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Abstract

The Perturbed-Chain Statistical Associating Fluid Theory (PC-SAFT) has been coupled with
Vapor-Liquid Equilibrium (VLE) calculations in a density-based solver of the Navier-Stokes
equations to perform multicomponent two-phase simulations of Diesel injections at high-
pressure conditions. This molecular-based EoS requires three empirically determined but well-
known parameters to model the properties of a specific component, and thus, there is no need
for extensive model calibration, as is typically the case when the NIST (REFPROP) library is
utilised. PC-SAFT can handle flexibly the thermodynamic properties of multi-component
mixtures for which the NIST (REFPROP) library supports only limited component
combinations. Moreover, complex hydrocarbon mixtures can be modelled as a single pseudo-
component knowing its number averaged molecular weight (MW) and hydrogen-to-carbon
(HN/CN) ratio. Published molecular dynamic simulations have been utilised to demonstrate
that the developed algorithm properly captures the VLE interface at high-pressure conditions.
Several advection test cases and shock tube problems were performed to validate the numerical
framework using analytical and exact solutions. Additionally, two-dimensional simulations of
n-dodecane and Diesel injections into nitrogen are included to demonstrate the
multidimensional, multispecies and multiphase capability of the numerical framework.

Keywords: Subcritical, PC-SAFT EoS, Diesel Fuel Injection

Nomenclature
List of abbreviations

AAD Average Absolute Deviation
CFD Computational Fluid Dynamics
CFL Courant—Friedrichs—Lewy
CPA Cubic Plus Association

ECN Engine Combustion Network
ENO Essentially Non-Oscillatory
EoS Equation of State

FC Fully Conservative

GC Group Contribution
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HLLC
HN/CN
LES

MW

N-S
PNAs

PR
PC-SAFT
QC

RK2
SAFT-BACK
SRK
SSP-RK3
TPn flash
TVD
TPD
VLE
WENO

List of Symbols

Harten-Lax-van Leer-Contact

Hydrogen-to-Carbon Ratio

Large Eddy Simulation

Number Averaged Molecular Weight

Navier-Stokes

Poly-Nuclear Aromatics

Peng-Robinson

Perturbed Chain Statistical Associating Fluid Theory
Quasi-Conservative

Second-order Runge—Kutta
Boublik-Alder-Chen-Kreglewshi
Soave-Redlich-Kwong

Third-order strong-stability-preserving Runge—Kutta
Isothermal-Isobaric Flash

Total Variation Diminishing

Tangent Plane Distance

Vapor-Liquid Equilibrium

Weighted Essentially Non-Oscillatory

a™*  Reduced Helmholtz free energy [-]

—_—a 0 a0

Sound speed [m s?]

Temperature-dependent segment diameter [A]
Internal energy [J mol?]

Enthalpy [J mol]

Gibbs energy [J mol?]

Integrals of the perturbation theory [-]

ky Boltzmann constant [J K]

m Number of segments per chain [-]

m Mean segment number in the system [-]
My, Molecular weight [g/mol]

Avogadro’s number [mol™]
Pressure [Pa]

Gas constant [J molt K1)
Temperature [K]

Ny

p

Pe Critical pressure [Pa]
R

T

T,

Critical temperature [K]

X; Mole fraction of component i [-]
w Acentric factor [-]
Z Compressibility factor [-]

Greek Letters

B Overall fraction of vapour phase [-]
€ Depth of pair potential [J]
n Packing fraction [-]

p Density [kg/m?]
Pm Total number density of molecules [1/A3]
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o4 Segment diameter [A]

0 Vapour volume fraction [-]
Fugacity coefficient [-]
U Chemical potential [J mol*]

Superscripts
EQ Equilibrium
disp  Contribution due to dispersive attraction

hc Residual contribution of hard-chain system
hs Residual contribution of hard-sphere system
id Ideal gas contribution

1. Introduction

This research is focused on improving the thermodynamic models employed to
simulate fuel mixing at elevated pressures. To correctly model the combustion in Diesel engines
one needs to characterise the atomisation and mixing of sprays. However, even nowadays these
processes are not completely understood. According to the experiments performed by several
authors [1]-[5], supercritical mixing exists at pressures near or slightly higher than the critical
pressure of the liquid fuel. [6], [7] stated that the convection-diffusion phenomena described by
the Navier-Stokes equations governs Diesel engine conditions. More recently, in [8] it was
determined that the surface tension remains in effect at the gas—liquid interfaces in ambient
conditions slightly above the critical point of the fuel. However, at higher pressure and
temperature conditions the surface tension diminishes, as expected for supercritical fuel-air
mixtures. Diesel engine operation conditions are considered to be in the diffused controlled
mixing regime. In a following study [9], the authors carried out systematic measurements using
high-speed long-distance microscopy for three single-component fuels (n-heptane, n-
dodecane, n-hexadecane) injected into gas (89.71% N, 6.52% CO; and 3.77% H.0) at elevated
temperatures (700-1200 K) and pressures (2-11 MPa). The classical evaporation/diffusive
mixing boundaries were moved towards higher pressures and temperatures placing Diesel
engines conditions in the classical evaporation regime. In [10] the evaporation of n-alkane fuels
into nitrogen was investigated at different pressure and temperature conditions carrying out
molecular dynamic simulations. The aim of this work was to understand how the transition
from classical two-phase evaporation to one- phase diffusion-controlled mixing takes place.
Two regimes are identified: (1) subcritical evaporation where a distinctive interface exists
separating the liquid core and the ambient gases; and (2) supercritical evaporation where
initially the liquid has a surface tension that decreases rapidly and vanishes. In the supercritical
evaporation regime, the evaporation rate increases and reaches a maximum after which there is
a transition to the supercritical stage. The results obtained have a high degree of agreement
against the experimental results obtained by [9].

Numerous simulations of Diesel sprays in the literature exist, which employ
Lagrangian methods considering a sharp gas-liquid interface which evolve according to
primary and secondary breakup models and evaporation [11]-[13]. However, this configuration
presents some limitations to accurately capture dense flow regimes near the nozzle where the
liquid fuels disintegrate into ligaments that then form droplets. Moreover, they are sensitive to
calibration parameters. In [14], [15] an Eulerian density-based methodology was used to model
the primary atomisation of the injected liquid accounting for compressibility effects associated
with the high-pressure and injection velocity. A single-phase dense-gas approach was combined
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with the Peng-Robinson (PR) EoS. However, n-dodecane/nitrogen mixtures are a TYPE IV
mixture, which means that the critical temperature of the mixture is higher than the lower
critical temperature of the components and lower than then the higher critical temperature of
the compounds. On the other hand, the critical pressure is higher than the critical pressure of
the components. Considering that the pressures that can be found in the combustion chamber
of Diesel engines are lower than the critical pressure of some nitrogen/fuel mixtures, the VLE
state must be included in the simulation. In [16], [17] a multi-species two-phase model for
Eulerian large-eddy simulations (LES) was developed. A thermodynamic solver that can
compute the properties of a homogenous mixture in supercritical or subcritical states was
employed. The LES including VLE thermodynamics of the so-called Spray A benchmark case
of the Engine Combustion Network (ECN) performed by [16] shows a high degree of
agreement against the available experimental data. Although according to [9], [10] the Spray A
ambient conditions (900K, 6MPa) fall in the classic evaporation regime, the authors of [16]
justified the use of a diffuse interface due to the high Weber number and low Stokes number.
The authors pointed out the issues of employing cubic EoS for modelling hydrocarbon
properties at temperatures found inside the injection system [18]-[20]. In [16], due to the 8.6%
error when compared to NIST (REFPROP) in the density prediction of n-dodecane at 363K, it
was necessary to increase the injection velocity to match the mass-flow measurement leading
to an error in the predicted velocity of 50 m/s. These problems could be overcome by applying
SAFT models.

The SAFT EoS is based on the perturbation theory, as extensively studied in [21]-[24].
This EoS was developed by [25], [26] applying Wertheim’s theory and extending it to mixtures.
Each molecule of the mixture is decomposed into spherical segments of equal size forming a
repulsive, hard sphere reference fluid. The attractive interactions between segments are
included in the model as well as the segment-segment energy needed to form a chain between
the hard-sphere fluid segments. If the segments exhibit associative interactions such as
hydrogen bonding, a term for this interaction is also included. Among the different variants of
the SAFT model, the PC-SAFT is the one implemented here. In this model, hard chains are
used as the reference fluid instead of hard spheres. While the SAFT EoS computes segment-
segment attractive interactions, the PC-SAFT EoS computes chain-chain interactions, which
improves the thermodynamic description of chain-like, fluid mixtures [27]. This molecular-
based EoS only requires three empirically determined parameters (when the association term is
neglected) to model the properties of a specific component without the need for extensive model
calibration. Several publications have highlighted the advantages of the SAFT variants with
respect to cubic EoS. [28] shows how the PC-SAFT model presents better results than cubic
EoS predicting gas phase compressibility factors and oil phase compressibility. For example,
Average Absolute Deviation (AAD) of the gas compressibility factors in the range P=0-1000
bar and T= 0-250 °C for nCs are 0.0144 for PC-SAFT, 0.0479 for SRK (applying the Peneloux
volume correction) and 0.0425 for PR (applying the Peneloux volume correction). For nCs, they
are 0.0127, 0.0529 and 0.0296 respectively. [29] indicated that the PC-SAFT EoS shows a
superior performance to the Cubic Plus Association (CPA) EoS in correlating second order
derivative properties, such as speed of sound, dP/dV and dP/dT derivatives, heat capacities and
the Joule-Thomson coefficient in the alkanes investigated. The CPA model presents a
diverging behaviour in the speed of sound attributed to the wrong description of the dP/dV
derivative. Similarly, [30] points out the superiority of the SAFT-BACK (Boublik-Alder-Chen-
Kreglewshi) model over the PR EOS. The SAFT-BACK EoS shows reasonable results for the
speed of sound in the vapor and liquid phases (AAD% = 2.3%, 2.1%, and 1.8% for methane,
ethane, and propane, respectively). However, the results obtained by PR EOS are only similar
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to measured data at low pressure conditions. The predicted values at high density ranges present
an AAD% for methane, ethane, and propane of 28.6%, 14.7%, and 61.2%, respectively.
Moreover, in [31] it was shown how cubic EoS predict a linear increase of the Z factor
(compressibility factor) with pressure, while the PC-SAFT EoS presents pressure dependence.

In [19], the PC-SAFT was used to close the Navier-Stokes equations using both a
conservative and a quasi-conservative formulation, where the double flux model of [32]-[34]
was applied. It was observed how the conservative formulation generates spurious pressure
oscillations while the quasi-conservative scheme presents an error in the energy conservation
that produce an unphysical quick heat-up of the fuel. In [18], supercritical injections of Diesel
fuel modelled as surrogates comprising four, five, eight and nine components were performed
taking advantage of the capacity of the PC-SAFT EoS to flexibly handle the thermodynamic
properties of multi-component mixtures. Simulations at affordable CPU times were carried out
by reducing the number of times the PC-SAFT EQS is solved by computing the pressure and
sonic fluid velocity in the cell centres and performing a reconstruction of these variables at each
cell face. This technique was found to smooth-out the spurious pressure oscillations associated
with conservative schemes when used along with real-fluid EoS. The novelty in this paper is to
present a numerical framework that combines PC-SAFT and VLE calculations in a density-
based, fully conservative solver of the Navier-Stokes and energy conservation equations. VLE
calculations allow to perform simulations where the fuel enters the combustion chamber at low
temperatures (subcritical injections). Published molecular dynamic simulations have been
employed to demonstrate that the algorithm properly captures the multicomponent VLE
interface at high-pressure conditions. A purely predictive method that employs the PC-SAFT
EoS for developing pseudo-components, which are defined to replicate the properties of
complex hydrocarbon mixtures (e.g., diesel fuels), has been completed and validated to be used
in CFD simulations. Then, complex hydrocarbon mixtures can be modelled as a single pseudo-
component knowing its MW and HN/CN ratio. Advection test cases and shock tube problems
were performed to validate the numerical framework. Two-dimensional simulations of planar
Diesel jets are performed to demonstrate the capability of the developed methodology to model
subcritical mixing at high-pressure conditions.

2. PC-SAFT Theory and Methodology
In this section it is explained the numerical methodology employed to couple the Navier-Stokes
equations, total energy equation, VLE calculations and PC-SAFT model in the same numerical
framework. The results of the molecular model and VLE calculations were validated using the
experimental results of [45], see Figure 1.

2.a. CFD code

The Navier-Stokes equations for a non-reacting multi-component mixture containing N species
in a x-y 2D Cartesian system have been solved employing the finite volume method. Operator
splitting as described in [35] is utilised to separate the hyperbolic and parabolic operators. The
global time step is computed using the CFL (Courant-Friedrichs-Lewy) criterion of the
hyperbolic part. A thermodynamic solver inspired by the work of [16] is employed to
approximate the mixture thermophysical properties by performing PC-SAFT and VLE
calculations. To compute the convective fluxes: the conservative variables, pressure and speed
of sound are interpolated at the cell faces from cell centres using a fifth-order WENO (Weighted
Essentially Non-Oscillatory) scheme [18]; the multicomponent HLLC (Harten-Lax-van Leer-
Contact) solver is applied to solve the Riemann problem [36]; and the temporal integration is



235
236
237

238

239
240

241
242
243
244

245
246
247
248
249
250
251
252
253

carried out using a second-order Runge—Kutta (RK2) method applying the filter presented in
[18]. In the parabolic sub-step, linear interpolation is performed for computing the conservative
variables, temperature and enthalpy on the cell faces from the corresponding values at the cell

centres. The model developed by [37] is used to calculate the dynamic viscosity and the thermal
conductivity. Figure 2 shows a schematic representation of the CFD code. See Appendix 1.

Experimental 344.4K
PC-SAFT 344.4K
Experimental 410.7K
PC-SAFT 410.7K
Experimental 463.9K
PC-SAFT 463.9K
Experimental 503.4K
PC-SAFT 503.4K
Experimental 532.9K
PC-SAFT 532.9K
Experimental 562.1K
PC-SAFT 562.1K
Experimental §93.5K
PC-SAFT 5§93.5K

¥
0

Figure 1. Experimental [38] and calculated pressure-composition phase diagram for the N2 (1) +
Ci2H26 (2) system. Solid lines: PC-SAFT EoS with kij = 0.144

COMPUTE TIME STEP

Set Boundary Conditions
Calculate Fluxes

Case (RkStage =1)

U® =U"+AtH, (U"),

CFD CODE < HYPERBOLIC OPERATOR < RkStage ] . . .
Thermodynamic solver (pressure, sonic fluid velocity, temperature and enthalpy)

Update
Case (RkStage=2)

n+1_1 n 1 ) (6]
u ’EU +5[u +AtH, (U®)]

Thermodynamic solver (pressure, sonic fluid velocity, temperature and enthalpy)

Set Boundary Conditions

Calculate Fluxes
PARABOLIC OPERATOR

Update cell center values

Thermodynamic solver (pressure, sonic fluid velocity, temperature and enthalpy)

Figure 2. Schematic representation of the CFD code

2.b. Diesel modelling
Two approximations have been considered to model the properties of Diesel.
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Multicomponent Diesel surrogates

In [39] four Diesel surrogates have been proposed, divided into two types depending how close
their composition is to real Diesel. The VOA and VOB are two low-accuracy surrogates while
V1 and V2 are the two higher-accuracy surrogates. Their molar composition is summarized in
Table 1. As pointed out in [40], the PC-SAFT EoS shows the highest degree of agreement with
the experimental values in comparison with the results obtained using the model developed at
NIST [39], see Table 2.

Pseudo-component method

In [41] was developed a technique that defines a single pseudo-component to represent the
compounds found in a hydrocarbon mixture. It only requires two mixture properties as inputs,
the MW and HN/CN ratio. Here we briefly describe how to achieve the pseudo-component PC-
SAFT parameters needed in this study. The group contribution (GC) parameters of [42] are
used to develop the correlations shown in Table 4 for n-alkanes and poly-nuclear aromatics
(PNAs) that numerically bound the pseudo-component PC-SAFT parameter values. An
averaging parameter, Z, is used to calculate the pseudo-component parameters using Egs. 1-3.
Eqs 4-7 show that Z is calculated using the mixture MW and HN/CN ratio, which can be
directly calculated knowing the mixture components or can be obtained using elemental
analysis for unknown mixtures. Considering that the PC-SAFT is implemented using loops that
depend on the number of components solved, this method allows us to model complex
hydrocarbon mixtures as one component, thus, reducing significantly the computational
requirements of the simulation but with increasing its accuracy.

Table 1. PC-SAFT pure component parameters [40], [42]

Compound m o (A) /1 (K)
n-hexadecane 6.669 3.944 253.59
n-octadecane 7.438 3.948 254.90
n-eicosane 8.207 3.952 255.96
heptamethylnonane 5.603 4.164 266.46
2-methylheptadecane 7.374 3.959 254.83
n-butylcyclohexane 3.682 4.036 282.41
1,3,5-triisopropylcyclohexane 4.959 4.177 297.48
trans-decalin 3.291 4.067 307.98
perhydrophenanthrene 4211 3.851 337.52
1,2,4-trimethylbenzene 3.610 3.749 284.25
1,3,5-triisopropylbenzene 5.178 4.029 296.68
tetralin 3.088 3.996 337.46
1-methylnaphthalene 3.422 3.901 337.14

Table 2 Comparison between experimentally measured surrogate densities (kg/m?®) at 293.15 K
and 0.1 MPa with the NIST and PC-SAFT predictions

Surrogate Experiment[39] NIST PC-SAFT
VOA 818.0 809.1 814.9
VOB 837.5 821.6 833.2

Vi1 828.4 814.1 825.2
V2 853.0 839.9 861.8
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The methodology developed by [41] was validated for modelling density, isothermal
compressibility and volumetric thermal expansion coefficient of hydrocarbon mixtures, jet and
diesel fuels. However, the pseudo-component must correctly model the internal energy
(employed in the conservation of the total energy equation) speed of sound (used to calculate
the hyperbolic fluxes and time step), enthalpy (employed in the parabolic operator of the
Navier-Stokes equations) and fugacity coefficients (to perform VLE calculations). Using the
PC-SAFT, the internal energy, enthalpy and heat capacities at constant pressure and volume
(needed to compute the speed of sound) are computed as the sum of ideal and residual
contributions. The PC-SAFT pure component parameters obtained employing the method of
[41] are used to calculate the residual contributions. The ideal enthalpy of each component is
calculated by integrating the ideal heat capacity at constant pressure with respect to temperature
[43]. The molar composition of the mixture is used to calculate the ideal enthalpy of the
mixture. The ideal internal energy of the mixture is computed employing the ideal enthalpy of
the mixture. The ideal heat capacities at constant pressure of each component is computed
employing the correlations published in [43]; then, molar fractions are used to compute the
ideal heat capacity at constant pressure of the mixture, which is employed to calculate the ideal
heat capacity at constant volume.

Table 3. Molar composition for the four Diesel fuel surrogates (VOA, VOB, V1, V2) [39]

Compound VOA VOB V1 V2
n-hexadecane 278 - 2.70 -
n-octadecane - 23,5 20.2 10.8
n-eicosane - - - 0.80
heptamethylnonane 363 27.0 29.2 -
2-methylheptadecane - - - 7.3
n-butylcyclohexane - - 510 19.1
triisopropylcyclohexane - - - 11.0
trans-decalin 148 - 550 -
perhydrophenanthrene - - - 6.00
1,2,4-trimethylbenzene - 125 75 -
1,3,5- - - - 14.7
triisopropylbenzene

tetralin - 209 154 164

1-methylnaphthalene 211 16.1 144 139

Mpseudo — component = (1=2)my _ glkane + ZMpNA M)
(ma)pseudo — component = (1 =Z )(ma)y — alkane T Z(Ma)pn4 (2)
£ =(1-2)(¢ 7(¢ 3
( /k)pseudo — component ( )( /k)n — alkane * ( /k)PNA @)
7 = %ﬁ?f:e' MWhixture < 178 g/mol @

T )] DoUpy;
rrl‘—g““re, MWhixture = 178 g/mol
DoUppa = 0.05993 x MW — 0.68158 (5)
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MW i
mixture (6)

CNmi =
mIXtUre = 12 01+1.01((HN/CN) mixture)

1
DoUmixture = 2 (2 X CNmixture + 2 — HNmiXture) (7)

Table 4. PC-SAFT parameter correlations as a function of MW (g/mol) for n-alkanes and PNAs

using the GC parameters of [42]

n-alkane PNA
m 0.0274MW + 0.4648 0.0163MW + 0.9256
mo (A) 0.1092MW + 1.5677 0.0612MW + 3.5324

¢/k () exp(5.5811 — 10.2507/MW)  exp(5.5657 — 8.6620/MW)

2.c. Thermodynamic solver (PC-SAFT + VLE)

The thermodynamic solver is employed to compute temperature, pressure, sound speed and
enthalpy once the conservative variables have been updated. The inputs are the density, internal
energy and mass fraction of the components. Three pure component parameters per compound
(number of segments per chain, energy parameter and segment diameter) are specified for
initialisation. Only an overview of the method is included in this section.

Algorithm
The algorithm is summarized in Figure 3. The main steps are:

1)

2)

Filter. This step is employed to decrease the computational time by reducing VLE
calculations. By checking the molar fractions of the components, it can be determined
whether only one phase exists. Isobaric-adiabatic lines can be computed using the initial
conditions of the case of interest (temperature in the chamber, temperature of the fuel and
pressure in the combustion chamber) to determine the molar fractions at which VLE is not
expected. For example, as we can see in Figure 4, by performing an injection of n-dodecane
at 363K in a combustion chamber at 900K and 11MPa, the nitrogen mole fraction at which
the fuel starts vaporizing is close to 0.15 and there is not liquid phase at nitrogen mole
fractions higher than 0.95 . In this case, it would be safe to consider that any mixture with
a nitrogen molar fraction lower than 0.05 (Limit A) and higher than 0.95 (Limit B) will
not be in a VLE state. The reason of choosing a low Limit A is to consider the pressure
variations along the simulation, which have an important effect on the stability of n-
dodecane / N2 mixtures.

Stable state (one phase). When knowing that the mixture is stable the molecular density
of the mixture can be computed and used as an input to the PC-SAFT model. A Newton
method is employed to compute the temperature that is needed to calculate the value of all
other thermodynamic variables. The temperature dependent function used in the iterative
method is the internal energy. The derivative of the internal energy with respect to the
temperature at constant molecular density can be directly obtained as these are the
independent variables of the PC-SAFT model. See Appendices 2 and 3.



From conservative variables: p,e,Y;
Inputs< Temperature and pressure from the previous time step
Specific values of each component: c,s/K,kij m
1) Compute the mole fraction of each component (x)
Thermodynamic | |F ((x,, <Limit A) .OR. (x,,>Limit B)) THEN
solver CALL Algorithm 1 (Stable state)

ELSE
CALL Algorithm 2 (Unknown state)
END IF
356
357 Figure 3. Schematic representation of the thermodynamic solver
358
900
————— 4MPa, 900K (MIXTURE)
——————— 4MPa, 900K (VAPOR)
I ——e—— 4MPa, 900K (LIQUID)
800 - —— 6MPa, 900K (MIXTURE)
— — — — 6MPa, 900K (VAPOR)
£ | T e 900K (MxTURE)
o 700 - 11MPa, 900K (VAPOR)
=1 11MPa, 900K (LIQUID)
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@ 500
E i
- !
500F !/
! I
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il bt
400 i ¢
T el L ] N J
0 0.2 0.4 0.6 0.8 1
359 N, molar fraction
360 Figure 4. I1sobaric-adiabatic mixing lines (N2 + C12H26) at different pressures in the combustion
361 chamber
362
363 3) Unknown state. If the state of the mixture is unknown the density cannot be used as an
364 input. The pressure and the temperature are iterated employing a multidimensional Newton
365 method until the density and the internal energy obtained using the PC-SAFT + VLE
366 calculations are the ones obtained from the conservative variables. For each P-T
367 calculation a stability analysis is performed to determine if the mixture is stable. See
368 Appendices 4 and 5.
369
370 a. Mixture stable: The PC-SAFT model is solved. The reduced density is
371 iterated until the computed pressure is the input pressure.
372
373 b. Mixture unstable: The isothermal-isobaric flash problem (TPn flash) is
374 solved and the properties of the fluid in a VLE state are computed.
375

376  Stability analysis

377 A mixture is stable at a specific T and P if the total Gibbs energy is at its global minimum. If
378 an infinitesimal amount (5e) of a new phase of composition w is formed from a phase of
379  composition z, the change in the Gibbs energy can be expressed as [44]:

380 6G = Se Xy wi(uy(w) — 1 (2)) (8)

10
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u being the chemical potential.

A necessary condition for the stability of the phase of composition z is that §G is non-negative
for any positive e for any composition w. This is known as the tangent plane condition of
Gibbs.

Yiogwi(uw) —p(2)) 20 vV w; =0 suchthat Xi,w;=1 ©))

The Tangent Plane Distance (TPD) function [45] is employed to determine if a split into two
phases decreases the Gibbs energy.

TPD(W) = Xy wi(u;(W) — ;(2)) (10)
The TPD function can be written in a dimensionless form employing the fugacity coefficient
(¢):

TPD C
tpd(w;) = —— = Y=g Willng(w) + Inw; —d;(2)] (11)
being
di(z) = Ing;(z) + Inz;

The mixture of composition z is considered stable if all the TPD local minima are non-negative.
tpdw) =0 V w; =0 V w;>0 suchthat Y&, w;=1 (12)

The Successive Substitution Iteration (SSI) algorithm ([16], [46]) (without the Newton
method) has been employed to determine if the mixture is stable. See Appendix 6.

TPn flash

Once it is known that the mixture is in a VLE state, a multidimensional Newton iteration in T
and P is performed until the internal energy and density of the liquid-gas mixture are the ones
determined by the conservative variables. An isothermal-isobaric flash problem (known as TPn
flash) is performed for each iteration.

A necessary condition for equilibrium is that the chemical potential for each component is the
same in the liquid and vapor phases.

wi=npf (13)
or equivalently using the fugacities:
=1 (14)
Employing the fugacity coefficients, this expression can be written as:
F; =ne,(T,p,y) — Inp;(T,p,x) + InK; =0 (15)
where

=X _ Qi
Kl N Vi Piv (16)

A successive substitution method is employed to perform equilibrium calculations at specified
temperature, pressure and overall composition to determine the liquid and vapor phases that
satisfy eq.15 [16], [44]. See Appendix 7.
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2.d. VLE interface

In [10], molecular dynamic simulations of three n-alkane fuels into nitrogen under
various temperatures and pressures were performed to study the injection, evaporation and
mixing processes of hydrocarbon fuels into a supercritical environment. The study was focused
on understanding the transition from classical two-phase evaporation to one-phase diffusion-
controlled mixing. Using as threshold a dimensionless transition time (the time needed to transit
from subcritical to supercritical respect to the liquid lifetime) of 0.35, the authors identified two
regions on the P-T diagram, see Figure 5. Supercritical dominated: Due to the high critical
pressures of TYPE IV mixtures, a VLE state is present at the beginning of the evaporation
process. The temperature of the liquid core goes up until the VLE state disappears and only a
diffusion-controlled mixing process exists. Subcritical dominated: A clear interface exists
between the liquid core and the ambient gases. Nitrogen is not able to diffuse into the liquid
core (constant fuel mass fraction close to 1 during evaporation, see Figure 7). There is a gradual
decrease of the density of the liquid core as the fuel is heated-up. The evaporation reaches a
constant state with a constant liquid core.

According to the classification presented by [10], the combustion chamber of a Diesel
engine working at medium-high load operation conditions is in the supercritical dominated
regime after the compression cycle, see Figure 5. At these ambient conditions, the nitrogen is
able to rapidly diffuse into the liquid core indicating that the interface has a Knudsen-number
low enough to fall within the fluid mechanic continuum domain [7]. At 20MPa, the molar
fraction of nitrogen in the liquid core (before the transition to a diffusion-controlled mixing
process) at 0.5ns is almost 20%, see Figure 6. Therefore, the heat-up of the liquid core is
dominated by diffusion phenomena. This can be proven by showing how isobaric-adiabatic
mixing lines can replicate the heat-up profiles obtained in the molecular simulations of [10].
The isobaric-adiabatic lines where computed using eq.17. Figure 7 clearly shows how this
hypothesis is not applicable in the subcritical dominated regime where after 5 ns the N> molar
fraction in the liquid core has a constant value of 2%.

hmixture = YClezshCqus + Yn, th (17)
p = 20MPa

being y the mass fraction.

The hypothesis employed in this paper is that the vaporization process at high-pressure
Diesel fuel injections is located at the subcritical vaporization stage of the supercritical
vaporization regime described by [10] without a transition to the diffusion-controlled mixing
process. Being the convective forces much more dominant than the diffusion phenomena, Na-
n-dodecane mixing takes place in a time several orders of magnitude lower than the one
observed in Figure 6 where only diffusion is present. Thus, the heat-up of the jet describes a
single isobaric-adiabatic mixing line instead of multiple adiabatic lines at different times. This
can be corroborated observing the results obtained by [15], [16] where the heat-up of the heat
follows an isobaric-adiabatic mixing line constant in time solving both, convection and
diffusion phenomena in their simulations. A diffuse interface method, which describe an
adiabatic heat-up of the jet, must be applied during Diesel engine injection simulations at high-
pressure conditions (supercritical dominated regime) to properly characterize how the fuel
vaporize.
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Figure 5. Diesel engine compression cycles [15] and contours of dimensionless transition time on

pressure-temperature diagram of n-dodecane [10]
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Figure 6. Development of gas-liquid interface shown on VLE diagram at 20 MPa [10], VLE
experimental data [38] and isobaric-adiabatic mixing lines.

3. Results

The working fluids employed are the following: (i) n-dodecane, (ii) a mixture of n-octane, n-
dodecane and n-hexadecane; (iii) a pseudo-component that replicate the properties of the
previous mixture; (iv) VOA Diesel, and (v) a pseudo-component that replicate the properties of
the VOA Diesel.

3.a Shock Tube Problems

Shock Tube Problem 1 (One phase, one component)

A shock tube problem is used to validate the numerical solution of the hyperbolic operator. The
results are compared with an exact solution computed using the methodology described in [47].
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N-dodecane is utilized as working fluid; the domain is x € [-0.5, 0.5] m; 300 equally spaced
cells were employed; wave transmissive boundary conditions are used in the left and right sides;
the simulated time is 5 10**s; the initial conditions in the left state are p.=438kg/m?, p.= 30MPa,
u.=0m/s; and in the right state are pr=100kg/m?*, pr=10MPa, ur=0m/s. Figure 8 shows how the
density, temperature, velocity and pressure results agree with the exact solution.

Shock Tube Problem 2 (One phase, multicomponent/pseudo-component)

The working fluids employed are a mixture of n-octane, n-dodecane and n-hexadecane (Table
5) and a pseudo-component that replicate the properties of the mixture (Table 6) [41]. Figure 9
shows a comparison of the results obtained employing the multicomponent mixture and the
results obtained by [41].

t=5ns (Mo & Qiao, 2017)

t=0.1ns (Mo & Qiao, 2017)

t=0.1ns

VLE(Gas phase) [exp, Cordova et al. 2011]
VLE(Gas phase)
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g
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&" L W00 G © 0.9,
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0 0.2 0.4 0.6 0.8 1

n-dodecane mol fraction
Figure 7. Development of gas-liquid interface shown on VLE diagram at 1 MPa [10], VLE
experimental data [38] and isobaric-adiabatic mixing line.

The domain is x € [-0.5, 0.5] m; 800 equally spaced cells were employed; wave transmissive
boundary conditions are used in the left and right sides; the simulated time is 5 10-s; the initial
conditions in the left state are p =438kg/m®, t.= 859.5K, u.=0m/s; and in the right state are
pr=100kg/m®, tr=1744K, ur=0m/s. Figure 10 presents the density, temperature, pressure,
velocity, speed of sound and internal energy results. The pseudo-component results are the
same as the multicomponent ones indicating that the methodology developed by [41] can be
used to model complex hydrocarbon mixtures as a pseudo-component in CFD simulations that
present one phase.

Table 5. Molar composition of hydrocarbon mixture employed in Shock Tube Problem 2 [41]
Hydrocarbon mixture

Compound (Molar composition)
n-hexadecane 0.232
n-octane 0.460
n-dodecane 0.232

14



517
518
519
520

521
522
523

524
525
526
527

528
529

2000

(b)

1 1 1 1 1
0_01 02 03 04 05
x[m]

500 EXACT SOLUTION
— < NUMERICAL SOLUTION 1800
40(]% 1600l
E 300} o 1400
5 <
= = 1200}
o 200f
i 1000 F )
100 800 F
a
( \) 1 Il 1 1 1 1 1 1 60 1 1 Il 1
9504 035 02 07 0. 01 02 03 04 05 Y504 03 02 01
x[m]
120 35
100} (©) 50
80 25
‘w 60 T
E % 20
> 40 =
15
20
0 10
20554 03 02 01 [t'l : 61 02 03 04 05 55 04 03 02 07
xim

(d)

G071 02 03 04 05
x[m]

Figure 8. Shock Tube Problem (C12Hzs). CFL = 0.5, u = 0 m/s, 300 cells, t=5 10* s. Comparisons
of (a) density, (b) temperature, (c) velocity and (d) pressure profiles: exact solution and

825
800
775

numerical solutions.

—c

750 oo

725
700

p [kg/m’]

675
650
625
600
575

298K
= 298K (Rokni et al., 2019)
448K

2 . 448K (Rokni et al., 2019)

1 1 1
0 20 40 60 80 100 120
P[MPa]

)
140

Figure 9. Density predictions for the hydrocarbon mixture presented in Table 5.

Table 6. PC-SAFT pure component parameters employed to model the pseudo-component

employed in Shock Tube Problem 2 [41]
Compound m o () /i (K)
Pseudo-component 7.387  3.400 234.47
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3.b Advection test cases

The computational domain is x € [-105, 10°] m; the simulated time is 10%s; the left initial
conditionsare fuel at p=11MPa, u=10.0m/s and t=362K; the right initial conditions are nitrogen
at p=11MPa, u=10.0m/s and t=972K; a uniform grid spacing (100 cells) is applied; CFL is set
to be 0.5; wave transmissive boundary conditions are implemented in the left and right sides of
the computational domain; and a smooth initial interface is applied to reduce the initial start-up
error [48]. When a diffuse interface method is employed, the interfaces are not sharp one-point
jumps but smooth as they are resolved [48]. Thus, a smooth initial profile is a realistic initial
condition. The initial interface was computed employing eq.18 [16] .

YFUEL =05- 0.5e7‘f{(x1 + 0'25l1‘ef)/(0'01l7‘ef)} (18)

The initialization of each cell located in the interface is performed knowing the pressure,
enthalpy of the mixture (eq.17) and the molar fraction of the components.
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Figure 10. Shock Tube Problem 2. CFL = 0.5, 800 cells, t=5 10 s. Comparison of the (a) density,
(b) temperature, (c) pressure, (d) x-velocity, (e) sonic fluid velocity, (f) internal energy using as
working fluids are a mixture of n-octane, n-dodecane and n-hexadecane (Table 5) and a pseudo-
component that replicate the properties of the mixture (Table 6) [41].
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Advection test cases 1 (Two phases, n-dodecane/nitrogen)

Figure 11 shows the results of this advection test case where n-dodecane is employed
as fuel. The binary interaction parameter applied is kij = 0.1446. The numerical framework
perfectly captures the large density and temperature gradients present in this multicomponent-
multiphase one-dimensional test case. Small spurious pressure oscillations appear in the
solution. This problem is well known in multicomponent density based codes employing highly
non-linear EoS [16], [19], [33]. Although the small oscillations in the pressure field could be
avoided or reduced employing a QC formulation like the double flux model [32]-[34] or using
a pressure evolution equation [16], [49], [50] instead of the total energy conservation equation
, these schemes presents an error in the energy conservation that produce an unphysical quick
heat-up of the fuel [16], [51]. The combination of VLE + PC-SAFT calculations allows to
properly model: (1) the properties of n-dodecane at high density ranges where cubic models
show large deviations in the sonic fluid velocity (used in density based CFD codes to compute
the hyperbolic fluxes and time step [19]), temperature and internal energy; (2) and a correct
(adiabatic) subcritical evaporation process in the interface (Section 2.d).
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g’i 400 =
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Figure 11. Advection Test Case 1 (N2- Ci2Hzs), CFL = 0.5, u = 10 m/s, 100 cells. Results of
(a) density, (b) temperature, (c) pressure and (d) VLE interface at 10.

Advection test case 2 (Two phases, VOA Diesel/ nitrogen, pseudo - VOA Diesel / nitrogen)

Figure 12 shows the temperature, density, speed of sound and internal energy results of
an advection test case that employs the multicomponent Diesel VOA and the pseudo-Diesel
VOA (Table 7) as fuels. The binary interaction parameter used between the nitrogen and the
Diesel compounds or the pseudo-component is the same one used in the N, / n-dodecane
mixture (kij = 0.1446). The pseudo-component presents an error (using as reference the
multicomponent Diesel results) of 1.6% in density, 3.7% in sonic fluid velocity and 5.5% in
internal energy. However, the computational time required to solve the multicomponent VOA
Diesel advection test case is 432% the time consumed by the pseudo-Diesel advection test case.
The different computational requirements will be even bigger in multidimensional cases or
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simulations where the hydrocarbon mixture presents more components (e.g., VOB, V1 and V2
Diesel surrogates). In the case of the Diesel surrogate VO0a, the equilibrium state of five
components must be computed in each cell of the interface, see Figure 13. Using the
methodology of [41], the number of working fluids is limited to 2 (pseudo-Diesel + N»).

Figure 14 shows how the phase boundary from VLE at 11MPa is different if the
multicomponent Diesel VOA or its pseudo-component are employed. The use of a pseudo-
component must not alter how the fuel is heat-up, especially in Diesel injection simulations
where the temperature plays a significant role on determining the ignition time. Figure 15
presents the results in the VLE interface of both working fluids (multicomponent mixture and
pseudo-component).

Table 7. Pseudo-component PC-SAFT parameters employed to model the pseudo-Diesel VOA
using the correlations developed by utilizing the GC parameters of Tihic et al. [42]

Compound m o (A) <€/k )
Pseudo-component 5436  3.908 256.700
1200 Diesel VOA (t=0s) 1200
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Figure 12. Advection Test Case 2 (N2- VOA/ pseudo-Diesel VOA), CFL = 0.5, u = 10 m/s,
100 cells. Results of (a) density, (b) temperature, (c) speed of sound and (d) internal energy
results at 105 s.
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Figure 14. Advection Test Case 2 (N2- VOA/ pseudo-Diesel VOA). Results of VLE interface
at 10°% and phase boundaries from VLE at 11MPa.

3.c Two-dimensional cases
Planar two-dimensional injections of n-dodecane and a Diesel pseudo-component are
presented to demonstrate the multidimensional capability of the numerical framework.

N-dodecane jet

A structured mesh is applied with a uniform cell distribution; the domain used is 12mm
x 6mm; 1,216,800 cells are employed; the parabolic sub-step is included into these simulations
without sub-grid scale modelling for turbulence or heat/species diffusion; the CFL number is
set at 0.5; the fifth-order WENO discretization scheme presented in [18] is used; transmissive
boundary conditions are applied at the top, bottom and right boundaries while a wall condition
is employed at the left boundary; a flat velocity profile is imposed at the inlet; the velocity of
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the jet is 600 m/s; the diameter of the exit nozzle is 0.1mm,; the case is initialized using a
pressure in the chamber of 11 MPa; the temperature of the nitrogen is 973 K; and the
temperature of the injected fuel is 363K. The binary interaction parameter applied is kij =
0.1446. The loops where the hyperbolic fluxes, parabolic fluxes, update of conservative
variables and thermodynamic solver are solved (see Figure 2) were paralleled employing
OpenMP (24 physical cores where employed). Some instabilities were observed in the
initialization as [16] reported. To solve this problem, a ramp is used to accelerate the fuel to
600m/s. The jet is quickly heated-up from a compressed liquid state to gas and finally, to a
supercritical state describing an isobaric-adiabatic mixing line, see Figure 16. Figure 17 shows
how the Kelvin Helmholtz instability and ligament-shaped structures are developed in the shear
layer.
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Figure 15. Advection Test Case 2 (N2- VOA/ pseudo-Diesel VOA), CFL = 0.5, u =10 m/s,
100 cells. Results of (a) density, (b) temperature, (c) speed of sound and (d) internal energy
results at 105 s.

Diesel jet

The initial conditions and set-up of the simulation is the same as the n-dodecane jet.
The binary interaction parameter applied is kj = 0.1446. Figure 18 shows the density,
temperature and pressure at 3.19x10° s. Spurious pressure oscillations are not present in the
pressure field despite the multicomponent nature of the simulations and large density gradients
solved. The simulation present supersonic, transonic and subsonic regions due to the low values
of the speed of sound present in the cells in a VLE state and the high jet velocity, see Figure
18. Such a variety of Mach numbers in a simulation can introduce important stability issues
However, stability problems were not observed. The computational time required to solve at
3.3x10° was 91.7 hours. Most time is invested on solving the multidimensional Newton
method of the cells that are in a VLE state. At these conditions, the derivatives of the Jacobian
matrix are calculated numerically (Appendix 5). However, the developed methodology is fast
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enough to perform simulations at affordable time scales. It should also be considered that the
results are equivalent to a multicomponent injection of a Diesel surrogate of 4 components that
vaporize when mixed with hot nitrogen.
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Figure 16. Scattered data of composition and temperature of the planar n-dodecane jet,
dodecane-nitrogen phase boundary from VLE at 11MPa and isobaric-adiabatic mixing line.
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Figure 17. Density results of n-dodecane planar jet.

4. Conclusions

This paper presents a numerical framework that combines PC-SAFT and VLE calculations in
a density-based, fully conservative solver of the Navier-Stokes and energy conservation
equations to simulate fuel-air mixing at high-pressure conditions. This molecular-based EoS
requires three empirically determined but well-known parameters to model the properties of a
specific component, and thus, there is no need for extensive model calibration, as is typically
the case when the NIST (REFPROP) library is utilised. PC-SAFT can flexibly handle the
thermodynamic properties of multi-component mixtures for which the NIST (REFPROP)
library supports only limited component combinations. Modelling multicomponent Diesel
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surrogates, the PC-SAFT EoS shows the highest degree of agreement with experimental values
in comparison with the results obtained using the model developed at NIST. Moreover, a purely
predictive method that employs the PC-SAFT EoS for developing pseudo-components has been
completed and validated to be used in CFD simulations. Complex hydrocarbon mixtures can
be modelled as a single pseudo-component knowing its MW and HN/CN ratio. By employing
pseudo-components, the simulation time is independent of the number of compounds present
in the fuel and thus, allowing real fuel compositions to be utilised in CFD simulations.
Advection test cases and shock tube problems were performed to validate the numerical
framework using analytical and exact solutions. The two-dimensional simulations performed
(subcritical injections of n-dodecane and Diesel into nitrogen) demonstrate the
multidimensional, multispecies and multiphase capability of the algorithm and its high stability
in simulations where all sonic regimes are present.
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687 Figure 18. CFL = 0.5, 1,216,800 cells. Results of the simulation of the VOA Diesel pseudo-
688 component jet at t = 3.19 x 105s: (a) density, (b) temperature, (c) pressure and (d) Mach number.
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Appendix 1 (CFD CODE)

The Navier-Stokes equations for a non-reacting multi-component mixture containing N species
in a x-y 2D Cartesian system are given by:

oU | OF | 3G _ OF,

ot ' ox ' 9y  ox

3G,
ay

The vectors of A.1 are:

pY,
U= PYy
pu
PV
| PE
G =

|Uo,, +vo,, —q

C oy,
PUYy

pu*+p
puv

| (PE + p)u |

y

(A1)
i pVY]_ ) I ny]_ W
vY J,
G=| | E = : L (A2)
pvu GXX
V2 +p Ty
_(pE+ p)V_ _uo-xx+vo-xy_qxj

where p is the fluid density, u and v are the velocity components, p is the pressure, E is the total

energy, Ji is the mass diffusion flux of species i, ¢ is the deviatoric stress tensor and q is the
diffusion heat flux vector.

Hyperbolic sub-step
The multicomponent HLLC (Harten-Lax-van Leer-Contact) solver is applied to solve the
Riemann problem [36]. The fluxes are computed as:

HLLC
Fre =

F

F,.=F +S (U, -U)

Fir =F; +S;(U.z —UR)

FR

where U, are the star states [36].

The speed in the middle wave is:

if  0<S,
if S <0<S,
if S.<0<S
if  0>S

(A3)

*R 1

*R 1

S = PR=PLHPLUL(SL—UL)—PRUR(SR—UR) (A.4)
* pPL(SL—uL)—pPRr(SR—UR) .

The left and right wave speeds are computed as:
S, =min(u, —a, ug — ag),
Sg =max(u, +a,,ug + ag)

(A.5)
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The conservative variables, pressure and speed of sound values needed to solve the
Riemann problem are interpolated at the cell faces from cell centers using the fifth order
reconstruction scheme described in [18]. This technique decreases the computational time and
smooths-out the spurious pressure oscillations associated with fully conservative (FC) schemes
employed along with real-fluid EoS.

The temporal integration is carried out using a second-order Runge-Kutta (RK2)
scheme (A.6) applying the filter presented in [18].

UM = U™ + AtH,, (U™),
U = U + 2 [UD + AtH,, (UD)] (A.6)

Parabolic sub-step
The model developed by [37] is used to calculate the dynamic viscosity and the thermal
conductivity. The viscous stress tensor is calculated as:

du 2 ou v
Oxx = z.uva ~3H (_ + 5)

dx
v 2 du  Ov

Oyy = 2.“1)5 - gllv (a + 5)

5} d
Oxy = Oyx = Hy (ﬁ é) (A7)
where ,, is the viscosity.
The species mass diffusion flux of species i is calculated employing Fick’s law:
Ji = pDiVY; — Y, XN, pD; 7Y, (A8)
where
Di = 5] (A9)

Zjatip_ij

being D is the diffusion coefficient for the diffusion of the component i in the rest of the mixture
[52].

The heat flux vector is calculated as:

q=-WT-3NhJ ) (A.10)
where A is the thermal conductivity and h is the enthalpy.
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Appendix 2 (Thermodynamic solver for stable mixtures)

The molecular density is computed using the density of the mixture. Once the molecular density
is known a Newton method is employed to compute the temperature that is needed to calculate
the value of all other thermodynamic variables. The temperature dependent function used in the
iterative method is the internal energy. Initially a temperature value is assumed (for example
the value of the temperature from the previous time RK sub-step or from the previous time step)
to initialize the iteration process. In most cells, this value is close to the solution.

I Newton method (T)
DO
1 CONTINUE
If [ (abs (e(CSV)-e(PC-SAFT))>0.001]then
Inputs: Temperature, density, molar composition
Algorithm A Outputs: Pres.sure, s-oni(-: fluid velc-)city, internal energy, enthalpy,
partial derivative of the internal energy respects
Algorithm 1 the temperature at constant density
Compute the new temperature value:
T =T" +(@j T"
aT ),
GOTO1
ELSE
RETURN
END IF
END DO

Figure Al. Schematic representation of the Algorithm 1
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Appendix 3 (Algorithm A)

Inputs: Temperature, density, molar composition.

Output: Pressure, sonic fluid velocity, internal energy, enthalpy, partial derivative of the
internal energy respects the temperature at constant density.

1) Compute molecular density (A.11)

2) Compute segment diameter of each component (A.12)

3) Compute mean segment number (A.13)

4) Compute radial distribution function of the hard sphere fluid (A.14)
5) Compute hard sphere fluid contribution to the compressibility factor (A.16)
6) Compute hard chain contribution to the compressibility factor (A.17)
7) Compute dispersion contribution to the compressibility factor (A.19)
8) Compute total compressibility factor (A.30)

9) Compute pressure (A.31)

10) Compute the contribution of the hard-sphere system to the residual
Helmholtz free energy temperature derivative (A.32)

Algorithm A 11) Compute the hard-chain reference contribution to the residual

Steps
1)

2)

3)

4)

Helmbholtz free energy temperature derivative (A.35)

12) Compute the dispersion contribution to the residual

Helmholtz free energy temperature derivative (A.37)

13) Compute the residual Helmholtz free energy temperature derivative (A.41)
14) Compute internal energy (A.43)

15) Compute enthalpy (A.45)

16) Compute heat capacities (A.46,A.47)

17) Compute sonic fluid velocity (A.50)

18) Compute the temperature derivative of the internal energy (A.58)

19) Compute the new temperature using the Newton-Raphson method

Figure A2. Schematic representation of the Algorithm A

Compute molecular density
pm = p(kg/m3)*1073%*N, /M,,*1000 (A.11)
where N, is the Avogadro number and M, is the molecular weight of the mixture.

Compute temperature-dependent segment diameter d of component i [53]

d; = 0g; [1 - 012 exp (-3 L) (A.12)
where k is the Boltzmann constant, T is the temperature, ¢; is the depth of pair potential

of the component and a; is the segment diameter.

Compute mean segment number [53]

m= Z:lc xX;im; (A13)
where m; is the number of segments per chain of the component i and x; is the mole

fraction of component i.

Compute radial distribution function of the hard-sphere fluid [53]
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5)

6)

7)

2
1 didj ) 362 ( did; ) 3¢ A.14
g” (1-¢3) + (di"'dj (1-¢3)2 + di+d;) (1-¢3)° ( . )
where
0= 2 pm oxmyd] n €{0,1,2,3} (A.15)

Compute contribution of the hard sphere to the compressibility factor [53]

hs _ _S3 36162 3636363 A16
(1-63) ~ 6o(1—=63)%2 = ¢o(1—¢3)3 ( ' )

Compute hard-chain contribution to the compressibility factor [53]
hs
Zh = 1z = $ix; (mg = DGR " om 5oL (A.17)

aghs did;
p 200 _ & +( 1)( 3, +6czcs)+

ap (1-33)? di+dj) \(1-03)? = (1-03)3
2 2 2
didj 44, 602743
(di"'dj) (et o) (A.18)
Compute dispersion contribution to the compressibility factor [53]
Z4sP = _2qp,, —22 a(n L) m2eoy3 — TP,M [Cl 6(27;2) + CanZ] m2e2g,3 (A.19)

C;and C, are defined as:
-1

Co=(1+2+p HZZ) -

o2 3_opdy\ 1
(1+_8n 8n? (1 — ) 22027+ 12 271) (A.20)

(1-n [(A-m(2-m]?

_ % —_ — —4n?+20n+8 _ 2n3+12n%-48n+40
C2=% i ( T R G LD R feen R £ ) (A-2D)
The terms m?e0,;3 and m?&20,3 are defined as:
- e— Eij
m2eaq® = L1C YT x; xmymy (k—;) 03 (A.22)
- £\ 2
m2e20,43 = Y1 YT x; xymym; (k—‘;) 03 (A.23)

The mixture parameters o;; and ¢; ,which are defined for every pair of unlike
segments, are modelled using a Berthelot-Lorentz combining rule.

1

0ij = 5 (0; + 0j) o
o = T k) (A.25)
a(;;l) and a(;;z) are expressed as:
amlI SN(i i

(;7771) — ]6 Oa] (m)(] + 1)nl (A26)
aml

(n 2) =% ob; (M)(j + Dnt (A.27)

The coefficients a and b depend on the chain length:
— m-—1 m-1m-2
a;(m) = ag; + m?au + %%an (A.28)
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854

855

856

857

m-1m-2

— m-1
by() = bo; + —by; + —""by; (A.29)
Qoi, A1, A2, bo;, b1y, by are constants [53].

8) Compute compressibility factor [53]
Z =1+ 7h 4 zdisp (A.30)

9) Compute pressure [53]
P = ZkgTp,,(101%)3 (A.31)

10) Compute temperature derivative of the Helmholtz free energy residual
contribution of the hard-sphere system [53]

3(61,762+6162T) | 36162637 3§22§2,T §23§3,T(3C3_1)

(aihs) _ 1 (1-63) (1-63)% ~ 63(1-¢3)? = ¢32(1—¢3)*
oT . 5o 362262 763—262%¢3 3\ ¢3
P.Xi ;T ;T _ _S2” T
( ¢33 ) In(1—¢a) + (';0 €32) (1-¢3)
(A.32)
with abbreviations for two temperature derivatives:
acn _
Snr = S0 = p Nixymnd;r(d)" n €{0,1,2,3} (A.33)
=% _ (3 5[ _3 &
dir =3t =0;(3-25) [-012exp (-3 L)) (A.34)

11) Compute temperature derivative of the Helmholtz free energy hard-chain
reference contribution [53]

(a;i;c)p’xi =m (a;ljs)p'xi = Yix; (my — 1)(gi;")™?! (ag—iTihs)p (A.35)

WA
The temperature derivative of the radial pair distribution function is:
ag_?is _ ST 1, 2 1, 36,1 66263 T
or ~ G-gor T (z dl'T) et (z dl) ((1—c3)2 * (1—c3)3) *

154 26,° 1, 2 (4C2C2_T 6C22(;3’T)
(2 dldl'T) (1-¢3)3 + (2 dl) (1-¢3)3 + (1—¢a)* (A.36)

12) Compute temperature derivative of the Helmholtz free energy dispersive
attraction [53]

gattsp - _ o _ L\ 2.3 _ 7
(557), ., = 20 (5 —53) mPeod — o

ac a1 Ll—S=—=
[6—7}12 + 5226 72] m2e2g’ (A.37)
with
O _ y6  q,(m)i i-1 A.38
ar — Zi=0di S3,r (A.38)
92 — y6_ p,(m)i i-1 A.39
ar — Zi=0Di ¢3,r7 (A.39)
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ac
a—Tl = 6370, (A.40)

13) Compute temperature derivative of the Helmholtz free energy [53]

(%5, = 5, 50, (A41)

14) Compute the internal energy [54]

The internal energy is estimated as the sum of the ideal internal energy and the residual
internal energy [54].

eres adres
=T (), (A42)
e=e" +eld (A.43)

15) Compute enthalpy [53]:

It is computed as the sum of the ideal contribution (obtained by integrating the ideal
heat capacity at constant pressure with respect to the temperature) and the residual
enthalpy [53].

hres _ aares
RT ( or )p'xi +(Z -1 (A.44)
h=h° +h (A.45)

16) Heat capacities [55]

Heat capacities are computed as the sum of the ideal contribution [56] and the
correction terms calculated with the PC-SAFT EoS [54]. where C,, and C,, are the heat
capacities at constant pressure and volume respectively.

Cy = Cv,id + Cv,res (A-46)

CP = Cp,id + C’p,res (A.47)
a~‘r‘es 62 ~res

Cres = _RT [z( i )px‘ +r(Z8F )px] (A.48)

2
aZareS aﬁres
1(5i57) +om(G5). +1
["m 9pmaT) e, ™\ pm Jr s,

a2ares aares
sz(—) +2pm +1
[ apm? Tx; ( 9pm )T,xi

Cres = CJ* + R (A.49)

17) Speed of sound [55]

The speed of sound is computed as:

2 (a%)T (A50)

The derivatives needed to compute the speed of sound are:

(;_in) - (3‘2) (a_n) (A51)

T, x; T,x; 9pm T, x;
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3_77)”1. = %(Ziximid?)
— 1013 9z 9Pm
1 = keT(10™) [pm (an)ml +2

(
(
(%), = S(mmar)”
(

— can be found in [57].

(A52)

(A.53)

(A.54)

(A.55)

18) Compute derivative internal energy respect temperature at constant density [55]

(5, = R [250),,,. + (5, 7]

(a_e) _ (ae‘reS) 4 deid
O/ p,x; oT Jpx; 4T

19) Compute the new temperature using the Newton method
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Appendix 4 (Thermodynamic solver for mixtures at an unknown state)
The pressure and the temperature are iterated employing a multidimensional Newton method
until the density and the internal energy obtained in the PC-SAFT are the ones obtained from
the conservative variables. The initial values of the pressure and the temperature are the ones
already stored in the cell that is being solved.

IMultidimensional Newton (P,T)
DO
2 CONTINUE
I [ (abs (e(CSV)-e(VLE))>0.001].AND.[ (abs (p(CSV)-p(VLE))>0.001 | then
Perform Stabiblity Analisys (SSI)
IF(STABLE =.TRUE.)
Inputs: Temperature, pressure, molar composition
Outputs: Density, sonic fluid velocity, internal energy, enthalpy,
partial derivative of the internal energy respects
Algorithm B the temperature at constant density
(B
op ), '\t ), \ap) \at),
ELSE
Call TPn algorithm
Algorithm 2 END IF
Compute the new temperature and pressure values:
P P 1 p(p.1),
MRS g
3 (3
;- op), \at),
oe oe
(a_pl (Ej
GOTO2
ELSE
RETURN
END IF
END DO

Figure A3. Schematic representation of the Algorithm 2
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Appendix 5 (Algorithm B)

Inputs: Temperature, pressure, molar composition.

Output: Density, speed of sound, internal energy, enthalpy, fugacities, partial derivative of the
internal energy respect the temperature at constant pressure, partial derivative of the internal
energy respect the pressure at constant temperature, partial derivative of the density respects
the temperature at constant pressure and partial derivative of the density respect the temperature
at constant pressure.

This algorithm is applied when the pressure and the temperature are iterated employing a
multidimensional Newton method until the density and the internal energy computed are the
ones obtained from the conservative variables.

(... =1, -0 eod Loy A5

where

Go), G2,

J= (A.60)

G, G,

The independent variables of the PC-SAFT are the temperature and the density. Thus, it is
necessary to perform the following transformations to obtain the partial derivatives needed for
the multidimensional Newton method.

(Z_;’)T ( ) Reciprocity (A.61)
() --(2) (62)‘1 Chain rule (A.62)
(®) -(2) 2 )Tl Chain rule (A.63)
(),-(),- (9,2, mepmoaucru o8

The partial derivatives needed then are:
&), G, Go), ),

Steps
1) Compute temperature-dependent segment diameter d of component i (A.12)
2) Compute mean segment number (A.13)
3) Compute radial distribution function of the hard-sphere fluid (A.14)
4) Reduce density iterative method
a. mnr=0.45
b. Compute contribution of the hard sphere to the compressibility factor
(A.16)
c. Compute hard-chain contribution to the compressibility factor (A.17)
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Algorithm B

Algorithm B

1) Compute segment diameter of each component (A.12)

2) Compute mean segment number (A.13)

3) Compute radial distribution function of the hard sphere fluid (A.14)
M = 0.45

DO

If [(abs (p™"-p*) > 0.001Jthen

Compute hard sphere fluid contribution to the compressibility factor (A.16)
Compute hard chain contribution to the compressibility factor (A.17)
4) Reduce density Compute dispersion contribution to the compressibility factor (A.19)
iterative method Compute total compressibility factor (A.30)
Compute pressure (A.31)
Derivative of pressure respect resuce density
Compute new pressure using Newton method
END IF
END DO
5) Compute the contribution of the hasd-sphere system to the residual
Helmholtz free energy temperature derivative (A.32)
6) Compute the hard-chain reference contribution to the residual
Helmholtz free energy temperature derivative (A.35)

7) Compute the dispersion contribution to the residual

Helmholtz free energy temperature derivative (A.37)

8) Compute the residual Helmholtz free energy temperature derivative (A.41)

9) Compute internal energy (A.43)

10) Compute enthalpy (A.45)

11) Compute heat capacities (A.46,A.47)

12) Compute speed of sound (A.50)

13) Compute the derivatives of the Helmholtz free energy residual contribution of

the hard-sphere system respect the molar fraction of the components (A.GG)

14) Compute the derivative of the hard-chain reference contribution to the residual

Helmholtz free energy respect the molar fraction of the components (A.68)

15) Compute derivative of the dispersion contribution to the residual Helmholtz

free energy respect the molar fraction of the components (A.70)

16) Compute the chemical potential (A.78)

17) Compute the fugacity coefficient (A.79)

18) Compute the partial derivative of the pressure respect the density at constant temperature (A.80)
19) Compute the partial derivative of the pressure respect the temperature at constant density (A.81)
20) Compute the partial derivative of the internal energy respect the temperature at contant density (A.58)
21) Compute the partial derivative of the internal energy respect the density at constant temperature (A.84)
22) Compute the partial derivative of the density respect the pressure at constant temperature (A.Gl)

23) Compute the partial derivative of the density respect the temperature at constant pressure (A.62)

24) Compute the partial derivative of the internal energy respect the pressure at constant temperature (A.63)

25) Compute the partial derivative of the internal energy respect the temperature at constant pressure (A.64)

Figure A4 Schematic representation of the Algorithm B
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5)
6)
7)

8)
9)

d. Compute dispersion contribution to the compressibility factor (A.19)

e. Compute compressibility factor (A.30)

f. Compute pressure (A.31)

g. Derivative of pressure respect reduce density

(Z—;’) = |om (g—j) +2Z ("’(;’—nm)] (1019)3Zk,T (A.65)

h. Compute the new pressure using the Newton method
Compute temperature derivative of the Helmholtz free energy residual
contribution of the hard-sphere system (A.32)
Compute temperature derivative of the hard-chain reference contribution to the
residual Helmholtz free energy (A.35)
Compute temperature derivative of the dispersion contribution to the residual
Helmholtz free energy (A.37)
Compute temperature derivative of the Helmholtz free energy (A.41)
Compute the internal energy (A.43)

10) Compute enthalpy (A.45)

11) Compute heat capacities (A.46-47)

12) Compute speed of sound (A.50)

13) Compute the derivatives of the Helmholtz free energy residual contribution of the

hard-sphere system respect the molar fraction of the components.

3810203 xk 30200k

ga’s __ Souk ~hs 4 1 [3G1akS2+8152xk)
(axk)T,p,x#k_ % ° +zo[ %) (%P a7
{3832k (333—1) 3452 xkG3—203Caxk _ ERANET
R (Fra Qo) IN(1=8) + (G~ 2) 7225 (A6)
where
0¢n s
Cnxke = (a_xk)T = 5 P (d)" (A.67)
WP X jxk

14) Compute the derivative of the hard-chain reference contribution to the residual

Helmholtz free energy respect the molar fraction of the components.

(5)
axk T!p!szk
oars daghs
= md" + - in (m; — D)™ 2i
axk - axk
T.pXjzk i T.pXjzk
(A.68)
where
<aglhjs> _ {3,xk +< didj )( 3(Z,xk + 6(2(3,xk)
0x T,0.Xjzk (1-38G)* \di+d;)\1-03)? (1-G3)°
did; \* [ 4 62
+ ( 1] > < (2(2,xk3 + (2 (3,xk4> (A. 69)
di+dj) \(1-4)* (1-703)
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15) Compute derivative of the dispersion contribution to the residual Helmholtz free
energy respect the molar fraction of the components.

addisp
( 5 ) = —27p [11,ka2503 + 11(m2£a3)xk] -
Xk T.pXjzk

p {[ka112 + MCy i ly + MCy I 5 |mPead +

me, I, (m2863)xk} (A.70)

where

(m?e03),, = 2my XY x;m; ( '”) o,ﬁj (A.71)

- 2

(m?e203) , = 2my ¥ x;m; (kT) a,fj (A.72)

_ 8n—2n2 20n-27n2%+12n3-2n*

Cl,xk - CZ(3,xk - Cl [mk (1 71)4 mk [(1_1])(2_77)]2 ] (A73)

Lk = Yool @i ()ids e ™™ + @ e’ (A.74)

Ly = Z?:o[b'(m)iQ a1+ by’ (A.75)

Aixk = T_,zcall (3 - _) azi (A-76)

Bizxie = =5 by; + ’m”’;( —2) by (AT7)
16) Compute the chemical potential.

“Zes(T ) ~res N (aares)

_ ="+ (Z -1+ — > x| —=— A.78

woogergone () oxbl(ED) | e

17) Compute the fugacity coefficient.

Ingy =40z (A.79)

18) Compute the partial derivative of the pressure respect the density at constant
temperature.

(%) =k T(101°)3[( -) pm+Z] (A.80)

19) Compute the partial derivative of the pressure respect the temperature at
constant density.

(57) = ks (10°)p, [(g—j)p T +7] (A.81)

20) Compute the partial derivative of the inernal energy respect the temperature at
constant density (A.58)

21) Compute the partial derivative of the internal energy respect the density at
constant temperature.

G, = 72 ), (a82)

36



1057
1058
1059

1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096

4097

=0.0 (A.83)

), =), (A8)

22) Compute the partial derivative of the density respect the pressure at constant
tmeperature (A.61)

23) Compute the partial derivative of the density respect the temperature at constant
pressure (A.62)

24) Compute the partial derivative of the internal energy respect the pressure at
constant temperature (A.63)

25) Compute the partial derivative of the internal energy respect the temperature at
constant pressure (A.64)
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1098  Appendix 6 (Stability)
1099  Input: Temperature, pressure and molar composition of the mixture.
1100  Output: To know if the mixture is stable or not (one or two phases).
1101  The Successive Substitution Iteration (SSI) algorithm ([16], [46]) (without the Newton
1102  method) has been employed.
1103
1) IF (T > T, FUEL) THEN
STABLE=1
RETURN
END IF
2) IF[ (X, > C).AND.(X,, <D)] THEN
STABLE=0
RETURN
END IF
3) Call Algorithm B (obtain fugacity values)
Inputs: Temperature, pressure, molar composition of the mixture
4) Calculate d, (z) (A.75)
5) Wilcom’s correlation is used to initialize the K-values (A.76)
6) Calculaten Y_init (A.77-A.78 )
7) DO k=1,ntrial 1SSI ALGORITHM
Y, = Y_init(k,i)
DO j=1,nmax
IF (|dY|>ess,) THEN
y_trial, =Y, /sum(Y)
Stability Call Algorithm B
Inputs: Temperature, pressure, molar composition y_trial
{Obtain fugacity values (In¢,)
Yn(i) =exp[d;(2) - Ing,]
dY, =Yn, -,
Y, =Yn,
ELSE
TPD*(k) = 1. - sum(Y)
GOTO1
END IF

END DO
1 CONTINUE
IF (min(TPD*(k))< -10°®
STABLE = FALSE
ELSE
STABLE =TRUE
END IF
1104 END DO
1105
1106 Figure A5 Schematic representation of the stability algorithm
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1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128

1129

1130
1131

1132
1133
1134
1135

1136
1137

1138

1139
1140

1141

1142
1143
1144
1145
1146
1147
1148

Steps
1)

2)

3)

4)

5)

6)

7)

The mixture is stable if the temperature is higher than T.Fuel (STABLE =1)
Any mixture with a temperature higher than the fuel critical temperature will not be in
a VLE state (STABLE =1). This kind of filters are applied to reduce the computational
time.

The mixture is unstable if the nitrogen molar fraction is bigger than C and lower
than D (STABLE =0)

The coefficients B and C are case dependent. For example, by performing an injection
of n-dodecane at 363K in a combustion chamber at 900K, the nitrogen mole fraction at
which the fuel starts vaporizing depends on the pressure in the combustion chamber.
Considering Diesel engines at high-load operation conditions (11MPa) it would be safe
to consider that any mixture with a nitrogen molar fraction bigger than 0.35 and lower
than 0.7 will be in a VLE state, see Figure 4.

Call Algorithm B to obtain fugacity coefficient values Ing;( z;)
Inputs: Temperature, pressure, molar composition of the mixture

Calculate d;(2)
d;(z) = Inp;(z;) + Inz; (A.85)

The Wilcom’s correlation is used to initialize the K-values

K; =Pl exp [5.37(1.0 +wp) (1.0 - T?)] (A.86)
being
Ki - %

where p; is the critical pressure of the component i, T,; is the critical temperature of
the component i, w; is the acentric factor of the component i.

Calculate trial phases Y (two trials)

For the trial 1:

2
— (Liquid phase

Y(1,comp) = { Ki (Liquidp ) (A.87)
z;K; (Vapor phase)

For the trial 2:
KZ—; (Liquid phase)

Y(2,comp) =< ' (A.88)

ziKy
3

(Vapor phase)

SSI-Algorithm described in Figure A5.
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1151
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1153
1154

1155

1156

1157

1158
1159
1160
1161
1162
1163
1164
1165
1166
1167
1168

1169

Appendix 7 (TPn Algorithm)

Input: Temperature, pressure and molar composition of the mixture.

Output: Density of the mixture, internal energy of the mixture, speed of sound of the mixture
and enthalpy of the mixture.

This algorithm is employed to to perform equilibrium calculations at specified temperature,
pressure and overall composition. A successive substitution method is employed [16], [44].

1) Wilcom’s correlation is used to initialize the K-values (A.86)
2) WHILE (eps(TPN)<107) THEN
IRachford-Rice
a) If the conditions A.89-A.90 are met:
Brmin=0, PBrax =1
If K,>1change 8
Calculate g, (A.93)
Change B,,;, and B, (A.94)
WHILE (eps(Rachford-Rice) > 107) THEN
Calculate g(B), g'() (A.95-A.96)
Change limits B, and B, (A.97)
Newton-Raphson (A.98)

TPN Calculate eps = abs(( B,., — 8)/ B)
New overall fraction of vapor phase (A.100-A.101)

Calculate liquid and vapour mole fractions (A.102-A.103)
b) If the conditions A.89-A.90 are not met:

Calculate liquid and vapour mole fractions (A.104-A.105)
c) Call Algorithm B to obtain fugacity coefficients of the liquid and vapor phase
d) Objective function (A.106)
e) Calculate eps(TPN)
f) Update K-factors from fugacity coeffcients (A.107)

and B, (A.91-A.92)

min

END
3) Calculate VLE properties

Figure A6 Schematic representation of the TPn algorithm

1) The Wilcom’s correlation is used to initialize the K-values (A.86)
2) WHILE (eps(TPN)<107) THEN

Solve Rachford-Rice
a. Check conditions A.79-A.80 to know if there is a solution in the interval
B[0,1]. If the conditions are met set B,i,=0, Bmax = 1. If not, go to step
2.b.
¥z Ki—1>0 (A.89)

1-%¢,2<0 (A.90)

K;
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1170
1171

1172

1173

1174
1175
1176
1177
1178
1179
1180
1181
1182
1183

1184

1185

1186
1187
1188
1189
1190
1191

1192

1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204

1205

1206

1207
1208
1209
1210
1212
1211

e If K; > 1then
Bmin = max; [0'

Bmax = min; [1 1_Zi]
max 4 R

Kl'Zi—l]
Ki—-1

e Calculate Bin; = 0.5(Bmin + Bmax)

e Change limits
8Bini) > 0= Brin = P
g(Bini) <0- Bmax = Bini

e  WHILE (eps( Rachford-Rice ) > 107) then

o Calculate g(8), g'(B)
zi(Ki—1) _

9B) = Xin Ot = x) = Xica g = O

zi(Ki—1)?

’ — C _Li\ki—)
g (ﬁ) - Zl:l (1_B+BKL.)2 < 0
o Change limits
g>0-Bmin=20,
g<0-PBmax=58

o Newton-Raphson

_ 9B
ap = dg/dp
Brew =B + 4B

o Calculate eps

eps = abs((ﬂnew - .8)/.8)

o New overall fraction of vapor phase:

B = Brnew if Brnew is inside the interval [Bnin, Bmax]

o Ifitisnot, itis calculated as:

.8 = O-S(ﬂmin + .Bmax)a .[))min < .Bnew < .[))max

o Calculate liquid and vapour mole fractions

X; = 2
b1-B+BK;
Kiz;

Y= papx;

b. If the conditions A.89-A.90 are not met [58]:

(A.91)
(A.92)

(A.93)

(A.94)

(A.95)

(A.96)

(A.97)

(A.98)

(A.99)

(A.100)

(A.101)

(A.102)
(A.103)

If Y z; /K; < 1 the liquid and vapour mole fractions are computed as:

p=1
x; = z;i/K;
Vi =2
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1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231

1232
1233
1234
1235
1236

1237

1238
1239
1240
1241
1242

1243

1244
1245
1246
1247
1248
1249
1250
1251
1252

1253

1254
1255

1256

Normalization of x;

If Y z; K; < 1 the liquid and vapour mole fractions are computed as:

p=0
Xi = Zj
Vi =2; * Ki (A105)

Normalization of y;
c. Call Algorithm B to obtain fugacity coefficients of the liquid and vapor
phase

Inputs: Temperature, pressure, molar composition of the liquid or vapor

d. Obijective function
F; = ne,(T,p,y) — ng;(T,p,x) + InK; =0 (A.106)

e. Calculate eps(TPN)

f.  Update K-factors from fugacity coeffcients
K; = exp(ing,(T,p,x) — Ing,(T,p,y)) (A.107)

3) Compute VLE properties

a. The phase fraction on mass (f,,) basis is computed as:

ﬂ My (mixture molar mass in liquid phase) ( A.10 8)

ﬁm - M (mixture molar mass)

b. The equilibrium volume (vgq) is computed as:
Vgg = Bmvy + (1 = Bm)vy (A.109)

c. The equilibrium density is computed as:

p=— (A.110)

UEQ

d. The equilibrium internal energy is computed as:
e = PBmey, + (1= Brle (A111)

e. The equilibrium enthalpy is computed as:
h = Bphy + (1 = Bl (A112)

f.  The speed of sound in the VLE state was computed using Wallis

formula:
1 6 1-0
= — A.ll
PChanis  PvCs  PIct ( 3)
where the vapour volume fraction (0) is computed as:
g =Lt (A.114)

Pv—P1
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