IT City Research Online
UNIVEREIST; ]OggLfNDON

City, University of London Institutional Repository

Citation: Kessar, R. & Stancu, R. (2008). A reduction theorem for fusion systems of blocks.
Journal of Algebra, 319(2), pp. 806-823. doi: 10.1016/j.jalgebra.2006.05.039

This is the unspecified version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/1894/

Link to published version: https://doi.org/10.1016/j.jalgebra.2006.05.039

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.

City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

A REDUCTION THEOREM FOR FUSION SYSTEMS OF
BLOCKS

RADHA KESSAR AND RADU STANCU*

ABSTRACT. Let k be an algebraically closed field of characteristic p and G a
finite group. An interesting question for fusion systems is whether they can
be obtained from the local structure of a block of the group algebra kG. In
this paper we develop some methods to reduce this question to the case when
G is a central p’-extension of a simple group. As an application of our result,
we obtain that the ’exotic’ examples of fusion systems discovered by Ruiz and
Viruel [RV] do not occur as fuison systems of p-blocks of finite groups.

Dedicated to the memory of Walter Feit

1. INTRODUCTION

Let p be a prime number. Fusion systems (referred to as full Frobenius systems in
[Pu], and as saturated fusion systems in [BLO]) on finite p-groups were introduced
by L. Puig and provide an axiomatic framework for studying p-fusion in finite
groups. This axiomatic point of view has been very useful in determining many
properties of finite groups and of the p-completion of their classifying spaces as well
as in modular representation theory. It also underlies the theory of p-local finite
groups developed by C. Broto, R. Levi and R. Oliver in [BLO].

To each pair (G, P), where G is a finite group and P is a Sylow p-subgroup
of G, is associated a fusion system Fp(G) on P called a p-fusion system of G.
However, there exist fusion systems which do not arise in this way [RV],[BLOJ;
such systems are called ezotic. These exotic examples are interesting from two
different, albeit related points of view. First, the exoticity of a given fusion has
ramifications for classification problems in finite groups. For instance, R. Solomon’s
theorem characterising the sporadic group .3 by the isomorphism type of its Sylow
2-subgroup may be restated, somewhat ahistorically, as asserting that certain fusion
systems are exotic. Secondly, each known exotic fusion system has associated to it
a unique p-local finite group. In general, [BLO] provides an obstruction theory for
the existence and uniqueness of a p-local group associated to a given fusion system,
and it is not known if the obstructions always vanish.

Fusion systems arise as well in block theory. To each quadruple (H,b, Q, e) where
H is a finite group, b is a p-block of kH, and (Q, e) is a maximal b-Brauer pair (that
is @ is a defect group of H and e is a p-block of C'y(Q) in correspondence with
b) is associated a fusion system F(q ) (H,b) on Q, called a fusion system of b. If
b is the principal block of H, then @ is a Sylow p-subgroup of H and by Brauer’s
third main theorem, it follows that F(q . (H,b) = Fg(H). However, if b is not the
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principal block, then @ may be a proper subgroup of a Sylow p-subgroup of H of
arbitrarily large index. On the other hand, there are many examples of quadruples
(H,b,Q,e) such that for some group L associated to H, @ is a Sylow p-subgroup
of L and F(g.e)(H,b) = Fo(L). This is always the case, for instance, if H is a
p-solvable group or a symmetric group.

The aim of this paper is to shed some light on the relationship between fusion
systems of blocks and fusion systems of finite groups. We use as our starting point
simple fusion systems as introduced by Linckelmann [Li, Definition 2.9]. If a
simple fusion system occurs as Fp(G) for some finite group G, then it occurs as
Fp(L) for some simple finite group L. It would be desirable to obtain an analogous
result for fusion systems of blocks with L being possibly a quasi-simple group.
There is however one complication which arises when one tries “descent to a normal
subgroup” in the context of block theory: Let H be a finite group and L a normal
subgroup of H. If P is a Sylow p-subgroup of H, then PN L is a Sylow p-subgroup
of L and Fpnr(L) is a normal subsystem of Fp(H) (see Definition 2.9). Now
suppose that (H,b,Q,e) is a quadruple as above and ¢ is a block of L covered by
b. Then, Q@ N L is a defect group of ¢, however it is not the case in general that for
some p-block f of C(Q N L) in correspondence with ¢, the system Fgnr,f) (L, c)
is a subsytem of F(g ¢)(H,b). In other words, there may be fusion in the covered
block ¢, which is not seen in b. Our main result, Theorem 4.2 shows that under
certain extra hypotheses this difficulty may be circumvented. In order to prove
this theorem, we were led to consider categories that arise through the conjugation
action of a finite group G on the block algebra kNd of a G-stable block d of a
normal subgroup N of G. We show that these categories, which we call generalised
Brauer categories are fusion systems (Theorem 3.4).

As an application of Theorem 4.2, we show in Theorem 6.4 that the examples
of exotic fusion systems discovered by Ruiz and Viruel [RV] do not occur in block
algebras.

The paper has 6 sections and an appendix. In section 2, we recall the relevant
definitions and facts on fusion systems and block theory. In section 3 we study the
generalized Brauer category and show that it is a fusion system. Section 4 contains
the main reduction theorem. In section 5, we recall the properties of exotic fusion
systems on extra-special p-groups of order 72 and exponent 7. Section 6 contains the
proof of the fact that these exotic systems do not occur as fusion systems of blocks.
The defining properties of fusion systems as stated by us are slightly different from
those in [BLOJ-in the Appendix we show the equivalence of our approach with that
in [BLO]. We should reiterate that for us, “fusion systems” are what are called
“saturated fusion systems” in [BLO].

2. FUSION SYSTEMS. DEFINITIONS AND BASIC PROPERTIES

Definition 2.1. A category F on a finite p-group P is a category whose objects
are the subgroups of P and whose set of morphisms between the subgroups @@ and R
of P, is the set Homx(Q, R) of injective group homomorphisms from Q to R, with
the following properties:

(a) if @ < R then the inclusion of Q in R is a morphism in Homz(Q, R).

(b) for any ¢ € Homx(Q, R) the induced isomorphism Q ~ ¢(Q) and its inverse
are morphisms in F.
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(¢) composition of morphisms in F is the usual composition of group homomor-
phisms.

Note that the above definition of a category on P differs from what Puig calls
divisible Frobenius system and what, equivalently, Broto, Levi and Oliver call fusion
system by the fact that we do not ask for the inner automorphisms of P to be in
the category.

If there exists an isomorphism ¢ € Homx(Q, R) we say that Q and R are F-
conjugate.

Definition 2.2. Let F be a category on P. A subgroup Q of P is fully F-
centralized, respectively fully F-normalized if |Cp(Q)| > |Cp(Q')|, respectively
INp(Q)| > |Np(Q')], for all Q" < P which are F-conjugate to Q.

For Q, R, T < P we denote Homr(Q,R) := {u € T|“Q < R}/Cr(Q) and
Autr(Q) := Homp(Q, Q). Other useful notation is Aut#(Q) := Homz(Q, Q) and
Out]:(Q) = Aut;(Q)/Ath(Q).

Definition 2.3. We say that a subgroup @ of P is F-centric if Z(Q') = Cp(Q’)
for any Q' in the F-isomorphism class of Q. We say that Q is F-radical if
Op(Out#(Q)) = Outp(Q).

Definition 2.4. A fusion system F on a finite p-group P is a category on P
satisfying the following properties:

(1) Homp(Q, R) C Homz(Q, R) for all Q,R < P.

(2) Autp(P) is a Sylow p-subgroup of Autz(P).

(8) Every ¢ : Q — P such that ¢(Q) is fully F-normalized extends to a morphism
&: Ny — P where Ny = {z € Np(Q) |3 y € Np(9(Q)). 6(*u) = Vo(u)vu € Q}.

In the rest of the section we give some properties of fusion systems. Let us start
with a characterization of being fully F-normalized.

Proposition 2.5 ([Pu, Propositon 2.7]). Let F be a fusion system on P and let
Q be a subgroup of P. Then Q is fully F-normalized if and only if Q is fully
F-centralized and Autp(Q) is a Sylow p-subgroup of Autx(Q).

Definition 2.6. Let F be a fusion system on P and let QQ be a subgroup of P. The
normalizer Nz(Q) is the category on Np(Q) having as morphisms, those morphisms
v € Homz(R,T) such that there exists a morphism ¢ € Homz(QR,QT) with
dlo € Autr(Q) and ¢|lgr = . The centralizer Cr(Q) is the category on Cp(Q)
having as morphisms those morphisms ¥ € Homgz(R,T) such that there exists a
morphism ¢ € Homz(QR, QT) with ¢|g =idg and ¢|r = 1.

Nz(Q) is not, in general, a fusion system on Np(Q) (for instance, the property
(2) in Definition 2.4 may fail to hold) but it is one if @ is fully F-normalized. It is
the same for Cx(Q) when @Q is fully F-centralized.

Proposition 2.7 ([Pu, Proposition 2.8]). Let F be a fusion system on P. If Q@ < P
is fully F-normalized then Nx(Q) is a fusion system on Np(Q).
A special role in our study is played by strongly F-closed subgroups.

Definition 2.8. Let F be a fusion system on a finite p-group P and @ a subgroup
of P. We say that Q is strongly F-closed if for any subgroup R of Q and any
morphism ¢ € Homg (R, P) we have ¢(R) < Q.
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Linckelmann [Li] has introduced the notion of normal fusion subsystem.

Definition 2.9. Let F be a fusion system on a finite p-group P and F' a fusion
subsystem of F on a subgroup P’ of P. We say that F' is normal in F if P’ is
strongly F-closed and if for every isomorphism ¢ : Q — Q' in F and any two
subgroups R, R’ of QN P' we have

¢ oHomz (R, R') o ¢~ C Homp (¢(R), p(R')).

If F is a fusion system on a finite p-group P, a subsystem of F is a category on
a subgroup of P that is contained in F and is itself a fusion system. We say that
a fusion system is simple if it has no non-trivial normal fusion subsystem.

Finally, we record how fusion systems arise in finite groups.

Definition 2.10. Let G be a finite group, and P a Sylow p-subgroup of G. We de-
note by Fp(G) the category on P with morphisms Homr, () (Q, R) := Homg(Q, R).

It is easy to check that Fp(G) is a fusion system. Also, Fp(G) and Fp/(G) are
isomorphic for different Sylow p-subgroups P and P’ of G.

3. THE GENERALISED BRAUER CATEGORY

Let k be an algebraically closed field of characteristic p, G a finite group, NV
a normal subgroup of G and ¢ a G-stable block of kN, that is ¢ is a primitive
idempotent of Z(kN), fixed by the conjugation action of G. Thus kNc¢ is a primitive
G-algebra. For any p-subgroup @ of G the canonical projection from kN to kCn (Q)
induces an algebra morphism Brg from the subalgebra of fixed points of Q, (kN)%
onto kCn(Q) (see [AB]). This morphism is known in the literature as the Brauer
morphism. We adopt the approach of Broué and Puig [BP] for generalized Brauer
pairs.

Definition 3.1. A (¢, G)-Brauer pair is a pair (Q,eq) where Q is a p-subgroup
of G such that Brg(c) # 0 and eqg is a block of kCn(Q) such that Brg(c)eQ £ 0.
When G = N, a (¢, G)-Brauer pair is also known as a c-Brauer pair.

Let (Q,eq) and (R,er) be two (¢, G)-Brauer pairs; we say that (Q,eq) is con-
tained in (R, egr), and we write (Q,eq) < (R,er), if @ < R and for any primitive
idempotent i € (kN)% such that Br® (i)er # 0, we have Brg(i)eQ # 0. This defines
an order relation on the set of (¢, G)-Brauer pairs compatible with the conjugation
action of G. We also have that given a (¢, G)-Brauer pair (R, egr) and @ < R there
exists an unique (¢, G)-Brauer pair (Q, eg) contained in (R, er) [BP, Theorem 1.8
(i)]. By [BP, Theorem 1.14 (2)] all maximal (¢, G)-Brauer pairs are G-conjugate.
If (P,ep) is a maximal (¢, G)-Brauer pair then the group P is called a (¢, G)-defect
group. In the case that G = N, the group P is a defect group of ¢ in the usual
sense.

Before proceeding, we record a property characterising the inclusion of gener-
alised Brauer pairs in the case of normal p-subgroups, which is just a reformulation
of [BP, Theorem 1.8]. For a (¢, G)-Brauer pair (Q,e), denote by Ng(Q,eq) the
stablilizer in Ng(Q) of eg.

Proposition 3.2. Let G be a finite group, N a normal subgroup of G, ¢ a G-
stable block of N and (Q,e) a (¢, G)-Brauer pair. Let H be a group such that
QCN(Q) < H < Ng(Q,e). Let S be a p-group such that Q < S < H and let f be
a block of kCn(S). The following are equivalent.
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(i) (S, f) is a (¢, G)-Brauer pair such that (Q,e) < (S, f).

(i) (S, f) is a (e, H)-Brauer pair.

Proof. First of all, note that the statement makes sense, since Cn(Q) is a
normal subgroup of H and e is an H-stable block of kCn(Q). Also, since Q < S,
CCN(Q)(S) = Cn(S). Suppose first that (S, f) is a (¢, G)-Brauer pair such that
(Q,e) < (S, ) Since S normalizes @, it follows from [BP, Theorem 1.8 (iii)]

BrcN Q)(e)f , hence (5, f) is an (e, H)-Brauer pair. Conversely, suppose that
(S, f) is a (e, ) Brauer pair. Then, BrCN(Q)( )f = f, which means that

Bri(c)f = Br(oBirs¥V(e)f
= Brg" Y (Brf (0)BrsV @ (e) f

= BrgV VB (c)e) f
_ BrgN(Q)(e)f
f
This shows that (S, f) is a (¢, G)-Brauer pair. Thus, by [BP, Theorem 1.8 (i)],
there is a unique (¢, G)-Brauer pair (Q,e’) with (Q,e’) < (S, f) and by (iii) of
the same theorem, this e’ is S-stable and BrgN(Q)(e’)f = f. But by definition
BrgN(Q)(e)f = f. We claim that ¢’ = e. Indeed, suppose not. Then, since e
and e’ are blocks of kCn(Q), e’ = 0. Since BrgN(Q) is an algebra homomophism
from (kCn(Q))® onto kCn(S), this would imply that BrgN(Q)(e)BrgN(Q)(e’) =0.
Hence, f being a central idempotent of kCy(.S),
I = IBig D) B ) = 0,
a contradiction. Thus, e = €/, showing that (Q,e) < (S, f) as required.
Definition 3.3. Let G be a finite group, N a normal subgroup of G, ¢ a G-stable
block of kN and (P,ep) a mazimal (¢, G)-Brauer pair. For a subgroup Q of P,
we let eq be the unique block of kCn(Q) such that (Q,eq) < (P,ep). Denote by
Fpep) (G, N, c) the category on P with morphisms:
Hompg,  (, N (Q, R) == {conj, : Q = R|g € G, Y(Q,eq) < (R,er)}

If G = N, then Fpep) (G, N,c) is the usual fusion system of the block c, and we
denote it by F(pepy(G,c)

We now show that the category F(p.,)(G,N,c) is a fusion system on P. The
details of the proof for the case G = N are given in [Li].

Theorem 3.4. Let N be a normal subgroup of G, let ¢ be a G-stable block of kN
and let (P,ep) be a mazimal (¢, G)-Brauer pair.

(i) The category F(p.,)(G,N,c) is a fusion system on P.

(ii) If (P',epr) is another mazimal (c,G)-Brauer pair, then F(p:
isomorphic to Fpepy (G, N,c).

Proof. Denote F := F(pep)(G,N,c). Let u € P and let (Q,eq) < (P,ep).
Then, ( “Q, “eq) < (“P, “ep) = (P,ep) which implies that “eg = e ug. This
shows that property (1) of Definition 2.4 holds.

For the second property we check that Autp(P) € Syl,(Autz(P)). Denoting by
Ng(P, ep) the normalizer of (P,ep) and by Ce(P,ep) the intersection of Cg(P)

y(G,N,c) is

epr
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with Ng(P,ep), we have Autz(P) ~ Ng(P,ep)/Cq(P,ep) hence we must show
that the index [Ng(P,ep) : PCq(P,ep)] is not divisible by p.

By [BP, Theorem 1.14(b)], (P, ep) being a maximal (¢, G)-Brauer pair means
that ¢ € Tr&((kN)P) and hence that Br®(c) = TriVG(P)/P(a') for some a' €
kECn(P).

Since the maximal (¢, G)-Brauer pairs are all conjugate [BP, Theorem 1.14 (2)],

Ng(P)
NG(P,EP)

(kCn(P)Bry (¢))Ne(P) | The reverse map is given by a — aep.
Let g € Ng(P), and let j € kCn(P). Then

the map a — Tr a is an algebra isomorphism from (kCx (P)ep)Ne(Fer) to

NG(P), . Ng(P NG(P, 9ep), .

Ty (j sep) = TfNiEP,)gep)(Tpr( )(j 9ep))
Na(P NG(P, 9ep) ;.

= TN o) e (T () 2ep)

Thus,
Nc;(P) g g*l Nc;(P, gep) g
Trp® '(j eplep = N(T;P N (J 9ep))

= Trp® (9 fep)

The above calculation shows that the image of the ideal TrgG(P) (kCn(P)Brp(b))

under the map a — aep is TrgG(P’eP)(k:CN(P)ep). In particular, since Brp (c) =
TN (a/) for some a/ € kCy(P), it follows that ep = TrN¢ ") (a) for some
a € kCy (P)ep.

As Ng(P,ep) > PCg(P,ep) > P we have furthermore

o Ng(P,ep) PCq(P,ep)
ep = Tping(perncery e © (@)

Now TriCG(P’eP)(a) € Z(kCn(P)ep) and Z(kCn(P)ep) is a local ring, hence

TrlleG(P’eP)(a) =awaep+z, v € J(kPCn(P)),a € k.
If [Na(P,ep) : PCg(P,ep)] is not prime to p then

Ng(P,e
ep = trpiier) | (@) € J(RPCy (P)),

which is impossible since ep is an idempotent.

For the third property, let (Q,eq) < (P,ep) be fully F-normalized. This means
that R := Np(Q) is of maximal order among the normalizers in P of subgroups
F-isomorphic to Q. Let H = RCq(Q,eq). We claim that (R,er) is a max-
imal (eq, H)-Brauer pair. Indeed, it follows from Proposition 3.2 that (R,eg)
is an (eq, H)-Brauer pair. Now, suppose that (S, f) is a (eq, H)-Brauer pair
with (R,er) < (S,f). Then by Proposition 3.2, (S, f) is a (¢, G)-Brauer pair
with (Q,eq) < (S, f). Since all maximal (¢, G)-Brauer pairs are G-conjugate,
there exists g € G such that 9(S, f) < (P,ep). Now, (Q,eq) < (S, f) implies
9(Q,eq) < 9(S, f) < (P,ep), so that in particular, 9Q) is F-isomorphic to . On
the other hand, 95 < Np(9Q). The maximality of R forces S = R, proving the
claim.

Now let h € G such that ("Q, "eg) < (P,ep) and denote by ¢ := conjj,-1 :
"Q — Q. We have to prove that ¢ extends to ¢ : Ny — Np(Q). Now N,
consists of those elements x of Np(()Q) such that conj(h~1zh) : Q — P is equal to
conj(y) : @ — P for some y € Np(()Q), that is

Ny ={z € Np("Q)|h " 'zh € H}.
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So we have "Ny < H. Thus it suffices to find a z € Ca(Q, eq) such that
Zh71N¢ < Np(Q). Since "(Q,eq) < (P,ep) and Ny < Np( "Q), there is a contain-
ment of (¢, G)-Brauer pairs, "(Q,eq) < (Ng,en,), giving (Q, eq) < hil(N,;g,eNcb).
By Proposition 3.2 applied with S = h71N¢ and f = hileNqb, it follows that
("' Ny, hfleNd,) is a (eq, H)-Brauer pair. But we have shown above that (R, er)
is a maximal (eq, H)-Brauer pair, hence there exists a y € H such that yh_1N¢ <
Np(Q), proving the existence of z as desired.

This proves (i) of the theorem. Part (ii) is immediate since all maximal (¢, G)-
Brauer pairs are G-conjugate.

Theorem 3.5. Let G be a finite group and let N be a normal subgroup of G. Let
¢ be a G-stable block of N and b a block of kG such that bc = b. Let (P,ep) be a
mazimal b-Brauer pair. Then there exists a mazimal (¢, G)-Brauer pair (S, €s) such
that P < S and such that Fpe.)(G,b) < f(S’e/s)(G, N, c¢). Furthermore, PN N =
SNN, (SAN,esqy) is a mazimal (¢, N)-Brauer pair and F(SQN)E/SQN)(N, N,c) =
F(SQN,Q/SQN)(N, ¢) is a normal subsystem of -F(S,e's)(G, N, c).

Proof. Let (P,ep) be a maximal (b, G)-Brauer pair. As bc = ¢ and Br$(b)ep =
ep there exists a central primitive idempotent ¢/, € kCn(P) such that Br® (c)ef, =
e, and ep covers €p, i.e. epelp # 0. Let (S, e) be a maximal (¢, G)-Brauer pair
containing (P,ep). Let (Q,eq) be a (b, G)-Brauer pair contained in (P,ep) and
(Q,eq) be a (¢, G)-Brauer pair contained in (S, e5). We prove that eqeg # 0.

Consider a primitive idempotent decomposition of 1 in (kN)F:

lL=gp+j+-+Jn
We have
1= B (1) = Bl (ja) + BeY (jo) + -+ + Br (ju) € Ca(P)
and by mulpilying by epes we obtain
epep = Brp (ji)epelp + Brp (j2)epep + -+ Brp (jn)epep .
Thus, given that epel, # 0, there exists a primitive idempotent j in (kN)? such
that Br® (j)epe> # 0. Moreover, as Brp is surjective we have that Brp (j) is also
primitive in kCn(P) so Brp (j)e/s = Bry (j). Consider now a primitive idempotent
decomposition of j in (kG)T:
j:i1+i2+"'+im-
As before we have
Br® (j) = Br¥ (i1) + Br® (i) + - - 4 Brp (i)
giving that
Ny - I G, !l G / Gy / Gy /
0 +# Brp (j)epe’s = Brp(j)epe’s = Bri(i1)epep+Brg(is)epep+- - -+Brg (i )epep .
Thus there exists a primitive idempotent 4 in (kG)” such that 7§ = i and Br&(i)epe, #
0. Again Br$ (i) is primitive in kCq(P) so Br&(i)ep = Br(i).

By definition, every primitive idempotent i € (kG)” such that Br&(i)ep #
0 satisfies Brg(i)eQ # 0 and every primitive idempotent j € (kN)¥ such that
Brd (j)e/p # 0 satisfies Brg (j)eg # 0. More precisely, we have

Br{ (i)Brgy (j)eqer, = Br(i)eqBrg (j)e = Brg(i)Brgy (j) = Brg(i)Brd (j) = Br§ (i)
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This proves the claim.

Consider the orbit O = {9ey|g € Ng(Q,eq)} of e by conjugation with el-
ements of Ng(Q,eq). As egeq # 0 for any g € Ng(Q,eq) we have eq e, =
I(eqeg) # 0. Since Cg(Q) acts transitively on the set of blocks f of kCn(Q)
satisfying eqf # 0 we have that Cq(Q) acts transitively on O. We apply the
Frattini argument to the transitive actions of Ng(Q,eq) and Cg(Q) on O and
we have Ng(Q,eq) = Ca(Q)(Na(Q,eq) N Na(Q,ep)). So Na(Q,eq)/Ca(Q) ~
(Na(Q,eq)NNag(Q, ep))/(Ca(Q)NNe(Q, eg)) giving the inclusion of Autr, . G Q)
into AUt]:(S,efg)(Gvac)(Q). By Alperin’s fusion theorem F(p.,)(G,b) is isomorphic
to a subsystem of Fs e, (G, N,c). This proves the first assertion.

Now, since P is a defect group of the block b of kG, P N N is a defect group of
the block ¢ of kN [NT, Chapter 5, Theorem 5.16 (iii)]. On the other hand, clearly
Briy(c) # 0, hence N NS is contained in a defect group of the block ¢ of kN.
Thus SNN = PNN . It follows that (SNN, €%y ) is a maximal (¢, N)-Brauer pair
and that ‘F(SﬂNﬁ/SmN)(N’ ¢) is the subcategory of f(s’efs)(G,N, ¢) on SN N with
morphisms induced from conjugation by elements of N (note that for a subgroup
Rof SNN a (¢, G)-Brauer pair with first component R is a (¢, N)-Brauer pair with
first component R and that for (¢, G)-Brauer pairs (R, f') and (R, f) such that
R<SNN, (R,f) <(R,f) as (¢, G)-Brauer pairs if and only if (R', f') < (R, f)
as (¢, N)-Brauer pairs). Since N is a normal subgroup of G, it is easy to check that
f(SﬂN,egmN)(Na ¢) is a normal subsystem of f(&e/s)(G, N, c).

O

4. MAIN RESULT

Definition 4.1. Let G be a finite group, k an algebraically closed field of charac-
teristic p, b a block of kG and F a fusion system on a finite p-group. We say that
b is a F-block if Fpe,(G,b) is isomorphic to F for some (and hence any) mazimal
b-Brauer pair (P, ep).

We say that a finite group is a p’-group if its order is not divisible by p.

Theorem 4.2. Let F; and F2 be two fusion systems on P, Fi containing Fs.

Suppose that:

a) P has no non-trivial proper strongly Fo-closed subgroup (and a fortiori no non-

trivial strongly Fi-closed subgroup),

b) if F is a fusion system on P containing Fa, then F = Fy or F = Fa.

¢) if F is a non-trivial fusion system normal in Fy or Fy then F = Fy or F = Fo.
If there exists a finite group G having an F1 or an Fa-block then there exists a

quasi-simple group L with Z(L) a p'-group having an Fy or an Fo-block.

Proof. Let G be a minimal order group having an JF; or an JFa-block b. By
a standard reduction (see for example [Ke, Proposition 2.11]), if N is a normal
subgroup of G and c is a block of N with bc # 0, then c¢ is G-stable.

By abuse of notation, P is a (b, G)-defect group. Let H :=< 9P|g € G > be
the normal subgroup of G generated by all G-conjugates of P. Let d be the unique
block of kH covered by b. Given that d is G-stable, G acts by conjugation on kHd.
Let N be the kernel of the homomorphism G — Out(kHd) = Aut(kHd)/Inn(kHd).
Then by ([Kii3]) G/N is a p’-group. We prove, using the minimality of G and the
hypothesis on F; and F, that G = N.
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Let ¢ be the block of N covered by b, i.e. be # 0; (in this case in fact we have
¢ = b). Let (P,ep) be a maximal b- Brauer pair and let (S,€)) be a maximal
(G, c) Brauer pair as in Theorem 3.5. Since G/N is a p’-group, it follows that
S = P. Hence, we have F(p.,.)(G,b) is a subsystem of ]:(p,elp)(G, N, c¢) and that
F(p.er) (N, ¢) is a normal subsystem of F(p ) (G, N, c).

Given that b is a F1- or Fa-block and that F; and F» are the only fusion systems
on P that contain F» we obtain that F(p.,.)(G, N,c) is either 7y or F5. Again,
since the only normal proper fusion subsystem on P contained in F; is Fo and JFo
has no normal fusion subsystem it follows that F(p . ) (N, ¢) is either F; or Fo. By
the minimality of G we deduce that G = N.

As b and d have the same defect group P and G acts on kHd by inner auto-
morphisms, using another result of Kiilshammer ([Kii2, Theorem 7]), we have that
kGb and kHd have isomorphic source algebras, so ¢ is also a F; or Fs block. Thus,
once again by the minimality of G we have G = H.

Let M be a proper normal subgroup of G. Then P N M is a strongly F; (or
F2)-closed subgroup of P, hence PN M =1 or PN M = P. Suppose first that
PN M = P. Then P and all its G-conjugates lie in M. Thus G = M, which is a
contradiction. Thus we are in the case PN M = 1. A variation of Fong reduction
allows us to deduce that there is a central p’-extension G’ of G/M having an F; or
Fa-block (see for example [Ke, Section 3;3.3 and below]).

O

5. THE Ruiz-VIRUEL ExoTic FUSION SYSTEMS

In their paper [RV], Ruiz and Viruel classified all possible fusion systems on
extra-special p-groups of order p3. They showed that there are three exotic fusion
systems on the extraspecial 7-group of order 73 and exponent 7. Let P be such a
7-group. A fusion system F on P is completely determined by Outxz(P) and the
set of F-automorphisms of F-centric, F-radical proper subgroups of P. The three
exotic systems of Ruiz and Viruel correspond to the following data. As in Ruiz
and Viruel’s tables we denote by #F°¢ the number of F-centric, F-radical proper
subgroups of P. An entry of the form a + b in the #F°¢ column indicates that
there are two F-conjugacy classes of F-centric, F-radical subgroups of cardinality
a and b respectively.

Outr(P) #F Autr(V)

D16 X 3 444 SLQ(?) 52, SLQ(?) 12
6% :2 6+2 SLy(7):2, GLa(7)
SD32 x3 8 SLQ(?) 12

The categories on P generated by the above sets of morphisms satisfy the prop-
erties of fusion systems [RV2]. For the convenience of the reader, we give here a
proof of this fact. Let F be one of the categories on P described above. The prop-
erties (1) and (2) are trivially satisfied. For the property (3), we have to study two
types of F-morphisms: those between the elementary abelian subgroups of rank 2
and those between the cyclic subgroups of order 7.

1) Take ¢ : @ — R be an isomorphism in F where @ and R are elementary
abelian subgroups of rank 2. Remark that R and @ are both fully F-normalized.
Suppose that N, = P. By the construction of homomorphism in F, the morphism
¢ decomposes into ap where a € Nx(R), f € Nx(Q) and ¥ is the restriction of a
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morphism in Autz(P). In fact we can suppose that a = id as ayp3 = ¥y~ tar)3 and
Yoy € Nx(Q). So without loss of generality we suppose that ¢ = 1)3. Now as
Ny = P we have that N3 = P. Indeed for any € Ny, by the definition there exists
a y € Np(R) such that ¢(*u) =Y ¢(u). Take z = ¢p~!(y) where 1 is the extension
of ¢ to P. Then ¥B(*u) =Y ¢¥B(u) implies that 8(*u) =* S(u). By construction,
all the morphisms in Ny, (@)(Autp(Q)) can be extended to Autz(P). So there
exists 3 € Autz(P) extending 8. Now Y8 e Autz(P) extends 15 and we are done.

2) Take ¢ : @ — R be a isomorphism in F where @ and R are cyclic subgroups
of order 7 with R fully F-normalized. As the cyclic subgroups of order p are all F-
conjugated we have that necessary R = Z(P) as Z(P) is the only cyclic subgroup
of order 7 having its normalizer equal to P. Now if @ = Z(P) we are done as
any JF-automorphism of Z(P) lifts to P. If Q # Z(P), by construction ¢ lifts to
¢~> : T — U where T and U are elementary abelian subgroups of rank 2 containing
Q, respectively R. But then T'= Np(Q) so ¢ lifts to Np(Q) and we are done.

Proposition 5.1. Let P = 7§+2 be the extra-special group of order 73 and exponent
7 and let F be an exotic fusion system on P. If Outz(P) = Dig x 3, let Fy =
F and let Fy be the exotic fusion system on P with Outz(P) = SDsy x 3. If
Outz(P) = SD3y x 3, let F1 = F and let F» be the exotic fusion system on P with
Outz(P) = Dig x 3. If Outz(P) = 62 : 2, set F; = Fo = F. Then Fi contains
Fa. Furthermore, F1 and Fo satisfy conditions (a), (b) and (c) of Theorem 4.2.

Proof. Let F be one of the above three fusion systems on P. The proper
nontrivial sugroups of P are either elementary abelian of rank 2 or cyclic of order
p. There are eight elementary abelian subgroups of rank 2 of P and they are all F-
centric, F-radical. Moreover they are not unique in their F-conjugacy class so they
are not strongly F-closed. Another fact is that each of the automorphism groups
of the elementary abelian subgroups of rank 2 of P contains SLs(7) so the cyclic
subgroups in any JF-centric, F-radical subroup of P are transitively permuted by
these automorphisms. Thus none of the cyclic subgroups of P are strongly F-closed.
This proves that the condition (a) of Theorem 4.2 is satisfied.

If 7 is the exotic fusion system on P with Outz, (P) = SD33 x 3 and Fs is
the exotic fusion system on P with Outg,(P) = D1g x 3 then F; contains Fo by
construction as Out g, (P) is a subgroup of Outz, (P) and the F-automorphisms of
F-centric, F-radical proper subgroups of P are the same for F = F; and F = F.
From the classification of Ruiz and Viruel there is no fusion system on P containing
the exotic fusion system on P with Out z(P) = S D33 x 3 or the exotic fusion system
on P with Outz(P) = 6% : 2. So the condition (b) is satisfied.

Again let F be one of the above three exotic fusion systems on P. Suppose
that F has a normal non-trivial subsystem N on a subgroup R of P. We have
that R is strongly F-closed, thus, given that F satisfies property (a), we have that
R = P so N is a fusion system on P. Our aim is to prove that N is one of the
three exotic fusion systems on P. For this it is sufficient to show that A has also
eight A/-centric A/-radical proper subgroups of P since this characterizes the exotic
fusion systems by the classification of Ruiz and Viruel. Take @ to be an elementary
abelian subgroups of rank 2 of P. As C) ~ Autp(Q) < Auty(Q) < Aut£(Q) and
Aut £(Q) contains SLy(7), we have that Auta(Q) also contains SLy(7) so @ is an
N-centric N-radical subgroup. Now if we take F; and F> as in the proposition we
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see that F» <1 F; and no other exotic fusion system on P is contained in Fj or in
Fo. Thus F; and F» also satisfy the condition (c) of Theorem 4.2
O

6. AN APPLICATION

As in sections 3 and 4, in this section k will denote an algebraically closed field
of characteristic p. We will be using the following two well known results.

Lemma 6.1. Let G be a finite group and N a normal subgroup of G. Let b be a
block of kG and let D be a defect group of b. Then there exists a block ¢ of kN
such that ¢ is D-stable, cb # 0, D N N is a defect group of ¢ and Brg(c) £ 0 for
any subgroup H of G containing ND.

Proof. Let d be a block of kN such that bd # 0 and let I be the stabilizer in
G of d. Then there is a block by of kI such that db; # 0 and such that any defect
group of b; is a defect group of b [NT, Chapter 5, Theorem 5.10]. Let D; < T be a
defect group of b; and of b. Then Brglbl = 0. Since [ stabilizes d, d is the unique
block of kN such that db; # 0, hence dby = by. It follows that Brfjl (d) # 0 and
hence that Brg1 (d) # 0 for any subgroup H of G containing ND. Also, D; N N is
a defect group of d [NT, Chapter 5, Theorem 5.16 (ii)]. Now, D = 9D; for some
g € G. Set ¢ = 9d. It is easy to check that ¢ has all the desired properties.
|

Lemma 6.2. Let H = LD be a finite group such that L is normal in H and D
is a p-group. Let ¢ be a block of kL , stabilized by D. Suppose that D N L is a
defect group of ¢ as a block of kL and that Br(c) # 0. Let D' be a subgroup of D
containing D N L. Then,

(i) The idempotent ¢ is a block of LD’ and D' is a defect group of ¢ as a block
of LD

(i) If the elements of D' induce inner automorphisms of L, then D' = (D' N
L)Cp(L).

Proof. The fact that ¢ is a block of LD’ is immediate since D’ is a p-group. By
hypothesis, Bri(c) # 0, hence Brp/(c) # 0. Hence there is a p-subgroup, say D",
of LD’ containing D’ such that D" is a defect group of ¢ as a block of LD’. Now
D" N L is a defect group of ¢ as block of L [NT, Chapter 5, Theorem 5.16 (ii)],
hence | D" NL| = |DNL|=|D NL|. On the other hand, D”L/L is a a subgroup
of D'L/L, proving (i).

Now suppose that the elements of D’ induce inner automorphisms of L. Let
z € D', and let w, € L be a p-element such that Y=y = *uy for all w € L. Then
w; tx is a central p-element of L < z >. In particular, w, 'z is contained in any
defect group of any block of L < x >. On the other hand, by (i), ¢ is a block of
L < x > with defect group (DN L) < x >. Since (DNL) < x >< D', it follows
that w, € D' N L and w, 'z € Cp/(L). The result follows. O

Proposition 6.3. Let p > 7 be prime. and let D be an extra-special p-group. Let
G be a quasisimple finite group, and let G be the simple group G/Z(G). Suppose
that G = G(q) is a finite group of Lie type with ptq. If D is a defect group of a
block of G, then there exists an integer n, a power q' of q and a subgroup H of the
finite general linear group GL,(q") (or GU,(¢")) with H > SL,(q") (or SU,(¢')),
a block ¢ of H and a defect group D of ¢ such that D/ < ( > 1is extra-special of
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order |D| for some cyclic subgroup < ¢ > of DN Z(H). Consequently, G has no
blocks with defect groups extra-special of order p>.

Proof. Suppose that G has a block with defect group isomorphic to D. Then
G has non-abelian Sylow p-subgroups which means in particular that the order
of the Weyl group of the algebraic group corresponding to G is divisible by p
([GLS, Theorem 4.10.2]). Since p > 7, this means that exceptional part of the
Schur multiplier of G is trivial ([GLS, Table 6.1.3]). Thus there is a simple simply
connected algebraic group K over the algebraic closure of the field of ¢ elements
and a Frobenius morphism F : K — K such that K is a central extension of G. If
K is of type A, then set H := KT and let ¢ be the unique block of H whose image
under the algebra homomorphism kH — kG induced by the canonical surjection of
H onto G. Then c clearly has the required properties and the first assertion holds.

Thus we may assume that K is not of type A. Since p > 7, the kernel of the
surjection K is an p/-group. In particular, K has a block with defect group
isomorphic to D. Thus, we may assume that G = K.

Let Z(D) =< z >. By Brauer’s first main theorem, the group C¢(z) has a block,
say b with defect group D. Since p > 7, p is good for K . Thus, since K is simply
connected, C'z(z) is a Levi subgroup of K.

Let Z denote the connected center of Cz(z). Then

Cg(2) = [Ck(2), Ck(2)]Z.

Furthermore, [Cx(2), Cx(z)] being simply connected ([GLS, Theorem 1.13.2]) is a
direct product of its components, each of which is also simply connected and which
are permuted by F'. That is, we may write

Cr(2), Cr(2)] = [T T] B

i=1j=1

where each éij is a simply connected simple group, such that for each i, 1 < j <y,
the groups L;;, 1 < j < r; are in a single orbit under the action of F.

Set L; := (H;‘:1 Lij)F . Then L; is the diagonal subgroup consisting of elements
H;i:_ol FJ(u) where v € L¥,". In particular, L; = L™ . Furthermore,

Co(z) 2 (L1 x -+ x L)T,

where T is an abelian group of order prime to ¢, inducing inner-diagonal automor-
phisms ([GLS, Definition 2.5.13]) on each L; (T is the subgroup of F-fixed points
of a F-stable maximal torus of Cz(2)).

Since T is abelian, DN (Ly X - -+ x L) # 1. On the other hand, DN (Ly x -+ X Ly)
is a defect group of a block of Ly x -+ x L; (see Lemma 6.1). But a defect group
of a block of a direct product of groups is the direct product of defect groups of
blocks of each factor. Thus, since Z(D) is cyclic of prime order, we may assume
that Z(D) < Ly and that DN (Lg x -+ x L) = 1. Since Z(D) is central in Cg(2),
it follows that each Li; is of type A and of Lie rank at least p, hence that L, is
isomorphic to SL,(q") or SU,(q") for some power ¢’ of q.

Let = be a non-central element of D. We claim that z does not centralize L.
Indeed, first note that if L = SL,, (I_Fq) and o : L — L is a Frobenius endomorphism,
then L° = SL,(¢') or L7 = SU,(q') for some power ¢’ of ¢ and Cf(L°) < Z(L).
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Write

t T4
xr = (H H-Tij)tly Tij € Lij7 t1 € Z
i=1j=1
Let y in D be such that [z, y] = z. Write

t 7
y= (H Hyij)t% Yij € Lij, t2 € Z.
i=1j=1

Since [x,y] = z € Ly, [z11,911] # 1. In particular, z; is not in the center of Ly,
and by the remark above, 21; does not centralize L1} ". Tt follows that x does not
centralize L.

Let ¢ be a block of kL; such that be # 0, ¢ is D-stable, Bri'”(c) # 0 and
such that D N Ly is a defect group of ¢ (see Lemma 6.1). Let Dy be the kernel
of the map D — Out(L;). Then, < z >= Z(D) < (DN Ly) < Dy. Thus,
by Lemma 6.2 applied to the group L;D, the block ¢ of kL; and the subgroup
Dy of D, we have that Dy = (Do N L1)Cp,(L1). But it was shown above that
CD(Ll) = Z(D) S Dn Ll. Hence DO S Ll.

If Dy = D, then the first assertion of the proposition holds with H = L, D = D
and < ¢ >=1 for the block ¢. We assume from now on that D # Dy. The elements
of T and hence of Cg(z) induce inner diagonal automorphisms of L;. Since L
is isomorphic to a special linear or special unitary group, Inndiag(Ly)/Inn(Ly) is
cyclic ([GLS, Section 2.7]). In particular, D /Dy is cyclic. But since Z(D) < Dg and
D is extra-special, in fact |D/Dg| = p. Let y € D be such that D/Dy =< yDy >
and let ) be a p-element in GL,,(¢") (or GU,(q")) such that "u = Yu for all u € L;.
In particular, c is stabilized by < n >. Let H = L; <7 >. Then H is a subgroup
of GL,(q") (or GU,(q')) containing SL,(q') (or SU,(¢')). Let D be the subgroup
of H generated by Dy and 7. Then H = LD and ¢ is an H-stable block of L.
Also, since Cp(L1) = Cp(L1), we have that Brg(c) # 0. Finally, Dy = DN Ly is
a defect group of the block ¢ of kH. Thus, by Lemma 6.2, applied with H = L, D,
the block c¢ is of kL; and the subgroup D of D, we have that c is a block of kH
with D as defect group.

Now y? € Z(D) < Z(Ly), hence n? centralizes L;. Thus, nP is a central element
of GL,,(¢') (or GU,(¢')). It follows that < n? > NDy < Z(D) =< z >. If z €< n >,
then 1 has order at least p? and we set < { > to be the subgroup of < 1 > of index
p?. If z ¢< 1 >, then we set < ¢ > to be the subgroup of < 1 > of index p. Then it
is easy to check that D/ < ¢ > is extra-special of order |D|. Since < ¢ ><< P >,
< ¢ > is a central subgroup of H. This proves the first part of the proposition.

Now suppose that G has a block with a defect group D which is extra-special
of order p3. Let H, ¢ and D be as in the the first assertion of the proposition.
Suppose first that H < GL,(¢") and let p® be the exact power of p dividing ¢’ — 1.
Then since SL,(q') < H, it follows that [D| < p?*t® and that there is a block of
kGL,(q') covering ¢, with non-abelian defect groups of order at most p?2*3. The
structure of defect groups of finite general linear and unitary groups groups is well
known. In particular, non-abelian defect groups of GL,(¢') have order at least
pPat1 ([FS, Theorem 3C]). So, pP**! < p?¢+3 which is impossible since p > 3. A
similar argument, taking p® to be the exact power of p dividing ¢’ + 1 handles the
case H < GU,(¢).

O
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We now state and prove the main theorem of this section.

Theorem 6.4. Let F be an exotic fusion system on the extra-special group P of
order 73. Then F is not a fusion system of a 7 block of any finite group.

Proof. Let G be a finite group with an F-block, say b. If Outz(P) = D16 x 3, let
F3 = F and let F; be the exotic fusion system on P with Outz(P) = SD3y x 3. If
Outz(P) = SD3y x 3, let 71 = F and let F» be the exotic fusion system on P with
Outz(P) = Dyg x 3. If Outz(P) = 62 : 2, set F; = F» = F. Then, by Proposition
5.1 and Theorem 4.2, we may assume that G is quasisimple, 71 |Z(G)| and that b
is an F;— or Fa— block. Also, by Proposition 5.1, we may assume that P is not
Sylow in G since neither F; nor JF5 is contained in a non-exotic fusion system on
P.

Let G be the simple quotient of G. By the previous proposition, G is not a finite
field of Lie type in characteristic different from 7. Suppose that G is a finite field
of Lie type in characteristic 7. Then the exceptional part of the Schur multiplier
of G is trivial, (JGLS, Table 6.1.3.]). Thus there is a central 7/ extension G of G
such that G = K where K is a simply connected simple algebraic group and F is
a Frobenius endomorphism of K. Then it follows from the theory of finite groups
with strongly split BN pair [CE, Theorem 6.18], (see also [Ke, Lemma 5.1]) that
the defect groups of a 7 block of G are either trivial or Sylow 7-subgroups of G.
Hence, P is a Sylow 7-subgroup of GG, a contradiction.

For odd p, a defect group of a p-block of a finite alternating group or a double
cover of a finite alternating group is isomorphic to the Sylow p-subgroups of a finite
symmetric group, hence G is not an alternating group.

Now, if G is a sporadic group then G' must be one of He, O’'N, Fi}, and the
monster Fy as these are the only sporadic groups whose order is divisible by 72.
Furthermore, if G is one of He, O’'N, Fib,, then 73 is the exact power of 7 dividing
|G|. Hence, P is a Sylow 7-subgroup of G, a contradiction.

Finally, suppose that G = G = F;. Thus G has two conjugacy classes of elements
of order 7 denoted by 7A and 7B(ATLAS notation). As in the ATLAS we denote
by 7A? and 7B? the abelian elementary 7-groups of rank 2 generated by elements
in 7A, respectively 7B. Then the maximal 7-local subgroups of G are of the type
Ty = (7:3x He) : 2, normalizer of an element in 74, S; = (7% : (3x2S7) x Ly(7)).2
normalizer of a group of type 7TA2, Ty = 7£_+4 : (3 x 257), normalizer of an element
in 7B and Sy = 72.7.7% : GLo(7) normalizer of a group of type 7B2.

The cyclic subgroups of order 7 of P are all conjugate in F as they are in the
conjugacy class of the centre of P given by the automorphisms of the elementary
abelian subgroups of rank 2 of P. Thus the elements of order 7 of P are in the
same F-conjugacy class. Also Autx(P) normalizes the centre of P. So we have
that Autxz(P) is a section of T, for ¢ = 1 or 2. Moreover, Autx(V) is a section of
S; for the same index ¢ as above (where V' is an F-centric, F-radical subgroup of
P). But this is not possible as S has no section containing SLs(7) : 2 and T5 has
no section containing Dig x 3 or 62 : 2.

O
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7. APPENDIX

We prove in the appendix that the definition we give in this paper for fusion
systems is equivalent to the definition of Broto, Levi and Oliver [BLO] for saturated
fusion systems. Here is their approach.

Definition 7.1. A fusion system on a finite p-group P is a category whose objects
are the subgroups in P and whose morphism set Homz(P, Q) satisfy the following
(1) Homp(Q, R) C Hom#(Q, R) C Inj(Q, R) for all Q,R< P.
(2) Every morphism in F factors as an isomorphism in F followed by an inclu-
sion.

The definition Broto, Levi and Oliver give for a fully F-centralized subgroup is
the same as ours. But the definition for a fully F-normalized subgroup is different.

Definition 7.2. A subgroup Q of P is fully F-centralized if |Cp(Q)] > |Cp(Q’)|
for all Q" < P which is F-conjugated to Q.

Definition 7.3. A subgroup Q of P is fully F-normalized if Q is fully F-centralized
and if Autp(Q) € Syl,(Autx(Q)).

Now the definition of saturated fusion systems.

Definition 7.4. F is a saturated fusion system if the two following conditions hold:
(i) Each subgroup Q@ < P is F-conjugated to at least one fully F-normalized
subgroup.
(ii) If @ < P and ¢ € Homx(Q, P) are such that $(Q) is fully F-centralized and
one set Ny :={g € Np(Q)|pcy¢~t € Autp(p(Q))}, then there is ¢ € Homz(Ny, P)
such that ¢|p = ¢.

It is obvious that a saturated fusion system in Broto, Levi and Oliver approach
satisfies the three properties in Definition 2.4 we give for fusion systems. We prove
now that our definition implies the one in [BLO].

We start by proving that in a fusion system (Definition 2.4) the definition for a
fully F-normalized subgroup (Definition 7.3) as in [BLO] is obtained as a property
from our setting.

Proposition 7.5. Let F be a fusion system (Definition 2.4) on a finite p-group P
and let @Q be a subgroup of P. Then Q is fully F-normalized (Definition 2.2) if and
only if Q is fully F-centralized and Autp(Q) is a Sylow p-subgroup of Autx(Q).

Proof. First, a fully F-normalized subgroup @ of P is also fully F-centralized as
for any JF-isomorphic subgroup @’ we have that the morphism ¢ : Q' — Q extends
to a morphism ¢ : Ny — Np(Q). But Cp(Q') C Ny and ¢(Cp(Q’)) C Cp(Q)
giving that |Cp(Q")| < |Cp(Q)]. So Q is fully F-centralized.

Second, if @ is fully F-normalized then Autp(Q) is a Sylow p-subgroup of
Autz(Q). To prove this, we will follow the proof of Proposition 1.5 in [Li]. Let
@ be a subgroup of maximal order such that Autp(Q) is not a Sylow p-subgroup
of Autz(Q). Then @ is a proper subgroup of P by property (2). Choose a p-
subgroup S of Autx(Q) such that Autp(Q) is a proper normal subgroup of S. Let
¢ € S\ Autp(Q). Since ¢ normalizes Autp(Q), for every y € Np(Q) there is
z € Np(Q) such that ¢(Yu) = *¢(u) for all uw € Q. Thus we have Ny = Np(Q).
Since @ is fully F-normalized, by property (3) ¢ extends to ¢ : Ny — Np(Q) so
é € Autr(Np(Q)). Since ¢ has p-power order, by decomposing ¢ into its p-part
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and its p’-part we may assume that ¢ has also p-power order. Let 1 : Np(Q) — P
be a morphism such that N’ := ¢(Np(Q)) is fully F-normalized. As the order on
N’ is greater then the order of @, we have that Autp(N’) is a Sylow p-subgroup
of Autz(N'). Now ¥yt is a p-element of Autr(N’), thus conjugated to an
element in Autp(N’). Therefore we may choose 9 in such a way that there is
y € Np(N') satisfying ¢¥¢p~1(v) = Yo for all v € N’. Since ¢|g = ¢, the au-
tomorphism ¢y ~! of N’ stabilizes ¥(Q). Thus y € Np(¥(Q)). Since Q is fully
F-normalized and ¢ (Np(Q)) C Np(¥(Q)) we have that »(Np(Q)) = Np(1(Q)),
hence ¢p(u) = 7 @u, for all u € Np(Q). And, in particular, ¢ € Autp(Q),
contradicting our first choice of ¢.
The converse is straight forward as [Np(Q)| = [Autp(Q)| - |Cr(Q)|.
O

The following proposition gives the last ingredient for the equivalence of the two
approaches. In our approach, property (3) guarantees the extension to Ny for the
F-isomorphisms ¢ ending in fully F-normalized subgroups. But this is sufficient
in order to have the extension to N, for all the F-isomorphisms ending in fully
F-centralized subgroups.

Proposition 7.6. Every ¢ : Q — P such that ¢(Q) is fully F-centralized extends
to a morphism ¢ : Ny — P

Proof. We note Q' := ¢(Q). Choose 0 : @ — P such that 8(Q’) is fully
F-normalized and, as Autp(0(Q’)) is a Sylow p-subgroup of Autz(6(Q’)) we can
modify € by a morphism in Autz(6(Q’)) and suppose that Ny = Np(Q').

By the property (3) we have that 6 extends to 6 : Ny — P. Note v := 0¢. By
the same property (3) ¢ extends to 1 : Ny — P.

Our aim in what follows is to prove that Ny C Ny and ¥(Ng) C 0(Ng) so that
(0)'4|n, would be the extension of ¢ to Ny.

Both are simple verifications. Take y € Ng then by definition, there exists
z € Np(Q') such that ¢(Yu) = *¢(u) for all u € Q. By composing with 6 we obtain
0¢p(Yu) = 0(*¢(u)). But as Ny = Np(Q') we have that there exists © € Np(6(Q'))
such that 0(*¢(u)) = “0(p(u)) = “i(u). By resuming, we have ¥(Yu) = “i(u)
which means that y € Ny. As this is true for all y € Ny we obtain that Ny C INy.

Take now = € ¥(Ng). Suppose that z = ¥(y), y € Ny. By definition, there
exists z € Np(Q’) such that ¢(Yu) = *¢(u) for all u € Q. We obtain ¢(Yu) =
Th(u), so O(*p(u)) = “0(p(u)), which is equivalent to ?p(u) = *0(¢(u)) for all

u € Q. This gives that z = (z)c with ¢ € Cp(6(Q)). But as Cp(Q’) C Ny and

0(Cp(Q")) C Cp(8(Q')) and using the fact that Q" is fully F-centralized we have
that 0(Cp(Q')) = Cp(0(Q")). This means that ¢ € 6(Ny), so x € 6(Ng). Now this
is true for all z € ¥(Ny) so ¥(Ny) C 0(Np).

Thus we showed that (§)~! o 9|y, extends ¢ to Ny.

O
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