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Abstract

How informative is a time series representation of a given vector of observables
about the structural shocks and impulse response functions in a DSGE model? In
this paper we refer to this econometrician’s problem as “E-invertibility” and consider
the corresponding information problem of the agents in the assumed DGP, the DSGE
model, which we refer to as “A-invertibility” We consider how the general nature
of the agents’ signal extraction problem under imperfect information impacts on the
econometrician’s problem of attempting to infer the nature of structural shocks and
associated impulse responses from the data. We also examine a weaker condition of
recoverability. A general conclusion is that validating a DSGE model by comparing
its impulse response functions with those of a data VAR is more problematic when we
drop the common assumption in the literature that agents have perfect information
as an endowment. We develop measures of approximate fundamentalness for both
perfect and imperfect information cases and illustrate our results using analytical and
numerical examples.

JEL Classification: C11, C18, C32, E32.
Keywords: Invertibility/Fundamentalness, VARs, agent perfect versus imperfect in-

formation, recoverability
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1 Introduction

How informative is time series representation of a given vector of observables about the
structural shocks and impulse response functions (IRFs) in a DSGE model? This invert-
ibility /fundamentalness problem, first pointed out in the economics literature by Hansen
and Sargent (1980), is often described in the literature as one of missing information on
the part the econometrician. It occurs when she is faced with a number of observables that
is less than the number of shocks; some observable variables of the system are observed
with a lag; models feature anticipated shocks with a delayed effect on the system such
as “news” shocks; and even with square systems with a particular choice of observables
observed with neither delayed effects, nor a lag. In this paper we refer to this econome-
trician’s problem as “E-invertibility”; our contribution is to consider the corresponding
information problem of the agents in the assumed DGP, the DSGE model, which we refer
to as “A-invertibility”.

Agents may or may not have perfect information, an assumption we argue that must
be justifiable in terms of the underlying structure of the model. We study how the general
nature of the agents’ signal extraction problem under imperfect information impacts on
the econometrician’s problem of attempting to infer the nature of structural shocks and
associated impulse responses from the data. While the agents’ problem under imperfect
information is in many respects analogous to that of a standard signal extraction problem,
it has an additional, and crucial, added complication: the solution to their signal extraction
problem will in general feed back, via optimising behaviour, into the behaviour of any
endogenous states. As a direct result the filtering process itself thus increases the state
space relative to the benchmark case of perfect information. We show that this in turn
has significant effects on the econometrian’s problem.

We start in Section 2 by briefly considering the nature of informational imperfection.

While there is a growing literature on the impact of imperfect information in DSGEs!

mperfect information (IT) in representative agent models was initiated by Minford and Peel (1983) and
generalised by Pearlman et al. (1986) - henceforth PCL - with major contributions by Collard and Dellas
(2004) and Collard and Dellas (2006), who showed that II can act as an endogenous persistence mechanism
in the business cycle. Ellison and Pearlman (2011) incorporates II into a statistical learning environment.
Applications with estimation were made by Collard et al. (2009), Neri and Ropele (2012) and Levine et al.
(2012). II models with heterogenous agents distinguish local (idiosyncratic) information and (aggregate)
information e.g. Nimark (2008), Nimark (2014), Ilut and Saijo (2016) and Graham and Wright (2010).
Recent papers close to ours are Blanchard et al. (2013) and Forni et al. (2017) who examine invertibility in
a simple model with II and heterogeneous agents who have noisy observations of news shocks. Our paper



many (indeed most) models of the macro-economy are still solved and/or estimated on
the assumption that agents are simply provided with perfect information, effectively as an
endowment. We argue that these perfect or imperfect information assumptions should be
consistent with choice of a complete vs incomplete markets structure of the model.

The main results of the paper then focus on the econometric implications of agents
having imperfect information. We start by showing (Theorem 1) how to map a very general
class of models with imperfect information into a form that allows us to apply the solution
technique originally introduced by PCL. We then show (Theorem 2) the necessary link
between “A-invertibility” (agents can infer the structural shocks from their information set:
a history of some set of observables, I/* = {mf‘}z:_oo , which is assumed to be of strictly

lower dimension than under (endowed) perfect information) and “E-invertibility” (the

t

econometrician can do the same based on their own information set, I} = {miE}i_ioo).

Having established the (restrictive) conditions under which E-invertibility can occur (a
generalisation of the “Poor Man’s Invertibility Condition” (PMIC) of Fernandez-Villaverde
et al. (2007)), we then consider the nature of the econometrician’s problem when these
conditions are not satisfied, due to a failure of A-invertibility.?

When A-invertibility fails the true dynamics of the system’s response to structural
shocks will, as noted above, in general have a state space dimension strictly greater than
under perfect information. But we show (Theorem 3) that the observable dynamics will
always have the same state space dimension as under perfect information. Equivalently,
the data generating process (DGP) in the absence of A-invertibility is a non-minimal
spectral factorization of the spectrum of the agents’ information set, incorporating a set
of Blaschke factors that map the true structural shocks to observable white noise innova-
tions. In the terminology of Lippi and Reichlin (1994), this means that true time series
representation of the observables is both nonfundamental® and “nonbasic” (i.e., of higher
VARMA order).

This implies two closely related results that arise from the features of the true DGP:

provides a general treatment of the issues explored in these two papers.

2Excellent recent surveys of invertibility /fundamentalness and the relationship between VAR and DSGE
models are provided by Sims (2012) and Giacomini (2013). However, in common with the literature, these
surveys explore the issue without examining the information assumptions of the agents in the underlying
structural model.

3In the context of the class of models we examine, E-invertibility is equivalent to fundamentalness of
the time series representation, so when E-invertibility fails, the structural shocks are nonfundamental.



1. Any fundamental time series representation of the observables (typically via a VAR
approximation), is at best an approximation to a minimal spectral factorization. It

cannot therefore possibly generate the true impulse response functions of the system.

2. A recent important paper, Chahrour and Jurado (2017), has argued that even when
E-invertibility fails, nonfundamental structural shocks may be “recoverable”: i.e.,
the econometrician may be able to estimate the t—dated shocks and their associated
impulse responses, from a dataset of T observations, with arbitrary precision, for
t € (1,7 — 7) for sufficiently large values of 7. But we show (Theorem 4) that the
non-minimal nature of the true process means that any shocks that are recoverable
from an a-theoretical (hence minimal) time series representation cannot be linearly

related to the true structural shocks.

While both these features imply pessimism about econometric inference when A-

invertibility fails, we suggest three key reasons to temper this pessimism:

e In many applications A-invertibility does not fail and we provide examples including
a standard RBC model with the appropriate choice of observables and the estimated
model of Smets and Wouters (2007).

e In the context of a structural DSGE model, the Blaschke factors that generate the
non-minimality of the GDP are not arbitrary, since they can be related back to the
underlying structure of the model Thus, subject to identification of the appropriate
parameters® that generate the Blaschke factors an econometrician will, at least in
principle, be able to recover structural shocks even from E-non-invertible systems,

using full sample information.

e We derive measures of approximate fundamentalness which allow us to diagnose
whether at least some structural shocks can be derived perfectly from the data, and,
if not, whether they can at least be derived to some chosen degree of precision.’

We also consider other possible ways that have been proposed to circumvent the

non-fundamentalness of structural shocks.

4We do not address issues of parameter identification in this paper, since these are clearly endemic to
all DSGE estimation, whether under API or AII.

This provides a generalization of Beaudry et al. (2016), Forni et al. (2017) and Forni et al. (2019) to
a DGP where agents have imperfect information.



2 Information Assumptions, the Agents’ Problem and A-

Invertibility

This section first discusses the relationship between our informational assumptions and the
market environment (complete vs incomplete markets). We then show that a general class
of linear rational expectations models can always be transformed into the form utilized by
PCL to generalize the solution of Blanchard and Kahn (1980) where agents have imperfect
rather than perfect information. We provide outline RE solutions in these two cases, and

provide a definition of A-invertibility.

2.1 Information in Macroeconomic Models

Many (indeed most) models of the macro-economy are solved on the assumption that
agents have perfect information. Under certain circumstances this assumption can be
justified by the assumed market environment. Radner (1979) established that under con-
ditions of complete markets, market equilibrium must usually imply revelation of perfect
information. However, a wide range of macroeconomic models developed over the past
two or three decades have been predicated on some element of market incompleteness.
Market incompleteness need not necessarily imply imperfect information; but perfect in-
formation is only consistent with market completeness (as in the representative agent
framework)® and with incomplete markets becomes an assumed endowment. Graham and
Wright (2010), building on earlier analysis by King (1983), argue that assumptions on in-
formation sets in any macroeconomic model should consistent with the underlying market
structure (complete versus incomplete markets). They propose a concept of “market-
consistent information”, i.e., agents only use market prices to infer the underlying states
of the economy, and show that, in a heterogeneous agent simple linear RBC model, impulse

responses based on a perfect information solution are highly misleading.”

5Svensson and Woodford (2003) make the same point in a different language when they write: “Tt does
not make sense that any state variables should matter for the determination of economically relevant
quantities ... if they are not known to anyone in the private sector. But if all private agents are to have a
common information set, they must then have full information about the relevant state variables”.

" Angeletos and Lian (2016) examine these issues in the context of what they refer to as incomplete infor-
mation literature. Here a comment on terminology is called for. Our use of perfect/imperfect information
corresponds to the standard use in dynamic game theory when describing the information of the history
of play driven by draws by Nature from the distributions of exogenous shocks. Complete/incomplete in-
formation refers to agent’s beliefs regarding each other’s payoffs and information sets. In our set-up this
informational friction is absent.



We show in Section 2.4 that our model with imperfect information as set out in the
following sections can be shown, in general, to be consistent with a limiting case of an
incomplete markets model where in linear form agents are ex ante identical but ex post
heterogeneous. Then the set-up (2) with which we start is expressed only in terms of
aggregates.

The following simple filtering problem illustrates this point. Agent 7 in the economy
observes an exogenous shock process x;; which is the sum of an aggregate component x;

and a n.i.i.d idiosyncratic component €;; i.e.,
Tig=xt+ €5 €4~ N(0,0¢) (1)

Then assuming an AR1 process x; = p,2¢—1 + €x45  €x4 ~ N(0,0¢,), from the Kalman

Filter for agent ¢ we have the RE up-dating:

Eilzilxid) = Eilzdzit—1] + Jo(@ip — Eilxe|wi—1])

= (1= Jo)psxi—1 + Joxiy

where the Kalman gain in this case is

0.2

Jp = o +02

To arrive at the model with II or PI considered in the rest of the paper we then make
a crucial assumption. We consider the (empirically plausible) limit as the signal for x;
becomes very noisy (% — ), Jy — 0 and the idiosyncratic component provides no
information. Then the model with incomplete markets can be set up purely in terms
of aggregates as in the rest of the paper and resembles a representative agent model
that allows for the possibility of perfect or imperfect information. However we shall also
show, by example, that our II solution procedure gives the same equilibrium as the high
idiosyncratic shock volatility limiting case of hierarchy models.®

In the general case without the limiting assumption heterogeneity (incomplete mar-

kets)s induces a solution via a hierarchy of expectations (Townsend (1983), Nimark (2008),

8See Appendix B.



Graham and Wright (2010)), the state space increases and in principle becomes infinite.”
However recent work by Rondina and Walker (2017) and Huo and Takayama (2018) have
shown how one can solve these models by completely different methods. Our paper can
be viewed as a stepping-stone to extending the results of Rondina and Walker (2017) to
a more general framework of heterogeneous information, which will add to the issues we
raise in this paper about the validity of using VAR estimation to generate impulse response

functions when information is imperfect.

2.2 The Agents’ Problem

We begin by writing a linearized RE model in the following general form
AYipip+ AtYs =AYy + Ve, mf =LPY,  mf' =LY, (2)

where matrix Ag may be singular, Y; is an n x 1 vector of macroeconomic variables; and
gt is a k x 1 vector of Gaussian white noise structural shocks.! We assume that the
structural shocks are normalized such that their covariance matrix is given by the identity
matrix i.e., &, ~ N(0,I).

We define V; , = E [Y}|[ ;4] where ItA is information available at time ¢ to economic
agents, given by If‘ = {mf : s < t}. We assume that all agents have the same information
set about some strict subset of the elements of Y;, hence information is in general imperfect.
Note that measurement errors can be accounted for by including them in the vector ;. In
the special case that agents are endowed with perfect information, L4 = I (the identity
matrix). At this stage we focus solely on the agents’ informational problem: we specify
the properties of m x 1 vector m¥” where m < k, the vector of observables available to the
econometrician, in Sections 3.1 and 3.2 below.

This section is structured so that we first show how (2) can be transformed into a state
space form utilised by PCL, a generalization of the Blanchard-Kahn form (Theorem 1),
and then provide the RE saddle-path stable solution to the agents’ problem under perfect

and imperfect information.

9Numerical solution methods rely on the perceived convergence of expectational hierarchies, but there
is as yet no theoretical justification for this.

The Gaussian framework is adopted throughout our paper, but see Gouriéroux et al. (2019) for a
relaxation of this assumption in their examination of both identification and fundamentalness issues.



2.3 Conversion to PCL Form

Anderson (2008) lists a selection of methods that can be used to solve (2) for the case
when agents have perfect information. The most well-known of these are Sims (2002) and
Blanchard and Kahn (1980) - henceforth BK - but as the former points out, it is not always
obvious how to write a system of the form (2) in BK form even under perfect information.

We shall be using a generalized version of the BK form that was utilised by PCL,
which provided a solution under imperfect information. In order to move seamlessly from
(2) to results that are based on PCL, we introduce our first key result, which appears to

be novel in the literature: 11

Theorem 1. For any information set, (2) can always be converted into the following form,

as used by PCL

Zt41 Gu G iy Hyi Ha | B ) )
= t+1
Tpqi1t Ga1 G2 Ty Hy1 Hoy Tt 0
Zt 2t
mf:[Ml Mz} +[M3 M4} (4)
Tt Tt

where z;, z; are vectors of backward and forward-looking variables, respectively.
Proof of Theorem 1. See Appendix A.1l. O

The expressions involving z; ¢,z arise from rewriting the model in PCL form (3).
This transformation (outlined in Appendix A.1l) involves a novel iterative stage which
replaces any forward-looking expectations with the appropriate model-consistent updating
equations. This reduces the number of equations with forward-looking expectations, while
increasing the number of backward-looking equations one-for-one. But at the same time
it introduces a dependence of the additional backward-looking equations on both state
estimates 2 (E E[zt]ItA]) and estimates of forward-looking variables, z;;. The presence

of the latter is the key feature that distinguishes our results on invertibility from those of

" The nearest to our construction for perfect information only is found in Boucekkine et al. (1996), but
for a less general set-up than (2).



Baxter et al. (2011) - henceforth BGW - the applicability of which is restricted to cases
where all forward-looking variables are directly observable.
For later convenience we define matrices G and H conformably with z; and x; and

define two more structural matrices F' and J

G G H H
o= 11 G2 = 11 Hia 5)
Ga1 Goo Hy1 Hay
F=G)1 — G12G2_21G21 J =M — M2G2_21G21 (6)

F and J capture intrinsic dynamics in the system, that are invariant to expectations
formation (i.e., by substituting from the second block of equations in (3) we can write
zt = F'z;_1+ additional terms; m{‘ = Jz+ additional terms).

The reason for transforming the equations of the model from (2) is that the correspond-

ing solution method of Sims (2002) does not extend easily to imperfect information.'?

2.4 1II as a Limiting Case of Incomplete Markets

A follow-up paper by the authors will show in the time domain how a variation of the
solution (16)—(17) can be implemented that will match the results generated by Rondina
and Walker (2017) for heterogeneous agents using the Wiener-Kolmogorov prediction for-
mulae. Here we show that in the limit as the idiosyncratic measurement error variance for
the heterogeneous agents tends to infinity, the solution is indeed given by (16)—(17).

We start for convenience with a variation of the model setup of (3)—(4), which takes

account of the decisions made by each agent i:
zt41 = Guizt + Graz + /(Ez‘t[HnZt + Higay])di + Bepya (7)

Tt = Gog (—Ga1 + Eiglwri1 — Horze — Hopay)) (8)

where x; = f xdi is the average of all the {x;;}. The information set of for each agent ¢

12\We give an indication of how to modify the latter method to extend to imperfect information in
Appendix C, and the implication is that to complete the task requires techniques no less complicated than
those used in PCL.



is made up of past and current mﬁ, given in the Rondina and Walker (2017) case by

mﬁ = Mlzt + ngt + Eit[Mg,Zt =+ M4.’L‘t] + Vit Vi ~ N(O, V) (9)

This particular setup is not very useful for describing the limit as the diagonal elements
of V tend to infinity; even if V is not of full rank, the number of observations from mﬁ
that are not ignored by agents will now be less than the number of shocks ¢;. This would
not therefore be a limiting case relevant to invertibility and VARs.

Instead, we assume a variant of the simple example in Nimark (2008); all agents i

observe both (a variant of) m;! as in (4), and in addition observe some or all of the shocks

€; with noise:

mi, = Mz + Maxy + By [Maz, + Myxy) (10)
mi; = €+ Ui (11)

where vy ~ N(0,V). As the diagonal terms of V' tend to infinity, the private information
mét becomes worthless, and the expectations of all the agents are identical. As a result

the system can be described by (3)-(4).

2.5 The Agents’ Solution under Perfect Information (API)

Here we assume that agents directly observe all elements of Y;, hence of (z;,x;). Hence
2t = %, Typ = Ty, and using the standard BK solution method there is a saddle path
satisfying

2t + Nz =0 where [N ]}(G+H):AU[N ]} (12)

where AV is a matrix with unstable eigenvalues. If the number of unstable eigenvalues of
(G + H) is the same as the dimension of x;, then the system will be determinate.'3

To find N, consider the matrix of eigenvectors W satisfying

W(G+H)=A"W (13)

13Note that in general, as Sims (2002) has pointed out, the dimension of x; will not match the number
of expectational variables in (2), as we see in the algorithm for the proof of Theorem 1 (see Appendix A.1).



Then, as for G and H, partitioning W conformably with z; and x;, from PCL we have
N = —Wy5,'Way (14)
From the saddle-path relationship (14), the saddle-path stable RE solution under API is
zt = Azi_1 + Bey = —Nz (15)
where A = G114+ Hi1 — (G2 + Hi2)N.

2.6 The Agents’ Solution under Imperfect Information (AII)

For the general case, in which agents have imperfect information (AII), the transformation
of (2) into the form (3) and (4) in Theorem 1 allows us to apply the solution techniques
originally derived in PCL. We briefly outline this solution method below.

Following Pearlman et al. (1986), we apply the Kalman filter updating given by

Ztt Ztt—1
= + K m?*[Ml M2:| M3 M4]

Tt Ttt—1 Ttt—1 Tt,t

)

Ztt—1 [ Ztt

The Kalman filter was developed in the context of backward-looking models, but extends
here to forward-looking models. The agents’ best estimate of {z;, z;} based on current
information is a weighted average of their best estimate using last period’s information
and the new information m;*. Thus the best estimator of (z;,z;) at time ¢ — 1 is updated
by the ”Kalman gain” K of the error in the predicted value of the measurement!?.

Using the Kalman filter, the solution as derived by PCL'® can be expressed in terms of
the impact of the structural shocks on the processes z; ;1 (the predictions of z;) and Z; (the
unobservable prediction errors z;—z¢ 1), which describe the pre-determined z; = Zi+2¢ 1

and non-predetermined variables x;:

Predictions : 24414 = Aztit,l+APAJ'(JPAJ')_1JZ,5 (16)

PAJI
—-NPAJ
but is not directly incorporated into the solution for ¢, 2.

15Now implemented in Dynare, together with associated estimation software - see Appendix J.

MK is solved endogenously as K = ] (M1 — MaoN)PAJ'|7!, where P# is defined below,

10



Non-predetermined : xr = —Nzpog — G2_21G212t — (N — G2_21G21)PAJ'(JPAJ’)_1JEt
Prediction Errors : 3% = F[I —PAJ(JPAJ) " )% 1 + Be, (17)

Measurement Equation: mi® = Ez; 1+ EPAT(JPAT) LIz (18)

where E = M + M3 — (M3 + M4)N and we recall definitions of matrices F' and J in (6).
The matrix A, as defined after (15), is the autoregressive matrix of the states z; under
API; B captures the direct (but unobservable) impact of the structural shocks e;; F, as
defined after Theorem 1, captures the intrinsic dynamics of z;. P4 = E[2;2]] is the solution

of a Riccati equation given by
PA=QAPAQ" + BB where Q= F — FPAJ (JPAJ) 1 (19)

To ensure stability of the solution P4, we also need to satisfy the convergence condition,
that Q4 has all eigenvalues in the unit circle.'® Since there is a unique solution of the
Riccati equation that satisfies this condition, it follows that the solution (16)—(17) is also
unique thereby extending this property of the perfect information BK solution to the

imperfect information case.

2.7 A-Invertibility: When Imperfect Information Replicates Perfect In-

formation

By inspection of equations (16) to (17) is evident that for the general case, imperfect infor-
mation introduces nontrivial additional dynamics into the responses to structural shocks -
a contrast which is crucial to much of our later analysis. However there is a special case of
the general problem under imperfect information, in which, despite agents’ information set
being a subset of the the information set under API, the solution to the agents’ problem
still approaches the complete information solution, and indeed asymptotically replicates

it.

Definition 2.1. A-Invertibility. The system in (2) is A-invertible if agents can infer

the true wvalues of the shocks e; from the history of their observables, {m;4 15 < t}, or

166 explain this, we note that the iterative version of this over time is given by P{il = f‘PtAQ{V +BB’,
where Qff = F — FPAJ' (JPAJ')~'J; For small deviations AP/* = P* — P from steady state, one can
show that AP{L = QAAPtAQA/ and this will only converge to 0 if Q* is a stable matrix.
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equivalently, if P4 = BB’ is a stable fived point of the agents’ Ricatti equation, (19).

Setting P4 = BB’ in (19), it follows that the condition for A-invertibility!'” is that
Q4 = F — FB(JB)™!'B is a stable matrix, and we shall see below that A-invertibility is
a crucial determinant of whether an econometrician can derive the structural shocks from

the history of the observables.

3 Background Results

There are several fairly standard results in Kalman filtering, invertibility, spectral analysis
and recoverability that are essential to understand the theorems below, and we first cover
these briefly. The reader familiar with this literature can skip some if not all the sub-

sections below and proceed to Section 4 for the main results of the paper.

3.1 The ABCD (and E) of VARs

We first note the general feature of state-space representations of the type that arise
naturally from our solution method in Section 2.

Consider an econometrician’s representation of the general form
St = ASt_l + BEt mf = ESt (20)

This “ABE” representation form is the form usually found in the statistics literature. In
contrast the following “ABCD” form is often but not exclusively used in the economics

literature, e.g., Fernandez-Villaverde et al. (2007)
sy = As;_1 + Bey mf = Cs4_1 + Dey (21)

It is straightforward to show that any ABE form implies an ABCD form, with C = EA
and D = EB. Appendix D shows that (less obviously) the reverse also applies; it also
shows that all of the state-space models that are used in the statistics, control theory and

econometrics literature can be rewritten in terms of one another.

"BGW refer to A-invertibility as “Asymptotic Invertibility”, in contrast to the case where the t-dated
state variables can be derived directly from the ¢-dated observables (which requires L4 to be square and
invertible). In this paper, we use the term invertibility in the time series sense, which does not distinguish
direct from asymptotic invertibility.
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3.2 E-Invertibility

Definition 3.1. E-Invertibility. The system in (2) is E-invertible if the values of the

shocks €4 can be deduced from the history of the econometrician’s observables, {mi,E 15 < t}.

The condition for the system (20) to be E-invertible is a version of the PMIC of
Fernandez-Villaverde et al. (2007),'® which is obtained by some algebraic manipulation of
(21): they assume a ‘square system’ with m = k (an assumption we relax when we consider
the innovations representation and when we come to Section 6 on measures of approximate
invertibility /fundamentalness). They also assume that D (now a square matrix) is non-
singular. Then from (21) we have ey = D~ (mf — CLs;) where L is the lag operator.

Hence from (21) we have
(I — AL)si = Bey = BD-Y(mE — C'Lsy)

from which we obtain s; = [I — (A — BD~'C)L]"*BD~'m¥ and hence

et =D (mP —Cs;_ ) =D Y(mP —C[I - (A- BD'C)L]*BD 'mP ) (22)

Expanding (I — X)™' =7+ X + X2 +---) we then have
ee=D"' | mf —CY (A-BD'CYBD 'm{ (23)
j=1

A necessary and sufficient condition for the summation to converge is that A — BD~C
has stable eigenvalues (eigenvalues within the unit circle in the complex plane).?
The PMIC transforms into ABE notation as follows: we note that the following term

in (23) can be written in two equivalent ways

C(A—BD™'CyY = EA(A— B(EB)"'EAY = EA’(I - B(EB)"'EYA  (24)

so that the PMIC requirements are that EB is invertible and that A(I — B(EB)~'E) has

8 This result appears to date back at least to the work of Brockett and Mesarovic (1965).

19 A slightly weaker condition than invertibility is fundamentalness which allows some eigenvalues to be
on the unit circle. However we use the two terms interchangeably and in fact, if we restrict our models to
have only stationary variables, then the two concepts are equivalent.
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stable eigenvalues.
A final observation is that invertibility does not require the ABE representation to
be in minimal (i.e. controllable and observable) form; we mention this since the ABE

representation of the imperfect information solution below might not be minimal?°.

3.3 The Spectrum of a Stochastic Process and Blaschke Factors

The spectrum of a stochastic process is a representation of all its second moments - auto,
cross and auto-cross covariances, so that a VAR with sufficient lags will pick up all of these
moments to a high degree of accuracy.

The spectrum (or spectral density) ®,(L) of a stochastic process y; of dimension 7 is
defined to be ®,(L) = >3 cov(ys, y—k)LF, and this is a rational function of L if y
can be expressed as a state space system with finite dimension. It is a standard result

that the spectrum of the ABE system above is given by E(I — AL)"'BB'(I — A'L)"'E'.

Definition 3.2. A rational spectral density ®,(L) admits a spectral factorization of the
form ®,(L) = W(L)W'(L™!). A minimal spectral factorization (Baggio and Ferrante
(2016)) is one where the McMillan degree of W (L) is a minimum. !

Of importance for our main results below is the Blaschke factor b(L) = (1—al)/(L—a),
which has the easily verifiable property that b(L)b(L~') = 1. This implies that if y1; = ¢
is a scalar white noise process, with spectrum given by ®, (L) = var(e), then yy =
b(L)e; has the same spectrum. The second-moment properties of y1; and y9; are therefore
identical; however although there is a minimal realization of yy; in ABCD form (z; =
%xt,l +(a— %)et, Yt = Ty—1 —agy), it is not a minimal spectral factorization of the process,
which is given by the fundamental representation yo; = n;, where var(n) = var(e).
Crucially the IRFs of y1; and yo; in response to a shock to € are completely different, with

the latter being non-zero at all lags.

20Ty show this, suppose that (A, B) is not controllable; then there exists an eigenvalue-eigenvector pair
(A, z) such that 2/ A = Az’,z’B = 0. Tt is then trivial to show that ' A(I — B(EB)™'E) = Xz’. But we
have assumed that A is a stable matrix, so an uncontrollable mode cannot be the source of non-invertibility.
The same conclusion can be drawn for non-observability, for which there exists an eigenvalue-eigenvector
pair (u,y) such that Ay = py, By = 0.

*'The Smith-McMillan representation (Youla (1961)) of a rational matrix function W (L) is given by
W(L) = F(L)diag(gi((f)) ooy Z:((f)) )O(L), where I'(L), ©(L) have determinants equal to a constant, di(L)
divides di+1(L) and ngk(L) divides ng—1(L). The McMillan degree of W (L) is the highest power of L in
d1(L)d2(L)...dr(L).
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More generally, for the scalar case, suppose W (L) = n(L)/d(L). Now use a Blaschke
factor to define Wy (L) = (1 —aL)/(L—a)W (L), so that Wy (L)W (L™1) = W (L)W (L™1).
This changes n(L) to n(L)(1 —alL) and d(L) to d(L)(L — a). The degree of the latter is
obviously greater than that of d(L), so that Wi (L) is a non-minimal spectral factorization.
To reiterate the point raised earlier, if y; = W7 (L)e; represents the true response to the
structural shock, then a VAR econometrician will estimate a very good approximation to

W (L) but would have no way of inferring the correct impulse response.

3.4 Recoverability and Agents’ Information sets

In the absence of E-invertibility, the best the econometrician can do, given the history
of the observations, is to estimate the innovations representation (see below) of the true
model. However a recent literature, initiated by Chahrour and Jurado (2017), has raised
the possibility that non-invertible structural shocks may be recoverable, in a finite sample
of length T', from the full sample history {mZE 1= 1..T} for t € (1,7 —7) for 7 sufficiently
large. Analogously to invertibility, recoverability is an asymptotic concept: the shock g; is
recoverable if it can be written as a convergent sum of both past and future observables,
in which case the impact of both initial and terminal conditions on any observation in the
interior of the sample becomes vanishingly small as T" — oc.

Recoverability, reviewed more didactically in Appendix E, makes the assumption that
a vector process can be represented as a finite order VARMA: whether by direct estima-
tion, or as an approximation, based on a finite order VAR.?? A fundamental VARMA
representation is a minimal spectral factorization; but there is a finite set of alternative
nonfundamental representations of the same order that have an identical autocovariance
(Lippi & Reichlin (1994): each of these is also a minimal spectral factorization of the same
process.

Thus a VAR econometrician who is well enough informed can reconstruct an alternative
minimal spectral factorization that can approximate a true minimal spectral factorization,
and the shocks to any such representation are recoverable. However, the VAR econome-
trician cannot reconstruct a non-minimal spectral factorization; we show below that this

arises under imperfect information, in the absence of A-invertibility. Key to this is the

223ee Appendix E.
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following lesser-known result due to Lindquist and Picci (2015) in their Corollary 16.5.7
and Lemma 16.5.8:

Lemma 3.4. Let (20) be a minimal representation of the spectral factor of a stationary
stochastic process. There is a one-to-one correspondence between symmetric solutions of
the Riccati equation (27) P = APA’ — APE'(EPE')"'EPA’ + BB’ and minimal spec-
tral factors that retain stationarity; this correspondence is defined via the state space

representation

Wy = Awt—l + PE/(ENPEI)ilnt mtE = Ewt Nt ~ N(07 EPE/) (25>

Thus for a square system, these alternative solutions for P lead to transfer functions from
shocks to observables that differ by one or more Blaschke factors. However what we need
subsequently is a result that we can deduce from this lemma, which derives from the PMIC
matrices associated with (25) that arise from the general solution for P and the particular
solution P = BB’, namely A — APE'(EPE')"'E and A — AB(EB)'E:

Corollary 3.4. If P is a symmetric solution of (27), then the eigenvalues of A —
APE'(EPE')"'E and A— AB(EB)~'E are either identical or reciprocals of one another.

3.5 The Econometrician’s Innovations Process

We now consider the general nature of the time series representation of the system that
the econometrician can extract from the history of the observables. At this stage we do
need to make any assumptions about the number of observables vs shocks, other than to
assume that m < k.

For any given set of observables, mf , the econometrician’s updating equation for state

estimates, assuming convergence of the Kalman filtering matruces, is

Eisiiq1 = AF,_ 18 + APEE'(EPEE')_let, e = mf — EE;_ s er ~ N(0, E'PEE’)

(26)
where E4; denotes expectations conditioned on the econometrician’s information set at time
s, and e; = mf —Et_lmf , the innovations to the observables in period ¢, conditional upon
information in period ¢ — 1.

The Riccati matrix PP = cov(sy — Ey_184) for this Kalman filter is given in the limit
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by
PP = QFPPQF + BB where QF = A— APPE'(EPPE)'E (27)

To ensure stability of the solution P, it must satisfy the convergence condition that QF
is a stable matrix, analogous to the requirement for Q“ above; a sufficient condition is
either that A is a stable matrix, or else the controllability of (A, B) and observability?? of
(E,A) .

Note that if we subtract the first equation of (26) from the first equation of (20),
we are able to evaluate cov(siy1 — E¢spq1, €i41) = B, from which it follows that the
covariance between the innovations process and the shocks is given by cov(e,er) =
cov(E(sy — Ei_184), €) = EB. We shall use this property later to evaluate how cor-
related are the residuals from a VAR to the structural shocks.

The Kalman Filter updated expectation of the state s; given the extra information at
time t is given by E;s; = E;_q18; + PEE’(EPEE’)_let, and a little manipulation of (26)

enables us to obtain the alternative steady state innovations representation as
Eisi = AE; 15,1 + PEE'(EPPE)Yey  mP = ERysy (28)

This representation will be our main focus, but the representation of the innovations
process in (26) is important in proving some of our theoretical results because it provides
a means of evaluating the innovations process, and is essential for addressing approximate
fundamentalness.

The innovations e; to this representation have a dimension m equal to the number of
observables, and the representation is valid given our general assumption as stated above
that m < k.

The discussion up to now then leads to the following Lemma which applies for any
general information set:

Lemma 3.5. The innovations representation (28) applies for m < k iff A and QF has
stable eigenvalues. Sufficient conditions for this to hold are the observability and control-

lability of (A, B, E).

ZReduction to minimal form with these properties is fairly straightforward.
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3.6 The Innovations Representation under E-invertibility

When the structural shock system (20) is E-invertible, this means that P¥ = BB’ is a
stable solution to the Riccati equation, which in turn requires Q¥ = A — AB(EB)~'E
to be a stable matrix. This is identical to the PMIC requirement and implies that the
innovations process e; from the filtering problem converges to FEBe;ast — co. As a result,

the state vector s; is observable asymptotically by the econometrician.

4 The Econometrician’s Problem, E-Invertibility and Re-

coverability

This section shows how the econometrician’s problem relates to the solution of the agents’
problem presented in subsections 2.5 and 2.6. It also provides the main theoretical results
of the paper. It establishes that for square systems (when the number of shocks is equal to
the number of observables m = k), and if E-invertibility holds when agents in the model
have perfect information, an additional condition must be satisfied for the system to still
be E-invertible for the imperfect information case. Only if this holds do the solutions
under perfect and imperfect information coincide. For possibly non-square systems and
m < k it examines the dynamic properties of the innovations representation when this
extra condition fails and shows that in this case recoverability of structural shocks from
an atheoretic time series representation is impossible. All these results raise questions
about the appropriateness of comparing impulse responses of VARs with those of a DSGE

model.

4.1 Informational Assumptions

In our central case we assume that the econometrician always has the same information
set, which is the same as the information set available to the agents under AII. Thus
under AII, we assume that m = m;'. Under API, we assume that the econometrician’s
observations m{ are the same as under AIl; then, using (15), it follows that under API
mF = Ez, where E is defined above after (18).

Having derived two key results below (Theorems 2 and 4) under this assumption, we

consider the implications of the econometrician’s information set being a strict subset of
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that of the agents.
Both the API and AII representations of the previous section are in the ABE form of

(20). In particular for API, given the informational assumptions set out above, we have

st =z,A=A,B=B,FE = E, while for AIl, we have

St = (29)

A APAJ(JPATN)TLT

A = (30)
0 F[I—PAJ(JPAT) LT

_ [ 0

B = (31)
B

E = [E EPAJAJL)) (32)

The advantages of using the ABE state-space form in what follows are (i) the Riccati
equation is simpler than for any of the other formulations (ii) the solution under imperfect
information is much simpler to express and, most usefully, (iii) the representation of the
model using the innovations process (see Section 3.5 above) has the same structure as the

original model.

4.2 E-invertibility When Agents Have Perfect Information (API)

The conditions for API4E-invertibility are straightforward, and merely mimic the PMIC
requirements of the previous section, but with A=A,B=B,E=EF,s = z. Hence:

Lemma 4.2. If agents have perfect information (API), the conditions for E-invertibility
(as in Definition 3.1) are: the square matrix EB is of full rank and A(I — B(EB) 'E) is

a stable matrix.

4.3 E-Invertibility When Agents Have Imperfect Information (AII)

We now consider the more general case of E-invertibility when agents have imperfect

information.

Theorem 2. Assume that the number of observables equals the number of shocks (m = k) .
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Assume further that the PMIC conditions in Lemma 4.2 hold (so the system would be
E-invertible under API) but agents do not have perfect information. Then each of the
following conditions is necessary and sufficient for each of the other two (i.e., the three
conditions are equivalent):

a) AII is E-invertible (see Definition 3.1)

b) The square matriz JB is of full rank, and F(I — B(JB)~1J) is a stable matriz.

c) AIl is A-invertible (see Definition 2.1)

The counter-intuitive feature of this Theorem is that it is derived under the assump-
tion that the econometrician has the same information set as the agents under imperfect
information (AII). If the conditions for API+E-invertibility are satisfied, then if the econo-
metrician had an identical information set, and agents had perfect information (API) then
the system would be E-invertible. But Theorem 2 states these conditions are necessary but
not sufficient for E-invertibility under AII: crucially, E-invertibility is only possible under
ATI if the solution to the agents informational problem replicates perfect information: that
is the conditions that satisfy A-invertibility must also hold.

While there is a clear mathematical parallel between the conditions for API+E-invertibility
in Lemma 4.2 and the conditions in part (b) of Theorem 2, the crucial difference is that
the former depend on the nature of the saddlepath solution (i.e., on the matrices N and
hence A), while those in part (b) of Theorem 2 do not. In Sections 5 and 7 below we
illustrate Theorem 2 with examples of information sets that satisfy the PMIC conditions
in Lemma 4.2 but do or do not satisfy the eztra conditions (b) in Theorem 2.

From the authors’ experience with numerous RE models, the most common reason
(other than the obvious ones that observations are lagged or noisy) for AII not to be

equivalent to API is associated with:

Corollary 2.1. Suppose that EB is of full rank and invertible, but J is not of full row

rank, then A-invertibility fails.

To explain this result, consider the case where J = M; — M2G521G21 is not of full
rank. Let U be a matrix that satisfies UJ =0 i.e., UM; = UM2G521G21. Define V' as the
orthogonal complement of U (i.e., UV’ = 0 ). Then rewriting the set of measurements m;

as their linear transformation m{ = Um; and m} = Vm; we have a further corollary:
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Corollary 2.2. m} contains all the available information about current shocks whereas

mY is unaffected by these shocks and is redundant of information about them.

4.4 The Innovations Process for AIl without E-invertibility

In the absence of E-invertibility, Lemma 3.5 showed that there is still an innovations repre-
sentation under mild conditions. The counterpart to the innovations representation in (28)
is, in population, a finite order fundamental?* VARMA (or VAR(00)) in the observables,
m¥, with innovations e;. This can either be directly estimated via its state space repre-
sentation (using DYNARE, for example), or, more commonly, it may be approximated by
a finite-order VAR(p) approximation. When the conditions stated in Theorem 2 do not
hold, the VARMA or VAR approximation will generate a series of reduced-form residuals
that are a linear transformation of e; in (28) but not of the structural shocks &;.

We now examine the properties of the innovations representation as in (28) under

general conditions when a failure of A-invertibility leads to a failure of E-invertibility.

Theorem 3. Consider the case where there is a failure of A-invertibility under AII, and
hence (from Theorem 2) of E-invertibility. The state space process that generates the
impulse response functions of the structural shocks (16)—(18), is of a higher dimension
than the innovations representation of the RE saddle-path solution, where the latter is of

the same dimension as API and is given by:
f41 = A&+ ZE'(EZE) tein mE=E& e~ N(0,EZE') (33)
where & is a vector process of precisely half the dimension of s in (28) and
Z =AZA — AZE'(EZE')'EZA + PAJ (JPAJ)tIPA (34)

Remarkably, this result tells us that even though the dynamics of the RE saddle-path
solution under imperfect information are considerably more complex and add more inertia
than under perfect information (and hence have a state space representation of twice the

dimension), the innovations process e; is generated by equations that are of the same

24We deliberately use the term fundamental here, rather than invertible, to reflect the fact that estimated
VARs may contain stationary transformations of unit root processes.

21



dimension as under API.?®

The implication of this result is profound, of major significance for empirical work,

and one of the main results of this paper.

Corollary 3.1. Since the spectrum of (33) must be identical to that of (16)-(17), it follows
that in the absence of A-invertibility the latter is a non-minimal spectral factorization. It
therefore incorporates a set of Blaschke factors (Lippi and Reichlin (1994)), whose pres-
ence cannot be detected by an estimated a-theoretical representation. Hence the statistical
properties of data as generated by the model under AII and represented by a fundamen-
tal VARMA or VAR approximation cannot in general generate the true impulse response

functions

In empirical work, a common approach (in the tradition of, for example, Christiano
et al. (2005)) is to compare impulse responses by applying a structural identification
scheme to the estimated VAR(p) with the impulse responses implied by their structural
DSGE model. In contrast Kehoe (2006), advocates the approach of Sims (1989) and
Cogley and Nason (1995) which compares impulse responses of a finite order, finite sam-
ple structural VAR estimated on the data with a VAR with the same structure, run on
artificially generated data from the model.

However, for both approaches in the absence of E-invertibility, the reduced form resid-
uals in the data VAR are not a linear transformation of the structural shocks &; (even with
correct choice of identification matrix), but are instead a finite-order, finite-sample esti-
mate of e; in (28). In the absence of E-invertibility, e; is not a linear transformation of &;

and it follows that comparisons of impulse response functions may be seriously misleading.

4.5 The Innovations Representation When the Econometrician Knows

Strictly Less Than the Agents

A criticism of the imperfect information approach that we have been using thus far is that
it is possible that agents will have more information about the variables of the model than
the econometrician has, although this does not necessarily imply that agents have perfect

information. This would imply that the properties of the model solution still embody

Z5This result is a generalisation of BGW, Corollary 1, p302, but without relying on their assumption
that all forward-looking variables are observable.
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those of Theorem 3, i.e., that a VAR estimation by agents would not be able to replicate
the IRF's of shocks.

Corollary 3.2. If the econometrician’s information set is a subset of that of the agents
and the system is not A-invertible, then the innovations process as estimated by the econo-
metrician will again be of the same dimension as under API, and thus will be of lower

dimension than the true system in (16)—(18).

The implication therefore is that with any failure of A-invertibility, then provided the
econometrician is no better informed than the agents, one should be wary of using an

unrestricted VAR (or indeed VARMA) to generate the IRFs of the structural shocks.

4.6 Are the Structural Shocks Recoverable when E-invertibilty Fails?

In Section 3.4 we noted that, in the absence of E-invertibility, there is a finite set of
nonfundamental representations of the observables, the shocks to which are not invertible,
but are recoverable. But the key feature of such representations, that makes recoverability
possible, is that all such representations admit a minimal spectral factorisation of the
spectrum of the observables. Yet we have shown that, when AII fails, the true data
generating process implies a non-minimal spectral factorisation?® due to the presence of
Blatschke factors that map the true structural shocks, ¢; to e;, the innovations to the

observables. Thus we immediately have the following further result:

Theorem 4. If the model has intrinsic (saddle-path) dynamics (i.e., the saddle-path ma-
trir N # 0) and the system is not A-invertible then the true data generating process is a
non-minimal spectral factorization of the spectrum of the agents’ information set. Hence
the structural shocks are not recoverable from any atheoretic time series representation
of the observables (or VAR approximation thereof ), which must imply a minimal spectral

factorization of the data.

Thus when AIT is not E-invertible, and there are saddle-path dynamics, when convert-
ing the innovations process representation of the former into any non-invertible represen-

tation, such alternative representations will always retain the dimension of the innovations

26Qr equivalently, in Lippi & Reichlin’s (1994) terminology, the implied nonfundamental VARMA rep-
resentation is also non-basic (ie., is of higher order).
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process. Since the latter, as we have seen, is of dimension lower than that of the state space
describing the effect of individual shocks under II, it follows that the two representations
can never be equivalent. Hence the non-E-invertible structural shocks are not recoverable
from any stochastically minimal representation,, whether fundamental or nonfundamen-
tal.?”

Thus, at least in this form, recoverability cannot provide an alternative means of
using VARs for deriving impulse response functions of structural shocks under imperfect
information in the absence of E-invertibility

Does this mean that recoverability has no applicability at all to such models? On the
contrary, Theorem 3 and Corollary 3.1 showed that the true model has a non-minimal
stochastic representation, incorporating a set of Blaschke factors. From an atheoretic
perspective, while any such factors may exist in principle, they can be of arbitrary form.
However, in the context of a structural model with AII these Blaschke factors are not
arbitrary, since they can be related back to the underlying structure of the model Thus,
subject to identification of the appropriate parameters®® that generate Blaschke factors
an econometrician may, at least in principle be able to recover structural shocks even to
E-non-invertible systems. We illustrate this possibility in a simple analytical example in

the next section.

5 An Analytical Example: A Simple RBC Model

We can illustrate Theorems 2 to 4 with a simple analytical example:?® that extends
the one-variable example of BGW, that uses the linearised ‘stochastic growth’ model of
Campbell (1994), with a single observable, the real interest rate. BGW note that this
example can be derived as a limiting case of the model of Graham and Wright (2010)
which assumes that the agents information set is “market-consistent”: agents also have

information on their own wage, which contains both idiosyncratic and aggregate effects;

*"Note that Forni et al. (2017) have an example where recoverability does hold but their very simple
model (See Appendix I) lacks the intrinsic dynamics referred to in the Theorem.

28We do not address issues of parameter identification in this paper, since these are clearly endemic to
all DSGE estimation, whether under API or AII.

2Theorem 1 does not apply to this example, given its simplicity, but is applied in a wide range of more
complex models in Section 7 below. See also Appendix B for another example also used by Nimark (2008)
to illustrate Theorems 2 and 3. This provides an example of the failure of A-invertibility owing to lagged
observations.
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but the simple case below can be shown to represent a limiting case as the variance of
the idiosyncratic component goes to infinity. But BGW consider only the informational
problem of the agents; they do not address the econometricians’ problem.

From Appendix G.2, the model is a special case of the full RBC model considered in

the Section 7.1 below. In linearized form it has the following structure

Capital . kt+1 = )\1k‘t + )\25(1’15 + (1 - )\1 - /\Q)Ct (35)

Consumption :  c¢i114—¢ = —Kkip1t (36)

Measurement: Interest Rate mf‘ =mP = Eat — kt X 41 (37)
where, under the assumption of a zero-growth steady state, Ay = 1 + r and Ay =

a(r+40)/(1—a) > 0, where r is the average real interest rate, 0 is the depreciation

rate, and « is the exponent on labour in a Cobb-Douglas production function; parameter

_ oa(l—a) (r46
- 1+r l1-a

The single shock €, is a technology shock, which raises the marginal product of capital

(0%
) where o is the elasticity of inter-temporal substitution.

and hence the return (the single observable), while an increase in capital reduces it. The
informational problem for agents thus arises from the ambiguity of the signal when there
is a rise in returns: while it could indicate an improvement in technology, it could also
indicate that capital is lower than was previously estimated.

30 and

To simplify the algebra, technology itself is assumed to have zero persistence,
the return has been normalised such that the constant that would usually multiply the
terms in the interest rate equation has been set to 1.

This system can be set up in the form of (3) as

€at+1 0 O 0 Eajt 0 0 0 Eatt 1
ki1 =1 X X\ 1= — X ke |+ 0 0 0 keg | +] 0| €atst
Ctolt 0 0 14+r(M+Ar-—1) ct —KkXy —kMN O Ctt 0
(38)
Ea,t
md=mFf=[1 -1 0| & Eaz ~ N(0,0%) (39)
Ct

30If technology is an AR(1), as in BGW, this introduces an aditional AR root into the representation
below, and complicates the algebra somewhat, but without changing any of the substantive results.
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Using our earlier notation, we obtain (after a little effort for matrix A)

0 0 0 0
F= J=E=[1 -1 A= (40)

A2 A %M H
where 0 and p are the stable eigenvalues of the system.
It then follows that if agents have perfect information (API) it is straightforward to
show that the L-operator representation of the interest rate is an ARMA(1,1) given by

_ (AFA)ul
mP = E(I — AL)"'Be; = <1—2}/) €at (41)

It is possible to show (by exploiting the properties of the linearisation constants and the

W is non-negative, but, for different

stable eigenvalue, 1) that the MA parameter is
values of the elasticity of intertemporal substitution, o and hence x may lie either below or
above unity. Thus the representation may, at least, be fundamental. If this is the case it
follows directly that under API the PMIC is satisfied, and hence the system is E-invertible
(Lemma 4.2).

MA Parameter:(,\l+)\2)u/)\1; o €[0.1,1]

1.4 T

MA Parameter

0.5 0.55 0.6 0.65 0.7 0.75 0.8

Figure 1: E-invertibility for the RE Solution of Campbell (1994)’s RBC Model

Note: Using the analytical example this looks for suitable combinations of @ and o for which E-invertibility holds
where we requires the inverse of the root of the MA component from the ARMA(1,1) representation to be less than
1 (this is the MA parameter on y-axis). The grid for a € [0.5,0.8] (x-axis) and o € [0.1, 1] (the bottom blue curve
is for o = 0.1 with a step size of 0.1).
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However, under AII, the stable solution to the Ricatti equation is given by P4 =

o?diag(1l, (M + A2)? —1) and the Kalman gain is given by

1
PAJ(JPAT) VT = @11“2)2 1 —1] (42)
O1+22)2 1
so, as noted above, any positive shock to the interest rate is ascribed in part to an estimated
positive shock to technology, but also in part to a downward adjustment to the estimate of

the capital stock. Stability of the solution to the Ricatti equation is given by the stability

of

QA =F(I - PAT(JPAT) L)) = ! ! (43)

1 1
AL+ A2 — A1t AitAg

which is a stable matrix since 1 < (A1 + Ag).3!

Thus, despite the fact that the PMIC may be sometimes be satisfied under API, the
system can mever be A-invertible: AIIl does not replicate API. Hence, from Theorem 2,
the system is not E-invertible.

It is easy to show that the L-operator representation of the interest rate under AII is

then given by

mP = B(I - AL)"'PAT(JPAT)'J(I — Q L) ' Be,
1 — _opL _
= —(A1+ ) ( SREDLE > (1 ks AQ)L) €a,t (44)

1—pL L*()\lJr)\g)
l=x u)% Py

Note that in the second line, the third term in brackets is a Blaschke factor which
ensures that e;, the innovation to the observable, is white noise, conditional upon the
information set (assumed symmetric for both agents and the econometrician). Thus under
both AII and API the interest rate has an ARMA(1,1) representation, which must imply
that the innovations representation of the system under AlI is of the same dimension as
under API (illustrating Theorem 3 and Corollary 3.1).

Figure 2 compares the impulse responses to the technology shock €, ; in the API, AII

31The alternative solution of the Riccati equation is P4 = diag(1,0) but this is not a stable solution
since it implies that Q4 = diag(0, A1), which is an unstable matrix.
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cases given by (41) and (44) with the that of the innovation e; given by (45).

N IRF for Technology Structural Shock compared with Innovation
T T T

/

, \ API
/ \ = Al
/ \ Innovation

1 2 3 4 5 6 7 8 9 10
Time

Figure 2: Simple RBC Model. Impulse Responses to a Technology Shock for API and AIl
compare with Innovation.

Finally, this example also clearly illustrates Theorem 4. If the econometrician is purely
data-driven, then the model that is estimated using interest rate data would be the
ARMA(1,1) representation in the last line of (45). The non-fundamental counterpart
is mf = —(A1+ N\) (W) 1:. Both e; and 7, are recoverable. In an atheoretic
application of recoverability, either one of these representations could be assumed to be
the correct one, but neither is a scaling of the true structural shock, thus illustrating
Theorem 4.

The failure of this atheoretic application of recoverability arises because the atheoretic
econometrician would have no idea that the true representation involved a Blaschke factor.
In contrast the DSGE econometrician estimating the system under AII would estimate
using the same innovations process. But, taking a structural approach, on the identifying
assumption that Ay = 14 r is known, it follows that As and u are identified, and it would

then be possible to completely characterize the correct representation as (45). As a result

g¢ would be recoverable to the DSGE econometrician.
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6 Approximate Fundamentalness

This section examines, for possibly non-square systems, measures of approximate funda-

mentalness when invertibility fails for both perfect and imperfect information cases.??
Two methods are notable in this regard: Beaudry et al. (2016) recommend using

the difference in variances between the innovations process and the structural shocks,

motivated by the perfect information case (28) which can be written as
ee=my— Bz 1 = E(z — 20-1) = EA(zi—1 — 24—1.4-1) + EBey (46)

Under invertibility, z;_1 — z:_1+-1 has a value of 0, so that regressing the innovations
process e; on this latter term yields (in the scalar case) a perfect lack of fit R? = 0. For
the univariate case, in general we have R? = 1 —wvar(g;) /var(e;). In the multivariate case,
cov(e;) = EPPE’, so that the departure of this from cov(EBe;) yields a measure of how
similar the innovations process is to the structural shocks.

However in the empirical literature using VARs it is common to focus on just one shock
such as in the examination of the hours-technology question in Gali (1999). To address
fundalmentalness on a shock-by-shock basis, one requires the Choleski decomposition of
EPFE' = V'V’ or else a decomposition that depends for example on long run effects of
each shock i.e., an SVAR decomposition. The corresponding R? for each shock is then
given by
RP=1-uy; U=V 'EBBE (V)" = (uy) (47)

(2

The further is Rf from 0, the worse is the fit.

6.1 A Multivariate Measure with Perfect Information

An obvious multivariate version of this is R = I — V"'EBB'E'(V')~1, and the maximum
eigenvalue of R would then be a measure of the overall fit of the innovations to the
fundamentals. In addition one can check whether any fundamentals can be perfectly

identified by examining the eigenvalues of the difference between the variances of the

32See also Canova and Ferroni (2018) for a treatment of (what we call) E-invertibility and the interpre-
tation of SVAR where the number of structural shocks exceed the number of observables.
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innovations and and the fundamentals
B! = EPPE' — EBB'FE' (48)

Any zero eigenvalues coupled with the corresponding eigenvector will provide a means of
decomposing the covariance matrix of the innovations EPFE’.

Forni et al. (2019) suggest that one can use VARs as well for ‘short systems’, where
the number of observables is smaller than the number of shocks. Utilising the underlying
VARMA model, they suggest regressing the structural shocks against the innovations
process, i.e., for the structural shock i, choose the least-squares vector m; by minimizing

the sum of squares of ¢; ; — mle;. Clearly, the theoretical value of this is
i = cov(er) teov(er, i) = (EPPE) Y EB); (49)
where (E'B); denotes the ith column of EB. A measure of goodness of fit is then
FPT = cov(eir) — cov(eiy, er)cov(er) teov(er, i) = 1 — (EB),(EPFE)"Y(EB); (50)

Thus one can as usual define a linear transformation of the Me; (where M is made up
of the rows m!) as representing the structural shocks, but only take serious note of those
shocks where the goodness of fit is close to 0. Once again, one can use the multivariate

measure of goodness of fit
F =1 - BFE(EPFE)'EB (51)

where the diagonal terms then correspond to the terms F; of (50). In (51) we note that
EPFE' = cov(e;) from the steady state of (27), and (EB); = cov(es, &)
If the number of measurements is equal to the number of shocks, and if F; = 0 for all ¢,

then since FF1

is by definition a positive definite matrix, it must be identically equal to 0.
Of course, it may be the case that none of the [F; are zero, but that a linear combination
of the structural shocks are exactly equal to a linear combination of the residuals. In
addition, we might specify a particular value of the R? (e.g. R? = 0.9) fit of residuals to

fundamentals such that we are happy to approximate the fundamental by the best fit of
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residuals.?3

The maximum eigenvalue of FF'/ then provides a measure of overall non-fundamentalness.
It must of course be emphasised that none of these measures can be obtained directly from
the data. The papers cited above all provide details of how simulations on the underlying
VARMA models can indicate how to make appropriate inferences on the structural shocks

using just the data and a VAR estimation.

6.2 A Multivariate Measure with Imperfect Information

Collard and Dellas (2004) and Collard and Dellas (2006) provide examples where there are
large differences in the impulse response functions under imperfect and perfect information,
and indeed Theorem 3 appears to indicate that this may be a major issue. In addition,
Levine et al. (2012), for an estimated DSGE model, find that such differences are quite
large as well.

As we have seen for the perfect information case above, it is quite straightforward to
obtain goodness of fit measures for the individual shocks from the multivariate measures,
so for convenience we only list the latter. Firstly, the Beaudry et al. (2016) measure,
which can be abbreviated to the difference between the variances of the innovations and

the fundamentals, is given by
B! = EZE' — EBB'F' (52)

where Z is given by (A.24).
Likewise, the multivariate Forni et al. (2019) measure can, after some effort, be written

as

FII =1 - B J(JPAT) YUPAE(EZE) YEPAT (JPAJ) LIB (53)

Analogously to the perfect information case, EZE' = cov(e;), with EPAJ' (JPAJ)"1JB =
cov(et, ). The latter follows firstly because from (18) and (A.26) we can write e; =
E(24-1 — 511) + EPAJ' (JPAJ)~1J%. The first term is clearly independent of &;, while
the covariance of the second term with ¢; is obtained by calculating E[Z;11€}, ] in (16).

We can bring together (51) and (53) in the following final Theorem of the paper.

33 A perfect fit in the Forni et al. (2019) case is F; = 0, R? = 1.
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Theorem 5. Consider the more general case with the number of structural shocks possibly
greater than the number of measurements. (a) All zero eigenvalues of FFT or FI1 for the
perfect or imperfect information cases respectively, correspond to a perfect fit between a
linear combination of fundamentals and a best regression fit of residuals; (b) The number
of eigenvalues of FP1 or FI1 that are less than 1 — R?, where R2 is the chosen threshold for
R?, correspond to the number of linear combinations of fundamentals that can be obtained

approximately from the residuals.

In addition F/! corresponds to a measure of goodness of fit of the innovations residuals
to the structural shocks, and provides information as to how well the VAR residuals
correspond to the fundamentals. Note however that these measures correspond to the
case when all observables are of current variables. While it is not difficult to perform
the appropriate calculations in the case when some variables are current and others are
lagged, it is not straightforward to write down a mathematical expression in such a case.
Nevertheless we can apply the ideas above when all variables are lagged. In particular,

the theoretical value of FIl:lagged can now be defined as

Filag9ed — cop(ey) — cov(er, er—1)cov(er—1) " Leov(er—1,€) (54)

cov(e;—1) is of course equal to cov(e;) = EZE’, so the only change is to cov(ei—1,¢t),

which after a little effort can be derived as

cov(es—1,e1) = EAPAT(JPAT) "\ JB — EAZE(EZE')'\EPAJ (JPAJ) ' JB

+EPAJ (JPAT)YJFB — EPAT (JPAT)LIFPAT (JPAT)YIB  (55)

Then the fit Ff[’laggw to the ith shock is just given by the ith main diagonal term of

F[I,lagged

In a later section we compare numerically these perfect and imperfect information

multivariate measures of the fit of the innovations to the fundamentals for a DSGE model.
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7 Applications to RBC and NK Models

This section illustrates our theoretical results using numerical solutions of RBC and NK
models. We consider and implement invertibility conditions of Theorem 2 and the multi-
variate measure of goodness of fit set out in Section 6. For the latter our focus is on (51)
and (53), the corresponding measures of correlation between e; and &, for the perfect and
imperfect information cases, respectively, where cov(e;) = EPFE’ and cov(e;) = EZE'
are the covariance matrices of the innovation processes for the two cases, and cov(e;) of the
structural shocks in the model. As noted, the maximum eigenvalue provides a measure of
overall non-fundamentalness. In addition, any zero eigenvalues provide information as to
which structural shocks can be satisfactorily identified (i.e., evidence of partial sufficiency

of individual shocks in the system).

7.1 Example 1: Invertibility and Fundamentalness Measures for RBC
Model

We first consider a standard RBC model set out in Appendix G. Example 1 presents a
simplified non-linear RBC model without investment adjustment costs and variable hours
(ie. H = H =1 and ¢ = 0), in line with the linearized model of Campbell (1994).34
With two shock processes, A; and G; (normalized such that cov(e;) = I) the following
combinations of two observables (from a set of observables: (Y3, Cy, I, Wy, Ry, R t)) result
in A-invertibility: (mf = m{ =V;,Cy), (i, I), (Yy, W) and (Cy, Wy). Since mf = mf* =
these combinations also imply E-invertibility. On the other hand for the following combi-
nations A-invertibility fails: (Y, Ry), (W, Ry) and (Cy, Ry).

Table 1 below summarises a complete set of combinations of two observables for this

model, i.e., ¢ = 0 6! = 15, based on the rank and stability conditions of Theorem

6-2)12!
2. Table 1 also checks the difference between perfect and imperfect information in terms
of identifying the fundamentals from the perspective of VARs via the eigenvalues of FF/
and F/!, assuming that the RBC Model is the true DGP. Figure 3 shows the E- and A-
invertibility regions for the RBC model with Rg; the only observable and one shock, A;.
For E-invertibility under API, it requires the risk parameter o. < 1 and this completely

agrees with the numerical results reported in Table 2. As we now have a complete agree-

34The results for the richer model are reported in Appendix G.
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ment between the numerical and analytical results with Rk ; observable and one shock in
Section 5 and Table 2, respectively, we turn to Table 1 for the RBC invertibility checks,

examining two cases for (0., a) = (0.3,0.6) and (0., o) = (2,0.6), respectively.
g (0c, ) = (0.3,0.6) : ;0.6), resp Y

E-invertible (API) and A-invertible

®  E-invertible (API) and and A-non-invertible

®  E-non-invertible (API) and A-non-invertible
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Figure 3: E- and A-invertibility Regions over Parameters o, and «

Note: This shows the E- and A-invertibility regions for the linearized model of Campbell (1994) set out as an
analytical example in Section 5 and in Appendix G.2, and a simplified non-linear RBC model presented in Table 2.
In line with Figure 1, o¢ € [0.1,2] and « € [0.5,0.8].

The most common non-obvious reason for A-invertibility to fail for both cases is indi-
cated from the second to fourth columns of the table, where J is not of full row rank.?®
Theorem 2 also establishes an extra condition, given that models API are E-invertible,
that the square matrix JB is of full rank, and F(I — B(JB)™1J) is a stable matrix (has
all eigenvalues inside the unit circle), for AII to be E-invertible too. In Table 1, we report
the only cases with (Cy, I;) and (Ct, Ri,) when this eigenvalue condition for AII is not
satisfied, despite J being full rank. Another interesting special case is the model with
observable set (Wy, Ri +), where API is not E-invertible and is therefore not equivalent to
AII; even though EB is of full rank A (I — B(EB)™'E) is not a stable matrix.

For the case of the RE saddle-path solution being A-invertible, the solution (19) is

PA = BB’ and, from which it follows that FF'/ = F/! = 0, and the two processes are

35Gee Corollary 2.1.
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Information Set ‘ E-Invertibility ‘ A-Invertibility? Notes Eigenvalues of FI'7 and FF7 Diagonal values
under API? of FP! and F!!
RBC Case 1: 0. = 0.3 and a = 0.6
(Y2, Cy), (Ye, It) E, EB, J,JB are of full rank
(Ye, W), (Cy, W) YES YES A(I — B(EB)™'E) is stable eig(FPT) = eig(F!1) = [0,0] | FFT=F! =0,0]
(It, W), (I, Ric.t) F(I — B(JB)™'J) is stable
E, EB are of full rank
(Yz, Ry) YES NO A(I — B(EB)™'E) is stable eig(FF1) = [0,0] FP = 0,0]
J,JB are rank deficient eig(F!!) = [0.0007, 1] F!/T = 1[0.0007,1]
(Ct, Ry) YES NO Ditto eig(FP1) = [0,0] FPL = 0,0]
eig(FIT) = [0.4488, 1] FI/T = [0.4499,0.9989]
(It, Ry) YES NO Ditto cig(FP1) = [0,0] FP = 0,0]
eig(F) = 0.0132,1] FI/T = [0.0425,0.9707]
(Wi, Ry) YES NO Ditto eig(FPT) = [0,0] FPT = [0,0]
eig(F) = [0.0007, 1] F!/T =[0.0007,1]
E, EB are of full rank
(C, It) YES NO A(I — B(EB)7'E) is stable eig(FPT) = [0,0] FPT = 0,0]
J,J B are of full rank eig(F'T) = [0,0.2279] FIT = 1[0.0228,0.2051]
F(I — B(JB)"'J) is not stable
(Ys, Rit) NO NO EB is rank deficient eig(FFT) = [0,1] FPT=10,1]
JB is rank deficient eig(FT) = [0,1] FIT=0,1]
E., EB are of full rank
(Wi, Rict) NO NO A(I — B(EB)™1E) is not stable eig(FPT) = [0,1] FP1=0,1]
J,JB are of full rank eig(F1T) = [0,1] FIT=0,1]
F(I — B(JB)~1J) is not stable
E., EB are of full rank
(Ct, Rct) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0,0] FPT = [0,0]
J,J B are of full rank eig(F1) = [0,0.9771] Fif = [0 0006, 0.9765]
F(I - B(JB)™'J) is not stable
E., EB are of full rank
(R, Rict) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0,0] FP1 = [0,0]
J,JB are rank deficient cig(F!1) = [0.2399, 1] FH = 10.2399, 1]
RBC Case 2: 0. =2 and a = 0.6
(Y2, Cy), (Ye, It) E, EB, J,JB are of full rank
(Ye, Wt), (Cy, Wy) YES YES A(I — B(EB)™'E) is stable eig(FP!) = eig(F!1) = [0,0] | FFT=F! =0,0]
(I, W), (C, ), (I, Ric 1) F(I — B(JB)~'J) is stable
E, EB are of full rank
(Y2, Re) YES NO A(I — B(EB)™'E) is stable cig(FPT) = [0,0] FP = [0,0]
J,JB are rank deficient eig(F!!) = [0.0051,1] F!/T = [0.0051,1]
(Cy, Ry) YES NO Ditto eig(FPT) = [0,0] FPT = [0,0]
cig(F1) = [0.0392, 1] FH =10.0392,0.9999]
(I, Ry) YES NO Ditto eig(FFT) = [0,0] FP = 0,0]
eig(F!) = [0.0051,1] Fl [0 1602, 0.8411]
(Wi, Ry) YES NO Ditto cig(FPT) = [0,0] FP = 0,0]
eig(FIT) = [0.0051,1] F!/T = [0.0051,1]
E, EB are of full rank
(Cr, Rict) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0,0] FPT = [0,0]
J,JB are of full rank eig(F) = [0,0.984] FI [o 0001, 0.9839]
F(I — B(JB)"'J) is not stable
(Yy, Ricy) NO NO EB is rank deficient eig(FPT) = [0,1] FP! = [0.0008,0.9992]
JB is rank deficient eig(F'T) = [0,1] JF(’ [0.0005, 0.9995]
E., EB are of full rank
(Wi, Ricr) NO NO A(I — B(EB)™1E) is not stable eig(FFT) = [0,1] FPT=10,1]
J,JB are of full rank eig(FT) = [0,1] FIT=0,1]
F(I — B(JB)"'J) is not stable
E., EB are of full rank
(Ry, Rict) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0,0] FPT = [0,0]
J,JB are rank deficient cig(F1) = [0.0954, 1] FIT = [0.0954, 1]

Table 1: Exact and Approximate Invertibility Checks for RBC Model (Order
of Shocks: A;, G;)

Note: Check Conditions in Lemma 4.2 and Theorem 2. This is the simplified RBC model without investment
adjustment costs and variable hours (i.e. H¢ = H = 1 and ¢ = 0). We consider two cases for (o.,a) = (0.3,0.6)
and (o¢,a) = (2,0.6). 35



Information Set | E-Invertibility | A-Invertibility? Notes Eigenvalues of FF'7 and FP!
under API?
RBC Case 1: 0. =0.3 and a = 0.6
E, EB, J,JB are of full rank
(Cy) YES YES A(I — B(EB)™'E) is stable eig(FPT) = eig(F11) = [0]
F(I — B(JB)~1J) is stable
E, EB are of full rank
(Ry) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0]
J,JB are rank deficient eig(F1) = [1]
E, EB are of full rank
(Riy) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0]
J,JB are of full rank eig(F1T) = [1]
F(I — B(JB)71J) is not stable
(Y3) YES NO Ditto eig(FPT) = [0]
eig(F'") = [1]
(L) YES NO Ditto eig(FPT) = [0]
eig(FIT) = [0.9847]
(W) YES NO Ditto eig(FPT) = [0]
cig(F!1) = [1]
RBC Case 2: 0. =2 and a = 0.6
E, EB, J,JB are of full rank
(Cy), (1) YES YES A(I — B(EB)™'E) is stable eig(FFT) = eig(FT) = [0]
F(I — B(JB)™1J) is stable
E, EB are of full rank
(R:) YES NO A(I — B(EB)'E) is stable eig(FPT) = [0]
J,JB are rank deficient eig(FI) = [1]
E, EB are of full rank
(Rrt) NO NO A(I — B(EB)™'E) is not stable eig(FPT) = [0.0579]
J,JB are of full rank eig(F17) = [0.9972]
F(I — B(JB)™1J) is not stable
E, EB are of full rank
(Y2) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0]
J,JB are of full rank eig(FIT) = [0.9668]
F(I — B(JB)~1J) is not stable
(Wh) YES NO Ditto eig(FPT) = [0]
eig(F1T) = [0.9668]

Table 2: Exact and Approximate Invertibility Checks for RBC Model with One

Shock: A;

Note: Check Conditions in Lemma 4.2 and Theorem 2. This is the simplified RBC model without investment

adjustment costs and variable hours (i.e. H; = H = 1 and ¢ = 0). We consider two cases for (o,

and (o¢,a) = (2,0.6).

36

a) = (0.3,0.6)



perfectly correlated across the API and AII cases. This shows that invertibility or fun-
damentalness can allow for innovations to exactly approximate structural shocks. For
the case of non-invertibility, the further is F/! from 0, the worse is the fit. Examples
(Y:, Ry), (Cy, Ry), (I, Ry), (Wy, R¢) and (C, Ri¢) in Table 1 show the cases while the per-
fect information solution is invertible (or there is complete fundamentalness, i.e., FF'1 = 0)
the imperfect information counterparts are not (i.e., F// > 0 in the positive definite sense).
With the same observables, solving the system under perfect information, the steady state
solution of (27) gives P¥ — BB’ = 0, from which this means F'7 = 0. Solving the steady
state Riccati equation (19) for our case of imperfect information, we have P4 > BB’ and
it automatically follows that F// > FP!. Therefore, interestingly, we show that the simple
RBC model introduces non-fundamentalness with the same measurements under AII as
under API.

The only way to decide the overall fit of the RBC model approximating the funda-
mentals by the innovations process is to determine the maximum eigenvalue of F//. From
the fifth column of Table 1, it is not surprising to find that the fit of the innovations to
the structural shocks under AII is very poor as the maximum eigenvalues are all far from
0, when J and JB are not of full row rank or the eigenvalue condition fails. However, in
some cases, the first eigenvalue being very close to 0 (e.g. with (Y3, R¢) and (Y;, Rkt))
indicates partial fundamentalness or that one of the two shocks may be satisfactorily
identified in this model. Assuming that a simple baseline RBC model is the DGP from
which potentially VARs and SVARs are identified, this diagnostic result remarkably and
strongly underlines our Theorem 3. When there are large differences in the impulse re-
sponse functions under imperfect and perfect information, non-fundamentalness may be
quantitatively severe, indeed according to Theorem 3, the simulation appears to indicate
that this may be a major issue.

FPI and

The last column of Table 1 reports the diagonal values of the (non-zero)
F/! matrices. These tell us explicitly about the goodness of fit of the residuals to the
structural shocks. Any zero values reported in the diagonal matrices indicate an exact fit
for the corresponding individual shocks in the models (for example, the shock A; in many

cases).36

36 Appendix H carries out a further illustrative exercise on a RBC model with a news shock.
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7.2 Example 2: Invertibility and Fundamentalness Measures for SW
Model

Testing for non-fundamentalness for non-square systems as a number of structural shocks
increases can be achieved by looking at a richer model to which we now turn.

We run our simulation exercise using a version of Smets and Wouters (2007) model
(henceforth SW). This model is selected because it features a number of nominal and real
frictions in order to closely mimic the pattern of real aggregate variables, inflation and in-
terest rate. There are seven structural shocks in SW. The model has five AR(1) processes,
for the shocks on government spending, technology, preference, investment specific, mon-
etary policy, and two ARMA(1,1) processes, for price and wage markup. In this exercise,
we skip the description of the model and slightly modify the model by gradually adding
more shocks. The SW model is estimated based on seven quarterly macroeconomic time
series. When we assume that this exactly coincides with the agents’ limited information
set so in effect the number of measurements is equal to the number of shocks and EB
is non-singular (Case 1: Original SW). In the modified versions of the model, the only
changes we make are that (1) we add an inflation target shock so the number of shocks
exceeds the number of observables (Case 2: SW with 8 shocks); (2) we further add mea-
surement errors to the observations of real variables and inflation (Case 3: SW with 13
shocks). Table 3 summarises the key results from the simulation, based on Theorems 2
and 5 and the test for non-fundamentalness.

As before, the models are solved and simulated through Theorem 1 and the conversion
procedure set out in Appendix A.1. We find that the original system with the original sets
of measurements and shocks is exactly invertible according to Theorem 2, the eigenvalue
measures and indeed produces exactly the same simulated moments across the perfect and
imperfect information assumptions. As expected, when we add the additional shock in
Case 2, compared to non-invertibility of API the eigenvalues are larger for AII (F/7 > FFT),
introducing non-fundamentalness into the model. The overall fit for fundamentalness
under AII is much improved from the baseline results (the RBC model), but with a larger-
sized model (e.g. Case 2) the difference between API and AII is less marked. Based on
Theorem 3 again, this means that the differences between IRF's for API and AII, from the

perspective of identifying VARs, are less marked. This result clearly depends on the size
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Case 1: Original SW Case 2: SW with Inflation Obj. Case 3: SW with MEs
Measurements = Shocks (=7) 8 Shocks 13 Shocks
Theorem 2 E, EB are full row rank (=7) E, EB are rank deficient (=7) E, EB are rank deficient (=7)
Corollary 2.1 J, JB are full row rank (=7) J, JB are rank deficient (=7) J, JB are rank deficient (=7)
A(I — B(EB)™'E) is stable | A(I — B(EB)™'E) is non-existent | A(I — B(EB)~'E) is non-existent
F(I — B(JB)~'J) is stable | F(I — B(JB)~'J) is non-existent | F(I — B(JB)~'J) is non-existent
Goodness of Fit FPT=FIT =0 ]nyxs) ]F(Is{xs) Fﬁ{sm) F{{sna)
0.0971 0.5404
0.0454 0.3627
1.0000 1.0000 0.0138 02975
0.0001 0.0302
0.0013 0.0016
0 0.0009 0.0019 0.0011
0 0'0001 0.0058 0.0044
Eigenvalues eig(FP!) = eig(F) =0 0 o 0.0100 0.8182
1 1
0 0
1 1
0 0
0 0 ! !
1 1
1 1
1 1
0.2216 0.5754
0.0924 0.8850
—0.0000 0.0000 0-5199 0-5136
. 0.1600 0.6945
0.0006 0.0006
0.1007 0.1099
0.0000 0.0000
0.2262 0.4552
. 0.0005 0.0004
Diagonal values 0.2585 0.7095
0.0245 0.0256
0.9780 0.9782
0.0000 0.0000
0.4668 0.5892
0.0001 0.0001
0.9756 0.9761 0.7097 0.6749
’ ' 0.9053 0.6672
0.8353 0.7165
0.6998 0.4854

Table 3: Exact and Approximate Invertibility Checks for SW Model

Note: Order of shocks: technology, preference, government spending, investment specific, monetary policy, price
and wage markup, inflation objective and measurement errors for output growth, consumption growth, investment
growth, real wage growth and inflation. Number of measurements < number of shocks. Imperfect information is
not equivalent to perfect information for Cases 2 and 3 and this is verified by the rank conditions: EB and JB are
not of full rank therefore both API and AII are not invertible. For approximate invertibility, there is no complete
fundamentalness when both F1 > 0 and F/! > 0. The fit of the innovations to the structural shocks is determined
by the maximum eigenvalue of F.

of the model and the number of shocks, and via simulation, is consistent with previous
literature. For example, in the empirical exercise of Levine et al. (2012), the estimated
NK model with the minimum amount of frictions produces the most notable differences
between IRFs when assuming imperfect information for the agents.

In line with the empirical literature again, when we further add measurement errors
to the measurement equations for the 4 real variables and the inflation (Case 3), the mul-
tivariate fit for fundamentalness or approximate invertibility of SW significantly declines
for both the AIl and API cases. It is very clear that, even with a medium-sized model
like SW, it is the decreasing ratio of observables to shocks that drives a bigger wedge

between API and AII, in the sense that the fundamentalness problem worsens for the per-

formance of VARs, and the difference of empirical likelihood between perfect information
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and imperfect information models increases, with fewer observations by agents.
Finally, as expected, the overall fit also depends on the ratio of observables m to shocks
k > m, in other words, the fewer the observations made by the agents compared to shocks

the less well do VARs perform.

8 Conclusions

The description of invertibility as a ‘missing information’ problem on the part the econo-
metrician is stressed in the econometrics literature on the subject, for example, Lippi and
Reichlin (1994), Lutkepohl (2012) and Kilian and Lutkepohl (2017); but when they do re-
fer informally to the underlying model that generates an MA process, they assume agents
observe the shocks (our API case). The missing information of the econometrician is then
relative to the agents in the model.?”

Our paper looks at the problem where this information gap is closed and both econo-
metrician and agents have the same imperfect information set. In our Theorem 2 we then
have an extra condition over and above the PMIC for E-invertibility which demonstrates
that considering the information of agents can make the invertibility problem worse. In
this sense the appropriate choice of information assumption, consistent with market struc-
ture (complete vs incomplete markets) for the agents in the model can be seen as an
important additional source of non-invertibility.

From Theorems 3 and 4, if the imperfect information solution for agents is not asymp-
totically equivalent to that under perfect information, then the impulse response functions
of the former incorporate one or more Blaschke factors that cannot be picked up by an
a-theoretical VAR econometrician. In the language of the time series literature, the econo-
metrician is estimating a minimal spectral factorization of the data, whereas the data is
actually generated by a response to structural shocks that corresponds to a non-minimal
spectral factorization.

This paper lies within the tradition pioneered by Sims (1980) on the estimation-
identification of SVARS. A more recent approach uses “external instruments” which are

variables correlated with a particular shock of interest, but not with the other shocks.

37For instance, in Kilian and Lutkepohl (2017) they write on page 576: “The main argument in favor of
nonfundamental shocks being important in economic analysis is that the econometrician may not have all
the information that economic agents have.”
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External instruments can be used to directly estimate causal effects by direct IV regres-
sions using the method of local projections (LP) of Jorda (2005). This method does not
require invertibility. Stock and Watson (2018) compares the LP-IV approach with a more
efficient SVAR-IV approach proposes a new test for invertibility which is applied to the
study of Gertler and Karadi (2015).3® It would be of interest to re-examine this method
in the light of the information assumptions of agents in the assumed DSGE DGP.

As mentioned in Section 2.4 work in progress aims to show in the time domain how
a variation of the AII solution (16)—(17) can be implemented that will match the results
generated by Rondina and Walker (2017) for heterogeneous agents. Also our analysis can

A

be generalized to allow for agents with different imperfect information observables m;* as

studied in Lubik et al. (2018). These topics will be the subject for future research.?’

References

Anderson, G. (2008). Solving linear rational expectations models: A horse race. Compu-

tational Economics, 31, 95-113.

Angeletos, G.-M. and Lian, C. (2016). Incomplete Information in Macroeconomics: Ac-
commodating Frictions on Coordination. Elsevier. Chapter in the Handbook of Macroe-

conomics.

Baggio, G. and Ferrante, A. (2016). On the factorization of rational discrete-time spectral

densities. IEEE Transactions on Automatic Control, 61(4), 969-981.

Baxter, B., Graham, L., and Wright, S. (2011). Invertible and non-invertible information
sets in linear rational expectations models. Journal of Economic Dynamics and Control,

35(3), 295-311.

Beaudry, P., Feve, P., Guay, A., and Portier, F. (2016). When is Nonfundamentalness in
SVARs A Real Problem? TSE Working Papers 16-738, Toulouse School of Economics
(TSE).

38Miranda-Agrippino and Ricco (2019) extends their result to the case when researcher only wants to
partially identify the system, that is, to retrieve the dynamic effects of one or a subset of the structural
shocks.

390ur imperfect information solution is currently available in Dynare. Bayesian estimation with II and
fundamentalness tests are forthcoming. See Appendix J for details.

41



Blanchard, O. and Kahn, C. (1980). The Solution of Linear Difference Models under
Rational Expectations. FEconometrica, 48, 1305-1313.

Blanchard, O., Lorenzoni, G., and L’Huillier, J. (2013). News, Noise, and Fluctuations:

An Empirical Exploration. American Economic Review, 103(7), 3045-70.

Boucekkine, R., Le Van, C., and Schubert, K. (1996). How to Get the Blanchard-Kahn
Form from a General Linear Rational Expectations Model. Computational Economics

Conference, Geneva.

Brockett, R. W. and Mesarovic, M. D. (1965). The reproducibility of multivariable sys-

tems. Journal of Mathematical Analysis and Applications, 11, 548-563.

Campbell, J. Y. (1994). Inspecting the mechanism: An analytical approach to the stochas-
tic growth model. Journal of Monetary Economics, 33(3), 463-506.

Canova, F. and Ferroni, F. (2018). Mind the Gap! Stylized Dynamic Facts and Struc-
tural Models. Working Papers No 13/2018, Centre for Applied Macro- and Petroleum

economics (CAMP), BI Norwegian Business School.

Canova, F. and Sahneh, M. H. (2017). Are Small-Scale SVARs Useful for Business Cy-
cle Analysis? Revisiting Non-Fundamentalness. Journal of Economic Dynamics and

Control.

Chahrour, R. and Jurado, K. (2017). Recoverability. Boston College Working Papers in

Economics 935, Boston College Department of Economics.

Christiano, L., Eichenbaum, M., and Evans, C. (2005). Nominal rigidities and the dynamic
effects of a shock to monetary policy. Journal of Political Economy, 113(1), 1-46.

Cogley, T. and Nason, J. M. (1995). Output Dynamics in Real-Business-Cycle Models.
American Economic Review, 85(3), 492-511.

Collard, F. and Dellas, H. (2004). The New Keynesian Model with Imperfect Information
and Learning. mimeo, CNRS-GREMAQ.

Collard, F. and Dellas, H. (2006). Misperceived Money and Inflation Dynamics. mimeo,
CNRS-GREMAQ.

42



Collard, F., Dellas, H., and Smets, F. (2009). Imperfect Information and the Business
Cycle. Journal of Monetary Economics, 56, S38-S56.

Ellison, M. and Pearlman, J. G. (2011). Saddlepath learning. Journal of Economic Theory,
146(4), 1500-1519.

Fernandez-Villaverde, J., Rubio-Ramirez, J., Sargent, T., and Watson, M. W. (2007).
ABC (and Ds) of Understanding VARs. American Economic Review, 97(3), 1021-1026.

Forni, F., Gambetti, L., Lippi, M., and Sala, L. (2017). Noisy News in Business Cycles.

American Economic Journal: Macroeconomics, 9(4), 122-152.

Forni, M., Gambetti, L., and Sala, L. (2019). Structural VARs and Non-invertible Macroe-
conomic Models. Forthcoming, Journal of Applied Econometrics. Previously circulated
as “VAR Information and the Empirical Validation of DSGE Models”, Center for Eco-
nomic Research (RECent), Working Paper 119, University of Modena and Reggio E.,
Dept. of Economics, 2016.

Gali, J. (1999). Technology, Employment and the Business Cycle: Do technology Shocks
Explain Aggregate Fluctuations? American Economic Review, 89(1), 249-271.

Gertler, M. and Karadi, P. (2015). Monetary Policy Surprises, Credit Costs, and Economic

Activity. American Economic Journal: Macroeconomics, 7(1), 44-76.

Giacomini, F. (2013). The relationship between VAR and DSGE models . In T. B. Fomby,
L. Kilian, and A. Murphy., editors, VAR Models in Macroeconomics, Financial Econo-
metrics, and Forecasting - New Developments and Applications: Essays in Honor of
Christopher A. Sims, volume 32 of Advances in Econometrics. Emerald Group Publish-

ing Limited.

Gouriéroux, C., Monfort, A., and Jean-Paul Renne, J.-P. (2019). Identification and Es-
timation in Non-Fundamental Structural VARMA Models. The Review of Economic

Studies. Forthcoming.

Graham, L. and Wright, S. (2010). Information, heterogeneity and market incompleteness.
Journal of Monetary Economics, 57(2), 164-174.

43



Hansen, L. P. and Sargent, T. J. (1980). Formulating and Estimating Dynamic Linear

Rational Expectations Models. Journal of Economic Dynamics and Control, 2(1), 7-46.

Huo, Z. and Takayama, N. (2018). Rational Expectations Models with Higher Order

Beliefs. Mimeo.

Iut, C. and Saijo, H. (2016). Learning, confidence and business cycles. Unpublished

Manuscript.

Jorda, O. (2005). Estimation and Inference of Impulse Responses by Local Projections.

American Economic Review, 95(1), 161-82.

Kehoe, P. (2006). How to Advance Theory with Structural VARs: Use the Sims-Cogley-
Nason Approach. NBER Working Papers 12575.

Kilian, L. and Lutkepohl, H. (2017). Structural Vector Autoregressive Analysis. Cambridge

University Press.

King, R. G. (1983). Interest rates, aggregate information, and monetary policy. Journal

of Monetary Economics, 12(2), 199-234.

Levine, P., Pearlman, J., Perendia, G., and Yang, B. (2012). Endogenous Persistence in
an estimated DSGE Model Under Imperfect Information. Economic Journal, 122(565),
1287-1312.

Levine, P., Pearlman, J., and Yang, B. (2019). Solution, Simulation and Estimation of
DSGE Models under Imperfect Information in Dynare. Mimeo, School of Economics,

University of Surrey.

Lindquist, A. and Picci, G. (2015). Linear Stochastic Systems: A Geometric Approach to

Modeling, Estimation and Identification. Springer Series in Contemporary Mathematics.

Lippi, M. and Reichlin, L. (1994). VAR analysis, Nonfundamental Representations,
Blaschke Matrices. Journal of Econometrics, 63(1), 307-325.

Lubik, T. A., Mertens, E., and Matthes, C. (2018). Indeterminacy and Imperfect Infor-

mation. Mimeo, Richmond Fed and Deutsche Bundesbank.

44



Lutkepohl, H. (2012). Fundamental Problems with Nonfundamental Shocks. Discussion
Papers of DIW Berlin 1230, DIW Berlin, German Institute for Economic Research.

Minford, A. and Peel, D. (1983). Some Implications of Partial Information Sets in
Macroeeconomic Models Embodying Rational Expectations. Manchester School, 51,

225-249.

Miranda-Agrippino, S. and Ricco, G. (2019). Identification with External Instruments in
Structural VARs under Partial Invertibility. The Warwick Economics Research Paper
Series (TWERPS) 1213, University of Warwick, Department of Economics.

Neri, S. and Ropele, T. (2012). Imperfect information, real-time data and monetary policy

in the euro area. Economic Journal, 122, 651-674.

Nimark, K. (2008). Dynamic Pricing and Imperfect Common Knowledge. Journal of
Monetary Economics, 55, 365-382.

Nimark, K. P. (2014). Man-Bites-Dog Business Cycles. American Economic Review,
104(8), 2320-67.

Pearlman, J., Currie, D., and Levine, P. (1986). Rational Expectations Models with
Private Information. Economic Modelling, 3(2), 90-105.

Radner, R. (1979). Rational expectations equilibrium: Generic existence and the infor-

mation revealed by prices. Econometrica, 47(3), 655-678.
Rondina, G. and Walker, T. B. (2017). Confounding Dynamics. Mimeo.

Shiryayev, A. N. (1992). Selected Works of A. N. Kolmogorov. Springer Science and
Business Media Dordrecht. Edited volume.

Sims, C. A. (1980). Macroeconomics and Reality. Econometrica, 48(1), 1-48.

Sims, C. A. (1989). Models and Their Uses. American Journal of Agricultural Economics,
71(2), 489-494.

Sims, C. A. (2002). Solving Linear Rational Expectations Models. Computational Eco-
nomics, 20(1-2), 1-20.

45



Sims, E. (2012). News, Non-Invertibiliy and Structural VARs . In N. Balke, F. Canova,
F. Milani, and M. A. Wynne, editors, DSGE Models in Macroeconomics: Estimation,
Evaluation, and New Developments, volume 28 of Advances in FEconometrics, pages

81-136. Emerald Group Publishing Limited.

Smets, F. and Wouters, R. (2007). Shocks and Frictions in US Business Cycles: A Bayesian
DSGE Approach. American Economic Review, 97(3), 586—606.

Stock, J. and Watson, M. (2018). Identification and Estimation of Dynamic Causal Effects

in Macroeconomics Using External Instruments. The Fconomic Journal, pages 917-948.

Svensson, L. and Woodford, M. (2003). Indicator variables and optimal policy. Journal
of Monetary Policy, 50(3), 691-720.

Townsend, R. M. (1983). Forecasting the forecasts of others. Journal of Political Economy,
91(4), 546-588.

Youla, D. C. (1961). On the factorization of rational matrices. IRE Transactions on

Information Theory, 17, 172-189.

Appendix

A Proofs of Theorems, Lemmas and Corollaries

A.1 Proof of Theorem 1: Transformation of System to PCL Form
A.1.1 The Problem Stated

An important feature of the RE solution procedure of the seminal paper Blanchard and
Kahn (1980) is that it provided necessary and sufficient conditions for the existence and
uniqueness of a solution for linearized model. The only general results on imperfect in-
formation solutions to rational expectations models date back to PCL, who utilize the
Blanchard-Kahn set-up, and generalize this result.

Theorem 1 states that equation (1), re-expressed here

AgYip1 + A1Y, = AdYy 1 + Vg (A.1)
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with measurements

mt:LY}

can be written in the form (2) and (3) originally used by PCL, re-stated here as

241 Gu G2 2t Hy1 His 2t t C
= + + Et+1
Tt Ga1 G2 Ty Hy1  Hoy Ty 0

with agents’ measurements given by

2t
—|—[M3 M4]

my = |: My My :|
Tt Tt.t

(A.2)

(A.3)

(A4)

To prove Theorem 1, the next section describes a completely novel algorithm for con-

verting the state space (A.1), (A.2) under imperfect information to the form (A.3), (A.4).

We assume that the system is 'proper’, by which we mean the matrix A; is invertible; this

precludes the possibility of a system that includes equations of the form ATY; | = 0, but

it is fairly easy to take account of these as well.

A.1.2 An Iterative Algorithm

Although complicated, the basic stages for the conversion are fairly simple:

1. We first (Stages 1 to 3) find the singular value decomposition for the n x n matrix

Ap (which is typically of reduced rank m < n) which allows us to define a vector of

m forward-looking variables that are linear combinations of the original Y;.

2. We then introduce a novel iterative stage (Stage 4) which replaces any forward-

looking expectations that use model-consistent updating equations. This reduces the

number of equations with forward-looking expectations, while increasing the number

of backward-looking equations one-for-one. But at the same time it introduces a

dependence of the additional backward-looking equations on both state estimates

2t t (E Etzt|ItA) and estimates of forward-looking variables, x;;. This in turn implies

that both (A.3) and (A.4) in general contain such terms.

3. A simple example may help to provide intuition for this iterative stage: Suppose
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two of the equations in the system are of the form: z; = pz; +¢€¢, y+ = 2e41+ (where
both y; and z; are scalars) i.e., we have one backward-looking (BL) equation and
one forward-looking (FL) equation. However using the first equation we can write
241t = Erzip1 = pziy, hence substituting into the second equation, y; = pz ¢ @ ie.,
we can use a model-consistent updating equation. Note, however, a crucial feature:
since under II we cannot assume that z; is directly observable, this updating equation
is expressed in terms of the filtered state estimate z;; rather than directly in terms
of z; We thus now have two BL equations, but one of these is expressed in term of

a state estimate.

4. The iterative Stage 4 may need to be repeated a finite number of times. In the case
of perfect information this is all that is needed, apart from defining what are the

t + 1 variables.

5. For imperfect information, we retain the same backward and forward looking vari-
ables as in the perfect information case, but the solution process is a little more

intricate.

The detailed procedure for conversion of (A.1) and (A.2) to the form in (A.3) and
(A.4) is as follows:

Stage 1: SVD and partitions of Ag. Obtain the singular value decomposition for the n xn

matrix Ag: Ag = UOSOVOT, where Uy, Vj are unitary matrices. Assuming that only the
first m values of the diagonal matrix Sy are non-zero (rank(Ap) = m < n), we can rewrite
this as Ag = U151V1T, where Uj are the first m columns of Uy, Sy is the first m x m block
of Sp and ViI' are the first m rows of Vi . In addition, U are the remaining n —m columns
of Up, and V4 are the remaining n — m rows of V.

Stage 2: Extract FL subsystem from (A.3) using S and U;. Multiply (A.3) by S;'U7,

which yields:
VilVig1s + STIUT AYY;, = STIUT AgYi g + STIUT ey (A.5)

We can now define an initial subdivision of Y; into an (initially) m-vector of forward-
looking variables x; = V{I'Y;, and and an (n — m)-vector of backward-looking variables

st = V'Y, (noting that Y; = Vix, + Vas;), and use the fact that I = VVT = V3V + LV
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to rewrite (A.3) as:
Tii1s + STIUL Ay (Vizy + Vas) = STIUT Ag(Viae_1 + Vasi1) + ST UL We;  (A6)

or simply:

Tip1, + Frog + Fosy = Fyxyq + Fusi—q + Fsey (A7)

where Fy = STIUT Ay, Fy = STMUT AV, By = STUT AV, Fy = STUT AyVs and
Fs =57 lUlT W. This is a set of m forward-looking equations. Note that in the iterative
Stage 4, the definition of x; will usually change further, and thus at this stage x; is not
usually equal to its final form in (A.3).

Stage 3: Extract BL subsystem from (A.3) using Us. Multiply A.3 by UJ which yields:

Ui A1Yy = Uj AsY,_1 + Ug Uey (A.8)
which can be rewritten as
UL Ay (Vizy + Vasy) = UF Ay(Vizy_1 + Vasi_1) + UL Wey (A.9)
or more simply:
Chay + Cosy = Cyzi—q + Cusi—1 + Csey (A.10)

where C) = U] A1Vy, Oy = UL A1 Vs, C3 = UL AVy, Cy = UL A3V and Cs = UT'W. This
is a set of n — m backward-looking equations.

If Cy is invertible then it is straightforward to multiply (A.3) by C5 ! and go straight
to Stage 5. However if Cy is not invertible we need to proceed to the next (iterative)
stage.

Stage 4: Iterative transformation of FL equations using model-consistent updating. In this

iterative stage we write (A.7) and (A.10) in the more general form:

Tpp1e + Frxy + Fosy = Fzxyq + Fyusiq + Fsey (A.11)

Crze + Cosy + Gragy + Gasyy = Cszwy_1 + Cysi—1 + Csey (A.12)

where by comparison of (A.12) with (A.10) we have introduced two new matrices, G
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and G2 that must be zero in the first stage of iteration. However, at the end of the first
iteration of this stage we shall increase the dimension of s;, and reduce the dimension of
xy one-for-one, which will require us to re-define all the matrices in (A.11) and (A.12),
such that, from the second iteration onwards, G; and G9 will be non-zero. The whole of
Stage 4 may then need to be iterated a finite number of times.

First find, a matrix Jo such that JJ (Cy 4+ G2)=0, by using the SVD of Cy + G5 (noting
that in the first iterative stage, Go = 0) Then take forward expectations of (A.12) and

pre-multiply by JJ to yield:
JQT(C1 + Gl)xt+1’t = JQTC?,%s,t + JQTC48t7t (A.13)

Then reduce the number of forward-looking variables by substituting for x4, + from (A.11).

In addition find a matrix @ that has the same number of columns as JI (Cy + G1) and is

made up of rows that are orthogonal to it. Then we define the following subdivision of x;
Tt Q

= Tt rr = MiTy + Qo (A14)
Ty JI(Ch + Gr)

-1

Q

where [Q1 Q2] = From the substitution of z;41; into (A.13), we can
JZT (Cl + Gl)
then rewrite the system in terms of a new m-vector of forward-looking variables Z;, where

m =rank(Cy + G2) < m, and n — m backward-looking variables (s;, Z;):
s
Tp1e + QF1Q1T + [QF QF1Q2] (A.15)

= QF3Q17—1 + [QF1 QF3Q5] ft_l + QF5¢q

Tt—1
C C C s
1Q1 _— 2 162 " |A.6)
JE(Cy + G1)Fi@q JI(CL+ G F JI(CL+ G FQ, i
G1Q1 - Go G1Q2 St
+ Tty +
JICs01 J3Cy  J3 C3Qz Ty
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C3Q1 —_— Cy C3Q2 St—1
= t—1

J2T(01 + G1)F3Q1 JQT(C1 +G1)Fy JQT(C'1 + G1)F3Q2 Ti_1

Cs
+ Et
JQT(C1 +G1)F5

The number of forward-looking states has now usually decreased from m to m < m; while

S
the number of backward-looking states s; = " | has increased by the same amount.
Zy
In addition the relationship Y; = Vix; + Vas, has changed to

Yy = ViQ17¢ + { Vo ViQ2 } St (A17)

Finally we redefine x; = 7, s; = 5;. Having done so, the system in (A.15) and (A.16) is
now of the form of (A.11) and (A.12), subject to an appropriate redefinition of matrices.
Thus, from (A.16), for G1, and Ga, for example, we have an iterative scheme whereby, in

the (i 4 1)th iteration,

Gai | aa| @ e

Gi1+1 = T . ) 2 T . T .
(J3)" C3Q1 (J3)" Ci (J3) CiQ

where, eg GY is the value of G in the ith iteration, and G1 = 0,G3 = 0.
Repeat this stage until Co + G4 is of full rank.

Proof of Theorem 1 for Perfect Information. In the perfect information case, the
form (A.11), (A.12) with s; = s 4, x4 = x4 is generated after a finite number of iterations
of Stage 3, where the number of iterations cannot exceed the number of variables. The

forward looking variables are now z; and the backward looking variables are s; and xy_1,

S
and the system can be set up in Blanchard-Kahn form by defining z;41 = “|. The
Tt

only additional calculation is to invert C5 + G2 to obtain the equation for s;, and to

substitute into (A.11). O

Proof of Theorem 1 for Imperfect Information. From this point, we eschew the de-
tails of matrix manipulations, as these are much more straightforward to understand con-

ceptually compared with those above.
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Stage 5: C non-singular after Stage 4. First form expectations of (A.12), and invert Co+

G2 to obtain s;; in terms of @y, x4—14, S¢t—14, ¢4 Then substitute this back into (A.12),
and invert Cy to yield an expression for s; in terms of the above expected values and
also @y, x¢—1,81—1,e. This can be further substituted into (A.11) to yield an expression
for x441, in terms of these variables and their expectations. Similarly the measurement
equations my = LY; can now be expressed in terms of all these variables. It follows that

Et41

if we define 2,11 = s; |, then the system can now be described by (A.3). Note that,

Tt
since dim(s;) +dim(z;) = n, in this final form dim(z;) = n + rank (BB’) .

Stage 6: Cy singular after Stage 4. We again start from (A.11) and (A.12), and regard

xy as the forward looking variable and (s, z;—1) as the backward looking variables. Now
advance these equations by changing t tot+k: k= 1,2,3,... and take expectations using
information at time ¢, implying that Eys;yy = Eysi4k4k. Because Cy + Gy is invertible,
we can rewrite these equations with just x;4441+ and s;44; on the LHS. Then the usual
Blanchard-Kahn conditions for stable and unstable roots imply a saddlepath relationship
of the form

Tepky1,t + Niseyrg + Notprge =0 (A.18)

where [I N; Na] represents the eigenvectors of the unstable eigenvalues. In particular,
this holds for k& = 0, so if we substitute for z411+ = —Nisy; — Noxyy into (A.11), then
together with (A.12) we obtain solutions for z, s; in terms of x4, S¢ ¢, £4—1, 5¢—1,€¢. This
is possible, because we have assumed the system is proper i.e., A; is invertible??, and any
manipulations of A; in the previous stages have been simple linear transformations of it
to yield the matrices Fi, Fy,C1,Cy. In addition, when we take expectations of (A.12)
at time ¢, given that Cy 4+ G is invertible, we obtain an equation for s;; in terms of
Tty St—1,t, Ti—1¢, €. 1t therefore follows that we can write s; is terms of these latter
variables as well as the variables above (excluding s;;). The same will be true of the the
measurements m; = LY.

At this point we have expressions for x; and s;, without any effect from x¢11,, so in

principle we could solve the signal processing problem from this point onwards. However

40The algorithm can be reworked without too much much difficulty if for example some of the forward
looking equations in (A.1) are of the form SoE;Y:+1 = 0.
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for consistency with the case of Cy nonsingular, we can retrieve the representation of x4 1+

by substituting for s; back into (A.11), and then the system has the same structure as

that for the case C; nonsingular.

€t+1
Finally, by defining z;11 = s; |, the converted form (A.3) becomes
Tt
[ e 0 0 o o |[ & ]
St P Gn G2 G St—1
Tt 0 0 0 I Ty 1
| ZTe+1,¢ | | P35 Gs1 Gz Gss | ze |
0 0 0 o0 | e | 1]
FFy, FF; FF, FI Si—14 0 et (A19)
0 0 0 0 Tro1s 0
_FFg FF; FFg FF5_ | et _0_

where Gi3 = —C5'C1, Gia = C5'Cs, Gi1 = C3'Cy, PL = C3'C5, Gaz = —FyGis — Fi,
Gsg = —FyGia+F3, G31 = —FaGi1+Fy, Py = — P+ Fs, FF) = —Cy G+ Cy ' Go(Ca+
Ga) HC1 + Gy), FFy = —Cy'Go(Co + Go) 7' Cs, FFy = —Cy 'Go(Co + Go)7'Cy, FFy =
—Cy'Go(Cy + Go) ™05, FFs = —FyFFy, FFs = ~FyFFy, FF; = —F,FF; and FFy =
—F»FFy. The C and F matrices are the reduction system matrices in (A.15) and (A.16)
in the form of (A.11) and (A.12) (i.e., the iterative procedure that ensures invertibility to
be achieved).

The measurements m; = LY; can be written in terms of the states as m; = L(Viz; +
Vas¢), where Vi, Vo have been updated by (A.17) through the same reduction procedure

as above. Using (A.19), we show that m; can be rewritten as

&t

St—1
mi = | P LG LVaGis LVi+LVaGis
Tt—1

Tt
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Ett

St—1,t
+ [LVQFF4 LVoFFE; LVoFFE, LVoFF; (A.20)

Tt—1,t

Tt

So the observations (A.20) can now be cast into the form in (A.4)

2t 2t

+ [ Ms My ]
Tt Tt t

)

mt:|:M1 M2:|

where My = [LVoP) LVoG11 LVaGio] and My = LV 4+ LVoGis. Similarly, Mg =
[LVoFFy LVoFF3 LVoFF,] and My = LVoFF;. Thus the set-up is as required, with
the vector of predetermined variables given by [} s;_; ;_;]’, and the vector of jump
variables given by x;.

This completes the proof by construction for imperfect information. O

Example A.1 (Example of Stage 6 Being Needed for Imperfect Information). Suppose

that at the end of Stage 4, there is a system in scalar processes z; and sy,
Tpyp1p + oy + 8p = Bsp1 + &4 Ty — Tet + Stp = VS—1 (A.21)

It is clear from examining these equations that they cannot be manipulated into BK form
directly. However, if we now advance these equations by k periods and take expectations
subject to I;, one obtains two equations relating x4 k1.4, Stk 1O Tiqht, St4k—1,4- Since
this is true for all k > 1, and provided there is exactly one unstable eigenvalue corre-
sponding to these dynamic relationships, it follows that there must be an expectational
saddlepath relationship x;41; = —ns; . Substituting this into the first of the above equa-
tions allows us to solve in particular for s; in terms of x4, s¢¢, s¢—1,€; from the second
equation we can solve for s;; in terms of s;_1, so that we can replace the second equa-
tion by an equation for s; in terms of x¢,si_1¢,5:—1,€¢. Redefining 241 = 54, it is now

straightforward to obtain the BK form for the first equation and the new second equation.
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A.2 Proof of Lemma 3.5

Proof. Clearly A must be stable, and the other PMIC condition discussed after (24) is
that A— APPE'(EPFPE')~E is stable. But if this latter condition does not hold then we
have seen from (27) and the discussion following that P¥ is not the appropriate solution

of the Riccati equation. O

A.3 Proof of Theorem 2

Proof. Using the expressions (30)—(29) for AII, and the invertibility requirement that

A — AB(EB)~'F has stable eigenvalues, we calculate the latter as the matrix

A— APAJ(EPAJ)'E 0

A.22
—F(I — PAT(JPAJ) L) (JB) Y JPAT(EPAJ)'E F(I — B(JB)~'J) (422

If F(I — B(JB)"!J) has eigenvalues outside the unit circle, it immediately follows that
AlT is not E-invertible. If its the eigenvalues are inside the unit circle, it follows that the
solution to (19) is P4 = BB'; this is because the Convergence Condition for P4 is that
F — FPAJ(JPAJ)™'J = F(I — B(JB)~'J) is a stable matrix. Furthermore it follows
that A — APAJ(EPAJ")™'E = A(I — B(EB)™'E), so that (A.22) is a stable matrix as
required for invertibility.

To show that invertibility implies that AIl and API are equivalent, we note that (17)
now implies that z; = Be; + (F(I — B(JB)™1J))!Z, which in dynamic equilibrium implies
Z; = Bey. This implies that 2441+ = Az 1 + ABey, and hence that 21 = Zip1 + 21414 =
Aziy1 + ABey + Beyy1 = Az + Beyyq as in the API case. In addition, from (18),
my = Bz 1 + EZ = Ez, also as in the API case. If F(I — B(JB)~1J) is not a stable
matrix, then P4 # BB’, and the overall dynamics of (16)-(17) are of a higher dimension
than under APIL. O

Proof. Writing (18) in terms of lagged state variables and shocks yields a coefficient
matrix on the latter given by EPAJ(JPAJ)~'JB, and the rank of this is < rank(JB) <

rank(J). This immediately implies that the system is E-non-invertible. O
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Proof.

m? = [UM1 UM2:| “t +[UM3 UM4] Ktz
Tt E;x; |
= | UMyG G UM, | z +| vmy Uy | | EZZ
= UMGyy | Exerr — { Ho  Ha } e + { UM;s UMy } e
Byt Eixy
(A.23)

where the last expression comes from substituting from (3). Noting that Eszi4q =
—NE;2z¢41, and that E;z;y1 is dependent on E;z; and E;x;, it follows that my is solely
dependent on these too. In other words, m,g cannot be affected by current shocks &, and

is redundant information. ]

A.4 Proof of Theorem 3

Proof. We first solve the steady state Riccati equation (27) corresponding to the matrices
(30)-(32). It is easy to verify that PP = diag(M, PA) where M = Z—PAJ/(JPAJ))~1JPA

and Z satisfies
Z=AZA — AZE(EZE\YEZA' + PAJ (JPAJ)tgpA (A.24)

For the innovations representation, we use the notation s; = [s], sb,]’, rather than s; =
241 ]’ as the notation for one-step ahead predictors of the latter will lead to confusion.

We can then show that the steady state innovations representation corresponding to (26)

is given by
A APAJ(JPAINTLT AZE'(EZE")™! -
Eisiy1 = Ei_15:+ et et =my —EE;_15
0 F—FPAJ(JPAT)1J 0
(A.25)
or more succinctly
Eis1401 = ARy 1814+ AZE(EZE)Ye;  ep=mf — EEy_151, (A.26)
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The corresponding VARMA representation arises from defining & = Ey_1s1;,+ZE' (EZE') e,

which yields
Ei41 = A& + ZE'(EZE) Yes,n mP=E& e~ N(0,EZE) (A.27)

The final step follows from comparing (A.27) with (16) and (17); clearly the dynamics
of the RE saddle-path solution explained by the innovations process e; are of smaller

dimension that the dynamics yielding the impulse responses. O

A.5 Proof of Corollary 3.1

Proof. From the proof of Theorem 2 we have seen that the MA roots of the VARMA
process include the eigenvalues of F((I — B(JB)~'J), while from (16)-(17), the AR roots
include the eigenvalues of F(I — PAJ'(JPAJ')~1J). By Corollary 3.4, it follows that one
or more of these are reciprocals of one another. Hence the transfer function from shocks
to observables incorporates at least one Blaschke factor. It follows that IRFs of structural
shocks from the latter cannot be linear combinations of IRFs from VAR residuals, which

will only mimic the IRFs from the innovations process. O

A.6 Proof of Corollary 3.2

Proof. The state space equations describing the system, (16), (17), will be unchanged,
as these depend on the measurements made by the agents. However if the informa-
tion set of the econometrician is a subset of that of the agents, this means that in the
notation of (2), we have L¥ = WLA for some matrix W. It then follows that the
measurement equation of the econometrician, following from (18), is given by m; =
W(Ez -1 + EPD'(DPD')"'Dz;). Thus the innovations process and the VARMA as
shown in the proof of Theorem 3 are changed merely by replacing £ by W E, with the

Riccati matrix Z also obtained with the same replacement of E. ]
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A.7 Proof of Theorem 5

Proof. Both of these results follow from finding the best fit of a linear combination of

structural shocks and residuals, which can be expressed as
ming pE(a's — Ve)? s.t. da=1 (A.28)

Given a, one obtains b via standard OLS techniques, and the problem reduces to min-
imizing a’FFla s.t. a’a = 1, with solution a equal to the eigenvector of the minimum

eigenvalue of FF7. O

B Example 3: Simple NK Partial Equilibrium Model

Consider a New Keynesian Phillips curve dependent on the real marginal cost mc; and a

mark-up shock €1 assumed exogenous

T = B+ Ame + o1y (B.1)

MCi+1 = pme + 0262441 (B.2)

where A = w and (1 — 0) is the constant per period probability that the Calvo

contract is reset and €;; ~ N(0,1). This of the Blanchard-Kahn state-space form:

€1,t+1 0 0 0 €1t o1 €1,t+1
megrr | = 0 p 0 meg | + | o2 €2,t+1
E¢[mei1] —-1/8 =\/B 1/B Tt 0 0

B.1 API Solution

Consider first the solution under Agents’ Perfect Information (API). To solve this we need

to first go back (12) below from the paper and the saddle path satisfying
2t + Nz =0 where [N I}(G—G—H):AU{N I} (B.3)

where AV is a matrix with unstable eigenvalues. If the number of unstable eigenvalues of

(G + H) is the same as the dimension of z;, then the system will be determinate.
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To find N, consider the matrix of eigenvectors W satisfying
W(G+H)=A"W (B.4)

Then, as for G and H, partitioning W conformably with z; and z¢, from PCL we have

N = —Wy,' Woy (B.5)
In our example
0 0 0
G+H-= 0 p 0 (B.6)
—1/6 =XA/B 1/8

which has eigenvalues 0, p both less than unity and % > 1. Now write the ij element of

W as w;j, ,j € 1,3. Then corresponding to the eigenvalue 1/ we have the eigenvector

0 0 0
1
[w31 w32 W33] 0 p 0 = B[wgl w3z w33 (B.7)
=1/ =B 1/B
leaving w31, wsg, wss to satisfy
—w33 = w31
1
pwW32 — ZW33 = W32
B B
1 1
w3z = W33
B B
w.l.o.g. we can put w3z = 1. Hence w3; = —1 and wsg = % giving N = [,6’ l%ﬂp}

From our general solution procedure above, the following matrices are defined

o2 0

2
0 o3

0 0 B
A=F= cB=eN=-ls Aol a-pas e
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It follows that under API that

A
T = Pers + me; = witT (B.8)

1-pp

Along with (B.2) we then have a VAR(1) process in [m me]” and [e1+ €24 In case of
Nimark (2008) where €1+ = 0 this becomes

A
1—8p

mee (B.9)

which is (11) in Nimark (2008).

B.2 Agents’ Imperfect Information
We consider agents’ information sets
1. Perfect Information (API) : [e1; mc 7Tt],
2. Imperfect Information (AII): m;

3. Imperfect Information (AII): m;_4

Case (1), API solution is above. Next consider Case (2) where agents have AIl with 7

observed. Following our API solution in the main text we arrive at

mey = pPMci—1 + €24
me; = Mc — M1 = m(cfﬂct_l — pe1t—1) + €24 (B.10)
T o= 3 (1 + bep ) €14+ ——mey
(1-Bp)ot+p)) " 1-Pp
Bpot .

R (B.1)

where from the main text the agents’ steady-state Ricatti equation is given by

PA = FPAF — FPAJ (JPAT)YJPAF + BB = Q*PA(Q?) + BB’ (B.12)
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This has a solution

2

o2 0 2, 2

PA = ! where p = ,02pc71 + 03
0 »p oy +p

noting that N — Gy Gy = [O %}» This is an VARMA (1,1) process in [r; me, mc)
and [517,5 627t]/.
Figure 4 shows the impulse response function following a negative marginal cost shock

£2+. The greater is o7, the greater is the difference between AIT and API.

- = =ll(e? =)
1

2 _.
o srenn il (2 22)

Pl (02 =0)
1

INFLATION

Figure 4: Inflation Dynamics under Perfect (PI) and Imperfect Information (IT)

To obtain the innovations representation, we first solve for Z in (A.24); it is easy to

verify that Z is given by

2
1 01

Z =PEJ(JPES)LIPE = (o7 p] (B.13)

U%er P

The innovations process that provides the VARMA for 7, corresponding to (A.27) is then

3 00| N 1 o?
Sit = Si4—-1+ —F——%—
0 p Bot+ p | p

€t
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A -
"o [5 = ﬂp] o
from which it is readily seen that the system is back to a VAR(1) process as under PI.

This illustrates Theorem 3 of our paper: even though II adds more persistence than under

PI, the innovations process dynamics has the same dimensions in each case.

B.3 Nimark (2008)

Now consider the Nimark (2008) AII information case (3) and with only one shock €.
A fundamental difference is that he does not start with (B.1), which he argues in the NK
standard model only under PI, but rather a forward-looking Phillips Curve with higher
order expectations (6) derived from a model with idiosyncratic shocks. Does his solution
in the limit as the latter dominate the aggregate component tend to our solution which is
an II solution of (B.1)?

In the Nimark example the information set is mf = m—1 and €14 = 0. Then consistent

with these information assumptions, the NK Phillips curve becomes

Tt = Bpy1,e + Amegy (B.14)

where we recall that \ = w.

Augmenting the state vector the state-space form is now:

MC41 p 0 0 mc 0O 0 O MCy ¢ o1 €2,14+1

Tt = 0 0 1 Tt—1 + 0 0 0 Tt—1,t + 0 0

B[ 1] 000 g -5 0 4 T 0 0
(B.15)

giving eigenvalues 0, p and % > 1. The eigenvector associated with the eigenvalue outside

the unit circle

p 0 O
[w31 w32 w33] 0 0 1 |= ;[wiﬂ w32 w33] (B.16)
—A/B 0 1/p
gives, w.l.o.g. [w31 w3z w3s] = [,;T)\_1 01l]and N = [p—A_l 0]. The agent’s perfect information
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solution is therefore

A
API
= B.1
i . pﬁmct (B.17)
For AII we need the matrices
F=G11 — G12G2_21G21 J =M — M2G2_21G21 (B.18)
A=Gu+Hi— (G2 + Hi2)N  E= M+ Mz — (My+ My)N (B.19)

capturing intrinsic dynamics in the system. For our example these are

p 0 p 0
F = E=J=101] A= \ (B.20)
A0 =5 0

Turning to the Riccati equation (B.12) it is easy to show a solution is

PA: 1—p
0 1 0 0 01
(B.21)

It follows that z;;—1 = 0, and the second element of z; = 0. Hence

T = —Nzy1— Gop Gz — (N — Gop G ) PAT (JPAT) LT

=0 (B.22)

where Z; = [mcg, T—1]'.

Evidently this is different from Nimark’s purported solution
ath =m0 — (1= Bp)) )iy (B.23)

That the latter is an error is evident from his derived expression for inflation (his equation
(6)), which is dependent only on expectations. Since in the limit of infinite variance
idiosyncratic shocks, inflation cannot be driven by any shocks at all, it follows that any
expectations based on observations of lagged inflation must be 0, and hence inflation is

0'41

“IThe solution in Nimark’s equation (13) is exactly the solution of (B.15) when its final equation is
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To elaborate, Nimark’s representation of the solution is given by the hierarchy of higher

order expectations:
oo
m=(1-0)(1-80) (1-0) melf) + 592 (1= 0, (B.24)
k=0

where

tf? _/5 t|s s(7)]dj (B.25)

and I;(j) is the Calvo price-setting firm’s information at time t. When the only observation
at time t is m_1, then there is a solution m; = 0. This solution is completely consistent
with 7414 = megs = 0.

One can very easily check the case when p = 0. Nimark’s solution in his equation
(13) then asserts that m; is proportional (in our notation) to €2 i.e. m = e, In that
case observation at time ¢ of m;_; yields information on €31, but this sheds no light on
mec; = €24 5o that the best estimate of this at time ¢ is therefore 0. Likewise, the best
estimate of m41 = yeg4y1 at time ¢ is 0, which implies by Nimark’s equation (6) that

TI't:O.

C Extending the Sims Solution to the Imperfect Informa-

tion Case

Sims (2002) sets up the model in the form
Loy = I'ye—1 + Ve, + I, (C.1)

where y; includes and forward-looking expectations, and 7, satisfy Eyn4+1 = 0; g is in
general singular. He then computes a QZ decomposition for I'g, I'; such that the unstable

part of the system is given by Zsy;, which satisfies
Aoz Zoyy = Qo2 Zoyr 1 + Q2(Vey + 1) (C.2)

where Ago is in general singular. Zsy; 1 is solved forwards in time; perfect information

dependent on mc; instead of mcy ;.
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then implies

Ey 1 Zoyi—1 = EZoyr—1(= Zayi—1) (C.3)

which in turn implies that
Q2(¥Ye, + 1) =0 and Zoy,—1 =0 (C4)

Thus Zsy; = 0 represents the saddlepath relationship. Furthermore, assuming that the
terms in 7; in the rest of the system defined by the QZ decomposition are linearly dependent
on (oIl it is then easy to solve for the remaining transformed states of the system as a
vector autoregression in &;.

For the imperfect information case, (C.3) no longer holds. If we assume that 7, is

known at time t, it follows that F;_1Zoy;—1 = 0, but
EZoyr—1 = — Q53 Q2(VEse, + ) (C.5)

It therefore follows that the remaining states Ziy; will be dependent on Ziy;—1, € and
in addition EiZsyy—1 and QW E,e, so that the overall solution will be as complicated as
that derived by PCL. In particular, one has to define the updating equation for F;Zsy: 1
in terms of E; 1725y 1 and the observations at time ¢, and solve for this in dynamic

equilibrium.

D Equivalence of Various State Space Models

We show that all of the state-space models that are used in the statistics, control theory
and econometrics literature can be represented by that used in the main text.

The usual model used in the statistics literature, Model 1, includes measurement error

Nt
Si41 = A18¢ + Bie1,441 my = Crvg + Dinie (D.1)

In the control theory literature, with possible correlation between e9; and measurement

error 7o, Model 2 is given by

wi1 = Agwy + Boeyy my = Cowy + Danpy (D.2)
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In Fernandez-Villaverde et al. (2007) and much of the econometrics literature, Model 3 is

given by
Tpy1 = Aswy + Bses g (ie., my = Agwy_1 + B3ezy) my = C3x4—1 + D3egy (D.3)
For Model 1, add 7 to the state space, so that it can be rewritten as

M,t+1 0 0 M1t I 0 M,t+1 M1t
= + my = |: Dy Cl ]
Vgt1 0 Ay vy 0 By E1,441 vy
(D.4)

For Model 2, if Dy = 0, then the statistical properties of w; are identical whether we
date the shock as €9; or €2 41; thus Model 2 is equivalent to the main text model when

Dy = 0. Otherwise, include €9 and 79; into the state space

€2.t+1 0 0 0 €2t 0 I
T2,t+1

N2,t+1 = 0 0 O N2t +{ 71 0 me= 10 Dy Cgi|
E2.t+1

Wi+4+1 Bz 0 AQ Wt 0 0

(D.5)
Model 3 can be written in the form of the main text model by appending both e3; and

x;_1 to the state space

€3,t+1 00 O €3t I €3t
Ty =100 I Ti—1 || 0 | &3t me=| D3 C3 0 Ti_1
Ti41 0 0 Az Tt B3 wt
(D.6)

E Recoverability

A recent innovation in the economics literature by Chahrour and Jurado (2017) is the
notion of recoverability, which they point out is a generalization of much earlier work by
Kolmogorov (see Shiryayev (1992)), and which relates to situations for which the shocks
are non-fundamental, so that the system of dynamic equations is non-invertible. We shall

be calling on this notion subsequently because when the imperfect information solution
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differs from that of the perfect information solution, then the former will be characterized
by non-invertibility (or non-fundamentalness of the shocks). The main point that they
make is that if the VARMA is known, then it is possible (under mild conditions) to recover
the values of all the shocks to have affected the VARMA process using the data, assuming
observations over all time, as opposed to data only up to time t as available to economic
agents in the model. In particular what this means is that for a finite set of data, one
can obtain an accurate estimate of shocks that have taken place around the middle of the
dataset.

To be more specific, suppose that the VARMA process is fully invertible, then the
residuals as calculated above will converge to the true values of the shocks, so that the
estimate of a shock at time ¢ will be calculated using all past values of the observations.

We illustrate with an example.

E.1 Example 4: Fundamental and non-Fundamental M A Processes

For example, if measurements {m¥ : ¢t > —oco} are generated by the MA(1) process
mf =g —ag_1=(1—-al)g, —-1l<a<l, g~ N(O,O‘Q) (E.1)

where L is the lag operator, then the root of (1 — aL) lies outside the unit circle and the
process is fundamental.*? Then g, = Y 20, a*m¥ .. For a finite number of observations
starting at ¢ = 0, truncating this sum at s = ¢ will achieve a very close approximation
(with probability 1) for values of ¢ that are large enough to ensure that the variance of
the untruncated terms, which equals a?'0? /(1 —a?) is below a certain threshold. However
if @ > 1, then the above representation is non-fundamental and cannot converge. If
instead we write the lag operator representation of &; as e, = mf /(1 — alL) as g =

—a 'L7'mF /(1 —a~'L™1), then we can rewrite the representation of the shocks as

oo
€t = — Z " mp (E.2)
s=1

42An MA process m{ = ®(L)e; is a fundamental representation if the roots of ®(L) lie outside the
complex unit circle (see, for example, Lippi and Reichlin (1994) and Kilian and Lutkepohl (2017)).
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Thus recovering the shocks requires summing over future values of the observations.
Clearly for a finite sample of length T one cannot obtain an accurate approximation
to the most recent shock e, but one can obtain a good approximation to the earliest
shocks provided that 7' is large enough.

One can readily extend this to the MA(2) case m = (1 — aL)(1 — BL)e; when —1 <

B < a < 1. Then the process is fundamental and we have

1 1 - N
s=0 s=0

When however —1 < a < 1 < 3, we can rewrite the expression for the shock as

R S G n Lt B L ZOO o ZOO 35ty B
" B—a\ 1-al 1-BTL1) T B—a\ & L tts
(E.4)

so that recovering the shocks requires summing over both past and future values of the
observations. For finite samples the approximating values of shocks at the beginning and
end of the sample will be a poor fit to the true values.

Similarly when —1 < 8 < 1 < «, we have

1 . s+1, FE . —s+1,FE
Et:a_5<—2ﬁ+mt_s—2a +mt+8 (E5)

s=0 s=1

Finally when —1 < § < a < 1, we can rewrite the expression for the shock as

= 1 B L! B L1 mE — I iaszmE _ iﬁferlmE
o — 5 1—a-1-1 1 ﬁflLfl t o — B yort t+s — t+s
(E.6)
so that recovering the shocks requires summing over only future values of the observations.
Again for finite samples the approximating values of shocks at the beginning and end of

the sample will be a poor fit to the true values.

E.2 Blaschke Factors and Spectral Factorization

If a square non-invertible system of n stationary measurements and n shocks in each period
is estimated, then although the parameters of the system can be consistently estimated

using maximum likelihood, the innovations process (i.e., the residuals) will nevertheless
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correspond to those of the statistically equivalent invertible system. They cannot there-
fore be matched to a linear transformation of the structural shocks, and the same will
automatically hold true when a VAR approximation to the system is estimated, since by
definition the latter is invertible. The literature, summarized by Kilian and Lutkepohl
(2017) suggests using Blaschke factors on the lag operator representation of the VAR in
order to ‘flip’ roots of the MA process from invertible to non-invertible.

To see how this works first consider the general MA process m}” = ®(L)e; assumed to

be fundamental and write
mf =®(L)ey = @(L)B(L)B(L)_lgt =d(L)%ef (E.7)

where ¢ = B(L) e, and ®(L)* = ®(L)B(L). Then Lippi and Reichlin (1994) show that
®* has roots inside the complex unit circle (so that m¥ = ®(L)*s} is non-fundamental) if
B(L) is chosen to be a ‘Blaschke matrix” which has two properties (i) all roots inside the
complex unit circle and (ii) B(L)~! = B*(L~!) where the asterik denotes the conjugate
transpose. Then corresponding to our MA(2) fundamental example (L) = (1 — aL)(1 —
BL) above with —1 < «, # < 1 we have three non-fundamental representations ®(L)B(L)

corresponding to the Blaschke factors:

“l<a<1<B : B(L)= 1L__QO‘L (E.8)
~1<f<l<a : B(L)= 1L__55L (E.9)
“l<a,B<1 : B(L)= (f_‘(i) (f__fL) (E.10)

For the four possible combinations of a and 8 one MA(2) representation will be fundamen-
tal and the other three non-fundamental. Only the fundamental one will be captured by
the data VAR estimation. If the econometrician is estimating «, 8 she will be confronted
with three non-fundamental and one fundamental processes with identical statistical prop-
erties (i.e., the same first and second moments). It therefore follows that one can only use
recoverability to obtain the structural shock unambiguously if the four cases (E.3)-(E.6)

can be separated by the econometrician by prior information on the location of « and .
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E.3 A Test of Fundamentalness

Lippi and Reichlin (1994), Fernandez-Villaverde et al. (2007), Kilian and Lutkepohl (2017)
and others, have pointed out that non-invertibility is a missing information problem aris-
ing from econometricians not using the appropriate measurements. Choosing the right
measurements may then alleviate the problem. Closely related to this idea and also to
recoverability is a recent paper by Canova and Sahneh (2017), that shows how to test the
residuals of a VAR model for fundamentalness. Suppose that a VARMA process m}’ in
shocks ¢; is estimated in the VAR form ®(L)m¥ = u;, where u; are the residuals; then a
linear transformation is applied to u; in order to attempt to recover an approximation e;
to the structural shocks ;. However in principle there is no way that one can determine
whether e, is a linear transformation of the structural shocks €, using the VAR alone.
But suppose that there is an additional measurement mQEt available to the econometri-
cian of the form m%, = ©1(L)e; + Oa(L)ea;, which is dependent on the same shocks €; as
the main variables mtE , and some additional shocks e9;. If there is no invertibility problem

for m¥ estimated as a VAR, then m&, can be rewritten (as t — o) as

mg = @1([1)615 + @2(L)€2t (E.ll)

If there is an invertibility problem then (E.11) no longer applies, because at least one
element of &; depends on future values of e; via one or more Blaschke factors*3. Thus
conducting a standard Granger causality test of whether mZ, depends on future values of

the recorded residuals e; is sufficient to deduce whether the latter are fundamental or not.

F An Implication for Estimation

The innovations representation is closely connected to the use of the Kalman filter in

the estimation of linear models. Suppose that the system is given by (20). Then the

“3Suppose for example that y; = (1 — o 'L)e;, where @ < 1, so that it is non-invertible. After this
is estimated as a finite VAR, it can then be approximately written as y: = (1 — aL)e;. It follows that
(1—aL) _ —aL '(1—al)
&= Ta—aL-T)

€t = A_a-11) et, so that it is dependent on future values of e.
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loglikelihood, InL, for the system is given by
T
2inL = —Trin(2T) Z [In det(cov(e)) + e}(cov(er)) el (F.12)
t=1

where the innovations process e; = m¥ —E;_1m{, T is the number of time periods and
is the dimension of m.
We use time varying version of (A.26) and (A.24) in order to evaluate the loglikelihood

(F.12) for any given set of parameters, and define vy = §14:
1_)t+1 = AQ_Jt + AZtE/(EZtE,)_let et = mtE — E’l_)t

Ziy1 = AZA — AZE (EZE) 'EZ A + PAT (JPAT )~ LIPA (F.13)

Initial values are 7; = 0, with Z; satisfying Z; = AZ; A’ + PAJ (JPAJ")~1JPA. We note
that it is inappropriate for the matrix P4 in (F.13) to be time-varying. This is because
there is no guarantee that the matrix F' has all its eigenvalues stable, which would mean
that the conventional initial value, which assumes that the system is in a stochastic steady
state, cannot be obtained. Instead we make the assumption that the overall system is in
stochastic steady state, and the time-varying Riccati equation is only relevant for the
innovations process e;.

Recall what is meant by over-identification, or the singularity problem in estimation:
if the number of observables exceeds the number of shocks, then the likelihood function

will be singular**. We then obtain a further result:

Theorem 6. If rank(J) < the number of observables, then the RE saddle-path solution

under imperfect information is singular.

Proof of Theorem 6. If J is of full row rank, then it is easy to see that in general
PAJ(JPAJ)"1JPA will have the same rank as J. If J is not of full row rank, then
rank(PAJ (JPAJ)~1JPA) <rank(J) i.e., the ‘effective’ number of shocks is less than the
number of observables. In such a case, we can solve for P4 by writing J = U.J;, where

J1 has a smaller number of rows than J, and is of full row rank, and U'U = I. Then

4411 the simplest case, for two regression equations that depend on the same single shock, the covariance
matrix of the shocks cannot, as is required, be inverted.
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an appropriate likelihood function is obtained by changing the observables from m{ to
U’ m? . An alternative of course is to incorporate measurement error into the system, but

then this would make the system non-square. O

Note that these results are only relevant when the measurements satisfy invertibility
if agents were to have perfect information. If any of the measurements are lagged, then

Theorem 6 does not apply.

G The RBC Model

We first consider the standard RBC model with a non-zero growth steady state. Then

consider a simplified special case suitable for an analytical solution.

G.1 The Full Model

For the household:

Euler Consumption : Ugy = SRE: [Uc t41] (G.15)
U U
Labour Supply : ZHE Lt -W; (G.16)
Ucy Uc,
Leisure and Hours : Ly =1 — H, (G.17)

where C; is real consumption, L; is leisure, R; is the gross real interest rate set in period
t to pay out interest in period t + 1, H; are hours worked and W, is the real wage.

The Euler consumption equation, (G.15), where Uc; = % is the marginal utility
of consumption and E;[-] denotes rational expectations based on the agents’ information
set, describes the optimal consumption-savings decisions of the household. It equates
the marginal utility from consuming one unit of income in period ¢ with the discounted
marginal utility from consuming the gross income acquired, Ry, by saving the income. For
later use define Ay i1 = B% is the real stochastic discount factor over the interval

[t,t + 1]. (G.16) equates the real wage with the marginal rate of substitution between

consumption and leisure.
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Output and the firm behaviour is summarized by:

Output : Y; = F(As, Hy, Ky) (G.18)

Labour Demand : Fgy = W, (G.19)

Capital Demand : 0 = E;[Aj41(Fr41 — Re+1—96)] (G.20)

Stochastic Discount Factor : A; = BUE’; (G.21)

(G.18) is a production function where K is beginning-of-period t capital stock. Equation
(G.19), where Fg; = g—}z, equates the marginal product of labour with the real wage.
(G.20), where Fi; = g—f}t, equates the marginal product of capital with the cost of capital.
The model is completed with an output equilibrium, law of motion for capital and a

balanced budget constraint with fixed lump-sum taxes.

Y, = Ci+Gi+1, (G.22)
I, = K- (1-0K, (G.23)
G = T (G.24)

We now generalize the model by adding the Smets and Wouters (2007) form of invest-

ment adjustment costs to the RBC model. The law of motion for capital becomes

Kt+1 = (1 - 5)Kt + (1 - S(Xt))[t, S/, S” Z 0, S(l) = Sl(l) =0
Iy

X; =
! I

We introduce capital producing firms that at time ¢ convert I; of output into (1 —5(X¢))I;
of new capital sold at a real price ; and then maximize with respect to {I;} expected

discounted profits. The first-order condition for the capital producers is
Qi(1 — S(Xy) — X8 (Xy)) + By [Ari Qt+1S,(Xt+1)Xt2+1] =1
Demand for capital by the wholesale firm owned by households is now given by

1 = RiE[Asi41]
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By A1 = ) 3L + (1= 8)Qu1]
= O = E[Ar i1 Rict1] (G.25)

In (G.25) the right-hand-side is the discounted gross return to holding a unit of capital
in from ¢ to £ + 1. The left-hand-side is the discounted gross return from holding bonds,
the opportunity cost of capital. Note that without investment costs, S =0, Q; = 1 (G.25)
reduces to the standard Euler equation. We complete this set-up with the functional
form for investment adjustment, S(X) = ¢x(X; — 1)2, which completes the RBC model
augmented with capital producers and monetary policy.

We now specify functional forms for production and utility and AR(1) processes for
exogenous variables A; and Gy. For production we assume a Cobb-Douglas function. The
consumers’ utility function is non-separable and consistent with a balanced growth path
when the inter-temporal elasticity of substitution, 1/ is not unitary. These functional
forms, the associated marginal utilities and marginal products, and exogenous processes

are given by

F(Ay, Hy, Ky) = (AH) K}~ (G.26)
aYy

Fy (A, Hy, Kt) = Ft (G.27)
t

1—-a)Y;
Fr (A, Hy, Ky) = (K)t (G.28)
¢
log Ay —log Ay = pa(log Ar—1 —log Ar—1) + €ay (G.29)
log Gy — log Gy = pg(log Gy—1 —log Gy_1) + EGt (G.30)
(G 0Lg) -1

= 31

Ut o (G.31)

UC,t _ (1 . Q)Ct(lfg)(lfo')*l(l . Ht)g(l—a) (G32)

Upy = —oC' 907 (1 — p,)e=0)=1 (G.33)

(G.14) — (G.33) describe an equilibrium in U;, Cy, Wy, Yy, Ly, Hy, Ky, Iy, Ry, Ty, given Ay
and Gy where for the latter we assume AR(1) processes about steady states A, G driven
by zero mean iid shocks €4; and e ;.

Figures 5 and 6 show the deterministic IRFs in response to unanticipated shocks Ay

and Gt .
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Figure 5: Model 1 Impulse Responses to a Technology Shock, A;. Observables Y;, R;

Figure 6: Model 1 Impulse Responses to a Government Spending Shock, G;. Observables
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Information Set

E-Invertibility
under API?

A-Invertibility?

Notes

Eigenvalues of FP'7 and FI'7

RBC Case 1: o,

=0.3 and a =0.6

(Ci, It), (Ct, Ry), (Ct, Ric,t)

E, EB, J,JB are of full rank

J,JB are rank deficient

(It, Ry), (It, Hy), (I, Rict) YES YES A(I — B(EB)™'E) is stable eig(FPT) = eig(FT) = [0,0]
(Ht, Rt), (‘/Vh Rt)7 (Cf R}(_L) F(I — B(JB)ilJ) is stable
(Y, Cy), (Cy, Hy) E, EB are of full rank
(Yz, Hy), (Cy, We) YES NO A(I — B(EB)™LE) is stable eig(FPT) = (0,0
(Y, L), (Hy, Wi) J,J B are of full rank eig(F!1) > 0
(Y, Wh), (Ye, Ry) F(I — B(JB)™'J) is not stable
E, EB are of full rank
(Ys, Rict), (Hy, Rict) NO NO A(I — B(EB)™'E) is not stable eig(FP1) >0
(Wi, Ric ) J,JB are of full rank eig(F1) >0
F(I — B(JB)™1J) is not stable
E, EB are of full rank
(R, Rict) YES NO A(I — B(EB)™'E) is stable eig(FPT) = [0 0]
J,JB are rank deficient ezq(F” >0
RBC Case 2: 0. =2 and a = 0.6
(Ct, It), (Hy, Ry) E, EB, J,JB are of full rank
(It, Ry), (I, Wy) YES YES A(I - B(EB)*IIE) is stable eig(FPT) = eig(F1T) = [0, 0]
(I, Rct) F(I — B(JB)~'J) is stable
(Y, Cy), (Cy, Hy), (Iy, Hy) E, EB are of full rank
(Y, Hy), (Cy, Wh), (Cy, Ry) YES NO A(I — B(EB)™'E) is stable eig(FP1) = [0, 0]
(Ye, L), (Hy, We), (We, Ry) J,JB are of full rank eig(F1) >0
(Y, Wh), (Ye, Ry) F(I — B(JB)™'J) is not stable
E, EB are of full rank
(Ys, Rict), (Ct, Rict) NO NO A(I — B(EB)™'E) is not stable eig(FP1) >0
(Hy, Rict), (Wy, Rict) J,JB are of full rank eig(F11) >0
F(I — B(JB)™1J) is not stable
E, EB are of full rank
Ry, Ri YE N I — B(EB) ' FE) is stable eig(F =10,0
: S O A ! bl Pl

eig(F1) > 0

Table 4: Exact and Approximate Invertibility Checks for Full RBC Model

Note: Check Conditions in Lemma 4.2 and Theorem 2. This is the full RBC model with investment adjustment

costs and variable hours. We consider two cases for (o,

a) = (0.3,0.6) and (o¢, ) =
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G.2 A Special Case in Linearized Form

The analytical example in Section 5, taken from Campbell (1994), is a linearized form
of a special case of the full RBC model for which hours H; are constant and normalized
at unity, G = 0 leaving only one technology shock process and there are no investment
adjustment costs so S¢(X;) = S;(X¢) =0 and Q; = 1.

Then defining lower case variables z; = log(X;/X) ~ % where X is the zero-growth

steady state of X; and linearising (G.25), (G.18), (G.15) and (G.25) we have

Y C
kiy1 = (1 — (S)k?t,l + ?yt — Ect (G34)
ye = aar+ (1 —a)k (G.35)
1 = ¢ tory (G.36)
a(l—a) [ AN\®
re = Etrtl—(i-l = (1_'_7.) <K) Et(at+1 — kt+1) (G.37)

l-a C r+ad

where the steady state ratios are given by % =T K = Toa r49

and % = 1=, Where the

steady state net real interest rate r = R — 1. Combining (G.34) — (G.37) gives

kiyr = Mk +daa+ (1= A — Ao)ey (G.38)

i1 = ¢+ KEi(app1 — keyr) (G.39)

where A\ =147, g = 7agr_+j) and k = ml(:a) (%)a = 7"%(};0‘) (ﬁi)a

In the example a; = 4+ so (G.39) gives (36).

H Example 5: Fundamentalness Measures for RBC with

News

We run our final exercise using a standard version of news shocks with one-period ahead
shocks to A; and Gy as in Blanchard et al. (2013) and Forni et al. (2017). The structural

shocks of our full RBC model now follows

A = A1+ eai (H.1)

Gy = Gt_1+697t_1 (H2)
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The effects of anticipated changes in productivity and government policy are delayed with
respect to the time at which agents get information about them.

As is standard, the news shocks are assumed to be observable by the agents under per-
fect information containing the past values of the innovations €,¢—1 and €4 ;1. They must
also observe A; and G; with perfectly anticipated changes in the fundamentals to occur
at future dates. Economic data, by reflecting the rational forward-looking behaviour of
agents, can be used by the econometrician to estimate the shocks’ volatilities. On the other
hand, the agents and econometrician have the identical information sets under imperfect
information and there is no longer information that provides inference on the news until
the future period when it directly affects its fundamental. This clearly suggests structural
non-fundamentalness with respect to agents’ imperfect information set. In addition, when
we add additional shocks to the PI system this also introduces non-fundamentalness into
the model. This result will depend on the size of the model in general, and the horizon of
anticipation periods in particular which introduces multiple latent state variables in model
solutions.

The implications of our model embedded with news information have strong conse-
quences for invertibility and empirical analysis (e.g., the validity of VAR methods). In
other words, with our invertibility conditions and fundamentalness testing presented and
discussed so far, we expect to find that the RBC’s fundamentalness no longer holds under
perfect information, where agents observe current shocks, and under imperfect informa-
tion the structural shocks are non-fundamental too with respect to agents’ information set,
which, in this example, is assumed to be consistent with the combinations of observables

in Table 5 when the system was found to be perfectly invertible.

Combinations of observables Perfect information Imperfect information
(where m = k)

(Y., Cy), (Yi, Hy), (Y, Iy) EB is rank deficient (=1) JB is rank deficient (=1)
(Y, Wy), (Cy, Hy), (Cy, We) A(I — B(EB)™LE) is non-existent | F(I — B(JB)~1J) is non-existent
(I, Hy), (I, W), (Hy, We) eig(FFT) = [0,1] eig(FPT) = [1,1]

Table 5: Nonfundamentalness Measures for RBC Model with One-period An-
ticipated News Shocks
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I A Note on the Forni et al. (2017) Model

This sets out the simple model in Section 2 of their paper. It illustrates that when there
is no saddlepath involved, as there is in Theorem 4, then the size of the state space does

not increase under imperfect information.

potential output yi =y 1+ g1 e~ Niid(0,62)  (1.1)
~

news shock
signal : s =¢;+ on ;v ~ Ni.i.d(0,02) (I.2)

noise shock

e¢, vy uncorrelated Hence o2 = 02 + o2 (1.3)
consumption e = lim Ely/ ;| 1] (1.4)
j—o0
actual ouput in equilibrium Yt = Ct (L5)
information set I = {y/_ s, St—k, k > 0} (I.6)
Then from (I.1) and (I.4) we have
ct = Elyiy;11t] = Elyigq [1e] = yi + Elee| L] (L.7)
From (I.2) the OLS projection of &; on s; is given by
o2
Elei| 1] = U—;st = st =y(er +vp) (1.8)
S
Hence we have
Act = Ayf + ’YA(Et + Ut) = YE¢ + (1 — 'Y)Et—l + ’Y(Ut — Ut—l) (19)
The state-space form of the RE solution is then
Ayf L 0
&t
Ay | =] v+(1-7) ~(1-1L) (L.10)
Ut
St 1 1

In the absence of noise, v, = 02 = 0, v = 1 and agents observe the shock and we have
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PI. Then
ACt = &t (111)

and after a shock consumption jumps immediately to its new long-run level. But with II

consumption jumps to ¢; = 7y&; in the first period and reaches ¢;11 = ¢;+(1—7)ey = ¢i—1+¢¢

The spectrum of the two process Aa, s is given by

Le; 1 o2 Lo?
E [L Et e’ft—i—yt] =

e+ 1y L7 to? o2+02

It is easy to show that an alternative spectral factorization of this joint process is

1 1% || o2 0 10
0 1 0 o || L% 1

where 02 = 0202 /(02 + 02)

This automatically yields equation (7) of Forni et al. Now Blaschke factors are defined
as (L —a)/(1 —aL). In this particular case a = 0 so the Blaschke factor is merely L. So
apply this just for the shock w; i.e., change u; to Lu;. It now follows that e, vy are just

simple linear transformations of @, s; because (9), when expressed in terms of the latter,

requires a change of L™! to 1.

J Dynare Implementation

Levine et al. (2019) describes the working and use of the Imperfect Information (Partial
Information)?® software that solves, simulates and estimates DSGE rational expectations
(RE) models in Dynare under imperfect information. The software is a MATLAB based
code and is now integrated into Dynare unstable version 4.6 (Link to the Unstable Ver-

sions). The solution techniques adopted are based on the work by Pearlman et al. (1986).

45Different terminologies are found in the literature. Most DSGE models are solved on the assumption
that agents have perfect information of the current state as an endowment. This is the default option in
Dynare. Under imperfect information this assumption is relaxed. The use of perfect/imperfect information
corresponds to the standard use in dynamic game theory when describing the information of the history
of play. See footnote 7.
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In particular, the software:

1. Transforms Dynare’s linearized model solutions into the Blanchard-Kahn form which

is solved to yield a reduced-form system. See Theorem 1 of paper.

2. Provides the conditions for invertibility under which imperfect information is equiv-

alent to perfect information. See Theorem 2 of paper.

3. Implements multivariate measures of goodness of fit of the innovation residuals to
the fundamental shocks, and provides information as to how well VAR residuals

correspond to the fundamentals in DSGE models. See Theorem 5 of paper.

4. Simulates the model and uses the resulting reduced-form solution to obtain theoret-

ical moments and IRF's

5. Evaluates the reduced-form system via the Kalman filter to obtain the likelihood
function for estimation purposes and results from an identified DSGE-VAR. See

Appendix F of paper.
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