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Aleš Černý∗ Igor Melicherčík†
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Abstract

In lifecycle economics the Samuelson paradigm (Samuelson, 1969) states that op-
timal investment is in constant proportions out of lifetime wealth (composed of current
savings and future income). It is well known that in the presence of credit constraints
this paradigm no longer applies. Instead, optimal lifecycle investment gives rise to
so-called stochastic lifestyling (Cairns et al., 2006), whereby for low levels of accumu-
lated capital it is optimal to invest fully in stocks and then gradually switch to safer
assets as the level of savings increases. In stochastic lifestyling not only does the ra-
tio between risky and safe assets change but also the mix of risky assets varies over
time. While the existing literature relies on complex numerical algorithms to quantify
optimal lifestyling the present paper provides a simple formula that captures the main
essence of the lifestyling effect with remarkable accuracy.
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1 Introduction

Consider a model with d risky assets whose dynamics are given by the SDE

dSt
St

= µdt+ σdBt, (1.1)

whereB are d uncorrelated Brownian motions, µ ∈ Rd, and Σ := σσ> ∈ Rd×d is regular. In
addition there is a risk-free asset with value S0 = ert. An individual who starts working at
time 0 and retires at time T makes pension contributions at the rate yt per unit of time. The
task of the pension fund manager is to invest these contributions on behalf of the individual
so as to maximize the expected utility of the terminal value of the pension plan. There are
now several pension plans that allow for individual investment policies, such as the 401k
plans in the U.S. or the Swedish “premium pensions”.

To aid tractability it is customary to consider utility functions of the form

U(x) =
x1−γ

1− γ , γ > 0, γ 6= 1. (1.2)

The analysis can be extended to γ = 1 with U(x) = lnx and we will do so in due course.
When the individual savings plans can borrow as well as invest at the risk-free rate r Samuel-
son (1969), and more explicitly Hakansson (1970), have pointed out that the presence of
contributions does not change the optimal strategy in the following sense. The optimal risky
investment is always in constant proportions π̂/γ with

π̂ = (µ− r)>Σ−1, (1.3)

provided that the investment is made out of the combined value of the cash in hand and the
present value (PV) of all future contributions.

Such strategy may lead to short positions in some of the risky assets. When the short
sales of risky assets are prohibited the constant proportions strategy changes to

π̂ = arg max
π≥0

π(µ− r)− 1

2
πΣπ>, (1.4)

but the main lesson remains the same in that the optimal risky investment is in fixed propor-
tions scaled linearly by risk tolerance, π̂/γ, and the optimal strategy is computed as if one
lived in a world with no contributions and the initial wealth were equal to the present value
of all future contributions.

In this paper we are concerned with yet another type of constraint prevailing in practice
where, in addition to the shortsale constraints on risky assets, risk-free borrowing against
future income is not possible1. Defined contribution pension plans are a typical point in

1 This is not to say that individuals are always credit constrained. Mortgage is the principal vehicle for
overcoming the credit constraint of an individual in lifecycle portfolio allocation. In the literature this is
modelled by downpayment requirement (Cocco, 2005), or more realistically with an additional affordability
criterion requiring that mortgage payments do not exceed certain proportion of wage (Černý et al., 2010).
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case since it is difficult for an individual, or the fund manager on her behalf, to borrow
against the value of future pension contributions. This situation calls for a model with a
shortsale constraint on the risk-free as well as the risky assets. It means that in addition to
π ≥ 0 we also require

π1 ≤ 1, (1.5)

where π represents proportions of risky assets out of already accumulated funds W and 1

represents a d-dimensional column vector of ones.
One is thus lead to consider a modified fixed proportions strategy,

π(1) := arg max
π≥0,π1≤1

π(µ− r)− γ

2
πΣπ>. (1.6)

Taken as a function of risk aversion γ the optimal weights π(1) are no longer equal to the
risky mix π̂ multiplied by risk tolerance and adjusted for the leverage constraint as given by
the formula

π(0) :=
π̂

max (π̂1, γ)
. (1.7)

Instead, for low levels of the risk aversion parameter γ the relative weights in π(1) change in
a way that entails substitution towards the riskier assets as γ decreases.

One might reasonably expect that strategy (1.6) would provide satisfactory heuristic ap-
proximation of the fully optimal investment strategy. However, numerical experiments re-
veal that the character of the optimal investment changes more dramatically than suggested
by equation (1.6). Simulations capture a phenomenon known in pension finance as stochas-
tic lifestyling, a term coined by Cairns et al. (2006), whereby it is optimal early on to invest
the accumulated savings in stocks and then gradually switch the investment into bonds and
safe deposits as the retirement approaches and the total amount of savings increases. Thus
the optimal strategy behaves as if the risk-aversion coefficient were lower for low levels of
accumulated funds.

Since the fully optimal strategy has to be computed numerically by dynamic program-
ming and because the solution is a non-linear function of both time t and the accumulated
savings Wt, at first sight it is difficult to see how one can characterize the lifestyling effect
explicitly. In this paper we point out that there is an excellent heuristic approximation of the
lifestyling effect, given by a formula that is no less explicit than equation (1.6).

To arrive at the correct lifestyling formula one must adopt Samuelson’s view of invest-
ment out of lifetime pension wealth. If we denote by π the proportions of risky investment
out of lifetime pension wealth the credit constraint (1.5) transforms to

πt1 ≤ αt, (1.8)

where
αt =

Wt

PVt +Wt

(1.9)

is the ratio of the already accumulated savings Wt to the entire lifetime pension capital
composed of the accumulated savings plus present value PVt of all future contributions.
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We note that in Samuelson’s world the heuristic strategy π(1) corresponds to

π(1) (αt) := αtπ
(1).

We also note that if the sum of weights π(1)1 is strictly less than one then the sum of weights
in π(1) (αt) will be strictly less than αt for all αt ∈ (0, 1) which is unlikely to be optimal.
We therefore also consider a modified heuristic

π(2) (αt) := min
( αt
π(1)1

, 1
)
π(1), (1.10)

corresponding to cash-in-hand weights

π(2) (αt) :=
π(1)

max (π(1)1, αt)
. (1.11)

However, the key breakthrough of this paper is achieved by formulating a heuristic strat-
egy directly in the Samuelson’s world, in the form

π(3)(αt) = arg max
π≥0,π1≤αt

π(µ− r)− γ

2
πΣπ>, (1.12)

which, when expressed as proportions out of accumulated savings W, yields

π(3) (αt) = π(3)(αt)/αt. (1.13)

We show that, unlike π(1) and π(2)(αt), strategy π(3)(αt) is an excellent approximation
to the fully optimal strategy and can therefore serve as a simple rule of thumb for pension
plan providers who wish to offer a choice of lifestyling strategies to their clients, while
also specifying the sense in which such lifestyling is optimal. To reduce the barriers to
application further we analyze the explicit dependence of π(3) on αt for a given set of binding
constraints. For example, assuming that the constraints π ≥ 0 are not binding, the near-
optimal strategy π(3) is of the form

π(3)(αt) =
π̂

γαt
+

1>Σ−1

1>Σ−11
min(1− π̂1

γαt
, 0). (1.14)

Note that the non-negativity constraint will become binding for αt small enough, at which
point, for typical parameter values, the formula directs all accumulated savings to be in-
vested in stocks. Interestingly, (1>Σ−1)/(1>Σ−11) is the classical Markowitz minimum
variance portfolio.

Formula (1.14) captures the main essence of the lifestyling effect2, representing in a
nutshell the main contribution of our paper. It not only shows the change in portfolio com-
position as a function of αt for fixed risk aversion, but it also neatly demonstrates that the
portfolio composition will change with decreasing γ when there are no future contributions

2Thanks to its tractability the formula (1.14) has been adopted by Allianz in a spreadsheet modeller avail-
able to individual pension account clients in Slovakia.
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to consider (αt = 1). At the same time, the near-optimal investment proportions do behave
as if the risk aversion were lower for low levels of accumulated funds, with effective risk
aversion equal to αtγ.

The article is organized as follows. Section 2 introduces what we call the “Samuelson
transform”, linking a model with gradual contributions to an equivalent model where all
capital is paid up-front but there are additional constraints on how the capital can be invested.
We review the mathematical theory guaranteeing existence of an optimal strategy in a world
without contributions and via the Samuelson link also in a world with contributions and
credit constraints. In Section 3 we provide economic analysis of the competing strategies,
both in terms of welfare impact and portfolio weights. We conclude this section with a
thorough robustness analysis. Section 4 concludes.

2 Theory

2.1 Samuelson transform

We denote by Yt =
∫ t

0
y(u)du the cumulative pension contribution up to and including time

t. Function y is assumed to be non-negative and integrable on [0, T ]. The price process
of all assets, including the risk-free asset, is denoted by S ≡ (S0, S1:d). We assume S1:d

is a geometric Brownian motion with drift as described in equation (1.1), while S0
t := ert

represents a bank account with risk-free deposit rate r. Risk-free borrowing is excluded.
The process

PVt :=

∫ T

t

e−r(u−t)dYu,

is the present value at time t of all contributions in the period (t, T ].

Definition 2.1 We say that ϕ is a self-financing strategy for price process S and cumulative
contributions Y , writing ϕ ∈ Θ(S, Y ), if ϕ is predictable, S-integrable and

ϕ0S0 +

∫ t

0

ϕudSu + Yt = ϕtSt.

We denote by Θx(S, Y ) the set of all self-financing strategies with initial capital x,

Θx(S, Y ) := {ϕ ∈ Θ(S, Y ) : ϕ0S0 = x}.
Consider the following transformation of trading strategies ϕ 7→ ϕ:

ϕt
1:d = ϕ1:d

t , (2.1)

ϕt
0 = ϕ0

t + e−rtPVt. (2.2)

We call (2.1, 2.2) the Samuelson transform. Using the numeraire change technique of Ge-
man et al. (1995) it is readily seen that the Samuelson transform is a one-to-one mapping
between Θx(S, Y ) and Θx+PV0(S, 0).

We can now turn our attention to a situation where borrowing against future contributions
is no longer possible.
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Definition 2.2 Consider an arbitrary self-financing strategy ϕ ∈ Θx(S, Y ) with an arbitrary
contribution process Y. Assume that ϕ ≥ 0 and S ≥ 0. We define the vector of proportions,
π(ϕ), invested in available risky assets by

πi(ϕ) :=
ϕiSi

ϕS
for i = 1, . . . , d, (2.3)

using the convention 0/0 = 0.

Proposition 2.3 Suppose S ≥ 0. The Samuelson transform is a one-to-one mapping be-
tween

Ax := {ϕ ∈ Θx(S, Y ) : π(ϕ) ≥ 0, π(ϕ)1 ≤ 1} ,
and

Ax+PV0 := {ϕ ∈ Θx+PV0(S, 0) : π(ϕ) ≥ 0, π(ϕ)1 ≤ 1− PV/ϕS}. (2.4)

PROOF. π(ϕ) ≥ 0 ∧ π(ϕ)1 ≤ 1 ⇐⇒ ϕ0S0 ≥ 0 ∧ ϕ1:d ≥ 0 ⇐⇒ ϕ0S0 ≥ PV, ϕ1:d ≥
0 ⇐⇒ π(ϕ) ≥ 0 ∧ π(ϕ)1 ≤ 1− PV/ϕS. �

The proposition clarifies the link between the classical Samuelson paradigm and the
situation where the risk-free borrowing against future contributions is precluded. While
in the classical case the sum of risky proportions is unconstrained, now in (2.4) there is
a stochastic constraint on the total proportion invested in the risky assets which must never
exceed 1−PV/ϕS in Samuelson’s world without contributions. In economic terms this says
that risky investment can only be financed from past contributions and from past capital
gains. Below we investigate how this constraint influences the leverage and the relative
proportions invested in risky assets.

2.2 Hamilton-Jacobi-Bellman equations

In this section we relate the optimal investment strategy to the solutions of two Hamilton-
Jacobi-Bellman (HJB) equations. The dual representation turns out to be important in the
proof of existence and uniqueness (Section 2.3) and in the proof of optimality (Section 2.4)
but most importantly it provides economic motivation for our near-optimal strategy (Sec-
tion 3.2).

We begin by writing out formally the partial differential equation in the world with
contributions,

0 = sup
π≥0,π1≤1

vt + vx(y + (r + π(µ− r))x) +
x2

2
vxxπΣπ>, (2.5a)

v(T, x) = x1−γ/(1− γ). (2.5b)

The terms standing by vx and vxx originate from the dynamics of accumulated savings W ,

dWt = (rWt + y) dt+ πWt (dSt/St − rdt) .
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In the Samuelson’s world without contributions the corresponding HJB equation reads

0 = sup
π≥0,π1≤1−PVt/x

vt + xvx(r + π(µ− r)) +
x2

2
vxxπΣπ>, (2.6a)

v(T, x) = x1−γ/(1− γ), (2.6b)

corresponding to lifetime wealth dynamics

dW t = rW tdt+ πW t (dSt/St − rdt) . (2.7)

Similarly, the value function corresponding to the heuristic strategy π(i), i = 0, 1, 2, 3 in
the world with contributions is formally given as a solution of

0 = v
(i)
t + v(i)

x

(
y +

(
r + π(i)(µ− r)x

))
+
x2

2
vxxπ

(i)Σπ(i)>, (2.8a)

v(i)(T, x) = x1−γ/(1− γ), (2.8b)

where π(i) is understood as a fixed function of t and x as indicated in the introduction. In
the Samuelson’s world one obtains an analogous PDE for the heuristic strategies π(i),

0 = v
(i)
t + xv

(i)
x (r + π(i)(µ− r)) +

x2

2
v

(i)
xxπ

(i)Σπ(i)>, (2.9a)

v(i)(T, x) = x1−γ/(1− γ). (2.9b)

The two sets of equations are equivalent in the sense that every C1,2 solution of the
initial value problem (2.5) generates a C1,2 solution of (2.6) via transformation v(t, x) :=

v(t, x − PVt). Conversely, any C1,2 solution of (2.6) gives rise to a C1,2 solution of (2.5)
through v(t, x) = v(t, x+ PVt). The same correspondence holds between (2.8) and (2.9).

Before we examine the optimal controls it is helpful to associate a coefficient of risk
aversion to each indirect utility

R(t, x) := −xvxx(t, x)

vx(t, x)
, (2.10)

R(t, x) := −xvxx(t, x)

vx(t, x)
. (2.11)

The optimal portfolio strategy is related to the following deterministic mean-variance utility
f : [0,∞)× (0,∞)→ R, with risky investment constraint α and risk aversion ρ,

f(α, ρ) := sup
π≥0,π1≤α

π(µ− r)− ρ

2
πΣπ>. (2.12)

Due to strict convexity in π and compactness of the optimization region there is a unique
optimizer in the deterministic problem (2.12) which we denote π̂(α, ρ),

π̂(α, ρ) := arg max
π≥0,π1≤α

π(µ− r)− ρ

2
πΣπ>. (2.13)
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Previously in the introduction we have used the symbol π̂ to denote a specific fixed portfolio
which now transpires to be π̂ ≡ π̂(∞, 1). From now on π̂ without additional arguments
refers to π̂(∞, 1), in line with equation (1.4). We note for future use that π̂(α, ρ) is self-
similar, that is for α > 0 one has

π̂(α, ρ) = απ̂(1, αρ), (2.14)

with the convention 0×∞ = 0.
Using the newly established notation the formal optimal controls in (2.5) and (2.6) can

be written as
π∗(t, x) = π̂(1, R(t, x)), (2.15a)

π∗(t, x) = π̂(1− PVt)/x,R(t, x)), (2.15b)

and self-similarity of π̂(α, ρ) yields

π∗(t, x) = (1 + PVt/x) π∗(t, x+ PVt),

π∗(t, x) = (1− PVt/x) π∗(t, x− PVt).

Economically this is no surprise in the light of our analysis in Section 2.1.

2.3 Existence and uniqueness

The advantage of the world with contributions is that it measures investment in natural units
– out of accumulated funds. In addition, it is mathematically better behaved in that it can be
transformed to a strictly parabolic quasilinear PDE whose properties, albeit mathematically
involved, are well understood in specialist literature3.

Theorem 2.4 Under the assumption

µi > r, for some i ∈ {1, . . . , d}, (2.16)

the inital value problems (2.5-2.9) have a unique classical solution belonging to C1,2([0, T ]×
(0,∞)). The corresponding maximizers π∗(t, x) and π∗(t, x) from (2.15) have the property
that xπ∗(t, x) resp. xπ∗(t, x) is locally Lipschitz-continuous in x, uniformly in t, on [0, T ]×
[0,∞).

PROOF. 1) The difficult part is to reformulate the problem into a form where strict
parabolicity can be established. We follow the strategy of Kilianová and Ševčovič (2013)
whose key result is summarized in Proposition A.2. One begins with equation (A.6) for-
mally obtained from (2.5a) by a logarithmic transformation x → ez, v(t, x) → u(t, z).

Momentarily granting the assumptions of Proposition A.2 one establishes the existence and
3A related constrained optimization problem is studied by Vila and Zariphopoulou (1997). Their proofs

indicate just how technically involved a rigorous mathematical treatment of the problem is. We follow an
alternative line of attack proposed in Kilianová and Ševčovič (2013).
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properties of an auxiliary function ρ(t, z) from (A.3). Subsequently, from ρ one constructs
via (A.5) u as a solution of (A.6) with a further property 1− uzz

uz
= ρ. Therefore the indirect

risk aversion coefficient R(t, x) := −xvxx
vx
≡ ρ(t, lnx) belongs to C1,2([0, T ]× (0,∞)).

2) It is now readily seen that v(t, x) := u(t, lnx) is a unique classical solution of the
HJB equation (2.5a) and likewise v(t, x) := v(t, x − PVt) is a unique classical solution of
HJB equation (2.6a).

3) To invoke Proposition A.2 it remains to prove that under the assumptions of Theorem
2.4 function g,

g (ρ) := f(1, ρ) ≡ sup
π≥0,π1≤1

π(µ− r)− ρ

2
πΣπ>,

possesses locally Lipschitz-continuous derivative with the property

0 < inf
ρ∈(0,γ]

−g′(ρ) ≤ sup
ρ∈(0,γ]

−g′(ρ) <∞. (2.17)

Since the region A := {π ∈ Rd : π ≥ 0, π1 ≤1} is compact one has

sup
π∈A

1

2
πΣπ> <∞, (2.18)

and by Milgrom and Segal (2002) g is differentiable everywhere on (0,∞) with

g′(ρ) = −1

2
π̂(1, ρ)Σπ̂(1, ρ)>. (2.19)

From (2.18) and (2.19) the right-hand side inequality in (2.17) is satisfied. By Klatte (1985,
Theorem 2), π̂(1, ρ) is a locally Lipschitz-continuous function of ρ and therefore g′ is also
Lipschitz-continuous by (2.19). It remains to show that infρ∈(0,γ)−g′(ρ) > 0, which is
where the assumption “µi > r for some i” is required. This is true through delicate estimates
in Lemma A.1.

4) To establish the local Lipschitz property of xπ∗(t, x) note that

xπ∗(t, x) = xπ̂(1, R(t, x)).

We have shown in step 3) that π̂(1, .) is locally Lipschitz-continuous and since R(t, x) ∈
C1,2([0, T ]× (0,∞)) the claim folows. Similar argument applies to xπ∗(t, x).

5) In the case of approximate strategies π(i) = π(i)(t, x), i = 0, 1, 2, 3, the situation is
easier since they are explicitly given as functions of x and t and the resulting PDE is linear.
Logarithmic transformation z = lnx, u(t, z) = v(t, ez), transforms the initial value problem
(2.8) to

0 = u
(i)
t + u(i)

z (ye−z + r + π(i)(µ− r)− 1

2
π(i)Σπ(i)>) +

1

2
u(i)
zzπ

(i)Σπ(i)> ,

(2.20a)

u(i)(T, z) = ez(1−γ)/(1− γ) . (2.20b)

Using Lemma A.1 we have that equation (2.20a) is strictly parabolic for i = 0, 1, 2, 3. Ex-
istence of classical C1,2 solution follows from standard linear PDE theory (Ladyzhenskaya
et al., 1968, Theorem III.12.1, Lieberman, 1996, Theorem 5.6).

6) The case γ = 1 gives U(x) = lnx and the arguments in steps 1-5) go through with
u(i)(T, z) = u(T, z) = z. �
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2.4 Optimality

We say π(t, ω) is an admissible control if it is progressively measurable (Fleming and Soner,
2006, Definition IV.2.1) and 0 ≤ π1 ≤ 1− PV/W for W from (2.7),

dW t/W t = (r + π(µ− r))dt+ πσdBt,

which has a unique strong solution for any progressively measurable π with values in the
compact set 0 ≤ π1 ≤ 1 (Fleming and Soner, 2006, Paragraph after equation (IV.2.4)).

By comparison principle we have the estimate |v(t, x)| ≤ eC(T−t)x1−γ/ |1− γ| for γ >
0, γ 6= 1 and suitably chosen C > 0 dependent on γ. For γ ∈ (0, 1) the verification theorem
(Fleming and Soner, 2006, Corollary IV.3.1) yields directly that π∗(t,W t) is the optimal
Markov control policy. Since Fleming and Soner (2006, Theorem IV.3.1) requires the value
function to be dominated by a positive power of the endogenous state variable, for γ > 1 we
pass to W

−1
whose SDE reads

W tdW
−1

t = −W−1

t dW t +W
−2

t d[W,W ]t

=
(
πΣπ> − r − π(µ− r)

)
dt− πσdBt,

hence by Appendix D in Fleming and Soner (2006) W
−1

satisfies for any m > 0

E

[(
sup

0≤t≤T
W
−1

t

)m]
<∞.

This means v(t,W t) is a process of class (D) (Jacod and Shiryaev, 2003, Definition I.1.46)
and a local supermartingale for any admissible strategy π, hence a supermartingale (Karatzas
and Kardaras, 2007, Appendix 3). It is furthermore a local martingale and therefore a true
martingale (Jacod and Shiryaev, 2003, Proposition I.1.47) for the optimal strategy π∗(t,W t)

which therefore remains optimal Markov policy also for γ > 1.
Finally, for γ = 1 one has U(x) = lnx. By comparison principle the solution v(t, x)

satisfies the estimate
lnx ≤ v(t, x) ≤ lnx+ C(T − t)

for suitably chosenC > 0. By Ito formula d lnW t = (r+π(µ−r)− 1
2
πΣπ>)dt+πσdBt and

therefore v(t,W t) is a process of class (D). Once again, this implies π∗(t,W t) is optimal
Markov policy.

The optimality results are summarized in the following theorem.

Theorem 2.5 1) The solution v in (2.5a, 2.5b) is the value function of the corresponding
optimal control problem, that is it satisfies

v(t, ϕtSt) = sup
ϕ∈Θ(S,Y )
π(ϕ)∈A(1)

Et

[
1

1− γ (ϕTST )1−γ
]
. (2.21)
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2) For any x ≥ 0 there is a unique process W satisfying

dWt = (y + rWt)dt+Wtπ
∗(t,Wt)(dSt/St − rdt),

W0 = x.

3) The optimal strategy ϕ in (2.21) satisfies

ϕit = π∗i (t,Wt)Wt/S
i
t , i = 1, . . . , d

ϕ0
t = Wt(1− π∗(t,Wt)1)/ert,

and
ϕS = W.

4) The optimal strategy ϕ satisfies the equality ϕS + PV = W and it is given by

ϕit = ϕi, (2.22)

ϕ0
t = e−rt

(
W t(1− π∗(t,W t)1)− PVt

)
. (2.23)

Numerical solution of the initial value problem (2.5) is obtained using the methodology
of Kilianová and Ševčovič (2013).

3 Economic analysis and numerical robustness

Consider the log-normal model of asset returns described in the introduction. Below we
present, for illustration, a stylized model using figures broadly consistent with equity and
corporate bond markets of developed economies. Numerically, we will take risk-free return
of r = 1% and two risky assets with drifts µ1 = 2% (representing bond returns), µ2 =

10% (representing stock returns) , volatilities 5%, 25% respectively and correlation -0.05,
yielding the covariance matrix

Σ =

[
0.0025 −0.000 625

−0.000 625 0.0625

]
.

The investment horizon has been set to T = 40 years. We have used the cumulative contri-
bution process Yt = t/T so that the cumulative contribution is normalized to 1. The present
framework provides methodology capable of analyzing and comparing results for various
non-linear contribution profiles, but in the interest of brevity we do not consider them here.

We examine three levels of relative risk aversion: low (γ = 2), moderate (γ = 5) and
high (γ = 8). We report the utility of competing strategies both in terms of certainty
equivalent wealth and in terms of (certainty equivalent) internal rate of return4.

4The certainty equivalent is computed from the formula CE =
(
E((ϕTST )

1−γ)
)1/(1−γ)

. The certainty
equivalent internal rate of return is given as the interest rate ρ satisfying CE =

∫ T
0
eρ(T−t)y(t)dt.
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Table 1: Certainty equivalents and internal rates of return for the heuristic strategies π(i),
i = 0, 1, 2, and the optimal strategy, π∗.

γ CE(0) IRR(0) CE(1) IRR(1) CE(2) IRR(2) CE∗ IRR∗

2 2.2597 3.64% 3.3375 5.17% 3.3375 5.17% 3.6525 5.50%
5 1.9730 3.08% 2.0164 3.18% 2.0164 3.18% 2.1793 3.49%
8 1.6880 2.42% 1.6880 2.42% 1.7518 2.58% 1.8173 2.74%

3.1 Heuristic strategies π(0), π(1) and π(2)

Let us begin by comparing the performance of the optimal strategy π∗, computed numeri-
cally from Theorem 2.4 with the rescaled Samuelson strategy π(0), computed explicitly from
equation (1.7). Table 1 shows that π∗ significantly outperforms the naive strategy for low
and medium levels of risk aversion, while with high risk aversion the outperformance is
relatively modest.

To gain better understanding where the outperformance originates from we first analyze
the case γ = 8, where the welfare loss is relatively small. We report in Table 2 the opti-
mal portfolio weights π∗(t,Wt) out of accumulated savings (cash in hand) Wt. The naive
weights π(0) in this case coincide with π(1) and are equal to π̂/γ = (54.64%, 18.55%). We
observe that for high levels of cash in hand there is a good agreement between the optimal
and the naive strategy, with the optimal weights tending towards π(0) ≡ π(1) as Wt → ∞.
For low level of accumulated savings the difference is substantial, however, with the optimal
portfolio being invested fully in stocks while portfolios π(0) ≡ π(1) are not fully invested
even between stocks and bonds.

Table 2: Optimal strategy π∗(t,Wt) as a function of t and Wt with γ = 8.

Wt t = 0 t = 10 t = 20 t = 30 t = 39.975

10−5 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000
0.01 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.5805 0.1971
0.05 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.1059 0.8941 0.5532 0.1878
0.1 0.0000 1.0000 0.0000 1.0000 0.1581 0.8419 0.4514 0.5486 0.5498 0.1866
0.2 0.2431 0.7569 0.3486 0.6514 0.4746 0.5254 0.6248 0.3752 0.5481 0.1860
0.3 0.4231 0.5769 0.4955 0.5045 0.5814 0.4186 0.6831 0.3169 0.5475 0.1859
0.5 0.5690 0.4310 0.6143 0.3857 0.6676 0.3324 0.7302 0.2698 0.5471 0.1857
1 0.6812 0.3188 0.7055 0.2945 0.7337 0.2663 0.6764 0.2296 0.5467 0.1856
2 0.7399 0.2601 0.7235 0.2456 0.6703 0.2275 0.6115 0.2076 0.5465 0.1855

20 0.5692 0.1932 0.5642 0.1915 0.5588 0.1897 0.5529 0.1877 0.5464 0.1855

Let us now turn to strategy π(2), which coincides with π(1) for high level of accumulated
funds by construction (see eqs. 1.9 and 1.11). Its numerical values, obtained from the
explicit formula (1.11) are displayed in Table 3. We observe that π(2) is better behaved
for low levels of accumulated funds where it becomes fully invested in bonds and stocks,
π(2)(α) = π(1)/(π(1)1) = (74.66%, 25.34%) for α ≤ π(1)1 ≈ 73%, although the split is
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Table 3: Heuristic strategy π(2)(αt) as a function of t and Wt with γ = 8.

Wt t = 0 t = 10 t = 20 t = 30 t = 39.975

10−5 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534
0.01 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5805 0.1971
0.05 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5532 0.1878
0.1 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5498 0.1866
0.2 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5481 0.1860
0.3 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5475 0.1858
0.5 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.5470 0.1857
1 0.7466 0.2534 0.7466 0.2534 0.7466 0.2534 0.6763 0.2296 0.5467 0.1856
2 0.7466 0.2534 0.7234 0.2455 0.6702 0.2275 0.6114 0.2075 0.5465 0.1855

20 0.5689 0.1931 0.5641 0.1915 0.5587 0.1897 0.5529 0.1877 0.5464 0.1855

such that the funds are far from being fully invested in stocks. We conclude that the welfare
difference between the optimal strategy π∗ on the one hand, and the heuristic strategies
π(0) ≡ π(1) and π(2) on the other hand, reflects the economic value of correct lifestyling
strategy at low levels of accumulated capital.

Let us now examine the case γ = 2 whose optimal strategy is displayed in Table 4.
We show later in Section 3.2 that for high values of cash in hand Wt the optimal weights
π∗(t,Wt) tend to the expression

π(1) = π̂/γ + ζ min(1− π̂1/γ, 0), (3.1)

where
ζ = (1>Σ−1)/(1>Σ−11) (3.2)

is known as the minimum variance portfolio (Ingersoll, 1987, eq. 4.8). In the present exam-
ple we have π̂ = (437%, 148%), π̂1 = 5.85 and ζ = (95.28%, 4.72%). Thus as the risk
aversion falls below 5.85 there is a strong substitution away from bonds towards stocks. The
substitution continues until the risk aversion reaches the level of 1.27 = π̂1 − π̂1/ζ1 below
which all accumulated savings are to be invested in stocks only.

For γ = 2 the portfolio weights π(1) = π(2) are thus fully invested in proportions π̂
2
−

ζ
(
1− 5.85

2

)
= (34.91%, 65.09%) while the naive strategy π(0) uses almost the opposite

ratio π(0) = π̂/(π̂1) = (74.66%, 25.34%). Thus, in addition to the discrepancy between π∗

and π(0) for low values of Wt which was present already for γ = 8, π(0) faces additional
discrepancy of the portfolio weights for high level of accumulated savings. The combined
effect makes the strategy π(0) substantially suboptimal for low levels of risk aversion.

3.2 Near-optimal strategy π(3)

Previous section has highlighted that the optimal trading strategy π∗ substantially outper-
forms the strategy π(0) based on mechanical rescaling of fixed Samuelson’s portfolio weights
π̂, and to a lesser extent, also the heuristic strategies π(1) and π(2). This happens for two rea-
sons: firstly, the relative mix of stocks and bonds in the optimal portfolio varies with the
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Table 4: Optimal strategy π∗(t,Wt) as a function of t and Wt with γ = 2.

Wt t = 0 t = 10 t = 20 t = 30 t = 39.975

10−5 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000
0.01 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.3113 0.6887
0.05 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.3415 0.6585
0.1 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.3453 0.6547
0.2 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.3472 0.6528
0.3 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.3478 0.6522
0.5 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0768 0.9232 0.3483 0.6517
1 0.0000 1.0000 0.0292 0.9708 0.1035 0.8965 0.2122 0.7878 0.3487 0.6513
2 0.1462 0.8538 0.1800 0.8200 0.2245 0.7755 0.2804 0.7196 0.3489 0.6511

20 0.3217 0.6783 0.3285 0.6715 0.3353 0.6647 0.3420 0.6580 0.3490 0.6510

value of the accumulated savings, moving progressively from stocks to bonds as the value
of the savings increases over time. Secondly, for high savings levels the relative weights in
stocks and bonds do depend on the risk aversion when risk aversion falls below the sum of
credit-unconstrained weights π̂1. In the present section we will examine this ‘lifestyling’
phenomenon in more detail, with the view to providing an analytic approximation of the
switching formula.

On inspection of the Hamilton-Jacobi-Bellman PDE (2.6a) one notes that the optimal
portfolio is given by

π∗(t,W t) = arg max
π≥0,π1≤αt

π(µ− r)− 1

2
R(t,W t)πΣπ>,

where R(t,W t) from equation (2.11) is the state-dependent coefficient of relative risk aver-
sion of the indirect utility function and αt = 1−PVt/W t. From a purely engineering point
of view it makes sense to examine a suboptimal strategy where we replace state-dependent
value R(t,W t) with the constant γ ≡ R(T,W T ),

π(3)(αt) := arg max
π≥0,π1≤αt

π(µ− r)− γ

2
πΣπ> ≡ π̂(αt, γ) = αtπ̂(1, αtγ). (3.3)

In the world with contributions this strategy reads (see eq. 2.14)

π(3)(αt) := π(3)(αt)/αt = π̂(1, αtγ). (3.4)

The strategies π(i), π(i), i = 0, 1, 2, 3 dispense with the need to solve a dynamic program-
ming problem and leave us with a much simpler task of constrained quadratic programming.
Whether π(3) is a good approximation to the optimal strategy π∗ now depends on how close
the actual indirect risk aversion R(t,W t) is to the fixed value γ.

In Table 5 one observes that the investment strategy π(3) is for all practical purposes
indistinguishable from the fully optimal investment π∗ in terms of welfare. On inspection
of portfolio weights in Tables 2 and 6 we note the largest discrepancy between the two
strategies occurs for t = 0 at the savings level of W = 0.2 (recall that PV0 = 0.82) and
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Table 5: Welfare performance of strategies π∗ and π(3) for different levels of risk aversion.

γ CE∗ IRR∗ CE(3) IRR(3)

2 3.6525 5.50% 3.6523 5.50%
5 2.1793 3.49% 2.1786 3.49%
8 1.8173 2.74% 1.8170 2.74%

Table 6: Near-optimal strategy π(3)(αt) as a function of t and Wt with γ = 8.

Wt t = 0 t = 10 t = 20 t = 30 t = 39.975

10−5 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000
0.01 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.5805 0.1971
0.05 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0837 0.9163 0.5532 0.1878
0.1 0.0000 1.0000 0.0000 1.0000 0.1179 0.8821 0.4428 0.5572 0.5498 0.1866
0.2 0.1798 0.8202 0.3129 0.6871 0.4599 0.5401 0.6223 0.3777 0.5481 0.1860
0.3 0.3872 0.6128 0.4759 0.5241 0.5739 0.4261 0.6822 0.3178 0.5475 0.1858
0.5 0.5531 0.4469 0.6063 0.3937 0.6651 0.3349 0.7301 0.2699 0.5470 0.1857
1 0.6775 0.3225 0.7041 0.2959 0.7335 0.2665 0.6763 0.2296 0.5467 0.1856
2 0.7397 0.2603 0.7234 0.2455 0.6702 0.2275 0.6114 0.2075 0.5465 0.1855

20 0.5689 0.1931 0.5641 0.1915 0.5587 0.1897 0.5529 0.1877 0.5464 0.1855

it amounts to about 6 percentage points shift towards stocks for the π(3) strategy. Thus the
near-optimal weights π(3) tend to be slightly riskier than the fully optimal investment for
middling savings levels. From theory we know R(t,Wt) ≤ γ (see eq. A.4), while these
numerical results suggest R(t,W t) ≥ γ for which no theoretical proof is available as yet.

Generally speaking, the agreement between π∗ and π(3) is guaranteed to be excellent
for very low and very high savings levels, since in the former case both strategies invest
the entire cash in hand in stocks, while in the latter case we have already seen the optimal
weights of both strategies tend to the value π(3)(1) ≡ π(2)(1) ≡ π(1) given in (3.1).

We observe numerically that R can deviate quite substantially from the constant value
γ. Hence the superior performance of strategy π(3) over π(1), the latter being on replacing
R by γ, does not hinge on R being closer to γ than R is. Instead, π(3) does so well because
the largest discrepancy between R and γ occurs at low levels of αt and here both strategies
invest everything in stocks.

Let us now take a closer look at formula (3.3). By completing the square we have

π(3)(α) = arg min
π≥0,π>1≤α

‖πσ − 1

γ
(µ− r)>σ−1‖2. (3.5)

Since the expression on the right-hand side of (3.5) is strictly convex in π, those constraints
in (3.5) that are not binding can be safely removed and the binding constraints applied with
equality. Therefore, if some constraints in (3.5) are binding, (3.5) is equivalent to

π(3)(α) = arg min
A2π>=b2

‖A1π
> − b1‖2, (3.6)
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where A1 = σ>, b1 = σ−1(µ− r)/γ and A2, b2 represent the binding constraints. Assuming
that at least one constraint is binding, the solution of (3.6) is given in Černý (2009, Corollary
4.2) as

π(3)(α) = A−1
1 b1 + (A>1 A1)−1A>2 (A2(A>1 A1)−1A>2 )−1(b2 − A2A

−1
1 b1) . (3.7)

Suppose that the only binding constraint in (3.4) is

π1 = α . (3.8)

In this case A2 = 1 = (1, 1, . . . , 1) ∈ Rd, b2 = α and (3.7) takes the form

π(3)(α) = π̂/γ + ζ(α− π̂1/γ), (3.9)

where π̂ from equation (1.3) represents the optimal unit risk-aversion weights without credit
constraint and ζ from equation (3.2) is the minimum variance portfolio.

Recall that in our numerical illustration the lifestyling correction vector takes the value
ζ = (95.28%, 4.72%). For high level of risk aversion γ = 8 the constraint π1 ≤ α becomes
binding below α̂ = 5.85

8
≈ 73%. The optimal investment switches 100% to stocks below

α = 15.7%. For low level of risk aversion γ = 2 the constraint π1 ≤ α binds for all values
of α ∈ [0, 1] and the investment switches fully into stocks for all α below 63.4%. For risk
aversion below 1.27 = π̂1− π̂1/ζ1 it is optimal to invest the entire cash in hand in stocks at
all times.

3.3 Robustness analysis

In this section we provide compelling evidence that the illustrative example of Section 3 is
representative of general results for plausible parameter values. For this purpose we consider
324 different parametrizations obtained as a 3 × 3 × 3 × 3 × 4 Cartesian product of the
following parameter values,

µ1 ∈ {1.5%, 2%, 3%}, (3.10a)

µ2 ∈ {7%, 10%, 13%}, (3.10b)

σ1 ∈ {3%, 5%, 7%}, (3.10c)

σ2 ∈ {20%, 25%, 30%}, (3.10d)

ρ ∈ {−20%,−5%, 5%, 20%}. (3.10e)

Full set of results is available online (Černý and Melicherčík, 2017). An aggregate summary
is reported in Table 7.

We note that strategy π(3) offers and excellent approximation of π∗ across the board.
Looking at the detailed results over the 324 individual parametrizations we observe the
largest discrepancies occur for ρ = −0.2 and high expected bond return µ1 = 0.03 in
combination with low bond return volatility σ1 = 0.03.
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Table 7: Summary of welfare performance of the optimal strategy π∗ relative to heuristic
strategies π(i), i = 0, 2, 3 over 324 model parametrizations specified in equations (3.10a–e).

γ CE∗−CE(0)

CE∗
CE∗−CE(2)

CE∗
CE∗−CE(3)

CE∗

avg max avg max avg max

2 34.40% 80.08% 5.53% 12.31% 0.03% 0.21%
5 13.42% 49.18% 5.82% 13.69% 0.07% 0.40%
8 8.49% 31.58% 3.60% 12.98% 0.05% 0.38%

4 Conclusions

We have considered optimal investment for an individual pension savings plan. We have
observed that as a result of the plan’s inability to borrow against future contributions the
Samuelson paradigm of investment in constant proportions out of total wealth including
current savings and present value of future contributions changes in two important respects.
Firstly, for high levels of accumulated savings the relative investment in risky bonds and
stocks becomes a function of investor’s risk aversion, with strong substitution from bonds
towards stocks for lower values of risk aversion. Secondly, for low levels of accumulated
savings it becomes optimal to switch entirely to stocks, in an investment pattern known as
stochastic lifestyling (Cairns et al., 2006).

Since the computation of the fully optimal strategy is prohibitively technical for prac-
titioners, we have put forward a near-optimal strategy involving only a static constrained
quadratic programme (CQP), easily implementable in a spreadsheet. This CQP strategy is
shown to be practically indistinguishable from the optimal investment in terms of its wel-
fare implications. We have provided an explicit formula (3.9) which helps visualize the
lifestyling effect and further lowers the technical barrier towards its implementation.

Three aspects of this research merit further investigation in our view. As with any sub-
optimal strategy, it is desirable to have explicit bounds on the degree of suboptimality. The
information relaxation approach of Brown et al. (2010), Brown et al. (2014), Brown and
Haug (2017) is able to estimate the efficiency loss of suboptimal strategies when the op-
timal strategy is prohibitively expensive to compute. In our setting the optimal strategy is
computationally feasible but perhaps the same approach can produce explicit error bounds.

Secondly, we have observed in our numerical simulations that the indirect relative risk-
aversion coefficient R for the optimal strategy in the Samuelson’s world (2.11) satisfies
R ≥ γ, implying that the near-optimal strategy π(3) is more aggresive than the optimal
strategy π∗. It is known from the comparison principle for parabolic equations that in the
world with contributions the corresponding indirect relative risk-aversion coefficient (2.10)
obeys R ≤ γ. A mathematical proof of R ≥ γ seems rather more elusive at present.

Last but not least, our near-optimality result has repercussions for the wider lifecycle
portfolio allocation literature and deserves to be explored further in that context.
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A Appendix

Lemma A.1 Under the assumption (2.16) function π̂ from equation (2.13) satisfies

0 < inf
ρ∈(0,γ]

π̂(1, ρ)Σπ̂(1, ρ)>. (A.1)

Moreover, for approximate strategies π(i), i = 0, 1, 2, 3 one has

0 < inf
(t,x)∈[0,T )×R+

π(i)(t, x)Σπ(i)(t, x)>. (A.2)

PROOF. Let i be the index for which µi > r. Let ci denote the i-th diagonal term of the
matrix Σ and define

qρ(π) := π(µ− r)− ρ

2
πΣπ>.

Consider π̃ = (0, 0, . . . , π̃i, 0, . . . , 0) with

π̃i = min

{
µi − r
γci

, 1

}
> 0.

For µi−r
γci
≤ 1 we obtain

qρ(π̃) =
(µi − r)2

γci
− ρ

2γ

(µi − r)2

γci
≥ 1

2

(µi − r)2

γci
.

For (µi − r)/(γci) > 1 we have π̃i = 1 and therefore

qρ(π̃) = (µi − r)−
1

2
ρci ≥ (µi − r)−

1

2
γci ≥

1

2
(µi − r).

From the above estimates we have

inf
0<ρ≤γ

{
sup

π̃1≤π1≤1,π≥0
qρ (π)

}
≥ inf

0<ρ≤γ
qρ(π̃)

≥ min

{
1

2

(µi − r)2

γci
,
1

2
(µi − r)

}
=: δ > 0.

On the other hand, setting ε := 1
2

δ
1>|µ−r| > 0 one obtains for all ρ > 0

sup
π1≤ε,π≥0

qρ (π) ≤ π(µ− r) ≤ δ/2 < δ.

Therefore, arguing by contradiction, the optimal strategy verifies

inf
0<ρ≤γ

π̂(1, ρ)1 > ε,
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which in view of the assumed regularity of σ guarantees (A.1).
It remains to prove (A.2). Recall π(0) and π(1) are constant and different from the

zero vector therefore the result follows by positive definiteness of Σ. We have π(2) =

π(1)/max(π(1)1, αt) and therefore in view of αt ≡ α(t, x) ≤ 1

0 < π(1)Σπ(1)> ≤ π(1)Σπ(1)> inf
(t,x)∈[0,T )×R+

1

max(π(1)1, α(t, x))

≤ inf
(t,x)∈[0,T )×R+

π(2)(t, x)Σπ(2)(t, x)>.

Finally, recall from (3.4) π(3) = π̂(1, αtγ) and since 0 ≤ αt ≤ 1 estimate (A.2) follows
from (A.1). �

Proposition A.2 (Kilianová and Ševčovič 2013) Assume g : R+ → R is differentiable, its
derivative is Lipschitz-continuous and satisfies inequality (2.17). Then

1) The Cauchy problem

∂tρ− ∂2
zg(ρ) + ∂z[(y(t)e−z + r)ρ− (1− ρ)g(ρ)] = 0, (A.3)

ρ(T, z) = γ,

has a unique solution ρ(t, z) in C1,2 ([0, T )× R). This solution satisfies

0 < ρ(t, z) ≤ γ on [0, T )× R, (A.4)

and it is Hölder-continuous of degree H1+λ/2,2+λ for any 0 < λ < 1
2
.

2) For ρ from 1) there is a unique classical solution u of

ut + uz
(
ye−z + r + g (ρ)

)
= 0, (A.5)

u (T, z) =
e(1−γ)z

1− γ ,

3) Function u(t, z) from 2) is the unique C1,2 ([0, T )× R) solution of the Cauchy prob-
lem

ut + uz

(
ye−z + r + g

(
1− uzz

uz

))
= 0, (A.6)

u (T, z) =
e(1−γ)z

1− γ .

4) Conversely, if u denotes the unique classical solution from 3) then ρ := 1− uzz/uz is
the unique classical solution of 1).

PROOF. See Kilianová and Ševčovič (2013) Theorem 3.3, Proposition 3.4 and Theorem
5.2.
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