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Alternative framework for the fair valuation of

participating life insurance contracts∗

Laura Ballotta†

June 9, 2004

Abstract

In this communication, we develop suitable valuation techniques
for a with-profit/unitized with profit life insurance policy providing
interest rate guarantees, when a jump-diffusion process for the evolu-
tion of the underlying reference portfolio is used. Particular attention
is given to the mispricing generated by the misspecification of a jump-
diffusion process for the underlying asset as a pure diffusion process,
and to which extent this mispricing affects the profitability and the
solvency of the life insurance company issuing these contracts.

Keywords: Esscher transform, fair value, incomplete markets,
Lévy processes, participating contracts.

1 Introduction

Participating life insurance policies are investment/saving plans or contracts
(with associated life insurance benefits) which specify a benchmark return,
an annual minimum rate of return guarantee and a surplus distribution mech-
anism, that is a rule for the distribution of the annual investment return in
excess of the guaranteed return between the insurer and the customer. Par-
ticipating life insurance policies represent the most important life insurance
products in terms of market size in many countries, for example the UK, US,

∗The author would like to thank Russell Gerrard for many useful discussions about
Lévy processes and changes of measure, and Steven Haberman for reading previous drafts
of this paper and making helpful comments.

†Faculty of Actuarial Science and Statistics, Cass Business School, City University
London, 106 Bunhill Row, EC1Y 8TZ, London, United Kingdom; tel. +44.20.7040.8954;
e-mail: L.Ballotta@city.ac.uk.
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Denmark, Germany, Italy, Japan, Netherlands and Norway. Terminology
varies widely, so for example in the UK there are two important classes, viz
with-profit and unitized with-profit contracts.

These kinds of contract represent liabilities to the issuers implying that
their value and the potential risk to the insurance company’s solvency should
be properly valued. To the extent that, as a result of the difficulties that
un-hedged guarantees embedded in these contracts have caused to the life
insurance industry in recent years, the regulatory authorities have increased
the monitoring of insurance companies’ exposure to market risk, credit risk
and persistency risk induced by participating contracts, and the embedded
options included in the design of these contracts. For example, in the UK the
potential threat to the company’ solvency from with-profit policies has been
addressed by the Financial Services Authority (FSA) with the introduction,
into the regulatory regime for life insurance companies, of the twin peaks
approach for the assessment of the financial resources needed for with-profit
business. Such an approach (as described in CP195) requires the insurer
to set up realistic balance sheets that are designed to capture the cost of
guarantees and smoothing on a market consistent basis, so that the firm’s
provisions are more responsive to changes in the market value of the backing
assets for the with-profit funds. This implies the implementation of adequate,
consistent and objective models for both the behaviour of the price of the
assets backing the policy, and the calculation of realistic liabilities, where
by liability it is meant all of the guaranteed elements in the policy plus the
projection of future discretionary bonus payments.

In light of the international move towards the market based, fair value
accountancy standards mentioned above, in this paper we apply classical
contingent claim theory for the valuation of the most common policy design
used in the UK for participating contracts. In fact, since the pioneering
work of Brennan and Schwartz (1976) on unit-linked policies, there have
been several studies on the different typologies of contract design and their
features. Thus we would cite Bacinello (2001, 2003), Ballotta et al. (2003),
Grosen and Jørgensen (2000, 2002), Guillén et al. (2004), Haberman et al.
(2003) and Tansakanen and Lukkarinen (2003), just to mention some of the
most recent works.

It is worth pointing out that all these contributions use a Black-Scholes
(1973) framework, based on the assumption of a geometric Brownian motion
model for the dynamics of the asset fund backing the insurance policy. How-
ever, the dramatic changes shown by financial markets over the last 15 years
suggest that a better specification of this underlying temporal evolution is
needed. In particular, the evidence suggests very strongly that log-stock re-
turns have fatter tails than the normal distribution, meaning that the normal
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distribution understates the probability of extremes events, especially falls,
in the stock prices, thereby inducing biases in the option prices. Extensions
to the Black-Scholes model for option pricing began appearing in the finance
literature not long after publication of the original paper in 1973. For ex-
ample, Merton (1973) generalized the Black-Scholes formula to account for
a deterministic time-dependent rather than constant volatility later in the
same year and, in 1976, he incorporated jump-diffusion models for the price
of the underlying asset. From those seminal works, a vast literature on gen-
eralizations of the model arose; a state of the art evaluation and comparison
of these models is contained, for example, in Bakshi, Cao and Chen (1997).

The purpose of this communication is to consider the valuation problem
for one of the smoothing schemes commonly used by insurance companies
in the UK and analyzed by Haberman et al. (2003), when a more realistic
formulation of the stochastic process driving the reference portfolio is made,
than the usual geometric Brownian motion. In particular, we set up a market
model based on the use of a Lévy motion as relevant process for the market
value of the underlying reference portfolio. In this framework, we consider
the problem of determining the fair value of a with profit policy in which the
reversionary bonus rate is based on the idea, widely adopted in the UK, of a
smoothed “asset share” scheme (Needleman and Roff, 1995).

The rest of the paper proceeds as follows: in section 2 we introduce the
participating policy under consideration and the details of the benefits it of-
fers; in section 3 we develop the market set up and the model for the valuation
of the contract in a general Lévy process setting, with particular attention to
the special case of a geometric Brownian motion driven portfolio. Section 4 is
devoted to the pricing in the full jump-diffusion economy; numerical results
are presented in section 5 and section 6 concludes.

2 Participating contracts

Let’s consider a 100/0 fund, i.e. a fund whose rules provide that 100% of
the profits distributed by way of bonuses be allocated to policyholders. At
the beginning of the contract, the policyholder pays a single-sum premium,
P0, to purchase from the insurance company a policy expiring after T years,
when the account is settled by a single payment from the insurer to the
policyholder. At inception of the contract, the insurance company invests
the funds received in the financial market, acquiring a portfolio A, and com-
mits itself to crediting interest (the guaranteed benefit plus the reversionary
bonus) on the policy’s account balance (the policy reserve) until the con-
tract expires, according to some smoothing scheme dependent on each year’s
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market return which aims to reduce the volatility of the company’s payouts.
The particular crediting mechanism under initial consideration deter-

mines the level of the smoothed policy reserve at time t to be a weighted
average of the unsmoothed value of the policy reserve at time t, and the level
of the smoothed policy reserve at time (t− 1) (Needleman and Roff, 1995).
The interest rate credited to the unsmoothed policy account is guaranteed
never to fall below the contractually specified guaranteed annual policy in-
terest rate. In this discussion, we ignore lapses and mortality. Hence, the
policy reserve is defined as

P (t) = αP 1 (t) + (1− α)P (t− 1) , α ∈ (0, 1) ,

P (0) = P0,

where P 1 (t) is the unsmoothed asset share such that

P 1 (0) = P0,

P 1 (t) = P 1 (t− 1) (1 + rP (t)) ,

rP (t) = max

{

rG, β
A (t)− A (t− 1)

A (t− 1)

}

,

and rG and β ∈ (0, 1) are the guaranteed rate and the participation rate
respectively. In particular, if

rA (t) =
A (t)− A (t− 1)

A (t− 1)

is the annual rate of return on the reference portfolio, then the rate of return
credited annually to P 1 (t) can be rewritten as

rP (t) = max {rG, βrA (t)} = rG + (βrA (t)− rG)
+
.

At maturity, T , the value of the policy reserve is

P (T ) = αP 1 (T ) + (1− α)P (T − 1)

= α

T−1
∑

k=0

(1− α)k P 1 (T − k) + (1− α)T P0

= P0

[

α

T−1
∑

k=0

(1− α)k
T−k
∏

t=1

(1 + rP (t)) + (1− α)T
]

. (1)

At the claim date of the contract, a discretionary payment might be
made by the insurer on the final surplus earned by the insurance company in
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addition to the guaranteed amount in the policy reserve. This is the so-called
terminal bonus γR (T ), where R (T ) = (A (T )− P (T ))+. As mentioned
above, this payment is discretionary as the terminal bonus rate γ, i.e. the
participation rate in the company’s surplus is not guaranteed but declared
only near to the maturity of the contract.

Finally, if at maturity the insurance company is not capable of paying the
policy reserve, P (T ), the policyholder takes those assets that are available.
Hence, the policyholder’s overall claim at expiration can be summarised as
follows:

C (T ) =

{

A (T ) if A (T ) < P (T )
P (T ) + γR (T ) otherwise,

or, in a more compact way:

C (T ) = P (T ) + γR (T )−D (T ) , (2)

where D (T ) = (P (T )− A (T ))+. Applying risk-neutral valuation, the mar-
ket value of the policyholder’s claim is:

C (0) = V P (0) + γV R (0)− V D (0) ,

with

V P (0) = Ê
[

e−rTP (T )
]

, V R (0) = Ê
[

e−rTR (T )
]

, V D (0) = Ê
[

e−rTD (T )
]

,

where Ê is the expectation taken under the risk-neutral probability measure
P̂.

Equation (2) shows that the policy reserve and the terminal bonus are
not the only components that affect the valuation of these participating con-
tracts, as we need also to take into account that the insurance company lia-
bility is limited by the market value of the reference portfolio. This feature
is captured by the quantity D, which represents the payoff of the so-called
default option. Ballotta et al. (2003) point out that the value of the default
option, V D, captures information related to the probability and the extent of
a shortfall, similarly to the unconditional shortfall expectation risk measure.
More precisely, as calculations are carried out under the risk-neutral proba-
bility measure, V D provides an estimate of the market value of the loss that
the policyholder incurs if a shortfall occurs and the life insurance company
becomes insolvent.

3 Market model and the embedded option

Consider a frictionless market with continuous trading. Assume hence that
there are no taxes, no transaction costs, no restrictions on borrowing or
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short sales and all securities are perfectly divisible. Assume further that the
risk free security is the money market account B (t) = ert, r > 0. Let the
reference portfolio be composed only by equity and defined as:

A (t) = A (0) eL(t),

A (0) = P0,

where {L (t) : t ≥ 0} is a Lévy motion with finite activity under the real
probability measure P, i.e.

L (t) = at+ σW (t) +

∫ t

0

∫

R
x (N (ds, dx)− ν (dx) ds) , (3)

where

• W is a standard P-Wiener process;

• X1, X2, ..., is a sequence of i.i.d. random variables with density function
f (dx), modelling the size of the jumps in the Lévy process;

• N is an homogeneous Poisson measure of rate λ, with P-compensator
ν (dx) dt = λf (dx) dt, a = E [L1] and σ ∈ R

+.

In particular, we assume that the jump size of the Lévy motion is normally
distributed, that is X ∼ N (µX , σ

2
X).

Let P̂ be some risk-neutral probability measure1; then the fair value of
the policy reserve at inception of the contract is

V P (0) = Ê
[

e−rTP (T )
]

= P0

{

α

T−1
∑

k=0

e−rT (1− α)k Ê

[

T−k
∏

t=1

(1 + rP (t))

]

+ e−rT (1− α)T
}

.

Note that in this model, the annual rate of return on the reference portfolio
is

rA (t) = eL(t)−L(t−1) − 1;

therefore, by construction, it generates a sequence of stochastic processes
rA (t1) , rA (t2) , ..., rA (T ) independent one of the other. Consequently, since

1The setup defined by equation (3) is an incomplete market, meaning that there exists
at least one contingent claim which cannot be hedged. Alternatively, this means that,
under the assumption of no arbitrage, there is a multiplicity of equivalent martingale
measures with which to price contingent claims.
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rP (t) = max {rG, βrA (t)},

V P (0) = P0

{

α

T−1
∑

k=0

e−rk (1− α)k
T−k
∏

t=1

Ê
[

e−r (1 + rP (t))
]

+ e−rT (1− α)T
}

= P0

{

α

T−1
∑

k=0

e−rk (1− α)k
T−k
∏

t=1

V M
t (0) + e−rT (1− α)T

}

, (4)

with

V M
t (0) = Ê

[

e−r (1 + rP (t))
]

= Ê
[

e−r
(

1 + rG + (βrA (t)− rG)
+)]

= e−r (1 + rG) + Ê

[

e−r
(

βeL
′(1) − (β + rG)

)+
]

. (5)

The term L′ denotes an independent copy of the Lévy process L.
Equation (5) shows that the policy reserve can be decomposed into a

sequence of one year riskless zero coupon bonds and one year call options on
S1 = βeL

′(1) with strike price K = β + rG.
The same pricing methodology can be applied to the terminal bonus and

the default option; however, no similar closed-form expressions are available
for their value at inception. In fact, as equation (1) shows, the recursive sub-
stitution of P is quite complex; moreover P (T ) is obviously highly dependent
on the path followed by the reference portfolio A. These facts imply that it
is not possible to find analytical expressions for the value of these policy’s
constituent blocks. Therefore, we have to resort to numerical methods for
the analysis of V R and V D, which will be described in section 5.

In the following sections of the paper, we consider different specifications
of the general Lévy process, L , and the pricing probability measure, in order
to derive analytical formulae for the value V P (0).

3.1 Option pricing in the Black-Scholes framework

Consider the special case in which the underlying Lévy process is a standard
Brownian motion. Under the (unique) risk-neutral martingale measure P̂,
the reference portfolio A is then described by:

A (t) = A (0) e

(

r−
σ2
A
2

)

t+σAŴ (t)
.

Hence

rA (t) = e

(

r−
σ2
A
2

)

+σAŴ
′(1) − 1,
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where Ŵ ′ is an independent copy of the standard one-dimensional P̂-Brownian
motion.

The one year call option embedded in the policy reserve has value

Ê

[

e−r

(

βe

(

r−
σ2
A
2

)

+σAŴ
′(1) − (β + rG)

)+]

. (6)

Applying the Black-Scholes formula to (6) (see also Bacinello, 2001, and
Miltersen and Persson, 2003, for similar results), we obtain

Ê

[

e−r

(

βe

(

r−
σ2
A
2

)

+σAŴ (1) − (β + rG)

)+]

= βN (d1)− e−r (β + rG)N (d2) ,

where

d1 =
ln β

β+rG
+
(

r +
σ2
A

2

)

σA
; d2 = d1 − σA.

Consequently, the value of the policyholder’s account at inception is

V P (0) = P0

{

α

T−1
∑

k=0

e−rk (1− α)k
[

e−r (1 + rG) + βN (d1)− e−r (β + rG)N (d2)
]T−k

+e−rT (1− α)T
}

. (7)

4 Option pricing in a jump-diffusion economy

Consider now the more general case in which the driving process is described
(in the real world) by equation (3). In order to calculate the fair value of the
policy, we need to determine the pricing risk-neutral measure P̂. This implies
changing the probability measure linked to the driving Lévy process so that
asset prices discounted at the risk-free rate are P̂-martingales. Hence, let P̂

be a measure equivalent to P. Then

dP̂

dP

∣

∣

∣

∣

∣

Ft

= η (t) ,

where

η (t) = 1−
∫ t

0

G (s) η (s−) dW (s)+

∫ t

0

∫

R
η (s−) (H (s, x)− 1) (N (ds, dx)− ν (dx) ds) ,
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G is a previsible process and H a previsible and Borel measurable process
such that

E

[∫ t

0

G2 (s) ds

]

<∞;

∫

R
(H (t, x)− 1) ν (dx) <∞.

As mentioned above, the risk-neutral condition implies that under P̂ asset
prices discounted at the risk-free rate are martingales; therefore we need to
choose G and H such that this condition is satisfied. In the market described
in section 3, discounted asset prices are given by:

Ã (t) = B (t)−1
A (t)

= A (0) e(a−r−
∫

R xν(dx))t+σW (t)+
∫ t
0

∫

R xN(ds,dx).

Consequently, it can be shown that (see equation A1 in the Appendix2) for
t < u

Ê

[

Ã (u) |Ft

]

= Ã (t) e

(

a−r−
∫

R xν(dx)+σ2

2
+
∫

R(ex−1)ν̂(dx)
)

(u−t)−σ
∫ u
t
G(s)ds

,

where ν̂ = Hν.
In order for the process Ã to be a P̂-martingale, we require

(

a− r −
∫

R
xν (dx) +

σ2

2
+

∫

R
(ex − 1) ν̂ (dx)

)

(u− t)− σ

∫ u

t

G (s) ds = 0.

As the first term of this equation is a linear function of time, in the case under
examination the previsible process G is actually expressed by a constant.
Therefore, the martingale condition characterizing the equivalent probability
measure P̂ can be expressed as

a− r −
∫

R
xν (dx) +

σ2

2
− σG+

∫

R
(ex − 1)H (t, x) ν (dx) = 0. (8)

However, equation (8) shows that the market is incomplete, as in general
there are infinitely many ways of choosing G and H so that (8) is satisfied,
which means that P̂ is not unique and the market is incomplete. Many differ-
ent approaches to the problem of identifying a suitable martingale measure
for derivative pricing have been proposed, but there is not yet a definitive
way of selecting one of them.

The remaining part of this section presents two examples to illustrate the
valuation procedure making use of two specific approaches for the selection

2Full details of all the calculations presented in this section are offered in the Appendix.
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of the risk-neutral martingale measure. In the first example, we assume
that the jump component of the assets return represents “non systematic”
risk, which is, therefore, uncorrelated with the market. This is the same
assumption made by Merton (1976). In the second example, we make use
of the Esscher transform technique developed by Gerber and Shiu (1994) to
define the Radon-Nikodým derivative η.

4.1 Policy fair valuation: the Merton measure

Following Merton (1976), we assume that the jump risk is asset specific,
and hence diversifiable (which implies that no premium is paid for such a
risk). If we interpret the function G and H included in the Radon-Nikodým
derivative η, as indicators of the premia respectively for the risk originated by
the Brownian motion component and the risk deriving from the possibility of
an “extraordinary” event occurring in the market (the Poisson component),
it follows that H (t, x) = 1 for the jump risk premium to be zero. In this
case, the Radon-Nikodým derivative is

η (t) =
dP̂M

dP
= e−GW (t)−G2

2
t,

where G solves the martingale condition

a− r −
∫

R
xν (dx) +

σ2

2
− σG+

∫

R
(ex − 1) ν (dx) = 0, (9)

and P̂M denotes the equivalent martingale measure resulting from this ap-
proach. Under these assumptions, we obtain that

P̂M [N (t) = n] = E
[

η (t) 1(N(t)=n)

]

= E [η (t)]E
[

1(N(t)=n)

]

= P [N (t) = n] ,

which is expected as we are assuming that investors receive a zero premium
for the jump risk. Further, bearing in mind that X ∼ N (µX , σ

2
X) under P,

ÊM

[

ekL(t) |N (t) = n
]

= e
k
((

r−σ2

2
−
∫

R(ex−1)ν(dx)
)

t+nµX

)

+ k2

2 (σ2t+nσ2
X),

(see equation A5 in the Appendix), which implies that conditioning on the
number of jumps, the process L follows a Normal distribution with variance

σ2t+ nσ2
X ,
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and mean

ÊM [L (t) |N (t) = n ] =

(

r − σ2

2
−
∫

R
(ex − 1) ν (dx)

)

t+ nµX

=

(

r − σ2

2
− λ (µ− 1)

)

t+ nµX

where

µ = eµX+
σ2
X
2 .

Hence, if we set

rn = r − λ (µ− 1) + n

(

µX +
σ2
X

2

)

= r − λ (µ− 1) + n lnµ,

and
v2
n = σ2 + nσ2

X ,

conditioning on the number of jumps occurring in one year, it follows that

L (t)− L (t− 1) ∼ N

(

rn −
v2
n

2
, v2

n

)

.

Consider now the one-year European call option in equation (5) . Under
the framework set out in this section, it follows that

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
]

= ÊM

{

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
∣

∣

∣

∣

N ′ (1) = n

]}

. (10)

Consequently, if y is a standardized Normal random variable, the inner ex-
pectation in the previous equation can be rewritten as

ÊM

[

e−r
(

βern−
v2n
2

+vny − (β + rG)

)+
]

= e−λ(µ−1)+n lnµf (n) ,

with

f (n) = βN (dn)− e−rn (β + rG)N (d′n) ;

dn =
ln β

β+rG
+
(

rn +
v2
n

2

)

vn
, d′n = dn − vn.
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(See equation A11). Therefore, (10) can be solved and returns3

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
]

= ÊM

[

e−λ(µ−1)+N ′(1) lnµf (N ′ (1))
]

=
∞
∑

n=0

e−λλn

n!
e−λ(µ−1)+n lnµf (n)

=
∞
∑

n=0

e−λµ (λµ)n

n!
f (n) ;

whilst the fair value of the policy reserve is

V P (0) = P0







α

T−1
∑

k=0

e−rk (1− α)k
[

e−r (1 + rG) +
∞
∑

n=0

e−λµ (λµ)n

n!
f (n)

]T−k

+e−rT (1− α)T
}

. (11)

4.2 Policy fair valuation: the Esscher measure

In the previous section, we derived a valuation formula under the assumption
that the jump risk is not priced, as in Merton (1976). In terms of CAPM
assumptions, this means that the jump component of the stock’s returns
represents “non systematic” risk. Nevertheless, Jarrow and Rosenfeld (1984)
provide empirical evidence that the jump component does affect the equi-
librium price of contingent claims. In this section, we relax this assumption
to allow for a jump risk which is systematic and non-diversifiable. This will
lead to a different specification of the risk-neutral martingale measure under
which contingent claims are priced.

In particular, the approach we adopt relies on a well established technique
in actuarial science, the Esscher transform (Esscher, 1932), which is suitable
in the case that the log-returns of the underlying asset are governed by a
process with independent and stationary increments, as in our model. The
application of this technique to price contingent claims is due to Gerber and
Shiu (1994), and it can be described in general terms as follows. Consider
the price at time t ≥ 0 of a non-dividend paying stock S (t) = S0e

X(t), where
X (t) is a process with independent and stationary increments. Let MX (h, t)
be its Laplace transform, i.e.

MX (h, t) = E
(

ehX(t)
)

.

3Note the similarity with the option pricing formula derived by Merton (1976) for the
same market specification. Merton however priced the call option contract solving the
corresponding governing “mixed” partial differential-difference equation.
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Because of the independence property of the increments of X,

MX (h, t) = MX (h, 1)t .

Moreover, the process

η (t) =
{

ehX(t)MX (h, 1)−t : t ≥ 0
}

is a positive P-martingale that can be used to define a change of probability
measure, i.e. the Radon-Nikodým derivative of a new equivalent probability
measure P̂h, called the Esscher measure of parameter h. The process η (t)
is called the Esscher transform of parameter h. In particular, it is possible
to select the risk-neutral Esscher measure as the measure P̂h such that the
discounted price process e−rtS (t) is a P̂h-martingale. This is obtained by
determining the parameter h as solution of

e−rtS (t) = Êh

(

e−ruS (u) |Ft

)

, t < u,

or, equivalently,

S0 = Êh

(

e−rtS (t)
)

= S0e
−rt

(

MX (1 + h, 1)

MX (h, 1)

)t

. (12)

The application of this procedure to the market model proposed in section
3, implies that we need to find the parameter h solving

r = lnML (1 + h, 1)− lnML (h, 1) ,

or, making use of the Lévy-Khintchine formula,

a− r −
∫

R
xν (dx) +

σ2

2
+ σ2h+

∫

R
ehx (ex − 1) ν (dx) = 0. (13)

It can be easily checked that this last expression corresponds to the mar-
tingale condition (8) for the choices G = −σh and H (t, x) = ehx (see also
equation A8 in the Appendix). Consequently,

P̂h [N (t) = n] = E
[

η (t) 1(N(t)=n)

]

= P [N (t) = n] en lnµh−λt(µh−1), (14)

with

µh = ehµX+h2

2
σ2
X ;

13



and

Êh

[

ekL(t) |N (t) = n
]

= e
k
((

r−σ2

2
−
∫

R e
hx(ex−1)ν(dx)

)

t+nµX+nhσ2
X

)

+ k2

2 (σ2t+nσ2
X),

(see equation A9 in the Appendix) which implies that, conditioning on N (t),
the process L (t) still follows a Normal distribution with variance4

σ2t+ nσ2
X ;

whilst its mean is

Êh [L (t) |N (t) = n ] =

(

r − σ2

2
−
∫

R
ehx (ex − 1) ν (dx)

)

t+ nµX + nhσ2
X ,

=

(

r − σ2

2
− λ (µh+1 − µh)

)

t+ nµX + nhσ2
X ,

where the last equality follows from the fact that X ∼ N (µX , σ
2
X) under P,

and

µh = ehµX+h2

2
σ2
X , µh+1 = e(1+h)µX+

(1+h)2

2
σ2
X .

The one-year European call option contained in equation (5) can be priced
following the same steps as in section 4.1. In particular,

Êh

[

e−r
(

βeL
′(1) − (β + rG)

)+
∣

∣

∣

∣

N ′ (1) = n

]

= e
−λ(µh+1−µh)+n ln

µh+1
µh

[

βN (dn;h)− e−rn;h (β + rG)N
(

d′n;h

)]

= e
−λ(µh+1−µh)+n ln

µh+1
µh f (n;h) ,

where

rn;h = r − λ (µh+1 − µh) + n ln
µh+1

µh
,

dn;h =
ln β

β+rG
+
(

rn;h +
v2
n

2

)

vn
, d′n;h = dn;h − vn,

and
v2
n = σ2 + nσ2

X .

4Note that the conditional variance of the process remains unaffected by each change
of measure considered in this paper. This is in line with the spirit of the Girsanov theorem
as the density process η shifts the drift of the distribution, i.e. it rescales the mean of the
process, without changing its shape.

14



Equation (14) implies that

Êh

[

e−r
(

βeL
′(1) − (β + rG)

)+
]

= Êh

[

e
−λ(µh+1−µh)+N ′(1) ln

µh+1
µh f (N ′ (1) ;h)

]

=
∞
∑

n=0

e
−λ(µh+1−µh)+n ln

µh+1
µh f (n;h) P̂h [N

′ (1) = n]

=
∞
∑

n=0

e−λµh+1 (λµh+1)
n

n!
f (n;h)

Hence, the pricing formula for the fair value of the policy reserve is

V P (0) = P0







α

T−1
∑

k=0

e−rk (1− α)k
[

e−r (1 + rG) +
∞
∑

n=0

e−λµh+1 (λµh+1)
n

n!
f (n;h)

]T−k

+e−rT (1− α)T
}

. (15)

5 Numerical results: analysis of the price bi-

ases

In this section we use the results obtained above to analyze the differences
in the contract value implied by the Lévy process setting proposed, and
their implications on the no-arbitrage combinations of contract parameters
(α, β, γ, rG). By no-arbitrage combinations of parameters, we mean those
combinations such that the policy is sold at a price which is determined in
a market consistent manner, and in such a way that the contributions from
the policyholders are fair with respect to the value of the benefits that they
entitle to receive. In particular, since the market value of the policyholder’s
claim is

C (0) = V P (0) + γV R (0)− V D (0) ,

against the payment of an initial (single) premium P0, as seen in section 2,
then the no-arbitrage combinations of contract parameters must be such that

C (0) = P0. (16)

Since the market parameters, like the volatility of the reference portfolio
or the frequency with which jumps occur in the economy, i.e. λ, are in general
not under the control of the life insurance office, we analyze specifically how
the design parameters (α, β, γ, rG) need to be readjusted for the equilibrium
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condition (16) to hold when the asset’s volatility and λ are allowed to change.
Unless otherwise stated, the base set of parameters5 is

P0 = 100; rG = 4%; α = 0.6; β = 0.5; γ = 0.7; T = 20 years;
a = 10%; σA = 20%; µX = −0.0537; σX = 0.07; λ = 0.59; r = 3.5%.

Note that, in order to perform a sensible comparison between the prices ob-
tained in the Black-Scholes framework and the ones deriving from the Lévy
model considered in this work, we will always consider the value of the total
volatility to be constant and equal to σA, that is the instantaneous volatility
of the log-return on the geometric Brownian motion driven underlying asset.
This is done in order to outline the effect of the jump component rather than
the effects of changes in the overall volatility of the asset price. This assump-
tion, however, imposes some restrictions on the range of feasible values that
σA and λ can assume. In fact, from the moment generating function (A2) of
the process L, we obtain that

σ2
A = σ2 + λ

(

µ2
X + σ2

X

)

.

Since σ2 > 0, then σ2
A − λ (µ2

X + σ2
X) > 0, which implies that, for the given

base set of parameters, σA > 0.07 and λ < 5.14.

5.1 The numerical procedure

We carry out the analyses for the three models considered in this paper; the
value of the policy reserve is calculated using the closed form expressions
developed in sections 3.1, 4.1 and 4.2 (i.e. equations 7, 11 and 15). As seen
in the previous sections, the pricing formulae for the general Lévy process
setting, namely equations 11 and 15, require the computation of the infinite
series determining the Poisson distribution. However, when the rate of ar-
rival, λ, is small enough, it becomes unnecessary to compute many terms
of the series, as they become negligible for high values of n. In this regard,
it is important to note (see also Nahum, 1998) that in practice, on a com-
mon stock, not more than one jump every three years (or at most two) is
expected; which guarantees that a good approximation of the contract price
can be given by only computing the first three or four terms of the series.
In this study, we consider the first 10 terms of the series in order to obtain
a good approximation also when the parameter λ is allowed to change; as
shown in Table 1, the contribution to the price of the policy reserve of the
following terms is negligible.

5The values of the parameters of the jump distribution are taken from Bakshi, Cao and
Chen (1997), who estimated them for the S&P500 index using data over the period June
1988-May 1991.
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Number of terms The Merton measure The Esscher measure

1 (0.57091,0.01978) (0.53369,0.01975)

2 (0.32,0.0086) (0.3351,0.00902)

3 (0.08968,0.00186) (0.10522,0.00204)

4 (0.01675,0.00027) (0.02202,0.0003)

5 (0.00235,2.919e-05) (0.00346,3.399e-05)

6 (0.00026,2.526e-06) (0.0004,3.018e-06)

7 (2.459e-05,1.821e-07) (4.544e-05,2.226e-07)

8 (1.969e-06,1.125e-08) (4.076e-06,1.4028e-08)

9 (1.379e-07,6.085e-10) (3.199e-07,7.191e-10)

10 (8.593e-09,2.925e-11) (2.232e-08,3.769e-11)

11 (4.816e-10,1.266e-12) (1.402e-09,1.654e-12)

Table 1: The contribution of the first 11 terms of the Poisson distribution for the
benchmark set of parameters, under both the P̂M and the P̂h probability measures.
The numbers in parenthesis represent respectively the term

(

e−λµ (λµ)n
)

/n! and
((

e−λµ (λµ)n
)

/n!
)

f (n).

As far as V R (0) and V D (0) are concerned, they are obtained using Monte
Carlo techniques. Precisely, we use standard Monte Carlo methods with
100,000 paths over 20 years. Each year includes 1 observation per month
of the equity portfolio A; the returns are calculated annually. We use the
antithetic variates methods for variance reduction purposes; we also make
use of the closed form expressions for the values of the policy reserve as a
control variate to reduce the variance of the estimates even further. In order
to avoid the introduction of bias in the estimation, we use a few pilot runs
to estimate the control variate parameter and then we use this estimate in
the main simulation run. The approximation error across the three models
of the obtained estimates is then 0.008% for the value of the terminal bonus
and 0.0006% for the value of the default option.

The solutions to equation (16) are then sought using the bisection method.

5.2 Numerical results

Figure 1 shows the sensitivity to the reference portfolio’s volatility, σA, of the
policyholder’s overall claim, C (0), together with each contract’s component.

As panel (a) highlights, the values of the claim C obtained under the three
models considered in this paper are very close (in fact the maximum mispric-
ing generated by the geometric Brownian motion model is a 0.26% overpricing
with respect to the P̂M -measure based model and a 0.65% overpricing with
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Figure 1: Sensitivity of the overall policyholder’s claim and its component to the
reference portfolio’s volatility.

respect to the Esscher model, both in correspondence of σA = 10% p.a.).
The breakdown of C (0) into its building blocks, though, shows that this

information is misleading. Panels (b)− (c)− (d), in fact, reveal that the ge-
ometric Brownian motion-based model overestimates the value of the guar-
anteed benefits and the probability of default when compared to the P̂M -
measure based model. In other words, the classical Black-Scholes framework
leads to a more prudential pricing rule, as it provides an upper bound for the
value of the policy reserve and the default option. However, it underprices
the value of the terminal bonus, i.e. it underestimates the capacity of the
life insurance company for generating enough surplus to distribute to the
policyholders. The maximum mispricing is 10.82%, again in correspondence
to σA = 10% p.a.

When compared with the valuation model based on the Esscher measure,
instead, the standard Black-Scholes framework leads to the underpricing of
the values of all contract’s component. In particular, the biggest mispricing
is, once again for σA = 10% p.a., 5% for the value of the policy reserve,
25% for the value of the terminal bonus and 18% for the value of the default
option. Hence, reserving on the basis of the geometric Brownian motion
model would lead us to set aside insufficient resources to cover the liabilities.
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Further, the assumption of a reference portfolio driven by a diffusion process
would seriously underestimate the potential threat to the life insurance com-
pany solvency represented by the participating contract, as the higher risk
of default would not be fully captured.

We also note the differences in the nature of the mispricing generated
by the Black-Scholes framework with respect to the P̂M -measure model and
the Esscher measure paradigm, especially for the case of the default option,
as V D

M < V D
GBM < V D

h . This result could be explained by the fact that,

differently from the pricing measure P̂M , the Esscher measure does not pre-
serve the valuation approach’s independence of the investors’ risk preferences,
which is one of the main features of the classical Black-Scholes model. In
fact, as equation (A7) shows, the P̂h-dynamic of the process L depends on
the parameter h solution to the Esscher martingale condition (13). In order
to actually calculate h, we need to make some assumptions regarding the
“real” drift of the Lévy process, i.e. the parameter a. Since the drift a rep-
resents the expected rate of growth of the reference portfolio, specifying an
assumption on its value effectively means specifying the preferences structure
of the investors. In this sense the Esscher measure can be seen as the closest
probability to the real probability measure P in terms of information content.
Chan (1999), in fact, shows that P̂h gives rise to the equivalent martingale
measure which has the minimal relative entropy, or Kullback-Leibler index
of “information distance” with respect to P. As such the Esscher measure
appears to be the most suitable one to capture the additional risk induced
by the occurrence of crashes in the market, as shown in Figure 2. In this
Figure we represent two possible evolutions for the reference portfolio and
the policy reserve. The first scenario is represented in the top three panels
of Figure 2 and it is based on the geometric Brownian motion to model the
asset backing the participating contract. At the expiration of the contract,
the reference portfolio is worth £774 whilst the policy reserve has value £581.
In this case the policyholder would be paid the guaranteed benefits in full.
The second scenario, represented in the bottom panels of Figure 2, uses the
same set of random numbers to generate the diffusion part of the reference
portfolio; however, on average λ times per year the asset price jumps dis-
cretely of a random amount X. Since σA is kept constant, the final result
is a higher instability of the rate of returns rA and rP to the extent that, at
maturity, the portfolio is worth £183 against the £367 liability represented
by the policy reserve. In this case the life insurance company would default.

The instability produced in the model by the jump component is also
illustrated in Figure 3, in which we show how the probability of default
changes under both the Brownian motion and the Lévy process paradigm,
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motion and the Lévy process framework. In the panels it is also shown the 99%
percentile, P99, of the policy reserve distribution.

21



when the total volatility σA is allowed to change, and in Figure 4, in which,
instead, we represent the distributions of the asset and the policy reserve
under both market’s paradigm. The last Figure, in particular, shows the
99% percentile of the policy reserve distribution; the probability that A (T )
is less than this 99% percentile is 73% in the geometric Brownian motion-
based model, and 86% in the Lévy process-based model.

The effects on the fair combinations of design parameters, for example the
participation rate β, produced by the inclusion of jumps in the market model
are represented in Figures 5 and 6. Both Figures show that the additional
jump feature restricts the set of optimal choices for β. In particular, in Figure
5, we represent the values that the parameter β is allowed to assume in order
to satisfy equation (16) when σA changes. The optimal β set is smaller in
the case of the Esscher valuation framework because of the higher default
risk that characterizes this model, as already discussed earlier. Although the
geometric Brownian motion overprices the value of the claims with respect
to the PM measure, the participation rate β is set at a lower level in the
PM -based paradigm than in the geometric Brownian motion one. This fact
is due to the higher rates of increment of the default option induced by the
same increment in σA, that characterizes the PM model. Figure 6 shows that,
the reference portfolio’s volatility being equal, the set of fair values for the
participation rate β becomes even smaller when the jumps are allowed to
occur more often, i.e. when the market becomes more unstable. The reason
is again to be sought for in the impact of higher λ on the default risk attached
to the participating contract.

6 Concluding remarks

In this paper we have developed a valuation framework for participating
life insurance contracts based on a jump-diffusion specification of the asset
backing the policy. A market-based pricing methodology has been then ap-
plied to these contracts and the complex guarantees and option-like features
embedded therein.

This study finds its justification in the new recommendations from the
IASB and the financial authorities to adopt adequate models for both the
dynamic of the asset prices and the calculation of life insurance companies’
liabilities. The recent literature has addressed so far only the problem of
the implementation of suitable fair valuation techniques for participating
contracts. However, the results presented in this paper show the importance
of modelling the asset side as well of the company’s balance sheet, in order to
properly assess market risks, and their impact on the value of these contracts
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and the company’ solvency.
As shown in this paper, an important issue linked to the implementation

of valuation schemes in a jump-diffusion context, is the selection of one spe-
cific pricing probability measure, which in the end requires the estimation of
parameters that are affected by the risk preferences of investors. A possible
solution to this problem might rely on possible links between the structure
of investors’ risk preferences, indices of risk aversion and the expected rate
of growth of the underlying asset. We leave this question for future research.

A Equivalent martingale measures and pric-

ing formulae

The purpose of this Appendix is to show the details of the change of
measure “machinery” for the case in which the process driving the underlying
asset is a Levy process with finite activity, and the derivation of the valuation
formulae presented in section 4.

A.1 Equivalent martingale measures in a jump-diffusion
economy

As seen in section 4, derivative asset pricing methods rest on converting
prices of such assets into martingales. This is done by transforming the
underlying probability distribution using the tools provided by the Girsanov’s
theorem. For the case of the Lévy process introduced in section 3, the change
of measure is formalized in the following.

Theorem 1 (Girsanov) Assume P and P̂ are two equivalent measure and

let η be the density process defined as

η (t) = 1−
∫ t

0

G (s) η (s−) dW (s)+

∫ t

0

∫

R
η (s−) (H (s, x)− 1) (N (ds, dx)− ν (dx) ds) ,

where G is a previsible process and H a previsible and Borel measurable

process. Suppose further that

E

[∫ t

0

G2 (s) ds

]

<∞

and
∫

R
(H (t, x)− 1) ν (dx) <∞.
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Then, under P̂, the process

Ŵ (t) = W (t) +

∫ t

0

G (s) ds

is a standard Brownian motion, and the process

Ẑ (t) =

∫ t

0

∫

R
x (N (ds, dx)− ν̂ (dx) ds)+at+

∫ t

0

∫

R
x (H (s, x)− 1) ν (dx) ds

is a quadratic pure jump process with compensator measure

ν̂ (dt, dx) = ν̂ (dx) dt

where

ν̂ (dx) = H (t, x) ν (dx) .

We observe that this result is a version of the more general Girsanov’s
theorem for semimartingales, modified to fit the features of the process con-
sidered in this work. For a detailed treatment of the more general case,
we refer to Theorem 3.24 in Chapter III of Jacod and Shiryaev (1987), and
Theorem 3.2 in Chan (1999).

Theorem 1 implies in particular that

η (t) = e
−
∫ t
0

(

G2(s)
2

+
∫

R(H(s,x)−1)ν(dx)

)

ds−
∫ t
0 G(s)dW (s)+

∫ t
0

∫

R lnH(s,x)N(ds,dx)
.

Therefore, for t < u

E

[

Ã (u) η (u) |Ft

]

= Ã (t) η (t)E

[

e(a−r−
∫

R(H(s,x)−1+x)ν(dx))(u−t)−
∫ u
t

G2(s)
2

ds+
∫ u
t

(σ−G(s))dW (s)+
∫ u
t

∫

R(x+lnH(s,x))N(ds,dx)

]

.

Since W , N and X are independent of each other, it follows that

E

[

Ã (u) η (u) |Ft

]

= Ã (t) η (t) e(a−r−
∫

R(H(s,x)−1+x)ν(dx))(u−t)−
∫ u
t

G2(s)
2

ds+
∫ u
t

(σ−G(s))2

2
ds+

∫ u
t

∫

R(exH(s,x)−1)ν(dx)ds

= Ã (t) η (t) e

(

a−r+σ2

2
−
∫

R xν(dx)+
∫

R(ex−1)H(s,x)ν(dx)ds
)

(u−t)−σ
∫ u
t
G(s)ds

= Ã (t) η (t) e

(

a−r+σ2

2
−
∫

R xν(dx)+
∫

R(ex−1)ν̂(dx)ds
)

(u−t)−σ
∫ u
t
G(s)ds

,

where the last equality follows from Theorem 1. The Bayes rule implies that

Ê

[

Ã (u) |Ft

]

=
E

[

Ã (u) η (u) |Ft

]

E [η (u) |Ft ]
,

therefore

Ê

[

Ã (u) |Ft

]

= Ã (t) e

(

a−r+σ2

2
−
∫

R xν(dx)+
∫

R(ex−1)ν̂(dx)ds
)

(u−t)−σ
∫ u
t
G(s)ds

(A1)
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A.2 Distribution properties of L (t) under P̂

In section 3, we specified the Lévy decomposition to be:

L (t) = at+ σW (t) +

∫ t

0

∫

R
x (N (ds, dx)− ν (dx) ds) .

Hence, the Lévy-Khintchine formula implies that the moment generating
function of the process L can be written as

E
[

ekL(t)
]

= etϕ(k)

where

ϕ (k) = ak +
σ2

2
k2 +

∫

R

(

ekx − 1− kx
)

ν (dx) . (A2)

In particular, under the risk-neutral martingale measure P̂, the moment gen-
erating function will take the form

Ê
[

ekL(t)
]

= etϕ̂(k),

ϕ̂ (k) = Ak +
Γ2

2
k2 +

∫

R

(

ekx − 1− kx
)

ν̂ (dx) .

The aim of this section is to determine the functions A, Γ and ν̂, i.e. the
characteristic triplet of the semimartingale L, under the two alternative mar-
tingale measures considered in this paper, using the fact that

Ê
[

ekL(t)
]

= E
[

η (t) ekL(t)
]

,

where η (t) is the density process defined in Theorem 1.
Let’s consider the case of the Merton measure first. As discussed in

section 4.1, the Radon-Nikodým derivative for the probability P̂M is

η (t) = e−GW (t)−G2

2
t.

Hence

Ê
[

ekL(t)
]

= E

[

e−GW (t)−G2

2
tek(at+σW (t)+

∫ t
0

∫

R x(N(ds,dx)−ν(dx)ds))
]

= ekat−
G2

2
t+

(σk−G)2

2
t+t

∫

R(ekx−1−kx)ν(dx)ds

= etϕ̂M (k),

with

ϕ̂M (k) = (a− σG) k +
σ2

2
k2 +

∫

R

(

ekx − 1− kx
)

ν (dx) . (A3)
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Therefore, the characteristic triplet is:

A = a− σG; Γ = σ; ν̂ (dx) = ν (dx) .

This implies that under P̂M the decomposition of the process L is

L (t) = (a− σG) t+ σŴM (t) +

∫ t

0

∫

R
x (N (ds, dx)− ν (dx) ds) .

The martingale condition (9) implies

L (t) =

(

r − σ2

2
−
∫

R
(ex − 1) ν (dx)

)

t+ σŴM (t) +

∫ t

0

∫

R
xN (ds, dx) .

(A4)
Equations (A3) and (A4) and Theorem 1 imply that ŴM is a standard one-
dimensional P̂M -Brownian motion, whilst the P̂M -law of the compound Pois-
son process is the same as the one under the real probability measure P.

Moreover,

ÊM

[

ekL(t) |N (t) = n
]

= e
k
(

r−σ2

2
−
∫

R(ex−1)ν(dx)
)

t+σ2

2
k2t

ÊM

[

ek
∫ t
0

∫

R xN(ds,dx)
∣

∣

∣N (t) = n
]

= e
k
(

r−σ2

2
−
∫

R(ex−1)ν(dx)
)

t+σ2

2
k2t

ÊM

(

ekx
)n

;

since X ∼ N (µX , σ
2
X), then

ÊM

[

ekL(t) |N (t) = n
]

= e
k
((

r−σ2

2
−
∫

R(ex−1)ν(dx)
)

t+nµX

)

+ k2

2 (σ2t+nσ2
X). (A5)

Equation (A4) is used in section 5 to implement the Monte Carlo procedure
for the valuation of terminal bonus and the default option. Equation (A5) is
instead used in section 4.1 to calculate the value of the policy reserve.

Analogous calculations can be carried out for the case of the Esscher
measure P̂h. In this case, the Radon-Nikodým derivative is defined as

η (t) = ehL(t)ML (h, 1)
−t
.

Note that, using Itô’s lemma for semimartingales,

dη (t) = η′ (t−) dL (t) +
1

2
η′′ (t−) d [L,L]

C

t + η′ (t)− η′ (t−)− η′ (t−)∆L (t)

= σhη (t−) dW (t)− η (t−)

∫

R

(

ehx − 1
)

(N (dt, dx) ν (dx) dt) .

From Theorem 1 we obtain that

dη (t) = −G (t) η (t−) dW (t)− η (t−)

∫

R
(H (t, x)− 1) (N (dt, dx) ν (dx) dt) ,
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which implies that G (t) = −σh and H (t, x) = ehx. The moment generating
function of the Lévy process is given by

Êh

[

ekL(t)
]

= ML (h, 1)
−t

E
[

e(h+k)L(t)
]

= ek(a+σ
2h)t+σ2

2
k2+t

∫

R(ehx(ekx−1)−kx)ν(dx)

= ek(a+σ
2h−

∫

R xν(dx)+
∫

R xe
hxν(dx))t+σ2

2
k2+t

∫

R(ekx−1−kx)ehxν(dx)

= etϕ̂h(k)

with

ϕ̂h (k) =

(

a+ σ2h−
∫

R
xν (dx) +

∫

R
xehxν (dx)

)

k+
σ2

2
k2+

∫

R

(

ekx − 1− kx
)

ν̂ (dx) .

(A6)
This implies that the P̂h-characteristic triplet is:

A = a+ σ2h−
∫

R xν (dx) +
∫

R xe
hxν (dx) ; Γ = σ; ν̂ (dx) = ehxν (dx) .

The corresponding decomposition of the process L is then:

L (t) =

(

a+ σ2h−
∫

R
xν (dx) +

∫

R
xehxν (dx)

)

t+σŴh (t)+

∫ t

0

∫

R
x (N (ds, dx)− ν̂ (dx) ds) ,

or, bearing in mind that h solves the Esscher martingale condition (13)

L (t) =

(

r − σ2

2
−
∫

R
ehx (ex − 1) ν (dx)

)

t+ σŴh (t) +

∫ t

0

∫

R
xN (ds, dx) .

(A7)
Theorem 1 and equations (A6) and (A7) imply that, under P̂h, Ŵh is a stan-
dard one-dimensional Brownian motion, and the compound Poisson process
∫ t

0

∫

R xN (ds, dx) has compensator measure ν̂ (dx) = ehxν (dx). Therefore,

the P̂h-rate of the Poisson process N is

λh = λehµX+h2 σ
2
X
2 ,

whilst the P̂h-distribution of the jump random size X is N (µX + hσ2
X , σ

2
X).

In fact:

P̂h [N (t) = n] = Êh

[

1(N(t)=n)

]

= E
[

γ (t) 1(N(t)=n)

]

= ML (h, 1)
−t

E
[

ehL(t) |N (t) = n
]

P [N (t) = n]

=
P [N (t) = n]

ML (h, 1)
t e

h
(

a−
∫

R xν(dx)+σ2

2
h
)

t+nhµX+nh2 σ
2
X
2 .
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Let

µh = ehµX+h2 σ
2
X
2 ,

then
P̂h [N (t) = n] = P [N (t) = n] en lnµh−λt(µh−1). (A8)

Therefore

P̂h [N (t) = n] =
e−λt (λt)n

n!
en lnµh−λt(µh−1)

=
e−λht (λht)

n

n!
.

Moreover

Êh

[

ek
∫ t
0

∫

R xN(ds,dx)
]

=
e
h
(

a−
∫

R xν(dx)+σ2

2
h
)

t

ML (h, 1)
t E

[

e(h+k)
∫ t
0

∫

R xN(ds,dx)
]

= et
∫

R(ekx−1)ehxν(dx).

Since, under the real probability measure P, X ∼ N (µX , σ
2
X) and ν (dx) =

λf (dx), then

Êh

[

ek
∫ t
0

∫

R xN(ds,dx)
]

= e
λht



e
k(µX+hσ2

X)+
k2σ2

X
2 −1





.

On the other hand, the moment generating function of a compound Poisson
process has form:

Êh

[

ek
∫ t
0

∫

R xN(ds,dx)
]

= eλht(Êh(ekx)−1),

which implies that

Êh

(

ekx
)

= ek(µX+hσ2
X)+

k2σ2
X

2 .

Finally, we can also calculate the conditional moment generating function of
the process L, which returns

Êh

[

ekL(t) |N (t) = n
]

= e
k
(

r−σ2

2
−
∫

R e
hx(ex−1)ν(dx)

)

t+σ2

2
k2t

Êh

(

ekx
)n
.

Hence

Êh

[

ekL(t) |N (t) = n
]

= e
k
((

r−σ2

2
−
∫

R e
hx(ex−1)ν(dx)

)

t+nµX+nhσ2
X

)

+ k2

2 (σ2t+nσ2
X).
(A9)
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A.3 Valuation using the Merton measure

Equation (10) in section 4.1 shows that the one-year call option embedded
in the policy reserve has value

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
]

= ÊM

{

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
∣

∣

∣

∣

N ′ (1) = n

]}

.

Since, as shown in the previous section, conditioning on the number of jumps
occurring in one year

L (t)− L (t− 1) ∼ N

(

rn −
v2
n

2
, v2

n

)

,

then the inner expectation can be written as

ÊM

[

e−r
(

βeL
′(1) − (β + rG)

)+
∣

∣

∣

∣

N ′ (1) = n

]

= ÊM

[

e−r
(

βern−
v2n
2

+vny − (β + rG)

)+
]

,

where y ∼ N (0, 1). Therefore

ÊM

[

e−r
(

βern−
v2n
2

+vny − (β + rG)

)+
]

= ÊM



βe−r+rn−
v2n
2

+vny1(
βern−

v2n
2 +vny>β+rG

)



− e−r (β + rG) P̂M

(

βern−
v2n
2

+vny > β + rG

)

= βe−r+rn
∫ ∞

a

1√
2π

e−
(y−vn)2

2 dy − e−r (β + rG) P̂M (y > a) ,

with

a =
ln β+rG

β
−
(

rn − v2
n

2

)

vn
.

Hence

ÊM

[

e−r
(

βern−
v2n
2

+vny − (β + rG)

)+
]

= βe−r+rnN (dn)−e−r (β + rG)N (d′n) ,

(A10)
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with

dn =
ln β

β+rG
+
(

rn +
v2
n

2

)

vn
;

d′n = dn − vn.

Since
rn = r − λ (µ− 1) + n lnµ,

we can rewrite equation (A10) as

βe−λ(µ−1)+n lnµN (dn)− e−r (β + rG)N (d′n)

= e−λ(µ−1)+n lnµ
[

βN (dn)− e−r+λ(µ−1)−n lnµ (β + rG)N (d′n)
]

= e−λ(µ−1)+n lnµ
[

βN (dn)− e−rn (β + rG)N (d′n)
]

= e−λ(µ−1)+n lnµf (n) ,

where
f (n) = βN (dn)− e−rn (β + rG)N (d′n) . (A11)
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processes, The Annals of Applied Probability, 9, 504-28.

[8] Esscher, F. (1932). On the probability function in the collective theory
of risk, Skandinavisk Aktuarietidskrift, 15, 175,195.

[9] Financial Service Authority (2003). CP195.

[10] Gerber, H. U. and E. S. W. Shiu (1994). Option pricing by Esscher
transforms (with discussion), Transactions of the Society of Actuaries,
46, 99-140; discussion: 141-91.

[11] Grosen, A. and P.L. Jørgensen (2000). Fair valuation of life insurance
liabilities: the impact of interest rate guarantees, surrender options, and
bonus policies, Insurance: Mathematics and Economics, 26, 37-57.

[12] Grosen, A. and P. L. Jørgensen (2002). Life insurance liabilities at mar-
ket value: an analysis of investment risk, bonus policy and regulatory
intervention rules in a barrier option framework. Journal of Risk and

Insurance, 69, 63-91.

[13] Guillén M., P.L. Jørgensen and J. Perch-Nielsen (2004). Return smooth-
ing mechanism in life and pension insurance: path-dependent contingent
claims, Working Paper.

[14] Haberman, S., L. Ballotta and N. Wang (2003). Modelling and valua-
tion of guarantees in with-profit and unitised with profit life insurance
contracts, Actuarial Research Paper N. 146, City University London,
under review.

[15] Jacod, J. and A. N. Shiryaev (1987). Limit Theorems for Stochastic

Processes, Springer-Verlag.

[16] Jarrow. R. and E. Rosenfeld (1984). Jump risks and the intertemporal
capital asset pricing model, Journal of Business, 57, 337-51.

[17] Merton, R. C. (1973). Theory of rational option pricing, Bell Journal of
Economics, 4, 141-83.

[18] Merton, R. C. (1976). Option pricing when underlying stock returns are
discontinuous, Journal of Financial Economics, 125-44

[19] Miltersen, K., R. and S. A. Persson (2003). Guaranteed investment con-
tracts: distributed and undistributed excess return, Scandinavian Actu-

arial Journal, 23, 257-79.

32



[20] Nahum, E. (1998). On the distribution of the supremum of the sum of a
Brownian motion with drift and a marked point process, and the pricing
of lookback options, Technical Report N◦ 516, Department of Statistics,
University of California, Berkeley.

[21] Needleman, P. D. and T. A. Roff (1995). Asset shares and their use
in the financial management of a with-profits fund, British Actuarial

Journal, 1, IV, 603-88.

[22] Tansakanen, A. J. and J. Lukkarinen (2003). Fair valuation of path-
dependent participating life insurance contracts, Insurance: Mathemat-

ics and Economics, 33, 595-609.

33



  1

 
FACULTY OF ACTUARIAL SCIENCE AND STATISTICS 

 
Actuarial Research Papers since 2001 

 
 
 

135. Renshaw A. E. and Haberman S. On the Forecasting of Mortality Reduction Factors.   February 
2001.          

ISBN 1 901615 56 1 
 
136. Haberman S., Butt Z. & Rickayzen B. D.  Multiple State Models, Simulation and Insurer 

Insolvency.  February 2001.  27 pages.       
ISBN 1 901615 57 X 

 
137. Khorasanee M.Z.  A Cash-Flow Approach to Pension Funding.  September 2001.  34 pages. 
 

 ISBN 1 901615 58 8 
 

138. England P.D.  Addendum to “Analytic and Bootstrap Estimates of Prediction Errors in Claims 
Reserving”.  November 2001.  17 pages. 

ISBN 1 901615 59 6 
 

139. Verrall R.J.  A Bayesian Generalised Linear Model for the Bornhuetter-Ferguson Method of 
Claims Reserving.  November 2001.  10 pages. 

ISBN 1 901615 62 6 
 
140. Renshaw A.E. and Haberman. S.  Lee-Carter Mortality Forecasting, a Parallel GLM Approach, 

England and Wales Mortality Projections.  January 2002.  38 pages. 
ISBN 1 901615 63 4 

 
141. Ballotta L. and Haberman S.  Valuation of Guaranteed Annuity Conversion Options.  January 

2002.  25 pages. 
ISBN 1 901615 64 2 

 
142. Butt Z. and Haberman S.  Application of Frailty-Based Mortality Models to Insurance Data.  

April 2002.  65 pages. 
ISBN 1 901615 65 0 

 
143.  Gerrard R.J. and Glass C.A.  Optimal Premium Pricing in Motor Insurance: A Discrete 

Approximation.   (Will be available 2003). 
 
144. Mayhew, L.  The Neighbourhood Health Economy.  A systematic approach to the 

examination of health and social risks at neighbourhood level.   December 2002.  43 pages. 
 

ISBN 1 901615 66 9 
 
145. Ballotta L. and Haberman S.  The Fair Valuation Problem of Guaranteed Annuity Options:  

The Stochastic Mortality Environment Case.  January 2003.  25 pages. 
 

ISBN 1 901615 67 7 
 

146. Haberman S., Ballotta L. and Wang N.  Modelling and Valuation of Guarantees in With-Profit 
and Unitised With-Profit Life Insurance Contracts.  February 2003.  26 pages. 

 
ISBN 1 901615 68 5 

147. Ignatov Z.G., Kaishev V.K and Krachunov R.S.  Optimal Retention Levels, Given the Joint 
Survival of Cedent and Reinsurer.  March 2003.  36 pages. 

ISBN 1 901615 69 3 
 



  2

148. Owadally M.I.  Efficient Asset Valuation Methods for Pension Plans.  March 2003.  20 
pages. 

ISBN 1 901615 70 7 
 
149. Owadally M.I.  Pension Funding and the Actuarial Assumption Concerning Investment 

Returns.  March 2003.  32 pages. 
ISBN 1 901615 71 5 

 
150. Dimitrova D, Ignatov Z. and Kaishev V.  Finite time  Ruin Probabilities for Continuous Claims 

Severities.  Will be available in August 2004. 
 
151. Iyer S.  Application of Stochastic Methods in the Valuation of Social Security Pension 

Schemes.  August 2004.  40 pages. 
ISBN 1 901615 72 3 

 
152. Ballotta L., Haberman S. and Wang N.  Guarantees in with-profit and Unitized with profit 

Life Insurance Contracts; Fair Valuation Problem in Presence of the Default Option1.  October 
2003.  28 pages. 

 ISBN 1-901615-73-1 
 

153. Renshaw A. and Haberman. S.  Lee-Carter Mortality Forecasting Incorporating Bivariate Time 
Series.  December 2003.  33 pages. 

ISBN 1-901615-75-8 
 

154. Cowell R.G., Khuen Y.Y. and Verrall R.J.  Modelling Operational Risk with Bayesian 
Networks.  March 2004.  37 pages. 

ISBN 1-901615-76-6 
 
155. Gerrard R.G., Haberman S., Hojgaard B. and Vigna E.  The Income Drawdown Option: 

Quadratic Loss.  March 2004.  31 pages. 
ISBN 1-901615-77-4 

 
156. Rickayzen B. Haberman S, Karlsoon.  {This number issued to Ben.  Paper to be received in 2 

weeks.  02 April 2004. 
 
157. Ballotta Laura.  Alternative Framework for the Fair Valuation of Participating Life Insurance 

Contracts.  June 2004.  33 pages. 
ISBN1-901615-79-0 

 
 
 

Statistical Research Papers 
 
1. Sebastiani P.  Some Results on the Derivatives of Matrix Functions.  December 1995.   
 17 Pages.         

ISBN 1 874 770 83 2 
 
2. Dawid A.P. and Sebastiani P.  Coherent Criteria for Optimal Experimental Design.   
 March 1996.  35 Pages.       

ISBN 1 874 770 86 7 
 
3. Sebastiani P. and Wynn H.P.  Maximum Entropy Sampling and Optimal Bayesian Experimental 

Design.  March 1996.  22 Pages.      
ISBN 1 874 770 87 5 

 
4. Sebastiani P. and Settimi R.  A Note on D-optimal Designs for a Logistic Regression Model.  

May 1996.  12 Pages.        
ISBN 1 874 770 92 1 

 
5. Sebastiani P. and Settimi R.  First-order Optimal Designs for Non Linear Models.  August 1996. 

 28 Pages.         
ISBN 1 874 770 95 6 

 



  3

6. Newby M.  A Business Process Approach to Maintenance: Measurement, Decision and Control. 
 September 1996.  12 Pages.       

ISBN 1 874 770 96 4 
 
7. Newby M.  Moments and Generating Functions for the Absorption Distribution and its Negative 

Binomial Analogue.  September 1996.  16 Pages.    
ISBN 1 874 770 97 2 

 
8. Cowell R.G.  Mixture Reduction via Predictive Scores.  November 1996.  17 Pages. 

          ISBN 1 874 770 98 0 
 
9. Sebastiani P. and Ramoni M.  Robust Parameter Learning in Bayesian Networks with Missing 

Data.  March 1997.  9 Pages.       
ISBN 1 901615 00 6 

 
10. Newby M.J. and Coolen F.P.A.  Guidelines for Corrective Replacement Based on Low 

Stochastic Structure Assumptions.  March 1997.  9 Pages.   
ISBN 1 901615 01 4. 

 
11. Newby M.J.  Approximations for the Absorption Distribution and its Negative Binomial 

Analogue.  March 1997.  6 Pages.      
ISBN 1 901615 02 2 

 
12. Ramoni M. and Sebastiani P.  The Use of Exogenous Knowledge to Learn Bayesian Networks 

from Incomplete Databases.  June 1997.  11 Pages.    
ISBN 1 901615 10 3 

 
13. Ramoni M. and Sebastiani P.  Learning Bayesian Networks from Incomplete Databases.   
 June 1997.  14 Pages.        

ISBN 1 901615 11 1 
 
14. Sebastiani P. and Wynn H.P.  Risk Based Optimal Designs.  June 1997.  10 Pages. 

          ISBN 1 901615 13 8 
 
15. Cowell R.  Sampling without Replacement in Junction Trees.  June 1997.  10 Pages. 

          ISBN 1 901615 14 6 
 
16. Dagg R.A. and Newby M.J.  Optimal Overhaul Intervals with Imperfect Inspection and Repair.  

July 1997.  11 Pages.       ISBN 1 901615 15 4 
 

17. Sebastiani P. and Wynn H.P.  Bayesian Experimental Design and Shannon Information.  
October 1997.  11 Pages.      ISBN 1 901615 17 0 
 

18. Wolstenholme L.C.  A Characterisation of Phase Type Distributions.  November 1997.   
 11 Pages.        ISBN 1 901615 18 9 
 
19. Wolstenholme L.C.  A Comparison of Models for Probability of Detection (POD) Curves.  

December 1997.  23 Pages.      ISBN 1 901615 21 9 
 
20. Cowell R.G.  Parameter Learning from Incomplete Data Using Maximum Entropy I: Principles.  

February 1999.  19 Pages.      ISBN 1 901615 37 5 
 
21. Cowell R.G.  Parameter Learning from Incomplete Data Using Maximum Entropy II: Application 

to Bayesian Networks.  November 1999.  12 Pages   ISBN  1 901615 40 5 
 
22. Cowell R.G.  FINEX :  Forensic Identification by Network Expert Systems.  March 2001.  10 

pages.          ISBN 1 901615 60X 
 
23. Cowell R.G.  When Learning Bayesian Networks from Data, using Conditional Independence 

Tests is Equivalant to a Scoring Metric.  March 2001.  11 pages. ISBN 1 901615 61 8 
 
 



 
 

Faculty of Actuarial Science and Statistics 
 
 

Actuarial Research Club 
 
 

The support of the corporate members 
 
 

CGNU Assurance 
Computer Sciences Corporation 

English Matthews Brockman 
Government Actuary’s Department 

Swiss Reinsurance 
Watson Wyatt Partners 

 
 

is gratefully acknowledged. 
 

 
 

 
ISBN 1-901615-79-0 


