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Abstract

During the past decades to prevent catastrophic failure of the system, avoiding poten-
tial costs arising from the system downtime and optimize maintenance costs, there has
been an interest in maintenance optimization problem for repairable systems subject to

deterioration.

Here to tackle the maintenance optimization problem two maintenance models for

deteriorating repairable systems are prbposed:_ optimal preventive maintenance schedul-

ing model (decisioh model§ and optimal mainténanc'e-repair and inspection-scheduling

model (intensity control model). In chapter 4 under both periodic and ndn—pgriodic in-
spection policy a novel approach to the determination of optimal repair and replacement

decision rule subject to system parameters is presented. A renewal argument is used to

derive expressions for the long-run average cost per unit time under theses two kinds.

of inspection policy. The second part of the research (see chapter 5) considers mainte-
nance scheduling problem of manufacturing systems whose production process (resulting
output) is subject to system state. The latter means, resulting outputs (revenue) from
system depends on the deterioration level of the manufacturing system: the good state
of the system results in more efficiency of the system and more resulting output (rev-
enue); the bad state of the system leads to system malfunction and less revenue. To
optimize revenue from the manufacturing system, using optimal intensity control model,
an optimum repair and inspection policy to balance the the amount of maintenance re-
quires to increase system efficiency against the loss of revenue arising from the system
malfunction is presented. Our approach rests on assumption that the: transition rate

from good (normal) state to bad (degraded) state is linear/non-linear.

X1v
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Deriving expression for long-run average cost per unit of time under both periodic
and non-periodic inspection policy, applying the repair alert and virtual age process
model, is the main advantage of the presented decision model to other maintenance
models. In addition, using intensity control model, optimizing revenue from manufac-
turing systems subject to deterioration is a novel approach to maintenance scheduling of
manufacturing systems whose production process is subject to the system state and rep-
resent an extension of the known maintenance models in which the maintenance process

is restricted to inspections.
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Chapter 1

Problem Statement

In this ‘chapter two maintenance optimization problems ‘which are of great practical
importancevare considered: voptimal preventive maintenance scheduling problem for a
stochastically deteriora‘cing“ system (Decision model) and optimal maintenance schedul-
ing problem for a manu'factljring system subject to’deterioration (intensity control
model).” In both decision and .intensity' controi model to optimize maintenance pro-
cess we provide a solution to the optimal con;crol of amount of maintenance in such a
way that the maximum revenue from manufacturing system and minimum maintenance
cost are derived respectively. In the first model (see chapter 5) which is a novel approach
to the maintenance modeling, using intensity control model, the optimum revenue from
manufacturing system is achieved by an optimal control (repair degree) process keeping
a correct balance between revenue from system and amount of maintenance. In the
second model (see chapter 4), using traditional method (embedded renewal process),
we find an optimal solution the repair decision thresholds and system parameters. The
optimal decision thresholds and system parameters as optimal (repair degree) control

process provide a right balance between amount of maintenance and maintenance cost.




1.1 Maintenance scheduling problem of systems sub-
ject to non-self announced failure

Failure of many systems such as protective devices or stored items that are subject to
random failure is not self-announced and can be found only by inspections which incur
costs in terms of wage and material. It stands to clear the greater the probability of
detection of failure, the higher the inspection costs. So, to minimize the cost keeping a
correct balance between frequency of inspections and inspection costs is essential. The
literature on the optimal inspection problem for systems subject to non-self announced
failure is vast. Barlow et al (7) given some major assumptions which include the system

failure is non-self announced and inspections do not impact on the failure characteris-

tics, shows that optimal inspection times are the sQlution of system of equations. He

‘proposes an algorithm to numerically solve the system of equations remarked by Barlow,
Hunter and Proschan algorithm (BHP algorithm for short). The extreme sensitivity of
the algorithm to initial value ¢; (first inspection time) is termed as the major problem
of the Barlow et al model. Keller (37), and Kaio and Osaki (34) model the optimum
inspection problem with respect to the inspection density that implies the number of
checks per unit of time. Both Keller’s model and the method of Kaio and Osaki to
evaluate the inspection time sequence use the assumption that the time between the
failure and its detection is half of the inspection interval. Lack of required accuracy
resulting from assumption above is stated as a problem in both models. Munford and
Shahani (48) define an inspection sequence characterized by the conditional failure prob-
ability of the system. The sequence of inspection times is optimized by minimizing the
expected total cost. Chelbi and Ait-Kad (11) introduce an improved inspection model

that the conditional failure probability should be an increasing function of the inspection




number. Both conditional failure probability based models are known as one-parameter
optimization models. As mentioned before, at survey times inspections due to either
certain recovery actions (e.g. some adjustment, or partial repairs) or the system com-
plexity do not impact on the failure characteristics of the system. That means, the
system state at inspection times leaves unchanged. Such inspection problem which is
most common in application is addressed by Jiang and Jardine (32). They present an
optimum inspection schedule subject to an increasing failure rate. It is assumed that
failures occur at random times and can be detected only through an inspection. Major
problems of inspection models are that those either are restricted to some assumption,
computa‘pionélly complicated or in view point of optimal inspection times do not pfovide
good accuracy. In summery the algorithms introduced above do not create an accurate
solution for the inspection time sequence to the optimal inspection problem. Irrespective
of the BHP model which is extremely sensitive to time tl,' it'se'ems this problem arises
from some subjective parémeters.
The basic system of equations which is a basis to determine the optimal inspection
sequence was first developed by Barlow et al (7). Barlow under a set of assumptions
presents an optimal inspection model for systems which are subject to non-self an-
nounced failure. That means, failures event is random and can be detected only through
an inspection. Based on Barlow maintenance model, inspections do not affect on the
failure characteristics, inspection ceases upon detection of failure and at inspection times
no repair takes place.

The system of equations associated with Barlow cost model that is

C = Z;/ttil [c1] + ca(t; — t)]dF(t)




is given by
oC .
—— =0 1.1.2
5 (11.2)
or, equivalently,
F(t;) = F(t;—1) ¢ :
§; = —2 I Vi=1,2,.. 1.1.3
=T a (:1:3)

where F'(t) is failure distribution function, {t; =1,2, ;..}(to = 0) and d; = tir1 — ¢

denote thé inspection time sequence and inspection interval sequence respectively and
¢y, ¢ refer to the cost per inspection and the cost per unit time of a system being un-
available due to an undetected failure, respectively.

‘ Barlow to find a solution for the system of equations (1.1.3), which is a sequence of op-

timal inspection time, propose an algorithm widefy called Barlow, Hunter and Proschan

algorithm(BHP aigorithm). The BHP algorithm is computationally cumbersome and

has restrictive assumptions, being extremely sensitive to the value sz t1, the d;-sequence
generated from eQuatiori (1.1.3) is the maj'or problem of BHP algorithm. In preference
to the Barlow model and a few nearly optimal algorithm, some often methods which fall

into the categories outlined below are presented:
o Improvement of the original algorithm (see Nakagawa and Yasui (50));

o Approximate methods associated with the concept of an inspection density function

(see Keller, Kaio and Osaki (34));

o One-parameter optimization models. This category contains an assumption on the
failure model. For example, Munford and Shahani (48) assume that the conditional
failure probability is constant. Chelbi, Ait-Kadi (11) suppose that the conditional

failure probability is an increasing function of the inspection number.




1.1.1 Improved method of the original algorithm

The method presented by Nakagawa and Yasui (50) is associated with the parameter

€ € (0,¢1/c2) and a sufficiently large ¢, such that
On & Opoy — €

or, equivalently,
F(tn) — F(tn__l) Cy :
On = — = 01 — € 1.14
f(tn) Co 1 . . | ( )

So, with respect to known values that are ¢y, cs, ¢, and €, the equation (1.1.4) gives

the (n — 1)™ inspection time ¢,_; and the rest of inspection times ¢;, j < n — 1, can be
recursively evaluated from the équation (1.1.3). According to the Nakagawa and Yasui
model (50), the process carries on until j*(e.g. j=n-K) step where F(t,_x_1) < 0 or

b > 2tn_k—1. ,‘Two problems associated with this algorithm are the resulting sequence

of inspection times is sensitive to the parameter € and the value t,. Besides, if the value

of t; resulting from above algorithm is applied in equation (1.1.3), the BHP algorithm
produces a totally different solution. This deficiency arises from the fact that their
algorithm introduces an inappropriate condition F(t,—x-1) < 0 to replace the condition

t0=F(to) =O

1.1.2 Approximate method associated with an inspection den-

sity function

Keller (34) with assumption that the time between the failure and its detection is half

of the inspection intérval, that is,

tj+1 —t=6]/2




presents the inspection density concept n(t) which denotes the number of checks per
unit of time. Where ¢ is the failure instant if the failure occurs within (t,tj41)-
According to the Keller model the inspection time sequence in terms of n(t) is obtained
as

t0=0, tj =tj_1+1/n(tj_1),j = 1,2,... (115)

where n(t) = \/% and 7(t) denotes the failure rate function.

Kaio and Osaki (34) show that the inspection time sequence resulting from the equa-

tion (1.1.5) is not accurate. This problem comes from dependency of ¢; to the inspection
v intensity. n(t) evaluated at the left ending point of the inspection interval (¢;_1,t;). To

resolve the problemv following equation to evaluate the inspection time sequeﬁce is sug-

-

gested:

N

t o v ‘
/ nt)dt=1,7=1,2,... - (1.1.6)

ti—1

The problem of above method is lack of improvement in accuracy of evaluation of inspec-
tion sequence. Moreover, it is computationally more complicated than BHP algorithm

in the case that the failure distribution is not Weibull.

1.1.3 One-parameter optimization method

The conditional measure p; = 1— R(t;)/R(t;_1) which is the probability that the system
fails over time interval (tj—1,t;) given that it survives beyond time ¢;_; is considered
as a basis to evaluate the inspection time sequence. By assuming above conditional
probability is constant p, Munford and Shahani (48) define a sequence of inspection
times.

Chelbi and Ait-Kadi (11) tackle the case that p; should an increasing function of the




number of inspections (or, failure rate). More precisely,
/5 .
pi=p"i=12.. (1.1.7)

In both methods which define an one-parameter optimization model the parameters p
and p; are determined such that the minimum expected total cost given by (1.1.1) is

achieved.

1.2 Maintenance scheduling problem of systems sub-
ject to sélf announced failure

. In literature the inspection strétegy for system subjéct to self announced failure is in-
troduced as a key tool to reduce level of the failure rate of the system in the form of
detectioin and correction of minor defects before major bfeakdown occurs. However,
every inspection also incurs costs. Hence the problem is to determine an optimal in-
spection maintenance strategy, resulting in the best level of system failure rate, which
minimizes overall costs. The literature on the inspection-based maintenance schedule
problem is vast. The issue of inspection for a piece of system with constant failure rate
has been the theme of many research papers published in the literature. Relating sys-
tem failure rate to inspection frequency, Jardine (29) assume that the breakdown rate
varies inversely with the number of inspections and varies directly with arrival rate of
breakdowns per unit of time when no inspection is made. Another model to consider
the effect of inspection on failure rate was presented by Rao and Varaprasad (58) who
assume that the failure rate after inspection is to be a function of inspection frequency
and its effectiveness. More recently, Locket (45) with the same approach as Jardine (29)

has assumed a simple inverse relationship between failure rate and inspection frequency.



Locket (45) to relate machine type to system failure rate defines a constant "k” which
can be found from experience. As noted in all of the above cited models, the system
failure rate over its entire life has a largely constant. But, in the deteriorating state it
is expected the system has a steadily increasing failure rate. Hence, an optimal model
for frequency of inspection needs to be time dependent. This ensures that the frequency
of inspection can respond to variation in the failure rate over time. To meet this defi-
ciency the time dependent inspection factor (Ir) is introduced as a key tool to reflect
variations on the failure rate (Jardine (29); Dhillon (23); Kececioglu (36); Locket (45);
Wild (76)). It is assumed that the failure rate is inversely related to the time dependent
inspection factor. This realistic assumption ensures that as inspection is performed and
the frequency of inspection incrgases, the failure rate decreases. Severél Variat'ipns in-

- cluding the inverse law (Jardine (29); Dhillon (23); Kececioglu (36); Locket (45); Wild

(76)), negative exponential, increasing influence of hazard rate and decreasing influence

of hazard rate (Mathew (47)) in defining Ir have been examined.

Nowadays, one of challenges facing industries with heavy utilization of systems (e.g.
manufacturing systems) which are subject to deterioration is to set ar; inspection pol-
icy as a key tool to control the deterioration level of the system and balance it with
economics (revenue). The problem is, on one hand insufficient inspection causes some
malfunction of the system and may result in complete breakdown of the system. On the
other hand frequent inspections of components to recfify faults leads to more inspec-
tion costs and loss of production (revenue) arising from the downtime. So, to maximize
the revenue from the system which is in continuous operation, an inspection strategy
to give a correct balance between frequency of inspections of system and the resulting

output (revenue) is required. The literature on the maintenance maintenance scheduling




problem of manufacturing systems whose resulting output (production process) is sub-
ject to deterioration is vast. The earlier works on preventive maintenance models with
production processes with more than one operating state and a failure state are given
by Derman ((21),(22)), who studies a process that deteriorates moving through a finite
number of states according to a Markov chain. Derman assumes that the state of the
process is known with accuracy at all discrete points in time and show that the optimal
replacerﬁent policy is a control limit policy; that is, the equipment should be replaced
as soon as it is observed to operate in a state worse than some critical state. The same |
result is also obtained by Kolesar (39) for a similar model but with' a more general cost
function. The process operating states can alternatively be expressed.by' the magnitude
of the cumulative damage or wear of equipment. The process is assumed to be subject

to exterior shocks that damages or causes wear to the equipment, thereby increasing

its probability of failure. Shock models have been introduced by Taylor (72) and the;y

have been studied by Feldman (25), Bergman (8) and Valez-Flores and Feldman”(73).
Another approach to model the process détérioration mechanism has been suggested by
Kao (35). Kao uses a discrete time finite state semi-Markov process to formulate the
problem. This approach can account both for changes in the process state and for the
ageing process of equipment. Thus, Kao examines state-dependent policies as well as
state-age dependent policies and proves that under reasonable conditions the optimal
policy is of the control limit type. More recent literature for semi-Markovian deteri-
orating process can be found in So (69), Lam and Yeh (41) and Yeh (77). Sheu and
Chen (68) presents an integrated model for the joint determination of both economic
production quality (EPQ) and level of preventive maintenance (PM) for an imperfect
prodﬁction process. Sheu uses an increasing hazard rate to describe the deterioration of

the production process. Applying the imperfect maintenance concept, Sheu models the
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effect of PM activities on the deterioration pattern of the process. The model ‘is based
on assumption that after PM, the aging of the system is reduced proportional to the PM
level and the state of the production process is improved by minimal repair or stopped
followed by the restoration work depending on it is in a type I out-of-control-state or
in a type II out-of-control state. Using examples of Weibull shock models, Sheu shows
that performing PM will yield reduction in the expected total cost. Wang and Pham
(75) present a geﬂeral repair model to maintenance optimization of production systems
subject to deterioration. The effect of deterioration is reflected in higher production
costs and lower product quality. To keep production costs down while maihtaining good
quality, Wang and Pham (75) suggest an optimal periodic maintenance ‘model in which

both preventive and corrective maintenance are imperfect.

Apart from'the maintenance lifuefature, deterioration of the process condition is also

‘a standard feature of the statistical process control. modgl in the quality field. The
process is assumed to operate in the "good” quality state (in-control) until it shifts to
an inferior quality state (out-of- control) as a consequence of the occurrence of some
assignabile causes. The time until transition to an out-of-control state (quality shift) is
usually assumed to be exponentially distributed (Poisson process) but other distribu—
tions have been considered as well (Banerjee and Rahim (6)). In a model of a process
with non-exponential transition times Rahim and Banerjee (64) introduce the use of the
preventive maintenance actions to protect the équipment against quality shift. In par-
ticular, Tagaras (71) uses a Markovian approach similar to that of Derman ((21),(22)) to
describe the evolﬁtion of production processes characterized by several quality states (a
single in-control state and multiple out-of-control states) and a single failure state. He

simultaneously considers quality control and quality control parameters that minimize

the expected total costs.




In preference to above maintenance models, here we present a novel approach to main-
tenance scheduling problem of a manufacturing system subject self-announced failure.
The model is superior to existing maintenance scheduling models based on inspection
strategy. The approach rests on assumptions that the resulting output (revenue) from
system is subject to the system state influenced by repair action and deterioration pro-
cess. Insufficient maintenance leads to an increase in the number of detective items, low
profit and low maintenance cost; excessive maintenance results reduces the proportion
of defective items, high profit and high maintenance cost. In chapter 5 to tackle above
maintenance problem, using optimal intensity control (10), an optimal solution to the
determination of the amount of maintenance i.e., frequency of inspection and repair de-

gree of the system is obtained. .In contrast to former maintenance models, the intensity

" control based rnodei presented in chapter 5 not only does not suffer from somie sub jective

cbncepts; but alsoﬂ gives an insight into various measures such as prediction of system
failure, conditional mean time to failure of the system and optimal inspection intensity
and also optimal production run length of the system. Besides, it has thé potential to
be extended to tackle technical maintenance problems which are common in application
(see chapter 6).

The second part of the thesis (see chapter 4) is devoted to preventive maintenance
scheduling (Decision Modeling) of technical systems subject to:deterioration. The de-
cision modeling refers to determination of an optimal schedule of maintenance actions
(optimal preventive maintenance (PM) policy) subjéct to cost aimed at the prevention
of breakdown and catastrophic failure of the operating system. Precisely speaking, the
objective is to use the processes in decision models which optimize the sequence of ac-
tions taken when the processes enter critical region. Typically the process crosses a

critical boundary which represents the limit of acceptable performance and the decision
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maker must than take action to restore the situation.

1.3 Preventive maintenance scheduling problem

Decision modeling for deteriorating systems which is of great practical importance in
industry have been widely studied in literatures. Jardine (31) under periodic inspection
policy introduces a condition based maintenance (CBM) model subject to cost. The
monitoring information to detect the condition of item is incorporated into prdportional
hazard model (PHM) (13) through underlying Markov stochastic process Z(t). Deci-
sion making is given both the age and condition of components at inspection times.
The basic decision rule which is used immediately after inspection instant is to replace
the system if the itemn fails or-deterioration level of the item (risk) described by the
(PHM) (h(t, zZ (t))(t > () exceeds a threshold level (prev'ent\ive_ replacement); othervﬁse

operation can continue (se¢ Figure 1.1) (30). He showed that the optimal replacement

risk 4

h ______________________ ] -
X h(t,Z(1)) - hazard function
i

h(1,2(1)) : h - hazard level
|
: A - inspection interval
[ .
I Ir - preventive replacement
[
! 1 | { L 1,
time A 2A g

Figure 1.1: An evolution of the preventive replacement

policy is a control limit policy with respect to the hazard rate process (h(t, VA (t)), ie. a
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replacement is performed either at failure or when failure rate of the system reaches or

exceeds an optimal failure threshold g*:
T* =min{7,inf {t > 0: h(t, Z(t)) = g*}}.

Where T and T™* denote the failure time and optimal replacement time of the system.
Newby and Dagg (56) study an optimal inspection policy for a deteriorating system
whose evolution is described by a stochastic process. The inspections and repair actions
to avoid catastrophic failure of the syétem are with respect to warning iimits (threshold)
~ which classify the state space into some non-overlapping regions. At inspection times
the decision maker subject to the systerﬁ state has disposition to leave the system to
continue to operate or replace it by new one (perfect repair). The cost is considered as
a criterion to detérmine an optimal inépection policy. The model represented by (56) is‘
appropriate for crack growth models (see (53), (54), (70), (12)) which is a basis for some
physical phenomenons s‘uch as fatigue crack gréwth problems, offshore structure, and
coastal flood barriers subject to erosion (57). Roughly speaking this suitability comes
from the fact that the system is regarded as failed if the system state crosses the failure
threshold (see Figures 1.2, 1.3).

Newby and Barker (55) present an approach to maintenance optimization subject to
complex systems with gradual degradation. The evolution of the system state is charac-
terized by the underlying Bessel process (40). The maintenance process is with respect
to two critical thresholds £ and F > £. The threshold ¢ denotes the repair actions de-
termined by the probability that the process leaves [0, £) and F defines the failure of the
system followed by replacement. The inspection and maintenance policy is optimally
determined subject to cost value by crossing the aggregate performance measure i.e.

Bessel process of a critical threshold.



P Xt basic process
B i Mt maximum process

NSNS

Figure 1.2: An evolution of the system state given Wiener process (65) and maximum
process (56) : :

In chapter 4 we introduce a new approach to decision modeling for a stochastically dete-
riorating system whose state is characterized by bivariate state process (X, V') denoting
damage and system’s virtual age process respectively. The state of the system is re-
vealed at inspection times. Repair and maintenance actions are carried out subject to
the observed system state and decision thresholds-repair/replacement rule- & and &;.
The problem is to minimize the long-run average cost subject to the system parame-
ters given periodic/non-periodic inspection policy. Using repair alert model (44), a novel
approach to formulate time to next (non-periodic) inspection characterized by state pro-
cess (X, V) is presented. Because new decision model demonstrated under both periodic
and non-periodic inspection policy allows replacement if the system state crosses £y, the

replacement cycles constitute a renewal process. This property which makes our model
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Figure 1.3: An evolution of the system state given Gamma process (74)

distinguished to the models (55) and (56) is used to derive expressions for the long-run
average cost based on the decision rules &, £ and the period of inspection/repair alert

parameter.




Chapter 2

Some Fundamental Concepts

2.1 Introduction

[

To set up the rei)air and maintenance models vvhiAchv are preventive méintenance schedul-
ing model for deteriorating systems (see Chapter 4) aﬁd maintenance scheduling model
for a manufacturing system subject to deterioration (see Chapter 5) providing some
mathematical tools is required. Following section is devoted to presenting an informal
definition of some stochastic notions including intensity process, ﬁltfation, and martin-
gale which are the solid basis in stochastic processes theory. The next section is oriented
to give a formal definition of history of the process remarked by filtration F, stochastic
process and F-adapted process. Section 4 and 5 give a detailed discussion of univariate,
multivariate point process and measurability with respect to filtration F. To provide
fundamental requirements of the research, section 6 and 7 are assigned to give some
mathematical techniques which are stopping time and martingale theory. Also, in sub-
sequent section a formal definition of stochastic intensity with respect to filtration F

is given. Finally, to model the failure of the system influenced by some variables such
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as environmental factors and system’s age and repair and maintenance process ,which

state history of the process, some intensity process models are represented.

2.2 An introduction to the basic concepts

Let X1, X2,....,Xn be n (n > 1) (uncensored) continuously distributed survival times
from a survival function S with hazard rate function o; thus, o = f/(1 — F)) where
F=1-5is the distribution function and f the density of the X; fori =1,2,...,n. The

hazard rate o completely determines the distribution through the relation
.v B z ,
S; =p(X; >t) =exp (—/ asds> . ' (2.2.1)
0 .
One cran interpret « by the heuristic
p(Xi € [t,it+dt]|X; > t) = udt. ' (2.2.2)

Typically, in survival analysis problem, complete observation of Xi, X5, ..., X,, is not
possible. Rather, one only observes (Xi,Di), where D, is a ”censoring indicator,” a
zero-one valued random variable describing whether X or only a lower bound to X; is

observed; namely,

(2.2.3)

We shall consider X1, X5, ..., X, as random times; at these times, the value of the cor-
reéponding D; becomes available, and we know whether the corresponding event is a
failure or a censoring. Thus, all n survival periods start together at time ¢ = 0.

As an example (see Andersen (3)), Figures 2.1 and 2.2 depict the observations of 10
randomly selected patients from the right censoring data on survival with malignant

melanoma: First, in the original calendar time scale, and second, in the survival time
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Figure 2.1: Ten observations from the malignant melanoma study, calendar time (years)

!

6 8
Years since operation

Figure 2.2: Ten observations from the malignant melanoma study, years since operation
(survival time).




scale t years since operation. This latter time scale is the one we concentrate in our
illustration of stochastic process concepts. A line with the filled circle corresponds to
D; =1 (a failure), a simple line to D; = 0 (a censoring). |

Further analysis is difficult without an assumption of right censoring. we will make
the most general assumption which still allows progress: the assumption of independent
censoring, which means that at any time ¢ (in the survival time scale) the survival ex-
périence in the future is not statistically altered (from what it would have been without
Censoriﬁg) by cenéoring and survival experience in the past. To formulate this notion, we
‘must be able to talk mathematically about past and future. This wﬂl be done through
the concept of a filtration or history (Ft)i>0; F: representing the available data at time
t. We write F;- corresponding for thq available data just before time ¢. A specification
of (F:)t>o0 can only be done relative some observer, and diﬁereﬁt observers ‘may collect
more or less information. But for all observers, as time proceeds, more information '
become available.

The notion of a filtration is defined as an increasing family of o —algebras defined on the
sample space. In our simple example, we will simply take F; to mean the values of X;
and D; for all ¢ sﬁch that X; < ¢, otherwise just the information that X; > t. For Fe-
the obvious changes must be made: < becomes < and the > becomes >.

The independent censqring assumption can now be written (still very informally) as

aidt if X; >t

- (2.2.4)
0 if X; <t

p(X; € [t,t +dt), D; = 1| F-) = {

Compare this to (2.2.2). Replacing the probability on the left-hand side by the expec-

tation of an indicator random variable, and summing over ¢ values, we get




E (# {z . X, € [t,t+dt),D; = 1} l}"t—) _ {z X > t} udt
= Yo dt
= \dt,

which we have defined the processes Y and A by
vi=#{i: Xt}

the number at risk just before time ¢ for failing in the time interval [t, ¢ + dt), or the size

of the risk set, and
A=Y

where # is a counting notation.
Now formula (2.2.5) can be interpretéd as a martingale property involving a certain

counting process (3); in this case, the process N = (/Vy):>o counting the observed failures

Nt=#{i:)~(i§t,Di=i}

and its intensity process A. Let us write dV; or N(dt) for the increment Ny g — N;-

of N over the small time interval [¢,t 4 dt). Therefore, we can rewrite (2.2.5) as
E(dN,|F-) = Mdt (2.26)

Note that the intensity process is random, through dependence on the conditioning ran-
dom variable F;-.
To explain the meaning of the martingale property, first define the integrated or cumu-

lative intensity process A by

A= [ 2ds,  t2>0,




and the compensated counting process or counting process martingale M by
M; = Ny — A,
Or, equivalently,
dNy = dAy + dM; = Mdt + dM; = Yioudt + dM;. (2.2.7)

Consider the conditional expectation, given the strict past F;-, of the increment (or

difference) of the process M over the small time interval [t, ¢ + d¢); by (2.2.7), we find

E(thift") = E(dNt - dAtI.E—) = E(dNt - )\tdt!ft—)
(2.2.8)
= E(dN;|Fi-) = Mdt =0,

“where the last step is precisely the equality (2.2.6), noting that ); is measurable with

respect to the filtration 7;-. Now, relatioﬁ (2.2.8) says that A is the cbmpensator of N,
orthat M = N—Aisa martingéle for all ¢. |
In wide generality, we have that any counting process N, that is, avprocess taking the
values 0, 1,2, ... in turn and registering by a jump from the value (k — 1) to k the time
of the k™ occurrence of a certain type of event, has an intensity process A defined by
Adt = E(dN;|F;-). The intensity process is characterized by the fact that M = N — A,
where A is the corresponding cumulative intensity process, is a martingale remarked
by a fair game (see section 2.7). The martingale property says that the conditional
expectation of increments of M over small time intervals, given the past at the beginning
of the interval, is zero. This is (heuristically at least) equivalent to the more familiar
definition of a martingale

E(M,JF,) = M, (2.2.9)

for all s < ¢, which, in fact, just requires the same property for all intervals (s,t]: for

adding up the increments of M over small subintervals [u, u + du) portioning [s+ ds,t +
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dt) = (s,t], we find
E(M|Fs) — Ms = E(M, — M,|F)
=F (/ dMu|]-‘s>
s<u<t

- / __ B(BEMIAAF)

=0.

(2.2.10)

Version (2.2.9) of the martingale property is much easier to make the basis of a mathe-

matical theory.

2.3 Filtration

: : {
We are going to model the occurrence in time of random events;in fact, discrete events

occurring in continuous timé. So we fix a continuous time interval
n=1[0,7) or [0,7]

For a given terminal time 7, 0 < 7 < co. Note that the terminal time point 7 may or
may not be included; this varies from application to application. We write 7 = [0, 7],

the time interval augmented with its endpoint if it was not first present.
Definition 2.3.1. (Filtration) (3) Let (2, F, P) be a probability space. A filtration
(Fi:temn)

Also called a history, is an increasing right continuous family of sub-o-algebras of F.
In the standard theory we use, it is often assumed also to be complete in the strong
sense that, for every ¢, the o-algebra F; contains all P- null sets of F. However, the

assumption can be safely omitted, subject only to a very minor reformulation of the
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results of the standard theory.
When the complete set of assumptions hold, we say that (F;) satisfies the usual condi-
tions:

Fs CF, CF forall s<t (increasing)

F, = ﬂ]—} for all s (right continuous) (2.3.1)

t>s
ACBe f,P(B) =0=>AecF, (complete)
The o-algebra F; is interpreted as follows: It contains all events (up to null sets) whose
occurrence or not is fixed by time ¢. There is also a pre-t o-algebra containing all F,

§ < t; it contains events fixed strictly before ¢.

- It is most common the filtration to be described as the history generated by a stochas-
tic process. X. This means that F; is the o-algebra generated by X, s <¢.
Definition 2.3.2. (Stochastic process) (5) A collection of random variables X = X;,t >

0 defined on the same probability space (§2, F,P) is called a stochastic process.

For any fixed w € Q the real function X (., w) is called the path of a stochastic process’
X.

Definition 2.3.3. (F-adapted) (5) A stochastic process is adapted to the filtration F
if for any fixed ¢ > 0 the random variable X, is F; measurable, i.e. for any Borel set B

of R the event {X; € B} € F.

2.4 Point Processes

Definition 2.4.1. (Univariate counting Processes) (10) A realization of a point process

over [0,00) can be described by a sequence T, in [0, 00) such that

TO:O,
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T, <oo=1T, <Tp1.

This realization is, by definition, nonexplosive iff

Too = lim T;, = o0.
n—o0

To each realization T, corresponds a counting function V; defined by

n if t € [Tn, Tt1),n > 0;

N, = (2.4.1)

+oo if > Ty
N; is therefore a right-continuous step function such that Ny = 0, and its jumps are
upward jumps of magnitude 1 (see Figure 2.3). In addition, if E[N] is finite for all ¢
then the point process is said to be integrable.

N

Figure 2.3: An evolution of the counting process N;

Definition 2.4.2. (Multivariate Counting processes) (10) Let T, be a point process
defined on (2, F, P), and let (Z,,n > 1) be a sequence of 1,2,3, ..., k-valued random

variables, also defined on (2, F, P). Define for all ¢, 1 <7 < k, and all t > 0:

N(3) = UTo < )I(Z, = i), (2.4.2)

n>1



Both the k-vector process Ny = (N(1),...V¢(k)) and the double sequence (T5,, Z,,n > 1)

are called k-variate counting processes.

As noted the Vy(7)'s have no common jumps. In general we say that two point pro-
cesses V;(1) and N;(2) defined on (2, F, P) have no common jumps if AN;(1)AN(2) =
0,t > 0,P-as.

Following examples show application of both univariate and multivariate point process

to the renewal process and Markov renewal process modeling.

Example 2.4.1. (Renewal Process) Let {T,}, n =0,1,2,... denote a sequence of non-

negative random variables defined on (2, F) and Tp = 0. We introduce X; = T; — T; 4,

t

i=1,2,... as i*" independent inter-arrival times distributed identically with finite mean

value B(X) < 0o. It means after each renewal the process restarts. It is easy to see that

the counting process Ny: -
Ny = 2211 (T, <t)
as a unwariate point process or renewal process counts the number of renewals in [0, t].

Example 2.4.2. (Markov Renewal P.rocess) Let Jy denote the initial state of a repair
process; and forn > 1, let J, be a Markov chain with transition probabilities p;; denoting
the repair state of the process following n** repair and maintenance action (transition,).
So, the process J,,n =1,2,... that can be called as the External Process is a Markov
chain controlled by the transition probabilities p;;.

Now, let N;(t) refer to the number of repair times at which post repair states that are at

disposition of a controller are i (i = 1,2, ..., k) value over time interval (0,t]. Now, if

N(t) = S, Nild)

Then clearly, the process Z(t) known Semi-Markov Process and given by




Z(t) = JN(t)

can be treated as the repair state of the process at time t and the set
N(t) = (N1(t), No(t), ..., Ne(t))
named a Markov Renewal Process can be treated as a k-variate counting process.

The Figure 2.4 shows an evolution of the multivariate counting process given k = 3.

N(Y

Figure 2.4: A realization of a 3-variate counting process

2.5 Measurability with respect to Filtration F

Definition 2.5.1. (F-Progressive) (4) A stochastic process X is F-progressive or pro-
gressively measurable, if for every ¢ the mapping (s,w) — X (w) on [0,¢] x 2 is mea-

surable (see definition 2.3.3) with respect to the product o-algebra B([0,t]) ® F;, where



B([0,t]) is the Borel o-algebra on [0,t].

Obviously, every left-or right continuous adapted process is progressively measurable.
A more measurability restriction over the stochastic processes leads to the subsequent

definition.

Definition 2.5.2. (F-Predictable) (4) Let F be a filtration on the basic probability

space and let P(F) be the o-algebra on (0,00) x Q generated by the system of sets
(s,t] x A, 0<s<t, AeF,, t>0.

P(F) is called the F-predictable o-algebra on (0, 00) x Q. A stochastic process X = (X3)

is called F-predictable, if X, is Fo-measurable and the mapping (t,w) — Xi(w) on

(0,00) x Q into R is measurable with respect to P(F). .

To get an impression on predictability of a stochastic process with respect to filtra- _

tion, let
Fi- =V, Fs =0 {4, A; € F,,0< s < t}

Then, it is said to be stochastic process X; an F-predictable process if it is measurable

from information available just before time ¢ i.e. F;-. In other words,
E(th.ﬂ—) = Xt.
Some further important terms on predictability of stochastic process are as follows:

o if the stochastic process X; is predictable then it is measurable with respect to the

o-algebra on [0, 00) x 2 generated by adapted left-continuous processes

e if X is a predictable process then the random variable X; is F;- measurable.




e The value of a predictable process is known at the moment ¢ if the history in the

time interval [0,t) is known.

e Every left-continuous process adapted to F is F-predictable.

2.6 Stopping Time

Before giving a formal definition of Stopping time, let have following example concerning
the risk theory. Suppose the F, adapted net profit rate R = (R;), t € Ry, which is non-

increasing in time, denotes the difference between the flow of the income resulting from

a deteriorating system and the total maintenance costs up to time ¢. The question is

when to stop processing the system (optimal operating time) so that a correct balance
between rewards frorn system and the i increasing maintenance costs due to repair and
ma,mtenance actions Wthh results in the maximum revenue is derived. A reasonable

1

candidate for optimal operating time of the system is
r=inf {¢t: R, <0}

which is the first time the risk process R; falls below zero. The time 7 which in risk theory
is known the time to ruin and characterized by the information level F; is informally
called F-stopping time. Obviously, this time point at which the stochastic process R =
(Ry) hits the certain level (0) is random, because its occurrence depends on evolution of
the process. Formally, such random times which are based on the information level not

anticipating the future are defined as follows.

Definition 2.6.1. (Stopping Time) (4) Suppose F = (]—'t); t € Ry, is a filtration on the
measurable space (Q,F). A random variable 7 : Q2 — [0, 0] is said to be a stopping

time if for every t € Ry,
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{r<t}={w:7(w) <t} € K

2.7 Martingale Theory

In addition to the predictable processes explained above, the other kind of stochastic
processes known as Martingales (4) or a pure noise part of a stochastic process plays a
fundamental and compleméntary role in the general theory of stochastic processes. In
»subseq'uent section under Doob Meyer Decomposition Theorem (see Bagdonavicious (5))
we see how martingales are constructed through subtracting an increasing process A;
from ‘a stochastic process X; known as the sub-martingale. Roughly speaking, if X, is a
stochastic process thgn it can be decomposed as the suin of a drift or regression part A,

and an additive fluctuation described by a m_ar’cin‘galé M;:
X = A+ M,

Also, in a slightly weakened version of Doob Meyer decomposition called Smooth Semi-
Martingale (SSM) (see Jensen (4)), this notion is considered as unpredictable noise
term with zero-mean value resulting from the subtraction of a stochastic process, and a

smoothly increasing process.

Definition 2.7.1. (Martingale) (4) An integrable F-adapted process X = (X;),t € R,

is called a martingale if
X = B[ X |F

for all s > t, s, € Ry. A super-martingale is defined in the some way, except that

- above equality is replaced by

' X: > BIX|F,



and a sub-martingale is defined with above equality being replaced by
Xi < BIX | 7).

With taking expectation of both sides of the (in)equality it is followed E(X;) = (>
, <)E(X;) which state

o A martiﬁgale is 'constant’ on average, and models a fair game
e Sub-martingale (Super-martingale) is increasing (decreasing) on average.

e X is a sub-martingale (super-martingale) if (—X) is a super-martingale (sub-

~martingale).

Example 2.7.1. Let X be an integrable F-adapted process. Suppose that the increments

Xi — X are indepeﬁdent of Fs forallt > s, s,t e Ry. If Xg =0 and the “increments

X — X, follow a.poisson distribution with mean t — s for t > s, then X is a Poisson

process. Now X is a sub-martingale (or, increasing on average) because of
E(X|Fs) = Xs + E(Xt — X|Fs) = Xs + (t — 5) > X
On the other hand we have
E(X; —t|Fs) = ‘X‘s —s
that means (X; —t) is a martingale M,:
Xy =t+ M,

As seen the martingale term X; — ¢ is subtraction of a sub-martingale i.e. X; and an
increasing process t known as compensator (systematic term) of the sub-martingale pro-

cess X;. Such representation simply results from Doob-Meyer Decomposition Theorem.




Theorem 2.7.2. (Doob-Meyer Decomposition) (5) Let X be a right continuous non-
negative F sub-martingale. Then there exists a right continuous martingale M and an

non-decreasing Tight continuous predictable process A such that E(A;) < co and
Xt = Mt + At a.s.

foranyt > 0. If A(0) = 0 a.s. then this decomposition is a.s. unique, i.e. if X; =

M+ A for any t > 0 with A*(0) = 0, then for any t > 0,
p(M; # My) = p(A} # Ay).
The process A is called the compensator of the submartingale X .

Following a slightly weakened version of the Doob Meyer Decomposition Theorem
termed as S.rrrl‘oothvsiemi-martingale (SSM) representation is introduced... SSM representa-
tion which plays a:.key role to set up the maintenaﬁce models (see Chaptei‘ 4,5), allow the
process to be .decomposed into a drift part and an additive random fluctuation described

by a martingale.

Definition 2.7.2. (Smooth Semi-Martingale) (4)
A stochastic process Z = (Z;),t € Ry, is called a smooth semi-martingale (SSM) if it

has a decomposition of the form
Z, = Zo+ [} fods + M,

where f = (f;),t € Ry, is a progressively measurable stochastic process with

t
E/ filds <oo VEER,
0

and E |Zg| < 0o and M = (M;) € M, where M, denotes the class of cadlag ' martin-
gales with My = 0. Short notation: Z = (f, M).

1A process with almost right continuous and left-limited paths
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So, because the martingale term is a mathematical model of a fair game with con-
stant expectation function E(M,;) = E(M,) = 0, the stochastic procéss Ziy, t € Ry can
be considered as a diffusion, which varies randomly around the regression term with

expected value zero.

Theorem 2.7.3. (Smooth Semi-Martingale) (4) Let Z = (Z;),t € Ry, be a stochastic
process on the probability space (0, F, P), adapted to the filtration F. If C1,Cy and.
Cs hold true, then Z is an SSM with representation Z = (f, M), where f is the limit

defined in Cy and M is an F-martingale given by
My = Z, - Zy — [§ fods.

And Cy, Cy, ‘and Cs with assumption of

D(t,h) = h'E[Zypn — Zy|F), t,heRy

are
Cy. For allt,h € Ry versions of the conditional expectation E{Zy.p|F:| exist such that

the limit
ft = limh_,o+ D(t, h)

erists P — a.s. for all t € Ry and (fy),t € Ry, is F-progressively measurable with
Efotlfslds < oo forallt e R,.

Cy. For allt € Ry, (hD(t,h)),h € Ry, has P-a.s. paths, which are absolutely continu-
ous.

Cs. For allt € Ry, a constant ¢ > 0 exists such that {D(t,h) : 0 < h < ¢} is uniformly

integrable.



One of the simplést example of a process with an SSM representation is the Poisson
process (IV;),t € Ry with constant rate A > 0. To determine (SSM) representation of
(/Vg), using independent and stationary increment property of (IV;), it can be simply

shown that
Mt - Nt - )\t

is a martingale term with respect to filtration F¥ = o(IN; : 0 < s < t). On the other

hand from the condition Cy of the Theorem 2.7.3 the compensator of (V) is
. D(t,h)
o= ]
‘ i hi»r(l)l+- h
— hm E(Nt+h_NtlftN) = hm E(Nt-i—h—Nt)
h—0+ h h—0+ . h
E(Ny) )

(2.7.1)

= lim

‘ h—0+t h
Therefore, since the conditions C; — Cs are satisfied with f; = A, N; admits following

(SSM) representation
Nt = )\t + Mt

The Figures 2.5 and 2.6 show an illustration of the counting process N, its compensator
and the martingale term M; for n = 51 identically independent lifetimes which are

simulated of Poisson distribution with hazard A = 1.

In the next section a general definition of intensity of a counting process N, is given.

2.8 Stochastic Intensity

Definition 2.8.1. (Stochastic Intensity) (10)
Let N; be a point process adapted to some filtration F;, and let \; be a nonnegative

Fi-progressive process such that for all £ > 0




Counting process N{t) and ks compensalor A(i). based on n=51 identicalty Indapandant life time
simulatad of poisson distibution with hazerd A1
T Y T

Figure 2.5: Counting process Nt and its compensator ‘A4, based on n = 51 1dent10ally
mdependent lifetime simulated of Poisson distribution with hazard )\ =1

s

" Martingale M(t)=N({t)-A(t) based on the simulated data as in Figure 2.5

\\ \\\\\ )

Figure 2.6: Martingale M; = N; — A; based on the simulated data




JiXds <00 P—as.

If for all nonnegative F;-predictable processes C;, the equality

E { /O ” csts] _E [ /0 ” CsAsds] (2.8.1)

is verified, then we say that N, admits the Fi-intensity A;. Also, A; is so-called the

compensator of V; with respect to F.

Next example shows how the general definition of the stochastic intensity is used as

a key tool to solve an optimal stopping problem.

Exarhple 2.8.1. Let N, be a Poisson process with intensity A and let T be a fized time

(the terminal time)'.. Let- ¢ be the class of all Fiv—stopping time T bounded by, T. Find
™ € ¢ such that E[NTf (T — 1)) > E[NT(T-f 7)) fo?’ all 7 € ¢. Note that N; can be
interpreted as follbws: it 1s the counting process of a flow of g’o’ods, or items; entering a
warehouse. For any given item sojourning a time x in the warehouse, a fee proportional
to ¢ must be paid. At time T, the owner of the goods will take them back to the factory or
dump them, so that there are no storage expenses after T'. At an intermediary time T, the
owner of the goods has the option of remouving the N, items presenting in the warehouse,
thus saving an amount of money proportional to N,(T' — 7). The time T is chosen
according to the observation of N; and cannot anticipate on the future observations,
therefore it has to be a FY -stopping time.

Integration by parts follows
N(T —7)= [ (T — s)dN, — Jo Nods.

Since the intensity of Ny is X from definition 2.8.1 with substituting the predictable process
Cy=1(t < 7)(T — t) we have |




E[[{(T = s)dN,] = E [[j(T — s)Ads]

E[N(T — 7)) =E[f; (MT —s)— N,)ds].

The integrand A\(T' — t) — Ny that can be realized as the saving rate per unite of time is
decreasing and takes the value XT' > 0 at time t = 0. Therefore a reasonable candidate

for an optimal FY -stopping time (7*) is the first time at which the integrand crosses the

horizontal line zero, -or equivalently,

™ =inf {t : (T —t) — NV; < 0}

AMT-t)

Figure 2.7: The Optimal Stopping Time 7*

The Figure 2.7 shows an illustration of the stopping time 7*. As noted in addition to
the conditions C — Cs, the general definition of intensity process (2.8.1) is an alternative

method to determine the compensator of a point process.




2.9 Intensity Process Models

In this section to model failure process of systems subject to repair and maintenance
actions, a class of intensity process models characterized by repair and maintenance
factors is presented. It will be shown the repair and maintenance factors known as
multiplicative, additive or age reduction factors through incorporating into failure in-
tensity function play a main role to adjust failure process of systems. Before introducing

intensity process models, let have following example.

Example 2.9.1. Suppose the system under study is a repairable system with lifetime
distribution F(t),t € Ry and corresponding baseline failure rate v(t) = 1_—11,()5)‘1—1;@. We
introduce the monnegative measure A, as repaz'r random variables which represent the

virtual age or effective age of the system just after n'* repair and maintenance action:

An = An—l + gn(Tn - Tn-—l) | gn € [O, 1]; (nZ 1)

where Ty = 0, Ag = 0 and &, denoting the repair degree reflects the eﬁect' of repair
just after n'* repair time. To be more precise, if the system is replaced by new one at
repair times (as good as new) then &, (A,) take zero value, also &, > 0 (A, > 0) can be
interpreted as the virtual age following nt* repair. Now, let FN be o-algebra generated by
repair point process Ny and the sequence of nonnegative random variables A, be adapted

to Ff. It can be shown that (see (4, p. 55)) the FN-intensity of N is given by
M= rt—Tot+ A)I(Tn <t < Tpni1) Ao=To=0. (2.9.1)
n=0
Where T,, refers to nt* repair tome. In particular case, let

o &, =0 for allm € N, then N recalls the renewal process with inter-arrival time

distribution F
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o (=1 foralln € N. Then N represents minimal repairs with intensity r(t).

As seen the repair degree &, simply acts as an age reduction factor where through

incorporating into baseline failure rate adjusts the age of the system.

2.9.1 Proportional Intensity Model (PIM)

Based on (PIM) well known as Cox model (14, p. 55-66), the intensity process is the
multiplication of a deterministic baseline intensity function Ay dependent only on the
age of the systerﬁ and a positive function ¥ formulated in terms of the time dependent
covariates values. ‘H_ence, if z(t) is the vector of covariates values, the (PIM) can be
expressed as i |

A = 2@, 2.92)

where usually W(z(¢)) is represented as exp(vz(t)) that +y is a vector of possible param-
eters. Beéides, the trend of the baseline intensity function can be formulated as the
power-law form, that is, Ao(t) = aft* (o > 0,8 € R), the log-linear form Xo(t) =

afft(a, 8 > 0), and the constant form Ay (t) = a(a > 0).

2.9.2 Percy Model (Partial Repair)

Percy (62), to model the failure behavior of the repairable systems, considered an ex-
tension of the non—hofnogeneous Poisson process (NHPP). According to the Percy’s
approach the baseline intensity function is improved at each corrective maintenance
by some measures well-known as intensity scaling factors. Theses factors are applied

as tools to reflect the improving and deteriorating trend of the system over the repair



process. This model is stated as

N(t)

)] s (2.9.3)

Where s; > 0 denote intensity scaling factors with constant values and Ao(t) is the
baseline intensity function. In specific case, it can be assumed that s; take equal values

ie., 81 = 53 = ... = §y(;) = 0 for some unknown parameter o.

2.9.3 Generalized Proportional Intensity Model (GPIM)

Generalized proportional intensity model (60), which is a generalization of both models

i.e. prentice (63), percy et.al. model (62) and also (PIM), offers much potential for
maintenance decision making not only by incofporating covariates, and the agihg factor
of the system, but aiso through introduc%ng intensitylscaling factors 7; aﬂd s; being
respectively effects of the preventive and corre.ctive maintenance actions over the repair

process.. According to the genéralized version of the percy model we have

N(t
A¢) = /\o(t H Ti 1_([)5i exp(y2(t)), (2.9.4)
i=1 .
where M (t) and N(t) refer to the number of Preventive Maintenance (PM) and (CM)
actions respectively in the time interval (0, ¢]. In especial case, let s; take constant values
ofori=1,2,..,N(t) and also r; = p for i = 1,2,..., M(t). Then the equation (2.9.4)
reduces to ‘
At) = Xo(t)pM PN exp(yz(t)), (2.9.5)
Percy (60) with a numerical example, to analysis oil refinery pump data, shows that the
intensity process with log-linear baseline intensity function in viewpoint of the estimated
log likelihood is more admissible than that with constant or power law form. Further-

more, it is shown that the estimated intensity scaling factors corresponding to (PM)




(p) is less than 1 which is an indicative of the key role of (PM) in reducing the failure
intensity and consequently substantial savings. Also, Percy (61) with a new approach,
to make a more flexible maintenance model to (GPIM) in viewpoint of adjusting the
failure intensity, introduces a new model based on random scaling factors, deterministic
scaling factors which are the specific functions of ¢ and j or ¢; and ¢; referring the (PM)
and (CM) times respectively, and also random variables with evolving means (combined
scaling). For example, in the random scaling case a suitable random form corresponding

to (CM) might assume conditionally independent exponential random variables
Sjlo ~ exp(o) (2.9.6)

For j = 1,2,..N(t) with & > 0. Moreover, in such case conditionally independent

gamma or log-normal random variables are the other optiohs that might be vconsidered'

as stochastic scaling factors. In deterministic sense, when intensity.scaling factors (S;)
follow a increasing trend over the repair process, we have

i

= 2.9.
tj-*-O', ( 97)

J

where o > 0. According to the equation (2.9.7), the successive repairs have decreasing

multiplicative effect over the intensity function. If S; are given by

= %t] (2.9.8)
then successive repairs have decreasing multiplicative effect over the intensity function.
Note that for both equations (2.9.7), (2.9.8), 0 < S; < 1 is an indicative of the effective
role of (CM) in reducing the failure likelihood of the system. Finally, in the combined

scaling case, which may be the most realistic form in practice, intensity scaling factors

corresponding to (CM) might be distributed exponentially with mean increasing over
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time, namely,

Silo,t; ~ exp(a;), (2.9.9)

Such that o; = a—i%] for j =1,2,...,N(t) with o > 0. In practice, to fit (GPIM) based
on presented intensity scaling factors, Percy (61) uses the oil pump data A — D gathered
over a period of nearly seven years of the oil refinery. Each of these pumps perform the
same function but the working conditions are different. With assumption of the log-
linear form for baseline intensity function, the deterministic sense s; = fexp(—jo) + ¢
for (CM), and also the constant (PM) scaling factor, it is shown that the estimated

value of pis less than one for pumps A and D.ikndicating (PM) has a basic role to reduce |
the failure intensiﬁy._ On the other hénd, the estimated value p for the other pumps is
greater than one that means to av'o'idl unnecessary expenses, decreasing the frequency of

" (PM) is recommended.

2.9.4 Age Reduction Models

In this section we introduce some intensity process models well-known as age reduction
models. As noted before, to reflect the effect of the repair at intervention times, inten-
sity scaling factors in a multiplicative way have adjusted the failure rate. But, what
distinguishes the age reduction models from the others is that the age reduction factors
directly influence the global time in an multiplicative or additive manner. For instance,
based on the multiplicative and additive type (see (24), (28)), the failure intensity may

be stated as

At) = Xo(t]] s0), | (2.9.10)
and, "
AMt)=do(t =) _si). (2.9.11)



respectively where constant values s; are named age reduction factors, and A\g(t) is the
baseline failure intensity.

The other maintenance model which put in this class is known as Kijima type repair
models (38). Assume that ¢, and & are the time of k** event and the degree of the
repair at that time respectively so that 0 < & < 1 and k£ > 1. Based on Kijima type 1
model we have

Mes1(t) = Mug +t —t), e <t<tep, k>0 (2.9.12)

that Agt1(t) and v = ve—1 + &€c(tk — tk—1) are considered as the intensity of the failure
and the virtual age of the sysﬁem just after k%" repair. The expression (2.9.12) shows at
k™ intervention, irrespective of existing damage up to the last cycle, just the damage
“created over k" sojo.u'rn is removed. But; on the basis of the Kijima type ‘2 repair mjo'del

the virtual age is represented as

Uk = & (Vg1 + (tk — tk—i))-

As noted, based on the Kijima type 2 repair model the repair and maintenance action

removes entire damage created up to the k** sojourn. The process defined by
U(t,fk,k‘ = 1, 2, ) =1 -t + v,

for ty <t < tg41,k > 0 is called the virtual age process.

2.9.5 Modeling the Intensity Function Based on Repair and

Maintenance Indicators (RMI)

In this section, using repair and maintenance indicators (RMI) presented by Jardine (46),
some intensity process models are studied. Theses repair and maintenance indicators

acting as intensity scaling factors or age reduction factors can be ideally incorporated
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into the failure intensity to adjust failure intensity of the system at repair times.

Assume that a system consists of k parts, and N;(t)( = 1,2,...,k) are counting pro-
cesses that count the number of interventions/repairs of the part ¢ in time interval [0, t].
Moreover, assume that Ty, (t) refer to N;(t)*" intervention time for the part 4. If the
weight w; is considered as the importance of i** part within the system, then the RMI,

is formulated as

k
RMI,(t) = wisi(t) (2.9.13)
=1
so that,

where e;(t) is the accumulated operating time, or the virtual age on the it* part replaced
at the moment of IV; (t)th repair énd maintenance acfion’. So, if t is. treated as the global
age of the system, RM I, (t) could be‘ considered as the virtual age of the system. Subject
to the RMI’s sﬁrucgﬁre it is clear that 0.< RMI,(t) < t where it reaches thé lower bound
if and only if all parts are replaced by new one (ei(TNi(t)) = O) and RMI, =t when all
parts are replaced by ones as old as the whole system (ei(t) = TNi(t)).

The other type of RMI which reflects both repair action and ageing process of the
system is the repair and maintenance indicator type b i.e. RMI,. This indicator which
can be considered as the state of the system at each moment of time is influenced by

both global time ¢ and the virtual age of the system measured by RMI,. More precisely,

according to the definition of Jardine (46), we have

RMI =1 o gft()?waw (2.9.15)

where j(t) = j(¢,0) is a non-increasing function in ¢, g(t) = g(t,0) is a non-decreasing

function in ¢, j(0) = 1, j(00) = ¢,0 < ¢ < 1,¢9(0) = 0, g(c0) = o0, and 8 is a vector of

parameters. As noted RMIy(t) is an increasing function of ¢ such that 0 < RMI, < 1



where RM I,(t) = 0(1) denotes the best (worst) state of the system. Finally, the repair

and maintenance indicator type ¢, RM I, in terms of RM I, is defined as

RMI,(t)

RMIC(t) = 1 - m,

(2.9.16)

which RMI,(t — 0) is the left limit of the RMI,. So, 1 — RMI.(t) can be interpreted
as ratio of the virtual age of the system just after repair time RM1,(t) and the virtual
age of the system at fepair time RMI,(t — 0). It is easy to see the greater values of
RMI.(t) imply the better quality of the repair. For example, if all parts are replaced
by new ones then RMI,(t) = 0, and RMI,(t — 0) > 0, so RMI.(t) takes value one. If
we have minimal repair corresponding to edch part then RMI,(t) = RM Ia(t —0) that
is RMI.(t) = 0. Obviously, 0 < RMI(t) < 1if just a number of parts are repléced, or

the repair action can not have a significant 'effec‘tAto reduce the accumulated operating

" time of the parts.

Some Intensity Process Models Based on RMI

¢ Incorporating the (RMI) as an Additional Covariate

In order to reflect the effect of the repair at intervention time, let RM I, as a repair co-
variate is incorporated into the exponential multiplicative factor of the intensity function
that is

At) = Ao(¢) exp[yz(t) + ORM I, (¢)], (2.9.17)

where 0 > 0 denotes the regressidn parameter. From the equation (2.9.17) we have
Aor(8) < AE) < Apr(t) exp(8t) where Anr(t) = Xo(t) exp (vz(t)) is a function of both
the global age of the system, and the virtual age process RMI,(t). So, the term

exp (0RM I,(t)) can be considered as the repair covariate expressing the history of RM A




during the repair process. As seen in special case when all new parts are used at RM A
time the intensity function reduces to A(t) = An-(t) which is Cox model (15), if all parts
are restored to their conditions just before repair and maintenance action (minimal

repair), then the failure intensity increases to A, (t) exp(9t).
¢ Incorporating the (RMI) as a Non-exponential Multiplicative Factor

The RMI’s role as a non-exponential multiplicative factor can be compared with the
function of intensity scaling factors in the Percy model (60). In both models the aim
followed is to reflect the repair effect on the failure intensity. If RM I, is considered as

a multiplicative factor, then

) = Aur (). RMI(t), - S (29.18)

Now let j(t) = 1, and all parts are replaced by new ones then the failure intensity can

take zero value.
e Incorporating the (RMI) Through the Virtual Age (VA) Concept

To reflect the effect of repair and maintenance action and adjust the intensity of failure
RM]1, can be incorporating into the baseline intensity function of the PIM as an age

reduction factor. In other words,
A(t) = Mo(RM Io(t)) exp (v2(t)) (2.9.19)

As seen the effect of repair and maintenance action is reflected in the intensity process
through shifting the time origin in the baseline intensity function. On the other hand,
the values of the RMI,’s varies between zero and one, and the failure intensity can

be expressed in terms of the VA concept. In such sense, the global age of the system
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reduces through incorporation of the RM I, into the baseline intensity function, that is,
A(t) = Ao (ERM I,(t)) exp (v2(t)), (2.9.20)

As shown, the virtual concept can be easily incorporated into the baseline intensity
function by changing the system’s age. Also, on the basis of Kijima’s repair model we

can write
A() = M(V(£) exp (v2(2)) , (2.9.21)

Where V' (t) denotes the Kijima's virtual age in terms of the repair degree &, (see section
2.9.4). Because the RM I, expresses the quality of the repair, it can be taken into account
as an ideal measure instead of the repair degree &, More precisely, fn =1— RMI(t,)

which t refers to the nt” RMA tlme



Chapter 3

Stochastic Process Models

3.1 'Introduction

This chapter is assigned to provide an overview of some stocha_s‘;ié notions which play
a fundémental role to model fhe occurrence of events whose intéﬁs’ity is driven by a
stochastic process, a phenomenon which is most common in appli.cat’ion. Consider a
manufacturing system (e.g. robot) whose failure intensity depends on type of part made
(see section 3.2), or a deteriorating system whose inspection frequency is associated with
the system state. In both cases, the intensity of occurrence of failure and inspection is
determined by type of part made and the state of the system respectively which are un-
known over time. To tackle this kind of problem which is typically raised in modelling
repair and maintenance process of systems operating in a stochastic environment, Cox
process (18), alternative Cox process (10), or Markov modulated Poiéson process (4) so
called minimal repair process (MRP) (4) are asset to be used.

The next section describes the Cox process known as a Doubly Stochastic Poisson Pro-
cess. In this section we study a generalized of Poisson process with non-deterministic

intensity, a random variable which is known at the time origin. More precisely, the




intensity function ), is a stochastic process which is measurable at initial time (Fo-
measurable) where Fy = o()s, s € Ry ). In the next section, an alternative definition of
Cox process which is more adapted for modelling occurrence of events is presented. In
the modified version, the stochastic intensity A; is not measurable at initial time, but it
is adapted to the filtration F; = (s : 0 < s < t). In section 4 we give a brief descrip-
tion of a Markov modulated Poisson process in which intensity of occurrence of events
A = f(t,Y;) is linked by a stochastic process driven by Markov process Y;. Finally,
subject to the stopping time notion a cla,.ss of stochastic processes including (alterna-
tive) Cox process and Markov modulated Poisson process which is remarked by minimal

repair process (MRP) is presented.

)

3.2 Cox P:r.oée\ss

A Cox Process, also knowh as a Doubly Stochastic Poisson process, or Conditional
Poisson process is a stochastic process which can be described as a non-homogeneous
Poisson process with stochastic intensity function. Extending the discussion of the
Poisson process from both applied and theoretical viewpoint can be found in Cox and
Lewis (16) and Cramer (17). Before formulating the structure of the Cox process, let
us have a brief look at its application in financial mathematics, especially in insurance
modeling. As known, in insurance modeling, the Poisson process plays a main role to
build up the claim arrival process. Clearly, in the case that the claims depend on the
intensity of natural disasters (e.g. flood, windstorm, hail, earthquake) to model the
claim arrival process the Poisson process whose intensity is deterministic does not meet
our desire. For instance, in insurance modeling one of the criteria used to determine the

effect of catastrophic events, is the intensity function, or the shot noise process. This




49

process is useful to measure the frequency, magnitude and the time period needed to
determine the effect of catastrophic events. As time goes on in the shot noise process
the frequency of claims decreases and this trend carries on till another catastrophic
event which will lead to a jump in the claim intensity. Therefore, the claim intensity
function can be treated as the stochastic measure that generates the number of claims
resulting from catastrophic events. To overcome this deficiency, that is, the deterministic
motion of the intérisity D. Cox (16) presented the Doubly stochastic Poisson process.
What distinguishes this process from other point processes (e.g., Poisson process) is the
flexibility of the intensity function in that not only it can be considered as a function of
the time but also its structure, which is mostly modél'ed.by a driving process, allows the
intensity of the events arrival process to have a stochastic behavior. Roughly speaking,
the Cox proéess can be realized as a two sfeps randomization proéedure; In the first step
one draws at random the trajectory of a ”driving process”, say Y;, and once the wholé
trajectories are selected, one matches a Pqisson process of intensity f(t,Y;) to these
trajectories. To get more insight into the Cox process consider an example presentéd
by D.P. Heyman and M.J. Sobel (27). Assume that X is a random variable with
distribution F,(z) that depends on parameter a y. Suppose that «y is a random variable
with distribution G. If X is treated as a random variable indexed by the parameter ~,

then the distribution function of X can be stated as

p(X <) = [ Fy(2)G(dv)

So, X is X with its parameter v randomized by G. For example, if X is distributed
normally with mean value v, then X' is a normal variable with a randomized mean or

in generalized case if the counting process N; is distributed by Poisson process with

stochastic process 7;, then N, is a Cox process with stochastic mean value. Now, to
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have an example let the stochastic process (U;);>o be realized as the type of the part
made by a robot at time ¢ in a rﬁanufacturing plant, and the counting process N; denote
the number of the robots’ failures up to time ¢ so that when it is used on a specific job
of type u, the number of failures is modeled by a Poisson process with constant rate
AMu). In particular-, as the production schedule is specified by a non-random function u;,
denoting the type of part being produced at time ¢, the counting process /V; is modeled
by a non-homogeneous Poisson process with deterministic measure

Ay = [§ Mus)ds, ¢>0.

In general, if the production scheme is a stochastic process {U;;t > 0} which is not

influenced by failures, then the failure process NV; is a Cox process:
A= [T MUs)ds, t>0.

In such sense A, is a randomized case of the previous‘ one and can be interpreted as the
stochastic intensity of a non-homogeneous Poisson process. Note that if the production
schedule at origin of the time is specified then it is said that the intensity function is
measurable at origin of time.

The following definition is based on Bremaud (Point Processes and Queues (10)).

Definition 3.2.1. (Doubly Stochastic or Conditional Poisson Process) (10)
Let N; be a point process adapted to a filtration F;, and let ¢ be a nonnegative measurable

process. Suppose that \; is Fp- measurable V¢ > 0 and
t
/ Asds <00 P—as.,t>0, (3.2.1)
0

where Fo = o {\;: t > 0}.

Iffor all 0 < s <t and all u € R the term



exp {(ei“ -1) f; /\vdv} :

denotes the characteristic function of the conditional distribution (N; — N;) given filtra-

tion Fy, that is,

‘ t
E[eiu(Nt—-Ns)|]:s] = exp {(eiu _ 1)/ )\vd'l)} , (322)

Then N, is called a (P, F;)-doubly stochastic Poisson process or a (P, F;)-conditional

Poisson process with the stochastic intensity A;.

The above assumptions imply (N, — N;) for all 0 < s < t is P—independent of F
given Fo. The above result comes out of this fact that the right hand side of (3.2.2) could
be stochastic just through the Fy-measurable intenoity At Also, since right hand side
of (3.2.2) denotes the characteristic \function of the conditional distribution (N; — N;)

given filtration Fj, 'then for all 0 < s <t and all £ > 0 it follows

e~ Jodudu( [T ), du)* .

. p(Nt—NS|fS) = Ll

(3.2.3)

Now in the sequel let us focus on some special cases of the Cox process. If

Casel: )\ is deterministic, or more precisely, it is treated as the non-randomized function
At = )'\(t), then NV, is said to be a (P, F,)-Poisson process, in addition

Case2: F; = F, then the (P, F;)-doubly stochastic Poisson process reduces to the non-
homogeneous Poisson process,

Case3: A(t) = A for all t > 0, then it reduces to the homogeneous Poisson process,
Cased: Ay = A for all ¢ > 0, where A is non-negative Fy-measurable random variable,
then /V; is called a homogeneous doubly stochastic Poisson process,

Caseb: A is formulated as A\; = f(¢,Y;) for some appropriately measurable non-negative
function f and for some measurable process Y; adapted to Fy that FY C JFy, then N,

driven by the driving process, or environmental process Y; is called a doubly stochastic




Poisson process.

Following we will give an alternative definition of the Cox process presented by A. Dassios
and J. Jang (18) on which the driving process Y; is not necessarily measurable at origin
of time what is the most common in application. For example, let the process under
study be a sequence of repair and maintenance actions so that the intensity of occurrence
of repairs depends on the prdcess state, more precisely As = f(¢, X;) where X; denotes
the system state at time ¢. In such case since the flow of the process over inter-arrival
time is influenced by some environmental factors, obvioﬁsly the whole trajectories of the
driving process i.e., X; are unknown at origin of the time, and consequently, Cox process

is not efficient to model above maintenance process.

3.3 Alternative Cox Process

Definition 3.3.1. (Alternative Cox Process) (18) Let (2, F, P) be a probability space
with information structure given by F = {#;t € [0,T]}. Let N; be a point process

adapted to F, and \; denote a non-negative process adapted to F such that
| fot Ads < 00 a.s.
Ifforall0<s<t andu€e R
E{eu(N; — N,)|F}} = exp {(eiu -1) /t )\vdv} (3.3.1)
then N, is called a F;-doubly stochastic Poisson process with intensity A, where
Fr=o0{):5<t}

Clearly, above equation gives us

e~ Js el 1) du)k
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and

p{me > t|Asither < s <te}) =p{ Ny, — Ny, =0 A thmr < s <t}

ti (3.3.3)
=exp | — / Asds
te—1

where 7 denotes the inter-arrival time between the (k — 1)**, and k** time point.

Also, under alternative Cox process definition, the survival probability is equal to

p(r > thho) = E {exp (= fy hdu) [ho} = Ble™|x)
where A, = fot Asds and 7, = inf {t : N; = 1| Ny = 0} denotes the first jump arrival time

of the Cox process N;. Also, from (3.3.3) it is easy to show that
' E@NeNs) = {éQ(1—e)(A,—A3)} _

The above equation states that the evaluation of distribution of N; is equivalént to
finding the distribution of A, such that probability generating function of Nt‘yields the |
moment generating function of A; and vice versa. |

Now to get insight into Lalternative Cox process, let the provcess under study is a repair
and maintenance process in such away that the intensity of occurrence of repairs depends
on the system state X; controlled by a homogeneous Markov process. More precisely,
the intensity of the process is driven by U-values Markov process X; as A\, = f(¢, X3).
Thus the filtration generated by the intensity measure ); is equivalent to the filtration

FX where
FX=0{X;:0<s<t}

and from (3.3.1) we have

B} = enp (e - 1) [ 10 X))

= exp {(eiu — 1)/ Zgov(u)f(v,u)dv}

(3.3.4)



Where ,{u) refers to the stochastic indicator of the system state at time v > 0 i.e.,
wy(u) = I(X, = u). In special case given a known value of the system state @, (u) = ¢,
the alternative Cox process reduces to a J;-non-homogeneous Poisson process. Note
that the left hand side of the above equation is stochastic just through the intensity
function, or the system state X;. If the stochastic part, that is, ¢, can be estimated by
sub-filtration .4; C F including the observed history of the maintenance process then

we have an estimated version of the alternative Cox process as

B {0 4} = exp { (e — 1) [ T, 40w f (v, u)elo}
where @G,(u) = E{p,(u)lA,) = p(X, = u|l4,) Yv >0, and v € U. In such case the
alternative Cox process reduces to .A;-Alternative Cox process.

In the next section we study a special case of the alternative Cox process known as

MarkOV-Modulateci Poisson process.

3.4 Markov Modulated Poisson Process

As mentioned above the intensity function of the Alternative Cox process can be driven
by a stochastic process, that is, Ay = f(¢,Y;). In particular case, let the flow of the
driving process Y; over time is controlled by a homogeneous Markov process. In such
sense the alternative Cox process reduces to the repair model well-known as the Markov-
Modulated Poisson process. Also, the presented repair model can be treated as a gener-
alized version of the Poisson process whose intensity is indexed by driving process Y; = 1,
i € F{1,2,...,m} varying randomly. This case is common in application. For instance,
Jensen (4) applies Markov Modulated Poisson process to model intensity of occurrence
of minimal repairs of a deteriorating system subject to failure. Jensen models the in-

tensity of minimal repairs events V; by an (stochastic) function gy, which is driven by




the Markov process X; describing the state of the system. More precisely, it is assumed

that &V, admits the following F-SSM representation:
Ntzf()t/*l’Xsds-l_Mta t€R+)

where 0 < p; < 00,4€ 5 ={1,2,..,N} and M; is an Fi-martingale.

3.5 Minimal Repair Process

In this section we focus on considering the some repair models in view point of the Min-
imal repair Process concept. To clarify this notion.informally, let us restrict ourselves

to a simple case of the minimal process, that is, the basic statistical minimal repair

model. As known on' the basis of the statistical minimal repair model not only the

age Or more pfecisely, the failure intensity of the system as a result of minimal repairs
leaves unchanged, but also the inter-atrival failure intensity, corresponding to the non-
homogeneous Markov ‘process, is time dependent deterministic. To get an insight into
minimal repair concept, let the system under study be a complex system such as T.V.
consisting a great number of components. It is expected after replacing a single tube
in the T.V. set, the set as a whole will be prone to failure before the tube fails. There-
fore, with respect to what mentioned above, the time points of repair and maintenance
actions based on the information level, obtained through the intensity measure, are not
identifiable, or in terms of the stopping time notion the minimal repair times denoted by
{T,,} (Vn > 0) are not measurable with respect to o-algebra generated by the intensity

function F. In other words,

{T.<t}={weQ: T, (w)<t}¢FPVte R




So, the stopping times {7} (¥n > 0) can be determined under one filtration but not
under the finer one. In the case that the system at failure times T,, (n > 1) is replaced
by new one, then in terms of the hazard rate function of inter-arrival times which is r(u),
u € (0,T,, — T,,—1) where Ty = 0 the failure intensity of the system caﬂ be represented

as
= Ynor(t = Ta)[(Tn < t < Tay)

It is easy to see that the information generated by the intensity measure \; up to time

t includes the number of repair actions /V; where can be represented as follows

Ny=[{s€Ry:0<s<tA\ =}

and it follows that the renewal process does not put in the class of the minirrial'i'epair
process. As seen minimal repair models are simply characterized by level of information
generafed by intensity function. If intervention times 7, (n > 0) are not identifiable
(measurable) with respect to \; then the repair model is minimal.

Following to characterize minimal repair models, a definition of minimal repair model

presented by Aven and Jensen (4) is given.

Definition 3.5.1. Let (7,,), n € N be a point process with integrable counting process
N and corresponding F-intensity A. suppose that F* = (F}), t € R, is the filtration
generated by \: F} =o(),: 0 < s < #t). .Then the point process (75,) is called a minimal
repair process (MRP) if none of the variables T,,, n € N, for which P(T}, < 0o) > 0 is
an F-stopping time,'i.e., for all n € N with P(T,, < c0) > 0 there exists t € R, such
that {T,} <t ¢ F}.

Above definition comes from this fact that just after minimal repairs deterioration

level and consequently the failure intensity of the system at stopping times {7, },,., leaves

n>0




unchanged. So, since the system undergoing minimal repairs can be treated identical in
law to one of the same age which has not undergone any failure or repair, the minimal
repair times {T},},,., with respect to the failure intensity trend of the system i.e. A; are
not identifiable.

In the sequel, we will have a study on Cox process, the Alternative Cox process, and also
Markov modulated Poisson process in viewpoint of the minimal repair process notion.
As mentioned befofe, the intensity. function of the Cox process is set up at origin of
the time, or more generally the stochastic process At is fo;adapted for all t € R i.e.,
Fo = o(As;s € Ry). So, since the trajectories of the driving process are identifiable
before starting thefprocess, it means we say the process at time points 7;, (n > 0) ié
restarted fo the state in which the events have occurred. To get a.sense of minimal
repair processes (MRP), let us have following exami)le. As before suppose that the
production scherrig of a robot, operating in a manufacturing plant, is set at initial time.
So, under this assﬁ’mption the broduction process is not affected by robot failures and
consequently, the failure intensity of the robot, marked by the job type under which it
is working at failure time points, leaves unchanged. In other words, if F; denotes the

history of the process up to time ¢ then
Fi=FoVo(N;,0<s<t)
Also we have

ffza(As:OSSSt)Cfo

and {7,,} are not Fy-adapted. So, it follows {7,,} (Vn > 0) are no F,-stopping time, or

equivalently, the Cox process is an (MRP).

Also, the Markov-modulated Poisson process can be considered as a minimal repair




process if just after each repair and maintenance action the process is restored to the
state in which the event (e.g. failure) has occurred. In such case the intensity measure
indexed by the stochastic process does not include any information about event time
points {T,,}. More precisely, time points of events under filtration F7 for all t > 0 are

not méasurable, namely,
(To<t)={w: T,w) <t} ¢ Fr =0 {V,: 0<s<t}

Where Y; (¢t > 0) is a stochastic process steered by the homogeneous Markov proceés.
However, it is necessary to be pointed out, in the case that the process at some time
points as a result of repair and maintenance action is adjusted then the (MRP) property

for Markov modulated: Poisson process is not satisfied because

n>0

Ne= [ I <A-)ds =Y

I(T, < t)
Where N; counts the number of repairs up to time t.

Following theorem gives another characterization of an minimal repair model (MRP).

Theorem 3.5.1. Assume that P(T,, < co) =1 for alln € N and that there exist version
of conditional probabilities Fy(n) = E[I(T, < t)|F}]| such that for each n € N (Fy(n)),
t € Ry is an (F*-progressive) stochastic process.

(i) Then the point process (Ty,) is an (MRP) if and only if for each n € N there exists

some t € Ry such that
P(0 < Fy(n) < 1) >0.

(i) If furthermore (Fy) = (Fy(1)) has P-a.s. continuous paths of bounded variation on

finite intervals, then

1-F = exp{—fot )\sds}.




Chapter 4

Optimal Maintenance Policies for
Sthhastically Deter,i(jrating
Systems Subject to Biva’riate |

Stochastic Process

4.1 Introduction

The maintenance decision policy for a repairable system has aroused great attention.
Bergman (8) studies an optimal replacement problem with a non-decreasing damage
process. He shows that the optimal replacement policy is a control limit policy with
respect to the damage process. Makis and Jardine (31) address an optimal replacement
problem for a deteriorating system subject to random failure. The proportional hazard

model (see Cox (13)) has been used to describe the failure rate of the system which is

59
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function of both the system age and a stochastic (damage) process. It is shown the op-
timal replacement policy is a control limit rule with respect to the proportional hazard
process. Newby and Dagg (56) in a maintenance decision framework tackle the problem
of determining optimal inspection and mainteﬁance policies for a system with perfect
repair whose performance is described by a stochastic process. With the same approach
as Newby and Dagg (56), Newby and Barker (52) under both periodic and non-periodic
inspection policy present an extension of decision models which use the first hitting time
of a critical level as a definition of failure. The inspection and maihtenance policy is
determined bby the crossing of a critical threshold by an aggregate performance measure.
To extend the model to non-periodic inspection policy, they apply a scheduling func-
tion m(z) (Grall et al. (1)) which determineé the time to the next inspection based on
the observed systeﬁ(l state z. !Recent_ly, usinglthe extended pfdportiohal hazards model
(EPHM), You, Li and Meng (49) develop two component-level cén‘prol—lim’it preveﬁtive
maintenance (PM) policies for systems subject to the joint effect of pa_r’ﬁial recovery PM
acts (imperfect PM acts) and variable operational conditions.

In this chapter under both periodic and non-periodic inspection policy we present a new
approach to maintenance optimization of a stochasticaily deteriorating system which is
subject to repair and maintenance. The state of the system is determined by the failure
probability measure R§X’V), t € R, described by a general stochastic process (damage
process) X with monotone paths and a virtual age process V induced by repair. The -
structure of the optimal maintenance strategy is formed under periodic and non-periodic
inspection policy. Under non-periodic inspection policy, by using repair alert model time
to next ((n + 1)**) inspection 7,41 = 7(Tn, Us; B) (n > 0) is formulated to provide an in-

spection schedule based on the known bivariate state process (Xn, V) = (@n, v,) updated

- just after n*" repair. The damage state process is revealed by inspections at non-periodic
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times X7,,,, = Xnt1 — ZTnt1. At inspection time 7T,,,; the decision to perform (n + 1)

repair action is taken with respect to the failure state process R{Errivn)

e characterized by
the known bivariate state process (zn41,vn) just before repair, inter-arrival inspection
time 7,41 = T(Zn,vn; #) and decision thresholds &, £ which respectively refer to the
preventive partial repair and replacement rule. The decision maker has disposition to
adjust the virtual age process' V' (imperfect repair), leave it unchanged (minimal repair)
or replace the system by new one (perfect repair). The critical threshold , &, is used as
definition of partial repair action. If the system state process Rt(x’v) crosses the bound-
ary & a partial repair is made. The accéptance performance of the process is limited
by the critical 1eve,l €, (0 < & < & < 1). The threshold &; is the level at which failure
and replacement oécur.- The réplacement action (renewal) is ‘determined by “the first
hlttmg time to the failure threshold §f. The problem i is to minimize the long-run aver-
Kage cost subJect to the preventlve maintenance decision rules §T and &5 and the repair
alert-parameter B. Because the model presented allows replacement if the system state
crosses &5, the replacement cycles constitute a renewal process. This érhbédded renewal
process is used to derive expressions for the long-run average cost based on the repair
alert parameter § and decision rules &, ;. To demonstrate the use of this maintenance
policy in practical applications, using Gamma process describing evolution of damage
process X, an analytical method applied for non-periodic inspection policy is presented.
The simple change to the model 7, — 7 allows us to represent a maintenance policy
under periodic inspection strategy. To demonstrate the use of this maintenance model
in practical applications, employing the modified analytical method, a solution to the

optimal decision rules {7, £} and the period of inspection 7* is derived.
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4.2 Model

Let X = {X;:t> 0} be a stochastic process with monotone paths which can influence
time to failure of the system. The process X is a damage process which reflects the
effect of the operating environment on the system. The state of the damage process
X is determined by inspections which occur at times {7}, : n =0,1,2,...}, To = 0 with
inter-arrival times 7,41 = Ty,y1 — Tp, (n > 0). The only available information is given by
the history of ﬁhe damage and virtual age process at inspection times just after repair
action, i.e.- ) ‘

An=0{(Xp, V)  k=1,..,n}.

where XTk and V7, denote the damage process and virtual age process just after &t
repair action. Since the values of X are known only in some discrete points of time
T, (n > 0), with the same a;;proac‘h as Makis and Jardine (31) we approximate the
stochastic process {X;,¢ > 0} by the right continuous jump process {X},t > 0} which

increases by jumpé at intervention times, otherwise is constant. More precisely,
Xn =X (T <t < Tpya).

This assumption implies that if f is a function defined on RZ, then f(X,,V;) for t €

[T, Tn+1) is measurable with respect to the filtration A,. In other words,
Elf(Xe, Vi)l A] = f(Xe, V) = f( X, Vo +t = T) (4.2.1)

The link between the lifetime indicator process Z; = I(T < t) adapted to the filtra-
tion F = (F;) (Ap C F) and the bivariate state process (X;,V;) is modeled by the

proportional intensity model (PIM) (see Cox (13))

At X, Vi) = Do(VOw(X,), ¢>0 (4.2.2)
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which is product of a baseline intensity Ay dependent on the age of the system defined
by the virtual age process V = {V,: ¢t > 0} and a positive and increasing function
dependent on the stochastic process X. More precisely, it is assumed that Z, admits the

following semi-martingale representation:
t
z=/1@>g%mmmmmw@
0
where M, is-an F, martingale. Obviously Z is the counting process corresponding to
the simple point process (T.}) with T' = T} and Ty = oo for n > 2. Processes of this
kind are a realization of Cox processes or conditional Poisson processes if A(t, X;, Vi) is
Fo measurable for all ¢t € Ry (see Serfozo (67) and Bremaud (10)). Using the projection
theorem (see Aven and Jensen (4)) we obtain for T}, <t < Ty,
E[Z]As) = 1-F7™
t
= / ud (X, Vi)ds + M, (4.2.3)
where M, is an A, martingale, for ¢ € [Tn, Tns1),

FX™ = BT > t)| Ad = P(T > t]A,)

and

1t (Xe, Vi) = E[I(T > t)Ao(V)sh(X:)| An).

Since \o(Vi)¥(X:), t € [Tn, Thy1), is measurable with respect to the filtration A, (see

equation (4.2.1)), it follows

ue (X, Vi) = Xo(Vi)Y(Xy) B[I(T > 5)| An] (4.2.4)

= Xo(Vayyp(Xo) FXW (4.2.5)
By substituting the intensity measure (4.2.4) into the equation (4.2.3) we get

t
Ft()xt,Vn) — / )\O(Vs)w(XS)FS(Xs,Vs)dS + Mt (426)
0



From equation (4.2.6) it is easy to see that for ¢t € [Ty, Tp+1), (n > 0)

-1

(Xt,Vg) Vk+7k+1 _(Xkyu)
F - Zw(Xk) . Ao(w)Ey ™ du
k=0

Vnt+(t—Th) X _
+ P(Xy) / )\O(u)FIE +;;’“’du + M,

that I, = T, — V,,. Using the fact that Ft(Xt’Vt) on {T, <t < Ty41} has continuous paths

of bounded variation, it follows that M; = 0 and

X Vi) Vot ({t—Tx) () ,
FXRW o ux) / Mo(w) EE9 gy

i

+ F) (4.2.7)

Simply, it can be shown that the solution of the resulting integral equation (4.2.7) for

te _[Tny Tn+1) is

Ft(xt,vt) _ F}X71:Vn) _ (4.2.8)

n

. Vot (t—Tn)
X " exp <—w<Xn> / %(u)du)

or, for u € [0, Tpy1)

FCZ("Xt’Vt)
F‘i’:’uvn’ = P(T>To+uT > Tp, A)
Tn

exp (=% (Xn)[Ao(Va + u) — A(V2)])

R&Xn,vn) — 1 —_ R&Xn,vn), (429)

where Ag(u) = [ Xo(s)ds. The failure state process (4.2.9) can be viewed as a sequence
of survival functions updated by each intervention. From equation (4.2.9) it simply

follows for Tp, < t < Tny1, (n > 0)

At X, Vi) = P(Xn)Ao(t — Tn + V3),




which is a sequence of truncated hazard rates updated by virtual age V, induced by
repair action.

Using the observed damage state process X,,;1 at inspection time T, 1, the decision to

(Xn+1;vn)

perform repair is made at 7,1, based on the A, ;-adapted failure state process R

where A, (n > 0) includes the histofy of damage and virtual age processes up to time

Trni1, just before (n + 1) repair action, i.e.,
A = AV (X))

The decision maker with respect to repair and failure threshold &, &7, (0 < &, < &5 < 1)

and the system failure state process _(i"fﬁ 2¥) hag disposition to adjust the virtual

age of the system (imperfect repair), return the system to the 'good as new’ state
(perfect repair), or restore the system to its condition just prior to-inspection (minimal

repair). The first failure and replacement time of the system 7, g’”) is defined as the

D, (Xn+lyvn

first inspection time the failure process R ), (n > 0) reaches or exceeds a given

threshold & (0 < &5 < 1):

Tn41

T = inf {Toyy : RE™) > €4](Xo, Vo) = (,v) }

Thus, the perfect repair is decided according to whether at (n + 1) inspection time the
system has failed |

R(Xn+1>vn) ->_ éf

Tnt1
or, is still working

R(X"+1’V") < ff.

Tn4-1

The imperfect repair mechanism based on the failure state process Riﬁf n¥a), (n>0)

and the repair and failure threshold &, &5 (0 < & < &; < 1) is as follows: If at (n + 1)

R_Xn—{-lyvn

inspection time R;, [ ) < &, (n > 0) then the system is restored to its condition just
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prior to inspection (minimal repair), and the updated bivariate state pfocess just after
minimal repair i.e. (X,11, Vs +7541) is incorporated into the equation (4.2.9) to evaluate

the failure state of the system for u € [0, 7,,42). If
P(Xnt1,Vn
67‘ S R‘(rn_{_]_.l—l ) < é-f

an imperfect repair just after (n + 1)t inspection time is performed. The repair action

‘updates the virtual age of the system V,, + Tpy1 — Vpy1 and

R(Xn—f—lxvn) — R(Xn+lyvn)
Tn+1 U;‘H_l )

where vy, = Vo — Voosto v, < Tn+1. By incorporating the post repair bivariate
state process (Xn41, Vo + 05, ) into the equation (4.2.9), an estimate of the failure state
of the system for w € [0, Tny2) is provided.

‘The improvement of the system via the inf;perfe(;,t repair is reflected in an age reduction
factor (repair dégree) which serves to adjust the virtual age of the sysﬁéfn in a Kijima'’s
type I manner (see Kahle (33)). In Kijima’s type I model it is assumed that the repair
action could remove damage created in the last sojourn. Precisely speaking, the virtual
age of the system just after n** repair action, Vn, 1s determined by V,, = V1 +&, 7, (n>
1) vwhere Tn =T —Th-1 and &,, (0 < &, < 1) denotes the repair degree at n** inspection
event.

As noted such repair can reset the virtual age of the system to that of a partially repaired

system if 0 < &, < 1 or restore the system to its condition just before inspection (minimal

repair) if &, = 1. So, by using this fact given that
£n=¢ st £€(0,1), ¥n>1 (4.2.10)

the virtual age of the system just after n'* repair action with respect to the failure

(Xn ;Vn—l)
Tn

process at n*® inspection time R and decision thresholds &, £; can be expressed



V. =
" Vn—l + T, if ng'nmvn_l) < é‘-r-

where the parameter ¢ denotes the degree of imperfect repair. The condition (4.2.10)

{‘@4+&b if & < RE~Y1) < ¢

ensures that over the replacément cycle the system gradually deteriorates and becomes
obsolete with time. By using the monotone property of %, the virtual age V;, can be

represented as

o { ot D <3 )
i Vo1 + 7, X, < ¢(T"’”" 1)

P — g1 (A —%e) 1
S - Aol + Vo) — AO(Vn—lv)v

Briefly, the decision and action process are built up in following way: starting from state

process (Xn_1,Va-1) = (Tn-1,Vn_1) (n > 1) evaluated just after (n — 1)* repair, the

nth

inspection is made at T},. Inspection at time 7T}, reveals X, — z,. To perform a
repair, the decision maker sﬁbject to the decision thresholds &,, {f and the failure state
process RE@mvn-1) §riven by the known bivariate state process (Xn, Va_1) = (Tn, Un_1)
either restore the system to its condition just prior to inspection that is (z,, vn—1 + 7n),
adjust the system’s virtual age vnp_1 + Tp /= vp_y + {7y, or return the system to the
regeneration state (Xo, Vo) = (z,v). The repair action determines the virtual age of the

system at T, i.e. V,, = v,

(n,0}), if RS < gy
(T vn) = 9§ (2n,0), & < B < gy
(z,0), i€ < Ry,
or, equivalently,
(Tn,v}), ifz, < ¢(T"’”"—1)-
(T, Un) = (:vn,vfl), lfwrn,vn 1) <z, < ¢(Tn,vn 1),
(z,v), if @bg"’”" D<oz,
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where v} = v,_1 + 7, and 1§ = v,_; + &7, If renewal does not take place at inspection
time 7T, i.e.

Rs_inyvn—l) < €f OT, -’En < wé’;ﬂ,,vn—l),

then starting from state (Xn,V,) = (s, vn), similarly as above the (n + 1)* decision
and action process are carried out at T,,,; and this process continues. As noted, the
decision at inspection time based on last virtual age and current observed damage state
determines a repair action and resulting action updates the virtual age. This series of
decisioﬁ and action events makes a sequence of bivariate state process (z,, v,), (n > 1).
Specifically; let the process starts in state (Xo, Vo) = (z,v), and decisions can be made
at periodic times k7, (k = 1,2,...). ‘Then, the virtual age of the system just after first
repair action at time T, V) g
| VT(”) : { v+ &7, ifa < X, < b;
v+71, if X; <a.

where o = ™) and b = .

In the following section under periodic inspection policy an expression for the long-run
average cost based on the decision thresholds &, £ and the period of inspection 7 is

obtained.

4.3 Long-run average cost given periodic inspections
policy

4.3.1 Expected cost per cycle

Let C% denote the cost of repair and maintenance actions per cycle starting from

initial state value (Xo, Vo) = (z,v): the system is instantaneously replaced by a new one
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at cost Cy and each (partial or minimal) repair and maintenance action incurs a cost

determined by a random cost function C¥(V;), i.e.

CY (V) = { C+Cluv+¢€r), ifa< X, <b

. C+C'v+71), ifX,<a.
where the bounded cost measures C, CY(v + 7), C¥(v + &7) respectively denote the
inspection cost, the minimal repair cost and imperfect repair cost to adjust the‘system
age v+7T— v+ &7, (0 <& < 1). It is assumed that the imperfect rgpair cost C¥(v+¢€7)
is a non-increasing function of the reduction factor £&. That means, better repair induces

higher cost of repair. Then a renewal type argument yields
CEN) = o)1 (XT > {0 ””) + (CY(Vs) + CX VN I (X <" “’) (4.3.1)

Or, ‘
Clow) : '(Cix;,wgr) — eXrt 1 (1/)(7 ©) < X < w(‘rv )
vod (X 208Y) + Gt (WY <X <uf¥)  43)
H(C+CH v+ (X <yf?) + O (X, < pf)

where I (-) is the indicator function and
Cr(v;€) = CX(v+€7) = CY(v + 7).

Let T(f;f’v)) denote the first time the damage process X3, t € R, crosses the imperfect
&) :
repair (failure) limit wé:(;’i

Ty =t {: X2 97106, %) = (50)
then, using the fact that

TGP <& X > g
&)



C®¥ can be represented as
Ol = (OfFwen - 0B n) 1 (4 < Xo < ")

+Cyl < o < ) + Celw; )1 (T;?:i?) <7< T‘@%)

& &r £

H(C+Cu+T)I <T(”f,”3) > r) + Ot (X < ;W“))

Without loss of generality assume that the damage process X; is a continuous-time

process with continuous space state. The expected cost per cycle p @,y is

+ Cf w(‘ru)( )+C (v; €) ( d)(m)( T) — F¢§:,v)(7)>
) 1/}(‘”1) ’l/)(TU)

+A”‘%Wmﬂmm@+4&/m@aﬁmm

[

ﬁC-,- (y; f) = ,U'C-(rv,v+6‘r) - Nc$y,v+r),
and f,(y|z) is the transition density of the damage process X; from Xo =z to X, =y

and F Rk E B that F' = 1 — F denote the distribution functions of the stopping times
&

Tlif,”j), T;(; 3) respectively.

&f
4.3.2 Expected length per cycle

The expected length of a cycle is obtained similarly. The length of a cycle, L&) i

L) = T<f,”3).r (X 295") + (r+ 287 1 (X, <wf™) (4.3.5)

LG _ Lgxf,w&r), ifa<X, <b
i LY i X, <.




L(m vy _ TIE)(TU))I (X > ,l’b(rv)) + (,7_ + L‘(rXT,wH—T)) I (X < w(fu )
o (4.3.6)
+ (LS_XT;‘U"‘ET) _LS_XT,U—H')) I (,l[)é:,v) < X-r < ,Lpg;',v))

Or, equivalently

z,v (z,v ) (z,v) Xr 4T 7,0)
LEY = Tw(,u))l <T(”f,v) < T> ol (T > r) + LX) (X, <y )

(4.3.7)
+ (Lg_}\-,-,'u_—}-{‘r) _ L‘(r}\.,-,'u+‘r ) <¢§T'u) < X < ,lp(‘r ’U))

The expected length per cycle, u, v, is

r
/.IIL"(’_Q:,Q) = \/0 Fw(r v)( )d
; ,‘/)(7' ) : 'L/)(T‘u) '

‘+/1/)(Tv:) :u’Lr(y)g)fT(ylm)fly-f-/o /«l/Ll(’_y,v-i-T)fT(y'm)dy.

T

p’Lr (y; 5) = /‘(’L‘(’_U,’U+§T) - 'LLLS}I'V-‘_T)'

4.3.3 Long-run average cost

Now, the problem is to minimize the long-run average cost per unit time subject to the
period of inspection 7 and the preventive partial repair and the preventive replacement
rule &, &5.

Let 1™ be the long-run average cost per unit time given the start state (Xy, Vp) =
(z,v). Because given the assumptions (4.2.10) the virtual age process V, is increasing

in the number of both minimal and imperfect repair events, i.e.

VTH-]. > VTL) n 2 1
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(Xn+17
T

the failure process R ") tends to 1 as n — oo. This property subject to the failure

threshold &§; that 0 < £y < 1 implies the existence of regeneration time points Tg(fz’”):
Té_(;ﬂvv) — ll'lf {Tn+1 . RS’Xn+1,Vn) 2 €f|(XO) %) = (_’L" 'U)} , n Z O

Since, the sequence of failure and replacement times Tg(f’v) forms a regenerative pro-
- cess, the inter-arrival time between two consecutive replacements is a regenerative cycle.
Theses regeneration cycles form an embedded renewal process. As noted our process is

based on a renewal reward argument with p.olicy {Th <Thy<..<Tp <Thy1 < ...} with

possibly irregularly spaced inspections. In the case that the catastrophic failure of the

{

system occurs within the nt* interval, T' € [T,,, Tns1), because the failure probability of
the system is large enough, R,EX"’V”

'achiev’ed at,subsequent inspection time 7, after system failure time T' € [Ty, Tr41) and
renewal (reblacemeﬁt) takes place. | The replacement instants in both the pleriod{vic and
ndn—periodic (see section 4.6) define the embedded renewal proéess. This implies that
modelling includes the probability of failing within interval. This approach to féilure

modelling has been addressed by Newby and Dagg (56) and Newby and Barker (55).

According to the standard renewal reward theorem (see Ross (66)), we have

(@w) _ Mol
T -

o (4.3.9)
LTa:,u

where regarding equations (4.3.4) and (4.3.8), expected cost per cycle Ko and ex-
pected length per Cycle Ly v are solution of following integral equation:
1/)(7'/")

&L
/~LC$a:,v) = gc$z,v) + /( ) He, (yfé)f’f(ylx)dy
W )

b (4.3.10)
(7.0}
Ty
+ / Bowon fr(ylz)dy

XeVn) s 1 for ¢ € [T, Tny1), the reliability threshold &; is
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where
Gogewr = (C+C (v +7)) FG20 ()
3
7 (4.3.11)
+ P )+ G ) (FE (0 - FE )
wff d)gf 1/)51_
and
s
prpen = hpee + /(m) A, (y; €) f-(ylz)dy
Yer (4.3.12)
v
+ / Kpgwen fr(ylz)dy
that A :
hyem = / F;f;?v)) (u)du = E(T;f;?g)]crfg;ﬁ}) <7)+ TF;“:;?U’) (7). (4.3.13)
i 0 - &r 93 &f : & )

Startfng in state (Xo, Vo) = (0;0), the optimal period of inspection and repair and failure

‘threshold can be determined as

(T*) E:) f;) = arg min . {MS—O’O) .
(T&r € F)ERL X [0,6£) % [0,00)

Thus, the optimal maintenance policy characterized by the optimization of the long-run
average cost per unit time will lead to an optimal inspection policy 7* and preventive

maintenance rules -repair/replacement policy- £* and £F-

4.3.4 The long average cost under minimal repair and replace-
ment poliéy

In particular case, let the virtual age of the system just after partial repair leave un-

changed (minimal repair) or precisely speaking, parameter & which reflects the degree of
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partial repair be large enough: £ — 1. Given above assumption which restricts the re-
pair action space to just minimal repair and replacement, the integral equations (4.3.10)

and (4.3.12) respectively reduce to the following integral equations

wé;,v)
boew = Joes + Hogorn fr(y|z)dy (4.3.14)
T
and
’l/)(T'v)

&f

ML’(,-Z'U) = hL-(rI"U) +/ /.LL‘(ry,'u-f--r)fT(ylm)dy (4315)

T
with corresponding long-run average cost per unit time

(rv)

P )
Goem + [0 foworn fr(y|z)dy
(o) = = o) & : (4.3.16)

oy
hLS_a:,v) + fz ?f MLS_U,U+T)fT(y|$)dy

where

o = Cp +(C+ Gilu+7) = Cp) Fyit) (1)
f

and
T —
hpes = / E ;ffvu)> (u)du.
0 £f
So, the optimal maintenance policy characterized by the optimization of the long-run

average cost, per unit time will lead to an optimal inspection policy 7* and replacement
policy &5

T",€%) = argmin RS
( f) (T:ﬁf)€R+X[Ox°°){ /

4.3.5 The long average cost under partial repair and replace-
ment policy

In the case that the partial repair limit is small enough: v, — z, the action space

reduces to the partial repair and replacement. Provided this assumption the integral



equations (4.3.10) and (4.3.12) respectively reduce to

U
,UIC_’(_T,,U) = gcg,v) + / /‘LC‘,(_U'”“'ET) f’r(ylx)dy

T

ve
Bpey = hL(sz +/ Hop(woten) fr(ylz)dy

T
with corresponding long-run average cost function

,w("'x”)
(@) _ gcg,u) + fz & /J,C‘Sly,u+§7‘) f,(y|a:)dy

T w("':"’)
hL(Tz,u) -+ -j;c & ML(TUN+ET) f‘r (ylx)dy

dege = Gy + (C+ Cllo+€r) = CH (1)
f .

i

hpge =/ Flif;f’v))(u)du‘
0 &f

As above the optimal maintenance policy is characterized by the optimization of the
long-run average cost per unit time with respect to inspection time T and replacement

threshold &;:

(r",§}) = argmin {#(o,o } i
(T,gf)ER-’- X [0»00)
Clearly, if the repair degree ¢ is large enough: ¢ — 1, then the long-run average
cost (4.3.19) approaches to the equation (4.3.16).

In the following section, an émalytical method to solve the maintenance optimization

problem is proposed.




4.4 A numerical iteration algorithm to solving opti-
mization problem

To find a solution to optimization problem of p™? (see equation (4.3.9)), let ¢.(z,v)
and ¢;(z,v) respectively denote the expected cost and expected length per cycle given
initial state (Xo, Vo) = (z,v). It is easy to see from equations (4.3.10) and (4.3.12), both
¢.(z,v) and ¢;(z,v) are solution of following integral equation: |

| W) |

qS(e:,v) = f(z,v) +/ N

g

¢(:,v)
Fr(ylz)p(y, v +€'r)dy+/ T L le)éwv +7)dy (4.4.1)

where f(z,v) refers to ot OF hyo).
To present a solution to the integral equatlon (4 4.1), let (:ck, ) (k=0,1,...) imply the

state of the process Just after kth 1nspect10n Given startlng state (Xk, Vi) = (T, vk),

i

from equation (4.4.1) the ¢(zx, vk) can be expressed as

¢ (zy, v¢) = ¢(’“>+¢’°’+¢““’ | (4.4.2)

gk) = f(mkavlc))

('r V)
&r

(k+1)
= Jygmw Fr(ylze) ™ (y, ve + §7)dy,

Vi+1

(Tvg)

Er
) / £ (1708 (g, ve + 7)dy,

Tk
Vk+1

where ¢($k)vk) = ¢(k)(xkavk) and

. U+ T, Tk < Thp1 < ¢(T U'“)
V1 =
e+ €7, Yo < mi < ¢§; .
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By conditioning on the value of the damage process at (k+1)*" inspection time, Xy =
Tk+1, the equation (4.4.2) can be represented as

k )
(1 ), Tﬁgvk) < Tig;

Bz, ve) = 01, YT < mppr < P (4.4.4)

f
(k) (T:'Uk)'

137 Tk < Thy1 < YPg,

where ¢{) = ¢§’°’ + ¢ and ¢§§) = qb(lk) + qﬁgk). Assume that m —1 (m > 1) andn—m
(n > m) respectively denote the number of minimal and partial repair(s) and T, and
T, are the first time the damage process X; (¢t € R, ) reaches or exceeds a given partial

repair and failure threshold wg’w) and ¢g’v‘) respectively:
T, = inf {t ER,: X, > ngW} — inf {Tk X, > ¢g’“k—l)} , (4.4.5)

- T, =inf {t eRy: X, > wg’”ﬂ} = inf {Tk Xy > ¢g,vk_1>} - (446)

‘where n — 1 (n > 1) denote the whole number of minimal and partial repairs. Given

starting state (X,-1, Vo—1) = (Zn-1,Un_1), from equations (4.4.2) and (4.4.6), it is easy
to see that

¢(n_1)(zn—l>vn—1) = f(mn—la 'Un—l); n—12 m, (447)

Given that just after (n — 2)%" inspection a partial repair is performed i.e. m < n — 2,

since vp—1 = Un—z + &7 (see equation (4.4.3)), from equation (4.4.4) we have

¢ (2p_2, Vn_2) = f(Tn2,Un-2)

(ryop—-2)
Ves (4.4.8)
[y )8 e + £y
gr'”n—z _/_/
Un—1

But, in terms of initial condition (4.4.7), equation (4.4.8) can be represented as

wér,un_z)

¢(n—2) (xn—Q) Un—?) = f(xn—Z; Un—2) + (rion_2)

ér

f‘l‘(y’wn—z)f(yavn—l)dy (449)
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Thus, recursively ¢(—? (Tn—i, Un—i) for 1 <4 < n can be calculated as
", =1
(@neiynei) = ¢ ¢V 2<i<n—m+1; (4.4.10)
) n—m+2<i<n.

where

Unoi + &7, 2<i<n—m+1;
Un—i+1 = { 5 (4411)

Up—i+7, n—m+2<i<n.
As seen, given starting state (Xo, Vo) = (z,v), equation (4.4.10) recursively gives a
solution to both expected cost ¢.(,v) and expected length per cycle ¢(x,v) which are

function of control parameters:

(zv) — ¢C($1U)
7 } ¢1(I,’U)'

From recursive relation (4.4.10) it is easy to see that both ¢.(z,v) and ¢.(z,v) are

bounded. This comes from the fact that for &, € (0,&s), & €(0,1) integrands
@z (Y, vnin),  2<i<n
are continuous on the closed, bounded intervals
[:cn_i, wg’”"‘i)], 2<i<n-m+1

and
(ryn—-i) 1 (T\n—s) _ .
Ve, ,1/)§f , n—=m+2<1<n
and functions f.(zn—i,vn—;) and fi(@n—i,Un-;) corresponding to ¢.(z,v) and & (z,v)

Vi € {1 :n} are bounded, i.e.

0 < fc(xn—ijvn—i) S M:'_i
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where M™% = C 4 Cf + G (vp—i + £7) and for ¢y € (0, 7)
0 < ¢ (Fw(Trvn—i)(CO) - F ("'r”n—i)(T)) < fl@n—iyvn) <7,

& wéf

which implies that the long-run average cost per unit time is bounded:
0 < pl®¥ < oco.

In the next section, using the recursive procedures (4.4.10), numerically such a preventive
maintenance. policy subject to the decision thresholds &, €5 and the period of inspection
7 is illustrated. Numerical result is based on Gamma process. describing damage state

process X; (t > 0).

4.5 Optimizing model

4.5.1 Deterioration model based on Gamma process

Let the damage process X; be described by a stationary Gamma process with shape

parameter v > 0 and scale parameter §:
Xe— Xs ~ G(y(t - 5),6)

and

B0t ) = 20210

where shape parameter is linear in ¢, y(t) = v X t.
The transition probability density function f,(y|x), the density of X, given Xy = =z, is

the gamma density
571’(y _ :C)'y‘r—le—é(y—z)

fr(ylz) = e

(4.5.1)




If the state of the process at initial time is (X, Vo) = (z,v), the cumulative distribution

of the hitting time T(:f,”,}) of the partial repair (failure) barrier at 1,/)?(”))
&h)

o0

F;E,vv))() P(T(frvf) <t)=P(X, >¢§:;’f’f|Xo =)= / ., Jaulo)dy. (4.5.2)
(f) . r(s) Er’(f)

The distribution of T((; 3) can be expressed as ratio of an incomplete gamma function:
£r(f)

T,)
F(f v)) (t) = (wgr(f) z))

where I'(7y; zo) is an incomplete gamma function as

(4.5.3)

o0
F(’y;xg):/ t7letdt .
o

From stationary and independent incréments property of Gamma process it is easy to

" show that an smooth semi-martingale representation of X, is
y
Xt:X0+/ gdS'f‘Mt
. ;

=m+%t+Mt,

which M, is an F-martingale.

Let T("("ff;’“)) (0 £k £ m — 1) denote the partial repair stopping time given starting state

Er

(Xk, V). Using equation (4.5.4) an 4;-SSM representation of the damage process at

k)vk:)

stopping time T((, v 18

Er .

(Tyvg)

0
wfr

v T(zk,vk)
(T.vg)
El X T(EkvE) A | = E(X|Ax) + E (/ Ve, %dS’Ak> + F MT(xk,vk) Ai | (4.5.5)

1JJ("',%)

T

Applying the optional sampling theorem (see Aven and Jensen (4)) to the Ax-martingale

term

M (:zk vg) — E M (zk vg) -A
ng T\




T(“’kv“k)

(rvg)

B | Xywo [ Ak | = E(XulA) + B /%’“ Tas| A
¢§7'Uk) 0 (5

Since X and wg’”‘“) are measurable with respect to Ay it follows

w(T’Uk _ (wé:,vk) Ak) = E X (zk ) -/4
s (4.5.7)

_ v (zk k)
=%+ 35 (177} 4)

From equation (4.5.7), a random measure of the mean hitting time to partial repair

threshold w(T k) give_ﬁ starting state (Xi, Vi) (0 <k <m—1)is

Er

v, \ T,V (5 T .
o = m (1) = £ (v - x3)
Ve, Y
)
Y

<Ao(r_+h;§:) = AZ(vk) - X’“) |

e = E(Xy) = ng

starting in state (Xy, Vi) = (zx,vx) an estimate of the mean time to partial repair can

be evaluated by

A (kevk) é < —In(1-¢§) _ ) 4509
B = 5 \ Rl o) = holun) (4.5.9)
Because Tp,—1 = (m — 1)7‘ is the last inspection time before the damage process reaches

(7vm—-1) (

or exceeds the partial repair barrier ¢ see equation (4.4.5)), we have

A(,Uam—l,v'rn—l) <

” T
vy

Or, equivalently




So, the minimum number of inspections required to exceed the partial repair threshold

18

e 4.5.12
™= | Rolr + vmr) — | (45.12)

where | -] is the floor function.

With the same argument as above, starting in state (X, Vi) for m < k < n — 1, mean

time to reach failure threshold w(T k) ig

@) _ g [ plowon) _ O (e
e —jE(Tw(:v; A> == (w™ - %)
9
’)’

(on_f;il)_—afz(vk\) -)

£f &f

where for m < 'k S n—1,
Ve =(m—1)7+(k —m+1)ér

is the virtual age of the system just after kt* inspection.
Since,

e = E(Xy) = %/w,

starting in state (X, Vi) = (xk, vx) an estimate of the mean time to failure is

= (R )
1/»2;’”’“) v \ Ao(T + vr) — Ao(vi)

Clearly, for k =n — 1, using equation (4.4.6), we have

"(,Ufl 1,Vn— 1)
/J'_‘/)("'U'n, 1) < T
&

Or, equivalently

—9 (1 =
-+ In(1 = &) <n
AQ(T + Un—l) —_ AO(U‘n—l)




Thus, the minimum number of inspections required to exceed the failure threshold is

—2In(1 - &)
Ao(T -+ ’Un_l) - AO('Un—-l)

n = +1. (4.5.16)

In particular, to get an evolution of the mean hitting time subject to state process
(1, k), let 7 = 0.32, (£, &7) = (0.3,0.8), £ = 0.8, 9b(z) = 7, Ao(t) = t and § = 2v. Using
equation (4.5.12) and (4.5.16), the least number of inspections to exceed partial repair
and failure threshold are m = 5 and n = 11. Figure 4.1 illustrates an evolution of mean
hitting time to paftial rep'a,ir threshold &, = 0.3 .(right sub-figure) and failure threshold
& = 0‘.8 (left sub-ﬁgure) given bivariate state process (ug,vk), for k = 0,1,..,,10. As

shown the mean time to hit the partial repair and failure threshold (") decreases as
S0

a function of number of inspections and bivariate state process (i, ).

- ey -
o N &>
1 1 J

-]
1

Mean hitting time to thresholds &, &

Figure 4.1: Mean hitting time to partial repair and failure threshold &, = 0.3, {; = 0.8 as
a function of bivariate state process (i, vx), given 7 = 0.32, £ = 0.8 and (m,n) = (5, 11).




4.5.2 Maintenance optimization methodology

Following subject to the system parameters (§,&s) and the period of inspection time 7
a solution to optimization problem of the long-run average cost per unit time ,u(o ) 4

proposed. For fixed number of inspections (mg,ng) (1 < mp < nyp), let

(0,0
w9 = u G0 o (€(mo,no)),

§(mo, no) = (&-(mo, mo), §¢(mo, o)) -

Applying recursive relation (4.4.10), an optimal solution to the period of inspection
7*(mg,ng) and the repair and failure threshold parameters £*(m, ng) is obtained such
that . :

(r*(mo, o), £ (mo,m0)) = argmin p®9 (45.17)

€7 (mo,ng)€EST

that £™(mg, o) = (7(mo, no), §(mo, no)) and 5™ = Ry x [0,§f(mo,no)) x [0, 00).
If for fixed number my and ng, 7*(mg,ng) and & (mp,no) do not satisfy the equa-
tions (4.5.12) and (4.5.16) i.e., mo or ng greater (less) than the optimal inspection

frequencies Lg:m where

B — Sy (1 = € (mo, 1o)) .
& Ao (7*(mo, n0) + Umg—1) — Ao (Ume-1)

m In(1 = £3(mo, m0))
— +1.
AO( (mO) nO) + U‘no—l) - AO(Uno—l)

an optimal solution to the system parameters

T(mo - 1,no),§r(f)(mo - 1,no)

((r(mo + 1,m0), & (5 (Mo + 1,19)))
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or

7(mo, no — 1), &r(s) (Mo, mo — 1)
((r(mo, o + 1), &5y (Mo, no + 1))

is derived. Using above exploration method, the optimum number of inspections (mg, ng)
which are required to exceed partial repair and failure threshold are determined such
that (mg,ng) = (Le;, Le;). The optimal inspection frequency (mg, ng) give a solution to

the optimal inspection time 7 and repair and failure threshold & and £} such that

(7,65, €7) = (77(myg, 1), € (Mg, o))

- and

(T (Mg, ng), & (Mg, mg), €3(mg,mg)) =  argmin u 00
. £7(mo,no)EST
, for all (mg,ng) € NxN.~

Following a numerical example is provided to illustrate the proposed maintenance model.

4.5.3 Numerical results

To optimize the model with respect to the system parameters, let ¥(z) = z and A\(t) = ¢.
The choice for the maintenance costs, degrading and maintenance model’s parameters
are

(C,CRv+T1),Cr(v+¢&T),Cf) = (20,60, 80, 150),

0 = 2v and £ = 0.8. Using the optimization method proposed above, the optimal system
parameters (7, &, £f) for different inspection frequency values (myg, 1) have been derived
(see Table 4.1). As illustrated given inspection frequencies (mg, ng) = (1, 3), the optimal
parameters which satisfy the equations (4.5.12) and (4.5.16) i.e. (m(’;;n’a) = (Le;, Le;)

are (7*,&7,€5) = (7%(1,3),£"(1,3)) = (1,0.2,0.73) with corresponding optimal expected



mO) TLO
(2 2)

(r&.g) | w0 | (Le L)
(2,09,091) | 4208 | (1,

|
| (15,0.5,0.99) | 126.51 | (1,3)
|
-

(1,0.3,078) | 8289 | (1,
(1,0.7,085) | 79.79 | (1,
1,0.2,0.73) | 100.00 | (1,3)

,2)
( 3)
(3,3)
(1,3)

Table 4.1: Optimal system parameters and inspection frequencies for different (mg, no)

©9" = 100. The optimum values (mg,ng) = (1, 3) give a solution to

cost per unit time p»
the optimum inspéction frequency ng = 3 and the number of minimal-and partial repairs
which are mj — 1 = 0 and ng — mg = 2 respectively. The optimal system parameters

provide the basic partial repair and replacement decision rule subject to the failure state

and the damage process. The optimal partial repair and failure decision rule

Té(?’o) = inf {n'r* : Rii""’“"“) < 0.8}

inf {m’* s X, > wg*”’"‘l)}

inf {m* ; Rmn-1) < 0.27}

inf{ KXo 2 g 1>} (4.5.19)

respectively are used Just after each inspection instant: if R }‘”’.U" Do (0.2,0.73) par-
tial repair should take place; otherwise operation with minimal repairs continues, if
R()‘"’v“ D> 0.8, replacement occurs if R(X"’"" ) < 0.27. Equivalently, the decision
process can be made subject to the damage state process X,, and the optimal decision
thresholds ¥, """ and y{7g™ " if X, € (1/)(7*’.1’”'1), (=) partial repair should

take place; otherwise operation with minimal repairs continues, if X,, < @DOZ’U" ) re-

?

placement occurs if X,, > ¢(().T73’”n—1).




To get an insight into the decision and action process, using the estimate of the dam-
age state process u} = In7*, an evolution of the failure state process as the function
of bivariate state process just before repair (un,v;) i.e. R&’f"’”"‘l) and just after re-
pair (i, v,) i.e. Rf,’ff_’ﬁ: i) given optimal system parameters (7*,£*,€5) = (1,0.2,0.73)
has been illustrated (see Table 4.2) where v, — v,_; = 0.87*. From equations (4.5.18)

and (4.5.19) it is easy to see that the optimal decision times to perform partial repair

and replacement are T, g(;),()) = 7" and Tg’o) = 37" respectively.

pn,vy) | RUPD | (g, 0y) | R

Un—Un_1

1] (05,1) | 0.778<1—¢7 [(05,0.8) | 0.852
|
3] (

(1,1.8), {02725 > 1 - & | (1,26) | 0.38
1.5,26) | 004<1-€ | - | -

Table 4.2: An illustration of decision process and actlon process subject to the failure
state process given optimal system parameters (7*,&*, &%) = (1,0:2,0.73)

\

Table 4.3 summarizes the decision process subject to the estimated damage state‘pro—
cess 4 at n' inspection time given optimal system parameters (7%, &7, ) = (1,0.2,0.73)

and optimal decision thresholds

BT et —In(l - &p)
& Ag(7* 4+ vpo1) — Ao(vpr) |

g* Hn

(‘r JUn—1) (r ,vn—1)) I

n| W |
1| (045262) | 0.5 € (0.45,2.62) |
2] (0.17,1.0072) [1€(0.17,1.0072) ]
3| |

(0.1062,0.6235) | 0.6235 < 1.5

Table 4.3: An illustration of decision process subject to the estimated damage state
process (., given the optimal decision thresholds




In the following section under non-periodic inspection policy an expression for the
long-run average cost per unit time is derived. Using the repair alert model presented
by Lindqvist (44), we introduce a scheduling function 7,41 = 7(Zy, vs, 5) which deter-
mines the time to the next inspection based on the bivariate state process (X,,V,) =

(€n,vn) (n > 0) and repair alert parameter [.

4.6 Optimal decision policy with non-periodic in-

spection

Lindqvist (44) preseﬁts a repair alert model for a repairable system which is subject to
failure and possible preventive maintenance (PM). The Lindgvist model under a set of
assumptioﬁs (se‘e Definition 4.6.1) defines a so—called‘ repair alert function which descfibes
the alertness of theimaintenance Crew as a fllmctioni of time. The repair alert modei is

used to schedule non-periodic inspection times.

Definition 4.6.1. (Lindqvist et al. 2006) Let the random variables Y and Z denote
failure time and prevéntive maintenance time of a repairable system. The pair (Y,Z) of
life variables satisfies the requirements of the repair alert model provided the following

two conditions both hold:

o The event {Z < Y} is stochastically independent of Y (i.e. Z is a random signs
censoring of Y). That means the event that the failure of the component is pre-
. ceded by PM, is not influenced by the time Y at which the coinponent fails or

would have failed without PM, or the conditional probability
g=P(Z<Y|Y =y)

. does not depend on the value of y.




e There exists an increasing function G with G(0) = 0 such that for all y > 0,

P(Z§z|Z<Y,Y=y)=%, 0<z<y,.

The function G is called the cumulative repair alert function. Its derivative g is called

the repair alert function.

The second part of the above definition means that, given that there would be a
failure at time Y = y and the maintenance crew will perform a PM before that time
(ie. Z <Y), the conditional density of the time Z of the PM is proportional to the
repair alert function g. Lindqvist shows that given the increasing repair alert function
G, which reﬂecﬁs the reaction of the maintenance c.rew as a function of time, mean time

to preventive maintenance béfore the system failure is

| E-(ZIZ <Y)=E(Y) _ B[

where M(y) = [; G(t)dt. In particular case when the cumulative repair alert function
G(t) = t°, it simply results that the mean time to preventive maintenance before the
system failure is proportional to mean time to potential failure of the system. In other
words,

p

B(217 <Y) = ;5B () (4.6.1)

Following to find an expression for long-run average cost under non-periodic inspection
policy, using the result of repair alert model (see equation (4.6.1)), imposing some con-
ditions on the sequence of preventive maintenance times 7,, and elapsed system lifetime

{Y,=T—Tn-1} (n > 1) between (n — 1)*® and n* inspection are required:

e Given partial information .4, the potential failure times just after (n — 1)* pre-

ventive maintenance i.e. {Y, =T —T,_1} (T > T,_1) (n > 1) are a random signs
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censoring of preventive maintenance times (7,) (n > 1). That means, the n'"
preventive maintenance event, {7, < Y,}, are stochastically independent of the

potential failure time (Y,), and

¢ An increasing function G defined on [0, 00) with G(0) = 0 exist such that for all
Yn >0 (n>1)and 0 < 2z, < yy,

_ G(zn)
Glyn)’

In Following example which is a simple generalization of the example given in Lindqvist (43)

P(Tn S zann < YnJYn = ym-A'n)

we shows that provided some assumptions, the pair (Y, 7,) (n > 1) of life variables sim-

ply satisfies the requirements of the repair alert model.

Example 4.6.1. Models which satisfy the repair-alert model a;sumptions can be con-
structed by imitating the derivation of conditiondlly conjugate. prior distributions in
Bayesian analysi,s',‘-."-ihe use of the nbrmal—z'nverse gamma n normal models illustrates
the approach (9, Section 5.2 & Appendiz A). Let (Yn,Tn) (n > 1) be a pair of life vari-
able just after (n — 1) preventive maintenance at inspection time T, with conditional

joint density parameterized by 0 < g, < 1,

f(Yan)(ym Za|Ap) = ;_Zﬂzg_l¢(Xn)/\O(yn + Vo) exp (= (Xn) [Ao(Yn + Vo) = Ao(Va)])

where yn, >0, 0 < z, < g—:. From equation (4.2.9) the marginal distribution of Y, given

A, is the exponential distribution with density

Fra(Ynl An) = (Xn)do(yn + V) exp (=% (Xn)[Ao(yn + Va) — Mo(Va)])

while the conditional distribution of T, given Y, = y, and A, 1is the power distribution

with density

I (B2P1), 0< 2z, < 45
an(zn|Yn:ymAn) = y_f(ﬁ " ) "l
0, Otherwise.



From this we obtain P(1, < Y,|Yn = yYn, Ar) = ¢n for ally, > 0 andn > 1. That means,
the event {1, < Y,} is independent of Yy, and the first assumption of repair alert model
(random sings censoring of (Yn, T»)) is satisfied. Since the system deteriorates over time
it is assumed that forn > 1, (gny1 < qn). This assumptz’on implies that the probability of
occurrence of preventive maintenance before system failure time is decreasing function of
inspection events. '.The following calculation shows that the second assumption of repair

alert model holds as well. Let 0 < z, < yn forn > 1. Then

P(7 < 20y Tn < YolYy = U, An)
P(Tn < Yo|Y = tn, Ar)

B P(Tn < znly'n = yn:Afn)'

= PR

= (&)

P(Tn < zann < YmYn = yn>An) =

(4.6.2)

4n Yn

which denotes the second assumption of the repair alert model with inéreasz’ng_ cumulative

B qvn(zn/l%;)[j

repasr alert function G(t) = tP.

Provided assumptions of Definition 4.6.1, applying equations (4.2.9) and (4.6.1), the

mean time to the first inspection given (Xo, V5) = (z,v) can be calculated as

p
1+p

= % /000 exp (=9 (z)[Ao(v + t) — Ag(v)]) dt

7(z,v;6) = E(T)

(4.6.3)

th

Let the system state just after n* inspection is (X,,V,). Then, by applying equa-

tion (4.2.9) the mean time between nt* and (n + 1)™ inspection given A, is

T(Xn, Vo B) = %E(T = Tol|T > Tn, An)
(4.6.4)

= % /0 N exp (—(Xn)[Ao(t + Vo) = Ad(Vu)]) dt, n>1

As shown, given repair alert parameter 3 the subsequent inspection ((n+1)% inspectio'n)

is scheduled only by using the last state just after n'" repair, i.e. (X, V,). Thus, subject




to the equations (4.6.3) and (4.6.4) the sequence of inspections can be planed in following
way: starting from initial state (Xo, V) = (z,v), with probability q; the first preventive
maintenance is performed before potential failure time U; = T, at a time which for given
Ui = u, is distributed as power. Using scheduling function (4.6.3) the first inspection is
made at scheduled time T(&:, v; #). Inspection at 7(z,v; §) reveals X,(; ,,6. The decision

maker subject to the decision thresholds wg v z/)g’ )

and X,(;p) either restores the
system to its condition just prior to inspectioh that is (Xf(m;ﬁ), v+ 7(z,v; [3)), adjusts
the system’s virtual age v + 7(z,v; 8) — v+ &7(z,v; B), or returns the system to the

regeneration state (z,v), i.e.

: (Xr@wpyv+7(z,0;0), if XT@»”@ < ¢§f’u);
(Xf(fr,v;ﬁ)a Vf&’ﬁﬁ)) = Ketewm v +&7(0,0:8)), i 9 < Xooupy <o)
.(1") U)a if wéf,v) < X’r(z,v;ﬁ)-

(1371)) — -1 _ln(l_g"‘) (lawv) — -1 _ln(l-—gf) .
whete 4" = o7 { et | and 96 = v { mrEarem | 1 e

newal does not take place at first inspection time 7(z,v; 8), i.e. XT'(M;H) < ¢éf’”)’ then
with probability g2 (¢2 < ¢1) the second PM is performed before potential failure time
Uy, = T — T1. By using the scheduling function (4.6.4) next inspection is determined _
with respect to the state (X1, V1) = (Xr(w,v;ﬁ),‘/;(aj:});ﬂ)) and above process continues.
This series of decision and action events subject to the state process (X, V) makes a

sequence of inspection times.

In the particular case, let Ag(t) = ¢. From equation (4.6.4) it follows

0t i) = 12 penp (L85 |2 10 (B0R)] mz o

(4.6.5)

Where ¢ denotes the standard normal distribution function. Applying the equation (4.6.5)

)

given M\o(t) = t, B =1 and ¥(z) = = an evolution of expected time to next inspection,




Figure 4.2: An evolution of expected time to inspection given the start state (Xo, Vo) =
(z,v), for ¥(z) = z; (t) =tand f=1.

i.e. 7(z,v;1) subject to the starting state (Xo, V) = (z,v), (z,v > 0) is illustrated (see

Figure (5.2)):

(@,051) = Sexp <””7“2> \/—"% 11— (0y3)]

As shown, mean time to next inspection is a non-increasing function in both z (damage)
and v (virtual age) process. That means, with increasing degree of deterioration of the
system the reaction of the maintenance crew to make an inspection increases.

In the following section under non-periodic inspection policy an expression for the long-
run average cost per unit time is derived. The time to inspection event is formulated
by the sequence of non-periodic inspection times 7(Xpn, V4;8) (n > 0) which can be

evaluated by the equations (4.6.3) and (4.6.4).
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4.7 Long-run average cost given non-periodic inspec-

tions policy

4.7.1 Expected cost per cycle

Let C’éz’u) and 7(z, v; §) respectively denote th_e cost of repair and maintenance actions
per cycle and the mean time to the first inspection starting from initial state value
(X0, Vo) = (z,v): the system is instantaneously replaced by a new one at cost Cy and
each (partial or minimal) repair and maintenance action incurs a cost -determined by a
random cost function C¥(Vr), ie.

C+C:‘}(U+ 57'(33,’0;[3)), if /(/)('B’ ©) < XT(z v;0) < d}(ﬂ’ 3 ‘

O:(‘/T z,v;0 ) =
' i | ) { C+Cv+7(z,v8), if Xeum <¥e-.

where the bounded cost measures C, C”(U + T) C’”(v + ¢7(z,v; B)) respectively denote

the inspection cost, the mlmmal repair cost and imperfect repalr cost to adjust the
system age v + 7 > v +§T(x,v;ﬂ), (0<€&<).
It is assumed that the imperfect repair cost C?(v+£7(x, v; 8)) is a non-increasing function

of the reduction factor £. Then a renewal type argument yields

C5™ = CyT (Xotuwpy 2 42" -

N (C'f(Vr(x,v;,@)) N Cl(ixr(m,u;m,vf(x,mg))> I (XT(ME) < ¢(g v)) (4.7.1)
Or,

5™ = Co; 1 (W) < Xotapy < w0™)) + G w70

I (Xeaumy <E7) + Cr(wi 6,01 (37 < Koy < 0™

+(C+Cl(v+7(z,v;0))) I (Xf(zﬂ,;ﬁ) < Q/)éf,v)) + CyI ( o) 77[)(ﬁ v)>
(4.7.2)



Cr(v;€,0) = CY (v +&7(z,v; 8)) = Cr (v + 7(z,v; B)),
= (X- z,v; w+ET(z,0:8)) (X- ,v; T (3,0;8))
C’g(v;é) — Cﬁ (z,v:0) v _ Cﬁ (@,vi8) '

and I (-) is the indicator function. Let the stopping time(s) T(Eﬁvz) be defined as
' ()

T80, = inf {t: X, 2 021(Xo, ) = (2,v) }
r(s)

Because

Tt < 7(@90) & X 2 U5
&r(h)

(wv)

the cost per cycle C3"" can be built up as

G5 = Ca(vi )1 (¢§?;v) < Xoaing) < 95

(O 4O (v B) T (ﬂ$$>ﬂawﬂ0

z,v . X r(z,0:8)v+7(2,0;8)
+Cl (T;éﬁ,z) < 7(z,v; ,8)> +cf )

i (XT(x wb) < %b(ﬁ’ ) + C’T(v;f,ﬁ)I( ;fﬁ“g) < 7(z,v; ,6) < T(:gﬂvu))>

ey
that 7(x,v; B) is derived from the equation (4.6.4). By taking expectation from both

sides of the equation (4.7.3), the expected cost per cycle ft . is
)

w(ﬁ )
£f
,U/c[(ia:,u) = gc_g_m,-u) +/O Mcéy,v+r(z,v;ﬂ)) fﬁ(y'w)dy
w(ﬁ»v)

& _
+/(ﬁ | oy (¥;9,€) fo(ylz)dy
be
where fic, (y;v,§) = Holorer@wm) = Howwtr @) and
‘ T,v) — C F v ) )
Geg = CrFypn(r(z,v; B))

(G + G+ 7(2,v8)) Fypo (r(z, 1)

(5@(¢M(@U@) Fypolr(a9)




and fs(y|x) is the transition density of the damage process X, from Xy =  to X, (50,8 =

Y.

4.7.2 Expected length per cycle

The expected length of a cycle is obtained similarly. The length of a cycle, L&Y, is

3 "V ﬁ,'U
L5 = TGN (Xrtan) 2 90
J | (4.7.6)
+ (T(x,v;ﬂ) + LE?XT(I,U;B),VT(%”;L’))> I <X‘r(z v5) < ,lp(,g, )

But,

(X- z,v; w+€7(z,v;8)) )y )
L(Xr(m,u;ﬁ):vr(m,v;ﬂ)) = { L o w(ﬂ Y = X (z,0:8) < '(p(ﬁ ,
B - Xr z,v; wtT(z,v;8 U
. | Lé (z,v;8) ))7 lva'r(:c,v;_ﬂ) < ,(péf ).
Thus,

v - i Xr =,0;,8) VT z,u;3), . ‘ K
L,(B ) = (7'(%1);@ + L(ﬂ (i) ( ))) I (X'r(:c,v;ﬁ) < wéf )) ‘ ’
(4.7.7)

+ T((ﬁ wl (Xr(:c,v;ﬁ) 2 ¢éf’u)> + Eg(v; 374 ('(/)é’f’v) < Xrewp) < ,l’/)g,v)>
Yy

Or, equivalently
Lg™ = Ly(v; €)1 (1/)([”) < Xewug) < V5" )
+ (L(ﬁXT(a:,u;ﬁ) :'U+T(-’E,'U§ﬂ))> I (X'r(z vi6) < w(ﬂ; )

+T§(f’v)f (Tg’v) < T($,U;,@)> + 7(z,v; B)1 (Tf(f’v) > 7'(:12,’();,3))

‘ra:v ’U+€T($v,ﬂ)) (X- z,v; ,’U-|-7'(1:,’U;ﬂ))
(U g) (z,vi8)> Lﬁ (z,viB) )

The expected length per cycle pi) (=) is
B8

wéﬂ:“)

f

ung,v) = hLE;:,v) + /0 ,LLL(By,v+E‘r(z,u;ﬁ))fﬂ(ylx)dy
w(ﬁm)

+/w§;f“’ Firg (Y v, €) fa(ylz)dy




ﬂLp(y; v,§) = Hpvter(zuig)) — K @otr(zvi6)
s Ls

(zv;8)

4.7.3 Long-run average cost per unit time

Now, the problem is to minimize the long-run average cost per unit time subject to the

repair alert parameter § and the preventive partial repair and the preventive replacement

rule &, &.

(zv)

Let 45" be the long-run average cost per unit time ‘given the start state (Xo, Vo) =

(z,v). Because given the assumptions (4.2.10) the virtual age process V;, is increasing

in the number of both minimal and imperfect repair events, i.e.
Vn+1 > Vn, n Z 1

the failure process REX"’V") tends to 1 as n — oo. This property subject to the failure

threshold &; that 0<¢ ; < 1 implies the existence of regeneration time points T(fz’“):

Ter™ = inf {Tpes : RETHY 2 €61(Xo, W) = (2,0)}, 720

Tn+1

where 7,11 = T(Zn, Un; §). Since, the sequence of failure and replacement times Tg’v)
forms a regenerative process, the inter-arrival time between two consecutive replacements
is a regenerative cycle. Theses regeneration cycles form an embedded renewal process.

Then according to the standard renewal reward theorem (see Ross (66)), we have

(4.7.11)




where the expected cost per cycle y . and expected length per cycle u 1(=v) are solution
of the integral equations (4.7.4) and (4.7.9).
Starting in state (Xp, Vo) = (0,0), an optimal measure of repair alert parameter and

repair and failure threshold can be determined as

8, €, f;) = arg min {M,(GO’O)} _

(ﬂ){r »gf)EIR+ X [Ong) X [0,00)

Thus, the optimal maintenance policy characterized by the optimization of the long-run
average cost per unit time will lead to an optimal repair alert parameter §* and the

preventive maintenance rules £ and ¢}.

4.8 A numerical iteration algorithm to solving opti-

‘mization problem

To find a solution to optimization problem of ,ug”'”) (see equation (4.7.11)), let ¢.(z,v)
and ¢;(x,v) respectively denote the expecfed cost and expected length per cycle given
initial state (Xo, Vo) = (z,v). It is easy to see from equations (4.7.4) and (4.7.9), both

bc(z, 'u) and ¢;(z,v) are solution of following integral equation:
' ¢éﬂ,v)
0o = Fe )+ [ Salale)du,o+ @ vi0))dy

T

wéﬁ,v)

+/ ! fo(ylz)p(y,v + &r(z, v; B))dy
Y

o)
where f(z,v) refers to Jogew OF hLéz,u).
To present a solution to the integral equation (4.8.1), let (zx,vx) (k= 0,1,...) imply the
state of the process just after k" repair. Given starting state (Xx, Vi) = (2, vk), from

equation (4.8.1) the ¢(zx, vx) can be expressed as

3" (zi, vi) = 917 + 457 + ¢ (4.8.2)




(k) f(mka vk)

fﬂ(y|xk)¢(k+l)(y7 Z)k + é.T(.ka, Vk; /B)I)dyv

-~

Vk+41

(B.vg)

Ve,
(B _ / Fo(ylzr)d® 0 (y, ve + 7(x, vi; ) dy,
| 28 o

N~

' V-1

where ¢(zk, vi) = ¢ (zk,vi) and

_ { Uk + T(Tk, U B), Tk < Ta1 < 7#2?’%); (4.8.3)

Vk+1 =
vk + &7 (zk, vk; B), ¢(ﬁ’vk) < Tipr < lb(f’vk)-
.By condltlomng on the value of the damage process at (k+ 1) 1nspection time, Xy =
| Tk the equatlon (4.8. 3) can be represented as
6, Y0 < g

d(zr,ve) = o), w(f’”k><x W”k) (4.8.4)

(k)

135 Tk < Thi1 < 1/)§f Uk)~

where ¢ = (k) + gb(k) and ¢(k) = (k) + d)(k). Assume that m —1 (m > 1) and n —m
(n > m) respectively denote the number of minimal and partial repair(s) and T;, and
T, are the first time the damage process X; (¢t € R..) reaches or exceeds a given partial

repair and failure threshold wéf ) and ¢§f ) respectively:

T, = inf {t ER,: X, > ¢§f’m>} — inf {Tk  Xp, > ¢§f,vk-1>} | (4.8.5)

Tn = inf {t S R+ : Xt > wéf’vﬁ)} = inf {Tk : XTk > wéfﬂ)k—l)} , (486)

where 7 — 1 (n > 1) denote the whole number of minimal and partial repairs and

"l:l)’Ul)




Given starting state (X,_1, Vo_1) = (Zn-1,Vn_1), from equations (4.8.4) and (4.8.6), it

is easy to see that
"N (@1, Unet) = f(@not,Vnr);  n—12m, (4.8.7)

Given that just after (n — 2) inspection a partial repair is performed i.e. m < n —2,
since v,;_l = Un—g + E7(Tp_2,Un_2; B) (see equation (4.8.3)), from equation (4.8.4) we

have

¢(n——2) (mn—Z; Un—Z) = f(xn—% Un—2)

(Byvn—2)
Ve,

+ /([3 v, 2) fﬁ(y|$n—2)¢(n_1) (y; UTL—Z + gT(:I;n—Z, Un_Q; ,BZ)dy
,’wfry T v

Un—1

(4.8.8)

But, in terms of initial condition (4.8.7), equation (4.8.8) can be represented as
wéﬁfarvn—2)

o fale) [ )y (48.9)
. 1/}67‘1 ne .

¢(n—2) (xn—2a Un—TZ) = f(wn—Z; Un—?) +

Thus, recursively ¢™ 9 (z,_;,vn_;) for 1 <4 < n can be calculated as
gn_i): Z = la
- H(Tn—is Uni) = 5’;““, 2<i<n—m+1,
52‘“, n—-m+2<i<n.

where

(4.8.11)

Un—i"*‘g'r(:vn—i)vn—i;ﬂ)) 2SZS’I’L—m+1,
Un—i+1 = i
Unoi + T(Tn_i, Un-i;0), n-—m+2<i<n

As seen, given starting state (Xo, Vo) = (z,v), equation (4.8.10) recursively gives a
solution to both expected cost ¢.(z,v) and expected length per cycle ¢;(x,v) which are

function of control parameters:
¢Cl(;7!”)

(zv)
Hp == -
¢L(ﬁ$vv)




From recursive relation (4.8.10) it is easy to see that both ngC(T,,u) and ¢ (@) Are bounded.
5 8

This comes from the fact that for & € (0,&s), £ € (0, 1) integrands

fﬁ(ylxn—i)gb(nfi-‘_l)(y)Un—i+1)a 2 S 1 S n

are continuous on the closed, bounded intervals [:cn_z-, dzgj ’”""i)] (2<i<n-m+1)and

{wg’”"‘i),z,/}éf’”"‘i)] (n—m+2 <4< n)and functions fo(Tn—i,Vn—:) and fi(Tn—s, Vn_s)

corresponding to qu(m) and ¢5L<m) for all 1 < i < n are bounded, i.e.
8 )
0< fc(mn—hvn—i) S Mg—z

where M?™" = C + C + G (Un—i + £7(Tn—s, Un—i; B)),

0 < & Fypenna (@) = Fyoun o (r(Enmisn-is ) s
f s : 4.8.12)

S fl(xn—iavn—i) S T(xn—iavn—i;ﬁ) < o0,

where ¢; € (0, 7(Zn—i, Un—i; #)). This implies that the long-run average cost per unit time

is bounded:

0< ug‘"”) < 00.

In next section based on Gamma process describing the damage process X;, t € Ry,
using the numerical integration algorithms (4.8.10), a solution to the optimization prob-

lem (4.7.11) is proposed.

4.9 Deterioration model based on Gamma process

Let the damage process X; be described by a stationary Gamma process with shape

parameter v > 0 and scale parameter §:

Xy — X5~ G(/Y(t - S)) 5)
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and

where shape parameter is linear in ¢, y(t) = v x t.

The transition probability density function fs(y|z), the density of X, ..9) given (Xo, Vo) =

(z,v), is the éamma density

§17(@vib) (4 — g)17(@wib)=1=8(y—2)
L(yr(z,v;0))

If the state of the process at initial time is (Xo, Vo) = (z,v), the cumulativé distribution

folylz) = (4.9.1)

of the hitting time T(‘”;z) of the partial repair (failure) barrler at w(ﬁ )

3
&) %)
@) [y (z.v) (B) [ -
z,v T,V v *
Fwéﬁ(}z;( ) = P(T ye <t)=P(Xe> wg o [ Xo=1x)= o fs(y|z)dy. (4.9.2)
i CE : &)

N

The dlstrlbutlon of T((l3 3) can be expressed-as ratio of an incomplete. gamma function:

&r(f)
T(vt; 6( o) _ z))
F& (1) = ) (4.93)
1/)Er(,f) F(’)’t) ‘

where T'(y; z5) is an incomplete gamma function as

I‘(’y;xo)z/ t7tetdt .
zo

From stationary and independent increments property of Gamma process it is easy to

show that an smooth semi-martingale representation of X; is

t |
X, = Xo+/1ds+Mt
09 (4.9.4)

which M, is an F-martingale.

Let T(fg’: k)) (0 < k < m — 1) denote the partial repair stopping time given starting state

&r



(Xk, Vk). Using equation (4.9.4) an A,-SSM representation of the damage process at

stopping time T((g Y :)) is

Er

T(zkz”k)
( )y
E | X o | Ak :E(XklAk)+E</ . —ds'Ak) + B | Moo [ Ak | (4.9.5)
0

(ﬁ vg) (5 Vi)

Applying the optional sampling theorem to the 4;-martingale term

M (Tk v) — E M (zk vg) Ak

(B,0) (Byvg)
"’5r "’sr

| o
E X @) Ak | = E(XH.A}C) + B / ¢§r’ £ zdS‘Ak
Tllléﬁ vg) 0 (5
Since X and wéf V) are measurable with respect to Ay it follows

)

wéf:vk) — E (wé/fyvk) Ak) = E XT(z(E ”k; Ak
Yk

ve, | (4.9.7)

= X+ SE <T<fg wl4 )

From equation (4.9.7), a random measure of the mean hitting time to partial repair
threshold 1/)8"’“) given starting state (X, Vi) (0 <k <m—1)is
s = B (T4 ) = 2 (w0 - x.)

&r &r

(4.9.8)

_ —h’l(]. B gr) _
B (AO(T(ﬂik,Uk;ﬁ) + Vi) — Ao (Vi) Xk)

Since uy = E(Xx) = kT, starting in state (X, Vi) = (2, vk) an estimate of the mean

time to partial repair can be measured by

/:‘L(#k WE) _ 6 < _ln(l - gr) _ Mk)
wek) Ao(T(zk, vi; B) + Vi) — Ao(Vi)




Because
T = 7(s, vs; B)
i=1
is the last inspection time before the damage process reaches or exceeds the partial repair

(B,vm— 1)(

barrier 9, see equation (4.8.5)), we have

ﬂ;’?’é‘v;’”ﬁ ) <7 (Tt V13 B) (4.9.10)
&r .

Let 7(wm—1,Vm-1;0) be an estimate of 7(Zm—1, Um-1; ). Then from equation (4.9.10)

we have

ﬂfpﬁt?v:w{; 2 S VT(/J'm——lp VUm-1; ﬂ) (4911)
&r

Or, equivalently

(- |
Y7 (i —1,Ym—1;8) T <m (4912
 Rolr (et Umt3 B) + Umm) — Ao(omt) (4.9.12)

So, the minimum number of inspections required to exceed failure threshold is,

5
e (1 — &)
= Y7 (prm~1,Vrm—1;0)
" {AM (Lm—1,Vm1; B) + Um—1) — Ao@m_l)J o (49.13)

where | -] is the floor function.
With the same argument as above, starting in state (X, Vi) for m < k < n — 1, mean

time to reach failure threshold v,b(T we) g

(Trsvk) _ (zi,ui) )
Nw&é,v:) =FE (T @) | A > <¢5f vk. B >

£ E;
< — 11’1(1 - éf) _ ch
Ao(7(zk, vik; B) + Vi) — Ao(Vi)

where form < k <n -1,

Vi=(m-1)1+4+(k—m+1)¢r
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is the virtual age of the system just after k** repair, or (k—m+1)* partial repair action.
Since py = E(Xy) = k7, we have

o (o Vi) 6 —In(1 - gf) _ )
4 = (S 27 =A™ (4.9.19)

Clearly, for £ = n — 1, using equation (4.8.6), it follows

"(Nn 1,Yn— 1) < T

B (8 om—1) (Bn-1,Vn-1; )
Ve,

Or, equivalently ;
R RY)) In(1—£)

<n 4.9.16
Ao(T(pin-1,Vn—1; B) + vn-1) — Ao(vn-1) , ( ) :
So, the minimum number of inspections required to exceed failure threshold is
- In(1- ‘
n = 'YT(I»"n 1, Un-— luﬁ) ( ) + 1 (4917)

No(7(kn—1,Vn-1; B) + Vn-1) — No(vn-1)

4.10 Maintenance optimization methodology

Following subject to the system parameters (§.,{) and the repair alert parameter §
a solution to optlmlzatlon problem of the long-run average cost per unit time p(o 0

proposed. For ﬁxed number of inspections (mg,ng) (1 < my < ng), let

0,0 0,0
%’—%@mﬁmwmx

where

€(mo, no) = (§&-(mo, o), &£ (Mo, o)) -
Applying recursive relation (4.8.10), an optimal solution to the repair alert parameter
B*(mo,ng) and the repair and failure threshold parameters §*(mo,no) is obtained such
that |

(8*(mo, o), £ (Mo, mo)) = argmin M(OO) (4.10.1)
£P(mo,mo)€SP



that §ﬁ(m0,no) = (B(mo, no), {(mao, no)) and S8 =R, x [0,&5(mo, no)) x [0, 00).
If for fixed number mqy and ng, G*(me, o) and f:(f)(mo,no) do not satisfy the equa-
tions (4.9.13) ((4.9.17)) i.e., mg or ng greater (less) than the optimal inspection frequen-

cies Ug*(f) where

8 *
U . = _’YT(I/'mo—l,Umo-lﬁ*(mOynO)) ln(l a §T (mo’ no)) + 1
& AO(T(IU/mo—-la Umg—-1, ﬂ*(mO) ’)’Lo)) + Umo—l) - AO(Umo—l) ’

é * .
Ugr = 7 (png—1,Vmg—1;8" (mo,n0)) In(1 — §f(mo, o)) 1
& Ao(T(tng—1, Ung—1; B*(M0, M0)) + Ung—1) — Ao(Ung—1)

using the rectursive equation (4.8.10), an optimal solution to the system parameters
ﬁ(mo - 1,7 nO))fr(f)(mO - 1) TLo) -

((B(mo + 1,n0), fr(f)(mo +1,m))) B

ﬂ(m0>n0 - 1))£T(f)(m0)n0 ; 1)
((B(mo,no + 1), &5y (o, mo + 1))

is derived. Using above exploration method, the optimum number of inspections (mg, ny)
which are required to exceed partial repair and failure ‘threshold are determined such
that (mg,ng) = (Ug:, Ug;). The optimal inspection frequency (mg, ng) give a solution to
the optimal repair alert parameter §* and repair and failure threshold & and £} such

that

(8%, &7,€5) = (87 (my, ng), € (mg, mg)) (4.10.2)

(8 (mg, ), €1 (m3), €5(nf)) = argmin ud™?, (4.10.3)
§ﬁ(mo,no)€5’ﬁ

for all (mg,ng) € N x N.




Remark 4.10.1. The Maintenance model presented here outlines a repair approach which
can be simply extended by incorporating modified bivariate state process (Xy,, ;) into
failure distribution function .

(X‘/“‘/t) — Rt(XVt’Vt) .,

where Xy, denotes the damage process céntrolled by the virtual age process V;. The
modified setting provides a generalized approach to the current repair policy in the sense
that the system state can be reseted at repair times by adjusting not only system age
t \\ Vi, but also damage process X; \, th which is induced b/y the repair degree (time
shift factor) &.

4.11 Conclusion

In this chapter we have shown how to formulate an inspection and maintenance model

with in a very general fbrm for both periodic and non-periodic inspection policies. The
standard renewal-reward argument coupled with the identification of regeneration points
provides the basis for the analysis of the process. the solution of a numerical example
illustrates how the approach can be applied in a particular case. Optimization with
respect to various system parameters has been demonstrated so that different scenarios
can be explored.

The model outlines a systematics approach and structure which can be applied to both
periodic and non-periodic inspection policy. Using the repair alert model, the extension
to non-periodic policy shares many features with the periodic policy. The model has
potential to provide a flexible approach to the repair by incorporating modified bivariate

state process. The model shows the feasibility of this programme.




Chapter 5

Optimal Maintenance Scheduling
for a Manufacturing System Subject
to Deterioration

5.1 Introduction

N

Nowadays one of challenges facing the manufacturing industry characterized by heavy
production of items is to optimize revenue from manufacturing systems whose ‘resulting
output measures are not identifiable. Examples of output (product) measures include
defective items produced and products quality. These unidentifiable measures associated
with output which cause the underestimating quality incur an invisible quality cost and
consequently overestimation of revenue. This implies that the true measure of revenue
over production process is unknown. Here to overcome this inefficiency and get a precise
measure of revenue, a state dependent measure of revenue is presented. More precisely,
since product quality is usually a function of system deterioration state, revenue from
system is linked by physical (damage) state of the system described by unobservable
stochastic damage process X;. This approach is based on the realistic assumption that

operation of the system in either one of the normal state (X; = 1) or degraded state
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(X: = 2) generates income, which is higher in the normal state. But, due to the fact
that the quality of resulting output is subject to system deterioration state, to optimize
revenue from system, an appropriate maintenance strategy for such systems is essen-
tial. Insufficient maintenance leads to an increase in the number of defective items, low
product quality and low maintenance cost; excessive maintenance results in a reduc-
tion in the proportion of defective items, high product quality and high maintenance
cost. Therefore to o'ptimize revenue an optimum maintenance policy whicﬁ balances the
amount of maintenance is required. Here by joint determination of optimal inspection
and repair poiicy, _»using intensity control model, a more realistic approach to mainte-
nance optimization of manufacturing systems’resulting from optimal control the failure
rate of the system (system s'tate)\ is‘ ;reseqted. More Specifically, the maintenance opti-
_ mization model is pr@senﬁed in the following setting: | |

The maintenance model is given partial information. That means the state and true
-quality of productibn‘ process from system is unknown and’only available information
is given by the history of inspection times. This assumption implies that revenue from
system due t0 invisible quality costs is not measurable from production process. It is
supposed that revenue is inferred from system state which is unobservable and can be
estimated from partial information. This is the case which is common when revenue
from production process due to invisible costs (e.g. defective items costs, internal ineffi-
ciencies costs and hidden quality costs) is not easy to measure (see (26),(42)). Examples
of hidden quality costs include the cost to society and goodwill which may cause the
underestimating of quality. The cycle begins with the system in the as-good-as-new
(stable) condition producing items of high or perfect quality (”in-control” state). At

some random point in time the system state described by its failure rate may shift to an
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out-of-control state (quality shift), characterized by a lower revenue and higher prone-
ness to failure. The lower revenue may be due to the system malfﬁnction resulting in
the production of items which are defective or of substandard (lower) quality. Since the
system state (or, production process) is subject to deterioration resulting from environ-
mental factors, inspection and repair are scheduled to prevent system breakdown and
increase the reliability of the system which leads to improving the product quality and
increasing revenue- from system. To detect and rectify any minor defects which may
eventually cause corhplete breakdown of the system, the maintenance crew inspects the
system from the beginning of the production run, at random times 7;, (n > 0) during a
production run of T time units. These inspections incur cost in terms of materials and
vwa,ges. Also, the maintenance crew has disposition to perform repair. In this concept, it.
is assumed that after performing repair, the damage inéurred by environmental factors
during the time (or‘7 debarting failure rate process from in-control state to out-of-control
state) is adjusted proportional to the repair level. The model is baéed on the realistic
assumption that gréater level of inspection and repair leads to the greater inspection
and repair cost. But there is a greater chance that potential breakdown will be detected
by inspections and the system performs more reliable and eflicient resulting in better
quality of output or more revenue. Thus, the maintenance procedure is faced with the
dilemma of either excessive repair and inspection which leads to more revenue and repair
and inspection cost or insufficient repair and inspection which results in less revenue and
repair and inspection cost. In this case a balance would be required between the costs
of ‘the various possible degree of repair and inspection and revenue from system. In this
paper using modeling intensity control given partial information we determine an opti-
mal repair and inspection policy which gives a correct balance between the frequency of

inspection repair level and the resulting output.



111

Before proceeding to the model development, under above maintenance policy, the un-
derlying process of the model is formulated as follows:

The underlying deteriorating (system state) process is described by the proportional
intensity model (PIM) (see (13)) dependent on the damage process and the system
age. That means the time to shift to the out-of-control state from in-control (stable)
state of the system‘is distributed continuous random variable. It is assumed that the
deterioration rate of the system is increasing in both system age and damage process.
The non-homogeneous Markov process is used to describe the underlying physical state
process (damage process) which reflects the effect of the operating environment on the
system.  The evolut‘ion of damage process is characterized by two physical states, a
normal state (state.l) and degraded state'(stat‘e'Q) The Weibull/generalized Pareto
dlstrlbutlon used in accelerated failure time (AFT) model is proposed to model the
transition rate of the damage process. More precisely it is assumed that the time until
transition to_the degraded state is a Weibull/two parameters generalized Pareto dis-
tributed random variable with time dependent transition rate ¢;o(t). The model based
on the assumption‘ that the transition rate is non-decreasing in time which incurs the
transition from normal state to degraded state of damage process and consequently time
to shift to the out-of- control state of the production process increases over time. So,
as time goes on the process deteriorates resulting in the production of ifems which are
defective dr of substandard quality (less revenue). Since the system is subject to deteri-
oration, to prevent the system breakdown, it is inspected and repaired. Inspections are
made according to a modulated Poisson process (59) with a stochastic intensity func-
tion. The intensity of occurrence of inspections is linked by the unobservable damage
process X;. It is assumed that inspection intensity increases in X;. This setting en-

sures that not only the frequency of inspections is to be time dependent, but also the



inspection intensity when operating in the degraded state with system age ¢ (¢ > 0) is to
be larger or equal to the inspection intensity in the normal state with the same system
age. Due to fact that, the production process is a function of the system state, to raise
the system reliability resulting in improving productivity of the system and increasing
revenue, the maintenance crew haé disposition to repair the éystem. The effect of repair
which leads to adjusting departing deterioration rate process from in-control state to
the out-of-control state is reflected by repair degree process (control process) u € (0, 1]
through incorporating into transition rate gio(t) — ¢ia(t). It is shown the repair de-
gree process by incorporating into Weibull/generalized Pareto'distributién as the scale
parameter providels:“an accelerated failure time (PH)/ (AFT) model. The'repair degree
is either partial (v € (0, 1)) retur‘ning the system to a state which may not be perfect,

or minimal (u = 1) which returns the system to -a functioning state but’equivalent to

the state it was in just before the repair. Since, the underlying damage process X; is

not observable, by pfojection on observed history, the above partial information control
problem is converted into avcomplete information problem. This results in an estimate
for the indicator function of the state ¢ € S = {1,2} of the damage pfoeess Xe (t>0)
ie.
o(n,1;1) — ¢(n,t;7)

o(n,t;1) = I(X; = 1)I(T,, <t < Tpy1), where through transition rate function g}, (t), is
influenced by the repair degree (control) process u (¢(n,t;t) — @%(n,t;1)). It is easy to
see that, since the underlying deteriorating process describing the system state depends
on the damage process X}, given partial information the resulting output (revenue) from
system through time dependent repair and inspection factor (RIr) i.e. $*(n,t;1) is con-

trolled by both repair factor u; and inspection frequency factor MV;.




As mentioned before, the model is based on the realistic assumption that the greater
level of repair and inspection, the greater repair and maintenance cost. That means,
the small (large) values of the repair degree process u leads to an increase (a decrease)
in both maintenance (repair and inspection) cost and revenue. So, to keep a correct
balance between revenue from system and maintenance costs, choosing an optimal con-
trol strategy u; is essential. By using an intensity control model (see Bremaud (10))
adapted to partial information, a solution to the optimal maintenance scheduling prob-
lem is derived. Also, it is shown that the optimal replacement policy resulting in aﬁ
optimal production run length is a control limit policy; that is, the sys;cem should be

| replaced if the failure intensity of the system reaches an optimal critical threshold.

5.2 Modelling Deterioration (Linear Transition rate)

Consider 'a manufacture system whose resulting output quality (or revenue) is subject
to system state. At the start of the production cycle, the systerﬁ is in an "in-control”
(stable) state, producing items of acceptable quality. After producing for some period
of time since the system deteriorates as time goes oh, the system state may shift to an
"out-of-control” state which results in the production of items which are defective or of
substandard quality. From that point on, it is realistic to be assumed that revenue from
system when operating in the out-of-control state is less than that as working in an in-
control state. We'suppose that the system state is influenced by the system age and the
physical state (damage) process X; (¢ > 0) with state space S = {1, 2} which reflects the
effect of the operating environment on the manufacturing system. To model the system
state, we consider the proportional intensity model (PIM) (13) which is product of a

baseline failure rate Ao(-) dependent on the age of the system and a positive function




¥(+) dependent on the values of the damage process X;. More precisely,
Alt, Xi) = Ao(D)(Xe) (5.2.1)

where functions A\o(t) and ¢(z) are non-decreasing, which means that the system deteri-
orates with age and the failure rate of the system is non-decreasing function of the dam-
age process X;. The transition between physicai states is driven by a non-homogeneous
Markov process whose sojourn time in normal state (state 1) is described by a Weibull

distribution

)= PTy < 6) = 1 — exp {—/thlz(v)dv} >0

—2\
:1—exp<-§—>

where T} is the passage time from state 1 to state 2,

Ty tle%er{tht } |

This implies that the transition rate from normal state (state 1) to degraded state (state

2) is a linear function of ¢ as
gi2(t) =t 0<t<oo

The rate gi2(t) is non?decreasing on [0, 00) which means the intensity of leaving the state

one increases with time.

5.3 Modelling Maintenance

It is assumed that the manufacturing system is subject to repair and inspection. To
model repair let {u;: ¢ € R, } be the control process with state (or action) space U =

(c,1) U {1}, (c€(0,1)) where u; = u represents the decision at time ¢ to perform a




repair with repair degree u. The controller can influence the productivity of the system
by adjusting the deterioration level of the system (partial repair) (¢ < u < 1), or
with a minimal repair (v = 1) the system continues in operation with no change in
performance. The repair cost is non-increasing in control values u € U, small values
of control (repair degree) process v are more expensive than large values. The repair
actions are assumed to impact the failure intensity by adjusting the intensiﬁy of leaving

state one gi2(t) — ¢i,(t) reflected by the repair degree (control) process u € (0, 1].

Example 5.3.1. Suppose that q*(t) = u.t and F*(t), m*(t) denote the waiting time
distribution and mean residual waiting time in the state one associated with the control
process ug. Clearly,

(5:3.1)

m*(t) = O \/_zgexp(%)[l — ¢(Vut)], (5.3.2)

By using the equation (5.3.8) an evolution of m*(t) is illustrated (see Figure 5.1). As
shown at fixed time ¢ with decreasing the (repair degree) control value w : 1+ {0.5,0.1}
the mean residual waiting time in the state one (good state) increases that means smaller
value of the control process u; leads to the less deterioration of the system. It is clear

that the control U, determines a stochastic order in the sense that
P [Td > t] > P? [Td > t] ' (533)

when v < v. The system is inspected from time to time. The inspection includes de-
tection and correction of minor defects is done by trying to prevent system downtime,
major breakdown or failure of the system. Because the model is given the partial in-

formation including only the history of inspection times, to take decision based on the
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Figure 5.1: An evolution of the mean residual waiting times in the state one given
¢} (t) = u.t and control values v = 0.1,0.5, 1.

system state X; (t‘ > 0) for scheduling subsequent inspection time, the real state of the
system at current inspec;cion tirme is not observable. Here to schedule inspection times
based on the syste;;l state, beautifully the intensity of occurrence of inspection is linked
by the system state, vx,, where v; < 2. This setting provides an ideal condition under
which the intensity of occurrence of inspections is influenced by the system state process
X: in such a way that the inspection intensity when operating in the degraded state is
larger than the inspection intensity in the normal state, or equivalently; as the failure
rate dependent on the system state increases the frequency of inspections increases. The
stochastic intensity modulated by the driven process X; implies distribution of time in-
spection as Markov modulated Poisson process. To schedule inspection times the mean
time to the next inspection as the time to inspect is used. Given partial information
FY = o {N;:0 < s <t}, including the history of inspections times, the mean time to
the next inspection provides an schedule function 7,41 (n > 0) (see equation 5.3.8)

characterized by the frequency of inspections Ny = n.
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To formulate the underlying inspection process, let the stochastic process
Ne=> Iz
n>1
defined on a measurable space (2, F) denote the total number of inspections until time ¢.
The inspection of the system is performed from the beginning of the production run ac-
cording to a modulated Poisson process (59) at random times 77 < T < ..., limp 00 T, =
00 (nonexploéive). The modulation is done via the environmental (damage) process X;
with the state space S = {1,2} where X; describes the state of the damage process at
time t. The rate of occurrence of inspections at time ¢ is modeled by ~vx,. It is assumed

that while the state of the damage process is 7 € S inspections occur according to an

ordinary Poisson process with intensity «;. Thus, the number of inspection until time ¢ .

(V) can be expressed in a smooth semi-martingale form (see Aven and Jensen (4)) as

o :
Ntz/ ’)’XSdS"‘Mt
0 .
. 2 . (5.3.4)
=/ Z'yicp(s;i)ds+]\/[t, M e M,,
Jo

i=1
where 0 < 71 < 7, < 00, 9(t;1) is indicator function of the state process X; at time
t and My refers to the class of F-martingales (with My = 0). This setting provides
an ideal condition under which the intensity of occurfence of inspections is influenced
(modulated) by the damage (environmental) process in such away that the inspection
intensity when operating in the degraded state with system age ¢ (¢ > 0) is larger than
the inspection intens.ity in the normal state with the same system age.

Let the distribution of the (n + 1)* inter-arrival inspection time Vi1 = Thyy — Th,

(n > 0) (Tp = 0) be modeled by F,,(v) adapted to the observed information

FN =0 {N,:0<s<t}
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including the history of inspection events. In other words,

Fo(v) = p(Varr 2 v[H(n))

Tntv (535)
= exp <— /T Zvisb(n,t;i)dt)

i€S
where %(n) = 4(n,t) and ¢(n, 1), (i € ) denote the inspection intensity and the
probability measure of the physical state (damage) process X; (see section 5.4) over
inter-arrival inspection times: T, < t < Tpy1, (n > 0) giveﬁ partial information ftN
~ respectively. More precisely,

Ae(n) = E (n(n)|FY)

where v;(n) = vx, /(T <t < Tpy1) and .
¢(n,t; i) = E (p(n, t; )| FY)

that

In following sections, incorporating the repair degree (control) process u; into the prob-
ability measure ¢(n,t;1) — @%(n,t;1), it will be shown how @%(n,t;1) serves as repair
and inspection factor (RIr) to influence both underlying inspection intensity and dete-
riorating process.

In particular case n = 0 equation (5.3.5) reduces to the first inspection time law.

Fo(v) = p(V1 > v|%(0))

v 5.3-6
= exp <_/o Z’y@(n,t;i)dt) . ( )

€S
To get the mean times between inspection let 77,41 denote the expected value of (n+1)%.

interval between inspections. Then from equation (5.3.5)



o= [ Fua
0

o) Tntv
=/ exp <——/ Zvicﬁ(n,t;i)dt) dv
0 T, 4

i€S

(5.3.7)

Because the integral term depends in (5.3.7) on the inspection time T, (n > 0), Mns1
is not measurable. To settle this problem, an estimated version of 7,4, for n > 1 is

presented

ﬁn+l = / ﬁn(v)dv
- J0

[} Hn+v :
=[x (— / Zvisa(n,t;i)dt) v
0 Un ;

€S

p =/ Fy(v)dv
0

=/ exp (-—/ Z%@(n,t; i)dt) dv
0 0

i€S

and [i,41 denotes the (n + 1) expected inspection time

n+1
pnit = E(Tny1) = D fingr
k=1

Next the filtering theorem provides an estimate of the damage process X; given partial

information FN.

5.4 Damage Process X Given Partial Information

The goal of filtering is to estimate the stochastic process X; based on all observations up

to the moment. In the argument ibelow, Bremaud’s treatment of filtering is applied as




a key tool to estimate the underlying damage process X; based on history of inspection
events V. Bremaud (10), deals with estimating the position of stochastic processes by
the technique of filtering. Using quadratic criterion, filtering theorem provides a recur-
sive estimate of the quantity of interest based on the point process observations F;".

To get an estimate of the unobservable state/process X: and then convert partial infor-

mation control problem into a complete information problem, let
¢u(i) = P(X, =1|F), (i€S5)
which is the pfobability of the state 4, (1 € S) at time ¢ given partiai information
| ]:N:a{N:O<s<t}.

Usmg a Corollary of the ﬁltermg theorem (10)[Chapter IV: R4 Result] the filter ¢,(7)

with respect to the point process observation N, is glven by

¢i(5) =Pols)

/(Z% Das(s ) (5.4.1)

€S

..+/Ot<—¢.g-<j>+%—-> (dN Zws >

Or equivalently, the equation (5.4.1) after some calculations can be reformulated as

@(7) =¢o(7)

/ (Z (ps {q13 +(Ps(.7)( 'Yj)}> ds (5.4.2)

€S

+Z< Or-(J —ljw')()f{n»})

TL> 1 Z’L—l ")/,L(an

Since over the inspection intervals 7,, < ¢ < T,,4; the increment dN; = 0, from equa-

tion (5.4.1) the estimator ¢;(z) of .(2) illustrated by

o(n,t;7) = () I(Tn <t < Tnya)




can be expressed as
¢(n,t;7) = &(n, Tn; J)
t (5.4.3)
+ / (Z @(n, 5;1) {gi; (s) + @(n, 8, 5) (v — Wj)}> ds
n \ieS
and at inspection times 7, (n > 1) we have dNz, = 1. Using the equation (5.4.1), an

estimate of the damage indicator process at inspection times is

Yi ‘FA’T,: (j )

o () = L 5.4.4
(an( ) Eies ’Yi(PT,;‘ (Z) J ( )

where @~ (j) refers to the left limit.

To get an explicit solution of @:(1), let the transition rate matrix of the damag’ie process

o —a) qe)
a7 20

X be as

where for 0 <t < oo, gia(t) =t.
The integral equationvl(5.4.3) can be solved by taking the derivative of each side and
solving the resulting differential equation. Using the differential equation, an explicit
solution of ¢(n,t;1) is given by

exp (= [(7+ ai(t))dt)
A(n,t) ’

o(n, ;1) = (5.4.5)

where

and 7 = 71 — 7,. From the equation (5.4.5) it can be simply shown that given ¢(t) = t,

the probability of state one ¢(n,t;1) for t € [T, Th+1), (n > 0) is represented as

A exp —(’"yTn-i-TT’%)
ot = { (1-¢T,,<2) )

X exp (—(7 + §)>

— V2r¥ex 12 V)~ n )
Varyexp()6(t+7) — ¢(T +7)]} (5.4.6)




122

where T, for n > 0 (Ty = 0) denote n* inspection time. To consider the effect of control
process u € U on p(n,t; 1), in particular case let n = 0 and ¢¥(¢t) = ut. Then from (5.4.6)
for t € [0,T}) we get

061 {vﬁexp(%) [c/) (\/ﬂt+ —\%) — ¢ <%>] }—1

2
X exp (—(ﬁt—}— %)) 0<t<T

(5.4.7)

Where T3 denotes the time to the fist inspection event. Following an evolution of the
probability of state one ¢“(0,¢;1) given control (repair degree) values v = 0.1,0.5,1 is
illustrated (see Figure 5.2). The stochastic ordering of the sojourn time distributions

~ determined by the repair degree values u : 1 — {0.5,0.1} is clear to see. From equa-

u=1
| = ==u=05
w 126 u=0.1
o
3
e
(=%
o 1
£
k=
g o8y
2
I
® 06
£
k]
>
= 04
L
o
0
o
& 02t
0 =
5 6

Figure 5.2: An evolution of the probability of the state one of the process given ¢¥(t) =
u.t, A2;1 = 1 and the control values u=0.1,0.5,1

tion (5.8.4) it is easy to see that both time dependent inspection frequency N; = n and
repair process u; have a dynamic relationship with the probability function of damage

process @*(n,t;1) (¢ € S). As repair is performed and the degree of repair u; decreases



the probability of the sojourn time in normal state (state 1) ¢*(n,t;1) proportional to
the level of repair increases. This occurs by removing damage of the system created
over time. Also, changes in inspection frequency N; = n affect the ¢%(n,t;1). The
function ¢*(n,t;i) (¢ € S) is driven by bivariate stochastic process (u;, N;) which are
repair and inspection frequency factor respectively is remarked by (RIp for short). It is
clear that the function ¢%(n,t;4) (¢ € S) influenced by bivariate repair and inspection
factor (NVy,u¢) provides a superiority to previous works in which either the frequency
of inspection is not time dependent or the inspection factor (Ir) is not affected by the
repair factor.

To get an insight into impact of repair on RIp an evolution of the probability of being
in normal state (é'fate 1), *(0,¢;1), with control (repair degree) values u. = 0.1,0.5,1
is illustrated (see Figure 5.2). As seen, the control process u; as described by (5.3.3)

determines a stochastic ordering of the sojourn time distribution in the sense that a de-

cline in the repair degree v \, u (u,v € U) results in a decrease in intensity of departing

damage process Xt from normal state (state 1) to the degraded state (state 2). More

precisely, for 0 <t < T; and u < v,
P [Ty > t|F)] > P [Ty > t| 7], (5.4.8)

where T}; denotes the sojourn time in state 1.

Following we show that given partial information F}V, the repair and inspection factor
(RIp) ¢(n,t;1) serves as a key tool to reflect the effect of repairs on the underlying dete-
riorating process. From equation (5.2.1) it is easy to see that the failure rate dependent
on the unobservable (damage) process X; is not measurable given partial information
FN. To get an estimate of the underlying deteriorating process with respect to the par-

tial information FN let, A(n, t) denote the failure rate of the system over n** inter-arrival
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inspection time i.e.

An,t) = Mt, X)) (T, <t < Thy)
By projection on partial information F}¥, since inspection times (7;,) (n > 0) are mea-
surable subject to F7, it simply follows that

S\(n,t)=E( nt\}'N ZAntz (n,t;0)I(Th, <t < Thy1)
ieS

where ;\(n, t) is an F¥ adapted measure of A(n,t). By incorporating repair degree
process u info the probability measure @(n,t; i) — @%(n,t;1) (1 € S) it is easy to see
that the underlying dete1\*ioréting process is influenced by the repair action S\(n,t) —
j\(n,t;u):

A(n, t;w) ZAnt@ ntz)I(Tn§t<Tn+1)
' 1€S
Hence, the repair resets the 1nten51ty of failure proportlonal to the damage By removing

damage accumulated over time, such repairs can reset the system failure rate (system
state) to somewhere between that of a partially restored system if u € (0,1) and a
minimally repaired system if v = 1. That means, repair degree process u; determines a

stochastic ordering of the failure rate in the sense that
An, t;u) < An, t;v)

when u < v (u,v €U).

5.5 Modelling Intensity Control

5.5.1 Control, Cost Structure

Let U be the set of measurable processes u;, t € [0, 7] adapted to the partial information

FN and taking values in (0, 1]. To each control u € U, we associate a probability P, on



(2, F) such that frequency of inspections N; admits the (P,, F;)-intensity v;(u). Each
inspection incurs an instantaneous cost K — C or K (0 < C < K) dependent on the
damage process is either in the normal state (state 1) or in degraded state (state 2). More
precisely, with perfect information F; the inspection cost at time ¢, k; is k; = K —Cp(t; 1)
where ¢(t; 1) is the indicator function of the state one. The repair.'act’ion per unit of
time with repair degree u € U incurs a repair cost k.(t,u) = (1 —u)t (¢ > 0) which is a
decreasing (increasing) function of the repair degree process u € U (scale parameter ).

As noted, the repair cost per unit of time

K. (t,u) = % =¢(1 — u)

is proportional to the scale parameter € and it varies somewhere between zero if the.
system is restored to a minimally repaired system (u = 1) and e if the system is restored

to a perfectly repaired system (but not as good as new system) (as u %!O). So, € value

determines the ”scale” or dispersion of the repair cost that is

0<K.(tu)<e

If € is large, then the repair cost domain will be more spread out; if € is small then it
will be more concentrated.

The model is based on the assumption that the the true measure of revenue over produc-
tion process is unknown. This is the case which is common when resulting output mea-
sures including defective items produced and product quality is not identifiable. These
unidentifiable measures associated with output cause the overestimating the quality and
incur an invisible quality cost and consequent overestimation of revenue. To overcome
this inefficiency and get a precise measure of revenue, since product quality is a function

of system deterioration state, the revenue from system is linked by unobservable physical
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state (damage) process X;. More precisely it is assumed that revenue from system per
unit of time is damage state dependent on ux, with ps < py. These conditions imply
that, operation in either one of the physical states, normal state or degraded state, gen-
erates revenue which is higher in normal state. It is assumed that the cost incurred on
replacement at the terminal time T is dependent on the physical state as ¢%.,. (¢1 < ¢2).
To each u € U there is a performance measure J(u):

/0 (ux, — ke(t,u)) - Z kr, — ¢xp | < 00. (5.5.1)

n>0

J(u) = E,

To convert the partial information control problem into a complete-information prob-
lem, let

CBY(E) = Py (Xe = il F))

(see equation (5.8.2)). Then the (P,, FN )-‘intensity of N; is

Z Vi

Given partial information F}¥, an F7 adapted measure of inspection cost and the

Fe(u) = Ey WX

final cost are given by

k(ta Nt;“’) =K - O(Ib(Nht) 1)
and
. 2
w) = ¢t (3)
i=1

respectively. Since k(t, Ny, u) is F/'-predictable the integration theorem (see Bremaud

(10)) gives the F¥ measure of the value function



J(u) = [/ (ZM Ju) — k(t, Ny, u) >dt > it

i€l €S

[/ (Z i =kt Ny, u) Zvigay(z’)) dt

€S i€S

T wm]

i€S
The control problem above is Markovian with respect to N;. In a Markovian control
problem the value function J(u) is path independent and J(u) the corresponding control
process u is of the foifm f(t, Ny) where f(t,n) for each n € N, is an R-valued measur-
able determz’nistié fun.gtion. The problem f:an now be re-formulated as a deterministic
: Hamilto'n—vJ acobi pro.blern over a finite time horizon {uf =ui(t,n) -uf eU}:
 Jw*) =sup J(u).
' uel

The required result is found in Bremaud (10)[Chapter VII: Corollary C2].

C2 Corollary Suppose that 4(t,n,u), ¢} () = ¢(t,n,u)(@) (¢ € S) and k(t,n,u) do not
depend on w, and that there exists for each n € N a function V(t,n) such that
oV (t,n) |

T sgg {ﬁ/(t,n,u) V(t,n)—V(t,n—-1)— k(t,n_, u))

Y b0 - k(e ) | =0

1€S

o(T,n,u) = ZQ%

1€S




Suppose also that there exists for each n € Ny a measurable R, wvalued function
u*(t,n) such that
u*(t,n) e, tel0,T],

)

u*(t,n) = argmaa:{ﬁ/(t, n,u) [V{(t,n) = V(t,n — 1) — k(t,n,u)]
uelt

oot lel@(t,n,U)(Z) - ke(tJu)}a

i€S
Then uf; defined by
ut(w) = u*(t, Ny(w))

!

forw e FY is an optimal solution.

In the next section, using Hamilton-Jacobi equations (5.5.3), a numerical solution
to the optimal (repair degree) control problem {u; ‘te [0,7} and optimal inspection
frequency of the system are derived. Finally, given u; an optimalb decision rule for

production run length of the system is obtained.

5.6 Numerical example

Using corollary C2 the optimality condition for the control problem is

%g_(t,n) + sup {ny(@(t,n,u)(l))Q

u€lUs
+ Qb(t)na u)(l) [(/1'1 - MZ) + 072 + (V(tvn) - V(tan - 1) - K) '7]

+ X [V(t,n)-V,n—1) — K| — k(t,u) —+—u2} =0,

$(T,m,u) = > ¢ (1).

€S




129

The optimal control process u*(t,n) is given by

u*(t,n) = arggam {C”? (@(t, m, u)(1))?

+ @(t,n,u)(1) ({1 = p2) + Cya) (V(t,n) = V(t,n — 1) — K) 4] (5.6.3)

+ X [V(E,n)—V(t,n—1)— K] — k(t,u) +uz}

Numerical values are chosen for the parameters to illustrate the solution of the ordinary
differential equation (5.6.1) and the determination of the corresponding optimal control
PIoCess Uf; ), (n>0). Lt T=15K=2,C=1, uy =2, p = L, =2 v=1,
M=1 =2 a=2 0=2 $1 =1 ¢ =2 and € = 0.15. By using equation
(5.3.8) to estimate mean inspection times fi,, n > 0 and the Euler rﬁethod with step
size h = 0.1 an evolution of the oﬁtimal expected revenue V(t,n) (see Figure 5.3) for

0 <n <12 are derived.

-2

Figure 5.3: An evolution of the optimal expected revenue V' (¢,7n),t € [0,15], (0 < n < 12)

As illustrated (see figure 5.3), the optimal expected revenue V(t,n) for t € [0, 8.63]

is non-decreasing in the number of inspections, at 11** inspection the revenue reaches



to the maximum value, then for ¢ € (8.63,15] it follows a decreasing trend.
Also, corresponding to n*”* inspection event (n =0, 1,2,...12), the Table 5.1 illustrates a
sequence of the expected revenue'V;, expected inspection times [i,, mean time between

inspections (MTBI) Af,, and the optimal control process uf; ) Where
VT:( = ma.x,;ngtsm V(t,n), O S n S 12

As seen, the optimal control sequence Ul ) for n =0,1,...,4 take the boundary values
{0.1,1} of the constraint set [0.1, 1], and from fifth iﬁspection onie. (5 <n<12), uf,,
chooses just the upper endpoint 1. The second column of the Table describes an evolution
of the expected revenue V;* which is concave in the number of inspectiohs n. As shown,

-V, takes the maximum value V* = max, V7 = V] = 14.8487, then for (n>12) follows

an decreasing trend. So, the sequence of V) not only gives‘us a solution to the optimal

(repair degr!ee) control process u; and optimal inspection problem which is the optimum
frequency of inspections, but also providés a solution to the optirﬁal run length of the
system. More precisely, the optimum maintenance policy includes an optimal stopping
rule‘to replace the system at 11%* inspection event which is T* = fi;; =-8.63 and a
sequence of the optimal inspection times f, for n = 1,2,...,11 driven by the optimal
control process u;, t € [0, 8.63] which is bang-bang in the sense that it takes the boundary
values {0.1, 1} that is

w =010 <t <588)+ (588 <t<863).

Following, a sequence of the mean time between inspections Af, = fin — fin—1 (0 < n <
12)(fio = 0) is shown (see Figure 5.5). As expected, mean time between inspections
decreases as the number of inspections increases. This results from inspection intensity

4(n,t,u*) which is increasing in the number of inspections n and time ¢ (see Figure 5.4).
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n Vo fhn, Afin, Ultn)

0 1.5 0 - 0.17(0<t<88)+I(8.8<t<15)

1 3 136  1.36  0.1I(1.36 <t<84)+I(84<t<15)
2 44998 263 1269 0.1I(263<t<84)+I(84<t<15)
3 59992 379  1.165  0.1I(3.79 <t < 8.3)+I(8.3 <t < 15)
4 7.4974 487  1.081  0.17(4.87<t<7.9)+I(7.9<t<15)
5 8.9937 588  1.017 1(5.88 <t < 15)

6 10.4878  6.36  0.48 1(6.36 <t < 15)

7 10.9757  6.83  0.452 1(6.83 <t < 15)

8 11.9662  7.28  0.451 I(7.28 <t < 15)

9 13.3437 773 0.451 I(7.73 < t < 15)

10 13.8464 - 8.18  0.451 I(8.18 <t < 15)

11  14.4887 8.63 0.451 - 1(8.63 <t < 15)

12 142907  9.087  0.45 1(9.08 <t < 15)

Table 5.1: An evolution of optimal expected revenue V*, mean inspection times [ and
mean time between inspections Af given the optlmal control process u* and linear
transition rate

2 —

18} .
—
16 T
————
14}
s

12} -

1—/
0.8 .

0 1 2 3 4 5 6 7 8 9

Figure 5.4: An evolution of the inspection intensity ¥(n,¢,u*) given the optimal control
process uy



Number of Inspections (N()

' Figure 5.5: An evolution of the mean time between inspections (MTBI) given the optimal
control process uy ‘

f

So, with respect to the optimal control process u}, t € [0,8.63] and results above,

the optimal maintenance schedule is established as follows: from initial time 0 to 5.88

unit of time the system is repaired with repair degree u* = 0:1. The system is inspected

at optimum scheduled times {1.36,2.63,3.79,4.87,5.88}. Just after t = 5.88 to t =
8.63 the system is repaired minimally and inspections takes places at scheduled times
{6.36,6.83,7.28,7.73,8.18}. So, for 2.75 unit of operating time the deterioration level
of the system leaves unchanged. At 8.63 unit of time of operation (optimal production
run length) the system is renewed. '

Finally, to have a realization of the prediction of the system failure, let 9(z) = z and

the baseline function be distributed Weibull with intensity function

M) =% =t t>0

Finally, figure 5.6 beautifully give us a rule to optimal run length of the system based




on the failure intensity A(n,t,u*) that is

T* = inf {t >0 Mn,t,ut) > ¢ fin <t < gm} ,(n>0) (5.6.4)

where ¢ denotes the optimum threshold deterioration level at which the system is re-
placed. Subject to the optimal replacement time 7* = 8.63, the threshold level is given
by

¢ = A(10,8.63,u*) = 17.26.

Figure 5.6: An evolution of failure intensity i(n, t,u”) given the optimal control process

5.7 The Model (Nonlinear Transition Rate)

As above let the physical state of the system is described by a stochastic process X =

{X:, t >0} with the state space S = {1,2}. It is assumed that the transition between
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states is driven by a non-homogeneous Markov process whose sojourn time in state one

is described by a two-parameter generalized Pareto distribution

b
at +b

1+E b
F(t)=1—< > , t20, 0<t<——. (5.7.1)

The transition intensity from state one (normal state) to state 2 (degraded state) is

1 b
ot , 0<t<—=—
at+b a

qi2(t) =

with parameters —1 < a < 0 and b > 0. The rate gi»(t) is non-decreasing on [0, —2)
with escape at t = —2.

The repair actions change the sojourn distribution in state one as in (5.7.1)

F*'it)y=1- , t>0 5.7.2
®) <aut + b) - ' ( )
‘The transition rate is :
u u(a + 1) ,
q1o(t) = i b u q12(ut)
Given parameters values a = —0.25 and b = 1, following an evolution of the first

passage time distribution of the damage process X; is illustrated. As shown, with de-
creasing control (repair degree) values u : 1 — {0.8,0.4} intensity of leaving state one

(normal state) decreases.

5.8 Damage Process X Given Partial Information

As shown before (see equation (5.4.5)), using the differential equation, an explicit solu-

tion of ¢(n,t;1) is given by

s - 2L 0)

(5.8.1)



e @9
)

e
o
T

Sojourn time distribution in state one
o o o
w - (o1]

o
S

©
=

t

Figure 5.7: An evolution of sojourn time distribution of the 'damage,proceés‘Xt in state
one given control (repair degree) values u = 0.4,0.8,1 and parameters a = —0.25,b = 1.

where

agny = 2 LO RO, e (= [C G+ aas)

and ¥ = y; — .. Clearly, in terms of the sojourn time distribution in state one

) = <ati— b>l+£

The probability ¢(n,t;1) can be expressed as

B(n,t; 1) = exp (—7¢) (1)

exp (—7T) F(T3,)
* { 1= ¢r,(2)

Given a = —0.25,b = 1, from equation (5.8.2) it can be shown that the probability of

(5.8.2)

- /: 7 exp (—yv) F(U)dv}_l .

being in state one
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o(n,t; 1) for t € [T, Tni1), (n > 0) is

¢(n,t;1) = (1 - 1t>3e><p(t)><

4
X n -1 n 3
{2 oo
= % [texp(t) — exp(t)] + 1% [exp(¢)t® — 2t exp(t) + 2exp(t)]
- 6i4 [£% exp(t) — 3¢% exp(t) + 6t exp(£) — 6 exp(t)] (5.8.3)

3
s T eXp(Tn) - Z [Tn exp(Tn) - exp(Tn)]

o+ 1% [T2 exp(T,) — 2T, exp(Tn) + 2 exp(T5)]

1 ' -

Sy (T3 exp(Tn) — 3T exp(Ty) + 6T, exp(Tn) — 6 exp(T5)] } ;
where T,, for n > 0 (Tp = 0) denote n* inspection time. Let ¢¥(n,t;1) denote the
probability of the state (damage) process X; édjusted by the repair degree process wel. |
(F(t) = F(t)). From (5.8.2) we have |
@"(n,t;1) = exp (=7t) F*(t)

{exp (=3Tw) F4(T)
1 - ¢, (2)

In particular case, let n = 0. Then equation (5.8.4) for ¢t € [0,73] (0 < T < 4) reduces

(5.8.4)

¥/iiexp(—“‘rv) F“(v)dv}_1

to
54(0, £ 1) = exp(t) (1 - %ut)s %
- { exp(t) — Zu [t exp(t) — exp(?))]
22 [P exp(t) — 2 exp(t) + 2exp(t)] (5.8.5)

16
- 6i4u3 [” exp(t) — 3t” exp(t) + 6t exp(t) — 6 exp(t)]

3 6, 6 17"
..—Zu—Eu 64u} ;



The evolution of the probability of being in state one; ¢*(0,t;1), with control (repair
degree) values u = 0.4,0.8,1 is illustrated in Figure 5.8. The stochastic ordering of the
sojourn time distributions determined by the repair degree values u : 1 — {0.8,0.4} is

clear to see

Probability of state one

2
t

Figure 5.8: An evolution of probability of state one ¢*(0,¢,1) given control (repair
degree) values u = 0.4,0.8,1.

5.9 Numerical Example

To obtain an optimal repair degree strategy {u; : t € [0,T]} which maximizes revenue
from the system over a fixed time period T' = ‘Fb, let K =2,C=1, puy =15, up =1,
T=2,m=1XA, =2 ¢ =1and ¢ =2, a=—-0.25 b=1 and € = 0.65. By using
equation (5.3.5) to estimate mean inspection times ii,, n > 0 and the Euler method with

step size h = 0.1 an evolution of the optimal expected revenue V'(t,n) (see Figure 5.9)




and optimal control (repair degree) process (see Figure 5.10) for 0 < n < 3 are derived.

As illustrated in Figure 5.10, the optimal expected revenue V (t,n) for t € [0, 1.76] is non-

Optimal expected revenue

Figure 5.9: An evolution of optimal expected revenue over finite time [0, 4].

decreasing in the number of inspections, at second inspection the revenue reaches to the
maximum value, then for ¢ € (1.76,4] it follows a decreasing trend. Also, corresponding
to n'* inspection event (n = 0,1,2, 3), an evolution of the optimal expected revenue

V,r, expected inspection times [i, and mean time between inspections (MTBI) Aj,, are

shown (see Table 5.2) where

V= max V(t,n), 0<n<3
fin<t<4

The second column of the table describes an evolution of the optimal expected revenue

V,; which is concave in the number of inspections n. As shown, V' achieves to its

maximum value at second inspection, that is, V* = max, V;} = 2.1144 V¥n > 0, then for
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0 0.9462 0 —

1 1.5906 0.9 0.9
2 2.1144 1.76 0.86
3 1.8527 245 0.69

Table 5.2: An evolution of optimal expected revenue V*, mean inspection times & and
mean time between inspections Afi given the optimal control process v* and nonlinear

transition rate

(n > 2) follows an decreasing trend. So, the sequence of V,* not only gives us a solution

to the dptimal (repair degree) control process u}, ¢t € [0,1.76] that is

(0.1,
. |1,
' ' 0.85,
0.71,
0.6,
0.5,
0.43,
1,

Uy =

\

0<t<09 |

0.9 <t <13 | o
13<t <14

14 <t < 1.5

15 <t<18;

16 <t <17,

1.7 <t £ 1.76;

1.76 < ¢ < 1.8.

but also provides a solution to optimal inspection frequency f, (n = 1,2,3) and the

optimal run length problem of the system which is T* = i, = 1.76.

Also, in the third and forth column of the table a sequence of the mean inspection

time [, and mean time between inspections A, = fin — fin-1 (n = 1,2,3) (o = 0)

are shown. As expected, mean time between inspections is decreasing in the num-

ber of inspections. This follows from inspection intensity 4(n,t,u*) (see Figure5.11)

which is increasing in number of inspections n. As shown, intensity of inspection over



Optimal Control process

Optimal inspection intensity

Figure 5.11: An evolution of optimal inspection intensity 4(n, ¢, u*) given FV.




inter-arrival inspection times as a result of decreasing trend of repair degree process u;,
(t € [fin, fins1)), (n = 0,1,2) is non-increasing. So, with respect to the optimal control
process uf, t € [0,1.76] and the table illustrated above, the optimal maintenance sched-
ule is established as follows: from initial time 0 to 0.9 unit of time the system is repaired
with repair degree u* = 0.1. The first scheduled inspection of the system occurs just
after 0.9 unit of time. Over time interval (0.9,1.3] the system is repaﬁred minimally.
That means, for 0.4 unit of operating time the deterioration level of the system leaves
‘unchanged. For t € (1.3,1.76] the system is repaired partially with repair degree u}
which is decreasing in time. At T* = 1.76 unit of time of operation {optimal production

run lehgth) the system is renewed. As illustrated in Figure 5.12 given optimal control

process u;, the optimal replacement policy; which results in an optimal production run

length, is a control limit policy with respect to the failure rate (system state) process

Aln,t,u*). That méans, ‘the réplacement is performed when S\(n,t,u*b) first reaches the

optimal critical limit ¢, where

T =inf {t: A(n,t,u7) > ¢ = 2.5267}
' (5.9.1)
=176

It is easy to see that the optimization problem of inspection frequency and production
run length/replacement policy investigated here is a two steps process optimizafion.
First we optimized the control (repair degree) process u*, then given u* solutions to the
optimal inspection intensity 4(n, ¢, u*) and optimal production run length/replacement

poiicy have been obtained.
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Figure 5.12: An evolution of optimal failure intensity S\(n, t,u*) given FV.
5.10 Conclusion

In this chapter using optimal intensity control modéling, giifen both lineér and hon-—linear
transition rate gio(t) of damage process X, a solution to the mainféﬁance schéduling
problem of a hlanufacturing system subject to deterioration is obtained. The modeling
rests on assumptions that inspections do not impact on the failure cl‘laracteristics of the
system, the process is adapted to partial information and the resulting output (revenue)
from system is subject to the system state influenced by repair action and deterioration
process. The formulation allows the application of a standard for Markov control (10) to
be exploited through the control of the intensity of the underlying physical wear process.
The optimum policy determined gives a correct balance between revenue from system

and maintenance costs.



Chapter 6

Conclusion and Further Works

6.1 Summery and Conclusion

6.1.1 The optimal intensity control problem

In chapter 5 we addressed the probiem of maintenance scheduling a manufacturing sys-
tem subject to de‘t.e‘rioratioﬁ. The model investigafed rests on realistic assumption that
reéulting output (product'ion process) from system is subject to the state of the system.
Ideal state of manufacturing performance results in more products (revenue); System
malfunction which arises from system deterioration leads to significant proportion of de-
fective products. It is assumed that the manufacturing system is subject to maintenance
(repair and inspection): insufficient maintenance leads to an increase in the number of
defective items, lo§v profit and low maintenance cost; excessive maintenance results re-
duces the probortion of defective items, high profit and high maintenance cost. Repair
actions are reflected through incorporating control (repair degree) process u: € U as
scale parameter of AFT and PH model (s‘ee Newby (51)) into transition rate of damage
process X;. To balance the amount of maintenance (repair and inspection) and opti-

mize revenue from system, using optimal intensity control model (see Bremuad (10)),
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an optimal control (repair degree) policy under both proportional hazard (PH) model
(linear transition rate) and accelerated failure time (AFT) (non-linear transition rate)
is derived. Also, ito keep a correct balance between revenue from system and inspection
frequency of system given optimal control process u;, a solution to optimal inspection
intensity and corresponding optimum sequence of inspection times (optimum inspection
schedule) is obtained. An illustrative numerical example under both AFT and PH model
was provided. Given the optirﬁal control process u; which is solution of Hamilton Jacobi
equation, results .df the model provides a realistic inspection policies for systems which
are subject to deterioration. Under both maintenance models a decreasing sequence
of the inspection intervals\ is derived. Besides, to get an insight iﬁt‘o the prediction of
system failure, using the proportional intensity process driven by u}, .an evolution of
failure intensity of the system was illustrated. Finall};, an optimal production run length
T* was determine’d. In sum, our model presented in Chapter 5 is a novel approach to
maintenance optimization whicﬁ thro_ugh modeling intensity control provides a soiution

to the optimal repair policy problem of manufacturing systems subject to deterioration.

6.2 Decision Modeling for Stochastically Deteriorat-

ing Systems

In chapter 4 we presented a new approach to decision modeling of stochastically de-
teriorating systems whose state is determined by bivariate process (X,V): X refers
to damage process and V' denotes the virtual age of the system. The problem is to
determine optimal repair rule &, and replacement rule {; under both periodic and non-

periodic inspection policy in such away that the long-run average cost per unit of time is




minimized. In preference to current decision models such as (56) and (55), using Virtual
age process and repair alert model, expressions for the long-run average cost under both
periodic and non-periodic inspections policy are obtained. To optimize the long-run
average cost per unit time subject to system parameters an algorithm applied for both
periodic and non-periodic inspection policy was proposed. The model investigated above
can be extended by formulating it in both semi-parametric and pdrametric framework.
The degradation iarocess of the system X; can be modeled by some semi-parametric pro-
cess such as (non)-homogeneous Markov proceés. Also, the parametric processes such
as Gamma, process , Maximum process which are monotone in time are suggested to
describe the degré;dation process of the system. Fur'thgrmore, to demonstrate the ﬁse of

this maintenance model in practical application, using the presented analytical method,

providing a numerical example for non-periodic inspection policy is worthwhile.

6.3 Further Works

In this section we propose some maintenance models to be further studied in the future:

e Modelling optimal intensity control subject to bivariate control and virtual age

process or/and multivariate point process

e Decision modelling for stochastically deteriorating systems subject to bivariate

state process (n, z)

In following section briefly a generalized approach to maintenance scheduling problem
of chapter 5 is presented. Then, to tackle an optimal control problem of a system which
is subject to repair and maintenance actions (RMAs) at inspection times, a general-

ized case of the intensity control model (see Chapter 5) is presented. In generalized
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model, the flow of the process which consists of random jumps resulting from RMAs,
and continuous motion between consecutive jumps is controlled in such away that the
maximum -expected value arising from continuous revenue, jump and terminal cost is
derived. In other words, the model outlined above is a new approach to the controlled
Piecewise Deterministic Markov Process (PDP) (see Bremuad (19))‘ indexed by bivari-
ate processes (ug, Vt) (t > 0) denoting the control process and the virtual age process
respectively where through driving inspection intensity of system and the change of the
time origiﬁ control the motion of the PDP between jumps. The objective is to control
both continuous deterministic motion and the random jumps of the processes so that
the expected value 1s maximized. Finally, in the last section, using Mérked point process
(see Aven and Jensen (4)), with the same approagh as C‘haptelr 4 a new decisidn model

for maintenance scheduling deteriorating systems is proposed.-

6.4 Modeling optimal intensity control subject to
bivariate control and virtual age process or/and
multivariate point process

The maintenance optimization model proposed in chapter 5 has potential to consider
the optimal maintenance scheduling problem of a variety of systems (or system compo-
nents) which are subject to repair and inspections. This arises from the intensity control
model set up (see Bremuad (10)) which can simply provides solution for optimal inten-
sity control of a multivariate counting process N, = (Ny(t), Na(t), ..., Nk(t)). In such
case, the problem of controlling the intensity of univariate point process is generalized

to multivariate point process case which N;(t) (i = 1,2,...,k) refers to the number of



inspections of system type 4 (or ith

component of the system).

In sequel, a new approach to the controlled piecewise deterministic Markov process
(PDP) (see Almudevar (2) and Dempster (20)) is presented. A piecewise deterministic
process (PDP) intrAbduced by Davis (19) is a continuous-time homogeneous Markov pro-

cess (x4, Py). The trajectories of piecewise deterministic Markov processes are solution

of an ordinary differential equation

dfi(tt) = f(z:)

with possible random jumps between different integral curves. In the interior Ey of the
state space &/ C R, the jump intensity is given by a non-negative real valued function

while if the bbundary E‘s'Of the state space F is attained a jump occurs immediately. The

distribution of new initial point after a jump is determined by the probability measures

Gz OF Py dependent on whether the jﬁfnp started from a state z € EO orz € Fjs. More

precisely, if G :=inf {t: ;- # xt+} implies the first jvump time of the process, then

P8 < t) = Mz).t + oft),

P,(zp+ € d€|zp+ # 25- = ) = q-(d€)

Pz(ﬂ =0) =1,
Py(zp+ € df|zp+ # 2p- = T) = po(df)

if z € Es5. As shown, the quadruple (f, A, ¢,p) determines the flow of the PDP (z, F,).
The problem is to determine an optimal control of random jumps of the processes in

such away that the optimum expected value of the performance functional consisting of
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continuous, jump and terminal cost is derived.

Here, using maintenance model presented in chapter 5, we introduce a new controlled
Piecewise Deterministic Process (PDP) in which in contrast to PDP model the paths
between consecutive jumps are determined by the deterministic probability measure
¢ adapted to partial information FV (see chapter 5). More precisely, new controlled

piecewise deterministic Markov process is characterized by the quadruple

(o(u,v),v(u,v), ¢, v})

where FV adapted measure ¢(u, v) indexed by processes (us, Vi) (t > 0) determines the
trajectories of the PDP. Both continuous deterministic motion and the random jumps
of the process are éoﬁtrolled by incorporating the control process u; and the virtual age
process V; into transition rate g1, and standardized normal distribution ¢ of probability
measure Dy @ﬁ“"f). The jump mechanism is determined by two. further functions,
the jump'rate v(u,v) and the transition measures p¥ or ¢* where respectively maps the

virtual age space v;- = v € Eg or v;- = v € Ej into the set of probability.measures

P(Ep). in such case, time to the first jump is
8 = inf {t v #v+}

An evolution of the process ¢ (see chapter 6) controlled by the bivariate process (u;, v:)
is illustrated (see Figure 6.1). As shown, trajectories of the new controlled PDP is
influenced by the bivariate process (u¢, V;): u; adjusts damage process intensity and V;

changes the time origin.

o0 = (s o (i 2) - o ()]}

. exp_<—(§/t+ “%2))

(6.4.1)



In generalized case, the flow of the process which will consist of random jumps resulting
from repair and maintenance action, and continuous deterministic motion between con-
secutive jumps is controlled in such away that the maximum expected value including

continuous revenue, jump and terminal cost is derived.

(uv)=(0.1.0), T,=5
(u,v)=(0.2,0.2+)& =0.2,T =9
(u,v)=(0.3,0.20+1).8,=0.1,T =12

Figure 6.1: An evolution of the deterministic flow of the process @, driven by the control
process ug, the virtual age process V; = Vp, +t (0 <t < T3 = Tn) (0 < n < 2)
corresponding to n'* jump time 7,, with the repair degree £,(0 < &, < 1) and Vg, =
Vo, + nd(Tngr — To).

6.5 Decision modeling for deteriorating systems sub-

ject to bivariate state process (n, z)

6.5.1 Model

We introduce a decision model for a repairable system subject to stochastic deterioration.

It is assumed that the system deteriorates continuously over time and can fail at any




instant. The model is given the partial information. The problem is converted into the
complete information pattern by projecting on the observed history of the process. The
‘deterioration flow (or, failure rate) of the system in a stochastic manner is measured
by the Proportional Intensity Model (PIM) A/ (¢t € R.) which is the product of a
baseline failure rate )\(f) (t) dependent on the age of the system and a positive function 9
which describes the effect of environmental factors in which the system is operating. To
model the impact of the operating environment on the system the underlying stochastic

non-homogeneous Markov process X; is used. More precisely,

M =Ny, (6.5.1)

- To model the mechanism of the repair and maintenance process (see Figure 6.2)

i
i

!
A

Deteribration Level 3

Deterioration Level 2

Deterioration Level 1

n—-1

Regenerative Cycle

MR: Minimal Repair Ay Control limit for PPR

PPR: Preventive Partial Repair /112 : Control limit for PR
m

PR: Preventive Replacement

Figure 6.2: An evolution of the maintenance process sub ject to stochastic deterioration




we take advantage of the Marked Point Process (T, Dn)n21 in which the point pro-
cess T,, refer to the sequential non-periodic inspection times, determined by the stochastic
intensity measure v, = (¢, X;), and the Marks D,, = (Y,,, W,,) denote pairs of random
variables, where |

Tn
Yo=Ay—Apy = / Mds (6.5.2)

Tn—l

(where Tp = 0) represents the amount of accumulated deterioration over n* inter-
arrival inspection times and W, equals (0)1 or 2 according to whether the accumulated

deterioration defined by
. N(t,Sv)

Z Y, (6.5.3)

(doesn t) reach the preventwe partial repair threshold AL _ or the preventive replacement

lim
control limit A% so that M < Ak, Also, associated with above control values let the
T (i=1,2) be f—stopping times: '

:' N{(t,Sy)
T‘limzlnf tER-’F Z }/k>)‘11m)._

= inf {Tn > Y > N i = 1,2}
k=1

Fo=0{(T3,D;),Xr,1=1,2,...,n}

So, the marks D,, take values in .S, = R; x {0, 1,2}. We define the associated counting
process N(t,R; x {0,1,2}) with corresponding intensity function v(Ry x {z}) which
denotes the number of times that the deterioration level of the system described by
Z; are observed in minimal repair region [0, \},,), partial repair region [A} ,)3 ) and
replacement region [A2_, 00).

To configure the decision and action process it is assumed that the action space includes




three kinds of actions: (i) minimal repair action if the deterioration level of the system

1

varies over range [0, A},) (Deterioration level 1), (ii) the Preventive partial repair action

if the deterioration level of the system varies over range [AL A2

Lms Mim)- In such case the

accumulated deterioration value through adjusting the virtual age of the system reduces
to the level Z¥ = Z(V,,) where V,, = Vi_1 + (T — Ta1), 0 < € < 1, (n > 1) denotes the
virtual age of the system just after n'* repair action and (iii) the preventive replacement
action if the deterioration level of the system exceeds the threshold value A%~ (Dete-
rioration level 3) With respect to the action space abové, the state of the process is
depicted by the pair (N(t,Sy), Z;): the system is in state (]'\/'(t,‘Sv), zZ?) if just after

N(t,S,)™ repair the accumulated deterioration is Z?. Thus the state space is

S =N xR, where N = {0,1,2,..},Ry = [0,00).

Using the renewal argument, as Chapter 4 expressions for long-run averagé cost per
unit of time under both periodic and non-periodic inspection times can be derived. The

maintenance process is optimized subject to the decision thresholds Ab, and A2, that
respectively refer to the preventive partial repair and the preventi{fe maintenance rule.
This thresholds configuration, characterized by the minimization of long run average
cost per unit of time, leads to an optimal decision rule -repair/replacement policy- with

non-periodic/periodic inspection times.

In this thesis the power and flexibility of the martingale approach has shown how many
maintenance and repair models can be built up. The martingale coupled with the study
of regenerative processes as illustrated played a key role in stochastically modeling and

maintenance optimization of systems which are subject to deterioration.
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