed to model this type of decision
making. However simply exchanging non-contextual for con-
textual probability theories leaves us with too many feee param-
eters, and no underlying sense about why these effects occur.
Quantum models, on the other hand, are both more constrained
than the general case of a contextual probability theory, and
also offer the possibility of achieving an understanding of why
such effects occur in terms of incompatibility of mental repre-
sentations. So far, it has been the success of quantum models at
predicting observed constraints on various phenomena that has
been most persuasive. In the future, we hope that these models
will also impress by the story they can tell about the reasons
behind the occurrence of other puzzling violations of classical
probability theory in human decision making.

As well as having a particular focus on order effects, we hope
this tutorial has also been useful to researchers looking to con-
struct quantum models for other purposes. We have strived to
set out in as clear a way as possible how and why quantum
models are constructed to address particular questions. While
it is impossible to cover every possible scenario one might en-
counter when trying to set up a model, hopefully this tutorial
will have given the reader the confidence to experiment with
constructing quantum models of their own.
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Appendix A. Review of Linear Algebra

In this appendix we give a brief review of some relevant con-
cepts from linear algebra. Our aim is not to cover all possible
topics, but just to recap some key ideas. In particular we will
show how some familiar ideas may be expressed in a basis in-
dependent way, which means they can be computed directly in
terms of the elements of Hilbert space.
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A Hilbert space H is essentially a complex vector spaceoss
which is a complete metric space with respect to the inner prod-oss
uct,

Y HxH—-C

(A.1)
() , V) — (ulv)

with the usual properties (see Isham (1995); Reed and Simon™®
(1980) for a fuller account.) The elements of H are denoted |u}*
and are known as ‘kets’. 1055

An operator on Hilbert space is a map from the space to itself,

A: H—->H

luy — Alu) (A-2)

An important operator is the identity operator denoted 1. It is
defined by,
1A = Al = A,

VA : H — H. (A3)

The eigenvectors, {|a;)} and eigenvalues a; of A are defined
by,

Ala;) = ajla;) (A4

The object (u| is known as a ‘bra’. It is not technically an el-
ement of 4, but can be thought of either as an element of the
dual space, or as a functional that maps elements of H to the

complex numbers, 1060
1061

(u: H->C

vy = (viu)

1062

(A5)
1063
Hermitian conjugation of an operator is a useful concept in™

linear algebra. The Hermitian conjugate of an operator AT is
defined by,

Ay, vy = (juy, AT ), V), v € H. (A.6)

065

In a particular basis, where A is represented by some matrix,

AT = ATy (A7)
where A7 is the transpose of A.
Hermitian conjugation has the following properties,
1. ANHf=A
2. A+B)f=A"+Bf
3. (AB)" = B'AT
4. (cA)t = c*AT forc e C 1000
It is useful to define,
(ul = uy’ (A.8)
From Eq.(A.4) we can see that,
Ala;) = aila;)
= (@l = (aila)’ (A9)

- Al layy = af |a;)
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Thus the eigenvectors of AT are the same as those of A, but the
eigenvalues are the complex conjugates.

A useful class of operators in quantum theory are those which
are Hermitian or more generally Self-Adjoint °. An operator is
Hermitian if,

AT =A (A.10)

‘We can now state a number of useful theorems about Hermi-
tian operators.

Theorem 1. The cigenvalues of an Hermitian operator are
real.

Proof: Let |a;) be any non-zero eigenvector of A, with eigen-
value a;.

Ala;) = ajla;) (A.11)

Then,

(Alai),laiyy = (ailai) ,la;)) = a; {lai) ,lai)) = d; {ajla;)

(A.12)
But because A is Hermitian,
Alaiy,laiy) = (lai), A laiy) = (aiy, Ala;
(Alai),lay) = (jai), AT lai)) = (ai) , Alas)) A3
={la:i), aila;)) = a;aila;)
Thus,
0 = (a; — a;)aila;) (A.14)
and since |a;) is non-zero, we must have a; = a;. O

Note that the converse is also true, i.e. an operator is Hermi-
tian if its eigenvalues are real.

Theorem 2. The eigenvectors corresponding to two different
eigenvalues are orthogonal.

Proof: Let
Alay) = arlar),Alaz) = az|az) (A.15)
with ay # a
Then,
(la2) ,Alar)) = (a2, arlar)) = ai (azlar) (A.16)

But because A is Hermitian the left hand side is,

(Alaz),lar)) = (azlaz) , la)) = a5 {azla)) = ax (azlay) (A.17)

Thus,
(a1 — az){azla;) = 0 (A.18)

and since ay # a, we must have {a>|a;) = 0. ]

Another important class of operators are those which are
Unitary. An operator U is unitary if,

viu=uut=1 (A.19)

15The distinction is only important for Hilbert spaces with an infinite number
of dimensions. In these spaces it is not necessarily true that an operator and its
adjoint have the same domain. Thus self-adjoint means that the domains of an
operator and its adjoint match, and that the operators are equal on this shared
domain (Reed and Simon, 1980).
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i.e. UT = U™!. The exponential of (i times) an Hermitian opersoss

ator is a Unitary operator,

1094

1095

(e"H)Jr = o) = oiH' = i = (eiH)_l (A.20)
(We will explain how to define the exponential of an operator
below.)

A final important class of operators are those which are Pro-
Jection operators or projectors. An Hermitian operator P is a
projector if,

PP=P (A21)

We are now ready to state probably the most important theo-
rem in quantum theory.

where the {|¢;)} are any orthonormal basis for the space. The
trick of inserting copies of the identity is often used in compu-
tations.

We can use this result to show that any state in the Hilbert
space can be expanded in terms of the eigenstates of any ob-
servable. Consider an observable A, from the above we know,

D
=" la) (i (A.25)
i=1
Now consider this operator acting on any state vector,
D D
W) = Iy = ) ladailyd = "yt lay) (A.26)
i=1 i=1

Theorem 3. The Spectral Theorem for Hermitian (Selfios
Adjoint) Operators. 1007

The set of all eigenvectors of a Hermitian (self-adjoint) op-oes
erator A defined on a Hilbert space H of dimension D formsoss
an orthonormal basis for H. Thus, any vector |y € H can bai
expanded as,

1074 The square norms of the wf can be interpreted as the proba-
bilities that a measurement of the observable A would give the
result a;.

Since this decomposition of |i) can be performed in any ba-
sis, we can write any state as a superposition of the eigenstates

of any observable in our theory.
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D
W) = ) (el lai) (A22)
i=1

The operator A itself can be written in the important form,

D
A=) aila) (ai
i=1

That is, any Hermitian (self-adjoint) operator may be written
as a sum of projection operators onto subspaces spanned by
the eigenvalues of A, each projection operator being multiplied
by the associated eigenvalue.

Proof: The spectral theorem is a classical result in linear
algebra. See any good book on linear algebra if you are inter-
ested.

Note: This analysis assumes the eigenvalues are not degen-
erate, i.e. that each eigenvector has a unique eigenvalue. All
the theorems in this appendix can be trivially extended to the
case where the spectrum of A is degenerate, see any good text-
book on linear algebra or quantum theory Isham (1995); Reed
and Simon (1980).

(A.23)

This theorem is important because Hermitian operators and
their associated eigenspaces play a key role in quantum theory
because of the association of Hermitian operators with observ-
ables. The spectral theorem says that any observable quantity
defines a basis for the knowledge space, so that the space can
be partitioned into subspaces each of which have a well defined
value of the observable.

An important example of a Hermitian operator is the identity

operator, 1. This can be thought of as an operator where all thetoz
eigenvalues are 1. Since it is Hermitian the spectral theoremtos

applies, and so we can write,

D
=16 (A24)
i=1

1104
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One important consequence of the spectral theorem is that it
lets us compute/define functions of operators. For example sup-
pose we want to define A? where A is some Hermitian operator.
Well we can write,

D D D
A= aila) @l Y ajlaXajl = ) aaiailagla) aj)
i=1 =1 i=1
D D
= Z aja;o;jla;)a;l = Z atla;) {ail

i=1 i=1
(A27)

which is very simple. In general,

D

A"= ) dlai)ail (A28)

i=1

This suggests the following, suppose we take any function
f(-), which can be defined in terms of a power series, i.e.

f) = ap + a1x + arx* + ... (A.29)
then we can define,
f(A) = ap + @A + A% + ...
D
= Z {ao +aa; + azaiz + } la;) {a
i=1 (A.30)

fa)la) {ail

Mo

L

With sufficient care this can then be extended to essentially all
functions. So we can take square roots, exponentials, trig func-
tions of operators etc with abandon.

One final operation we need to define is trace of an operator.

Tr(A) = Z (pil Algi) (A31)
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where the {|¢;)} form an orthonormal basis for H. The trace ofieo
an operator is independent of the basis in which it is computed!'s'
The trace operation has the following useful properties, ez

1. Tr(ABC) = Tr(BCA) = Tr(CAB), etc. e
2. Tr(A ) (YD) = Wl A W)

1165
1166
In a particular basis, where A is represented by a matrix, théjzz
Trace of A is simply the sum of the diagonal elements of thexes
matrix. One important consequence is that the trace of a pro'7
jection operator is simply the dimension of the subspace ontd| 37!

which it projects. 173

1174

1175

Appendix B. Number of degrees of freedom associated with;
states, operators, etc. 177

1178

Let us briefly explain how to compute the number of param*'”®
. 1180

eters associated with some objects in quantum theory. This is,,
useful information for understanding the number of measureqss,
ments needed to fix a particular state, or indeed how many pa+1ss
rameters a quantum theory has in total, to compare with a clas1184
sical theory. 1186

A pure state i) is a complex vector in a D dimensional space:1s;
As a column vector in a particular basis it would have D com1es
plex entries, which means 2D parameters to fix. However Wéfz
also have two constraints. The first is that the state be nors,,,
malised, the second is that the overall phase of a state is unob+sz
servable, so we can set it to 0 (Isham, 1995). This means a purg!®

state has a total of 2D — 2 free parameters. 11::

An observable is an Hermitian operator, which in a particular,g,
basis can be written as a D X D matrix with complex entriesstsr

which would require 2D? parameters to specify. However we'®
1199

have the constraint that an observable must be Hermitian, whlcl}200

in terms of matrix elements means A;; = A* i This reduces the,y,

number of parameters to be specified to D. 1202
1203

Finally, a density operator is an Hermitian operator, together, -
with the condition that it must be trace normalised (Tr(p) = 1. )205
This is one extra constraint, so reduces the number of parame+zos
ters by one. The number of free parameters in a density operatot®”’

. 1208
is therefore D? — 1. 1200
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