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Abstract

Using an extension of the concept of twist field in QFT to space—time (external) symmetries, we study
conical twist fields in two-dimensional integrable QFT. These create conical singularities of arbitrary excess
angle. We show that, upon appropriate identification between the excess angle and the number of sheets,
they have the same conformal dimension as branch-point twist fields commonly used to represent partition
functions on Riemann surfaces, and that both fields have closely related form factors. However, we show
that conical twist fields are truly different from branch-point twist fields. They generate different operator
product expansions (short distance expansions) and form factor expansions (large distance expansions). In
fact, we verify in free field theories, by re-summing form factors, that the conical twist fields operator prod-
uct expansions are correctly reproduced. We propose that conical twist fields are the correct fields in order to
understand null polygonal Wilson loops/gluon scattering amplitudes of planar maximally supersymmetric
Yang—Mills theory.
© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In quantum field theory (QFT) any singularity in an otherwise flat space—time is associated
with a quantum field localized on the singularity. Since the stress-energy tensor 7" is the first
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Val(x,7) :

Fig. 1. A pictorial representation of the conical twist field Vy (x, 7). The red horizontal line represents the branch cut
induced by the conical singularity, and the arrows represent the continuous path a local field takes when continued around
the position (x, 7). When reaching the cut, the local field is affected by a clockwise rotation of angle «. Effectively,
a wedge of angle « is added to the full cycle around the point (x, 7). (For interpretation of the colours in the figure(s),
the reader is referred to the web version of this article.)

order response to a small metric transformation, one may expect that metric singularities can be
represented as exponentials of the stress-energy tensor. Natural examples of metric singularities
are conical singularities in an otherwise (two-dimensional) Euclidean flat space: points of infinite
curvature with excess angle o # 0 (the curvature is positive (negative) for & < 0 (¢ > 0)). The
goal of the present paper is to propose a quantum field, that we will call a conical twist field,
expressed in terms of the stress-energy tensor, and that represents a generic conical singularity
of excess angle «. In the picture of Euclidean field theory, it is a field whose position (x, ) is
the end-point of a branch cut extending towards its right, through which other fields are affected
by a rotation clockwise of angle « with respect to (x, t). This is an extension of the well known
concept of twist fields [ 1-9] to space—time symmetries, instead of internal symmetries. See Fig. 1.

Let R (y) (with o = 1, 2 representing space and imaginary time respectively)' be the con-
served current associated to rotation symmetry with respect to the point (x, 7). The proposed
conical twist field, positioned at (x, ) and adding a wedge of angle o > 0 centred at (x, 7), is of
the form

Vo (X, T) = [e—“fxm dyfﬂz(y,f)] (1)

where the square brackets indicate an appropriate renormalization of the field. We will define a
renormalization procedure that makes the exponential finite and well defined. We will show, by
a direct computation of the effect of scale transformations, that the resulting field is a spinless
scaling field with scaling dimension 2A, given by

c [oa+2m 2
Ay = — - . 2)
24 2 o+27

This direct computation of the scaling dimension is subtle. As usual, one separates the renormal-
ized field into the multiplicative renormalization e =22« times a regularized exponential, and one
shows that the latter transforms trivially. But trivial transformation only occurs if the rotation cur-
rent R2(y, 7) is chosen to include an appropriate term proportional to the identity operator, which
affects the choice of the multiplicative renormalization. The proofs are reported in Appendix A
(see in particular Appendices A.1 and A.3).

This conical twist field has the unusual-looking hermiticity property

Vi=Vy 3)

1 Our convention is that if O(x) is a spinless field, then [Jrdy R2(y, 1), O(x+x, )] =X 9: O(x+x', 7). In particular
R2(y, T) is hermitian.
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and generates the operator product expansion (OPE)
Vi (2)Vy (0) = Cz’_;?’Z_ZAa—ZAa/-FZAaJra’ Vot 0) + - )

/
where ng‘,)‘ are the (yet unknown) three-point couplings. In particular,

Vo ()V_g(0) =z A bl . 5)

where we take conformal field theory (CFT) normalization to fix the structure constant to
Cg’_a = 1. Note that thanks to (1), conical twist fields can in principle be seen as exponen-
tials of Virasoro modes, or Virasoro vertex operators. Such exponentials implement conformal
transformations and were studied in quite some generality in [10]. In this sense, the conical twist
field V, (0) implements the singular conformal transformation z I/ (te/2m)

In the study of QFT on branched Riemann surfaces, branch points of nth-root type, with

integer n, are negative curvature conical singularities of excess angle « that are multiples of 2:
a=27(n—1). (6)

Fields associated with conical singularities on Riemann surfaces have been studied a long time
ago in the context of orbifold CFT [11-14]. More recently, this has been understood in general
1 + 1-dimensional QFT: such singularities can be studied using branch-point twist fields 7 (and
their conjugate 7) [15]. These are fields which exist in an n-copy replica model and which
are associated to the (or any) generator of the Z,-symmetry of the replica model. The conical
twist field is of a different (but related) nature, and does neither require n to be an integer (« to
be a multiple of 27r) nor the model to consist of n replicas (it exists in a single copy of the
model). Its scaling dimension (2) agrees with that of the branch-point twist field when 7 is an
integer and is related to « as in (6), although we emphasise that the computation we provide for
the scaling dimension of the conical field is based on (1) and independent from the concept of
branch-point twist field. As we shall see in more detail later, conical field form factors agree with
a particular subset of those of the branch-point twist field [15] where all particles lie on the same
copy. However, the hermiticity property (3) and the OPE (4) differ from those of branch-point
twist fields. Branch-point twist fields are generically not self-conjugate, and their OPEs do not
involve branch-point twist fields at different values of n (as n is a property of the model, not of
the field), but rather different elements of the Z,-symmetry. Further, the form factor series for
the vacuum two-point function (T(O)i’(ﬁ))n contains sums over replica indices, from 1 to n,
as these parametrize the particles of the replica model. In contrast, that of conical twist fields
does not involve such sums. Conceptually, the difference between the conical twist field and the
branch-point twist field is that the latter reproduces both a metric singularity and a particular
branching (of nth-root type), while the former reproduces only the metric singularity, adding or
deleting space with trivial branching.

Partition functions on Riemann surfaces with branch points have received a lot of attention
recently due to their use, within the “replica trick”, for the evaluation of the von Neumann and
Rényi entanglement entropies [16,17,15,18,19] and the logarithmic negativity [20-23]. In most
of these applications, one establishes the result for integer n, and then performs an analytic
continuation to real values of n, which is in general hard to define uniquely and involves a certain
amount of guesswork. However, in the case of the entanglement entropy for a single half-infinite
interval in any QFT, one knows the exact reduced density matrix [24—27]": it is the exponential

2 The works [24,25], where the result was obtained for the first time, are rigorous and based on the algebraic formulation
of QFT. They show that the Tomita—Takesaki (TT) modular group associated to a wedge is that of Lorentz boosts, and
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of the integral of the rotation current, exactly as in (1) (as a consequence of global conformal
invariance, one then also knows it for a single interval of any length in CFT, see for instance
[28]). In this case the analytic continuation is simple, and this explains various aspects of the
so-called entanglement spectrum [29]. Also, in this case the reduced density matrix is in fact
proportional to a special case of the conical twist field as we define it in (1) (and averages with
respect to powers of the reduced density matrix are correlation functions with a single insertion
of the conical twist field). Here, we study (1) for the first time as a quantum field, taking products
of conical fields, and discussing their OPEs and form factors.

Our motivation for the consideration of this field in part comes from recent works on gluon
scattering amplitudes in planar (N, — oo0) N = 4 Super Yang-Mills (SYM) theory, which are
equal to expectation values of null polygonal Wilson loops (WLs) [30]. In the simplest, non-
trivial case, the six gluon amplitude, or equivalently the hexagonal WL, was tentatively identified
by [31], in the strong coupling regime, with the form factor series for the two-point function
(T(0)T (£)), of a branch point twist field 7 and its hermitian conjugate T in the massive
O (6) non-linear sigma model (NLSM). Strictly speaking, this applies to the contribution of the
scalar excitations to the WL, where there are different expressions for all (particle) form fac-
tors® [31-34], although their detailed derivation is still missing. A posteriori, this identification
was supported by the fact that a short-distance re-summation of the series reproduces the right
conformal limit and scaling dimension for the twist field [31-34] (with different computation
strategies, as mentioned below).

However, the form factor series of (T(O)i‘(ﬁ))n, as first obtained in [15], is in fact, strictly
speaking, different from that found for six gluon amplitude or hexagonal WL. Indeed, as men-
tioned, the form factor expansion of (T(O)i’(ﬂ))n contains sums over replica indices. In contrast,
six gluon amplitudes or hexagonal WL, although formed out of the same building blocks (mod-
ulus square of twist field form factors) [31], do not contain replica sums. Furthermore, in the
amplitude/WL case the value of n is set to n = % =2_ through a pictorial analogy with a pen-
tagon, where the particle jump p = 5 times on the edges to go back to its starting point, into
which the hexagon is decomposed. Yet n must be an integer in order for branch-point twist fields
to be defined, as it counts the number of replicas; non-integer values of n are obtained by analytic
continuations and don’t strictly correspond to two-point functions.

Instead, we will argue that six gluon amplitudes/hexagonal WLs may be expressed as two-
point functions (V, (x)Vy(0)) of the conical twist fields introduced above, with o = /2. Indeed,
the form factor series for (V,(x)V,(0)) is in general of the same form as the series describ-
ing the six gluon amplitude or hexagonal WL, in particular without sum over replica index. In
addition, as per the prescription for the form factors of V,, the form factors in the series for
(Vr/2(x)Vz/2(0)) coincide with those of the twist field 7 where all particles are on the same
copy for the choice n = 45‘1’ in agreement with the amplitude/WL result. In [31] an OPE was
identified, which can be written as

Vi (2)Vz (0) ~ T Opera - )

In this OPE, Opexy Was interpreted as associated to an “hexagon” amplitude with form factors
equal to those of the branch point twist field 7 for n = % (again with all particles on the same

then note the known fact that the TT theory predicts the state to satisfy the Kubo—Martin—Schwinger condition with
respect to the TT modular operator. In physics parlance, this implies that the reduced density matrix is the exponential of
the Lorentz boost generator.

3 This applies, in most cases, to the sum on O (6) internal indices of the form factor modulus squares.
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copy). This leads to the identification Opexa = Vyr, which again agrees with the general conical
field OPE (4), and further supports our conjecture. The power in (7) is 4A% —2A; = ﬁ' In

particular, for ¢ =5 as in the O(6) NLSM, this gives exponent 31_6 which has been recovered
very precisely by re-summing the form factor expansion in [31-34]. In [32,33] this was done
by applying to the asymptotically free O(6) NLSM the well-known cumulant expansion [35]
reviewed and employed below.

In other words, with the definition given here of the conical twist field we have set on solid
ground the interpretation of the form factor series obtained for gluon scattering amplitudes/null
polygonal WLs. The exact interpretation was made in the massless limit of the O (6) NLSM, re-
alised by the infinite "t Hooft coupling limit. But, as supported in the following by the form factor
properties we derive, we would expect this identification to be true for the massive O (6) NLSM
realised by the strong coupling regime, and similar conical fields to be involved in the full string
NLSM replacing the O (6) NLSM ([36] and references therein) at any coupling. Further, one can
generalise to other polygons: in the WL picture, k-sided polygonal Wilson loops correspond to
(k — 4)-point correlation functions (the heptagon corresponds to the three point function, the oc-
tagon to the four point function, and so on). Finally, for the full theory we expect that the conical
twist field form factors are associated to an integrable theory with scattering matrix defined on
the GKP vacuum [37-39].

The paper is organised as follows: in section 2 we provide a rigorous QFT definition of coni-
cal twist fields and discuss their properties at and near conformal critical points. In particular we
argue that, unlike the more standard definition of a twist field in QFT as a field associated with
an internal symmetry of the theory, conical twist fields are associated with rotational space—time
symmetry (hence an external symmetry) and insert conical singularities corresponding to excess
rotation angle «. They may therefore be formally expressed as (appropriately regularised) ex-
ponentials of integrals of the rotation Noether current over the line that starts at the twist field
insertion point and extends up to infinity. In section 3 we characterise the same fields through
their form factors and write the corresponding form factor equations for integrable 1 + 1 dimen-
sional QFTs with diagonal scattering. We give the general form of the two-particle form factor
and, for free theories, give also closed formulae for all higher particle form factors. In section 4
we review the standard cumulant expansion of two-point functions of local fields in terms of
their form factors and specialize it to conical twist field two-point functions in free theories. For
free theories we obtain an exact resummation of the leading short-distance contribution to the
correlators. In section 5 we test our form factor formulae by numerically evaluating our analytic
expressions for the leading short-distance behaviour of the correlator (V, (0)V, (¢)) and finding
that they exactly match the expected decay from the conformal OPEs. In particular, we observe
that the form factor resummation becomes subtle when any of the excess angles is negative in
which cases a detailed analysis of the integrands’ pole structure is required. This is reminiscent
of the kind of issues that arise when analytically continuing the correlators of branch point twist
fields from n integer to n > 1 and real. We present our conclusions in section 6. A derivation of
four defining properties of the conical twist field is presented in appendix A.

2. Conical twist fields in quantum field theory

The construction of the conical twist field is based on the standard theory of twist fields asso-
ciated with internal QFT symmetries. Recall that in the quantization on the line, a twist field V;,
associated with an internal symmetry o of the QFT, satisfies equal-time exchange relations
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o-0@y, ) Vs(x,7) (y>X)
Oy, 1) Vs (x, 7) (y <x)

where o - O is the transformation of O under o. Through the usual time-ordering prescription,
a correlation function with a twist field insertion may be evaluated by a path integral over field
configurations with a jump condition across the cut {(y, ) : y > x}. The jump condition imposes
continuity between any local field O just below the cut, and its transform o - O just above the cut.
Since o is a symmetry, the result only depends on the homotopy class of the cut on space—time
with punctures at the positions of other local fields in the correlation function. A twist field is
local in the sense that it commutes at space-like distances with the stress-energy tensor, as the
latter is invariant under o.

Let us extend this concept to actions of o on space—time (external symmetries). Specifically,
let o be a rotation clockwise by an angle o > 0 with respect to the point z = x 4 it. For instance,
if O(y, 7) has spin s, and denoting the position by a complex coordinate w =y + it, we have
o - Ow) = e S*O(e~*w).* Let us denote by Vy (X, T) the corresponding conical twist field
satisfying the exchange relations (8).” The associated jump condition in the path-integral rep-
resentation imposes continuity between fields just below the cut {(y, 7) : y > x} and clockwise
a-rotated fields just above the cut. Intuitively, a clockwise rotation brings the fields from just
above the half-line to a rotated position in an “extra” space—time wedge below the half line, thus
adding a wedge centered at (X, ) of angle o and creating a negative-curvature conical singular-
ity. See Fig. 1.

Since rotations form a Lie group, they have an associated Noether current 23* (y). This imme-
diately leads to the exponential representation of V, (X, 7) in terms of the stress-energy tensor, as
in (1). Indeed, the standard commutation relations between the rotation Noether current and lo-
cal fields then guarantees that this exponential generates the correct exchange relations (8) with
o the clockwise «-rotation. Clearly, conical twist fields are not local, even in the large sense
of commuting with the stress-tensor at space-like distances. However, since R* is a conserved
current, the field V, (x, t) does not depend on the shape of the cut emanating from its position,
but, again, only on its homotopy class on space—time with punctures at the positions of inserted
local fields. This is the sense in which V, (X, T) may be understood as enjoying a certain locality
property. Hence we have more generally

; ) _—
Vo (X, 7) = |:e°‘fd5 5w R (}(s))] o

Vo X, 0)O(y, 1) = { )

for any curve s — y*(s) connecting (x, T) to co.
In the rest of this section, we make these ideas more precise and state the main properties of
the resulting field.

2.1. Rotation current and singular curvature

In the following, it will be convenient to use com_p_lex co_ordinates z=X+1it,z=x—1it and
the stress-energy tensor components 7' = —(7/2) T°* and T = —(7r/2) T** with the usual CFT
normalization, T (z)T (') = (c/2) (z — /)™, T(2)T (Z') =~ (¢/2) (z —Z')~* where ¢ is the central

4 This operator is not necessarily holomorphic but may depend also on w which transforms accordingly.

5 Relation (8) defines a family of twist fields. The field V, is further defined by imposing appropriate minimality
conditions, such as minimality of its scaling dimension, and is here assumed to be unique. Recall that such conditions
also play a role in the identification of 7 and 7 as the correct branch point twist fields.
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charge of the ultraviolet CFT. We will also denote by ® = —(7/2) T,ﬁ‘ the “CFT-normalized”
trace of the stress-energy tensor. In particular, we have 37 + 90 =0 and 97 + 3® = 0.

For simplicity we concentrate on the conical twist field V,, := V, (0, 0) positioned at the ori-
gin. Note that in order for the expression (1) to generate the correct exchange relations, only
the commutators of the rotation current $R* with other local fields are required. Therefore, the
choice of the current 93* defining the conical field is ambiguous with respect to addition of terms
proportional to the identity operator 1. This affects the normalization of the field V,,. We propose
to lift the ambiguity by adopting the following rotation current:

_ 1
iTR*=7T —z0 — Eg(m|2|)1

; 1
—in % = 2T — 260 — —G(mlz))1 (10)

where m is a mass scale of the QFT model and G (r) with r := m|z| is a universal scaling function
with

C
G(0) = T (1)

At the conformal point, where there is no mass scale, the factor G(r) is the constant ¢/12 in (10).
Except for the singularity at the origin in (10), given by (11), the function G(r)/r is required to
be integrable on the line. Its exact form does not affect the evaluation of correlation functions,
but might be involved in the evaluation of vacuum expectation values of conical fields in massive
QFT.

Although we will not fully address the problem of the exact form of G(r) here, we nevertheless
propose that the function G () should take the form

r

G(r) = £ —2%(r) +2 / d gy, g =m 2Ok (12)
0

where the expectation value (®(x))c, k is evaluated on the plane C with a Gaussian curvature K
that is singular at the position of the conical field,

K(x) = =278 (x). (13)

The singularity in (10), with residue specified by (11), is essential in order to guarantee the
correct scale transformation properties of the conical field. We provide full arguments in Ap-
pendix A. A further justification for this singularity, as well as for the choice (12) beyond CFT,
is as follows. At the insertion of the conical field, a conical singularity emerges. Singularities in
QFT give rise to additional renormalizations, and at the singular point microscopic effects are
important. In order to account for these, a standard regularization is performed by making a hole
in space—time around the singularity (see below). The limit is then taken in which the hole is
made infinitesimally small. At the boundary of the hole, the trace of the stress-energy tensor ac-
quires a nonzero expectation value proportional to the (negative) linear curvature. The boundary
integral of this linear curvature is —2s. In the limit where the hole becomes a point, this may be
replaced (in accordance with the Gauss—Bonnet theorem) by a punctual singular Gaussian curva-
ture K (x) = —278® (x). We account for this by shifting the stress-tensor trace by its expectation
value on the space C with the singular curvature K,

B:=0— (O(x))c.kl. (14)
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The shift has a delta-function contribution at the origin, which is inferred from the CFT trace
anomaly formula

crr  cK(x)
= 7w
The other elements of the stress-energy tensor, T and T, are shifts of 7 and T respectively,

determined by the conservation equations 9% + 98 = 0 and 3% 4+ 08 = 0. Accounting for the
delta-function singularity using 3(1/z) = 8(1/z) = w8® (x), we then obtain

(OM@))c.x

5)

2

c — — C cm
T=T - — 1, =T - — 1, 8=0+ —h()1
1222 f@) 1222f(r) + 2 (r)

where (cm?/12)h(r) = —(®(x))c.x and f(0) =1 (and lim,_ ¢k (r) < oo). The conservation
equations imply that, away from the origin, f and A satisfy r2h’(r) = f’(r). The rotation current
takes the standard form using these shifted stress-energy tensor components, iz %% = % — z8
and —irR? = zT — 8, which gives the universal scaling function G(r) = (c/12)(f (r) + r?h(r))
in agreement with (12).

Note that the integration measure involved in (9) is dx*e,,R" (x) = (dzR* — dz M)/ (2i),
where €, is the anti-symmetric symbol. In CFT, this specializes to

1 - d dz
dxte, R (x) = —— (T de +27dzi — — [ =+ = )1 (CFT). (16)
2 12\ z z
In the next subsection we provide further calculations showing that the choice of rotation
current (16) is correct in CFT. Away form the conformal point, the expression (10) with (12)
constitutes a conjecture.

2.2. The conical field

Besides the choice of the current, the right-hand side of (1) requires a regularization / renor-
malization procedure. The theory developed in [10] allows in principle to regularize such Vira-
soro vertex operators by separating the exponential into a product of exponentials with positive
and negative Virasoro generators. However, making the full connection with [10] is beyond the
scope of this paper, and instead we concentrate on a more direct renormalization, if more difficult
to control. We use an “angular renormalization” procedure based on an angle-splitting prescrip-
tion. This takes inspiration from [40,41] where angular quantization was used in order to study
U (1) twist fields in the Dirac theory. Here no explicit quantization scheme is used and we con-
centrate on correlation functions.

We first define a regularized exponential of a line integral starting at O in the complex plane.
We regularize the Taylor expansion as follows: (a) a circular hole of radius ¢ > 0 is made around
the origin, on the boundary of which we impose conformal boundary conditions, modifying the
lower limit of the integral to a position on this boundary; (b) powers of the integral are split
into products of integrals along rays at different angles. We then take the limit where all angles
are equal to each other. That is, an e-regularized exponential is defined, inside any correlation
functions on an open set D > {0}, as

i,
00 Le'%k

<[efodem(x>] > Z '{¢k—>0} <H /dxﬂfu(x) > (17)

T el D\eD
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where L > ¢ and we use complex numbers in order to represent coordinates in the integration
limits. Here the ellipsis - - - represent potential insertions of local fields at fixed positions.

In order to define the conical twist fields, we then take a renormalized limit where ¢ — 0
of the regularized exponential. On the plane, the field corresponding to the insertion of a single
conical singularity of excess angle « at the origin is:

Ve 1= lim 728 [ o7 fi7 B 6 0] (18)
e—0 e
where A, is given by (2). In CFT this suffers from infrared divergences. One may regulate these
infrared divergencies by a finite-volume cutoff. For instance, on the disk ¢ID of radius ¢, we
define the conical field at position 0 as

Vol = lim 7280 [ o et 0] (19)
e—0 e

The latter is in fact valid both in massive QFT and in CFT, and the limit £ — o0 can be taken in

massive models and reproduces (18).

Recall that R" is a conserved Noether current associated to the rotation symmetry. Therefore,
the integral f fjf dx*e MY (x), inside correlation functions on the annulus of inner radius ¢ and
outer radius £ with conformal boundary conditions, is invariant under a change of the angle of
the path ¢, as long as the path does not cross the positions of other local fields inserted. As
a consequence, the limits on the angles ¢ in (17), on the right-hand sides of (18) and (19),
exist: the correlation functions are independent of the angles ¢ if they are near enough to each
other.

Note that, again using current conservation, it is not necessary to take paths that are straight
rays: for the purpose of the conical twist field, the regularized exponential can be defined by
taking, for the kth term of the Taylor expansion, any collection of k non-crossing paths from
one boundary to the other of the annulus, and by taking the limit, order by order, where they
accumulate to a single ray from ¢ to £.

In Appendix A, we provide field theory arguments for the following statements. Point II is
expressed here, and shown in Appendix A, in the case « € [0, 27) for simplicity.

1. The limit ¢ — 0 in (18) and (19) exits and is finite inside correlation functions.

II. The field V, (on the disk or the plane) implements a conical singularity at the origin of angle
27w 4 «: it makes a cut on £ = (0, £) and inserts there a wedge in a disjoint copy of ¢ID
bounded by the segments £, = (0, £) and £_ = e~%(0, £), by establishing at £ continuity
from below to £_, and from above to £ (take £ — oo for the plane).

III. The field V, (on the disk or the plane) behaves as a spinless scaling field at position 0 with
scaling dimension 2A, given by (2).
IV. The field is conformally normalized, that is

(Va)ep ="« (CFT). (20)

Note that Properties II and III imply the OPEs (4) (and (5)): as two conical fields approach each
other, their associated excess angles must add up, and the ensuing singularity is determined by
the scaling dimensions of the fields involved.

Let us be more precise concerning Property II. Recall that we may construct a manifold
M, ¢ with a conical singularity as follows; for simplicity we restrict our attention to & € (0, 7).
We consider the generic case of a disk ¢D, with rotation-invariant boundary conditions on the
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boundary of the disk. The result holds as well on the plane by taking £ — oo, with (¢ID)/_, oo
identified with the plane C. Let E]D)(f), j =0,1,2 be three cclpies of the disk. Consider two
copies of the disk minus segments, DD = ¢p® \ [0, ¢) and D@ = ¢D®@ \e”""[O, £), and a
copy of the punctured disk DO = ¢p© \ {0}. For any 0 < a < b < 2m, denote the subsets
{ze D arg(z) € (a, b)} by ]]3)81?1,). The manifold can be covered by three patches: the two cut

disks D and D@, and a wedge ]IV))E(l)a @ The transition functions between these patches are
@n . 15@ 5 10y . 15 0 02) . 15O (2)
U Doar—a) > Do2r—ay U7 D0 > D00y U7 Do) = D0

with UV (z) =z, U0 (2) = z and U (z) = e/¥z. It is clear that M, ¢ has excess angle «
at the origin: it is a manifold with a conical singularity at the origin. Point II above may then
be expressed as follows. Consider a product of local fields || j Oj(x;) for disjoint coordinates
xj € ¢D\ {0} lying in the disk of radius £ minus the origin. Then,

(Vo (0) [T, Oj(xj))en
—([To;w; 2
VO C]/(@m> 22

J Ma,l

for any O;(x;), where U : (D \ {0} — Mg ¢ maps ¢ \ [0, £) into DD and maps (0, £) into
]13)(0), in both cases as U (z) = z. Insertions of local fields in other regions of M, ¢ are obtained
by continuation in the positions x;.

Remark. When the angle « is an integer multiple of 27, it is possible to connect conical fields V,
with ordinary twist fields, in a replica model, associated with special elements of the permutation
group. Consider for instance the two-point function (V, (x)V,/(0)) for @« =27 (n — 1) and o’ =
27 (n’ — 1) with n, n’ € N. Consider a replica model composed of m =n +n’ — 1 copies of the
original model, and the twist fields 7(j...,y and 7(,....) associated to the permutation elements
(1---n) and (n---m) that, respectively, cyclically permute the copies 1, ..., n, and the copies
n,...,m.Then (Vu (x)Vy (0)) = (T(1...n) (X) T(n--.m) (0)). In effect, the copy number # is identified
with the original plane, and the extra copies below and above n with the extra space introduced by
the conical singularities. Such constructions however only work for excess angles that are integer
multiples of 27, although a natural analytic continuation in n and m of (7(]...n) (x) T(4-..m) (0)) Will
give the correct continuation to other values of & and «’.

3. Form factor approach to conical twist fields

In massive QFT an alternative way to define the conical twist fields is to fully characterise their
matrix elements. We therefore turn to the description of 1 4 1-dimensional QFT on Minkowski
space—time in terms of its Hilbert space of asymptotic relativistic particles. We will verify that
(in the UV or short-distance limit) the correct OPEs (4), and in particular (5), are recovered, thus
lending support to the fact that the field whose form factors we describe here is indeed the conical
twist field introduced above.

In the context of 1 + 1-dimensional QFT, form factors are defined as tensor valued functions
representing matrix elements of some (local) operator O(x) located at the origin x = 0 between
a multi-particle in-state and the vacuum:

FOV4 0y, 60 = 010©)|01. ... 00 (23)
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Fig. 2. A pictorial representation of the conical twist field k-particle form factor. The red horizontal line represents the
branch cut induced by the conical singularity.

Here |64, ..., Qk)ifl’_'_, ., Tepresent the physical “in” asymptotic states of massive QFT and (0] is
the vacuum state. Multi-particle states carry indices u;, which are quantum numbers character-
izing the various particle species, and depend on the real parameters 6;, which are the associated
rapidities. The rapidities characterize the energy and momenta of particles in 1 + 1 dimensions
through the well-known relations E,, = m, coshf and p, = m, sinh6, where m is the mass
of particle p. The form factors are defined for all rapidities by analytically continuing from
some ordering of the rapidities; a fixed ordering provides a complete basis of states, for instance
01 > 6, > --- > 0 is the standard choice to describe in-states.

In 1+ 1-dimensional integrable QFT there is a well-known approach known as the form factor
programme which provides a systematic means to (a priori) compute all matrix elements (23) for
any local field O [4,7]. The “standard” form factor programme generally relies on locality of
operators. Nonetheless, we will now see that we can also develop such a programme for the
conical twist fields by slightly altering and adapting the form factor axioms found in [4,7].

Let us denote by

FY- @y 00) == 01Va 061, ..., 000 (24)

the form factors of the conical twist field with excess angle «. We may represent these func-
tions pictorially as shown in Fig. 2. Because of relativistic invariance and spinlessness of the
conical twist fields, these form factors must only depend on the rapidity differences; in the two-
particle case, they then become functions of only one variable, 8 = 6; — 6, and so we will write

sz ali1i2 (9) for the two-particle form factor.

The form factor programme is a Riemann—Hilbert problem for the form factors (2), that is a set
of consistency equations which establish their monodromy properties and singularity structure.
It was shown in [15] that the standard form factor equations [4,7] can be modified to encompass
(local) branch point twist fields defined on replica theories. Note that the form factor equations
derived in [15] are in fact very similar to equations found previously in [42], although in the
latter a different motivation (i.e. describing the Unruh effect) was taken, with entirely different
interpretation of the solutions.

Before embarking into the derivation of generic form factor equations for conical twist fields
we should also mention that various proposals already exist in the literature which for the most
part deal with specific amplitudes (that is, particular choices of «). In [43] a set of consistency
equations for pentagon amplitudes were proposed, which appear very similar to our equations
in the next subsection for the particular choice @ = 7. The equations for octagon amplitudes
(or ¢ = 21) have been recently proposed in [44] building on previous work by the same authors
[45], even though the equivalent of our equation (28) was not written in [44] or [43]. Many works
also exist where expressions for particular amplitudes are given in the form of series expansions
which are clearly reminiscent of form factor spectral decompositions such as those discussed
in section 5. For instance in [46—48] such expansions are obtained from an integrable lattice
structure whereas in [32,39] a different approach is taken.
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Sy 1, (O p+1)

Fig. 3. A pictorial representation of Watson’s equation (25).

61

g

Fig. 5. A pictorial representation of the kinematic residue equation (27).

‘§0+in ‘_ .
Os+in

Ha
&ia 6
Fig. 6. A pictorial representation of the kinematic residue equation (28).

3.1. The conical field form factor equations

It is intuitively not too hard to see how the equations from branch point twist fields may be
adapted to the non-local conical twist field defined earlier. Let the two-particle scattering matrix
between particles 111, u2 be S, 4, () (we assume for simplicity that there is no backscattering)
and let [ represent the anti-particle of ;. We propose the following conical twist field form factor
equations and represent them pictorially in Figs. 3, 4, 5 and 6:

Va By /7y Va A iees
Fy ettt 0, 01 ) = Sy Gr i) Fy (64,60, (25)
FYeimeti g 4 omi L 6) = FY P 0, L6y, 0 — i), (26)
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Res Fy V1 G + i, 60, 01 ..., 6) =i FY M1 0y, .., 6p), (27)
Bo=60
Res FYy 404 Qo + i, 60 — ia, 01 ..., Op)
Ao=0
£ V.
= —il_[ Sup: Boi — i) F alirtk g g, (28)

i=1

It is worth pointing out that equation (28) is actually not independent from (27) (this is also
true for the two kinematic residue equations for the branch point twist field given in [15]). It is
easy to show that (28) becomes (27) after repeated use of (25), (26) and certain basic properties
of the scattering matrix such as unitarity Sy, (0)Su,u, (—6) =1 and crossing S, ., (0 +in) =
Suoi; (—0). However, both equations (28) and (27) are physically important since they imply
the presence of two (rather than one) kinematic poles, and this has a bearing in determining the
analytic structure of the form factors. Further use of (25), (26), (27) and (28) does not generate
more kinematic poles. As usual, there will an additional residue equation in the case when bound
state poles are present. This will be identical to the branch point twist field bound state pole
equation that can be found in [15] (equation (6.8)) when restricted to particles on the same copy.

Let us now consider Watson’s equations (25)—(26) for the two-particle form factors. As noted
earlier, these are functions of the rapidity differences only so we can write

FY P2 (015) = 81,1, (012) Fy 21 (—61) (29)
with 012 := 0] — 6, and

F2Va|ﬂ1ﬂ2 (912 + 27_[1) — F2Va|ll2ll«1 (_912 + iOl), (30)
or, combining both equations:

FY Y2 010) = 81,11, (012) Fy 21 (= 010) = FY V2 (=01 +i@27 + ). (31)
The kinematic residue equations on the other hand tell us that

Res F) VM @y — 6p + i) =iF)®, (32)

6o=06p
and

Veliti g : _ iV
Res F, (6o — O +i(a +m)) = —iFy", (33)
=00

where F(}) “ = (V,) is the vacuum expectation value of the conical twist field. It turns out that,
under the identification (6), these are exactly the same equations as satisfied by the two-particle
form factor of a branch point twist field on an n-copy replica model, if the particles w1, w2, i, it
are all set to lie in the same copy of the replica model. This means that the same general solution
found in [15] will also solve the equations above giving:

(Va)sin 2 FYeliii gy )

Vil 2
F) ©) =
2n sinh (‘”rf) sinh <1”+‘9> FYalmine (IJT)

min

where « is related to n as per (6), and where F:ﬁ‘;l“ '"2(9) is a minimal form factor, that is, a so-

Iution to equation (31) which has no poles on the extended physical sheet Im(0) € [0, 27 4 «].
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Here we have expressed (34) in terms of the variable n as formulae are simpler. We may now
test the new form factor equations and their solutions by investigating the (massive) correlators
of the fields whose conformal OPEs were given in (4)—(5). Here for simplicity and in order to
illustrate the concepts in the clearest fashion possible, we will do this for free theories, for which
also higher particle form factors can be obtained. We will show that the CFT scaling behaviour
is exactly recovered at short-distances from a form factor expansion.

3.2. Free theories

The simplest models to consider are of course free theories, that is the free Majorana Fermion
and free Klein—Gordon Boson theories with relativistic scattering matrix S(0) = F1, respec-
tively. In this case there is only one particle type (so we may drop the particle indices w; in
the form factors). Both these theories have an internal Z, symmetries which implies only even-
particle form factors are non-vanishing. The two-particle form factor is given by (34) with

Vy ] —isinh 2% for the free Fermion
Fonin @) = 1 for the free Boson. (35
Clearly, we have
Y —FZV “(—0) for the free Fermion
@)=\ > (36)
Fy“(—=0)  for the free Boson.

Due to the free nature of these theories, and in particular the fact that the conical twist field is an
exponential of quadratic expressions in free fields, the 2k-particle form factors admit remarkably
simple expressions. They can be expressed as

Vs | (Vu)Pf(K) for the free Fermion
Fyl @, -, 020) = { (V,)Hf(K) for the free Boson, (7
where Pf is the Pfaffian and Hf is the Haffnian of the matrix K defined as®
V.
Fy* 6 - 6))
Kii=-2 "t “J7 (38)
N (Ve)

Recall that the Pfaffian of an antisymmetric matrix K is given by

Pf(K) = /det(K) (39)

whereas the Haffnian is given by

k
1
HIK) = > [[Koai-noe, (40)
o€eSy i=1
where Sy is the set of all permutations of Zy; = {1, 2, ..., 2k}. Thus the two-particle form factor

(38) is the building block of all higher particle form factors of the conical twist field V. Since

6 Note that the same object was (mistakenly) named the Permanent in [51] even though the same definition (40) was
used. See also [52] p. 449 for a similar application.
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we will be using the expression (38) repeatedly in the following computations, we will from now
on use the shorter notation:

Kij = f(0ij; ), (41)

with o given in (6) and 0;; = 6; — 0.
4. Cumulant expansion

In 1 4 1-dimensional QFT we have that the (normalized) logarithm of the two-point function
of local fields Oy, O, admits an expansion of the form [35,49,50]

<01<0)02<z>>> — 12

log| ————— | = (D), 42
g( N )~ )
with

1 N o0 o0 )
}2(@— ' Z /d@]'n/d@j hj,zl'ul"'ﬂj(el,--',9j)€7m(2{=1C0Sh0i,
jl@m)
His-ees =l " —00

(43)
. 121yt . .
where the functions /. lt--.nj (01, ---,0;) are given in terms of the form factors of the fields
involved, N is the number of particles in the spectrum and w; represent the particle’s quantum

numbers. For example:

FO o) (7" @)’
(©1)(02)

hH6) =

T
F oy o) (B2 0,0 )
(01)(O2)

and so on. Here we have used the generic property:

hy 12 01,00) = = O 0, @44)

. OT‘ L
e (0 - 01102(0)]0) = 01O3 )61 ... 075, = F; 2" 0, ...0)% (@5)

The expansion (43) with (44) is usually referred to as the cumulant expansion of the two-
point function (see e.g. [35,49,50]) and it is particularly well suited for extracting the leading
log ¢ behaviour of the two-point functions for m¢ < 1 (where m is a mass scale) provided that
the cumulants hl.zm1 I ;) satisfy certain asymptotic properties in the rapidities so that
the integrals (43) are finite. For simplicity let us consider temporarily the case of a single particle
specie, and operators Oy, O, that are spinless. If all form factors are known, one may extract the
leading UV behaviour by employing the fact that relativistic invariance implies that all form fac-
tors depend only on rapidity differences. As a consequence, one of the rapidities in the integrals
(43) may be integrated over, leading to

o8} (o8]

2
c}-z(@):m/dez---/dej 120,62, 6)) Ko(mtd;), (46)

—00 —00
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where Ko(x) is a Bessel function and

. 2 . 2
J J
d}=|> cosho,+1]| — | sinho, | . (47)
p=2 p=2
Provided the functions h}.z(O, 62, -, 0;) vanish for large 6;s, we may, for m¢ < 1, expand the

Bessel function as Ko(mfd;) = —logf — y +log2 — log(md;) + --- where y =0.5772157...
is the Euler—Mascheroni constant. For mf < 1 we expect the behaviour

<<01(0)02(€))
(O1)(02)

where x17 is a constant that captures the short-distance power law of the correlator (described by
CFT) and K, is a constant generally related to the expectation values and conformal structure
constants of @ and O;.

Coming back to the general case with potentially many particle species, using the leading
term in the Bessel function expansion in the series (42) one obtains

) =—xpplogl — K2+ --- (48)
me<K1

[e¢]

o0 o0
- 2 3 do do; h"M1 0.6 0; 49
le—Z 3 7 Z 2 i 0,0,---, j)' (49)
J1Q2m) »

Jj=1

----- mj=1_"s —o0

A similar expression can be found for the constant Xy, as shown in [50].

We note that the cumulant expansion method was applied in the context of gluon scattering
amplitudes/WL in [32,33]. In this context the O(6) NLSM is considered, and yields double-
logarithmic terms (loglog) in (48). Similar double-logarithm terms are also found in the branch-
point twist field two-point function of the free boson model [51,53]. Nevertheless, the leading
logarithm is still present, and the constant x1, is still related to the short-distance dominant power
law.

4.1. Cumulant expansion for conical twist fields in free theories

We use the cumulant expansion above, and obtain

(Va (omxf(z») a0’
gl —( ) =2_% O (50)
< (Ve) (Vi) JX_; »
with
00 0 2j
wa! 1 wa! —mY ; cosh 6;
€ (E)ZW / doy--- f d92j 2j O1,---,02j)e = . (51)
—00 —00

Compared to (46) we have dropped the w1, ..., i super-indices in /; as from now on we will

work only with one particle type. We also sum over even particle numbers only, as for free
theories all other twist field form factors are zero.

The structure of correlators similar to (50) has been studied in much detail in [54] for the free
Fermion and in [51] for the free Boson, in the context of measures of entanglement, for branch
point twist fields 7 and 7. This structure is extremely simple due to the form of the higher par-
ticle form factors summarized in (37). This is a unique feature of free theories which will allow



162 0.A. Castro-Alvaredo et al. / Nuclear Physics B 931 (2018) 146178

us to write simple close formulae for the cumulant expansion (51). In order to better understand
this structure let us consider a particular example, namely the four-particle contribution to the
expansion (51). We need to compute

aa’ Ve vo/ * Ve 2 Vo/ 2
B 01+, 00) = (01,62, 63, 00 F) (01,62,63,00)" — | FY* 01| | Fy (6)|
2| 2 2| 2
|| R | - |[Reew| R e (52)

A standard property of free theories is that when the four-particle contribution above is written
in terms of two-particle form factors (using (37)) the three two-particle contributions above are
identically cancelled and only six terms remain that can be written as

h3% (61,62, 63, 64) = 6.1 (B12: ) f (6231 &)* f (B34 @) f (6143 &), (53)

where the superscript “int” means equality under integration in all rapidities (in other words,
the six terms are all equal under relabelling of the rapidities). This property holds both for free
Fermions and free Bosons and generalises to all functions h““’(el, -+, 02;) with the prefactor 6
above generalising to (2j — 1)! so that we may write

. J-1
% 01, . 02)) = (2 — DUf Br2:0) f Or2j: ) [ | £ Omrr2e2: ) f Ok ziiri @)
k=1
. J—l
ZQ2j - DIf 62 a) f (6 1;a) 1_[ f Ookr1 26425 @) f Ork1 265 @),
k=1
(54)
up to the identification 6>;41 = 6. In the second line we have used the fact that f(6; a)* =
—f(@;a) = f(—0; a) for free Fermions and f(0; a)* = f(0; @) = f(—6; ) for free Bosons.
We can therefore write
1 o0 o
! _ - ZZ?; cosh 6; . N
G O=Ghen / o / dbzj ™" == T Grzs @) f O 13 @)
— —00
j—1
< [T Onrionsas ) fOnrios ), (55)
k=1
which is valid both for free Fermions and Bosons.

4.2. Exact short-distance asymptotics of correlation functions

As shown by equation (49) and by comparing to the short-distance CFT predictions (4)—(5)
we may extract the short distance asymptotics

<va<0>va/(6)>> Vs CE5
Va B arlEN = —Xgo'logl +log [ ot “aa’ ) 56
° ( VdVa) S o BT "g( ValVer) o

Comparing to (4)—(5) we expect that
Xga' =206 + 20y — 2041 g (57)
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On the other hand, combining the form factor expansions (55) with the general results (46) and
(49) we obtain

1 : /
x"‘“’zgm/dx2"'/dxzjf(—éma)f(xzj;a)
j-1
X l_[ Jeokpr: ) f(—xos ) (58)
k=1

where we changed variables to
Xk =0k k1 for k=2,...,2j—1, (59

and x2; = 6; we have, in particular that

2j
6, = Z Xk (60)
k=2

The expressions above can be simplified further by factoring integrals depending on odd-labelled
and even-labelled variables after introducing a new variable y = Z/ﬁ:l X2k so that

00 1 o0 o0 0 j—l j_]
xaa/ZZW / dy / dx2~~' /dxzjflf(_y_ZXZkH;(X)f(y_ZXZH(X/)
j=1 —00 —00 k=1 k=1

—0o0
j 00 1 ®
. . A . . . . /
< [ [ fGaurio) f(—xauia) = i_Z e f dyGi(y:e)Gj(yia),  (61)
k=2 j=l1 —00
where the plus sign is for the free Boson, the minus sign corresponds to the free Fermion. Here
o0 j—1 j—1
Gi(y:a)= / dsy...dsj—1 f(y+ Zsk;oz) 1—[ f(sg; @)
% k=1 k=1
(0.¢]
~ [ ax6, 0+ masa (©2)
—00

for j > 1 and G1(y; a) = f(y; a). The introduction of the functions G;(y; o) together with
the recursive relation above provides a powerful numerical recipe for the evaluation of the sum
(58). Indeed a similar recursive structure was exploited in [54,51] in order to find an even more
efficient way to evaluate the integrals (61). This is based on using the relation

o0
/ dij(y;ot)eiys = f(s; ), (63)
—0Q
where f (s; @) is the Fourier-transformed two-particle form factor

oo

Flsia) = / dy £(y; @)e. 64)

—0o0



164 0.A. Castro-Alvaredo et al. / Nuclear Physics B 931 (2018) 146178

This in turn means that we can write

o0
1 A sy
Gi(yia)=— / dsf(s;a) e, (65)
; 2
—0oQ
so that the evaluation of every function G (y; «) is reduced to the computation of a single inte-

gral. Furthermore, once we have written G ;(y; ) in the form (65) the infinite sum (61) can be
computed exactly to:

oo oo o0

1 f ; f o —iy(s1+s
xOlOl’Z:F(zn__)z\/dy/dsl\/dSZIOg(l_%f)(;za)>e y(s1+s2)
1T ) f(=s;a)
=F5- /ds log (1 2n)? ) (66)

where we used the definition §(x — a) = % ffooo dye™Y*=4) of the Dirac delta function. The
minus sign corresponds to the free Boson theory and the plus sign to the free Fermion theory. All
that is left now is to compute the function f (s; o). This is feasible for free theories. The function
is not particularly simple but it is very easy to evaluate numerically in the context of the integral
above. We have

A

Fsia) = : [e—%” SFi(1, 1 —ins,2 —ins; e~ ) —en 2 Fy(1, 1 —ins,z—isn;e%”)]
ns +1
1 i i i in
— - [677 2Fi1(1,1+ins,2+1ins;e" n) —en o F1(1,1 +ins,2+ins;67)],
ns — i
(67)
for the free Boson and
n csc L ix 3 5 i
f(s;a):ﬁ|:e_72F1(1,E—ins,i—ins;e_T)
in Fil 3.5 il)
— n ——1 S cen
en o Fp '3 ns,2 isn;e
csc 2= i 1 3 i
—ﬁ|:e_72F1(1,5+ins,§+ins;e_7)
zF(11+. 3+._il)
en o Fp '3 1ns,2 isn;e
csc &L ix 1 3 ix
+ﬁ|:enzFl(l,E—ins,E—ins;en)
—6172F1(1, —ins, —lsn,elg)]
N cse 7 i A 3+, 5+. 7@)
—= e ,— +ins, = +ins; e n
2ins + 3 R 2
fid 3.5 . in
—en 2F1(1,§+1ns,5+zsn;e") , (68)

for the free Fermion in term of Gauss’ Hypergeometric function > Fi(a, b, c; z).
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Although the formulae are more involved [50,51] it is also possible to write down a form factor
expansion of the constant term on the right hand side of (56). This would provide information
about particular ratios of expectation values and structure constants. We will not consider this
quantity here but it will be interesting to study it in the future and to understand its significance
within the application of conical fields to the computation of scattering amplitudes of gluons in
planar N'=4 SYM theory.

5. Numerical results

In this section we present a comparison between the numerical evaluation of the formulae
given in the previous section and the analytical formulae predicted from CFT.

5.1. The case o, 0’ >0

We may now study the sum (58) in more detail for free Fermions and Bosons and for partic-
ular choices of o and «’. We will focus first on the case «, @’ > 0 which corresponds to taking
n,n’ > 1. The case a = o' is of particular interest as this was the case considered in [31]. Al-
though the full re-summation (66) can be done in free models, it is instructive, from a more
()

o and consider the first few contributions to xuq

general perspective, to write xqqr = Z?o:] X
according to (61). For j =1 we have

7 ﬁ ( il i) for the free Fermion
n _— . . . n o\ nsm T
Yoo = 272 / dx f(x;o) f(=x;a) =
@) s ﬁ (% + %) for the free Boson.
(69)
For j =2
oo
xD =4 ! /dy Gz(y;ot)2 where
xe 2Q2m)*
—0o0
o0
Ga(y; ) = / dx f(y+x;a) f(x; ), (70)
—0o0

where again the plus sign corresponds to the free Boson and the minus sign corresponds to the
free Fermion. It is possible to compute the function G2 (y; o) exactly:
2(47 (n—1) tan( %) cosh( 2, ) —yesch( 55 ) (cosh(2)—2 cos(Z)+1))
n? secz(%)(cos(z%)—cosh(%))
47 (1—n) cot(Z)—2y coth( 5=
n? csc%%)(cos(%”)fcosh(%

for the free Fermion

Ga(y; ) =

;) for the free Boson.

(71)

These analytical expressions can the be used to evaluate the integral for x(%) numerically. Ana-

lyzing other contributions, we obtain the numerical results shown in Fig. 7. Similarly, we may
consider other choices of o, a’. Some of these choices are shown in Figs. 8, 9. All the figures
show that the form factor series is rapidly convergent.
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0.060 ‘ Free Boson ‘ i ‘ Free Fermion
005 0.030
0.025
o0t 0.020
0.03 0015
002 0.010
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Fig. 7. The solid curves represent the function xqo = 4Ay — 2A, for the free Boson and free Fermion, respectively.
They are evaluated exactly from the formula (2) for different values of n = % + 1. The dashed curves represent different

approximations Zi‘flx ngx) of these values through the form factor expansion (61). The red dashed curve corresponds

to kmax = 1, the green dashed curve is the value kmax = 2, the cyan dashed curve is the value kmax = 3 and the dashed
blue curve is the value kmax = 4. In the free Boson case we observe very clear convergence to the predicted value. In
the free Fermion convergence is even better, but the series Zi':‘l" xli’;) is alternating so that adding terms to the series
alternatively overshoots and undershoots the exact value.

Free Boson (m=2n) Free Fermion (m=2n)

0.06F © 0035
0.05 0.030
0.04 0.025

0.020
0.03 0.015
0.02 0.010
0.01 0.005

0.00 0.000

Fig. 8. The solid curves represent the function x,,s =2Aq +2A, —2A, o fora =27 (n—1) and o =27 (2n—1) for
the free Boson and free Fermion, respectively. They are evaluated exactly from the formula (2) for different values of n.
The dashed curves represent different approximations ZIZ‘;‘? xg;), of these values through the form factor expansion
(61). The red dashed curve corresponds to kmax = 1, the green dashed curve is the value kmax = 2, the blue dashed curve
is the value kmax = 3. The convergence pattern is similar to that in Fig. 7.

Eree Bosqn (m=5n)
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0.05 0.030
0.04 0.025

0.020
0.03 0.015
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0.00
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0.000

=

Fig. 9. The solid curves represent the function xp,r = 2Ag +2A,r —2A 4 o fora =2w(n—1) and o’ = 277 (5n — 1) for
the free Boson and free Fermion, respectively. They are evaluated exactly from the formula (2) for different values of n.
The dashed curves represent different approximations Zi'ff‘ x;];)/ of these values through the form factor expansion
(61). The red dashed curve corresponds to kmax = 1, the green dashed curve is the value kmax = 2, the blue dashed curve

is the value kmax = 3. The convergence pattern is similar to that in Fig. 7, 8.



0.A. Castro-Alvaredo et al. / Nuclear Physics B 931 (2018) 146-178 167

a:oz':?n(n— 1) ‘

a=2n(n—1), a'=271(3n-1)

0.06+

0.04+

0.02+

0.00

5 10 15 20
n n

Fig. 10. The solid curves represent the function x,,, = 2Ag +2A, — 2A, o for different values of « and &’ for the
free Boson and free Fermion, respectively. The solid circles are the numerical outputs from integrating (66) for the free
Boson and the solid triangles are the numerical values of (66) for the free Fermion. Agreement with the CFT prediction
is perfect.

A stronger test can be carried out by employing directly the re-summed expression (66). In
this case, the agreement is perfect over the whole range of values of n > 1. Some examples are
given below, see Fig. 10.

5.2. The case o, o' <0

In the examples above we have always considered positive excess angles. However we can
also consider situations where the excess angles are negative. Negative excess angles correspond
to values of n < 1 and this gives rises to some difficulties when trying to evaluate the form factor
expansion (61). We can easily appreciate this if we try to evaluate the first contribution to x4, —q.
In this case, if @ =27 (n — 1) with n > 1 then &’ = 27 (1 — n) < 0. Let us compute just the
leading contribution to x4, —q, given by

l o
A= s [ axreiarsxi-o. 72)

This function can be evaluated numerically and the result can be compared to the CFT prediction

. 2
x(g)_a =2A4 + 2A_q = =12 Note that for n = 1 we have a = 0 so there is no conical

— 6(n—2)n
singularity and the conical twist fields are just the identity (so the power law is exactly 0). For
n =2 on the other hand —o = —2m which makes no geometric sense, hence the singularity in

the scaling dimensions. Let us just consider values 1 <n < 2. The results are shown in Fig. 11.
The oscillations observed in Fig. 11 reveal something about the structure of the integral (72).
The picks occur for n =2 — ﬁ with m = 1,2, --- These are the values of n for which the
function f(—x; —«) has a pole at x = 0. As we know, the functions f(x; «) have a kinematic
pole structure with poles on the extended physical sheet at x =ir and x =ir (2n — 1) = i(7 + )

and, more generally at all points of the form
xk=in(2nk+1) for k=0,=£1,... (73)

For n > 1 none of the poles above crosses the real line: x; =0 forn = :tﬁ which is always less
than 1. However, the situation is different for the function f(—x; —«). In this case the poles are

ye=—im(kQ2—n)£1) for k=0,=£1,... (74)
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Free Boson Free Fermion
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Fig. 11. The solid curves represent the function xy, —¢ = 2Ay + 2A 4 for different values of . The dotted lines are the
result of integrating (72). There is good agreement for n < 1.5 but above this value there are oscillations, far from the
expected behaviour. The dashed curve is the “corrected” integral (75), where the residues of all poles that cross the real
line have been added to (72).

and we have that y, = 0 if n > 1 takes any of the values ny =2 + Zl_k At these precise values
of n the function f(—x;«) has a pole at x = 0. As n varies from values smaller than ny to
values above ny the corresponding pole yx moves from the upper (lower) half plane to the lower
(upper) half plane. This means that the integral (72) must be corrected by adding the residues of
all these poles. Similar issues arose and were studied in great detail in [54,51] in the context of
branch-point twist fields in free theories. This gives the expression

X = lim (2;)2 / dx f(x; @) f(—x —i€; —a)
+ % Z(—])S(k)f(in(Zk(n —2)+1);a)OQk(n —2) + 1), (75)
k=1

where ®(x) is the Heavyside theta function which equals 1 for x > 0 and O otherwise, and
s(k) =k + 1 for the free Fermion and s(k) = O for the free Boson. The effect of adding the
residues of the poles that cross the real line is quite dramatic as can be see in Fig. 1 1. Similar, but
more complicated corrections need to be added to every term in the expansion (61) to achieve
agreement with the CFT prediction (5). However, the leading term (75) already provides rather
good agreement.

6. Conclusion and outlook

In this paper we have provided a rigorous definition of what we have termed conical twist
fields. Our definition presents conical twist fields as twist fields associated with a space—time or
external QFT symmetry, namely, in this precise case, the symmetry under rotation (by «). Each
conical twist field is therefore labelled by the rotation angle «, and its insertion inside correlation
functions introduces a conical singularity of excess angle «. We propose that these are the fields
whose correlators naturally arise in the study of gluon amplitudes/null polygonal Wilson loops
in planar A" = 4 SYM theory, at least for what concerns the scalar excitations [31-33]. Yet,
the present study gives us the suitable general view to imagine how this might extend to all the
excitations (i.e. to the whole gauge/string theory), raising the fascinating prospect of relating
form factor series re-summations to thermodynamic Bethe ansatz computations, in the spirit
of [55].
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We showed that the scaling dimensions (2) of conical twist fields agree with those of the
n-replica branch-point twist fields when n is an integer and is related to « as in (6). However,
these two types of twist fields are different. Foremost, the branch point twist fields 7T, T are
defined in n-copy replica models and are associated to a generator of the Z,-symmetry of the
replica model (that is, an internal symmetry of the replica QFT). The conical twist field does
neither require « to be a multiple of 27 nor the model to consist of n replicas. Furthermore, the
hermiticity property (3) and the OPE (4) differ from those of branch-point twist fields.

We have derived form factor equations for the conical twist fields and seen that the solutions
to these equations are identical to the form factors of the branch-point twist field [15] when
all particles lie on the same copy. As a consequence, the form factor series for the correlator
(Va (0)Vy (£)) shares some features of the form factor series for the vacuum two-point function
(T(O)i‘(ﬂ)) »- However, importantly, the latter contains sums over replica indices, from 1 to n,
as these parametrize the particles of the replica model. In contrast, that of conical twist fields
does not involve such sums. This is exactly the feature observed in the series expansion obtained
in [31]. Given that two-point functions of conical and branch-point twist fields have so different
form factor expansions, it is remarkable that both lead to the same scaling dimension, something
which we have verified explicitly in free models.

It would be interesting to look at other types of non-local twist fields that may also have
applications to the study of Wilson loops (gluon scattering amplitudes) in different situations. For
instance, it is natural in theories with “charged” particles (as for instance gluons’ and fermions
circulating in polygonal WLs) that the twist field induces, along with a rotation by «, a particle
charge conjugation.® In fact, any other internal symmetry may be considered instead of charge
conjugation, and it is easy to modify the form factor equations presented here to account for
such “hybrid” conical twist fields that combine rotation with internal symmetries, and study their
correlators.

Another set of important questions are those about correlation functions with fields present
in the extra space afforded by a negative-curvature conical singularity. In particular, taking in-
spiration from works on null polygonal Wilson loops, one would expect that crossing symmetry
gives access to various “directions” of asymptotic particle states, for imaginary rapidity rotations
by various angles between iz and i(w + o). Augmenting conical fields with prescriptions on
intermediate particles, it should also be possible to implement not only conical singularities, but
also nontrivial branching: connections between branches are carried by particles lying within
this extra rapidity space, in much the same way by which the sum over replicas in form factor
expansions of branch-point twist field correlators reproduces branching of nth-root type.

Finally, the extended concept of twist fields introduced here can be applied to other space—time
symmetries, such as scaling transformation (giving rise to “spiral fields”). Studies of such fields
would be very interesting.
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Appendix A. Main properties of conical twist fields

In this appendix we provide QFT arguments showing the four properties of conical twist fields
expressed in subsection 2.2.

A.l. Angular quantization

Angular quantization can be used efficiently in order to show properties I and I'V. We concen-
trate on the finite-volume setup, as the infinite-volume limit can be taken afterwards and does not
affect the & — O limit.

In the angular quantization scheme [40,41], equal-time slices (“‘space”) are rays of length ¢
emanating from a centre, which we choose to be the origin; and “Euclidean time” is the angle
around it. In this scheme, the hamiltonian K = f(f dx 93%(x) is proportional to the generator of
rotations, (Euclidean) time is compact, and averages are evaluated by taking traces on the angular
quantization space, (---) =Tr (6_2” k.. ) /Tr (e_Z” K ) Here, on the right-hand side the ellipsis
“...” are implicitly understood as the operators, in the angular-quantization representation, cor-
responding to the observables on the left-hand side.

The principal advantage of angular quantization for studying twist fields in general is that in
the angular quantization where the centre is its position, the twist field is represented as the oper-
ator implementing the full symmetry transformation to which it is associated. This is clear when
the twist field is associated to a continuous symmetry with a Noether current j*. Indeed, the twist
field then has the form exp (ia foz dx jo(x)); in angular quantization the quantity foe dx jO(x) is
the integral over all of space of a current density, hence it is the full conserved charge. The
conserved charge can then be simultaneously diagonalized with the angular quantization hamil-
tonian K. The same principle holds for any twist field, independently from the existence of
a Noether current. Hence the insertion of a twist field 75, associated to a symmetry transfor-
mation o, inside a correlation function, is formally evaluated, within angular quantization, as
Tr (e_Z”K Uy - ) /Tr (6_2” K ), where U, is the operator on the angular quantization space im-
plementing the symmetry transformation.

The ratio of traces resulting from a twist field insertion needs renormalization. Following [40,
41], it is convenient to make a small hole around the origin of radius ¢, and impose conformal
boundary conditions on its boundary. The hamiltonian is now
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14

K= / dx R2(x). (76)

The e-regularization affects the angular quantization Hilbert space, so the traces depend on ¢.
The limit ¢ — 0 is singular, but for primary fields, the singularity is expected to be a power of ¢,
and the power is expected to be the scaling dimension of the twist field.

Applying these ideas to the conical fields, correlation functions with a conical twist-field
insertion are expected to be, in angular quantization, of the form

Tr, (e—ZnnK . )
e—0 Tr, (8_2”1()

with « related to n as per (6).

The proof of part I is obtained by showing that indeed (77) is equivalent to (19), and that the
limit on ¢ in (77) exists.

First, using (76), we see that the integral in the exponential in (19) is exactly —a K. This
conserved charge is independent of the angular-quantization time, the angle ¢ around the origin.
Therefore angle-splitted powers of —a K, as per the prescription (17), are ordinary powers of this
conserved charge, independent of angles. Therefore the limit in ¢y exists, and as a consequence,
—akK

(77)

. o o [ dy M2 .
in angular quantization [e o fo dx (x)] is represented as e

indeed leads to (77). ‘

We now show that the limit on & exists in (77). Since the small-& power law is obtained from
short-distance behaviours, described by CFT, it is sufficient to specialize to the CFT case. Further,
in QFT the short-distance behaviour is not affected by the insertion of other fields at positions
different from the origin (this is “scale clustering”: microscopic divergencies factorize on local
singularities). Therefore we may consider the one-point average of (19) on the disk of radius ¢,
with the CFT expression of the rotation current (16). The parameter £ is now seen as an infra-red
regulator, much smaller than all other scales in the initial expression (including the positions of
the other fields and the correlation length). The boundary condition at £ can be chosen to be
conformal.

The angular stress-energy tensor is obtained by performing the transformation to angular
coordinates 7 (“space”) and ¢ (imaginary “time”), defined by z = ¢"7® =: ¢f. The angular
stress-energy tensor is then

, so that angular quantization

ang __ 7grang _ 2 & _i
TR, ¢) = T"8(6) = *T(ef) - 7
Ty, ¢) = T™E(E) = X T(eF) — i (78)

The angular-quantization space variable takes values on the finite interval n € [loge, log£].
On the boundarie§, we impose conformal boundary conditions T?"€(loge, ¢) = T ¢(loge, ¢),
T (log?, ¢) = T*™E(log¥, ¢) for all ¢ € [0, 27r). The angular Hamiltonian is then

¢
1 _ C
K = _E/dx (xT(x) +xT(x) — a)

log €

1 - c
_ ang ang
=5, /dn (T +T (n))+—24n log(£/¢), (79)
log e
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and it is apparent that it is conserved thanks to the boundary conditions. Hence we have

log ¢
ad -
—logTr, (727K ) = / dn (T () + T2(n) . — = log(¢/e) (80)
on 12

log e

where the average is defined by

3 Tr, (e—2nnK . )

(- Yon = =T (81)

Clearly, the angular stress-energy tensor satisfies the same singular OPE’s as the original one,
for instance

c 2T*(0)  aT* E(0)
Fywias 3 +
28 § 3
Thi_s implies the expected commutation relations [K, T'(n, ¢)] = 94T (1, ¢) and [K, T(n, Pl =
95T (1, ¢). Hence the average (---)¢ , is a CFT average on a finite cylinder of length log(¢/¢)
and of circumference 27 n.° This is mapped to the annulus with inner radius /" and outer radius
2177 via the map & > y = €&/", giving

Tang — ZS/nTan E/ny _ ¢ , Tang ) — 2§/n7'~an E/ny _ ¢ )
€ =ec &) =5 E)=e ") = 5

The stress-energy tensor has zero average on the annulus by rotation invariance, whereby we
obtain

THE(E)T*™8(0) = +0(1). (82)

(83)

- c
(T + T2 ) = =2 . (84
This leads to
0 _ c 1
o log Tr, (e ZNK) =5 log(£/¢) (1 + ?> . (85)
Integrating,
c 1
P60
Tr, (726) = A <_> (86)
£

where A is independent of n (but may depend on £ and ¢). Hence, we have found (20) and shown
that the limit on ¢ in (77) exists.

A.2. Manifold reconstruction

Using the twist properties of Vy, one may explicitly reconstruct the manifold M, ¢ with an
excess angle of « at the origin of the disk of radius ¢, showing property II. We give the proof
of property II in the generic case of a disk ¢ID, with rotation-invariant boundary conditions on

9 This can be explicitly shown as follows. Consider two-point functions. Using the cyclic property of the trace, they
are periodic in the imaginary direction with period 27 n. The normalization of the fields is fixed by (82), and along with
the boundary conditions, this is a Riemann—Hilbert problem with a unique solution. One-point functions on the cylinder
are defined by the 1 /€2 residue of the two-point function, and higher-point functions are analyzed similarly.
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the boundary of the disk. The proof goes through unchanged in the case of the plane by taking
£ — oo, with (¢D),_, » identified with the plane C.

Consider a product of local fields || j Oj(x;) for disjoint coordinates x; € ¢ID \ {0} lying in
the disk minus the origin (0, £) (see the paragraph at the end of subsection 2.2). We now show
(22).

The manifold structure on which the QFT is placed may be extracted by analyzing the smooth
paths obtained by (Euclidean) space—time translations of local fields. Smooth paths are naturally
produced by independent smooth variations of the x; coordinates above. The structure of the
manifold is that arising from smoothness of correlation functions along smooth paths. Correla-
tion functions in a QFT on a manifold M are Euclidean tensor fields on the manifold M’ which
is the direct product of many copies of M (as many copies as there are fields involved in the cor-
relation function) from which all diagonals have been removed (avoiding colliding positions of
fields). The tensorial properties of correlation functions are determined by Euclidean transforma-
tion properties of the local fields involved. Euclidean transformation properties are sufficient to
unambiguously define correlation functions on any manifold with Euclidean transition function
(flat manifold).

Consider the left-hand side of (22). Consider for now x; ¢ (0, £). By locality and the fact
that, according to (18), the conical field is supported on [0, £), the correlation function is smooth
along an x;-path whenever the half-segment [0, £) is not intersected by the path.'? Hence the
correlation function is smooth on D \ [0, £), which we identify with Do,

In the expression (19), one can define, in a similar way as that done in (17) and (19), a renor-
malized exponential involving any smooth integration path y from 0 to the boundary of the
disk £S! = {z : |z| = £}, in place of the path lying on [0, £). The angle-splitting procedure is
replaced by any splitting within a tubular neighbourhood of y. Since the rotation current 3% (x)
is a conserved Noether current and thanks to the rotation-preserving boundary conditions, by the
Ward-Takahashi identities the zero-splitting limit exists. Further, any two homotopic paths y on
the topological space D \ Uj{x;} will lead to the same correlation function (22), and any two
parts of y that trace the same segment of curve but in opposite directions can be deleted. In the
wedge bounded by e_i“[O, £) and [0, £) in £ID, we use the transition function U 1041 order to in-
terpret the fields as lying in DO (see the end of subsection 2.2). But using such deformations and
deletions, it is then possible to extend smoothly the correlation function from that wedge across
the half-segment [0, £): local fields on (0, £) lie in ]13)8) )’ and those lying in the wedge bounded
by [0, £) and ¢%[0, ¢) are dressed by being encircled by small closed paths y. We interpret these
dressed fields as lying in Hvl)gg’) @) This gives a smooth extension.

Since R*(x) is the Noether current associated with rotations, the modification produced by
encircling a local field by a small closed path y is that of a rotation by an angle —« (rotation
clockwise by ) with respect to the origin. We may interpret the resulting fields as lying in D@,
and the rotation implements the transition function U 2 (a rotation) according to the appropriate
tensor field property. We may then move the encircled fields along smooth paths going to angles
greater than «, beyond the wedge bounded by [0, £) and €10, ¢) in D, thus smoothly extending

10" Correlation functions are defined and finite for any local field insertions at separate positions. In space—time trans-
lation invariant QFT, any derivative of a field, of any order, is associated with a local field, and thus smoothness is
guaranteed. In the quantization scheme on the line, the space of all local fields is generated, from a possibly infinite
generating set, by taking space derivatives, and time derivatives are obtained by commuting with the Hamiltonian and
thus expressed in terms of local fields. The resulting expressions are local and independent of the quantization scheme.
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the correlation function to that region. Rotation now brings the fields into DD: the corresponding
part of D@ is overlapping with DV, with transition function U?D. This completes the proof
that the left-hand side of (22) is the tensor field on the manifold M, ¢ given by the right-hand
side.

The proof above is general. In the case of CFT, we could give an alternative proof by us-
ing the fact that M, ¢ is conformally equivalent to the punctured disk, via the transformation
My — 2Y/rD\ {0}, z > y = 1/(+e/27) — 71/n Thjs follows the lines of the previous sub-
section, using angular quantization and combining the maps involved up to the final space, the
punctured disk parametrized by the variable y (see just above (83)). The field V, provides an
explicit implementation of this conformal mapping z > z'/” on correlation functions, via an
exponential of the stress-energy tensor.

A.3. Logarithmic fields

Property III is more subtle, and here we show it by studying a certain CFT field with logarith-
mic properties.

The main idea is that, since the limit in ¢ exists (property I), then we only need to show
that the regularized exponential transforms trivially. The scaling property of the renormalized
exponential then follows from the power of ¢.

Recall that the rotation current in (10) and (16) involves not only the stress-energy tensor com-
ponents, but also a term proportional to the identity operator 1. This term of course does not affect
the manifold construction. It corresponds to an overall normalization factor of the renormalized
exponential, and in particular the observed singularity as z — 0 amounts to a modification of
the power of ¢ required in the renormalized exponential (18) and (19) in order to make the limit
exist. Any different choice of proportionality factor in place of ¢/12 would lead to a similar con-
struction with a different power of ¢, and likewise the result (20) with a different power of £. This
singularity is fixed solely by the condition that the regularized exponential transforms trivially.

In order to establish trivial transformation of the regularized exponential, we need a more
accurate analysis. Recall that local QFT fields can be classified according to their properties
under local scale transformation, O (x) — O™ (x) where A is the scale factor. In general QFT,
this determines how the renormalization group acts on the field. The conical field V,(0) is the
renormalized exponential ¢(@/29"(0) of the nonlocal field

e 9]

h(O):/dxj(x), j(x) = —27R%(x)
0

(here for simplicity on the plane and as an integration along the x direction). Write the dilation
generator as D = [ dxD(x). Clearly, on the part of the branch that lies away from 0, it acts
as f dx [D, j(x)]. However, around O the scale transformation is more subtle. It is sufficient to
analyze its effect on the local neighbourhood around 0. For this purpose, we consider a CFT, and
we take the dilation operator to lie within a disk of radius €. Since dilations do not preserve the
disk, terms will appear, in the infinitesimal scale transformation ad D(k(0)), that lie at £. These
however should be interpreted as contributing to the large-distance transformation properties,
beyond the CFT description, and must be discarded in the assessment of how dilation acts on
the local neighbourhood. We therefore propose that, within the disk of radius ¢, the infinitesimal
scale transformation can be determined by
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4
P(_(,g) adD(h(O)) = P(_(,g) / dx [@(X), h(())] (CFT) (87)
—£

where 1(0) extends beyond £, and where P(_; ¢) projects onto the interval (—¢, £) (discarding
local fields at radius £ or beyond).

In effect, this prescription accounts for the effects of the dilation on the UV boundary around
0 in the regularized exponential, but not for those of any IR boundary, thus describing the local
scaling properties of the renormalized exponential.

We will show that under this scale transformation, the regularized exponential in (18) (or (19))
transforms trivially: it is only affected by a scale transformation of ¢,

[e‘“ Jo dx“ﬁwm”(x)](k) = [e_“ Jo d"”%vmv(”] ) (88)

e re

The existence of the limit proved above then guarantees that the renormalized exponential has
scaling dimension 2A,,.
Consider the holomorphic field, here for convenience at more general positions z,

L
h(z) = /ds s—2)T() (39)

2

and its conjugate /(Z) (anti-holomorphic). We are interested in the regularized exponential
[ez‘;(h<0>+ﬁ<0>i’% (f(d+d))] _ [ey(h<0)+ﬁ<0>>] [eclyzl ol(”d)} (90)
P € P

where y = 5. The trivial scaling of the regularized exponential follows from the logarithmic
transformation properties of the fields ho(z) and ho(Z):

h® (2) = h(Az) + % loghl, WM @) =h(t3) + % logA 1. ©1)

That is, h(z) is a zero-dimensional logarithmic field with respect to scaling transformations, with
logarithmic partner the identity field 1,

1 0 0\/1
adD(h):(c/IZ O><h>’ ©2)

and similarly for 4(Z). Taking into account that the scale transformation operator ad D acts on
the hole by scaling its radius, equation (91) implies

AYé [ey<h(0>+12<0)>]k‘E . 93)

[ey<h<0)+ﬁ(0>>](“ _

&

With the immediate relation
[e—% (f(dz/z+dz/z)]ke — e [e—% (f(dz/z+d2/2)]€’ (94)
equation (88) indeed follows.

We show (91) as follows. We use scaling operator D = Lo + Lo, with

Lo= L/dxxT(x), Eoz—i/dxxf(x). (95)
2 2



176 0.A. Castro-Alvaredo et al. / Nuclear Physics B 931 (2018) 146178

According to the prescription (87) (translated to the point z), we must evaluate
. 7+
i
L B ere / dx [xT(x). h(2)].
2
z—4

The commutator involved can be calculated using

L[T(x), T(2)]= —LSW(X —2)1-28'(x—2)T() +8(x —2)0T (2) (96)
21 12

which follows from the standard OPE
cl 2T(2) dT (2)

T(X)T(Z)N Z(X_Z)4 (x_Z)2 X —z +reg. (97)
We find
ST, h@)] = L/ds s — DT T6)]
T 2
(e (2Y 6 120 o .
= _12<8x) (c =20 —2))1— ax((x—z) (x —2)T(x))

+ (x —2)0(x —z)9T (x))

where ®(x) is Heaviside’s step function. Applying the integral ff ¢ dx x and using integration by
parts, we obtain

Lot z+¢
L/dxx[T(x),h(z)]=il—z /de(x)—(z—i—Z)ZT(z—l—E). (98)
o 12

z—4L 4

Applying P(;_¢ . +¢) the last term drops. This finally gives

C
Pe—t.crt) 2d Dh(D) =Ptz (151 +20h(D) (99)

Extending beyond the local neighbourhood of z described by CFT, we therefore conclude that
adD(h(z)) = ﬁl + zdh(z). A similar result holds for /#(z). Exponentiating, this gives (91).
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