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Abstract

We study the interplay between spontaneously breaking global continuous and discrete antilinear sym-
metries in a newly proposed general class of non-Hermitian quantum field theories containing a mixture of
complex and real scalar fields. We analyse the model for different types of global symmetry preserving and
breaking vacua. In addition, the models are symmetric under various types of discrete antilinear symmetries
composed out of nonstandard simultaneous charge conjugations, time-reversals and parity transformations;
CPT. While the global symmetry governs the existence of massless Goldstone bosons, the discrete one
controls the precise expression of the Goldstone bosons in terms of the original fields in the model and
its physical regimes. We show that even when the CPT-symmetries are broken on the level of the action
expanded around different types of vacua, the mass spectra might still be real when the symmetry is pre-
served at the tree approximation and the breaking only occurs at higher order. We discuss the parameter
space of some of the models in the proposed class and identify physical regimes in which massless Gold-
stone bosons emerge when the vacuum spontaneously breaks the global symmetry or equivalently when the
corresponding Noether currents are conserved. The physical regions are bounded by exceptional points in
different ways. There exist special points in parameter space for which massless bosons may occur already
before breaking the global symmetry. However, when the global symmetry is broken at these points they
can no longer be distinguished from genuine Goldstone bosons.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

It is quite well understood how to extend the conventional framework of Hermitian classical
and quantum mechanics [1-3] to allow for the inclusion of non-Hermitian systems. When the
latter systems admit an antilinear symmetry [4], such as for instance being invariant under a si-
multaneous reflection in time and space, referred to as P7 -symmetry, this can be achieved in a
self-consistent manner. In these circumstances one encounters three types of regimes with qual-
itatively different behaviour, a P77 -symmetric phase, a spontaneously broken P7T -symmetric
phase and a completely P77 -symmetry broken phase. Based on the formal analogy between the
Schrodinger equation and the propagation of light in the paraxial approximation described by
the Helmholtz equation many of the findings obtained in the quantum mechanical description
have been confirmed experimentally and further developed in classical optical settings with the
refractive index playing the role of a complex potential [5-9].

When implementing and extending these idea and principles to quantum field theories there
is less consensus, and for some aspects alternative resolutions have been proposed. Naturally,
as a direct extension of the well studied purely complex cubic potential in quantum mechanics
the scalar field theory with imaginary cubic self-interaction term i¢> has been investigated at
first [10,11] and also the more generally deformed harmonic oscillator has been generalised to
a field theoretical interaction term ¢2(i$)¢ more recently [12]. Non-Hermitian versions with a
field theoretic Yukawa interaction [13—16] have been investigated in regard to Higgs boson decay.
Besides bosonic theories also generalizations to non-Hermitian fermion theories such as a free
fermion theory with a y5-mass term or the massive Thirring model have been proposed [17].
PT -symmetric versions of quantum electrodynamics have been studied [18,19] as well.

Here we will focus on a feature that is very central to standard Hermitian quantum field the-
ory, the Goldstone theorem, and investigate further how it extends to non-Hermitian theories. We
recall that in the Hermitian case the theorem states that the number of massless Goldstone bosons
in a quantum field theory is equal to the dimension of the coset G/H, with G denoting a global
continuous symmetry group of the action and H the symmetry group that is left when the theory
is expanded around a specific vacuum [20,21]. The question of extension was recently addressed
by Alexandre, Ellis, Millington and Seynaeve [22] and separately by Mannheim [23]. Interest-
ingly, both groups found that the theorem appears to hold for non-Hermitian theories as well, but
they proposed two alternative variants for it to be implemented. In addition, Mannheim suggests
that the non-Hermitian theory possess the new feature of an unobservable Goldstone boson at
a special point. Here we find that the Goldstone bosons takes on different forms depending on
whether the theory is in the CP7 -symmetric regime, at standard exceptional point or what we
refer to as the zero-exceptional point. We distinguish here between a standard exceptional point,
corresponding to two nonzero eigenvalues coalescing, and a zero-exceptional point defined as
the point when a zero eigenvalue coalesces with a nonzero eigenvalue.

The problem that both groups have tried to overcome at first is the feature that the equations
of motion obtained from functionally varying the action with respect to the scalar fields on one
hand and on the other separately with respect to its complex conjugate field are not compatible.
This is a well known conundrum for non-Hermitian quantum field theories and has for instance
been pointed out previously and elaborated on in [24,25] for a non-Hermitian fermionic theory.
Hence, without any modifications the proposed non-Hermitian quantum field theories appear
to be inconsistent. To resolve this problem the authors of [22] proposed to use a non-standard
variational principle by keeping some non-vanishing surface terms. In contrast, Mannheim [23]
utilizes the fact that the action of a theory can be altered without changing the content of the
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theory as long as the equal time commutation relations are preserved, see e.g. [17]. Utilizing that
principle he investigates a model based on a similarity transformed action of the previous one in
which the entire set of equations of motion have consistent properties. Remarkably, it was found
for both versions that the theory expanded around the global U (1)-symmetry breaking vacuum
contains a massless Goldstone boson. Moreover, while in the approach that only validates half
of the standard set of equations of motion non-standard currents are conserved and Noether’s
theorem seems to be evaded, the approach proposed in [23] is based on the standard variational
principle leading to standard Noether currents.

Here we largely adopt the latter approach and analyse theories expanded about different types
of vacua, global symmetry breaking and also preserving ones, for a class of models contain-
ing a mixture of several types of complex scalar of fields and also real self-conjugate fields. In
particular, we identify the physical regions in parameter space by demanding the masses to be
non-negative real-valued in order to be physically meaningful. This has not been considered pre-
viously, but is in fact quite essential as potentially the theory might be entirely unphysical. As
is turns out, in many scenarios we are able to identify some physical regimes that are, however,
quite isolated in parameter space. We find some vacua that break the CPT-symmetries on the
level of the action, but still possess physically meaningful mass spectra, as the symmetry breaking
occurs at higher order couplings than at the tree approximation. Moreover, we derive the explicit
forms of the Goldstone boson in all three P77 -regimes, the symmetric and spontaneously broken
phases, as well as at the exceptional point.

Our manuscript is organised as follows: In section 2 we introduce a general model with n
scalar field that might be genuinely complex but in some versions also contain real self-conjugate
fields. In section 3 and 4 we investigate two specific examples of this general class of models in
more detail and identify the physical regions in which Goldstone bosons may or may not occur.
We investigate different types of vacua that may break the global U (1)-symmetry and also several
variants of discrete CP7 -symmetries that might be broken separately. Starting from a complex
squared mass matrix we construct the P-operator that together with 7 -operator can be used to
identify the real eigenvalue regime and show how these operators, that can be thought off as
quantum mechanical analogues, are related to the quantum field theoretical CPT -operator. We
identify the explicit form of the Goldstone boson in terms of the original fields in the action in
different PT -regimes. In section 5 we investigate how the interaction term may be generalised so
that the action still respects a discrete CP7 -symmetry and a continuous global U (1)-symmetry.
We state our conclusions and present an outlook in section 6.

2. A non-Hermitian model with n complex scalar fields

We consider here generalizations of the model originally proposed in [22] and further studied
in [23]. To be a suitable candidate for the investigation of the non-Hermitian version of Gold-
stone’s theorem the model should be not invariant under complex conjugation, possess a discrete
CPT -transformation symmetry and crucially be invariant under a global continuous symmetry.
The actions Z, = [ d*x L, involving the Lagrangian densities functional of the general form

o= (0ui0" 7 +cim?gi67)
i=1
n—1 n
+ Y and (976 — 9tad) — Y S @i 2.1)

i=1 i=1
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possess all of these three properties. The parameter space is spanned by the real parameters
mi, gi, i € R and ¢;, k; = £1. The latter constants might be absorbed into the mass and the
couplings u; when allowing them to be purely imaginary or real. However, we keep these con-
stants separately since their values distinguish between different types of qualitative behaviour
as we shall see below. When fixing those constants to specific values the action Z; reduces to
the model discussed in [22,23]. In order to keep matters as simple as possible in our detailed
analysis, we will set here g; = 0 for i # 1, but in section 5 we argue that the interaction term may
be chosen in a more complicated way with all three properties still preserved.

Functionally varying the action Z, separately with respect to ¢; and ¢ gives rise to the two
sets of equations of motion

8Ly Ly o | _0Lw | _ oy 8w _ Ly | 0Lw | _ 2.2)
5 g “|o(oue) | oeF oef  "|o(ouer) | '

We comment below on the compatibility of these equations. Evidently, the action Z, is
not Hermitian when ¢ # ¢; for some i. However, it is invariant under two types of
CPT -transformations

CPT1:i(x) = (=D pf (—xp0),
CPTa:¢i(xy) = (—)'¢pF(—xu), i=1,...,n. (2.3)

As pointed out in [26] these types of symmetries are not the standard CPT transformations
as some of the fields are not simply conjugated and P does not simply act on the argument
of the fields, but also acquire an additional minus sign as a factor under the transformation.
Such type of symmetries were studied in the quantum field theory context in more detail in
[26] and as argued therein make the non-Hermitian versions good candidates for meaningful and
self-consistent quantum field theories, in analogy to their quantum mechanical versions, despite
being non-Hermitian.
In addition, the action related to (2.1) is left invariant under the continuous global U (1)-sym-
metry
bi — i, ¢F — e pF i=1,...,n,a eR, (2.4)

i

when none of the fields in the theory is real, that is when ¢ # ¢; for all i. Applying Noether’s
theorem and using the standard variational principle for this symmetry one obtains

n
ALy oL [ 81
8L, =0 S + + "¢ + Sl |. (2.5)
' “[E@(m) 3 } Z T

Thus provided the equations of motion in (2.2) hold, and §£,, = 0 when using the global
U(1)-symmetry in the variation with §¢; = ia¢p; and 8(;57 = —ioz¢7, we derive the Noether
current associated to this symmetry as

Ju=ia)y | ($idudf — o). (2.6)

Below we discuss in more detail under which circumstances this current is conserved. We will
argue that Noether’s theorem holds in its standard form and is not evaded as concluded by some
authors. Next we are mainly interested in the study of mass spectra resulting by expanding the
potentials around different vacua as this probes the Goldstone theorem.
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3. Discrete antilinear and continuous global symmetry

We now discuss the model Z3 in more detail with all fields being genuinely complex scalar
fields, i.e. ¢; #£ qb;", i = 1,2, 3. Then the action for (2.1) takes on the form

T35, 67 9y 907 = / d*xLs, a1

with Lagrangian density functional

3
L3= 0,¢i0" ¢} — V3, (32)

i=1

and potential

3
8
V== cimidid] +cuit® ($i¢2 — $361) +cov? (#2605 — $303) + S (0191)°. (33)
i=1

Compared to (2.1) we have simplified here the interaction term by taking g1 = g and g1 = g2 =0.
The model contains the real parameters m;, i, v, g € R and ¢;, ¢y, ¢, = £1. While this action
T3 is not Hermitian, that is invariant under complex conjugation, it respects various discrete and
continuous symmetries. It is invariant under two types of CPT -transformations (2.3)

CPTI/Z : ([51()(“) g :td)ik(_xu) > ¢2(xu) g :Fdfzk(_xu), (,153()6“) g :l:d);:(_xy.)»
(3.4

which are both discrete antilinear transformations. Moreover, the action (3.1) is left invariant
under the continuous global U (1)-symmetry (2.4), which gives rise to the Noether current (2.6)

Ju=ia Z; (i 0u0] — & 0uhi) - (3.5)

With the dimension of the global symmetry group G = U (1) being just 1, we may only encounter
two possibilities for the Hermitian case, that is the model contains one or no massless Goldstone
boson when the symmetry group for the expanded theory is H =1 or H = U (1), respectively,
after a specific vacuum has been selected [20,21]. As we shall see, breaking in our model the
global U (1)-symmetry for the vacuum will give rise to the massless Goldstone bosons in the
standard fashion, albeit with some modifications and novel features for a non-Hermitian setting.
The six equations of motion in (2.2) read in this case

Ot — cimigr = cui’s + 59197 =0. (3.6)
O — camie + cui®dy + cyv’eps =0, 3.7)
O3 — cam3eps — e,y =0, (3.8)

067 — cimi i +cun’ds + 3191 =0. (3.9)
Os — com3ps — cup®df — cyv?el =0, (3.10)
gy — c3m3¢s + cpv’eps =0, (3.11)

with d’Alembert operator [J := 9,0* and metric diagn = (1, —1, —1, —1). We encounter here
the same problem as pointed out for Z, with four scalar fields investigated in [22,23], namely
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that as a consequence of the non-Hermiticity of the action the equations of motions obtained
from the variation with regard to the fields ¢, (3.6)-(3.8), are not the complex conjugates of the
equations obtained from the variation with respect to the fields ¢;, (3.9)-(3.11). Hence, the two
sets of equations appear to be incompatible and therefore the quantum field theory related to the
action (3.1) seems to be inconsistent.

An unconventional solution to this conundrum was proposed in [22], by suggesting to omit
the variation with respect to one set of fields and also taking non-vanishing surface terms into
account. Even though this proposal appears to lead to a consistent model, it remains somewhat
unclear as to why one should abandon a well established principle from standard complex scalar
field theory. Here we adopt the proposal made by Mannheim [23], which is more elegant and,
from the point of view of extending the well established framework of non-Hermitian quantum
mechanics to quantum field theory, also more natural. It consists of seeking a similarity transfor-
mation for the action that achieves compatibility between the two sets of equations of motion.
It is easy to see that any transformation of the form ¢, — i¢, ¢5 — Li¢; that leaves all the
other fields invariant will achieve compatibility between the two sets of equations (3.6)-(3.8) and
(3.9)-(3.11).

The analysis to achieve this is most conveniently carried out when reparameterising the com-
plex fields in terms of real component fields. Parameterising therefore the complex scalar field
as ¢; = 1/v/2(g; + i) with ¢;, x; € R the action Z3 in (3.1) acquires the form

3
1
n- [ d“x[Z 5 [Busio™ e+ 060" 13 + cim? (67 + 1) |
i=1
+ic il (@1 x2 — 2x1) (3.12)

. g
+icyv? (@302 — P2X3) — 1—6(%2 + Xlz)z}-

This approach differs slightly from Mannheim’s, who took the component fields to be complex
as well. The continuous global U (1)-symmetry (2.4) of the action is realised for the real fields
as ¢; — @jcosa — x;sinw, x; — @; sina + x; cosa, that is §¢; = —ax; and 6x; = ag; for o
small. The CP7T 1,2 symmetries in (3.4) manifests on these fields as

CPT12:013(x0) = £013(—x,), @2(x,) = Fo2(—x,), (3.13)
x1.300) = £x13(=x0),  x2(xpw) = Fxal(—=xu), i— —i.

In this form also the antilinear symmetry

CPT3/4:0123(x) = £x123(=x1), x1.23() = £@1,23(—x,), i— —i,

leaves the action invariant. Let us now transform the action Z3 in the form (3.12) to an equivalent
Hermitian one.

3.1. ACPT equivalent action, different types of vacua

We define now the analogue to the Dyson map [27] in quantum mechanics as

7= exp [% /d3xn§(x, (X, r)} exp B / AP (X, 1) xa (X, 1)} : (3.14)
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involving the canonical momenta H;p = d;¢; and Hl?( = 0rxi, i = 1,2,3. Using the Baker-
Campbell-Haussdorf formula we compute the adjoint actions of 7 on the scalar fields as

nein”' = (=% @i, nxn' =" .

ngin~ = (=), nginT = (=) ¢r. (3.15)
The equal time commutation relations [lﬂj x,1), H},ﬂf (y, t)] =if(x—Yy),i=1,2,3, for ¢y =

@, x are preserved under these transformations. Applying them to Z3 in (3.12), we obtain the
new equivalent action

3
A _ 1 ,
LnTan = [ a Y0 0 (.00 0+ it s+ e (o + 7)) 316)
i=1
8
et (@12 — 92x1) + eV’ (9302 — 9203) — 1—6(%2 +x)

The U (1)-symmetry is still realised in the same way as for Z3, but the CP7T -symmetries for fg
are now modified to

C/P}ﬁ/z Fo13(x) = £e13(=xu),  @2(xu) = Fea(—xp), (3.17)
x1,3(x) = Fx1,3(—=xn),  x2(xn) = £x2(=xp),
CPT3a:91.230x) = £x1,23(=xu), (3.18)

accommodating the fact that no explicit imaginary unit 7 is left in the action. Notice that these
symmetries are, however, no longer antilinear and therefore lack the constraining power of
predicting the reality of non-Hermitian quantities. The equations of motion resulting from func-
tionally varying jy, with respect to the real fields are

av g
=01 = Pyl —C1m%§01 - Cuuzxz + —<P1(<ﬂ12 + X12), (3.19)
1 4
v 2 2 2
—Oxo = T —coms X2 + cu @1 + cyvTes, (3.20)
av
—Ops = P —e3m3ps — v’ xa, (3.21)
aVv g
—Ox1 = — = —cimix1 + cut’02 + > 5103 + xD), (3.22)
ax1 4
v
—Ugr = S = —combpr — c X1 — vy, (3.23)
vV
—-Ox3 = P —c3mixs 4 env’en. (3.24)

We may write the action 73 and the corresponding equation of motions more compactly. In-
troducing the column vector field ® = (¢1, x2, ¢3, X1, ¥2, X3)T, the action acquires the concise
form

.1 2
Fr=- [ d*x|0,0T 10" —dTH -5 (oTED) |. (3.25)
2 " 8
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. . 2 . .
Here we employed the Hessian matrix H;;(®) = #a‘/% o which for our potential V3 reads
§Gei+xD) —ami —cun® 0 Sein 0
—C,L,uz czm% —cyv? 0 0
0 —cyv? —C3m2 0 0
H((®) = . Y 3 . ) s
591X1 0 0 E(@? +3xH) —cim} cup 0
0 0 0 cuuz czm% cyv?
0 0 0 0 cv? —c3m}
(3.26)

In (3.25) we use H; = H (®9), 9 = (0,0,0,0,0,0) and the 6 x 6-matrices I, E with diag ] =
(1,-1,1,1,—1,1) and diag E = (1, 0,0, 1, 0, 0). The equation of motion resulting from (3.25)

reads
8 T
~00 — 1H®— 21 (cp Ecp) Ed=0. (3.27)

We find different types of vacua by solving 6V = 0, amounting to setting simultaneously the
right hand sides of the equations (3 19) (3 24) to zero and solving for the fields ¢;, x;. Denoting

the solutions by ®° = (¢, x?, g03 xD, 09, xT, we find the vacua
=(0,0,0,0,0,0), (3.28)
2.2 2.2
c3cm c3cm
@9 = K(0) (1, SIS g o) (3.29)
K K
2,2 2,2
c3e,m
%= K (0) (0,0,0,—1, WSl fveul B > (3.30)
K K
2.2 2,20
czcmi e _ CuCuVT T
qu = ((0(])7 rs 1 ) v 1 _K(w(]))a
K K
c3cum3pK () cpepv?u?K () 331
K ’ K ’
where for convenience we introduced the function and constant
desmiut deym?
K(x):= :I:\/ Sl L + 2 K := cacsmim3 +v?. (3.32)
8K 8 i

Notice, that in the vacuum d>0 the field gol is generic and not ﬁxed When varied it interpolates
between the vacua CDg and d>0 For (‘p1)2 — 4(c1m K+ C3m 4)/g/c and 901 — 0 we obtain
CDg — <I>g and @2 — <I>(3), respectlvely. We also note that K(0) = 0 at the special value of the
coupling u = ,u‘s‘ = —clm%/c/qm% so that @g(us) = @?. Unlike as in [23], where the vacuum is
taken to be complex, our vacua are real. Next we probe Goldstone’s theorem by computing the
masses resulting by expanding around the different vacua in the tree approximation.

3.2. The mass spectra, PT -symmetries

Defining the column vector field ¢ = @0 + & with vacuum component ®° as defined above
and ® = (@1, X2, @3, X1, ¢2, X3)T , we expand the potential about the vacua (3.28)-(3.31) as
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V(d)=V (q>° + &) —v (<I>0> +VV (q>°)T &+ %&)TH ((DO) d4.... (3.33)

The linear term is of course vanishing, as by design VV (CIDO) = 0. The squared mass matrix M>
is read off from (3.27) as

<M2>ij —[IH (@0)],- . (3.34)

The somewhat unusual emergence of the matrix / is due to the fact that as a consequence of
the similarity transformation we now have negative signs in front of some of the kinetic energy
terms, see also (3.20) and (3.23).

In general this matrix is not diagonal, but in the CP7T-symmetric regime we may diago-
nalise it and express the fields related to these masses in terms of the original fields in the
action. Denoting the eigenvectors of the squared mass matrix by v;,i =1, ..., 6, the matrix U =
(v1, ..., vg), containing the eigenvectors as column vectors, diagonalizes M 2asU'M2U =D
with diag D = (A1, ..., A¢) as long as U is invertible. The latter property holds in general only
in the CPT -symmetric regime. Rewriting

STME=3" miy? =3 m? ((i)TIU)_(U’lé)i, (3.35)
1 1 1

we may therefore introduce the masses m; for the fields

i = \/(&DTIU)i (U-1d); (3.36)

as the positive square roots of the eigenvalues of the squared mass matrix M2, that is m; = /A;.
Naturally this means the fields ¥; in the specific form (3.36) are absent when U is not invertible
and since physical masses m; are non-negative we must also discard scenarios in which A; <0
or ImA; # 0 as unphysical.

Since the squared mass matrix M? is not Hermitian, but may have real eigenvalues A; in some
regime, we can employ the standard framework from P7 -symmetric quantum mechanics with
M? playing the role of the non-Hermitian Hamiltonian [1,3]. We can then identify the antilinear
‘P T -operator that ensures the reality of the spectrum in that particular regime. The time-reversal
operator 7 simply corresponds to a complex conjugation, but one needs to establish that the
‘P-operator obtained from the quantum mechanical description is the same as the one employed
at the level of the action. In order to identify that connection let us first see which properties the
‘P-operator must satisfy at the level of the action. Expressing Z3 in the form

T3 [@] = IV [@] + T [@] = % / dix[o7 (04 M2) 0]+ 7 (@], (3.37)
with real field vector @, the action of the CPT -operator on I%VI [®]is

CPT TN (0] - % / d*x o7 [PTPO+ P (MZ)*P] JF (3.38)
Hence for this part of the action to be invariant we require the P-operator to obey the two relations

PTP I, and (Mz)* P =PM2. (3.39)

This is in fact the same property P needs to satisfy in the P77 -quantum mechanical framework.
Let us see how to construct 7 when given the non-Hermitian matrix M2, We start by constructing
a biorthonormal basis from the left and right eigenvectors u,, and v,, respectively, of M>
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;
MPv=egvn, (M2) wy=eqy (3.40)
satisfying
{tn [V0) =8y D ) (Wl = ) 10a) {tta] = L. (341)

The left and right eigenvectors are related by the P-operator as
|tn) = suP vn), (3.42)

with s, = %1 defining the signature. Combining (3.42), (3.41) and the first relation in (3.39) we
can express the P-operator and its transpose in terms of the left and right eigenvectors as

P=) sulua)lusl, and  PT=3" s |vn) (val. (3.43)

The biorthonormal basis can also be used to construct an operator, often denoted with the symbol
C, that is closely related to the metric p used in non-Hermitian quantum mechanics

C=Plo=2" sulva) (tl. (3.44)

Despite its notation, this operator is not to be confused with the charge conjugation operator C
employed on the level of the action. The operator C satisfies the algebraic properties [28]

[C,Mz]zo, [C.PT]=0, C2=I. (3.45)

When compared to the quantum mechanical setting the operator U ~! plays here the analogue
to the Dyson map 71 and the combination (U ’I)T U~ is the analogue to the metric operator p.
However, constructing P with M? as a starting point does of course not guarantee that also
Iém [®] will be invariant under CPT when using this particular PP-operator. In fact, we shall
see below that there are many solutions to the two relations in (3.39) that do not leave Iém [P]
invariant. Thus for these CPT -operators the symmetry is broken on the level of the action, but
the mass spectra would still be real as the symmetry is preserved at the tree approximation and
the breaking only occurs at higher order.

3.3. U(1) and CPT invariant vacuum, absence of Goldstone bosons

We investigate now in more detail the theory expanded about the vacuum CD(I) in (3.28). Ac-
cording to our discussion at the end of the last section the theory expanded about this vacuum is
invariant under the global U (1)-symmetry and all four CP7T -symmetries. As the dimension of
the coset G/H equals O the standard field theoretical arguments on Goldstone’s theorem suggest
that we do not expect a Goldstone boson to emerge when expanding around this vacuum. We
confirm this by considering the squared mass matrix as defined in (3.34), which for this vacuum
decomposes into Jordan block form as

—clm% —cﬂuz 0 0 0 0
cu,uz —czm% cpv? 0 0 0
2 2
M12 _ g c(;v cgm3 _C?m2 ) (Lz g ’ (3.46)
1 w
0 0 0 —cﬂuz —czm% —cyv?
0 0 0 0 cyv? —C3m%
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Fig. 1. Nonvanishing eigenvalues A of M12 as a function of v for ¢y = —cp = ¢3 = 1, at the special point p = pg,
fixed values for m| and m3 at different values of m,. The physical regions are v € (—vex, —Vg) and v € (v, vex). (For
interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

where we label the entries of the matrix by the fields in the order as defined for the vector field ®.
The two blocks are simply related as ¢, — —c, ;. We find that the eigenvalues of each block
only depend on the combination c% = 1, so that we have three degenerate eigenvalues with
linear independent eigenvectors and it therefore suffices to consider one block only and subse-
quently implement the degeneracy Evaluating the constant term of the third order characteristic
equations we obtain C3m /L — clm2v4 — cchC3m2m2m% for each block. In general, this is not
equal to zero indicating the absence of a massless Goldstone boson as expected or any other type
of massless particle. The two choices ¢; = ¢» = ¢3 = %1 exclude the possibility for this term to
vanish for any values in parameter space (m1, mo, m3, (t, V). Alternatively this is also seen from
det M7 = (c3m3u* + cim3x)* with « as defined in (3.32).

All other choices for the constants ¢; may lead to zero masses for specific values in the pa-
rameters space. For instance, when ¢; = —c» = ¢3 = 1, the linear term vanishes for the special
choice pus = (mzm% —v m2 / mz)l/ 4. so that we obtain two zero mass particles in the spectrum,
of which, however, none is a Goldstone boson. As in the general case with unrestricted u, the
eigenvalues A of M 12 indicate some unphysical regions, with A being either negative or com-
plex. However, the model has also a physical region in which two degenerate eigenvalues of
the squared mass matrix are positive and, somewhat unexpectedly from the symmetry argument,
there are also two massless particles present in the spectrum. The behaviour of the remaining two
degenerate eigenvalues is depicted in Fig. 1.

The region v € (—vp, vg) with vy = m3(m% — m%)l/“/(m% —m
unphysical because one of the eigenvalues of M 12 is negative. At £vex, wWith vex = [m%(m% +

— m%)2/4/(m§ - m%)]l/4 for m% > m%, the two eigenvalues coalesce and become a complex
conjugate pair, a scenario that for the energy spectrum in the quantum mechanical context is
usually referred to as an exceptional point. Hence, also the regions v < —vex and v > vex are
excluded as being unphysical. Crucially, however, the model is not empty and possess a physical
region in parameter space.

%)1/ 4 is therefore discarded as

3.4. U(1) broken and CPT -invariant vacua, presence of Goldstone bosons

Let us next choose another vacuum that breaks the global U (1)-symmetry. In this case we
expect one massless Goldstone boson to appear. However, as in the previous case there are some
regions in the parameter space for which the model may possess a second massless particle. We
choose now the vacuum <I>(2). Notice that for c; = —¢p) =c¢3 =1 and u — u,, as defined above,
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the global symmetry breaking and symmetry preserving vacua coincide <I>(2) — <I>(1), and therefore
the previous discussion applies in that case. Expanding the action around this U (1)-symmetry
breaking vacuum for u # ug, the corresponding squared mass matrix becomes

sz + 261m% —cM,u2 0 0 0
cM,u2 —czm% cpv? 0 0
2 2
M22 _ 0 —cyv —c3m3 C ()2 ) 0 0 ’ (3.47)
0 0 0 L 0
0 0 0 —cu,uz —czm% —cpv?
0 0 0 0 v —c3m3

with det M22 = 0, hence indicating a zero eigenvalue. Let us now comment on where this Gold-
stone boson originates from. Both blocks in M22 are of the following general 3 x 3-matrix form

A W 0
-w B -V |, (3.48)
0 V -C

whose eigenvalues are solutions to the cubic characteristic equation A3 + rA2 + sA + 1 = 0 with
r=C—A—B, s=V>+W?>+AB—C(A+B), t=ABC+CW?—AV?. (3.49)

Reading off the entries for the block in the lower right corner of M22 as A = C3m§u4 /k, B=
—czm%, C = C3m§, W=cy, uz, V = c,v2, we find that the constant term in the characteristic
equation is zero, i.e. t = 0. Hence at least one eigenvalue becomes zero. The remaining equation
is simply quadratic with solutions

2,4 2 2
cam coms + czm 1
Ay = 3 23# _ aanty . 33 + 2—\/m;1(,u4 _ Mﬁ)z +4cvv2K3/2(/L4 _ M?) (3.50)
K K >

We introduced here the quantity Mei = [k(k — mg +v* £ 26,02 /k)1"/*/m3, that signifies the
value for p at which the eigenvalues A4 and A_ coincide, which is referred to as the exceptional
point. For the block in the top left corner we identify A = 303m§u4 /K + 2c1m%, B = —czmg,
C= C3m§, W= —CM/,LZ and V = —cuvz. The linear term becomes ¢t = —2(63"1%/1,4 + clm%v4 +
c1CQC3m%m%m§), which is exactly twice the value of ¢ obtained previously for the vacuum dD(l).
For t # 0 we define with (3.49) the quantities

p3 q 3s — r2
p=4—=, cOSO=——, p= ,
27 2 3
23 rs P\3 q\2
A A A:(—) (—) . 3.51
1=%57 37 3) T3 (3-51)

Then, provided that p < 0 and A <0, the remaining three eigenvalues are real and according to
Cardano’s formula of the form

o 2
i =203 cos [§ + ?”(i - 1)} . i=1,2,3. (3.52)

Similarly as for the vacuum db? the values of ¢, and c, are not relevant for the computation
of the eigenvalues. Naturally, for these eigenvalues to be interpretable as squared masses to



A. Fring, T. Taira / Nuclear Physics B 950 (2020) 114834 13

)\| )\\
1000
100
800
80 1 o
600 ]
60 — A — A
17% 400 =%
40 — A — A
1= 11—\
. / \ §
0 v 0 v
-06 -04 -02 00 02 04 06 -05 0.0 05

Fig. 2. Nonvanishing eigenvalues A; of M22 as functions of v forc; =cp =c3 =1, m; =1, mp =1/2 and m3z = 1/5.
In the left panel we choose p = 1.7 observing that there is no physical region for which all eigenvalues are non-
negative. In the right panel we choose 1 = 3 and have two physical regions for v € (—0.64468, —0.54490) and
v € (0.54490, 0.64468).
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Fig. 3. Nonvanishing eigenvalues 1; of M% as a function of v forc; = —cp =c3=1,my =1, my =1/2, m3=1/5
and p = 1.7. Singularities occur at v = Vsji:ng ~ £0.31623. The regimes v € (—0.50608, Vs_ing)’ Ve (v:i'ng, 0.50608) are

physical.

tree order they need to be non-negative. There are indeed some regions in the parameter space
for which this holds, taking for instance c; = c3 = —c; =1, m; =1, my =1/2, m3 =1/5,
w =2 and v = 1/2 we compute the six non-negative eigenvalues (A1, A3, A2, Ay, A_,0) =
(38.1493, 0.5683, 0.0639, 10.6534, 1.7471, 0). However, as seen in Fig. 2 these physical regions
are quite isolated in the parameter space.

For the choice ¢ = —c3 = £1 we may also find a value for v = vsiing = £,/moms3, for which
k — 0 leading to singularities in the eigenvalues. Fig. 3 depicts such a situation.

As for the case with U (1)-invariant vacuum, for some specific choices of ;© we can apparently
generate an additional massless particle. Since the linear term of the characteristic equation for
the upper right corner is simply twice the one of the previous section, this scenario occurs for
u = us. However, as we pointed out above for this value of u the two vacua d>(l) and CI>g coincide,
so that the discussion of the previous section applies. In addition, as the two blocks are different
in this case there is a second choice /1? =«?/ (mgt — v*) for which A_ = 0 and the non-zero
eigenvalue coalesces with the zero eigenvalue at the zero-exceptional point. Hence, in this case
it appears that besides the Goldstone boson there is a second massless, non-Goldstone, particle
present in the model. We shall see below that this is actually not the case.
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Choosing instead the vacuum ®9, the resulting mass matrix M32 is similar to M22 with the
block in the top left corner and lower right corner exchanged accompanied by the transformation
Cv/u —> —Cy/u, hence the previous discussion applied in this case.

Expanding instead around the vacuum @2 the resulting mass matrix reads

2 4
c3ma
SR E? —faw’ 0 foln
cuuz 762m% cyv? 0
2 0 —cyv? —C3m% 0
My = £,0,0 2 demint g0 2
391X 0 0 2cymi+ —2— = 5] cun 0
0 0 0 —cuuz —czm% —cpv?
0 0 0 0 e —c3m3

(3.53)

Computing the sixth order characteristic polynomial for Mf we find that the dependence on
the free field (p? drops out entirely. We also note that the linear term always vanishes and that
therefore a Goldstone boson is present for this vacuum. We will not present here a more detailed
discussion as the qualitative behaviour of the model is similar to the one discussed in detail in
the previous section. The model posses various well defined physical regions. For instance, for
co=—l,o=ag=c=c=1,m =2, m=1/2,m3=1/10, u =3/2 and v = 0.28 we
find the eigenvalues (0, 0.0130, 0.2731, 0.7294, 4.8655, 9.0186) for Mf. Let us now see how to
explain the reality of the mass spectrum.

3.5. From quantum mechanical to field theoretical P-operators

We consider now the lower right block of the squared mass matrix in (3.47) and construct
a P-operator in a manner as describes in section 3.2, i.e. taking the mass matrix as a starting
point. Subsequently we verify whether the operator constructed in the manner is a parity operator
that can be used in the CP7T -symmetry transformations that leave the quantum field theoretical
actions invariant. Including the remaining part of the squared mass matrix is straightforward.

We consider the version of M22 resulting from the action before carrying out the similarity
transformation, with the lower right block in (3.47) given as

2.4
c3m3p . 2
% loum 0
M= ic,L,u,2 —czm% —icvv2 . (3.54)
0 —icy,v?  —c3m}

The standard argument that explains the reality of the spectrum for this non-Hermitian matrix is
simply stated: Iff there exists an antilinear operator P77, satisfying

[M,PT]=0, and PTv, =v, (3.55)

with v, denoting the eigenvectors of M, the eigenvalues 1, of M are real. When in (3.55) only
the first relation holds and PT v, # v,, the PT -symmetry is spontaneously broken and some of
the eigenvalues emerge in complex conjugate pairs.

To check this statement for our concrete matrix and in particular to construct an explicit ex-
pression for the P-operator we compute first the normalised left and right eigenvectors for this
non-Hermitian matrix as defined in (3.40)
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1
vj=(=D’iut = F{_x,-A,- — i, =i Njeu i, —cuco vy, j=0,+, (3.56)
J
with normalisation constants
N3 =(k4+reAre oy —A_), (3.57)
N§ =kA_hy, (3.58)

where we abbreviated A :=X; + czm% + C3m§ and A/; =Aj+ ckmi. We confirm that the set
of vectors {v;, uj} with j =0, & form indeed a biorthonormal basis by verifying (3.41).
Next we use relation (3.43) to compute the P-operator

(a283+ v4)2 23 (A28 4+0) 22 (A2A3 +01)
P=3 % —iu2 03 (A2A3 +vt) pt (A§)2 —i 2t A}
=0 w2 (A%A? + v4> ivz,u“Ai urv?
(3.59)

Given all possibilities for the signatures s,, we have found eight different P-operators. All of
them satisfy the two relations in (3.39). However, two signatures are very special as for them the
expressions simplify considerably

£1 0 0
Po==+l,s_=Fl,s,=x)=| 0 F1 0 |. (3.60)
0 0 =1

Moreover, in this case the P-operators are indeed the operators involved in the CP7 1 /2-sym-
metry transformation that is respected by the entire action. Notice that at the exceptional point,
A_ = Ay, the normalisation factors N1 becomes zero so that the eigenvector vy and u4 are no
longer defined. Passing this point corresponds to breaking the P77 -symmetry spontaneously and
the second relation in (3.55) no longer holds.

Next we calculate the operator C as defined in equation (3.44) in two alternative ways to

2
( 1)6 _ (A%A} + v4) iM2A3 <A3A; + v4) u2v? (A%A; + v4>
—1)-ig; )

— 2 : J ] . .
= T W,ZA; (A%A; + v4> —pc4 (A;) lv2M4A§

j=0,+ J .

J 202 (AiAi +v4) lv2u4A§ v

3.61)

We verify that C does indeed satisfy all the relations in (3.45). The Dyson operator is iden-
tified as n = U~! with U = (vg, v4, v_) and the metric operator as p = 7. Since detU =
ir_hi(A_ —Ap)u*v?/ NoN_N, both operators exist in the P7T -symmetric regime. The fact
that the C-operator is not unique [29] is a well known fact, similarly as for the metric operator.

3.6. The Goldstone boson in the PT -symmetric regime
Let us now compute the explicit expression for the Goldstone boson. As we have seen in

section 3.5, the Goldstone boson emerges from the lower right block so that it suffices to consider
that part of the squared mass matrix. Denoting the quantities related to the lower right block by
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a subscript r and the upper left block by ¢, we decompose the Lagrangian into £3 = L3, + L3,
and define the quantities

= (R1.42.33).  (MDvi=nv,  U:=(o,v4,v2), i=0+ (3.62)

Similarly for £3 ¢, which we, however, do not analyse here as it does not contain a Goldstone
boson. Thus, as long as the spectrum of M22 is not degenerate, and hence all the eigenvectors v;
are linearly independent, the matrix U diagonalizes the lower right block of the squared mass
matrix U_I(Mzz)rU = D with diag D = (Ag, Ay, 1) = (m%, mi m2). As argued in general in
(3.35)-(3.36), we may therefore defined the fields v, k = 0, £, with masses m; by re-writing
the mass term

oI (M3), 0, = Zk:O,i miyl = Zk:(),i m2(®TTU) (U™, ). (3.63)

Hence, the Goldstone field corresponding to v is expressible as

- \/(cbflu)o(u—léa,)o. (3.64)
The unnormalised right eigenvectors for M22 are computed to

vi = =i — i, Alcup®, cpcnp®v?), i=0,+, (3.65)

so that the explicit form of the Goldstone boson field in the original fields becomes

1 ) ) .
YGb == i (—KX1 — c3cumiput Py + C;,LCU/’L2V2X3> , (3.66)
with
2
N =mimb — u*) + QeacsmBm? + uhy* + v8 = i <1 - %) , (3.67)
N

where [i; is defined as above being the special value of u for which A_ = 0, that is the zero-
exceptional point. Computing the determinant of U to detU = cyA_A,(A_— —A p)v2 w*, the origin
of this singularity is clear, as U is not invertible for vanishing for A_ = 0 and at the standard
exceptional points when A_ = A ,. The former scenario occurs for u = ity and the latter for
,ué‘ =[xk — m§ +v4 4 20vv2ﬁ)]1/4/m3. So that in these circumstances the Goldstone bo-
son of the form (3.66) does not exist. We discuss these two scenarios separately in the next two
sections. However, for u = ug, that is the value for which the other sector develops a massless
particle, all terms in gy are regular. This means at this point we have two massless particles
in the model. One is tempted to interpret one as a genuine Goldstone boson and the other as
simple massless particle. However, recalling that at ©# = g one is actually expanding around the
U (1)-symmetry preserving vacuum the emergence of none of them can be attributed to a global
symmetry breaking and the discussion in section 3.3 applies.

3.7. The Goldstone boson at the exceptional point
As pointed out in the previous section, at the exceptional point when A_ = A, =: A, the matrix

U is no longer invertible so that gy in (3.64) becomes ill-defined. However, when u = pnd = e
we may transform the lower right block of M22 into Jordan normal form as
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00 0
7! [Mzz(,u:ue)]rTz 0 he a |=J, (3.68)
00 e

for some as yet unspecified constant a € R. For simplicity we select here the upper sign of the
two possibilities ugt We can then express the transformed action expanded around the vacuum
438 and formulate the Goldstone boson in terms of the original fields

A 1 M A ~ ~
13 =—§/d4x q>T1(D+M§)q>+,cim(q>)+£3,g], (3.69)
1 . . .
:—E/d4x <1>T1T(D+J)T—1d>+£im(d>)+,c3,g], (3.70)
1 3
=-2 / d*x Zw,wi+xe(w§+w§>+aw§w§+£im(1/fl~>+£3,e}. (3.71)
Li=1

We have introduced here the fields

vii=Jylel yl= @i, yf= @ e, (3.72)
with the Goldstone boson at the exceptional point being identified as ¥, := ¥. Notice that
when TTIT =1, the field coincide, i.e. we have wL 1//R Yi. Let us now determine the

matrix 7" and demonstrate that it is well-defined. We take © = e so that the nonzero eigenvalue
for Mzz(ue) becomes

v —mi 4+ e

cam2

Ae =

(3.73)

Using the null vector of M22 (ue) and the eigenvector corresponding to the eigenvalue A, in the
first and second column of T, respectively, we solve equation (3.68) for T as

—kc3m3 —c3mip? t
4. 2 2
T=| me eV s : (3.74)
2,22 2 s
c3c v mipug c3m3/k ng‘_/k_xe

with abbreviations 7 := (1 — m§ — v)u2/(he/k), s := 1t (he/ 12 — csm3u?/x) — v? and a as
defined in (3.68) taken to a = v2/m3. We compute det 7 = Km3A2 We have imposed here wl =
WlR = 1. Using these expressions we obtain from (3.72) the Goldstone boson at the exceptional
point as

1

kc3m3A2

€

Y = (s = mapudor +v*u23s) . (3.75)

Thus at the exceptional point the Goldstone boson /&, is well-defined unless A, =0, x =0 or
m3 = 0, as in these cases the matrix 7 is not invertible.

3.8. The Goldstone boson at the zero-exceptional point
Another interesting point at which the general expression for the Goldstone boson in (3.64) is

not valid occurs for u = jig, that is when A_ =0, i.e. at the zero-exceptional point. In this case
we may transform the lower right block of M22 into the form
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00 b
5! [Mzz(uzﬁs)]rS: 0 i 0 |=K, (3.76)
00 0

for some as yet unspecified constant b € R. As before we can then express the transformed action
expanded around the vacuum CD(Q) and formulate the Goldstone boson in terms of the original
fields

A 1 ~ ~ ~
=3 / d*x [q>T1(D + MDD+ Lin(d) + 53,,1] , 3.77)
1 . . .
=-3 / d*x [CDTIS(D +K)ST'® + Lin(D) + Lg,(] , (3.78)
1 3
=-3 f d*x [Z Vil 4+ As¥3 + DY Y + Lin (W) + 133,4} , (3.79)
i=1

where we introduced
Vi =y FUR, ylb.=(®I1s);, YyR=(571d,);. (3.80)

Taking u = s, the only nonzero eigenvalue for M22 (i15) becomes

(czm% + 2C3m%) v — 03mg

(3.81)

7z = 4 4
m3—v

Using the null vector of M22 (f15) and the eigenvector corresponding to the eigenvalue A. in the
first and second column of S, respectively, we solve equation (3.76) for S to

— mg — v —v2k 0
= b . .82
S c3m3 (com3 + c3m3) v, /m% — v* E(”4 —m$) (3.82)
b
p2 (m‘3t — 1)4)3/2 — (czm§ + C3m§) V2

We compute detS = —b)»% (mg —v*?2/k. The massive field ¥» can be identified easily for any
value of b as

Yo = iw% (3.83)
N

when noting that

vl =Nyl =23 — (czm% + C3m§) \12,/m‘31 — 4G 4 (m —vH32 55, (3.84)

with Ny = (mg‘ — v*)A,. However, we can not identify the Goldstone boson simply as 1, since
we can no longer achieve 1/f1L x 1//1R o 1. Given the eigenvalue spectrum we have now two
massless particles that interact with each other and it is impossible to distinguish the Goldstone
boson from the massless particle. However, we can identify a combination of the two fields as a
massless particle

Vo =¥1 +ayy =y +ayf (3.85)
4 M2 4 4 2 2
m; —v7) +v7(1l —«)— +
== §—v4)?1+( =V -9 —ms, +V2|:1+702m2 C3m3}f<3,

(m§ —vHa, (m§ —vHa,



A. Fring, T. Taira / Nuclear Physics B 950 (2020) 114834 19

for b = —ji§/(akhy) and o =1 + (i} — m3 — m3 + 2v%)/[A2(m% — v*)]. However, we can
not avoid that constituents of the field, that is wlL and %R , interact with each other. The peculiar
behaviour at the zero-exceptional point was also discussed by Mannheim [23] in the context of
the Z,-model.

4. Discrete antilinear and broken continuous global symmetry

Next we study a non-Hermitian CPT -invariant action but with broken continuous global
U (1)-symmetry. This is achieved by keeping in the Lagrangian density functional (2.1) only
the two complex scalar fields ¢; and ¢, genuinely complex and taking the field ¢3 to be real.
Hence we consider the Lagrangian density functional

2
Ly=>" (8,l¢i8“¢i* + Cimizfi’iff’f) + (aﬂ¢38“¢3 + C3m%¢§) @D

i=l1
Teuli® (#102 — $301) + e’ (62— 93) — S (@191,

Clearly this model is still CP7 | > -invariant, but due to the presence of the real scalar field the
continuous global U (1)-symmetry is broken already at the level of the action. We parameterize
¢i = 1/v2(@i +ixi) with ¢;, x; € R for i = 1,2 and ¢3 = @3/+/2. Defining the vector field
® := (91, x2. 93, X1, 2)| and the diagonal 5 x 5-matrix E with diag E = (1,0, 0, 1, 0), we can
write £ with the real field content in the compact form

I 1 2
L= 30,070 0 — o Mo — L (o7 Ew) 4.2)

with complex mass matrix

—clm% —icﬂ,u2 0 0 0
—icM/JL2 —czm% —icyv? 0 0
M? = 0 —icyv?  —e3m3 0 o |. 4.3)
0 0 0 —cim? e p?
0 0 0 icuu®  —com}

As in the previous section, we similarity transform the corresponding action using the same
Dyson map (3.14), hence obtaining

R 1 1 2
Ty=nTin ' = /d4x [EBMCDTIB“CD — EoI>THcI> - 1% (chEcb) } : (4.4)

with H being identical to M? in (4.3) with all imaginary units i removed. The equation of motion
resulting from (4.4) reads

—D]cb—ch—%(chEcb) Ed =0, (4.5)

from which we identify the mass matrix as M?=1H and by solving §V = 0 we obtain the five
vacua
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o :=(0,0,0,0,0)7, (4.6)
2 2\
K c
o= = [ = (0,0,0,+1, 725 ) @.7)
may 28 camy
T
2,4 2 2,2 2,2
c3cm +cimik c3cm
<1>g2i>:=2\/ Shl Tl L (:I:l, SO q, SV 1 ,0) . (4.8)
gk K K
Expanding around these vacua the corresponding squared mass matrices are
A —cup? 0 0 0
CM/,LZ —czm% cpv? 0 0
Mi2 = 0 —cvvz —c3m% 0 0 , i=0,1,2, (4.9)
0 0 0 B cup?
0 0 0 —cup?  —com3
with
ut
Ag= By = —clm%, A= —> B, =201m% +3A1,
comj
2.4
c3m
Ay =2cim? + 3By, By= 21 (4.10)
K

The different signs in CD(()HE) and CD(()H) give rise to the same mass matrix so that we may ignore
that distinction in what follows.

The parameter study of all mass matrices M; reveals that there are physical regions for all
three models bounded by exceptional points similarly as in the previous section for the purely
complex Z3-model. Our crucial observation is here that the determinants

det Mg = —(clczm%m% + ,u4)(clm%/< + C3m§u4), “4.11)
2 4.4
det M} = =22 (crcamim3 + 1), (4.12)
comy
2utvt
det M2 = 2 (cym3k + c3sm3u®), (4.13)

are always nonvanishing when m; # 0, w # 0 and v # 0. Hence in all sectors of the
PT-symmetries this model does not possess any Goldstone boson, which is expected in the
absence of a global symmetry. There are of course special points as for the previous model, such
as /L? = —clczm%m% or [Lf = —clm%/c/qm%, for which massless bosons enter the model. How-
ever, these massless bosons are present in the model from the very beginning and not the result
of the breaking of a continuous symmetry by expanding around particular vacua. Hence they are

not interpreted as Goldstone bosons.
5. General interaction term

In our initial Lagrangian density functional (2.1) we chose a particularly simple interaction
term and carried out our analysis for an even simpler version. In this section we explore the



A. Fring, T. Taira / Nuclear Physics B 950 (2020) 114834 21

possibilities of allowing for more general interaction terms so that the action still respects the
discrete CPT -symmetries (2.3) and the continuous global U (1)-symmetry (2.4), while keeping
the kinetic and mass term as previously. We present here explicitly the case for 73, after which it
becomes evident how to generalize to all Z,,. We carry out our analysis for the equivalent action
Tn.

We find that the action

~ 1 2 2
7y [®] = 5/d“x |:8M<DT18“<I> —oTH® — % (CDTEd)) — % (cDTFcD) ] , (5.1)

is C/737' and U (1)-invariant, where we recalled the field vector ® := (@1, x2, ¥3, X1, ¢2, X3)T
and introduced

—c1m% CM/,L2 0 0 0 0
cuuz czm% cyv? 0 0 0
H_ 0 cpv? —C3m§ 0 0 0
0 0 0 —c1m% —CM/L2 0 '
0 0 0 —cuuz czm% —cpv?
0 0 0 0 - —c3m}
A 0 0 B
E = JF = ) (5.2)
0 QAQ QB2 0

Here A and B can be arbitrary 3 x 3-matrices and diag 2 = (—1, 1, —1).
We briefly show how the form of this action is obtained. The respective symmetries (3.17)
and (2.4) are realised as follows

CPT1.2: B31®1=25[Ci 9] (5.3)
Ul : I3[®] =23 [UD] (5.4)
with
I; 0 A 0 Q
ca=x(y ) v=terat=tora( S §). 55)

when « is taken to be small. Next we compute how these symmetries are implemented when
taking the interaction term to be of the general form

w(eree) (2 7). 56

with as yet unknown 3 x 3-matrices A, B, C and D. The transformed Noether current (2.6)
resulting from the U (1)-symmetry (5.5)

=2 (9,070 — o709, @
Ju= 5% " (5.7
is vanishing upon using the equation of motion for the action 7:'3 [@] with interaction term (5.6)

—Ob—Hd— % (chEcp) Ed=0 (5.8)
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if

Bt = % (D070 — 07000 = %ch ([&H]- §¢TE¢ [@.E])e=0. 59
Combining the constraints for the C/P?' and U (1)-symmetry we require therefore

[@.1]=0. [@E]=0. [Cia.H]=0. [cCi2.E]=0, (5.10)

or

[@.1]=0, [ E]=0. [cia.H]=0. [c12 B} =0, (5.11)

with {-, -} denoting the anti-commutator. The solutions to (5.10) for C/7)7' 1 and C/737' > are E and
F, respectively, whereas the solutions to (5.11) for C/P?‘ 1 and C/P7‘ 2 are F and E, respectively.
This mean the action (5.1) contains the most general ﬁ' 1,2 and U(1) invariant interaction
terms of the form (5.6). There is no distinction between a C/737' 1 or C/P?' >-invariant action as
the solutions of (5.10) and (5.11) always combine to allow for both CPT -symmetries to be
implemented.

We carried out our analysis for the Goldstone boson for diagA = (1,0,0) and B = 0, but
from the above it is now evident how this structure of more complicated interaction terms gen-
eralises to fn, and therefore Z,,, for n > 3. Similar computations can also be carried out for the
symmetries CP7T3/4 and CP"T, where P’ is any of the six remaining operators constructed
in section 3.5. We note here that while it is a uniquely well defined process to identify the
CPT -symmetries when given the CPT -symmetries, that is going from Z, to 7, care needs
to be taken in the inverse procedure.

6. Conclusions and outlook

We proposed and analysed a new non-Hermitian model with n complex scalar fields that pos-
sess a global U (1)-symmetry when none of the scalar fields involved are self-conjugate. Making
use of the general fact that actions can be similarity transformed without changing the content
of the theory, as long as the equal time-commutation relations are preserved, we mapped the
models to equivalent Hermitian systems. The models obtained in this manner possess different
types of vacua that may either respect or break the global continuous symmetry. As expected
from the Hermitian version of Goldstone’s theorem the models do not possess any Goldstone
bosons when the vacuum around which the theory is expanded preserves the U (1) symmetry,
see section 3.3, and when the symmetry is broken already on the level of the action by taking
some of the complex fields to be real, see section 4. In both cases there are special points in
the parameter space for which the model contains massless particles, which are, however, not
identified as Goldstone bosons. In contrast, when expanding the action around a U (1)-symmetry
breaking vacuum a Goldstone boson emerges. In the P7 -symmetric regime and at the standard
exceptional point its explicit form in terms of the original fields in the model can be identified,
although it takes on different forms in these two regimes. In contrast, at the zero-exceptional
point one can not identify the Goldstone boson, but only a linear combination of it with another
massless particle. Hence the general statement of the Goldstone theorem holds for Hermitian as
well as for non-Hermitian actions, but the latter possesses special regimes with behaviour that
have no analogue in the former. As the reality of the mass spectra and the explicit form of the
Goldstone bosons are strictly governed by the P7T -symmetric at the tree approximation this leads
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to the interesting possibility that one may have models with broken CP 7T -symmetry on the level
of the action, but with real physical masses.

There are various issues that are worthy further investigation. First of all one may of course
consider more complicated complex models by investigating those for larger values of n and
also include more involved interaction terms as derived in section 5. In particular, one may con-
struct those that remain CP7 -symmetric beyond the tree level when employing the remaining
six P-operators constructed in section 3.5. A richer structure is expected to be revealed by con-
sidering non-Hermitian models that possess global continuous non-Abelian symmetries so that
more Goldstone bosons are generated via a symmetry breaking [30].
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