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Ohio

Mary Schaps, Dept. of Mathematics, Bar-Ilan University, Ramat-Gan,
Israel

1. INTRODUCTION

In [S], Joanna Scopes discovered a method for generating Morita equiva-
lences between blocks of symmetric groups and thus for showing that Don-
avan’s conjecture, that there are only a finite number of Morita equivalence
classes of blocks with a given defect group, holds for the blocks of the sym-
metric groups. This method has led in various different directions. It was
generalized by Puig [P1] to demonstrate not only Morita equivalences but
also the more restrictive Puig equivalences, thus establishing Puig’s con-
jecture, that there are only a finite number of Puig equivalence classes for
a given defect group, for blocks of the symmetric group. A variant was
adapted by the first author to prove Donovan’s conjecture for blocks of the
Schur covers of the symmetric and alternating groups. An adaptation of
the method was developed in [HK1], [HK2] to find Morita equivalencdes
between blocks in various algebraic groups. The method also lead Rickard
to a way of demonstrating derived quivalences between blocks of symmetric
groups, and this method was then taken up by Chuang and Rouquier [ChR]
to show that for a given weight there is only one derived equivalence class
of symmetric blocks which, along with [ChK], settled the Broue conjecture
for symmetric blocks.

In this paper we intend to return to [K] and show that, in fact, the results
therein reflected only half of the picture. The results in [K]| demonstrated
the existence of Morita equivalences between blocks of the covering groups
S, of S, or between blocks of the covering groups A, of A,. We will now
reconsider the situation and show that we can equally well get “crossovers”
between blocks of A, and S,. More specifically, the various characters are
associated with strict partitions of n and the Morita eqivalences are obtained
by an involution which is a variant of the Scopes involution used in Scopes’
original work. The cases treated in [K] were those in which the involution
is parity-preserving, and in this paper we will be interested in cases where
it is parity-reversing.
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2 CROSSOVER MORITA EQUIVALENCES

2. THE PROJECTIVE REPRESENTATIONS OF S,, AND A,,, IN
CHARACTERISTIC 0.

The projective representations of the symmetric and alternating groups
are currently studied as the linear representations of the covering groups
A, 5”]; , and Sg , each of which has a central subgroup C5 such that the
quotient is A, or S, respectively. The differences between the two versions
of S,,, which are said to be isoclinic to each other, are minor and barely
affect the representation theory; they are similar to the differences between
the quaternions and the dihedral group of order 8. We will generally write
simply S, meaning one consistent choice.

Our group algebras will be considered over modular systems (k,R,K),
where R is a complete discrete valuation ring, K is its quotient field, and k
is the residue field of characteristic p. We assume that the characteristic is
different from 2.

The representations of the covering groups are determined by strict parti-
tions. As usual, a partition A = (A1, Ag,...) of n is a nonincreasing sequence
of non-negative integers summing to n. The partition will be called strict is
it has no repeating parts.

Those characters of the covering groups which take the value —1 on the
central element of order 2 (and hence are not simply inflations of the charac-
ters of the original groups) are determined by the strict partitions, but not
in a one-to-one fashion. The mapping depends on the following concept.

Definition 2.1. The parity €(\) of a strict partition X is 0 or 1 respectively,
depending on whether the sum of the parts with the number of parts is even
or odd.

This definition corresponds to the ordinary definition of an odd or even
permutation if the integers in the partition are considered to represent the
cycle lengths of a permutation, and in this sense we will speak of an odd or
even partition.

An odd strict partition corresponds to one irreducible character of A,, and
to two irreducible character of S, with a common restriction to A,. The
partition gives the cycle structure of an element on which the two characters
differ. An even strict partition corresponds to two conjugate irreducible
characters of A, and to a single irrdeducible character of S,.

Looking at this for a fixed group, in S, there are two ireducible characters
associated with each strict partition of parity 1, and one with each strict
partition of parity 0. In A, the parities are reversed, i.e., there are two
irreducible characters associated with each strict partition of parity 0, and
one for parity 1.

As with the representations of the symmetric group, it is possible to
determine the degree of the irreducible character from the partition. To a
strict partition we associate a diagram of n squares in rows corresponding to
the distinct parts, with the parts staggered along a diagonal. The number
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of different ways to build up the partition step by step from the empty
partition, so that each intermediate partition is strict, corresponds to the
number of ways to fill in the numbers 1,...,n so that all rows and columns
are increasing. This number is then multiplied by 2", where r is the greatest
integer in half of n —t, where t is the number of free entries, i.e., the number
of entries for which there is a choice of how to fill them in.(See [St]. While we
will not need this formula explicitly, we will derive a related formula which
involves counting the number of ways that the diagram of one partition
can be built up from another by adding squares, and multiplying by an
appropriate power of 2.

3. COMBINATORICS

We now consider the representation theory over the field k of characteristic
p, where we have assumed that p is an odd prime. The ordinary characters
are grouped together into blocks. There is a procedure called removing p-
bars, where each p-bar removed reduces the sum of the parts of the strict
partition by p. When one removes the maximal number w of p-bars one
arrives as a strict partition v called the p-core. Two characters belong to
the same p-block if and only if one can remove the same number w of p-bars
and arrive at the same p-core v.

We describe this procedure of removing p-bars, which will be very impor-
tant in the sequel. The parts of the strict partition are represented as beads
on an abacus with p-rods, labeled by the residues modulo p, {0,1,...,p —1}.
Removal of a p-bar consists either of reducing a single part by p, which
corresponds to lowering the position of one bead one place on its rod, or
removing two parts which sum to p.

Fix a positive integer w and a p-core v. Let X = {1,2,...,p — 1}. For
any ¢ € X, we define the Scopes involution Se¢, as in [K]. In particular,
for x # 1, it corresponds in the abacus notation to exchanging the beads
on runners x and x — 1, and simultaneously, exchanging the beads on p — x
and p — z + 1. In the particular case where z = (p + 1)/2, we make only
one exchange, since the two pairs of runners coincide. It was proven in [K],
Lemma 4.7, that Sc, preserves p-cores, so that u = Se,(v) will also be a
p-core. We consider the case that |v| > |u|. Let n = pw + |v|.

Let J, be the set of strict partitions of n with core v, the union of the
partitions with parity 0, denoted by J,© and the partitions with parity 1,
denoted by J,; . Set

m = pw + |u.

Let J,, be the set of strict partitions of m with core u. For any two strict
partitions, A and x, let M(X, x) be the number of sequences of strict par-
titions starting in A and ending in x such that each succesive term in the
sequence is obtained from the previous one by the removal of a 1-bar. Set

8= Mv, p)
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Definition 3.1. Let v and u be as above. Then (v, u) form a w-compatible
pair if the the following holds:

(i) The map 52; 2 Jp — Jp is one-to-one and onto.

(ii) For any A € Jn and X € Jym, M(Ax) = 0 if x # Sce()), and
M(X, Sea (V) = B

(iii) For any A € Jn, €(\) + €(Sca(N) = e(p) + €(v).

Note that Proposition 4.9 of [K] gives a sufficient condition for v and pu
to form a w-compatible pair (however, there are examples of w-compatible
pairs which do not satisfy the hypothesis of Proposition 4.9. of [K], see
example below).

It was a shown in [K] that if v and p are w-compatible pairs having the
same parity, then the corresponding blocks of Sn and S'm (or of fln and flm)
are Morita equivalent. Since we are interested in crossing over, we consider
precisely Scopes involutions with reverse the parity, which are characterized
by the following lemma. Since when x = 1, v and p have always the same
parity, we will only discus the case x # 1.

Lemma 3.2. With the notation above, for x € X satisfying x # 1, and
core v, the Scope involution Sc, reverses the parity of v and of all the
elements in J,, if the total number of parts congruent to a number in the
set C = {x,z — 1,p—x,p—x + 1} is odd, and preserves the parity if the
total number of parts congruent to a number in C is even.

Proof. The contribution of all the parts outside the set C' is fixed, so we
need consider only the contribution of the parts in C'. The total number
of parts is fixed under the Scopes involution, so the change occurs only in
the size of each part. For each part there is a change of +1 or —1, which
reverses the parity of that particular part. Thus if there is an odd number
of parts, the total parity is reversed, and if there is an even number of parts,
the total parity remains fixed. ([

Example 3.3. For n = 13 and p = 5, consider the source algebra of the
block of Si3 of defect 2 and the block of Ay of defect 2. In this case v is
(3), which is even, and p = Sca(v) is (2), which is odd. These form a parity
reversing 2-compatible pair. We now list the elements of Ji3 and Jia so that
they correspond under the parity reversing Scopes involution for x = 3:

Ty = {(13),(1,3,9),(1,4,8),(2,3,8).(3,4,6)}; Ji3 = {(3,10),(5,8),(1,3,4,5)}

Jp = {(12),(1,2,9),(1,4,7),(2,3,7),(2,4,6) }; J, = {(2,10),(5,7),(1,2,4,5)}
In both cases, the total number of irreducible characters is 11. Note that this
example does not come under the purview of Proposition 4.9 of [K].

4. THE CASEm=n—1

In order to show that the above example is not isolated, but that in fact
there is an infinite family of examples of 2-compatible pairs, we discuss the
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case of m = n — 1 in detail. This is also intended to provide orientation for
the more complicated geneal theory to follow.

Let b be the block of Sn with core v and ¢ the block of flm with core
. For any ordinary irreducible character x of S, in the block b and any
irreducible character 7 of A,, in the block ¢, let (7, x, bc) be the multiplicity

of x in the induced character I ndi” (1)

We now consider the special case m =n— 1. By the rules for calculating
the core, in the core v, either there is no part congruent to x or there is no
part congruent to p —z. If x = (p+ 1)/2, then v consists of a single part
equal to z. If x # 1, (p+ 1)/2, then in v there is one more bead on runner
x than on runner x — 1, or else one more bead on runner p — x + 1 than
on p — x. In the latter case we will replace z by p — = + 1, which gives the
same Scopes involution, and we may thus assume that there is one more
bead on x than on x — 1, and none on the other two runners involved in the
involution. Thus the total effect of the Scopes involution on v is to reduce
the highest part congruent to x by 1.

Lemma 4.1. Suppose that v and p are as above, with x = (p+ 1)/2 and
p > 2. Then (v,u) form a 2-compatible pair.

Proof. We must check three conditions. We first check (i). Since = # 1, the
Scopes involution is one-to-one and onto for the total set of strict partitions
of n. Thus to demonstrate (i), it suffices to show that the image of J, is
Jm. Let A be a partition in J,, and x its image under gcz. For the given
x, the subset of X affected by the Scopes involution is C' = {x,x — 1}. If
both moves producing A from v were outside of C, then the same two moves
produce x as an element of J,,. If only one move is in C, it must be moving
the top bead on runner z up one, and the corresponding moves produce
x as an element of J,. If both moves are in C, then either the top bead
on x is moved up 2, and the same move produces y from g, or there is a
unique bead on z, and the two moves consist of moving that bead up one
and adding a complementary pair. The corresponding moves produce x in
Jm-

To prove (ii), we note that in our case 5 = 1. The induction of characters
is done by adding 1 to one of the parts of A or adding a new part (1), in
as many ways as this can be done while the partition remains strict. . The
analysis of cases in the proof of (i) has already sufficient to establish that
M(), Sex (M) = 1, since Scopes involution for & # 1 preseves the number of
parts and the only one which can be changed is the highest part congruent
to x.

If the 1 is added outside the set C' effected by the Scopes involution,
then we will not get a reduction to the correct core, since reduction to the
core involves either moving a bead down on a single runner or removing a
complementary pair. Similarly, adding 1 in the area effected by the Scope
involution will can only produce the correct core if it moves a bead from the
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runner in p which gained a bead from v, i.e., from x — 1 to . The only way
to add 1 to one of the parts of 7 and get a strict partition corresponding to
v is to reverse the Scopes involution, M(A, 7) = 0.

Condition (iii) on the parity follow immediately from the previous lemma,
since parity is reversed both for the cores and for each of the elements of J,,.

O

The case w = 2 is significant for the abelian defect group conjecture. The
original germ of this paper came from an analysis of blocks with identical
decomposition matrices in the second author’s database of blocks of abelian
defect group.

5. A CHARACTER CORRESPONDENCE

All modules will be left modules unless otherwise stated. For a ring R,
finite group G, and an RG-module V', the R-dual V* of V is naturally a right
RG-module, and we will use this fact without comment. Also, for groups
G and G, a (RG, RG)-module will be considered as an R(G x GP)-module

and vice versa.

Definition 5.1. Let F' be a field, G and G finite groups and let b and c be
central idempotents of FG and FG respectively such that FGb and FGe are
split semi-simple algebras. We will denote by Irr(G,b) the set of characters
of simple FGb-modules and by Irr(é, c) the set of characters of simple FGe-
modules. For x € Irr(G,b), and 7 € Irr(G,c), and a finite dimensional
(FGb, FGC)—bimodule X, we will denote by r(x, T, X) the multiplicity of the
FGb-module Vy as a summand of X &~V where Vy is a simple F'G-module

with character x and V; is a simple FG-module with character 7.
Before proceeding we record the following fact.

Proposition 5.2. Let F', G, G, b, ¢ and X be as in the above definition.
For each x € Irr(G,b), let V,, be a simple FG module with character x and
for each T € ITT(G’, c), let V; be a simple FG module with character T. Then
as F(G x G°)-modules, there is an isomorphism

X = > r(x, 7, X)Vy @ V7.
xeIrr(G.b),relrr(G,c)

Let w be a positive integer. Let v and p := Sc,(v) be two p-cores such
that z > 1 and |v| > |u|. Let n = pw + |v| and m = pw + |u| and let b
(respectively ¢) be the faithful blocks of S, (respectively S'm) with core v
(respectively p). Note that b and c are also blocks of the double covers of the
corresponding alternating groups as well. Let K be a field of characteristic
0 which is a splitting field for all subgroups of S,.

Lemma 5.3. Let a :=n —m and let B := M(v, ). Suppose that v and p
form a w-compatible pair and that v and p have opposite parities.
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(i) \Irr(gn,b)\ = |Irr(Ap, A ,¢)|. For each x € Irr(gn,b),
by or r(x, T, KS, bc)—2 B

relrr(Am
and for each T € Irr(Apy,c),

) 06T K Spbe) =275 .

xEIrr(Sy
(ii) [Irr(Ayn, b)| = [Ir7(Sm, ¢)| and for each ¢ € Irr(fln,b),
z (c;S,ﬂ' KS,bc) =22 ﬂ

TI‘EIT’I"

and for each 7 € IM‘(Sm, c),
& atl
E¢EITT(An7b)T(¢7 U KSan) =922 B

Proof. (i) Note that the (KS,b, K A,,c)-bimodule K S,bc represents induc-
tion from A,, to S, followed by truncation at the block b. Let A be a strict
partition of n and v a strict partition of m. Let 6 be an irreducible character
of S, corresponding to A and 7 an irreducible character of .S, corresponding
to . It follows from the branching rules (see for example [HH]) that if  is a
constituent of I ndg’; (n), then M(A,~) is non-empty. Furthermore, if A and
7 have the same number of parts, then the multiplicity of ¢ as a constituent
of Indg:;(n) is 26%1\./\/1()\,7)] if a is odd, is 22 |M(),7)] if a is even and

e(y) =0 and is 2%_1|M( ,7)| if a is even and €(y) = 1. (Actually, this can

()\) e(v)
be written as 2° S IMO D).

Since in our situation, v and p have opposite parities and since x > 1, «
is odd and for any strict partition A, A and gc/x()\) have the same number of
parts. The fact that v and p are a w- -compatible pair along with the above
remarks yields that for any A in J; Scw()\) is in J,,, and if  is any one of
the two characters of Sy, correspondlng to Scw(/\), then the contribution of

btol ndé" (n) is equal to 2°% ﬁ copies of the unique irreducible character

of S,, corresponding to A. Similarly, if A in J;, ch:()\) is in J;7, and if 7 is
the unique character of Sy, corresponding to Scx()\), then the contribution
of b to Ind Sm( n) is equal to the sum of 2%5 6 copies of each of the two
irreducible characters of S,, corresponding to A. The result now follows
from the behaviour of irreducible characters of A,, under induction to S,
(ii) The (K A,b, K Spc)-bimodule K S,,be represents induction from S, to
S,, followed by truncation at the block b, followed by restriction to A,. The

rest of the proof is analogous to (i).
U

6. SOURCE ALGEBRA EQUIVALENCE

Let n, m, b and ¢ be as in the previous section. Let (K, R,k) be a p-
modular system such that K and k are splitting fields for all subgroups of
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S’n. In this section we will show that RS‘nb and Rzzlmc are source algebra
equivalent and that RA,b and RS,,c are source algebra equivalent. The
approach will be similar to that in [HK2]. However, for the equivalence
between RA,b and RS,c, we cannot apply [HK2| directly since S, is not
a subgroup of A,. In order to circumvent this problem, we switch from the
pointed groups approach to an approach via p-permutation modules.

We fix some notation which will stay in effect for the rest of the paper.
We let H := fln and G := S’n, H = /~1m and G := S“m Set B4 = G x G"p,
Ey=Gx H?, Fy=H x G and E, = H x H.

Let D be a defect group of the block ¢ of A,, (so D is a defect group of
¢ as a block of S’m and of b as a block of An and of S*n) Let AD be the
subgroup {(z, 2™ 1) | € D} of H x H°. Since RGbc is a H x G°P summand
of the permutation module RG and D is a defect group of the block b of H
and the block ¢ of G all indecomposable R(H x GP) summands of RGbc
have trivial source and a vertex which is conjugate in H x G to0 a subgroup
of AD.

Lemma 6.1. Let 1 <7 <4 and let
(1) RGbc = @jeJWj @j/ejl Z]’

be a direct sum decomposition of the RE; -module RGbc, such that AD is a
vertex of Wj for each j € J and AD is not a vertex of Zy for any j' € J'.

Then |J| = 2°% B if i = 2,3,4, and |J| = 2°F B if i = 1.

Proof. Let E be a subgroup of G x G°° containing H x H?. The RE
module RGbc is a p-permutation module. Let V be an indecomposable
p-permutation RE-module. By the relationship between the Brauer homo-
morphism and p-permutation modules given in Theorem 3.2 of [Br1], V(AD)
is non-zero iff AD is contained in a vertex of V; AD is a vertex of V if and
only if V(AD) is an indecomposable projective kNg(AD)/AD module; the
correspondence V' — V(AD) induces a bijection between the isomorphism
classes of indecomposable p-permutation RE-modules with vertex AD and
the isomorphism classes of indecomposable projective kNg(AD)/AD mod-
ules. Furthermore, if T is a projective indecomposable kNg(AD)/AD-
module and V(AD, T) is the corresponding p-permutation RE-module with
vertex AD, then the multiplicity of V(AD,T) as a summand of RGbc is
equal to the multiplicity of T" as a summand of RGbc(AD).

Let Z be the subgroup of G x G consisting of elements (z,1) , where
x € Z(D). Then Z is a normal subgroup of Ng(AD). Let Z be the image
of ZAD under the canonical epimorphism onto Ng(AD)/AD. Then Z =
Z(D) is a normal subgroup of Ng(AD)/AD.

Thus, the correspondence T — k (2] T induces a bijection between
isomorphism classes of projective indecomposable kNg(AD)/AD modules
and isomorphism classes of projective indecomposable kNg(AD)/(ZAD)-
modules.
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Summarizing, if T' is the projective indecomposable k(Ng(AD)/(ZAD))-
module corresponding to the projective indecomposable kNg(AD)/(AD)
module 7', and if V(AD,T) is the corresponding p-permutation RE-module
with vertex AD, then the multiplicity of V(AD,T) as a summand of RGbc
is equal to the multiplicity of T as a summand of k k(2] RGbc(AD).

Since the AD-module structure of RGbc is compatible with the conjuga-
tion action of D on the algebra RGbc, it follows that there is an isomorphism
of Ng(AD)/AD-modules

(2) RGbe(AD) = kCq(D)Brp(b)Brp(c),

where the kNg(AD)/AD-module structure of kCq(D)Brp(b)Brp(c) is the
natural one, that is, (z,y) acts by left multiplication by the element x of
Ng(D) and right multiplication by the element y of N (D). Since the pair
(z,y) lies in kNg(AD)/AD, the conjugation actions of z and y on D are
the same.

By the local structure of faithful blocks of the double covers of the sym-

metric and alternating groups as described in [Ca] and [HH], Sy,— |, = Sn—py|
and D can be chosen to be a Sylow p-subgroup of S’n_M.
Let o be an element of S’M — flw and 7 be an element of Ng | |(D) -
m—|p
. Let M be the subgroup of G x G consisting of elements (z,x 1),
(D) = Na, (D). Set

-

n—|v|

Ly = SM X §|O/f| and Ry =< (7, 7'_1) >,

Ly = §|l,| X 121‘05‘ and Ry =< (1,0 '771) >,

Ly = AM X Sfﬁﬁ and R3 =< (oT, 7'71) >,

Ly= fl|,,| X 121‘05‘ and Ry =< (or,0 771 >.
Then, for 1 <i <4,
Ng,(AD) = L, ZMR;.

The group L; is isomorphic to its image under the canonical surjection
onto Ng,(AD)/AD). Henceforth, we identify the groups L; with these
images.

Now Cq(D) = S’M x Z(D), and Brp(b) = b and Brp(c) = ¢ where b and

¢ are central idempotents of S|,| corresponding to the characters of S’M and

S" u| associated to the partitions v and p respectively. These characters have
defect 0 because v and p are p-cores.( See [Cal).

Thus, by (2) and the description of normalisers given above it follows that
Ng,(AD)/ZAD = L;MR;/AD, and under this isomorphism,

k ®,z RGbc(AD) = kS|, be.

Now, b and ¢ are sums of defect 0 blocks of S’M and 5" u| respectively,
hence kSMBE is semi-simple and projective as kL;-module. On the other
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hand, L; is of p’-index in L; M R;/AD. Hence k:S'| ,,‘BE is a semi-simple projec-
tive kL; M R;/AD-module. Furthermore, M/AD is normal in L,MR;/AD
and M/AD acts trivially on kS, bc, thus the number of summands in a
direct sum decomposition of kS, bc as kL;MR; /AD-module is the same
as the number of summands in a direct sum decomposition of kS, bc as
kLZMRZ/M = kLiRi—module. o

Thus it remains to determine the structure of k:S‘,,|b6 as kL; R;-module.

Consider first the case that e(v) = 1 and e(p) = 0. )

In this case b is the sum of the two blocks of defect zero of S|, corre-
sponding to the two simple projective modules V' and V* of kS, associated
to the partition v, and ¢ is the block of defect zero of kS|, corresponding to
the unique simple projective module U of kS, associated to the partition
v. Let Y be the unique simple projective kA|,-module covered by V' and

V@ and let X and X€ be the two simple projective kflM—modules covered
by U.

It is standard Clifford theory that X and X¢ are conjugate to each by
the permutation o defined above. It is somewhat more surprising the two
associated blocks V and V' are conjugate under 7; this is a result of the fact
that V' and V¢ differ only on the conjugacy class of the odd permutation
v and from the conjugation rule in the covering group preimages of odd
permutations, which multiplies the preimage of the conjugate by the central
element, which takes character value -1 in the faithful blocks.

Now, any indecomposable kL; summand of kS |V|I_)E is isomorphic to either

V& U* or to V& U*. The multiplicity of V ®,U™* as a summand of k§|y|l35

S
is equal to the multiplicity of V' as a summand of Ind A‘“ ' (U) (see Proposition
1]

5.2). Similarly, the multiplicity of V?®j U* as a summand of k:§|y‘l_)5 is equal
to the multiplicity of V' as a summand of I ndi“‘; II (U*). Thus, by the same
arguments as given in Lemma 5.3, it follows that

kS|, be = 2°7 BV @ U* @27 BV @, U
as kLj-module. Similarly,
kS be = 2°7 BV @ X @27 BV @, X @27 BV @y X027 BV @, X*

as kLo-module,

as kLs-module, and
kS| be = 2% BY @y X* @25 BY @y X*¢

as kLs-module.
Now, as kLj-module,

(T,T—l)(v D U*) ~ Ty 0 T—lU* o~ e R U*,
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hence by Clifford theory, it follows that the kL R; module kS ‘ V|BE is a direct
sum of QQT_Iﬁ modules. Similarly, as kLo-module,

o (V@ X & TV @y, 0T X 2V gy X
and

(w*lr*l)(v 2 X) 2 TV @ ol yre o ya g Y

hence the kL Ro-module k§|,,|l36 is a direct sum of QQTHB modules.
As kLs-module,

(UT,T*I)(Y 2, U*) > Ty @ T*lU* ~Y @ U*,

hence the kL3 R3-module k§|y|l_)é is a direct sum of QQTHﬁ modules.
Finally, as kL4-module,

(o TN Y @ X)X TY @ 77T XP Y @ X

hence the kL4 R4-module k5'|,,|56 is a direct sum of 925 8 modules.

The case ¢(v) = 0 is handled similarly. In this case, there is a single V' but
two associates U* and U**. There are two conjugates Y and Y¢ whereas
there is now only one X*. As before, 7 exchanges the associates, and o
exchanges the conjugates.

The restrictions to the L; are now as follows:

kS|, be = 2°7 BV 0, U* @277 BV @4 U™

as kLj-module. Similarly,

as kLs-module,
kS|, be = 27 BY @y U 0277 Y “0, U027 Y @, U027 BY @), U™
as kLs-module, and

kS| be = 25 BY @y X* @25 BY @ X*¢

as kL4-module. With appropriate changes to reflect the action of the R;,
the remainder of the proof is virtually idendical.
O

We have illustrated these ideas in an example at the end of the paper.
It can be read at this point, but we do not insert it here in order not to
interfere with the continuity of the proof of the theorem.

Lemma 6.2. Let 1 < i < 4. Denote by M; be the image of the projection
of E; onto the first component, and sz)p the image of the projection of
E; onto the second component. Let W be an indecomposable RE;-module
summand of RGbc having vertex AD. Then Resp;, (W) is a progenerator
for mod(RM;b) and ReSMiop (W) is a progenerator for mod(RMi"pc)
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Proof. First note that Resp, RGbc and Res 00 RGbe are projective. Thus,
we need only show that if P is a projective iﬁdecomopsable RM;b-module
then Resps, (W) contains a summand isomorphic to P and that if @ is a
projective indecomopsable RM;”c-module then Res ypor (W) contains a sum-
mand isomorphic to P. '

Let i = 1. The REi-module W is isomorphic to RGbct where ¢ is a
primitive idempotent of

Endgg, (RGbe) = (Endra(RGbe))C = (cRGhe)®

when ¢RGbe is considered as an G module via conjugation. The group AD
being a vertex of W is equivalent to Brp(c) # 0. Thus, there is a primitive
idempotent ¢ of (tRGt)“ such that Brp(t) # 0. In other words, ¢ contains
a source idempotent t of the block b of G. Since D is a defect group of
the block b, this means that b € Tr%((RGb)P(RGH)P) , where Tr stands
for relative trace and (RGbH)P1(RGD)P is the ideal of (RGH)P generated
by ¢ (see Theorem 18.3 of [Th]). Consequently, b € RGtRG which means
that ¢ does not belong to any maximal ideal of RGb. It follows that the
RGb-module W =2 RG: contains a summmand isomorphic to P for any
projective indecomposable RM;b-module P. Also, as is explained in the
proof of Theorem 2.5 of [HK2], Lemma 3.8 of [Pu] implies that the R(G x
Gor ) module ¢t RGbce contains a summand isomorphic to RGe. Consequently,
Res g, cop (W) contains a summand isomorphic to RGe, hence in particular,
Res zo, (W) is a progenerator for the category mod(RGc).

The proof for the case i = 2 is identical to that for the case i = 1.

Now let i = 4. Let o be an element of S'M — flw. As RE,-modules, there
is a decomposition,

RGbc = RHbc ® RHbco.

If W is isomorphic to a direct summand of RHbc, then the result follows ex-
actly as for ¢ = 1. Suppose W is isomorphic to a summand of RHbco. Since
RHbe > W) RHbeo as REsmodules, 197 )W is isomorphic to a direct
summand, say V of RHbc having (Le™)AD = AD as vertex. In particular,
Resg(W) = Resg( 17 W) = ResyV and Res oy (W) = “Resg0,(V).
As for the case ¢ = 1, Resy(V) is a progenerator for mod(RHb) and
Res g0, (V') is a progenerator for mod(RHc¢). Since Q — °Q is a bijection
on the isomorphism classes of projective indecomposable RH %Pc-modules, it
follows that Resy (W) is a progenerator for mod(RHb) and Res z.,(W) is
a progenerator for mod(RHc)

It remains to do the case i = 3. The arguments for this case depend
on the following two observations. First, we claim that Resg GOPRGC is

indecomposable. Indeed, the K (H x H°) module K He is isomorphic to

Z V¢ RK Vg,
<Z>EI7"T(H,C)
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hence as K(H x HP) module K Hco is isomorphic to

Z V¢ QK UV(;.
(bEIrr(ﬁ,c)

Since every block of positive defect contains both even and odd characters, it
follows that K He 2 K Hceo as K(H x H°) module and thus RHe % RHco
as R(H x H°) module. On the other hand, RHco = (29 RHc as R(H x
HOp) module, that is the R(H x H°) modules RHco and RHe are conjugate
in H xG. Since RHc¢ and RHco are indecomposable R(H x Hop ) modules,

it follows that RGe = RHe @ RHeo is indecomposable as R(H x GP)-

module.

Next, let U be an RE; indecomposable module summand of RGbc and
let W’ be an indecomposable RE3 summand of Resg,(U). We claim that
either Resp,U = W' or Resp,U = W'® (LW, Indeed, since the index of
FE5 in FE; is 2 and since p is odd, U is relatively Fs projective, that is there
is an indecomposable summand W” of Resg,U such that U is isomorphic
to a direct summand of [ nd%(W” ). By the Mackey formula, it follows
that Resp,U is either indecomposable or a direct sum of W” and (-9 W”.
Clearly, W’ is isomorphic to one of W” or (L9)W” proving the claim.

Now let 4 = 3 and let U be an RF; indecomposable module summand of
RGbe such that W is an indecomposable RE3 summand of Resg,(U). By
the claim above either Resp,U = W or Resp,U =W @ LW . Also, U has
vertex AD. Hence, by the argument given for the case i = 1, Resga, fop (U)
contains a summand isomorphic to RGe. Since Res fx GOP(RGC) is inde-
composable by the first claim above, it follows that either Resp. aop(W)
or Res g, cop( (LOW) has a R(H x G°)-summand isomorphic to RGe.
Thus, either Res g, (W) or Resgao, (W) is a progenerator for the category
mod(RGc). But Respzop “(W) = 7(Resgo,,W) and @ — ?Q is a bijec-
tion on the isomorphism classes of projective indecomposable RGP-modules.
Hence Res ., (W) is a progenerator for the category mod(RGc¢). Let V be
an indecomposable summand of Resg, W having vertex AD. Then by the
arguments given for the case i = 4, ResyV is a progenerator for mod(RHc),

hence so is ResgW .
O

Theorem 6.3. (i) Let W be an indecomposable summand of the R(G x H)-
module RGbe having vertex AD. Then

W @g — : (modRHc) — (modRGb)

is an equivalence. Consequently, RGb and RHc are source algebra equiva-
lent.
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(ii) Let W be an indecomposable summand of the R(H x G)-module RGbe
having vertex AD. Then

W @g — : (modRHb) — (modRGc)

is an equivalence. Consequently, RHb and RGec are source algebra equiva-
lent.

Proof. (i) Let

(3) RGbc = @JeJW] @j/e]/ Z]/

be a direct sum decomposition of the REs-module RGbc, such that AD is
a vertex of W for each j € J and AD is not a vertex of Z for any j' € J'.

Let j € J. Demote by KW, the K Fs>-module K ®@g W;. By the previous
lemma, Resg(KWj) is a progenerator for mod(KGb) and Res g, (KWj) is

a progenerator for the category mod(K H c).
Thus writing

KopW; =Y r(x,, W;)(Vy @k V7),
X>T

where x ranges over Irr(G,b) and 7 ranges over [ rr(f:l ,c), it follows that
for each x € Irr(G,b),

(4) Z r(x, 7, W;) > 1.

relrr(H,c)

and for each 7 € Irr(H, c),

(5) Z r(x, 7, W;) > 1.

x€Ilrr(G,b)
By Lemma 6.1, case i = 2, we know that |.J| = 2°*!13. Now by Lemma
5.3

Z r(x, 7, KGbe) = 20113,
x€lrr(G,b)

and combining this with equation 5, we find that for each j € J and each
x € Irr(G,b)

(6) >l Wy) =1.
TEITT(FLC)

Similarly combining Lemma 5.3 with equation 4 shows that for each j € J
and each 7 € Irr(H,c),

(7) Z r(x,m,W;) =1

x€lrr(G,b)

. Finally, since the W} account for all the characters, we deduce that J' = ¢.
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Thus tensoring by KW, induces a bijection between Irr(H, c) and Irr(G,b).
Since W; is R-free, and is projective as left RG-module and as right RH-
module, by Theorem 2.4 of [Br2], it follows that W; induces a Morita equiv-
alence between RHe¢ and RGb. Finally the equivalence of source algebras
follows from a result of L.L.Scott (see [P2]) which says that the R(G x HP)
module W; has AD as vertex and trivial source.

(ii) This is identical to the proof in (i).

O

Example 6.4. We return to the earlier example with n = 13, m = 12,
p = 5. We assume that the p-core v is (3) and that its image under the
Scopes involution exchanging 3 and 2 is (2). Thus in this example we have
e(v) = 0 and e(u) = 1, which is the case which was not done explicitly
in the proof of Lemma 6.1. We have already shown that this is a parity
reversing 2-compatible pair. In this case o =n—m =1, and § = 1. We
use the notation |a,b,c,..] for the preimage of the cycle (a,b,c,...). We let
our defect group D be the elementary abelian subgroup gemerated by those
preimages of (1,2,3,4,5) and (6,7,8,9,10) which are of order 5 rather than
of order 10. By the conventions in the ATLAS, these are —[1,2,3,4,5] and
—[6,7,8,9,10]. For definiteness, we will choose that version of S, in which
[1,2] is of order 4.

The normalizers of D in the various groups E; defined in the proof of
Lemma 6.1 depended on two permutations, which we can take to be

o=[11,12] € S, — A,

and
T =1,6][2,7][3, 8][4, 9][5,10] € Ng,,(D) — Na,, (D).
In order to define the block idempotents of the cores, we need one further
permutation
p=1[11,12,13] € S
The block idempotents of the defect zero blocks of the cores are then

c=(1/2)(() - %),
and
b=2c((1/3)20 — p— p*).
The four groups are S’M%Q@, AM%CG; §|“|%C4, and A|“|;>CQ. The rele-
vant irreducibles are given by b are one of degree 2 in G and two of degree
one in H. The irreducibles cut out by ¢ are two of degree 1 in G and one of
degree 1 in H.

To count the irreducible modules as in Lemma 6.1, we must analyze S, be
as an RL;R;-module for i = 1,...,4. The block algebra §|V‘l_)é s a matric
block of dimension 4, and thus as an Li-bimodule it is a sum of one copy
each of the two distinct projective bimodules. In Lo it restricts to two copies
of the unique projective, in L3 we get one copy each of all four projectives,
and in L4 there are two copies of each projective of the two projectives. In



16

CROSSOVER MORITA EQUIVALENCES

every case all projectives occur. Except for Lo, where there is is a unique
projective, the effect of considering the R;-action is to pair the projectives,
creating indecomposable projective RL; R;-modules. Again, every indecom-
posable projective occurs. As predicted by Lemma 6.1, the total number of
indecomposable projective RL; R;-modules is 1 fori =1 and 2 fori = 2,3, 4.

(Bri]
(B2
ok
[ChR]
)
[HK1]
[HK2]
i
P1]
P2
s)

[Sch]

REFERENCES

M. Broué, On Scott modules and p-permutation modules : An approach through
the Brauer homomorphism, Proc. Amer. Math.Soc. 93 401-408, (1985).

M. Broué,Isométries de caractérs et equivalences de Morita ou dérivées, Inst
Hautes Etudes Sci. Publ. Math. 71, 45-63, (1990)

M. Cabanes, Local structure of the p-blocks of Sn, Math. Z. 198, 519-543 (1988).
J. Chuang and R. Kessar, Symmetric groups, wreath products, Morita equiva-
lences, and Broué’s abelian defect group conjecture, Bull. London Math. Soc. 34
(2002), 174-184.

J. Chuang and R. Rouquier, Deived quivalences for symmetric groups and sla-
categorification, preprint.

P. N. Hoffman and J. F. Humphreys, Projective Represenations of the Symmetric
Groups, Oxford Mathermatical Monographs, Oxford Univ. Press, London, 1992.
G. Hiss and R. Kessar, Scopes reduction and Morita equivalences in classical
groups I, J. of Alg. 230 (2000), 378-423.

G. Hiss and R. Kessar, Scopes reduction and Morita equivalences in classical
groups II ; J. Alg 283 (2005), 522-582.

R. Kessar, Blocks and Source Algebras for the double covers of the symmetric and
alternating groups,J. of Alg. 186, (1996)872-933.

Ll. Puig, On Joanna Scopes’ criterion of equivalence for blocks of symmetric
groups, Algebra Colloq. I (1994), 25-55.

Ll. Puig, On the local structure of Morita and Rickard equivalences between
Brauer blocks, Progress in Mathematics, 178, Birkhaiiser Verlag, Basel, 1999.

J. Scopes, Cartan matrices and morita equivalence for blocks of the symmetric
group, J.Algebra 142(1991), 441-455.

1. Schur, Ueber die Darstellung der symmetrischen and der allernierenden Gruppe
durch gebrochene lineare Substitutionen, J. Reine Angew. Math. 139 (1911), 155-
250.

J. Stembridge, Shifted tableaur and the projective representations of symmetric
groups, Adv. in Math. 74, 87-134 (1989);



