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PURE-JUMP SEMIMARTINGALES

ALES CERNY AND JOHANNES RUF

ABSTRACT. A taxonomic hierarchy of pure-jump semimartingales is introduced. This hierarchy
contains, in particular, the class of sigma-locally finite variation pure-jump processes. The
members of this family can be explicitly characterized in terms of the predictable compensators
of their jump measures. This family is also closed under stochastic integration and smooth
transformations.

1. INTRODUCTION

Denote by #¢ the set of finite variation pure-jump semimartingales, i.e., processes X whose
jumps are absolutely summable on any finite time interval and such that X = Xo+ >, AX;.
Equivalently, X € 7% if X = Xy + x * pX where p¥X is the jump measure of X and z % u~
represents the standard jump measure integral (Jacod and Shiryaev 2003, I1.1.5).

Consider now the R-valued stochastic process X defined by the following properties:

Xo=0;

X has independent increments;

jumps of X occur only at fixed times 2 — 1/n, for each n € N;

the process jumps by +!/n with equal probability, for each n € N;

X remains constant outside the fixed jump times.

This process is a well-defined semimartingale, in fact a uniformly integrable martingale, on the
whole time line [0, 00). Moreover, for every n € N the stopped process X 2= is in ¥ so X
is a limit of elements in ¥ in this case. Yet X itself is not equal to the sum of its jumps in
the conventional sense because the jumps of X are not absolutely summable. In particular, the
standard integral x * u~ diverges. Furthermore, if we denote the predictable compensator of
wX by vX| the integral = * X also diverges even though the drift of X (the predictable part in
its Doob-Meyer decomposition) is zero.

In this paper we propose to view the process X in two novel, complementary ways, both
of which involve an approximation by elements in #?. The first approach regards X as an
element of 7, i.e., as a process that belongs sigma-locally to #?. This leads to the convenient
formula X = Xo + 2+ uX, where * is the sigma-localized version of the standard jump measure
integral *. The new integral, unlike *, will be associative so that ¢ - (¢ x u™) = ((tp) % uX
for predictable processes ( if the left-hand side is well defined. Furthermore, the drift of X,
provided it exists, will be given by x % v, also defined by sigma localization. Section 3 collects
the precise statements and proofs concerning the new integrals and their connections to 7.4,

The second approach views X as a sum of its jumps at a sequence of stopping times with
convergence in the Emery semimartingale topology. Here it is in principle possible to encounter
two different processes that share the same jump measure (by choosing different exhausting
sequence of stopping times in each case). However, we show that such a situation cannot occur
in #¢. This offers a wider sense in which all processes in 7, are uniquely determined by their
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jump measure. In contrast, the family of quadratic pure-jump processes (see Definition 1.1)
lacks such uniqueness property as adding a continuous deterministic finite variation process to
X yields a different quadratic pure-jump process with the same jump measure.

The following definition and theorem provide a precise formulation of the relationships among
the various families of pure-jump processes. For notation and setup, see Section 2. For a review
of the semimartingale topology on the space of semimartingales .7, see Section 4. Theorem 1.2
is proved in Section 5.

Definition 1.1. Consider the following subsets of .7

o 7 L. the class of quadratic pure-jump processes, i.e., those semimartingales X that

satisfy [X, X]¢ = [X, X] — 22  u¥ = 0 (see Protter 1990, p. 63).
I 2: the class of pure-jump processes, i.e., those semimartingales X that satisfy

o
XX+ 3 AN,

k=1
in the semimartingale topology for a family (7% )ren of stopping times.
7 3: the class of strong pure-jump processes, i.e., those semimartingales X € 7 2 that
satisfy X =Y forall Y € _¢2 with p¥ = p and Y; = X,.

4 = 4. the sigma-localized class of finite variation pure-jump processes.

7 5 = % the class of finite variation pure-jump processes, i.e., those semimartingales
X that satisfy X = Xo + % u~.
7 6. the class of piecewise constant processes with finitely many jumps on each finite
time interval. O

Theorem 1.2. We always have

J2000 70 7o o2 gt (L.1)
In general, these set inclusions are strict. More precisely, there exists a filtered probability space
such that simultaneously we have

I 702 702 70 (1.2)
Moreover, the following statements hold.
(i) For all i € {1,2,3,4}, the families /Z equal their sigma-localized class /;, that s,
/i = /; Furthermore, by definition, /4 = /05
(ii) For alli e {1,2,3,4,6}, the families #* are closed under stochastic integration.
(iii) For alli € {1,...,6}, the families #' are invariant under equivalent measure changes.

More precisely, with the obvious notation, if Q is locally absolutely continuous with
respect to P we have #Z*(P) C _#'(Q) for all i€ {1,...,6}.

The strictness of the inclusion _# 4c I 3 is of interest. It says that there exist strong pure-
jump processes, i.e., pure-jump processes uniquely determined by their jump measure, that are
not sigma-locally of finite variation. To prove the strictness of this inclusion, Subsection 5.6
contains a specific example of such a process X. This example relies on a jump measure p~
with predictable compensator vX that supports a countable set of jump sizes.

To gain insight, consider the disintegrated form vX(dt,dz) = F/*(dz)dA;X, where FX is
a transition kernel (see Section 2 for more details). The jump measure gX in this example
relies on a kernel FX that has large atoms in a neighbourhood of zero. As it turns out, this
example is canonical. Indeed, Corollary 1.3 below states if X is a strong pure-jump process
whose associated jump size kernel does not allow for too many large atoms, then X must be
sigma-locally of finite variation.
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We have already observed that a process X € ¢ 4c _#3 is uniquely described by its jump
measure. The following corollary of the proof of Theorem 1.2 provides explicit characterizations
of the processes in ¢ 4 in relation to the bigger classes Jt 7% and _#3. A further analytic
representation for such processes is provided in Proposition 3.12 below.

Corollary 1.3. Let X denote a process. Then the following statements are equivalent.
(i) Xe 7t=74
(ii) X € #3 and

(hm sup xFX({x})> A <lirr;Ts0up ]w\FX({m})> =0, (P x dAX)a.e. (1.3)

zl0
(i) X € 72 and
/|x|1|$|§1FX(dx) <00, (PxdA¥) ae. (1.4)

(iv) X € 71, (1.4) holds, [y| [ x1jy<1F7* (dz)|dAY < oo, and

BX1 — /0 (/xlxglFtX(dx)) dAX.

Here BXW denotes the drift of X — T1|ps1 * wX; see also Section 2.

Corollary 1.3 is proved in Subsection 5.5. Note that the condition in (1.3) is satisfied, for
example, if FX is atomless (P x dA%)-a.e.

Here now the outline of this paper. Section 2 introduces the notation used and the setup of
this paper. Section 3 provides the definition and important properties of the extended integral
with respect to an integer-valued random measure. This section also contains an analytic
representation of the elements in _¢#* = 7%, the class of sigma-locally finite variation pure-jump
processes. Section 4 collects relevant results concerning Emery’s semimartingale topology and
Section 5 provides the proof of Theorem 1.2. Finally, Section 6 briefly discusses the consequences
of choosing ucp convergence in place of the semimartingale topology.

2. NOTATION AND SETUP

We fix a probability space (£2,.%,P) with a right-continuous filtration § = (.%;)>0. Recall
from Jacod and Shiryaev (2003, II1.1.4) that a function 7 : Q x [0,00) x R — R is called pre-
dictable if it is P x B(R)-measurable, where P denotes the predictable sigma field and B(R)
the Borel sigma field on R. If ¢ :  x [0,00) X R — R denotes another (predictable) function
we shall write (1) to denote the (predictable) function (w,t,x) — ¥(w,t,n(w,t, z)).

We shall consider an integer-valued random measure p on [0,00) x R with predictable com-
pensator v. A predictable function 1 with n(0) = 0 is integrable with respect to p, i.e., % p
exists if |n| *x p < oco. Recall from Jacod and Shiryaev (2003, I1.2.9) that v can be written in
disintegrated form as

v(dt,dz) = Fy(dx)d Ay, t>0,zeR, (2.1)

where A is a predictable process, and F' is a transition kernel from (£2x [0, 00), P) into (R, B(R)).
If we want to emphasize the probability measure under which v is the predictable compensator
of p we shall write v(P).

We let . denote the space of R—valued semimartingales. For a semimartingale X € ., we
let X_ denote its left-limit process with the convention Xy_ = Xy and we let AX = X — X_
denote its jump process. Next, we let 41X denote the jump measure of X and v¥ its predictable
compensator. For a predictable function 7 with 17(0) = 0 we then have n*u* = 3, <. N(AXY)
if || * X < oo. The corresponding quantities in (2.1) shall be written with a superscript X.
If X is special, we write BX for its drift, i.e., the predictable finite variation part of X, always
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assumed to start in zero, i.e., B()X = 0. If Y denotes another semimartingale then [X, Y| denotes
the quadratic covariation of X and Y. Moreover, we write X[1] = X — 21,5 * pX and note
that X[1] is special. Next, L(X) denotes the family of X—integrable predictable processes.

If 7 C . is a family of semimartingales, we say that a semimartingale Y belongs to _Z,,
the sigma-localized class of ¢, if there is a sequence (D, ),en of predictable sets increasing to
2x[0,00) such that 1p,-Y € _# for each n € N. We say that ¢ is stable under sigma-stopping
(see Kallsen 2004, Definition 2.1) if for every X € ¢ and every predictable set D the process
1p - X belongs to #. Finally, we shall say that Q is a probability measure that is locally
absolutely continuous with respect to P if Q is absolutely continuous with respect to P on .%;
for each t > 0.

Remark 2.1. Throughout this paper, we only consider the scalar case, which helps in reducing
notation. The careful reader can convince themselves that quite a few results (in particular those
of Section 3) generalize to the higher-dimensional case, for example when X takes values in R?
and the predictable functions below map into R™, etc., for some d,n € N. A notable exemption
is statement (ii) in Theorem 1.2, where we do not know whether the one-dimensional situation
generalizes. Indeed, we do not know whether #? is a vector space — the lack of such structure
would seem to imply that such a result does not hold in higher dimensions. (]

3. EXTENDED INTEGRAL WITH RESPECT TO A RANDOM MEASURE

We start by extending the standard definition of integral with respect to a random measure
and derive some basic properties in Subsection 3.1. Then, in Subsection 3.2, we prove some
associativity properties of this integral. In Subsection 3.3 we connect the integral to the rep-
resentation of sigma-locally finite variation pure-jump processes. In particular, this will enable
us to write the process X of the introduction as X = z % ¢ and its drift under any locally
absolutely continuous measure Q as B*(Q) = z » vX(Q).

3.1. Definition and basic properties of the extended integral.

Definition 3.1 (Extended integral with respect to random measure).

(i) Denote by L(u) the set of predictable processes that are absolutely integrable with
respect to u. We say that a predictable function n belongs to L, (u), the sigma—localized
class of L(pu), if there is a sequence (D,,)nen of predictable sets increasing to 2 x [0, co)
and a semimartingale Y such that 1p,n € L(u) for each n € N and

(ann)*leDn'K n € N.
In such case the semimartingale Y is denoted by 7 p.
(ii) Denote by L(v) the set of predictable processes that are absolutely integrable with
respect to v. We say that a predictable function 7 belongs to L, (v), the sigma-localized

class of L(v), if there is a sequence (D,,),en of predictable sets increasing to Q x [0, 00)
and a semimartingale Y such that 1p,n € L(v) for each n € N and

(]_Dnn)*y:an-Y, n € N.
In such case the semimartingale Y is denoted by 7 % v. (]

Note that if © = v is a predictable random measure then the two definitions above agree;
hence L, () and L, (v) are well-defined and we have L, (1) = L,(v). Note also that nxpu (resp.,
1 * ) is uniquely defined provided that n € L, (i) (resp., n € Ly (v)).

Remark 3.2. Let Q denote a probability measure locally absolutely continuous with respect to
P. With the obvious notation, we then have LP () ¢ L(y). For LY (v(P)) and LY(v(Q)), no
such inclusions hold in general. However, refer also to the positive statement in Remark 3.5. [
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The following characterization of L,(v) appears in the literature.

Lemma 3.3 (Kallsen 2004, Definition 4.1 and Lemma 4.1). For a predictable function n the
following statements are equivalent.

(i) n € Lo(v).

(ii) The following two conditions hold.
(a) [|m(z)|F(dz) < 0o (P xdA)-a.e
() 1) n(z)F(dz)|dAs < oo.

Moreover, for n € L,(v) one has

nNxv = /0- (/ nt(x)ﬂ(dx)) dA4;.

To the best of our knowledge, the class L, (u) has not been studied previously. The following
characterization seems to be new.

Proposition 3.4. For a predictable function n the following statements are equivalent.
(i) 1 € Lo(p).
(ii) The following two conditions hold.
(a) Inf? * 1 < oo,
(b) nlgy<1y € Lo(v).

Furthermore, for n € Ly(u) one has

mx = nlgps1y * o+ nlgg<n * (0 —v) +nlgy <y * v, (3.1)

where the integral with respect to the compensated measure p—v is defined in Jacod and Shiryaev

(2003, I1.1.27(b)).

Remark 3.5. In the setup of Remark 3.2, choose a predictable function 1 with |n|? * 4 < oc.
Proposition 3.4 now yields that if nly, <1} € LP(v(P)) then also nlgy<1y € L(v(Q)). O

Proof of Proposition 3.4. In the following we argue both inclusions and (3.1).

(i)=(ii): Let (Dy)nen be as in Definition 3.1(i). Then 1p, [n|> * u = 1p, - [ % p, 1 * p] for all
n € N, and a monotone convergence argument yields 1|2 * u = [ x p,n* p] < oo. Let us now
set 7 = nlgy<1y- Then 7 € Ly(p) and we directly get

[ 10,0 ([ m@lm)) da = 10,710 < 0

Thanks to Lemma 3.3 we now only need to argue that [ |[7,(z)F;(dz)| dA; < oo. We note that
|A(G* )| < 1, hence x u is special, say with predictable finite variation drift B. By monotone
convergence, we now get

|| m@n)

dA; = lim [ 1p (1) ‘ / 7,(2) Fy ()

ntoo Jo

dA; = lim / 1. (D)|dB|
ntoo Jo

:/ |d§t| < 0.
0

This yields 77 € L,(v), hence the implication (i)=-(ii) is shown.

(ii)=-(i) and (3.1): Let (Dy)nen be as in Definition 3.1(ii). Note that all terms on the right-
hand side of (3.1) are well defined and yield a semimartingale Y provided that (ii) holds. Thanks
to the uniqueness of 7 x u we only need to observe that 1p, - Y = (1p,n) * u for all n € N.
However, this is straightforward, which concludes the proof of the proposition. O

Remark 3.6. Note that Lioc(p) = L(p), that is L(u) is closed under standard localization.
However, we have L,(u) 2 L(u) on sufficiently large probability spaces; see Example 3.7. O
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Example 3.7. We now provide an example for a jump measure p such that z € Ly (u) \ L(p).
Thanks to Jacod and Shiryaev (2003, I11.1.14) a jump measure p with compensator v(dt, dz) =
2|71, < dxdt exists. Note that

ac?*y:/ (/ ]w\tdx) dt:/ ——dt < o0;
0 \J-1 o1+t

hence 22 % i < 0o. Moreover, [!, |z|~'dz < oo for all + > 0. Hence x € L, (v) by Lemma 3.3
and z € L,(u) by Proposition 3.4. However, since |x| x v = oo we have |z| x p = oo and

x & L(p). O

3.2. Associativity properties of the extended integral. We remind the reader that p
without a superscript refers to a given integer-valued random measure, while u~ refers to the
jump measure of a semimartingale X; see Section 2.

Proposition 3.8. Let n € Ly(u) and 1) : Q x [0,00) x R — R be a predictable function. Then
the following statements are equivalent.

(i) ¥ € Lo(u™").

(i) ¥(n) € Lo(p).
Furthermore, if either condition holds then ¥ x(nx ) = 1 (n)xw. Moreover, the same assertions
hold with u replaced by v.

Proof. Let us first prove the statement with p replaced by v. To this end, note that
v (dt, dz) = Fy(dz)d Ay, t>0,zeR,

where F; is the image of measure F; under 7;. Then the equivalence follows from Lemma 3.3.
The statement for p follows exactly in the same manner, now using Proposition 3.4. U

Next, we prove a composition property for stochastic integrals.

Proposition 3.9. Let n € Ly(u) and ¢ : Q x [0,00) — R™ be a predictable process. Then the
following statements are equivalent.

(i) ¢ € L(n* p).

(if) ¢ € Lo(p).
Furthermore, if either condition holds then ¢ - (n*u) = ((n) x p. Moreover, the same assertions
hold with u replaced by v.

Proof. We shall prove the statement only for p as the same argument works if u is replaced by
v. Note that there is a sigma—localizing sequence (D,,)nen such that

{(w,t) € Q2 x[0,00) : |¢(w,t)] <n} C Dy

and 1p n € L(p) with 1p, - (n* p) = (1p, n) * p. Thanks to Kallsen (2004, Lemma 2.2) and
Definition 3.1(i) it suffices to observe that the statement holds with ¢ replaced by (1p, for each
n € N. O

Proposition 3.10. Letn € L,(1) and f : R — R be a twice continuously differentiable function.
Then for Y = Yo +n% ji we have € = F(Y- +n) — f(Y-) € Ly(u) and () = F(Yp) + € x .

Proof. Assume for the moment that we have argued £ € L,(u). Then Af(Y) = A({ » ) and
the statement follows by sigma localization. Let us now argue that { € L,(u). First, note
that £1,>1 € L(p) C Lo(p). Hence we may and shall assume that [7| < 1 from now on.
By localization we may also assume that 0/(9y)f(Y-) and sup.¢_q 02/(0%y)f(Y_ + 2) are
bounded. The statement follows now from Proposition 3.4 and Taylor’s theorem. U
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Example 3.11. As a counterpoint to Proposition 3.9, we will now exhibit an integer-valued
random measure ;1 with the following properties.

(1) @ € Ly ().

(2) x * p is quasi-left-continuous with bounded jumps.

(3) there is a predictable process ¢ € L(x * (1 — v)) such that ¢ ¢ L(z * ).

To this end, let NV denote a standard Poisson process. That is, N jumps up by one with
standard exponentially distributed waiting times and B}¥ = ¢ for all ¢ > 0. Let now ¢; = 1/k
for all t € [k — 1,k) and all k£ € N, and fix n € {1,2}. Then ¢" € L(N) N L(B") and
@ - N = " - (N — B") + ¢" - BY is the sum of a uniformly integrable martingale and an
increasing process (of bounded variation in the case n = 2). Indeed, Kolmogorov’s two-series
theorem, applied to the sequence (¢ - (N — BY),)ren, and an application of the Borel-Cantelli
lemma, or Larsson and Ruf (2018, Corollary 4.4), yield the existence of the random variable
" (N — BY)_ = limyoo " - (N — BY),. The Burkholder-Davis-Gundy inequality yields that
©" - (N — BY) is a uniformly integrable martingale as claimed.

In particular, it follows that the process Y; = ¢? - Nian(tn=/s) 18 a special semimartingale on
the whole time line with

tan(¢A™ /2)
BY :/ ©2du, t>0.
0
Statements (1)—(3) now follow by taking u = u¥, ¢ = 1/@tan(t)Li<r/, and observing that
rxpu =Y and
Clax(u—v)e=C (Y =B )i =9 (N =B )unurrpy,  t20.

From limyee ¢ - BYY = 0o we obtain ¢ ¢ L(BY), whereby ¢ € L(Y — BY) yields ¢ ¢ L(Y) =
L(x % ). O

3.3. Sigma-locally finite variation pure-jump processes and the extended integral.
The statements in the previous subsections can also be expressed in terms of the class 7.4

Proposition 3.12. Ifn € L, () then nxu € 3. Conversely, if X € ¥4 then x € L,(u™X) and
X =Xog+azxp~

- (3.2)
= Xo + 2151 * wX + Tl <1 * (X — ) +/0 </x1|$|§1FtX(dx)) dAX.

Proof. The first part of the assertion follows directly from the definitions of L, (u~) and 74
The second equality in (3.2) is the consequence of Lemma 3.3 and Proposition 3.4. O

Corollary 3.13. Let X € 74, ¢ € L(X), and f be a twice continuously differentiable function.
Then ¢ - X, f(X) € #3 with

¢ X = (Ca)x p;
FX) = F(Xo) + (F(X— 4 2) = F(X)) % p”
Proof. This follows from Proposition 3.12 in conjunction with Propositions 3.9 and 3.10. (]

Yoeurp (1976) has shown that every local martingale can be uniquely decomposed into two
components, one quasi-left-continuous and the other with jumps only at predictable times, such
that the quadratic covariation of the two components is zero. This motivates the following
result.

Proposition 3.14. Every semimartingale X has the unique decomposition
X = Xo 4 X%+ X9, (3.3)

where X{¢ = Xgp = 0, X is a quasi-left-continuous semimartingale, X jumps only at
predictable times, and X € ¥4, We then have [X9, X9P] = 0.
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Proof. Let 7 denote any predictable time. Note that AX, = AXJ for any decomposition
of X by the quasi-left-continuity of X9°. This proves the uniqueness of the decomposition.
Consider now the predictable process (2 A1) *vX. Applying Jacod and Shiryaev (2003, 1.2.24)
yields a family (74)gen of predictable times that exhausts its jumps. Define next the bounded
predictable process

C=1px >0 = Z 1

Setting X9 = (1 —¢)- X and X% = ¢ - X then ylelds the decomposition in (3.3), the quasi-
left-continuity of X9, and [X9, X9P] = 0. Finally, setting D,, = (Q x [0,00)) \ U, [7%] in
Definition 3.1(i) for each n € N yields X ¢ 74, O

Observe that the family of predictable stopping times 7 = (7 )ren from the previous proof
exhausts the jumps of X9, Simultaneously, Theorem 1.2 yields X & Z?. A priori, it is
not clear that 7 is good enough to approximate X9 in 7 2 because the membership of I 2
only ever guarantees one exhausting sequence of stopping times (with the desired convergence
property) and that sequence is not even predictable in principle. The next result therefore
appears to be rather strong.

Proposition 3.15. For an arbitrary semimartingale X consider the process X% from Proposi-
tion 3.14. Let T be any sequence of predictable stopping times that exhausts the jumps of XP.
Then T also approzimates X in /2, i.e., we have

XP =3 AX Lo
TET
in the semimartingale topology.

Proof. Apply Lemma 4.3(iii) below with the same sequence (D,,)nen as in the proof of Propo-
sition 3.14. O

For another statement about the summability of jumps of a (semi)martingale X at predictable
times, see Galtchouk (1980).
4. EMERY’S SEMIMARTINGALE TOPOLOGY

We now briefly review the definition and basic facts of the semimartingale topology (in short,
#—topology), introduced by Emery (1979).

Definition 4.1. Let (X (k))keN C % denote a sequence of semimartingales. We say that this
sequence converges to X € . in the semimartingale topology (in short, .—topology) if

lim | sup E HCOXék) +¢- XM oXo— ¢ Xt] A 1} —0 (4.1)
koo \¢:l¢l<1
for all ¢ > 0, where the supremum is taken over all predictable processes ¢ with |¢| < 1. O

The space . equipped with this topology is a complete metric space (Emery 1979, The-
oreme 1), say with distance d». Note that if a sequence (X(k))keN C & converges in the
—topology it also converges in the sense of uniform convergence on compacts in probability.

Remark 4.2. In contrast to Emery (1979), we have not assumed (nor excluded) that the under-
lying filtration § be augmented by the P—null sets. Nevertheless, the cited results by Emery
(1979) below can be applied by choosing appropriate process modifications. For example, .
equipped with the .#—topology is a complete metric space as any limit (in the augmented fil-
tration) can be identified with an §—semimartingale by taking appropriate modifications. See,
for example, Perkowski and Ruf (2015, Appendix A) for a summary of these techniques. O
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We now collect some well known facts concerning the .#—topology.

Lemma 4.3. Let (X(k))keN C . denote a sequence of semimartingales with Xék) = 0. Then
the following statements hold.
(i) If the sequence (X(k))keN converges locally in the . —topology then it also converges in
the . —topology.
(i) If limppoo X®) = X in the .7 —topology for some semimartingale X € . and if D is a
predictable set then limp oo (1p - X)) =1p - X in the .7 topology.
(ili) If (Dg)ken s a nondecreasing sequence of predictable sets such that | J,en Dy = 2% [0, 00)
and X is a semimartingale with Xo = 0 then limpo(1p, - X) = X in the 7 ~topology.
(iv) If limppoo X®) = X in the /~topology for some semimartingale X € . we have
Im[X®, X®] = (X, X]  and  lim[X®, xX®)° =[x, X
kToo kToo
in the . —topology.
(v) If limppoo X&) = X in the /topology for some semimartingale X € .7 and if X*) s
predictable for each k € N then X has a predictable version.
(vi) Assume that the probability measure Q is locally absolutely continuous with respect to P.
If limppoo X®) = X in the .7 topology for some semimartingale X € . under P then
also limppoe X&) = X in the .~ topology under Q.

Proof. First, (i) and (ii) follow from the definition of .~topology and (iii) and (iv) are ar-
gued in Emery (1979, Proposition 3 and Remarque 1 on p. 276). To see (v), recall that also
limppoe X k) = X (in the sense of uniform convergence on compacts); hence also almost surely
along a subsequence. In conjunction with Remark 4.2 this yields the claim. Finally, (vi) is

proved by applying Emery (1979, Proposition 6) in conjunction with (i). O
Next, we consider sums of semimartingales and their convergence in the .#—topology.

Lemma 4.4. Let (X(k))keN C . denote a sequence of semimartingales with Xék) = 0. Then
the following statements hold.
(i) If there exists C' > 0 such that |[AX®)| < C for each k € N, and if 32 ,[X®), Xx*)] <
00, then Y 72 (X x®) — pxt )) converges in the ./ —topology to a local martmgale
(ii) If X®) has finite variation on compacts for each k € N and if Y72, In dX®)| < oo,
then Y 7o X (k) converges in the 7 —topology to a finite variation process.
(iil) Assume that > 57— UX®) | XW= < 0o, Then the following two statements are equivalent.

€ Zk UX®) X R < 00 and Y232, Bx®n converges in the . —topology to a process

(I1) Zk 1 X&) converges in the .7 ~topology to a process X.

If one (hence both) of these conditions hold then BXY = B. If additionally [X*), X (] =

0 for all k,l € N with k # | then we also have Y 52, AX®) = AX.
Proof. We first argue (i). By localization and by Lemma 4.3(i) we may assume that there is a
constant x > 0 such that 322 ,[X ¥, X(®)] < k. Next, fix for the moment k € N and define the
local martingale M®*) = x(*) _ BXY Let (Tm)men be a nondecreasing sequence of stopping
times such that [M k), BX (k)]”” is a uniformly integrable martingale for each m € N. Then we
have

E HM(@,M(@LJ — lim E HM(’“),M(’“)L } < lim E HX(’“),X(’“)L ] —E HX(’“),X(’“)LJ.

mToo mToo

The Burkholder-Davis-Gundy inequality now yields a constant s’ > 0 such that

S [(v)] < S o] ] < S e[[x0.x0] ] <
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Hence, Doob’s inequality yields that Y p2; M (k) converges locally in Hs to a martingale; see,
for example, Kunita and Watanabe (1967, Proposition 4.1) or Doléans-Dade and Meyer (1970,
Lemme 1). Hence by Emery (1979, Theoreme 2), (i) follows.

Let us now argue (ii). First, >-72; X () converges to a finite variation process X in the sense
of uniform convergence on compacts in probability. Next, note that

n [e.e]
¢ x®ocx< ’dX(k)’
k=1 k=n+1
for all predictable processes ¢ with |¢| < 1. Hence, (ii) follows.
To see the implication from (T) to (IT) in (iii), apply (i) to the sequence (X *)[1])ren and (ii) to
(L * ,uX(k))keN. For the reverse direction (II) to (I) note that since X is a semimartingale,
the assumption and Lemma 4.3(iv) yield directly that .52, [X®), X®)] < co. Moreover, as

. BX(k)[l

above, the sums corresponding to (X *)[1] Dgen and (L)1 * MX(k))keN converge in

the .—topology; hence so must the sums corresponding to (BX(k)[l])keN. Finally, if (I) and (II)
hold then

o0
X[ =3 (x®pp - p¥0) + B
k=1
in the .~topology, where the first term is a local martingale by (i) and B may be assumed to
be predictable and of finite variation thanks to Lemma 4.3(v)&(iv).

Let us additionally assume that [X®*) X®] = 0 for all k,I € N with k& # I. Then the
sum Y52, AX®) is well defined since at most one summand is nonzero, (P x dA¥)-a.c. By
Lemma 4.3(iv) and the fact that 33, X(*) converges to X also in the sense of uniform con-
vergence on compacts in probability we may conclude. O

5. PROOF OF THEOREM 1.2 (AND OF COROLLARY 1.3)

This section contains the proof of this paper’s main theorem. It is split up in six subsections.
Subsections 5.1, 5.2, and 5.3 provide the proofs of Theorem 1.2(i), (ii), and (iii), respectively.
Subsection 5.4 yields the set inclusions in (1.1). Then Subsection 5.5 focuses on the proof of
Corollary 1.3, while Subsection 5.6 concludes with a proof of (1.2), namely the strictness of the
inclusions.

5.1. Proof of Theorem 1.2(i). In this subsection we argue that ¢ = ¢ for all i €
{1,2,3,4}. Indeed, fix X € ¢} and the corresponding sigma-localizing sequence (Dy)ren
of predictable sets. Then

X, X)° = (Em 1Dk) X, X] = lim (1p, - [X, X]%) = lim [1p, - X, 1p, - X]° = 0,
Too kToo kToo

which yields X € #1. As #° =7 4 is stable under sigma-stopping, Kallsen (2004, Proposi-
tion 2.1) yields the statement for ¢ = 4.

The cases i = 2 and i = 3 follow from Lemmata 5.3 and 5.4. Before stating and proving
them, we first present a useful tool for pure-jump processes in the next lemma.

Lemma 5.1. Let (X(k))keN C /2 be a sequence of pure-jump processes such that Xo(k) =0 and
[X(k),X(l)] =0 for all k,1 € N with k # 1. Then the following two statements are equivalent.
M) 2, [X®, XK < 0o and 352, BX®N converges in the . —topology to a process B.
II > X®) converges in the .7 ~topology to a process X.
k=1

If one (hence both) of these conditions hold then BXN = B, % AX®) = AX, and X is a
pure-jump process.
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Proof. Thanks to Lemma 4.4(iii) it suffices to argue that X is a pure-jump process provided
the two statements hold. For each k£ € N we have a sequence (T,Sk))neN of stopping times (by
possibly setting Tr(Lk) = oo for n large enough if X*) has only finitely many jumps) such that

XH) = o AXiE‘z)l{[Tﬁk),OO[[ in the .#~topology and AXiE‘z) # 0 on {T,Sk) < oo}. Thanks

to Lemma 4.4(iii) we have AX ) = AX(?,S) on {T,sk) < oo} for all k,n € N. Furthermore,

(T,Sk))k,neN exhausts the jumps of X.
Next, for each m € N, let K,,, and N,, be the smallest integers such that

Km 1
dy (ijX(k)> < 5

k=1 m

and

Nm
. 1
dy (X(m, 3 AX;,Z)H#),OO“) <o for all k € {1, , K }.
n=1 " m

By a standard diagonalization argument we can now construct a sequence of stopping times
(7:)ien such that

m
limdy | X AX, 1. =0
mlTIgo /( 7; Ti II’T,“OO[> )

yielding the statement. O

Corollary 5.2. The sum of two pure-jump processes whose quadratic covariation is zero is
again a pure-jump process.

The next two lemmata exploit the fact that ¢ 2 is stable under sigma-stopping thanks to
Lemma 4.3(ii).

Lemma 5.3. If X € . is sigma—locally a pure-jump process then it is a pure-jump process.

Proof. By assumption there exists a nondecreasing sequence (Dg)ren of predictable sets such
that Upen Di = Q2 x [0,00) and 1p, - X is a pure-jump process. With Dy = (), define Dy, =
Dy, \ Dy for all £ € N and note that X&) — lﬁk - X is also a pure-jump process as /2 is
stable under sigma-stopping. Moreover, we have [X(*), X()] = 0 for all k,l € N with k # [ and

o x® = Z(15k -X) =1p -X, neN,
k=1 k=1

which converges in the .—topology to X (as m 1 oo) thanks to Lemma 4.3(iii). Hence by
Lemma 5.1, X is a pure-jump process. U

Lemma 5.4. If X € .77 is sigma—locally a strong pure-jump process then it is a strong pure-jump
process.

Proof. By assumption there exists a nondecreasing sequence (Dy)ren of predictable sets such
that Upeny Dr = € x [0,00) and 1p, - X is a strong pure-jump process. Assume there exists a
pure-jump process Y with z¥ = pX and Yy = X but Y # X. Since limpyoe(1p, - X) = X — Xo
and limgyo0(1p, - Y) =Y —Yj in the /topology thanks to Lemma 4.3(iii), there exists some
k € Nsuch that 1p, - X # 1p, -Y. This, however, contradicts the assumption since 1p, -Y € ¢ 2
for each k € N because _# 2 is stable under sigma-stopping. O
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5.2. Proof of Theorem 1.2(ii). In this subsection we argue that _#" is closed under stochastic
integration for all ¢ € {1,2,3,4,6}. First, the cases i = 1 and i = 6 are clear. The case i = 4
follows from Corollary 3.13.

For the case ¢ = 2, assume that X € /2 and fix ¢ € L(X). We need to argue that
¢(-X € _#2 Thanks to Theorem 1.2(i) (see also Lemma 5.3), we may assume that [(] is
bounded. The statement then follows directly from the definition of .—topology.

The remaining case ¢ = 3 follows from the next lemma.

Lemma 5.5. Let X € #3 and ( € L(X). IfY € #? is a pure-jump process with Y = pusX
thenY =( - X.

Proof. Note that
1
Z = (1{#0}5) Y L=op - X

satisfies u? = pX. Moreover, Z is a pure-jump process thanks to Corollary 5.2 in conjunction
with the closedness of _#? under stochastic integration. Since X € _#3 we get Z = X. This
again yields that

We conclude after observing that p1t¢=01Y =0 and lic—oy Y € /2, hence 1c—gy - Y =0. U

Remark 5.6. The last step of the previous proof relied on the fact that if X € ¢ 2and pX =0
then X = 0; i.e., a pure-jump process that has no jumps has to equal the zero process. ]

5.3. Proof of Theorem 1.2(iii). In this subsection we argue that if Q is locally absolutely
continuous with respect to P we have #¢(P) C #%(Q) for all i € {1,...,6}. The cases i = 1,
i =5, and ¢ = 6 are clear. The case ¢ = 2 follows from Lemma 4.3(vi). The case i = 4 is a
consequence of Proposition 3.12 and Remark 3.2.

The remaining case ¢ = 3 follows from Lemma 5.8. It requires the following result regarding
the lift of a pure-jump process from _#2(Q) to _#2(P).

Lemma 5.7. Let Z denote a nonnegative P—martingale, Q a probability measure that satisfies
dQ/dP|z, = Z; for allt > 0, and Y an element of #2(Q). Assume that there exists some
stopping time o such that Y = Y%, P—almost surely, and Z° does not hit zero continuously,
P-almost surely, Then there exists a P-semimartingale Y; € /Z(P) with Yy =Y, Q-almost
surely, and Yy =Y,7, P—almost surely.

Proof. Let (7)ren denote a sequence of stopping times such that Y = Yo +3>272 1 AY,, 1, rin
the .~topology under Q. We may now assume that Yy = 0 and {7, < oo} N{Z;, =0} =0 for
all k € N. Considering the sum B™ = S%_, BAYTkl[[TkvOO[[m(P) for each n € N it now suffices to
prove that these drifts converge in the .#—topology under P. Indeed, Lemma 5.1 then yields a
limiting process Y3 € _#?(P) and Lemma 4.3(vi) yields that Y; =Y, Q-almost surely. Clearly,
we then also have Y3 = Y7, P-almost surely.

We still need to argue the convergence of the P—drifts (B(n))neN in the .#—topology under
P. First note that lim, 1 B = B in the .#~topology under Q for some Q-almost surely
predictable finite variation process B by the assumption and Lemmata 4.4(i) and 4.3(vi)&(v).
Since the first time o’ that B has infinite variation is predictable and hence EE/_[AZU/] =0on
{0’ < 0o} we may conclude that B is P-almost surely of finite variation, too. It suffices to argue
now that the variations of (B — B (n))nGN converge to zero in probability under P. As they do
under Q and as the first time ¢” that the variations of (B — B(™),cy do not converge to zero
is predictable, we may argue again that ¢’ = oo, P-almost surely, yielding the statement. [J

Lemma 5.8. Let Q be a probability measure that is locally absolutely continuous with respect to
Pandlet X € #3(P). If Y € #Z%(Q) is a pure-jump process with Y = pX, Q-almost surely,
then Y = X, Q-almost surely.
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Proof. For each m € N, let o, be the first time that the nonnegative martingale (dQ/dP|z, )i>0
crosses the level 1/m. Then X°™ € #3(P) for each m € N by Lemma 5.5 and lim, ;100 0, = 00,
Q-almost surely. Hence, thanks to Lemma 5.4 applied under Q, we may and shall assume from
now on that X = X7, where 0 = oy, for some m € N. Let Y € #2(Q) satisfy u¥ = p¥,
Q-almost surely, and Yy = X,. Then Y = Y and Lemma 5.7 yields Y; € _#2(P) with Y; =Y,
Q-almost surely, and Y; = YT", P—almost surely.

Define now the P-semimartingale Y’ = Y; 4+ (AX, — AY} )1[ o[- Then we have pY' =X
and Y/ = Y, Q-almost surely. Since X € _#3(P) we thus have Y/ = X, P-almost surely,
yielding Y = Y’ = X, Q-almost surely, as required. O

5.4. Proof of the set inclusions in (1.1). Lemma 4.3(iv) yields the inclusion ¢! > #2.
The strictness of this inclusion follows from observing, for example, that X; =t for all t > 0
satisfies X € _#1\ #2. The inclusions #2? > #3and #1 > ¢#5> #9 are clear. Since the
deterministic semimartingale X = > 77, k:*21[[1 Jk,oo] Satisfies X € 7 >\ 75 we also have the
strictness of the last inclusion.

Tosee #3 D ¢4, consider now X € #°. By definition of the .#—topology every exhausting
sequence for X also yields an approximating sequence of stopping times for X in / 2. This

shows #5C #2 andin fact #° C #3. Hence Lemma 5.4 yields #1= 7> cC #3= g3

5.5. Proof of Corollary 1.3 and the strictness of the inclusion #2 > #3. First, note
that Corollary 1.3(i) implies the remaining statements (ii)—(iv) thanks to the characterization
of x € L,(pX) in Propositions 3.12, 3.4 and Lemma 3.3. Since any quadratic pure-jump process
X has the representation

X = XQ + xl‘xbl * MX + xlm<1 * ( X _ I/X) =+ BX[l] (51)

(Jacod and Shiryaev 2003, 11.2.34), we also get the implication from (iv) to (i). The implication
from (iii) to (i) is a direct consequence of (5.1) and Lemma 5.9(i) below. Lemma 5.12 below
yields the implication from (ii) to (i). Finally, Lemma 5.13 shows that the inclusion #2 > #3
is usually strict.

Lemma 5.9. Let X € /2 be a pure-jump semimartingale and define the predictable set

D= {(w,t) : / 2|1 <1 F (dz) < oo}.

Then the following statements hold.

(i) We have 1p - X € 7,2.
(ii) The followmg equalztzes hold.

D= { ac Tl ¥ (d2) < oo} = {(w,t) : /xfleglFtX(dx) < oo}7 (P x dA™X)a.e

(iii) There exists a predictable process B~ with |8X|- AX < oo such that BXN = gX . AX,
Moreover, on D we have BX = f:c1|$|§1FX(dx) (P x dA%)-a

Proof. For (i), thanks to Theorem 1.2(ii) (or the fact that _#?2 is stable under sigma-stopping),
we may assume that X = 1p - X. Define now the predictable sets

Dy = {(w,t) ; / 211 Y (d2) < k} . keN,

and Dy, = Dy, \ Dy_1 with Dy = (). Again Xk = 15, - X is a pure-jump process for each k € N.
Moreover, by Proposition 3.4 and Lemma 3.3, z € LU(,uX(k)) for each k € N. Since by (1.1)
x *,uX(k) € 7% C _#3 we have X0 — g *,uX(k) for each £ € N. Thanks to Proposition 3.12

this yields
BX®n _ /0 15, () ( / xlmglFtX(dm)) d4AY, kel
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Hence by Lemmata 4.3(iii) and 5.1 we have

/0. 1p,(t) (/xli’?SlFtX(dx)) aAX

converges in the .#—topology (as n 1 o0) to a finite variation process, yielding the result.
To see (ii), fix K > 0 and consider the predictable set

D' = {(w,t) : /x_lm_glFtX(dx) < n}.

By symmetry, it suffices now to argue that 1 D/x+1x+§1yx < 00. As above, we may assume
that X = 1p/- X. Then 2~ * uX < co and (4.1) with ¢ = 1 yield that also 2 % 4 < 0o; hence

x+1x+§1 * X < 00 as required.
For (iii) Lebesgue’s decomposition of measures yields a predictable set D and a predictable
process 3% such that 13- AX =0, |pX|- AX < o0, and BX[N = 13- BXM 4 X . AX Next,
1~ X[1]

note that 15 - X is also a pure-jump process and x? * v D = 15x2 « X =0, yielding
15 X[1] =0, hence 15 - BX[M = 0. The second assertion of (iii) follows directly from (i) and
Proposition 3.12. U

Lemma 5.10. Let p1 be a jump measure with x>y < co. Moreover, let (f*))en and (9%))pen
denote two nonincreasing sequences of strictly positive predictable processes. For each k € N,
define

6(]?) — /xl{xe[_17_g(k)}u[f(k)71}}F(dx).

If |B®)]- A < 0o for each k € N and B*) - A converges in the .7 —topology (as k T c0) to a process
B, then there exists a pure-jump process X with X = pu and BXl = B,

Proof. Note that
/’x‘1{1’6[*1,*9(16)]U[f(k),1}}F(dx) < o0, (P X dA)*&.G., k S N,

by the strict positivity of ¢ and f*). Hence by assumption and Propositions 3.4 and 3.12,
1’1|1.|:17xl{xe(_g(k—l)7_g(k)}u[f(k)7f(k—1))} € Ly(p), X0 = g1 ¥ p € "//Ud - /2, and

xX®) = T (Cgle1) _gu[f(), fl—1))} % [ € "//Ud - /2, keN,
where ¢(© = (O = 1. An application of Lemma 5.1 now concludes. O

The following lemma complements Lemma 5.9(ii)&(iii). Given a jump measure p and a
predictable process 3, both satisfying technical conditions, it constructs a pure-jump process X
with uX = p and drift rate 8 on the predictable set where the jump sizes do not integrate.

Lemma 5.11. Let p be a jump measure with 2 * p < 0o and

<limsupxF({x})> A <11H;Tsoup \x]F({x})) =0, (P xdA)-a.e. (5.2)

z]0
Assume that the predictable set
satisfies

D= {(w,t) : /m+1x+§1Ft(dx) < oo} = {(w,t) : /xflnglFt(dx) < oo}, (P xdA)-a.e.
(5.3)
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and let B denote any nonnegative predictable process such that
/O Loe(£)]8:]dA; < oo.

Then there ewists a pure-jump process X € ¢ 2 such that u* = p and

BXI = /0 | <1D(t) / 1y Fo(dz) + 1Dc(t)ﬁt) dA,.

Proof. Consider the predictable sets
D'=Dn {(w,t) climsup xFy ({z}) = 0} ; D" =D\ D'
z]0

By Corollary 5.2, symmetry, and Subsection 3.3 we may assume that D" = (), Ljgs1 % 1 =0,
pu=1pp, and B = 1p/f.
To make headway, consider the predictable process

c=inf{e >0:eF ({e}) > 1} A2

and note that ¢ > 0 by assumption. Next, consider the process
d = 1prc + 1prsup {6 >0:0+ / |x|1x€[,17,€]F(dx) > /xl{me[ql}}F(dx)} .

Then by (5.3), d > 0 and since

{(wvt) vdy > 8} = {(w7t) : /‘xllme[fl,fe}Ft(dx) 2 /xl{me[c,l}}Ft(dx) - /8} eP, €€ [07 1]7

it is easy to see that d is predictable. Next, define the processes

1
g(k):d/\%, k e N;

f(k‘) = ]_D/c —+ 1D/ sup {E > 0: /x1x6[571]F(d1’) 2 ,8 =+ / \x!l{xe[Lg(;@)]}F(dx)} s k c N
Similarly as for d we may argue that f*) > 0 and f®*) is predictable for each k € N. Again by

(5.3), we also have limjo f*) = 0 on D’. Note that we also have f*) < ¢ for each k € N.
Next, define

lg(k‘) — /xl{xe[_L_g(k)]U[f(k)71}}F(dx), ke N.

Since

8® e 8,8+ fMF ({fP})| c8.8+1, keN,

we have [¥)| . A < oo and

/O.B(’“dAt € [/0 ﬁtdAt,/O' (/Bt + g ({ft(k)})) dAt]  ken

Since limgtoo f*) =0 on D' we also have
im k) k)1 —
i 1OF (70)) =0
by assumption. Hence, dominated convergence yields limjo 3 (k). A = - A in the .“—topology.
An application of Lemma 5.10 now concludes. O

Lemma 5.12. Let X € /3 denote a strong pure-jump process such that (1.3) holds. Then

Xe gt



16 ALES CERNY AND JOHANNES RUF

Proof. We only need to argue that (1.4) holds. Recall Lemma 5.9(ii) and apply Lemma 5.11
with g = X and 8 =1 and B = —1. If (1.4) did not hold then we would obtain two pure-jump

processes X and X with X # X but with the same jump measures, contradicting the fact that
Xe g 3. This concludes the proof. O

Lemma 5.13. Assume that the filtered probability space is large enough so that it supports a
probability measure p that satisfies (5.2), (5.3), and

P [/0 1{f‘x‘1\x\§1Ft(dm):oo}dAt >0|>0.
Then g%+ 73.

Proof. As in the proof of Lemma 5.12, consider the two predictable processes B =land B =-1
and conclude by applying Lemma 5.11 twice. U

As an illustration of Lemma 5.13 and a preparation for the next subsection, let us now discuss
the Lévy situation by means of the following example. When X is a Lévy process we abuse the
notation to treat FX as a deterministic measure over R rather than a stochastic process.

Example 5.14. Let X be an a—stable Lévy process without Brownian component. Specifically,
take FX(dz) = 1,.0|z| 1%z for all z € R with 0 < o < 2 and A = ¢ for all t > 0. Observe
that X € 7 4 is equivalent to X € J9 since X is Lévy. Let us now write 8 = Bf( m/t, where
t > 0, for the drift rate of X.

elf0<a<land = f:clmSlFX(dx) = 0 then X belongs to #5\ #6.
e lf0<a<landf# fxlmglFX(dx) then X belongs to #1\ 72
e If 1 < < 2then X belongs to #2\ _#3 for any value of 3. O

5.6. Proof of (1.2). On finite probability spaces we have #2 = ¢#°. However, in general,
this is not true. Lemma 5.13 already asserts that ¢ 2 4 7 3 as long as the probability space
is large enough. The process X of the introduction shows that usually we have #% £ #5.
Example 5.18 below illustrates that _#3 # #% is also possible.

Theorem 1.2 asserts that all these inequalities may hold simultaneously for some probability
space. To see that such a probability space exists it suffices to piece together these three
examples. For example, take the product of a probability space that allows for a process as
in Example 5.18 and another probability space that satisfies the assumptions of Lemma 5.13
and additionally allows for a process as in the introduction. As filtration consider the one of
Example 5.18 between time 0 and 1 and afterwards allow the filtration to be large enough to
allow for the other examples.

FExample 5.18 requires a few technical prerequisites that we introduce now. Throughout this
subsection, §X and Sf shall denote the natural filtration of a process X and its right-continuous
modification.

Lemma 5.15. Let g denote a {0, 1}-valued predictable function and X € . a semimartingale.
Then g(AX) is optional. Moreover, if T is an X —stopping time then [7] = {g(AX) = 1} for
some {0, 1} -valued FX —predictable function g.

Proof. Thanks to Dellacherie and Meyer (1982, Theorem IV.79a) g(AX) is optional as a com-
position of appropriately measurable functions. Let OX now denote the X -optional sigma
algebra. It suffices to prove that OX C O, where O = Ug19(AX) = 1} with the union is taken
over all {0,1}valued FX predictable functions. First note that O is a sigma algebra since the
maximum of countably many predictable functions is again predictable. Next, taking ¢ = 1,
with a slight misuse of notation, for E either an event in the ¥ predictable sigma algebra or
in the Borel sigma algebra on R, shows that O contains the predictable sigma algebra and the
one generated by AX. Another application of Dellacherie and Meyer (1982, Theorem IV.79a)
hence concludes. O
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Lemma 5.16. Assume that X is a Lévy process. For an 3ffst0ppz'ng time T we then have
[7] = {9(AX) = 1} for some {0,1} wvalued F* —predictable function g.

Proof. Since X is Feller, Si_( can be obtained from F* by augmenting it with the null sets
of ZZX. Hence there exists an §~-stopping time 7 with 7 = 7, P-almost surely. Thus, an
application of Lemma 5.15 concludes. U

Lemma 5.17. Assume that X is a Lévy process with |AX| < 1 and assume that Y is an
Sf —pure-jump process with ¥ = pX. Then there exists a nondecreasing sequence (f)nen of
{0,1} -valued F* —predictable functions such that

/0. (/ (|:C|ft”)(x)) FX(dx)> dt < oo, n € N; (5.4)

liTm | (/ (xftn) (x)) FX(dx)> dt = BY in the . ~topology. (5.5)
ntoo /o

Proof. Let (1;)ken be an exhausting sequence of Sf —stopping times for the jumps of Y such that
Y =572, AX7 17, oof in the S~topology. By Lemma 5.16, there exists an §X predictable
{0,1}~valued function ¢g*) such that

AXr 1, oof = AXgW(AX) = 2gW(2) « ™, keN.
Observe also that

/' (/ (Ilg:™ () FX(da:)> dt = B sl < oo, ke
0

Since the elements of (7;)ren have disjoint support we may assume that ) = Iy g is
also {0, 1}-valued for each n € N. Then clearly (5.4) holds and Lemma 5.1 yields that

lim (/ </ CCft(n) (:C)FX(d:U)) dt) = 1iTm Z BAXn el = BY
0 ntoo ; —

ntoo
in the .#—topology, yielding (5.5). O

Example 5.18. Let X be a Lévy process with Lévy measure

FX(dx) = Z k?232k(51/(k23k)(d56) + Z k232k571/(k23k)(d$), T € R,
k=1 k=1

and without a drift and Brownian motion component; in particular, BXH = 0. Note that

> 1 > 1
/(;ﬁ N FX(de) =2 Y K3 =2 ) 5 < oo,
k=1 k=1

Moreover, X is a pure-jump process by Lemma 5.1 with X*) = T ig)e(1/(k+1),1/k] * X for each
k e N.

Since [ |z|FX(dz) = oo it is clear that X ¢ V4. However, we claim that X is a strong
pure-jump process, i.e., X € /3. Indeed, let Y denote any pure-jump process with p¥ = .
Thanks to the canonical representation of quadratic pure-jump processes in (5.1) it suffices to
show that BY = 0.

To this end, thanks to Lemma 5.17, there exists a nondecreasing sequence ( f("))neN of
{0,1}-valued FX-predictable functions such that (5.4) and (5.5) hold. Assume that BY # 0.
By Lemma 5.9(iii) there exist some x € N and a predictable set D such that [;1p(¢)|dB)| > 0

and
K

< 37, (P x dt)-a.e. (5.6)

[ (25 @) F¥(d)

1psup
neN
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Consider now the predictable sets

n n 1 n),— n 1

along with their symmetric differences
A = (AN ADT U (AN AT, t>0neN,

Thanks to (5.4), /<:§”> = maxAgn) < oo (with max() = 0), (P x dt)-a.e., for each n € N. If
k™ =0 then [(zf{"(2))FX(dz) =0 for all t > 0 and n € N. If &™) € N then

3k gk

V(xft(m(x))FX( ‘ > gk 23’“ 3’“5")—727, t>0,neN.

Hence by (5.6), on D, we have max Al ") < k for all n € N. We have just argued that

]-D/ (1|m|§1/(ﬁz3,@)xf(") (1’)) FX(d.%') = O, (P X dt)*a €
Thus _
1D . BY = lim (]_D(t)/ (1|$|>1/(H23n)1’ft(n)(.%')) FX(dm)) dt =0

ntoo Jo
in the .~topology since 1p1|,~1/(x23r)® * uX € #? hence a strong pure-jump process. This

is a contradiction to the assumption that [;1p(¢)|dB}| > 0. This shows that X is a strong
pure-jump process. U

6. REPLACING THE .¥—TOPOLOGY BY UCP CONVERGENCE

In this final section we briefly discuss the choice of the .#~topology in the definition of _#2.
Indeed, one may define an alternative class ¢ 2 .7, where the convergence in the .%~topology
is replaced by uniform convergence on compacts in probability (ucp). That is, a semimartingale
X €. ¥ isin jQT if for a family (7%)ren of stopping times we have
A1

X, — XO—ZAXTklhoo[( ) =0

lim E |sup
nfoo | s<t

for all t > 0.

Note that the equivalence of (I) and (II) in Lemma 5.1 holds with convergence in .#—topology
replaced by convergence in the sense of ucp in its statement. However, ¢ 21 is not stable under
o-stopping, i.e., if X € ¢ 2f and D is a predictable set then not necessarily 1p - X € 7 2,

The new class 7 2t contains all elements of 7 2 because the semimartingale topology is
stronger than ucp convergence. Proposition 6.1 below shows _# 2 is in fact too large for practical
purposes or for representing ‘pure-jump’ processes.

Proposition 6.1. Let X denote a Lévy process with |[AX| < 1, [zt FX(dz) = oo, and sym-
metric and atomless Lévy measure. Moreover, let W denote an independent Brownian motion
stopped when its absolute value hits 1. Then X +W € /QT; hence, in particular /QT \ /1 # )
for sufficiently rich probability spaces.

Proof. Fix for the moment n € N and let W™ denote a piecewise constant approximation of

W with ng/)th = Wy, for all k € N and t € [0,1/n). Next, let BM = [ b,gn)dt denote the

trailing continuous piecewise linear predictable approximation of W (™. By this we mean the

process B™ such that B( n) B§/7)l =0, Bé/r)l Wl(/r)z’ Bg}; Wz(/), - and b is constant

on each interval [k/n, (k +1)/n) for k € N. Then it is clear that lim,1o, B™ = W in the sense
of ucp.
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We now claim that there exist two nonincreasing sequences (c(”))neN and (d("))neN of piece-
wise constant predictable processes with ¢, d™ € (0,1/n] such that

/|x|1{x¢(—g(n)7f(n))}FX(dl') <oo and  @Lyggm pmyy * X = B0,

Then the statement follows by using the appropriate modification of Lemma 5.1.

To see the claim assume one has constructed ¢ and f( for some n € N as required.
Consider now the intermediate predictable processes § = g™ A1/(n+1) and f = f™A1/(n+1)
and the intermediate piecewise constant predictable process

7 _ p(n+1) _ X

b=" / TLigg gyt (do).
Wheneifer b > 0, one now sets g1 =g and sets f("*1) so that fxl{gce(f(nﬂ)j)}FX(dx) =b.
When b < 0 one sets ¢t and f™*+Y in the opposite way. This construction satisfies the
requirements, hence concluding the proof. O
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