IT City Research Online
UNIVEREIST; ]OggLfNDON

City, University of London Institutional Repository

Citation: Xuening, Z., Wang, W., Wang, H. & Haerdle, W. (2019). Network quantile

autoregression. Journal of Econometrics, 212(1), pp. 345-358. doi:
10.1016/j.jeconom.2019.04.034

This is the accepted version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/19384/

Link to published version: https://doi.org/10.1016/j.jeconom.2019.04.034

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.




City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

Network Quantile Autoregression— Supplementary
Material

There are 3 Appendixes in this supplementary material. The technical proofs
related to model stationarity and estimation are presented in Appendix A and B. The

extensive numerical studies are given in Appendix C.
APPENDIX A

In Appendix A, we are going to prove the stationarity results (Theorem 1) and
Theorem 2 in Appendix A.1. The verification of (2.7) and (2.8) are given in Appendix

A.2. The proofs of Theorem 2 and 3 are given in Appendix A.3 and A.4 respectively.

We first list necessary notations as follows. Let |M|, = (|m;;|) € R™™ for any

arbitrary matrix M € R™*". For any two arbitrary matrices M; = (mq,;) € R™"

1 < j < n. In addition, for a p-dimensional vector Y = (Y;,---,Y,)" € RP, denote

V]S = ([Y1]%,--+,|Y,]°) " € RP for any finite real value § > 0.
Appendiz A.1: Proof of Theorem 1

By iteration, we obtain the NQAR solution of model (2.1) as
L—1 L-1 0 00
Y, = Y IMP+IYep+ ) Vi =) I+ ) WMV, (A1)
1=0 ! 1=0 1=0

where 1I, dof GiGy1---Gyyqq for I > 0 and Il = 1. We now prove Theorem 1 in
two steps. In the first step, we prove the covariance stationarity of the solution (A.1).

Next, we prove the uniqueness of the stationary solution (A.1).
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STEP 1. (PROOF OF COVARIANCE STATIONARITY) In this step, we show the covari-
ance stationarity by calculating E(Y,;) and Cov(Y,, Y, ;) respectively. Denote \;(M) as
the ith eigenvalue of any arbitrary matrix M € RY*N such that |\ (M)] > |\o(M)| >
- > [AN(M)]. Recall that E(Gy) = G = byW + byl. We firstly verify that E(Y;) = py

for 1 <t <T. To this end, note that |A\;(W)| =1 by Banerjee et al. (2014), we have
[AM(G)] < [ba|[ A (W] + o] <1 (A.2)

due to the stationarity condition in Theorem 1 (note that |b;| is bounded by b;). Then
it could be computed that E(Y;) = >.)°, G'T' = (I — G)7'T" due to the independence
of Gys over t, and E(V;_;) = 0 for [ > 0. Recall that we have I' = ¢g1y. Then it is
straightforward to have uy = cl_lco 1y, where ¢; = (1—0b; —by) ™! is defined in Theorem

1.

We next calculate the covariance of Y;. Specifically, it can be expressed as

Cov(Yy) = Cov(z L) + Cov(z I, T, Z 0,V 1,)
1=0

11=0 lo=0

+ Cov(> M, Viy,, Y T,T) + Cov(> V). (A.3)

l2=0 11=0 =0

Recall that G* = E(G,®G,) = E{B1(U,) @B, (U:)}(W @ W) +E{B, (U,) @ Ba(U) }(W &
1) +E{By(U,) @ B1(U)}I & W) +E{Bs(U}) @ Bo(U)Y(I @ 1), by = {EFX(Uy)}V/2, and

by = {EB2(Uy)}/2. Then we have
IAL(GH)] < B2IAL (W2 + 2b1bo| My (W) + 82 < (b + bo)? < 1, (A.4)

by the fact that |A(W)| < 1 and the stationarity condition in Theorem 1.  Note

the matrix G* can be represented in the Jordan canonical form as PAP~!, where A



is a matrix of the Jordan block diagonal form with diagonal elements being A;(G*)
(1 <4< N)and P is an invertible matrix. Then by (A.4), (G*)! converges to zero at

a geometric rate as [ — oo and therefore we have

ics* (I—G9? (A.5)

Similarly, by (A.4) we have Y ° G' = (I — G)~'. We then calculate the terms of

Cov(Yy) in (A.3) one by one.

For the first term it can be calculated Cov(>"° ILT) = E{(3°° 11, T) (3o TTII) )} —
py iy = oo E(,TTTIL) — puypy. Firstly we have vec(IT, TTTIL)) = (IT, ®
I1;, )vec(I'T'T). Without loss of generality, we assume [; > lo. Then it can be obtained

that E(IT,, ® IT},) = (G*)2(Iy ® G)" "2 and
E(I, ® IT;, )vec(TTT) = (G*)'2(by + by)" 7221 5o (A.6)

due to that vec(I'TT) = 3lyz, (Iy ® G)1 = (by + ba)1. Therefore, by (A.4), (A.5),
and (A.6) we have >°, o E{vec(IT,TTTIL,)} = {3 7 ((G*)"2 32, o, (b1 + b)) 7" +
DG YD (1 +D2)2 7 b gl = Myl ye, where My = ¢ Y2 (14by+by) (I —G*)

As a result, we have vec{Cov(} ;2 L)} = Mi1y2 — ¢ *cBlpe.

Next, for the second term, it can be derived that Cov(}_,"_ II;, T, >~ (11, Viy,) =
> im0 EALTVI T, due to E(YS_ 11, Vi) = 0. Tt is straightforward to veri-
fy that for Iy < l;, we have E(IT;, V;—, T 'II]) = 0. Therefore, by (A.4) and (A.5),
one could verify that >,°, o E{vec(IT;, V,;, T TII )} = 3270 >0, ((G*)"E{(G}y, @
D(GRD) " IV, )T = 3000 2oy 11 (GF)1 (br+b2) 20 vee(B) = ¢ 'eo( —
G*)~'vec(Sy,). Similarly, one could verify the third term Cov(3"_ I, Vi, >0 11, T)

is also equivalent to c; 'co(I — G*)~vec(Xy,).



For the last term, we have Cov(} 2, ILV;—;) = > "2 E(ILV,—,V,[,II]) due to that
E(I, V.-, V' ,)II]) = 0 for any I; # lo. Also note that E{vec(IL,V,-,V,],II[)} =
E{(IL,®IL;)vec(V,—,V,[,)} = (G*)'vec(Zy). Then by (A.5) we have Cov(> ", IV, ;) =
S 2o (G)vec(Zy) = D2, PA'Pvec(Sy) = (I — G*)'vec(Zy). Consequently, by
(A.4) one obtains that vec{Cov(> ;5 ILV;—)} = (I — G*) 'vec(Xy). As derived in
the previous paragraph, vec(¥y) takes the form (I — G*) 'vec(Zy) + 2¢; co(l —
G*) " tvec(Zyy) + (My — ¢;%c2)1y2. To prove the covariance stationary, it suffices
to prove that Cov(Y,, Y, ) only depends on h. As we can see that for h > 1,
Cov(Yy, Yo p) = E(VY]T,) — ECE(Yin)T = E{E(VIF)Yin} — pyu]. Fusther-
more one can obtain that E(Y;|F,_,) = ;:01 G'T'+ G"Y,_;,. So it is straightforward to
conclude that Cov(Y;, Y, ;) = G"Yy, which is only related to h. This completes the

proof of STEP 1.

STEP 2. (UNIQUENESS OF THE SOLUTION) Assume that Y; is another covariance
stationary solution to the NQAR model. Then we know that E|Y}|, < Ci1y for some
constant Cy. Similarly we have Y? = S ' IL(T + Vi) + I1,,Y;_,,. To calculate the
difference between Y, and Y}, we have E|Y, — Y;|, = E|Q 2, ILT + >0 ILV,) —
IL,Y; . la < Co(d22, ENIL] + E|ILy,|.)1n, where Cy = max{C1, co, E|[Vi|}. It can be
verified that E[IL|,1y = E|B1 (U)W + Bo(Ui)In|i1x =< (by + by)'1y. Therefore we
have (30 E[IL|, + E[IL,]0)1x < Cs(by + by)™1y for some positive constant C. As
this holds for any m, we can then prove that Y, = Y; with probability 1 due to the

stationary condition that 31 —1—52 < 1. This completes the proof.
Appendiz A.2: Verification of (2.7) and (2.8)

Assume b, = \fﬂlﬁ%(u)Qdu\1/2 — o(1). Recall that by = fol B2(u)du, by, =

fol B1(u) Bz (u)du. By the stationary condition we have by < 1, then by the Cauchy’s



inequality we have |bia| < by|be|"/2 = o(1). Recall that vec(Sy) = Si + So + S5,
where S; = M1z — ;%12 (My = ¢ (1 + by + b)) (I — G*)™1), Sy = 2¢; Pep(1 —
G*)tvec(Zy,), and S3 = (I — G*)"'vec(Zy). Next, we approximate Xy by neglecting
higher order terms of b1,512,31. To this end, we first approximate (I — G*)~" and ¢;*

as follows

(I —G*) ' & (I — By) "I + M), (A7)
C1_1 ~ (1 — bg)_l{l + (1 — bz)_lbl}, (A8)
At (1=bo) {1 +2(1—by) b1}, (A.9)

where Miy = (I — Byy) " H{B1o(W @ I) + Bay(I @ W)}, Bay = E{By(U,) ® Bs(U,)},

Bis = E{B,(U;) @ Bo(U,)}, and By, = E{By(U;) ® B,(U,)}.

Recall that bor = E{B1(Uir)(Bo(Usr) — bo)} and boy = E{Ba(Us)(Bo(Us) — bo)}.
Then, by (A.7)-(A.9) one could verify that S, &~ (I — Bayy) {(1 + 2b — b3)I @ I +
(1= 03)(I — Bas) ™ (Bia + Ban) }(1 — bo) 21y — {14 2(1 — by) "0 }(1 — b)) 21,
Sy~ 2(1—=by) " (I = Bag) " {boa + (1 —by) " byboa] + boa Mis +bo1 I Yeovec(Iy), and Sy ~
(I = Bas) (I + My3)vec(Sy ). Let S; = vec(X;) for j =1,2,3 and X; = (8, ) € RV*N,
Specifically, one can verify for the diagonal elements that ¥, ;; ~ [(1 —522)_1{1 — b3+
201 +2(1 —baz) " (1=53)biz} — (1—ba) ™1 (1 —ba+2b1)](1—b2) ~2c3, Bas & 2(1—baz) "M (1—
by) " H{opu(1 — by) + 51502}00 (O = Dot +g02), Y~ (1 —Egg)*la‘%. Similarly, we have
Yiivis A {(1—=02)"2(1=03)"2(1 — b3 +2by +2b1by) — (1 —b2) 3(1 — by +2b1) }c3, Toiyip &
2(1 — b3) (1 — ba) " eobibobon (Wi + Wigiy )s B iy & (1 — 03)~2b1ba(wiyiy + wigsy )0 for
i1 # 19, where w;,;, = ni_llaim is the (7, j)th element of W. This leads to the desired

results.



Appendiz A.3: Proof of Theorem 2

In this subsection, we establish the asymptotic normality of Y;. Define §{t =
Y — py = (}7“, e ,?Nt)T € RY. We then adopt the dependent Lindeberg central
limit theorem (theorem 2) in Bardet et al. (2008) on (NT)~Y/2Y,. We verify the two
conditions in the following two parts. Step 1 is concerning moments bounds, and Step

2 is regarding the time dependency.

STEP 1. (BOUNDING MOMENTS) First, it suffices to show that there exists 0 < § <1
satisfying

T
Sr=(NT)" 210N "E[Y, 27 — 0 (A.10)

1=0

as T — co. Then, one can verify that E|Y,|2™ = E| ST + 1L Viy) — py |27, Fur-
ther by the Jensen’s inequality Sy = (NT)~(2+9)/21] ZtT:o E|§N(t|(21+5 < (NT)~@r0/21]
S B S TV 20 B S, ILT 24 4+ E|uy 2403 (3%9/3). Tt is not hard to see that
(NT)=C+921 0 ST |y |7 — 0. Let 6 = 1and Sp, = N=32T V210 E| S0 TV, 2.

It suffices to show St, — 0. We then have St, = Stu1 + Stv2 + S7v3 + ST0a, Where

Sro = NPTPLIELY [V},
l

St = 3NIPT2N "N " E{|T1, Vi |2 0 [T, Vi o},

l1 l2>l1

Stv3 = 3N73/2T71/2 Z Z E{‘Hll‘/t-*ll ’a o ’HZQVt*b‘z}a

I lIa>0

Srua = 6NPT2Y "N N E{|T1, Viey o © [T, Viesla © [T Viesyla )

Iy la>l1 I3>1>1

and o means point wise product. We then verify the terms Sp,; — 0 for j =1,--- 4

as follows.

Firstly we have Sy, < N=327-1/2 5% CE|IL (V)2 < N=32T-12577  C3E| (|11,



1n)|3, where C3 = maxy E|Vy|? is finite by Theorem 2. Further, the above ter-
m is elementwisely bounded by CyN=3/2T-1/2%" 'Cl1y, where C, = E(|8:(Us)| +
|82(Usi)|)® < 1 by Theorem 2. Consequently we have Sr,; — 0. Next we look at the sec-
ond term in Sp,. It can be firstly verified that E(3%5, 35, ;. [T, Viey, |20 [T, Viog,]a) =
3Cy le Zl2>l1 E(TI, Vi 2 © Mp1nla) = 3011(51 + 52)12711 Zzl ZZ2>11 E(TL, Viey |3 ©
ITl;,_11x]s) due to the independence of II;, ; and Hﬁf;lll Gi_1,—k, and the inequality
E( ﬁfz_lll |Gty —klaln) = (51 +32)l2_l11N, where C, = max; E(|V;;]). Further it can be

derived that 1}E(|H51V2_11|Z (@) |Hll—11N|a) =
E(|T, Vier, |27 1 211 ve) < CoE(Jy 1n |27 [ 1x]e) < NCw Gyl (A.11)

where Cy,, = (E{V} )1/2[E{(|51(Uit)| + |62(Uit)|)2}]1/2. As a result, we have Sp,o — 0.
Then, by iteratively applying (A.11), one could obtain Sr,3 — 0 and St,4 — 0, where

the details are omitted here. As a result, (A.10) can be obtained.

STEP 2. (TiME DEPENDENCY) Next, we verify conditions imposed on the dynamic
dependency structure of ?t. To this end, we show the definition of A dependency as in

Bardet et al. (2008).

DEFINITION 1. (\ dependency) A process X; in R is said to be X\ dependent if

there exists a sequence {\.} such that A, — 0 when r — oo satisfying
Cov{f(Xm17Xm27 T 7va)7 g(X817XS27 T 7X5u)} < (uvaLg + ULf + ULQ)AW

for allv,u € N* x N* (N* denotes the natural number space), Ly and L, as constants,

where v, u are two integers corresponding to support of f and g respectively.

Next we prove that 77—/ 2§(t is A\ dependent with a satisfactory rate. For this propose,



we rewrite the NQAR model to be Y, = G, Y, | + V!, and V] =V, + (G; — G)py.
Then we have Y, = Y ILVY . For convenience, we define YE = STV, as the

truncated form of ?t.

First of all define S, = {Yp1, Yoz, -+, Y, } and S, = {Y,,, Y,,,---,Y,,}. Fur-
ther denote S% = {YE YL --- YL } and L = {YL,YL,--- YL}, We then
have Cov (f(Sv), 9(Sw)) = Cov (f(Su) = F(S1), 9(Su)) +Cov (f(S7), 9(Su) —9(ST)) +
Cov (f(S%), 9(SL)). Define f(X) = f(X) — E(f(X)). Without loss of generality, we
set L =7 — 1. Then Cov(f(SL), g(SE)) =0, and | Cov(£(S,), 9(Sw))| can be bounded
by [Gl1Elf(S0) = FSHI + 1 <EG(Su) = GSH| < e(wly + uL)1KE[V o — YEa,
where m = my A mg, ¢ is a constant and || - || is the uniform norm of a function,
which takes the supremum of the absolute value of a function on its support. Then
it can be verified that E|Y,, — YE|, = E[ S0, TGV, la < S0, CwEdN], <
S CorlE{1B1(Uin)| + |B2(Ui) 1w < Cur(by + bo) 2*Y(L — by — ba) ™!, where Cr =
E(|Vie])4+2(by +bs). As aresult, it can be concluded Cov (f(S0),9(Su)) = 0asr — oo.

This completes the proof.
Appendiz A.4: Proof of Theorem 3

The proof follows the conclusion of Theorem 3.3 in Zhang and Cheng (2014), and
one could find a more general result by Zhang and Wu (2015). To this end, first define a
Gaussian counterpart of Y, by a sequence of Gaussian random vectors { Y7 }7_,, which is
independent of {Y,}Z,. Particularly, {¥;}Z_, preserves the autocovariance structure of
{Y,} in the sense that E(Y}) = 0 and Cov(Y:,Y; ;) = (k). Let 2T = 7-1/2 5Ty,
To accomplish our goal, we break the proof into two steps. Firstly we show that
p(T123T Y,, Z()) — 0 based on to verify the assumptions. Secondly, we show

that p(Z1), Z) — 0.



STEP 1 (PROOF OF p(T~1/231 Y, ZM) - 0)

Before we go into the details, we first give some notations to facilitate the proofs.

Let % = (o) and 3% = (07")). In addition, define $(h) = (o,f;l)) for —co <

ij ij
h < oco. Following Zhang and Cheng (2014), i& has a causal representation as YNQ =
G(--+,U;1,Uy), where Uy = (Uyy, -+ ,Un;) " is the did noise vector at time ¢, and
G(-) is the representation function. Next, define an iid copy of Uy as Uj, and with Uj,

we define YN{';‘ =G(---,Uf, U1, Uy). The new dependency measure is defined as,

oo

Otim = (E|Y%t - Ymm)l/m and Pto,iom = Z Ot,i,m-

t=to

We then aim to verify the following conditions.

™) is bounded from above

(a) Both E(Y;}) and max;<;<y o7; are bounded. Moreover, o,
and below for 1 <3 < N.
(b) There exists I; such that max;<;<n tor;2 < €, with Y 2 ¢ < oo.

(c) There exists a constant p < 1 such that maxi<;<n pi,i2 = 0(p™).

We next verify the conditions one by one in the following.

VERIFICATION OF (a): First, similar to the proof of (A.10) in Theorem 2, we have

E(Y;}) to be bounded. Hence it is not hard to see o\ is bounded. Let max; O'i(?) < ¢,

i
Suppose | > 0, we then have |0i(il)] = le/ B(l)es| = lef G'Byes| < ceoche/ 11Te; =
ccgclﬁ, where e; is a zero vector with only the ith element being 1, and ¢ is a finite

constant. Subsequently we have |o};| = |> 2 crfm to be bounded by 2cc, /(1 — ¢p)

for 1 <4 < N since ¢z < 1. Similarly, one could see \J;-(T)\ < Zszil(Tfl) \og)\, which is

obviously bounded by the previous argument. For the lower bound, it can be derived

*(T)

min; o;; D) s

= min; ¢; 23" 'e; > Amin(Xy ') > 7, where ¢; is an N dimensional vector

with all elements being 1 but only the ith element being 1, and the last inequality is



implied by condition in Theorem 3.

VERIFICATION OF (b) and (c): It can be written that Y, = Yoo IV 4> (I —
Gl)F, where II; def GiGy_1 - Gy_4q for I > 0 and Iy = 1. Similarly we have ?;“ =
S H;Vt_lJer:O(Hl—Gl)F}Jr{HtVO*vLZthH GV +> 02, (I —GHT'}, where IT;,

V¥, are to replace Uy with Uj in the representations. Therefore we have ﬁf{t — ?;‘]2 <

2

o0 o0 2 o [oe)
2’HtV0+ Somvi+ S (- GZ)F‘ +2‘HtVO* + 3 mvie+ Y -6

I=t+1 I=t+1 I=t+1 I=t+1 “

The rest to prove the rate of each part follows the same idea as in the proof of (A.10).
That leads to the result that E|Y, — Y;|2 < ¢*c31, where ¢* is a finite constant. Let

b = c*tc%t and then we have Zfio ¢; < oo. Moreover, we have maxi<<n pri2 <

¢*c¥° /(1 — ). The result in (c) can be achieved by letting p = 3.

STEP 2 (PROOF OF p(Z™")| Z) — 0)

It can be easily verified that Z;(T) = T~ Cov(Z™). According to Theorem 2 of

Chernozhukov et al. (2015), we have

o(2,2) < cA1/3[maX{1,log(N/A)}r/ . (A.12)

T : .
where A = maxi<jr<n |E;/(,jk) — %3] and ¢ is a finite constant. We now prove that

A(log N)? = o(1). It can be calculated that
i = T I - G) 21 - GNGESy — T 'Sy (G (I -GN (I -G

Further we have |(I — G)2(I — GT)GYy|a < ¢o|(I — G)2(I + GT)1n1y| < (1 —
cg) 2(1+ch)eplnly and [Sy (GT)H(I-GT)T(I-GT) 7?0 = co(1—cg) 2 (14ch) 3Ny,

where G = ||B1[[4W + [|B2][+f. Therefore we have A < 2T ¢, (1 — cg) *(1 4 c§)cs =

10



O(T~1). Recall that log N = O(T°) where 0 < § < 1/11, hence it can be obtained
A(log N)? = 0(1). We then have the right side of (A.12) tends to 0 as N — oo. This

completes the proof.

APPENDIX B

In Appendix B, we give the proof of the asymptotic properties in the estimation
part. Specifically, a lemma is first proved in Appendix B.1 as a useful tool. Next,
Theorem 4 and Theorem 5 are proved in Appendix B.2 and Appendix B.3 respectively.

Lastly, the misspecification of adjacency matrix A is discussed in Appendix B.4.

Appendix B.1: A Useful Lemma

In this section, we give the proof of a useful lemma, which is needed for a later

proof of the asymptotic properties.

LEMMA 1. Assume cg < 1 and (C1)-(C2), where cs is defined in (C1). Let
U= Uy, -, U)" eRY and V = (Vi,---,Vn)" € RN, where U; and V; are iid dis-
tributed respectively for 1 < i < N, and independent with 11;. Assume E(UNY* < v,,
E(VHY* <, Cov(U;, Vi) # 0, and Cov(U;, U;) = 0 for i # j. Define G = ||By[sW +
1B32]|4] € RN*N . Then the following results hold.

(a) For any integer ly,ls, 13,1y > 0 we have

E(|IL 11, IL 11, |,) < |G TGRGRTGH,. (B.1)

(b) There exists a finite integer K > 0, such that for any | > 0, we have

G'G'T g KA M, (B.2)

11



where M = MM T with M = cm17rT+ZjK:1 Wi, ¢, > 1 is a constant, and 7 is defined

in (C2.1). Denote M;; as the (i,j)th element of M. We then have

N721" M1 — 0, (B.3)

N2 tr(M?) = 0, (B.4)

as N — oo.
(c) For any integer Iy > lo, it holds that

Var(UTTI[ L, V) < 80202 T RR (1T M1 + tr(M?)}. (B.5)

u

(d) We have —p Qo as min{N, T} — oco.

PROOF OF (a). We first derive an inequality of E[II] IT, IT TT;, |, as

h—1 lo—1 I3—1 Iu—1

N 10, 11 o < E{ (T 1Getla) (T 1Goda) (T 1Getla) " (TT 1Gicila) }-
=0 =0 =0 =0

We first prove
E(IGilq|GilaM|Gil, |Gila) < GTGE(M)G'G (B.6)

for an arbitrary elementwisely positive stochastic matrix M, where M = (m;;) € RNV*N
is assumed to be independent with G;. Let Wy, = WTW, Wyo = W', Wy, = W,
Wgo = I. Then one could verify that the (i, 7)th element of E(|Gy|] |Gt M |G|} Gla)
involves a sum of terms like E{‘ﬂfl(Uilt)BSQ(UiQt)Bfg(Ui3t)ﬁ§4(Ui4t)‘(qungWq3q4)ij}7
where q1, G2, q3,q1 € {0, 1}, k1 + ko + ks +ky = 4, 0 < iy,49,13,i4 < N, and ky, ko, k3, kg
are integers satisfying 0 < k; < 4. By Holder’s inequality, we have for all iy, 45,13, 14,
EJ 6 (Us )B4 (U B (Un) 85 (Us)] < 811551824+ By applying the in-

equality one could obtain (B.6). Subsequently, (B.1) can be derived by recursively

12



applying (B.6).

PROOF OF (b). Note we have ||81]|4+]|2]|4 < 1. Then (B.2) can be obtained by (5.1) of
Lemma 2 (a) in the supplementary material of Zhu et al. (2017) by the condition (C2).
For the completeness of the proof, we briefly state the main idea as below. Firstly,
for any integer I > 0, we have G' = (|81 [l{W + [182]lD)" = 325 O I Bull31 82157 W,
where C7 = 11/{j!(I — 7)!}. Since W is an element-wise non-negative matrix, |G|, <
S BB WA. Then for I > K we have [G'], < (IBills + [|82]l)/C1nT +
Zf:o CHIBLIN B2l W, where this fact is due to W' < C1x " by the Markov property
in condition (C2.1). Further note that ||1[4]|82]l3 ™ < ¢4 (0 < j < 1), and Cf¥ < I¥.

As a result, for [ > K we have,
G lo < U5 (1B1lla + [1B2110)' M, (B.7)

where recall that M = C17 " + Z]K:o W, Tt is easy to verify that (B.7) also holds for
I=1,---,K —1. Then we have |G (G")", < I*cfMMT for any positive integer n.
As a result, (B.2) can be proved. Next, (B.3) and (B.4) can be obtained by (5.11) and

(5.12) of the supplementary material by Zhu et al. (2017) by condition (C2) respectively.

PROOF OF (c). We first prove that (B.5) holds for [; = Iy = [, then extend the results

to ly > l5. Let [ =1y = [, we have
Var(U 1] TI,V)) = Var{E(U "TI] I,V |11;)} + E{Var(U "II; II,V|IT;) }. (B.8)

We then derive the upper bound for E{Var(U "II; T[;V)|II;} and Var{E(U "II; I1,V)|I1,}

in the following respectively.

(c.1) Upper Bound for E{Var(U "II; II;V)|II;}. One could first verify that U "II, 1],V =
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vee(IL) T (I @ I, )vec(VUT). Denote V = vec(VUT) € RN, As a consequence, we have
Var(U '] LV |1T;) = vec(IL)) " (I ® 11;) Cov(V) (I & I1; )vec(IT;).

Further denote Cov(V) = (Xy,;) € R¥*¥ where ¥y,,;; € RV*N is the (i,)th block
matrix of Cov(}). Further more, by the Cauchy’s inequality, the following bound can

be attained,

Yy = Cov(ViU) = 20202117, (B.9)

Yy = Cov(ViU, V;U) = 20202 (1 +e;17 + 1¢)) (B.10)

for i # j, where ¢; € RY is a vector with all elements to be 0 but only the ith element
being 1. Denote II; ; as the ith column vector of II;. Then we have |vec(Il;)" (I ®
L) CovV) (T @1 vee(ITy)| = | 327y TSy o T T | = [ 3200, T TGSy 50 T1 T +
S TS T | < 20202 (3 (T T AT [T T,) + (U T[T L)} <
612021 T 1] | |0 |o| 10 ) |T0 |01 + 20202 tr (|10 | |10 o] 10 ) |10 |4). By taking expectation

on the right side we have

E{ Var(U"[IT] T V|[I]a) } < 610v2ci 1PK1T ML + 20205 ¢ 1% tr(M?). (B.11)

(c.2) Upper Bound for Var{E(U "II; II,V|II;) }. It can be calculated E(U TII] IT,V|IT;) <

vay tr(|I| 1 T0],). Firstly we have Var{tr(|TL;|} [T;|)} =
EVar{ (T[T ML) [T 2} 4+ VarE{ (LT )T . (B2)

Write tr(|IL| ] [Th]a) = >, Gy sl i1l Tie1]aGi—ig1,4- It can be derived Var{tr(|IT;|}

1L |o) M1 } = 32, Var(G T T oG, il Th—) < 237(G I [TT—1a
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G.i)* <2335, G|y it [ 11 T[T [g [0 oGl = 2631 T[T [T [oGG T T |
ITT;_1|,1. By similar proofs of (B.1), we have E(1 " |IT;_4| ] |T1;_1|.GG " |IT;_¢ |} [T[;_1].1) <
1%c 4l 21T M1 by (B.1) and (B.3). Lastly, one could verify that E{tr(|TT;||TT;|,)|TT;_1} <
S G| 1[Gy = tr(GT ||} |T-1|,G). Consequently, by (B.12) we have
Var{tr(|IL|; [TL;]4)} < 20%cf 1" M1+ Var{tr(G " [II,_4|, |TI,-1|,G)}. By applying similar
technique of (B.12) to Var{tr(G"|IT;_;|]|T[;_;|.G)}, one could have Var{tr(G"|TI;_4|}
L-1.G)} < 2151 M1+Var{tr(G "*|T;_5|; [T;_5|sG?)}. As aresult, by using the d-
eduction recursively, one should have Var{E(U "|[IT|; [T;|,V'[IT;) } < 2v2v7¢ 1" 11T M1,

By combining the results of (B.11), we have
Var(UT|IL|TIL ], V) < 20202 4’{ 32K 1T M1 + K117 M1+ 1K tr(M )}. (B.13)

Consequently (B.5) holds.

(c.3) Extend to I} > lo. For Iy > Iy, it can be derived that Var(U'II/II,,V) =
Var{E(UTTI] T1, V' [1;,)} + E{Var(UTTI] 11, V'|T1,,)}. For E{Var(U T/ T1,V|II;, )}, it can
be directly calculated that E{Var(U 'II; II,, V[II;, ) } < 202E(V T |IL, | 11, o], |4 |11, V)
< 222 Q(hHQ K17 M1, which can be achieved by (B.1) and (B.2) similar to the
case of I; = lp. For Var{E(U'II/II,,V|II;,)}, we have Var{E(UTILIL,VIII,)} <
202 Var(1 7|1, | ] [T, ], V). So we have Var(UT|IL, |TIL,]V) < 20202¢; 2K 1T M1+
vz Var(1" |11, |} [, |.V). Note 1T|II, |} |11, |V = B/ 4|1, -1]4 T, [oV. Then by let-

ting U = B;_;, 41 one could obtain the result that Var(UT |I1;,|} |I1;,],V) <
20202 T (1 - 1) 31T ML+ 12 Var(LT [T, ] [T, V). (B.14)

By applying the recursive formula (B.14), we have Var(U T |T1;, | 1|11, |,V) < 21212 Q(IIHZ)

i i1 KT ML + 02 2(l1 ~h1) Var(B’tT 1,115 |4 T, 1aV). The deduction of the upper
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bound of the second term Var(B,_,, [I,|, [IT;,|,V) reduces to the case I; = Iy pre-
viously. By combining the results from (B.13), we have Var(U'|II;, |} |T1,].V) <
QVQVQCZ(I1+ZQ {1315 1T M1+ 125 tr(M?)} < 81/21/202 (hit2) lzK{lTMl—l—tr(M )}

which proves (B.5).

PROOF OF (d): Write £y =

1 812 813 814

822 823 824
X;th: 9

833 834

t=

—_
—_

1=

844

where

=1 t=1 i=1 t=1 i=1

1 T 1 T N . 1 T N )
333ZWZZ Yt ) 834—N_Z;intY;ta 344—N—Z;Y;t

t=1 i=1

T

One can directly conclude that S;3 —, 0 p

and Sy —, 2. by the law of large
numbers. Recall that k1 = limy oo N 1Hr(Zy), ke = limy oo N Hr(WEy), k3 =
limy oo N~ UHr(WEy W), kg = limy oo N~ Hr{(I—-G)71}, and k5 = limy_,oo N~ Hr{W

(I—G)~'}. We first list the component-wise limit for each element in Qg in expectation,

and then verify that the variances of these components converge to 0 in the next steps.

Denote Z = (Zy,Zy,+ - , Z,)" € R"*4 and recall that r = ([ 71 (u)du, [ v2(u)du,--- ,
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[ 7g(u)du) . Tt can be derived that E(Sse) = X,, E(Sa3) = N'E{Z"W([-G) ' Zr} —
I€522T, E(324) = NﬁlE(ZT(] — G)’lZ)r — I€4227‘, E(Sgg) =N—! tI‘{WTWEY} + C% —
k3 + 2, E(S3y) = NHr{W TSy} + 2, and E(Sy) = N 1tr{Zy} + ¢ — k1 + ¢ by

condition (C2.3).

We next verify Var(S;;) — 0 for 1 < ,j < 4. Since the proofs are quite similar,
we show Sy —, k1 + ¢ for simplicity. The proof contains two steps. In the first
step, we prove that for any fixed ¢, Var(Sy) — 0 as N — oo. Next, we deal with the
dependence over time (i.e., 1 < ¢t < T). Specifically, the near epoch dependence of
Y;; and its functional forms are presented and consequently the desired law of large

numbers results are established.

STEP 1. PROOF OF Var(Sy) — 0. Recall that Y; has the decomposition in the (A.1).
Without loss of generality, assume I' = 1. Then we have Y Y, = >7° _(1T1I] IT;, 1+
21710 10, Vg, + V,I, I T1,V;y,). By the Cauchy’s inequality, it suffices to show
N—2Var (Z;’ibzo VL O, Viy,) — 0, N72Var ( > =0 11111, Vimy,) — 0, and
N—2Var (ZZOJFO 1711, 10;,1) — 0 as N — co. Since their proofs are almost the same,
we prove N~2Var (Y, (171 1;,1) — 0 in the following for simplicity. To this
end, first it can be shown that Var(33", 17T T1,1) = »7°,, Var (1711, 10,1) +

> i ta—o Cov (17T 1T, 1, 1 TTI I, 1) Then it suffices to show that

N7 " Var (1'1111,1) — 0, (B.15)
l1#l2

N7 " Cov (1" I,1,17II)1T,1) — 0 (B.16)
11,l=0

N — oo. We then prove (B.15) and (B.16) separately as follows. Write 1711} II;,1 =
Bt—EhHHZquz—lBt—le, where B;_j, 11 = Big—,+1)1n + Bag—,+1)1n. It can be cal-

culated 5=, Var (Bl T (T, 1By ip41) =230 o> 5, Var (B, (110, 10,
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Bi_1,+1). By (B.5) we have Var (B, , 11} |11, 1B, 1,41) < 802(ll+l2_2)lfK{1TM1 +
tr(M?)}. Then we have (B.15) due to D" (>, o, c5 ALK o0 and N=2{1T M1+
tr(M?)} — 0 by (B.3) and (B.4). For (B.16), it can be shown by Cauchy’s inequality
that Cov(1TIL 11,1, 1TII] IT,1) < Var(1TII[ 1L, 1)"/? Var(1TIT] 1T, 1) /% < 8¢, 2K
{1"M1 + tr(M?)} by (B.5). Then (B.16) holds since Y, hHZ KK < o0 and

N=2{1"T M1 + tr(M?)} — 0 as N — co. This completes the proof.

STEP 2. L; NEAR EPOCH DEPENDENCE. In this step, we further prove that
137, V7 satisfies near epoch dependence for 1 < ¢ < T. First we give the defi-

nition of L; near epoch dependence as below.

DEFINITION 2. (L, near epoch dependence) A triangular array Uy in R' is
said to be Ly near epoch dependent (NED) if there exists constants ¢;; and a sequence

{vy,J > 1} such that vy — 0 when J — oo satisfying

E}(Uit) — B(Uu| Foegyo s Fayo o a«Ft+J)’ < CitVy.

Given the definition, we firstly prove that Yjs are Ly NED by Andrews (1988). Next,
according to Chapter 7 Lemma 1 of Gallant (2009), the smooth transformations of Y;s
(e.g., N1, V;}) are also NED. Since Yj; has finite forth moment, then by Gallant
(2009) we have N~'S°N V2 is a uniformly integrable L; mixinggale. Consequently,
according to Theorem 1 of Andrews (1988), we could have (NT)~' 37 S™V ¥;2 con-
verge in probability as N — oo and T — oco. We then prove that Yj; is NED in the

following.

Denote Fﬁj ={F_s,-, Ft, -, Fery} and Hif = ?:tl G;. We then have the
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following inequality as

IN

[T 30 v Y ) -6y

I=J+1 I=J+1

< Zb“+ba cv—i—z (b + b3) o,

I=J+1 I=J+1

E{el Y, - ECVIF)], |

where ¢, = E|Vy|. Let vy = (b +b3)7™ and ¢;y = (1 — b¢ — 03)"'(2¢9 + ¢,). By
condition (C1) we have b{ + b§ < 1, thus Yys are Ly NED according to Definition 2.

This completes the proof of STEP 2.
Appendiz B.2: Proof of Theorem 4

Recall that Vi, = Y — XiT(t_l)Q(T) and define v = \/NT(é(T) — 9(7’)). Then we

have p, (K't—XZ-Tt_l)é(T)) = pr (Vier — (NT)V2X [,

i(t

Then the minimization of (3.1) is equivalent to minimizing for a fixed 7,

N T
Zyr(v,7) = 30D e (Ve = (NT) 72X, y0) = o, (Ve .

=1 t=1

One could verify that © = arg min, Zyr(v, 7). The objective function Zyr(v,7) is a
convex random function. Recall that ¢, (u) =7 — I(u < 0). Let v = (NT)"?0" X,

and one could further write Zyr(v,7) as Zyr(v,7) =

-3 [V X Vi) + AV <9 - 10Vir < 0))ds]
0

it

= v'& + &, Tt is implied by (C3) the Xy(7) is with uniformly bounded eigenvalues

over 7 € B. According to Kato (2009), in order to prove that ¢ takes the representation
n (3.2), it suffices to prove (a) & —, v Qv with ; defined in (C3) being a positive

definite matrix with uniformly bounded eigenvalues on B. Also we would like to prove
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(b) & is tight for 7 € B € (0,1), and & converges weakly to a Brownian Bridge.

Note that (a) and (b) ensure the objective function sup..g |Znr(v,T)| is convex
in v for each 7 and bounded in 7 for each v. (a) would lead to sup,.z|&2| = Op(1),
and (b) would lead to sup,.z ||&1]| = O,(1) by continuous mapping theorem. We then

prove (a) in what follows and then prove (b) in the Appendix B.3.

Define & = [V {1(Vier < 5)—1(Viyr < 0) }ds. To prove & = Zf\;l Zthl E2it —p
v Qyv, we decompose oy as oz = E(Exir| Fro1) +Eoy, Where €y = Eoip—E(E0it| Fio1). We
then prove 3.0 ST E(&ulFi1) —p 270 Qo and S8 0T €, —, 0 respectively

as follows.

We first evaluate Zf\il thl E(&i| Fi—1)- It can be expressed that Zi,t E(&2i¢| Fi1)

Zﬁil Zthl E[foyi(til){uvitf < 3)_1(‘/;” < 0)}d3‘-7:t71] = Zf\il Zthl foymfl){pi(t—l)(s"‘

Fl (7)) — Fyu_1 (F ! (7))} /s - sds. This yields that

i(t—1) i(t—1)

SElF) =% [ Pt m)sds+ o)

=Y @2NT)™ fi—1) (X 1)0(7)) v Xiny Xify_py0 + 0p(1) = 1/20 Qv (B.17)
it

according to condition (C3).

Next, we prove »_,, Eoi —p 0. Tt is not difficult to see that &,;, is a martingale
difference sequence, which can be written as & = [“™" di4-(s) — - (0)ds, where
Oitr(s) = {1(Vier < '8) — Fyp—n)(s + XJtil)Q(T))}. It suffices to show E(| >, , o) =
D vz Dty o E(&5:,0,Eiye,) — 0. Importantly, recall that Vi, = X;t_l)(G(Uit) —0(7)),
therefore Vj;; and Vj;; would be conditionally independent on F;_;. Thus it can be
shown that E{ [[*“7 8;(s)ds [/ 6;u-(s)ds} = E[E{ [ iz (s)ds [/ 8;0-(s)ds

| Fi—1}] = 0 due to the conditional independence of d;;,(s) and d;.,(s) given F;_y. Simi-
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larly, for t1 > t, we have E{ [["“7" &, (s)ds [;°“27" 84,7 (s)ds} = E[E{ [7"7" 8, (s)ds
Jo 27D 65457 (s)ds| Fy—1}] = 0. Therefore, we have E{€y; a5} = 0 for iy # iy
or ty # ta. Then 37, o > ) E(gziltlzzim) =2 ZtE(ggit)' Next, write E(g;t) =
E(&3:) — E{E(&i|Fi—1)}?. Further it can be derived that E(&3;,) = E| ;" {1(Vyr <
s) = 1(Vir < 0)}ds]? < |vig_n)|E [ {1(Vir < s) = 1(Viyr < 0)}2ds by the Cheby-
shev’s inequality. Further we have |Vi(t,1)|E[f()‘yi(t_l)|{l(‘/;tr < 5) = 1(Vir <0)}ds] =
Wit [ELfy N Fipoy (s + Fi Ly (7)) = Fieory(Fyglyy (7))} /s - sds]. By similar tech-
nique with (B.17), one could obtain Y, , E(E;) < E{Y,, 27 (NT) =2 fye1) (X, )]
|XIt71)v|3/2}+0(1). Since we have fi;(-) is bounded and (NT) ™2 3",  E(v7 X X[ v)? =
O((NT)~/?) — 0, then it can be obtained that ), , E(&,) — 0. Lastly, following sim-
ilar argument of tightness as in Wagener et al. (2012), we can prove that Zm Eait —p 0

uniformly over 7 € B. This completes the proof of & —, v" Qv for any 7 € (0,1).
Appendix B.3: Proof of Theorem 5

In this section, we are going to show that & converges in distribution to a Brownian
Bridge Qé/2Bq+3(7'), where () is defined in (3.3), and B,43(7) is a (g + 3)-dimensional

Brownian bridge. To prove this conclusion, we adopt two steps:

(I) For an arbitrary k-dimensional vector (7,7, -+ ,7)" € RP and n € RI3,
T 5 : . o
(51 (11),&1(72), -+, & (Tk)) n € R¥ converge to a k-dimensional multivariate nor-

mal distribution.

(1) nT&(7) for 7 € B € (0,1) is tight, where B is a compact set in (0, 1).

STEP I. Denote v; = (1&(VUT), e ,Q/J(VN”))T € RY for convenience. We then have
E(X/] ,¢¢|Fi_1) = 0. Therefore, X 9, is a martingale difference sequence for 1 < ¢ <

T. To prove (B.1), we define ¢; = (NTx)~"/?n X/ 4 and Syy = >°'_, (- Then one
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can see that {(;, Fy_1,—00 <t < Ty, N > 1} is a martingale array, where the number
of observed time points Tl is assumed to depend on N with Ty — oo as N — 0o. As
a result, the double sequence {Sy¢, Fy, —00 < t < T, N > 1} is a martingale array.
As a consequence, the martingale difference central limit theorem can be applied (Hall

and Heyde, 2014). Specifically, it requires two conditions as follows. First we have

TN TN
S CE{GG > 6| Fima} <672 E(GINF)
t=1 t=1
Tn
<oA1 —7)*(NTy) ™ Z(UTXIAXFW)Z — 0, (B.18)
=1

where the last inequality is due to E¢*(V;r) < 72(1 — 7). Since by the proof of (d)
of Lemma 1, we have (NTy)™? ZtTi’l E(n"X/ ,X;_1n)* — 0. Therefore (B.18) can be

implied. Secondly, we also have the condition

ZE{Q | Fi1} = (NT ZnTxt Xi1m = (1 —7)n" Qon, (B.19)
t=1

by (d) of Lemma 1 in Appendix B.1. Therefore, by the central limit theorem for
martingale difference sequence in Hall and Heyde (2014), we have that & (7) converge
in distribution to Gaussian distribution N(0, 7(1—7)n"Qgn) for fixed 7. The conclusion

also holds for any finite dimensional vector (1, 7,--- ,7%)', which proves (B.1).

STEP II Then we prove that n'& (1) for 7 € B € (0,1) is tight. The definition of

tightness is given as follows.

DEFINITION 3. A process Wi (7) is said to be tight if and only if for any § > 0

there ezists a compact set E such that sup,egP(Wyr(7) € E) > 1 — 4.

Define ¢1 (D) = _(NT)_1/2 Zi,t Xi(t—l){wfg (‘/itTQ) wn( 'LtT1)} for any interval D =

(71, 72]. To show the tightness, we adopt Theorem 15.6 in Billingsley (1968) and prove
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a sufficient Chentsov-Billingsley type of inequality as follows.

LEMMA 2. For any two intervals Dy = (11, Ts] and Dy = (72, 3], we have

E[{n a0} {n"a(D2)}’] < Clrs = ), (B.20)
where C' is a finite positive constant.

To prove Lemma 2, we have E[{n"&,(D1)}2{n "¢ (D2)}?] = (NT)?E[{>;, n" Xig-1)
it (1, Tz)}z{zm N Xi—1)0it(72, 73) 2], where (7, 7') = ¢ (Vitrr) — 7 (Vigr). Next, by
Cauchy’s inequality, we have E[{>~, , 0" X410 (71, ) P {2 1" Xi—1)0it (72, 78) }?] <
[E{> 0" Xi—1)0ie (11, 72) Y2 [E{DS, 0" Xig—1)0ie (72, 73) }*]1/2. Since it can be derived
E{0;:(7, 7)| Fiz1} = 0, then E[{n" X;, (1, —1)0i,4, (7. ') H0 " Xy (13-1) it (7, TV H{0 T Xy (15— 1)
ity (T, T')}{HTX,'4(t4_1)5i4t4 (1,7")}] is non-zero only if (a) iy = is,t; =ty and i3 = iy #
i1,t3 =ty £ty or (b) iy =iy = i3 = iy and t; = ty = t3 = t4. It is straightforward to

verify (NT)*QE{ZM nTXi(t,l)éit(ﬁ, ™) =
(NT)2| SE{(n Xin) 0 (1, 72)} | " (V) > E{0 X)) S )}

By the proof of (d) in Lemma 1, we know that E(n" X;;)? = O(1) and E(n" X)* = O(1).
Moreover, it can be verified E{6%(71,72)} < 7 — 7 and E{64(m, ™)} < 7 — 71. By

combining the results together, we have

E[{anl(Dl)}2{77T§1(D2)}2] < C(rp — 1) (13 — 12) < O3 — 71,

for some positive constant C'. This completes the proof of Lemma 2. We then conclude
that the &;(7) converge weakly to a (¢+3)-dimensional Brownian bridge. Consequently,

the Theorem 5 can be proved.
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Appendiz B.J: Mis-specification of A

Suppose Yj; is generated by the true adjacency matrix A. From the theoreti-
cal results in Section 3, it is shown that 5(7') is v/ NT-consistent. However, the
consistency result might not hold when the adjacency matrix A is mis-specified to
be A* = (aj;). Accordingly, let W* = (wj;) be the row-normalized A* and X}, =

(1,2 ,n;? Zjvzl aj;Yj,Yy)' € RT3, The estimator is then given by

N T
5*(7) = arg miny Z Z pT{YZ-t — X;(;F_I)Q(T)}.

i=1 t=1

Define O = (NT) ™ 5201, 500 XX and Of(r) = (NT) 50, 0y e X 0(m)}
X X" for 7 € (0,1). To perform the asymptotic analysis, the conditions associated

with the misspecified coefficients are listed below.

(C3*) (EIGENVALUE-BOUND) Let (1) —, Qi(7) as min{N,T} — oo for any 7 €
(0,1), where Qi(7) € RV*¥ is a positive definite matrix. Moreover, there exists
positive constants 0 < ¢; < ¢a < 0o such that ¢; < A\ (25(7)) < Amax(25(7)) <

o for any 7 € (0,1).
(C4*) (MONOTONICITY) It is assumed that X *0(7) (1 < i < N1 <t <T)is a

monotone increasing function with respect to 7 € (0, 1).

Then we have the following result.

COROLLARY 1. Assume (C1), (C2), (C3*), (C4*). Let Vi, =Yy — X3 .0(7). In

i(t—1)

addition, define S(W*, W) = 3, - |wi;—wy;| to be the total magnitude of misspecification
of W. We then have
6°(r) = 6(7) = =(NT) QU (N)} ' D Xy (Viiy) + rir(7) (B.21)
it
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with sup,. || (7)|| = 0,((NT)~Y2). In addition, further assume §(W*, W) = o(y/N/T),

then we have 6*(7) — 0(7) = o, ((NT)~1/2).

Consequently, it shows that when the misspecification magnitude is under control
(W, W) = o(y/N/T), the resulting estimator is still v/ NT-consistent. We give a

proof as follows.

PROOF. The proof is similar to the proof of Theorem 4 and therefore is only briefly
shown here. In the following we break the proof into two parts. In the first part we

show the representation of (B.21). Next, we show that the consistency result for 6% (7).

PART L. (PROOF OF (B.21)) Define A*(7) = 6*(r) — 0(7). Then we have
pr (Y = X3_07(7)) = p- (Vi = Xi_yA™(7)), (B.22)

where recall V;_

=Y, —X Z.*(I_DQ(T). Then the minimization of (B.22) is equivalent to

minimizing for a fixed 7,

N

Zir(A7) = (NT) S0 o: (Vi = XidnA) = o (Vi) |
i=1 =1
One could verify that A*(7) = argmina Z4,(A, 7). The objective function Z3 (A, 7)
is a convex random function. Recall that ¢.(u) = 7 — I(u < 0). Let v; = AT Xy, and

one could further write Zx (A, 7) as Zx, (A, 1) =

N Y (AT Vi) [ (0 <9 - 10 <00}

it

©ATE + €. By Theorem 1 of Kato (2009), we have A*(7) = —{Q ()} -1¢ +1p(T)

with sup, ||7i+(7)|| = 0,((NT)~/2) if we further assume
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(a) & —, ATQIA with QF is a positive definite matrix with uniformly bounded eigen-
values on B;

(b) &5(7) is a sequence of bounded stochastic processes.

PART II. (CONSISTENCY) Note that the asymptotic bias of @\*(T) is given by —{Q(7)} !

E(&)). We next calculate the amount of E(&]).

Denote E(:|F;) = E¢(+). It can be derived E{&{(7)} = E{E;—1(&})}. Further we have
Ei1(8]) = ZX*t 1{ — Fu (X} 1)9(7))}' (B.23)
Define 07, ) = { X}, 1 — Xig-1}0(7) = (wj —w;)"Y,—18(7). It can be derived

‘FZt(Xz(t no(r 7)) :Fit(X'—l(—t 1)9(7)4‘5;)

_Et(Xz(t o / fie(X z(t WO(T) + 85, 1)) 01yt

Note that Fj (Xl(t 1)0(7')) = 7. By substituting into (B.23) one could obtain that
Evr(§) = (NT) VY, Xio Ly fie (Xo_0)0(7) + 163,y ) dt}57, ). Since the densi-
ty function f;; * (-) is bounded, then for any n € R we have |[E{E;_1(n"&)}a <
e (NT)™ 32,  E(ln" X, ey l|wy —wy| ] |Y;_1]a), where ¢; is a finite positive constant. In
addition, one could note (|77TX 1) |[Yie—1)|) < co for a finite constant c. Therefore
we have (NT)7'E(|n" X, | lwf —wilg [Yioa]a) < coN7'6(W*, W). Since it is assumed

S(W*, W) =0(y/N/T), then it can be concluded that 0" (7) is still v/ NT-consistent.

]

APPENDIX C

In Appendix C, we conduct a number of numerical studies. Appendix C.1 and
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C.2 present the simulation models, performance measurements, and numerical results.
Appendix C.3 gives a model diagnosis procedure and applies it the real data example.

Appendix C.4 conducts the sub-sample analysis of the real data.

Appendiz C.1: Simulation Models

We consider three simulation settings in this subsection to illustrate the finite
sample performance of the proposed NQAR model. The main difference lies in the

generating mechanism of the network structure (i.e, A).

Before we state the details of the network structure specification, we first give
the forms of the coefficient functions. For convenience, we denote (;;; = ;(Uy) for
0 <j<2and~,; =7;(Uy) for 1 <j <5 in this section. Following Koenker and Xiao

(2006), we generate the random coefficients as follows,

Boit =tit, Brie = 0.1®(us), Boie = 0.4{1 + exp(uy)} " exp(uy),
Yt =0.5P (i), Yo, = 0.3G(uir, 1,2), v34 = 0.2G(uy, 2, 2),

Yait = 0.25G (i, 23,2), 75, = 0.2G(ug, 2, 1),

where u;s are éid random variables, ®(-) is the standard normal cumulated distribution
function (cdf), G(-, a,b) is the Gamma cdf with shape parameter a and scale parameter
b. We generate u;; either from (a) the standard normal distribution (i.e., N(0,1)) or
from (b) the t-distribution with 5 degrees of freedom. It can be noted the U in (2.1)
can be transformed as U;; = F(uy), where F(-) is cdf of u;. By this way, U; will
be assured to follow a uniform distribution. Given the random coefficients, we futher
generate observations from the NQAR model (2.1). Next generate the nodal covariates

Zi = (Zy, -+, Zis)" € R® from a multivariate normal distribution N(0,3,), where
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Y, = (0j,5,) and 0,5, = 0.5~ Then, we generate Y;s according to (2.1), where
Yo = 0. To check the finite sample performance of the proposed method, we adopt
three kinds of adjacency matrix structures that are well-known in the literature. The

details are given in the following.

ExaMpPLE 1. (Dyad Independence Model) Holland and Leinhardt (1981) introduce
a Dyad Independence Model with a Dyad defined as D;; = (a;;,a;;) for 1 <i < j < N.
It is assumed that D;;s are independent. Specifically, we set the probability of mutually
connected dyads to be P{D;; = (1,1)} = 20N~! to ensure the network sparsity.
Besides, set P{D;; = (1,0)} = P{D;; = (0,1)} = 0.5N %% which implies that the
expected degree for each node is O(N®?). Accordingly, we have P(D;; = (0,0)) =
1 —20N~! — N=98 which is close to 1 as N — oco. The simulated dyad independence

network is visualized in the left panel of Figure 1.

EXAMPLE 2. (Stochastic Block Model) The Stochastic Block Model (Wang and
Wong, 1987; Nowicki and Snijders, 2001) has important applications in community
detection (Zhao et al., 2012). To generate the block network structure, we follow
Nowicki and Snijders (2001) to randomly assign each node a block label indexed from
1 to K, where K € {5,10,20}. We then set P(a;; =1) = 0.3N %3 if { and j are in the
same block, and P(a;; = 1) = 0.3N~!. This indicates that the nodes within the same
block have higher probability to connect with each other than between blocks. Lastly,
the simulated stochastic block network is displayed in the middle panel of Figure 1,

where a clear cluster effect can be visualized.

ExXAMPLE 3. (Power-law Distribution Network) According to Barabasi and Albert
(1999), it is a common phenomenon that the majority nodes in the network have small
links, while a small amount of nodes have large number of links. The degrees of nodes

could then be characterized by the power-law distribution. To generate the network
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Figure 1: Left panel: dyad independence network; middle panel: stochastic block network;
right panel: power-law distribution network. The larger and darker points imply higher
in-degrees.

structure following this phenomenon, we simulate A as in Clauset et al. (2009). For
each node, we generate the in-degree as d; = > ; aj; according to the discrete power-law
distribution as P(d; = k) = ck™®, where ¢ is a normalizing constant and the exponent
parameter « is set to be a = 2.5 by Clauset et al. (2009). Finally, for the ith node, we
randomly select d; nodes as its followers. The power-law distribution network structure
is depicted in the right panel of Figure 1. It can be seen that only a limited number of

nodes have high degrees.

ExaMpLE 4. (Common Shareholder Network) To mimic the real data example,
we consider the common shareholder network among stocks in the real data example in
Section 6. The dataset contains N = 2,442 stocks traded in Shanghai Stock Exchange
and the Shenzhen Stock Exchange. To construct the network structure, the top 10
shareholders’ information is collected for each stock, which are referred to as major
shareholders. Specifically, let a;; = 1 if the two stock share at least one common
major shareholder, otherwise a;; = 0. The resulting network density is 3.9%. In the
simulation study, we randomly sample a subset of stocks for the experiment, and the

use their network relationships for the corresponding network structure.

ExAMPLE 5. (Comparison With NAR) In this example, we compare the perfor-
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mance between the NAR model (Zhu et al., 2017) and the proposed QNAR model.
Specifically, the data is generated by the NAR model with the true parameter fixed as
B8 =1(0,0.1,-0.2)" and v = (—0.5,0.3,0.8,0,0)". For each model, the innovation term
e; i1s independently sampled from (a) a standard normal distribution N (0, 1), and (b)
t-distribution with 2 degrees. For the NQAR model, the median regression is fitted by

fixing 7 = 0.5 to compare the estimation accuracy with the NAR model.

EXAMPLE 6. (Mis-specification of A) We consider the misspecification of A in
this example. Specifically, two possibly mis-specified patterns are evaluated, which is
partial misspecification and complete misspecification. Let n = Z” a;; be the total
number of edges. We first generate the true adjacency matrix A according to Example

1-3 respectively. We then construct the mis-specified A* = (aj;) in the following. For
the partial misspecification, we first set A* = A and then randomly select [0.1n] edges
in the set {(¢,7) : a;; = 0}, and change them from 0 to 1. In this way, all the edges in
the true adjacency matrix A are reserved but with few edges added. Second, for the
complete misspecification, we randomly generate a new A* according to the power-law

distribution network. Therefore, the resulting mis-specified adjacency matrix A* is

non-related to the true adjacency matrix A.
Appendiz C.2: Performance Measurements and Simulation Results

We consider different network sizes (i.e., N = 100,500, 1000) and let 7' = N/10.
For each case, the numerical performance is evaluated at 7 = 0.1,0.2,---,0.9 respec-
tively. The experiment is randomly replicated for R = 1000 times. Specifically, we use
00 () = {Bér) (1), BY)(T), BQT)(T), AT ()T to be the estimator from the rth replica-
tion. To evaluate the finite sample performance, the following measures are considered.

Firstly the root mean square errors (RMSE) for 5;(7)s (0 < j < 2) are calculated by
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RMSE;(7) = {R! Zfil(ﬁy)(ﬂ — Bj(7))?}Y/2. Besides, for the nodal effect function
vector 7, the RMSE is given by RMSE, (1) = {(5R)™* 3> [[#™(7) — 7(7)|*}/%. For
Example 6, the estimation bias is further reported as Bias;(7) = R~ Zle(éy) —B;(1))
to compare the estimation accuracy. In addition, to compare the goodness-of-fit, we
record R'(7) and RY™(7) by using A and A* for model fitting. The average AR (1) =
RY(7) — R™(7) is calculate and reported. Secondly for each 3;(7), a 95% confidence
interval is constructed as CI;T)(T) = (BAJ(-T) (1) — 20_975@?) (1), B](-r)(T) + 20.975@? (7)),
where S/E;T)<T) is the jth diagonal element of (NT) " 7(1—7)S(7), So(7) = Q7 Q01 Y,
and z, is the ath quantile of the standard normal distribution. Then, the cover-
age probability (CP) can be computed as CP;(7) = R Y2%_ I{B;(7) € CIE-T) (7)},
where I(-) is the indicator function. Eventually the network density (ND) is given by

{NIN =1} 355 4, Qi

The detailed results of the simulation Example 1-4 are given from Table 1 to 4.
It can be found that for a fixed 7 the RMSE is decreased as N and T increased. For
example, the RMSE of f;(r) drops from 11.22 x 1072 to 4.90 x 102 at 7 = 0.1 as
N is increased from 100 to 500 in Example 1 for the t¢-distribution. It can also be
noted that the RMSE for ¢-distribution of same network size N is slightly larger than
standard normal distribution. Moreover, it can be concluded the computed coverage
probabilities for 3;(7)s are stable at the nominal level 95%, which corroborates with the
theoretical results. In addition, we plot the estimated Bj(T) with the 95% confidence
interval against 7 in Figure 2. A monotonic increasing pattern can be detected. Lastly,
the network is becoming sparser as N increases (e.g. ND drops from 2.4% to 0.2% for

the power-law distribution network from N = 100 to 1000).

The simulation result of Example 56 is given in Table 5, 6 and 7. First, it is

found that compared to the maximum likelihood estimation of the NAR model, the
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estimator (3.1) of the QNAR model shows lower efficiency if the innovation is sampled
from normal distribution. However, when the innovation term ¢;; is sampled from a fat
tail distribution (e.g., t-distribution), the QNAR model is able to produce more robust
estimation results and overperforms NAR in terms of estimation efficiency. Next, for
the model misspecification, it is observed that the bias of the complete misspecification
is more severe than the partial misspecification (especially for the network effect 51 (7)).
In addition, it is found that the difference of goodness-of-fit measure AR!(7) is larger
with the the complete misspecification. This suggests that the goodness-of-fit measure

RI(7) is an informative tool to select different adjacency matrices.
Appendiz C.3: Model Diagnosis

In this subsection, we conduct a model diagnosis for the NQAR model, and apply
it to the real data example. Note that a direct residual analysis similar to the mean
case of VAR is not feasible, as the error terms Vj,, = Y;; — XJ 0(r) are supposed to
the correlated measuring by Pearson correlation. As an alternative, we follow Li et al.
(2015) to use the QACF to measure the quantile correlation. The diagnosis procedures

of the dynamic dependence and cross-sectional dependence are given as follows.

C.3.1. Dynamic Dependence. Assume the QNAR model is estimated with the
fitted value for node i at time point ¢ as SA/itT. Therefore, the residuals can be computed

as ‘//\;tT =Y — ?m. Specifically, for each node i, we estimate the QACF according to

Li et al. (2015) as follows

T
R 1 1 50 .
) = e = > U (Vitr) (Vi — ),

(r—m)o; T

where 1, and 83 are mean and variance estimates of ‘7@-”. Note that the theoretical
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(k)

value p;.” =0 as

P = E{0r (Vier) Vie—ryr — 110)} — E{r (Vier) YE{Vigs—ryr — 11} = 0.

We plot all ,E)E’:)s with £ = 1 in a histogram in Figure 3. It can be visualized that the

ﬁgf)s are around 0.

To test the significance of temporal dependence of residuals, we adopt a multiplier

(k)

bootstrap procedure. We formulate the null hypothesis as Hy : p;,’ = 0 against the
alternative H4 : pglj) # 0 Here we set k = 1 without of loss of generality. For each i,
the multiplier bootstrap procedure is as follows.

*Bootstrap Steps.

[b]
t

(1) Generate i.i.d standard normal random variables ¢;; for each bootstrap sample

b.

92) Compute 8% (7) and V¥ as
( ) p ( ) it

0¥ (r) = 0(r) + (NT) "' Qu(r) Y el Xutor (Vier)
it

v =y, — Xo%(r)

itT

[0]

(3) Compute p;,. as
T 7710 ~[b] = R
SR, O
e _ 1 1 { oo Vieewr = o Viewns uv}
Pir (7_ — 7_2) T — Lk ; 7#7( th—) E)'\Lb] 7#7( zt‘r) —b_\v 5
where //Zq[,b] and (?ing])2 are mean and variance estimates of \ZE’T] fort ="Fk, ---,T.

(4) For the significance level «a, calculate the o/2 and 1 — /2 quantile of [)Z(f)[b] to
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produce the (1 — a)-confidence interval. Check whether the confidence interval

contains 0.

The procedure is conducted for ¢ = 1,---, N. For the stock data with N = 2442, it
is found that all the 95% confidence intervals cover 0. This illustrates a good fitness

level of the NQAR model.

C.3.2. Cross-sectional Dependence. Similar to the test of the dynamic de-

pendence of Vj;, we could define the cross sectional quantile correlation as

R 1 1 SO .
e = == 7 2 VVar) (Vs = ),

(1 — 7'2)8]2. —1

where [i; and EJQ- are mean and variance estimates of th. By similar bootstrap pro-
cedure, this leads to (N? — N)/2 test statistics. It is found that the 99.65% of all the
95% confidence intervals cover 0. This illustrates that the cross-sectional dependence

is almost ignorable after fitting the NQAR model.

Lastly, to elaborate on the above test procedure, a multiple testing procedure can
be developed and this is beyond the scope of the article. We leave it as a future research

topic.
Appendiz C.4: Sub-sample Analysis of the Real Data

In this section, we explore the empirical data performance when the NQAR model
applied to sub-samples. Specifically, we have splitted the data in 2013 into the first
half of the year and the second half of the year. Note that the returns are more volatile
in the first half (as shown in the left panel of Figure 1). The results are shown in

Table 8 and Table 9, which show different phenomenons. The network effect 51(7)
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is still significantly positive for the first half at 7 = 0.95; while for the second half
the phenomenon does not exist. The empirical analysis suggests that one tends to see

stronger asymmetric network effects when the market exhibits high turbulence.
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Table 1: Simulation results for dyad independence network with 1000 replications.
The random variable wu; is generated from standard normal distribution (i.e., Z) and
t-distribution with 5 degrees of freedom (i.e., T'). The RMSE (x1072) and the coverage
probability (%) for the 95% confidence interval are reported for 3y to ;. The RMSE
is also reported for 7. Lastly, the network density is computed and given.

N  Dist. Bo 51 Ba vy ND
7=0.1
100 Z |2.60(95.0) 10.10(95.8) 2.47(94.3) 3.09 | 22.7
T |3.43(96.4) 11.22(95.2) 2.37(95.6) 4.17
500 A 1.08(96.2) 4.61(95.4) 1.04(96.0) 1.32| 4.7
T 1.51(95.4) 4.90(95.9) 1.03(96.1) 1.82
1000 Z | 0.77(95.8) 3.29(95.0) 0.80(94.0) 0.93 | 24
T 1.06(95.8) 3.66(95.0) 0.75(95.0) 1.29
7=0.5
100 A 1.90(95.5) 6.62(95.4) 1.65(96.7) 2.11 | 22.7
T 1.99(95.7) 5.67(94.5) 1.32(93.3) 2.15
500 Z 10.84(94.4) 2.99(95.5) 0.79(94.9) 0.87 | 4.7
T 10.90(94.9) 2.43(96.2) 0.55(92.3) 0.91
1000  Z | 0.59(94.7) 2.17(95.0) 0.53(95.7) 0.63 | 2.4
T 0.62(94.2) 1.77(95.0) 0.37(93.5) 0.66
7=209
100 Z | 2.57(95.3) 9.96(95.1) 2.49(94.1) 2.92 | 22.7
T |3.61(95.0) 10.61(95.4) 2.41(94.5) 3.98
500 A 1.08(96.3) 4.27(95.8) 1.10(94.0) 1.30 | 4.7
T 1.53(95.6) 4.75(94.8) 1.11(93.9) 1.75
1000  Z | 0.78(95.5) 3.14(95.5) 0.76(95.0) 0.90 | 2.4
T 1.09(95.9) 3.41(96.0) 0.84(93.5) 1.26
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Table 2: Simulation results for stochastic block network with 1000 replications. The
random variable wu; is generated from standard normal distribution (i.e., Z) and t-
distribution with 5 degrees of freedom (i.e., T). The RMSE (x1072) and the Coverage
Probability (%) for the 95% confidence interval are reported for 3y to ;. The RMSE
is also reported for 7. Lastly, the network density is computed and given.

N  Dist. Bo b B2 v | ND
T=0.1
100 Z | 2.61(95.8) 3.29(94.9) 2.45(94.3) 3.03 | 2.6
T ]3.33(96.7) 3.37(96.0) 2.40(94.2) 4.29
500 Z | 1.14(94.3) 1.40(94.5) 1.08(94.9) 1.32 | 0.5
T | 1.57(94.0) 1.50(95.1) 1.04(95.6) 1.82
1000 Z | 0.79(94.6) 0.89(95.0) 0.74(95.9) 0.94 | 0.2
T ]1.09(95.4) 0.95(94.9) 0.78(94.5) 1.28
7=0.5
100 Z | 1.88(94.5) 2.15(94.2) 1.74(95.2) 2.07 | 2.6
T |2.03(94.0) 1.76(95.1) 1.28(93.4) 2.17
500 Z 1 0.84(94.5) 0.92(94.5) 0.77(94.9) 0.90 | 0.5
T 10.86(94.7) 0.75(94.5) 0.52(93.2) 0.90
1000 Z | 0.59(94.4) 0.59(95.9) 0.53(95.6) 0.63 | 0.2
T 10.61(95.4) 0.47(95.6) 0.38(93.0) 0.64
7=0.9
100 Z | 2.56(95.0) 2.91(96.0) 2.46(94.5) 2.94 | 2.6
T | 3.44(95.8) 3.28(94.3) 2.39(94.3) 4.07
500 Z | 1.08(95.4) 1.33(94.6) 1.07(95.3) 1.29 | 0.5
T | 1.52(95.9) 1.45(95.8) 1.12(94.0) 1.78
1000  Z | 0.80(95.2) 0.89(94.4) 0.75(96.0) 0.91 | 0.2
T |1.03(96.4) 0.90(95.3) 0.82(93.4) 1.23
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Table 3: Simulation results for power-law distribution network with 1000 replications.
The random variable wu; is generated from standard normal distribution (i.e., Z) and
t-distribution with 5 degrees of freedom (i.e., T'). The RMSE (x1072) and the coverage
probability (%) for the 95% confidence interval are reported for 3y to ;. The RMSE
is also reported for 7. Lastly, the network density is computed and given.

N Dist. 5o ot 5o v | ND
T=0.1
100 Z | 244(95.9) 2.95(954) 2.32(96.2) 3.08 | 2.4
T ]3.45(96.3) 3.28(93.9) 2.36(95.1) 4.19
500 Z | 1.09(95.5) 1.24(96.3) 1.07(95.4) 1.35| 0.5
T | 1.53(94.7) 1.42(94.8) 1.04(96.2) 1.79
1000 Z |0.76(95.8) 0.91(95.6) 0.77(94.7) 0.94 | 0.2
T ]1.06(95.0) 0.99(95.5) 0.75(95.3) 1.28
7=0.5
100 Z | 1.87(95.3) 1.96(95.7) 1.79(94.4) 2.07 | 2.4
T 11.94(96.4) 1.55(96.2) 1.29(93.1) 2.15
500 Z | 0.82(95.7) 0.85(94.6) 0.77(95.8) 0.89 | 0.5
T 10.90(95.5) 0.71(94.0) 0.54(93.3) 0.92
1000 Z | 0.58(95.1) 0.62(94.2) 0.54(96.0) 0.62 | 0.2
T 10.63(94.4) 0.51(92.2) 0.37(94.6) 0.64
7=0.9
100 Z | 2.55(95.8) 2.94(93.5) 2.43(94.3) 2.91 | 2.4
T |3.53(95.3) 3.01(94.7) 2.43(94.1) 4.11
500 Z | 1.12(95.1) 1.20(96.3) 1.09(95.1) 1.29 | 0.5
T | 1.51(95.5) 1.33(95.1) 1.10(94.3) 1.80
1000 Z |0.79(95.2) 0.87(95.7) 0.76(95.1) 0.90 | 0.2
T | 1.09(94.7) 0.98(95.3) 0.83(92.1) 1.26
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Table 4: Simulation results for using the real data network with 1000 replications.
The random variable wu; is generated from standard normal distribution (i.e., Z) and
t-distribution with 5 degrees of freedom (i.e., T'). The RMSE (x1072) and the coverage
probability (%) for the 95% confidence interval are reported for 3y to ;. The RMSE

is also reported for 7. Lastly, the network density is computed and given.

N  Dist. 5o ot 5o v | ND
T=0.1
100 Z |5.35(94.0) 10.92(89.0) 5.66(93.0) 7.04 | 4.6
T | 7.62(96.0) 11.48(89.0) 5.62(97.0) 9.20
500 Z | 1.18(93.0) 2.82(91.0) 1.12(95.0) 1.45 | 4.0
T | 1.44(96.0) 2.88(95.0) 1.05(98.0) 1.75
1000 Z | 0.54(97.0) 1.52(96.0) 0.49(97.0) 0.66 | 3.9
T 10.73(92.0) 1.69(93.0) 0.49(96.0) 0.87
7=0.5
100 Z | 3.76(97.0) 5.98(94.0) 4.19(96.0) 4.35 | 4.6
T | 4.02(98.0) 5.28(95.0) 3.31(92.0) 4.95
500 Z 10.88(94.0) 1.64(96.0) 0.77(96.0) 0.85 | 4.0
T |0.84(97.0) 1.47(94.0) 0.49(96.0) 0.88
1000  Z ]0.42(96.0) 0.91(93.0) 0.40(93.0) 0.45 | 3.9
T 0.38(96.0) 0.85(93.0) 0.25(92.0) 0.47
7=0.9
100 Z | 5.68(95.0) 8.75(96.0) 6.09(91.0) 6.83 | 4.6
T | 813(95.0) 8.86(95.0) 5.99(95.0) 9.39
500 Z | 1.15(97.0) 2.46(96.0) 1.00(97.0) 1.24 | 4.0
T | 1.27(98.0) 2.48(96.0) 1.02(94.0) 1.77
1000 Z | 0.57(93.0) 1.40(95.0) 0.58(93.0) 0.66 | 3.9
T |0.67(98.0) 1.39(95.0) 0.63(90.0) 0.88
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Table 5: Simulation results with 500 replications for comparison between the NAR
model and QNAR model. For QNAR model, the estimation is conducted at 7 = 0.5.
The RMSEs (x10?) of 3 and + are reported.

N Est. Bo B Bl m e MW Y

Case 1: Normal Distribution

200 NAR |[1.27 129 122|165 1.71 197 1.65 1.50
QNAR | 1.62 1.61 1.51|2.04 212 243 2.15 1.92

500 NAR [0.79 0.90 085|097 1.16 1.20 1.08 0.96
QNAR | 098 1.11 1.03|1.23 1.39 1.52 1.35 1.18

1000 NAR | 0.62 0.61 0.55|0.70 0.74 0.80 0.76 0.68
QNAR | 0.76 0.74 0.69 | 0.86 0.94 0.99 0.89 0.83

Case 2: t-Distribution

200 NAR |[3.02 1.67 1.28]3.18 3.68 3.65 3.63 3.17
QNAR | 1.79 1.08 0.85|2.16 230 2.39 224 2.09

500 NAR | 1.78 1.00 0.85]211 229 231 234 194
QNAR [ 1.15 0.66 0.56 | 1.34 1.54 1.44 1.47 1.26

1000 NAR | 1.26 0.73 0.58 | 1.53 1.59 1.63 1.55 1.46
QNAR | 0.80 0.46 0.40 | 0.93 0.99 1.08 1.00 0.93
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Table 6: Simulation results for partially mis-specified A with power-law distribution
network with 500 replications. The random variable wu; is generated from standard
normal distribution (i.e., Z) and ¢-distribution with 5 degrees of freedom (i.e., T).
The Bias (x10%) and the RMSE (x10?) are reported for 5y to 8;. The RMSE is also
reported for 7. Lastly, the average difference of the goodness-of-fit measures AR (1)
is also reported.

N Dist. Bo I B2 v | ARY(7)
7=0.1

100  Z | 015(5.4) 0.12(74) -0.62(58) 7.04| 0.01

T |-024(7.5) -0.64(8.3) -0.21(55) 9.38| -0.01

500  Z | 0.02(1.1) 0.03(13) -0.04(1.1) 130| 0.00

T |-0.08(1.5) -0.01(15) 02L(1.1) 181| 0.00

1000 Z | 0.01(0.5) 0.03(0.7) -0.01(0.5) 0.66| 0.00

T |-0.03(0.8) -0.01(0.8) 0.22(0.6) 0.88 0.00
7=0.5

100 7 |-008(42) 0.15(5.1) -0.54(4.1) 4.85| 0.00

T | 0.17(4.4) 0.04(4.2) -0.11(3.1) 4.90| 0.01

500  Z | 0.01(0.8) 0.06(0.9) -0.03(0.8) 0.87 | 0.01

T [-0.15(0.8) 0.01(0.7) 0.05(0.5) 0.93| 0.01

1000 Z 1-0.04(0.4) 0.00(0.5) 0.02(0.4) 0.46 0.01

T [-0.07(0.4) 0.04(0.4) 0.03(0.3) 0.46| 0.01
7=209

100 Z |-0.04(5.7) -0.66(7.0) -0.86(6.0) 6.56| 0.01

T | 019(7.6) -1.01(7.6) -1.59(5.5) 9.18| 0.02

500  Z | 0.05(1.1) 0.03(14) 0.00(1.1) 1.25| 0.02

T | 0.00(1.5) -0.04(1.4) -0.38(1.2) 1.83| 0.02

1000 Z 1-0.01(0.5) -0.04(0.7) 0.01(0.5) 0.64 0.02

T | 0150.8) -0.06(0.7) -0.34(0.6) 0.87| 0.02
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Table 7: Simulation results for completely mis-specified A with power-law distribution
network with 500 replications. The random variable wu; is generated from standard
normal distribution (i.e., Z) and ¢-distribution with 5 degrees of freedom (i.e., T).
The Bias (x10%) and the RMSE (x10?) are reported for 5y to 8;. The RMSE is also
reported for 7. Lastly, the average difference of the goodness-of-fit measures AR (1)
is also reported.

N Dist. Bo I B2 v | ARY(7)
7=0.1
100 7 | 00857 -1.33(7.0) -0.07(5.5) 7.14| 0.01
T |-025(7.6) -1.01(7.5) -0.07(5.8) 9.34| -0.01
500  Z |-0.02(1.1) -1.01(1.6) 0.03(1.1) 1.32| 0.00
T |-0.02(1.5) -0.69(1.6) 0.18(1.1) 1.80 | 0.00
1000 Z [-0.02(0.5) -0.98(1.2) -0.03(0.6) 0.66 | 0.00
T |-007(0.7) -0.76(1.0) 0.20(0.6) 0.90 | 0.00
7=0.5
100 Z |-025(44) -4.996.9) -0.37(4.2) 4.65| 0.09
T |-0.27(4.8) -5.05(6.4) -0.16(3.3) 4.83| 0.09
500 Z |-0.21(0.9) -5.05(5.1) 0.01(0.8) 0.88| 0.09
T |-040(1.0) -4.95(5.0) 0.11(0.6) 0.97 | 0.11
1000 Z |-017(0.5) -4.99(5.0) 0.07(0.4) 0.48| 0.09
T |-0.32(0.6) -4.98(5.0) 0.09(0.3) 0.51| 0.11
7=209
100 Z | 0.18(6.1) -8.99(11.1) -0.69(5.8) 6.49 | 0.20
T | 1.12(8.0) -9.24(11.8) -1.31(5.9) 9.11| 0.18
500 Z | 0.27(1.3) -9.01(9.1) -0.02(1.1) 1.29| 0.23
T | 036(L7) -9.23(9.3) -0.33(12) 1.71| 0.22
1000 Z | 0.32(0.7) -8.94(9.0) 0.06(0.5) 0.66 | 0.24
T | 055(1.1) -9.23(9.3) -0.28(0.6) 0.90 | 0.23
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Figure 2: The estimated [y to (2 against 7 for three different network structures. The
black line is the average estimated value over 1,000 replications, and the grey area is the
empirical 95% confidence band. The top panel: dyad independence network; The middle

panel: stochastic block network; the bottom panel: power-law distribution network.
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Figure 3: The histogram of QACF (p;,) of all nodes.
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