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Abstract

We evaluate the exact one-loop partition function for fundamental strings whose world-
surface ends on a cusp at the boundary of AdS, and has a “jump” in CP®. This allows

us to extract the stringy prediction for the ABJM generalized cusp anomalous dimension

ABJM
FCusp

present the exact partition functions for folded closed string solutions moving in the AdSg
parts of AdS, x CP? and AdS; x S3 x $3 x St backgrounds. Results are obtained applying
to the string solutions relevant for the AdS,/CFT3 and AdS3/CFTy correspondence the
tools previously developed for their AdSs x S counterparts.

(¢,0) up to NLO in sigma-model perturbation theory. With a similar analysis, we
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1 Overview

Since the seminal paper of [1] semiclassical quantization of strings has been an efficient way to
quantify the structure of the AdS/CFT correspondence [2], particularly in connection with the
supposed underlying integrability of the planar system [3]. In the case of the spectral problem
for the AdS5;/CFTy correspondence [4], a number of purely stringy-derived results have first
inspired the formulation of the integrable equations for the spectrum and then confirmed the
results obtained via an integrability-based approach.

The remarkable new findings of [5,/6] establish, proving it via comparison with perturba-
tive gauge theory results [7,8], that suitably modified thermodynamic Bethe ansatz integral
equations can efficiently calculate the generalized quark-antiquark potential V' (A, ¢,0) [7], or



generalized cusp, realized as a family of Wilson loops with one geometric (¢) and one “in-

ternal” (6) angle, which shows a non-trivial coupling dependence. Equivalently remarkable
observations [9,[10] have further analyzed via localization the small angle region ¢, < 1 of
V (A, ¢,60) (related to a variety of other physical observables), which was then evaluated as an
exact function of the coupling. While confirming the intuition that the integrability of the
system should apply also to the case of open strings and their dual Wilson loop configurations
(see |L11] for earlier studies in this sense), these findings open the way to a wide variety of
further developments.

In particular, we evaluate here the exact one-loop partition function of macroscopic Type
ITA strings in AdS; x CP? background with world-surface ending on a pair of (time-like)
antiparallel lines respectively in flat space (section and in S? x R (section , adding
in the second case a “jump” in CP3. The study of the corresponding Wilson loops operators
in three-dimensional N' = 6 supersymmetric Chern-Simons theory (ABJM theory) [12}/13],
highly non-protected observables, has been only recently carried out in [14], while previous
literature focused on supersymmetric [15-20] or light-like [21] Wilson loops. The study of
singularities, renormalization and exponentiation properties of these Wilson loops, contained
in [14], has provided the ABJM extension (significantly more sophisticated) of the N'= 4 SYM
“quark-antiquark” potential [22] [23] and, respectively, its generalized version [7]. Here we
consider the corrections to their leading strong coupling behavior, with an analysis similar to
the ones in [24] and [7]. The “jump” in CP? can be realized on a generic S! within CP3, since
the R-symmetry of the theory makes the choice fully general. Once the connection between
localization and integrability is realized as in |9] also within the ABJM frameworkﬁ we expect
that our formula below will be reproduced via the strong coupling expansion of the exact
results for the 1/2 BPS Wilson loop found in [26]. As remarked in [6], the evaluation of the yet
undetermined function h(A) which appears in the ABJM magnon dispersion relation [27,2§]
could then finally become possibleﬁ

It would be interesting to provide an analysis similar to the one here performed for the
string configurations dual to the 1/6 BPS loops of |15,/16,|18]. The starting point would be
there a classical string configuration represented by a solution “smeared” along a CP!. As
we know from the exact results of the ABJM matrix model [26], the correspondingly more
complicated ansatz will result in the same leading, classical, value as for the case here obtained
but in a different, likely much more involved, fluctuation spectrum. In the recent [39], the
partition function for the string solution corresponding to the ABJM circular Wilson loop has
been evaluated, whose discrepancy with the exact prescription from the matrix model works
similarly to the case of its AdS5 x S° counterpart [40].

Below we also revisit the one-loop correction to the energy of a string folded in the AdSs
subspace of the AdS; x CP? background, evaluating its exact partition function and deriving
from it the relevant long and short string limits, as was done for the AdS; x S° case in [41]. We

“To this purpose, contours analog to the ones exploited in [9] (e.g. the solutions of [25] and others there
cited) are in fact yet to be constructed.

SFor the leading order corrections to h(A) at strong coupling see [29-37]. At weak coupling the expansion
of h()\) has been calculated to fourth order in the coupling constant [38].



recall that the genuinely field-theoretical tools used here for a direct world-sheet quantization
are in principle alternative or complementary to the integrability, algebraic curve approach
to the semiclassical quantization of strings [42|43]. This observation, in fact, would be highly
non-trivial for the case of the Wilson minimal surfaces corresponding to the quark-antiquark
potential [44] or its generalized version [7] that we see here below in their ABJM extension.
However, the recent results of [45] establish at the classical level a well-defined description
of such minimal surfaces in terms of appropriate algebraic curvesﬂ thus giving confidence
in a possible extension to this case of the same powerful tools used to compute quantum
corrections to classical spinning string solutions [42], which might as well work in the ABJM
setting. While for closed spinning string solutions the algebraic curve approach is already
an established powerful device for obtaining quantum corrections, a direct comparison of the
results obtained is yet problematic, see section below. To clarify these discrepancies,
as well as for a better general understanding of world-sheet quantization, it would be very
interesting to develop the necessary analytic tools for an exact analysis of the case in which the
folded string is both spinning in AdS3 and rotating in CP3. This highly non-trivial problem,
however, has not yet been resolved in the AdSs x S® framework, as it would require the exact
diagonalization of the mass matrices appearing in the study of fluctuations. As a starting
point to this purpose, it might result useful our refined analysis of fluctuations around the
folded string moving non-trivially in AdS3 x S [47], to which Appendix @ is devoted. There,
we show how the known mixing of bosonic fluctuations occurring for non-vanishing AdSs
spin and S! orbital momentum [47./48] has its supersymmetric counterpart in a non-trivial
fermionic mass matrix.

We also report on similar results valid for the same configurations once they are seen as
Type IIB string solutions for the the sigma-model in a AdSs x S* x S3 x St background with
RR fluxes, and its limiting case AdS3 x S x T* [49]. For this system a full set of Bethe
equations for the spectrum were proposed [50,/51]. The one-loop world-sheet analysis carried
out in this paper can be seen as a first step in checking these equations beyond leading order

at strong coupling.

In the following two sections we report some exact one-loop results for the relevant string
solutions mentioned above in the two backgrounds of interest here, AdS; x CP? and AdSs x
S3 x 83 x S'. The details for their derivation, and several comments on the same details, are
collected in the rich Appendices [B] and [C] Appendix [A] shortly describes the spinorial and
Gamma matrices notation. In Appendix [D] we revisit the analysis of fluctuations around the
folded string in AdS3 x S*.

5The analysis of [45] extends to the minimal surface corresponding to the Wilson loop with a null cusp
and to the classical solutions corresponding to correlation functions of local operators. A possibly related
contraction of minimal surfaces in AdS starting from higher genus algebraic curves has been presented in [46].



2 Exact one-loop results in AdS, x CP?

In this section we evaluate the exact one-loop partition function of macroscopic Type ITA
strings in AdS; x CP3 background with world-surface ending on a pair of (time-like) an-
tiparallel lines respectively in flat space (section and in S% x R (section , adding in
the second case a “jump” in CP3. We continue in section with the evaluation of the
exact partition function for a folded string solution moving non trivially in the AdS3 part
of the background. Notation and relevant information for this background are presented in

Appendix

2.1 Antiparallel lines

In this case the relevant string solution found in the AdSs background [44] can be embedded
within its AdS, subspace and the CP? part of the sigma-model is classically irrelevantﬂ In the
planar limit there is then no-difference with the result obtained in [44], provided the mapping
AAdss — A\ =272\, with A = %, is used Therefore, the leading strong coupling value for the
“quark-antiquark” potential in A/ = 6 Chern-Simons theory, as derived from the Nambu-Goto
action for the dual sigma-model in AdS; x CP3 isﬂ

v AL = va __ Ve
ABIMARTIT 4R L 2v2K(1)2 L

where L is the distance between the lines and K is the complete elliptic integral of the first kind.

A1, (2.1)

The spectrum of bosonic quantum fluctuations over the classical solution follows very closely
the formal analysis of [53], the actual evaluation of [54] and the analytical work elaborated
in [24]. Calculations are identical in nature and result in a simple truncation of the bosonic
spectrum (one less transverse degree of freedom in the AdS space) and in a slightly modified
analysis for the fermionic modes, which follows from the more complicated nature of the
compact space CP3.

Working in static gauge one finds two massive bosonic AdS fluctuations, one longitudinal
and one transverse, together with six massless bosonic modes in CP3. After a global rotation
and k-symmetry gauge fixing reviewed in Appendix the action for the two Type IT A
spinors becomes the standard one for two-dimensional Majorana fermions, and the resulting
partition function is a rearrangement of the one in [53]

ABJM det6/2(—i ’ya Va + 0'3)
Ly Y 1/2 172 ’ (2:2)
det'/2(—V2 4 2) det'/?(—=V2 + R® 4 4) det?/?(-V2)
where R is the scalar curvature, 1° = o9, v! = 01 and ~9y1 = —i 03 are the Pauli matrices.

We can then immediately resort to the results of [24], writing down the effective action as
a single integral in the Fourier-transformed r-variable (0, = iw) for a ratio of analytically

"In the dual gauge theory the scalar couplings are constant along the Wilson loop.

8This is general to all classical spinning string solutions of string theory in AdSs x S°, at least those with
few charges [32], and to the known classical minimal surfaces relevant for Wilson loops [15].

?See [52] for the leading order result in a setup with flavors.



exact functional determinantsm With the standard regularization, consisting in an explicit
subtraction of divergences, the first correction in o-model perturbation theory to the result
(2.1)) reads

1
VDA L) =

1 +oo g det® 05 w?
—= 71r lim/ —wlog { / 7 , (2.3)
2K(3)Le=0) o 2m det O1e det OF det™ Of

in terms of the determinant expressions given in [24]E Explicitly, we have

(1) _ 1 /+°° 2181 — 4wtV + w?
v AL = dw] 2.4
O D) = =g | dwlog [ S mE 24)
. i sin® [(1 +9)K(3) Z(ay) + 2@‘)}
— ———— [dwlog :
2K(3) L Jo sinh[2K(L) Z(as)] sinh [2(1+1)K(§)Z(a2) + Kﬂ(ﬂ;)] sinh?2K(2) w]
2

where Z is the Jacobi Zeta function and
ap =sn V14 2w2, g =sn V1 —iw?, ap=sn /1 +4diw?. (2.5)

The integral in the first line is easily done, while the second one is conveniently rewritten in
terms of analytically known constants and a one-dimensional integral representation which
can be numerically integrated with arbitrary high precision. The result is

B V2 ay 1
VABJM(\&,L)—_72\/§K(%)2L [Hﬁﬂo((ﬁyﬂ’ (2.6)
with
1 5log2  V2K(3) (K(3) 37 log2 | ) _
“=g s ﬁ22( "5 v T ) = 03606061,  (2.7)

and Z™™ given in (B.19).

2.2 Generalized cusp

Just as in the N' = 4 SYM case [7], it turns out to be very useful to add extra-parameters
to the problem considered in the previous section E The antiparallel lines can be put on
S? x R separated by an angle 7 — ¢ along a big circle on S?. Using a conformal transformation,
this is seen in flat R1? as two rays intersecting at a cusp, a geometrical angle © — ¢ in the
three-dimensional plane@ One can also consider an internal angle, namely an angle in the
SU(4) internal space. In the N' =4 SYM case, this is realized when each line of the Wilson
loop presents a different coupling to the scalars. A proposal for a dual string classical solution,
given the well-defined interpretation for the coupling to the scalars in terms of coordinates on

10 As explained in details in [24,[54], the fermionic operator can be further diagonalized after squaring it.
See formulas (2.16)-(2.19) there.

2For another interesting deformation of the system of antiparallel lines in N =4 SYM see [55].

130ne can also see the cusp as the region where a straight line makes a sudden turn, the angle being then ¢.



S°, naturally follows [44] from the fact that the natural Wilson loop carries an SO(6) indices.
There is not such an explicit prescription for the considerably more complicated coupling
structure appearing in the Wilson loops for N' = 6 super Chern-Simons theory. Here, each of
the half-BPS lines is defined as the as the holonomy of a superconnection [19]. Each ray breaks
SU(4) to SU(3), selecting a direction in SU(4) in a non-trivial coupling to the bi-fundamental
scalar fields E and a coupling involving constant spinors [19]. We don’t see how the peculiar
and novel (with respect to N' =4 SYM) feature of a fermionic coupling might influence the
analysis we perform here in terms of fluctuations over a bosonic classical solution. In total
analogy with its AdSs x S® counterpart, one can describe such finite discontinuity in the
SU(4) internal space as a “jump” in CP3, which is natural to represent in the form of a rigid
(time-independent) ansatz for one of the six coordinates in CP?, with the other coordinates

taking constant values.

One starts with global Lorentzian AdS, x CP?, the natural dual to gauge theory on S? x R,

ds* = — cosh? pdt? + dp® + sinh? pdp? + 4ds%P3 (2.8)
where cls%P3 is the metric lb Taking as world-sheet coordinates ¢ and ¢, we choose (the
translational invariance of the problem makes the embedding coordinates to be ¢-dependent
only)

p=ple), Or=0bi(p), a=pr=b=ps=x=0, (2.9)
where the AdS coordinate ¢ varies in the domain [¢/2, 7 — ¢/2] and the CP coordinate 6; in
[—0/2,60/2]. Notice that the choice of the ansatz for the CP? coordinates is fully general. The
ways to select an arc in CP? are all equivalent, in that there is always a global SU(4) rotation
that maps them to the same form in terms of the embedding coordinates. In particular, in
analyzing fluctuations, this allows one to work with different coordinates in CP? which are
more suitable for calculations.

2.2.1 The classical limit

The ansatz (2.9) solves the classical equations of motion the same way as in the AdSs x S°
case. This holds in the case of a non-trivial ansatz for any of the CP3 coordinates To
account for this generality we call generically ¢ = ¥(¢) the non-trivial coordinate describing
the jump. Thus, we can exploit the classical results of [7]|E| with the usual mapping A — .
In particular, from one finds, at leading order in the A — oo limit

(0) _SE )\2\/b4 +p? [ (b + 1)p? -
TaeM ™ (0.0) = =0 = o~ m e K(k%) - E(2)|,  A>1. (2.10)

In the limit ¢ — 7 and 6 = 0 (for which is k? = 1/2) this gives
VT

4K(5)? (7 — ¢)

4The structure of the scalar coupling was understood already in [15/18].

'5This happens provided the ansatz is suitably chosen. In the case of, say, v;,i = 1,2,3 in (B.5), a rescaled

classical ansatz will compensate the factor 4 in front of the total metric 1)
16WWithout even the need to change the variable names!

hm FABJM(O <¢7 9) —

cusp

(2.11)




which obviously agrees with (2.1) with the replacement m — ¢ — L.

Since the classical Lagrangian is the same, the BPS condition is still £ = +J [25]|Z| and
implies ¢ = 46. In particular, we can expand around the straight-line configuration § = ¢ = 0,

exploiting (B.33)) and the results of 7] to get H

ABIM(0) _@i 2 2y L0 a9y o9 2 2\ (pd 1402 42 4
AR (0,0) = 32 |5-(07 = 6) = 5 (607 = 62) (67 = 567) + 5 (62 — 67) (6" — 146%¢7 + 37¢")
_Ww? %) (60— 2106 1+ 20106 — 5850°) + O((6,0)")] . (212)

ABJM

2.2.2 Fluctuations and one-loop correction to Fcusp

The analysis of fluctuations, reviewed in Appendix goes much the same way as in the
AdS; x S° case [7], presenting additional features observed for the ABJM folded string (see [32]
and section below), as for example the splitting of bosonic fluctuations in CP? into “heavy”
and “light” degrees of freedom. As in [7], we present here the relevant solutions in the two
cases in which both bosonic and fermionic fluctuations decouple, and the partition function
can be evaluated in an exact way. In the case of & = 0, one gets a simple redistribution of
the determinants appearing in the AdSs x S° case, see formula (B.66)). In the case of ¢ = 0,
the slightly more complicated structure of CP? plays its role, and one finds a splitting in light
bosons and light fermions resulting in the partition function . We will evaluate below
the one-loop correction to the value of the generalized cusp in defined as

Treg

1 e 1 =
FQESM()(M):%, rABMU (g gy — = (2.13)

In each of the cases above one derives a one-dimensional integral over an expression involving

complicated special elliptic functions. As a first relevant check of the first expression above,

ABIM(1)
I‘cusp

the light-like cusp limit (¢ = i00,0) matches [57] the strong coupling value of the so-
called scaling function, or cusp anomalous dimension, as found in [29-31], see formula
below. The results for the antiparallel lines, — are reproduced from the partition
function for § = 0 in the limit ¢ — =, having set k> = 1/2 and having taken into
account the different normalizations for the partition functions E This matching works
exactly as in the AdSs x S° case [7] with the reproduction of the results in [24]. In particular,

the ratio between the world—sheet time 7 and the target space time T, which furnishes the

17See the discussion on the BPS bound in Appendix C.2 of [25].

'8We thank M. Bianchi, L. Griguolo and D. Seminara for pointing out that a factor 1/2 was missing in
in the previous version of this paper. See [56], to appear.

90One can check that this means to subtract to the numerical result of the constant K(%)/2v/2m, in
other words the value for the constant a; in obtained with the prescription here used and described in

Appendix [B:2:2] below is

1 |reg = 1 _5log2 V2K(3) (K(%)
ET3V2 2v2n w2

which differ from the result 1) for the constant mentioned above.

iy 10g2 num
T(1-3v2)— 7 ):—.11441, 2.14
5+ 7 3v2) Y 0.151949 (2.14)



expected 1/(m — ¢) pole for generic k
T 1 2 E-(1-K)K
T VEQ-k)V4p T—0 kV1—k2
becomes, in the k? = 1/2 case, 7/(7m — ¢)K(1/2). Replacing m — ¢ — L, this is indeed the

rescaling used in [24,[54] for the classical AdSs x S solution which has been exploited in the

derivation of (12.6]).

Particularly interesting are the small ¢ (for § = 0) and small § (for ¢ = 0) limits, translated

(2.15)

in expansions at small elliptic modulus. In these cases the integrand becomes a series of
hyperbolic functions which can be exactly integrated resulting in explicit analytic results, as
derived in the expansions (B.70)) and (B.85)) using (B.33]). The result for the § = 0 case reads

32 8 8

+0(¢%)
(2.16)
Notice that, as in the AdSs x S° case, a pattern of uniformly increasing transcendentality

2 1 6
pABIM (4 gy 79 n <127 B 9C(3)> ¢ n (527 _396(3) 45((5)) ¢

cusp T 84712 " \32 4 ) 167t 64 76

appears. The first terms in the expansion above should be reproduced via the strong coupling
expansion of the exact results for the 1/2 BPS Wilson loop found in [26], once the relevant
connection [9] with the small angle region ¢,0 < 1 of I'cysp is generalized to the ABJM
case. The same coefficients should also be reproduced by a strong coupling analysis of the
ABJM-generalized BTBA equations of [5,6], once they become available.

We also present here our attempt of evaluation for the small # expansion in the ¢ = 0 case,
based on the analysis carried on in Appendix

ABIM(D) 36> 1 log(2)  3¢(3)\ 6
Feup ™ (0.0) = 8 42 (32+ 2 4 )167r4+ (2.17)
7 log(2) 15¢(5)\ 6° s
+<32+ > "8 ) PO

This result is in disagreement with the observation of [14] @ that the BPS condition for
the ABJM generalized cusp stays the same as in the N = 4 SYM case, being = +¢ and
implying therefore (under the assumption of analyticity for I'cysp(¢,6)) that the coefficient of
¢? in should be the same as the coefficient of 62 in . It is not clear to us how to
obtain an expansion compatible with the study of [14], and it is likely that an alternative or
more careful analysis will lead to correct El In particular, it would be interesting to
investigate the possible dependence of this discrepancy on the choice of regularization. While
the regularization scheme used in this paper seems natural from the world-sheet point of view,
the distinction between “light” and “heavy” modes modes in the spectrum (a feature of any
non trivial “motion” in CP?) might suggest a prescription that treats the UV divergencies
of the corresponding determinants differently, much in the same way as in the discussion

of [30,136]. It is likely that the use of algebraic curve methods (when developed at this

20 The results of [14] were not yet available when the earliest preprint of this paper was made public. See
section 3.2 there.
21This would also likely eliminate the odd presence of log 2 terms in it.



order of sigma-model perturbation theory, see Overview) would help in clarifying possible
regularization issues @ (for example on the lines of [35] and [58]).

2.3 Folded string

In this section we report what the semiclassically “exact” analysis used in the previous section
can teach us if we use it for the quantization of the folded string in AdS,; x CP? [29,31/{33],
recently reconsidered in [59) 60]@ In particular, we consider the case when the string is
spinning in the AdSs part of AdS; x CP3. We then hav@

dsids3 = — cosh? pdt? + dp?® + sinh? p d¢?

t=k1, ¢=wr, plo)=ploc+2m), (2.18)
7T s s
¢1_Za 1/}2_57 ¢3_§) 75_058_15253'

In this case, and in static gauge, both bosonic and fermionic fluctuations are decoupled and an
analytically exact one-loop partition function can be written down. Since the classical motion
of the string is restricted to AdSs, in the planar limit and classically the result is the same

as the one obtained in [1,47], the only requirement being the mapping Aaqs; — A = 272\ is
used

The semiclassical analysis of fluctuations is again only a slight modification of the one
conducted in the AdSs x S° framework [41], and in fact an analog set of information can be
inferred in the two relevant limits of long and short strings via a systematical expansion in
large and small spin. For the bosonic spectrum we work in static gauge, since it is in this case
that they are all decoupled and an analytic expression for the one-loop partition function can
be derived. The result is obtained by truncating the fluctuations in AdSs [47] so that one
transverse degree of freedom is eliminated. There are then additional six massless degrees
of freedom in CP3. As reviewed in Appendix the bosonic contribution to the one-loop
effective action is then

.

s = (logdet O, + log det Og + 6 log det Oo) : (2.19)
Op— R4 024221 2 o L2020, Oy~ 0% (220
5=—0; T Oi = 2t Oy= -0+ 0% (220)

From the analysis of Appendix it follows that the fermionic counterpart to (2.19) in the
effective action reads

~ 1
I'r= —5(3 log det Oy, + 3logdet Oy_ + 2(90) ) (2.21)

Oy, = —02 +0% + M%bi ) M?l)i =+p" + pl2 ) Oy = —33 +Q2. (2.22)

228ee the discussion around C.42 below for the case of the spinning string in AdSs;.

#See also the recent [61] for an interesting interpretation of the results in [32].

24We follow the notation of [32] and set the AdS4 radius to 1.

25 As observed in [32], the equivalence of the classical solutions for the two backgrounds AdSs x S° and
AdSy x CP3? extends to the results for the classical energy and spin. Therefore at the classical level the
prescription relating the AdSs x S° and AdSs x CP? results is equivalent to no rescaling at all. Namely, one
rescales Aaas; — 2, and replaces E, S in AdSs results by 2F and 2S. Changing the string tension by 2 is
compensated by rescaling of charges by 2 so that classical parameters remain the same.

10



Of the eight effective fermionic degrees of freedom, two are massless and the other ones have
masses which coincide with the ones appearing, although with different multiplicities, in the
AdS; x S° case [41]. The same holds for the bosonic fluctuations . It is therefore easy to
exploit the analysis of [41] and write down immediately the one-loop correction to the energy
of the folded spinning string in the present casﬁ

1 e det6 Ow

E = - dQ 10 b
' Tk )T % det 0y det Op det? O

(2.23)

where k = % K, K = K(k?) (see (B.87)) and we used that det Oy, = det Oy = det Oy [7].
Above, the determinants have the following explicit expression:

VI+R+ (52)
)= k

det Op = 4sinh? _2KZ(oz9 | kz)} where  sn(ag | k2 , o (2.24)
T Q)2
12 [o 72 72 1+ (ﬁ)
det Op = 4sinh” 2K Z(ay | k )} where  sn(ay | k°) = 3 (2.25)
TQ)\2
2 [ 72 7.2 Lt (?)
det Oy = —4cosh? |K Z(ay | k )} where  sn(any [ %) = (2.26)
det Og = 4sinh? _ﬂ'Q:| , (2.27)

where k% = (li’Z)Q and K = K(l;:z).

2.3.1 Long and short string limits

The expression , as such only numerically evaluable for given values of k, gives valuable
analytic information once the integrand is expanded in the large spin (“long string” or & — 1)
limit or in the small spin (“short string” or k — 0) limit. In the long string limit, the final
result for the large spin expansion, obtained following the lines of |41]|§|, reads

K Co _ C _
Fi = 0 [(001 Ko + coo + g) + (011 Ko + C10 + y)ﬂ + 0(772):| , (2.28)
K Ko Ko

where the explicit values are

log 2 1 5 1
cpl = —9 5 Coo = 5 + ;log?, Co1 = —g, (2.29)
) 1 5log 2
c11 =0, c10 = ~5 log 2, Cp 4 = e + 52 (2.30)

26Using the large-Q expansions of the determinants, also written down in [41], it is easy to check that the
expression is UV finite.

27 The fermionic functional determinants are derived, as in [41], choosing periodic boundary conditions.
We agree therefore with the discussion in [62], according to which for the folded string (in AdSs x S® and in
AdS4 x CP?) it is not clear whether antiperiodic boundary conditions should be used for the fermions [63]. We
notice that this would change the cosh? in sinh? in the fermionic functional determinant , cf. footnotes

and

8In particular, lacking a complete control over them, exponential corrections occurring in the large spin
expansion of the determinants are systematically neglected, see Appendix E in [41].
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For completeness, we report here the first few orders in the large spin expansion of the one-loop
energy as found explicitly in terms of the spin 1)

5log 2 = m+10log2 m
Ei=- log S — = 2.31
! g+ 2w 3logS (2:31)
1r120log?2 = 27+ 30log2 47 1
_ = log & — _} o(l=), s>1,
Sy s T 3l0g2s) T (52> >
where S = 87S.

With the expressions — at hand, we are able to check the pattern of reciprocity
relations between terms subleading in the large S expansion which has been largely observed
in the AdSs x S° framework (for a review see [64]), and that at the semiclassical string level
has been always performed on an action of the type . At the classical level this is already
proven [65]. To see that explicitly [41,/65] at one loop we check the parity under S — —S of
the function P(S) defined perturbatively via

A(S) =P(S + %A(S)), A(S) = Ao(S) + —= Ay(S) + -+ . (2.32)

1
VA
where Ag(S) = & — S, and A1(S) = & are redefinitions of the classical and one-loop energies
(Ey = VA&L). Solving perturbatively for P in (2.32)

1 1d )\ 1
p(g):;k!<_2ds> A(S)]F, 7>=7>0+7A7>1+---, (2.33)

one finds a parity invariant expression

5log(2)log S T 1 5log(2) G2
_ — — - = . 2.34
2m 3logS 2 + m +0(57) (2.34)

P =

The analysis above is a strong coupling confirmation of the weak coupling analysis of [66],
in which reciprocity relations were checked, up to four loops, for the large spin expansion of
the anomalous dimensions of operators of twist L = 1 in the three-dimensional N’ = 6 super
Chern-Simons theory.

Similarly, one can consider the small spin or short string limit [67] of the folded string
energy, realized by sending n — oo or k — 0. To this purpose it is useful to consider an
alternative expression for the final effective action, which is free from IR-divergence problems
in the relevant expansion, and that is reported in . Using the results there mentioned,

29The IO; < term in (2.31)) is consistent with the low-energy effective theory for an AdSs x CP? folded string
with periodic boundary conditions for fermions. Indeed, in the low-energy limit the energy is Fi. = ﬁ,
with ¢ the central charge, which, in this case, is ¢ = 6 — 2 = 4, counting 6 massless bosons and 1 massless
Dirac fermion with periodic boundary conditions. B. Basso recently suggested, from considerations based on
the Bethe ansatz, that massless fermions should have anti-periodic boundary conditions. We explicitly checked
that changing only the massless fermions from periodic to anti-periodic leads to a term 12?% in agreement
with Fi. = 1021}%,
a world-sheet analysis. We thank B. Basso for discussions on this point.

where cap = 6 + 1 = 7. However, such a choice seems unnatural from the point of view of
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one can write down the following small spin expansion of the one-loop correction to the energy

1

B = Egan) n Efnam)7 E§nan) _ 3 +0(S), (2.35)

B :@(1—310g2+1?235(—5+610g2+3€(3))+0(82)>, (2.36)
38 +1—3log?2 1

= 5 (2.37)

As in [41], we have separated Fj into an “analytic” part (with S-dependence similar to the
classical energy ) and a “non-analytic” part, containing would-be IR-singular contri-
butions of the lowest eigenvalues. In the last line we have made explicit the A\-dependence,
adding together the classical and one-loop resultsm The pattern of transcendental coefficients
log 2, ¢(3),¢(5) in the formula above resembles the one appearing in the AdSs x S° case [41,62].
It would be nice to analyze the short string limit in a larger class of string configurations to
see whether universality patterns similar to the ones observed for the AdSs x S° case in [68]
manifest themselves also in this context. Our results are obtained using periodic bound-
ary conditions for fermions (see footnote , the alternative choice of antiperiodic boundary
conditions would, as in the AdSs x S° case [62,/68], remove the log 2 terms.

As mentioned in the Overview, relating the results obtained above with the one exploiting
the algebraic curve tools is in general problematic. In particular, it is not possible to compare
our and with the limit J — 0 (¢ — 0) of the recent interesting results of [60].
The “non-analyticity” of this limit has been first noticed in [69] and confirmed in [70] (see
also related discussion in [71]). A direct quantization of the folded string solution keeping
exact both the spin and the orbital momentum (.S, J), which would help elucidating this and
similar problems of direct comparison, is a technically challenging problem that would be very
interesting to solve.

3 Exact one-loop results for folded strings in AdS;x S®x S? x St

In this section we will consider Type IIB superstrings on AdS3 x S* x My, where the second
compact manifold My is either S® x S! or T4@ The backgrounds we consider preserve 16
supersymmetries and are dual to two-dimensional conformal field theories with N' = (4,4)
superconformal symmetry. There are two inequivalent such superconformal algebras, referred
to as small and large (4,4) superalgebras, with the maximal finite-dimensional sub-algebras
being psu(1,1|2)? and 0(2, 1; a)?, respectively. The algebras psu(1,1|2)? and 0(2, 1; a)? make
up the super-isometries of the AdSz x S? x T* and AdS3 x S? x S3 x S! backgrounds. In
the latter the parameter «, taking values 0 < a < 1, is related to the radii of the two three-
spheres (see ((C.4). In particular in the limits @« — 0 and @ — 1 the radius of one of the two
three-spheres diverges. The corresponding directions then become flat. Together with the S!

30The choice of anti-periodic boundary conditions for the massless fermions breaks the small spin expansions
giving rise to divergent % terms.

31The case M = K3, which can be treated as an orbifold of AdSz x S* x T4, results in a straightforward
generalization of the T* case.
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they can then be compactified to a T%. Hence, the case My = T* can be obtained as a limit
of the more general case My = S® x S!. For a =1 /2 the radius of the two spheres are equal.
The isometry is then given by 9(2,1;1/2)? = osp(4]2)%.

Classical string theory in the above backgrounds can be formulated in terms of integrable
super-coset sigma-models [50]. In [50,51] Bethe equations were proposed describing the string
theory spectra, or equivalently the spectrum of local operators in the dual CFT:s. Little is
known about the CFT dual of the string theories considered here@ However, if the proposed
Bethe equations are correct they may provide some insight to the spectra of the theories. The
one-loop calculations performed in this paper can be seen as a first step in checking these
equations beyond leading order at strong coupling.

In this section we evaluate the exact one-loop partition functions of a folded string carrying
angular momentum in AdSs. This solution and its generalization to a spinning string with
non-zero angular momentum also on the two three-spheres is written down in Appendix [C]
which also contains more details about the fluctuation spectrum. The appendix additionally
contains a one-loop analysis of the large spin scaling limit of the spinning string, as well as a
discussion of the embedding of the classical string solution discussed in section into AdSs.

3.1 Fluctuations

The bosonic fluctuation Lagrangian in static gauge is derived in section and reads

w? sinh? ﬁ) o= V2 2wv sinh? Do

— 6“¢8a¢+<1+ — >8“~8a~+_8“¢8a~
7)? 7)) 7T @) v

+ 0By Oufs + 0%y O + 0B Dafi— + O"F— Dg— + 0% Dytp + O°U 9,U

+UE (B +90) +2 (B2 +72). (3.1)

2Lop = sinh? p <1 +

The solution to the problem of finding ezactly the analytical partition function in cases of
non-diagonal mass matrices like is not known at present. An exact partition function
can however be obtained for v = 0, where the only non-trivial motion is the one in AdSs3. In
this limit the coupling between the fluctuations ¢ and ¢ disappears and the masses of the
fluctuations in S x S x S! vanish. The bosonic contribution to the effective action then reads

- 1
PB:i (logdet(’)qg—F?logdetOo) (3.2)
where the operator O § 1s the same as O in |i
The full fermionic fluctuation Lagrangian derived in Appendix |C.3|) reads

/
Las = 2ip'\T/{Fa8a L LA \WN S (r012 _ /a3 _ 1= aF678)
2(p2 +1v2) 2

$ VIR0 (o (Vagr 4 /Ty — o) D) b, (33)

where we have chosen to fix the x-symmetry by W! = W2 = . As in the bosonic case, an

exact analytical derivation for the partition function is only feasible in the v = 0 case, where

32For discussions on the N = (4,4) CFT3 duals see [72{74].
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we obtain

/
Las = iU <r“aa + %(FOH —Va3® — /1 - ar678)> T, (3.4)

which gives four massless fermions and four massive fermions, among which two have mass
\/p'? — p” and the remaining two have mass \/p'?2 + p”. The resulting fermionic contribution
to the one-loop 2d effective action thus reads

~ 1
I'r = ~5 (2 logdet Oy, + 2logdet Oy_ + 4 log det (’)0) , (3.5)

Oy, = _ag +0% + 'u'i:l: ) M?pi =+p" + Pl2 ) Qo = —33 +Q°. (3.6)

We note that for v = 0 the fluctuation spectrum is independent of both « and §, despite
the presence of « in (3.4). In particular we can take the limit « = 6 = 1, which is further
discussed in section [3.3]

3.2 Complete partition function, large and short string limits

From the frequencies in the last section we find that the one-loop correction to the energy of
a folded string in AdSs is given by

4
1 +oo det Od)

Ei=-——

dQlog —————= 3.7
Ak J_o 8 Jet Opdet O3’ (37)

where k is given in and we used that det Oy, = det Oy_ = det Oy. The determinants
appearing in are the same as in the cases of AdS; and AdS;. We will now evaluate this
expression in the “long string”, or large spin, limit and in the “short string” limit, where the
spin is small. This is done in complete analog with the AdSs x CP? analysis in section

Long string limit. In the long string limit (k¥ — 1 or n — 0), we obtain

K co— cl.—
E, = -0 { (Como + coo + 0 1) + <C11/€0 +c1o0 + L 1) n+ 0(772)] ) (3.8)
K Ko Ko
with
4log 2 1
cor = —2log 2, Coo — °8 ) €o,-1 = —7> (3.9)
T 4
2log?2 2log?2
c1,1 =0, cl0 = — , cl,-1=——5-
T T

Rewriting this in terms of the spin S = 87S, we then get

2log 2 = 4dlog?2 s

E=— log S — = 3.10
! T 8 + T 4log S ( )

1 [16log2 = 24log2 T 9

- = logS — — 0(1/8%).
S| los — TS +0(1/87)
Extracting the leading log S term we get
81S A 2log2

E—S~fN)log™2 f(\) = VA 2log2. (3.11)

vV T T
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This result is in perfect agreement with the one-loop part of the AdSs x S3 x T* computation
in Appendix B of [75]. For a further discussion of this result see Appendix

In analogy with the analysis performed in section [2.3] one can check also in this case that
reciprocity relations hold, evaluating the analog of (2.34]) for the expansion (3.10]) above

_2log2log§ T 4log2+

P = 0(S?). (3.12)

s _4log§ s

and noticing its parity invariance under S — —S.

Short string limit. Integrating out the zero modes we find the short string expansion to
the one-loop energy in (3.7)) to be

E; =28 (; —2log 2) + %(28)3/2(—7 +121log 2 + 6¢(3)) + O(S) . (3.13)

Notice that in difference to the AdSs and AdS, cases, there is no “non-analytical” part of
the type Efnan) in . This is due to the vanishing of the total contribution from the zero
modes, i.e., the eigenvalues with lowest energy, which is in turn related to the absence of
fluctuations transverse to the AdS3; motion.

3.3 The AdS; x S? x T* limit

In the a — 1 limit one of the three-spheres in the AdSz x S x S3 x S! background becomes
ﬂat@ Hence, this limit describes strings moving in AdSs x S? x T, where the sphere now
has the same radius as the anti-de Sitter space [50]. In order to take this limit in the classical
string solution considered above we first set v_ = 0 in , corresponding to § = 1 in the
parametrization . We can then set a = 1 in the fluctuation Lagrangians and .
We then obtain

212 5 2 C 12 =
w” sinh” p 2wrsinh“p _ ~
N2 0“¢ 0up

~ .~ v
— 09 04 +<1+>8“~8a"+ —
(7')? ) ? 0t @)2) 7 r ()
+ aaB—l— 8a5~+ + aa;}/_’_ aa:}’-l- + 8(1/3— aa/é— + 8(1:}’— aa:)/— + 8%/; 8a"‘; + 8(10 8a(7
+2(B3 +33), (3.14)

2Lop = sinh? P (1 +

and

———— 1
2002 + 12) 125 + 5

As noted above, the spectrum of fluctuations in the v = 0 limit is independent of . Hence, the
one-loop energy of the folded string is the same in AdSz x S3 x T* as in AdSz x S3 xS? x S!. In
particular the leading result for long strings in matches the calculation in Appendix B
of [75]. For non-zero v we note that the bosonic fluctuations B_ and 4_ in become
massless when o = 1. These modes together with 1; and U make up the four free directions

_ /2 2
Las = i\li{l““aa __nev Nk (rm - r345) }\Il . (3.15)

on the torus.

33The limit o — 0 is equivalent, with the other three-sphere blowing up.
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A Notation and I' matrices representation

We denote with A, B,--- =0,...,9 the 10d flat indices, with M, N, ... the 10d curved ones,
and with a,b = 0,1 the world-sheet indices. Finally, the indices I, J, K label the two kinds of
spinors 61,62, or W' W2,

For the type ITA string in AdS x CP3, the spinors are defined as 6 = ' +62 with T'1;6! = 9!
and T'116% = —#?, while for the type IIB string in AdS3/CFT; they have the same chirality
6" =T1,0!, I = 1,2. The complex conjugate 6 is always defined as 87 = /T, Finally, we use

the following representation for the 10d Dirac matrices

Ty = —ioo ® I I =03 x L1 ITp=01®%, a=1,...,9. (Al)

B Fluctuations in AdS, x CP3

The Type ITA background AdS, x CP? is defined via

2R R
2 _ p2 2 2 _ 2 _
dS = R (dSAdS + 4d8(CP3) 5 €¢ = ?, R = E = Ze s (Bl)
3
Fy=2kJeps, Fi= gR3 vol(AdSy), (B.2)

where R is the AdS, radius, ¢ the dilaton, k results from the compactification of the original
M-theory on AdS; x S7/Z; background and coincides in the dual theory with the super
Chern-Simons matter theory level number [12]. Above, F», Fy are the 2-form and 4-form
field strengths with Jgps the Kahler form on CP3. The curvature radius R is related to the
't Hooft coupling A of the dual N' = 6 superconformal Chern-Simons theory (realized in the
limit of £ and N large with their ratio fixed)

N
R?=22p/X, A= = (B.3)

To describe the background (B.1)) we use global coordinates for AdS,

dsAgs = — cosh? pdt? + dp* 4 sinh? p(dp? + sin® ¢ dp?) (B.4)
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and a parametrization [76] in terms of six coordinates (11, 1,13, T1, T2, 73) for CP3

dS(Cpg dw% + sin® ¢ d w% + sin? ¢ cos® ¢y (dﬁ + sin? o (dry + sin? 13 dT3))2

(B.5)
+ sin® ¢y sin® o (dy)3 + cos® 1o (dra + sin® 15 dr3)® + sin® 13 cos® 3 d73 )
Alternatively, one might use three inhomogeneous complex coordinates
wy = tan 11 tan 1o tan 13 (i(T1+72+73)
V(1 + tan? ) (1 + tan? ¢)3) ’
o — tan i1 tan o gi(n+72) (B.6)
V(1 + tan? 4p) (1 + tan2 ¢)3)
w3 = 413&1’1 wl eiTl )
1+ tan? 1/12
in terms of which the metric
dw; dw; dw; dw; dw; dw; _
S(CP?’ 1 + |w’2 (1 + "ZU|2)2 I "LU’ wk wk? ( )
gives back the Fubini-Study metric (B.5).
Another useful parametrization of CP? is the one describing its embedding in C*
91
Z1 = COS % cos LeiG+it , (B.8)
2 2
91 1
29 = COS & gin =i+t , (B.9)
2 2
Y
z3 = sin L cos ZeiF i , (B.10)
2 2
. o, 2 ;%2 ;X1
z4 =sin o sin Zre™2 70, (B.11)

with 0 < a, 91,92 <7, 0 < 1,99 < 27, 0 < x < 4rw. This leads to the Fubini-Study metric

dsCP3 = da* + cos? (d192 + sin® ¥ dcpl) + sin? (d192 + sin? ¥y dipg )+ (B.12)

+ sin? 5 cos? 5 (dx + cos ¥y dpy — cos g dg02)2 .

From the inhomogeneous coordinates one moves to the homogeneous coordinates (B.8))
via the map w; = 2;/24, i = 1,2,3 and the condition |z|? = 1.
In this background we study quadratic fluctuations over classical string configurations which

solve the equation of motion for the bosonic action

I =

4m (GAd]%aaXMabXN e jﬁ}jvaaXMabXN) : (B.13)

For this purpose we also need the quadratic term in the fermionic part of the Green-Schwarz

action
Lr=i (\/—hh“bdu - eabs”) 4! po DK (B.14)
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where the form of the covariant derivative is restricted by the background RR fluxes

1
DJKoK = §/K <ab + 4abXNwﬁCrBC> oK (B.15)

1 1 1
i §6¢ <2FMNFMN(Z-O_2)JK 4 4'l[;MWPQFMNPQ(Ul)JiK) o0 0

with p, = (%XME]@I‘A and s’/ = diag(1, —1), where we used already that H3), the three-

form potential for Fy, will not play a role in our calculations.

B.1 Antiparallel lines

The classical solution and the formal expression for bosonic fluctuations over it were considered
for the AdS5 x S® background in [53]. As explained in section since the classical solution is
here trivial in CP? the bosonic spectrum is a simple truncation (one less transverse fluctuation)
of the one written down in [53], and the contribution to the effective action reads

.1
Ip =3 (logdet Oy + log det Op + 6 log det Oo) : (B.16)

The fermionic fluctuations are obtained by substituting in — the relevant classical
ansatz. If the Wilson lines are extended in the 2° = 7 direction and located at ' = o0 = +L,
the ansatz for the corresponding minimal surface is given by y = y(o), where y is the radial
direction in AdS. The derivation of the resulting fermionic Lagrangian works much the same
as in the case of the folded string solution [29}32] reviewed below in section leading to

i ) o1
Lp = 2iy*T {nabraab + r} W, = (~Tur+Tss — o9 — 3Toras) (B.17)

One notices that it is always possible to further simplify the problem, bringing the 32 x 32
matrix I' above into a 2 x 2 block-diagonal form in block with 4 vanishing entries and the
remaining 12 consisting of o3 matrices, where o3 is the third Pauli matrix@ The same
rotation makes block-diagonal the kinetic term in , with T'g = Iig X 01,I'1 = Lig X 09
where o1, 02 are the remaining Pauli matrices. Thus, one ends with 8 species of 2-d Majorana
fermions two of which are massless and cancelled by the massless bosons, and the final result
reads as in . The rest of the analysis goes as in |24], based on which it is not difficult to
check that the final result is given in terms of an analytical and a part which is numerically
integrable with arbitrary precision, where the latter is defined via

™ d 1 —2T )2 2
Zrum — / a [log (1+e ) — £ sin %(log(l — e~ 2%1inf) 4 cos? 5 log sin $1zero)] ,
0

2cos? § 1 — e 275 2
1 K /
ff:§(ﬁ+K>F[a]—KE[a}+§sina 1+tan4%,
Tizero = (& - K) F[§]+2KES], (B.18)
Frint = (ﬁ + K) F[2] - 2K E[2] + Ktan & /3 T cosa,

which gives

7M™ = 2.118816702312941142665389260961407916565757084503648488839669 .  (B.19)

34The relevant rotation is built with eigenvectors of the matrix I'oI'1, which commutes with T'.
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B.2 (Generalized cusp

The classical string solution corresponding to the Wilson loop introduced in section coin-
cides (up to the mapping A — X) of the one for the AdS5 x S° background in [7], to which we
refer the reader for more details. Below we report the expressions which are strictly necessary
to define the relevant formulas here used.

The Nambu-Goto action reads

Sna = \2/75 /dt d cosh py/sinh? p + (0pp)? + (0,9)2, (B.20)

and one finds the same set of conserved charges
sinh? p cosh p g 0,9 cosh p .
Vsinh? p+ (,p)2 + (9,0)? Vsinh? p+ (p)? + (9,0)?

The BPS condition is still given by £ = +J, or ¢ = +6 EL and one conveniently introduces

the two parameters

E=-

(B.21)

J 1
== = = B.22
(=—%, P=g (B.22)
which are related to ¢ and 6 via the transcendental equations [7]
p ) P (2 R) ~K()] . o 29 g2 (B.23)
=TT — — 5 ey ————— 3 .
by/bh + p2 bi+p? /b4 + p2
where b, k are in turn related to p, q via
2= b1 — k?) 2= b2 (1 — 2k% — k2b?) (B.24)
b2+ k2 b? 4 k2 ' '
The classical equations of motion for p and ¥ appearing in (B.20|) read then
(9,p)* = p? cosh? psinh? p — ¢* sinh* p — sinh? p, 9,9 = q sinh? p, (B.25)
and the result for the classical action is
TVX2y/b4 4 p? | bp sinh b2 + 1)p?
Sa = 0 | bpsivhpo (D7 2y gy (B.26)

27 bp Vb + p2 * bt + p?
where T is a cutoff on the t integral, E denotes an elliptic integral of the second kind, and pg
is a cutoff at large p to cure the standard linear divergence for two lines along the boundary.

As usual, one can cancel this divergence by a boundary term, remaining with the second and
third term within brackets in (B.26]).

It is useful to redefine the world-sheet coordinates (¢, ) in terms of elliptic ones

/% 1 2
ut’ (B.27)

/A 1 2
Vb ¥ = F(arcsin £|k%) — K(k?), by

bq

350ne might refer to the vanishing of the total Lagrangean, see [25] Appendix C.2, which does not change here.
A study of the BPS condition on the gauge theory side, which is also useful for nonperturbative computations
is carried out in [14].
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where the range of the new coordinates is
-K<o<K, —00 < T <00. (B.28)

The relation between £ and ¢ in (B.27) is given in terms of incomplete elliptic integrals of the
first and third kind F' and II 7] and one also finds

1+ b°

fZSH(O'—I—K): m

cosh? p = (B.29)

The nice effect of the rescaling (B.27) is to put the induced metric in a conformally flat form

1—k?
cn?(o)

ds? gy = [—d7'2 + daQ]. (B.30)

The 2—dimensional scalar curvature reads

E2(1 4 b?)? k2
R® = _2 <1 > = — (1 =~ _cnt ) . B.31
+ b4(1 _ k.2) COSh4p + 1— k2 Cn (U) ( )

It is useful to rewrite the equations of motion (B.25) for p, ¥ and add the one for ¢ [7]

p_(Psinh®p — (0 +p?sink®p)  p  pPPEEHD) -, o

(b* 4 p?) sinh? p bt + p? (b* + p2) sinh? p

)

. (B.32)

We also report here the expansion of the parameters ¢, 0 in the relevant limit ¢ = 6 = 0,
which is a p — oo limit.

7 7w(3¢% —5) N 3m(15¢* — 704> + 63)

AT 647 o
N 5m(7¢*(5¢* —245563;+ 99) — 429) LOp).

) % N wq(i)g— 3) , 3maB3d’ (5_4§SQQ +35) (B.34)
N 5mq(5¢%(¢* ;_)ZII;JF 63) — 231) n O(p,g) ‘

B.2.1 Fluctuations

In carrying out the study of fluctuations, it turns out to be easier to use different parametriza-
tions of the classical ansatz (2.9) for the “jump” in CP3. In particular, while for the study
of the fermionic spectrum we will be using the six coordinates in (B.5|) and fluctuate over the

ansatz
%Z% ¢2:g, @Dg:%, mnn=1(0), T3 =71(0), T9=0, (B.35)
in the case of bosonic fluctuations we will use the parametrization , in terms of which
the ansatz reads
¢1=£ ¢2=g, ¢3=g' wy =€) wy = w3 =0. (B.36)
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As an example, we could use the ansétze above (clearly equivalent to each other), as well as
the one in lb in the proposal [16}/18,/19] for the SU(4) tensor M 4 7 representing the coupling
~ |##| M% C C7 to the bilinear scalars in the ABJM Wilson loop
M, = 5T, — 27 B.37
J=07— TR (B.37)
written in terms of four internal SU(4) coordinates z! which are in a one-to-one correspon-
dence with the scalars C! in ABJM theory. It is natural to identify the 2! above with the
coordinates embedding CP? in C* (B.§)). From the ansatz (2.9) it then follow@

—cosf; —sinf; 00
—sin @ 61 00
ML = Sgl ! Cozl ol (B.38)

0 0 01

which evaluated at the extrema of the #;-interval, i.e., at the boundary of AdS, should give
a representation of the “jump” in the internal space for the Wilson loop, at least for the
scalar couplingﬂ The matrix as well as above are locally SU(3)-invariant
matrices. Explicitly, on each of the lines forming the Wilson loop, they can always (separately)
be brought to the form M = diag(—1,1,1,1) typical of the half-BPS Wilson line operator
corresponding to the most symmetric string configuration.

Bosonic fluctuations

In evaluating the bosonic fluctuations for the generalized cusp we expand the Nambu-Goto
action around the classical solution via the following variations

p=plo)+dp, ©=p(0)+dp, ¢=g+5¢ (B.40)

in AdS, and fluctuations over the ansatz in CP3. Closely following [7], we use a static
gauge where longitudinal fluctuations are set to zero, leaving the system only with transverse
physical degrees of freedom. The fluctuations parallel to the world-sheet are d§t (set to zero
from the beginning) and a linear combination of dp,dp 619, where here ¥ = 71. Since the
classical Lagrangian for the solution is the same as in the AdSs x S° case, the rotation
that individuates the directions normal to the world-sheet will stay the same. Thus, we can

36 Along the boundary, the p-dependence of 6; is the s-dependence along the loop.

e T

v/ 1+tan2 ¢ ’

37In the case of the ansatze (B.36 , we can set zq = (24 ,W124,W224 , w324 ) With 24 = from

which it follows for the coupling (B.37

0 — ™ 0 0
~ -7 0 0 0
M’ = 0 o 10 | (B.39)

0 0 0 -1

It is always possible to bring (B.39) above in the form (B.38) via a SU(4) transformation.
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construct the transverse fluctuations out of dp,dp, 69 as in [7]

5¢ V' (sinh? p ' 30 + p' 6p) — (p* + sinh? p )60 5 — Sbp (700 — ¢'bp)
7T = 8 —

\/ ) 2 o A2 (4972 2 TN \/ /2 4 sinh? p /2 - (B41)
(p'? 4 sinh® p p'2) (92 + p/2 + sinh* p ¢'?) pe T smh”pe

We expect that the only difference with the AdSs x S® bosonic spectrum results in one less
transverse AdS fluctuation and a splitting among “heavy” and “light” excitations in the
transverse directions of CP3. Indeed, the resulting Lagrangian is

Lp = %\/g[gab 0aCpP OCp + A((s05C7 — (70Cs) + MPQCPCQ] , (B.42)

where (1 = d¢sinh p is the transverse direction in AdSs, (s = 11 is the heavy transverse
direction in CP?, and (,, s = 3, ..., 6 the remaining transverse light excitations in the compact

space. The corresponding masses are

b4 o b2p2 _ p2 b4 o b2p2 o p2
My=-L P 4o My=>"FT_F B.43
" b2p2 cosh? p * b2p2 cosh? p ( )
b4 o b2 2 .2
My=-— "2 P s=345%, (B.44)
4 b%p? cosh” p
M77 _ b4 _ b2p2 _ p2 B 2(()2 4 1)(62 _ p2) b2 b4 4 2b2p2 sinh2 p 4 b2p2 _ p2 (B 45)
b2p? cosh? p b?p? cosh* p cosh? p (b% + b2p? sinh? p — p2)2
M — b4 o b2p2 _ p2 B 3b2 N b4p2
5 b2p2 cosh? p cosh? p(b* + b2p? sinh? p — p?) (b* + b2p? sinh? p — p2)2
Now — 1 2v/—=b4 + b2p2 + p2/b2sinh? p — 11/b2 + p? sinh? 3 (B.46)
® T p(b* + b2p2 sinh? p — p2?) cosh® p '
2\/b% + piy/—bt + b2
VO +p? /bt b2p? + p? (BAT)

p (b* + b2p2 sinh? p — p?) cosh? p
They match exactly the AdSs x S° case [7], apart from the factor 4 in the light modes M.

Fermionic fluctuations

Fermionic fluctuations are computed from the Green-Schwarz Lagrangian (B.14]) with the
covariant derivative as in (B.15). On the classical ansatz (2.9) the Gamma matrices pulled-
back onto the world-sheet p, = 0, X M E]\A;[I’ 4 read

po = krolg, p1=pT1+¢rls+ a’SF7, ry =sinhp, 79 =coshp, (B.48)

where we rescaled the isometry in CP? according to as = (71 + 7o + 73) /4 in order to make
contact with the classical solution in AdSs x S°, and introduced the constant factor x to

rescale the time coordinate for later convenience.

The effect of the local spinor rotation #7 = S ¥/, where

S = <cos§ + sin gl“lg) <cosg + sin gF17> (B.49)
¢ (b2 + p? sinh? p) (b2 sinh? p — 1) 12 ¢ (b4 + p?b?sinh? p — p2)1/2
COsS¢§ = s COS§ = )
sinh? p (b4 + p2b? sinh? p — p?) cosh p/b?p?
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is to bring the pulled-back Gamma matrices into the two-dimensional form {7;, 7;} = ¢;;

| b2p2 cosh?
70=S"'poS = aly, n=58"1pS=aly, with a = %}p ) (B.50)

Above, a is the fourth-root of the determinant in the conformally flat induced metric (B.30)),
VI—k?

and can also be written, as from (B.29), as a = n(olk2)" The rotated covariant derivatives are

vl =s71plls =61 (80 + ? (cosEsin (To7 + cos & cos(Top) + ? sin §F03> ,
To To
B ! 1 .
vl = s7iplls =51/ (éfn + 3 (&' — ¢'ro) (T3 cos ¢ — Tgrsin ()) . (B.51)
The fluxes contribute as
. ¢ 1 1
e .
f‘]K = S_lfJKS = §S_1 <2FMNFMN (ZO‘Q)JK + 4'FJ‘/INPQF’]MNPQUl‘JK> S (B.52)
k6¢ . JK . JK :
= TG ((10'2) (Fﬁg —I'sg + sin (T'13 + cos CF47) — 301 (COSCF0123 + SIDCF0237)> .

Collecting the kinetic terms and the fluxes we have®)
Lr =i (VRS — ST ) BT (7, 0K 47, F ) W = (B.53)

=2ai \I’{n“bfaaﬂj + % cosécos(ly P — <ar1 sin€ + ({' — rogol) cos §> I'sP

0
ary . / . / /
— <rcos§smg“—|—g) F7P—s1ng(§ —rOLp)F13773
0
- % ((Teg — I'sg + cos (T'47) I'11 + 3cos (To123) 7’}‘1’ ,  (B.54)

where as in [32] we have reorganized the spinors via a suitable projector operator

P=_-(1+ToI'1y) , (B.55)

1
2
and a linear combination ¥ = W' 4 U2 of the two Type IIA spinors with opposite chirality
has been introduced. A natural gauge choice to fix the xk-symmetry is then

PU=1. (B.56)

Since the operator in (B.53) is rather involved, we will work out the fermionic spectrum in
two specific limits, the cases (¢,6 = 0) (vanishing ¢) and (¢,0 = 0) (p — oo keeping k finite,
such that ¢/p = ik/v/1 — k2 and b/p = 1/+/1 — k?). In total analogy with the AdS5 x S° case,
these are the two limits in which both the fermionic and the bosonic spectrum diagonalize,

which makes it possible an exact evaluation of the corresponding partition functions.

38Terms of the type WI', ¥ were written for completeness, since they vanish and can thus be ignored. In

(B.54) we set the AdSy radius to 1.
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B.2.2 Partition function for 6 = 0

In this section we evaluate the partition function in the limit of vanishing 6. This means to
switch off the “jump” in CP3?, setting ¢ in (B.22) to zero. The string is completely embedded
in an AdS3 subspace of AdS,.

Bosonic fluctuations. In this limit the excitations ¢” and ¢® in (B.42))-(B.47) decouple
(A = 0) and the bosonic modes reduce to six massless and two massive, one transverse and

one longitudinal which can be rewritten in terms of the two-dimensional curvature
Mi=2, My=DMmn=0, s=2,....,6, Msg=R?+4, (B.57)

where R is intended as the corresponding limit of 1| Not surprisingly, these are the
same masses appearing in the AdSs x S° case at § = 0 [7].

Fermionic fluctuations. For vanishing 6, the parameters in the Lagrangian (B.53) have

the limits cos( — 1 and a — ap = \/\b/z% cosh p. One finds then that Lagrangian Lr = WDpW¥

becomes

a()(O')

Lp=iV {Uabfaabp — ((Teg — I'sg + L'a7) I'11 + 3T0123) 73} v, (B.58)

after rescaling the fermions by a factor \/2|ag|. One can diagonalize the operator PTARP =
—PTD%P (P commutes with D). One obtains thus 2 massless modes, 3 massive modes with

my and 3 with m_ where my are

1—k*+v1—k?dn (o|k?) sn (o]k?)

cn (o]k2)?

m3 = a} +a) = . (B.59)

In the AdS;s x S case at § = 0 [7], all fermions were massive with the same m3. above.

Effective action. Due to the time-translational invariance the spectral problem is effec-
tively one-dimensional. The resulting one-loop partition function can be then written as a
single integral over the Fourier-transformed 7 variable 0; = —iw for the ratio of determinants
of the operators corresponding to the bosonic and fermionic fluctuations above

T duw det8/2 Or
lg=o = —T/ — o . B.60
’0 ‘ oo 2m 5 det1/2 O det4/2 Oy det1/2 Oy ( )

Above, T = [ dr is the T-period, Oy = —02 + w? and

1—k? 1— k?
01:—03—1—012—1—2(7[6), (’)2:—834—@)24—2(7]{)—2]@26112(0),
cn?(o) cn?(o)
Op =04 = -02+w? +m?, O_(0) = Oy (0 +2K). (B.61)

Above, K = K(k?) and the last equivalence implies that det O = det Oy = det O_. In [7]
these operators could be put into a single-gap Lamé form and thus evaluated analytically via

25



the Gelfand-Yaglom method (see for example |77]). The latter is applied to a regularized initial
value problem, where the Dirichlet boundary conditions (standard in this framework) are
applied not at the extrema of the original o-interval , but considering —K+¢e < 0 < K—¢
with e arbitrarily small. In Appendix D of [7] the reader can find the explicit form for the
determinants, formulas (D.33)-(D.36), as well as a study of their small € and large w behavior.
One can check that the redistribution of them within the integrand of results in a small
€, infrared divergent behavior ~ log(1/€?) and in a large w, UV divergence ~ log(1/w?). We
could perform then a standard renormalization, consisting in an explicit subtraction of these
divergences, for which the one-loop effective action would assume the form

T +o00 2 2 6 me
thand. renorm dw [ e“w=det® O i
=0

= ——1lim — log ! ,
2 =0 ) o 2w det Of det™ OF det O5

(B.62)

where the superscript denotes the regularized determinants. However, in the k& — 0 limit
corresponding to the straight line, this would result in a non-vanishing finite number which
can be explicitly evaluated to be equal to 1/8. This is different from what happened in [7],
where the standard renormalization was enough to reproduce, in the k& — 0 limit, the expected
vanishing partition function corresponding to the BPS state. The difference, which extends
to the ¢ = 0 analysis considered in Section is likely due to the presence of fermionic

massless modes (B.58) here and of “light” fermions (B.77)) at ¢ =0 @

To obtain the physically meaningful vanishing value in the k£ — 0 limit, we will take as
natural reference the partition function corresponding to the k£ — 0 limit of our expressions.
This is in fact the partition function for a straight line in global coordinates in this AdSy x
CP? background. In the k& — 0 limit, the ¢ and ¥ coordinates have trivial values, and at
the boundary (p = oo) the straight line is described by the infinite time coordinate. The
corresponding world-sheet in the AdS bulk, parametrized by coordinates whose range is now

—g<o’<g, —00<T=t< 400, (B.63)

is described by the p coordinate , which now extends all the way from the boundary
to the center of AdS (where it vanishes) and then back to the boundary. In the general case
(k # 0), the p coordinate would have minimal value, an inversion point, at cosh? p = 1Jb“2b2.
This inversion point coincides with the AdS center p = 0 when k = 0 (being b* = (1—2k?)/k?).

In the same limit the induced metric (B.30]) reads @

(k=0) 1
ds? =) = — [—d7* + do?], (B.64)

39We have checked whether the finite contribution obtained in the k — 0 limit via the partition function
with standard renormalization could result from the integrated effect of the contributions of massless free
modes and lowest eigenvalues of the operators there appearing, much the same way the analysis done below in
— goes. This is not the case, since this contribution ends up to be proportional to k£ and therefore
vanishes in this limit.

“OThe classical description of the straight-line is equivalent to the one of [40}/53,/54] in the AdSs x S°
framework, the only differences being due to the fact that the analysis there performed is done in the Poincaré
patch.
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and the corresponding two-dimensional curvature is R®) = —2. The classical action (B.26)
reduces in this limit to the regularized term

ko)_Tf
™

Sa' sinh pg . (B.65)

At one loop one can perform a straightforward evaluation of the partition function, discovering
not surprisingly that it can be written as in with & — 0 limit of the fluctuations (B.61)).
We have checked that the corresponding determinants, evaluated via Gelfang-Yaglom method
with Dirichlet boundary conditions using the regularized integral —§ +¢ < o < § —¢, result in
the k£ — 0 limit of the determinants appearing in , and amount to the same IR and UV
divergences, which makes the resulting partition function a natural normalization for .

The regularization prescription described above results then in the following one-loop ef-

fective action

reg _ T /+OO dw det® O/ (B.66)
4 B E :
det O] det™ O det Of
where the prime refers to the normalization discussed before
det Of
det Q) = ———+ | B.
¢ OZ det Oﬂk:o ( 67)

From this exact one—loop contribution to the string partition function one derives the one-loop
correction to the generalized cusp

reg
FG 0

ABJMm(1
rABM®(g,0) = =

cusp

(B.68)

The integral in can be evaluated numerically with very high precision. It is much more
interesting, however, to expand its integrand in a power series for small £ and evaluate it
analytically. Useful formulas for the expanded determinants can be found in [7] (see section
D.4 there) resulting in regular hyperbolic functions over which an integration can be always
performed. We directly report here the results for the contributions to the regularized effective
action up to order k® (where we omit the index § = 0)

00 (0) (2)
o r r 7
_ 7 21 reg reg
Lreg = Z Plak™ 7 = T = 327
(4) (6)
Treg 71 9¢(3) Treg 289
T 512 64 T 2048 512 C( ) 512 C( ) (B.69)

It is useful to rewrite these results in terms of a p — oo expansion, for which the connection
to the straight-line expansion as an expansion in at small # and ¢ can be made via (B.33]).
The 1-loop correction (B.68) is then written as

Iy

- = H 5%“‘72 @) + KT + KT + (k)] (B.70)
71153 9¢(3)y , 11333 321¢(3) 45((5) L
N (512+ 6 ) (Goms s s ) O BT
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Figure 1: Plot of the partiton function for § = 0. The straight purple line shows the small k
expansion and the red dots show the result of numerically evaluating

where we have used (B.27)) and (B.24)) (¢ = 0) from which in this limit follows

1 2+41/4 _
TIT = 1—2k2_(p \/]3) ~lp P =Sp i+ Ip 0 (Y. (B.72)

This analytic expansion is compared to a numerical evaluation of the partition function (B.66)

in Figure [I} showing that its few leading terms give a very good approximation to the exact

result.

B.2.3 Partition function for ¢ = 0

In this section we evaluate the contribution of fluctuations in the case in which minimal surface
is within an AdSs x S! subspace of AdS; x CP3. This corresponds to the limit p — oo which

keeps k finite (namely q/p = ik/v/1 — k? and b/p = 1/v/1 — k?).

Bosonic fluctuations. Also in this case the excitations ¢7 and ¢ in (B.42)-(B.47) decouple
(A = 0), the fluctuation field (g has the same action as (;, and one notice, with respect to
the corresponding AdSs x S% case [7], the appearance of one heavy (My,) and four light

(M33 = --- = Mgg) modes in the transverse CP? directions
k2 k2

My =Mss=2+—, May = —,
V9 V9

@) k‘2 ]CQ
Mz =R¥ +2+ —, Mgy = ——,

\/g ss 4\/§
Above, masses are written in terms of the two-dimensional scalar curvature R and the
determinant of the world-sheet metric /g, again in the corresponding limits of (B.30|) and
(B.31)).

s=3,...,6. (B.73)
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Fermionic fluctuations. In this limit the coefficient for the connection term I';37 in (B.53)
becomes subleading in 1%’ thus we can neglect it, simplifying considerably the analysis. Then,
the fermionic Lagrangian Lp = iWDpV is

Lrp= i {n“braé)b — aoo4(0') ((Feg —I'sg + A(G) P47) I'y1 + 3A(O’) F0123)} PY (B.74)

where a, = 67;({:“1“;), A= df}%) , and again we have rescaled the fermion by 4/ 2]%0 In order

to simplify our analysis for the spectrum we use two further projectors Pr = 5 L (1 £ Ts680),

which naturally commute with D and with P. Thus, the eigenvalues will be the solutions of
the characteristic equations for the operators PIPTA rPP, and PTPTARPP_.

Explicitly, one obtains in the first case (projection via P;) the masses

1+ k%sn(o|k?)

T T Fan(olk?)

(B.75)

with multiplicity 2 each, and for the projection via P_

+2 + 21 — k2dn(o|k?) + k2

(F1 + sn(o]k?))
4 (+1 4+ sn(olk?))

(¥

)

(B.76)

mio =

+2 7 2V/1 — k2dn(o|k?) + k2
4 (+1 + sn(o|k2)

1+ sn(o]k?))

m3g = , (B.77)

The first two masses (B.75) are as in the corresponding ¢ = 0 case in AdS5 x S°. Notice that
the k£ — 0 limits of (B.75) and (B.76) coincide. In that the masses (B.77) vanish in the £k — 0
limit, one can consider the corresponding fermionic excitations as “light” in comparison to
(B.75]).

Partition function. In writing down the explicit form of the partition function we can
partially exploit the results of |7]. The determinants of the masses coinciding with their AdSs x
S® counterpart are written in formulas (E 15)-(E.18) there, where det Oo is now corresponding
to the heavy transverse mode Moo, det (91 for My1 = Mgg, det (’)2 for M7 and det (96 for the
fermionic masses . The determinants for the light bosonic modes M35 = = Mgg are
a slight modiﬁcation of det 55, and read, at leading order in 1/e expansion,

2 sinh (K V2 + 4w2>
VE? + 4w? '

About the fermionic fluctuation operators with the newly appearing masses (B.76))-(B.77)), it

is not surprising that can be rewritten in Lamé form. Exploiting the same procedure as in [7]

one can check that the determinant which takes into account the total contributions of (B.76))
and (B.77)) read respectively, at leading order in 1/¢ expansion,

det Ofj;gn; =2 (B.78)

~ 16 sinh? (KZ(ar))
det Of, | = B.79
L T 2 (w2 + 1 - k2) (B.79)
cosh? (KZ(ap))
2 )

det 616:3 4 = det 616:‘hght =

y (B.80)
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where

dw? +1
sn(ap|k?) =1/ —m (B.81)

As in the # = 0 case discussed above, regularizing the resulting IR- and UV-divergent ratio

of determinants multiplying it for %w?

would result in a non physical k¥ — 0 limit (we would
obtain again a non-vanishing 1/8 value for the partition function). We can proceed however

adopting the same regularization prescription and write down the analog of (B.66|) reads here

Mo__T/%%W det! O det O, det Oy (B.82)
g det2 O' det O} det OO det? oghght
where ~
- (@)3
o= 52 (B.53)
i 1k=0

Once again, one can proceed with a small k£ expansion of the determinants and work out
explicit analytic results. We find in this case

70 72
Preg Freg 3

L =_ 3, (B84
o1 log@) () pe 15 3log2) 3(H) 15(5)

ree 512 32 64 ' ree 2048 128 128 012

In a p — oo expansion, one gets for the total one-loop correction

Freg 0 217(2 41 (4 6 6 8
- _T[P§6%+kr(e>+kr()+k L+ 0o
3 ¢> 25+ 16log2+24¢(3) ¢*
_ 2T 4 B.
32 p? 512 p4+ (B.85)
3(32¢(3) 4+ 20¢(5) + 21 + 161og(2)) ¢°

where we have used (B.27)) and (B.24]) in this limit

U T S S L +0((q/p)™) (B.86)
T il 202 8pt 16pt 12878 wrr)- '

Figure [2[ shows a plot of the expansion in (B.85) together with a numerical calculation

of (B2

B.3 Folded string

The classical parameters and conserved charges are the same as in the AdSs x S° case, and
we report them here for completeness. In the folded string solution (2.18)), p varies from 0 to
its maximal value pg, which is related to the useful parameter 7 or k by

w? 1 2k

2
2 —_— —_— —_ —
coth® pg = e 1+n 2 K W= K, (B.87)
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Figure 2: Plot of the partiton function for ¢ = 0. The straight purple line shows the small k
expansion and the red dots show the result of numerically evaluating

where the last two relations are obtained integrating the periodicity condition on the variable
o. The 2-d metric induced by the solution (2.18)) on the (7,0) cylinder and its curvature are

78310gp’2 B 2 k2 w?

R (B.88)

Gab = 0/2 (J) Tab » R(2) =

The two conserved momenta conjugate to t and ¢ are the classical energy and the spin

Ep /2“ do S /27r do . o
— =k —cosh“p= &, — =w —sinh“p=§ B.89
VA 0o 27 p= VA 0o 27 g (5:89)

which in terms of the complete elliptic integrals K = K(k?) and E = E(k?) read

2k 2 1
fo=-"E, S=-(;—5E-K). B.90

07 T 1 k2 m\1 — k2 ( )
Finding the energy in terms of the spin (namely solving for k, or 7, in terms of S and then
substituting it into the expression for the energy £) can be done in the two interesting limits
of large spin (or long string limit: pg — oo, i.e. n = 0 or k — 1)

N log(87S) — 1 N log(87S) — 1

bo=5 T 2728 o

S>1, (B.91)

where the leading log S term is governed by the so-called “scaling function” (cusp anomaly),

and small spin (or short string limit: pg — 0, i.e. n — 0o or k — 0).
3
60:\/28(1+§S—|—---), S<1. (B.92)
which results in the usual flat-space Regge relation [1,47].

About fluctuations over the solution (2.18]), in the case of the bosons they are obtained as
a simple truncation of the AdSs x S° case, as explained in the main text. The analysis for
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fermions was already carried out in [29,32], and we report here just the final steps. After
suitable global rotation and rescaling, and again reorganizing the spinors via the projector

operator (B.55)) one obtainﬂ
= ma ek , -
L= z{\I/Faa PW + S50/ [ ((~Tar + g — Do) 't — 3To129) PY] } , (B.93)

where again the linear combination ¥ = W' 4 W2 has been used. Using the x-symmetry gauge
fixing (B.56)), the fermionic part of the quadratic Lagrangian can can be written in the form
Lr =Y DpV, where

, - -1 3
Dp = z(raaa + p’r) . T'=7(~Tur+Tss —Teo) [t — 7 Touzs. (B.94)

since now ¢k = 2. Using logdet(Dp) = %log det(Dfr)? , and squaring the corresponding
Dirac operator in (B.94)), one obtains that the fermionic contribution to the 2-d effective
action is governed by the following differential operator

Ap = (Dp)? = —0,0% — p''T1T — p? (I')?. (B.95)

This operator can in fact be further diagonalized and one ends up with 8 effective fermionic
degrees of freedom, of which two are massless and the remaining 6 have masses p'2 & p”.

We report here an alternative expression for the one-loop energy useful in the short
string limit, which follows from separating the contributions of the massless modes of Oy (i.e.
Q?) and the lowest analytically known eigenvalues of the operators Op, O, and Oy (see the
detailed analysis of [41], and Table 1 there). One gets

1 e (det’ Ow)ﬁ
B =—— dQ |1 h(Q B.96
! ATk J_o [og det’ O, det’ Oy (det’ Op)* + 1) ( )
where
_ det Oy __det O¢7w’0
h(Q) = log(Q?) — log(Q* + £?). (B.98)

Using that ffooo dQ) h(Q?) = —27 K, the one-loop correction to the energy l) takes the

form (det! O}
1 1 o et’ Oy

Fi=-——— dQ) 1 .
YT amk ) 8 det’ Oy det’ Oy (det’ Op)*

(B.99)

One makes use of the general expansion of the determinants, see [41], to get the short string

expansion of (B.99)

11 [ (det’ Oy)°
Fh=-—-—— dQ 1
YT amk ) 8 det’ Op det’ Oy (det’ Op)4
1 1
=5 + - [(1 —3log2)n~ '+ (= 25+ 2log2+ 5 ((3))n 2+ O (n_?’)} . (B.100)

Substituting % =N [1 + %77*1 + (’)(77*3)] and the expansion of 7 in terms of the spin {D
one writes ([2.35]).

41We have slightly different notation with respect to [291}32], due to a different labeling and ordering for the

CP? coordinates.
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C Spinning strings in AdS; x S® x 8% x S!

In this appendix we consider spinning strings in Type IIB string theory on AdSz x S3 x $ x S!.
We first recollect some basic facts about this background. In section we write down a
classical string solution carrying angular momentum in AdS as well as on both three-spheres.
In the following section we derive the bosonic and fermionic quadratic fluctuation Lagrangians
around this background. These results are the basis of the one-loop analysis in [3|, where we
expand te exact one-loop partition function around the long and short string limits in the
case where only the angular momentum in the AdS part of the background is non-trivial.
To complement the result in the main text we also consider spinning strings in the scaling
limit, where all angular momenta are non-zero. These results can be found in section In
section we finally consider the embedding of the generalized cusp solution from [7] into
AdS; x S3 x 83 x St.
The metric of the AdSz x S% x S? x S! background is given by

1 1
d82 = R2 <d82AdS + adsgi + 1_ads§31> + dU2 s (Cl)
dsids = —cosh? pdt® + dp? + sinh? pd¢? dsgi = dﬁi + cos? B+ (dyi + cos? v4 dgoft) .
The background additionally contains a non-trivial Ramond-Ramond three-form

e?F = vol(AdS3) + 1 vol(83) + % vol(S?). (C.2)
o o

The supergravity equations of motion relate the radii R+ of the two three-spheres to the AdS
radius R via a “triangle equality” [73]

1 1 1
PR TR (:3)
A useful parametrization of the relation above i@
R? R?
a=—, l—a=—. (C4)
R? R?

Special values of « of interest to us are « — 1, arising when the radii of AdS and the one of
the two spheres become equal and the other sphere decompactifies, and a — %, corresponding
to the two spheres having the same size. The o — 1 limit is of particular importance, since
the resulting setting should be Type IIB string theory on AdSs x S x T%, as suggested by
the coset analysis in [50]@

42The same parameter o also appears in the exceptional Lie superalgebra 9(2, 1; &), two copies of which form
the super-isometries of AdSs x S* x S®. Notice that the choice , for which o must lie between zero and
one, corresponds to the choice of the real form of 9(2,1; «), which is the one of interest to us [50].

“3Concerning the isometries of the background, when o — 1 the 9(2,1;)? algebra turns into psu(1,1]2)?,
which is the algebra preserved by AdSs x S* x T*. From the fact that (2, 1; «) is isomorphic to d(2,1;1 — ),
and from , it is clear that the only difference between the & — 0 and o — 1 is in choice of which of the
two three-spheres becomes decompactified.
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C.1 Spinning string

A classical string carrying three spins in AdSz x S* x S3 x S! is obtained from the ansatz

t =K1, p=wr, plo)=plc+2m), (C5)
o =vyT, o_=v_T, ~Yx=p+=U=0.
The equation of motion coincides with the one for its AdSs x S® counterpart [47]
p" = cosh p sinh p (k% — w?). (C.6)
The Virasoro constraint (implying for p’ # 0) reads
p? = k? cosh? p — w?sinh? p — 12, (C.7)
where 2 iy
V= i . :a . (C.8)

In order to further quantify the distribution of the angular momentum between the two spheres

we introduce the parametrization
vy =Vadv, vo=+y/(1-a)(1-95)v, (C.9)

where 0 < § < 1.

The above solution carries the Noether charges [1/47]

€El)\E:/027r;lZ/<;cosh2p, (C.10)
SE&S:/O%;liwsinth, (C.11)
;azahzé%ggew@u, (C.12)
j_E\%J__/OZWCQl:'lV—_a =i (C.13)

It is convenient to perform a rotation in the ¢4 directions by introducing

1) 1-96 1-96 1)
o=l i [T 0% w0 /e o)
o 11—« o} 1-a

The classical solution in these directions then takes the form

Y=vT, P =0. (C.15)

We also introduce the corresponding angular momenta
J=gd=Vad T +V/(1-a)(1-8) T =v=VAT, (C.16)
KE%KZ—MJ“LML:O. (C.17)

The classical energy £ of the string can now be obtained as a function of the charges S and
J and can be expressed in terms of elliptic integrals. We will not write down this expression
here, but just note that it takes the same form as for the spinning string in AdSs x S° [1,47,78].
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C.2 Bosonic fluctuations

The leading quantum correction to the energy of the solution can be evaluated by expanding
the action to quadratic order in fluctuations near the classical solution and computing
the corresponding partition function expressed in terms of determinants of the quadratic
fluctuation operators. The fluctuations are introduced by

! Z ¢ r
= KT 1/4° p=npro N\1/4° =WT T $=VT T g
¢ 537 ()+Ap/ ¢ + 517 +)\f
N Vao V1—a Vi—a .
5+:Wﬁ+’ ’Y+:W”Y+7 B = )\1/4 /3—, ’Y—:W’Y—7
¥ U
P = R U= ST (C.18)

where, for convenience, we have rescaled the fluctuations Bi and 4+ by constant factors.
Using the standard static gauge (f = 0 and § = 0), and in units where the radius of AdSs is
set to one, the bosonic fluctuation Lagrangian reads

2 2
2Lop = sinh? <1 y olsinbp p) "% 06 + ( + 2) 095 0 + 2L 0 0,5
(7)? (7) (7)?
+ 0By 0afy + 044 Oay + OB 0B + 04— 07— + 0" Dutp + 0°U 0,U
+v (B +70) + 2 (B2 +42). (C.19)

The first line of the equation above coincides as expected with the coupled part of the (static
gauge) bosonic fluctuation Lagrangian for a folded string in AdS3 x S* embedded into AdSs x
S° [48]@ We note that the a- and §-dependence only resides in the masses of the trivial (non-
coupled) fields 5+ and 4. For a = § = 1/2 these fields have mass v/2 which coincide with the
masses of the light transversal fluctuations around a spinning string in AdS; x CP3 [29,|30].
For a =6 =0 and o = § = 1, on the other hand, two of the excitations become massless and
the other two have mass v, like the fluctuations on the sphere in AdSs x S® [47]. For a further
discussion on this limit see section [3.3

C.3 Fermionic fluctuations

The quadratic part of the Green-Schwarz action for fermions reads [79]
Las =i (V=RR™6T — etall) 8 p, DR OE (C.20)
where the super covariant derivative is

1 1
DK = 7K <8b+ 4w abXMrAB) 05 + 24FMNPFMNPp o KoK . (C.21)

4 The “transverse” fluctuations, not coupled, obviously differ. In AdSs x S® x S% x S! we have two massless
fluctuations, one in S* x S* and one in the S, as well as two massive fluctuations in the first S* (constant mass
v3) and two in the second S* (constant mass v/2). In the AdSs x S® case one gets four transverse fluctuations
in S5 with constant masses v? and two in AdSs, with non-constant masses 2p’2 + 2.
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Above, the coupling to the RR three-form flux is written explicitly as

EynpD"NP = 6 (1912 + /oI 4+ /1 — aI'%™) . (C.22)

For the classical solution (C.5)), the 2-d projections of T-matrices p, = 9, XM E{'T 4 are

vy

S =T

To put the GS action (C.20)) in a suitable form for 2-d fermion in curved 2-d space, one can
perform a local rotation of the spinors (¢! = SW!) using the combination of boosts

po = Kk cosh pI'g + wsinh pI'y + I's + (C.23)

S = ( cosh & + sinh §F02 cosh ¢ + sinh gfof , (C.24)
2 2 2 2
where
T=Vol5+V1—0Tg (C.25)
and the parameters in (C.24]) are defined by
h /2 1 2
cosh¢{ = R cosh( = A (C.26)

/pl2 + V2 ’ pl
It then immediately follows that the set of o-dependent 10-d Dirac matrices are transformed
into ten constant Dirac matrices 7, = S~ 1p,S, 70 = p'Ty, 71 = p'T'1, and

kw  Too kwr Dol " vIol

2 p’2+v2+ 2 p2+12 2 [y 2]

51 oy xMuBCr s = £p L S
—0p A w BcOS = sl — —F—=li+ —F——=11l".
4 M 20 2/ + 12 20/ + 12
Rotating similarly the flux term in (C.21]), choosing the gauge-fixing ¥! = U2 = ¥ and
rescaling the fermions by a factor /2|p/|, the complete Lagrangian (C.20) reads

S7190S =y, ST'o1S =0 +

(C.27)

/
Las = 010, — 5Tl 4 2 (T2 = VaT — T = 1)
2(p% 4+ 1v2) 2

N P’2+2V2—P’(p012 — (Vaor® + /I = o)1= r)T)jw,  (C.28)

Note that with the gauge choice ¥! = U2 = ¥ only the symmetric part of the Lagrangian

(C.20) contributes.

C.4 The scaling limit in the long string approximation

The spectrum of quadratic fluctuations around the spinning string significantly simplifies in
the limit where we take x > 1 with u = v/k fixed [78]. From the Virasoro constraint we then

find
p(o) =Vk2—12%, W= K. (C.29)
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We will restrict our analysis to the case § = a@ The bosonic Lagrangian ((C.19)) then describes
eight fluctuation modes with the frequencies

wa(n) =n, w§f4(n) =Vn?+a?v?, wé%(n) = \/n2 +(1—a)22, (C.30)

whs(n) = \/n2 +2k2 F 20/ 22 + kL. (C.31)

From the quadratic Green-Schwarz action in (C.28) we find four fermionic modes with fre-

quencies
v v
wia(n) = ig +n, whg(n) = i§ +Vn? + k2. (C.32)
The frequencies of the four other modes are given by solutions to the quartic equations @
2

((wf)2 —n?o (- a)2y2>2 - <m2 (WG -a)y) (- V2)n2> . (C.33)

These equations are straightforward to solve, but the general solutions are quite involved.
Here we will consider the special case of & = 1/2, where the two three-sphere have the same
radius. We then find the frequencies

P K2 K4 F K2 k4
ws g(n) = {[n?+ 5t n?v? + T wrg(n) =1/n?+ 5 n?v? + T (C.34)

The one-loop correction to the string energy can be found by summing over the quadratic

fluctuations [47]. Hence we need to calculate the sum

e8] 8 8
Ef‘zl/z = i Z [ZwlB(n) — ZwZF(n)] : (C.35)

n=-—oo L i=1 =1

For k > 1 we can replace the summation with integration. The various terms in this integral
are very similar to what was found in the one-loop analysis of the spinning string in AdS, x CP3
in [29], and can be calculated in a similar fashion. The final result for the one-loop correction
to the string energy then takes the form

E?Zl/Q = 2VU<— (1—v?) +V1—u2—u’logu
(C.36)
— (2= u?)log (1+V1-w?) = 2(1 - u?) log2> .

This expression is very similar to the AdS; x CP? result of [29]. Comparing the two energies

we have

EOY2 _ phdss % <u2 logu 4 (2 — u?) log m> (C.37)

45We also note the v — & limit, where the string becomes point-like and moves along a null geodesic [50].

In order to write the masses of the fluctuations in a compact form we introduce o = sin® u and § = sin?v.

2 utvw
2

, with all modes doubly degenerate. In particular, for v = u the point-like string is supersymmetric,

The bosons then have masses 0, xsinu sinwv, kcosu cosv and 1, while the fermionic masses are k sin and

2 utwv
2

and the spectrum reduces to the BMN-like spectrum of [50].
46We thank A. Tseytlin for pointing out a misprint in the sign in front of (% — 04)21/2 in the Lh.s. of (C.33)
in the previous version of this paper.

K COS
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Taking the u — 0 limit in (C.36]) and including also the tree-level energy we obtain

E—S=f\NlogS, f(\)= VA 2log2 : (C.38)

™ s

where we used that k = (logS)/m. This result for the scaling function f(A) for AdSs is
identical to what we found in section 3.2

In [51] it was proposed that the spectrum in the SL(2) sector for & = 1/2 is described Bethe
equations

T xZ - ez 9
( > H ; L o2 (g, ) (C.39)
Ly el O B T @)

The form of these equations is exactly the same as for the corresponding sector in ABJM |[2§].
This similarity is only superficial since here is no a priori reason for the dressing phase factor
o to take the same form in the two models[”"| However, let us assume that also the one-loop
correction to the phase agrees. We can then use the results from [28] for the energy of the
spinning string, which give

E—-S=f(h)logS+---, (C.40)

with
3 log 2

F(h) = 2h — +O(1/h). (C.41)

Hence we find that the above result from the Bethe ansatz agrees with our string theory
calculation provided

A log2
VA _log2

= O(/VN), a=1/2. (C.42)

This correction to h()) is similar to what is found in the analysis of AdSs x CP? in [32].
However, there has been some controversy over this result. In [33], the same calculation
was performed using the algebraic curve [43]. The result of this calculation was that the
one-loop correction to h(A) was trivial. The difference between the two calculations is in
the regularization of the UV-divergences. In the world-sheet calculations in [29}32] (see
also [30,|31]) the same cutoff was used for all modes. In the algebraic curve analysis, on the
other hand, it is more natural to split the modes into “light” and “heavy” modes, and impose
different cutoffs in the two sectors so that Apeavy = 2Aiight. It would be interesting to redo
the above calculation using the algebraic curve in [50] to see if there is a similar ambiguity
also in AdSs.

It is straightforward to repeat this analysis for &« = 1. The spectrum is now even simpler.
There are four massless bosons, two bosons with mass v and two bosons in AdS with dispersion
relations given by . Furthermore, there are four massless fermions as well as four

fermions with mass k. This spectrum gives the one-loop energy

Ey=Y = ( (1—u?) +V1 —u?logu — (2 — u?)log (1 +V1-— u2)> . (C.43)

47 As discussed in [50,/51] the leading strong coupling behavior of o should take the same form as in AdSs x
S® [80].
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In this case it is natural to compare our result to that in AdS5 x S° [78]

v <u2 logu + (2 —u*)log /2 — u2). (C.44)

E?:O . E?d85 — a

Note that the right-hand sides of equations (C.37) and (C.44]) differ only by an overall factor

two.

In [50] a set of Bethe equations for the spectrum at a = 1 were given. The relevant equation
for the case at hand is

+ L K - _ .t 1-— %
<x’_> = H x:_ x’j i 1z’“ o?(zy, 1) . (C.45)
7

Note that this equation differs from by a minus sign on the right-hand side. This
makes identical to the Bethe equation for the SL(2) sector of AdSs x S°. If we again
assume that the dressing phase ¢ is the same in the two models at next-to-leading order at
strong coupling, we find the scaling function [81]

log 2
F(h) = 20 — 31982 o(1/m). (C.46)
T
Hence we now need to have
NaN log 2
h=o-+ = +01/VA),  a=1. (C.47)

Comparing (C.41)) and (C.47) we note that the one-loop correction to h(A) predicted by our

calculation is different in the two cases. In particular the correction is negative at a = 1/2

and positive at o = 0.

C.5 Generalized cusp in AdS; x S® x 83 x St

For completeness we will in this section report on the action of quadratic fluctuations around
the same solution considered in section Such solution lives in AdS3 x S!, hence it can be
straightforwardly embedded in AdSs x S x S3 x St

The classical solution is given by

t=r, ¢:U7 p:p(0>7 U:07
By =0, 71 =0, @r=Vade(o), (C.48)
ﬁ* :Oa V- :07 Y- = (1_04)(1_5)30(0-)

The parameter ¢ describes the embedding of the non-trivial circle of the solution into S3 x S3.
It is again useful to define the coordinates

1) 1-96 1-94 1)
¢=\/>so++\/so—, P =—/ o+ ¥, (C.49)
a l—«o « l1—«a

so that the classical solution takes the form ¢ = (o), ¥ = 0.
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Introducing fluctuations in the same way as in (C.18]) and using the same static gauge as
was used for the AdS, x CP? calculation we find that the action for the bosonic fluctuations

can be written in terms of eight fluctuations {(p, P =1,...,8, as
1
Lop = 5\/§<gabaaCPabCQ + A((805C7 — (705Cs) + MPQCPCQ) ; (C.50)

where ¢ is the induced world sheet metric. The coefficients M77, Mrgs = Mg7, Mgg and A take

the same form as in AdS; x CP3, see (B.47). The rest of the mass matrix M is diagonal with
the entries

Miizoa i:1727
b4_b2p2_p2

Mss = b2p2 cosh? p ad, s=3,4, (C.51)
b4_b2 2 .2

M,y = PP 1_a)1-0), s=5,6.

b2p2 cosh? p
The four massive modes have masses that are proportional to the massive modes on the sphere
in AdSs x S°, with a- and d-dependent coefficients.

After fixing x-gauge and performing a rotation in spinor space, the quadratic Green-Schwarz

action takes the form
_ 1¢ — cosh .1
Las = ivV—hU [h“bfaab - fﬁ% sin¢ Dol + 5 (r012 Va3t 1= ar678>
~ sin? g(rm — (Vao T 4+ /(1= a)(1 —9) r%f)] v, (C.52)

where the rotation parameters take the same form as in AdSs (see (B.49)).
In the limit ¢ — 0 limit considered for the AdS, case in section the Lagrangian (C.52])

describes four massless fermions and four fermions of unit mass. We also get seven massless
bosons and one boson of mass two. Hence the spectrum we find in this limit agrees with the
results of [53] for all values of a and §.

D Fluctuations about the folded string rotating in AdSs x S*

We revisit here the analysis of the bosonic and fermionic spectrum of fluctuations above the
closed string solution rotating in AdS3 x S! [47], showing that to the coupled system of bosonic
modes [47,|48] corresponds a non trivial fermionic mass matrix.

In the evaluation of the fermionic spectrum, we follow the steps and notation of [47]. We

apply to the fermionic Lagrangian
. = { =
Lr =i(y/—gg® sl —e® sl [01 paDyd” — 56‘]}( 0 paTs py GK] , (D.1)

evaluated on the solution t = k7, p = p(0), ¢ =wT, ¢ = v, two local boosts in the (0, 2)
and (0,9) planes
S =exp (%Fo F2> exp (%I‘o Fg) . (D.2)
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where the indices (0,1,2,9) are used to label the ¢, p, ¢, ¢ directions in the tangent space.
After the field redefinition 8/ — ¢! = S710! and choosing the ! = 12 k-symmetry gauge

one gets (v/—g = p'?)
] _ u /2 +l/2
Lr=2i\/—g1 [g b7.D} — \/7&34} ¥, (D.3)

where (10,71) = p’ (I'o,I'1) and D} = 9; + S719; S + %ng S~1T,S. Since

/!

b ;o 0 P 1 Viw
and using the two-dimensional connections V. = 0, + 2’%’, I'oI'y, V, = 0,5, the Lagrangian
reads .
—9;7]a 2 2 ) VEwp

Weyl-rescaling the fermions (1) — p'~1/24)) the fermionic fluctuation Lagrangian is finally
Lp =2i¢y Dp, Dp =T"0, + a(0) T'ag4 + b(0) 129, (D.6)

with

a(o) = /P2 + 1%, blo) = —"E (D.7)

2007 +v)
With respect to (5.41) in [47], the additional connection-related term b(c) T'129 is present™}
The fermionic operator can be then rewritten as

Dp =T°D, + CL(J) T34, D,=0,+A4,, with Ay=0, A= b(o‘) Iag, (DS)

and one can get rid of the non-trivial connection term A; performing a local rotation
_ B
T = €exXp §F2F9 . (Dg)

The rotated fermionic operator Dy defined by Lr =2V ﬁpﬁ/, where U = T4, reads then

- /
[hw:]“lDFT:iPwaf+daﬂh4®wﬁfg+smﬂfgf+(MJ%+%)FHJ, (D.10)
and the contribution I'j99 disappears by requiring 8’ = —2b(0), namely@

2 2 2 2

ﬁ:—%%%r or m@:—%¢$iwz(“éme;:;). (D.11)
Squaring now 5F, one obtains (/ represents the derivative with respect to o)

D% = —9,0" 4 d*(0) — (a(U) cos 5(0)>/F1234 - <G(U) sin 5(0’)>/F1349 (D.12)

= —0,0" + XF, (D.13)

48We thank A. Tseytlin for discussing with us this new feature, and thank him and Y. Iwashita for double-
checking the correctness of — via the Pohlmeyer-reduced theory action expanded near the folded
string string solution with orbital momentum J [48].

“*This is the same as (C.27) in [7].
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The highly non-trivial mass matrix Xz has a simple trace
TrXp = 16a*(0) = 16 (o +1?), (D.14)

which is exactly as in [47], where 8 two-dimensional fermions were found with mass p +
v2. Thus, the analysis of the logarithmic divergences coming from the fermionic part of the
action]] coincides with the one in [47].

Next, let us consider the operator in the limit of p’ constant, when
v
KA w, P2+~ K2, ax —kK, b o (D.15)
The operator has then constant coefficients

. . 1%
Dply—const = 1 {Fa Oq +al'934 + bF129} =1 [Fa Oa — k234 + 3 F129} (D.16)

and the spectrum of characteristic frequencies is immediately computable. This corresponds
to 444 effective fermionic degrees of freedom with frequencies

Qp, = n2+n21%, n=0,+1,+2 ... (D.17)

In the sum over all frequencies the shifts &5 cancel each other, the fermions behave as 8
fermionic degrees of freedom with frequency vn? 4+ k2, as considered in [47] and [78§].

The comparison with the bosonic spectrum becomes more transparent when performed in a
static gauge where the fluctuations along the world—sheet directions are set to zero. Therefore,

expanding the bosonic action to quadratic order in fluctuations near the classical background

i 5 5 E
t:KZT—FW, p:p(a)—&—m, db=wT+ —F— e=vt+— (D.18)

2\/47 2\1/4
one should not consider fluctuations of p (p = 0) and should project out one direction parallel
to the world-sheet in the 7 direction. One then chooses two linear combinations of ¢, qg and

¢ which are normal to the world—sheet and freeze the third direction, which is tangentia]EL

For the normal directions one then chooses

x sinh? p (P +v? — w?) ¢ — w cosh? p (P*+ 12—kt
V2 + 0202 + 0% — w2+ 12— K2

kv cosh? pt + (P +1v?) 6 — vwsinh? p ¢

(g = ST , (D.20)

(7= (D.19)

where p, p/ are evaluated for the classical solution, and (7 and (g are unit normalized so to
have canonical kinetic terms. The resulting action takes the form

Lp= %\/ﬁ[g“b 0aCp OCp + A((805C7 — (705Cs) + MPQCPQQ], PQ=1,--,8 (D.21)

50Recall that they do not cancel against the ones corresponding to the 2-d bosonic theory, leaving a divergence
proportional to the two-dimensional curvature.

51The same procedure was adopted in |7], where indeed this symmetry between the bosonic and fermionic
spectrum has been first observed.
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with (recall \/g = p'?)

1 KV w kvwp' (p? —v?)
— A = —— = =
5 V9 o242 Mzg = Mgz 7B (2 + p2)2

Mo — 24 2k2w? n Lz K2w? 1
T — p/2 (V2 +,0/2) p/2 (V2 —|—,0/2)2 ’

)

D.22
s w? (V2 +2p7%)  2(k? —1?) (V- w?) ( )
Msg = —5 — 2 4 )
2 P2 (V2 4 p'?) P
9 2 2 2
Mii:%) i:1727 Mss:%’ 523747576'
p p

A field redefinition should relate the expressions here obtained with the ones following by
setting, in static gauge, p =t = 0. In the v — 0 limit A = 0 and the the first-order terms

2k2w?
02

do not anymore contribute, Mr7|,—o = 2p"% + and the massless mode Mgg|, .o = 0 as
y ) P

expected.

The first order terms can be eliminated by the o-dependent rotation

O-(zz)) e
(s —sinf cos 3 (s

where (o) solves the equation

1 KVw
= 2 /gA = ————— . D.24
/3 2\/§ 1/2 + p/Q ( )
This also shifts the masses (Mpg — M, pg) and one ends with the Lagrangian
1 —
L5 = 5v3|9" uCr 0 + MraCra) (D.25)
where
~ 1 : VY 42
Mrz7 — Mz = 3 M7 + Mgg + (M77 — Mgg) cos 23 — Mrgsin 23 — 714 ; (D.26)
—~ 1 . VI 42
Mgs — Mg = o | Mr7 + Mss — (M77 — Mgg) cos 23 + Mrg sin 23 — 714 ; (D.27)
~ 1
M78 — M78 = §(M78 COS Zﬁ + (M77 — M88) sin 25) (D.28)

and the remaining masses stay the same. It is important to notice that the same rotation
(D.11) that eliminates connection-related terms in the fermionic Lagrangian is also the one,
(D.24)), which cancel the first-order terms in the bosonic fluctuation Lagrangian.
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