IT City Research Online
UNIVEREIST; ]OggLfNDON

City, University of London Institutional Repository

Citation: Cen, J. & Fring, A. (2020). Multicomplex solitons. Journal of Nonlinear
Mathematical Physics, 27(1), pp. 17-35. doi: 10.1080/14029251.2020.1683963

This is the accepted version of the paper.

This version of the publication may differ from the final published version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/23077/

Link to published version: https://doi.org/10.1080/14029251.2020.1683963

Copyright: City Research Online aims to make research outputs of City,
University of London available to a wider audience. Copyright and Moral Rights
remain with the author(s) and/or copyright holders. URLs from City Research
Online may be freely distributed and linked to.

Reuse: Copies of full items can be used for personal research or study,
educational, or not-for-profit purposes without prior permission or charge.
Provided that the authors, title and full bibliographic details are credited, a
hyperlink and/or URL is given for the original metadata page and the content is
not changed in any way.

City Research Online: http://openaccess.city.ac.uk/ publications@city.ac.uk



http://openaccess.city.ac.uk/
mailto:publications@city.ac.uk

[
XS
Lol

CITY Multicomplex solitons

Multicomplex solitons

Julia Cen and Andreas Fring

Department of Mathematics, City, University of London,
Northampton Square, London EC1V 0HB, UK
E-mail: julia.cen.1@city.ac.uk, a.fring@city.ac.uk

ABSTRACT: We discuss integrable extensions of real nonlinear wave equations with multi-
soliton solutions, to their bicomplex, quaternionic, coquaternionic and octonionic versions.
In particular, we investigate these variants for the local and nonlocal Korteweg-de Vries
equation and elaborate on how multi-soliton solutions with various types of novel qualita-
tive behaviour can be constructed. Corresponding to the different multicomplex units in
these extensions, real, hyperbolic or imaginary, the wave equations and their solutions ex-
hibit multiple versions of antilinear or P7-symmetries. Utilizing these symmetries forces
certain components of the conserved quantities to vanish, so that one may enforce them to
be real. We find that symmetrizing the noncommutative equations is equivalent to impos-
ing a P7-symmetry for a newly defined imaginary unit from combinations of imaginary

and hyperbolic units in the canonical representation.

1. Introduction

The underlying mathematical structure of quantum mechanics, a Hilbert space over the
field of complex numbers, can be generalized and modified in various different ways. One
may for instance re-define the inner product of the Hilbert space or alter, typically enlarge,
the field over which this space is defined. The first approach has been pursued successfully
since around twenty years [1], when it was first realized that the modification of the inner
product allows to include non-Hermitian Hamiltonians into the framework of a quantum
mechanical theory. When these non-Hermitian Hamiltonians are P7-symmetric/quasi-
Hermitian [2, 3, 4] they possess real eigenvalues when their eigenfunctions are also P7-
symmetric or pairs of complex conjugate eigenvalues when the latter is not the case. The
reality of the spectrum might only hold in some domain of the coupling constant, but break
down at what is usually referred to as an exceptional point when at least two eigenvalues
coalesce. Higher order exceptional points may occur for larger degeneracies. In order to
unravel the structure of the neighbourhood of these points one can make use of the second
possibility of generalizations of standard quantum mechanics and change the type of fields
over which the Hilbert space is defined. This view helps to understand the bifurcation
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structure at these points and has been recently investigated for the analytically continued
Gross-Pitaevskii equation with bicomplex interaction terms [5, 6, 7]. In a similar spirit,
systems with finite dimensional Hilbert spaces have been formulated over Galois fields [8].
Hyperbolic extensions of the complex Hilbert space have been studied in [9]. The standard
Schrodinger equation was bicomplexified in [10] and further studied in [11, 12, 13, 14].
Quaternionic and coquaternionic quantum mechanics and quantum field theory have been
studied for a long time, see e.g. [15, 16, 17], mainly motivated by the fact that they may be
related to various groups and algebras that play a central role in physics, such as SO(3), the
Lorentz group, the Clifford algebra or the conformal group. Recently it was suggested that
they [18] provide a unifying framework for complexified classical and quantum mechanics.
Octonionic Hilbert spaces have been utilized for instance in the study of quark structures
[19].

Drawing on various relations between the quantum mechanical setting and classical in-
tegrable nonlinear systems that possess soliton solutions, such as the formal identification
of the L operator in a Lax pair as a Hamiltonian, many of the above possibilities can also
been explored in the latter context. Most direct are the analogues of the field extensions.
Previously we demonstrated [20, 21] that one may consistently extend real classical inte-
grable nonlinear systems to the complex domain by maintaining the reality of the energy.
Here we go further and investigate multicomplex versions of these type of nonlinear equa-
tions. We demonstrate how these equations can be solved in several multicomplex settings
and study some of the properties of the solutions. We explore three different possibilities
to construct solutions that are not available in a real setting, i) using multicomplex shifts
in a real solutions, ii) exploiting the complex representations by defining a new imaginary
unit in terms of multicomplex ones and iii) exploiting the idempotent representation. We
take P7T-symmetry as a guiding principle to select out physically meaningful solutions
with real conserved quantities, notably real energies. We clarify the roles played by the
different types of P7-symmetries. For the noncommutative versions, that is quaternionic,
coquaternionic and octonionic, we find that imposing certain P7-symmetries corresponds
to symmetrizing the noncommutative terms in the nonlinear differential equations.

Our manuscript is organized as follows: In section 2 we discuss the construction of
bicomplex multi-solitons for the standard Korteweg de-Vries (KdV) equation and its non-
local variant. We present two different types of construction schemes leading to solutions
with different types of P7-symmetries. We demonstrate that the conserved quantities con-
structed from these solutions, in particular the energy, are real. In section 3, 4 and 5 we
discuss solution procedures for noncommutative versions of the KdV equation in quater-
nionic, coquaternionic and octonionic form, respectively. Our conclusions are stated in
section 6.

2. Bicomplex solitons

2.1 Bicomplex numbers and functions

We start by briefly recalling some key properties of bicomplex numbers and functions to
settle our notations and conventions. Denoting the field of complex numbers with imaginary
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unit 2 as
Ch)={z+w | z,yeR}, (2.1)
the bicomplexr numbers B form an algebra over the complex numbers admitting various
equivalent types of representations
B={z+722| 21,220 € C(») },

= {wy + w2 | wi,we € C(y)},

= {a1l + a1 + a3y + ask | a1,a2,a3,a4 € R},

= {vie1 + vaea | v1 € C(2),v2 € C(y)}.

N N NN
[ N N \V)

(2.2)
(2.3)
(2.4)
(2.5)
The canonical basis is spanned by the units £, 1, 3, k, involving the two imaginary units 1
and 7 with +2 = 2 = —1, so that the representations in equations (2.2) and (2.3) naturally
prompt the notion to view these numbers as a doubling of the complex numbers. The real
unit ¢ and the hyperbolic unit k = 17 square to 1, 2 = k? = 1. The multiplication of these
units is commutative with further products in the Cayley multiplication table being £1 = 1,
) =9, bk = k, 1k = —3, gk = —1. The idempotent representation (2.5) is an orthogonal

decomposition obtained by using the orthogonal idempotents
1+k 1—-k

7 and ez = ——, (2.6)

with properties e% = eq, e% = ey, e1eg = 0 and e; + eg = 1. All four representations (2.2)

el :

- (2.5) are uniquely related to each other. For instance, given a bicomplex number in the
canonical representation (2.4) in the form

ng = a1f + ag1 + azj + aqk, (2.7)
the equivalent representations (2.2), (2.4) and (2.5) are obtained with the identifications

21 = a1 + a9, 29 = a3 + 1a4,
w1 = a1 + jas, wy = ag + jag, (2.8)
v{ = (a1 + aq1)l + (a2 — as)r vy = (a1 — aq)l + (a2 + a3)y.

Arithmetic operations are most elegantly and efficiently carried out in the idempotent
representation (2.5). For the composition of two arbitrary numbers n, and n, we have

ng o ny = v o vler + v o vhen with o = 4, -, +. (2.9)

The hyperbolic numbers (or split-complex numbers) D ={a1l + a4k | a1,a4 € R} are an
important special case of B obtained in the absence of the imaginary units 2 and j, or when
taking a2 = asz = 0.

The same arithmetic rules as in (2.9) then apply to bicomplezx functions. In what
follows we are most interested in functions depending on two real variables x and ¢ of
the form f(z,t) = Ip(x,t) + 1q(x,t) + gr(z,t) + ks(x,t) € B involving four real fields
p(z,t), q(z,t), r(z,t), s(z,t) € R. Having kept the functional variables real, we also keep
our differential real, so that we can differentiate f(x,t) componentwise as 0, f(x,t) =
005p(x,t) +105q(x, t) + g0yr(x,t) + kOys(x,t) and similarly for 0 f(x,t). For further prop-
erties of bicomplex numbers and functions, such as for instance computing norms, see for
instance [22, 23, 24, 25].
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2.2 P7-symmetric bicomplex functions and conserved quantities

As there are two different imaginary units, there are three different types of conjugations
for bicomplex numbers, corresponding to conjugating only 2, only 7 or conjugating both
1 and 7 simultaneously. This is reflected in different symmetries that leave the Cayley
multiplication table invariant. As a consequence we also have three different types of
bicomplex P7 -symmetries, acting as

PT,y :l—tlr— —1,)— —3,k—k x— —x,t — —t, (2.10)
PTy :l—Ll— —1,)— 3,k — —k, © — —x,t — —t, (2.11)
PTy :—Llr—1,)— =3,k — —k, v — —x,t = —t, (2.12)

see also [10]. When decomposing the bicomplex energy eigenvalue of a bicomplex Hamil-
tonian H in the time-independent Schrodinger equation, Hy = FEvy, as F = Ef +
Es + Esj + Esk, Bagchi and Banerjee argued in [10] that a P7 ,-symmetry ensures
that Ey = Ey = 0, a PT j-symmetry forces B3 = E; = 0 and a PT,-symmetry sets
Ey = E3 = 0. In [20, 21, 26] we argued that for complex soliton solutions the P7-
symmetries together with the integrability of the model guarantees the reality of all physi-
cal conserved quantities. One of the main concerns in this section is to investigate the roles
played by the symmetries (2.10)-(2.12) for the bicomplex soliton solutions and to clarify
whether the implications are similar as observed in the quantum case.
Decomposing a density function for any conserved quantity as

p(m,t) = epl(l‘at) + Zp2(xvt) +jp3($,t) + kp4(£r,t) € Bv (213)

and demanding it to be P7 -invariant, it is easily verified that a P7T ,;-symmetry implies
that p;, p3 and p,, py are even and odd functions of x, respectively. A P7 j-symmetry
forces py, py and p3, py to even and odd in z, respectively and a P7,,-symmetry makes
p1, Pa and po, p3 even and odd in x, respectively. The corresponding conserved quantities
must therefore be of the form

. Q1+ Q3y for PT ,,-symmetric p
Q= / plx,t)dr = < Q1 + Qo for PT jp-symmetric p , (2.14)
> Q1l + Q4k for PT,;-symmetric p

o0
where we denote @Q; := / p;(x,t)dr with i = 1,2, 3,4. Thus we expect the same property
—00

that forces certain quantum mechanical energies to vanish to hold similarly for all classical
conserved quantities. We only regard )1 and ()4 as physical, so that only a P7T,,-symmetric
system is guaranteed to be physical.

2.3 The bicomplex Korteweg-de Vries equation

Using the multiplication law (2.9) for bicomplex functions, the KdV equation for a bicom-

plex field in the canonical form

u(z,t) = lp(x,t) +q(z,t) + gr(z, t) + ks(x,t) € B, (2.15)
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can either be viewed as a set of coupled equations for the four real fields p(z,t), q(x,t),
r(z,t), s(z,t) € R

pt + 6ppr — 69qy — 6175 + 6555 + Prae =0
gt + 6qpz + 6pgr — 6515 — 675, + Qrae =0

Uy o+ Otiti + U r¢ + 6rpy + 6pry — 6¢sy — 658Gy + 1z =0 ( )
St + 6spy + 6psy + 6gry + 67qy 4 Sgee =0
or when using the representation (2.5) as a couple of complex KdV equations
v + 60V + Vgpr = 0, and wy + 6wwy + Wepe = 0, (2.17)
related to the canonical representation as
v(z,t) = [p(z,t) + s(z,t)] +[q(z,t) — r(z,1)] € Cr), (2.18)
w(z,t) = [p(z,t) = s(z, )] + g [q(z, ?) + r(z,1)] € C(). (2.19)

We recall that we keep here our space and time variables, x and ¢, to be both real so that
also the corresponding derivatives 0, and 0; are not bicomplexified.

When acting on the component functions the P7-symmetries (2.10)-(2.12) are imple-
mented in (2.16) as

PT,:z— —x, t— —t,p—Dp,q— —qr — —T,5 = 5,U— U, (2.20)
PTZ]C T = O, t—>—t,p%p,q—>—q,r—>r,se—S,u—>u, (221)
PTy:2— —x, t— —t,p—=p,q—qr— —rs— —5u—u, (2.22)

ensuring that the KdV-equation remains invariant for all of the transformations. Notice
that the representation in (2.17) remains only invariant under P7T,,, but does not respect
the symmetries P7,;, and PT .

We observe that (2.16) allows for a scaling of space by the hyperbolic unit k as © — k=,
leading to a new type of KdV-equation with u — h

St + 6pp, — 6gq; — 67715 4+ 6554 + Prgr =0
re — 6qpy — 6pqe + 6575 + 6758 — Qres = 0
qt — 6rpy — 6pry + 6qsy + 65qz — Tyze =0
Pt + 68py + 6ps, + 6qry + 67qy + Sppe =0

khy + 6hhg + hage =0 < . (2.23)

that also respects the P7,,-symmetry. The interesting consequence of this modification
is that traveling wave solutions u(§) of (2.16) depending on real combination of x and ¢
as £ = x + ct € R, with ¢ denoting the speed, become solutions h({) dependent on the
hyperbolic number { = kx + ¢t € D instead. Interestingly a hyperbolic rotation of this
number ¢, defined as ¢/ = (e~ %" = ka’ 4 ct’ with ¢ = arctan(v/c), constitutes a Lorentz
transformation with #' = y(t — v/cx), 2’ = y(t — vx) and v = 1/1/1 —v2/c2, see e.g.
27, 28].

Next we consider various solutions to these different versions of the bicomplex KdV-
equation, discuss how they may be constructed and their key properties.
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2.3.1 One-soliton solutions with broken P7-symmetry

We start from the well known bright one-soliton solution of the real KdV equation (2.16)

2 1
Upa(x,t) = % sech? [5(01:17 —odt+ u)] , (2.24)

when a, u€ R. Since our differentials have not been bicomplexified we may take u to be a
bicomplex number p = pl + 01+ ¢34+ xk<€ B with p, 0, ¢, x € R, so that (2.24) becomes a
solution of the bicomplex equation (2.16). We may of course also take « to be bicomplex,
but as we commented in [20] already on the complex case, this would imply losing the
PT-symmetry and would also lead to non real, hence unphysical, conserved quantities.
Expanding the hyperbolic function, we can separate the bicomplex function u, «(z,t) after
some lengthy computation into its different canonical components

4 7
Up, 0,0, x;00 = 5 [Pptx.0-¢50 T Pp—x.0-+a] + 5 [9p+x.0-¢0 + Qo—x.0+ 610 (2.25)

7 k
+§ [9—x.0+ 850 — Aptx.0—¢ia] + ) [Pptx.0—-d0 — Pp—x.0+¢30 »

when using the two functions

a? + a2 cosbeosh(az — a3t + a)
[cos b + cosh(azx — a3t + a))?
a?sinbsinh(az — ot + a)

[cos b + cosh(azx — a3t 4 a)]*

pa,b;a(l‘a t) = (226)

Qa,b;a(xa t) = (227)
Noting that the complex solution ;g o (z,t) studied in [20], can be expressed as ;g o(x,t) =
Pao:0(T —a/a,t) +1iqq.0,0(z — a/a,t), we can also expand the bicomplex solution (2.25) in
terms of the complex solution as

14

pHx pP—X
Uphgxa = 5 [ud¢oxa (“7+' o vt> T Ui(40).a (ﬂf+'-—aj—7t>} (2.28)

J pPtX P—X
+§ |:u_i(¢_9),a <$ + T,t) — Uj(p+0), <.T + o ,t):| .

In figure 1 we depict the canonical components of this solution at different times. We

observe in all of them that the one-soliton solution is split into two separate one-soliton-
like components moving parallel to each other with the same speed. The real p-component
can be viewed as the sum of two bright solitons and the hyperbolic s-component is the sum
of a bright and a dark soliton. This effect is the results of the decomposition of each of
the components into a sum of the functions pq p.q O gg b0, as defined in (2.26), at different
values of a,b, but the same value of «. Since a and b control the amplitude and distance,
whereas « regulates the speed, the constituents travel at the same speed. We recall that
this type of behaviour of degenerate solitons can neither be created from a real nor a
complex two-soliton solution [29, 30]. So this is a novel type of phenomenon for solitons
previously not observed.
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Figure 1: Canonical component functions p, ¢, r and s (clockwise starting in the top left corner) of
the decomposed one-soliton solution w, 9,4 y;o to the bicomplex KdV equation (2.16) with broken
PT-symmetry at different times for « = 0.5, p =1.3,0 =0.4, ¢ = 2.0 and x = 1.3.

In general, the solution (2.24) is not P7 -symmetric with regard to any of the possibil-
ities defined above. It becomes P7,,-symmetric when p = x = 0, P7 ,;-symmetric when
p=x=¢ =0 and P7T jp-symmetric when p = x =60 = 0.

A solution to the new KdV equation (2.23) is constructed as

2
1
hyo(z,t) = % sech? 5(0@14: —adt+p)l, (2.29)
which in component form reads
l (e
ho0.6x:0 = ) [Px—p.6+d50 T Dx+p.0—aial + B [Tx—p.o+di0 — T+p.0—dial (2.30)

7. k.
+§ [Gx—po+di0 + Axtp -l + B [Px+p.0—¢;0 — Px—p.b+dial »

where we introduced the notation pg p:a(2,t) = Papia(x, —t) and Gq pa (T, t) = ga pa (T, —1).

In figure 2 we depict the canonical component functions of this solution. We observe
that the one-soliton solution is split into two one-soliton-like structures that scatter head-
on with each other. The real p-component consists of a head-on scattering of two bright
solitons and hyperbolic the s-component is a head-on collision of a bright and a dark
soliton. Given that u, ¢ 4 y:o and hpg ¢ y:.a(x,t) differ in the way that one of its constituent
functions is time-reversed this is to be expected.
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Figure 2: Head-on collision of a bright soliton with a dark soliton in the canonical components
P, ¢, 7, s (clockwise starting in the top left corner) for the one-soliton solution h, g ¢ y:a to the
bicomplex KdV equation (2.16) with broken P7-symmetry for a = 0.5, p = 1.3, 6 = 0.1, ¢ = 2.0
and y = 1.3. Time is running vertically, space horizontally and contours of the amplitudes are
colour-coded indicated as in the legends.

2.3.2 PT;;-symmetric one-soliton solution

An interesting solution can be constructed when we start with a complex P7, and a
complex PT j, symmetric solution to assemble the linear decomposition of an overall
PT,,-symmetric solution with different velocities. Taking in the decomposition (2.17)
v(z,t) = wga(z,t) and w(x,t) = uyy3(z,t), we can build the bicomplex KdV-solution
in the idempotent representation

09, 450,8(T,1) = tg,a(T, 1)e1 + ug, (2, t)er. (2.31)
The expanded version in the canonical representation becomes in this case

7

7 k
5 @000 + d0.038] + 5 100,655 — W0,0:0] + 5 [Po.030 = P0,035]

(2.32)
which is evidently P7T,,-symmetric. Hence this solution contain any multicomplex shifts,

) ¢
Ug.30,8 = 5 [Po.ga + Po.gsp] +

but in each component two solitonic contributions with different amplitude and speed
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parameter. As we can see in figure 3, in the real p-component a faster bright soliton is
overtaking a slower bright solitons and in hyperbolic s-component a faster bright soliton is
overtaking and a slower dark soliton. Unlike as in the real or complex case, one can carry
out the limit 8 — « to the degenerate case without complication since have the identity
Uo—p,0+ e = U0,0,6,0;a- oSimilarly as in the previous section we may also construct a
further solution from a hyperbolic shift z — kx, which we do not present here.

1.05
0.84

063

E 0.42

021

-0.21
~0.42
-0.63

Figure 3: A fast bright soliton overtaking a slower bright soliton in the canonical component
functions p, ¢, r and s (clockwise starting in the top left corner) for the one-soliton solution g, ¢;q,3
to the bicomplex KdV equation (2.16) with P7,;-symmetry for o = 2.1, § = 1.1, § = 0.6 and
¢ = 1.75.

2.3.3 Multi-soliton solutions

The most compact way to express the N-soliton solution for the real KdV equation in the
form (2.16) is

ufz),uz,...,yn;al,ag,...,an (l’, t) =2 [ln Wn(wul,alvdju%aza s 7¢un,an )] ) (233)

where W, [¢1, %5, ...,%,] := detw denotes the Wronskian with w;, = 87714, /02771 for
Jk=1,....n, eg. Wiltg] = thg, Waltg, ¥1] = thg (¥1), — %1 (tbp),, etc and the functions
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1); are solutions to the time-independent Schrodinger equation for the free theory. Taking
for instance 1, ., (x,t) = cosh [(ax — &t + ) /2] for n = 1 leads to the one-soliton solution
(2.24).

We could now take the shifts py, g, ..., 1, € B and expand (2.33) into its canonical
components to obtain the N-soliton solution for the bicomplex equation. Alternatively we
may also construct N-solitons in the idempotent basis in analogy to (2.32). We demonstrate
here the latter approach for the two-soliton. From (2.33) we observe that the second
derivative will not alter the linear bicomplex decomposition and it is therefore useful to
introduce the quantity w(z,t) as u = w,. Thus a complex one-soliton solution can be
obtained from

Wabsa (2, 8) = Wy (2,8) + 00 40 (2,) (2.34)
with
., asinh(az — a3t + a) ; asinb
. t) = . t) = .
Wa ol 1) cosb + cosh(ax — a3t +a)’ Wl 1) cosb + cosh(az — a3t + a)
(2.35)

Noting that pgp.a = (W) ,.0)zs Gaba = (w; bo)z We obtain a complex soliton as ugp,q =
(Wa,b:a)2- Recalling now the expression

QZ*ﬁZ

S S (2.36)
Wa b;oo — We,d;B

wa7b7c7d;a7/3 =

from the Bécklund transformation of the complex two-soliton [20], we can express this in
terms of the functions in (2.35)

2 2 ] ]
(oz —B ) [(wcrt,b;a B wZ,d;ﬁ) — (w;,b;a B w;d;ﬁ)]

— o7 )
) ) 2 = Wapeda,8 T Wabeda,s:
r o 7 ot
(wa,b;a wcvd;ﬁ) +(wa,b;a wcvd;ﬁ)

wa7b7c7d;a7/3 =

(2.37)
Using (2.37) to define the two complex quantities wg, g, 05 04:01,0, = W5 + 1w € C(z) and
Wep, by 300113, = Wh + 9 Wy € C(y) we introduce the bicomplex function

(wh +2wh)er + (B + 7 1Wh)es (2.38)
4 r ~7r ¢ 7 ~1 J [ ~i 7 k r ~7
§ ('LU2 + w2) + § (w2 + w2) + 5 (w2 — 'LUQ) + 5 (w2 — 'LU2) . (239)

wg =

Then by construction g, 0, 05,64,6.65,65.65501,02,8,,6, = (Wa)s I8 a bicomplex two-soliton
solution with four speed parameters. In a similar fashion we can proceed to construct
N-soliton for N > 2.

2.3.4 Real and hyperbolic conserved quantities

Next we compute the first conserved quantities the mass m, the momentum p and the

— 10 —
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energy F, see e.g. [20, 21]

m(u) = / udz = myl +mar + mag + mak, (2.40)
T2 —
p(u) = / u*dx = pil 4 pat + p3g + pak, (2.41)
(]
E(u) = / <2ug% —u > dz = Bl + By + E3y + Eyk (2.42)

Decomposing the relevant densities into the canonical basis, u as in (2.15), u? as

u? = (p2 — ¢ —r? 4+ 52) 0+ 2(pg —1rs)i+ 2(pr —qs)y + 2(qr + ps)k (2.43)

and the Hamiltonian density H(u,u;) = u2/2 — u? as

2 _ 9.2, 2
H=|3p q2+7’2782)+px qz2rx+sx—6qr37p3
+ [¢® = 3p°q + pagu + 6prs + 3q (1° — ) — rus,] 0
+[r3+6pqs+37“( 82—p)+px7“z—%5z]]
+ [3s (r* — p* + ¢*) — 6pqr + Puse + qure — $°) k,

0 (2.44)

we integrate componentwise. For the solutions u, g 4 .o and h,g 4 .o With broken P7T-
symmetry we obtain the real conserved quantities

M(Up.0.6,x:0) = M(Pp0.6x:0) = 204, (2.45)
2
P(tp0.6.x:0) = P(hpo.¢x:a) = _O‘SE (2.46)
1
E(“pﬁ,%x;a) = E(hpﬁmx;a) = *ga% (2.47)

These values are the same as those found in [20] for the complex solitons. Given that
the P7-symmetries are all broken this is surprising at first sight. However, considering
the representation (2.28) this is easily understood when using the result of [20]. Then
mM(Up.0,6,x:0) 18 simply £/2(2c + 2a0) + 7/2(20c — 2a) = 2. We can argue similarly for the
other conserved quantities.

For the P7;j-symmetric solution g ¢.o 3 We obtain the following hyperbolic values for
the conserved quantities

m(lg,g0,8) = (@ + B)E+ (o = B, (2.48)
p(19,5:0,8) = % (a®+ %) 0+ % (o — )k (2.49)
5 5 5
E(tg,g;0,8) = — <10 B >£+ <f0 ?o) k. (2.50)

The values become real and coincide with the expressions (2.45)-(2.47) when we sum up
the contributions from the real and hyperbolic component or in the degenerate case when
we take the limit 8 — a.
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2.4 The bicomplex Alice and Bob KdV equation

Various nonlocal versions of nonlinear wave equations that have been overlooked previously
have attracted considerable attention recently. In reference to standard scenarios in quan-
tum cryptography some of them are also often referred to as Alice and Bob systems. These
variants of the nonlinear Schrodinger or Hirota equation [31, 32, 33, 34] arise from an alter-
native choice in the compatibility condition of the two AKNS-equations. For the KdV equa-
tion (2.16) they can be constructed [35, 36, 37] by choosing u(z,t) = 1/2[a(x,t) + b(z,1)],
with the constraint P7 a(x,t) = a(—z, —t) = b(x,t), thus converting it into an equation
that can be decomposed into two equations, the Alice and Bob KdV (ABKdV) equation

atr + 3/4(a+b)(3az + by) + azes = 0, (2.51)
bt +3/4(a + b)(ay + 3bz) + byzz = 0. (2.52)

In a similar way as the two AKNS-equations can be made compatible by a suitable trans-
formation map, these two equations are converted into each other by a P7 -transformation,
ie. P7(2.51)=(2.52). Evidently the decomposition is not unique and one may also add
and subtract a constrained function of @ and b or consider different types of maps to relate
the equation.

The bicomplex version of the Alice and Bob system (2.51), (2.52) is obtained by taking
a,b € B. In the canonical basis we use the conventions u(z,t) = €p(x,t)+1q(z, t)+yr(z, t)+
ks(x,t), a(x,t) = €p(x,t) +1g(x, t) + g7 (x, t) + kS(x, t), b(x,t) = €p(x, t) +g(x, t) + g7 (z, 1) +
k$(z,t), so that the ABKdV equations (2.51) and (2.52) decompose into eight coupled
equations

A~ A

Pt = —Poae — 5 [P Do + 3D2) — ¢ (Go + 3Gz) — 7 (P2 + 372) + 5 (5. + 332)],  (2.53)

2
Gt = —Qrax + 5 [p (qz + 3(]:1:) + q (pz + 3pz) -r (Sa: + 33z) — S (rz + STI)] ) (254)
Tt = —Tzax + 5 [p (Ta: + 3Tx) —q (Sz + 35:1:) +r (px + 3px) — S (QJ: + 3qz)] 9 (255)

. 3. . . . . . y .
St = —Sprr + 5 [p (Sx + 381) +q (Tz + 3Tz) +r (qx + SQz) + s (p:r + pr)] s (256)
and

bt = —Pzxax + 5 [p (sz + px) —q (3QI + q:v) -r (3rz + rz) + s (331’ + 5:1:)] 9 (257)

3 . . . . . R . R
Gt = —Qrza + 5 [p (3(]:10 + Qz) +4q (3pz +p:p) -r (35:10 + S:Jc) — S (ST:E + T:Jc)] s (258)

3 . . . . . . R
Tt = —Fppa + 3 [p(3F% 4+ 72) — q (355 + 82) + 7 (3Px + Pr) — 5 (3¢e + Gz)],  (2.59)

3 . . . . R . R
St = —Sppx + 5 [p (35:1: + Sz) +q (3Tz + Tz) +r (3Qz + Qz) + s (3pz +px)] . (260)

A real solution to the ABKdV equations (2.51) and (2.52) that sums up to the standard
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one-soliton solution (2.24) is found as
1 3
appia(T,t) = uya(z,t) + vtanh §(C¥{E —at+p)|, (2.61)
1
buvia(x,t) = uya(x,t) — vtanh |:§(OZSL‘ —adt+ ,u)} , (2.62)

with arbitrary constants v,u € R. Proceeding now as for the local variant by taking
= pl+ 01+ ¢y + xke B, we decompose a, ;o and by, ..o into their canonical components
and obtain after some lengthy computation the corresponding solution to the bicomplex
version of the ABKdV equations (2.53)-(2.60) as

L 7 7 k
Up.0.6, ;0 = Up,0,p,x;0 T §VFw+0797¢7x + §VGw+p797¢7x + §VGw+p,¢707x + §VFX797¢71U+P (2.63)

with w, = ax — ot and the newly defined functions

sinh x| sec x5 sec x3 sech x4 4+ tanh 21 — tan x5 tan xg tanh x4

F, = (2.64)
1,42,%3,74 cosh(2z1)+cos(2x2)+cos(2x3)+cosh(2z4) ’ ’
1 — tanh z1 tan x9 tan 3 tanh x4 + T coshz, cos g Cos 15 cosh 73
sech x1 sec xo sin x3 sech ¢4 + tan x3 + tanh 1 tan o tanh x4
Gy wo,03,m0 = (2.65)

cosh(2z1)+cos(2x2)+cos(2x3)+cosh(2z4) *
4 cosh x1 cos x2 cos x3 cosh x4

1 — tanh x1 tan zo tan x3 tanh x4 +

The functions b, ¢ v, Or equivalently the individual components p, §, 7, 3, are obtained
by a P7-transformation.

We may also proceed as in subsection 2.3.2 and construct a solution in the idempo-
tent representation. Keeping the parameter v real, a solution based on the idempotent
decomposition is

a97¢7u;a75 = a7’071j7ael + al¢7yaﬁe2 (2'66)
R 14 7
= U0.gia,6 + 5V (Fua,0,00 + Fug,9,00) T 57(Gua 0,00 + Gug0.00)
J k
+5V (G060 + Gua000) + 5V (Fua 000 = Fugs00) -

Once more, the functions b, ¢ v:a O P, q, 7, § are obtained by a P7-transformation. Com-
paring (2.66) with a,g ¢ ;o in (2.63) we have now two speed parameters at our disposal,
similarly as in the local case.

3. Quaternionic solitons

3.1 Quaternionic numbers and functions

The quaternions in the canonical basis are defined as the set of elements
H = {a1f + a1 + asy + ask | a1, a2,a3,a4 € R}. (3.1)

The multiplication of the basis {¢,1, 7, k} is noncommutative with ¢ denoting the real unit
element, /> = 1 and 1, 5, k its three imaginary units with > = > = k2 = —1. The remaining
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multiplication rules are 1y = —n = k, 3k = —kj =1 and k1 = —k = 3. The multiplication
table remains invariant under the symmetries P7,,, PT,; and P7 . Using these rules
for the basis, two quaternions in the canonical basis n, = a1 + ast + asy + a4k € H and
ny = b1l 4 bor + b3y + bgk € H are multiplied as

NgNp = (a1b1 — agby — agbs — a4b4) 0+ (a1b2 + agby + asby — a4b3) 7 (3.2)
+ (a1b3 — agby + asby + agbe) 3+ k (a1bg + azbs — asbe + agby) k.

There are various representations for quaternions, see e.g. [38], of which the complex form
will be especially useful for what follows. With the help of (3.2) one easily verifies that

1 /
£ = N (agr + asy+ agk) with N = a% + a% + ai (3.3)

constitutes a new imaginary unit with £2 = —1. This means that in this representation we
can formally view a quaternion, n, € H, as an element in the complex numbers

ng = a1l + EN € C(§), (3.4)

with real part a; and imaginary part . Notice that a P7T ¢-symmetry can only be achieved
with a PT,,,-symmetry acting on the unit vectors in the canonical representation. Unlike
the bicomplex numbers or the coquaternions, see below, the quaternionic algebra does not
contain any idempotents.

3.2 The quaternionic Korteweg-de Vries equation

Applying now the multiplication law (3.2) to quaternionic functions, the KdV equation for
a quaternionic field of the form wu(x,t) = lp(x,t) + 1q(z,t) + gr(z,t) + ks(z,t) € H can
also be viewed as a set of coupled equations for the four real fields p(z,t), q(z,t), r(x,t),
s(z,t) e R

Pt + 6ppz — 6qqy — 6775 — 6853 + Prge =0
qt + 6qps + 6pgz — 6575 + 6755 + Grax =0
ri + 6Py + 6pry — 6¢Sy + 65y + Taps =0
St + 6sp, + 6ps, + 6qry, — 61qy + Sppr =0

up + 6uly + Ugpy =0 & (3.5)

Notice that when comparing the bicomplex KdV equation (2.16) and the quaternionic KdV
equation (3.5) only the signs of the penultimate terms in all four equations have changed.
This means that also (3.5) is invariant under the P7,,-symmetry. Alternatively, we may
consider here the aforementioned symmetry

PTZ]k:$4> -, tH7t7Z*> 2 7]ak*> 7k7p*>paq*> -4, r — 18— =S5U—U

(3.6)
which violates all the noncommutative multiplication rules 19 = —pn = k, 9k = —kj =1
and kv = —ik = 5. Thus in order to implement the symmetry P7T,,, we must set all terms

resulting from these multiplications to zero, so that we obtain the additional constraints

STy = TSz, Sz = Sqz, and qre = Tqy. (3.7)
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When eliminating these terms from (3.5) the remaining set of equations is P7T,,-symmetric,
which appears to be a rather strong imposition. However, the equations without these
terms emerge quite naturally when keeping in mind that the product of functions in (3.5) is
noncommutative so that one should symmetrize products and replace 6uu, — 3uug +3uzu.
This process corresponds precisely to imposing the constraints (3.7).

3.3 PT,;-symmetric N-soliton solutions

Due to the noncommutative nature of the quaternions it appears difficult at first sight to
find solutions to the quaternionic KdV equation. However, using the complex representa-
tion (3.4), and imposing the P7T, -symmetric, we may resort to our previous analysis on
complex solitons. Following [20] and considering the shifted solution (2.24) in the complex
space C(&) yields the solution

Ua1€+£/\/',a($at) = pal,./\/;a(xvt) - £qa1,N§a(x7t) (3.8)
1
= Pay Nia(T, )0 — N,qal,/\/;a(x, t) (agr + asy + aqk) . (3.9)

This solution becomes PT,,;-symmetric when we carry out a shift in = or ¢ to eliminate
the real part of the shift. Reading off the functions p(z,t), q(z,t), r(x,t), s(x,t) from
(3.9), it is also obvious that the constraints (3.7) are indeed satisfied. Thus the real ¢-
component is a one-solitonic structure similar to the real part of a complex soliton and
the remaining component consists of the imaginary parts of a complex soliton with overall
different amplitudes. It is clear that the conserved quantities constructed from this solution
must be real, which follows by using the same argument as for the imaginary part in the
complex case [20] separately for each of the 1,7,k-components. By considering all functions
to be in C(&), it is also clear that multi-soliton solutions can be constructed in analogy to the
complex case C(2) treated in [20] with a subsequent expansion into canonical components.
Since the quaternionic algebra does not contain any idempotents, a construction similar
to the one carried out in subsection 2.3.2 does not seem to be possible for quaternions. How-
ever, we can use (2.36) for two complex solutions we,pa(2,t) = wy 4., (2, ) + faw;b;a(w, t),
Wea;8(2, ) = Wi 45(2,t) + € bwéd; 5(,t), where the imaginary units are defined as in (3.3)
with £, (az,as,aq) and & (be, b3, bs). Expanding that expression in the canonical basis we
obtain
o — (32

w? + w? +w? + w?

Wo (bwy — w2 — Jws — kwy) (3.10)

with ) )
YA A
AnWq b . b"wc,d;ﬁ

Na Ny

A coquaternionic two-soliton solution to (3.5) is then obtained from (3.10) as u(® = (ws),.

n=2,34. (3.11)

— T T —
Wi = Wapa = Wedips  “Wn =

4. Coquaternionic solitons

4.1 Coquaternionic numbers and functions

The coquaternions or often also referred to as split-quaternions in the canonical basis are
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defined as the set of elements
P= {a1£+agz+a3]+a4k ‘ ay,az,as3, 04 GR}. (41)

The multiplication of the basis {/,7,7,k} is noncommutative with a real unit element ¢,
¢? = 1, two hyperbolic unit elements 7, k, 7> = k? = 1, and one imaginary unit 2> = —1.
The remaining multiplication rules are 1y = —pn = k, )k = —kj = —rand k1 = —ik = 3. The
multiplication table remains invariant under the symmetries P7T,,, PT,; and PT ;. Using
these rules for the basis, two coquaternions in the canonical basis n, = a1l+ast+asj+ask €
P and ny = b1€ 4 bar + b3y + bak € P are multiplied as

nanp = (a1by — azbz + asbs + asbs) £ + (a1bs + azby — azbs + asbs) 1 (4.2)
+ (a1b3 — agby + azby + a4b2) 1+ k (a1b4 + agbg — asby + a4b1) k.

There are various coquaternionic representations for numbers and functions. Similar as a
quaternion one can formally view a coquaternion, ny € P, as an element in the complex

numbers
ng = arl + (M € C(Q) (4.3)
with real part a; and imaginary part M. The new imaginary unit, ¢ = —1,
(= ™ (a2t + azy+ ask) with M =y/a3 —a% — a3 (4.4)

is, however, only defined for a3 # a%+a3. For definiteness we assume here |ag| > /a2 + a?.
Similarly as the P7 ¢-symmerty also the P7 ¢-symmerty requires a P7 ,,-symmetry. Unlike
the quaternions, the coquaternions possess a number idempotents e; = (1 + k)/2, e2 =
(1 —k)/2 with €2 = e, €3 = e, e1ea = 0 or e3 = (1 +7)/2, e4 = (1 — 7)/2 with €3 = e3,
ei = ey, egeq = 0. So for instance, n, is an element in

P = {e1v1 + eva | v1 € D(9),v2 € D(9)}, (4.5)

where the hyperbolic numbers in (4.5) are related to the coefficient in the canonical basis
as v1 = (a1 + a4)l + (ag + a3)y and v = (a1 — aq)l + (ag — a2)).

4.2 The coquaternionic Korteweg-de Vries equation

Applying now the multiplication law (4.2) to coquaternionic functions, the KdV equation
for a quaternionic field of the form u(x,t) = ¢p(x,t) +1q(z,t) + gr(z,t) + ks(z,t) € P can
also be viewed as a set of coupled equations for the four real fields p(z,t), q(x,t), r(x,t),
s(z,t) € R. The symmetric coquaternionic KdV equation then becomes

pt + 6ppr — 6qq, + 65S; + 6775 4 Prrx =0
gt + 69pz + 6pgs + Guax =0
Tt + 61py + 6pry + 14ze =0
st + 6spy + 6psy + Sgzz =0

g+ 3(uty + uph) + Ugyr =0 & . (4.6)

Notice that the last three equations of the coupled equation in (4.6) are identical to the
symmetric quaternionic KdV equation (3.5) with constraints (3.7).
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4.3 PT,-symmetric N-soliton solutions

Using the representation (4.3) we proceed as in subsection 3.3 and consider the shifted
solution (2.24) in the complex space C(()

Ua1£+§./\/l,a(l'a t) = pal,./\/l;a(l'a t) - qul,/\/l;a(l'a t) (47)
1
= Pa; Mia (T, ) — ﬂqal,M;a(aﬁ, t) (agr + asy + aqk) (4.8)

that solves the coquaternionic KdV equation (4.6). The solution in (4.7) is P7T ,;-symmetric.
Multi-soliton solutions can be constructed in analogy to the complex case C(2) treated in
[20] by treating all functions in C(({) as explained in more detail at the end of section 4.

5. Octonionic solitons

We finish our discussion with a comment on the construction of octonionic solitons. Octo-
nions or Cayley numbers are extensions of the quaternions with a doubling of the dimen-
sions. In the canonical basis they can be represented as

O = {apeo + are1 + azea + azes + aseq + ases + ageg + azer| a; € R} . (5.1)

The multiplication of the units is defined by noting that each of the seven quadruplets
(ep,e1,€2,€3), (€o,e1,€4,€5), (€o,e€1,€7,€6), (€0,€2,€4,€6), (€o,€2,e5,€7), (€0, €3, €4, e7) and
(ep, €3, €6, €5), constitutes a canonical basis for the quaternions in one-to-one correspon-
dence with (4,1, ), k). Hence the octonions have one real unit, 7 imaginary units and the
multiplication of two octonions is noncommutative. Similarly as for quaternions and co-
quaternions we can view an octonion n, € O as a complex number

ng = a1l + o0 € C(o) (5.2)

with real part a1, imaginary part O and newly defined imaginary unit, 0? = —1,

1 7 N~
0=5 Zi:l aiey where O = Zi:l aies. (5.3)

In order to obtain a PT ,-symmetry we require a P7 ¢ epezesesese,-Symmetry in the
canonical basis.

5.1 The octonionic Korteweg-de Vries equation

Taking now an octonionic field to be of the form u(z,t) = p(z,t)eg + q(x, t)er + r(x, t)es +
s(z,t)es + t(x,t)es + v(z,t)es + w(x,t)eg + z(x,t)er € O the symmetric octonionic KAV
equation, in this form of (4.6) becomes a set of eight coupled equations

Pt + 6ppr — 6qq, — 6771 — 655, — 6ttty — 6VV, — bww, — 6224 + Prrr = 0,

5.4
Xt + 6xPz +6pXy + Xpgz = 0, (5.4)

with x = ¢, s,t,v,w,z. Setting any of four variables for x to zero reduces (5.4) to the
coupled set of equations corresponding to the symmetric quaternionic KdV equation (3.5)
with constraints (3.7).
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5.2 PT ¢ eseseqesece,-Symmetric N-soliton solutions

Using the representation (5.2) we proceed as in subsection 3.3 and consider the shifted
solution (2.24) in the complex space C(0)

ua1€+o(’),a($7 t) = pal,(’);a(xy t) - OQal,(’);a(xy t) (55)
1 7
= pal,(’);a(xy t>£ - 5%11,0;0[(*%7 t) Zi:l aiex (56)

that solves the octonionic KdV equation (5.4). The solution in (5.5) i8 P7T ¢, eeseqeseser-
symmetric. Once more, multi-soliton solutions can be constructed in analogy to the com-
plex case C(z) treated in [20] by treating all functions in C(0) as explained in more detail
at the end of section 4.

6. Conclusions

We have shown that the bicomplex, quaternionic, coquaternionic and octonionic versions
of the KdV equation admit multi-soliton solutions. Using the standard folklore we assume
that the existence of such type of solutions implies certain integrability of these equations,
which we did not formally prove. The bicomplex versions, local and nonlocal, display a
particularly rich structure with the two types of solutions found to exhibit very different
types of qualitative behaviour. Especially interesting is the solution in the idempotent
representation that decomposes a IN-soliton into a 2/N-solitonic structure. Each one-soliton
constituent of the NV-soliton has two contributions that even involve two independent speed
parameters. Unlike as for the real and complex solitons, where the degeneracy poses a
nontrivial technical problem [29, 30], here these parameters can be trivially set to be equal.

For all noncommuative versions of the KdV equation, i.e. quaternionic, coquaternionic
and octonionic, we found multi-soliton solutions based on complex representation in which
the imaginary unit is built from specific combinations of the imaginary and hyperbolic
units. Interestingly in all cases we observe that the P7-symmetry needed to ensure that
the newly defined imaginary unit can also be used as a P7-symmetry imposes constraints
that are equivalent to the constraints needed to obtain the symmetric KdV equation from
the nonsymmetric one.

Naturally it would be interesting to extend the analysis presented here to other types
of nonlinear integrable systems. A more challenging extension is to multi-complexify also
the variables x and ¢ which then also impacts on the definition of the derivatives with
respect to these variables.
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