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PREFACE

The objective of this essay is to provide a guide to the history of actuarial science until the
early part of the twentieth century by identifying and commenting on over 100 landmark works.
A difficulty immediately arises in defining the boundaries of a subject, especially when that
subject is in its embryonic state. Given the constraints of time and space, we have decided to
exclude items that specifically and exclusively deal with contiguous subject areas like
demography and compound interest. However, the reader will find some comments on topics
other than actuarial science. The range of material available, even in a specialist area like
actuarial science, is very wide but this collection aims at being representative and capturing the
major contributions to the subject, the major issues, developments and debates.

In deciding on which contributions to include in the listing of landmark works we have
attempted to apply the following criteria consistently and have sought works that satisfy at least
one of these criteria. Firstly, a work should be intellectually important. Secondly, it should
have changed an aspect of theory or practice significantly. Thirdly, a work should be new and
should have made a significant impact on theory or practice. We have also attempted to ensure
that the items chosen are illustrative of the broad sweep of actuarial theory and practice.

In choosing a cut off date for this project, we have been mindful of the need to stand back from
the development of actuarial science. A date too close to the modern day would make the
judgement of significance difficult not least because of the short span of time that would have
elapsed. A date at the start of the century allows us to see the direct descendants of much of
what today is accepted and commonplace.

Another problem has been the allocation of works to themes when many contributions clearly
straddle a number of different aspects of actuarial science. To avoid repetition we have
allocated a work to the theme that seems to be most appropriate and in the text we have
attempted to draw attention to the scope of each work.

In a project of this kind there are bound to be differences of view and judgement on what
should be included. Each expert will doubtless find fault when it comes to his/her own area,
but it is hoped that overall we have captured the major contributions.

There is a preponderance of works that appeared originally in English or were translated into
English: in making this selection we have striven against the possibility of bias that might arise
from our familiarity with English ideas and methodologies. The reader will be able to judge
how successful we have been in attaining this particular objective.



I have been fortunate in being able to work alongside Trevor Sibbett who is a respected
"amateur" historian of matters actuarial and I should like to acknowledge his assistance,

guidance and forbearance. However, any errors remaining in this essay are entirely my
responsibility.

Trevor and I should like also to acknowledge the sterling support and considerable assistance

we received from the staff of the Institute of Actuaries’ Library, in particular Sally Grover and
Roy Park.

The essay is a modified version of the introdutory essay included in Haberman and Sibbett
(1995) which includes reproductions of the landmark works, and complete translations into
English, as well as accompanying text notes. It is hoped that this will prove to be a valuable
primary source and a reference collection for research workers in the future which will provide
easy access to the most important contributions to this particular body of literature.



LANDMARKS IN THE HISTORY OF ACTUARIAL SCIENCE

INTRODUCTION

The origins of actuarial science lie in the seventeenth century. During this period, commercial
needs gave rise to transactions involving compound interest, marine insurance was
commonplace and the algebra of life annuities came into existence. Indeed, valuation
techniques for financial transactions were known even in ancient Roman times and became of
increasing importance as world trade developed after 1500.

During the 16th Century, some of the European writers on arithmetic such as Simon Stevin and
Jan Trenchant devoted some space to elementary problems in compound interest. There were
no actuaries in the formal sense at that time. The nearest equivalent was the mathematical
practitioner, a consultant who would tackle all kinds of problems on request from commercial
matters to navigation. Richard Witt was one such; he practised in London in the early 1600’s
and wrote the first comprehensive book in English on compound interest. But Witt’s book did
not venture into life insurance mathematics and it was not until later in the 17th Century that
the necessary tools became available. One such was the developing science of probability;
another was the concept of the life table based on mortality investigations, the first published
example being that of John Graunt in 1662.

Thus, by 1670 two of the main foundations of actuarial science were firmly in place: compound
interest, probability theory and the life table. These tools were employed almost immediately
by the Dutch prime minister, Jan de Witt, to investigate the value of Government life annuities.
But his treatise, although of considerable merit, remained unnoticed for many years and did not
influence the development of actuarial science. Then, in 1693 Edmund Halley, the British
mathematician, published his famous Royal Society paper, describing the construction of the
life table from observations. He also set down the method for valuing life annuities, which is,
in essence, the same as that used today.

Actuarial science had thus arguably been born, and by 1700 the way was open for the
techniques to be applied for commercial purposes. At this time, life annuities were bought and
sold freely, although in the main their values were not properly calculated. Life assurance
consisted mainly of short term risk-only contracts purchased by single premium from an
individual underwriter, the premiums being assessed on the basis of the underwriter’s
experience and judgement, but with no formal scientific basis. Early in the 18th Century the
Amicable Society established life assurance on a basis which involved some build-up of funds
Or reserves.

Some of the pioneers in the 1700s and 1800s were eminent scientists and mathematicians who
became interested in actuarial problems. Thus, we find Leonhard Euler, James and Daniel
Bernoulli, Carl Friedrich Gauss, Abraham de Moivre, Benjamin Gompertz becoming involved
in the science and making significant contributions. In the UK, many papers on actuarial
matters were read before the Royal Society, there being no other formal theatre for discussion.

The 1800s saw the establishment of many life assurance companies in the UK and elsewhere,
operating on a scientific basis following the pioneering work of James Dodson and Richard
Price. A wide range of level annual premium contracts was available to the public. Annuities
were calculated by proper methods and the dangers of inappropriate mortality tables became
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known. Life insurance mathematics, compound interest and probability theory were then at an
advanced state of development, and mortality tables had developed from crude tabulations of
deaths to properly calculated and considered works. The first table of life assurance mortality
from pooled data was published in 1843, as also was English Life Table No. 1, for the national
population. The collection and analysis of sickness statistics were under way, but the level of
attainment was still fairly crude.

By the mid nineteenth century, a considerable amount of fundamental work had been
completed. There then followed a rapid expansion in the refinement and practical application
of actuarial theory. Life insurance business was expanding rapidly and many actuaries were
employed in the industry on a full-time basis. The Institute of Actuaries was established in
1848 and the Faculty of Actuaries in 1856, providing the first dedicated actuarial publication
media, respectively the Journal and the Transactions. The first text books began to appear for
assisting students to pass professional examinations. A steady stream of significant papers on
actuarial theory and practice was published in these journals, together with translations of
significant contributions from continental Europe.

A statutory system of actuarial supervision of life insurance began with Massachusetts
legislative session of 1858 and the Life Assurance Companies Act of 1870 in the UK. This
latter piece of legislation was the first detailed statutory framework regulating the life assurance
business, Parliament having chosen the "freedom with publicity" principle; this led to debates
on the relative merits of the bonus reserve and the net premium valuation methods. The 1860s
had earlier seen the invention of the contribution method of the distribution of surplus, almost
universally used in life assurance practice in North America. In the US, the Actuarial Society
of America was founded in 1880, the forerunner of the Society of Actuaries and the Casualty
Actuarial Society in 1914.

Among the significant contributions of the period up to the early part of our current century
is the appearance of Makeham’s formula for the force of mortality which was found able to
represent faithfully much published mortality data for the next 100 years. We also find the
development of different approaches to graduation; the publication of premium conversion
tables which eased the burden of calculating life insurance premiums in the days before
calculating machines became generally available; the development of analysis of surplus,
whereby the causes of the surplus or deficiency emerging in any type of valuation can be
revealed and further analysed; the development of risk and credibility theory; the development
of the mathematical theory of multiple decrement and multiple state models; the systematic
presentation of pension fund valuation ideas and formulae; the formulation of the principles of
institutional investment; the agreement on a standard actuarial notation which provided a
language to facilitate international dialogue. We also note the important creation of the
International Actuarial Association in 1895 which over the last 100 years has fostered and
encouraged the development of actuarial ideas and the actuarial profession around the world,
and has provided a forum for international meetings and the cross-fertilisation of ideas.

To simplify the presentation, the discussion is now split up according to the following themes:

1. Life Tables and Survival Model
2. Life Insurance Mathematics

3. Life Insurance

4, Pensions

5. Investment



Risk Theory and Non-Life Insurance

Multiple Decrement and Multiple State Models
Health and Sickness Insurance

Experience Studies and Estimation of Rates

0.  Graduations of Decremental Rates

S0P

and these are now considered in turn. The landmark works themselves are listed in the
Appendix, categorised by theme and chronology.

Life Tables and Survival Model

The first noteworthy writings on the survival model and what came to be called the life table
is Ulpian’s Table, dating from around 220. The calculations were intended for the valuation
of annuities as relating to legacies. The interpretation of the numbers is unclear and it is
possible that Ulpianus may have derived the figures from actual observations rather than
guesswork alone, although Greenwood (1940) presents strong doubts with the conviction that
Ulpianus merely interpolated between legal maximum and minimum estimates for the
expectation of life. Still the Table was authorised for the valuation of life annuities by the
Government of Tuscany in 1814. Mays (1971) provides some further analysis of this work.

The period before the nineteenth century was characterised by high levels of mortality in
Europe. One of the main contributing factors was the incidence of epidemic diseases, among
which the plague was the worst. After the Black Death in 1348-1350, the plague recurred
frequently for nearly four centuries. As Hald describes, an early "warning system" was set up
in London in the 1530’s by requesting the parish clerks to submit weekly reports on the number
of plague deaths and all other deaths in case of an incipient outbreak. These weekly "bills" of
mortality served to warn the authorities when measures should be taken against the epidemic
and to warn the wealthy echelons of society when they should escape to the country. Starting
in 1604, weekly bills of mortality for the parishes of London were published by the Company
of Parish Clerks, and a bill for the whole year was published at the end of each year, in printed
form from 1625. The ages of the deceased were not recorded before 1728. The weekly bills
were published regularly until 1842 when they were superseded by publications from the
Registrar General.

As Hald (1990) notes, "this large amount of data had not been analysed statistically before John
Graunt published his book in 1662", a remarkable work which "is widely regarded as a
landmark in the descriptive and statistical analysis of demographic data". Graunt’s critical
appraisal of the rather unreliable data that had been collected, his development of concepts and
techniques relevant for the analysis of that information, his consideration of errors and
ambiguities in the data, his study of mortality by cause of death, his estimation of the same
quantity by several different methods, his demonstration of the stability of statistical ratios and
his creation of the life table all set new standards for reasoning. Graunt’s work led to further
investigations along three different avenues: "political arithmetic" or demography; testing the
stability of ratios; the calculation of survivorship probabilities and expectations of life: Hald
(1990). We are concerned with the third of these avenues. However, it is worth noting in
passing that Graunt’s work on political arithmetic was immediately taken up by William Petty
who first coined this particular phrase (see Hull (1899)).



As some commentators have mentioned, there are some errors in Graunt’s work on the life
table (see Westergaard (1932) and Glass (1950, 1964)). For example, he did not fully
appreciate the relationship between the life table and the age distribution and size of the
corresponding stationary population and indeed confuses these concepts. We should, however,
recognise the pioneering nature of this work, which had immense influence. Thus, bills of
mortality were introduced in other cities (for example, Paris in 1667). His methods of
statistical and demographic analysis were adopted in England, France, the Netherlands and
Germany and led ultimately to the creation of government statistical offices. Some would argue
that, although Graunt was the first to describe the dying out of a population cohort, he did not
compile the first life table in the modern actuarial sense (Sutherland (1963)). This concept
was, nevertheless, picked up by the Huygens brothers, improved upon by de Witt and Halley
and subsequently became a key tool in medical statistics and demography as well as actuarial
science.

There was speculation for some time that Graunt’s book was, in fact, written by Petty but this
argument has been effectively disposed of by Glass (1964) and Sutherland (1963), inter alia.

As is clear from the discussion, there exists a large literature about Graunt’s work. Most
recently, Kreager (1988) casts new light on Graunt’s book and connects his techniques with
common bookkeeping.

The first authors to have used Graunt’s life table were Christiaan and Lodewijk Huygens who
corresponded in 1669 on a probabilistic interpretation of the life table. They considered the
calculation of the average age at death, the corresponding expectation of life and the median
remaining lifetime, carefully noting the distinction between these concepts. They also
considered joint-life expectations, including the expectation of the longest and shortest lifetime
of a group. The details are discussed further by David (1962), Hald (1987, 1990),
Schevichaven et al (1898) and Seal (1980).

Then followed applications of the life table to the problems of valuing annuities. In the
sixteenth and seventeenth centuries, states and cities often raised money for public purposes by
selling life annuities to their citizens. In 1671, Jan de Witt, the distinguished and long-serving
Prime Minister, submitted a report to the States of Holland showing how to calculate the value
of annuities by means of a piecewise linear life table combined with the age of the nominee and
the rate of interest. De Witt’s life table was hypothetical, although his report refers to some
investigations of the mortality of annuitants. De Witt’s approach to annuity calculations was
through the distribution of the number of deaths in the underlying life table, that is via the
formula in modern notation

d

X+

a =

ol ag K
—

&
I

although Hald (1990) believes that de Witt was familiar with the alternative approach of Halley.
De Witt also demonstrated some appreciation of the effects of self selection and changes in
mortality levels on the value of an annuity. De Witt’s report was forgotten until Hendriks
(1852) rediscovered it and provided an English translation and commentary.

Edmund Halley’s paper of 1693 was seminal and of great importance to actuarial science. He
constructed a life table from observations of the yearly number of deaths in Breslau (where the



parish registers were among the first to contain age at death) and used this in seven different
ways (Hald (1990)), including considering the "proportion of men able to bear arms" (as did
Graunt) and the median remaining lifetime (as did Huygens). He used the odds p,/,q, as a
measure of the "differing degrees of ... vitality in all ages" and he commented on the
relationship between the price of a term assurance and the odds function. He then calculated
the first table of values of annuities as a function of the nominee’s age and developed formulae
for calculating the value of joint life annuities (for two and three lives; with geometrical
diagrams by way of explanation) and emphasised the benefit of using logarithms to reduce the
volume of calculation. His approach to calculating the present value of annuities was through
the distribution of the number of survivors, that is via the formula in modern notation
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- this is algebraically equivalent to de Witt’s method although computationally more
straightforward. However, we should note that, in a modern perspective, these calculations
of present values actually relate to expected present values (of an annuity with a random term).
De Witt’s method can be easily adapted to considering higher moments, for example, the
variance, whereas Halley’s method cannot be progressed in this manner. Thus, de Witt’s
approach is also of lasting theoretical (and practical) importance.

Halley remarked that the government was selling annuities too cheaply and at a price
independent of the age of the annuitant: his advice was ignored! As many commentators have
noted, the life table function tabulated by Halley was what we would call L, rather than / .

It is noteworthy that the Breslau life table was reproduced in the updated version of 1737 of
the abstract of the Amicable Society’s charter and by-laws.

The first published work on life expectancy is due to Nicholas Bernoulli (1709), given that the
correspondence between the Huygens brothers had not been published. In this work, Graunt’s
life table is used to provide illustrations of the calculation of the expectation of life and the
median remaining lifetime. Bernoulli noted that expectations may be obtained by backward
recursion and illustrates this process. There is no reference to the life tables of de Witt or of
Halley, or to the methods described by Halley. An interesting problem solved by Bernoulli is
the derivation of a formula for the expected lifetime of the last survivor of b lives dying within
an interval of length g (under a uniform distribution of deaths assumption). In Chapter 6,
Bernoulli considers and solves some simple problems from marine and life insurance by
calculation of expectations.

The first graphical representation of a life table function is attributed to Isaac de Graaf (1729):

the graph seems to represent the number alive in a life table, I, calculated on some
hypothetical basis.

John Smart’s life table of 1738 was the first specific to London and was based on the numbers
of deaths occurring in London in the period 1728-37. At his request in 1726, the bills of
mortality had included the numbers dying at each age from 1728 onwards on a weekly basis.

The earliest life tables developed for males and females are due to Nicholas Struyck (1740),
based on registers of annuitants (as were, for example, those of de Witt and Deparcieux). He
also noted, in passing, the effects of self selection and calculated annuity values for the two
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sexes and compared his results with those of Halley. Like Halley, he pointed out that the
government was selling annuities too cheaply. He also gave examples of increasing, decreasing
and deferred annuities. Struyck was also a writer on probability and demography.

Among the other great investigations of annuitant mortality are those of William Kersseboom
(1742) and Antoine Deparcieux who produced the first French life table in 1746, based on the
data from the operation of two tontines. He constructed the life table directly from observed
deaths - methodological errors were reduced because the tontine populations were not generally
subject to loss of observations due to withdrawal or migration. This life table was used
extensively by French life insurance companies for many years well into the next century.
Thus, at about the same time, Struyck, Kersseboom and Deparcieux appreciated the significant
of constructing a life table from the registers of annuitants.

The concept of the annual rate of mortality was introduced by Thomas Watkins in 1761
(writing as TW). Watkins commented critically on Halley’s work, noting problems with
extrapolation of the life table to the oldest ages and with the use of a small radix. He pointed
out that Halley’s and Brackenridge’s life tables appeared smooth from the progression of d,
values but not when the values of the annual rate of mortality were examined. Watkins drew
attention to the need for smoothing (i.e. graduating) crude data and advocated considering the
annual rate of mortality and the probable expectation of life and their first differences in the
context of the life table. The annual rate of mortality was not widely adopted until the next
century, with the work of Emmanuel Duvillard, John Finlaison inter alia. It is noteworthy that
Johann Lambert (in volume III of his 1772 book) followed Halley’s use of the odds function
and used the reciprocal of g, as a measure of "virality” (Daw (1980)).

An interesting, although virtually unknown, article of 1760 from the great mathematician
Leonhard Euler adapted the life table to solve a number of problems requiring inference from
incomplete data. The work anticipated "important parts of modern stable population theory for
a one-sex population closed to migration. Its ideas have been published many times during the
subsequent two centuries by writers who independently rediscovered them" (Nathan Keyfitz
writing in Smith and Keyfitz (1977)). Euler’s aim was to use the life table model to study real
populations through the progression of cohorts, allowing for population increase or decrease.
He thereby considered the age structure of a stationary population and a stable population (in
the demographic sense - see Keyfitz (1985)), thus generalising the usual life table formulae.

In 1749, the Swedish General Register Office was established and the first national set of
population statistics started to be collected from that date. Per Wargentin in his paper of 1766
presented an analysis of mortality and population data for Sweden using these statistics.
Wargentin combined the death registration data for 1755-1763 with the triennial “censuses” of
1757, 1760 and 1763 to calculate the inverse death rate for the two sexes for quinquennial age
groups (except at the youngest ages). He noted the lower levels of mortality for females and
commented on the likely errors in the data (in terms of individuals not counted and ages mis-
stated). He criticised Halley’s approach on the grounds that the underlying population would
need to be stationary, noting that the population of Sweden was not stationary.

Wargentin’s groundwork was taken up by Richard Price in his construction of a life table for
Sweden using-an arbitrary radix and a smoothed set of inverse mortality rates. Price followed
Wargentin’s methodology and used an extended version of his data, i.e. death registration data
for 1755-1776 with the seven triennial "censuses” from 1757 to 1775. The construction of this
life table represents an important breakthrough. It appears in the fourth edition (1783) of
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Price’s masterpiece "Observations on Reversionary Payments". Price prepared life tables for
Sweden, for Stockholm on its own, for males and females separately. He also constructed a
persons life table using the incorrect approach of taking a simple average of the constituent
male and female life tables. This book also contains the second Northampton life table based
on the experience from 1735-1780 (see later).

The first life table for the United States was due to Edward Wigglesworth (1789), based on
deaths in the states of Massachusetts and New Hampshire. His methodology used observed
deaths only, ignoring the developments that had been made by Wargentin and Price.

Joshua Milne’s textbook of 1815 dealt with a number of aspects of life insurance mathematics.
It also considered the construction of life tables. In particular, Milne described the construction
of the Carlisle life table based on the 1779-1787 experience in two parishes of that town,
following the methods that Price used for his Swedish life table. The data were sparse, (for
example, only 406 deaths at ages 20-59) and the attempts at smoothing the grouped numbers
of deaths and population counts were unsatisfactory. The life table was little heeded for some
years after its publication but was later adopted enthusiastically by actuaries and became a
standard table. Further discussion on the Carlisle table can be found in King (1884).

John Finlaison was the first actuary to be described as Government Actuary although the
government had received advice prior to this, for example, from William Morgan. (Finlaison
was also the first President of the Institute of Actuaries in 1848). Finlaison was Actuary of the
National Debt Office from 1822-1851 and carried out a number of important duties. His most
important contribution to actuarial science was his work on the life tables for government
annuities. William Morgan had been consulted when the National Debt office began the sale
of annuities in 1800. Morgan made the error of adopting a life table with suitably prudent
margins for life insurance premiums (Richard Price’s Northampton Table): this meant that the
government was significantly undercharging for its annuities for about 20 years. (We recall
that earlier de Witt and Halley had faced similar problems). In 1819, Finlaison pointed out the
error. He was then commissioned by the Chancellor of the Exchequer to carry out an
investigation into annuitants’ mortality and to produce a new set of annuity tables. He carried
out a major mortality study, which included the records of various tontines from 1695 to 1789
and which was published in 1829. In this work, Finlaison criticised earlier writers who had
been dependent on others for the data used, for example, Deparcieux and Kersseboom, and he
recognised the importance of treating the sexes separately. He took painstaking care in the
collection and preliminary tabulation of the data to eliminate various types of errors. In
particular, with tontines and government annuities, it was commeon for a subscriber to possess
many shares via nominees. Finlaison was careful to avoid the duplication caused by counting
the same person more than once. He thus produced a complete set of tables for single lives
(by 1823) and for joint lives, which formed the basis for the pricing of government life
annuities until 1884.

Benjamin Gompertz’s paper of 1825 marked the "beginning of a new era" for actuarial science
(Hooker (1965)). The well-known "law" of mortality that he proposed was an enormous
improvement on previous attempts to represent life table functions by a mathematical formula
and it thereby opened up a new approach to the life table. Hitherto, the table had been
regarded as a record of observed numbers surviving from an initial cohort - Gompertz now
introduced the idea that I was a continuous, mathematical function, connected by (what we
would call) the underlying force of mortality. At this stage, the force of mortality had not been



identified: Gompertz worked in terms of /, and its fluxion (out of respect for Newton, he
persisted in using the language of fluxions rather than differentials throughout his life). His
objective in doing the background research was to find a general form to facilitate interpolation.
He analysed actual experience before proposing his hypothesis and he demonstrated how his
formula could be applied with a good deal of accuracy to the Carlisle and Northampton life
tables and to Deparcieux’s observations. He explained that his "law" could be interpreted in
terms of the average exhaustion’s of an individual’s resistance to death. As Hooker (1965)
points out, Gompertz does mention "two generally co-existing causes" of death; "the one,
chance, without previous deposition to death or deterioration; the other, a deterioration, or an
increased inability to withstand destruction". It now seems strange that his notion of two

causes of death did not lead Gompertz to Makeham’s later modification: u, = 4+Bc*.
However, Gompertz’s presentation of ideas and train of thought were not completely clear (as
noted by Makeham (1890)) and indeed his paper did not receive the wide recognition it
merited, although it was subsequently championed by many eminent thinkers of the time,
including de Morgan, Herschel, Sprague and Woolhouse. (The paper’s reception may also be
explained by Gompertz’s use of the obsolete ideas of fluxions and the number of errata).

The curve of deaths, or a graphical presentation of the d, function was introduced in 1826 by
Thomas Young, the eminent physicist. He considered a number of well-known life tables and
averaged the numbers of deaths and then introduced an obscure combination of polynomials of

higher order (involving for example x*°) for different parts of the age range to represent this
"average" curve of deaths.

Johann Lambert (volume III of his 1772 work) discussed the force of vitality, recognisable as
the reciprocal of the force of mortality (Daw (1980)). It was TR Edmonds who introduced in
1832 the term "force of mortality" and showed its algebraic form. The regular use of the force
of mortality (or hazard rate) in actuarial mathematics and statistics (for example, survival
analysis) dates from this book. Edmonds used three Gompertz type curves to represent the
force of mortality over different age ranges: up to age 9, from 9 to 55, and 55 and over.

Francis Corbaux was the first to argue that population life tables are constructed from an
aggregate of different life tables for lives of separate subgroups (1833). He identified a number
of factors (or co-variables) including sex and occupation that should be allowed for to avoid
class selection. This work covered a number of topics. Thus, Corbaux recommended
graduation of third or fourth differences of log ¢, in order "that a rectification of any
irregularities, incident to the data supplied by experience may thus be arrived at". He also
discussed increasing, stationary and decreasing populations, expectation of life, initial and class
selection of assured lives, fertility rates specific for age, and other demographic issues.

The idea of variability of life table calculations was first mentioned by Augustus de Morgan
in his 1838 essay which, inter alia, surveyed life insurance mathematics. He derived an
expression for the "probable error" of the expectation of life at high ages.

Gompertz’s Law was given a more general structure by William Makeham in 1860, in what
became known as Makeham’s Law. However, Makeham regarded his own contribution only
as a modification to Gompertz’s Law. (Indeed, his final published paper of 1890 was entitled
"Further Improvements of Gompertz’s Law"). Though, as we have seen, Gompertz had
considered causes of death as being of two kinds, chance and deterioration, he did not finally
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link them to mathematical expressions in his work. Makeham proposed that causes could be
approximately divided between what would be roughly independent of age and what would be
increasing with age. We can write his modification in the well-known form: p, = A+Bc*. He
then demonstrated how convenient this assumption was in the calculation of joint life annuity
values, where a version of de Morgan’s Law of Uniform Seniority applies. At the time it was
proposed, Makeham’s Law appeared to fit existing data well, for example, the Seventeen
Offices’ Experience quoted in his paper, and numerous life tables have been graduated on the
basis of Makeham’s Law: the most recent major table was probably the CSO 1941 (US) table,
which follows this "law" from ages 15 to 95. It is also noteworthy that Makeham presented
this paper before he had passed any of the examinations of the Institute of Actuaries. In later
work he proposed further modifications to Gompertz’s Law involving polynomial terms in
attempts to represent assured lives’ experience: see Makeham (1890).

The fact that the Gompertz and Makeham laws could not be expected to represent the mortality
experience throughout life led to the investigation of formulae which might be expected to do
s0. So, Gompertz (1860 paper reprinted in 1872) himself suggested a formula based on an
amalgamation of several of his curves with different constants. The Danish mathematician,
Thorvald Thiele, proposed a combination of three terms for interpolation purposes: a
decreasing Gompertz curve to represent the mortality of infancy, a normal curve of error to
represent mortality at young adult ages and an increasing Gompertz curve to represent old-age
mortality viz p, = @, exp(-bx) + a, exp[—‘/z(fb_—c)zl + a, exp(byx).
2

A translated version of this work appears in 1872 in the Journal of the Institute of Actuaries.
Thiele’s senior colleague, Ludvig Oppermann had proposed a law in 1870 to represent the force
of mortality up to its "first point of inflection (or to the age of about 20)":

p, = ax™® + b + ¢x*. Oppermann was the first to consider that the rate of decline of the
force of mortality in infancy may not be exponential with respect to age, and that a
transformation of age (say the square root) might be helpful. Thiele commented that
"Oppermann has gained for himself lasting credit by this formula".

A different perspective on the life table and survival model was offered by two contributions
from the eminent statistician Wilhelm Lexis. His first contribution (1875) was to devise the
well-known demographic diagram that displays the population by age and time: each individual
at any moment is represented by a point; the collection of points for any single individual
represents his life-line through time; the end of the line represents the moment and age of
his/her death. His second contribution (1877) was to represent the empirical distribution of
deaths by age by a normal curve, noting an observed surplus of early deaths, which, after
excluding deaths at childhood ages, he classed as "premature deaths". Those deaths that are
represented by the normal curve, he described as "normal deaths". This approach was
rediscovered by Clarke (1950) in his separation of deaths into "anticipated” and "senescent",
the ages at death for the latter being measures of the natural lifespan.

These particular contributions from Makeham, Thiele, Oppermann and Lexis were not

progressed further within the time frame of this study. It was not until the suggestions by
Perks (1932) that the logistic family of curves be used and then by Heligman and Pollard
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(1980) that a combination of double-exponential and lognormal curves be used to represent the

oddsgq,/p, that progress towards a parametric mortality curve for the full age range was
achieved.

Life Insurance Mathematics

The first textbook on life insurance mathematics was Abraham de Moivre’s "Annuities on
Lives" published in 1725. As Hald (1990) explains, at this time, "economic contracts that
depended on the lifetimes of the parties involved were important parts of everyday life" in
Europe, particularly in the UK. "Besides life annuities sold by the government, there were
pensions granted by the government, the Church, municipalities, parishes and so on; life
interests and reversions specified by wills and marriage settlements”; and complex contracts
involving property. Such contracts were difficult to evaluate and the need for a more thorough
mathematical analysis of these problems than that provided by Halley was clear. This is the
"challenge taken up by de Moivre" (Hald (1990)).

As Hald notes, de Moivre had a "genius for developing mathematical approximations”. He
suggested approximating Halley’s life table for Breslau by a piecewise linear function and
proved that the value of an annuity under this hypothesis would be a linear function of an
annuity-certain. So it was not necessary to tabulate the value of single life annuities since these
could be derived directly from existing tables of annuities-certain. This avoided the difficult
computation of the many products and sums that had bothered Halley. Although this hypothesis
is sometimes quoted as de Moivre’s Law, he realised that it was defective as a representation
of human mortality over all ages. But the point was that de Moivre considered the assumption
to be adequate for the purpose intended, that is the evaluation of annuities within the range of
ages then commonly required in practice.

De Moivre also gave a simple method for tabulating annuity values, @ , by means of the
backward recursion formula

a, =vw(+a,)

which is a generalization of Nicholas Bernoulli’s formula for the calculation of the expectation
of life (Hald (1990)). It seems clear that de Moivre appreciated that this formula had general
application in the calculation of complete annuity tables; however, Young (1908) puts forward
the claims of Euler as the first writer to appreciate the significance of this formula. Similarly,
de Moivre considered the value of a temporary annuity using both his approximate method and
a backward recursion method.

Further, de Moivre showed how the value of a joint-life annuity (for a group of independent
lives) could be expressed approximately by means of the values of the corresponding single-life
annuities so that joint-life annuities could be easily evaluated and manipulated. He began this
investigation with his linear hypothesis but when the results for three lives became unwieldy
he switched to a different hypothesis, viz assuming that the lives have geometrically decreasing
probabilities of survival i.e. ,p. = p‘ which corresponds to assuming a constant force of
mortality. He applied the same approach to joint life assurances (on three lives). However, he
did not present any systematic investigation of the error involved in using this approximation.
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Importantly, he also gave a systematic exposition of formulae for the value of last survivor
annuities for any number of lives, reversionary annuities and annuities on successive lives
which were used in leasehold property contracts (where, for example, on the death of the
annuitant a successor enjoys the annuity for the duration of his/her subsequent lifetime). He
also considered joint life survival and contingent probabilities under his linear mortality
hypothesis. He discussed single life and joint life expectations of life under his linear mortality
hypothesis, using the trapezoidal rule to approximate the integrals. He also considered the
general formula for the expectation of life for the longest of two lives. Here, he was obviously
unaware of the earlier work of the Huygens brothers. De Moivre also considered the present
value of contingent (or survivorship) assurances but his approach was in error; this was
identified and corrected subsequently by Simpson.

Overall, the 1725 book laid the foundations of modern life insurance mathematics and can be
regarded as one of the major landmarks in the development of the subject.

The book appeared in four separate editions. De Moivre also wrote the important text on
probability "The Doctrine of Chances", which appeared in three editions: 1718, 1738 and a
posthumous one in 1756. There is some overlap with material from "Annuities on Lives"
appearing in the 1738 edition of the Doctrine with the 1756 edition effectively containing much
of his work on life insurance mathematics.

The 1738 edition of the Doctrine contained de Moivre’s first full full table of a_values and
some new material on successive lives (correcting an earlier error - we note that de Moivre’s
derivation of the formulae is rather artificial and is improved upon by the more direct proof
given later by Simpson in his 1742 book) and on the value of annuities for children.
Importantly, de Moivre included formulae for reversionary annuities involving up to four lives
with complex last survivor statuses. He derived the formula for the present value of (or single
premium for) a temporary life insurance benefit and calculated the value for a particular age
and term using Halley’s life table. This important result was ignored by the market which
persisted with single premiums for one year policies that were not age dependent until 1762.

In a subsequent letter to William Jones, de Moivre gave an approximation to the value of a
complete life annuity and provided an improved explanation (compared to the 1725 version)
of the use of his piecewise linear life table hypothesis for calculating the value of annuities.

Following de Moivre, several books and tables on annuities were published in the decades after
1725, the most significant being Richard Hayes’ book and the major contributions of Thomas
Simpson.

Richard Hayes published the first book (1727) devoted solely to tables of annuities on lives,
although he did not give any details of his methods of computation. The book offered no
original ideas but one of the examples referred to what we would recognise as a whole life
insurance policy paid for by level annual premiums. This idea was perfected later by James
Dodson (1755) and it is not clear whether Dodson was aware of Hayes’ earlier contribution.

Thomas Simpson’s book of 1742 began with a favourable comment on de Moivre’s "Annuities
on Lives" and was largely built on de Moivre’s. The structure and the expository problems

——were similar.—But his presentation—and explanations were clearer and more concise, he

corrected the errors he had discovered in de Moivre’s work, many of his proofs were more
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general and he made some important new contributions. Firstly, he constructed a life table
based on the London bills of mortality in which he modified Smart’s life table at ages under
25 because of Smart’s failure to take migration into account: but the description of his
methodology is too vague and unclear to follow (there are some helpful suggestions in
Westergaard (1932)). Secondly, he used his life table for calculating tables of values of single
life and joint life annuities for lives of the same age, adapting de Moivre’s backward recursion
formula to the case of joint life annuities. Thirdly, he devised computational rules (by trial and
error) for calculating joint life annuities for different ages from the tabulated joint life annuity
values. Fourthly, he demonstrated that de Moivre went too far in some of his simplifications
and his formula for valuing joint life annuities was not sufficiently accurate. Thus, he provided
the first satisfactory solution to the problem of calculating values of annuities for two and three
lives. He also proved four general theorems on reversionary annuities involving two groups

of three lives (involving the statuses Xyz|abc, xyz|abc, Xyz|abc, xyz|abc): from these
formulae, all of de Moivre’s results are easily found as well as some new results. He indicated
how these results might be extended to apply to any number of lives and gives some examples
of applications. Lastly, he considered the adjustments to be made to life annuity values if
payments are to be made every half year or quarterly and derived the first order approximations
in common use.

Simpson followed de Moivre closely in his discussion of contingent probabilities; but for the
evaluation of the integrals involved he used the Newton-Cotes formulae for numerical
integration rather than the trapezoidal rule. Instead of discussing expectations of life, he solved
the related problem of defining the stationary population corresponding to a given life table and
determining its size as the annual number of births multiplied by the expectation of life at age
zero: Hald (1990).

Simpson’s 1752 work dealt with a number of subjects in an accessible style. Part 6 considered
annuities, providing some notable additions to his 1742 book and many new examples. He
considered the single premium for a deferred annuity and the value of a continuous single life
annuity (under de Moivre’s linear hypothesis); he also provided a table of the vatue of annuities
on two lives of different ages, a computational rule connecting the value of an annuity on three
lives to the values of annuities on two lives and rules for calculating contingent assurances
(under de Moivre’s linear hypothesis) in which he corrected one of de Moivre’s mistakes.

Simpson’s contributions as a whole represent an important step forward. In particular, his
clearly presented method of mathematical argument and proof became of great importance for
the following generation of actuaries (Hald (1990)).

De Moivre accused Simpson of plagiarism. There is a close similarity between the texts and
further, according to Hald (1990), Simpson had previously plagiarised de Moivre’s Doctrine
of Chances in his 1740 book on the Law of Chance. On both occasions, Simpson referred to
de Moivre in the preface but not in the text even though he used all of de Moivre’s results.
In his later editions, de Moivre gave Simpson the same treatment of omission. Simpson reacted
to the accusation with a vigorous defence. It is worth noting Hald’s comments that Simpson’s
various writings were controversial and "aroused many accusations of plagiarism". Howeyver,
he was a successful author of elementary textbooks and it is clear that he did make important
contributions to actuarial science in his own right. Simpson also made some important

To quote Stigler (1986), he took the "crucial step towards error".
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Hald (1990) notes that de Moivre advocated using an approximation to the life table to facilitate
calculations whereas Simpson based his calculations on an observed life table. The next
generation of actuaries used Simpson’s approach although they abandoned his life table (which
referred to the general population of London rather than to annuitants or to insured lives) and
based their calculations on better life tables derived from the observed experience of life
insurance companies. At the same time, many attempts were made to follow up de Moivre’s
approach and, as we have seen, it was not until 1825 that Benjamin Gompertz succeeded in
formulating a mortality hypothesis that would be widely accepted.

In the strong competition between de Moivre and Simpson, a comprehensive theory of
insurance mathematics for valuing annuities was forged, and the necessary tools for practical
application were thereby provided (Hald (1990)). It is noteworthy that much of the theory
developed by de Moivre and Simpson referred to annuities. It is strange that neither took the
step of adapting these ideas to set up a theory of life assurances. Perhaps, as Hald comments,
"they did not feel the need for such a theory because they usually expressed the benefits in
terms of annuities".

James Dodson’s work of 1755 demonstrated how permanent life insurance could be operated
with level annual premiums calculated on the basis of age at entry and how this level charge
for an increasing risk would lead to the build up of a fund. This work is a major landmark and
marks the birth of the ideas of scientific life insurance which underpin the subsequent
development of this industry to the present day. Indeed, Dodson is often described as the
"father of modern life insurance".

The translation of these principles into practice introduced new problems for which solutions
had to be found if the life office was to remain financially sound. Formerly, it was necessary
only to consider the office’s finances one year at a time with short term contracts being issued.
With premiums being fixed at the outset, and hence not adjustable during the term of the policy
in the light of subsequent experience, it was essential to take a long view in estimating
experience. Thus, these principles profoundly affected not only the development of life
insurance contracts available to the public but also the need to ensure that the life office fully
understood the long term financial consequences of issuing these new contracts. This led to
the development of the actuarial theory and practice of life insurance, discussed in the next
section.

Richard Price’s book, "Observations of Reversionary Payments" first published in 1771, and
eventually running to seven editions, was a further major work in this area. Price dealt with
a number of important subjects. He constructed the Northampton life table based on deaths in
1735-70 and then in 1735-80 and used this as the basis of premium calculations (Dodson’s scale
of premiums was based on a life table constructed from the deaths in London in 1728-50. This
period included two years with mortality rates higher than the average by about 25% leading
to premium rates that were too high in commercial terms). In his methodology, Price followed
Halley and assumed that the underlying population was stationary, making adjustments for
migration and the deaths of immigrants. The Northampton life table was in practical use for
many years, having been adopted by the Equitable for its premium basis. Price’s book also
discussed problems in life insurance mathematics involving life insurance policies paid for by
single and annual premiums dependent on age at entry, contingent probabilities and

——reversionary-annuities—He-considered-insurance-and-annuity portfolios-and-then-analysed-the

financially unsound position of some recently established annuity societies selling reversionary
annuities: as a result some of these societies were closed. He provided a commentary on the
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status of the Equitable Life Assurance Society and the Amicable Society. He also considered
a scheme providing for old age pensions and set down proposals for a sickness insurance
scheme (see later) and commented on the National Debt, as well as on many other matters.

The fourth edition (1783) of Richard Price’s masterpiece is important because it contains his
second Northampton life table based on the experience from 1735-1780. With this life table,
a set of tables of life contingency functions including assurance, annuity and annual premiums
and expectations of life for the single life and joint life cases was also included. This life table
and the derived financial and functions were to form the basis of much life insurance practice
for the next century. Importantly, Price also constructed a life table for Sweden using a radix
and a graduated set of inverse mortality rates following Wargentin’s methodology: this
represented an important breakthrough.

William Dale was the first to develop the ideas behind commutation functions as a device for
facilitating arithmetic calculation. In his 1772 work, he tabulated and summed values of 7y*
at half yearly intervals from age x = 93.5 to 50.5 and then explained how to use these totals
to calculate the value of a half-yearly annuity issued at any age over 50. Their use was
illustrated for a number of life tables including a table calculated for London for the years
1728-1771 as well as Halley’s and Simpson’s life tables.

The comparison of actual and expected deaths has a long history: see, for example, Ogborn
(1950) and Keiding (1987). The earliest published description can be traced to William Dale
who in 1777 strove to highlight the inadequacies of the plans of the Laudable Society of
Annuitants which provided annuities for its members and/or their widows. His calculations
indicated a lighter mortality experience than expected with serious financial consequences for
the writing of annuity business. In fact, Richard Price put in writing the idea of comparing
actual and expected deaths in 1775 and this practice was subsequently adopted by William
Morgan, (Elderton (1933)). There is evidence that the same methodology was being used by
Johannes Tetens in the mid 1780s (Westergaard (1932)).

The origin of commutation functions has been a subject of some debate in the literature: see,
for example, Hendriks (1851) and Seal (1950). Dale, as noted above, began this line of
reasoning but did not explicitly develop commutation functions. Johannes Tetens’ book of 1785
(which was the first German textbook on life insurance mathematics) introduced the single and
double summations that we would recognise as D,, N, and §,. Subsequently, George Barrett
(see the appendix to the second edition of Baily (1813)) independently constructed the columnar
functions and considered their application to increasing whole life and temporary annuities (with
an error that was subsequently corrected by Griffith Davies) and joint life annuities. Tetens’
book also tackled a number of other problems including annuities paid continuously.

Francis Baily was one of the leading figures of nineteenth century actuarial science and is
notable for producing the first comprehensive textbook on modern life insurance mathematics,
providing a systematic, algebraic treatment of the subject. The book contains 100 pages of
tables and the basic data from 14 mortality investigations. We highlight here the first published
presentation of policy values and surrender values in mathematical form. He emphasised the
critical importance of allowing for reserves in determining the "srue profit” of a life insurance
company. Baily also successfully applied premium conversion relations to problems involving
more than one life and obtained an approximate formula for the evaluation of contingent
assurances (pages 183-185:"the formula that Simpson was looking for but did not find": Hald
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(1950)). Shortly afterwards, Joshua Milne wrote a text-book on life contingencies and related
problems (see earlier), taking further Baily’s attempts to improve and standardize the notation
used. These textbooks made actuarial mathematics accessible to those with a reasonable
mathematical background and so represent an important stage in opening up the subject.

Griffith Davies’ book of 1825 contained the first practical application of commutation functions
to the life insurance field. The book contained Griffith Davies’ Equitable Life mortality table
(based on sparse data supplied by William Morgan) and tables of D, N, S,, M, andR,
functions for both single and joint lives in modern form, as well as other monetary functions.

One of the difficulties facing practising actuaries, as well as those with a theoretical interest,
was the absence of a standard notation. Each textbook presented a different view. David
Jones, in extensive volumes of life insurance mathematics and tabulations publised in 1843, also
invented his own - the difference is that his notation was accepted by later writers and became
the basis for the international standard notation agreed and introduced in 1898 at the Second
International Congress of Actuaries by George King’s committee. The use of a central symbol,
annotated by upper and lower prefix and suffix, with each position having a unique meaning,
was the key feature.

With the introduction of Gompertz’s Law, the calculation of annuity and assurance functions
was facilitated. This was taken further by Augustus de Morgan in 1859 who introduced the
law of uniform seniority which enabled a joint life annuity (or assurance) to be exactly replaced
by a single life annuity (or assurance) calculated at a modified age. This principle was
effectively put into practical use through the construction of Uniform Seniority Tables by a
number of actuaries: if the two lives are aged x and y (y>x), then there is a cross tabulation
of (y-x) and n where y+n is the modified age for the equivalent single life annuity. This
principle was later extended to apply to annuities (and assurances) based on Makeham’s Law
(with m lives of different ages replaced by m lives of equal ages or replaced by 1 life and a
modified rate of interest): this is discussed in the Appendix to William Makeham’s 1867 paper
in a contribution attributed to Thomas Sprague.

Another labour saving device were the tables of single and annual premiums published by
William Orchard in 1850. These made use of the fundamental relationships: P = }_‘—d and
a

A = 1-dd and permitted the calculation of P and A values from the appropriate annuity values.
In the days before calculating machines were available, the saving in labour and time
occasioned by these premium conversion tables was considerable - it was only necessary to
calculate the & function while the tables could be used for the remaining functions. A fuller
discussion is provided by Gray (1857). As far as the broad sweep of the subject is concerned,
this innovation is now seen as being of transient benefit only.

August Zillmer’s well-known 1863 pamphlet showed how initial expenses (and commission)
can be properly allowed for in the calculation of gross premium policy values. Zillmer
recognised that the presence of renewal expenses caused the policy value to equal the net
premium policy value but the excess level of initial expenses created a problem. Tables were
provided of a net premium with the addition needed to allow for different levels (1% and
1% %) of the "Zillmer loading". Another table gave, by age at entry, the maximum initial
expenses as a percentage of the sum assured (and of the first year’s premium) if the policy
value at the end of the first year is not negative. Zillmer discussed the problems caused by
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negative values and the consequences of a policy lapsing while the reserve is negative. He also
noted the significant effects of a high rate of business growth combined with high acquisition
costs on the financial condition of a life insurer. Zillmer’s work was controversial at the time
but the technique has been implemented world wide by practising actuaries and also by life
insurance supervisory authorities.

Sprague (1870) entered this discussion with the suggestion that the whole of the first year’s
premium should be regarded as having been absorbed by the costs of insurance (expenses and
mortality risk) and that the insurance should be regarded as having been effected one year later
with the policyholder then one year older than at entry. This method obviates the danger of
negative values but is somewhat artificial in not relating the allowance for initial expenses to
the actual strain and may be excessive in its effect on certain types of policy, for example,
endowment assurances: Coe and Ogborn (1952). It has been successfully used in Canada,
however, in modified form.

A theoretically important early result which brings together the theories of statistics and life
contingencies is Hattendorff’s theorem (1868). This states that the losses in different years on
a life insurance policy have zero means and are uncorrelated, so that the variance of the total
loss is the sum of the variances of the annual losses. The loss in a year is defined as the net
outgoings, insurance benefit less premiums, during the year, plus the reserve that has to be
provided at the end of the year, and minus the reserve released at the start of the year, with
all quantities being discounted back to the inception of the policy. Hattendorff’s theorem was
originally stated only as an approximation based on the assumption of a very large number of
policies and the use of the Normal distribution. The first rigorous proofs are provided by
Steffensen (1929). In recent years, the application of modern stochastic processes techniques
to life contingencies has led to a resurgence of theoretical and practical interest in this result:
see Bowers et al (1986) for an introductory discussion and Norberg (1992) for a review of
recent results. We draw attention to Hickman (1964)’s consideration of the theorem for the
multiple decrement model and to Wolthuis (1987) for the multiple state continuous time Markov
model. Hattendorff also considered the amount of risk loading needed, in excess of the net or
mathematical premium, to protect the insurer against fluctuations and possible insolvency. This
work is an early example of what came to be known as risk theory.

Wesley Woolhouse’s paper of 1869 is the first complete presentation of a theory of life
insurance mathematics on a continuous basis, that is assurances are assumed to be payable at
the moment of death and annuities are assumed to be payable continuously. He defined the

corresponding values, 4 and a, and proves the connecting conversion relationship: 4 = 1-8a.
He derived Woolhouse’s formula for approximating an integral in terms of a series of
differential coefficients and used this tool to obtain approximate expressions for the values of
annuities payable continuously and m times per year in terms of the corresponding annual
annuities. Joint life annuities and (complete) annuities with a proportionate payment at the time
of death were also discussed and approximations similarly developed. Woolhouse also
discussed approximations for single and joint life expectations of life (the case i = 0) and for
continuous single life, joint life and contingent assurances. This is an important work for
providing the tools for practitioners to perform the approximate calculations needed for
evaluating continuous and "m’thly" functions.

Thorvald Thiele’s most important contribution to the field of life insurance mathematics is the
differential equation for the net premium policy value for a life policy. He showed it to
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colleagues in 1875 (Hoem (1982)) but it was printed only in his obituary by Jorgen Gram in
1910. This equation
4y ap +5V -pu. (1-V)
-; tx T t'x [ (A"

x x

(in standard notation) is an important theoretical tool in the analysis of life insurance policies,
both in deterministic and stochastic terms. The consideration of the change in the policy value
in continuous time was an advance on the known discrete time relationship between policy
values at integer durations.

Jorgen Gram also provides us (in a paper published in 1889) with one of the first examples of
a stochastic approach to life contingencies. If T represents the future random lifetime of a life
now aged x at time 0, then V" is the discounted value at time O of a unit sum to be payable at

the moment of death. If 8(>0) is the constant force of interest then Gram obtained the result
Var(v?) = ”Zx - (521)2

and showed that similar, simple results hold for other types of policy. Hoem (1982) argues
that Gram realized the usefulness of such formulae but not their general importance. He
published the results some ten years after their derivation and then in Danish in a local journal
with a narrow readership. As a consequence, the results were lost to the wider actuarial world
until their rediscovery by Czuber (1910).

We close this section with mention of George Lidstone’s important 1905 paper on changes in
pure premium policy-values, which he considered to be "his best piece of work" (Elderton
(1952)). Here he introduced the equation of equilibrium and used it to determine the effect on
reserves of changes in the technical basis and contract terms, for example the sensitivity to
changes in the rates of mortality or rate of interest. The results obtained have a general
application and confirm the validity of some of the special cases that were known at that time.
The theory has been subsequently extended: see, for example, Baillie (1951), Gershenson
(1951) and Promislow (1981).

Life Insurance

Policies of life insurance have been available for many centuries, with the earliest recorded UK
contract dated from 1583 (on the life of one William Gibbons). As a phenomenon, life
insurance was reasonably common during the sixteenth century but until the middle of the
seventeenth century its distribution was limited to short term temporary insurance policies on
business partners and merchants’ affairs. By the early 1700s, the direction was changing and
schemes of annuities became important, in particular for governments attempting to raise
revenues (see earlier sections).

This brings us to the early tontine schemes. The term "tontine" derives its name from Laurens
Tonti (a Neapolitan banker living most of his life in Paris) who, around 1650, put forward
proposals for raising monies to Cardinal Mazarin, the Chief Minister of France. In this plan,
a fund was raised by subscriptions, the interest on which was to be divided each year among
the surviving subscribers, the last survivor receiving the interest on the whole of the fund. The
state thereby gains instant access to the subscriptions and in return the state guarantees the
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payment of a constant yearly annuity to be divided equally among the surviving members of
the group and terminating with the death of the last survivor. The proposal was not accepted
for some years in France. As Hald (1990) notes, "it is clear that the advertisement of such a
project must contain a table of [ as an essential element”. Tonti also became involved with
a tontine scheme in Denmark advertised in 1653. This project (jointly organised with Poul
Klingenberg) is of interest because it contains the "first published life table": (Hald (1990)).

The first proposed tontine in the UK is due to Thomas Wagstaffe in a scheme laid before the
City of London authorities in 1674 but which does not appear to have matured. As Raynes
(1964) notes, there are three important features of the scheme:

i a permanent contract was involved;
ii. members were classified according to age;
iii. it was essentially a method of raising money for the City.

Innumerable variations of the tontine idea have appeared from time to time. But the
"temptations to fraud, and, even worse, to murder, grew so great, that the various governments
had to interfere and suppress by law the use of it in any form" (Manly (1887)).

The first insurance office to offer long term contracts on the basis that funds would be built up
systematically was the Amicable Society for a Perpetual Assurance, founded in 1706. The
publicity material (attributable to John Hartley) is included here as a landmark work - and
makes clear that the build up of reserves was an important aim. The premiums collected each
year, after deducting expenses and amounts prescribed for contributing towards the growth of
reserves, were added to the interest earned in the year and the total sum was divided up among
the claimants. Thus, we see that long-term funded life insurance was available for the first
time in 1706 and this marks a turning point in the history of insurance and of actuarial science.

In the first instance, the number of contributors was fixed and there was no variation in the
annual subscription according to age. The amount payable at death was clearly uncertain,
depending on the number of deaths during the year, and the contributions and interest earnings
received during the year. This uncertainty (arising from the underlying tontine principle) in
the level of benefits became recognised as a disadvantage and guaranteed minima were
introduced in 1757 and then in 1770. In 1807, the Society changed its strategy, dropped the
fixed maximum number of contributors and introduced life insurance in the modern sense with
premiums based on age at entry for a guaranteed sum at death (Raynes (1964)).

In any scheme involving the build up of funds it would be essential to examine the financial
progress of the funds on a long-term basis. The 1715 prospectus for The Friendly Society
"Land Security for Establishing Perpetual Insurance on Lives of Men, Women and Children"
contains perhaps the earliest known examples of emerging cost calculations in connection with
life assurance.

We have noted already the significance of James Dodson’s contributions to actuarial science.
Refused admission to the Amicable Society on account of his age, he sought to form a more
"equitable"” society based on the scientific principles laid down earlier by Edmund Halley. He
felt that the Amicable’s approach to mutuality had two main disadvantages. Firstly, most such
schemes had contribution rates set irrespective of age so that they were unfair on the younger
subscribers. Secondly, in a year with fewer contributions and more deaths there would be little
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to pay to the beneficiaries. So he proposed a scheme which would offer level premiums for
long-term contracts. The scheme was refused a Royal Charter in 1761 after protests by the
Amicable and others. Dodson died in 1757, but his co-promoters entered into a voluntary
partnership and adopted his ideas to form the Society for Equitable Assurances on Lives and
Survivorships in 1762, which was the first life insurer to function on sound actuarial principles
and is still operating today as a mutual company.

Dodson’s 1756 lecture is thought to have been prepared for the committee to petition the Privy
Council for a Charter. (The original manuscript seems not to have survived). The lecture
presents Dodson’s table of whole life insurance annual premiums, adopted by the Equitable in
1762, and also gives an investigation of the financial position of a hypothetical insurance
company over a period of 20 years, under particular assumptions regarding mortality, interest
and expenses experience. The first prospectus of the Equitable (1762) appears in a document
attributable to Edward Mores.

In the early years, the Equitable received much assistance from Richard Price. In 1775, his
nephew, William Morgan was appointed actuary, a post that he held until 1830. Raynes (1964)
argues that Price and Morgan are responsible for laying the foundations of a strong actuarial
profession in the UK. Under their guidance, the Equitable pioneered the scientific selection of
lives, rating and valuation for different types of life insurance (Ogborn (1962)). Two works
from Morgan are included here. The first (1776) represents the results of the first actuarial
valuation of the individual policies of a life insurance company. Morgan compared the
mortality experienced with that expected according to three standard tables (Dodson’s,
Simpson’s and Halley’s) and then compared the present value of the sums assured with that of
the future premiums (on the same assumptions as in the premium basis) and the assets (at
market value at the date of valuation). Of the surplus shown (£25,143), a sum of £11,000 was
distributed in cash to the policyholders (the only cash distribution ever made by the Society).

The second item from Morgan (1779) sets down three methods due to Price for determining
the progress of a life insurance company. These were

@ "a comparison of actual with expected deaths” (as mentioned in the previous section),

(b) "a comparison of the actual claims with the whole of the premiums for temporary
assurances for terms of less than 7 years and two-thirds of the premiums for assurances
for the whole of life", and

©) "a detailed valuation of the assets and liabilities" (Coe and Ogborn (1962)).

The comparison (b) was in effect a rough analysis of surplus, although not now used in this
crude format. We thus see that the full importance of regular actuarial valuations was now
recognised.

As Coe and Ogborn (1952) note, a major problem tackled by Morgan was the equitable
distribution of surplus. He adapted the crude methods then being used into "a simple method
of distribution of surplus which fitted the scale of premiums and the method of valuation, and
dealt equitably with the problem having regard to the large carry-forward of surplus which was
then necessary for the general security of the Society. The fit was approximate, but he stated
that it was not possible to distribute the exact share of surplus to each policyholder in a society
which was continually open for new members". He also justified his method by reference to
the large profits from lapses in the early years which could be used to support the bonuses.
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In the eighteenth century, speculators were ready to sell and buy insurance on any life who was
considered to be in poor health or to be subject to additional risks. Public reaction to this type
of wagering affected the development of legitimate life insurance and, as a form of moral
hazard, increased the probability of insolvency for any insurer. The Life Insurance Act of
1774 was a turning point, by introducing the concept of insurable interest. Subsequently,
although wagering policies continued for many years, the successful rejection of claims on the
grounds of lack of insurable interest slowly led to the extinction of such abuses.

Having started in the UK, the progress of scientific life insurance throughout the world was
slow. The first French life insurance company, the Compagnie Royal d’Assurance, was
founded in 1787. We note that its prospectus includes a tribute to the profound contribution
made by Richard Price to the underlying mathematical theory. We here include the first
prospectus (1814) issued by the first life insurance company transacting the usual forms of life
business with the general public and established outside of Europe - the Pennsylvania Company
in the USA. Besso (1887) charts the international spread of life insurance in the 25 years up
to 1883, with companies being established throughout Europe, in North America and Australia.

Early moves to establish life insurance supervision can be traced to the 1840s in both the UK
and USA. Until this time there was no legislation to control the operation of life insurance
companies.

In the US, actuarial supervison began with the 1858 Massachusetts legislative session and the
passing of a law (the first designed specifically to regulate insurance companies) requiring the
Commissioners of Insurance to calculate the reserves on all the policies of all the licensed
companies. The Commissioners had the discretion to choose the valuation method and
mortality and interest assumptions. As one of the Commissioners, Elizur Wright chose the net
level premium method: "a controversial decision of immense inportance in actuarial history"
(Moorhead (1989)). In 1861, the Massachusetts legislature, on Wright’s recommendation,
became the first jurisdiction to require guaranteed withdrawal values.

In the UK, many of the life insurance companies established in the late eighteenth and early
nineteenth centuries had prospered and built up sound reputations, but the first half of the
nineteenth century saw a rush of new life companies being established and a large number of
failures or mergers, which have been attributed, inter alia, to questionable selling practices and
unscrupulous management. (Daykin (1992)).

In the UK, the Select Committee on Joint Stock Companies was appointed to enquire into the
state of supervision of such companies with a view to protecting the public. Among those who
gave evidence were four leading actuaries and we include here the minutes relating to Arthur
Morgan’s evidence. The principle of "freedom with publicity” was advocated, with publication
of the results of an insurer’s operations on a regular basis so that observers, including members
of the public, could detect evidence of problems. The origins of the statutory returns currently
required of life insurance companies in the UK can be traced back to these tabulations - in the
UK, they are published while in other jurisdictions the corresponding returns remain
confidential to the supervisor.

It appears that the government had originally intended to introduce separate legislation for
insurance companies to deal with their special features (as was done for banks) but at a late
stage it was decided to include them in the more general legislation. This led to anomalies as
to which legislation governed companies established before and after the 1844 Act (Raynes
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(1964)). Despite the objectives of the 1844 legislation, it proved to be a device for registration
rather than regulation and therefore became a convenient means of establishing new companies.
The 1844 Act failed to prevent serious failures by life offices, many of which resulted from the
mushrooming of new companies that were "churning” the same business from one to another -
for example, seven life offices were transferred from company to company four times!
(Raynes (1964)). As a result, the later Select Committee on Assurance Associations was formed
in 1853 to investigate life insurance matters further. Again, they took evidence from a number
of leading actuaries. In their recommendations, the Committee supported a relatively free
development of new life insurance companies as being in the public interest but proposed a
minimum level of capital to be invested in public funds, as evidence of the bona fide intentions
of the promoters and to act as additional security for the liabilities. They recommended a
requirement for a complete valuation of the assets and liabilities at least once every 5 years,
and the publication of the results through depositing them with the Registrar of Joint Stock
Companies, who would make them available to the wider public on request. They also
recommended publication of an annual statement of new business, premium income and sums
assured (for new and current policies), expenses, assets (subdivided by type), average rate of
interest earned (by type of asset) together with disclosure of the mortality and interest
assumptions underlying the current premium rates.

The Joint Stock Companies Act 1856 unintentionally exempted life offices from the
requirements of the 1844 Act without replacing them with any new rules. For various reasons,
efforts to introduce life insurance legislation lapsed (Walford (1887)). The demise of the
Albert Life Assurance Company in 1869 led to calls for a formal supervisory regime and this
was enacted in 1870 broadly under the terms devised earlier: the Life Assurance Companies
Act 1870 (see Daykin (1992)).

The new Act’s requirements were of far reaching important - they were divided into five main
headings: deposits; separation of the life fund; accounts, returns and other information for
policyholders; amalgamation; and winding up. The separation of the accounts for life insurance
and annuity business to form a separate Fund was intended to provide security for these
policyholders. Amalgamation (or transfer) of life insurance companies (where there had been
so much abuse in the recent past), could only take place on confirmation by the Court. The
procedures laid down required a statement of the material facts to be sent to the policyholders
of the transferred company - if policyholders with 10% or more of the total sums assured
objected, then the Court had no power to sanction the amalgamation or transfer. The Act went
further than earlier legislation and required the standardization of the revenue accounts and
balance sheets as well as the publication of statistics on the actuarial valuation. At this stage
of the development of the accountancy profession, there was considerable conceptual confusion
about the nature of "income" and "expenditure", inter alia, and there was much loose
terminology (Edwards (1986)). The first returns under the new legislation revealed that those
compiling the accounts were not able to produce them as required. Thomas Sprague’s classic
treatise of 1874 sets down the principles that should be adopted to comply with the Act’s
requirements, explaining the differences between a revenue account and a cash account (as
identified earlier by William Morgan). He noted that before the passing of the Act "the
accounts published by most of the insurance companies were mere cash accounts of receipts
and expenditure" and devoted several pages to explaining the difference between cash payments
and "the true income and true charge of the year".

The requirement of the 1870 Act for publication of these accounts and statistics was intended
to enable information to be furnished to the regulatory authorities and the public, (and
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especially to existing and potential policyholders and shareholders) to enable them to form the
basis of a reliable estimate of the financial position of the company (Tapp (1986)). Although
there was a requirement for the quinquennial actuarial valuation, no special auditing
requirements were imposed on insurance companies, so that they remained in the same position
as the generality of limited companies at this time.

Bonus systems were discussed by many actuaries over the years, with the first contributions
(as noted earlier) coming from Richard Price and William Morgan. Thomas Sprague’s paper
of 1858 discussed different methods of distributing surplus in relation to the then common
methods of loading the premiums. The importance of consistency between the bonus system
and loading in the premium formula was emphasised. The closing three paragraphs are of
interest, as they effectively anticipated the bonus reserve valuation method (first described by
that name by Coutts in 1908 - see later).

Shephard Homans’ paper of 1863 contained the first published description of the "contribution"
method for distributing surplus, which the author had developed together with his assistant,
David Fackler (then too young to be a Fellow in the US). The principle of the plan was that
the divisable surplus should be allotted to the various assurances in proportion to the individual
contribution of each assurance to the surplus. The share of divisible surplus so computed was,
in fact, usually paid in cash as a "dividend" though this, of course, is not a necessary feature
of the method. The surplus could also be converted to a reversionary bonus. This proposal
arose from the experience of the Mutual Life Insurance Company of New York (where Homans
was the Actuary): the mortality had been much lower than that assumed in the premium basis,
and interest earnings had been high. The surplus was consequently high and Homans believed
that any of the usual methods of surplus distribution would have been inequitable (and
apparently in violation of his company’s charter). The method was largely ignored in the UK
but was rapidly and universally taken up in North America (where it has been further
developed).

James Meikle’s work of 1865 (effectively four papers) introduced the scientific principles of
analysis of surplus to life insurance, formalising the earlier ideas of Price, Morgan and others.
Although introduced to this specific area of actuarial practice, the principles were later applied
elsewhere, for example occupational pension schemes and non-life insurance companies.
Meikle identified three principal sources of "profit" relative to the valuation basis (taken to be
equivalent to the premium basis): interest, mortality and "margins” and considered (both
algebraically and numerically) the identification, calculation and distribution of these three types
of profit. He did not, however, go on to show how this process could be used as an
independent check on the valuation of a life insurer’s liabilities.

The granting of life insurance to lives who were not in perfect health became commonplace,
with the establishment of some life insurance companies in the early nineteenth century having
this facility as an important feature (for example, the Clerical, Medical and General in the UK).
George Humphreys® report of 1874 represents the first detailed published account of an
investigation into the experience of a group of lives accepted for life insurance at higher
premium rates because of medical impairments identified when the policies were issued. The
study covers 3147 lives accepted between 1808 and 1871, with impairments classified into eight
groupings. At this time the higher premium was calculated by assuming that the policyholder’s
age was higher than reality, that is the age at entry was "rated up". Humphreys analysed the
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extent to which the impaired lives were rated up and constructed a life table based on this
mortality experience, expressing the rate of mortality as a function of the life’s age plus the
number of years he was rated up.

The first large scale study of impaired insured lives’ mortality experience was conducted in
North America, based on the experience of various classes of lives between 1870 and 1899:
the Specialised Mortality Investigation (1903). Classes of risks investigated inciuded different
countries of origin, different ethnic backgrounds, different occupations and medical
impairments. Mortality ratios were used in reporting the results and inferences were made on
a comparison of actual with expected deaths, following on from Richard Price’s idea. This
study is the direct forerunner of modern investigations of impaired lives’ experience.

Inspired by the manner in which these results had been presented as mortality ratios, Oscar
Rogers and Arthur Hunter, Medical Director and Actuary respectively of the New York Life
Insurance Company, devised a system of risk evaluation based on mortality ratios expressed
as a percentage in their 1919 paper. This system is known as the numerical rating system.
The principle of the system assumes that average mortality is represented as 100%, and each
factor influencing mortality is expressed numerically in terms of percentage mortality. Debits
or credits are allotted to each factor in multiples of five according to whether it has an
unfavourable or favourable influence. The total sum is then computed and the result expressed
with reference to the standard of 100%. Rogers and Hunter presented a fuil critique of the
system and published the basic ratings in use at the time. Over 80 years later, the numerical
rating system is now used almost universally for the underwriting of lives and has completely
replaced older and more empirical methods of risk evaluation (Brackenridge (1985)). The
magnitude of the debits and credits used in the numerical rating system is estimated using a
combination of medico-statistical studies and perceived wisdom of the medical profession. The
credits and debits have been compiled into underwriting manuals by the major life insurance
and reinsurance companies around the world.

As we have noted, the origins of the bonus reserve valuation method can be dated to Thomas
Sprague’s paper of 1858. The method was used by some life offices towards the end of the
nineteenth century for their statutory valuations. Henry Manly, in contributing to a discussion
at the Institute of Actuaries in 1902, advocated such an approach as an alternative to the net
premium valuation method, with the present value of the bonus liability at the rate to be
declared being treated as a prospective liability. The full implications of the bonus reserve
method are however drawn out by Charles Coutts in this paper of 1907. The debate between
the relative merits and demerits became at times "hostile” (Coe and Ogborn (1952)). The
bonus reserve method was "strongly attacked because it treats future bonus as a liability, in
complete contradiction of the true nature of bonus; but on the other hand it has been stoutly
defended for the way in which it keeps the true facts in view, in contrast to its chief competitor
for favour, the net premium method, which keeps none of the facts in view, although making
indirect provision for future bonus by the use of an artificially low rate of interest". On the
other hand, the net premium method has been criticised for its deliberate use of unrealistic
assumptions, with expenses and future bonuses being met implicitly out of margins in the
interest rate and valuation premium. As the modern literature indicates, this debate has not
been resolved although the emphasis has switched to the differences between "active" and
"passive" valuation bases (Redington (1952)).
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Pensions

Widows’ funds were among the first pension type arrangement to appear, for example, Duke
Ernest the Pious of Gotha founded a widows’ fund for clergy in 1645 and another for teachers
in 1662. "Various schemes of provision for ministers’ widows were then established
throughout Europe at about the start of the eighteenth century, some based on a single premium
others based on yearly premiums to be distributed as benefits in the same year” (Hald (1990)).

The Scottish Ministers’ Widows Fund was set up in 1743 and is the earliest formal widows’
pension scheme (providing annuity benefits to widows and children) funded by annual
contributions. It has functioned ever since. The scheme was promoted by Robert Wallace,
Andrew Webster and George Wishart, and the calculations were checked by the mathematician,
Colin Maclaurin. The technicalities of the scheme represented a major advance over the earlier
suspect methods that had been used and its construction "has served as a model for many late
pension funds" (Hald (1990)). The terms were revised in 1748 (as described by Andrew
Webster’s report included here) because the finances had become unsound: the original data
used were defective and membership was then made compulsory thereby preventing adverse
selection by the members. The income during the first years of operation greatly exceeded the
expenses, so a fund was built up so that, when the stationary state arrived, contributions and
interest income from the fund would balance the benefits and administrative expenses (Hald
(1990)). The actuarial calculations were based on statistics on the average number of ministers,
widows and orphans for the period 1722-1741, on Halley’s life table, and on an interest rate
of 4% as shown in Andrew Webster’'s memorandum. A full history of this fund has been
written by Dow (1975) and Dunlop (1993).

The construction of this fund provides a model taken up by some subsequent widows’pension
funds. The Trustees report of 1759 provides the first known emerging cost calculations with
an allowance for new contracts. The future projections of the Fund proved particularly
accurate, for example, the accumulated fund for 1765 amounted to £58,347 compared with a
forecast of £58,348!

Francis Maseres with Richard Price put forward to the UK Parliament in 1772 the first
proposals for the setting up of a national system of retirement pensions for the entire
population. The method of computing the deferred life annuities was based on Thomas
Simpson’s 1752 book and flat and increasing payments were considered. The scheme was to
be managed by church wardens through local parishes. The bill was accepted by the House
of Commons but was rejected by the House of Lords. A similar fate awaited a second plan
proposed by Thomas Ackland in 1789 and based on the friendly society movement, again with
the technical support of Richard Price; the calculations and tables appear in the fifth edition of
Price’s "Observations on Reversionary Payments” (1792).

‘We have commented earlier on the contribution of Johannes Tetens. In Chapter 5 of Volume
2 of his book (1786), he discussed the surplus/deficit that can arise from a widows’ fund and
how it should be calculated, with examples drawn from the experience of the Calenburg
Widows’ Fund. Inter alia, he considered how the financial status of a fund should be
measured, how surplus arises and its definition in terms of the assets and the present value of
the prospective liabilities less the contributions due to be paid.

The UK Civil Service pension scheme began in the eighteenth century and became an important
model for employees in other sectors, because of the generous level of benefit provided
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(Rhodes (1965)). The anonymous extract from an 1821 report, that is included here, represents
a protest on behalf of civil servants at government proposals to make the Civil Service pension
scheme contributory. The author presented calculations to demonstrate the inequity of the
proposals and the profit that would be made at the expense of different groups of members.
Approximate allowance was made for early ill health retirements and their subsequent levels
of increased mortality. Importantly, the calculations presented contain the first mention and
use of a promotional salary scale. Despite their early appearance and their later subsequent use
by William Farr, salary scale calculations were not fashionable until later pioneered by Henry
Manly (see below).

The great mathematician Carl Friedrich Gauss also contributed to the development of these
ideas with his valuations of the pension fund for widows and orphans of the professors of
Gottingen University in 1851: see Reichel (1978) for a full discussion. There are similarities
between Gauss’s work and the earlier report of Webster. Both the Scottish Ministers and the
Gottingen schemes were only open to a restricted class of members and so both were protected
against sudden influxes of new entrants and also forecasts of future population size would be
subject to less error than otherwise. These valuations and reports of Gauss are considered to
be one of the milestones in the development of actuarial science in Germany. It is interesting
to note that Gauss calculated the contribution rate for new entrants and found it to be
inadequate but did not recommend an increase in the contribution rate.

In the late nineteenth century in the UK, private pensions tended to be granted on an ex-gratia
and personal basis to favoured employees of a company often as a reward for long service.
Often there was no formal scheme, only statements of intent or merely expectations based on
custom. Informal arrangements of this character, without legal protection, offered opportunities
for abuse. In particular, preferential treatment of individuals often soured employer - employee
relations, since the arbitrary nature of the pension award could tempt an employer to use the
threat of withholding a pension as a means of placing pressure on an employee. More formal
and legally protected arrangements were clearly advisable and there was soon pressure to
introduce them generally. Attempts to do so, by establishing pre-funded schemes, met fiscal
difficulties and special tax concessions for the private provision of retirement and related
benefits were required. Section 32 of the Finance Act 1921 was to set the pattern for pension
funds as they are now known.

The earliest private schemes (in the nineteenth century) were for large groups of employees and
arranged by means of a trust fund with an actuary recommending the necessary contributions.
In the USA the situation was similar but in the 1920s life assurance companies entered the
field, offering guarantees and administrative services (to be copied a decade later in the UK).
Although funded occupational schemes continued in Anglo Saxon countries and, for example
the Netherlands, they had disappeared in France by the 1940s and were replaced by schemes
operating by répartition or assessmentism.

Regarding the mathematics of operating funded occupation pension schemes, Henry Manly’s
paper of 1901 was the first paper in English to present a systematic treatment of pension funds.
Manly discussed and solved a series of increasingly complex illustrative problems, giving the
algebraic development of the formulae (in text book style) and using a consistent notation.
Numerical examples were provided as well as examples of full valuations of a number of funds
with different benefit patterns. There was a parallel development in the German literature:
thus, Johannes Karup’s classic 1893 report produces a full discussion of the valuation of
widows’ and orphans’ benefits (see later). James M’lauchlan’s paper of 1908 aimed at
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explaining the characteristics of a pension fund in simple terms, providing a careful analysis
of the evolution of a typical fund at various points in its lifetime. He showed (as did Webster
and others previously) that large reserves were a necessary feature of the actuarial approach
to valuation. M’Lauchlan’s paper provides a clear exposition of the subject although it is less
significant in terms of conceptual content than Manly’s work.

Investment

During the seventeenth century, the UK Government discovered that it was impossible to raise
sufficient funds through taxes to pay for its wars; therefore, money was borrowed from various
sources, including wealthy traders to cover these expenses. Payment of interest on the money
borrowed was a natural development and so the National Debt came into being. When the
Government borrowed sums of money, fixed, clearly defined, rates of interest were payable
to the lenders.

Gradually, a market was created in what was referred to as ‘stocks and shares’. If you lent
money to the Government, you were then issued with Government stock paying a certain rate
of interest. If you then decided that you wanted a capital sum before the agreed repayment
date, you were able to sell your stock (and hence the right to future interest and the eventual
capital repayment). Similarly, if you had taken shares in a trading venture and you required
the return of your investment before the conclusion of the venture you were able to sell your
shares in the market.

The advent of the Industrial Revolution meant that capital was required on a large scale to
finance the new infrastructure projects, including the building of new canals, railways and
factories. As a result, the existing methods for raising capital and for dealing in stocks and
shares were expanded. This development was assisted by legislation passed in 1862 which
allowed the formation of limited liability companies; previously shareholders had been
personally liable for a company’s debts if it had failed. At this time, in addition, many
companies borrowed money on fixed terms, in much the same was as the Government were
doing, (Lewin (1970)).

These developments were parallelled in other economically developing nations. Thus, today’s
sophisticated and complex capital markets are the result of development over at least two
centuries.

The first two documents included here, due to John Castaing (1698) and Stephen Daubuz
(1731), are illustrative of the workings of the early financial system against which actuarial
science was developing. It is noteworthy that Stephen Daubuz was willing to quote for "refusal
and puts” (that is options) although not on the day in question.

With the principles of scientific life insurance, laid down by Dodson and advanced by Price,
Morgan and so on, life insurance companies necessarily built up large reserves through the
charging of a level premium for an increasing risk. The premium calculations, of course,
contained an assumption about the rate of interest that was expected to be earned on such funds
and participating policyholders anticipated receiving bonus additions to the guaranteed life
insurance benefits. Thus, the investment of the funds of life assurance societies became an
extremely important issue. Arthur Bailey’s seminal paper of 1862 discussed the actuarial
principles on which the investment policy of life insurers should be founded. He proposed five
principles (which came to be known as “"canons” in the British actuarial literature) for the
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selection of investments. These canons remained orthodoxy, despite comments from Coutts
(1933) until Pegler revisited the principles of investment selection and the basis of the valuation
of investments in 1948.

The paper by Louis Bachelier of 1900 represents a remarkable advance with its stochastic
modelling approach to investment problems in continuous time. This is the clear forerunner
of the modern theory of option pricing, which has been developed for the valuation of complex
derivative securities. "These models have provided the springboard for a bewildering array
of applications in investment and corporate finance. In particular, they provide the scientific
Jramework for the measurement and control of different types of financial risk". (Boyle
(1992)). Bachelier deduced an option pricing formula based on the assumption that stock prices
follow a Brownian motion with zero drift: the significance of the paper is now acknowledged
by those who have subsequently developed the modern theory, for example Merton (1973).

The letter by Dr D Moll of 1909 is significant in that he discussed the idea that liabilities and
assets should be valued at the same rate of interest and that assets can be invested to reduce the
fluctuations in surplus arising from interest rate changes. It would appear that at this early
stage Moll appreciated the underlying point about immunization, without putting down a
rigorous mathematical argument. These ideas were not picked up at the time by others (nor
developed by Moll) and remained dormant for decades until the development of the parallel
theories of duration (Macaulay (1938) and Hicks (1939)), matching (Haynes and Kirton (1952))
and immunization (Redington (1952)).

Risk Theory and Non-Life Insurance

As is well-known, non-life insurance largely began with marine insurance, probably in northern
Italy about the end of the twelfth century. The first marine insurance policies involving the
payment of premiums to specialised underwriters are thought to date from the first half of the
fourteenth century (Daykin (1992)). By the late 1600s financiers were specialising in the
underwriting of marine expeditions. Often, negotiations were conducted in coffee houses - one
such was opened around 1680 by Edward Lloyd in London and became frequented by
shipowners, merchants and mariners. It soon became the marine underwriting centre and
eventually grew into the institution now colloquially known as Lloyd’s.

Despite this long history of non-life insurance (now covering fire, liability, accident, motor,
aviation, workmen’s compensation and many other risks), the list of actuarial contributions to
this area of practice is much briefer. The reasons why actuaries in many countries focused on
other areas of activity, particularly life insurance, during the period up to 1900, are speculative.
However, increasingly during the twentieth century there has been a growing appreciation
among non-life insurance companies that there is room for improvement in the statistical and
financial bases of their operations. It has been realized, especially in the more competitive
classes such as motor insurance, that the company’s experience needs to be examined and
analysed thoroughly in order to quantify and manage the risks that the company faces; to
estimate the reserves that the company should hold as protection against fluctuations in its
claims experience; to price accurately the risks so that the premiums are competitive, allowing
for existing and potential risk factors; and to avoid losing the "better risks" to other insurers;
and so on.

We have noted that Nicholas Bernoulli considers simple probability problems from marine
insurance in his thesis of 1709. An important early work is by Daniel Bernoulli (1738) on the
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problem now referred to as the "Sz Petersburg Paradox” in which Bernoulli suggested that
mathematical expectation should be replaced by "moral expectation” a concept which we today
know as expected utility.

Corbyn Morris’s essay of 1747 represents one of the first attempts to use mathematics to solve
non-life insurance problems; in this case, the examples are entirely from marine insurance, but
are of wider application. The main objective of the work was to demonstrate that an insurer’s
"probability of risk" decreases as he spreads his available wealth between more and more
policies at any one time. His tools were the binomial theorem and the various examples are
presented with great clarity. Although the discussion may appear elementary, for its time this
was clearly a pioneering work. We note in passing that Morris did not consider the
determination of the risk premium from observational data; the case where the insured and
insurer do not agree on the risk premium; the addition of a safety loading to the premium or
the effects of competition. He does remark on the inadvisability of allowing the sum insured
to include the amount of the premium - his argument recognises the existence of what we now
call moral hazard. i.e. "an inducement to very bad Practices".

The development of the theory of risk is described by Kanner (1869) and Béhlmann (1909) in
two excellent review papers. It should be noted that the theory is concerned exclusively with
life insurance and annuities at this stage and dealt mainly with deviations that were expected
to be produced by random fluctuations in individual policies.

Independently of Morris, Johannes Tetens (in volume II of this work: 1786) addressed the
theory of risk, which he defined as the expected loss to the insurer, if the contract leads to a
loss. He demonstrated that "for any amount of insurance, whatever may be the ages of the lives
insured, and whatever the nature of the insurances the sums of the mathematical expectation
of gain and loss for any interval of time, are equal to each other if only the premiums are
calculated upon the supposition of the most probable case” (Kanner (1869)). Tetens also
showed that the risk to an insurance fund is larger when the number of members is larger and
the risk in respect of each individual member reduces when the fund becomes larger and is
proportionate to the square root of the number of members.

The ideas of Daniel Bernoulli were taken up by Barrois (1834) who used them to develop a
complete and modern theory of fire insurance, in which he showed how a premium could be
determined that is acceptable to both the person to be insured and the insurance company; the
insurance contract increasing the expected utility of both parties.

The work of Barrois seems to have been ignored by the following generation, but Bernoulli’s
ideas reappeared in the insurance literature once the game theory of von Neumann and
Morgenstern had made utility ideas fashionable and demonstrated that they should occupy a
central position in any theory of decision making under risk and uncertainty. These ideas have
been developed recently, in particular, by Borch in a series of studies beginning in 1961.

The next step forward comes from Carl Bremiker’s work of 1859, which appeared translated
into English (in two sections) in 1871. He considered the total claims distribution in life
insurance and calculated risk measures for a single policy and for portfolios of life insurance
policies, recognising that funds would be needed to cover the actual deviations from the mean
level of mortality anticipated. He considered the separate cases of single and annual premium
policies. The risk measures, R, are defined as the square root of the mean squared errors
allowing the insured’s survival time to be random i.e. for a single premium whole life policy,
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with single premium A, and unit amount insured:
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Bremiker did not introduce the possibility of other sources of variability, for example interest
rates. We have already noted that Hattendorff similarly considered risk loadings in net
premiums in his 1868 paper.

These results were only of a limited practical value. The theory developed thus far by Tetens,
Bremiker, Hattendorff and others did not consider the more important probabilistic questions
(as in fact Morris did!) nor questions about within what limits an insurer’s probable loss or gain
would lie during different periods. The theory received little attention from practitioners and
its applications to practical problems of insurance activities remained unimportant. Further,
the focus of this work remained on life insurance and yet it is non-life insurance where the
most rewarding applications would lie (Beard et al (1969)).

A new phase of development of risk theory began with the seminal work of Filip Lundberg in
1909 which thanks to Harold Cramér (1930) and other Swedish authors, has become known
as the collective theory of risk. Lundberg used stochastic processes in continuous time to model
the evolution of the liabilities of an insurance company. He dealt with the occurrence of claims
collectively, without reference to the individual policies. Lundberg considered an insurance
company as a container into which flows a continuous stream of premiums and from which is
paid a sequence of claims. He considered the distribution of aggregate claims using a
convolution procedure, the effect of reinsurance and initial reserves on an insurer, premium
income and claim payments, together with stability measures. He considered also the
probability of ruin and obtained the following elegant result for the probability of ruin in
infinite time, known as Lundberg’s formula,

Y(w) = Clu) e ™

where u is the initial reserve, of the insurer, C(u) is an auxiliary function with values in the
interval (0,1) and R is the adjustment coefficient (or Lundberg’s coefficient) which is dependent
on some of the parameters of the underlying risk process. In his discussions, Lundberg
ingeniously used the concept of operational time, closely related to the "ensropy time” used in
theoretical physics. The transformation of the time scale means that expected claim payments
in any period are equal to the length of the period, and makes it possible both to simplify the
underlying theory and extend its validity. Lundberg’s work was overlooked for almost three
decades until rediscovered by Cramér and this may be explained by his mathematical arguments
being too deep and advanced for most contemporary and practical insurance people.

Because this theory essentially studied the progress of the insurance business from a
probabilistic view, the theory had clear applications for non-life insurance as well as life
insurance. This new way of expressing the problem has proved fruitful and the development
of the theory has since been continued by several other authors in a principally Scandinavian
school of academic and practising actuaries. (There have been numerous review articles,
starting with Cramér (1955)). Jewell (1980) has argued that this work on risk theory and the
dynamic risk model provided an important impetus to the development of stochastic processes
and its applications. In recent years the fundamental assumptions of the theory, and thus the
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range of its applications, have been significantly enlarged by the use of more general
probability models, which allow, for example, for certain types of fluctuation in the basic
probabilities. Advances in the theory of stochastic processes have been reflected in the recent
developments of both individual and collective risk theory. Advances in computing and
simulation have similarly led to developments in the practical applications.

The importance of the actuarial contribution to workmen’s compensation insurance was
recognised by the establishment in 1914 of the Casualty Actuarial Society in the United States
(see Moorhead (1989) for further discussion). The developing literature in North America
contains some significant contributions two of which (in the area of experience rating) are
highlighted here. It is noteworthy that both appeared in the new journal: the Proceedings of
the Casualty Actuarial Society.

To calculate premiums or to estimate future claims for insurance policies in a large portfolio,
the portfolio is usually divided into a number of subgroups on the basis of observable risk
factors and these subportfolios are assumed to be homogenous (in the sense that all policies
have identical claim distributions). Since not all of the risk characteristics are observable, for
example the driving skill of the insured in a portfolio of personal automobile policies, the
subportfolios will in practice not be as homogeneous as assumed. All the available information
about the unobservable risk characteristics of a policy is contained in its own claim data, which
is often rather scarce (and therefore not very reliable). For this reason, techniques were
developed which looked at individual claims, as well as the reliability of the estimates for
which the claims data of other policies in the subportfolio were used (Kling (1993)).

The tension between using policy data only or using all the subportfolio data has led to the
introduction of the so-called credibility theory. The technique itself is based on weighted
averages between policy and subportfolio estimates, where the weights are determined by the
reliability of the experience data.

Credibility theory’s development started with Albert Mowbray’s 1914 paper which considered,
using heuristic reasoning, the calculation of a (pure) premium for accident insurance and the
size of experience needed for the premium to be "dependable”. A dependable pure premium
is one for which the probability is high (at least equal to an assigned value) that it does not
differ from the true pure premium by more than an arbitrary limit which may be selected with
regard to the other factors present. Albert Whitney’s paper of 1918 proposed that the true
individual risk premium in workmen’s compensation insurance be given by a weighted average
of an estimate based on individual and another estimate based on collective experience data.
As Kling (1993) explains, "the weight attached to the individual experience, also called the
credibility factor, was assumed to be between zero and one. As a result it follows that the two
extremes (zero and one) coincide with estimators solely based on collective or on individual
experience data, respectively. The credibility factor itself should reflect the heterogeneity of
the collective as well as the accuracy of the individual estimator measured by the amount and
variation of the individual experience data".

Effectively, Whitney also introduced a Bayesian approach, which was followed up by
Michelbacher (1918), but these ideas have only recently been formalised and developed: see
Bailey (1950), Mayerson, (1964) Biihlmann (1967), Bithimann and Straub (1970) and Norberg
(1979) for an .extensive review of the development of this theory.
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Multiple Decrement and Multiple State Models

Multiple decrement and multiple state models are an important theoretical tool in the actuarial
fields of pensions and sickness and disability insurance schemes. The history of the
development of this subject has been described by Seal (1977) and Daw (1979). These models
can be traced back to Daniel Bernoulli’s memoir of 1766 which applied the methods of
differential calculus to a particular problem and then solved the resulting differential equations
under certain constraints.

What is the problem? "Given two states A and B such that individuals in state A have mutually
exclusive probabilities, possibly dependent on the time spent in state A, of leaving that state
because of (i) death, or (i) passage to state B, what is the probability of an individual passing
to state B and dying there within a given period?”. (Seal (1977)). Bernoulli’s state A
consisted of individuals who had never had the smallpox while state B comprised those who
had contracted smallpox and would either die from it, almost immediately, or survive and no
longer be suffering from that disease. In solving this problem, Bernoulli started with Edmund
Halley’s life table and effectively produced the first double decrement life table together with
one of the related single decrement tables, as well as considering the efficacy of inoculation and
deriving a mathematical model of the behaviour of smallpox in a community. The approach
was based on setting up and solving a series of differential equations. (This work was the
forerunner of considerable developments in the mathematical theory of infectious diseases: see
Bailey (1975) for further discussion).

During the next 50 years, there were a number of contributions from other authors on the
subject of smallpox and inoculation, including Jean d’Alembert and Jean Trembley (Daw
(1979)).

Johann Lambert’s 1772 work (from volume III of his book) explained how numerical data
could be used to study Bernoulli’s problem and laid the practical foundations for the double
decrement model and life table. (Daw (1980)). He obtained an approximate formula for the
rate of mortality when smallpox is excluded, thereby setting down a practical connection
between the double decrement model and the underlying single decrement models. Daw (1979)
argues that, with Lambert’s contribution, “the practical and theoretical foundations of double
decrement tables had been laid down".

In his 1806 book, Emmanuel Duvillard calculated the reduction in mortality rates in France if
smallpox were eliminated, considering the same problem as Bernoulli but in relation to the less
risky method of vaccination introduced by Edward Jenner in 1796 (rather than inoculation).
The book contains extensive tabulations of observed data on smallpox and of life tables
constructed on the application of Bernoulli’s theory. As Daw (1979) points out, the method
of construction of Duvillard’s basic life table is unclear and it appears to have been prepared
by adding the deaths by age (see earlier) with the assumptions that the population was
stationary and that migration could be ignored. Despite this possible doubt, French insurance
companies only abandoned the use of this life table in the 1890s (Quiquet 1934). Quiquet
(1934)) describes Duvillard as "the first French actuary” and Greenwood (1948) describes his
book as a “classic of vital statistics".

Both the calculations of Lambert and Duvillard drew on different sources of data. Joshua
Milne, in part of his treatise of 1815 (see earlier), estimated the effect of the elimination of
deaths from smallpox on the Carlisle life table and hence on the expectation of life, using data
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exclusively from the Carlisle experience.

Despite this progress by the early 1800s there were two outstanding problems, namely (i)
deriving accurate practical formulae for application to numerical data, linking the discrete and
continuous cases; and (ii) obtaining exact results in a convenient form (d’ Alembert had derived
an exact result in terms of an integral that was difficult to evaluate).

These problems were attacked successfully and independently by Antoine-Augustin Cournot in

1843 (Chapter XIII of his book) and by William Makeham in 1867. They were the first to set
down the fundamental relations of multiple decrement models: in modern notation

pe = (ap)f for k=1, ..., m
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k=1

.

from which it follows that (ap), = I p/
k=1

Makeham’s paper of 1867 also contains an analysis of the "partial” forces of mortality for
different causes of death, suggesting a re-interpretation of his formula for the aggregate force

i=1

Jj=1

of mortalit = A+Bc* = c* to represent the separate contributions
Y By P P

from m-+n causes of death.

Makeham went on to use this connection between the forces of decrement to interpret the prior
development of the theory: he demonstrated that the earlier results of Bernoulli and d’ Alembert
satisfied this additive law for the forces of decrement and this multiplicative law for the
probabilities (or corresponding /, functions). He also identified an error committed by
d’Alembert (Makeham 1875)).

Jobannes Karup in a report in 1875, that was not publicly published (on the invalidity and
widow’s pensions scheme for railway officials), described the properties and use of single
decrement probabilities and forces of decrement in the context of an illness-death model (with
no recoveries permitted) i.e. the "independent or pure" probabilities of mortality and
disablement. He also discussed the estimation of the independent probabilities from observed
data. This approach was regarded as controversial by many German actuaries and let to a
furious debate in the national literature: the arguments are reviewed by Du Pasquier in his 1913
paper (see below). Karup’s classic report of 1893 provides a definitive review of this work
and describes clearly and in full detail the valuation of liabilities of and contributions for
widow’s funds, dealing also with pensions payable on invalidity and pensions payable to
orphans (using the "reversionary method"). Thomas Sprague’s paper of 1879 is an important
contribution as far as the UK literature is concerned, demonstrating how to estimate directly
the forces of decrement and the (independent) single decrement probabilities. Sprague’s
arguments are intuitive, based on an assumption of a uniform distribution of decrements over
each year of age, but nonetheless effective. Sprague’s paper is a standard which has laid the
foundations for subsequent practical applications in the English literature.
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Gustav du Pasquier’s two papers (1912/1913) took a dramatic step forward by providing a
rigorous, mathematical discussion of the invalidity or sickness process with the introduction of
a three state illness-death model in which recoveries were permitted. He derived the full
differential equations for the transition probabilities and showed that these lead to a second
order differential equation of Riccati type which he then solved for the case of constant forces
of decrement. The three sections of these papers dealt respectively with a general presentation
of the differential equations, the special case where recoveries are not permitted and then the
more general case allowing for recoveries. Du Pasquier’s work is very significant, presenting
an early application of Markov Chains, and laying the foundations for modern actuarial
applications to disability insurance, long term care insurance and critical illness, inter alia
(Pitacco (1994)).

The work of Karup, du Pasquier and others in mainland Europe meant that the actuarial theory
associated with sickness and invalidity insurance developed there more rapidly than in the UK
where simple methods based on proportions sick (as advocated by Alfred Watson’s 1903 book -
see below) remained in use through the nineteenth century and until recently.

Despite the interest and importance of these problems to actuaries and the consistent
contributions made to the actuarial literature since the mid nineteenth century, these have
essentially been renamed and rediscovered (as the theory of computing risks) by Fix and
Neyman (1951) who developed the formulae and results ab initio in the context of Markov
processes, with little reference to their actuarial predecessors.

Health and Sickness Insurance

The actuarial contribution to health and sickness insurance is closely linked with the evolution
of friendly societies in the UK and corresponding institutions in other countries. The traditional
friendly society is a mutual association which gives financial assistance to its members in times
of sickness and old age and meets the costs of burial. Its operations are based on insurance
principles, the benefits being paid from a fund accumulated from the members’ regular
contributions.

The origins of friendly societies in the UK may be traced to the craft guilds of the thirteenth
and fourteenth centuries. But the most significant factor in their later development was the
Industrial Revolution, which was accompanied by widespread poverty and insecurity. At this
time, a rapid population increase (attributable to a decline in mortality rates) provided a source
of cheap and easily exploitable labour. In the absence of state provision through social
insurance schemes and of occupational pension or sick pay schemes, friendly societies,
established through the initiative of working men, were the only form of financial security
available. The development of friendly societies in the UK in the nineteenth century was
paralleled elsewhere, for example in the USA and France and by the miners mutual help
societies of Germany and Austria which date from the eighteenth century.

In the early days, the financial arrangement of these societies was rudimentary. The fact that
the average cost per member of payments on the contingencies covered tends to increase as age
increases was generally ignored. The contributions were often fixed on the levy principle (i.e.
the cost of current claims was met by a uniform charge on all active members, regardless of
age) leading to classic instances of adverse selection and financial ruin (Magee (1958),
Cummins et al (1982)).
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The actuarial profession began to be concerned with friendly society finance during the
nineteenth century. As their techniques developed, actuaries advised on the rates of
contribution and on the accumulation of funds to meet the future liabilities being promised.

The first attempt to produce age-related sickness rates was made by Richard Price (published
in 1792 in the fifth edition of his classic book) at the request of a House of Commons
Committee. It is not clear whether the age-related rates are hypothetical or based on the
collection and analysis of experience data. The rates were used to produce tables of
contributions for given levels of benefit in respect of incapacity for work.

The first investigation into the observed sickness experience of an institution is the report of
1824 from the Highland Society of Scotland. At this time, UK friendly societies were in
difficulties through a failure to understand their financial status; in some, capital funds
increased regularly for a number of years and benefit payments were then increased without
there being a full recognition of the prospective implications arising from benefit levels that
might already have been too high. The Highland Society’s analysis was crude but did include
the average number of weeks sick in decennial age groups, interpolated to give rates for each
year of age as well as an occupational analysis of the experience. The rates emerging were
much lower than those subsequently experienced - one defect noted by many writers was the
improper treatment of the many withdrawals.

John Finlaison’s 1829 report on annuities (discussed earlier) contains sickness rates based on
six year’s data (based on the experience of the London Society up to age 60 and the Highland
Society thereafter). Finlaison calculated the present value of a standard set of friendly society
benefits at different ages and the equivalent age dependent contribution rates, noting the
implications of charging the same contribution rate for all (see above). This work represents
the first English investigation into sickness rates.

G Hubbard’s book of 1852 contains the first investigation into the sickness experience of
friendly societies in France with an analysis by sex and occupation. For example, we find the
first published analysis of data on length of hospital stays for each spell of sickness for different
types of occupation. (A review of the development of the subject in France at this time is
provided by Brown (1855)). Hubbard’s work was used subsequently by French friendly
societies for the proper calculation of contribution rates.

In 1855, K F Heym published work on the organization of friendly societies, with special
reference to Leipzig, in which he advocated the use of premiums dependent on age at entry.
He also published age-related sickness rates and invalidity probabilties, based on data collected
from local friendly societies, and sets of annual and single premiums for standard patterns of
sickness benefit. (Lazarus (1860)). Heym is regarded by some commentators as the “crearor
of invalidity insurance science" (Seal (1977)).

In 1854, Prussia legislated for the compulsory membership of sick relief societies and this
legislation was copied by the other Northern states of Germany. In 1871, the owners of
railways, mines and factories were made liable by law for injuries (or deaths) caused to the
employed by accidents where the sufferers were not themselves culpable. In this context, we
include August Wiegand’s report which deals with the reorganisation of the invalidity insurance
scheme for the German railways. Wiegand based his numerical calculations on the probabilities
and rates presented earlier by Heym. He also published an analysis of the mortality and
invalidity experience of railway officials and used insurance company data for the costing of
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invalidity benefits (with adjustments to allow for the select nature of railway workers). In the
previous section, we considered Johannes Karup’s classic text of 1893 which also provides a
clear presentation of the methodology for valuing invalidity benefits.

Alfred Watson’s 1903 account of his investigations into the sickness and mortality experience
for 1893-1897 of the Manchester Unity Friendly Society has become one of the standard works
on sickness insurance. Its methodology dominated UK actuarial practice for almost nine
decades. Although methods have now moved on from Watson’s approach, it is still possible
to appreciate his clear presentation and analysis of data cross-classified by several factors.
Earlier investigations had revealed that occupation was an important variable (see above) but
Watson’s consideration of the combined effect of occupation and region was new.

The friendly society movement has declined in importance during the current century; however,
there is now a resurgence of interest in many countries in long term permanent health
insurance, long term care insurance for the elderly, critical illness protection and other types
of related cover offered by life insurance companies.

Experience Studies and Estimation of Rates

We have already discussed the construction of life tables (for example, Halley’s life table, the
Northampton and Carlisle life tables, those of Wargentin and Deparcieux). We now consider
the investigation of insured lives’ mortality and the construction of life tables appropriate to
such subsections of the population.

Charles Brand’s 1780 edition of John Smart’s compound interest tables included (in the
Appendix) the first mortality data derived directly from the mortality experience of a life office,
in this case the Amicable Society. There are tables of expectation of life and average policy
duration at the date of death for different ages at entry.

In 1828, William Morgan reported on the construction of a life table from the mortality
experience of the Equitable: this represents the first published life table based on the experience
of a life office. The life table was then used to calculate values of annuities as well as single
and annual premiums. Earlier attempts had been made by Griffith Davies in 1825 and Charles
Babbage in 1826 based on the limited information that was then publicly available.

The concept of time exposed to risk, with proper allowance for new entrants and withdrawals,
as a basis for the estimation of rates of decrement, is due to Wesley Woolhouse’s important
1839 report on Mortality in the Indian Army. This effectively began the use and development
of the theory of exposed to risk in the actuarial literature.

The Seventeen Life Assurance Offices’ Table of 1843 was the first mortality experience to be
derived from the combined data from a number of insurance companies and hence is the first
in a long line of similar investigations that have been complied in the last 150 years worldwide.
The Tables were prepared under the guidance of a Committee comprising, inter alia, Griffith
Davies, Benjamin Gompertz, Joshua Milne and Wesley Woolhouse. The report included here
describes the process of data collection from the contributing insurance companies and the
forms used and the method of compilation of the number exposed to risk based on Woolhouse’s
1839 method. A number of sub-divisions of the data were investigated. It is interesting that
the assured females experienced higher mortality rates than the males. The investigation was
based on policies rather than lives (as are most modern descendants) which makes interpretation
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more difficult because of the presence of duplicate policies. The average duration of policies
included was 5% years so that the final tables represented a lower level of mortality than could
be expected to prevail in the long run. The report includes comparison with other standard
tables in use at the time, including the Northampton and Carlisle tables and the Equitable’s
experience life tables as produced by Morgan and Davies (see above). The methods used in
the construction of these tables are described further by Woolhouse (1867). These life tables
were widely used, particularly overseas - for example the valuation standard adopted by Elizur
‘Wright in Massachusetts following the law of 1858.

The original report and tables did not contain any monetary functions and before the Committee
had reached a conclusion on what to calculate and publish, Jenkin Jones seized the initiative
and published a "series of tables of annuities and assurances calculated from a new rate of
mortality amongst assured lives".

Charles Gill’s report of 1851 represents the first report on the mortality experience of a life
insurance company in the USA. He compared the actual experience with that expected
according to the life table used in the premium basis (by implication, the Carlisle Life Table
of Milne). He drew attention to the adverse experience for risks in California. In his report,
there are comparisons of mortality experience between the geographical areas as well as with
the combined experience of a group of 15 life insurance companies in England. Contemporary
reviews of the mortality among American assured lives are provided by Brown (1860) and
McKay (1870), both of whom mention the important contributions of Gill and Homans. We
note here that in later work, Sheppard Homans reported on mortality differences between class
of policy.

Similar investigations and life tables constructions were taking place in other countries with
developing insurance industries. Thus, Hopf (1855) in his extensive review of the operations
of the Gotha Life, reported on the mortality experience, in comparison with life tables from
relevant population studies (England; France; Belgium; Hanover; Saxony) and insurance
investigations (Morgan’s Equitable; Seventeen Offices; Prussian Widows’ Fund for the period
1776 to 1845 - the first life tables, for the 58 year period up to 1834 were published by
Rechnungsrath Brune in 1837 in Berlin).

Theodor Wittstein’s 1862 paper is an important theoretical contribution to the theory of exposed
to risk and the estimation of mortality rates. He considered a year of age running from age
x to age x+1 and assumed that A lives start the investigation at exact age x, that B lives enter
the investigation during the year of age and that C lives "escape from observation” during the
year of age. It is assumed that d deaths occur during the year of age to this changing group
of lives. Deterministic and random exits from observation are aggregated together (Seal
(1977)). The two components of the difference (B-C) are assumed to be uniformly distributed
over the year of age. An expression for the expected number of lives remaining under
observation at age x+1 is obtained and equated to the actual number of lives present at age
x+1. Thus, as Puzey (1993) argues, Wittstein has determined expected deaths using observed
new entrants and withdrawals, and equated this expression to actual deaths applying similar
principles to those introduced subsequently by Cantelli (1914). To derive an expression for q,,
Wittstein then introduced two alternative assumptions: a uniform distribution of deaths over the
year of age or a constant force of mortality over the year of age. Both lead to the following,
familiar, albeit approximate result:
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Wittstien also identified the appropriate error term. (The expression becomes exact if the
Balducci assumption is used but this implies that the force of mortality decreases throughout
the year of age).

William Elderton’s paper of 1906 on spurious selection dealt with the problems arising from
the amalgamation of data over a long period of time and was a critique of the prevailing ideas
in the UK on the construction of mortality tables. The possible correlation between mortality
rates, years of entry and years of death was discussed as the source of this selection. He also
discussed the difficulties of identifying the end of a select period in data where heterogeneity
is present: difficulties which have persisted through the current century (for example, see Joint
Mortality Investigation Committee (1974)).

This work led on to the joint paper of 1912 written by Elderton and Richard Fippard which
showed how mortality rates could be found from assurance data by the methods used to find
rates of mortality from censuses and deaths records in the general population. They also
showed how this "census method" could be adapted in the case of a prolonged investigation to
give a continuous (and hence up-to-date) mortality investigation. These ideas led to
arrangements for the continuous collection of the experience of annuitants and assured lives
which were agreed by the Institute and Faculty of Actuaries in 1914. The implementation was
delayed by the Great War but in 1924 the Continuous Mortality Investigation was established.

Paul Bohmer’s work of 1912 represents a remarkable breakthrough that was subsequently
ignored for many years, until re-invented by Kaplan and Meier (1958). He developed the
product-limit estimator for mortality rates and avoided some of the assumptions that Woolhouse
and Wittstein and others had been forced (implicitly or explicitly) to make. Instead of
introducing an external and deterministic rule for creating sub intervals of age, Bohmer divided
his age interval (say a year) into sub intervals each of which contained one decrement or one
accession. Thus, it is then not necessary to impose any mortality assumption on the behaviour
of mortatity within the interval being considered. Further details on this approach are provided
by Seal (1981) and Puzey (1993).

Graduation of Decremental Rates

Graduation may be regarded as the principles and methods by which a set of observed (or
crude) probabilities are adjusted in order to provide a suitable basis for inferences to be drawn
and further practical computations to be made (e.g. life tables to be constructed from sets of
probabilities of death by age).

The fundamental justification for the graduation of a set of observed probabilities like §, is the
premise (suggested by experience of nature) that, if the number of individuals in the group on
whose experience the data are based, n,, had been considerable larger, the set of observed
probabilities would have displayed a much more regular progression with x. In the limit, with
n, indefinitely large, the set of probabilities would thus have exhibited a smooth progression
with x. Therefore the observed data may be regarded as a sample from a large population so
that the observed probabilities, derived there from, are subject to sampling errors. Providing
these errors are random in nature, they may be reduced by increasing the size of the sample
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and thereby extending the scope of the investigation. A simpler, cheaper and more practicable
alternative is often to use graduation to remove these random errors (rather than increasing the
sample size).

Taking the case where n, is not large enough for the above estimate §, to be sufficiently
reliable, a statistical method is needed which combines the information at related values of x.

The actuarial methods of graduation developed in the literature can be described broadly as (a)
graphical methods, (b) summation and adjusted-average methods and (c) parametric methods.

We here draw attention to a few of the major contributions made to the extensive literature on
this subject. There are many early examples of rudimentary examples of graduations including
Joshua Milne (1815) for the Carlisle life table, Thomas Young (1826) and Francis Corbaux
(1833).

We begin with Johann Lambert’s work of 1765 (volume I) where he graduated the value of 1,,
at decennial ages, which he had calculated from the deaths recorded in the London Bills of
Mortality for 1753-8. Two methods of graduation and/or interpolation are discussed. The first
was a geometric method for introduction "osculating parabolas” between any two points, given
the two points on the curve and the tangents at those points. The second was a method of
fitting a polynomial of fifth degree to represent a section of the curve which was then able to
"hang together” with the corresponding polynomials for the immediately preceding and
succeeding sections of the curve (Daw (1980)). This methodology is effectively what came to
be known as "osculatory interpolation”, and was re-invented by Thomas Sprague (see below).

John Finlaison’s 1829 work on life annuities included the first life table consisting of graduated
observations at individual ages. His eventual formula (its derivation is not explained) is based
on overlapping piecewise linear arcs extending over nine successive values, with eight of the
nine values being used in the next arc (Seal (1982)), and thus represents the first published
example of a graduation by the adjusted-average method.

The history of graduation by piecewise cubic polynomials is discussed fully by Seal (1982) and
readers are referred to this excellent review for a more detailed discussion of the issues and
contributions.

Wesley Woolhouse’s paper of 1865 (the third part of a major work on interpolation and
graduation) presented a detailed exposition of graduation of mortality rates using summation
formulae, stressing the conceptual differences between graduation and interpolation. He
considered the case where the fourth differences of the corrections v, = ¢, - ¢, to an observed
series of rates had small values and proposed to minimizez vZin terms of A*v and thus obtain
estimates of v, and hence of g,. Seal (1982) demonstrates that the equations for g, are equivalent
to those which arise from fitting piecewise cubic polynomials by least squares to equidistant
observations. In later work, Woolhouse (1870) adapted these methods for the graduation of
the "healthy lives" life tables (H™") published by the Institute of Actuaries and based on the

mortality experience of 20 British life offices. It was based on piecewise cubic polynomials
extending over fifteen years of age.

The first least squares estimate of a mortality parameter was Moser (1839) who estimated the
parameter a in his law
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I =Il-ax* (0<x < 25)

by unweighted least squares using values of 1, derived by Kersseboom from life annuitants in
Holland and West-Friesland. (Seal (1980)).

Hoem (1982) has argued that the first use of the weighted least squares approach to estimating
the parameters for a mortality rate, namely the force of mortality

Be = (a+Bx) &™ + v (10 < x < 95)

is attributable to Ludvig Oppermann. This work was kept secret but approximately dated as
1870 (by Jorgen Gram). The first published work on this subject is however due to Seth
Chandler in 1872 who used this method with weights proportional to the reciprocals of the
variances of the rates to fit a Makeham curve for the central death rate m, = A+Bc*** for
fixed ¢ to the published mortality experience of the Mutual Life of New York. The weights
were calculated from a guessed value of ¢ and rough values of A and B obtained from a section
of the data. Chandler also showed that if ¢ had to be estimated, then the first method could
be used for the initial parameter values and an updating iterative procedure could be used to
estimate the parameters. He also approximated the standard errors of the Makeham
parameters. Seal (1980) describes this paper as the “only such fitting described in English” in
the nineteenth century. The late nineteenth century saw a number of writers consider the fittin g
of an actuarial function by weighted least squares, including Karup (1884) and subsequently
Galbrun (1906). As noted by Seal (1980) in his review of this subject, only Chandler and
Galbrun approximated the standard errors of the Makeham parameters and the replacement of
the initially calculated weights by updated corrections was not attempted by any author at this
time, although Chandler does discuss how this might be accomplished.

Despite Chandler’s paper re-appearing in the Journal of the Institute of Actuaries, the
contemporary UK approach followed the method of moments, which nowadays would only be
used as a first approximation, and was continued by British and American actuaries who
adopted Hardy’s (1909) version of the method of moments approach.

The use of symmetrical moving weighted average formulae to smooth equally spaced
observations of a function u; say of one variable (for example, a mortality rate), which
generalized Woolhouse’s summation formulae, was systematically investigated in a series of
papers by the American statistician, Erastus de Forest, two of which appear here (1873, 1875).
His work was published in obscure places (at this time there were no American actuarial
journals and, for some reason, he chose not to look overseas) and was rescued from total
oblivion by the efforts of Wolfenden (1925). De Forest’s principal innovation was to introduce
optimality criteria into the problem of estimating the coefficients. So he aimed to replace each
y; by a symmetric linear function of surrounding values, say

Wy =gty ooy Uy U)ot o, (U, o)

De Forest supposed that the observed v; differed from the true values U; by random errors
which he assumed were independent and of equal variance. He then assumed that the U,
sequence was, smooth in the sense that any 2m+1 Uys differed little from a polynomial of
degree jin i (age). In the 1873 paper, he concentrated on m=2 and j=3i.e. any 5 consecutive
Uy’s could be represented "very nearly” by a cubic in i. This approach retains considerable
flexibility relative to assuming a particular parametric model or assuming that the U, are cubic
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for all ages. He first considered a least squares approach to determine o, o; and a,. He
solved this problem and then noted that he had been anticipated to some extent by the 1867
work of the Italian astronomer Schiaparelli. But he went further and noticed that the minimum
mean square error criterion need not produce a very smooth relation globally, notwithstanding
the assumption of being a cubic locally. He then proposed a criterion based on smoothness:

minimize the expected value of (A*w) subject to the constraint that
Ui=o0yU + o (U; + Uy + o, (U, + Uy

and he solved this problem for several different cases, taking pains to record the underlying
assumptions needed (Stigler (1978)). Stigler notes that "de Forest’s introduction of this
measure of smoothness as an optimality criterion was well ahead of its time”, in statistical
terms. De Forest showed that the equations used by Woolhouse (1870) in the graduation of
the HMF life tables fitted into his proposed general scheme and also that his own corresponding
graduation was superior to Woolhouse’s (as judged by various optimality criteria). De Forest
also investigated the possible statistical tests of a “good” graduation.

These methods were developed further by Wolfenden (1925). Whittaker (1923) suggested an
alternative method of graduation, which has been very popular in North America where it is
widely called Whittaker-Henderson graduation (see also Henderson (1924)). This can be
regarded as a Bayesian approach to graduation, resulting in the minimization of

n

n-3
E (ui—Wi)Z + 8 E (A3Wi)2
i=1

i=1

combining a measure of goodness of fit of the graduation to the observations and a measure of
smoothness. These important methods, however, fall outside of our (self-inflicted) period of
study. The problems caused by moving weighted average methods failing to give smoothed
values of the first m and last m observations have recently been addressed by Greville (1981),
among others. Graduation by summation formulae was further developed in the UK by
Spencer (1907) and Lidstone (1907, 1908a).

The definitive paper on graphic graduation appears at this time: Sprague (1887). It is
dismissive of all piecewise cubic polynomial curve fitting and sparks a controversial debate
with Woolhouse and Higham (Seal (1982)). An important legacy was that Sprague’s judgement
of the successful fit of a graduation by comparing the succession of "actual and expected”
deaths became one of the standard tests of a graduation (Seal (1982)), again following on from
Richard Price’s suggestion dating from the 1770’s.

Thomas Sprague’s paper of 1881 rediscovered (following Lambert) osculatory interpolation,
showing how formulae could be devised to ensure continuity of the first derivatives of
overlapping interpolation curves. It is arranged for these curves to join smoothly or "kiss”.
Cubics were used to ensure the continuity of the first derivatives and fifth degree polynomials
to ensure the continuity of both the first and second derivatives. Lidstone (1908b) provides an
elegant alternative derivation of the osculatory interpolation formulae: this is discussed
intuitively in his contribution to the discussion of King’s paper in 1908. Osculatory
interpolation was used as a method of graduation by George King for the English Life Tables
No 7 and 8 which were based on the 1911 Census. (Registrar-General (1914)).
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The history of the first three decades of the use of osculatory interpolation in the graduation
of life tables has been informatively sketched by Buchanan (1929). This idea of considering
the degree of contact desirable in a graduation leads on to the use of splines, in particular cubic
splines, for interpolation and smoothing (see Schoenberg (1964) for theoretical developments
and Greville (1967) for a review). Also the move away from formal parametric graduation has
been more recently encouraged by the development of modern non-parametric techniques - for
example the kernel methods of Copas and Haberman (1983).

Concluding Comments

So the twentieth century begins and our discipline sees a flurry of important contributions. It
is interesting to note that some of these led to the establishment of new bodies of knowledge
which have flourished in both theoretical and practical terms. Others were, for various
reasons, lost or ignored so that subsequently a rediscovery of the ideas was needed before
progress could be made.

In the former group, we see the development of life assurance reserving ideas following Coutts
and the widespread use of the numerical rating system following Rogers and Hunter. The risk
theory of Lundberg and the foundations of credibility theory as laid down by Mowbray and
Whitney have led to widespread developments over the past 80-90 years. The work of Elderton
and Fippard on mortality rate estimation and of Watson on sickness measures became standard
at least in the UK, although through the perspective of modemn statistical methods we see the
flaws in both methodologies. In the pensions area, Manly and M’Lauchlan’s works have had
the foundations for modern practice in defined benefit provision.

Elsewhere, we see a more problematic progression. In investment, Bailey’s ideas were not
revisited until Pegler in 1948 and Bachelier’s work was largely ignored. We now see the
seminal work of Black and Scholes and Merton on option pricing as direct descendants of
Bachelier. Itis natural to compare Bachelier with Lundberg : both studied problems connected
with stochastic processes in continuous time about thirty years before this concept had been
rigorously defined, and the work of both was ignored for decades and practically forgotten.
Similarly, Moll’s short note suggests the later ideas of duration, matching and immunization
but again was not immediately pursued. On the modelling side, Du Pasquier’s work on
Markov models and multiple state applications was not resurrected in the actuarial field until
Amsler (1968) and Hoem (1969) and now these methodologies have universally superseded the
Watson Manchester Unity approach to sickness rates. De Forest’s work on graduation was
published in somewhat obscure media and was lost until Wolfenden rediscovered it and from
then on there have been significant developments, through Whittaker-Henderson methods,
kernel methods and other non parametric approaches. Similarly, the use of splines in modern
statistical modelling and graduation can be traced back to the idea of osculatory interpolation
due to Sprague (and perhaps Lambert before him). We finally note the contribution of Bshmer
on product-limit mortality estimators which was ignored for decades and was reinvented by
Kaplan and Meir in 1958 in their seminal contribution to the field of medical statistics.
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APPENDIX
LANDMARK WORKS IN THE HISTORY OF ACTUARIAL SCIENCE

LISTING BY THEME AND CHRONOLOGY

LIFE TABLES AND SURVIVAL MODEL

200

1662

1669

1671

1693

1709

1737

1740

1746

1760

1761

1766

1783

Domitius Ulpianus, Ulpian’s Table.

John Graunt, Natural and Political Observations Upon the Bills of Mortality, (London;
John Martin).

Christiaan and Ludwig Huygens, Extracts from Letters.
Johan de Witt, Value of Life Annuities, (Amsterdam).

Edmund Halley, An Estimate of the Degrees of the Mortality of Mankind, Drawn from
Curious Tables of the Births and Funerals of Breslaw, with an Attempt to Asceriain the
Price of Annuities Upon Lives. Philosophical Transactions of Royal Society, vol 17,
pp 596-610.

Nicholas Bernoulli, De Usu Artis Conjuctandi in Jure, (Basel; doctoral thesis).

John Smart, 4 letter to George Heathcote re enclosing tables extracted from Ye Bills of
Mortality from the last ten years, and from them showing the Probabilities of Life, in
order to estimate annuities, etc.,(Presented to Royal Society in May 1738).

Nicholas Struyck, Appendix to Introduction to General Geography together with
Astronomy and Other Matters, (Amsterdam; Isaak Tirion).

Antoine Deparcieux, Essay on the Probabilities of the Duration of Human Life, (Paris;
Freres Guerin).

Leonhard Euler, A General Investigation into the Mortality and Multiplication of Human
Species (Academic Royale des Sciences et Belles Lettres). Reproduced in Mathematical
Demography, Selected Papers. D Smith and N Keyfitz,(Berlin; Springer Verlag; 1977).

Thomas Watkins, A letter to William Brakenridge concerning the Term and Period of
Human Life ... the imperfection of all the tables formed upon 1000 lives is shown, and
a method proposed to obtain one much better. Philosophical Transactions of Royal
Society, vol 52, pp 46-70.

Pehr Wargentin, Mortality in Sweden, (Stockholm; General Register Office).
Richard Price, Observations on Reversionary Payments; on Schemes for Providing

Annuities for Widows and for Persons in Old Age; on the Method of Calculating the
Values of Assurances on Lives. 4th Edition, (London; T Cadell).
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1793

1815

1825

1826

1829

1832

1833

1838

1859

1870

1875

1877

Edward Wigglesworth, A Table Shewing the Duration, the Decrement and the
Expectation of Life in the States of Massachusetts and New Hampshire, Formed from
62 Bills of Mortality on the Files of the American Academy of Arts and Sciences in the
year 1789. Memoirs of American Academy of Arts and Sciences, vol I, pp 131-135.

Joshua Milne, A Treatise on the Valuation of Annuities and Assurances on Lives and
Survivorships, on the Construction of Tables of Mortality, and on the Probabilities and
Expectations of Life, (London; Longman Hurst).

Benjamin Gompertz, On the Nature of the Function Expressive of the Law of Human
Mortality, and on a New Mode of Determining the Value of Life Contingencies. In a
letter to Francis Baily. Philosophical Transactions of Royal Society, vol 115, pp 513-
583.

Thomas Young, A Formula for Expressing the Decrement of Human Life. In a letter
addressed to Sir Edward Hyde East. Philosophical Transactions of Royal Society, vol
116, pp 1-24.

John Finlaison, Life Annuities - Report of John Finlaison, Actuary of the Natural Debt
on the Evidence and Elementary Facts on which the Tables of Life Annuities were
Jfounded, (London; House of Commons).

Thomas Rowe Edmonds, Life Tables Founded Upon the Discovery of a Numerical Law
Regulating the Existence of Every Human Being: Illustrated by a New Theory of the
Causes Producing Health and Longevity, (London; James Duncan).

Francis Corbaux, On the Natural and Mathematical Laws concerning Population,
Vitality, and Mortality, (London).

Augustus de Morgan, An Essay on Probabilities and their Application to Life
Contingencies and Insurance Offices, (London; Longman, Orme, Brown, Green and
Longmans).

William Makeham, On the Law of Mortality and the Construction of Annuity Tables,
Journal of Institute of Actuaries, vol 8, pp 301-310.

Ludvig Oppermann, On the Graduation of Life Tables, with Special Application to the
Rate of Mortality in Infancy & Childhood,The Insurance Record,pp 42-43 and pp 46-47.

Wilhelm Lexis, Diagram from Introduction to the Theory of Population Statistics
(Einleitung in die Theorie der Bevolkerungs-Statutik), (Strasbourg; Trubner).

Wilhelm Lexis, On the Theory of Mass Distribution in Human Society (Zur Theorie der
Massenerscheinungen in der Menschlichen Gesellschaft), (Freiburg; Wagnersche
Buchhandlung).
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LIFE INSURANCE MATHEMATICS

1725

1727

1738

1742

1752

1755

1771

1772

1777

1785

1810

1825

1843

1859

Abraham de Moivre, Annuities on Lives or the Valuation of Annuities Upon any Number
of Lives as also of Reversions, (London; William Pearson).

Richard Hayes, A New Method for Valuing of Annuities Upon Lives, (London; R Hayes,
J Bowles and W Meadows).

Abraham de Moivre, The Doctrine of Chances or a Method of Calculating the
Probabilities of Events in Play. Second Edition, (London; H Woodfall).

Thomas Simpson, The Doctrine of Annuities and Reversions Deduced from General and
Evident Principles, (London; J Nourse).

Thomas Simpson, Select Exercises for Young Proficients in the Mathematiks Part VI
Treating of the Valuation of Annuities for Single and Joint Lives, (London; J Nourse).

James Dodson, The Mathematical Repository, Vol IIl, containing analytical solutions
of a great number of the most difficult problems relating to annuities, reversions,
survivorships, insurances and leases dependent on lives, (London; J Nourse).

Richard Price, Observations on Reversionary Payments; on Schemes for Providing
Annuities for Widows and for Persons in Old Age; on the Method of Calculating the
Values of Assurances on Lives, (London; T Cadell).

William Dale, Calculations Deduced from First Principles in the Most Familiar Manner
by Plain Arithmetic, for the Use of the Societies Instituted for the Benefit of Old Age,
(London; J Ridley).

William Dale, Supplement to Calculations of the Value of Annuities, Published for the
Use of Societies Instituted for Benefit of Age, (London; J Ridley).

Johannes Nikolaus Tetens, Introduction to the Calculation of Life Annuities for Life and
Reversions which Depend Upon the Life and Death of One or More Persons, (Einleitung
zur Berechnung der Leibrenten und Andwarschaften die vom Leben und Tode einer
oder mehrerer Personen abhangen) Volume I, (Leipzig; Weidemanns Erben und Reich).

Francis Baily, The Doctrine of Life-Annuities and Assurances Analytically Investigated
and Explained, (London; J Richardson).

Griffith Davies, Tables of Life Contingencies,; containing the Rate of Mortality among
Members of the Equitable Society and the Values of Life Annuities, Reversions, etc.
Computed Therefrom, (London; Longman and Co).

David Jones, On the Value of Annuities and Reversionary Payments with Numerous
Tables, (London; Baldwin and Cradock).

Augustus de Morgan, On a Property of Mr. Gompertz’s Law of Mortality, Journal of
Institute of Actuaries, vol 8, pp 181-184.
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1863

1869

1869

1889

1898

1905

1910

August Zillmer, Contributions to the Theory of Premium Reserves for Life Insurance
Companies (Beitrage der Theorie der Pramien-Reserve bei Lebens Versicherungs
Unstalten), (Stettin; van der Nahmer).

Karl Hattendorf, The Risk with Life Assurance. In Rundschau der Versicherungen
(Review of Insurances) by E A Masius, (Leipzig).

Wesley Stoker Barker Woolhouse, On an Improved Theory of Annuities and Assurances,
Journal of Institute of Actuaries, vol 15, pp 95-125.

Jorgen Pederson Gram, Standard Deviation in the Value of Life Assurances. In
Tidsskrift for Mathematik, (Copenhagen; E Jespersen).

George King et al, The Universal Notation. Explanatory Statement of the Principles
Underlying the System of Universal Notation for Life Contingencies Adapted
Unanimously. Transactions of Second International Congress of Actuaries pp 612-624.

George James Lidstone, Changes in Pure Premium Policy-Values Consequent Upon
Variations in the Rate of Interest or the Rate of Mortality or Upon the Introduction of
the Rate of Discontinuance. Journal of Institute of Actuaries, vol 39, pp 209-236.

Jorgen Pederson Gram, Professor Thiele as Actuary. In Dansk Forsikrings-aarbog
(Danish Insurance Yearbook), (Copenhagen; O Reichendorff).

LIFE INSURANCE

1654

1674

1706

1715

1756

1762

1776

Laurens Tonti, Edict of the King for the Creation of the Society of the Royal Tontine
(Edict du Roy pour la Creation de la Societé de la Tontine Royalle), (Paris; Pierre le
Petit).

Thomas Wagstaffe, Proposals for Subscriptions of Money, (London; N Brooke).
John Hartley, A Letter from a Member of the Amicable Society for a Perpetual
Assurance, giving his friend an account of the society as it now stands incorporated by

Her Majesty’s letrer of patent, (London).

The Friendly Society, Land Security for Establishing a Perpetual Insurance on Lives of
Men, Women and Children, (London).

James Dodson, First Lectures on Insurance.

Edward Rowe Mores, A Short Account of the Society for Equitable Assurances on Lives
and Survivorships, Established by Deed Inrolled in His Majesty’s Court of Kings at
Westminster, (London).

William Morgan, Surplus Stock of the Equitable Society, Determined on January 1st

1776 by Funding the Separate Interests of the Members in their Respective Policies.
Reproduced in Journal of Institute of Actuaries, vol 64, pp 364-365.
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1779

1814

1844

1858

1863

1865

1874

1874

1907

1919

William Morgan, The Doctrine of Annuities and Assurances on Lives and Survivorships,
Stated and Explained, (London; T Cadell).

Pennsylvania Company, An Address from the President and Directors of the

Pennsylvania Company for Insurances on Lives and Granting Annuities, (Philadelphia;
T Maxwell).

Arthur Morgan, First Report of the Select Committee on Joint Stock Companies,

together with the Minutes of Evidence (taken in 1841 and 1843), (London; House of
Commons).

Thomas Bond Sprague, On Certain Methods of Dividing the Surplus Among the Assured
in a Life Assurance Company, and on the Rates of Premium that should be Charged to
Render them Equitable, Journal of Institute of Actuaries, vol 7, pp 61-71.

Sheppard Homans, On the Equitable Distribution of Surplus, Journal of Institute of
Actuaries, vol 11, pp 121-129.

James Meikle, An Analysis of the Profits of the Life Assurance, being four papers read
before the Actuarial Society of Edinburgh, inquiring into the sources of the profits of
life assurance with a view to their equitable distribution, (London; Charles and Edwin
Layton).

Thomas Bond Sprague, A Treatise on Life Assurance Accounts; showing in particular
how the annual revenue account and balance sheet of a company should be drawn up,
S0 as to be in strict conformity with the schedules of the Life Assurances Companies Act
1870, (London; Charles and Edwin Layton).

George Humphreys, On the Practice of the Eagle Company with Regard to the
Assurance of Lives Classed as Unsound, and on the Rates of Mortality Prevailing
Amongst the Lives so Classed Assured During the 63 Years Ending 30 June 1871,
Journal of Institute of Actuaries, vol 18, pp 178-187.

Charles Ronald Vauldrey Coutts, Bonus Reserve Valuations, Journal of Institute of
Actuaries, vol 42, pp 161-168.

Oscar H Rogers and Arthur Hunter, Numerical Rating. The Numerical Method of
Determining the Value of Risks for Insurance. Transactions of the Actuarial Society of
America, vol 20, pp 273-300.

PENSIONS

1748

Alexander Webster, Calculations with the Principles and Data on which they are
Instituted: Relative to a Late Act of Parliament, Entitled an Act for Raising and
Establishing a Fund for a Provision for the Widows and Children of the Ministers of the
Church and of the Heads, Principals and Masters of the Universities of Scotland.
(Edinburgh; Thomas Lumsden and Co).
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1759 Trustees of the Fund, An Account of the Rise and Nature of the Fund, Establishing by
Parliament for a Provision for the Widows and Children of the Ministers of the Church
and of the Heads, Principals and Masters of the Universities of Scotland. (Edinburgh;
Sands, Donaldson, Murray and Cochran).

1772 Francis Maseres, A Proposal for Establishing Life-Annuities in Parishes for the Benefit
of the Industrious Poor, (London; Benjamin White).

1822 Anonymous, Observations on the Superannuation Fund Proposed to be Established in
Several Public Departments by the Treasury, Minutes of the 10th August 1821,
(London; C Richards).

1902 Henry William Manly, On the Valuation of Staff Pension Funds, Journal of Institute of
Actuaries, vol 36, pp 209-287.

1909 TJames John M’Lauchlan, The Fundamental Principles of Pension Funds, Transactions
of Faculty of Actuaries, vol 4, pp 195-227.

INVESTMENT
1698 John Casting, The Course of the Exchange and Other Things, (London).
1731 Stephen Daubuz, Broker’s List of Stock Prices (London).

1863 Arthur Hutcheson Bailey, On the Principles on which the Funds of Life Assurance
Societies should be Invested, Journal of Institute of Actuaries, vol 10, pp 142-147.

1900 ILouis Bachelier, Theory of Speculation, (Theorie de la Spéculation), (Paris; Gauthier-
Villars). Reproduced in Random Character of Stock Market Prices, Massachusetts
Institute of Technology (1964), pp 17-78.

1909 D P Moll, On the Effect of a Rise, or Fall, in Market Values of Securities, on the
Financial Position and Reserves of a Life Office, Journal of Institute of Actuaries, vol
43, pp 105-107.

RISK THEORY AND NON-LIFE INSURANCE

1747 Corbyn Morris, An Essay Towards Hlustrating the Science of Insurance, (L.ondon).

1859 Carl B Bremiker, On the Risk Attaching to the Grant of Life Assurances, (First
Published as Das Risiko bei Lebens Versicherung, Berlin). Translated in Journal of
Institute of Actuaries, vol 16, 1871, pp 216-221 and pp 285-303.

1909 Filip Lundberg, On the Theory of Reinsurance, (Uber die Theorie der
Riickversicherung). Transactions of the 6th International Congress of Actuaries, pp 877-
948,

49



1914

1917

Albert H Mowbray, How Extensive a Payroll Exposure is Necessary to Give a
Dependable Pure Premium. Proceedings of the Casualty, Actuarial and Statistical
Society of America, vol 1, pp 24-30.

Albert W Whitney, The Theory of Experience Rating. Proceedings of the Casualty,
Actuarial and Statistical Society of America, vol 4, pp 74-292.

MULTIPLE DECREMENT AND MULTIPLE STATE MODELS

1760

1772

1806

1843

1867

1893

1879

1912
&
1913

Daniel Bernoulli, A New Analysis of the Mortality Caused by Smallpox and of the
Advantages of Inoculation to Prevent It, (Essai une novelle analyse de la mortalité
causée par la petite Vérole et des avantages de I’inoculation pour la prevenir). Histoire
de I’ Académie Royale des Sciences, (Paris; Imprimerie Royale).

John Heinrich Lambert, The Mortality of Smallpox in Children, (Beytrige Zum
Gebrauche de Mathematik und deren Anwendung Vol III pp 568-599), (Berlin).
Translated in Journal of Institute of Actuaries, vol 107, 1980, pp 351-363.

Emmanuel Etienne Duvillard, Analysis and Tables of the Influence of Smallpox on
Mortality at each Age, and that which a Treatment like Vaccinia could have on the
Population and on Longevity, (Analyse et Tableaux de l’influence de la Petite Vérole
sur la Mortalité a Chaque Age, et de celle qu’un preservatif tel que la vaccine peut
avoir sur la population et & longevité), (Paris; Imprimerie Royale).

Antoine-Augustin Cournot, Exposition of the Theory of Chance and Probability,
(Exposition de la Théorie des Chances et des Probabilités), (Paris; Librairie de L’
Hachette).

William Matthew Makeham, On the Law of Mortality, Journal of Institute of Actuaries,
vol 13, pp 325-358.

Johannes Karup, Financial Situation of the Gotha Public Servants’ and Widows’ Society
on the 31st December 1890, (Die Finanzlage der Gothaischen Staatsdiener-Wittwen-
Societit am 31 December 1890), (Dresden; Heinrich Morchel).

Thomas Bond Sprague, On the Construction of a Combined Marriage and Mortality
Table from Observations Made as to the Rates of Marriage and Mortality Among Any
Body of Men, Journal of Institute of Actuaries, vol 31, pp 406-446.

L Gustav du Pasquier, The Mathematical Theory of Disability Insurance, (Mathematische
Theorie der Invaliditdtsversicherung). Mitteilungen der Schweizerischen Vereinigung
der Versicherungsmathematiker, vol 7, pp 1-7 and vol 8, pp 1-153.

HEALTH AND SICKNESS INSURANCE

1792

Richard Price, Observations on Reversionary Payments on Schemes for Providing
Annuities for Widows and for Persons in Old Age,; and on the Method of Calculating the
Values of Assurances on Lives. 5th Edition. (London; T Cadell).
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1824

1852

1859

1903

Highland Society of Scotland, Report on Friendly or Benefir Societies, Exhibiting the
Law of Sickness,with Tables Showing the Rates of Contribution, Edinburgh; A Constable
and Co).

Gustav Nicolas Hubbard, On the Organisation of Provident Societies or Friendly
Societies and the Scientific Bases on which they should be Established with a Sickness
Table and a Mortality Table Based on Special Documents, (De 1’Organisation des
Sociétés de Prévoyance ou de Secours Mutuels et des Bases Scientifiques sur lesquelles
elles doivent étre Etables), (Paris; Guillaumin et Cie).

August Wiegand, The Mathematical Basis of Railway Pension Funds, (Mathematishce
Grundlagen fiir Eisenbahn-Pensionskassen), (Halle; H W Schmidt).

Alfred William Watson, Sickness and Mortality Experience of the Independent Order

of Oddfellows Manchester Unity Friendly Society During the Five Years 1893-1897,
(Manchester, 1.0.0.F.M.U.).

EXPERIENCE STUDIES AND ESTIMATION OF RATES

1780

1828

1839

1843

1851

1862

1906

1912

Charles Brand, Tables of Interest, Discount, Annuities & c. First published in the Year
1724, by John Smart, and now revised, enlarged and improved by Charles Brand. To
which is added an Appendix containing some observations on the general probability of
life, (London; T Cadell and N Conant).

William Morgan, Appendix to a View of the Rise and Progress of the Equitable Society
and of the Causes which Contributed to its Success, (London; Longman, Rees, Orme,
Brum and Longmans).

Wesley Stoker Barker Woolhouse, Investigation of Mortality in the Indian Army,
(London; A H Baily).

A Committee of Actuaries, Tables Exhibiting the Law of Mortality Deduced from the
Combined Experience of 17 Life Assurance Offices, Embracing 83,905 Policies, of
which 40,616 are Distinguished by Denoting the Sex of the Lives Assured and Classing
them into Town, Country and Irish Assurances, (London; J King).

Charles Gill, Actuary’s Report to the Board of Trustees of Mutual Life Insurance
Company of New York, (New York; W E Dean).

Theodor Wittstein, The Mortality in Companies with Successive Entering and Exiting
Members, (Die Mortalitit in Gesellschaften mit successiv eintretenden und
ausscheidenden Mitgliedern). Archiv der Mathematik und Physik, vol 39, pp 67-92.

William Palin Elderton, On a Form of Spurious Selection which may arise when
Mortality Tables are Amalgamated, Journal of Institute of Actuaries, vol 40, pp 221-
234.

William Palin Elderton and Richard Clift Fippard, Notes on the Construction of
Mortality Tables, Journal of Institute of Actuaries, vol 46, pp 260-272.
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1912

Paul Eugen Boéhmer, Theory of Independent Probabilities, (Theorie der Unabhingigen
Wahrscheinlichkeiten), Transactions of Seventh International Congress of Actuaries, pp
327-346.

GRADUATION OF DECREMENTAL RATES

1865

1873

1873
&
1875

1881

Wesley Stoker Barker Woolhouse, On Interpolation Summation and the Adjustment of
Numerical Tables (Part 11I), Journal of Institute of Actuaries, vol 12, pp 136-176.

Seth C Chandler Jnr, On the Construction of a Graduated Table of Mortality from a
Limited Experience, Journal of Institute of Actuaries, vol 17, pp 161-171.

Erastus L de Forest, On Some Methods of Interpolation Applicable to the Graduation
of Irregular Series, such as Tables of Mortality. Annual Report of Board of Smithsonian
Institute for 1871, pp 275-339 and for 1873 pp 319-353.

Thomas Bond Sprague, Explanation of a New Formula for Interpolation, Journal of
Institute of Actuaries, vol 22, pp 270-285.

52



BIBLIOGRAPHY

AMSLER M.H. "Les Chaines de Markov des Assurances Vie, Invalidité et Maladie".
Transactions of Eighteenth International Congress of Actuaries, vol 5, 1968, pp 731-746.

BAILEY A.L. "Credibility Procedures, Laplace’s Generalization of Bayes’ Rule, and the
Combination of Collateral Knowledge with the Observed Data". Proceedings of the Casualty
Actuarial Society, vol 37, 1950, pp 7-23.

BAILEY N.T.J. The Mathematical Theory of Infectious Diseases and its Applications.
(London; Griffin; Second edition; 1975).

BAILLIE D.C. "The Equation of Equilibrium". Transactions of Society of Actuaries, vol 3,
1951, pp 74-81.

BAILY F. Appendix to the Doctrine of Life-Annuities and Assurances. (London; Richardson;
1813).

BARROIS T. "Essai sur I’Application du Calcul des Probabilités aux Assurances Contre
P’Incendie”. Mém.Soc.Sci.Lille, 1834, pp 85-282.

BEARD R.E., PENTIKAINEN T. and PESONEN E. "Risk Theory" (London; Methuen;
1969).

BERNOULLI D. "Specima Theoriae Novae de Mensura Sortis". Commentarii Academiae
Scientarum Imperialis Petropolitanae, 1738.

BESSO M. ‘"Progress of Life Assurance Throughout the World, from 1859 to 1883" (In
translation). Journal of Institute of Actuaries, vol 26, 1887, pp 426-437.

BOHLMANN G. "Die Theorie des Mittleren Risikos in der Lebensversicherung”. Transaction
of Sixth International Congress of Actuaries, vol 1, 1909, pp 593-683.

BORCH K. "The Utility Concept Applied to the Theory of Insurance". ASTIN Bulletin,
1961, vol 1, pp 245-255.

BOWERS N.L., GERBER H.U., JONES D., HICKMAN J.C. and NESBITT C. Actuarial
Mathematics. (Chicago; Society of Actuaries; 1986).

BOYLE P.P. Options and the Management of Financial Risk. (Schaumburg; Society of
Actuaries; 1992).

BRACKENRIDGE R.D.C. Medical Selection of Life Risks. (London; Macmillan; 1985).

BRAUN H. "Urkunden und Materialien zur Geschichte der Lebensversicherung und der
Lebensversicherungstechnik". Berlin 1937.

BRAUN H. "Geschichte der Lebensversicherung und der Lebensversicherungstechnik"”.
Nuremburg 1925.

53



BROWN S. "On the rate of Sickness and Mortality among the Members of Friendly Societies
in France". Journal of Institute of Actuaries, vol 5, 1855, pp 208-220.

BROWN S. "On the Mortality Among American Assured Lives".. Journal of Institute of
Actuaries, vol 8, 1860, pp 184-204.

BUCHANANJ. "Osculatory Interpolation by Central Differences; with an Application to Life
Table Construction". Journal of Institute of Actuaries, vol 42, 1908, pp 369-393.

BUHLMANN H. "Experience Rating and Credibility”. ASTIN Bulletin, vol 4, 1967, pp 199-
207.

BUHLMANN H. "Experience Rating and Credibility”. ASTIN Bulletin, vol 5, 1969, pp 157-
165.

BUHLMANN H. and STRAUB E. “Glausbwiirdigkeit fiir Schadensitze”. Mitteilungen der
Vereinigung Schweizerischer Versicherungsmathematiker, vol 70, 1970, pp 111-133.

CANTELLI F.P. "Genesi e Costruzione della Tavole di Mutualita". Boll Notiz sul Credito
e sulla Previdenze, 1914, pp 3-4.

CLARKER.D.C. "A Bio-actuarial Approach to Forecasting Rates of Mortality". Proceedings
of Centenary Assembly of Institute of Actuaries, 1950, vol 2, pp 12-27.

COE N.E. and OGBORN M.E. The Practice of Life Assurance. (Cambridge; Cambridge
University Press; 1952).

COPAS J.B. and HABERMAN S. "Non-Parametric Graduation using Kernel Methods"
Journal of Institute of Actuaries, vol 110, 1983, pp 135-156.

COUTTS C.R.V. Contribution to the Discussion of "A Review of Investment Principles and
Practice" by W Penman. Journal of Institute of Actuaries, vol 64, 1933, pp 424-425.

CRAMER H. On the Mathematical Theory of Risk (Stockholm; Skandia Jubilee Volume;
1930).

CRAMER H. Collective Risk Theory.  (Stockholm; Skandia Jubilee Volume; 1955).

CUMMINS J.D., SMITH B.E., VANCE, R.N. and VAN DER HEI H.L. Risk Classification
in Life Insurance. (Boston; Kluwer; 1982).

CZUBER E. Wahrscheinlichkeitsrechrung Und Ihre Andwendung auf Fehler-ausgleichung,
Statistik und Lebensversicherung. Volume 2 (Leipzig and Berlin; Teubner; second edition;
1910).

DAVID F.N. Games, Gods and Gambling. (London; Charles Griffin; 1952).

DAW R.H. "Smallpox and the Double Decrement Table: A Piece of Actuarial Pre-History".
Journal of Institute of Actuaries, vol 106, 1979, pp 229-318.

54



DAW R.H. "Johann Heinrich Lambert (1728-1777)". Journal of Institute of Actuaries, vol 107,
1980, pp 345-363.

DAYKIN C.D. "The Developing Role of the Government Actuary’s Department in the
Supervision of Insurance". Journal of Institute of Actuaries, vol 119, 1992, pp 313-343.

DOW J.B. "Early Actuarial Work in Eighteenth-Century Scotland”. Transactions of the
Faculty of Actuaries, vol , 1972, pp 193-229.

DUNLOP A.IL. (editor). The Scottish Ministers Widows’ Fund 1743-1993. (Edinburgh; St
Andrews Press; 1993).

EDWARDS J.R. (editor). Legal Regulation of British Company Accounts 1836-1900 in two
volumes. (New York and London; Garland; 1986).

ELDERTON W.P. "William Morgan FRS 1750-1833". Journal of Institute of Actuaries, vol
64, 1933, pp 364-365.

ELDERTON W.P. "Memoir; George James Lidstone". Journal of Institute of Actuaries, vol
78, 1952, pp 378-382.

FIX E. and NEYMAN J. "A Simple Stochastic Model of Recovery, Lapse, Death and Loss
of Patients". Human Biology, vol 23, 1951, pp 205-241.

GALBRUN H. "Note sur I’ Application de la Méthode des Moindres Carré au Calcul des Trois
Constantes de la loi de Makeham. Bulletin Trim. Institute d’Actuaires Francais, vol 17, 1906,
pp 139-178.

GERSHENSON H. "Reserves by Different Mortality Tables". Transactions of Society of
Actuaries, vol 3, 1951, pp 68-73.

GLASS D.V. "Graunt’s Life Table". Journal of Institute of Actuaries, vol 76, 1950, pp 60-64.

GLASS D.V. "John Graunt and his Natural and Political Observations". Proceedings of the
Royal Society Series B, vol 159, 1964, pp 2-32.

GOMPERTZ B. "On One Uniform Law of Mortality from Birth to Extreme Old Age, and on
the Law of Sickness". Journal of Institute of Actuaries, vol 16, pp 329-344.

GRAY.P. "On the Tables of Single and Annual Assurance Premiums published by the late Mr
William Orchard, and on a Theoretical Table of Mortality proposed by him". Journal of
Institute of Actuaries, vol 65, 1857 pp 181-199.

GREENWOOD M. "A Statistical Mare’s Nest". Journal of Royal Statistical Society, vol 03,
1940, pp 246-248.

GREENWOOD M. Medical Statistics from Grant to Farr. (London; Cambridge University
Press; 1948).

55



GREVILLE T.N.E. "Spline Functions, Interpolation and Numerical Quadrature". In:
Mathematical Methods for Digital Computers vol 2 pp 156-168. Ed: Ralston A. and Wilf H.S.
(New York; Wiley; 1967).

GREVILLE T.N.E. "Moving-Weighted-Average Smoothing Extended to the Extremities of
the Data I Theory". Scandinavian Actuarial Journal, 1981, pp 39-55.

HABERMAN 8. and SIBBETT T. The History of Actuarial Science. (London; Pickering &
Chato; 1995).

HALD A. "On The Early History of Life Insurance Mathematics". Scandinavian Actuarial
Journal, 1987, pp 4-18.

HALD A. A History of Probability and Statistics and Their Applications Before 1750
(New York; John Wiley and Sons; 1990).

HAMON G. "Historie Générale de 1’ Assurance en France". Paris 1897.
HAMZA E. "Note sur la théorie mathématique de 1’insurance contre le risque d’invalidité
d’origine morbide, senile ou accidentelle". Transactions of Third International Congress of

Actuaries, 1900, pp 154-203.

HAYNES A.T. and KIRTON R.J. "The Financial Structure of a Life Office". Transactions
of the Faculty of Actuaries, vol 21, 1952, pp 141-197.

HARDY G.F. The Theory of the Construction of Tables of Mortality. (London; Layton;
1909).

HELIGMAN L. and POLLARD J.H. "The Age Pattern of Mortality". Journal of Institute
of Actuaries, vol 107, 1980, pp 49-74.

HENDERSON R. "A New Method of Graduation". Transactions of Actuarial Society of
America, vol 25, 1924, pp 29-40.

HENDRIKS F. Contributions to the History of Insurance and of the Theory of Life
Contingencies with a Restoration of the Grand Pensionary De Wit’s Treatise on Life Annuities.
Journal of Institute of Actuaries, vol 2, 1852, pp 121-150 and pp 222-258.

HENDRIKS F. "Memoir of the Early History of Auxiliary Tables for the Computation of Life
Contingencies”. Journal of Institute of Actuaries, vol 1, 1851, pp 1-20.

HICKMAN J.C. "A Statistical Approach to Premiums and Reserves in Multiple Decrement
Theory". Transactions of the Society of Actuaries, vol 16, 1964, pp 1-16.

HICKS J.R. Value and Capital. (Oxford; Oxford University Press; 1939).

HOEM J.M. "Markov Chain Models in Life Insurance". Blatter der Deutschen Gesellschaft
fiir Versicherungsmathematik, vol 9, 1969, pp 91-107.

56



HOEM J.M. "The Reticent Trio: Some Little-Known Early Discoveries by Oppermann, Thiele
and Gram". Laboratory of Actuarial Mathematics, University of Copenhagen, Working Paper
No 47, 1982.

HOOKER P.F. "Benjamin Gompertz". Journal of Institute of Actuaries, vol 91, 1965, pp
203-212.

HOPF R.G. "On the Results of the Operation of the Gotha Life Assurance Bank for the First
Twenty-Five Years of its Existence, Particularly with Respect to the Mortality Among the
Lives Assured". Journal of Institute of Actuaries, vol 5, 1855, pp 324-337 and vol 6, 1857,
pp 1-15.

HULL C.H. (ed). The Economic Writings of Sir William Petty together with the Observations
upon the Bills of Mortality more Probably by Captain John Graunt, 2 volumes. (Cambridge;
Cambridge University Press; 1899).

JEWELL W.S. "Models in Insurance: Paradigms, Puzzles, Communications and Revolutions".
Transactions of 21st International Congress of Actuaries, vol 5, 1980, pp 87-141.

Joint Mortality Investigation Committee. "Considerations Affecting the Preparation of Standard
Tables of Mortality". Journal of Institute of Actuaries, vol 101, 1974, pp 133-199.

KANNER M.' "On the Determination of the Average Risk Attaching to the Grant of Insurance
upon Lives". Journal of Institute of Actuaries, vol 14, 1869, pp 439-459.

KAPLAN E.L. and MEIER P. "Nonparametric Estimation from Incomplete Observations".
Journal of American Statistical Association, vol 53, 1958, pp 457-481.

KARUP J. "Die Ausgleichung der Sterblichkeitserfahrungen der Gothaer Bank nach der
Gompertz-Makeham ‘schen sterblichkeitsformel". Masius Rundschau der Versicherung, vol 34,
1884, pp 309-340 and pp 345-357.

KEIDING N. "The Method of Expected Number of Deaths". International Statistical Review,
vol 55, 1987, pp 1-20.

KEYFITZ N. Applied Mathematical Demography, Second Edition (New York; Springer
Verlag; 1985).

KING G. "On the Method used by Milne in the Construction of the Carlisle Table of
Mortality”. Journal of Institute of Actuaries, vol 24, 1884, pp 186-204.

KLING B. Life Insurance, a Non-Life Approach. (Tinbergen Institute; Amsterdam; 1993).

KNIGHT C.K. "The History of Life Insurance in the United States to 1870", PhD Thesis,
Philadelphia, PA, 1920.

KOCH P. "Pioniere des Versicherungsgedankens. 300 Jahre Versicherungsgeschichte in
Lebensbildern 1550-1850". Wiesbaden 1968.

57



KREAGER P. "New Light on Graunt". Population Studies, vol 42, 1988, pp 129-140.

LAMBERT L.H. "Beytrége zum Gebrauche der Mathematik und deren Anwendung. Vol I.
Theorie der Zuverlészigkeit der Beobachtungen und Versuche pp 424-488". Berlin 1765.

LAZARUS W. Letter. Journal of Institute of Actuaries, vol 8, 1860, pp 351-356.

LIDSTONE G.J. "On the Rationale of Formulae for Graduation by Summation"”, Journal of
Institute of Actuaries, vol 41, 1907, pp 348-360 and vol 42, 1908a, pp 106-141.

LIDSTONE G.J. "Contribution to the Discussion of "On the Construction of Mortality Tables
from Census Returns and Records of Deaths". Journal of Institute of Actuaries, vol 42, 1908b,
Pp 283-285.

MACAULAY F.R. Some Theoretical Problems Suggested by the Movements of Interest
Rates, Bond Yields and Stock Prices in the US since 1856. (New York; National Bureau of
Economic Research; 1938).

MAGEE J.H. Life Insurance (Homewood, Illinois; Richard D Irwin; 3rd edition; 1958).

MAKEHAM W.M. "On the Further Development of Gompertz’s Law". Journal of Institute
of Actuaries, vol 28, 1890, pp 152-159.

MAKEHAM W.M. "On an Application of the Theory of the Composition of Decremental
Forces". Journal of Institute of Actuaries, vol 18, 1875, pp 317-322.

MANES A. "Versicherungs Lexikon". Tiibingen 1909.

MANLY H.M. "On the American Tontine and Mutual Assessment Schemes”. Journal of the
Institute of Actuaries, vol 26, 1887, pp 182-213.

MANLY H.M. Contribution to the discussion of "Some Notes on the Net Premium Method
of Valuation, as Affected by Recent Tendencies and Developments" by S.G.Warner. Journal
of Institute of Actuaries, vol 27, 1902, pp 78-81.

MAYERSON A.L. "A Bayesian View of Credibility". Proceedings of the Casualty Actuarial
Society, vol 51, 1964, pp 85-104.

MAYS W.J. Ulpian’s Table. (Presented to Southeastern Actuaries Club; Cincinnati; 1971).

McKAY C.F. "American Tables of Mortality". Journal of Institute of Actuaries, vol 16,
1870, pp 20-33.

MERTON R.G. "Theory of Rational Option Pricing". Bell Journal of Economics and
Management Science, vol 4, 1973, pp 141-183.

MICHELBACHER G.F. "The Practice of Experience Rating”. Proceedings of Casualty
Actuarial Society, vol 4, 1918, pp 293-324.

58



MOIVRE de A. "A letter from Mr Abraham de Moivre to William Jones concerning the easiest
method for calculating the value of annuities upon lives, from tables of observations".
Philosophical Transactions of Royal Society, vol 43, 1746, pp 65-78.

MOORHEAD E.J. Our Yesterdays: The History of the Actuarial Profession in North America
(Chicago; Society of Actuaries; 1989).

MOSER L. Die Gesetze der Lebensdauer (Berlin; Veit; 1839).

NEUMANN von J. and MORGENSTERN O. Theory of Games and Economic Behaviour
(Princeton; Princeton University Press; 1944).

NORBERG R. "The Credibility Approach to Experience Rating". Scandinavian Actuarial
Journal, 1979, pp 181-221.

NORBERG R. "Hattendorff’s Theorem and Thiele’s Differential Equation Generalized".
Scandinavian Actuarial Journal, Part 1, 1992, pp 2-14.

O’DONNELL T. "History of Life Insurance in its Formative Years". Chicago 1936.

OGBORN M.E. "The Actuary in the Eighteenth Century". Proceedings of Centenary
Assembly of Institute of Actuaries, vol 3, 1950, pp 357-386.

OGBORN M.E. Equitable Assurances: The Story of Life Assurance in the Experience of the
Equitable Life Assurance Society, 1762-1962. (London; Allen and Unwin; 1962).

PEARSON K. "The History of Statistics in the 17th and 18th Centuries". London, Charles
Griffin, 1978.

PEGLER J.B.H. "The Actuarial Principles of Investment". Journal of Institute of Actuaries,
vol 74, 1948, pp 179-195.

PERKS W. "On Some Experiments in the Graduation of Mortality Statistics". Journal of
Institute of Actuaries, vol 63, 1932, pp 12-40.

PITACCO E. ‘“Disability Risk Models: Towards a Unifying Approach". Insurance:
Mathematics and Economics, vol 16, 1995, pp 39-62.

PROMISLOW S.D. "Extensions of Lidstone’s Theorem". Transactions of Society of Actuaries,
vol 33, 1981, pp 367-401.

PUZEY A.S.- The Determination of Mortality Rates from Observed Data. (London; City
University; PhD Thesis; 1993).

QUIQUET A. "Duvillard (1755-1832), Notes et Références Pouvant Servir a sa Bibliographie".
Bulletin Trim. Institute Actuaries Francais, vol 40, 1934, pp 49-105, pp 121-174, pp 210-297.

RAYNES H.E. A History of British Insurance. (London; Pitman; second edition, 1964).

59



REDINGTON F.M. "Review of the Principles of Life Office Valuations". Journal of Institute
of Actuaries, vol 78, 1952, pp 286-315.

RECHIEL G. "Carl Friedrich Gauss 30 April 1777 bis 30 April 1977 und die Professoren -
Witwen - und - Waisenkasse zu gottingen". Blitter der Deutschen Gesellschaft fiir
Versicherungsmathematik, vol 13, 1978, pp 101-127.

Registrar General. Supplement to the 25th Annual Report of the Registrar General of Births,
Deaths and Marriages in England and Wales. Part I - Life Tables. (London; HMSO; 1914).

RHODES G. Public Sector Pensions (London; Allen and Unwin; 1965).
SCHEVICHAVEN van H. et al. Memoires pour Servir a’ I"Historie des Assurances sur la Vie
et des Rentes Viageies aux Pays-Bas. (Amsterdam; Algemeene Muats Levensverzek-Lijf,

1898).

SCHOENBERG 1.J. "Spline Functions and the Problem of Graduation". Proceedings of
National Academy of Sciences of USA, vol 52, 1964, pp 947-950.

SEAL H.L. "The Columnar Method - A Historical Note". Proceedings of Centenary
Assembly of Institute of Actuaries, vol 3, 1950, pp 387-394.

SEAL H.L. "Early Uses of Graunt’s Life Table". Journal of Institute of Actuaries, Vol 107,
1980, pp 507-511.

SEAL H.L. "Studies in the History of Probability and Statistics XXXV. Multiple Decrements
or Competing Risks". Biometrika, vol 64, 1977, pp 429-439.

SEAL H.L. "The Fitting of a Mathematical Graduation Formula: A Historical Review with
Illustrations". Blatter der Deutschen Gesellschaft Fiir Versicherungsmathematick, vol 14, 1980,
pp 237- 253.

SEAL H.L. “"Actuarial Estimation of Decremental Probabilities". Mitteilungen der
Vereinigung schweiz. Versicherungsmathematiker, vol 81, 1981, pp 167-175.

SEAL H.L. "Graduation by Piecewise Cubic Polynomials: A Historical Review". Blitter der
Deutschen Gesellschaft fiir Versicherungsmathematik, vol 15, 1982, pp 89-114.

SIMPSON T. The Nature and Laws of Chance. The Whole after a New, General and
Conspicuous Manner, and illustrated with a Great Variety of Examples. (London; Cave; 1740,
reprinted 1792).

SMITH D. and KEYFITZ N. Mathematical Demography: Selected Papers. (Berlin; Springer
Verlag; 1977).

Specialised Mortality Investigation. Transactions of the Actuarial Society of America, 1903.
SPENCER J. "Some Illustrations of the Employment of Summation Formulas in the

Graduation of Mortality Tables". Journal of Institute of Actuaries, vol 41, 1907, pp 361-408.

60



SPRAGUE T.B. "On The Proper Method of Estimating the Liability of a Life Insurance
Company under its Policies". Journal of Institute of Actuaries, vol 15, 1870, pp 411-432.

SPRAGUE T.B. "The Graphic Method of Adjusting Mortality Tables - a description of its
objects and advantages as compared with other methods, and an application of it to obtain a
graduated mortality table from Mr A.J. Finlaison’s observations on the mortality of the female

government annuitants, 4 years and upwards after purchase". Journal of Institute of Actuaries,
vol 26, 1887, pp 77-114.

STEFFENSEN J.F. "On Hattendorff’s Theorem in the Theory of Risk". Scandinavisk
Aktuarietidskrift, vol 12, 1929, pp 1-17.

STIGLER S.M. "Mathematical Statistics in the Early States". Annals of Statistics, vol 6,
1978, pp 239-265.

STIGLER S.M. The History of Statistics: The Measurement of Uncertainty Before 1900
(Cambridge, Mass; Harvard University Press; 1986).

SUTHERLAND 1. "John Graunt: A Tercentenary Tribute". Journal of Royal Statistical
Society Series A, vol 126, 1963, pp 537-556.

TAPP J. "Regulation of the UK Insurance Industry”. In Finsinger J.and Pauly M.V.(eds).
The Economics of Insurance Regulation, pp 27-61. (London; Macmillan; 1986).

THIELE T.N. "On a Mathematical Formula to Express the Rate of Mortality Throughout the
Whole of Life, Tested by a Series of Observations Made Use of by the Danish Life Insurance
Company of 1871". Journal of Institute of Actuaries, vol 16, 1872, pp 313-329.

WALFORD C. "History of Life Assurance in the United Kingdom". Part 6. Journal of
Institute of Actuaries, vol 26, 1887, pp 436-465.

WESTERGAARD H. Contributions to the History of Statistics. (London; King; 1932).

WHITTAKER E.T. "On a New Method of Graduation". Proceedings of Edinburgh
Mathematical Society, vol 41, 1923, pp 63-75.

WOLFENDEN H.H. "On the Development of Formulae for Graduation by Linear
Compounding, with Special Reference to the Work of Erastus L. De Forest". Transactions of
the Actuarial Society of America, vol 26, 1925, pp 81-121.

WOLTHUIS H. "Hattendorff’s Theorem for a Continuous-Time Markov Model".
Scandinavian Actuarial Journal, 1987, pp 157-175.

WOOLHOUSE W.S.B. "On the Construction of Tables of Mortality". Journal of Institute of
Actuaries, vol 13, 1867, pp 75-102.

WOOLHOUSE W.S.B. "Explanation of a New Method of Adjusting Mortality Tables; with
Some Observations upon Mr Makeham’s Modification of Gompertz’s Theory". Journal of
Institute of Actuaries, vol 15, 1870, pp 389-410.

61



YOUNG T.E. "Historical Notes Relating to the Discovery of the Formula a,=vp, (1+a,,,);
and to the Introduction of the Calculus in the Solution of Actuarial Problems. Journal of
Institute of Actuaries, vol 42, 1908, pp 188-205.

PICKCHAT
sh/eds/doc1/wp51

62



10.

11.

12.

13.

14,

15.

16.

University

ACTUARTAL
RESEARCH CENTRE

DEPARTMENT OF ACTUARIAL SCIENCE AND STATISTICS

Actuarial Research Papers
Haberman S. Long Term Prognosis after Cerebral Infarction. 78 pages, 1984 (out of print).

Haberman S. Long Term Prognosis after Subarachnoid Haemorrhage. 43 pages, 1984 (out
of print).

Haberman S. Age Variation in Incidence of Cerebrovascular Disease. 36 pages, 1985 (out
of print).

Kaye G.D. Taxation of Pension Funds. 11 pages, 1985.

[Also: Haberman S. and Bloomfield D.S.F. Social Class Differences in Mortality
Around 1981. SSRU Working Paper No. 55. 41 pages, 1987.]

Kaye G.D. Life Offices’ Expenses Regression Analyses I, 98 pages, 1988. (Limited
circulation).

Kaye G.D. Life Assurance Taxation - Comments in Response to the Board of the Inland
Revenue’s Consultative Document Concerning the Taxation of Life Insurance. 11 pages.
1988.

Verrall R.J. Bayesian Linear Models and the Claims Run-Off Triangle. 32 pages. 1988.

Kaye G.D. Life Offices’ Expenses Regression Analyses II. 12 pages. 1989. (Limited
circulation).

Bloomfield D.S.F. and Haberman S. The Assessment of Damages and the Measurement of
Work time Lost to Sickness, Unemployment and Stoppages. 100 pages. 1989.

Adams A.T. Pricing Property Investment Company Shares. 14 pages. 1989.

Booth P.M. History of Exchange Controls in the EC with Particular Reference to the United
Kingdom. 39 pages. 1989.

Verrall R.J. Chain Ladder and Maximum Likelihood. 12 pages. 1989.

Verrall R.J. On the Unbiased Estimation of Reserves from Loglinear Models. 13 pages,
1989.

Adams A.T. An Analysis of Investment Trust Shares, 1990. 31 pages.
Haberman S. Demographic Trends Towards 2000. 16 pages. 1989.

Haberman S. British Life Insurance: The Role of the Actuary and 1992. 30 pages. 1990.



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Verrall R.J. Bootstrapping, Saddlepoint Approximations and the Probability of Ruin. 10
pages. July 1990.

Booth P.M. Theoretical Aspects of the Taxation of Real Returns from Short Term Deposits.
26 pages. June 1990.

Booth P.M. Practical Aspects of the Taxation of Real Interest. 38 pages, 1990.

Puzey A.S. Actuarial Funding in Unit-linked Life Assurance - Derivation of the Actuarial
Funding Factors. 19 pages. July 1990.

Kaye G.D. Economies of Scale in the United Kingdom Insurance Industry. A report for the
Association of British Insurers. Limited Circulation. October 1990.

Adams A.T. & Venmore-Rowland P. Direct or Indirect Property Investment. 71 pages.
September 1990.

England P.D. Statistical Modelling of Excess Mortality. 124 pages. September 1990.

Verrall R.J. & Li Z. Negative Incremental Claims: Chain Ladder and Linear Models.
November 1990.

Haberman S. State Pension Provision and Social Security in the United Kingdom. Presented
at a Conference in Lisbon on "Social Security and Private Provision; What are the
Prospects?”. 40 pages. October 1990.

Renshaw A.E. Graduation by Generalized Linear Modelling Techniques. 42 pages.
February 1991.

England P.D. Statistical Modelling of Excess Mortality No. 2. 170 pages. June 1991.
Adams, A.T. The Market Pricing of Composite Insurance Shares. 37 pages. July 1991.

Haberman, S. The Effect of Autoregressive Rates of Return on the Variability of Pension
Contributions and Fund Levels. 58 pages. September 1991.

Puzey, A.S. An Investigation into the Effect of Averaging Age Nearest Birthday at the
Beginning of a Rate Year to Exact Age. October 1991. 33 pages.

Chadburn, R.G. Bias in Select Mortality Investigations where Data are Subdivided by Age
at Death. November 1991. 69 pages.

England P.D. and Verrall R.J. Dynamic Estimation for Models of Excess Mortality.
January 1992. 19 pages.

Verrall R.J. A State Space Formulation of Whittaker-Henderson Graduation, with
Extensions. January 1992. 13 pages.

Verrall R.J. Graduation by Dynamic Regression Methods. January 1992. 37 pages.

Gerrard R.G. and Haberman S. Stability of Pension Systems when Gains/Losses are
Amortized and Rates of Return are Autoregressive. March 1992. 12 pages.

Haberman S. HIV, AIDS and the Approximate Calculation of Life Insurance Functions,
Annuities and Net Premiums. April 1992. 28 pages.

Cooper D.R. Savings and Loans: An Historical Perspective. May 1992. 29 pages.



38.

39.

40.

41.

42.

43,

45.

47.

48.

49.

50.

S1.

52,

53.

54.

55.

56.

57.

58.

Verrall R.J. Dynamic Bayes Estimation for AIDS Delay Tables. May 1992. 16 pages.

Kaye G.D. Data Sources Relating to Life Assurance Expenses. May 1992. 39 pages.
Presented to the Staple Inn Actuarial Society and Royal Statistical Society - February 1992.

Renshaw A.E., and Haberman S. On the Graduation Associated with a Multiple State Model
for Permanent Health Insurance. May 1992.

England P.D. Statistical Modelling of Excess Mortality Number 3. June 1992. 163 pages.

Bloomfield D.S.F. and Haberman S. Male Social Class Mortality Differences Around 1981:
An Extension to Include Childhood Ages. 21 pages. June 1992.

Berg M.P and Haberman S. Trend Analysis and Prediction Procedures for Time
Nonhomogeneous Claim Processes. 33 pages. June 1992,

Booth P.M. The Single Market for Insurance, Free Capital Movements and attempts to Fix
Exchange Rates. October 1992. 28 pages.

Verrall R.J. Chain Ladder with Varying Run-off Evolutions. February 1993. 15 pages.

Gavin J., Haberman S. and Verrall R.J. Moving Weighted Average Graduation using Kernel
Estimation. November 1992. 14. pages.

Gavin J., Haberman S. and Verrall R.J. On the Choice of Bandwidth for Kernel Graduation.
November 1992. 21 pages.

S. Haberman. Pension Funding with Time Delays and the Optimal Spread Period. May
1993. 13 pages.

S. Haberman. Stochastic Investment Returns and the Present Value of Future Contributions
in a Defined Benefit Pension Scheme. May 1993. 22 pages.

A. Zimbidis and S. Haberman. Delay, Feedback and Variability of Pension Contributions
and Fund Levels. May 1993. 19 pages.

S. Haberman. Pension Funding: The Effect of Changing The Frequency Valuations. June
1993. 19 pages.

S Haberman. HIV, AIDS Markov Chains and PHI. June 1993. 15 pages.

S Haberman. A Consideration of Pension Credit and Termination Insurance. June 1993.
22 pages.

M Z Khorasanee. Survey of Actuarial Practice in the Funding of UK Defined Benefit
Pension Schemes. July 1993. 19 pages.

P M Booth, R G Chadburn and A S K Ong. A Utility Maximisation Approach to Asset
Allocation. September 1993. 40 pages.

R G Chadburn. Bias in Select Mortality Investigations. August 1993. 62 pages.

M Z Khorasanee. A Comparison of Pension Funding Strategies by means of Simulations for
a Model Scheme. August 1993. 43 pages.

A E Renshaw, P Hatzopolous and S Haberman. Recent Mortality Trends in Male Assured
Lives. June 1993. 23 pages.



59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

E Pitacco. Disability Risk Models: Towards A Unifying Approach. September 1993. 33
pages.

M Boskov and R J Verrall. Premium Rating by Geographic Area Using Spatial Models.
September 1993. 14 pages.

R G Chadburn. Managing Mutual Life Offices: The Use of an Expense Ratio in New
Business Decision Making and Expense Control. October 1993. 21 pages.

Haberman S. Pension Funding Modelling and Stochastic Investment Returns. 56 pages.
March 1994.

Renshaw A E and Verrall R J. The Stochastic Model Underlying the Chain-Ladder
Technique. 25 pages. April 1994,

Haberman S and Sung J-H. Dynamic Approaches to Pension Funding. 22 pages. April
1994.

Renshaw A.E. On the Second Moment Properties and the Implementation of Certain GLIM
Based Stochastic Claims Reserving Models. 36 pages. September 1994.

Booth P.M., J.N. Allan, and J.W. Jang. An Evaluation of the UK Life Insurance
Mismatching Test. September 1994.

Booth P.M. and Stroinski K. Insurance and Investment Markets in Poland. September 1994,
35 pages.

Ong A. A Stochastic Model for Treasury-Bills: An Extension to Wilkie’s Modei.
September 1994. 12 pages.

Bloomfield D.S.F. Moving on from Undergraduate Exams to Professional Exams: Actuaries.
November 1994. 22 pages.

Huber P. A Review of Wilkie’s Stochastic Investment Model. January 1995. 22 pages.
Renshaw A.E. On the Graduation of ‘Amounts’. January 1995. 24 pages.
Renshaw A .E. Claims Reserving by Joint Modelling. December 1994. 26 pages.

Renshaw A.E. Graduation and Generalised Linear Models: An Overview. February 1995.
40 pages.

Khorasanee M.Z. Simulation of Investment Returns for a Money Purchase Fund. June 1995,
20 pages.

Owadally M.I. and Haberman S. Finite-time Pension Fund Dynamics with Random Rates
of Return. June 1995. 28 pages.

Owadally M.I. and Haberman S. Stochastic Investment Modelling and Optimal Funding
Strategies. June 1995. 25 pages.

Khorasanee M.Z Applying the Defined Benefit Principle to a Defined Contribution Scheme.
August 1995. 30 pages.

Sebastiani P. and Settimi R. Experimental Design for Non-Linear Problems. September
1995. 13 pages.



79.

Verrall R.J. Whittaker Graduation and Parametric State Space Models. November 1995.
23 pages.

80. Verrall R.J. Claims Reserving and Generalised Additive Models. November 1995. 17
pages.

81. Nelder J.A. and Verrall R.J. Credibility Theory and Generalized Linear Models. November
1995. 15 pages.

82. Renshaw A.E., Haberman S. and Hatzopoulos P. On The Duality of Assumptions
Underpinning The Construction of Life Tables. December 1995. 17 Pages.

83. Chadburn R.G. Use of a Parametric Risk Measure in Assessing Risk Based Capital and
Insolvency Constraints for With Profits Life Insurance. March 1996. 17 Pages.

84. Haberman S. Landmarks in the History of Actuarial Science (up to 1919). March 1996.
62 Pages.

Statistical Research Papers

1. Sebastiani P. Some Results on the Derivatives of Matrix Functions. December 1995.
17 Pages.

ARU-ARP/arcdsk

ISBN 1874 770 85 9



