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Abstract

In this thesis we provide several different systematic methods for constructing
complex root spaces that remain invariant under an antilinear transforma-
tion. The first method is based on any element of the Weyl group, which
is extended to factorizations of the Coxeter element and a reduced Coxeter
element thereafter. An antilinear deformation method for the longest ele-
ment of the Weyl group is given as well. Our last construction method leads
to an alternative construction for g-deformed roots. For each of these con-
struction methods we provide examples. In addition, we show a method of
construction that for some special cases leads to rotations in the dual space
and vice versa, starting from a rotation we find the root space involved. We
then continue to apply these deformations to a generalized Calogero model
and Affine Toda field theory. We provide a general solution for the ground
state wave function of the Calogero model that is independent of a root rep-
resentation and we extend this to the deformed case. An important property
of this deformed Calogero model is that the amount of singularities in its
potential is significantly reduced. We find that the exchange of particles in
this model then leads to anyonic exchange factors. Following this we solve
the model and find the ground state eigenvalues and eigenfunctions for the
deformed Calogero model. We apply the g-deformed roots to an Affine Toda
field theory and find that one may formulate a classical theory respecting the
mass renormalisation of the quantum case.



Introduction

For physically meaningful systems the standard assumption in Quantum Me-
chanics textbooks [4, 5] is that the operators in those systems have to be
Hermitian. An operator is referred to as being Hermitian, often referred to
as Dirac Hermitian, if it is equal to its own adjoint, or conjugate transpose
when it is a matrix. In general, when an operator H is Hermitian it satisfies

the condition

[ witrvsie = [ () iad 1)

for time ¢t. The integration takes place over the entire domain on which
the spectrum is defined and * indicates complex conjugation. 1, are wave-
functions [5], which are used to describe the states of a particle in a system
and also to describe its particular behaviour. Hermiticity is a very strong
constraint and its usefulness stems from the fact that it guarantees real eigen-

values, which are the energy levels of the system.

H=H'— E,=FE (2)



The preservation of probability densities p are also guaranteed by the Her-

miticity in a system, i.e.,

0
=0, with p= [, . (3)
% is the change in probability of the observed quantities with time and p is

the probability of ¢, having an eigenvalue E,. To prove the reality of the
eigenvalues of a Hermitian Hamiltonian (2), we start with equation (1), and

insert into it the Schrodinger equation Hv,, = E,,, which gives

[untna = [y v, )
[onEaie = [ B vt
B, [Vt = E; [ i,

(B.~E)) [lnlde = 0

Since [ |1n|?dt can never be negative and since [ |1,|*dt = 0 can only
occur for || = 0, which is not permissible for a favourable wavefunction,
we must therefore have that E, = E. To prove equation (3) we start with
the left hand side

(9p . 0 2
9 .
- af(/}nd}n?

_ g, O

o
—i . L, =

JUnHn + (=) n Hidn,

l
= (ﬁ
= 0.
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Since Hermiticity preserves the probability of the system, conventionally
it was assumed that non-Hermitian systems contained dissipation, which is
the permanent loss of some of the energy as the system evolves with time.
However, in 1960 Eugene Wigner [6] made the observation that operators that
are invariant under an antilinear transformation possess real eigenvalues if
their eigenfunctions are also invariant under the same transformation. These
operators are not necessarily Hermitian. An antilinear transformation w is a

transformation that satisfies
w(axy + bry) = a*wry + b*was, (6)

where a, b are complex numbers and z; x5 are vectors. If the operator H,
not necessarily Hermitian, is invariant under the antilinear operator w, then
H will commute with w. As proof of the reality of the spectrum of H, we
assume we have a Hamiltonian H which is invariant under the antilinear

transformation w, and we have an eigenfunction ¢ of H with the eigenvalue

E
Hy=Ey and [H,w] =0 (7)

Assuming that H and w commute, ¢ has to be also an eigenfunction of w

and we assume it has eigenvalue +y, then

wip = 7. (8)

As w is an antilinear operator and making the assumption that w? = 1, then
w is an isometry. However, when (8) is not true then one encounters what

is known as broken PT-symmetry, which leads to eigenvalues that appear in



complex conjugate pairs. Now acting on (8) with w, gives

wwtp = wy = P =y wih =y, (9)

and ¢ = Y"1 is solved by v = €' for ¢ € R, therefore
Wy = €. (10)

This means that since w is an isometry, its eigenvalue is merely a phase.
If we now act on Hy = E with w and use the fact that H and w commute,
we have

wHY = wEY = Hwyp = E*wi. (11)
Using (10) and the second equation in (7), we arrive at
He'%)p = B e = ¢ Hop = "E*) = Hyp = B = B = E*).  (12)

From this we deduce that £ = E* i.e., the eigenvalue E of the Hamiltonian
H isreal, £ € R.

There are many operators with exactly these properties and a good exam-
ple of this is the PT-operator [1]. Here P is the parity operator and 7T is the
time reversal operator. These operators have the actions on the momentum

p and coordinate x as follows:
P . x— —x, p— —p; (13)
T : 22—z, p——p, 1 — —0.

A very important constraint on these operators is that one wants to preserve

the commutation relation between the position and momentum operators &

and p, [Z,p] = i. It is easy to see that if you act on the left hand side of the



relation with 7 this is equal to —%, so to preserve the relation when acting on
the right hand side of this relation with 7, it should conjugate it. In other
words we have that PT: [z,p] — —[%,p] = PT: ¢ — —i. Therefore most
often one finds the T-operator employed as complex conjugation. There are
however cases where it is not the case that T is used as complex conjugation.
In [7] Bender and Mannheim showed that one can formulate a relativistic PT -
symmetric quantum theory, where instead of T being complex conjugation,
it directly sends the time coordinate t to —t. In addition to this, in most
cases one find that it is assumed that 72 = 1, for time reversal being even.
However, it has been shown that it is possible to formulate a consistent theory
for the case of odd time reversal, i.e., T2 = —1, see [8].

Since the PT-operator is an antilinear operator, having a Hamiltonian
that possesses PT-symmetry will ensure real eigenenergies when the eigen-
functions of the Hamiltonian possess the same symmetry. This means that
not only standardly acceptable Hermitian models are candidates for having
physical interpretation, but also a broad set of non-Hermitian Hamiltonians.
Thus non-Hermitian models that have previously been disregarded can be
made sense of by using their inherent P7 -symmetry and/or broader antilin-
ear symmetry, or by employing deformations that will give these properties.

Over the years many methods have been built or borrowed to gather
some physical meaning from non-Hermitian Hamiltonians, such as quasi-
Hermiticity and pseudo-Hermiticity.

Counsider a non-Hermitian Hamiltonian H and a Hermitian Hamiltonian



h and relate them to each other via a similarity transformation such that
h=nHn'=ht = () Hy < H'p=pH with p = n'y. (14)

If there exists such a metric p which is not necessarily positive definite,
although invertible, linear and Hermitian then this is known as pseudo-
Hermiticity, see for instance [9]-[14]. When the metric p is positive definite
but not invertible, this is known as quasi-Hermiticity. Quasi-Hermiticity was
first introduced in 1960 by Dieudonné [15] and has been studied in various
contexts, see [13][15]-[17].

Since h is a Hamiltonian that is Hermitian, it has real eigenvalues and
the Hamiltonians H and h now have the same eigenvalues as they are in the
same similarity class which then in turn implies the reality of the eigenvalues

of H. If we now define a new inner product as [17]

(¢17¢2)p = (¢17P@/’2)7 (15)

then H is Hermitian with respect to this new inner product since

(Y1, Hips), = (W1, pHps) = (1, H pio) = (Hipy, 102),. (16)

Originally when Bender et al, [1] first started investigating P T -symmetry,
they were examining the Hamiltonian H = p? + 22 + 23, which has eigenen-
ergies that are both real and positive. It is claimed in [1] that the reality of
the spectrum of this Hamiltonian is due to it having PT-symmetry. It is not
difficult to establish that this Hamiltonian is indeed invariant under the P7-
transformation (7). However, Bender et al, extended this to the investigation
of the whole class of Hamiltonians H = p? + m?z? — (1z)™ for N € R, m the

mass. They find that for N > 2 the energies are completely real and also



positive, where for N = 2, the Hamiltonian is the harmonic oscillator. For
1 < N < 2 there are a finite number of eigenenergies that are real and the
rest appear in complex conjugate pairs. For N < 1 there are only complex
eigenvalues. These results are depicted in a well-known figure, see Figure 1.

One can now adopt this idea and use it to construct new models that will

Figure 1: [1] Graphical representation of the eigenvalues of the set of Hamil-
tonians H = p* +m?x? — ()N

have real energies once it has been established that these models respect the
conditions mentioned above. For instance, one can investigate spin chains
such as was done in [18], where Korff and Weston analyzed the PT-symmetry
and quasi-Hermiticity of the XXZ spin chain. Another possibility is to in-
vestigate Kortweg de Vries type equations, which has been done by several
different people. For example in [19] the author proposed a PT-symmetric
extension of the KdV equation which he then related to some non-Hermitian

Hamiltonians and constructed the first few charges of the deformed model or



in [20] Bender et.al. also constructs extensions of the KdV equation which
then results in a new family of nonlinear wave equations. The quantum
brachistochrone problem has also been investigated [14][21]. Bender et.al.
[21] showed that when the operator that governs time-evolution in the quan-
tum brachistochrone problem is a P7-symmetric non-Hermitian operator,
one can make the evolution of time from a specified initial to a specified final
state arbitrarily small. Assis and Fring [14] showed that this can also be
achieved for a non-Hermitian Hamiltonian with no P7T-symmetry.

PT-symmetry has even been observed and proved to be a useful concept
in the field of optics [22][23][24][25]. In order to draw an analogy between
optics and Quantum mechanics one starts with a set of equations which are
crucial to the field of optics, namely the Maxwell’s equations [26][27]

0B

F = —— 1
oF
VxB = M0E+MO€OE, (18)
ve = 2 (19)
€0
V.B = 0, (20)

where E' is an electric field, B is a magnetic field, J is the current density,
o is the electric conductivity and g is the magnetic permeability and oy is
the charge density. Equation (17) is derived from Ampere’s law, equation
(18) is derived from Faraday’s law, the third equations (19) is derived from
the Gaussian theorem for a magnetic field and the last equation is derived
from the Gaussian theorem for an electric field. From these equations one
notes that the magnetic and electric fields are coupled to each other [28].

[27].If one now takes the curl of equation (17) or (18) and use the identity

8



V XV xV=V(V.V)= V2V for any vector field V, we will obtain a wave
equation of the form

or 0?E

V*E — ToHo o~ Hofo g = 0, (21)

where V? is the Laplacian operator [28]. If we then make an assumption on

the form of E = Eye~™" [27] and differentiate this twice we get

E = Eype ™, (22)
oF
5 —iwEye ! = —wkE,
O’E
E = —w?Epe™ "t = —W2E,

and substitute this back into (21) we obtain

V2E + O'o,u()LwE + MoéoWQE = O,

VzE + MQW(Uob + &Tow)E = O, (23)

which is known as the Helmholtz equation [28][29]. Often the wave number is
abbreviated as k? = pow(ogt +eow). One can make a paraxial approximation
to equation (23), if we consider an element of the field having the form E =
Ae™** assuming we have a wave traveling in the, z-direction for instance.
To proceed any further it is intuitive to decompose the differential operators
in (23) by using the identity V¢ = V¢ + ég—f, where V¢ = i% + g]g—z’ is

the transverse gradient of unspecified ¢. Equation (21) then becomes

Now making the assumption that 8827’3 < k%, which is the condition neces-

sary for making the paraxial approximation as this means that %—‘2 < A, so



we ignore the third term leading to [27][29]

0A

The paraxial approximation of the Helmholtz equation (23) leads to a

Schrodinger type equation that has the form [30, 31]
= (V) (24)

where v is the amplitude of the electric field, z is the propagation distance
and V(z) is the optical potential. An interesting difference between PT-
symmetric quantum physics and optics is that instead of seeking a system
with unbroken P7T-symmetry, i.e., one where the eigenvalues are completely
real, in optics one is at present usually interested in systems or regions of
systems where the eigenvalues appear in complex conjugate pairs. This orig-
inates from the idea that when the optical potential V(z) is complex, it
represents a complex refractive index and the imaginary part of this is either
the loss or gain of the system. Recently it has been found and shown in ex-
periments that for certain P7T-symmetric systems that as one increases the
loss in the system past a specific point known as an exceptional point, the
transmission in the system starts to increase, even though it was decreasing
before the loss passed through the exceptional point. The results of this
experiment is depicted in Figure 2 [2].

Another example of how PT-symmetry was used in the field of optics is the
idea of optical solitons [24] and some more recent investigations have been
into the concept of stabilizing the soliton solutions of particular systems [32],

as well as solitons in PT -invariant dimers [33].

10
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Figure 2: Passive PT-symmetry breaking observed in an experiment [2].
The graph depicts how the transmission decreases as the loss of the system
is increased up until an exceptional point is reached, where the transmission
starts to increase.

Assis and Fring [34] showed how the Benjamin-Ono' equation
wp + wtiy + NHugy = 0, (25)

where H = Hilbert transform, i.e., f[u(:c) = % foo @dz, can be related to

—00 Z2—T

Calogero systems

Hel(p,q) :1%2+%2Z(xi —arj)2+z+ (26)

i<j i<j
if the poles of the solutions of the Benjamin-Ono equation satisfy the Calogero

equations of motion . i.e., z; satisfies the A,-Calogero equation of motion

. A2 _
= (zj — 21)~° (27)
oy

I'The Boussinesq equation us + (qugy + Bu? — Yu)zr = 0 and the KdV equation
ur + (Qugy + ﬁuQ)m = 0 and the Burgers’ equation u; + augz, + ﬁ(ug)m = 0 were also
investigated in the same publication and related to the Calogero model in a similar fashion
with additional constraints.

11



for u(x,t) being a solution to (25)

u(x,t):gi<x_i%—x_iz;>€ﬂ§ (28)

k=1

with ¢ a coupling constant. They explore how P7T-symmetric Calogero sys-
tems emerge naturally from solutions of these equations without having to
deform the Calogero systems themselves. Some of these systems have even
been found to have solitons and compactons [35][36]. In [37] the integrability
of PT-symmetric deformed models were investigated by use of the Painlevé
test and it was found that the Burgers’ equation allows for a large amount
deformations that indeed pass this test, but the Korteweg de Vries equation
does not pass the test in total generality.

Systems such as Calogero models and Toda field theories can be related
to root systems coupled to Coxeter groups or Weyl groups in complete gen-
erality [38][39][40]. In single particle systems it is easy enough to obtain
the symmetry of the system, which can and has been used to construct new
models that are physically meaningful. However, in field theories and multi-
particle systems it is not always a straight forward procedure to observe the
symmetries involved in these systems. Often it will involve elaborate trans-
formations on the level of the dynamical variables. The generalized Calogero

model takes the form

Holpoo) = 5+ 5 Y+ ¥ L (29

a€A aEA

where « are the roots of the Coxeter group, x = {x1, Zs, ..., ,,} the position
coordinates, p = {p1,p2,...,pn} is the momentum and n is the number of

particles in the system. For example one could choose to deform the variables

12



of the As-Calogero model as [41]
x, — & = a1 coshe +iv/3(xy — x3)sinhe, (30)
Ty — X9 = x9coshe + Z\/g(xg — z1)sinhe,

T3 — I3 = x3coshe + Z\/g(l‘l — o) sinhe,

and then using the standard three dimensional representation of the simple

As-roots, we would compute

N l )

o1. T = xypcoshe — ﬁ(l‘lg + x93) sinh e, (31)
- ? )

9. T = x93coshe — %(xgl + x31) sinhe,

3.2 = x13coshe — L(xu + x37) sinhe,

V3
where we abbreviate z;; := x; — x; and then the symmetries would be
S1 o & To, T3 <> 3,1 —> —1, (32)
Sg D T > T3, <—>$1,l'—>—2'.
However, even though this deformation does work, there is no obvious reason-
ing as to why one would choose to deform the variables x; in this particular
fashion. Since the root systems remain invariant under the action of the

whole Weyl group, they possess a natural symmetry. So in the A,;-Calogero

model one can deform the simple roots instead as

oy — @1 = aycoshe + iv3(\y)sinhe, (33)

oy — Gy = ascoshe —iv/3(\;)sinhe,

where the \; are the fundamental weights. It is a far less involved task to

identify these symmetries in these root spaces than it is in the dual space on

13



the level of the dynamical variables, the symmetries in our example are

O'i Doy & —661,652 a1 + &2, (34)
O'S e TR %l +6&2,0~62 <> —Qo.

Once the symmetry has been identified one can easily change it over to the
dual space by using the identity .z = a.x, which would lead to the symmetry

in the dual space

07 Ty 4 To, T3 > T3,0 — —1, (35)

05 1 Xg &> T3, T > T1,0 —> —i.

We will show that one can eliminate the singularities that exist in the
undeformed Calogero Hamiltonian (26) by deforming the root space, that the
Calogero model is related to, in an antilinear fashion. An interesting result
of this procedure is that, even though there are no more singularities in the
deformed model, one picks up a phase when some particles are exchanged and
we will identify this as anyonic behaviour. With this in mind we construct a
completely general, systematic method for deforming Coxeter groups in an
antilinear fashion. The aim is to make use of the inherent symmetry that
already exists in the Coxeter groups. Deforming the Coxeter groups in such
a way will ensure that the deformed groups will remain invariant under an
antilinear symmetry, which we will employ as analogues of the P-operator.
We begin by selecting any involutory element @ € W, &? = I, and deform
it antilinearly. There are several different possible choices for w. In [41] the
authors make the choice of directly deforming the Weyl reflections o; € W

themselves, however for this particular choice, it is only possible to deform
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the rank 2 algebras consistently. This was done explicitly in [34][41].

Another natural choice would be to deform the longest element wy € W
of the Weyl group. This deformation is more general than the deformation of
the Weyl reflections themselves, but is still restricted to particular Coxeter
groups, A;, Dy and Fg.

One can also deform the factors of the Coxeter element o4 € VW, however
for some groups this deformation results in trivial deformations. To address
these groups that had trivial deformations one can deform a new modified
Coxeter element which has a lower order than the original Coxeter element.

Except for the deformation of the Weyl reflections, we show the general-
ized constructions for these deformations. For the Weyl reflection deforma-
tions we give an explicit argument as to why this only works for the rank 2
algebras. We give case-by-case solutions in support of the other deformations.

We generalize the solution of the Calogero model that was originally con-
structed by Calogero [42][43][44] in 1969, such that it is independent of its
root space representation. Thereafter we extend this generalized solution to
that of a deformed model based on deformations of the root spaces of the
model. Additionally we calculate the groundstate eigenvalues and eigenfunc-
tions for the deformed model and give explicit examples of the symmetries
in the dual space after deforming the root systems of the model.

As mentioned above affine Toda field theories can also be related to Cox-
eter groups in complete generality. In 1+1 dimensions an affine Toda field

theory is a theory whose Lagrangian is of the following form [45][39][46]

¢ ¢
1 m?
- ) o oBaid )
L= 5 ;:1 0,0:0" ¢; 7 ;ZO n;e , a; € A. (36)
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A key feature of affine Toda field theories is that after renormalizing the
model, the classical mass spectrum is preserved in quantum field theory, when
the affine Toda field theory is related to a simply laced Lie algebra [47][48]-
[55]. For the non simply laced cases this property no longer holds [47][56]-[62]
and one has to consider pairs of dual algebras [63], in order to formulate a
consistent theory. Another property of the affine Toda field theory (36) is
that this theory has an infinite amount of conserved charges that commute
such that the theory is classically integrable. On the quantum level this
implies a factorisable S-matrix. When the coupling constant 3 is real this
leads to diagonal scattering matrices or S-matrices. A scattering matrix is
a matrix of a system, in the process of being scattered, that relates final
and initial states of the particles being scattered [64]. For integral systems
this implies that the n-particle S-matrix factorises into 2-particle S-matrices.
Scattering refers to the result of when two particles in a system collide [4].
The S-matrices of the Toda field theories based on simply laced algebras were
constructed in [48]-[55] where the authors use the building block

(x—1)(x+1)
(x—14B)(x+1—B)’
sinh 1 (0 + Z£)

sinh %(9 — %) ’

{z} (37)

()

where the h is the Coxeter number, # is the difference in rapidity of the

_ _2p?
T B24+4rn

[48]-[55]. The elements of the scattering matrix then take the form

two particle scattering and B(f)

for 0 < B < 2 as conjectured in

San(0) = [ [{a}™, (38)

where mg,(x) are the multiplicities of {x} whose explicit form is known and
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yet another application of Coxeter elements. For the theories based on non
simply laced algebras there are many constructions for specific examples [56]-
[62] however a general construction was only found in 1997 by Oota [47][62].
Oota constructed a general S matrix for an unspecified dual pair of non
simply laced Coxeter groups (X](\}),YA(})). He uses the generalisation of the
building block [56]-[62][65] similar in form to (37), i.e.,

<z—-—ly—-1><zx+1l,y+1>
{z.yh = <zr—ly+l><z+1l,y—1>’ (39)
<x,y> = <(2—B)x+ By >
’ 2h 2nWv 77
sinh 1(6 + imx)

sinh 1(0 — imz)’

<zT>

here h®V is the I-th dual Coxeter number and h" is the dual Coxeter number

of the group Xy and B now takes the form
232

p2 + dzh

Using (39) and (40) Oota then proposed the general elements of the S matrix

B(B) = for 0 < B <2. (40)

for the pair (X](\}), Yj\(j)) as [62]

h AV

Sap(0) = H H{% y}mab(z,y)’ (41)

=1 y=1
with the multiplicities of {z,y} being ma(z,y) [47].
The construction we propose here is a classical version to that proposed
in [47, 62]. We give a concrete example for the g-deformed Coxeter dual pair

(Cél), D§2)) after which we apply the deformation to our affine Toda field

theory.
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Outline

In chapter 1 we construct a general mathematical framework for the con-
struction of antilinear deformations of root spaces and we extend the general
framework to specific choices of elements in the Coxeter group. Section one
is dedicated to deforming factors of the Coxeter element, in section 2 we
extend this to a modified Coxeter element, we demonstrate in section 3 how
the Weyl reflections can only be consistently deformed for rank 2 algebras,
section 4 contains the deformation of two arbitrary elements of the Coxeter
group and in section 5 we obtain deformations from rotations in the dual
space. We present examples in each section.

In chapter 2 we investigate the deformation of the longest element of a
Coxeter group and present some examples of this.

In chapter 3 we build a g-deformation of Coxeter groups and calculate a
concrete example.

In chapter 4 we generalize the solution of the standard Calogero model
to be independent of the root space involved. Thereafter we apply the defor-
mation of the Coxeter groups to the generalized Calogero model and present
concrete examples.

In chapter 5 we apply the g-deformation to affine Toda field theories and
compute the mass spectra of the deformed models, which we demonstrate
with an example.

Chapter 6 is dedicated to some concluding remarks.
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Chapter 1

Root spaces invariant under

antilinear involutions

We start by defining some key concepts that are used throughout this thesis.
If we have Euclidean vector space F with a subset A satisfying some specific
properties [66][3], then A is known as a root space. The first property is that
the root system A is finite and spans the Euclidean space. It also does not
include 0. Secondly if a nonzero vector @ € A, then the only multiples of
a in A are +«. The third property is that the reflection o, leaves the root
system invariant if « € A, where 0,(8) = 8 — 2(8 - @)/a?«a is known more
commonly as a Weyl reflection. The last property states that if a, 5 € A
then the quantity 2(8 - a)/a? € Z for the crystallographic groups, for the
non-crystallographic groups this is not an integer. This quantity is often

abbreviated to 2(3 - «)/a? = < 3, a > in the literature and is known as the
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Cartan integers which become the elements of the Cartan matrix

K;j = 2(%;‘20@). (1.1)
Here the « are the roots of the system and one refers to them as simple roots
if they cannot be written as the sum of other roots in the system. Generally
we labeled the roots of a system by subscripts, i.e., a; € A. The simple roots
of a root space form a basis from which every other non-simple root can be
calculated.
A Weyl group W is a group that is generated by the Weyl reflections o,
with a € A. By the third property mentioned above, the set A is permuted
by the Weyl group W. If one has a pair consisting of a group & C V' where

V' is a vector space and a set of generators S = {s;} C U such that
(5570 = 1, (1.2

where m(s;, s;) = 1, m(s;,s;) = m(sj,s;) > 2 € Z for s; # s; and s, € S,
then such a system is called a Coxeter system and U is called a Coxeter group
[3]. One can redefine the generators s; to be reflections given by the simple

roots of the vector space V as
Usz.(Oéj) =ai— <, 05 > Q; (13)

which can be identified with the Weyl reflections of a Weyl group. The
Coxeter groups consists of the groups A,, B,,C,, D,,Gs, Eg, E7, Eg, Fy, Hs
and H,. All of these groups are Weyl groups except for the groups Hs and
Hy. The groups A,,, Es, E7, Es and D,, are known as the simply-laced Coxeter
groups as their root systems consist of roots of only one length.

These groups can be classified by their Dynkin diagrams. A Dynkin
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diagram has the same number of vertices as there are simple roots in the
system and they are labeled by these roots. Each vertex is connected by
a line which corresponds to a generator of the system. If two roots have
different lengths then an arrow is drawn on the line pointing in the direction
of the shorter root. The number of lines drawn between 2 vertices corresponds

to the angle between the roots that are represented by those two vertices.

There are only three possible angles %’T, %’r and 4%. One line is drawn for the
angle %”, two lines for ?jf and three for 4?”. For a complete set of Dynkin

diagrams please see the appendix. A Coxeter element o of a specific Coxeter
group is defined as the product of all the simple Weyl reflections in that

Coxeter group i.e.,

l
o= Hak for [ = the rank of U. (1.4)

k=1
The Coxeter number of a Coxeter group is the order h for which the Coxeter

" = 1!, The number of roots in a Coxeter group

element is equal to 1 i.e., o
is the rank of the group times its Coxeter number, N =1 x h.

First of all we would like to present a mathematical framework that is
completely general at the onset, but which may be applied in a different
setting than outlined in this thesis. We, as of yet, are not considering any
concrete physical models but they serve as a guide in our construction. In
this section we mainly aim to construct a complex extended root system
A(e) which remains invariant under a newly defined antilinear involutory

map. To start off we deform the real roots a; € A C R" in such a way that

we can represent them in a complex space depending on some deformation

'We provide a table of the different Coxeter numbers of the Coxeter groups in the
appendix, as well as the number of roots in each group.
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parameter € € R as o;(¢) € A(e) C R*@R". We define a linear deformation
map as

§: A= Ale), (1.5)
and this will relate the simple roots and deformed simple roots as
a— a(e) = 0. (1.6)

where « is the column vector made up of all simple roots o = {ay, ..., oy},
6. is an ¢ x ¢ matrix and ¢ is the rank of the group W. In addition we want
to find an antilinear involutory map ¢ which leaves this complex root space

invariant under its action
C:Ae) = A(e), ale) = Aa(e). (1.7)

This means the map satisfies (1.5) in an antilinear fashion (6), i.e., { : a(e) =
prea(e) + ppas(e) = pidan(e) + psAas(e) for p, pp € C and (2 =1T.
Assuming that A can be decomposed into an element of the Weyl group
© € W with &> = I and a complex conjugation 7, A = 7w = @r. The
presence of 7 ensures the antilinearity of (. In some concrete applications it
is understood that the maps @ and 7 correspond to analogues of the parity
operator P and time reversal operator T, respectively. Candidates for @ are
simple Weyl reflections o; [41], the two factors o. of the Coxeter element
[67], the longest element wy of the Weyl group [67] and some more general
elements in W for the example of Eg in [68] and the other groups in [69].
Concretely we assume here that we have at least two different involu-
tions ¢ of the type (1.7) at our disposal, say (; with ¢ = 1,2,... With our

application in mind, namely to construct physically viable self-consistent
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non-Hermitian multi-particle systems, one such map would in principle be
sufficient. However, the presence of two maps leads immediately to some
extremely useful constraints. We take the associated rules of correspondence

to be of the form
N o= 0.0,0°" = T, fori=1,...,k>2. (1.8)

here both sides of the equality act on a(e) so the equality actually reads
as 0.0,0- a(e) = T7w;a(e). For a detailed example as to how this equation
works please refer to 1.1.1.

Then by
A A 9aa aapoaa g1
ANidj = TWiTW; = T W,w; = Wiw; = B.w;w;0; ", (1.9)

it follows directly that the composition €2;; := w;w; of any two elements w;

and w; of the Weyl group commutes with the deformation matrix 6,
[€2;,0:] = 0. (1.10)

Note that in general €2;; # ;. Since by construction ();; € W we can

expand 6 in all elements w; € W which commute with €;;, i.e., [{;;, ;] =0,
0. = Zrk(s)wk for ri(e) € C, (1.11)
k

and subsequently determine the coefficient functions r(¢) from additional
constraints. One further natural constraint, from a physical and mathemati-
cal point of view, is to assume the preservation of the dot products on A(e),

and we do this by assuming that 6. is an orthogonal matrix. So we have that

Q; -y = (95051') : (9506]‘), (112)
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which means that 6. is an isometry, since by definition an isometry is an
operator that preserves the inner product [70]. Since we are assuming that

0. is an orthogonal matrix we must have the property [70]
0:0. = 0.0 =1 = 0" =0_". (1.13)
Now using the second equation in (1.13) we prove that

det(0.07) = det(I), (1.14)
det(.) det(62) = 1,
det(6.)> = 1,

det(f.) = =1.
Acting on 1.8 with 7 from the left and then using 1.14 gives
05(112‘6)5_10[(€> = T(I}iOé(g) = 95(211'8;196(){ = 7'(;)10506 = 95(211 = (I)ZQS

In summary, the task is to pick x elements of the Weyl group w;, expand the
deformation matrix @, in terms of the elements commuting with the products
of these elements, and finally determine the coefficient functions 74 () in these

expansions from the constraints

3 3

0r; = 0if., [i;, 0] =0, 0F=0"" det. =41, lim 0. =1,
(1.15)
or possibly in reverse, that is for given 6. to identify meaningful involutions
w;. It turns out that these constraints are quite restrictive and often allows
one to determine 6. with only very few free parameters left. In some situ-
ations it might not be desirable to preserve the inner products (1.12) after

the deformation, in which case one may give up (1.14).

24



With our applications to physical models of Calogero or Toda type in
mind, we may then easily construct a dual map ¢* for §, meaning the de-
formation map associated to d that acts on the coordinates of the Calogero

model, for example, once we have related the model to a Coxeter group
0 R" — A*(e) = R" @ iR", r— T =0, (1.16)

i.e., this map acts on the coordinate space with x = {z1,...,x,} or possi-
bly fields as we will see below. Throughout the manuscript we will denote
quantities in and acting on the dual space by %, which is of course not to be
confused with the complex conjugation denoted by *. Given 6. we construct

0% by solving the ¢ equations
(a;(e) - z) = ((eer); - ) = (0 - OZx) = (o - ), fori=1,....¢, (1.17)

involving the standard inner product. This means (%) 'a; = (f.a), . Note
that in general 0% # 0. Naturally we can also identify an antilinear involu-
tory map

¢ A% (e) = A*(e), T = 7. (1.18)

corresponding to ¢ but acting in the dual space. Concretely we solve for this
the k x ¢ relations

Na(e)), -x=a;- XNx, fori=1,...k,j=1,...,(, 1.19
J J 7

for A7 with given \;.
Let us now look at different ways in which we can choose w and what the

various solutions look like.

25



1.1 Deformations of Coxeter group factors

We will start with a Coxeter element of the Weyl group o € W. The Coxeter
element can, by definition, always be expressed as a product over £ simple

Weyl reflections o = Hle 0;, where the Weyl reflections are defined as
o) =2 —2(1- ;) /ada;, 1<i</, (1.20)

with ¢ being the rank of the group.

Due to the fact that the Weyl reflections, in general, do not commute,
the Coxeter element (1.2) is not unique and only defined up to conjugacy. A
useful connection one can make is to assign the values ¢; = £1 to the vertices
of the Coxeter graphs in such a fashion that every pair of linked vertices does
not have the same value. Consequently we are left with two disjoint sets of
the simple roots that are associated to each vertex, say V., which means that

the Coxeter element can now be defined uniquely as
o=0_04 with oy = H T (1.21)

[66, 3, 71, 52, 54, 72]. Since all elements in the same set now commute, i.e.,
[0:,0;] = 0 for 4,57 € Vi ori,j € V_, and o7 = I, the only remaining task
is to choose the ordering of the o, and o_. Because of this we ensure that
the property that 2 = I is maintained and therefore we can use o_ or o as
candidates for the analogue to the parity operator P which is what we want
to deform antilinearly to construct the map A in (1.7).

We achieve this by defining the antilinear deformations of the factors of
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the Coxeter element in the following way:
0L i=0.0007" =104, (1.22)

with complex conjugation 7, which we employ as the time reversal operator
and 0. being the deformation matrix introduced in (1.6).
Defining the deformed Coxeter element in this way we ensure the invari-

ance of the root space under the action of this operator i.e.,
o Ale) = A(e). (1.23)

Our construction ensures that the deformed Coxeter element o. acts on the
deformed root space A(e) in the same way as the undeformed Coxeter element

o acting on the undeformed root space A, eg. :

o B1€A—>ﬁ1+52€A, (124)

0. = B eA(e) = B+ 5 € Ale),

for B; being some element in A and 5 being some element in A(e).

Therefore our deformation map commutes with the Coxeter element
[0,0:] = 0. (1.25)

From (1.25) it follows that one equation in (1.22) implies the other, the
o_ deformation will give the o, deformation and the other way around.

The undeformed root space A can be constructed by using the quantity
v; = c;o; with ¢; = £1 as introduced on page 25 and acting on it consecutively
with the powers of 0. We want the deformed root space to be constructed

in an analogous way by using v;(¢) = ¢a;(e) = 0.y, therefore we can
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construct the deformed Coxeter orbits as
O = {7, 0%, 029, - 0l T} = 0.8, (1.26)
such that the deformed root space is given by
¢
Ale) = =6.A. (1.27)
i=1

By this we have that the entire deformed root space remains invariant
under the action of the deformed Coxeter element o, : A(e) — A(e). Crucial
to our intentions, that our root spaces are PT-symmetric, i.e., the root space

is invariant under the action of our map defined in (1.22)
0% 1 Ae) = 0.0:.0-"Ae) = 0.0.A = 0.A = Ale) (1.28)

Because of the way we construct the deformed root space, we demand
a one-to-one relation between the individual roots of the undeformed and
deformed root spaces such that A(e) is isomorphic to A. To guarantee this
we impose the limit

lim 6. =1, (1.29)

e—0
which then gives lim._,o A(e) = A, ie., lim. o a;(e) = .

Provided that we can construct 6., we can now formulate P7T-symmetric
physical models based on root systems by using the deformation map (1.6),
d 1 a— afe). However, there is still a large amount of free parameters. To
remedy this we can impose some more constraints.

As mentioned before we keep physical applications in mind when per-
forming this construction, so we would like it that the kinetic energy and

possibly other terms to remain invariant under this deformation. This will
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be guaranteed by demanding that the inner products of the corresponding

root spaces remain invariant, i.e.,
Q- O = O./Z'(E) . Oéj(E), (130)
which is the same as saying,

0*=60-" and  detf. = +1. (1.31)

€

Now we have several constraints that will aid in the actual construction
of the deformation map 6., i.e., (1.24), (1.25), (1.31) and (1.29). We will

summarize them as follows

€

0oy =o0.0., [0,0.]=0, m=@%<M@=iL1%@=E(mm
E—

Considering now the fact the 6. and the Coxeter element ¢ commute,

together with the last equation in (1.32), we make the following ansatz

Lt 1 k=0
0. =) cx(e)o”, with lim ¢ (e) = , cp(e) e C (1.33)
paars =0 0 k0

1

Using equation (1.32) and the relations 0_o~! = oo_ and o = 1, we try

to satisfy the first relation in (1.33). The left hand side gives

h—1 h—1
0c_ =Y ci(e)oho_ = Z ci(e)o_ok (1.34)
k=0 k=0
and the right hand side equals
h—1
o 0.=Y cple)o_o” (1.35)
k=0
These two equations are equal when
ch-i(e) = ci(e) and ¢o(e) = ¢j(e), (1.36)
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One can obtain the relation (1.25) from the constraint 8*c, = 0, 6. and using,

!'= ogo_, since one can obtain one equation

0,0 = o ‘o, instead of o_o~
from the other in (1.22). Since ¢y(¢) € R from the second equation in (1.36),
we insert this into the first equation in (1.36) and deduce that ¢,(e) = co(e).
We set cy(e) =: 70(e) € R and also deduce that c;/2(e) =: 74/2(¢) € R when
h is even. Finally by taking cx(€) to be purely imaginary cx(e) = wri(e) with

rr(e) € R, we reduced the number of free parameters even more. This then

leads to the equation for the deformation map 6.

(h—1)/2
ro(e)l+1 > ri(e)(o® —o7F) for h odd,
0. = = h/2—1
ro(e)l + ryje(e)a™? +10 3 ri(e)(c® —o7*)  for h even.
k=1

(1.37)
Diagonalizing 6. by recalling [3] the eigenvalue equation for the Coxeter ele-
ment

ov, = eXrisn/hy, (1.38)

with s, being the exponents of a particular Coxeter group W. Defining the
matrix ¥ = {vy,vs,..., v}, we diagonalize the Coxeter element simply as

o = 069" with 6,,, = e2™*/" such that the deformation matrix diagonalizes

as
0. = 90.07", (1.39)
with eigenvalues
(h=1)/2
A ro(e) =2 Y ri(e)sin (BEs,) for h odd,
(6e)nn = = h/2-1
ro(e) + (—=1)*rpsa(e) =2 3 ri(e)sin (3Es,) for h even.
k=1
(1.40)
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This means that the constraint det . = £1 in (1.32) is equivalent to det . =

+1 and therefore
(h—1)/2

¢
+1 =[] |ro(e) =2 Y ru(e)sin (ZEs,) for h odd,
n=1 k=1
¢ h/2—1
+1 =TT |ro(e) + (=1)"rnjale) =2 3 ri(e)sin (FEs,) for h even.
n=1 k=1

(1.41)
Next we implement the third relation in (1.32), which, using (1.39), corre-

sponds to the ¢ equations
9719 0. (9") M = 61 (1.42)

What is left is to find the (h —1)/2 or h/2+ 1 unknown functions r;(¢) when
h is odd or even, respectively, from the ¢ + 1 equations (1.41) and (1.42).

This task we carry out case-by-case.

1.1.1 Case-by-case solutions

Deformed root spaces, A(e), for A,

A(e) for Ay The simple roots for Ay are g = {1,—1,0} and ap = {0, 1, -1},

with Cartan matrix

2 -1
K= . (1.43)

-1 2
Then we find the Weyl reflections for each root, o1(a;) = —ay, o1(ag) =
a1 + ag, 09(a1) = a1 + ag and o9(az) = —as. Then we write the coefficients

in matrix form leading to the matrix form of the Weyl reflection o; and
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Coxeter element o as follows

10 11
o = =0_,09 = =04, (1.44)
11 0 -1
11
o = 0103 = =0_04. (1.45)
1 0

Inserting these into equation (1.33), then the deformation matrix becomes

0. = ro(e)l+wri(e)(oc—0ot), (1.46)
ro—wy  —2r
= ’ ' ' : (1.47)
21y To + 11
where we abbreviate the coefficients as r; = r;(¢). Then solving the constraint

det 6. = 1, (1.41) with s, = n and h = 3 yields r3 — 3r? = 1 with solutions

ro = coshe,ry = -1/ V/3sinhe leading to a deformation matrix

coshe —1/y/3sinhe —21/y/3sinhe
0. = . (1.48)

21/+/3sinh e coshe +1/v/3sinhe

Next we inspect that all our constraints hold and we start by examining

equation (1.22), we have

0.0_0-'als) = To_ale),
b.0 0-'0.a = 70 6.0, (1.49)
b.o_a = o_6a,
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The left hand side of this is

i/ sinh? i+ /sinh2 Y )
0 — cosh(e) — % cosh(e) — l\/sir/lg (9 2i S\l/ngh ()
Eo-_a — . . 2 3 . 5 ) . y ,
cosh(e) — % 2 il/ngh (©) — cosh(e) — m/si%l ©
(1.50)

and this is equal to the right hand side. There are no further constraints re-
sulting from the equations (1.42) as with 9 = {(e"™/3,e7"7/3) e™2/3 ¢=m2/3)1
it is trivially satisfied when 72 — 3r? = 1. With (1.6) we obtain from this
exactly the roots presented later on in (2.18) and (2.19).

Next we apply the deformation to our undeformed simple roots

cosh(e) — iy/sinh?(9) cosh(e) — i\/si\/néﬁ(e) Qi\/s\i/nghQ(g)

€
b.a = afe) = V3 :
2i4/sinh? (€) i/ sinh?(e) i4/sinh?(€)
— A COSh(G) B S — COSh(E) -7
(1.51)

where we have that a(e) = {aq(¢), az(e)}.

Note that in this case the constraint even holds for the individual Weyl
reflections, i.e., 0160. = (0.01)" and 020, = (0.02)" as 01 = o_ and gy =
o4. This means we can view this deformation in an alternative way as
deformations across every hyperplane in the As-root system. The latter was
the constraint imposed in [41], which explains that (2.18) and (2.19) are
precisely the deformations constructed therein.

The remaining positive nonsimple root is simply «;(g) + ag(e) as we
demand a one-to-one relationship between the deformed and undeformed

root spaces.
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A(e) for A3 For Az the Weyl reflections o;, the factors of the Coxeter

element o, the Coxeter element ¢ and the diagonalising matrix 1J takes the

form
-1 0 0 1 10
o1 = 110 |02=[0 -10 |, (1.52)
001 0 11
10 0 -1 0 0
o3=101 1 |[,0-= 11 11, (1.53)
00 -1 00 -1
-1 -1 0 1 -1 1
o= 1 1 1 [|.9=] —(1+2) 0 2—1 |- (1.54)
0 -1 -1 1 1 1
Here oy = 0, and 0_ = 0y03. The ansatz (1.33) reads now
0. = rol+ryo® +ur (o — 03) (1.55)
o — 1T —2ur; —ry — 7o
= 2911 ro — ro + 2111 21 (1.56)
—1ry —Ta —21r To — U1

The constraints (1.41) and (1.42) yield

(7‘0 + TQ) [(’I"O + 7“2)2 — 47‘%} = 1, (157)
ro—To+2r; = (7“0—7“24‘27“1) (7“0“‘7”2)7 (1-58)

(ro+m) = (7“0—7“2)2_47’%7 (1.59)
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with s,, = n and h = 4. This is solved for instance by

ro(e) = coshe, 1i(e) = ++/cosh?e — coshe and ro(€) = 1 — coshe.
(1.60)
Then the three remaining positive nonsimple roots are ay(e) := ay(e) +

asz(e), as(e) = aa(e) + as(e), ag(e) := ai(e) + as(e) + as(e).

A(e) for Ay For A, the Weyl reflections o; and Coxeter element o are

-1 0 0 O 1 1 00
1 100 0 -1 0 O
o = . . (L6
0010 0 110
0 0 01 0 0 0 1
10 00 1 00 O
0 1 10 010 0
03 = y 04 = ) (1.62)
00 -1 0 0 0 1 1
00 11 00 0 -1
-1 -1 0 0
1 1 1 1
0 = 01030204 =
o -1 -1 -1
0 1 1 0
The ansatz (1.33) then reads
0. = ro(e)l 4+ 2ry()(0 — o) +wra(e)(0? — o), (1.63)
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The constraints (1.41) and (1.42) yield now

ra = 5r2(ri 4 rd) 4 5(r2 o — %)% = 1, (1.64)

28+ (=5+VE) i = (5+VB) i+ 4B -2 = 0, (L65)

2r0+w/2<5+\/5>r1+\/10—2\/57"2 £ 0, (166)

with s,, = n and h = 5, which is solved for instance by

1 1
ro(€) = coshe, 1r(e) = SV 5—2vV5sinhe, ry(e) = 5\/ 5+ 2V5sinhe.

(1.67)
Explicitly this yields the deformation matrix
ro — 111 —21r —ry — 1y —21r9
2ury 1o+ 20 4 g 211 + 2ary 1 + g
0. = . (1.68)
—r] — 1 =21 — 21y o — 211 — 19 -2
2119 wry + 1 2ry T+

Notice that in this case we also have wof. = (6.wy)".

A(e) for Ay, For Ay,_q we find a closed formula. Setting in (1.33) all
r, = 0, except for k = 0,n,2n, the determinant in (1.41) takes on the simple

form

n

det 6. = (rg 4 ra)" " (ro — 4r2 — 2roran +13,)", (1.69)

which equals one for 79, =1 — 1 and 7, = £1/r8 — ry. We have verified up

to rank 11 that for these values

0. = rol + 19,0 +ury, (0" — 07 "), (1.70)
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also satisfies the first and fourth constraint (1.32). Once again ry = coshe is
a useful choice to guarantee also the last constraint in (1.32).
Deformed root spaces, A(e), for B,
A(e) for By For B; the ansatz (1.33) becomes
6. = rol + r90° + 1y (0 — 0_1) ) (1.71)

The first four constraints in (1.32) are satisfied for ro = ro4/1 + 4r%, which
in turn is conveniently solved for ry = coshe, r = 0 and r = 1/2sinhe,

such that

coshe —1sinhe —21sinh e
0. = . (1.72)
1sinh e coshe +1sinh e

A(e) for B; For Bj the ansatz (1.33) gives
0. = rol + ry0° + oy (0 — 0_1) + 179 (02 — 0_2) , (1.73)
which is solving the first four constraints in (1.32) when ro = 73 — 1 and
r1 = —ry. However this corresponds to a trivial real solution with (6.);; = —1
fori=1,2,3.
A(e) for B, For B, the ansatz (1.33) yields
6. = rol + rao* +ry (a - 071) + 1y (02 — 072) + s (03 - 073) . (L.74)

solving the first four constraints in (1.32) when ro = 74 £ /14473 and

r1 = —rs. We may incorporate the last constraint in (1.32) by solving this
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with 7o = coshe, 4 = 0 and ro = 1/2sinh e, such that

coshe 0 —sinh e —21sinh e
0 0 coshe +12sinh e 2¢sinh e 2¢sinh e
8 pr—
—1sinhe —21sinh e coshe — 22sinh e —21sinh e
1sinh e 1sinh e 1sinh e coshe +1sinhe
(1.75)
A(e) for By, For Bs, we conjecture a closed formula

0. = rol + %rn (6" =07, (1.76)

for the solution of the first four constraints in (1.32). It is easily seen from
(1.41) that the determinant of 6. in (1.76) results to

n 9 .
det 6. = H [ro — 2r, sin (%:SO} = (7"8 - 47‘2) , (1.77)

k=1

when using the fact that h = 4n and s, = 2k — 1. Choosing 7y = cosh e and
rn, = 1/2sinhe will then ensure that the last two constraints in (1.32) are
satisfied. It turns out that the remaining equations are also solved, which we

verified on a case-by-case basis up to rank 8.

A(e) for By,.1 Based on the example (1.73) and supplemented with several
for higher rank, not reported here, we conjecture that there are no complex
solutions for our constraints in the case of odd rank Bs, 1

Deformed root spaces, A(e), for C

This case can be solved in a completely analogous way to the B,-case. Equa-

tion (1.77) is completely identical to By, and we find that the ansatz (1.76)
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together with the relevant 7, also solves the remaining constraints, which we
have verified up to rank 8. Once again we did not find any complex solutions
up to that order of the rank for Cs,,; and conjecture that also in this case

they do not exist.

Deformed root spaces, A(e), for D,

For the odd-rank subseries, that is Ds,,q, we find a closed formula very
similar to the one for A4, 1. This is not surprising given the fact that these
two groups are embedded into each other as Do, 1 < Ay,_1. We find that

the deformation matrix of the form
0. = rol + ro,0™" +r, (6" — 0 7"), (1.78)

solves the first four constraints in (1.32).

There are no complex solutions for Ds, based on ansatz (1.33). For
instance, considering the ansatz for D, the constraining equations force us
to take r; = —ry and r3 = o — 1, which reduces 6. to the identity matrix I.
Similarly the constraints (1.32) for Dg demand that r; = —ry, ro = —r3 and

rs = 1o — 1, which reduces 6. to the identity matrix I.

Deformed root spaces, A(e), for E,

A(e) for Eg  As we have seen in the previous examples we have usually more
parameters at our disposal than we need to solve the constraining equations.
Thus instead of finding the most general solution we will be content here

to solve (1.33) for some restricted set of values and attempt to solve the
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constraints in (1.32) for
0. = rol + ury (0 —07"). (1.79)

Considering (1.41) for this ansatz yields

6
k
1=]] [ro — 2rp sin (%sn)] with s, = 1,4,5,7,8, 11, (1.80)

n=1

which reduces to

1= (r2—3r2)°  for k=24 (1.81)

It turns out that in both cases the solution ro = /1 + 3r7 for (1.81) also
solves the first three constraints in (1.32). For the deformation matrix we

then obtain for k = 2

o —21ry 0 —21ry —2ry —17T9
2y 1o+ s 2119 211y 21r9 2119
0 2119 ro + 2119 4ary 311 2119
0. = , (1.82)
—21ry  —21ry —dary 1o — Dury —darg  —2iry
2179 2179 3y dary ro + 219 0
—ry  —21ry —21r9 —21ry 0 o
and for k =4
rog — s —21ry —21ry —217y 0 0
217y ro + 17y 217y 21ry 211y 211y
0 2ury 211y 7o + 311y 4ary 217y 0
o —2ury —2ury —dary  ro—Dbury —dary —2ury
0 2014 211y dary ro + 3171y 21y
0 —217y 0 —217y —2ry To — Iy

(1.83)
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In each case we may specify further ry = coshe and r, = 1/y/3sinh e in order

to ensure also the right limiting behaviour, i.e., the last constraint in (1.32).

A(e) for E;  Our convention for labeling of the roots is the same as for Eg
by linking the additional root a; to ag. There exists no complex solution to
(1.32) based on the ansatz (1.33) with h = 18. Together with the explicit
representation for o we substitute this into constraints (1.32) and find the
unique real solution for the unknown functions ro = 1+ r5, 71 = —ry — 715 —
rg, o = —ry — 15 — r7 and r3 = —rg, which reduced the deformation matrix

6. to the identity matrix I.

A(e) for Eg  Our convention for labeling of the roots is the same as for E
by linking the additional root ag to a;. There exists no complex solution to
(1.32) based on the ansatz (1.33) with A = 30. Together with the explicit
representation for o we substitute this into constraints (1.32) and find the
unique real solution for the unknown functions ro = 1+ r5, 71 = —r5 — 16 —
T9 —T10 = T14,T2 = —2r5 —T7 — T8 — 2110 — T13,7'3 = —T5 —T7 —T's — 10 — I'12

and r4 = r5 —rg —rg + 110 — r11. However, this simply corresponds to 6, = I.

A(e) for F,

In the Fj-ansatz (1.33)

5
0, = 1ol + rgo® + ZZTk (ok — O'_k) , (1.84)
k=1
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we have seven unknown quantities left. We find two inequivalent solutions

for the first four constraints in (1.32)
r1=—=2rg—r5+t/(ro—1r¢)>—1 and ro = —Ty, (1.85)
and
ri = —2r3 —rs and ro =—r4t —=+/(r0 —16)? — L. (1.86)

This leaves five functions at our disposal, which we may choose in accordance
with the last constraint in (1.32). Taking for instance r3 =1y =15 =16 =0

in (1.85) yields

ro — 1y  —21Q0 —21a0 0
21a9 ro + 31ag drag 21a9
0. = , (1.87)
—1a —21ag  To— Jag  —2a9
0 a0 21a0 To + 100

for the deformation matrix where we used ag = /72 — 1 for a more compact
matrix. One may now choose 1y = coshe, which will then satisfy all the

constraints in (1.32).

A(e) for Gy

As mentioned, this case has been solved before [41], but nonetheless we re-
port it here for completeness and to demonstrate that it fits well into the

framework provided. The ansatz (1.33) with A = 6 solves the first four con-

straints (1.32) uniquely with r3 = 0 and ro = £4/1 + 3(r; 4 r3)%. The choice

r1 = 1/+/3sinhe — ry reproduces the result of [41].
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This concludes the study of all crystallographic Coxeter groups. We will

also consider one noncrystallographic example.

A(e) for Hj

In this case there are no complex solutions of the type we are seeking here.
Substituting the ansatz (1.33) with h = 6 into the constraints (1.32) leads to
the unique solution g = 1, 5 = 0 and ry +ry = —@(ry +r3) with ¢ being the
golden ratio ¢ = (1 + v/5)/2 appearing in the off-diagonal of the Hj-Cartan

matrix. However, this solution simply corresponds to 6. = I.

1.2 Deformations of modified Coxeter elements

As explained in the beginning of this chapter, in principle the involution w;
could be any element in the Weyl group. We will now present a construction
based on the selection of two specific, albeit still fairly generic, elements
w; = 0_ and wy = 7, defined as
Oy = H ;. (1.88)
ieVy
The o; in (1.88) are simple Weyl reflections (1.20). The sets Vi are still
defined via the bi-colouration of the Dynkin diagram as explained above.
The difference towards the treatment above is that the products in (1.88) do
not have to extend over all possible elements in V4, such that f/i (G VA
Denoting by o the factors of & when ¢ = o, we may therefore express
the reduced elements as 61 := o4 [] et Oi for some values j, which follows

by recalling [0;,0;] = 0 for 4,5 € V} or i,j € V_ and o? = 1. Thus V. is the
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complement of f/i in V4, that is Vi = ‘u/i U ‘N/i. This ensures that we have
maintained the crucial involutory property 61 = 1
From the above follows that the element €2;; in (1.10) can be viewed as a

modified Coxeter element ¢ := 6_o with property
=1, with i < h. (1.89)

Therefore & equals a Coxeter element o when the order i becomes the Coxeter
number h.

The reduced root space A is then constructed by acting with & on rep-
resentatives 7; = ¢;&; of a particular orbit Q, containing now h instead of h

roots

Q, = {%,&%,52%, o ,&’3*1%}. (1.90)

The corresponding entire root space containing ¢ x h roots is the union of all

orbits

l
A= (1.91)
i=1

In analogy to the deformations defined to before we construct therefore
the map w as

59 = 0.6.0" =64, (1.92)

where we assumed an additional property with 6. being the deformation ma-
trix as introduced in (1.6). Defining the deformed reduced Coxeter element
as 0° 1= ¢°.07 we use a similar line of reasoning as in the deduction of (1.10)

to show that [,0.] = 0. Therefore we make the following ansatz for the
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deformation matrix

= 1 k=0
0. =Y ui(e)a”, with lim p(e) = , ux(e) € C. (1.93)
o e—0 0 k;éO

The assumption for the coefficients jx(g) ensures the appropriate limit lim, o 0. =

I. Equation (1.92) yields the constraint §*6. = 6160, from which we deduce

with (1.93)
(h=1)/2 -
ro(@)l+¢ Y, ri(e)(@F —a7F) for h odd,
— k=1
0. = 5 h/2—1 ~
ro(e)l + 7’;L/2(5)&h/2 +1¢ Y re(e)(@® —67%)  for h even,
k=1

(1.94)
where p19(¢) =: ro(€) € R, fi7,5(€) =1 17, 5(¢) € R when h is even. In addition
we defined pi(e) = tri(e). Demanding next that 6. is an isometry, we invoke

the constraint det §. = 1. By means of the eigenvalue equations for &
G, = eXmin/hy withn=1,...¢, (1.95)

we define a set of “modified exponents” § = {51,...,3,}. Unlike as for the
standard case, the eigenvalues may be degenerate in the modified scenario.

In general, they take the values
} ) h
5= {1*1,?2, (= 1), h*ﬁ} with Y A =1, (1.96)
k=1

with \; indicating the degeneracy of certain eigenvalues in (1.95). Due to the
degeneracy there could be several solutions to (1.95) with different elements

@ for i = 1,...m forming a similarity class
S5 ={sW,6®,... 6™}, (1.97)
Similar to before we demand the preservation of the inner product between

45



the original and deformed roots, which implies that det§. = 1 and 6 = 6.

Diagonalizing (1.94) the constraint det §. = 1 simply becomes

¢ (h—1)/2 -
1=1T |ro(e) =2 > mi(e)sin (%571) for h odd,
n=1 k=1
¢ ) h/2-1 ~
1= H 7“0(5) + (—1)5"r}~l/2(€) -2 Z Tk(ﬁ) sin (%5,1) for h even.
n=1 k=1

(1.98)
Solving these constraints for 6. allows us to construct the simple roots @;
and therefore the entire deformed reduced root space A(e). Note that just
as in (1.26) for simplicity we use the same notation for the undeformed

and deformed root space, distinguishing the latter always by the explicit

mentioning of the deformation parameter . Hence we have

Qs = 0.0, (1.99)

and therefore

c = 0.A. (1.100)

>
©
Il
C
ol

This construction guarantees that the 6% are indeed representations of the

map w in (1.7). Evidently it leaves the root space invariant
55 A(e) = 0.6.07 A(e) = 0.6.A = 0.A = A(e). (1.101)

For the latter property to hold we may also exclude some of the orbits Qf in

the union Ule, whenever they are mapped into themselves 55 : QF — Q.

1.2.1 Antilinearly deformed A, root systems

When engaging into a case-by-case description previously mentioned, we

characterized different solutions group by group. Here we will take equation
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(1.98) as more fundamental and classify the solutions according to different
values of the modified Coxeter number. In this manner different types of solu-
tions to (1.98) are then characterized by different sets of modified exponents
(1.96). This means we need to verify subsequently whether a corresponding
o really exists.

We find various similarity classes ¥; characterized by different sets of

modified exponents 3.
The class with modified exponents {1,2,3,4° 3} and h=4
We find that the simplest similarity class ¥ for which ¢ = 1 when z € ¥ is
Sposaesy = {6W,...,.6¢2}, (1.102)
where the elements of that class are defined as
0 = (0410:0142)" fori=1,...,0—2. (1.103)

It is clear that each element 5 in (1.103) has order 4, since it is formed
from three consecutive elements on the Dynkin diagram and thus being iso-
morphic to the Coxeter element of A3 when acting on the three corresponding
roots.

Furthermore, by definition all elements of ¥ have to be related by a

similarity transformation. Indeed we find:

Proposition 1 Two consecutive elements in Y. 5 5 4¢-3y are related as
%15'(1) = 5'(Z+1)%Z' with M = 0i0;410;420;4+30;+1. (1104)

Therefore all elements in ¥ can be related to each other by an adjoint action
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simply by successive applications of (1.104).
Proof. Let us now prove the relation (1.104). The starting point is the
identity

0;-10i0i4+10; = 0;4+10-10i041, (1-105)

which follows by applying the left and right hand side to some arbitrary x
using the definition of the simple Weyl reflection (1.20) consecutively. Nor-

malizing the length of the roots to be 2, we find in both cases

=[x ai1) + (2 ) + (@ )] ai — [(2- o) + (2 @igr)] (05 + i)
(1.106)
Multiplying (1.105) from the left by HZ;21 o and Hi:i+2 oy from the right

and noting that for Ay we have [0;,0;] =0 for |i — j| > 2, it follows
¢
60; = 0116,  witho =[] o (1.107)
k=1

The element & is the standard Cozeter element. Multiplying next the iden-
tity (1.104) from the left by Hz;ll o and 041 Hi:i+4 oy from the right and

recalling that o? = 1 yields
“o. (1.108)

o (Ui0i+2‘7i+1)0i = (Ui+10i+30i+2)

This relation is now easily established by commuting all three simple Weyl
reflections through the Coxeter element using the identity (1.107), which in

turn also proves (1.104). =

Proposition 2 Some special elements in 3 are related by the adjoint ac-

tion of the Coxeter element o. We find: The first and the last element in
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Yi(1,2,340-3) are related as

G255 = 5" 50 (1.109)

Proof. We prove (1.109) by using the more elementary relations

h citcicy citeicy
2

Opi1-i0 R 0. (1.110)

For even h we compute by a successive use of (1.110)

52,8 _ E_ gy = 0120t 0103 = oE o310 = oEED

o 02 = 09p_9209p0¢p_102 = Op_909p0209 — Oyp_2020109 — 020301092 = 020" ".
(1.111)

Similarly we compute for odd h

~(—2) =Ll A=l A=l h=1

o 02 = 0y 10¢_290¢0 2 = 0y_10y_290 2 01 = 0y_10 2 03071, (1.112)

h+4+1 h+1 h—1

= 0y_10 2 0710301 =0 2 020710301 =0 2 0_04,0204+0_03071,

h—1 h—1~(1)
= 0 2 030109 =0 2 0.

Thus we have established that the first element 6V in the similarity class ¥
is related via the similarity transformation (1.109) to the last element =2
in this class. In comparison to one rank less the last element is the only

additional one. For the other elements we can use the same argumentation

but employing the Coxeter element for one rank less. m

Expl.: Ay We illustrate now the working of these formulae for a concrete
example. We consider Ag and generate the entire root space A as described
in (1.99) from (V). The results are depicted in Table 2.1.

For convenience we used the following conventions: For any non-simple

root 3 =) . ;o we present only the non-vanishing coefficients y; in the table
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((}(1))j\ai o s Qa3 QU a5 | ag | a7 | ag
) -1,2| 1,23 | -2.3] 2,34 |56 ] 7]8
FOFG) -3 -2 -1 (1,234 56| 7]8
sWsWsM | 23 | -1,2,3] 1,2 3,4 51678

Table 1.1: The reduced Ag-root space A generated from the orbits of (1),

with the overall sign written in front, e.g. ay +as + g is represented as 1,2, 3
and —a; — as as — 1,2. We indicate the A3z substructure in bold. Further
examples for root spaces obtained from different elements in Y. 55 403y are
presented in appendix A.

Crucial to our construction is the invariance under the action of 6$ ),

Acting on the roots as depicted in table 1 with 6$ ) we recover all the elements

in table 1, albeit in a permuted way as indicated in Table 2.2.

A -1 ] 1,23 ] =3 34 [5]6[7]8
23] 2 | -12[1,234|5|6]|7]8
3 | —1,2,3] —1 | 2,34 [5|6]|7]8
L2 | —2 | 2,3 4 |5[6|7]|8
(A ] 1,2 -2 | 2,3 4 516|718
—1 | 1,23 | -3 | 3,4 [5]6]|7]8
23] 2 | -1,2[1,234|5|6]|7]8
3 1,23 1 34 [516|7]8

Table 1.2: The invariance of the As-root space A generated from 6™ under
the action of &il ),
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The class with modified exponents {1,2% 3,43} and h=4

Other classes become considerably more complicated. We present here only

some examples to indicate this. For instance in the class
S g1y = {ohtY g2 5L (1.113)

we have to label the elements by three indices

gh) = 0i0i+20i+3+;0i+1 and ) = 0i0i+1+4j0i4+3+5Ti+j+2;
(1.114)
withi=1,...,/—j7—3and j=1,...,¢ — 4. It is easy to convince oneself

that these elements have order 4. In both types of labeling we have three
consecutive elements and one additional factor which commutes with all the
other elements, that is 0;434; in 5149 and o; in 39| respectively. Thus
by the same argument as in the previous class and the fact that ¢? = 1 it
follows that the order of all elements in (1.114) is 4.

Arguing along similar lines as for the class presented in the previous
subsection, we can also show that all elements in g 92 3 404y are indeed

related by a similarity transformation. We will not present this proof here.

The similarity class structure with h=4

It is clear that for higher ranks more and more possible sets of exponents
characterizing different classes may exist. Here we only indicate in table 3
the general structure but do not report a detailed construction of the elements
of these classes and their interrelations as the argumentation goes along the

same lines as in the two previous subsections. By inspection of the table we
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notice the onset of two new classes when we increase the rank by two, that
is the number of classes increases by 2 for £ =2n+5 forn =1,2,... We also

observe that the number of classes for £ = 2n+1 and ¢ = 2n + 2 is the same.

(

3] {1,2,3}

4] {1,2,3,4}

5[4{1,2,3,47} | {1,2°,3,4}

6]{1,2,3,4%} | {1,2%,3,4%}

71 {1,2,3,4"} | {1,2°,3,4°} | {1,2%,3,4°} | {1%,2°,3% 4}
8[1{1,2,3,4°} | {1,2%,3,4"} [ {1,2%,3,4°} [ {1°,2°,3°,4°}

9] {1,2,3,45} | {1,2%,3,45} | {1,2%,3,4%} | {1%,2%,32, 4%} [{17,2%,3%,4%}
10] {1,2,3,47} | {1,22,3,45} | {1,2%,3,45} | {1%,22,3% 4%} [{17,2% 3 4%}
0 {1,2,3,47}{1,2%, 3,47} {1, 23,3,4" °}[{1%,2%,3°,4"F}

Table 1.3: Similarity classes in A, with h=4.

In addition we note that the number of factors in the elements of a simi-
larity class increases by one in the table in each column from the left to the

right, starting with three factors on the very left.

The class with modified exponents {1,2,...,4n —1,4n~*"*'} and

h=4n

Let us now generalize the previous considerations towards classes with larger
amounts of eigenvalues, such that they are related to modified Coxeter num-

bers of higher powers. The class (1.102) acquires the more general form

S an 1ant-aniy = {0 g2 (1.115)
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when %" = 1 for x € . In this case the elements of the class

6—(7171) = [ (H Ui—1+4(k—1)ai+1+4(k—1)> (1116)

k=2

Oi+1 (H Uz’+4(k1)0i+2+4(k1)> ] )

k=1

are characterized by two indices, n distinguishing the particular type of class
and ¢ = 1,...,0 + 2 — 4n labeling the individual elements in that class.
The case n = 1 reduces to our previous simpler example with 6% = () ag
defined in (1.103). Evidently the element (™% contains the 4n—1 consecutive
factors o; to ;4,3 separated into odd and even indices. This means each
element can be viewed as a Coxeter element for the Ay, 1-Weyl group and
therefore the order of 69 is h = 4n.

In this case we will also establish that all elements in Y are indeed related
by a similarity transformation. Two consecutive elements in this class are

related as

4n 2n—1
%Z-(n)é(”’i) = 5(”’”1)%1(") with %i(") = HO’H_k_l H Oitor—1, (1.117)
k=1 k=1

which in turn implies that all elements in X are related by a similarity trans-
formation. The proof for this identity goes along the same line as the one

for the particular case n = 1 of the identity (1.104).

The class with modified exponents {1,2% ... ,4n — 1,4n~*"} and h=4n
For higher order the similarity class (1.113) generalizes to

S0, dnpane-tniy = {gEEEY 2D (1.118)
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where we label its elements

n

L= H Oi+a(k—1)0i+244(k—1) T4 j+(h—1)0i+1
k=1
n

X H Oi—144(k—1)0i+1+4(k—1), (1-119)
k=2

6’(17n71’7.])

n

~ 27n7i7 j —_
G2mid) = Oitji2 H Tigjtd(k—1)Titj+214(k—1)0

k=1
n

X H Ot j+1+4(k—1)Oi4j43+4(k—1)> (1.120)
k=2

now by four indices with j =1,--+ /—4nandi=1,--- {—j—(4n—1). We
recover the case discussed in the previous section for n = 1. Using similar
arguments as before we can show that all elements in this class have order
h=4n. For instance for the element o, (1) in (1.119) the subscript obeys

i+j+ (h— 1)>i+ h, which means that the element may be commuted to

the left. Taking then the h-th power of the entire expression we find

~ n n i.l
[(Ui+j+(;;_1))h [( H Ui+4(k—1)0i+2+4(k—1)> Oi+1 ( Uz‘—1+4(k—1)0i+1+4(k—1)>} ] .
k=1 k=2
(1.121)

Since h is even we have (o, +j +(;L_1))E = 1 and since the expression in the
bracket is a reduced Coxeter element for A;_, the expression in (1.121)

equals 1, thus establishing the order of 549 to be h = 4n. Similar ar-

2,n,1

guments can be used for #™%9) to prove that this element has the same

order.
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Antilinearly invariant complex root spaces

Based on the various classes constructed in the previous sections we may
now compute the deformation matrix with the help of (1.37) subject to the
mentioned constraints. As reported above we found some relatively simple
solutions for i = 4n. We present now similar solutions for » = 4n. Taking

in (1.98) all but three coefficients to be zero
ri(e) =0 for i # 0,n, 2n, (1.122)
the equation reduces with the help of (1.96) to
_ 2377 Aoy 2 272 ket A2k—1
1= (To + Tgn) k=1 [(TO - T2n) - 4rn} : (1123)

As can be seen directly, this equation is solved by

Ton = 1 — 19 and rn = \/To(ro— 1) =: 0. (1.124)

Thus the corresponding deformation matrix resulting from (1.94) reads
0. = ro(e)l + [1 — ro(e)] 6" + (6" — 57 "). (1.125)

All what remains left to establish whether the set of modified exponents in
(1.96) really exists for some concrete elements of & € W of order h = 4n and
possibly to specify the function 7y(e).

It is useful to consider a concrete example. For instance, the deformed
roots resulting from 6 of the class Y1,2,3,4¢-3) for Ag according to (1.125) are
The 6. resulting from different elements in the same class have a similar form
with the Az-substructure displaced similarly as for the undeformed roots. We
do not report these solutions here. Unlike as in (1.126) all eight roots are

deformed when constructing 6, (1.127) for instance from ¢3! as specified

95



a1 = aq, Gy =g, ag = Qg,
Gy = g+ (1 —rp)ag+ (1 —ro+id)ay + (1 — 19)as,

O~13 = (T‘O — 2.19)043 — 2i’(9014 + (7"0 — 1 — ].)015, (]_]_26)
6&4 = 2i19043 + (27"0 + 201 — 1)0&4 + 2i19()é5,
C~Y5 = (7“0 — 39 — 1)0(3 — 2i19064 + (7’0 — i??)Oégn

Qg — (]_ — 7’0)0{3 + (1 — 70+ ’L.19)Oé4 + (]_ — 7’0)045 + ag.

in (1.116). Here we abbreviate kg = ro — 1 and Ay = 79 — @ to achieve a

To 0 1) 2i0 ) 0 Ko 0
0 o 20 — 20 —2i0  ko—id 0 0
1 20 1o+ 200 20 Ko + 210 240 w0
0 — -2 =21 —240 20 — 1 —240 210 =210 0
< i 210 Ko + 20 240 ro + 210 200 w0
0 Ko—wW =200 —240 —240 Ao 0 0
Ko 0 1w 200 w 0 ro 0
— R — R — K —Kg — 19 — R — R — R 1
(1.127)

compact notation. The dual map §* is obtained by solving (1.17) for the
dual deformation matrix 6% (1.2.1) with the explicit form for 6.. Taking the
latter to be given by (1.127) we compute for the standard (¢+1)-dimensional
representation of A (o;); = 6;; —dgv1);, 1 =1,2,...,¢,j=1,2,... . (+1. By
construction the corresponding dual root space A*(e) is invariant under the
action of some antilinear maps w*, obtained by solving (1.19). For antilinear
symmetry w; = To2040¢ we compute the dual antilinear transformation to
(1.129)

where we abbreviated m = Jv, v := 2ry—1 and p := 4(ro—r3). The action
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To 0 0 2 —i 0 0 1—r9 0O
0 To —i 0 0 1w 1—rp 0 0
0 i o 0 0 1—-ry —w 0 0
—10 0 0 ro l—rg 0 0 w0
0r = i, 0 0 1—r9 19 0 0 -1 0
0 —i 1-— To 0 0 To 1 0 0
0 1—r, 0 0 0 —id 1 0 0
l—r O 0 — (2 0 0 o 0
0 0 0 0 0 0 0 0 1
(1.128)
V2 0 0 -2 2w 0 0 w0
0 —2ir V2 0 0 1 24 0 0
0 Vi 0 0 —2imr p 0 0
—2T 0 0 W v? 0 0 2im 0
wi=71| 2ir 0 0 v 1 0 0 27 0 |,
0 wo —2imr 0 0 2im 2 0 O
0 2im 1 0 0 v =2ir 0 0
o 0 0 2ir =2 0 0 vio 0
0 0 0 0 0 0 0 0 1
(1.129)
on the deformed and original variables amounts with (1.129) simply to
wi o A*(e) = A*(e), (1.130)
T1 > T1, T <> T3, T4 ¢ Ts,,Tg <> Ty, Tg — Ty, Tg — Tg, (1.131)

T1 > T1, T > X3, T4 &> Ts,,Tg <> T7,Tg —> Tg, Tg —> Ty, 1 —> —1.

A similar computation leads to the dual antilinear symmetry corresponding
for wy = To1030507.

Obviously these solutions only capture part of all possibilities as we may
of course also consider the cases h = 4n and since (1.125) is a restriction

of the most general ansatz (1.93). Some solutions filling these gaps were
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presented in [67]. Having been fairly detailed for the A,-Weyl group, we will

only indicate some selected examples for reference for the other cases.

1.2.2 Antilinearly deformed B, root systems

For the deformation in section 1.1 we conjectured that odd ranking B, Cox-
eter groups does not admit a non trivial solution for the deformation ma-
trix (1.37). We will show that this is remedied for the current deformation
method. We will report an explicit example of this.
The simplest class for h = 4 contains only one element comprised of two
Weyl reflections
Va2 = {0 = 0104} (1.132)

The next class with h = 4 contains 2¢ — 6 elements

2{1727374£—3} = {5(1’1), . ,5’(17£_3), &(2’1), e ,5'(276_3)} , (1133)

build from a composition of three Weyl reflections

g .= 0:0i120;+1 and 52D = 5,00 900 for i= 1,---,0—3.
(1.134)
In table 4 we indicate the different types of classes with increasing rank /.
We note that whenever the rank increases by one, a new type of class emerges
with one additional Weyl reflection in the element &.

Using for B; the same general ansatz as for the A,-case in (1.125), we
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(

3 {1,3,4}

4] {1,3,47} | {1,2,3,4}

5[{1,3,4%} | {1,2,3,4%} | {1,2°,3,4}

6] {1,3,4'} | {1,2,3,4%} | {1,2°,3,47} | {1°,2,3% 4}

71 {1,3,4°} | {1,2,3,4"} | {1,2°,3,4%} | {1°,2,3%,4°} [{1,2°3,4°}
8] {1,3,4° | {1,2,3,4°} | {1,2°,3,4"} | {1%,2,3°,4°} [{1,2°3,4°}
9] {1,3,47} | {1,2,3,4°} | {1,22,3,4°} | {1%,2,32,4%} [{1,2° 3,4%}
10] {1,3,4%} | {1,2,3,47} [ {1,22,3,4%} | {17,2,3% 4} [{1,2°,3,4°}
0 {1,3,477}{1,2,3,4 7} /{1,2%, 3,47 *}|{1%,2,3°,4" %}

Table 1.4: Similarity classes in B, with h = 4.

obtain for the antilinearly deformed symmetry of &Y the solution

ro — i1 —2iv ro—id—1 0 0
2i0) 2o + 20 — 1 2i1) 0 0
O-=| rog—iv—1 —2i0) ro—id 0 0 (1.135)
11— 1—rg+ww 1—rg 10
0 0 0 0 1

We compute the dual map §* by solving (1.17) for the dual deformation

matrix 67 with the explicit form for 6. as in (1.135). For the standard root

representation of the By-roots (;); = 6;j =041y, (ow); = 0¢j, 1 =1,2,...,0—
1,7=1,2,...,¢ we obtain
To —i0 1) 1—ry O
v, To 1—r9g —19 0
=\ —i 1—ry 1o i 0 (1.136)
1—rg 10 —i) 70 0
0 0 0 0 1
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By construction the corresponding root space A*(¢) is invariant under the
action of some antilinear maps w*, obtained by solving (1.19). For w; =

To103 we compute the dual antilinear transformation to

=210 (—p)®> —dvrg 29 0
(—p)*  2i9p  —2idu  —4vrg 0

wi =7\ —dvry —2i9p 2i9p (—p)® 0 (1.137)
200 —dvry (—p)? —2idu 0
0 0 0 0 1

As abbreviation we use v = rg—1 and p = 2rp—1. The action on the variables

amounts with (1.137) simply to

Wi A*(e) = A*(e), &y > Do, B3 & Ty, T5 > T, (1.138)

T1 4> To, T3 > Ty, T —> Ts, 1 — —i. (1139)

A similar computation leads to the dual antilinear symmetry corresponding

to W9 = TO9.

1.2.3 Antilinearly deformed C; root systems

A simple class for h = 4 with only one element ¢ = 0,030, is the case
Y{1,2340-33. We present the deformation matrix for the Cy-case resulting

from this element
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ro — iV —20 ro—1w—1 0

2i1) 2rg + 2 — 1 29 0
0. = . (1.140)

ro — i — 1 —2i1) ro—id 0

2(1—=79) 2(1—rg)+2i0 2(1—1my) 1
Note that the classes for C; are the same as those for By, albeit the defor-

mation matrices are different due to the difference of the Weyl reflections.

1.2.4 Antilinearly deformed D, root systems
In this case a simple class for h = 4 contains ¢ — 1 elements

2{17374[—3} = {6’(1)7 5—(2)’ L ’6-(622)’ 6—(@} , (1141)

&) = 00420541 and 50 = oy 30000_5 for i=1,--- 0—2. (1.142)

As an example for a deformation matrix for D, we present the one resulting

from 6V = gy0509

o — 1% —210 To — W—1 0
210 2rg + 240 — 1 20 0

0, = . (1.143)
ro — i — 1 — 20 ro—id 0

1—T0—i79 2-27”0 1—T0—i19 1
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1.2.5 Antilinearly deformed FE;., root systems

We may treat the exceptional algebras together using for the labeling the
Eg-convention as explained above and in the appendix and removing vertices
from the long end Dynkin diagram to obtain the F; and Fg-cases. A simple

class for h = 4 contains n + 5 elements
Y1233} = {010304, o10504,02, 03 . ,0("+4)} , (1.144)

with ¢ = 0012041 for i = 2, ...n 4+ 4. The deformation matrix for o® =

030204 is computed to be

1 1—7’0 —T0—119+1 1—T0 0 0
0 ro + 10 210 ro+w—-1 0 0
0 -2 2rg — 219 — 1 —2:0 0 0
b= 0 ro+iv—1 2iv) ro+1 0 0
0 1—179 —rg— 10 + 1 1—1p 1 0
0 0 0 0 0 1
(1.145)
A further class is X 92 3 42+n) With elements ¢ = 01040305, . ..
1.2.6 Antilinearly deformed F); root systems
The simplest class for i = 4 contains only one element
2{1,3742} = {0'30'2} . (1146)
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The deformation matrix is computed to

1 2(1—r) 2(1—rg) =2 0
0 2ro+2id — 1 430 0
0. = . (1.147)
0 —2iy 2o — 21 —1 0
0 1—ry+id 2(1—ry) 1

1.3 Deformations of two arbitrary elements
in W

The procedure outlined in section 2 is entirely generic and may of course also
be carried out by starting from any arbitrary elements in WV different from
o, and o_. Due to the random choice we allow for the symmetries, we have
to consider now concrete cases. It is instructive to discuss some examples for
which no nontrivial solutions were found in the previous sections.

Let us therefore consider Bs. As an abstract Coxeter group, Bj is fully
characterized by three involutory generators o} = o5 = 03 = I together with
the three relations o103 = 0301, 010901 = 020109 and 09030903 = 03020305.
Choosing now in (1.8) the involutions different from the previous section as
wy; = o1 and wy = o103 yields €215 = 3. Thus we have taken w;, and w, both
to be factors in o_. According to (1.11) we have to identify next all elements

in Bs commuting with o3. Using the three relations and the three generators

we find {I, 01, 03,0103, 020309, 01020302, 02030201, 02030203} leading to the
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ansatz

95 = 7"0(8)]1"‘7’1(8)0’1+7’2(8)0’3+7’3(€)0’10’3+T4(8)0’20'30'2 (1148)

+7’5(€)O'10'20'30’2 + T6<€)O'20'3020'1 + 7’7(6)0’20'30'20'3.

which unfortunately, leads to a trivial solution when solved for the constraints
(1.15).
The same ansatz (1.148) can be used for the choice w; = g5 and Wy = 09073,

but in that case we are led to the trivial solution 6, = I.

1.4 Deformations from rotations in the dual
space

So far we have started with a given antilinear involution w; and constructed
the deformation map & by solving the constraints (1.15) for a given Weyl
group, i.e., given some w; we determined the deformation matrix 6.. Subse-
quently we constructed the corresponding maps 0* and w*acting in the dual
spaces. We may also try to reverse the procedure and start with the dual
space with given maps 0* and w* and determine the maps w; and ¢ thereafter.

In view of the last section it is natural to assume the 6 to be an element of the
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special orthogonal group. We define therefore the (2n + 1) x (2n + 1)-matrix

R

coshe isinhe
0 = with R = ,

—isinhe coshe

(1.149)
and construct the deformation matrix 6. by solving (1.17). We note that
this constraint might not admit any solutions for certain Weyl groups. In
fact for the standard representation for A, it is easy to verify that indeed
there exists no solution. However, for the special orthogonal Weyl groups
B, = SO(2¢ + 1) and D, = SO(2¢) one can solve (1.17). Since previously
in section 1.1 we did not find solutions for odd ranks in the B-series based
on the assumptions made in 1.1, we present here some solutions for B, 1.
Solving (1.19) for . using the standard representation for the Bj,-roots we

compute the deformed roots to

¢
Ggj—1 = cosheagj_y +isinhe (Oégj_l + 2 Z ak> forj=1,...,n,

k=2j
2j+2 ¢
Gp; = cosheay; —isinhe (Z ag + 2 Z 2ak) forj=1,...,n—1,
k=2j k=2j+3
Gyp1 = coshe(ay 1+ ay) — oy — isinhe (a9 + ap_1 + ay),
O~ég = Q. (1.150)

By construction we have satisfied the last three constraints in (1.15). Fur-
thermore, we find that 8X0_ = 0_60. but 60 # 0,0, with o_ = Hzg O2k—1

and o, = [[i_; o2. Thus in this case 7o, does not constitute an antilin-
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ear symmetry which implies that [0,6.] # 0. This is the reason why this
solution has escaped the above mentioned analysis in 1.1. However, besides
under the action of w_ := 76_ = ¢° the root space A(e) remains invariant
under various other antilinear maps which consist of subfactors of o_. For
B3 we observed this in section 4 with o_ = 0103 and o3 being the additional
symmetry. A generalization to Bs, is straightforward simply by starting in
(1.149) with an (2n) x (2n)-matrix of the form (1.149) without the entry 1.

Similarly as for By, 1 we may also solve (1.17) for the D, Weyl group for
which we demonstrated in [67] that no solution to the constraining equations
(1.15) based on (1.94) could exist, that is for a given invariance o and
0% . Starting with 7 in the form (1.149) we construct the deformed roots
with standard representation for the Dj-roots (o;); = i — d(it1)j, (w); =
dje—1) + 00,0 =1,2,...0—1,j=1,2,... 0 as

L

Qy_(2j41) = cosheay_(gj41) +isinhe Z oy, + Z ag |,
k—z—(2j+1) Y

(y_(2j42) = cosheay_(gj42) —isinhe Z o + Z ag |,

Lk=—2j-3 —2j
Gy_o = cosheay o —isinhe(ay_g+ o + ay),
ay_1 = cosheay_1 + 1sinheay,
ay = cosheay —isinheay_;. (1.151)
Similarly as for the By, 1 case we find that §Z0_ = o_60 whereas 00, #
0.0 with 0 = [[/_, o1 and o = [[}—; ook. Again it is easy enough to

generalize this to the D, case.

For the standard (n + 1)-dimensional representation of A, a rotation on
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a subspace of A*(¢) for the first two coordinates and its conjugate momenta
was suggested in [73, 74]. In that case, and for its generalization (1.149), the
corresponding deformation A(g) cannot be constructed since (1.17) admits

no solution.
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Chapter 2

Deformations of the longest

element

Intuitively it would be more natural to have just one deformed involutory map
from the start instead of two. In fact there exist one very distinct involution
in U, called the longest element. The length of an element in the Coxeter
group U is defined as the smallest amount of simple Weyl reflections o; needed
to express that element, see e.g. [3]. Since Coxeter groups are finite, there
exists an element in U of maximal length, i.e., the longest element, which we
denote as wy. The length of this element equals the number of positive roots
he¢, with h being the Coxeter number of U and /¢ is the rank of the group.
The map wy is involutive, mapping the set of positive roots A, C R" to

negative ones A_ C R" and vice versa

Wo : Ai — Ay, (21)
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where w? = 1. Two specific simple roots a;, o; are linearly related by wq as
a; = —ag = (wo);. (2.2)

Here we have borrowed the notation from the context of affine Toda field
theories, where it was found [72] that the longest element serves as charge
conjugation operator C, mapping a particle of type ¢ to its anti-particle 7.
From a mathematical point of view this map is a particular symmetry of the
Dynkin diagrams, see e.g. [40].

The longest element admits a concrete realization in terms of products of
Coxeter transformations o. The unique longest element can be expressed as
[72]

ohl? for h even,

o o= D2 for h odd.

For the individual algebras the roots «; in (2.2) are calculated directly or

identified from the symmetries of the Dynkin diagrams [40] as

Ag: o = oypy,
a; = o for 1 < i </, when ¢ odd
ap=q; forl1<i1</l—1, a;=a4_1, when ¢ even,

EG Q1 = Qp, 5 = Q5,03 = (3, = Quy,
Q7 = Q.

(2.4)

Defining then a CT-operator in analogy to (1.22) in two alternative ways,
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Figure 2.1: The action of —wy on the Dynkin diagrams.

an Qo (3 Qe—1 Oy —w Qp Oy_q a3 Qo O
Ay o—o—o - -06—0 —4 —o - 06—0—0
Qg Qg1—1
(05} (0] 3 —w aq (0%)] 3
Dy, - o—o—0 - - o022 —4 o—o—o - €022
\0042171 \oazz
Qy Qy
a1 Q9 Iag as Qg —Wo Qg Qs IOZg Qs Qq
Eg - o—eo *—o — o—eo o—eo
we have
w5 = O.wef " = Tw. (2.5)
When [0,0.] = 0 this equation has no solution for even h, since w§ =

0.0"20-1 = o"/? = 76"/? which is evidently a contradiction. Whereas for
odd h the realization (2.3) in (2.5) yields .0, oc"="D/20-1 = 0.0, 07 1c(P—1/2 =
ro,o"™1/2 which equals (1.22) when canceling o"~1/2, such that this case
is equivalent to the one described in the first section of the previous chapter.
This means to obtain a new solution from (2.5) we need to assume [o, 6] # 0.

This fact implies immediately that we have now two options to construct
the remaining nonsimple roots. We may either define in complete analogy to
(1.26) and (1.27) a root space which remains invariant under the action of the

deformed Coxeter transformation. This root space is then also CT-symmetric
w : A(e) = Oowof Ae) = OowpA(e) = 0.A(e) = Ae). (2.6)
Alternatively we could also define

Q;: = {,5/17 0-5/7:7 0-2;5/% s 70-h_15/i} ) (27)
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and the entire root space as A(e) := |Ji_, Q. However, this root space will
only remain invariant under the action of ¢ instead of ¢° and in addition
it will not be CT-symmetric. This definition is therefore unsuitable for our
purposes here.

Using the two definitions in (2.5) leads on one hand to
wia = O.web- 0.0 = O.woa = —0,.a, (2.8)
and on the other to
WHA = TWed = —Ta = —a, (2.9)

such that

(es)zj = (9:)@' (2.10)

As in the first chapter we require the inner products to be preserved (1.12),

such that in summary the set of determining equations results to

0wy = wob., [0,0.]#0, 0 =0"" detf.==+1 and lim 0. = 1.
e—
(2.11)
In this case it is instructive to separate 6. into its real and imaginary part
(0c);; = R!(¢) + oI/ (¢) and therefore expand an arbitrary simple deformed
root in terms of the ¢ simple roots as
g . .
a;(e) = Z (Ri(e)a; +all(e)ey) | (2.12)
j=1

with R’(e) and I/ (¢) being some real valued functions satisfying

, 1 fori=j .
lim R!(e) = and lim I} () = 0. (2.13)
e—0 . . e—0
0 for i £ j
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The relation (2.10) then implies that
R!(¢) = R(¢) and  I/(e) = —I(e). (2.14)

This means a nontrivial complex CT-symmetric deformation of the longest
element does not exist for Coxeter groups in which for all simple roots are

self-conjugate a; = a;.

2.1 Case by case solutions for the Longest el-

ement deformation

2.1.1 w, for A,

Let us start with the construction of a CT-symmetric deformation as out-
lined in section 2. According to (2.4) the two simple roots are conjugate to
each other in the Ay-case, i.e., 1 = 2. Using the expansion (2.12) and the

constraints (2.14) the deformed roots acquire the form

a = Ri(e)ay + R¥(e)as + (I () + I (e)a), (2.15)

dy = R3(e)ay + Ri(e)an — (I (e)ay + I1(e)ay). (2.16)

Demanding next that the inner products are preserved (1.12) amounts to
three further constraint, such that the four free functions in (2.15), (2.16)
are reduced to only one. We obtain the two solutions

R?=0, I?=2I} (31)2—2(13)2:1 and 14 2. (2.17)

The third relation in (2.17) is solved for instance by R{ = coshe, I? =

2/+/3sinh e satisfying also the limiting constraint (2.13) for ¢ — 0. The
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deformed simple roots are therefore

- L

& = cosheay + z% sinhe(ay + 2aw), (2.18)
1

ay = cosheay —1—=sinhe(2aq + ay). (2.19)

V3

If we compare these deformed simple roots (2.18) and (2.19) with the de-
formed simple roots in section 1.1.1, we find that they are exactly the same

deformed simple roots.

2.1.2 wy for Aj

We obtain an additional non-equivalent solution when [0, 6.] # 0 by solving
(2.5). For Az we read off from (2.4) that 1 =3, 2 = 2, such that (2.10) leads
to the deformation matrix
011 012 013
O0:= | 6y =05 63 |- (2.20)
O, 0 0%
Substituting this into (2.11) yields a set of constraining equations. Assuming

012 to vanish they simplify to

922 — ‘011|2 - ’913’2, 632 — 17 |911|2 - 0%3 — 1, (221)

9119;1 = 621(‘922 + 91‘3), 911 Re 913 =0. (222)
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Making now only the one further assumption that #;; = cosh ¢ all remaining

entries are fixed by (2.21) and (2.22). We obtain

coshe 0 1sinh e
0:= | (—sinh’%+ Zsinhe) 1 (—sinh®s — isinhe) |- (2.23)
—1sinhe 0 coshe

It is easily verified that the corresponding roots have the desired behaviour
under the CT-transformation, namely wo(&;) = —as, Wo(dz) = —d&2. This
solution does not correspond to a deformation of o4 as now 0oy # o.0,.
In this case the nonsimple roots cannot be constructed from a simple
analogy to the undeformed case as 0. # o. Instead we have to act successively
with 0. on the simple deformed roots. In this way the set of all positive

deformed roots results to

&1 = cosheag +sinheas, (2.24)
& = ag—sinh? g(al +oas) + %sinh e(on — a3), (2.25)
a3 = cosheag —sinheay, (2.26)
&y = coshe(ag + az) —esinhe(ay + as), (2.27)
a5 = coshe(as + az) +sinhe(ag + as), (2.28)

dg = cosheay + cosh? g(al +asz) + %sinh elas —ay).  (2.29)

Notice that the nonsimple roots no are no longer just simple roots added

together.
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2.1.3 wy for A,

For this case we have that the longest element is

0 0 0 -1
0 0 —1 0
W= 09040° = , (2.30)
0 —1 0 0
—1 0 0 0

and it turns out that the deformation of the longest element is of the form

wof- = (B.wp)* where 0. is the deformation matrix in (1.68).

2.1.4 wo for D25+1

For the odd rank subseries we should also be able to construct an alternative

solution by solving (2.11). As a special solution valid for the entire subseries

we find
I 0
0. = R , (2.31)
0 6.
with
1 (—sinh®£ — Lsinhe) (—sinh® £ + Lsinhe)
ée = 0 coshe —sinh e ) (2.32)
0 —1sinh e coshe

and [ = (20—2) x (2¢—2) unit matrix. The solutions (1.78) and (2.31) do not

coincide.
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2.1.5 wWo for EG

We obtain an additional solution by means of the construction laid out in

section 2. As a particular solution we find

10 0 0
01 0 0

0, = , (2.33)
0 0 64 0
00 0 1

with 643 given in (2.23). This means the fact that the subsystem made from
the vertices 3,4 and 5 is identical to A3 also reflects in the solution for the
deformation matrix. Clearly this solution is different from (1.82) as well as
(1.83).

We have constructed a general deformation based on the longest element
of the Coxeter group. However, this deformation is only possible for the
simply-laced algebras. For the A, 4-longest element we have that wyf. =
(O-wo)* where 6. is the deformation matrix constructed in chapter 1.1 for

each case. This is however, not true for the other cases.

2.2 Solutions from folding

One deficiency of the above constructions is that in some cases they do not
lead to any complex solution for A. However, we demonstrate now that in
these cases one may still construct higher dimensional solutions by means of
the so-called folding procedure, see e.g. [40, 75, 76, 77, 78]. This construction

makes use of the fact that some root systems are embedded into larger ones.
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Identifying roots which are related by the involution (2.4), one obtains a root
system associated to a different type of Coxeter group. At the same time we

may use the folding procedure for consistency checks.

B, — A,, We showed that there exist no complex deformations for the
By, _1-series based on the ansatz (1.33). However, making use of the embed-
ding B, — A,, we demonstrate now that one can construct higher dimen-
sional solutions from the reduction of Ay4,_9 to Bsy,_1. We illustrate this in
detail for the particular case of By — Ag. Starting with the solution to the

constraints (1.32) for Ag-deformation matrix
0. =rol+ury (0 —0 ") +us (0 —072) +urs (6° —07?), (2.34)

with ro = coshe and 7, = ry = —ry = 1/y/Tcoshe, we employ the explicit
form for o to obtain the simple deformed Ag-roots from (1.6)
a1 = cosheaq —1/VTsinhe(oq 4 20 + 205 + 20y — 2a4), (2.35)
&y = cosheay + z/\ﬁ sinh e(2a; + 3a + dag + 20y),
a3 = cosheas — z/\ﬁ sinh e(2a; + 4o + 3ag + 204 + 205 + 20),
0y = cosheay + z/ﬁ sinh e(2ayq + 2 + 2a3 + 3y + 4as + 2a5),
a5 = cosheas — z/ﬁ sinh e(2a3 + 4oy + 3as + 204),

Qg = cosheag — z/\/?Sinh £(20q — 2a3 — 204 — 205 — Q).
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Following the folding procedure we can now define deformed simple Bs-roots

as
Bi = & +adg (2.36)
= coshe(a; + ag) — Z/ﬁsinh e[3(a1 — ag) + 2(ae2 — as)],
By = Gg+ as
= coshe(ag + a5) + z/ﬁsinhg[Q(al — g+ a3 — ay) + ag — ag),
By = ds+ du

— coshe(ay + ag) —1/VTsinhe[2(ay — as) 4+ az — ay).

When substituted into (1.1), these roots reproduce the Bs-Cartan matrix, but
it is not possible to express the imaginary part in terms of the undeformed
Bs-roots. As expected from section 1.1.1, it is therefore impossible to find a
three dimensional deformation matrix of the type (1.6). When identifying the
undeformed Ag-roots related by the involution (2.4) according to ay > «g,

a9 <> a5 and ag <> ay, the deformed Bs-roots will all become real.

Fy — Eg Having found some new solutions for a case which could not be
solved previously, let us see next how some solutions we have found are related
to each other through the folding procedure. In analogy to the undeformed
case we may define the deformed Fjy-roots in terms of the deformed Eg-roots

as
2Fy ~ Eg 2Fy ~ Eg RFy

_ ~FEg _ ~Fs _ ~Fs RFy _ ~FEg
1 =0 g, 2" = Q3" +ag, 3t =a,° and (' = a3”.

(2.37)
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This means the Fj-deformation matrix is constructed as

9F4 _

Eg . 2Eg | 2Eg . oE Eg  ,Eg . 2Eg . oE
0104050 +016 +068 015 +055 +015 +057 9E6 + HEG HEG + 9E6
2 2 14 64 12 62

Eg  ,Eg  2Eg | oF Eg  ,Eg , oEg | oF
030 +050 +038 +058 05 +05 +055 +050 9E6 + 0E6 0E6 + QEG
2 2 34 54 32 52

E, E,
64 16 +9466

E E
9216 +9266
2

E, E
9436 +945

E, E,
9236 +925

2

Eg Eg
044 042

Eg Eeg
624 022

(2.38)

In this reduction the two inequivalent deformed FEg-root systems (1.82) and

(1.83) produce the same solution for Fj

To — 1y

9P _ 217y,

—2ry,

2ury,

—2ary,
ro + Dry
—4ary,

2Ty,

—4ary,
8ury,
ro — Oy

27y,

—4ary,
4ary,

— 1

To + 1y

(2.39)

This solution corresponds to a special solution we found in the context of Fj,

namely (1.86) with ry = rg = 0.

Using the same identification between the Fy and FEjg roots as in (2.37),

we obtain from the solution based on the deformation of the longest element

(2.33)
-

1
-

2

2F
3

SF
4

Eg Eg
o+ o,

(coshe — ¢sinhe)aj® + (coshe + 1sinhe)ad®,

(2.40)

1 1
5(1 — coshe +2sinhe)ai® + af® + 5(1 — coshe — 2sinh e)ai®

coshead® +1sinhead®.

When substituted into (1.1), these roots reproduce the Fy-Cartan matrix,

but it is not possible to express them in terms of the undeformed Fj-roots.
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This reflects the fact that the longest elements acts trivially in this case and

therefore also no nontrivial deformation of this involution exists.
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Chapter 3

Non-Hermitian Calogero

models

We have constructed various different types of deformation maps 6 which
replace each root a by a deformed counterpart & as specified above. We will
now employ these constructions and replace the set of n-dynamical variables
x ={x1,...,2,} and their conjugate momenta p = {p1,...,p,} by means of

one deformation maps ¢ : (z,p) — (Z,p).

3.1 The groundstate wavefunctions and eigenen-
ergies in the undeformed case

Let us first generalize Calogero’s construction [42] for the solution of the

[ = 0 wavefunction to generic Coxeter groups WW. We consider the generalized
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Calogero Hamiltonian

Ho(p, CE) = % + WZ Z ((1/ . LE)Q + Z @g'—ax)y (31)

acAt acAt

with g, being real coupling constants, which for the moment may be dif-
ferent for each positive root o € A* associated to any Coxeter group W.

Generalizing [42] we define now the variables

z = H (o) and r? = - Z (a-7)% (3.2)

acAt
where h denotes the dual Coxeter number and ¢, is the (-th symmetrizer of
the incidence matrix I defined through the relation I;;t; = ¢;1;; with ¢ being
the rank of the Coxeter group. We now assume that the wavefunction can

be separated in terms of these variables

Y(x) = P(z,1) = 2 20(r) (3-3)

with x being an undetermined constant for the moment. Using this ansatz

we try to solve the n-body Schrédinger equation in position space Ho(z) =

o n

Ev(z) with p* = 0? . Changing variables for the Laplace operator

=1 "x;*

then yields

_12”: 2_l l 0z 2"r‘ _|_1 1 %4_228702
2 = Ty Ox; SREDY 0x? Ox; Ox; Or

0% 2 ar\> o wr o
ara L _E — 0
+8x? o2 * (8:@) or| T3 ter” + Z (a-x)? o) 0

acAt

(3.4)
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Taking now g, = ga?/2 and using the identities (B.7)-(B.11) from appendix
A this reduces to

{—% [68_7: + [(;{ + %) he 4 (0 + 1)] %%] + %htﬁ} o(r) = Ep(r).
(3.5)

The key feature is that due to the identity (B.7) the first term in (3.4)
combines with part of the potential term to

T Pt

aceAt

This term vanishes when choosing the free parameter « to k = +1/24/1 + 4g.
The positive solution is the only physical acceptable one, as we would obtain
singularities in (3.3) and therefore a nonnormalizable wavefunction otherwise.

The equation (3.5) is a second order differential equation which may be
solved by standard methods. Imposing as usual the physical constraint that

the wavefunction vanishes at infinity, the energy quantizes to

E, = i [<2+h+h\/m>€+8n] \/@w, (3.7)

with corresponding wavefunctions

]Altgw 2 ]Altg 2
n = n _— —_— La . M
on(r) = ¢, exp \/ 5 27" a \/—2 wr (3.8)

Here L%(z) denotes the generalized Laguerre polynomial, ¢, is a normaliza-
tion constant and a = (24 h + hy/T +4g) £/4 — 1.

A key feature of the model is that the last term in the potential in (3.1)
becomes singular whenever z; = z; for any ¢,7 € {1,2,...,n}. This means
that the wavefunction is vanishing at these points and we may encounter

nontrivial phases for any two particle interchange. In fact, as the variable z
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defined in (3.2) is antisymmetric and r symmetric in all variables it is easy

to see that the associated particles obey anyonic statistics

V(X1 Ty Ty ) = €T(20, g, Ty, ), for 1<l <,
(3.9)
with

s=1/2+1/2y/1+ 4g. (3.10)

This feature will change in the deformed case.

When one has bosons the statistics of the particles is
Y(x1, o T, Ty ) = (21,0, X, Ty, ), for 1< j <mn, (3.11)
and for fermions the statistics are

Y(x1, . T, Ty X)) = —(T1, .., T, Ty . T),  for 1 <45 <n.
(3.12)
Anyonic statistics (3.9) can be viewed as a continuous interpolation between
bose and fermionic statistics [79]. When g = 0 then (3.9) gives fermions and

when g = 2 then (3.9) gives bosons.

3.2 The groundstate wavefunctions and eigenen-
ergies in the deformed case

Now we consider the antilinear deformation of the Hamiltonian H,(p, x)

Healpso) =5+ 50 D (@0 + Y (ag—“x)Q (3.13)

aeA+ acAt
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where Ho(p, z) is the undeformed Calogero model. In analogy to the de-
formed case we attempt to solve this model by a similar ansatz, i.e., defining

the variables

1
= [ @2 and F=— ) (a2 (3.14)
acA+ hite aeA+
and separating the wavefunction as
Y(@) = (E,7) = Z/TAV I (7). (3.15)

As a consequence of our construction for the deformed roots in which we de-
manded that inner products are preserved, we find that 7 = r. Furthermore,
we observe that due to this fact the relations (B.2) and (B.4) also hold when
replacing o by & and consequently the solution procedure for the eigenvalue

equation does not change. We obtain
() = p(Z,r) = FPHAVI, (), (3.16)

as solution with ¢, () given in (3.8) and unchanged energy eigenvalues (3.7).
When generalizing the ansatz (3.15) to take also values for [ # 0 into account
the energy eigenvalues will, however, change, as was demonstrated in [41] for
Ay and GG9. The main difference between the deformed and undeformed case
for the solution provided here is the occurrence of the variable 2 instead of
z. As a consequence the wavefunction (3.16) no longer vanishes when two z;
values coincide, which in turn is a reflection of the fact that all singularities
resulting from a two-particle exchange have been regularized through the
deformation. However, we still encounter singularities in the potential when

all n values for the z; coincide. The wavefunction vanishes in this case and
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we obtain nontrivial statistics exchange factors. Let us see in detail for some

concrete models how to obtain nontrivial statistics for an n-particle exchange.

The deformed A;-model

The potential in (3.13) and the variable Z in (3.14) are computed from the
inner products of all 3 roots in AL with the vector x. Using the standard
three dimensional representation for the simple As-roots oy = {1, —1,0} and

as ={0,1,—1}, we find with (2.18) and (2.19)

a1-r = xypcoshe — %(.Ilg + xo93) sinh e, (3.17)
Qoo = x93coshe — %(2721 + x31) sinh e, (3.18)
(Gq +ag)-x = m3coshe + L(.Tlg + x35) sinhe. (3.19)

V3

For convenience we introduced the notation z;; := z; —x;. The new feature of
these models is that the last term in the potential (3.13) resulting from these
products is no longer singular when the position of two particles coincides. It
is easy to see that the P7T-symmetry constructed for the & may be realized

alternatively in the dual space, that is on the level of the dynamical variables

ot Qg > —6[1, Qg 01+ 0o & 11 & To, T3 <> T3, 1 — —1, (320)
e . X s~ o~ ~ ~
05 1 G =g, Q1 > Q1+ A & Ty >3, T T, 10— —1. (3.21)
A crucial difference to the undeformed case is that Z will, unlike z, not vanish

in the two particle scattering process when two positions x; and z; coincide.

In fact in that case z will be purely imaginary as follows directly from the
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PT-symmetry

0% Z(xq,x9,23) = Z%(wg,x1,73) = —Z(71, X2, T3) (3.22)

= Z(x1,x1,73) €1R,
0% Z(x1, 20, 03) = Z'(x1,x3,22) = —Z(21, T2, T3) (3.23)

= Z(xy,x3,73) € 1R,
The remaining possibility Z(zq,xq,x1) € 1R follows from the previous cases
together with the cyclic property Z(z1, e, x3) = Z(x9, 3, 1), which in turn
results when combining (3.22) and (3.23). Under these circumstances a new

symmetry arises

ap = O, ay — —Qg & Q1 — —Qq , Q9 — —Q & T1 = To, To <> T3,
(3.24)

leading to Z(xq, 9, x3) = —Z(x3, x3,x2). By (3.3) this means

(29, 2, 13) = ™Y (23, T3, T2), (3.25)

with s given in (3.10). Hence we obtain a nontrivial exchange factor in the
three-particle scattering process when particle 1 and 2 have the same position
and are simultaneously scattered with particle 3.

Similarly we observe

Qg = 0, ap — —O0 &S o — —661, Qg — —Qg & Ty = X3, T1 <> T9,
(3.26)

leading to Z(x1, 22, x9) = —Z(x9, 22, x1) and therefore

(w1, 9, 29) = ™Y (29, X9, T1). (3.27)
Now a nontrivial exchange factor emerges in the three-particle scattering
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process when particle 2 and 3 have the same position and are simultaneously

scattered with particle 1. We depict various possibilities in Figure 3.1.

Figure 3.1: Anyonic exchange factors for the 3-particle scattering in the As-
model.

T Y z T Y z
) ® ° = ® ° ®
q1 q2 q3 q2 q3 q1
z Yy z Y
® ° = €' T ®
q1 = q2 q3 q3 q1 = Qg2
z Yy z Y
° T = €' TN T
q1 q2 = Q3 G2 = Q3 q1

Notice that the first case in Figure 3.1, leading to a bosons exchange
possesses an analogue in the undeformed case. This process can be viewed
in two alternative ways, either corresponding to two consecutive two particle
exchanges, i.e., 1 <+ 2 and subsequently 1 <> 3, or equivalently to a simulta-
neous three particle scattering process that is the ordering 123 goes to 231
in one scattering event. This is the typical factorization of an n-particle
scattering process into a sequence of two-particle scattering encountered in
integrable models, see e.g. [80]. In fact, as this feature is so central it is often
used synonymously with integrability. In our deformed model we encounter
new possibilities, namely that a compound particle can exist in the first place
and then also scatter with a single particle; giving rise to anyonic exchange

factors in this case.
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Deformed Asz-models

Based on PT-symmetrically deformed Coxeter group factors In
this case the potential and z are computed from the inner products of all 6
roots in AJAﬁg with z. Taking the simple roots in the standard four dimensional
representation a; = {1,—1,0,0}, ap = {0,1,—1,0}, a3 = {0,0,1,—1}, we

evaluate with (1.55) and (1.60)

Gp-x = T43+ coshe(wyn + x34) — 1V/2 cosh € sinh %(3:13 + 294), (3.28)
Gg -2 = x93(2coshe — 1) +12v/2coshe sinh %xu, (3.29)
G3-x = x91 + coshe(xiy + x34) — 1V/2 cosh e sinh %(.Tlg + 294), (3.30)
Q4T = Tg9+ coshe(zyz+ x04) + 1V/2 cosh  sinh %(xm + x34), (3.31)
Gs-x = x31 + coshe(wyz + xo4) + 1V/2 cosh € sinh %(xu + x34), (3.32)
ag-r = x14(2coshe —1) — 1V/2 cosh e sinh %9@3. (3.33)
Once again the last term in the potential (3.13) resulting from these products
is no longer singular in any two particle exchange. However, in this case it

could become singular in two simultaneous two-particle scattering processes,

e.g. 14 = T23 = 0. We may realize the PT-symmetry constructed for the &

ot T o — —6{1, Qp — CN‘CG, a3 — —d37d4 — 5&5, a5 — 6&4, g — 662, (334)
L ~ o~ ~ o~ ~ o~ ~ o~ - ~
0L 1 01— 0y, Qg —> —Q2, O3 —> O5, g — O, &5 —7 O3, (g —» O, (335)
also in the dual space
o T1 — To, Ty — T1, T3 — Ty, Ty —> T3, 1 —> —1, (3.36)

ol T1 — T1, Ty — T3, Ty —> Ta, Ty — Tg, 1 — —1. (3.37)
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As in the Aj-case Z will not vanish when two positions x; and z; coincide,
but once again we may pick up nontrivial exchange factors when involving

all particles in the model in the scattering process. We observe
0% Z(x1, 9, x3,4) = Z*(w9, 71,24, 73) = Z(x1, Ta, T3, 24), (3.38)
0% (21, X, 3, 24) = Z (21,23, %0, T4) = —Z(21, 22,23, 24). (3.39)
Combining (3.38) and (3.39) then yields
Z(xq, 9, T3, 4) = —Z(X9, T4, 1, 23), (3.40)

and therefore we will encounter nontrivial exchange factors in a 4-particle

scattering process
VY(x1, T2, T3, 74) = €7 (22, 14, 1, 73). (3.41)
We depict various possibilities in Figure 3.2.

Figure 3.2: Anyonic exchange factors for the 4-particle scattering in the As-
model.

° ° ° ° = e’ T ° ° °
q1 g2 qs q4 q2 g4 q1 qs
T Y z x Y z
° ® ° = e’ T T °
q1 g2 = Q3 q4 q2 g1 = q4 qs
z Y z Y
® T = e’ ® ®
q1 = q2 q3 = 44 q1 = Qg3 q2 = g4
z Y z Y
o ° = ° o
q1 = g2 = q3 q4 q4 g1 = q2 = Q3

As in the previous case we encounter several possibilities which have no

counterpart in the undeformed case.
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Based on CT-symmetrically deformed longest element We keep now
the representation for the simple roots, but use the construction for the
deformed roots as provided in the second part of section 1.1.1. The potential
is obtained again by computing the inner product of all the roots with the

position vector

ap-x = coshexiy+1sinhexsy, (3.42)
Gy -1 = cosh? gﬂfgg — sinh? %xM + %sinh e(z12 + 43), (3.43)
a3 -x = coshewrsy +1sinhexgy, (3.44)
Qy4-x = cosheriz —1sinhexyy, (3.45)
Qs-x = coshexgy +1sinhexs, (3.46)
ag-x = cosh? §$14 + sinh? %@3 + %sinh e(xa1 + w34). (3.47)

Clearly the potential is different from the one resulting from (3.28)-(3.33).
Despite the fact that it is a simpler potential, it cannot be solved analogously

to the previous case since the crucial relations (B.1)-(B.4) no longer hold.

The deformed Fj;-model

In order to unravel any features which might differ in the non-simply laced
case, which is usually the case, we also present here one example for a
non-simply laced model. To allow a direct comparison with the previous
4-particle case, we have selected Fj. The positive root space AE contains
now 24 roots. Employing the simple roots in the standard four dimensional
representation ay = {0,1,—1,0}, ay = {0,0,1,—1}, a3 = {0,0,0,1} and

ay ={1/2,-1/2,—-1/2,—-1/2} we compute the following factorization for z,
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with each factor corresponding to one of the 24 products @; - x :

(21 coshe + 1sinh exy) (x5 coshe — ¢sinh exs)

X (x3coshe + 1sinhexs) (x4 coshe — 1sinhexy)

X (212 coshe + 1sinh eZ3y) (214 coshe + 1sinh edy)
X (34 coshe + 28inh e215) (w93 cosh e — 1sinh edy3)
X (Z13 coshe + 1sinh 29y ) (94 coshe — 1sinh edy3)
X (Z34 coshe —1sinh exyy) (Z9g cosh e + 1sinh edy3)
X (&1 coshe —1sinh exgy) (T14 coshe — 1sinh exy)

X (w94 coshe + 2sinh exy3) (13 coshe — 1 sinh exyy)

[Z12 + T34 (N
X | ———=coshe — —sinhe(z13 + x34)
. 2 2 -
[ 219 — T34 (2 N
X | ————coshe — —sinh (&9 + 734)
2 2
_$12 — T3y [ A |
X — cosh e + 5 sinhe(x1g + T34)
[ 19 — T34 v
X | ——————coshe + —sinhe(x1y — x34)
. 2 2 -
(219 + T34 [ N
X | ———coshe — —sinhe(z12 — T34)
. 2 2 -
—x12 — T34 (2 A N
X | ———=coshe — = sinhe(Z15 — 34)
2 2
(212 + X34 (0 R N
X B a— coshe + B sinh e(&1o + Z34)
[ 219 + T34 (R . |
X — coshe + 3 sinhe(Z19 — x34) |,

where we used the abbreviation Z;; := ¢;+¢;. Once again, several singularities

have disappeared through the deformation. The P7T-symmetry constructed
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for the simple deformed roots &

™

o_: ap — —&1, Qg9 — O + Qg + 26[3,&3 — —dg, g —> 6&3 -+ 664, (348)

O'i : ap — oq + 5(2, (g —> —6[2, &3 — Qg + 6(3 -+ O~é4, Qy — —664, (349)

is now realized in the dual space as

0% . Ty = Xy, Ty —> Xz, Tz —> To, Ty — —Ty, 1 —> —1, (3.50)
1, . R 1 . R 1
O'i : xr1 — 5(2312 + $34), Ty — 5(5612 — $34), XT3 — 5(5612 — .3634), (351)
1
Ty — 5(1512 + 1‘34), 1 — —1. (352)

Now we observe

0"z = Z'(x1,x3,%9, —14) = Z(71, T2, T3, Tq), (3.53)
e~ sy | T12+ T34 T1o — T34 Tio — Xzg T2+ Ty

_ 3.54

oLz z 9 ) 5 ) 9 ) 9 ( )

= Z(xy, 29, x3,24). (3.55)

A consequence of this we find the symmetry

T13 + Tog T13 — T34 T13 — Tog T13 + Tog

1/J($17'I27:B3;x4) :¢( 9 ) 9 9 9 ) 9

). (3.56)

3.3 A new metric and Hermitian counterpart

As was seen in the previous chapter we have various options for deforming the
Calogero Hamiltonian (3.1). We may consider new types of non-Hermitian

generalisations of Calogero models

2 2
b w Jo <
,HO,E»QQ)? 1’) = E+Z § (Oé'.fL')2+ § : (Oé . x)g? Q; € A7A<€)7Aqa (357)
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or the analogues of Calogero-Moser-Sutherland models when replacing the
rational potential by a trigonometric or elliptic one. The model H. for the
rational potential has been investigated in the previous chapter and was found
to have remarkable properties when compared with the standard undeformed
models Hy. As a result of the deformation into the complex domain the
singularities in the potential are regularized. Therefore the models no longer
have to be defined in separate disjointed regimes and continued by phase
factors corresponding to some selected statistics. As was shown in [67], in
the H.-models the anyonic phase factors are automatically present and the
models can be defined on the entire domain of the configuration space. As a
consequence the energy spectra of these models will also be different. Various
ground state wavefunctions and those corresponding to exited states were
computed in [67] and [41], respectively. Since the Hamiltonians H. , in (3.13)
are not Hermitian the canonical variables p and z are non-observable in
the standard Hilbert space. However, it is by now well understood how to
reconcile this by constructing a well defined metric operator p [81, 82, 83,
84, 85, 86, 87, 88, 89, 13, 90]. One seeks a linear, invertible, Hermitian
and positive operator acting in the Hilbert space, such that H. , becomes a
self-adjoint operator with regard to this metric such that p and x become
observable in this space. For this purpose one constructs a so-called Dyson
map 71 [17][91], which maps the non-Hermitian Hamiltonian H adjointly to

a Hermitian Hamiltonian A

h=nHn'=hl =Y H < Hp=pH with p=n'n.  (3.58)

94



Depending on the assumptions made on the metric such type of Hamiltonians
are referred to with different terminology. When no assumption is made on
the positivity of the p in (3.58), the relation on the right hand side constitutes
the pseudo-Hermiticity condition, see e.g. [92, 93, 10], whenever the operator
p is linear, invertible and Hermitian. In case the operator p is positive but not
invertible this condition is usually referred to as quasi-Hermiticity [15, 17].
Different terminology is used at times with a less clear meaning.

In general we cannot map the Hamiltonians H. , to some Hermitian coun-
terparts in a very obvious way, but in some case we can provide the explicit
transformation 7. We recall that the rotations in (1.149) on two variables can

be realized by means of the angular momentum operators L;; = z;p; — ;p;

Z; Z; Zi\ _ o
(@) R’”’(zj) ‘”Z‘j(z)”ifv for 2 € {,p}, n; = P57,
(3.59)

Noting furthermore that
HO(ﬁa i‘) :H5<pa .ZL'), (360)

we can find many explicit transformations of the type (3.58), which map

these Hamiltonians to some isospectral Hermitian counterpart

Ho(p, ) = nHe(p,x)n " (3.61)

For instance for the B,-models based on the deformations (1.149) the Dyson

map is simply

=10 151 56 - - Mgy o1y (3.62)

In other cases based on special orthogonal groups the rotations involved
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might not commute. For instance, for the Bs-model based on the deformation
(1.136) with ro = cosh® ¢ we find that
T =0:x = Ry RyRsuRiyw =nan™,  with n =150 mansan - (3.63)

When the deformation in the configuration space is not based on rotations
such that inner products are not preserved it remains a challenge to find the
corresponding Dyson maps and isospectral Hermitian counterparts. We also

leave the investigation for the H,(p, z)-models for further investigations.
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Chapter 4

Non-Hermitian affine Toda

theories

One of the main obstacles to overcome when passing from a classical descrip-
tion of a field theory to a full-fledged quantum field theory is renormalisation.
In 141 space-time dimensions many miracles occur which allow one to ex-
press a number of physical quantities in an exact, that is non-perturbative,
manner. In particular it is possible to formulate classical Lagrangians which
are in some sense exact from the quantum field theoretical point of view.
The classical affine Toda field theory is a prototype for this kind of be-
haviour and has the remarkable property that its classical mass ratios that
remain preserved in the quantum field theory after renormalisation, when-
ever the associated Lie algebra is simply laced [48, 49, 50, 51, 52, 53, 54, 55].
This property ceases to be valid when the algebra becomes non-simply laced
[56, 57, 58, 59, 60, 61, 47, 62], in which case one has to consider a dual pair

of affine Lie algebras [63] and the quantum mass ratios interpolate via an
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effective coupling constant between the values obtained from these two alge-
bras. In the strong and weak limit of the coupling constant either of these
two cases is obtained.

One may now pose the question whether it is also possible to formulate
some naturally modified Lagrangians for non-simply laced algebras which
already capture some exact features from the quantum level, such as pre-
serving the classical mass ratios when renormalised. In addition, we may
study models in which the roots are elements of the antilinearly invariant
space. In terms of simple roots we consider now the three different versions

of affine Toda field theories defined by the Lagrangians

0 4
1 m?2 3 -
Loeq:= 3 E 0,0:0"¢; — ﬁ E n; e, a; € A Ae), A, (4.1)
i=1 i—0

The Lagrangian L, corresponds to the standard version whereas L., are
newly proposed models. The ¢ components of ¢ are real scalar fields, m an
overall mass scale and the ( is the coupling constant. The a’s are simple
roots with ag being the negative of the longest root, whose expansion in
terms of simple roots in the relevant spaces ag = — Zle n;a; is the defining
relation for the integers n;, often referred to as Kac labels. The Ly theories
are known to fall roughly into two different classes characterized by [ taken
to be either real or purely complex in which case the Yang-Baxter equation
obeyed by the scattering matrix is either trivial or non-trivial, respectively.
When g € iR the theory is in general non-Hermitian, except for the A,-case
corresponding to the sine-Gordon model, but the classical mass spectra were
still found to be real and stable with respect to small perturbations [94].

Here we conjecture that the £, ;-models are also meaningful.
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The classical mass matrix for the scalar fields is simply given by the
quadratic term in the fields of the Lagrangian and is easily extracted from

the formulation (4.1)

a—a’

¢
ij = m? Znaai o? a; € A, Ae), A, (4.2)
a=0
The mathematical fact that the overall length of the roots is a matter of

convention is reflected in the physical property that the overall mass scale is

not fixed. This is captured in the constant m.

4.1 Construction of Q-deformed Coxeter groups

Mainly motivated by an applications to affine Toda field theories in mind,
we provide in this section a construction for ¢g-deformed roots, meaning that

we are seeking a map
d;: ACR"— A, C R"[¢q], a o, = 0,0, (4.3)

with R"[¢] denoting a polynomial ring in ¢ € C. In this case the complex
deformation matrix ©, depends on the deformation ¢ in such a way that
lim,,; ©, = I. Our construction is centered on a g-deformation of the Cox-
eter element in the factorized form already used in this manuscript o := o_o
as introduced in [47, 62]

o, =0lr0l T, . (4.4)

The deformations of the Coxeter factors o, are defined by

ol = H ol | (4.5)

eV
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where the product is taken over ¢-deformed Weyl reflections, whose action

on simple roots a; € A is given as
of () = aj — (26;; — [I;i] )i - (4.6)

We employed here one of the standard definition for a g-deformed integer!

q —q"

T (4.7)

[n]q :=
A further deformation in ¢ results from the map 7, also employed in (4.4)
(i) = ¢"a; (4.8)

where I = 2[—K is the incidence matrix, I is the unit matrix and K is the
Cartan matrix (1.1). The integers ¢; are the symmetrizers of the incidence
matrix I, i.e., I;;t; = I;;t;. From these definitions it is evident the g-deformed
Coxeter element is only different from the ordinary one when the associated
Weyl group is related to non-simply laced algebras.

Since o, is defined by its action on the simple roots «, it is natural to
seek an operator O, acting on elements o, € A, with the appropriate limit
lim,,; O, = 0. Recalling that the order of o is the Coxeter number £,
i.e., 0" =1, whereas the order of g, is deformed o) = ¢*", it is obvious that
the relation cannot be a simple similarity transformation. Here H is the ¢-th
Coxeter number of the dual algebra, see e.g. [63] for more details. Therefore

we make the ansatz
o0 = qQH/h@q_la@q a = qQH/hG);lU Q. (4.9)

and readily identify the operator O, = ¢*#/"©_'o. The relation (4.9) serves

'We will frequently use the identities [1], =1, 2], =¢+¢ ' and [3], =14+ ¢* + ¢ %
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as the defining relation for the g-deformed simple roots a;, = 0, av.
In analogy to the undeformed situation we introduce a ¢-deformed simple
root dressed by a colour value as a separate quantity (v,), := ¢; (ag),. This

serves as a representant to introduce the g-deformed Coxeter orbits

(Qq)i = {(’Yq)i O (7q)i yeo >‘7h71 (’Vq)i} . (4-10)

The entire g-deformed root system A, is then spanned by the union of all ¢

g-deformed Coxeter orbits

A, = O Q) - (4.11)

At this stage it is not obvious under which type of symmetry A, remains

mvariant.

4.2 The g-deformed root space for (02(1), DéQ))

Let is now illustrate the working of the above formulae with a simple explicit
example. The incidence matrix for C5 is in this case defined as [;5 = 1,
I5; = 2, such that the symmetrizers are t; = 1 and t; = 2. The Coxeter

numbers are h = 4 and H = 6. Therefore we obtain

-1 0 1 1 g 1
ol = , ol = , Tg= :
2], 1 0 —1 0 ¢
-1 —q
o, = ¢ : (4.12)
2, 1
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Solving equation (4.9) then yields the deformed roots

q
= — 4.13
(ag)y T + 1T+ q(h ra)a, (4.13)
Ty + (re — 2r1) ¢
(ag)y = e Qq + a0, (4.14)
where 71, 7, depend on ¢ with the limiting behaviour lim,,;7; = 1 and

limq_>1 To = 1.
We have now constructed a systematic method for g-deformations of Cox-
eter elements and substantiated the construction with a concrete example.

We will apply this deformation to a physical model.

4.3 The mass spectrum of (C’él), D§2))—£q

Taking the two g-deformed simple roots to be of the form (4.13), (4.14), not-
ing that the Kac labels for Cy are n; = 2, ny = 1 and using the non-standard
representation for the undeformed Cy-roots ay = {0,1}, ay = {1, -1} we
compute the mass matrix in (4.2). The virtue of this basis is that in the
limit ¢ — 1 the mass matrix is diagonal. For ¢ # 1 the direct evaluation

leads to a nondiagonal matrix. However, imposing the additional constraint

3¢ —5q+2+ (¢+ 1)4/(16 — 7q)g — 8

ro — , 4.15
2 19 2(2q3_q2+q_1) ( )
eliminates the off-diagonal elements. We obtain
2¢° + 8¢ — 7 1—2¢°
VY o ekl Rl Sk 0L
(1-2¢°+¢* —q)
(4.16)

M - 7‘2q11q5 —18¢* +19¢% — 10¢> + ¢ + (¢* + 2¢* — 3¢* +2¢ — 1) &
” 1 (2¢° — ¢ +q—1)° ’

(4.17)
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with m; = My, ms = M,y being the classical masses of the two scalar
fields and we abbreviate £ = \/16q — 7¢®> — 8. As can be found in the above
mentioned literature, the quantum mass ratios of the Ly-theory are given by

2H 3

my  sin[5(6 — B)n)
HB + 4nlh’

= &) , with B =
12

(4.18)

ms cos (
where B € [0, 2] denotes the effective coupling constant. From (4.16), (4.17)
and (4.18) we can therefore fix the deformation parameter such that the
quantum mass ratios of Ly correspond to the classical mass ratios of £,. We
find
1

q = : (4.19)
1+ \/3 (cos%—l—sin%) +251n% —

1 /7% TnB  19373/2B3/2 9572 B2
= 1-=4/—VB — O (B*?Y4.20
2V 6 + 24 1924/42 + 1152 +0 (B**)4.20)

Notice that deformation parameter g(B) is a decreasing real valued function
of B taking values between 1 and =~ 0.435936. Consequently the coefficients
in (4.13) and (4.14) in front of the simple roots acquire a complex part when
the effective coupling constant varies between 0 and 2. We find that the
classical mass spectrum of £, equals the quantum mass spectrum of £,. One

may now seek to generalise this behaviour for other algebras.
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Chapter 5

Conclusion

In this thesis we have systematically formulated several different construction
methods for antilinearly deformed complex root spaces. Firstly we proposed
a construction that is based on two arbitrary elements of the Coxeter group.
These elements are then employed as analogues to the P-operator, which
together with complex conjugation constitutes our analogue PT-operator.
The construction is of such a nature that the entire root space remains in-
variant under the antilinear deformation. We then extend this construction
to a specific choice for the elements of the Coxeter group, namely the factors
of the Coxeter element.

After solving this particular choice on a case-by-case basis we found that
there are some cases where the deformation leads to a trivial solution. To
address the fact that there were some groups that only resulted in a trivial
solution, we modified the formulation of the specific Coxeter element to that
of a newly reduced Coxeter element, which is of a lower rank than the original

element. This leads to a large amount of possible choices for the elements
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we want to employ as a P-transformation, however, we did find that many
of these elements lie in the same similarity class. By making use of some
identities we even proved how the elements of some of these similarity classes
are related to each other.

We found that after deforming certain orthogonal groups that we could
identify in the dual space their corresponding rotations. In addition we found
that it is possible to operate in the opposite direction, by starting with a
rotation in the dual space and then identifying their corresponding roots.

Another method of construction of an antilinear operator is that of the
longest element. A specific feature of this deformation type is that it leads
to a unique PT-symmetry. One drawback about this construction is that it
is limited to only some of the Coxeter groups, namely A,,, D, 1 and Eg.

We show that a construction based on the deformation of the Weyl reflec-
tions themselves, can only be consistently formulated for the rank 2 algebras
and cannot be generalized to higher ranking algebras, this was explicitly done
in [41][34].

The key point behind these constructions is that non-Hermitian Hamil-
tonians that admit antilinear symmetry will have real eigenvalues when their
eigenfunctions also possess the same symmetry. Since models such as Calogero
models and Toda field theories can be related to root spaces [38][39][40], the
task of identifying the symmetries of the deformations of these models be-
come significantly easier if one deforms the root spaces these models are
related to.

After constructing the deformed root spaces, we applied them to some

physical models, namely Calogero models and Toda field theories. For the
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Calogero system this deformation eliminates the singularities that exist in
the potential of the undeformed model when two particles’ position coincide
or are exchanged. However, one might still pick up a phase when the position
of two particles are exchanged or coincide,which is due to anyonic exchange
factors. After building a general solution for the undeformed Calogero model,
that is independent of the root space it is based on, we extended this same
general solution to the deformed case and were able to find the ground state
eigenvalues of the deformed model. We were even able to construct a Dyson
map 7, that relates non-Hermitian Hamiltonian H. , to some Hermitian coun-
terpart. This is a very difficult task and we were able to do it for specific
cases, however, formulating a construction for this Dyson map independent
of the algebra representation remains an open problem.

After analyzing the above mentioned constructions we turned our atten-
tion to ¢-deformed Coxeter elements, which we still aimed to be antilinearly
deformed, however, with a different physical model in mind. We applied
these g-deformed Coxeter elements to affine Toda field theories and we found
that mass ratios between the classical case and the quantum case, for all
orders of the coupling constant, are identical.

There are several questions that one can still ask about these models and
the deformations. One of which is what will happen if we were to relax the
constraint where we demanded the preservation of the inner products between
the deformed and undeformed roots. Naturally this will lead to more free
parameters in the deformation matrix, which might not be straightforward
to solve, as one might have to make some choices for some. Another natural

question to ask is can we find the eigenvalues of the excited states of the
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deformed Calogero model. We may also ask ourselves the Lax pairs for these
models, so as to completely prove their integrability. Additionally, a rigorous,
algebra independent proof for the identities used to construct the general
solution of the Calogero Hamiltonian is yet to be formulated. Furthermore,
one may ask how these deformations would act upon new other models that

are based on roots.
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Appendix A

Coxeter Groups

Figure A.1: The Dynkin diagrams for the Coxeter groups.|[3]

ap O 3 Qu_1 Qy o Qg Q3 Qu_1 Oy
Aj: o—eo—o---0—0 B: o—e—0 - -0—=0

Qly
®
a1 oy g Oy a1 Qo Q3 Qg
Dy: o—e—eo - F,: oe—e——eo—o
(&7
9 9
Q; a3 IOé4 Qa5 Qg ;O3 g Q5 Qg Q7
Eg: o—e o—e [,. eo—e o—o—o
(&%)
;a3 IOé4 Qs Qg Q7 Q08 a1 Q9
Ey: o—e o—o o o Gy: e=e

A.1 Case-by-case data

For convenience we present in this appendix some numerical data for individ-
ual Coxeter groups. We present the values for the Coxeter number h defined

as the total number of roots divided by the rank, the order of the Coxeter
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element o or 1 —i—Zle n; when the highest root is expressed in terms of simple
roots as Zle n;c;. The dual Coxeter number is defined in the same way as
the Coxeter number for the situation in which the arrows on the affine Dia-
gram have been reversed. The exponents s,, are related to the eigenvalues of
the Coxeter element as defined in (1.38) and ¢, is the /-th symmetrizer of the
incidence matrix I defined by means of the relation I;;t; = t;1;;. Additionally

we give the number of roots N for each Coxeter group

w N h h Sn 177
A | N(IN+1) | ¢+1 | £+1 [1,2,3,...,¢ 1
By 2N? 20 | 20—111,3,5,...,20—1 1
Cy 2N? 20 (+1 {1,3,5,...,20—1 2

Dy || N(N=1)|2¢0—2|20—2|1,3,...0—1,...,20—-3| 1

Es 72 12 12 | 1,4,57,8,11 1
E; 126 18 18 |1,5,7,9,11,13,17 1
Ey 240 30 30 |1,7,11,13,17,19,23,29 | 1
F, 48 12 9 |1,57,11 1
Gy 12 6 4 1,5 3
Hs 30 10 10 | 1,59 1
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Appendix B

Identities

We assemble here the crucial identities for the derivation of (3.5). Underlying

are the generic relations which only involve roots and the dynamical variables

q={q,...,q.}

B o?
Q,BZG:M (a-q)(B-q) a§+ (@ q)? (B.1)
a%f”ﬁ)gg:g - #t" (B.2)
> @B aa@-a = bty (a-g)? )

a,BeAT =
Z &2 = giltg <B4)

acAt

At present we do not have a generic proof for these relations. Evidence
on a case-by-case basis for the first identity was already provided in [95].
Here we have verified (B.2) and (B.3) for a large number of Coxeter groups.

Denoting by ng, o and n;, o? the number and length of the short and long
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roots, respectively, (B.4) follows from
2 Ms 5 M o 0f a 7
a§+ a’ = o + 55U =5 <nsa—l2 + nl> = (hty, (B.5)
where we used n,02/a2 + n; = Ch, which can be found for instance in [96]
and o} = 2t,.
Accepting these relations the identities involving derivatives of r and z

are easily derived. From (3.2) follows

0z ot or 1 4
=z and = — o-q)alt. B.6
0= 2 o0 i 20 (B.6)

Multiplying them and summing over the dynamical variables gives

" 02\ o a-f3 o o?
Z(aqi) =7 oo Xy B

i=1 a,BEAT aEAT
"L 0z Or 2 (-q) hlz
. (a-p)a 9 _htz (B.5)
— 0q; 0q; hter aﬂze;+ )(ﬁ -q) 2 r
Z(a) = L Y wheaBo=1 (B9
2 \o0) = e 2, / |

where we have used (B.1) in (B.7), (B.2) in (B.8) and (B.3) in (B.9). Fur-
thermore we need the sums over the second order derivatives. From (B.6) we

obtain with the help of (B.1) and (B.2)

L Ry B a-f B a? B
Za—cﬁ =l 2 (@-q)(B-q) Z( =0 (B10)

i=1 i a,BeAT aeAt OC'Q)Q
" 0% 1 ) 1
o5 = o’ — — (a-B)(a-q)(B-q) (B.11)
; g} rht, aGZA"‘ r3ht, a,%+
-1
- —
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Appendix C

Similarity Classes

In this appendix we provide more examples of reduced root spaces generated
from different types of classes. We exhibit also the action of ¢4 on the simple
roots from which one can easily infer the invariance of the entire root space.

We use the same conventions as for the tables 2 and 3.

C.1 Ag-Root spaces based on the class 2{172’37475_3}

and their invariance

5'(1) (0%} (6) 3 Qg Qg | Qg | A7 | (g

g1 | -1,2] 1,2,3 | —-2,3| 2,34 | 5|6 | 7|8

s* | _3 -2 ~1 1,234 5|6 |78

s’ 2.3 | -1,2,3| 1,2 3,4 516|718

&Y -1 | 1,23 | -3 3,4 51678

AR —2 2,3 4 516 7|8
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1,2 3,4 6|78
1,2,3,4| -4 6|78
1,2,3 | —,2,3 3,456 |78
1 2,3 6|7]8
1,2 -2 6|78
1] 2,34 | -3,4 4,56 |78
1]2,3,45| -5 3,4,5,6 | 7|8
1] 2,3 | 4,5 56 |78
1] 2,3 -3 56 |7]8
1 2 3,4 6 718
12| 3,4 | 5,6 6,7 |8
1]2]3,4,56| —6 4,5,6,7 | 8
12| 3,45 | -4,5 56,7 |8
12 3 4,5 7 |8
12| 3,4 —4 6,7 |8
1123 4,56 ~6,7| 6,7,8
12/3]4,5,6,7 5,6,7,8
11213 4,5 56 | 7.8
11213 4,5 7,8
1123 4 6,7 8




g® 1 112(314 5,6 7.8 | -6,7.8| 6,7

©*11]12(34/56,7,8| —8 -7 —6

©* 111234 56,7 | -6,7| 6,7,8 | —-7,8

&9 [112(34| 5 6,7 —7 7.8
g9 11]2]34] 5,6 —6 | 6,7,8 | -8

C.2 Ag-Root spaces based on the class

Xg19234 -4 and their invariance

&(is9) aq Qs o o as | ag | ar | oy

gD | —1,2| 1,2,3 | —2,3(2,3,45|-5|56| 7|8

LD | _3 ) -1 1,234 5|6 | 7|8

gV 23 | -1,2,3| 1,2 | 3,45 | -5|56| 7|8

sV 1 | 1,23 | -3 | 3,45 | -5(56| 78
s 12 —2 2,3 4 506|718

A 1,2 3.4 | —2,3,4| 2,3 | 456 | —6[6,7]8

@D 11,234 -4 -3 -2 12,345 6 | 7 |8

@V 123 | —2,3| 2,34 | -3,4(3,4,56| —6|6,7 |8

5 1 2.3 -3 3,4 5 6 | 7 |8
sV 12 | -2 | 234 | -4 | 456 | —6|6,7|8
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g3 1 1] 2,3,4 | -3,4| 3,45 | —4,5(4,5,6,7| -7|7,8
@D 112,345 —5 —4 -3 13,4,56| 7 | 8
gBD* 1] 2,3 45 | -3,4,5| 3,4 | 56,7 | -7|78
sOY 1] 2.3 3 | 345 | -5 | 56,7 | -7|7,8
500 |1 2 3,4 —4 4,5 6 7| 8
g® 12| 3,4 56 | —4,5,6| 4,5 | 6,7,8 | =8
g4D* 11123,4,5,6| —6 -5 —4 |4,5,6,7| 8
WV 1 1|2] 3,45 | -4,5| 4,56 | —5,6 | 5,6,7,8 | —8
g4 112 3 4,5 —5 5,6 7 8
WD 112 3,4 —4 | 456 | —6 | 6,7,8 | -8
C.3 Ag-Root spaces based on the class
Xg192340-4 and their invariance
i) | oy Qo as ay as ag ar | as
12 | —111,2,3,4| -3,4| 3,45 | —4,5| 4,56 | 7 | 8
5127 | 1 123,45 -5 —4 —3 13,4,5,6| 7| 8
512 | 1] 1,23 | 4,5 | —3,4,5| 3.4 56 | 7|8
g3 | 1] 1,2,3 | =3 | 3,45 | -5 56 | 7|8
s |1 2 3,4 —4 4,5 6 7|8
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22 11,21 -2 2,3,4 | 5,6 | —4,5,6 | 4,5 6,7 |8
@2 1 | 2 13,4,56| —6 -5 4,5,6,7| 8
5@2% 1121 -2123,45| -4,5| 4,5,6 | —5,6 | 56,7 |8
g3 1] 2 3 4,5 -5 5,6 718
502 11,2 =2 2,34 | —4 | 4,56 6,7 |8
532 11(23|-3|3,4,5,6| -5,6| 56,7 | —6,7| 6,7,8
gB2* 11| 2 | 3 (4,567 -7 —6 5,6,7,8
2% 1 1]2,3]-3] 3,45 | 6,7 | -5,6,7| 5,6 7,8
s 11123 -3| 345 | -5 | 567 | -7 | 7.8
58P 11| 2 | 3 4 5,6 —6 6,7 8
42 1 1(12(3,4|—-4| 4,56 | 7,8 | —6,7,8| 6,7
@2 1 1]2] 3 | 4 |56,7,8| —8 —6
g2 111234 —41]4,56,7| —6,7 —-7.8
42 1 112] 3 | 4 5 6,7 7,8
502 112034 —4| 456 | —6 —8
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