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Abstract

The main objective of this thesis is to determine the complex generic represen-
tation theory of the Juyumaya algebra. We do this by showing that a certain
specialization of this algebra is isomorphic to the small ramified partition algebra,
introduced by Martin (the representation theory of which is computable by a com-
bination of classical and category theoretic techniques). We then use this result
and general arguments of Cline, Parshall and Scott to prove that the Juyumaya
algebra &, (z) over the complex field is generically semisimple for all n € N. The
theoretical background which will facilitate an understanding of the construction
process is developed in suitable detail. We also review a result of Martin on the
representation theory of the small ramified partition algebra, and fill in some gaps

in the proof of this result by providing proofs to results leading to it.
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Chapter 1

Introduction

Representation theory is concerned with the study of how various algebraic struc-
tures (such as groups, monoids, algebras) act on vector spaces while respecting
the operations on these algebraic structures. In group theory, the idea of repre-
sentation is to find a group of permutations or linear transformations with the
same structure as a given, abstract, group (see, for example, [1]). Formally, a
representation of a group is a homomorphism G — GL,(F) for a field F, giving
an invertible n x n matrix for each element of G. More abstractly, representations

of a group G may be defined in terms of modules over the group algebra over F.

One of the most fundamental problems in representation theory is to construct
and classify irreducible representations of a given algebraic structure, up to iso-
morphism. This problem is usually difficult and often can be solved only partially
[2]. The problem has been solved for some algebras such as the partition algebras
over C [3], and for some groups such as the symmetric groups [1] and the wreath

product groups over C [4].

For F' a field and ¢’ € F' the partition algebras P,(¢') (n =1,2,...) are a tower of
finite dimensional unital algebras over F' each with a basis of set partitions. These
algebras appeared independently in the work of Martin [3, 5, 6] and Jones [7].
Their work on the partition algebra stemmed from studies of the Temperley-Lieb
algebra and the Potts model in statistical mechanics. The partition algebras have
a rich representation theory. For example, Martin [3, 6], Martin and Saleur [8],
Doran and Wales [9], Halverson and Ram [10], Martin and Woodcock [11] have
extensively studied the structure and the representation theory of the partition
algebra P, (d'), with ¢’ € C. They revealed that P,(d’) is semisimple whenever ¢’

1
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is not an integer in [0,2n — 1], and they analyzed the irreducible representations

in both the semisimple and non-semisimple cases.

Martin and Elgamal have studied a certain generalization [12] of the partition
algebra called the ramified partition algebra. For each natural number n, poset
T, and any |T|-tuple of scalars § = (dy,...,d4) € F¢ the ramified partition al-
gebra P (0) is a certain subalgebra of the tensor product of partition algebras
&,cr Pn(6:). The partition algebra coincides with the case |T| = 1 . For fixed n
and T the ramified partition algebra, like the partition algebra, has a basis inde-
pendent of 0. In case T' = 2 := ({1,2}, <), it was shown in [12] that there are
unboundedly many choices of § such that Pn@(é) is not semisimple for sufficiently

large n, but that it is generically semisimple for all n.

Some years later, while working on a different problem (restriction rules for wreaths),
Martin discovered another algebra called the small ramified partition algebra [13].
The small ramified partition algebras Py are subalgebras of the ramified partition
algebras. They are also subalgebras of the tensor product of the symmetric group
algebra F'S,, and the partition algebra P,(0"). Unlike the partition algebras and the
ramified partition algebras, the small ramified partition algebras are independent

of parameters. As shall become clear as we proceed, we have algebra inclusions

C PR (5) C
P P.(61) ®F P,(62)
C FS,®rP,(0) C

where § = (01, 02), and ¢’ = 05 in the inclusion F'S, @ P,(8") C P,(d1) @ Pn(d2).

Like some algebras such as the Temperley-Lieb algebras (see, for example, [3, 14])
and the Brauer algebras [15-17], the algebras PéT)(é), Ps, and P,(0") are examples
of “diagram algebras”. A diagram algebra is a finite dimensional algebra with
a basis given by a collection of certain diagrams and multiplication described

combinatorially by diagram concatenation.

This thesis is concerned with the representation theory of a certain algebra which
we shall call the Juyumaya algebra of braids and ties (or simply the Juyumaya
algebra). The Juyumaya algebras are a family of finite dimensional C-algebras
{€.(x): n € N, x € C}. These algebras were introduced by Juyumaya in [18] and
studied further by Aicardi and Juyumaya [19] and by Ryom-Hansen [20].
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Motivation for investigating the representation theory of this algebra comes from
observations on the representation theory of the small ramified partition algebra.
Our first discovery of the connection between these two algebras was that they

have equal dimension. (This intriguing result was hinted at [20].)

The Juyumaya algebras &,(z) are a generalisation of the Iwahori-Hecke algebras
[21]. The complex generic representation theory of the Iwahori-Hecke algebras
is reasonably well known (see, for example [21] for a review). Like the Iwahori-
Hecke algebras it turns out, as we shall show, that the Juyumaya algebras are
generically semisimple. In contrast to the Iwahori-Hecke case however, the generic
representation theory of the Juyumaya algebras over the field of complex numbers
was only known for the cases n = 1,2,3 [19], [20]. Here we determine the result

for all n.

Our method is to establish, for each n, an isomorphism between &, (1) (over C) and
the small ramified partition algebra Py, of known complex representation theory

and then to use general arguments of Cline, Parshall and Scott [22].

In dealing with the study of algebraic structures and their respective represen-
tations, it is common to take a category-theoretic approach to modules. This
is the way we shall proceed in this thesis. Our approach for finding the simple
PSs—modules is motivated by the work of Cox et.al. on “towers of recollement” [23]
and some results of Green [24]. Towers of recollement are used in algebraic repre-
sentation theory, for example, [3, 25, 26]. The tower of recollement is somewhat
connected in the semisimple case to the Jones basic construction [27]. In fact, the
idea behind the approach is roughly the following: If A is an algebra, and e € A
an idempotent, then the category eAe-mod of left e Ae-modules embeds in A-mod.
More simply, the idea is that if eAe-mod may be relatively simply analysed, the
embedding then gives partial knowledge of A-mod [28].

Once we view an algebraic structure in terms of its category of modules, it is nat-
ural to compare such categories. This leads to the notion of “Morita equivalence”.
Two rings R and S are said to be Morita equivalent if their respective categories
R-mod and S-mod of (left) modules are equivalent. Two categories C and D are
said to be equivalent if there exists functors F: C — D, G: D — C satisfying
FoG=1Ipand GoF = 1., where = denotes isomorphism of functors and Z is

the identity functor.



Chapter 1. Introduction 4

1.1 Structure of the thesis

We will adopt the convention of placing a QED box at the end of some results to
imply that we will not provide the proof of that result but interested reader can
find the proof in the reference provided in the header of the result. We will begin
each chapter with a brief summary of what that chapter contains. However, for

convenience, here is an overview of the arrangement and content of this thesis.

In Chapter 2, we begin with a brief tour through representation theory of partition
algebras, with emphasis determined by what is useful for the later chapters. The
goal of the thesis is to present the connection of the small ramified partition algebra

to the Juyumaya algebra.

In Chapter 3, we recall the definition of the small ramified partition algebra after

reviewing the ramified partition algebra, a generalisation of the partition algebra.

The focus then turns to working out the irreducible representations of the the small
ramified partition algebra in Chapter 4. We look at an illustrative example. Before
describing explicitly the structure of Py, we give an indexing set for the irreducible
representations of P;. Since we are taking a category theoretic approach, it is
natural to ask about the category of Ps-modules, and we do so here. After setting
the scene with the category of Ps-modules, we then exploit some properties of
this category to construct the irreducible representations of Ps. An observation
reveals that the basis elements of the small ramified partition algebra is somewhat
related to some wreath products of symmetric groups. As an alternative method
to construct the irreducible representations of P; we consider the wreath product

groups and describe its representation theory.

In Chapter 5, we recall the definition of the Juyumaya algebra. We also present

the main results of the thesis and prove them.

Unfortunately, constraints of time prevent the development of a wider investigation
of the representation theory within the thesis. Chapter 6 considers the progress
made so far and looks at some aspects of the theory that we have not yet had time

to develop, but which would be interesting subjects for further research.

Appendix A contains some representation theory of the symmetric groups over C.
This is useful for Chapter 4 but is removed to the appendix to facilitate the flow

of narrative.
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Appendix B contains an account of some necessary preliminaries for our studies
- review on algebras, modules, and the core classical representation theory of al-
gebras. We begin by giving the definitions of a matrix representation of a group
and that of a module. We continue with the analysis of the relationship between
simple modules and semisimple modules. Then we consider for which algebras we
can reduce the study of their representation theory to the study of their simple
modules. Such algebras are called semisimple, and the Artin-Wedderburn Theo-
rem will give a complete classification in this case. If an algebra is not semisimple,
then the Jacobson radical of the algebra can be regarded as a measure of its non-
semisimplicity. The Krull-Schmidt Theorem then tells us that it is enough to

determine the indecomposable modules.

This thesis is based on a published article of the author, titled The generic repre-
sentation theory of the Juyumaya algebra of braids and ties [29]. However, some
of the notation has been improved and some of the arguments have been discussed

comprehensively here.



Chapter 2

A review of the partition algebra

One of the main algebras of interest in this thesis is the small ramified partition
algebra. It is an algebra with a diagrammatic formulation akin to the partition
algebra. It will be convenient, therefore, to recall this familiar example in a suitable
formalism and then generalise to the small ramified partition algebra. We also
briefly summarise the basic representation theory of the partition algebras that
will be useful later on. Details can be found in [3]. Much of the standard terms
and notation in representation theory we use here are reviewed for reference in

Appendix B.

2.1 Partition monoid

For n € N, we define n = {1,2,...,n} and n' = {1',2/,...,n'}.

Definition 2.1. A (set) partition of a set X is a collection {S;, S, S3,...} of
non-empty subsets of X such that

S1US;US3U... =X and S;NS; = () whenever i # j.

We denote the set of all partitions of X by Px.
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? L
FIGURE 2.1: A diagrammatic representation of a partition from Py 4.

Example 2.2.

Pz = {{{15 {25 {11 {2 ({1, 2, 1, 2, {{1, 2, 1}, {23,
{12,273, {01 ({0 1, 20, {23 ({2,172 {1 {4, 25, {1, 2 ),
{11 42,2 {273, {1, 233 ({1, 2 {1} {2},
{1V 25 A2 (L 2 A0 23 ({1 23 {13 {20 ),
{227 {11 AU (0, 2 {1 {23}

We call the individual subsets in a partition of X parts. For instance, {1,2} is a
part of the partition {{1,2}, {1'}, {2'}} € Py in Example 2.2.

We shall see in Theorem 2.4 that the set Py, of all partitions on n Un’ forms a
monoid, the so-called partition monoid (see, for example, [10], [6], or [12]), under

an associative binary operation we describe shortly.

A set partition p € P,y may be represented by a diagram on the vertex set
nUn’ as follows. In a rectangular frame, we arrange vertices labelled 1,... n in
a row (increasing from left to right) and vertices labelled 1’,...,n’ in a parallel
row directly below. When such a diagram is arranged in this way we may talk
about the top and bottom rows of p. We then add edges in such a way that two
vertices are connected by a path if and only if they belong to the same part of p.

For example, the partition

{{1,3,4,4'}, {2/, 3} {1}, {2}} € Paw
is represented by the diagram pictured in Figure 2.1.

The diagram representing a set partition is not unique. Two such diagrams are
regarded as equivalent if they have the same connected components. We will thus
identify diagrams on the vertex set n U n' if they are equivalent and the term

partition diagram will be used to mean the equivalence class of the given diagram.
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In the same way, we will not distinguish between a set partition and a diagram

which represents it.

O .
V ) b

FIGURE 2.2: A closed loop, an isolated vertex, and an open string, respectively
that may appear in the middle row during the composition of two partition
diagrams. The dotted line here just indicates the middle row

In order to describe the product of these partition diagrams, let p,q € P,un. We
first place the partition diagram representing p above the partition diagram rep-
resenting ¢ so that vertices 1’,...,n' of p are identified with vertices 1,...,n of
q. This new diagram consists of a top row, bottom row, and the part where the
vertices coincide which we will call the “middle row”. In this middle row, there
are three topologically different connected components that are isolated from the
boundaries in composition that may appear, namely closed loops, isolated vertices,
and open strings. (These connected components are illustrated respectively in Fig-
ure 2.2). We finally remove this middle row as well as any connected components;

the resulting diagram is the product pg. An example is given as follows.

If

p =

q— )
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then the product of the partition diagrams of p and ¢ in P,y is

Lemma 2.3 (See [3, Prop. 1]). The product on Py defined above is associative

and well-defined up to equivalence. [

Theorem 2.4. The set Py forms a monoid.

Proof. 1t is easy to verify that the identity element is the partition

(L1 12,27,{3,3), ... {n.n'} )

Associativity follows from Lemma 2.3. O

The submonoids of the partition monoid P,., include the following.

Definition 2.5.

(1) The Brauer monoid B,y = {# € Puuw: each part of x contains exactly two

elements of n Un}. (See, for example, [30], [15]).

(2) The Temperley-Lieb monoid T,y = {z € Buuw: « is planar}. The word
planar here means that if we consider the basis elements as diagrams, then

there are no edge crossings in the diagram. (See, for example, [31]).

(3) The symmetric group Spuw = {# € Puuw: each part of z has exactly two

elements (one primed and the other unprimed) of n Un}. (See, for example,

[10])-

2.2 The partition algebra

A convenient situation occurs when we use an algebraic structure such as a group

or a monoid as a basis for an algebra (see section B.1.3 for a definition) over a
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field or a ring. Since we already know how elements multiply in these algebraic
structures, we can use the product operation on them to define the product in

their algebra. In the case of a monoid, this construction is known as the monoid
algebra and will be denoted by F'G where F is the field and G is the monoid.

Definition 2.6. Let P,(¢") = CP,uy be the C-vector space with basis Py, . We
define a product on P, (d) as follows. Given p,q € Py, define

pogq=3d"(pg),

the scalar multiple of (the monoid product) pg by the scalar 6" € C where [ is the
number of connected components removed from the middle row when constructing
the product pg. The linear extension of the product o gives P,(d’) the structure

of an associative C-algebra which is known as the partition algebra.

The dimension of P, (¢") is the Bell number By, (see, for example [32]), the number
of ways to partition a set of 2n elements. The sequence is A020557 in the Sloane’s

On-line Encyclopedia of Integer Sequences [33].

The partition algebra is an example of a monoid algebra (see, for example [34, p.

106], [35, §5.1, Ex. 4]). More examples of a monoid algebra are as follows:

For each monoid defined in Definition 2.5, we can construct an associative algebra
in the same way that we construct the partition algebra P,(¢) from the partition
monoid Py, . For example, we obtain the Brauer algebra B, (d’) from B,y,, the
Temperley-Lieb algebra T'L,,(0) from T}/, and the group algebra of the symmetric
group CS,, from S,y in this way.

We now briefly summarise a category-theoretical approach to the representation
theory of P, (0"). This approach was introduced by J.A. Green in the Schur algebra
setting, [24], but has turned out to be useful in the context of diagram algebras,
see for example, [23], [36], [25], and [26]. In the case of the partition algebra P, (d'),

good references to the formalism are [3, 6].
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Definition 2.7.

(1) Let A be an algebra over a field F. An element e € A is an idempotent in case

e” = €.

(2) An idempotent e of A is a central idempotent in case it is in the centre of A.

Given an algebra A over a field and an idempotent e € A then e determines a

second algebra, namely
eAe = {eae: a € A}

with binary operation given by that of A restricted to eAe and with identity
e = ele. (If e # 1, then the algebra eAe is not a subalgebra of A. Although in
the thesis, for convenience, we shall refer to such an algebra as an idempotent
subalgebra of A.) Thus, we may define functors between A-mod (the category of
left A-modules) and eAe-mod:

F: A-mod — eAe-mod
Mw— eM

G: eAe-mod — A-mod
N — AAG Rede N

The functor F'is called localisation, and G is called globalisation, with respect to e.
We shall return to consider such functors for the small ramified partition algebras
(since algebras are rings) in Section 4.6. As a first illustration of how these functors

may be applied to algebras we consider the partition algebra P, (d').

There is a natural inclusion

given by adding vertices labelled n and n’ with a vertical edge connecting them in

the rightmost part of an arbitrary partition diagram q € P,_1(J’).

For n > 1,40’ # 0, consider the idempotent e, in P,(d") defined by 1/¢" times the
partition diagram where 7 is joined (by an edge) to i’ for i = 1,...,n — 1, and

there is no edge joining n to n’. This is illustrated in Figure 2.3.



Chapter 2. A review of the partition algebra 12

[ X3

i

L
5

FIGURE 2.3: The idempotent e5 in Ps5(d’)

Theorem 2.8 (See [3, Theorem 1]). For each n € N, ¢ # 0 and idempotent

en € P,(0') as defined above, there is an isomorphism of algebras

enPn(8)e, = P, 1(8). O

Thus, according to Green [24], there are associated functors

F: P,-mod — P,_;-mod
M — e, M

and

G: P,_1-mod — P,-mod
N — P,e,®p,_, N

Following Martin [6], we define the propagating number for a partition diagram
q, denoted by #(q), to be the number of distinct parts of ¢ containing elements
from both the top and bottom row of ¢q. The product of partition diagrams has

the property that if ¢, ¢» are partition diagrams, we have

#(q192) < min(#(q1), #(q2))-

The ideal P,(¢")e, P,(¢') is spanned by all diagrams having a propagating number

strictly less than n. Furthermore, we have

Lemma 2.9 (See [3]). For each n, and 0’ # 0, the following is an isomorphism of

algebras

Po(8)/ Poy(8')en Py (8) 2 CS,. O
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Let f‘?; denote any index set for the irreducible representations of the symmetric

group S,,. (See Appendix A for a good choice.)
It follows, by [24], Theorem 2.8, and Lemma 2.9, that

Theorem 2.10 (See [3, p. 72-73]). Let A, denote an index set for the irreducible

representations of P,(0"). Then A, is the disjoint union
Ay =27, US,. (2.4)

]

Theorem 2.11 (See [8, Coro. 10.3, §6]). For each integern > 0, the algebra P, (d")

is semisimple over C whenever &' is not an integer in the range [0, 2n-1]. 0



Chapter 3

The Small Ramified Partition
Algebras

In order to define the small ramified partition algebra, it will be helpful to recall
the definition of the ramified partition algebra, given in [12], from which this
algebra can be constructed. We shall mainly base our exposition on the notations

and terminology of [12], as well as key results from that paper.

The purpose of Section 3.1 is to lay out some notation and terminology which will
be used later. In Section 3.2, we review the definition of the ramified partition
algebra from which the small ramified partition algebra can be constructed. We

then recall the definition of the small ramified partition algebra.

3.1 Some definitions and notation

Given n € N, we let .S,, denote the symmetric group on n. The group algebra F'S,,
of S, is embedded in P,(d") as the span of the partitions with every part having
exactly two elements, one primed and the other unprimed, of n Un'. When we
write d for a poset, we mean {1,2,...,d} equipped with the natural partial order
< (although we will often concentrate on the case 2 = ({1,2}, 1 < 2) in this
thesis). Throughout this chapter, F’ will denote a field. For X’ C X and ¢ € Px
we define ¢|x/ as the collection of the sets of the form ¢; N X" where the ¢; are the

parts of the partition c.

14
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Definition 3.1. For a set X, we define the refinement partial order on Px as
follows. For p, ¢ € Px, we say p is a refinement of ¢, denoted p < ¢, if each part

of ¢ is a union of one or more parts of p.

For example, the set partition p = {{1,2},{3,4,5},{6}} is a refinement of the set
partition ¢ = {{1,2,3,4,5},{6}} since {1,2,3,4,5} € ¢ is the union of the parts
{1,2} and {3,4,5} of p, and {6} in ¢ is a part of p.

Proposition 3.2 (See [12, Prop. 1]). Let p, ¢ € Px and Y C X. Then p < ¢
implies ply < qly. ]

3.2 Ramified partition algebra

The ramified partition algebra was introduced by Martin and Elgamal [12] as a

generalisation of the ordinary partition algebra P, (d") (see Chapter 2 for a review).

3.2.1 The ramified partition monoid

Definition 3.3. Let (T, <) be a finite poset. For a set X, we define P% to be the
subset of the Cartesian product [ [, Px consisting of those elements g = (¢;: i € T)
such that ¢; < ¢; whenever i < j. Any such element ¢ € P% will be referred to as

a T-ramified partition.

For example, some elements of P%w, are listed below:

moo= ({{1h{2H{UL 2 ({1 28 (V' {2'}D)
T = ({{172}a{1,}7{2,}}7{{1727 1/}7{2/}})
™3 = <{{172,}7{271,}}7{{17271,72,}}>7

and so on.

We now recall from [12] the diagrammatic realization of an element of Pgu@'- We
shall only need the case T' = 2 here. We first look at an example from [12]. The

diagram in Figure 3.1 represents

({({1,2, 30 {1, 2}, {3}, {4, 5"}, {5,473}, {{1,2,3, 1, 27}, {3}, {4, 5"}, {5, 4'}}).
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1 2 3 4 5

1 2 3 4 5
mm
)

1 2 3 4 5 "> 3 4 5

F1GURE 3.2: The composition of ramified 2n- partition diagrams

Consider an element (p, ) in Piu@/- Then p and ¢ can be thought of as partition
algebra diagrams in which the connected components (the parts of p) are grouped
into disjoint sets or “islands”. The islands are the parts of q. Note that islands can

cross (as illustrated in Figure 3.1), but it is not hard to draw them unambiguously.

Similarly, a diagram representing a T-ramified partition is not unique. We say two

diagrams are equivalent if they give rise to the same T-ramified partition.

The term ramified partition diagram (or sometimes ramified 2n-partition diagram
to indicate the number of vertices) will be used to mean the equivalence class of

the given diagram.

We refer to the edges in the underlying partition algebra diagram of a ramified

partition diagram as bones.

The composition of ramified 2n-partition diagrams in Pgu@' is as follows. First
identify the bottom of one ramified 2n-partition diagram with the top of the other,
composing the underlying partition algebra diagrams as in Section 2.1. The islands
in the composition are the connected components of the union of the islands in
each of the diagrams. Then discard any island connected components that are

isolated from the boundaries in composition as shown in Figure 3.2.
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Throughout, we shall identify a ramified partition with its ramified partition dia-

gram and speak of them interchangeably.

Proposition 3.4 (See [12, Prop. 2|). For any d-tuple 6 = (61,...,0q) € F, the
set Pl forms a basis for a subalgebra of @Q,cq Pn(0y).

Proof. The proof can be found in [12]. O

T
nun’s

Proposition 3.5. For eachn € N the set of ramified 2n-partition diagrams, P
with multiplication defined by composition of diagrams (as defined above), is a
monoid.

/18

Proof. Clearly, the identity element in Pgu

n

({{1,1'},{2,2'}, ..., {n, 0/} }, {{1, 1"}, {2,2'}, ..., {n,n'}}).

It remains to check that the multiplication operation is associative, but this is easy

to verify. 0

3.2.2 The ramified partition algebras

For § = (81,0,...,04) € F4, the T-ramified partition algebra P,ET)((S) over F'is the
finite dimensional algebra with basis P,

of P},

, and product induced by the product

n

. i a way made precise as follows.

v & crucial step involved

Let r,s € Pl ,. When forming the product rs in P},
the removal of connected components that are isolated from the boundaries after
the composition of diagrams of  and s. Instead, replace any bone (resp. island)
connected components that are isolated from the boundaries in composition by a
factor 0, (resp. d2) as shown in Figure 3.3. In [12] it is shown that this operation

(extended linearly over F') gives P,(LT)(5) the structure of an associative F-algebra.

A line joining the top part of a diagram and the bottom part will be called a
propagating line (but note that in general, equivalent diagrams might have a dif-
ferent number of propagating lines). The propagating number (see Section 2.2) of
a partition diagram is the same as the smallest number of propagating lines in a
diagram representing it. A propagating line with an island around it will be called

a propagating stick.
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FIGURE 3.3: The composition of diagrams in P4(2)(5)

The complex generic representation theory of Pr(LT)(é) has been determined in the
case T' = 2 in [12]. It was shown that there are infinitely many choices of § such
that Pﬁz)(é) is not semisimple for sufficiently large n, but that it is generically

semisimple for all n.

3.2.3 Small Ramified Partition Algebra P;

In this section we recall the definition of the small ramified partition algebra. To

define this algebra we require the following definitions.

Definition 3.6. We define diag-P,, to be the subset of P, such that 7,7 are in
the same part for all + € N.

For example, recall from [3] the special elements in P, as follows.

1= {{1, 1}, {2,2}, ..., i}, .. {nn'})
AW = 1,1, {2,221, L Gd g9, o 'Yy i, =1,2,....n
o= {{L1}, {22}, {067 - {nn'}) ii=1,2,....n

e, = {{L1Y, {22}, LGN L Yy i=1,2,...,n.

Here, 1 and A" are in diag-P, while 0;; and e; are not. Note that o;;11 cor-
responds to the simple transposition (i,7 + 1) € S, and the elements of the set
{0iit1: 1 <i <n—1} generate F'S,,.

Definition 3.7. For any ¢’ € F, we define A, to be the subalgebra of P,(¢")
generated by the elements of S,, and the A%, i, 5 =1,2,...,n.
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Proposition 3.8. The map
q: Sn X dzag—Pn — Sn X PﬂUﬂl

given by
(a,b) = (a,ba)

defines an injective map.

Proof. The well-definedness of ¢ is clear. To prove that ¢ is an injective map, it
suffices to show that if (a,ba) is equal to (¢, dc) in S, X Puuw, then (a,b) is equal
to (c,d) in S, x diag-P,. Assume that (a,ba) = (¢, dc). Since a = ¢, then be = dc.
But c is invertible, thus, b = d. [l

Note that ¢ is not a surjective map as there are some elements in .S,, X Py, that
are not images of elements in 5, x diag-P,, under ¢. For example, although any
non-identical pair of permutations is an element in S,, X Py, it is not an image

of any element in S,, X diag-P,, under the map <.

Definition 3.9. We define P,y to be the subset of the Cartesian product .5,, x

Pruw given by the elements ¢ = (q1, ¢2) such that ¢, is a refinement of gs.

Proposition 3.10 (See [13, p. 5]). The set B, := (S, x diag-P,,) lies in Py
and forms a basis for a subalgebra of F'S, @p A,. 0

Definition 3.11. The associative algebra P; over F'is the free F'-module with B,
as basis and multiplication inherited from the multiplication on Pr(Lz)(é). We call

P¢ the small ramified partition algebra.

It is easy to check that

Lemma 3.12. The multiplication on P is well-defined up to equivalence.

There is a diagram representation of By, since its elements are 2-ramified partitions
(see [13, p. 6]). Each element of the basis ¢(S,, x diag-P,) of By, is obtained by

taking a permutation in S, and partitioning its parts (propagating lines) into

disjoint islands.

Example 3.13. The map defined in Proposition 3.8 is illustrated by the following

pictures.
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(LD~
LD~y
XD~ (X
(XD~ (Y

In particular, these pictures describe the diagrammatic realization of some basis

elements in Pj.

Lemma 3.14 (See [13, §3.4]). The dimension of Py is given by n!B,, where B,
is the nth Bell number. [

Remark 3.15. Notice that, Py is spanned by diagrams with propagating number n
(See Example 3.13). This means that, unlike the ramified partition algebras, the

small ramified partition algebras do not depend on parameter 9.

Definition 3.16. For any ¢’ € F, we define I',, as the subalgebra of P,(d") gener-
ated by the elements of A%, 4,5 =1,2,...,n.

Note that the natural injection of I'), into P, is given by
A s (1, AW)
and there exists a natural injection of F'S,, into P given by
Oiit1 = (0541, 0ii11) = s(04,i41, 1).

Proposition 3.17 (See [13, Prop. 2|). The algebra P is generated by (1, A%"T1)
and (ai,i+170i,i+1> (Z: 1,2,...,7’1,— 1) O



Chapter 4

The Representation Theory of the
small ramified partition algebra
Py

In this chapter we study the representations of the small ramified partition algebras
of Section 3. Our aim is to classify their finite dimensional representations over
an algebraically closed field of characteristic zero. The final Theorem (Theorem
4.57) in this chapter is due to Martin [13]. However, the proof in [13] is very terse.
Here we present an explicit proof of the Theorem by providing the proofs (which
we have not found in the literature) of the results leading to it. We follow closely

the notation of [13].

In Section 4.1 and Section 4.2, we recall some relevant definitions that will be
needed later. In Section 4.3, we give a concise exposition of the representation
theory of the wreath product G S, with G a finite group (see, for example [4,
Chapter 4], [37, Chapter 5], [38, Section 3.1], [39], [40, Appendix A]) over an al-
gebraically closed field F' of characteristic zero. The focus then turns to working
out the irreducible representations of P;. The case P; is worked out as an illus-
trative example in Section 4.4. Before describing explicitly the structure of Py, we
describe an indexing set for the irreducible representations of P; in Section 4.5.
In Section 4.6, we begin our study of the category of P;-modules. In what follows,
in Section 4.7, we recall the definition of Morita equivalence (see, for example [41,

p. 325]) and a result about Morita equivalence of F-algebras. This result is then

21
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applied to certain algebras related to the small ramified partition algebra. We give

an explicit construction of the simple P:-modules in Section 4.8.

4.1 Set partition shapes and combinatorics

Definition 4.1. We define the shape of a set partition b to be the list of sizes of

parts of b in non-increasing order.

It is clear that the shape of a partition of n is an integer partition of n. We write
bk p to denote that b has shape pu.

Remark 4.2. We can think of the shape of b as a Young diagram. For example, a
Young diagram with shape

corresponds to (2,1, 1).

See Appendix A for more details.

The following power notation is useful in the case when several parts of b are of

the same length:

,u:()\1,)\1,...,)\14,\)\2,)\2,...,)\21,...) ~ )\p:()\lln,)\éh,...).

P1 P2

Exponents equal to unity are omitted.

Example 4.3. The set partition b = {{1,2},{3,5,7},{4,6}} € P; has shape
(3,22).

For the following, we adopt the convention of multiplying permutations right to
left.

The symmetric group .S,, acts on P,, from the left via the map

Sp X Py, = Pn

(m,a) — ma:={rd’: ' € a},
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where a' := {mi: ¢ € a’}. Thus, for each a € P, and any 7, 7’ € S,, the following
holds:

m(r'a) = (77)a.

Example 4.4. Consider 7 = (12), 7’ = (132) € S5. If a = {{1,2},{3}} € P3

then the action described above gives the following.

(12) (132){{1, 2}, {3}}) = ((12)(132)){{1, 2}, {3}} = {{3,2}, {1}}.

We next introduce a partial order on partitions of n.

Definition 4.5. Suppose A and )\ are two partitions of n. We say that \ is a
refinement of X', denoted A < X, if the parts of A" are unions of parts of \.

(We write A < X if A < X and A # \.)

For example, the diagram of partitions of 4 ordered by refinement is shown in

Figure 4.1.

(3,1)/ (4) \(22)
N/

(217

(1

FIGURE 4.1: Diagram of partitions of 4 ordered by refinement

To specify a function p from a set S to a set T, given an ordered list, z, of the
elements of S, we may write p: z +— y, meaning u(x;) = y; for all 7. But if almost
all p(x;) = to, with ¢y some given element of 7" then it is convenient, following [13],

to write

where {iy,1s,...} is the set of i such that u(z;) # to.

For example, p: (1,2,3,4,...) — (3,4,5,0,0,0,...) becomes £22 (with ¢, = 0)
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4.2 The stabilizer of a set partition

We now introduce the so-called stabilizer [42, p. 144] of a set partition in S,,. The
representations induced from stabilizers play a vital role in the theory of P (as

we shall see shortly).

Definition 4.6. Let b € P, be a set partition. The stabilizer S(b) of b in S, is
the group of all permutations o € S,, such that ob = b.

Theorem 4.7 (See, for example [42, p. 144]). Let b € P, be a partition of shape
NP = (N N2 0)). The group S(b) is isomorphic to the direct product

H(S)\z ! S;m) (4‘2)

7

of wreath products of symmetric groups. [l

(The wreath product is discussed in Section 4.3.)

The subgroup S(b) contains all permutations o € S,, which preserve the parts of
the partition b, or that permute parts of the same size. Thus, we mention two
subgroups in S(b) for b I AP

Let SY(b) denote the group that permutes within parts: S°(b) = (S),)*P* x
(Sy,)P2 x ... C S,; and let S*(b) denote the group that permutes parts of equal
size: S1(b) 2 S, X S,, X ... C Sy

Example 4.8. Consider b € Ps. If

{51155 = S5},
{(S20.81) x (S1151) = Sa},
{(S2151) x (S1151) = Sa},
{(S2151) x (S1151) = S},
{8308 = Ss},

b={{1},{2},{3}} then S(b
b={{1,2},{3}} then S(b
b={{1,3},{2}} then S(b

(
(

b={{2,3},{1}} then S(b
b={{1,2,3}} then S(b

)
)
)
)
)

Definition 4.9. Let GG be a group acting on a set X, and let x € X. Then the
orbit of x under G is the subset of X defined by

Gz = {gz: g € G}.
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It is easy to verify that

Lemma 4.10. The orbit of b € P, under S,, consists of those set partitions of the

same shape as b.

As Example 4.4 illustrates, S, acts transitively on set partitions of a fixed shape,
i.e. the action has exactly one orbit. Thus the number of set partitions of a given

shape AP, using the orbit-stabilizer theorem (see [43, Theorem 3.9.2]), is

n! n!

Dy = T owpd) ~ 150)]

(4.3)

(where b is any set partition of shape AP).

We shall establish later a construction of irreducible representations of our algebra
Ps directly in terms of representations of S(b). Since S(b) is the direct product of

wreath products of symmetric groups, one is led to study wreath product groups.

4.3 Representations of wreath products

In this section, our attention is restricted to wreath products G H with H = 5,
and G any finite group. We recall the classification of irreducible representations of
the group G.5,, for any finite group G over the complex fields C. For such groups,
the representation theory is closely related to that of G and of the symmetric
groups (see [1] for a review). For a comprehensive treatment of this topic refer e.g.
to [4, Chapter 4], [37, Chapter 5], [44, §2]. However, the exposition given in [4]
and [37] is quite lengthy while that given in [44] is brief and somewhat abstract.
Here we discuss the subject in a concise and lucid manner. Good references for
applications of wreath product groups and its representations are [38, Section 3.1],
[39], [40, Appendix A].

It is enough for us to study the wreath factors of S(b) since the field we are working

over is the complex field.

4.3.1 Wreath product definition

Notation: Let |G| denote the order of a group G.



Chapter 4. The Representation Theory of Py, 26

Recall the direct product of two groups G and H
GxH={(g,h): g G,h € H}
with identity element 1gyy = (1g, 1x) and group operations

(91, hl)(QZ: hy) = (9192, h1h2)
(9, 0)" = (97" 7).

We denote by Aut(G) the automorphism group of G. (Recall that Aut(G) =
{f: G — G: fis an isomorphism} and that Aut(G) is a group under function

composition.)

The notion of semidirect product of two groups generalises the idea of a direct

product.

Definition 4.11. Suppose that X is a group with a normal subgroup G and a
subgroup H such that

X=GH and GNH ={e}.

Then X is said to be the internal semidirect product of G and H.

Since G is normal in X, for each h € H we have an automorphism of G' given
by ¥: g — hgh™!'. Tt is easy to verify that ¥ (hihs) = 1 (h1)¥(hs); thus : H —
Aut(G) is a homomorphism.

Definition 4.12. Let G and H be groups. Let ¢»: H — Aut(G) be a homomor-
phism. We define a binary operation - on G x H by

(91, h1) - (g2, h2) = (g19(h1)(g2), hihz).

The set G x H, equipped with the operation - forms a group, called the external
semidirect product of G and H with respect to ¢ and is denoted G x,, H.

For simplicity’s sake, we frequently omit the ¢ and simply write G x H instead.
Often we write (g1, h1)(ga, he) instead of (g1, h1) - (g2, ha).

The identity element of G x H is (1¢, 1y).
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Let Gy = {(9,1g): g € G} and H; = {(1g,h): h € H}. It is straightforward to
show that these are subgroups of G x H and that they are isomorphic to G and
H respectively. The group operation - shows that

(9, 1) (1g, h) = (99 (Lu)(16), h) = (9, h) € G1Hy.

In fact, G x H is the internal semidirect product of G; and H;.

We now define a special semidirect product that will be of particular interest to

us, namely, the wreath product.

Definition 4.13. Suppose H is a subgroup of S, acting on the set n = {1,...,n}.
Define
G"={flf:n— G}

to be the set of all mappings from n into a group G.

The wreath product of G and H, denoted by G H, is, as a set, the cartesian

product
G"xH={(f;m)|f:n—>GrmeH}

with multiplication given by
(f;m)(f5s7') = (f frs )

where f, € G" is the mapping f,: n — G, defined by

f-(0) = f(z1(@)), for all i € n;
and for two maps f and f': n — G,

1) = f@)fG),  forallicn.
Its order (if G is finite) is |G|"| H].
It is easy to check that G™ is a normal subgroup of G H and that G! H is a
semidirect product of G™ and H.

Theorem 4.14. Let G, H be groups as defined in Definition 4.13. Then G U H is
a group. [
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Proof. The identity element in G H is (e; 1), where e is defined by
e(i) =1g foralli € n

and 1y is the identity of H. The inverse of an element (f;7) in GUH is (f_ ;77 1).
The associativity is verified as follows: consider any three elements (f1;7), (f?;m2),
and (f%;m3) in G H. Then,

((fhm)(f2m2)) (fP5ms) = (f1 2 mma) (f7; ms)
((f fi) 7T177277T17T27T3>

However, by definition,

() frim, () = £ Q)2 (0 (@) f2 (g 'y (i), for all i € n. (4.4)

Consider

(fFfm) ((F2m)(fP5ms)) = (ffsm)(f2fa,; mams)
(f (f2 )7.-1,71'17T27T3)

Again by definition,

FHPfR)m (0) = FL) (2 f2) (71 (0)
= 1) 2 () £ (my 'y (0)), for alli € n. (4.5)

Since the right hand sides of Equations (4.4) and (4.5) are equal, we have the

associative law of multiplication of the elements of GH. Thus, Gl H is a group. [J

4.3.2 Conjugacy classes of wreath product groups

We shall describe the conjugacy classes of G1.S,,. In order to do this, we introduce
a notation. The use of this notation facilitates the calculation of the order of the

set of conjugacy classes.

We write A for the set of all integer partitions including the empty partition (),

and A,, for the subset consisting of partitions of n. For example,
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Ag = {(13)7 (27 1)7 (3)}

For G a group, we write Ac(G) for an index set for ordinary irreducible represen-
tations (together, in principle, with a map to explicit representations) of G. Thus,
Ac(Sn) = A, (see for example, [45]). We shall use the analogous notation, Ac(A),
for any algebra A over C.

We set r = |Ac(G)|. For X, Y any sets, we write Mor(X,Y") for the set of maps
f: X — Y. Thus an element V' of Mor(Ac(G), A) may be expressed as an ordered
r-tuple (Vi, Vs, ..., V,) of integer partitions (a multipartition). For any finite set
S, we write Mor (.S, A),, for the subset of Mor(S, A) consisting of multipartitions of
the form (V4, V4, ...) such that > . |Vi| = n.

Theorem 4.15 (See [4, Corollary 4.4.4]). There exists a bijection
Ac(G1 S,) — Mor(Ac(G), A),

Lvi—>v

Note that, by Proposition B.31, we can deduce that the number of conjugacy
classes of G .S, is
| Mor(Ac(G), A),|.

As an example, we consider Mor(A¢(Ss3), A)s. Using the above ordering on Az =

Ac(Ss5), the elements are:

Hence, there are 9 conjugacy classes in the group S30S5. The order of this group
is 62 x 2 = 72.

4.3.3 Induced representations

If G is a group and H is a subgroup of G, then a representation of G can be

constructed from a representation of H by induction (see, for example [46, §4.1]).
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This technique is of particular relevance for Section 4.3.4 as all irreducible repre-

sentations of wreath products are obtained as induced representations.

Definition 4.16. Let p: H — GL(WW) be a representation of H in a complex
vector space W. Let Ind% (W) be a vector space defined by

Ind% (W) = CG @cy W.
Then G acts on Ind% (W) as follows:
s(g@w) =sg@w seG, geCqG, weW.

This action of G on Ind% (W) is the representation of G induced by p and is denoted
by p 1 G.

Dually, the restriction (see, for example [46, §4.1]) of a representation ¢: G —
GL(V) defines a representation of a subgroup H. In this case, the representation
is denoted by 1 | H and the vector space Res% (V) = V.

4.3.4 Ordinary irreducible representations of wreath prod-

uct groups

Let F' denote an algebraically closed field, say F' = C, G a finite group and H a
subgroup of S,,. We define a group

G =G, xGy x...x @G,
which is the direct product of n copies G; of G, where
G = {(f; 1) f(j) = 1q forall j £} = G.
(G* is often called the base group of the wreath product.) Let H' be the group
H' :={(e;m): me€ H}.

Note that H' is a complement of G* and isomorphic to H.
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Since F' is an algebraically closed field, the irreducible representations of G* over

F are the outer tensor products (see Appendix B for definition)
17 :=T#L# - #T,

of irreducible representations 7; of G over F, where # denotes the outer tensor

product.

The representing matrices of the outer tensor products can be obtained as the

Kronecker product

T°(fi1m) =Tai(f(1)) x To(f(2)) x - -+ x To(f(n))
= tayp, (F(D))ta, (F(2)) - 15,4, (f (). (4.6)

(where the t! , (f(i)) are the matrix entries of T;(f(7))).

To obtain the irreducible representations of wreath product groups, first we derive

the inertia group G ! Hp« of this representation T™, which is defined by

GZHT* :{(f,ﬂ') GGZH: T*(f§7r) NT*}

where ~ denotes equivalence of representations and T+ is the representation

conjugate to T defined as follows:
T I ((f51m)) =T ((f;m) 7 (F5 1w) (f 7)) (4.7)
fei [ (i)

f;—ll 7/r*1fﬂ'_17 1H))

The group G ! Hp« by definition is a product

GUHp = G*H}.
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of G* with a subgroup H/.. of the complement H' of G*. The group H7.. will be

called the inertia factor of T :

Hh. = {(e;m): T ~ T*Y.
We notice that, by substituting e for f into Equation (4.7),

T = T*(fro1:1g).

To describe the inertia factor explicitly, we distinguish the irreducible representa-

tions (over F') of T* with respect to their type. That is,

Definition 4.17. Let F'*, F? ... F" be a fixed listing of the r pairwise inequiv-
alent representations of G over F. T* is said to be of type (n) = (n1,ne,...,n,)

with respect to the above listing if n; is the number of factors T; of 7™ equivalent
to FY.

Let S,,; be the subgroup of S, consisting of the elements permuting exactly the

n; indices of the n; factors T; of T* which are equivalent to FV.

Define
Slpy = Spy X Spy X oo XS]

with
S;Lj ={(esm): me Sy, }.

In this setup, it was proved in [4] that
Hyp. = H' NS,

so that for the inertia group of T the following holds:

GUHr- =G (HN Syy) = GU(H N S)).

The representations T* whose matrices are defined as follows form the irreducible

representations of G Hp- :
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T (fim) = tagy_, o (P, (F2)) - th , (f(0)).

Let T" be an irreducible representation of the inertia factor H'. Let T* be deter-
mined using the method outlined above. Then the representation T* @ T' is an

irreducible representation of G Hr-.

Proposition 4.18 (See [4, 4.3.33]). The induced representation (T* @ T') 1 (G2
H) is irreducible and every irreducible representation of G H over F is of this
form. [

The dimension of the irreducible representation (f* @T) 1T (GVH) of GUH is

given by
|GV H

|GV Hp»

dim ((T* ®T') 4 (G H)) = dim(T* ® T")

Example 4.19. As an example, we derive the ordinary irreducible representations
of S515;. We will denote an irreducible representation 7" of a group G by [A\] where
A is the partition associated with 7. For example, the irreducible representations
of the group S, are [1?] and [2].

(1) The irreducible representations of the basis group S5 are

With respect to the listing [2], [1?] of the irreducible representations of Ss,

the types of these representations are:
(2,0) (L1 (0.2) (L1).
Hence a complete system of irreducible representations of S5 with pairwise

different types is

(2) The corresponding inertia groups are: So ! Sy, So X Sy, Sy 1 .Ss; the inertia

. / ! /
factors are: S5, S7,.55.
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(3) Consequently, the irreducible ordinary representations of Sy .Sy are:

RI#2) ® 2 = 21#[2,
2I#2) ® [17],
2I#12] @ [1 1 (S22.52) = [21#[1%] 1 (S22 52),
2412 ® 2] = (121,
12412 ® [17)

Their dimensions are 1,1,2,1, 1, respectively, satisfying Theorem B.3. Here,
we have 12 + 12 + 22 + 124+ 12 =8 = | S50 Sy).

4.4 The regular P;-module

Recall that the set of all ramified partition diagrams on n U n’ forms a monoid,

written as B,.

For example, B = {a, b, c,d} where a, b, c,d are:

...............

Consider the free C-module CB;, = P, with basis B;,. This module is a monoid
algebra over C by virtue of the monoid multiplication. We now describe the regular

representation of the monoid Bs,.

Set r = | B |. The action of Bf, on the monoid algebra P = {A\1g1 + Aoga + -+ +
Agr: A € C, g; € By, can be expressed as

g(Ag1 + Aago + -+ Argr) = (Mggr + Aagge + - - + Arggr)

for all g € B;,. We obtain a left reqular representation of B in this fashion.

Example 4.20. Let B§ = {a,b,c,d} as described above. The elements of the
algebra CB3 = P; have the form

/\1(1 -+ /\Qb + /\30 —+ /\4d ()\Z - (C)
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We have

( d) = Ma+Aob+ Age + M\,
b(A1a + Aab 4+ Asc + Agd) = Ab+ Aob + Asd + A\yd,
c(A1a+ Aob+ Asc+ Md) = A+ Aad + Aza + A\,

( d) = Ad+ Xad+ A3+ \b.

a )\1&+ )\2b+ )\36+ )\4

d )\10J+ )\2b+ )\3(3"‘ )\4

By taking matrices relative to the basis a,b,c,d of CBj we obtain the regular

representation of Bj :

1 0 00 01 00
01 00 01 00
a — , b — ,
0010 0 001
0001 0001
0010 0 001
0 001 0 0 01
c — , d —
1 000 0100
01 00 01 00

We do not yet have the tools for a systematic analysis of the representation theory
of a monoid, in particular Bj, but a couple of observations are in order. Suppose
a representation R of an algebraic structure has been found which consists of
matrices each being an n x n matrix. We can form another representation R’ by

a similarity transformation (see, for example [47, §5.2])
R'(g) = S™'R(g)S,

S being a nonsingular matrix. Thus, R and R’ are equivalent representations (see
Definition B.2). Using similarity transformations, it is often possible to bring each

matrix in the representation monoid (or group) into a diagonal form of (B.3).

Example 4.21. Consider the regular representation of the monoid B5 in Example

4.20. Over C, we choose the basis {-b—d,b—a+c—d,—b+d,b—a+d— c}.
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Then
1 0 00 1 000
01 00 00 0O
a — , b — ,
0010 0010
00 01 0000
1 0 0 0 10 0
0 —1 0 0 0 0
c — , d —
0 -1 0 00 -1 0
0 0 1 00 0 O

These are indeed all direct matrix sums of the form (B.3). Thus we have de-
composed the regular representation of Bs (over C) into its irreducible parts. In
particular, there are exactly 4 1-dimensional inequivalent representations in the
regular representation above. By the Artin-Wedderburn theorem (see Theorem
B.40), this decomposition can only happen for a semisimple algebra and the reg-

ular representations obtained are the only ones. For a general field, we have

Proposition 4.22. Let F' be an arbitrary field. Then the algebra Py is semisimple

over F provided 2 is invertible in F.

Proof. 1t is easy to see that the elements —b—d,b—a+c—d, —b+d,b—a+d—c form
a basis of P; over a field ' whenever 2 is invertible in F. Thus, the proposition

follows from the above argument. O]

Note that the sum of the squares of the dimensions of these inequivalent irreducible

representions is |Bs|.

We shall show in Section 4.6 that, for each n € N, P; is semisimple over [’ =
C. Before turning our attention to the decomposition of the regular P;-module
(for n > 2) into simple modules, we describe an indexing set for the simple Ps-

modules.

4.5 Indexing set for the simple P -modules

In this section, we describe an indexing set for the simple modules of Py. This will

be useful later.
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Let A (resp. A*) be the set of all finite Young diagrams including (resp. excluding)
the empty diagram. We write Mor/ (A*, A) for the set of functions

w: AF— A

with only finitely many A € A* such that p(\) # 0. This condition means that the
degree of i € Mor! (A*, A)
el =Y Al
A

is well defined.
We denote the subset of Mor/ (A*, A) of functions of degree N € N by Mory (A*, A).

For example, using notation (4.1) we have,
(i) Mor, (A%, A) = { &}

(i) Mory(A*,A) = {@ o Q7%}

* _JB ey @) eu n O O @O
() Mory(A%,4) = {{. G & 5 T 5 b 9 -

The shape of a function € Morf (A*, A) is an integer partition (u) defined as
follows. We define it using ascending power notation (see Section 4.1), in terms of

which k(p) is given by the function
a(i) =Y ).
AFi

This can then be recast in ordinary power notation as described above.

For example, consider p : ((3),(1%),(2),(12),...) — ((1),(1%),(1),0,...). Then
a(2) = Xso [N = ()] + (@) = (D] + 0] = 1,
a(3) =Xy [N = (@) + ()] = (D] +](1%)] = 3.

Therefore, u has shape () = (32%,2)

Let Mory, (A*, A) denote the subset of Mor/ (A*, A) consisting of maps of shape AP.
We have
Mory (A", A) = | ] Mory (A", A).

APEN

For example,

Morz(A*, A) = Morg)(A*, A) U Mor(z1)(A", A) U Mor(s)(A*, A)
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where
(3) (21) (1%)
Mor (A", A) = {TVT)’W}’
(2) (1) (1?)(1)
Mo (4 ) = { {17+ ) (1}
and

If k has just a single ‘factor’ ¢"™ then Mor;» (A*, A) is just the set of maps from A;
to A such that a(i) = m (and a(j) =0, for all j # ).

Lemma 4.23. The map

Mor;m (A", A) — Mor,, (A;, A)

M= A,

18 a biyjection. [

By Theorem 4.15 and Lemma 4.23,

Ac(Sn l Sm) = Mor(nm)(A*, A)

Thus with b+ NP

Ac(S(b)) = Ac(Xi(Sxi 1 Sp))
= x; Mor(,ri) (A, A)
= Mor(w) (A", A). (4.8)

We have (as we shall show in Theorem 4.57)

Ac(Py) = Mor, (A", A) = ] Mory (A%, A).

APkn
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4.6 Decomposition of the regular P -module
To find all the irreducible modules in PS5, we rely on some results of [24] as well as
23].

We recall from Section 2.2 the following. Given an algebra A and an idempotent

e € A we may define functors

F: A-mod — eAe-mod
Mv—eM

(4.9)

G eAe-mod — A-mod

(4.10)
N — AA@ Rede N

The functor G usually takes an irreducible module N to a module G(N) which
is not irreducible. We want to define another functor G'. This functor takes irre-
ducibles to irreducibles [24].

If M is an A-module and M, an A-submodule of M, define

Mgy =Y M,

MoCM
eMop=0

Then

G': eAe-mod — A-mod

(4.11)
R (Ae ®cac R)/(Ae @ecac R) ¢

By [24, §6.2], every simple e Ae-module arises in the following way:

Theorem 4.24 (Green [24]). Let {L(\),A € A} be a full set of irreducible A-
modules, indexed by a set A. Set A° = {\ € A: eL(\) # 0}. Then {eL(\): X € A}

is a full set of irreducible eAe-modules. The remaining irreducible modules L(\)

(with A € A\A°) are a full set of irreducible AJ/AeA-modules. O

From now on, we will write [a, b] for ¢(a,b).
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Consider the element ey» of P; defined by

Exp 1= Z[l, b]

bEAP

Example 4.25. For n = 3,

Lemma 4.26. The element ey 1s central in P;.

Proof. For eyr to be central in Pg, it is enough to show that eye[a, b'] = [a, V]exs
for all [a, V] € Ps.

exela, V'] = [1,b][a, V]

bl-AP
=) [a, bV
bl-AP
On the other hand,
[a.V]exe = _[a,V][1, 1]
bl-AP
= Z[a, Vaba™ !
bl-AP
= Z[a, b'0] since, as b runs over elements of shape A7, so does aba™!.
blFAP

= Z[a, bv'| as elements in diag-P,, commute.
blFAP

Therefore eyr is central in P;. O



Chapter 4. The Representation Theory of Py, 41

We shall often say that the shape of [a,b] = (a,ba) is the shape of b. Recall
from Definition 4.5 a partial order on integer partition which we shall be utilizing

hereafter.

Proposition 4.27. For each shape N, the ideal Prex» has basis
{la,b]: shape of [a,b] > NP}.

Proof. We first need to show that if [a, by] has shape > AP then [a, by] € Pser». We
prove this by induction on the shape of [a, by]. Suppose [a, by] has shape (n). Then

[a, bo) (Z[l,b]) = (x)[a,by] € Psew (4.12)

where « is the number of elements b in diag-P,, of shape \’.

Now let [a, by] have shape A’ (where A" > AP). Suppose [a, b)] € PSex» for [a, b))
of larger shape than [a, by]. Then

[a, bo] (Z[l,b]) = (M)]a,bo] +r € Psew (4.13)

where x is the number of elements [a, b] of shape AP such that b is a refinement of
bo and where r is a sum of terms of form [d’, b'] with the shape of b’ greater than
M. Therefore, [a,by] € PSex.

We also need to show that for any shape A, basis elements in P; whose shapes

are greater than or equal to A\’ form a basis of Pjey.

Suppose [a, by| is an arbitrary element of P5. Then [a,bo] (D _,\»[1,0]) is a sum of
elements of the form [a, bpaba™!] (with b IF A\P). Note that the shape of an element

la, bpaba™1] is greater than or equal to AP. This implies that
x (Z[l,b]) € span {[a,b]: shape of [a,b] > N} Vx € Ps.
bIFAP

Thus, the elements [a, b] of shape greater than or equal to AP span Pse . [l

Proposition 4.28. FPe,, ; Pseye if and only if N> NP

Proof. Assume N\ > \P. Take any [a,b] € PSeys, for b of shape greater than or

equal to \?". Then [a, b] has shape greater than or equal to A?. Therefore, every basis
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clement of Pse,, is a basis element of Pfey» which implies that Pey,s S Psear. On
the other hand, assume PSe, & Pseys. Take [a,b] of shape A, so [a,b] € Pge,,
which implies [a,b] € Psey». Therefore, [a,b] has shape greater than or equal to
AP. This means A > AP but if A = AP then PSe,, = PSeyr, a contradiction.

Thus, A" > AP O
As a concrete explanation of Proposition 4.28 we look at the following example.
Example 4.29. We use the elements constructed in Example 4.25 here.

Pyeqs) = Py

Pse(a1) = C-span {[a, b]: a € S35, b is of shape (3) or (2,1)}
Psey = C-span {[a,b]: a € S, bis of shape (3)}

Therefore, Psesy & Psep1y & Pseas), corresponding to (3) > (2,1) > (1%). We

see that the assertion in Proposition 4.28 holds.

Set

I> AP — Z P;6)\p/
Each section
M)\p = Pnge)\p/[> \P

in the filtration stated in Proposition 4.28 has basis parameterized by elements
[a,b] € (S, x diag-P,,) of shape AP.

Example 4.30. The elements constructed in Example 4.25 induce a filtration for
P35 by ideals (see Example 4.29)

Pies) G Piepny G Pseqs).

Then the sections in the filtration above are as follows.

Pseqs) . 5
M3y = Pieon + Pic = C-span{|a, b]: a € S, b is of shape (1°)}
P‘g
M) = 6@ _ C-span{[a,b]: a € S3, b is of shape (2,1)}

Pse)

M3 = Pse(s) = C-span{[a, b]: a € S5, b is of shape (3)}
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Note that for each A, the dimension of My, is n!Dy» (where D)» is defined in

Equation (4.3)).
Next, we decompose the sections as far as possible.

As a vector space we have [13]

My = @ C[S,, b].

biEAP

Note that C[S,, b] is an S(b)-module via the embedding ¢ +— [g, 1] of S(b) into B;,.
Proposition 4.31. The map

9: CS, — C[Sy, b

a— |a, b
is an S(b)-module isomorphism.

Proof. The module C[S,,,b] is generated by elements ({[a,b]: a € S,}). Assume
g € S(b). The element g acts on a € CS,, as follows:

g-a=ga (4.14)

The action of S(b) on C[S,,b] is as follows.

S(b) X [Sn, b] = [Sn, U]

(9. [a,8]) = [g,1][a, b] = [ga. gbg™]
= [ga, D] since g € S(b). (4.15)

Comparing (4.14) and (4.15) we see that C[S,,b] is an S(b)-module isomorphic to
CS,, as an S(b)-module. O

Corollary 4.32. The modules My and M, are isomorphic to CS,, as CS,,-

modules.

Recall that the number of set partitions of shape A is Dy, = % It follows

from Proposition 4.31 that C[S,,b] decomposes into Dy» copies of the regular
S(b)-module.
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Remark 4.33. In Py, multiplication is given by

[a,b][a’,b] = [ad’, babla™]. (4.16)

Assuming b and ab/a™! have the same shape, say AP, if b # ab/a™! then b(ab/a™')
has shape > M. Therefore, the multiplication in Equation 4.16 is zero in M.

Precisely, multiplication of two elements [a, b], [a/, 0] € My is

0, if b # aba™!
la,b][a’, V] = # (4.17)
laa’, V], if V' = aba™'.

Lemma 4.34. The element exp + I~ y» := €xp is central and idempotent in Myp.

Proof. The proof that €y, is central in M), follows a similar argument to the proof

of Lemma 4.26.

To show that ey, is idempotent in My», we have to show that (ex)? = €.

— (z m)

biEAP

where * denotes the sum of elements whose shapes are greater than \’. But « is

zero using Equation (4.17). Therefore €y, is an idempotent element in My,. [

Proposition 4.35. The section

N

P
& ) (6/\10 + [> Ap)-

I

My = (exr + I ) (

Proof.

<

P
= ) (exr + 15 a0) =

exePrexo + Is

I w
. Pge)\p + I> AP
[> AP
- P,fe)\p
I> AP

:M)\p ]

I> AP

(exe + Is ap) (

since ey» is central in P,
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Proposition 4.35 says, in other words, that M), is an idempotent subalgebra of

the quotient algebra of P by I y». The identity element is exr + I x».

By Equation (2.2) and Equation (4.11), there exists a functor

Fi: M)\p—mOd — P;/]> ,\p—mod
IP’E (6)\17 + I )\p) QM,p N (4.18)

> AP

([ffl (6)\1’ + I> Ap) ®M)\p N)(e,\p+1> AP) '

AP

N —

Proposition 4.36 ([24, 6.2¢]). If V is irreducible over My then Fy(V') is irre-
ducible over PS5 /I . N

Thus F} induces a map

§1: {simple Myp-modules} — {simple P;/I- y»-modules}.

By Theorem 4.24, we deduce that

Proposition 4.37. Let V' be an irreducible PS /I xp-module. Then V' € Im(§;)
if and only if (exp + Is xp)V # 0.

Those simple modules not hit by §; correspond to simple modules over
PS

2o = Ps/(Pses).

Py, Py
—2—(e
IS )\p( AP+Iy )\p)[> \P

We have
Proposition 4.38. Let V' be an irreducible PS /I~ yxo-module. Then (exp+1Is x»)V #
0 if and only if (Psexe + Is x0)V # 0.

Proof. Note that (Psexe+1s x0)V = P5/Is yw(exe+1s x)V. Now if (exp+1s 30)V #
0 then Ps/Is yo(exp + I xo)V # {0} (as 1+ 1 yo € Ps/Is xo). If (exo + 15 30)V =0
then Ps/Is yo(exr + Is ap)V = {0}. That is, P;/Is xe(exe + Is x0)V # {0} implies
(exr + Is 20)V # 0. O

There is a functor induced by the natural epimorphism from P to PS/Is y»

Fy: Py /I y»-mod — P;-mod. (4.19)
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Suppose V' is a P; /I~ y»-module. Define a map

¢: PS — PS/Ls s

ar—a+Is

If a € Py, define
av:=¢(a)v forallae P veV (4.20)

Then V' becomes a P;-module via this action. Thus Fy(V) = V is now regarded

as Pt-module. Define F; to be the identity on morphisms. Then F3 is a functor.

Proposition 4.39. Let V be a P /1~ y»-module. If V' is a P;-submodule of F5(V'),
then V' is a P5 /I~ x»-submodule of V.

Proof. Assume V' C Fy(V) is a PS-submodule. If b € P5/I- y», v € V', then
b = ¢(a), for some a € Ps. Thus bv = ¢(a)v = av € V' by Equation (4.20).
Therefore, V' is a P; /I y»-submodule of V. O

The converse of Proposition 4.39 is also true. That is,

Proposition 4.40. Let V be a P5/I- yo-module. If V' is a P5 /I~ yx»-submodule of
V' then V' is a P;-submodule of Fy(V').

Proof. Let a € Ps,v € V'. Then av = ¢(a)v. But ¢(a)v € V' (by Equation (4.20))
as V' is a P5/I. yp-submodule of V. Therefore, V' is a P;-submodule of F»(V). O
Proposition 4.41. A P;/I. yo-module V is irreducible if and only if Fo(V') is

irreducible over Py.

Proof. Suppose V' is an irreducible PS/I. y»-module, and assume V' C Fy(V) is a
Ps-submodule with V' # 0. By Proposition 4.39, V' is a Ps /I~ y»-submodule of V.
Since V' is an irreducible P5/I- yp-module this implies that V' = V. Hence F5(V)

is an irreducible P -module. The converse is similar, using Proposition 4.40. [

Thus, the functor F, induces a map

§2: {simple P;/I. yp-modules} — {simple P;-modules}.
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Proposition 4.42. Let W be an irreducible P;-module. Then W € Im(§s), if and
only if Is oW = 0.

Proof. Let W € Im(§2). That is, W = §»(V) =V for V an irreducible P;/I- x»-
module. Let a € I. »», v € V. Then by Equation (4.20), av = ¢(a)v = Ov = 0.
Therefore, I. oW = I- x»»V = 0. Conversely, suppose W is an irreducible P;-
module and I~ W = 0. Let V = W regarded as a P/l y»-module as follows:

For a+ 1. € P;/Is », (a+Is w)v:=av foranyveV. (4.21)

This action is well-defined, as I5 y»V = 0. Then W = F,(V). Hence, W € Im(§>)
by Proposition 4.41. O

Thus, the simple modules F, misses are the simple Ps-module W for which
I y»W # 0. That is, PSey, W # 0 for some A" > \P.

Proposition 4.43. An irreducible P5-module W lies in Im(§2F1) if and only if
(a/) [> )\PW = O

(b) PSexeW #0

Proof. Assume W € Im(§281). Then W € Im(F2), so I oW = 0. Write W =
Fy(F1(M)) with Fy (M) an irreducible P /I y»-module and M an irreducible My,-
module. By Propositions 4.37 and 4.38, F} (M) € Im(F;) implies

((P;e,\p) + [> )\p)Fl(M) 7& 0
=(Psexp)W #0 as required.

Conversely, suppose (a) and (b) hold. By (a) and Proposition 4.42, W € Im(§>),
i.e. W = F5(V) where V is an irreducible P;/I- y»-module. By (b) PSe W # 0,
which implies (Psexr + Is x0)V = (Psear/Is 3)V # 0. Therefore V' € Im(F) by
Proposition 4.37 and Proposition 4.38. Hence W € Im(F2§1) as required. ]

Suppose W is an irreducible P;-module. Consider Pje W for all AP. Take NP
maximal such that Pse W # 0. If A? = (1") then PSey» = P5. Then Pex, W =
PSW =W # 0. So a maximal such P exists. Then if \?" > M\ PSe,,W = 0. This
implies, Is x»W = 0. Therefore (a) and (b) hold or in other words, W € Im(F2§1)
for AP.
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Proposition 4.44. Let W be an irreducible Ps-module. Then W € Im(F2§1) for

a unique NP,

Proof. We argue by contradiction. Set Is xp = >\, y» Préyp. Suppose W arises

in two ways. That is,

IwW =0 (4.22)
Pze)\pW 7& 0
and
LW =0
PSe,yW #0  and NP # N\ (4.23)

Then for all A" > AP, Pse,,W = 0. Therefore, A’ % AP. Similarly, \? # \”". So
N, AP are incomparable. Now W = ey, PsW = ey W. Then

e W =ewenW

= DLy [y | w

bIFAP blFAP

The element

SOV [1,0)

bIFAP bIFAP

. . . / .
is a sum of basis elements of shape greater than AP, since A’ and AP are incompa-

S OILYY LW =0,

rable. Hence

bIFAP bi-AP
so e,y W = 0, and therefore, Pse,yW = 0. This contradicts Equation (4.23).
Thus, W € Im(F2§1) for a unique N. O

It also follows that .
Ac(P) =, Ac(Mx)

We shall discuss the details shortly.
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4.7 Morita theory

This section contains a brief account of the theory of Morita equivalence. Morita
theory addresses the question of when two algebras have equivalent categories of

modules.

Definition 4.45. Let A and B be algebras over a field F. Then A and B are said
to be Morita equivalent (see, for example, [41, p. 325]) if there is an equivalence

from the category of left A-modules to the category of left B-modules.

Theorem 4.46 (See, for example [48]). Two algebras A, B are Morita equivalent if
and only if there exists an idempotent e € A such that A = AeA and B = eAe. [

Consider the idempotent [1,by], by |- A, and recall from Equation (4.17) the

multiplication of elements in M),,. We have

[Lbo] My = [Lb)] €D Clwbl= @ C1,boJ[w,b] = E Cluw, bo.

WESy,;blFAP wWE Sy ;blFAP wWE Sy
Thus,
(1, bo] Mo [L, o] = EP Clw, bo][L, bo] = EP [w, bowbow™]
wESH wESh
= P [w, bo] = CS(by)
weS(by)
and

Myo[1, bo] My» = My» €5 Clw, b] = ( &y C[m,b]) D Clw, bl

wESH TESy;bFAP wES,

GB @ Clz, b[w, bo] = @ [zw, brbor ™' = My

LESn;bIFAP WESK @, WESy;blFAP

Thus by Theorem 4.46

Theorem 4.47. The algebras My» and CS(by) (with by - X ) are Morita equiva-
lent. O
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Properties of a ring which are preserved under Morita equivalence are called Morita
invariants (See, for example [49, p. 243]). Examples of such properties include
a ring being semisimple, artinian, noetherian, e.t.c.. By Maschke’s theorem (see
Proposition B.26 and Corollary B.34) and Theorem B.38, CS(by) is split semisim-

ple for every shape. Consequently, we have

Corollary 4.48. For each NP, My is semisimple over C. O

We notice that dimensionality is not a Morita invariant property, and in fact differs

in our case. We illustrate this point with an example.

Example 4.49. Recall from Example 4.30 the sections Msy, M2 1), M(3) in the
filtration for Ps. Their dimensions are 6, 18,6 respectively. Also recall from Ex-

ample 4.8 that for each b € Ps

S(b) = S if b1 (1%) or (3)
S(b) = Sy if bl (2,1)

Although M, 1y and S(b) with b - (2,1) are Morita equivalent by Theorem 4.47,
their dimensions are not equal since S(b) has dimension 2 and M3 1) has dimension
18.

Next we construct explicitly the simple modules of P; and compute their dimen-

sions.

4.8 Explicit construction of simple modules of

P (illustrated by an example)

Recall that the complex representation theory of the symmetric groups is known
(see Appendix A). In particular, for a partition A of an integer n there are standard

constructions for primitive idempotents which generate irreducible representations

of CS,,.

Definition 4.50.

(1) Let A be an algebra over a field F. Two idempotents e and f are orthogonal
ifef = fe=0.
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(2) An idempotent e of A is primitive if it is not possible to write e as the sum of

two orthogonal idempotents.

We proceed to construct the irreducible representations of P, using information
from Appendix A. We relegate the details of the representation theory of the
symmetric group, that is useful for this section, to the Appendix to avoid obscuring

the computation by too many details.

We have seen in Section 4.6 that by decomposing My, for all \? we get the sim-
ple Pr-modules. It is convenient to illustrate the decomposition of M), with an

example. We work out all the simple modules of P;.

Example 4.51. Consider each section M), in the filtration for P; constructed in

Example 4.30. We proceed by examining these cases one at a time.
It is easy to see that the map
¢2 M (3) — (CSg
la,b] — a
defines a C-algebra isomorphism.

As seen in Appendix A, CS3 regarded as a CSs-module decomposes as a direct

suim

CS;; = CSgytl D CSgth @ CSgyt3 D CSgyt4 (424)

where t1:7t2: é 2|,t3: ;

Y, = e+ (12) + (

Y, = €+ (12) — (

Y, = e — (12) + (13
(12) — (

respectively, their Young symmetrizers.

Via ¢ we get

M) = ¢ (CSzy,) ® ¢ (CS3ys,) ® ¢ (CS3ys,) ® ¢ (CSsyz,)
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as an M z-module. For simplicity, set V;, := ¢~ (CSsy,) so that

Mz =V, ® Vi, ® Vi, @ Vi

Via ¢ M) can be regarded as a CS3-module. Now applying ¢~* to (4.24), we

have

M) = M5¢~" (41,) © M3y~ (yi,) © M50~ (Y1) © M0~ (,)-
Let 4, := ¢~ (ys,). Then

M) = M)y, © M)y, © M3)Yis © M3)yi,
=V, eV, ®Vi, ®V,,.

It is easy to see that these summands are P;-submodules of M3). We show that

they are irreducible Ps-modules.

If N C Vj, is a nonzero P;-submodule, then N is an Ms)-submodule of V;,. This
imply that N = V,,. Therefore V;, is an irreducible P;-module.

The decomposition of M;s) follows a similar argument to that of Ms). By Corol-

lary 4.32, M(13) as a vector space decomposes as
M3y = Musyyz, © Masyye, © Msyyz, © Masyyi,

where 3;, denotes the Young symmetrizer associated with a Young tableau ¢;.

We already know, by Theorem 4.47, that M) has two simple modules. Since
M1y has dimension 18 then these simple modules must each be of dimension 3.
By the Artin-Wedderburn theorem, we expect 3 copies each of the 3-dimensional

simple modules in the regular representation.

The condition for idempotence, f? = f, leads to two elements hy, hy in Mz 1). We
can represent them in terms of diagrams with the following convention: Given
a diagram d in P; with an island J containing 7 noncrossing bones, there is a
corresponding natural embedding ¢ of CS, into P; mapping a permutation o to d
with o in the island. Given y € CS, we denote the image of y under ¢ by drawing

d with a box covering J labelled with y. For example, we represent hy; and hy as
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1
2
of bones lying in that island. The young symmetrizer associated with ¢ (resp. t')

where t,t" are standard Young tableaux and respectively on the number

is denoted by y; (resp. yy).

We check readily that hy, hy are orthogonal idempotents. Thus, we have a decom-

position of M 1) into subspaces:

M 1yhy & M21)hs.

It is easy to verify that left-multiplication of elements of B; on Mg )h; and
M,1)hs give 3-dimensional representation each of P; (of course, elements that
are not of shape (2,1) are sent to zero). Simple calculations show that these
representations are irreducible. Figure 4.2 gives the decomposition of M, ) into

summands.

In Figure 4.2, the simple modules (a), (b), (¢) are equivalent to each other.

Also the simple modules (d), (e), (f) are equivalent but are inequivalent to

(d), (), (f)-

Lemma 4.52 (See [13]). Any submodule of My» contains an element of form
q=>_; ¢z, b, with b= AP
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FIGURE 4.2: Some simple modules of Ps.

Proof. Let U # 0 be a submodule of My». Let m := 3, ¢;j[xi, y;] € U with m # 0.
Then V := PSm is a submodule of U. Choose [ so that some scalar ¢; # 0. Then

(L] Y el ) = Z cij[L yills, )

]

ij
= v uy) €V
]

= Zcil[%,yl] eU. L

We write T)F (resp. TF) for a traversal of the left (resp. right) cosets of S(b) in
Sh.-

Recall that Ps is generated by [1, A?] and [S,, 1]. The element [1, A'?] acts on
q = ), ¢i[x;, b] as 1 or takes the shape of ¢ up in the order described in Section
4.1 which is regarded as 0 in M,,. We consider the action of [S,, 1] in two parts:

(a) [S(b),1] : The subspace C[S(b),1]q gives a CS(b)-submodule consisting of
elements which are of the form ), ¢[#;,b] (with #; in S,,). So there exists an
element of the same form as ¢ generating an irreducible S(b)-submodule. (We

assume that ¢ is in fact such an element).
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(b) a traversal: take an element w of a traversal of S(b) in S,,. Then the action of
w is

wq = [w, 1] Z ¢ilxi, b = Z cilwz;, wbw ™. (4.25)

Set b = wbw™'. Then wq generates an irreducible S(b*)-module.
We observe that

Proposition 4.53. The map

6 S(b) — S(b)

g +— wgw‘1

18 a group isomorphism. [

and hence

Proposition 4.54. The map

: CS(b)g — CS(b”)wq

99 — ¢(g)wq = wgq

is an isomorphism of CS(b)-modules (via the group isomorphism ¢ ).

Corollary 4.55. The module CS(b")wq is an irreducible CS(b")-module.

Proof. Let V. C CS(b")wq be a non-zero CS(b*)-submodule. Then V' is a non-
zero CS(b)-submodule of CS(b”)wgq (via ¢). This implies that /! is a non-zero
CS(b)-submodule of CS(b)g (as ¢ is an isomorphism of CS(b)-modules). Thus
Y=t = CS(b)g by the argument in (a) above. Since v is also an isomorphism of
vector spaces, we have that V' = CS(b*)wq and the result holds. [

Let L, be the irreducible S(b)-submodule CS(b)g of U. Then, as CS(b)-module,
L, is isomorphic to L,(w), where L,(w) = CS(b*)wq, for all w € T}F. Since these

subspaces involve different basis elements, we get

69wGTbL Lﬂ(w> g U.
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Thus, every irreducible P;-submodule is at least a sum (as a vector space) of Dyp
spaces each of which is an (isomorphic) simple module for S(b) for the appropriate

b. In particular,

Proposition 4.56 (See [13]). For each inequivalent simple S(b)-module L, (i.e.
with 1 € Morye (A%, A) and N I b) of dimension m,, and basis {v;|i =1,...,m,},

say, there is a simple Py-module of L;, of dimension

dim L;, = m, Dy (4.26)
and basis {[wv;, 0*]|i = 1,...,m,, w € T)}. The modules {L$} are pairwise
mequivalent. [

Since CS(b) is split semisimple (over C) for every shape, we have that the mul-
tiplicity of L, in the b-th summand is m, Dy, since the summand is Dy» copies
of the regular S(b)-module. Thus each M, is semisimple (see also Proposition
4.48), and hence

Theorem 4.57 (See [13]). Let n € N. Then the algebra Ps is split semisimple over
C. The simple modules may be indexed by the set Mor, (A*,A). The dimensions

of the simple modules are given by m,Dyp.

Proof. Immediate from previous results. m



Chapter 5

The Juyumaya algebra of braids

and ties - Connection to P,

This chapter introduces the main object of the thesis, the Juyumaya algebra. In
Section 5.1, we recall the definition of the Juyumaya algebra. We prove the main

results of the thesis in Section 5.2 and Section 5.3.

5.1 The Juyumaya algebra of braids and ties

Following [20], we recall the Juyumaya algebra over the ring Clu,u™!].

Definition 5.1 (See [20, §2]). Let u be an indeterminate over C and A be the
principal ideal domain C[u, u~!]. The algebra £2(u) over A is the unital associative
A-algebra generated by the elements T, Ts,...,T, 1 and Ey, Es, ..., E, 1, which

satisfy the defining relations

57
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(A1) Ty =TT if Ji—j]>1
(A2) EE; = E;E,

(A3) E? = E

(A4) ET, = TE,

(A5) ET; = T;E; if i—j|>1
(A6) TTT, = TyTiT, if [i—jl=1
(A7) E;TT; = TT;E; if Ji—j|=1
(A8) E,E;T; = ET,E; = T,E;E; if |i—j|=1
(49) TP =1+ (u—1E(1-T)

for all 1, j.

Let C(u) be the field of rational functions. We define £2(u) as
En(u) = & (u) ®4 C(u)

where C(u) is made into an A-module through inclusion.

Corollary 5.2 (See [20, Corollary 3]). The dimension of E2(u) is given by n!B,,
where B, is the nth Bell number. O

The Bell number making appearance in Corollary 5.2 indicates that there might
be a connection between the Juyumaya algebra and the (small ramified) partition

algebra. In section 5.2 we present this connection.

From the presentation of £2(u), relations (A1), (A6), (A9) form a deformation
of the defining Coxeter relations (see [21, §1]) of the symmetric group S,. It is

straightforward to verify the following result.

Proposition 5.3. There exists a homomorphism from EX(u) to the group ring

AS,, of the symmetric group given by

X: &Mu) — AS,
Ty (i,5+ 1)
E; — 0. [
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In particular, AS, is isomorphic to a quotient of EA(u).

5.2 Relationship of the Juyumaya algebra to P,

In response to a remark by Ryom-Hansen in [20] regarding the dimension of £°(u):
“The appearance of the Bell number is somewhat intriguing and may indicate
a connection to the partition algebra ..., we do not think at present that the
connection can be very direct”, we present new results that establish a connection
between the Juyumaya algebra and the partition algebra, via the small ramified

partition algebra.

Let C be the field of complex numbers which is a Clu, u!]-algebra (that is, with
u acting as a complex number x). Denote the C-algebra £24(u) ®4 C by &,(z).

Here, we shall only need the case x = 1.

Recall from Definition 3.7 and Section 3.2.3 the definitions of A,, and A%*! re-

spectively.

Proposition 5.4. The map p: E,(1) — CS,, ®c A,, given by

Ei — (LAi,iJrl)

T — (Ui,i—i-la 0i,i+1)

defines a C-algebra homomorphism.

Proof. To show that this map is an algebra homomorphism we check that the
relations (A1)—(A9) hold when (1, A***1) is put in place of E; and (0,41, 0i41) 18

put in place of T; as follows.

Assume |i — j| > 1. Then

(A1) p(TiT) = (0isis1, 0ii1) (04441505 541) = (044105441, Oiit1045+1) and
P(T5Ti) = (05,541, 055+1) (Oiit1; Oiir1) = (044105341, 0jj4100i41)-
Since | — j| > 1, 04,410} j+1 = 04104i+1. Thus,

(Ui,iJrlUj,jJrl; Ui,i+1aj,j+1) = (Uj,j+10i,i+17 Uj,jJrle‘,iJrl) as required.

Diagrammatically, this may be represented as follows.
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(A2)

(A6)

(A7)

i it jjH

p(EiEj) — (LAz’,Hl) (17Aj,j+1) — (17 Ai,i+1Aj,j+1) — (17 Aj,j+1Ai,z'+1)

— (1, A (1, A1) = p(B,E).

The second equality follows from the definition of the tensor product of
algebras, the third equality is a consequence of the commutativity of the
elements A¥**1 and the fourth equality follows again from the definition of

the tensor product of algebras.
P(EE) — (I,Ai’H—l) (LAi,i—i-l) — (1’ Ai,i+1Ai,i+1) — (17 Ai,i-i—l) — P(Ez)

Similar to the proof of relation (A2), p(E;T;) = (1, A% (Gis1, Tosr)
= (Logi41, A¥Hoi00) = (045411, 0441 AP

= (0iit1, Oiit1) (1, A% = p(T,E;).

p(ETy) = (LAY (0441, 04501) = (1041, A¥F0j504) and
P(TiE) = (0441, 0j11) (LAY = (0011, 0511 AV,
Since "L — j’ > 1, Ai’i+10j,j+1 = O'j,j_i_lAi’i_‘_l. ThU.S,

+1

.. o il .
(Uj,j+17 AM Uj’j+1) = (O‘j’jJ’»l, O'jJJrlAZ ot ) as reqmred.

p<TiTjTi) = (Ui,i+1,0'i,i+l) (Uj,j+1a Uj,j+1) (Ui,i+170i,i+1)

= (Ui,i+10j,j+10i,z'+1, Ui,i+1<7j,j+10i,i+1) and

TyT;T; corresponds to (05,11, 0j541) (0ii41, Oiiv1) (0541, 0j541)
= (0,j+100,i+10;,j+1 04,j+101,i+105,j+1)-

SiHCG ‘Z — j’ = 1, 04i+105+104i+1 = 05 +4+104i+105 j+1-

Thus, (04,4+10,j410ii+1 0ii+10j,j410ii4+1) =

(Uj,j+10¢,z'+10j,j+1, 0jj+104,i+10jj+1) as required.

. il
The element Ejﬂjj] 1S mapped to (1, A]]+ )(O’mqu, O'i,’i+1)<0-j,j+17 O'jJ‘Jrl)
— j,J+1

= (04,1410 j+1, AW 0744105511) and

the element T;T;E; is mapped to (0441, 05i41)(0j 41, 05.4+1) (1, A% 1)



Chapter 5. The Juyumaya algebra of braids and ties - Connection to P; 61

B i1
= (Uz‘,i+1‘7j,j+1, 04i110j,j41 A" ).

; ; | — gt . = . . 1,0+1
Since |i —j| =1, A0, 410,01 = 014105414 and the result follows.

Proving relation (A7) using diagrams:

A . i it

S

(A8) The element E;E;T; corresponds to (1, A%1)(1, A (011,04 41)
= (011, AT AV gy 510),
the element E;T;FE; corresponds to (1, A%)(0; 41, 05,41)(1, A%
= (0,51, A% AW, and
the element T, E;E; corresponds to (041, 05+1)(1, A¥*1)(1, A%+1)
= (041, 0, AVTLATIHL),
We have A¥ AT G, 0 = Abtlg, ) AL = g0y ABTEL AT gince i —
jl =1 as required.

Relation (A8) may be described using diagrams as follows.

Qi . L JJH

(A9) Since u is specialised to 1, relation A9 states that 7 = 1 and the relation cor-
responds to (Ui,i+17 Uz’,i+1) (Ui,i+17 Uz’,i—i—l) = (Uz‘,i+10i,z’+17 Ui,i+10i,i+1) = (1, 1) as

required.
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We leave it as an exercise to use diagrams to check relations (A2) — (A6) and (A9).

Next we show that

Theorem 5.5. The map ¢: E,(1) — P given by

Ei — (1’Ai,i+1)

T — (Ui,i+1, Ui,i+1)
defines a C-algebra isomorphism.

Proof. The map ¢ is well-defined since by Proposition 3.17 (1, A%™') and (041, 0i.i11)

generates precisely Pr.

In order to check that ¢ is an algebra homomorphism, we need to verify that the
defining relations of &,(1) are satisfied in P; and this has already been shown in
Proposition 5.4. All that remains is to show that the map is an isomorphism. By
Corollary 5.2 and by Corollary 3.14, the dimensions of &,(1) and P are equal.
Moreover, the map ¢ is surjective since the images of the generators F; and T; of
En(1) generate Pr.

Thus, the preceding facts together imply that ¢ is an isomorphism. O]

5.3 Representation theory

Generic irreducible representations of the Juyumaya algebra are constructed for
the cases n = 2,3 in [19], [20]. Here we provide a proof of generic semisimplicity

of the Juyumaya algebra for all n, by reference to Chapter 4.

In the previous section we established, for each n € N, an isomorphism between
the algebras &,(1) and Ps. With this result we have implicitly determined the
complex representation theory of &,(1) since the representation theory of P; over
C is already known (See Chapter 4). With the knowledge that the algebra PS over

C is split semisimple, we can now prove that

Theorem 5.6. For all n, the algebra E,(x) is generically semisimple.

Before we provide the proof of Theorem 5.6, it is worth clarifying our notion of
generic. Our notion is essentially the same as that of Cline, Parshall, and Scott
[22, §1]. Precisely,
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Definition 5.7. Let P be a property of finite dimensional algebras over fields.
Given a commutative, Noetherian domain O with quotient field K = k(0), and
a finite dimensional algebra A over O such that P holds for the K-algebra Ag.
Then P is said to hold generically for A if there exists a non-empty open subset
(2 C Spec O such that P holds for the residual algebras Ay, for all p € €.

For example, the property that an algebra be split semisimple is a generic property

but in our case it holds on a Zariski non-empty open subset of the complex space.

Proof of Theorem 5.6.

By Theorem 5.5, &,(1) is isomorphic to the algebra Ps and by Theorem 4.57 P is
split semisimple over C. This implies that &,(1) is split semisimple over C. Since
split semisimplicity is a generic property therefore, &,(z) is split semisimple for
generic choices of x € C. But &, () is semisimple if and only if it is split semisimple

(since we are working over an algebraically closed field of characteristic zero). [J
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Conclusion

In this chapter, we summarise what has been achieved so far and make some

suggestions as to possible further directions in which this research could continue.

6.1 Summary

We have determined the generic representation theory of the Juyumaya algebra
beyond the cases n = 2,3 over the field of complex numbers. In order to under-
stand the representation theory of the Juyumaya algebra over the field of complex
numbers, it was crucial for us to study the representation theory of the small ram-
ified partition algebra since these algebras are isomorphic as C—algebras. Thus,
to begin our study of the small ramified partition algebra, it was helpful to, first of
all, familiarise ourselves with both the partition algebra and the ramified partition

algebra.

It was worth studying the representation theory of wreath products as it is closely
tied to the combinatorial representation theory of the small ramified partion alge-
bra. While the representation theory of wreath products are by now reasonably
known, there is a lack of concise presentations suitable for readers seeking a fast
read on this topic. Chapter 4, therefore, has a considerable emphasis on the expo-
sition of this material as a way of bridging the gap. On the other hand, to some

extent the exposition of the representation theory of the small ramified partition
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algebra is not new material but is presented in a terse manner in the only refer-
ence [13] found. We have tried to improve this by giving a detailed description

and providing the results with proofs which are not found in that paper.

6.2 Discussion

The subject of representation theory of algebras is a vast one. As such, there are

a number of interesting open problems on this subject.

The small ramified partition algebra P;_, can be embedded in Py by adding ver-
tices labelled n and n’ with a propagating stick (see Section 3.2.2 for definition)
connecting them in the rightmost part of an arbitrary diagram p € P;_,. We have

the following tower of algebras

P, CP,C....

The Bratteli diagram for the tower of small ramified partition algebras is a graph
with vertices organised into levels indexed by n € N such that the vertices on level n
are labelled by the index set Mor,,(A*, A) (described in Section 4.5) corresponding

to the irreducible representations of P;.

The Bratteli diagram for the inclusion P,_; C P; for n < 4 is shown in Figure

6.1.

The number of paths from the top of the Bratteli diagram (in Figure 6.1) to
w € Mor,,(A*, A) is the label (in bold) on vertex u and thus is the dimension of p.
In row n = 4, the dimensions of the irreducible modules are 1, 3, 2, 3,
1,4,8,4,3,3,6,3,3,6,6,6,6,1,3,2,3,1 (reading from left to right). Furthermore,
12 4 3% + 22 32 4 1447 4+ 8 + 42 + 32437 4+ 6° + 3° + 3246 + 6 + 6° + 67 +
1243% + 22 + 32 + 12 = 360 which is 4!15 (from Corollary 3.14), the dimension of
Py.

We have not described the branching rule for P;_; C Ps for all n. A good starting
point might be to prove the conjecture in Martin’s paper [13], relating to an

algorithm for describing a restriction rule for P; to Py_;.
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FIGURE 6.1: Bratteli diagram for P.
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Appendix A

The Representation Theory of the

Symmetric Group

Here we briefly review some combinatorial notions from the representation theory
of the symmetric groups. This appendix provides some necessary tools for the con-
struction of the irreducible representations of the small ramified partition algebra

studied in Chapter 4.

A.1 Partitions and Young tableaux

Definition A.1. A partition A of a nonnegative integer n € N is a finite sequence
of positive integers A = (A1, A2, ..., ;) satisfying Ay > Ay > -+ > A\, > 0 such
that n = >\, \i.

For example, the partitions of the integer 4 are:

(4),(3,1),(2,2), (2,1,1),(1,1,1,1).

We write A - n to denote that A is a partition of n. By definition, n = 0 has
a unique partition, namely the empty sequence (). A partition A is represented

graphically by a Young diagram.

Definition A.2. A Young diagram of A = (A, Ag,... ;) is a left-justified array

of boxes with [ rows, and \; boxes on the ith row.
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For example, the Young diagrams of the partitions of 4 are

E,_ NunNunniyeo ot

Definition A.3. A (Young) tableau of shape X is obtained by filling in the boxes

of a Young diagram of A\ with non-repeated entries ¢, ; € {1,2,...,n}.

For example, let A = (2,1) I 3. Then the Young tableaux of shape (2, 1) are

112] [2]1] [1[3] [3[1] [2]3] [3]2]
3 8] [2] 2] |l o [a]

Definition A.4. A standard (Young) tableau of shape X is a Young tableau of
shape A such that the entries of each row are in increasing order from left to right

and the entries of each column are in increasing order from top to bottom.

For example, the following are all standard tableaux of shape (2,2, 1).

2
4],

2] [1]3
50, [2]4],
5]

|(‘.ﬂw>—‘

|4>~c,o>~

|>J>l\2>—t
[$)8

|OJ[\J>~
(@2

A.1.1 Specht Modules for S,

To each Young tableau, we construct a primitive idempotent (see Definition 4.50
for a definition) which generates a simple module of CS,,. This simple module is
known as the Specht module (See, for example, [1, Section 2.3]). The primitive
idempotents are constructed from corresponding “symmetrizers” and “antisym-
metrizers”. We briefly discuss these tools and a construction here. A technique
for explicitly constructing the irreducible representations of P is considered in
Section 4.8 of Chapter 4, based on the concepts of Young tableaux, symmetrizers,

and antisymmetrizers.

Definition A.5. Let t be a Young tableau. Then the row stabilizer of t, denoted

R;, is the subgroup of S,, which permutes elements within each row of t.

Definition A.6. Let ¢ be a Young tableau. Then the column stabilizer of t,
denoted C}, is the subgroup of S,, which permutes elements within each column of
t.
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1
Example A.7. Let t =[4[5] . Then
6]

To each Young tableau, we associate a primitive idempotent.

Definition A.8. Let t be a Young tableau. The symmetrizer s;, the antisym-

metrizer a;, and the Young symmetrizer y, associated with t are defined as

St = g T;

reR;

a; = Z sgn(c)e;

ceCy

Y = Z sgn(c)re.

where sgn stands for the sign of the permutation c.

The symmetrizer, antisymmetrizer, and the Young symmetrizer, generate left ide-
als that provide the irreducible representations of the symmetric group [50, The-

orem 5.12.2]. In particular,

Theorem A.9 (See, e.g.,[51, Theorem 5.4]). The Young symmetrizer y; associated
to the Young tableau t is a primitive idempotent, and the invariant subspace S* :=

CS,ys, for each At n, of CS,, yields an irreducible representation of S,,. ]

The module S* are called the Specht module [50].

The irreducible representations for different Young diagrams are inequivalent, but
for different Young tableaux of the same shape they are equivalent [52, Lemma
4.7]. Moreover the complete decomposition of the regular representations of S, is

governed by the following theorem.

Theorem A.10 (See, e.g.,[53, Proposition 7.2.2] and [50, Theorem 5.12.2]). Every

irreducible representation of S, is isomorphic to S* for a unique \. Furthermore,
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SN satisfy

nl =Y "(dim S*)*,

A-n
so the Specht modules give a complete set of inequivalent irreducible modules.
As an example, we construct all the irreducible representations of Ss.
Example A.11. There are four standard Young tableaux for n = 3.
t = Dosy = e+ (12) 4 (23) + (13) + (123) + (132)

ay, = €

Y, = g, Sy, = €+ (12) 4+ (23) + (13) + (123) + (132)

ty = i1’> 2|: s, = e+ (12)

a, = e — (13)

Yty = Ay Sty = € + (12) - (13) — (123)
t3 = ; 3|: s, = €+ (13)

ag, = e — (12)
Yty = Qg 81, = € — (12) + (13) — (132)

Sty = €

~
N
I
co]ro] |

a, = e — (12) — (23) — (13) + (123) + (132)
Yr, = g, Se, = € — (12) — (23) — (13) + (123) + (132)

In the example above, it is easy to see that y;, and y;, each generates an inequiv-
alent one-dimensional representations. On can show directly that y;,y;, = 0. In
fact, one can prove that if tableaux t and ¢’ are not equal then y,y, = 0 for gen-

eral S, (see [51, lemma IV.6]). To construct a basis for the representations of S
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generated by y;,, we multiply ey on the left by elements of Ss.

ey, = e+ (12) — (13) — (123) =y,
(

(12)ye, = (12) + e — (132) — (23) :== @2

(13)ye, = (13) + (123) —e — (12) = —ys,

(23)ye, = (23) +(132) — (123) — (13) = w1, — o
(123)ys, = (123) + (13) — (23) — (132) = =, + @2
(132)ys, = (132) +(23) — (12) —e = —¢o

We see that CSsy;, is spanned by 3, and ¢o. Since these elements are linearly
independent, they form a basis for CSs5y;,. It is straightforward to verify that v,
also generates a two dimensional irreducible representation. Since S3 has only one
two-dimensional representation it is necessary that this representation generated
by v, is isomorphic to the one described above. However, the invariant subspace
generated by v, is different from that generated by y;,. We note that the invariant
subspaces generated by the idempotents v, , Y+, , Yt,, Yz, of the four standard Young
tableaux together span the whole of CS,,. We conclude that the regular represen-
tation of Sj is fully decomposed into irreducible representations by using Young

symmetrizers associated with the standard Young tableaux, as was claimed above.



Appendix B

Representation theory of finite

groups

We assemble an arsenal of basic tools to use for the study of the representation the-
ory of the small ramified partition algebra. We assume basic knowledge of groups,
rings, fields, and vector spaces. A complete exposition of group representations
can be found in [1], [45], or [54]. This chapter contains no new material but it is
intended to keep this thesis reasonably self-contained. We shall omit most proofs

on the assumption that the reader will have seen this material before.

B.1 Group representations and modules

Let F' be a field. Unless stated otherwise, we will always assume that F' is alge-
braically closed. We shall use the notation dim V' to denote the dimension of a
vector space V over F. We recall that GL(V') denotes the group of all invertible
linear transformations of a vector space V' onto itself over F'. We write GL(n, F)

for the group of invertible n x n matrices over F.

B.1.1 Matrix representations

Definition B.1. A matriz representation of a finite group G over F' is a homo-
morphism

p:G— GL(n, F).

72
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Thus, if p is a function from G to GL(n, F'), then p is a representation if and only
if
p(e) = I the identity matrix, and (B.1)

p(gh) = p(g)p(h), forall g,h € G. (B.2)

The conditions (B.1) and (B.2), applied with » = ¢~!, imply that each p(g) is
invertible and

plg™") =plg)™" forallgeG.

The dimension, or degree, of p is the integer n.

Definition B.2. Two representations p, p': G — GL(n, F') of a group G are said

to be equivalent if there exists a fixed invertible matrix 7" such that
p'(9) = Tp(g)T" for all g € G.

Otherwise, p and p’ are said to be inequivalent.

We write p ~ p’ to imply that p and p’ are equivalent representations.

Theorem B.3 (See, e.g.,[1, Proposition 1.10.1 |). Let py,...,p be a complete set

of inequivalent irreducible representations of a group G. Then

l

> (dim p;)? =|G. O

=1

An approach to the representation theory of finite groups involves yet another
equivalent concept, that of finitely generated modules over the group algebra.
Much of the material in the remainder of the thesis shall be presented in terms
of modules. It is therefore necessary at this juncture to review some elementary

module theory.

B.1.2 Modules and Algebras

Definition B.4. Let R be aring with unit, meaning R has a multiplicative identity
1, and let M be an abelian group written additively. We say that M is a left R-
module if there is a map from Rx M — M such that for all r, s, € R, and m,n € M,

the following conditions are satisfied:
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(1) rm € M;
(2) (r+s)m =rm+ sm;
(3) r(m +n) =rm+rn;
(4) (rs)m = r(sm);

(5) 1m =m.

If F is a field, then the definition of an F-module is precisely that of an F-vector
space. Thus a module is the natural generalization of a vector space when working

over an arbitrary ring instead of a field [55].

A right R-module M is defined similarly, with the exception that the ring acts
on the right. If R is commutative, then every left R-module can, in an obvious
way, be given a right R-module structure, and hence it is not necessary to dis-
tinguish between left and right R-modules. In this thesis all modules will be left
modules, unless stated otherwise. An example of a module is a vector space V'
over F, together with a multiplication (v, g) +— vg for v € V and g € G (and the
multiplication satisfies the above axioms). Then V| following [56], is referred to as
an F'G-module.

Matrix representation lies at the concrete end of the spectrum of representation
theory. At the abstract, theoretic end of the spectrum is found the module theo-
retic approach. A result that enables this approach is the bijection between FG-
modules and matrix representations of G over F, which we reveal in the following

result.

Theorem B.5 (See, e.g.,[56, Theorem 4.4]).
(1) If p: G — GL(n,F) is a representation of G, then the vector space F™ of

column vectors becomes an FG-module with the action of G given by gv =

p(g)v.

(2) Conversely, if V is a finite dimensional FG-module, we can choose a basis
{v1,...,u.} of V and let p(g) be the matriz describing the action of g on V
with respect to this basis. Then g — p(g) is a representation of G. [

Thus representations of a group G over a field F' can be identified with its F'G-
modules. Our viewpoint will primarily be that of modules over an algebra, al-

though on occasion it will be convenient to work with the matrix representation p
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arising from a given F'G-module, where p: G — GL(n, F') is defined by p(g)v = gv
for v e F™ and g € G.

Definition B.6. Let R, S be rings. We say that an abelian group M is an (R, S)-
bimodule over R and S if M is a left R-module and a right S-module and if we
have

r(ms) = (rm)s forallr € R,m € M, and s € S.

We shall sometimes write gM, Mg, rMg for a left R-module, a right R-module,
and a (R, S)-bimodule respectively.

Example B.7.
(1) Every left R-module is an (R,Z)-bimodule, and every right R-module is a
(Z, R)-bimodule.

(2) If R is commutative, then any R-module is an (R, R)-bimodule.

Definition B.8. Let M be an R-module, and let N be a subgroup of M. Then
N is a R-submodule (or submodule) of M if rn € N for all r € R and n € N.

Example B.9.
(1) The (left) R-submodules of R are exactly the left ideals of R.

(2) For every R-module M, the zero subspace {0}, and M itself, are R-submodules
of M.

Definition B.10. A non-zero R-module M is irreducible if the only submodules
of M are {0} and M; otherwise M is called reducible.

Remark B.11. Irreducible modules are also called simple modules.

Definition B.12. Let M be an R-module. If M’ is a submodule of M, then the
quotient module M /M’ of M by M’ is the quotient group M /M’ considered as an
R-module by defining r(m + M') = rm + M’ for r € R, and m+ M’ € M/M’.

B.1.2.1 Operations on Modules

Definition B.13. Let N; and N5 be submodules of an R-module M. Then the

sum of the submodules is defined to be

Ni+ Ny={x+y:x € N,y € Na}.



Appendix B. Representation theory of finite groups 76

The sum of two submodules N; and N, of a module M is also a submodule of
M, as is Ny N Ny, If Ny N Ny = {0}, then the sum of N; and N, is said to be
direct, and we denote it by Ny & Ny. Let {uy,us,...,u,} be a basis of Ny, and
{v],v}, ..., v,} be a basis of Ny. The resulting representation matrices relative to

the basis {u1,ug, ..., Uy, v}, 05, ..., v,} have the form

A0
(41) o

where A and B are of dimensions m and n respectively.

Definition B.14. A submodule N of a module M is a direct summand of M if
there is some other submodule N’ of M such that M = N & N'.

If M and N are R-modules, then we denote the set of all R-module homomor-
phisms from M to N by hompg(M,N). We will sometimes write Endg(M) for
hompg (M, M).

Let R, S be rings with units, let M be an (R, S)-bimodule, and let N be an R-
module. Then hompg(M, N) becomes an S-module in the following way: For s € S
and p € homg(M, N), we define sp € homg(M, N) by

(sp)(m) = p(ms).

Definition B.15. Let M be an (R, S)-bimodule and let N be an S-module. The
tensor product of M and N over S is an R-module, denoted M ®g N, with gener-
ating set {m ®@n: m € M,n € N} and defining relations:

e (my+m2)@n=m3 ®n+ mg®n for all m;,ms € M and n € N,
e m®(ny+mn) =men; +maemnsy for all m € M and ny,ny € N.
o (ms)®@n=m® (sn) forallm € M, n€ N, and s € S.

e (rm)®@n=r(m®n) forallme M, n € N, and r € R.

Definition B.16. Suppose GG; and Gy are groups and that M;, M, are RG;-
modules and RGy-modules respectively. Then the outer tensor product (see, for
example, [57]) of M; and M, denoted M;#M,, is defined as the R(G; x G3)-

module obtained by defining the action of any (g1, g2) € G1 X G2 on an element
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m1 ® my of the R-module M; ®pg Ms, by

(91,92) (M1 ® Ma) = g1my @ gama.

B.1.2.2 Finiteness conditions

Definition B.17. Let M be an R-module. The submodules of M are said to
satisfy the ascending chain condition (A.C.C.) if every chain of submodules of M

My C My C---

terminates, that is, if there exists an index j such that M; = M, =---.

Analogously,

Definition B.18. Let M be an R-module. The submodules of M are said to
satisfy the descending chain condition (D.C.C.) if every chain of submodules of
M

M, D>MyD---

terminates.

An R-module M whose submodules satisfy the A.C.C. (resp. D.C.C.) is termed

Noetherian (resp. Artinian).

Definition B.19. Let M be a left R-module. A composition series for M is a

sequence of submodules of M
M= My>M DM D---D>M ={0}

such that all quotient modules M;/M;,; are simple (i = 0,1,...,n — 1). The
quotient modules M;/M;,, are called the composition factors of this series and

the number n is the length of the series.

Two composition series are said to be equivalent if they have the same number
of factors and if the factors can be paired off in such a way that corresponding

factors are isomorphic over R [58].
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Evidently, not every module has a composition series. For example, the Z-module
has no composition series see, for example, [59, Prop. 7.11]. Some criteria for the

existence of composition series for a module are stated in the following theorem.

Theorem B.20 (Jordan-Holder. See, e.g., [60, Theorem 3.2.1] or [50, Theorem

3.7.1)). The following statements about an R-module M are equivalent:
(i) M has a composition series;

(11) M satisfies the ascending chain condition (A.C.C.) and descending chain
condition (D.C.C.);

(i11) every sequence of submodules of M can be refined (that is, submodules can

be inserted) to yield a composition series. ]

Definition B.21. Let M and N be R-modules. An R-module homomorphism
a: M — N is a linear map such that a(rm) = ra(m) for all r € R m € M.

B.1.3 Group algebras

Definition B.22. Let R be a ring and let GG be a group. The group ring of G over
R, denoted by RG, consists of all finite formal R-linear combinations of elements
of G, i.e.

RG = {Zrigi: r, € R, g; € G},
whose multiplication operation is defined by R-linearly extending the group multi-

plication operation of GG. Explicitly, we define the multiplication in RG as follows:

(Zn%) (Zsjgj> = > (ris;)(gig;)

i’j

for all r;,s; € R.

In the case where R = F'is a field, the group ring is an F-vector space with G as
a basis and hence having finite dimension |G|. In this case, F'G is called the group

algebra instead since it satisfies a mathematical structure we now define.

Definition B.23. An (associative) algebra A over a field F, or an F'—algebra, is a
nonempty set A, together with three operations, called addition (denoted by +),
multiplication (denoted by juxtaposition) and scalar multiplication (also denoted

by juxtaposition), for which the following properties must be satisfied:
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e A is a vector space over F' under addition and scalar multiplication.
e A is a ring with identity under addition and multiplication.

e If r€ Fanda,be A, then

r(ab) = (ra)b = a(rd).

Definition B.24.

(1) An algebra is finite-dimensional if its vector space is finite-dimensional.
(2) An algebra is commutative if A is a commutative ring.
(3) An element a € A is invertible if there is b € A for which ab = ba = 1.

(4) The centre of an F'—algebra A is the set
Z(A)={a€ A: ax = za for all x € A}

of all elements of A that commute with every element of A.

Example B.25.
e Any ring is a Z-algebra.

e The matrix ring M,,(F') is a finite-dimensional F-algebra.

We now state the fundamental theorem on decomposition of modules (or repre-

sentations).

Theorem B.26 (Maschke. See, e.g., [56, Theorem 8.1]). Let F be a field of
characteristic zero and G a finite group. Let V be a finite-dimensional F'G-module
with a submodule U C V. Then there exists a subspace W C V' such that V =
U W. ]

A useful notion, and one which is somewhat easy for a module to satisfy, is inde-

composability.

Definition B.27. An F'G-module V is indecomposable if it cannot be written as

a direct sum of two non-trivial submodules. Otherwise, V' is decomposable.
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Clearly, if V' is an irreducible module it has no proper submodules and hence cannot
be written as a direct sum of non-trivial submodules. Therefore, any irreducible
module is automatically indecomposable. But the converse is not true in general.

That is, there exist indecomposable modules which have proper submodules.

Theorem B.28 (See, e.g.,[58, Theorem 14.2)). If the submodules of V' satisfy the
D.C.C., then V can be expressed as a direct sum of a finite number of indecom-

posable modules. [

Definition B.29. An FG-module is said to be completely reducible if it is a direct

sum of irreducible F'G-modules.

Note that by Definition B.29, every irreducible F'G-module V' is completely re-
ducible. A module which is both reducible, and completely reducible is decom-

posable. However, a decomposable module need not be completely reducible.

Remark B.30. A completely reducible module is also called semisimple.

A natural question to ask is: given GG, how many irreducible CG-modules are

there? The following result reveals the answer.

Proposition B.31 (See, e.g.,[61, Prop. 6.3]). If G is finite, then the number of
inequivalent irreducible G-modules is equal to the number of conjugacy classes of

G. ]

It is worth mentioning that, in general, there is no natural one-to-one correspon-
dence between the conjugacy classes of G and the irreducible CG-modules [55].
However, if G = 5, then a conjugacy class consists of all permutations of a
given cycle-type (hence there is such a correspondence). But a cycle-type is just

a partition of n. Thus,

Corollary B.32. The number of inequivalent irreducible S, -modules is the number

of partitions of n.

We state another useful result in representation theory.

Lemma B.33 (Schur. See, e.g., [56, Lemma 9.1]). Let F be the field of complex
numbers, G be a group, and U, V be irreducible F'G-modules.

(1) Every FG-homomorphism U — V is either zero or an isomorphism.
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(2) Every FG-isomorphism U — U is a scalar multiple of the identitiy map 1y.
]

A consequence of Maschke’s theorem states that every F'G-module is a direct sum
of irreducible F'G-submodules, where F' is a field of characteristic zero (such as R

or C). In essence, this reduces representation theory to the study of irreducible
FG-modules [56].

Corollary B.34 (See, e.g., [56, Theorem 8.7]). Suppose that G is a finite group
and that F is a field of characteristic zero. Then every non-zero FG-module is

completely reducible.

In the thesis, we shall be concerned only with the case F' = C, which is called
ordinary (or complex) representation theory. Since C has characteristic zero, we
see from Corollary B.34 that every CG-module is semisimple for any finite group

(. The remainder of this section concentrates on algebras that have this property.

Let A be an algebra. Our interest is in A-modules which are semisimple and in
determining conditions on A under which each A-module will satisfy the property
of semisimplicity. Thus, the following theorem reveals the connection between

simple modules and semisimple modules.

Theorem B.35 (Sce, e.g., [62, Prop. 4.28]). The following statements about an

A-module M are equivalent:

(1) Any submodule of M is a direct summand of M.

(2) M is semisimple.

(8) M is a sum of simple submodules. O
Lemma B.36 (See, e.g., [63, Lemma 6.4.4]). If M is a module satisfying condition
(1) of the above theorem, then any submodule of M also satisfies that condition. [
The following results follows immediately from Theorem B.35 and Lemma B.36.

Corollary B.37 (See, e.g., [64, Lemma. 3.3]).

(1) A submodule of a semisimple module is again semisimple. The direct sum of

any set of semisimple modules is again semisimple.

(2) A quotient of a semisimple module is again semisimple. [
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Theorem B.38 (See, e.g., [58, Theorem 25.2]). An algebra A is semisimple if and

only if A is semisimple as an A-module. ]

Thus, if G is a finite group and F' is a field of characteristic zero, then F'G is
semisimple by Corollary B.34.

Definition B.39. An algebra D is said to be a division algebra if the non-zero

elements of D form a group under multiplication.

We now give a complete classification of the finite dimensional semisimple alge-
bras. The following astounding result forms the foundation for our approach in

decomposing the small ramified partition algebra in Chapter 4.

Theorem B.40 (Artin-Wedderburn. See, e.g., [65, Theorem 3.3.2]). An algebra
A is semisimple over F if and only if it is isomorphic to a direct sum of matrix
algebras

A= M, (D1)&---& M, (D)

where ny,...,n; € N and Dy, ..., D; division algebras. ]

A corollary of the Artin-Wedderburn theorem states that if an algebra A satisfies
the assumptions of Theorem B.40, then A has exactly [ isomorphism classes of
simple modules. If S; is the simple module corresponding to M, (D;), then dim
S; = n; and S; occurs precisely n; times in a decomposition of A into simple

modules.

In the case where an algebra A is not semisimple, one can measure how far from
semisimple it is by finding the smallest ideal I in A such that A/I is semisimple.
This ideal I of A is called the (Jacobson) radical of A.

Definition B.41. The Jacobson radical of an algebra A, denoted [J(A), is the

intersection of all the maximal ideals of A.

Theorem B.42 (Jacobson. See, e.g., [66, Prop. 2] and [55, Theorem 23]). Let A
be a finite dimensional algebra. The ideal J(A) is

(i) the intersection of all mazimal submodules of A,

(ii) the smallest submodule I of A such that A/I is semisimple. O
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Thus an algebra can also be said to be semisimple if its Jacobson radical is the
null ideal [67]. Given a finite dimensional A-module M, it is clear that we can
decompose M as a direct sum of indecomposable modules. The Krull-Schmidt
theorem says that this decomposition is essentially unique, and so it is enough to

classify the indecomposable modules of an algebra.

Theorem B.43 (Krull-Schmidt. See, e.g., [68, Coro. 19.22] or [50, Theorem
3.8.1]). Let A be a finite dimensional algebra. Then any finite dimensional repre-
sentation of A can be uniquely (up to an isomorphism and the order of summands)

decomposed into a direct sum of indecomposable representations. [

B.1.3.1 The regular FG-module

Definition B.44. Let G be a finite group and F' be C. The vector space F'G,
with the natural multiplication (g x v) — gv (v € FG, g € G), is called the (left)

reqular F'G-module.

The right regular F'G-module is defined similarly but with G' acting on the right
of F'G. Henceforth, we shall use the term “regular F'G-module” always to mean
“left regular F'G-module”; it will be clear, however, that the subsequent discussion
applies equally well to the right regular F'G-module. Note that the dimension of
the regular FG-module is equal to |G].

Definition B.45. An FFG-module V' is faithful if the identity element of G is the

only element ¢ for which
gu =10 for all v € V.

Proposition B.46 (See, e.g., [56, Prop. 6.6]). The reqular FG-module is faithful.
[

Example B.47. Let G = S5 = {¢,91,02,93, 94,95} where e = (1)(2)(3), g1 =
(12), go = (13), g3 = (23), g4 = (123), g5 = (132). The elements of F'G have the
form

Are 4+ Aog1 + X302 + Aags + Asga + Aegs (N € F).
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We find the matrices of e, g¢i, g4 : (here we multiply permutations from left to

right)

e(Are 4+ Aag1 + Asg2 + Mgz + Asga + Xegs) = Ae+ Xagi + Asga + Aags + Asga + Aegs,
gr(Ae + Xag1 + Asga + Aags + Asga + A6gs) = Aig1 + Ase + A3gs + Aags + Asga + Aegs,
ga(A1e 4+ Xagi + A3ga + Aags + Asga + Xegs) = Aiga + Aags + Asg1 + Auga + Asgs + Age.

By taking matrices relative to the basis e, g1, g2, 93, g1, g5 of F'G, we obtain the

following matrix representation of G :

1 00 00O 01 0000
01 00O0DO0 1 00 0 0O
0 01 00O 00 0O 01PO0
e — , g — s
0 00O1 00O 0O 0O0O0OO0OT1
00001060 001 000
0 00 O0O0T1 0O 00O1O0O0

0O 0O0OO0OO0T1

0 0O1 00O

0001 00O

g4 —

01 00O06O0

1 000 0O

000010

We leave computing the rest of the matrices as an exercise.

As a consequence of Maschke’s theorem, we have:

Corollary B.48 (See, e.g., [69, Theorem 2.31]). Every irreducible representation
of the group algebra CG occurs in the reqular representation of CG. [

B.1.3.2 Projective modules

Let A be a finite dimensional algebra.

Definition B.49. A sequence of A-modules

LY MEN (B.4)
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is exact at M if im ¢ = ker ¢.

If a sequence Ly — Ly — ... = Ly — L; is exact at every module L;: 1 < i < k,

then it is called an exact sequence. An exact sequence of the form
1 é
0O—-L—>M-—=>N-=0 (B.5)

is called a short exact sequence.

Note that in a short exact sequence as above we have that
M/L =N

by the isomorphism theorem, and dim M = dim L 4+ dim N. In other words,

all short exact sequences can essentially be written in the form
P ¢
0—-L—>M-=>M/L—0

where 1 is an inclusion map of a submodule L of M and ¢ is the natural epimor-

phism. The module M in the short exact sequence (B.5) is an extension of L by

N.

Lemma B.50. Given a short exact sequence (B.5) the following are equivalent:

(i) There exists a homomorphism u: N — M such that ¢p = 1.
(i1) There exists a homomorphism 7: M — L such that T¢) = 1p.
(111) There exists a module Y with M =Y & ker ¢.

Definition B.51. A short exact sequence (B.5) is split if it satisfies one of the

three equivalent conditions in Lemma B.50.

Proposition B.52 (See, e.g., [59, Prop. 6.34]). If an exact sequence (B.5) splits,
then M = L & N. [

Definition B.53. Let R be a ring. A set {m;} of elements of an R-module M is
called R-free if the only solution to

Zﬁmi = 0, r; € R
i

is r; = 0 for all 7.
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Definition B.54. A subset {m;} of an R-module M is called a set of generators

of M if every m € M can be expressed in the form
m = Zn(m)mz rl(m) €ER

an R-linear combination of a finite number of the {m;}.

Definition B.55. A R-free set of generators of M is called a basis of M. A (left)
R-module with a basis is called a free (left) R-module.

Definition B.56. An R-module P is said to be projective if P is a direct summand
of a free module, i.e. if there exists an R-module () such that P & () is a free R-

module.

Every free module is projective, but not vice-versa: a projective module which is

not free, for example, is Z regarded as a Z & Z-module.

Proposition B.57 (See, e.g., [59, Prop. 6.73 and Prop. 6.76]). The following are

equivalent for an R-module P:

(1) P is projective;

(2) if P 9y B is an R-module homomorphism and E 5 Eisa surjective R-
module homomorphism, then there exists an R-module homomorphism P 2 E
such that ¢ = fog. That is, the following diagram can be completed such that

it 18 commutative:

P
dg , 7 l ,
/ g
4
E—»E
(8) P is a direct summand of a free module;

(4) Every short exact sequence of the form
Y ¢
O—=L—>M-—=P—=0

splits. [
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B.2 Character Theory of Groups

In the case of large groups the explicit construction of irreducible representations
can be difficult [70]. It will become clear that the character of a representation
encapsulates a great deal of information about the representation such as deter-
mining whether or not a representation is irreducible. We assume thoughout this
section that F' = C.

Definition B.58. The trace of an n x n matrix A = (a;;), written Tr A, is given
by

Tr A= zn: Q-
1=1

That is, the trace of A is the sum of the diagonal entries of A.

Definition B.59. The character of a representation p of a group G is the function
X: G — C defined by
x(g) = Tr p(g) for all g € G.

Naturally enough, we define the character of an F'G-module with basis B to be

the character y of the corresponding representation, namely

x(9) = TTAQ

where A, is the matrix of g relative to B.

Theorem B.60 (See, e.g., [71, Theorem I)). Equivalent representations of a group

have the same character. O]

The converse of Proposition (B.60) is also true. That is, if two representations
have the same character, then they must be equivalent. The result corresponding
to Proposition (B.60) for modules is that isomorphic FG-modules have the same

character.

Definition B.61. Let GG be a group. We say that x is a character of G if x is
the character of some representation of G. Moreover, we say that a character is
irreducible if it is the character of an irreducible representation; and it is reducible
if it is the character of a reducible representation. A complex character is the

character of a complex representation.
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Note that characters are invariant under conjugation and so x takes a constant

value on any conjugacy class C. Such functions are called class functions.

Definition B.62. A class function on a group G is a function f: G — C such

that f(g) = f(h) whenever g and h are in the same conjugacy class.

The sums and scalar multiples of class functions are again class functions, so the
set R(G) of all class functions on G forms a subspace of the vector space of all
functions from G to C. Also, R(G) has a basis consisting of those functions that

have the value 1 on precisely one conjugacy class and 0 elsewhere. Thus
dim R(G) = number of conjugacy classes of G.

Theorem B.63 (See, e.g.,[72, Theorem 12.2.23]). The number of irreducible char-

acters of G s equal to the number of conjugacy classes of G. 0

The irreducible characters of a finite group G are class functions, and the number of
them is equal to the number of conjugacy classes of G by Theorem B.63. Therefore,
it is convenient to record all the values of all the irreducible characters of G in an

array. This array is known as the character table of G.

Definition B.64. The character table of a group G is an array whose rows are
indexed by the irreducible characters of G and whose columns are indexed by the

conjugacy classes (or, in practice, by conjugacy class representatives).

Thus a character table is a concise way to describe all irreducible characters of a
group G. From this table, characters of G can be written as sums of irreducible
characters and, as we shall see later on, there are many more facts about the

structure of GG that can be read from its character table.

Definition B.65. Let G be a group with FG-module. The regular character,

denoted x*°8, is the character of the regular F'G-module.

The values of x™® on the elements of a group G are easily described and given in

the next result.

Proposition B.66 (See, e.g.,[56, Prop. 13.20]). Let x™ be the regqular character
of G. Then

, Gl ifg=1,
X" (g) =

0 otherwise.
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]

Another result which is helpful for computing characters over the ground field C

is the following.

Proposition B.67 (See, e.g.,[56, Prop. 13.20]). Let x be a character of G. Then
x(g") = x(g) for all g € G, where x(g) denotes the complex conjugate of x(g).

B.2.1 Inner products of characters

A method for determining whether a representation is irreducible is by using inner

products.

The characters of a finite group G are functions from G to C. The set of all such
functions form a vector space over C, if we adopt the natural rules for adding
functions and multiplying functions by complex numbers. It is easy to see that
the following definition satisfies the conditions of an inner product on the vector

space of all functions from G to C, [56].

Definition B.68. Let x and ¢ be characters of G. The inner product of x and v
is

v e ZX (B.6)

geG

By Proposition B.67, Definition B.68 becomes

Corollary B.69. Let x and i) be characters; then

X ¥ mZX

geG

Next, we state an important theorem for irreducible characters.

Theorem B.70 (See, e.g.,[1, Theorem 1.9.3]). Let x and ¢ be characters of two

non-isomorphic irreducible FG-modules. Then we have

(i) {x,¥) =0,

(i) (x,x) = 1. O

Theorem B.70 has many interesting consequences.
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Corollary B.71. Let x1, X2, ..., X& be the irreducible characters of G. If 1 is any
character of G, then

(i) ¥ =dyx1+ daxe + ... + dixk for some non-negative integer dy,ds, . .., dy.
(ii) (4, x:) = d; for all .
(iii) (9, 0) = &+ B+ ...+ .

(iv) Let V' be a CG-module with character 1. Then V is irreducible if and only if
(Y, ¢) = 1.

(v) Let U and V' be CG-modules, with characters x and v, respectively. Then
U=W if and only if x = 1.

(vi) Any distinct of irreducible characters x1,Xxa2,-.., Xt of G are linearly inde-

pendent vectors in the vector space of all functions from G to C.

B.3 Category Theory

We assume familiarity with some category theory basics. See, for example, [73],
[74], or [75]. However, in this section we recall a few points in order to establish

some general notation.

B.3.1 Definition of a Category

Definition B.72. A category C consists of the following data:

1. a collection Ob(C) of objects

2. a collection of arrows (often called morphisms) hom(A, B) for each pair A,
B of objects where each morphism f € hom(A, B) has a domain A and
codomain B so that f: A — B.

3. a binary operation o known as composition of morphisms such that for each

ordered triple A, B, C of objects we have

hom(A, B) x hom(B,C) — hom(A,C)
(f,9) = gof
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satisfying the following laws:

e Associative : forall f: A— B, g: B—C, h: C = D,

ho(gof)=(hog)of

ALB

NI

CT)D

e Identity: for each object A there is given a morphism:
14: A— A

called the identity morphism satisfying the following:
for all f: A — B,
fola=f=1pof

Example B.73.

e Set: The objects are sets, morphisms are functions, and composition is the

usual composition of functions.

e Grp: The objects in this category are groups, morphisms are homomor-

phisms, and composition is the usual composition.

e Ab: The category of abelian groups - the objects are abelian groups, the

morphisms are group homomorphisms.

e R-mod: Given a ring, R-mod is the category of all left R-modules. Thus,
Ob(R-mod) is the collection of all left R-modules and the set of morphisms
from M to N (where M, N are objects of R-mod) is the set of all R-
module homomorphisms from M to N. We write Hom(M, N) rather than
hom(M, N).

Definition B.74. A subcategory B of a category C is a category for which:

e cach object of B is an object of C

e for all objects B, B" in B, B(B,B’') C C(B, B’) ; and
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e compositions and identity arrows are the same in B as in C.

Definition B.75. The product of two categories C and D, denoted C x D has as
objects pairs (C, D) of objects C' € C and D € D; and arrows (f,g): (C,D) —
(C',D") for f: C — C"€Cand g: D — D' € D. The composition and identity

are defined componentwise; that is,
(C,D) (f,9) (C/7D/) (f'.9") (C”,D”)
is defined in terms of the compositions in C' and D by

(f'.g)o(fig) = (f'ofid og).
Lepy = (le,1p).

B.3.2 Monomorphisms, Epimorphisms, and Isomorphisms

When we think about sets, groups and functions, we are often interested in func-
tions with special properties such as being injective (one-to-one), surjective (onto),
or bijective (defining an isomorphism). Appropriate analogues of these concepts

also play an important role in categorical reasoning.

Definition B.76. An arrow f: B — C in a category C is a monomorphism (or
“is monic”) if, for any pair of arrows g: A — B and h: A — B, the equality
fog= fohimplies that g = h.

Definition B.77. An arrow f: B — C'in a category C is an epimorphism (or “is
epic”) if, for any pair of arrow g: B — C and h: B — C, the equality go f = ho f
implies that g = h.

Definition B.78. An arrow f: B — C'in a category C is an isomorphism if there
is an arrow f’: B — A, called the inverse of f, such that f'o f = 15. The objects

A and B are said to be isomorphic if there is an isomorphism between them.

An important concept in category theory is the concept of category of categories
where the mappings or arrows between categories (the categories are objects in

this context) are functors, which we shall now define.
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B.3.3 Functor

Definition B.79. A (covariant) functor
F:C—D

between categories C' and D is a mapping of objects to objects and arrows to

arrows, in such a way that:
e F(f: A—» B)=F(f): F(A) —» F(B)
o F(gof)=F(g)oF(f)

[ ] F(lA) — 1F(A)

Example B.80. The forgetful functor U: Ab — Set from the category of abelian
groups to the category of sets is the functor that forgets the abelian group structure
on the objects of Ab.

Definition B.81. A contravariant functor F' is one that maps objects to objects
as before, but that maps arrows to arrows going the opposite direction, that is, F'

is a functor from C° to D.
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