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1 INTRODUCTION 

Civil engineering structures at seismically prone ar-
eas are exposed to earthquake induced ground mo-
tions of different severity levels during the struc-
tures’ life service. At high levels of seismic severity, 
the inertial dynamic loads exerted to structures may 
induce permanent damage and, in extreme cases, to-
tal structural failure/collapse. In fact, current codes 
of practice for earthquake resistance allow for ordi-
nary structures to yield under a specified “design” 
seismic excitation level to reduce the initial con-
struction cost (e.g. CEN 2004).  However, recent 
major seismic events caused extensive structural 
damage in various metropolitan areas (e.g. Kobe- 
Japan 1995 and Christchurch-New Zealand 2011) 
where the associated cost of structural retrofit and 
downtime has been significant. In this respect, the 
incorporation of various devices such as base isola-
tors, energy dissipation equipment (e.g. viscous 
dampers, friction dampers, etc.), and tuned-mass 
dampers (TMDs) has been proposed by various re-
searchers and has been considered in practice to 
achieve “minimal damage” structures (e.g. Naeim & 
Kelly 1999, Chang 1999, Spencer 2002, Martelli & 
Forni 2011, Karavasilis et al. 2011). Such passive 
vibration control devices/equipment are designed to 
maintain the response of seismically excited struc-
tures under certain acceptable thresholds. 

In this context, this paper considers the use of 
two-terminal flywheel (TTF) devices, originally in-

troduced by Smith (2002), for the passive vibration 
control of building structures exposed to the earth-
quake hazard. In its ideal form, a TTF device, or the 
“inerter” as is referred to in Smith (2002), has two 
terminals free to move independently and develops 
an internal (resisting) force proportional to the rela-
tive acceleration of its terminals. In Figure 1, a 
‘black-box’ representation of a TTF/inerter is shown 
whose terminals are subject to an equal and opposite 
externally applied force F in equilibrium with the in-
ternally developed force. By definition of the inerter 
the following relationship holds (Smith 2002, Chuan 
et al. 2011a) 

ܨ ൌ ܾሺݔଵሷ െ ଶሷݔ  ሻ, (1) 
where x1 and x2 are the displacement coordinates of 
the two terminals and a dot over symbol signifies 
differentiation with respect to time. In the above 
equation, the constant of proportionality b has mass 
units and fully characterizes the behavior of the de-
vice.  
 

 
Figure 1.Schematic representation of the two-terminal flywheel 
device (b is the mass-equivalent constant of proportionality)  

 
Employing rack and pinion gearing arrangements 

to drive a rotating flywheel, some TTF prototypes 
have been physically built (Smith 2002, Chuan et al. 
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2011a). In fact, TTF devices/inerters have been suc-
cessfully used for vibration control of suspension 
systems in high performance vehicles (e.g. 
Evangelou et al. 2004, Chuan et al. 2011b). How-
ever, thus far, relatively limited work has been re-
ported in the open literature exploring the potential 
of TTFs for passive vibration control of civil engi-
neering structures. In particular, the performance of 
“suspension control” for civil structures employing 
inerters in a “base isolation” kind of arrangement 
has been studied by Wang et al. (2007) and by Wang 
et al. (2010): they establish that TTFs are effective 
in controlling the response of the rigid super-
structure exposed to vertical band-limited white 
noise ground motions. Furthermore, a number of en-
ergy dissipation devices combining an apparent 
“mass amplifier”, which achieves a similar dynamic 
effect as the TTF/inerter, in parallel with a viscous 
damper have been discussed in the literature (Hwang 
et al. 2007, Ikago et al. 2012). These rotational iner-
tia dampers are usually arranged as diagonal bracing 
members in multi-storey framed buildings to provide 
supplemental damping and inertia properties to 
structures (e.g. Ikago et al. 2011). In this manner, 
passive control of seismically excited buildings is 
achieved by increase of the inherent to all structures 
damping and mass properties. 

Herein, a novel study is undertaken considering 
the use of TTF devices in conjunction with the clas-
sical Tuned Mass Damper (TMD) for passive vibra-
tion control of buildings exposed to horizontal 
strong ground motions. In its simplest form, the 
TMD involves an attached mass mTMD to the struc-
ture whose vibration motion is to be controlled (pri-
mary structure) via a linear spring and a viscous 
damper with stiffness coefficient kTMD and damping 
coefficient cTMD, respectively. It relies on “tuning” 
the kTMD and cTMD properties for a specified mTMD 
such that significant kinetic energy is transferred 
from the vibrating primary structure to the TMD 
mass and is “absorbed” at the damper (e.g. Ayorinde 
& Warburton 1980, Lee et al. 2006, Hoang et al 
2008). In the case of “regular” multi-storey build-
ings, the TMD mass can be attached to the top floor 
to suppress the buildings’ oscillatory motion accord-
ing to its fundamental mode shape (e.g. Rana and 
Soong 1998). This mass is quite substantial com-
monly ranging in between 1% to 10% of the total 
mass of the building.   

In this regard, it is herein proposed to consider 
the TTF as an inter-story connective device placed 
in a ‘diagonal’ configuration between the TMD 
mass, located at the top floor, and the second to the 
top floor mass in multi-storey frame buildings as 
shown in Figure 2. The proposed passive vibration 
control configuration is motivated by the fact that a 
TTF device of approximately 1 kg of physical mass 
may be built to attain a constant of proportionality b 
in the range of 60–200 kg depending on the size of 

the flywheel (Papageorgiou & Smith 2005). Thus, 
the aim is to exploit the mass amplifying effect of 
the inerter to either reduce the TMD mass necessary 
to achieve a certain level of vibration control, or to 
enhance the performance of the TMD for a fixed 
mTMD value. 

 
Figure 2. N-storey building with a TMD at the top floor and an 
inter-story TTF device.  

 
Note that, in this study, the primary structure is 

assumed to behave linearly in alignment with current 
trends in performance based requirements for mini-
mally damaged structures protected by passive con-
trol devices. Further, the seismic input excitation 
considered in the optimum design of the proposed 
“TMD+TTF” configuration is modeled via a station-
ary stochastic process.  

The remainder of this paper is organized as fol-
lows: In section 2 the governing equations of mo-
tions for the proposed “TMD+TTF” configuration 
are derived. Section 3 presents a procedure for opti-
mum design of the TMD+TTF system for a stochas-
tically base-excited primary structure. Section 4 pro-
vides numerical data to demonstrate the 
effectiveness and applicability of the proposed pas-
sive vibration control solution vis-à-vis the classical 
TMD. Section 5, summarizes the main conclusions 
of the work. 

2 GOVERNING EQUATIONS OF MOTION 

Consider the n-story planar frame (“primary struc-
ture”) of Figure 2, equipped with the herein pro-
posed TMD-TTF passive vibration control configu-
ration and base excited by a horizontal acceleration 
process ag. For the purposes of this study, the con-
sidered primary structure is modeled as a propor-
tionally damped multi-degree-of-freedom (MDOF) 
system with masses mi (i=1,2,…n) lumped at each 
floor, and with ki and ci being the lateral stiffness 
and damping coefficient of each storey. The n+1 
equations of motion of this MDOF system can be 
written in matrix form as 

ሾܯሿሼܺሽሷ ൅ ሾܥሿሼ ሶܺ ሽ ൅ ሾܭሿሼܺሽ ൌ െሾܯሿሼߜሽܽ௚, (2) 



where {δ} is the unit column vector, and {X} is the 
vector collecting all lateral floor deflections xi plus 
the relative to the ground displacement xTMD of the 
attached mass of the TMD. That is, 
ሼܺሽ ൌ ሼ்ݔெ஽ሺݐሻ ݔଵሺݐሻ  ݔଶሺݐሻ  ݔ ڮ௡ሺݐሻሽ், (3) 
where the superscript “T” denotes matrix transposi-
tion. Further, in Equation 1 the mass matrix [M], the 
damping matrix [C], and the stiffness matrix [K] are 
given, respectively,  as 

ሾܯሿ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
்݉ெ஽ ൅ ܾ 0 െܾ 0 ڮ 0

0 ݉ଵ 0 0 ڮ ڭ
െܾ 0 ݉ଶ ൅ ܾ 0 ڮ ڭ
0 0 0 ݉ଷ ڮ ڭ
ڭ ڭ ڭ ڭ ڰ 0
0 ڮ ڮ ڮ 0 ݉௡ے

ۑ
ۑ
ۑ
ۑ
ې
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 ሾܥሿ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

்ܿெ஽ െ்ܿெ஽ 0 ڮ 0
െ்ܿெ஽ ܿଵ ൅ ்ܿெ஽ െܿଵ 0 ڭ

0 െܿଵ ܿଵ ൅ ܿଶ െܿଶ ڭ
0 0 െܿଶ ڰ 0
ڭ ڭ ڭ ڭ െܿ୬ିଵ
0 ڮ 0 െܿ୬ିଵ ܿ୬ିଵ ൅ ܿ୬ے

ۑ
ۑ
ۑ
ۑ
ې
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ێ
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0 െ݇ଵ ݇ଵ ൅ ݇ଶ െ݇ଶ ڭ
0 0 െ݇ଶ ڰ 0
ڭ ڭ ڭ ڭ െ݇௡ିଵ
0 ڮ 0 െ݇௡ିଵ ݇௡ିଵ ൅ ݇௡ے

ۑ
ۑ
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ۑ
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.

 
(4)

Note that for b=0 Equations 2-4 correspond to the 
case of a primary structure equipped with the classi-
cal TMD attached to the top floor. This TMD topol-
ogy is used to control the first mode of vibration 
which, for “regular” in elevation frames, will domi-
nate their dynamic response to broadband earth-
quake excitations (e.g. Rana & Soong 1998). The in-
clusion of the TTF device according to the proposed 
configuration alters the mass matrix which is no 
longer diagonal. However, the overall structural sys-
tem remains linear and, from a practical viewpoint, 
the well established in the literature methods for op-
timal TMD design can be readily applied (e.g. Rana 
& Soong 1998, Hoang et al. 2008, Salvi & Rizzi 
2011). The following section briefly reviews the 
steps taken for optimum design of the herein TMD-
TTF configuration for a given primary structure and 
for pre-specified (fixed) values of mTMD and b.   

3 OPTIMUM DESIGN OF PROPOSED TMD-
TTF CONFIGURATION FOR STOCHASTIC 
SEISMIC EXCITATION 

Let ωTMD and ξTMD be the natural frequency and the 
critical damping ratio of the TMD, respectively, de-
fined as 

்߱ெ஽ ൌ ට ௞೅ಾವ
௠೅ಾವ

ெ஽்ߦ     ݀݊ܽ     ൌ ௖೅ಾವ
ଶ௠೅ಾವఠ೅ಾವ

. (5) 

Further, consider the dimensionless modal mass ra-
tio µM and frequency ratio υ defined by 

μெ ൌ ௠೅ಾವ
ெభ

   and   ߭ ൌ ఠ೅ಾವ
ఠభ

,    (6) 

where M1 is the generalized mass of the fundamental 
mode shape of the uncontrolled (primary) structure 
given by the expression 

ଵܯ  ൌ ሼߔଵ௡ሽTൣܯ௣ሿሼߔଵ௡ൟ. (7) 

In the last equation {Φ1n} is the fundamental mode 
shape vector (eigenvector) normalized with respect 
to its first element corresponding to the DOF of the 
top floor (see also Rana & Song 1998). Further, [Mp] 
is obtained from the mass matrix [M] of Equation (4) 
by elimination of the first row and column and by 
setting b equal to zero.  
 In this study, the input seismic excitation is mod-
eled by a stationary stochastic process represented in 
the frequency domain by a power spectral density 
function S(ω). Optimal design values for the fre-
quency ratio υ, the damping ratio ξTMD are sought to 
minimize the mean square displacement of the top 
floor of the primary structure given the properties of 
the primary structure, the modal mass ratio µM, and 
the TTF coefficient b. In particular, the following 
non-dimensional performance index (PI) is consid-
ered in the optimization problem (cost function) 

ܫܲ ൌ  ଴, (8)ܬ/ெ஽ା்்ி்ܬ
where (see also Hoang et al. 2008) 

ெ஽ା்்ி்ܬ ൌ ׬ ଵሺ߱ሻ|ଶܵሺ߱ሻஶܩ|
଴ ݀߱.  (9) 

In the last equation, |G1(ω)|2 represents the squared 
modulus of the frequency response function (“trans-
fer function”) between the seismic input and the top 
floor displacement of the primary structure. This 
function is defined in the Appendix A for the special 
case of a three-storey primary structure equipped 
with the “TMD+TTF” configuration of Figure 2.   
Further, in Equation 8, J0 denotes the variance of the 
top floor displacement for the uncontrolled primary 
(linear) structure exposed to the input seismic action 
represented by S(ω). Note that notation-wise for 
b=0: JTMD+TTF= JTMD and for b=µM=0:  JTMD+TTF=J0. 

In all of the ensuing numerical examples a 
MATLAB® built-in “min-max” constraint optimiza-
tion algorithm employing a sequential programming 
method is used to minimize the PI of Equation (8) 
for the design parameters υ and ξTMD (see also Salvi 
& Rizzi 2011). The following expressions are used 
to obtain initial estimates of the sought optimum de-
sign values used as “seed” values to the adopted op-
timization algorithm  

߭ ൌ ඥଵିஜಾ/ଶ
ଵାஜಾ

   and    ்ߦெ஽ ൌ ට ஜಾሺଵିஜಾ/ସሻ
ସሺଵାஜಾሻሺଵିஜಾ/ଶሻ

. (10) 



The above formulae yield optimum design TMD pa-
rameters which minimize JTMD for an undamped lin-
ear single-DOF primary structure under white noise 
excitation (Ayorinde & Warburton, 1980). As a final 
note, appropriate constraints are imposed to the 
sought design parameters relying on physical con-
siderations. 

4 NUMERICAL APPLICATION FOR EC8 
COMPATIBLE SEISMIC EXCITATION 

4.1 Derivation of optimal design parameters 
In this section optimum design parameters are de-

rived following the procedure reviewed in section 3 
for the TMD+TTF passive vibration control solution 
of Figure 2. A three-story primary structure is con-
sidered whose inertial and elastic properties are col-
lected in Table 1. Table 2 reports the undamped nat-
ural frequencies of the considered primary structure 
obtained from standard modal analysis. Further, the 
3-by-3 damping matrix of the (uncontrolled) primary 
structure [Cp] is assumed to be proportional to the 
stiffness matrix of the primary structure [Kp] follow-
ing the expression 

ሾܥ௣ሿ ൌ  ଶకభ
ఠభ

ሾܭ௣ሿ, (11) 

where ω1 is the fundamental undamped natural fre-
quency of the primary structure and ξ1 is the critical 
damping ratio of the fundamental mode shape taken 
equal to 0.02. In the last equation [Kp] is obtained 
from the stiffness matrix [K] of Equation (4) by 
elimination of the first row and column and by set-
ting kTMD equal to zero. 
 
Table 1. Inertial and elastic properties of the considered three-
storey primary structure 

Storey Mass (kg) Stiffness (N/m) 
1 (top) 10 x 10^3 10 x 10^5 

2 15 x 10^3 25 x 10^5 

3 20 x 10^3 35 x 10^5 

Table 2. Undamped natural frequencies of the considered 
three-storey primary structure.  

Mode 1st 2nd 3rd 
Period (s) 1.00 0.48 0.31 

Frequency (rad/s) 6.37 13.02 20.57 
The input seismic action is represented by the sta-

tionary power spectrum S(ω) plotted in Figure 3b 
which is compatible in the “mean sense” with the 
elastic spectrum of the current European aseismic 
code provisions (EC8) for peak ground acceleration 
0.36g (g=981cm/s2) and ground type “B” (gray thick 
line in Figure 3a) (CEN 2004). The considered pow-
er spectrum is derived by a methodology described 
in detail in Giaralis and Spanos (2010). Median 

spectral ordinates of an ensemble of 1000 20s long 
stationary signals compatible with the power spec-
trum of Figure 3b are included in Figure 3a to ensure 
numerically the “mean sense” compatibility 
achieved by S(ω) with respect to the considered EC8 
spectrum. These signals have been generated using a 
random field simulation technique based on an auto-
regressive-moving-average filter (e.g. Giaralis & 
Spanos 2009).  

 

 
Figure 3. Considered EC8 compatible power spectrum S(ω) for 

design purposes 
 
In what follows, the optimization procedure of 

section 3 is applied to derive optimum design pa-
rameters υ and ξTMD for the considered three-storey 
primary structure, the input power spectrum of Fig-
ure 3b and for various values of μM and b.  

4.1.1 Optimum TMD (b=0) design parameters 
 
The normalized by the top floor value of the first 

mode shape vector of the considered primary struc-
ture is computed as {Φ1n}={1  0.5934  0.286}T. The 
corresponding generalised mass is computed from 
Equation 7 as M1= 16.9x103 kg. Setting the mass of 
the TMD equal to 450 kg, that is 1% of the total 
mass of the primary structure, the modal mass ratio 
becomes μΜ= 0.0267. The latter value is, next, sub-
stituted in Equations 10 to obtain the seed values (υ= 
0.967 and ξTMD= 0.081) used as input to the adopted 
optimization algorithm. Figure 4 plots the derived 
optimum parameters (frequency ratio υ and damping 
ratio ξTMD) for the particular case considered. Similar 
computations are performed for a wide range of as-
sumed mTMD values commonly used in civil engi-
neering applications: from 1% to 10% of the total 
mass of the primary structure, which corresponds to 
225kg to 4500kg in the particular case considered. 
Numerical results obtained from the adopted optimi-
zation procedure are plotted in terms of the “free” 
TMD design parameters (υ and ξTMD) in Figure 4 and 
in terms of the PI of Equation 9 in Figure 5.  

The numerical data presented in Figures 4 and 5 
are in alignment with similar results reported in the 
literature obtained by alternative numerical optimi-
zation techniques (see e.g. Lee et al. 2006, Hoang et 
al. 2008, Salvi and Rizzi 2011 and references there-
in). Specifically, increased values of the assumed 
TMD mass necessitate higher ξTMD values and lower 
TMD frequency ratios to achieve optimal tuning. 
Further, larger values for the TMD mass are more 



effective in controlling the dynamic response of the 
primary structure related to its fundamental (and 
dominant) mode shape. However, the rate of de-
crease of the PI decreases rapidly (PI “saturates”) as 
the TMD mass increases. It reaches an almost flat 
plateau for mTMD values larger than 5% the total 
mass of the considered primary structure.  

 

 
Figure 4. Optimum TMD frequency ratio and TMD damping 
ratio versus the TMD mass (b=0) 
 

 
Figure 5. Performance index versus the TMD mass (b=0) 

4.1.2 Optimum TMD with TTF (b>0) design pa-
rameters 

 
A TTF/inerter device is incorporated to the con-

sidered three-story primary structure according to 
the proposed configuration of Figure 2 (see also Ap-
pendix A). The previously described optimization 
procedure is used to derive optimum TMD parame-
ters for the same range of pre-specified TMD mass 
values and for several values of the TTF constant b. 
For each value, the optimisation procedure described 
in section 3 is repeated. Obtained numerical data are 
plotted in Figure 6 in terms of the “free” TMD de-
sign parameters (υ and ξTMD) and in Figure 7 in 
terms of the PI of Equation 9. The data of Figures 4 
and 5 corresponding to the TMD system (b=0) are 
also included in Figures 6 and 7, respectively, for the 
sake of comparison. Further, the same data are pro-
vided in tabular form, as well (Table 3).  

It can be readily deduced from the reported nu-
merical data that the proposed TMD+TTF configu-
ration reduces the value of the Performance Index 
(top floor response variance) as the value of the TTF 
b increases. In all cases, the proposed model outper-
forms the classical TMD in terms of minimizing the 
adopted cost function. The performance improve-
ment is more dramatic for relatively small TMD 

mass values (less than about 3% of the total mass of 
the primary structure) while it becomes insignificant 
for TMD mass values greater than 6% of the total 
mass of the primary structure. However, it is noted 
that this enhanced performance comes at the cost of 
higher damping and stiffness values for the elements 
connecting the TMD mass to the primary structure. 

 

 
Figure 6. Optimum TMD frequency ratio and TMD damping 
ratio versus the TMD mass for various values of b. 

 
Figure 7. Performance index versus the TMD mass for various 
values of b. 
 
Table  3. TMD parameters and Performance Index for different 
values of the TMD mass and of the TTF constant b. 

 
More importantly, the herein furnished data dem-

onstrates the applicability of using the “mass ampli-

்݉ெ஽
(kg)

ܾ (kg) 
 

υ 
 

 ெ஽்ߦ
 

PI 
 

Improvement
(%) 

450 
(1%)

0(w/o TTF) 0.97 0.105 0.369 - 
2000 2.31 0.307 0.317 14.1 
4000 3.16 0.582 0.270 27.0 
6000 3.84 0.852 0.235 36.5 
8000 4.42 1.241 0.211 42.8 

900 
(2%)

0(w/o TTF) 0.94 0.146 0.290 - 
2000 1.73 0.280 0.272 6.1 
4000 2.28 0.454 0.243 16.3 
6000 2.73 0.671 0.220 24.4 
8000 3.12 0.938 0.201 30.7 

1350
(4%)

0(w/o TTF) 0.92 0.175 0.250 - 
2000 1.48 0.310 0.246 1.4 
4000 1.89 0.452 0.226 9.5 
6000 2.24 0.615 0.208 16.8 
8000 2.53 0.840 0.193 22.6 

1800
(6%)

0(w/o TTF) 0.89 0.200 0.225 - 
2000 1.32 0.301 0.224 0.6 
4000 1.66 0.455 0.213 5.4 
6000 1.94 0.594 0.198 11.8 
8000 2.17 0.803 0.187 16.7 



fying” effect of the TTF/inerter device to replace 
part of the oscillating mass of the TMD. This may be 
a significant advantage in certain real-life earth-
quake resistance design scenarios. For example, in 
the case of the herein considered primary structure 
and EC8 compatible seismic excitation, the use of a 
TTF/inerter with a “mass” constant of b=8000 kg in 
combination with a TMD mass of 900kg achieves 
similar level of response in terms of top floor deflec-
tion variance as the classical TMD three times heav-
ier oscillating mass (2700kg). However, the physical 
mass of the employed inerter might be up to two or-
ders of magnitude smaller than its b constant, that is, 
about 100 kg (Papageorgiou & Smith 2005). Thus, 
the total weight of the examined TTF+TMD system 
becomes three times lighter than the classical TMD.  

4.2 Performance assessment for field recorded EC8 
compatible accelerograms  

This section furnishes further numerical results to 
quantify the effectiveness of the herein proposed 
TMD+TTF configuration vis-à-vis the classical 
TMD for passive vibration control of building struc-
tures. To this aim, the peak top floor deflection of 
the previously described three-storey primary struc-
ture equipped with a TMD with mTMD=900 kg and of 
a TMD+TTF with mTMD=900 kg and b=8000 kg is 
obtained for an ensemble of 7 field recorded 
accelerograms (Table 4). The two considered pas-
sive vibration control systems have been optimally 
designed for the stochastic input compatible with the 
EC8 spectrum of Figure 3 as detailed in the previous 
section (see also Table 3). The top row of Table 4 
reports the obtained properties for the two systems 
using Equations 5. Further, the same Table lists the 
considered 7 accelerograms: they have been selected 
out of a data-bank specifically proposed to be used 
as input for the design and assessment of passively 
controlled civil structures (Naeim & Kelly 1999). 
The original records have been scaled in a non-
uniform manner using a harmonic wavelet-based 
approach (Giaralis & Spanos 2009, Giaralis & 
Spanos 2010a) to become compatible with the target 
EC8 spectrum of Figure 3a according to EC8 com-
patibility criteria. Specifically, their average re-
sponse spectral ordinates are greater than 90% of the 
target spectrum within a [0.2T1 2T1] period interval 
where T1=1s is the fundamental natural period of the 
considered primary structure (Figure 8). This numer-
ical study is motivated by the fact that EC8 pre-
scribes using the average of pertinent peak response 
quantities for design purposes when at least 7 re-
sponse history analyses are performed for spectrum 
compatible accelerograms. 

On average (Table 4), the TMD (b=0) achieves 
80% peak response reduction compared to the un-
controlled primary structure, while the TMD+TTF 
achieves 60% reduction. This significant additional 

peak response reduction accomplished by the herein 
proposed configuration is due to the virtual “mass 
amplifying effect” of the TTF which can accommo-
date, in an optimal manner, a damper with an order 
of magnitude higher damping coefficient (cTMD) for 
the same mTMD mass. However, as previously men-
tioned, the added actual mass of the TTF in this case 
is of the order of 100kg. 
 

 
Figure 8. Response spectra of the considered EC8 compatible 
field recorded accelerograms listed in Table 4. 
 
Table 4. Maximum top floor displacements (cm) 

 
The beneficial effect of adding the TTF to the 

classical TMD in the proposed configuration to con-
trol the top floor displacement is demonstrated in 
Figure 10 which plots the top floor time history dis-
placement of the primary structure exposed to the 
Sylmar accelerogram of Figure 9. These are ob-
tained by standard numerical integration of the linear 
equations of motion for the uncontrolled and the two 
controlled cases considered in Table 4. The pro-
posed TMD-TTF configuration controls better the 

Recorded 
strong ground 

motion  
component 

Primary 
structure 

Optimal TMD 
mTMD= 900kg 

kTMD= 32.5kN/m 
cTMD= 1.57kNs/m 

Optimal 
TMD+TTF 
b=8000kg 

mTMD= 900kg 
kTMD= 355.5kN/m
cTMD= 33.5kNs/m

Petrolia- 90o 
1992- Petrolia

24.25 21.27 15.70 

Corralitos- 90o

Eureka Canyon  
1989-Loma Prieta

23.45 17.36 14.87 

El Centro #6-230o

Huston Rd. 
1979-Imperial Val.

27.96 20.31 15.94 

Hollister-90o

South St & Pine Dr
1989- Loma Prieta

27.67 20.32 14.16 

Oakland-35o  
Outer harbor wharf 
1989- Loma Prieta

26.02 23.35 16.91 

Century City-90o

LACC North 
(1994- Northridge)

23.12 18.78 13.54 

Sylmar- 90o  
County Hospital  

(1994- Northridge)
24.35 20.11 16.38 

Average 25.26 20.22 15.36



displacement throughout the duration of the strong 
ground motion. Similar conclusions are drawn from 
response histories obtained for the other 6 EC8 
compatible accelerograms not included here for the 
sake of brevity. 

 

 
Figure 9. Wavelet-based modified Sylmar- 90o, County Hospi-
tal parking lot component- Northridge 1994 earthquake. 

 

 
Figure 10. Top floor displacement responses for uncontrolled 
structure, structure equipped with optimal TMD and structure 
equipped with optimal TMD and TTF device. 

5 CONCLUDING REMARKS 

A novel configuration for the passive vibration 
control of seismically excited buildings have been 
proposed combining the “inerter”, a recently devel-
oped two-terminal flywheel (TTF) device, with the 
classical tuned mass damper (TMD). In particular, 
the TTF is used as an inter-storey device acting as an 
“apparent mass amplifier” to the TMD mass. The 
equations of motion of a linear damped multi de-
gree-of-freedom frame primary structure equipped 
with the proposed TMD+TTF configuration to con-
trol the fundamental mode of vibration have been 
derived. It has been demonstrated that the consid-
ered configuration can be viewed as a generalization 
of the classical TMD. Thus, all established in the lit-
erature procedures for optimum TMD tuning/design 
are readily applicable for the new TMD+TTF con-
figuration, as well. A min-max optimization proce-
dure has been considered to obtain optimum TMD 
and TMD+TTF parameters which minimize the 
mean square top floor displacement of a three-story 
frame building base excited by a stationary stochas-
tic process. An input stochastic process compatible 
with the elastic design spectrum of the European 
aseismic code provisions (EC8) has been assumed. 
The thus derived numerical data evidence that the 
TTF used in the proposed configuration can either 
replace part of the TMD vibrating mass to achieve a 
significantly lighter passive vibration control solu-
tion (TMD mass replacement potential), or improve 

the TMD performance for a fixed TMD mass (TMD 
mass amplification effect). The latter effect is more 
significant for relatively small TMD masses where 
the inclusion of the TTF allows for efficient-
ly/optimum usage of dampers with much higher 
damping coefficients compared to an optimally 
tuned classical TMD. 

Furthermore, the effectiveness of the proposed 
TMD+TTF configuration over the classical TMD 
has been demonstrated by performing response his-
tory analyses for an ensemble of 7 EC8 spectrum 
compatible field recorded strong ground motions. 
The optimally tuned TMD+TTF solution achieved 
considerable reduction of the peak average top floor 
displacement of the considered three-storey building 
compared to the one achieved by the optimally de-
signed classical TMD assuming the same TMD mass 
in both cases.  

Overall, the herein reported numerical data pro-
vide evidence that the use of a TTF as an inter-
storey device in conjunction with the TMD offers a 
novel promising solution for passive vibration con-
trol of building structures. Further on-going work by 
the authors is directed towards establishing alterna-
tive configurations/topologies to combine TMDs 
with TTF devices to control the dynamic response of 
various civil structures for stochastic and determinis-
tic excitations and for various response minimization 
criteria.  

APPENDIX A 

The modeling assumptions of section 2 for the 
primary building structure allow for its representa-
tion as a linear chain-like spring-mass-damper sys-
tem. Thus, the proposed TMD+TTF configuration 
can be studied by means of passive mechanical ad-
mittances Q defined as the ratio of force over veloci-
ty (Hixson 1961). This is a common practice in to-
pology studies of mechanical system networks. 
Figure 11 models the considered in section 4 three-
storey primary structure with a TMD+TTF passive 
system. In particular, Q1, Q2, Q3  are the mechanical 
admittances of the stiffness+damping “networks” 
connecting the three floor masses, QTMD is the me-
chanical admittance of the network that connects the 
top floor mass to the mass of the TMD and QTTF is 
the mechanical admittance of the network that con-
nects the mass of the TMD to the second floor mass. 

 
Figure 11. Equivalent mechanical model of the proposed frame 
structure. Mechanical admittance formulation. 



Denoting the Laplace transform variable by s, the 
above mechanical admittances are expressed as: 

ܳଵሺݏሻ ൌ
݇ଵ

ݏ ൅ ܿଵ, ܳଶሺݏሻ ൌ
݇ଶ

ݏ ൅ ܿଶ, ܳଷሺݏሻ ൌ
݇ଷ

ݏ ൅ ܿଷ, 
(12)

்ܳெ஽ሺݏሻ ൌ
்݇ெ஽

ݏ ൅ ்ܿெ஽,    and  ்்ܳிሺݏሻ ൌ  ݏܾ

Next, Equation 2 can be written in the Laplace do-
main as 

ሾܤሿሼ ෨ܺሽ ൌ െሾܯሿሼߜሽA෩, (13) 
where ሼ ෨ܺሽ is the vector collecting the Laplace trans-
formed elements of {X}, A෩ is the Laplace transform 
of ag and the [B] matrix is given as 

ۏ
ێ
ێ
ଶݏଵ݉ۍ ൅ ሾܳଵሺݏሻ ൅ ்ܳெ஽ሺݏሻሿݏ െܳଵሺݏሻݏ

െܳଵሺݏሻݏ ݉ଶݏଶ ൅ ሾܳଵሺݏሻ ൅ ܳଶሺݏሻ ൅ ்்ܳிሺݏሻሿݏ
0 െܳଶሺݏሻݏ

െ்ܳெ஽ሺݏሻ െ்்ܳிሺݏሻ

 

0 െ்ܳெ஽ሺݏሻ
െܳଶሺݏሻݏ െ்்ܳிሺݏሻ

݉ଷݏଶ ൅ ሾܳଶሺݏሻ ൅ ܳଷሺݏሻሿݏ 0
0 ்݉ெ஽ݏଶ ൅ ሾ்ܳெ஽ሺݏሻ ൅ ்்ܳிሺݏሻሿےݏ

ۑ
ۑ
ې
  

(14) 

Using Equation 13, the overall system transfer func-
tion given by 

ሻݏଵሺܩ ൌ    ௫෤భሺ௦ሻ
A෩ሺ௦ሻ , (15) 

can be analytically derived. The latter relates the in-
put base excitation with the output top-storey dis-
placement. Evaluation of G1(s) along the imaginary 
axis (s=ω√െ1), yields the frequency response func-
tion G(ω) appearing in Equation 9. 
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