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Abstract

Modal superposition (MS) techniques are widely used in linear dynamic anal-
yses but the study of large structures subject to actions such as long vehicle
convoys is not currently feasible. This work presents an algorithm called MS5
embedded in the Python library MDyn that combines an efficient indexing
strategy to deactivate specific structural nodes and movements with a novel
modal truncation based on a new dynamic participation factor and the vec-
torisation of the MS algorithm. The MS5 is compared with the conventional
MS method, the analytical solution and the commercial finite element soft-
ware ABAQUS in the dynamic analysis of a short-span beam bridge and of a
large cable-stayed bridge under different load scenarios. The results obtained
with MSH are almost identical to other methods, but it is on average 9 times
faster than the standard MS method. The proposed algorithm is applied to
the study of critical traffic actions in both structures, observing important
dynamic amplification effects for certain convoy arrangements that are able
to trigger resonant responses in the deck. MS5 is also applicable to other
line-like structures such as towers, masts, etc.
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1. Introduction

The mode superposition (MS) method is widely used in the dynamic
analysis of structures in elastic range because of its reduced computational
cost and accuracy compared to the approaches based on the direct integration
(DI) of the system of dynamics such as the HHT algorithm [1]. Considering a
structure with N degrees of freedom (DOF), the MS method decomposes the
N coupled differential equations of motion into a reduced set of JJ uncoupled
single-DOF differential equations that are related to the response of each
vibration mode, which are later superimposed to obtain the total structural
motion [2]. The reduced computational time of the MS method is due to (1)
the separate time-history solution of each SDOF equation of motion, and (2)
the reduction in the size of the problem by including in the analysis only the
first J vibration modes that are important for the structural response, with
J < N. This work presents a fast general-purpose MS algorithm developed in
the high-level programming language Python [3] that exploits the benefits of
array-based vectorisation, modal truncation, deactivation of structural nodes
and degrees of freedom.

Within the field of structural engineering, the MS method is applied to
solve a large number of dynamic problems involving seismic actions, live
loads and wind, among others. Camara and Astiz [4] demonstrated that
the MS method is more accurate than the HHT algorithm in the analysis
of the elastic seismic response of cable-stayed bridges. This is because the
MS method avoids introducing artificial period elongations, which can be
significant in the HHT solution of high-frequency vibrations [1]. Integration
errors can be reduced or eliminated with DI algorithms based on state-space
formulations [5, 6], but their computational time can be much higher than
the one required by MS decoupling techniques in the dynamic analysis of
structures with a large number of DOF. However, the standard MS method
is limited by the Caughey-O’Kelly condition, which usually implies stiffness-
and mass-proportional damping and makes it only applicable to classically
damped structures. Foss and others [7, 8, 9] extended the standard MS
approach to include vibration modes with complex values that appear in
structures with non-classical damping due to the presence of seismic base
isolation, supplemental energy dissipation devices, etc. [10]. Nevertheless,
the added complexity of extended MS methods may not be justified in the
dynamic analysis of conventional structures under service conditions. This is
particularly the case in the study of traffic-induced vibrations in bridges. In
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such studies the vehicles or the trains can be defined as moving loads (see e.g.
[11, 12, 13]), masses (e.g. [14]) or multi-DOF sub-systems (e.g. [15, 16, 17]).
In most cases, describing the vehicles as moving loads is appropriate if the
goal is to obtain the global response of the structure and not the assessment
of the vehicle vibrations.

None of the above references address the implementation and optimisa-
tion of the MS analysis in a programming language. This work presents
different strategies to accelerate the standard MS method, and develops a
new algorithm referred to as MS5 that exploits the computational efficiency
of array-based operations in Python [3]. The main novelties of MS5 are the
vectorisation of the MS algorithm and a selective modal truncation that fil-
ters the modal matrix with the indices of the relevant vibration modes below
a certain threshold. These two techniques are combined with an efficient way
of selecting the relevant parts of the structure in the analysis and the deac-
tivation of structural motions that are not of interest. The result is a fast
and accurate MS algorithm implemented in a Python library called MDyn
that is applied to the analysis of the traffic-induced vibrations in a simply
supported beam and in a large cable-stayed bridge. The results obtained
with MS5 are almost identical to those given by the commercial FE software
ABAQUS [18], and in the case of the simply supported beam they are also
very close to the existing analytical solution. However, MS5 is on average
9 times faster than the standard MS solution in the dynamic analysis of
both structures, and it is mainly thanks to the proposed vectorisation and
the modal truncation. Finally, MS5 is used to analyse a large number of
vehicle arrangements, beyond the limits of existing commercial software, and
it is observed that certain spacing between consecutive trucks can lead to
significant resonant effects.

2. Accelerated mode superposition method

Let’s consider a three-dimensional (3D) structure discretised with beam-
type elements interconnected at NV,, nodes with 6 different types of structural
movements (SM, three translations and three rotations) per node, giving a
total of N = 6N, degrees of freedom (DOF). The equations of motion can be
obtained by applying the D’Alembert principle in terms of the generalised
nodal displacements (rs‘ Nx1, with the sub-index product denoting the ar-
ray dimensions: rows x columns) and their time-derivatives (I'syx1 for the
velocities and ¥, for the accelerations)
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MLis(t) + Cus(t) + Kory(t) = Py(t), (1)

where My« n, Csnxn and K vy v are the mass, damping and stiffness ma-
trices of the structure; P ~nx1(t) is the nodal forcing vector, which includes
the generalised forces in each structural DOF due to e.g. moving vehicles,
wind, ground motions, etc.; t represents the time. The N x N coupled system
of equations of motion can be decomposed when it is expressed in the space
of its N orthogonal vibration mode shapes ®|nxn = {@1, P2, -+, Pn}, With
@jnx1 being the j-th mode shape of the structure. For reasons that will
become clear in Section 2.3, the rows of the mode shape matrix ® are conve-
niently arranged by grouping together the modal coordinates corresponding
to each SM, as it is illustrated in Fig. 1(a). ® is obtained from the generalised
eigenvalue problem

K.® = (22"« (M,®), (2)

where Q|1 = {wi,wa, - - ,wy }T and w; is the circular frequency of the j-th
mode. In this work the matrix-level operators are omitted for convenience
and the element-level operators are preceded by a dot symbol: consequently,
in Eq. (2) the operators (.?) and (.*) represent the element-wise square and
multiplication of each scalar frequency contained in €2, respectively. Thanks
to the orthogonality of ® (and assuming classical damping) Eq. (1) can
be decoupled into a system of N independent SDOF differential equations.
The time-history contribution of the j-th vibration mode to the structural re-
sponse is represented with the modal coordinate g;(t), which can be obtained
from

TP(t
() + 2600, (6 + g, (1) = ), ®)
j
in which &; and m; are the modal damping ratio and the modal mass of the
J-th mode, respectively. If the mode shapes are normalised with respect to
their modal mass: m; = ¢;My¢; = 1. In that case the right hand side
of this equation, which is referred to as the modal forcing, is simplified as
Pj(t)ix1 = ¢, Py(t). Finally, the response of the structure can be obtained

by superposition of the modal responses and their time-derivatives
N N N
ro(t) = > diqi(1); Bo(1) = D big(t); Eult) =Y siis(1). (4)
j=1 j=1 j=1

4
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Figure 1: Different forms of the mode shape matrix ®; (a) full matrix and standard modal
truncation; (b) reduced matrix with indexed modal truncation; (c) reduced matrix from
(b) with nodal deactivation; (d) reduced matrix from (c) with deactivation of all the SM
except the third one (example).
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This work presents four ways to accelerate the standard MS method de-
scribed above, namely the indexed modal truncation, the deactivation of
nodes and SM, and the array-based vectorised programming of the MS algo-
rithm. These strategies are implemented as sub-routines in a Python library
called MDyn, and they are used to analyse the dynamic responses of two
different bridges subject to traffic actions in Sections 3, 4 and 5.

2.1. Indexed modal truncation

One of the advantages of the classical MS method is the ability to describe
the structural response using a reduced set of J vibration modes, with J < N.
The value of J depends on the structure and on the response of interest, and it
is generally considered as an upper bound limit below which all the vibration
modes are included in the analysis (j = 1,2,---,J), with the modes above
being removed from the superposition (j = J+1,---, N), see e.g. [19, 20].
This standard modal truncation approach is illustrated in Fig. 1(a). While it
can reduce the computational time significantly, it is inadequate in structures
with a significant number of vibration modes of order lower than J that have
a negligible contribution to the dynamic response of interest. This is the
case in many structures, for example in those with interconnected members
of significantly different stiffnesses (e.g. the deck and the piers of long-span
cable-supported bridges) or in structures that are much stiffer in one direction
than in the others (e.g. the vertical response of laterally-flexible buildings,
wind turbine towers, chimneys or masts).

An additonal problem of the M'S method is related to the selection criteria
for the vibration modes to be included in the dynamic analysis. This is
usually done in terms of modal properties that are inherent to the structure
but independent of the dynamic loads to which it is subject, such as the modal
participation factors or the modal activated mass. However, these parameters
can fail to describe the importance of vibration modes in which the mass
of different parts of the structure moves in opposite direction. That is for
example the case when considering the influence of antisymmetric or vertical
modes in the vehicle-induced response of continuous decks. This is illustrated
in Section 4.1 for a long cable-stayed bridge, where it is also demonstrated
that moving vehicle actions can excite different vibration modes in a way
that cannot be captured by the structure-related modal parameters.

In order to account for dynamic loading effects in the contribution of
different modes it is proposed here to define a dynamic contribution ratio of
the vibration mode j in the direction SM at node k as

6
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S max (1)

max (T]SCM,J@)) 7

k _
USSR

(5)

where the numerator represents the peak structural movement at node k in
the direction SM due to the contribution of the vibration mode k exclusively
(i.e. only mode k is activated in the MS analysis); the denominator of Eq.
(5) refers to the peak response at the same node and directon when all the
vibration modes below a certain threshold J are activated in the MS analysis
(TéM,J)'

A selective modal truncation based on the dynamic modal contribution
factor ) is proposed. The idea is to create an index vector j, |, x1 that contains
the order (position) of all the J, modes below J that are important for the
response (with J, < J): j, = {4}, 5%, .-+ ,j/}*, where jJ is the order of the
J-th mode that is relevant for the structural response of interest. The index
vector j,. can be defined from the dynamic modal factor 7 as

JZ S jr if 77’S€M,j Z Thmin and if .7 S J (6>

which means that only the vibration modes below J and for which the dy-
namic modal contribution is above a certain threshold (7i,) are considered
in the MS analysis. This can be implemented in a programming language
with a for-loop running over all the vibration modes below J, and an inner
if-statement that checks the values of 7 in directions (SM) and nodes (k)
that are of interest to the analyst, grouping them in the vector of indices j, as
shown in the schematic Python code of Fig. 2(a). It is remarked that j, does
not need to be sorted in ascending order and its elements are generally not
consecutive; for example j, = {1,3,8}" indicates that only the first, third
and eighth modes are to be included in the MS analysis. After defining j, the
full vibration mode matrix (®|yxn) can be reduced by isolating the columns
that correspond to the indices contained in j,, and removing the rest. Anal-
ogously, the column vectors that include the modal frequencies and their
time-history coordinates (£2 and q, respectively) are reduced by isolating the
rows that correspond to the j, indices. In the Python programming language
these operations are automatic and can be expressed in a compact way as

(I):(I)[uir]v ﬁzﬂ[.]r]a a:q[.]r]7 (7)
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ir=(] ke=[]

for jinrange(J): # Loop in all modes for k in range(N,,): # Loop in all nodes
if 77[§M,j Z Nmnin' if Node[k] in SelectedNodes:
jr.append(j) k..append(k)
(a) (b)

Figure 2: Selection of (a) relevant vibration modes and (b) relevant structural nodes for
the MS analysis in the Python environment. The symbol # indicates that the following
text is a comment in the code.

where &>| NxJys ﬁ‘ J,x1 and gy, x1 are the indexed mode-truncated arrays (ma-
trices or vectors) with the modal shapes, frequencies and time-history coor-
dinates, respectively; ‘[|" represents the array indexing and ‘:’ calls all the
elements in the corresponding direction (rows or columns). The proposed
indexed modal truncation is illustrated in Fig. 1(b), where the potential re-
duction of the size of the problem compared with the classical truncation in
Fig. 1(a) can be appreciated.

2.2. Deactivation of nodes in the FE model

Previous attempts to reduce the total number of DOF (N) involved in the
MS analysis focused on reducing the size of the structural model from which
® is extracted. This has been done by reducing the number of DOF per
element in the FE model from which the modal properties of the structure
are extracted, or by increasing its mesh size. However, simplifying the FE
model may affect the accuracy of the modal properties extracted from it,
and therefore the MS results. In other cases there may be elements that
can affect significantly the global structural response but that do not need
to be included in the MS analysis because (1) they are not subject to any
direct dynamic action, and (2) their response is not required or it can be
calculated indirectly from the responses of other structural nodes included
in the analysis. This is for example the case of cable elements or the non-
structural masses in buildings or in bridges.

This problem can be alleviated by removing certain groups of nodes from
the dynamic analysis after conducting the modal study, where all the nec-
essary detail and mesh refinement is included in the FE model to extract
the modal information (® and Q) accurately. Following this modal study,
the time-history analysis concentrates on the group of K, nodes of the struc-
ture where the dynamic actions are applied and/or output is required. Be-
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cause K, < N,, the number of rows in ® for the MS analysis is reduced,
and the MS solver and the post-processing of the results are faster. This
is implemented in the proposed MS framework by creating an index vector
Kok, x1 = {ki, k2, - kX }T in which kF is the order of the k-th structural
node to be included in the MS analysis. Fig. 2(b) shows a Python code that
creates the vector k,, where Node and SelectedNodes are lists that con-
tain the numbers of all the nodes in the FE model and the numbers of those
that will remain active in the subsequent MS dynamic analysis, respectively.
Other conditions can be included to obtain k,, for example including only
nodes that satisfy a particular geometric condition. If there are 6 SM per
node, the reduced mode shape matrix after the proposed nodal deactivation
(without modal truncation) is given automatically as ®sx, xn(k,,:]. Fig.
1(c) shows the reduced matrix after both the indexed modal truncation and
the nodal deactivation are applied, which can be expressed as

® =9k, :| =Pk, j ], (8)
where 'i)|6KTX J. is the reduced mode shape matrix that results from both
operations.

One of the benefits of the proposed nodal deactivation at the MS level
is that the modal analysis can be obtained from a very refined FE model
without affecting significantly the computational time. This is because the
modal analysis only needs to be conducted once and then it can be used in
the subsequent MS dynamic analysis with different loading parameters (e.g.
different wind speeds, vehicle velocities or earthquake records), without the
need to perform the modal analysis again.

2.3. Deactivation of structural movements (SM)

The total number of DOF involved in the MS analysis and also in its
postprocessing can be reduced further if certain SM that are not of interest
and that are not directly involved in the forcing vector can be ignored (or
deactivated) in the dynamic analysis. For example, this is beneficial in the
study of a straight bridge deck subject to vehicles moving without eccentric-
ity, where only the vertical displacement of the deck is of interest and other
SM can be ignored. The SM deactivation is also applicable in buildings under
wind excitation if only the along- and across-wind responses are needed, in
which case the vertical movement of the structural nodes and their rotations
around the two horizontal axes could be ignored.
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To this end, it is proposed to conduct the modal analysis from a fully
3D FE model (with three translational and three rotational SM per node in
beam-like models), perform the indexed truncation and the nodal deactiva-
tion to obtain the reduced mode matrix ®, and finally include in the MS
analysis only the rows of the mode matrix that correspond to the relevant
SM. This is facilitated by arranging the mode shape vectors ¢; so that the
DOF related to the same SM appear as a horizontal block of consequtive rows
in ®, as shown in Fig. 1. If the number of interesting structural movements
is SM,, the reduced mode matrix is <i>|SMa K, xJ., which can be significantly
smaller than its original size @‘NxN, with N = 6N,, (6 > SM,, N, > K,
and N > J,). Fig. 1(d) shows as an example how the mode shape matrix
is reduced if only the vertical response (SM 3) of the sub-set of K, nodes is
of interest (i.e. SM, = 1 and <i>| K.xJ.). 1t should be mentioned that even
if certain SM are deactivated in the MS analysis, they are considered in the
preceding modal study and therefore the active modal components included
in the reduced matrix @ indirectly account for those SM.

2.4. Vectorisation with array-based programming

The conventional implementation of the MS method in a computer pro-
gram has an outer for-loop that ranges over time (¢) and an inner loop that
ranges over the vibration modes (j), as it is conceptually described in Fig.
3(a). However, codes with nested loops are inefficient in the study of large
problems and they can be significantly accelerated if they are vectorised.
The idea is to substitute the j-loop in the standard MS method by array-
based operations as shown in Fig 3(b), which adopts the Python environment
without losing generality.

Comparing the two codes in Fig. 3 it can be seen that both start by load-
ing the numpy library (which contains a large number of built-in numerical
operations), and then creating the analysis time vector (t,) and zero-valued
variables that will contain the modal properties and the structural responses
(memory allocation). The first difference between the two codes appears
at the calculation of the modal properties for each vibration mode. The
non-vectorised code loops over all the J,. modes to be considered in the MS
method (Lines 3-6 in Fig. 3(a)) to obtain each component of the reduced

modal mass (M), damping (C) and stiffness (K) vectors by means of scalar

—_— —~

operations: M = {my,--- ,my.}T (in which M = 1 if the modes are mass-
normalised), C = {2wy, -+, 265wy, 7, and K = {wf,--- w3 }T. On the

10



import numpy as np

ty=np.arange(0.,t.,,,At) # Time vector

# Memory allocation goes here ...

# Modal properties:

forjinjg: # Loop in mode
M [j]=1
C [j]=2x§5*Wj # Modal damping
K [1=wjxWw; # Modal stiffness

for tln rfn/ge(len(tv)): # Loop in time
P,=R=R;;=np.zeros(K*SMp)# Initialise forcing
/|.>S[t]=np.zeros((K,-,1))
fg[t]=np.zeros((Kr,1))
Tg[t]=np.zeros((Kr,1))
# Nodal force calculation goes here ...
A ~ ~ .
P=P,+Ry+ P+ # Total nodal fording

# Modal mass

# Initialise response
at time t,[t]

forjinjp: # Loop in mode
# Modal forcing:
# Pj=np.dot(np.transpose(%),f;/ﬁ[j])
Pj:np.dot(np.transpose(fﬁj.),i’;) #If M=1
@;,9;,G;=-.. #Scalar solution Eq. (3)
AN A ”~N
:\S[t]='f5[t]+¢j*?j # Structural response
fS[t]=f[t]+3*G| at time t,[t]

import numpy as np
ty=np.arange(0.,t,,,A) # Time vector
# Memory allocation goes here ...
# Modal properties:
M =np.ones(J,,1) # Modal mass
€ =2*np.multiply(Z,$3)# Modal damping
K =np.multiply(§3,€) # Modal stiffness
P,=np.zeros((J,1)) # Initialise modal force
for tin range(len(t)): # Loop in time
# Initialise Newmark:
R,a,b,ﬁ(): Ini‘cVNewmark(ﬁ0 ,other args.)
B=R=R;=np.zeros(K*SMy) # Initialise forcing
# Nodal force calculation goes here ...
o a o a
R=P,+Ry+ Py +- # Total nodal forcing
# Modal forcing:
# 3=np.dot(np.transpose(&)),E/ﬁ)
$=np.dot(np.transpose(ff.),/ﬁs) #IfM =1
#Newmark solution to Eq. (3) for all the modes
9,4, 4 =VNewmark(P, P, Ka, b, & other args.)
#[t]=np.dot(3 )
#g[t]=np.dot($,4)
fs[t]=np.dot(,4)

P,=P

# Structural response
at time t,[t]

i.\s[t]=f.~s[t]+$j*dj after loop j is exhausted

a) (b)

Figure 3: Conceptual implementation of the MS method in Python programming: (a)
without vectorisation; (b) proposed vectorisation. The symbol # indicates that the fol-
lowing text is a comment in the code.

11
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other hand, the vectorised code calculates the same modal properties in single
array-based operations (Lines 4-6 in Fig. 3(b)).

However, the calculations performed within the time-loop are more im-
portant from the point of view of the computational time. In the ¢-th time-
step of the analysis, corresponding to the same component of the time vector
(t,), the non-vectorised code first initialises the structural response vectors
for the selected K, nodes (f5(t) and its time-derivatives), as shown in Lines
9-11 of Fig. 3(a). Then it calculates the forcing in each node of the selected
sub-set of structural members (P,), and it repeats for each of the selected
J, vibration modes (1) the calculation of the modal forcing (P; in Line 14
of Fig. 3(a)), (2) the solution of the SDOF differential Eq. (3) to obtain
the corresponding modal coordinates (g;), and (3) the superposition of the
contribution of each mode to the structural response (Lines 16-18 of Fig.
3(a)). On the other hand, the proposed vectorisation avoids iterating over
the selected set of J,. vibration modes in each step of the time-loop. To this
end, after P, is computed the modal forcing for all the selected vibration
modes is obtained directly as the vector P|; 1 = {FP1, -+, Pj, T with

P=o"P, /M, (9)

in which the element-wise division (./) does not need to be performed if
the mode shapes are mass-normalised, as shown in Line 12 of Fig. 3(b).
With the modal forcing for the previous and the current time-steps in vector
format (Py and P, respectively), the array with the modal coordinates of all
the relevant vibration modes (q) can be obtained by solving simultaneously
the set of Eq. (3) using a vectorised version of the non-iterative Newmark-3
method. The calculation of q at any time-step with the vectorised Newmark-
[ method requires the computation of the following J,. x l-arrays

:(io = (i:v)o — 6 *fio — R *Ei()) /M, (10&)
K=K+ Gt - M (10b)

N BAL BALZ

1 — v«
- M+ 2L 1

a BAL _'—BC’ (10c)
b —M+At(L—-1)C (10d)

~ 28 23 ’

12



292

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

in which 510 is the array with the modal accelerations at the end of the previ-
ous analysis step; At is the analysis time-step; v and [ are scalars that define
the Newmark integration (taken in this Work as 0.25 and 0.5, respectively).

In the vectorised MS algorithm the arrays qO, K, a and b are obtained at
the start of each time-step by calling the function InitVNewmark (Line 9
of Fig. 3(b)), and they are used as inputs for the non-iterative Newmark-/3
array-based calculation of the modal coordinates q and their time-derivatives
in incremental form

AP = (f’—f’()) +a.xqy+b.*qp, (11a)
Aq = AP./K, (11b)
Aq=——Aqg— ~ At 11
q= 5& q 5(10+ ( 25) do: (11c)

. 1 1 . 1 -
Aq = AQ— — g — —q 11d
d=7do+ AT =do+ AY; q=qp + Aq, (11e)

where qg and ao are the arrays with the modal displacements and velocities at
the end of the previous analysis step. The solution of Eq. (11) is obtained in
the vectorised MS algorithm by calling the function VNewmark in Line 13 of
Fig. 3(b), whose Python code is included in Appendix A. Compared with the
classical Newmark-$ algorithm (see e.g. [21]), its vectorised form proposed
in Egs. (10) and (11) handles arrays with element-wise operations to give
the modal coordinates of all the selected modes, instead of a single scalar
value. Finally, in the vectorised MS method the sum of the contributions of
the J, relevant vibration modes is obtained by expressing Eq. (4) in matrix
form in Lines 14-16

t,(t) = ®q(1); (1) = @q(t); £:(t) = Pq(t). (12)

It is noted that the vector with the loads and moments in each of the

selected nodes (f’s) is represented with generality as the sum of the external

actions induced by moving vehicles (P,), wind (P,,), earthquakes (P,), etc.

These actions may also involve interaction with the structural movement and

feedback. However, this work focuses on the optimisation of the MS solver,
and the detailed treatment of the nodal forcing is out of its scope.
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2.5. Summary of the accelerating MS techniques and analysis flow of MDyn

The standard MS solution without any of the proposed acceleration tech-
niques is referred to as MS0, and the algorithm that combines all of them
is called MS5. In addition, the modal truncation, nodal deactivation, SM
deactivation and vectorisation techniques have been implemented separately
in order to explore their influence on the computational efficiency and ac-
curacy of the MS method. All the MS approaches have been implemented
as subroutines in a Python library called MDyn and they are summarised
in Table 1. The general analysis flow of MDyn is as follows: first the solu-
tion of the generalised eigenvalue problem is obtained from a commercial FE
package like ABAQUS [18]. After this, an in-house Python script converts
the FE results into plain text files that include the J mode shape vectors
normalised with respect to their modal masses (¢;) and their frequencies w;.
These files are used as the only structure-related input for MDyn, which then
performs the modal filtering (Fig. 2(a)), nodal deactivation (Fig. 2(b)) and
SM deactivation to build the reduced mode matrix ®. In addition, informa-
tion about the dynamic loading is included in MDyn before the time-history
analysis described in Fig. 3 starts.

MSO MS1 MS2 MS3 MS4 MS5

Modal truncation - v - - - v
Nodal deactivation - - v - - v
SM deactivation - - - v - v
Vectorisation - - - - v v

Table 1: Different MS algorithms implemented in MDyn.

3. Case study 1: Simply supported bridge

3.1. Analytical solution

This section considers a moving load P travelling with constant speed V'
along the centreline of a straight simply supported bridge (SSB) of span L.
Ignoring the shear deformation and assuming that the load enters the bridge

at t = 0 s when it is at rest, the dynamic response at midspan is given by
MS [13]
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Tf(t):zN:{ 1

= Ut =12 + (2,502

sin(Vjw;t) — Legﬂ'“jt sin (wjt@ /1— §j2) },
\1-&

where rZ = PL3/48F1 is the maximum static displacement at midspan; E T
is the vertical flexural stiffness of the deck; V; = €2, /w; is the non-dimensional
speed and €); = jwV L is the driving excitation frequency with respect to the
j-th vibration mode of the structure. The circular frequencies of the vertical
vibration modes in a SSB are defined as

| E1
o 222 - 14

in which p is the mass of the deck per unit length.
Eq. (13) is only valid when the load is on the SSB, i.e. if t < L/V. When
t > L/V, the free-vibration response at midspan is given in [13] as:

(13)

N
rZ(t) = Z X e 5%t sin(j7/2) sin(wa it — ©;), (15)

Jj=1

where wq; = wjy /1 — sz is the j-th damped frequency and X is the ampli-

tude of its contribution to the free-vibration of the structure, which is

—2P1_/j\/1 + e2¢ — 2ec cos(j) cos (‘%_/—W, /1— 532)

pLety /(1= )11 = V7 + (247

and ¢; is the phase angle of the free-vibration response corresponding to the

J-th mode
—eCsin (]%1 /1— ff)

j
cos(jm) — e cos (%, /1— 5?)

15

-1

©; = tan , (17)
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Figure 4: Elevation and deck cross-section of the proposed simply supported bridge (SSB).
Dimensions in meters.

with ¢ = —&;jm/V;.

3.2. Numerical model of the SSB, loading and analysis characteristics

The proposed SSB is a typical 40-m span composite bridge with vertical
flexural stiffness FI = 9.97 GNm? and distributed mass p = 18455 kg/m.
Fig. 4 shows the elevation and the cross-section of the bridge with the load
at its centreline. A detailed description of the geometry of this bridge is
included in [22].

The numerical model of the SSB is built in the commercial FE software
ABAQUS [18] using 3D beam elements with linear interpolation of the cur-
vature and without shear deformation. The model includes a total of 100
elements to discretise the deck. This relatively fine mesh is adequate to
represent the first 9 vibration modes with vertical flexure of the deck. The
vibration of the bridge in the other directions is prevented by fixing the lon-
gitudinal and the transverse movements in all the nodes of the FE model,
as well as their torsional rotation. The fundamental mode has a frequency
of f1 = 1.91 Hz and it involves a single vertical wave of the deck. The last
mode of interest is the 9-th, which represents a high-order vertical flexure
of the deck with a frequency of 139.17 Hz. This mode requires a time-step
of At = 0.7 ms in the dynamic analysis to obtain at least 10 results in one
of its full oscillation cycles. The damping ratio is {; = 0.5% in all the vi-
bration modes, which is in agreement with EN1991-2 [23] and with previous
research works (e.g. [17, 16]). The calculations are conducted with the an-
alytical expressions (13) and (15), and also numerically using the full-FE
MS method implemented in ABAQUS and the proposed MS algorithms in
Python (MDyn).

The load scenarios considered in the study of the SSB include a moving
load of P = 182.5 kN travelling with a constant speed of V' = 100 km/h
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(case Al), or with a constant speed that ranges from V = 5 to 250 km/h,
each 1 km/h (i.e. 246 analysis with different speeds, case A2), as described
in Table 2. The analysis stops after the vehicle leaves the SSB and travels
further a distance equals to its span in order to give enough time for the free
vibrations to develop; in the analysis case Al this means that the simulation
time i8S tyax = 2.88 s (giving 4115 analysis steps), whereas in the case A2 .«
varies from 57.6 s to 1.15 s for the lower and the upper values of the vehicle
speed range considered, respectively (resulting 82286 and 1646 time-steps in
the analysis of vehicles moving with these two extreme velocity values). The
definition of the nodal forcing due to moving loads (P,) in ABAQUS and in
MDyn is based on the time-dependent nodal amplitude factors described in
[24]. However, ABAQUS requires the loads to be created before the dynamic
analysis in all the nodes of the deck, and then to be associated with their
corresponding amplitude factors to interpolate the position of the moving
forces at each time-step. This leads to load files that can be significantly
large (particularly in long structures like the one presented in Section 4) and
it increases the pre-calculation time in ABAQUS. On the other hand, MDyn
considers that P, = 0 in all the nodes except from those belonging to the
beam element of the deck that is under the moving load at each time-step.

Case study Label Traffic scenario

SSB Al Single load P moving at V' = 100 km/h
A2 Single load P moving at 246 different speeds
CSB B1 Single H20-44 truck moving at V' = 100 km/h

B2 Single H20-44 truck moving at 10 different speeds
B3 Convoy of 10 H20-44 trucks moving at 10 speeds

Table 2: Traffic scenarios considered in the two case studies of this work.

3.3. Numerical versus analytical solution

Considering the load case Al, Fig. 5 compares the time-history of the
vertical displacement of the bridge at midspan (rZ) obtained analytically,
with ABAQUS (full-FE solution) and with the standard MSO algorithm in
MDyn. The static deflection at midspan (r?) is also included in this figure.
It is observed that the two numerical solutions (ABAQUS and MSO0) are
almost identical and they are very close to the analytical result, particularly
when only the fundamental mode of the bridge is included in the analysis

(i.e. J =1), as shown in Fig. 5(a). Considering the effect of the vibration
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Figure 5: Time-history of the vertical displacement of the SSB at midspan including; (a)
only the fundamental mode (J = 1), (b) the first 9 modes (J = 9). Load case Al.

modes up to the 9-th (J = 9) the maximum difference between the analytical
and the numerical results increases to 8% (Fig. 5(b)). This is attributed to
the mesh-sensitivity of the modal shapes of high-order vibration modes in
the FE model, and it can be reduced with a finer mesh discretisation.

Considering load case A2, the ratio between the peak dynamic displace-
ment and the maximum static deflection at midspan R = rimax /rZ is given
in Fig. 6 for a wide range of vehicle speeds. The results include the contri-
bution of high-order modes (J = 9) and distinguish the factor R obtained
during the forced response (i.e. when the load is on the bridge) or in the
free-vibration stage. The solutions obtained with ABAQUS and with all the
MS algorithms in MDyn are superimposed, and they are generally very close
to the analytical result. The largest differences between the analytical and
the numerical solutions are observed in the forced response factors close to
the velocities for which the response is minimum (cancellation velocities).
The highest cancellation speed of the forced response occurs at V' =~ 100
km/h with the analytical solution, whilst this velocity is V' ~ 110 km/h
in ABAQUS and in MDyn. However, the local maxima of the forced and
the free responses that occur between consecutive cancellation speeds is very
close in the numerical and in the analytical methods.

Table 3 presents the process (CPU) time required to complete the analysis
with different MS methods in a Workstation with 32GB of installed RAM
and a processor Intel Xeon with 2.4 GHz. In load cases Al and A2 the
standard MS0 algorithm implemented in Python (without considering any of

18



436

437

438

439

440

441

442

443

444

445

446

447

448

449

451

452

453

2.00

X ABAQUS
Nw1.751 — MS5 |
= == Analytical Forced response
(18]
£1.50
N

=

N

ul
1

=
o
o
:

Free response \

Response factor; R
o o
ul ~
o U

o
N
Ul

0 50 100 150 200 250
Vehicle speed; V [km/h]

Figure 6: Response factors at the midspan section of the SSB in load case A3 (J =9).

the four accelerating strategies) is approximately 13 times faster than the full-
FE analysis. However, the comparisons between the standard MS algorithm
in Python and the MS analysis in ABAQUS are given in this paper only
for illustration purposes, because the latter includes the time required to
perform internal checks that are associated with commercial software but
are not present in MDyn. In addition, the comparison with the ABAQUS
CPU time includes the time required to generate the nodal load time-histories
that represent the vehicle motion, which is not needed in MDyn. For this
reason the reference CPU time considered for comparison in this work is
the one associated with the standard MSO in Python. This can be further
reduced with the indexed modal truncation (MS1) following the analysis of
the dynamic contribution of each mode. However, in this simply supported
structure it is clear that odd-numbered symmetric modes are the only ones
with contribution to the response at midspan, and therefore the symmetric
modes below the 9-th can be the only ones considered in the analysis: j, =
{1,3,5,7,9}*. Tt is verified that the results at the midspan section obtained
with the MS1 indexed modal selection (J, = 5) are identical to those with
the MSO classical truncation (J = 9). Nevertheless, the number of modes
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considered in MS1 is 44.4% smaller than in MSO for this case study, which
results in a reduction of the CPU time of 35% and 40% in load cases A1l and
A2, respectively. Note that the MS2 method is not considered in this case
study because all the nodes in the SSB model are directly affected by the
moving load and therefore it is not possible to apply the nodal deactivation.

Case MDyn

study Label Full-FE MSO MS1 MS2 MS3 MS4 MSH

SSB Al 0.3 (0.03) 0.026 0.017 - 0.022 0.008 0.005
A2 165.9 (15.0) 12.35 7.40 - 9.01 376 1.98

Table 3: CPU time in minutes for all the analysis cases in the SSB solved with different
methods. The values between brackets represent the additional time required to generate
the nodal load time-histories for the full-FE analysis in ABAQUS. Results obtained using
a Workstation with 32GB of installed RAM and a processor Intel Xeon with 2.4 GHz.

The SM deactivation (MS3) is implemented in this case study by reduc-
ing the DOF of the N, = 101 nodes of the beam model from SM = 6 (3
displacements and 3 rotations) to SM, = 1 (the vertical displacement) in the
dynamic analysis. Therefore, with the proposed SM deactivation in MS3 the
size of the mode matrix ® is reduced to SM,N,, x J = 909, which is 83%
smaller than the size of the original ® in MS0 (SMN,, x J = 5454). How-
ever, the results in Table 3 indicate that the SM deactivation makes the MS3
algorithm only 15% and 27% faster than the standard MSO0 in load cases A1l
and A2, respectively. It is observed that the benefit of the SM deactivation
is below the one obtained by reducing the size of the inner j-loop in Fig. 3(a)
with the indexed modal truncation in MS1. The influence of the inner loop
in the CPU time is more evident when MSO (non-vectorised) is compared
with MS4 (its vectorised counterpart described in Fig. 3(b)), which is 70%
faster in both load cases. Finally, the algorithm MS5 combines all the pos-
sible accelerating techniques and it reduces the computational effort by 81%
and 84% compared with MSO in load cases Al and A2, respectively. If the
CPU time in MS5 is compared with the full-FE solution the reduction of the
calculation time is above 98% in both load cases. This allows to analyse the
response of the bridge under a large number of traffic cases, as it is explored
in Section 5.
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Figure 7: Elevation and deck cross-section of the Queensferry cable-stayed bridge (CSB).
Dimensions in meters.

4. Case study 2: cable-stayed bridge

The second case study considers the Queensferry Bridge in Scotland, il-
lustrated in Fig. 7. The structure is a continuous cable-stayed bridge (CSB)
with two main spans of 650 m each supported by a central plane of cables.
The 4.9-m deep cross-section of the cable-stayed deck is a metallic box closed
by a 39.8-m wide concrete slab. The deck is 2643-m long and it has two car-
riageways, each one with two road lanes. The abutments, the piers (P1 -
P10) and the towers restrain the vertical, the transverse and the torsional
movements of the deck, with the exception of the side towers (T1 and T3 in
Fig. 7) that allow the free vertical movement of the deck. The central tower
(T2) is fully fixed to the girder at their connection.

The vehicle considered in this case study is the 4-wheeled H20-44 truck
defined by AASHTO [25], which combines both heavy vehicle weight (18.6
t) and potentially high velocities. The dimensions of the truck and its load
distribution are included in Fig. 7, where Py = 17.8 kN and P, = 71.2 kN
represent the load of each front and rear wheel, respectively, and Ly = L, =
2.135 m refer to their corresponding longitudinal distances to the centroid of
the vehicle. The transverse distance between wheels is ¢, = 2.05 m and the
total length of the truck is 8.53 m, with the front wheels separated 1.7 m from
the vehicle front. The vehicle moves in the positive X direction following a
straight path centered in the outer lane of the carriageway to maximise the
torsional response of the deck, with the centroid of the truck separated 11.45
m from the midplane of the bridge.
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4.1. FE model and modal analysis

The MS solutions are based on the vibration mode shapes and modal
properties obtained from the FE model of the structure, which was conducted
in ABAQUS. The deck and the towers were defined using a combination of
linear beam elements and lumped masses that represent the cable anchorages,
the barriers and other relevant dead loads. The deck is discretised with 229
beam elements that have a typical length of approximately 10 m, whilst
each reinforced concrete tower is divided in 27 beam elements that represent
their variable cross-section. The v-shaped reinforced concrete piers P3-P9 are
discretised with the same type of beam elements. The cables are modelled
using single truss elements with reduced (Ernst) elasticity moduli to account
for cable-sag effects. The FE model includes a total of 1380 nodes and 1601
elements. The structural movements in the longitudinal (traffic), transverse
and vertical directions are referred to as SM = 1, 2, 3, respectively, and the
rotations in the corresponding axes are SM = 4,5, 6.

From the modal analysis conducted in the FE model, the fundamental
mode of the bridge has a frequency f; = 0.15 Hz and it is shown in Fig.
8(a). This mode involves the vertical flexure of the two main spans, as
well as the longitudinal movement of the three towers. In this structure the
vibration mode threshold is initially set as J = 557, which is the order of
the highest vibration mode with a frequency below 20 Hz (this is a common
frequency limit in Civil Engineering structures). Fig. 8 compares the relative
contribution of the first 30 vibration modes of the CSB calculated with the
proposed dynamic contribution factor 77’§M,j and with the relative effective
modal mass

meff, . ™M, 1qy)°

J J

eff . eff
> ULSY® m; ULSY R
j=1 =1

where tgnn«1 is the displacement vector of the structure when a unit move-
ment is imposed at all its supports in direction SM; m; = qb;-fl\/[sq_’)j is the
j-th modal mass. It can be observed from Eq. (18) that the relative effective
modal mass is not particularised at any structural node, and it depends only
on the properties of the structure and not on the dynamic actions applied,
unlike the proposed dynamic contribution factor 77]§M, ;in Eq. (5). The values
of nlgM,j are obtained with the algorithm MS4 under the traffic case Bl de-
scribed in Table 2, and they show in Fig. 8(a) the large participation of the
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fundamental mode (j = 1) in the vertical response of the bridge (SM = 3)
at midspan D1. However, the effective mass activated by the first mode in
the vertical direction is null because the mass of the deck moving upwards
in the first main span compensates the mass moving downwards in the sec-
ond main span. Therefore, the proposed dynamic factor n can identify the
contribution of vibration modes to the vehicle-induced response better than
traditional modal factors like m®f. This is also noticed in the modal contri-
bution to the torsional response of the deck (SM=4) presented in Fig. 8(b);
n clearly identifies the first symmetric and antisymmetric torsional modes
of the deck at the two main spans (Modes 11 and 12, respectively) as the
dominant modes, but this information is lost by mgﬁ{ﬁzw due to the large
contribution of the lateral movement of the towers to the rotational mass
21 me_, ;- The effect is attributed to the larger distributed mass in the
towers compared with the deck, and makes it difficult to establish valid modal
selection criteria based on m®®. Consequently, only 7 is used hereinafter to
identify the dominant modes of the bridge for the traffic-induced vibrations,
imposing a limit 7,;, = 0.1% below which vibration modes are discarded for
the subsequent MS analysis.

Fig. 9 shows the dynamic participation factor n of all the modes below
20 Hz. It is observed that all the vibration modes above 9.1 Hz (which is the
frequency of the 281-th mode) have a contribution that is below 7y, = 0.1%
of the total response (r§y ;). Fig. 9(a) also indicates that the fundamental
mode alone contributes to more than 60% of the total vertical deck displace-
ment at second midspan (Point D2 in Figs. 7 and 9(a)), but clusters of
vibration modes between 0.15 Hz and 2.7 Hz also have a significant contribu-
tion to the response. The importance of high-order modes is stronger for the
torsional response of the deck in this CSB, as shown in Fig. 9(a). However,
the longitudinal movement at the top of the three towers (points TT1, TT2
and TT3) can be captured with relatively few low-order vibration modes due
their large flexibility, as shown in Fig. 9(b). This figure includes the shape
of the 139-th mode (3.9 Hz), which is the highest-order vibration mode with
a relative contribution to the total response of the towers above 7, = 0.1%.
The study of n results in the definition of the index vector j, for the MS1
modal selection, as described in Section 2.1. This modal study also concludes
that the order of the highest mode of interest from the point of view of the
global vehicle-induced vibrations in the CSB is 281, which is set as the new
threshold: J = 281.
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deck at midspan (D2), (b) response at the top of the towers (TT1 and TT2). The shape
of Mode 139 is included with the cable-system removed for clarity.
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4.2. MS acceleration strategies in the study of the CSB

The full-FE solution in ABAQUS includes in the analysis the first 281
vibration modes, which are also considered in the MDyn strategies without
indexed modal truncation (MS0, MS2, MS3 and MS4). The time-step of the
analysis is At = 0.01 s to have at least 10 analysis results in each cycle of the
highest mode of interest (9.1 Hz). The structural damping ratio is considered
to be constant and equal to & = 0.5% for all the modes.

The full-FE MS analysis incorporates all the nodes in the model (N,, =
1380), with 5748 DOF and a mode matrix ®|5745x2¢1 that has 16.15-10° modal
components. On the other hand, the standard MS0 algorithm in MDyn does
not consider in the dynamic analysis the parts of the structure that are not
object of study and that are not subject to the direct vehicle actions, namely
the cables (192 truss elements), the intermediate piers P3-P9 (126 beam
elements), and the masses describing the deck barriers and the anchorages
in the deck and in the towers (844 lumped mass elements). This results in
a reduced set of IN,, = 314 nodes connected by beam elements. Each node
has 6 active DOF (SM = 6) and therefore the dynamic problem in MS0 has
1884 DOF in total, giving a matrix ®|igg4x281 composed of 5.29-10° modal
components. Consequently, MSO reduces the size of ® by 67.2% compared
with the full-FE solution. In addition to this, the following strategies are
adopted in the CSB to improve the performance of the MS algorithms in
MDyn:

e Indexed modal truncation (MS1): only the vibration modes with rel-
ative contributions to the movements at the reference points D1, D2,
TT1, TT2 and TT3 that are above 0.1% are included; i.e. j, contains
only the modes for which 7 > 9y, = 0.1% in Fig. 9, in any direction.
This strategy reduces the number of vibration modes to be included
in the analysis from J = 281 (standard modal truncation in MS0) to
J, = 112 (indexed modal truncation). Therefore, the reduced mode

matrix is ®|1ss4x112 and contains 2.11-10° modal components.

e Nodal deactivation (MS2): only the deck is considered (230 nodes) and
the towers (84 nodes) are eliminated from the dynamic analysis, hence
the reduced mode matrix ®|;350x281 has 3.88-10° modal components.

e SM deactivation (MS3): instead of considering 6 DOF per node in
the beam elements (SM = 6), only the degrees of freedom that are
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directly excited by the traffic actions are included in the analysis,
namely the vertical displacement (r?) and the torsional rotation (r*¥).
Consequently, SM, = 2 and the number of DOF in the problem is
2 x 314 = 628, which results in a mode matrix ®|sz3x281 With 1.76-10°
modal components.

e Vectorisation (MS4): with this strategy the nested loop in the MS
algorithm is replaced by a simple time-loop, keeping the size of the
problem unchanged with respect to MSO: i.e. ®|1184x281, With 5.29-10°
modal components.

e Combination of the four strategies (MS5): combining MS1 to MS3 the
size of the problem is reduced to 2 x 230 = 460 DOF and 0.5-10° modal
components (<I>|460X112). Note that MS5 also includes vectorisation.

4.8. Single truck moving at constant speed; load case B1

The analysis of the CSB starts considering the load case B1 in Table 2. It
consists of a single H20-44 truck crossing the bridge with a constant velocity
of V'=100 km/h.

Fig. 10 compares the time-history of the responses at the reference points
of the deck and the towers obtained with the full-F'E solution and with MDyn.
The responses obtained with any of the MS algorithm variations included in
Table 1 are almost identical, but the movement of the towers is not obtained
in the cases for which deactivation of all the nodes apart from the deck
is considered (MS2 and MS5). Fig. 10 shows that the solutions obtained
with the full-FE analysis and with the proposed MS algorithms are super-
imposed. Both capture accurately the movement of the deck at point D1,
which presents its maximum downward deflection (Fig. 10(a)) and torsional
rotation (Fig. 10(b)) at t = 44.78 s, when the rear wheels of the truck (P,)
are located at this point of the deck. The deformed configurations of the
bridge obtained with ABAQUS and with MS4 at this particular instant are
presented in Fig. 11, showing good consistency in the entire structure. It
should be noted that the cable elements and the lateral edges of the deck
illustrated in the MS4 solution are introduced for visualisation purposes in
this figure; as it was explained previously these elements were not included
in the MDyn analysis.

The longitudinal and the transverse responses of the towers obtained with
MDyn and with ABAQUS are also coincident, as shown in Figs. 10(c) and
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Figure 10: Time-histories of the responses at different points of the CSB with ABAQUS
and with MDyn; (a) vertical displacement of the deck at the centre of the first main span
(D1), (b) torsional rotation of the deck at D1; (¢) longitudinal displacement of the top of
the central tower (TT2), (d) transverse displacement of the tower at TT2. Load case B1.
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Figure 11: Deformed configuration of the CSB at time ¢t = 44.78 s in load case B1: (a)
ABAQUS, (b) MS4. Movement amplified 10* times.

(d), respectively. The same results are obtained with MS1, which indicates
that the indexed modal truncation does not influence the global tower re-
sponse, and that it captures accurately 3D effects like the lateral movement
of the towers induced by the eccentricity of the vehicle.

Table 4 shows the CPU time required to complete the analysis of load
case Bl in ABAQUS and in MDyn. In all the cases the analysis stops af-
ter the truck exits the CSB and travels 530 m further (fma, = 114.2 s),
which results in 11.42-10% time-steps per analysis. ABAQUS completes the
calculation in 14.7 minutes, and the generation of the necessary load and
moment time-histories before the dynamic analysis needs 0.18 minutes more.
The standard MS0 algorithm requires 2.15 minutes to complete the analysis,
which represents a 86-% reduction compared with the full-FE solution. This
is partly attributed to the reduction of 67.2% of the size of ® by removing
the cables, the anchorages and the intermediate piers from the MS dynamic
analysis, and it is also due to the additional operations performed internally
by commercial FE software to check the quality of the results.

Case MDyn

study Label Full-FE MSO MS1 MS2 MS3 MS4 MS5

CSB B1 14.7 (0.18) 2.15 0.89 197 1.77 0.21 0.16
B2 206.1 (20.9) 29.7 12.1 272 243 282 223
B3 - (427.2) 38.7 16.3 359 31.1 559 4.70

Table 4: CPU time in minutes for all the analysis cases in the CSB solved with different
methods. The values between brackets represent the additional time required to generate
the nodal load time-histories for the full-FE analysis in ABAQUS. Results obtained using
a Workstation with 32GB of installed RAM and a processor Intel Xeon with 2.4 GHz.

The CPU time is further reduced by adopting the selective choice of the
vibration modes in MS1. Compared with MS0, reducing the number of vi-
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bration modes and the size of the mode matrix by 60.1% in MS1 decreases
the CPU time in the same proportion (59%) without any appreciable influ-
ence in the results. MSO and MS1 are not vectorised, and the efficiency of
the latter stems from the reduction of the size of the modal loop (j-loop in
Fig. 3(a)). The vectorised algorithm MS4 completely removes this inner loop
(Fig. 3(b)) and the reduction of the CPU time increases to 93% with respect
to MS0. Note that both MS0O and MS4 consider exactly the same number of
modal coordinates in the problem.

However, the nodal and the SM deactivation techniques are less efficient
because they reduce the number of the modal coordinates in the problem
with respect to MS0, but not the range of the inner modal loop, which is
repeated J = 281 times in both cases (one per vibration mode included
in the analysis). More specifically, by dectivating all the nodes apart from
those in the centreline of the deck (MS2) a 26.8%-reduction of the number
of DOF in the analysis (and in the size of & and P(t)) is achieved, but the
CPU time is reduced only 8%. This is even more evident in MS3, where the
active SM are reduced by 66.7% because only the vertical and the torsional
movements are considered, but the CPU time decreases only 18%. It has
also been observed that activating only the vertical displacement (SM,=1)
gives exactly the same result in terms of the movement of the deck centreline,
but it is not adequate to study the response at its edges because the torsion
induced by the vehicle cannot be captured.

By combining the four accelerating strategies in MS5 the analysis time
is reduced down to 0.16 minutes. This represents a time-saving of 93% and
99% compared with MSO and with ABAQUS, respectively, getting dynamic
responses in the bridge that are virtually identical. The reduction of the
computational effort with MS5 increases the slower the vehicle (because the
time that it needs to cross the bridge is longer), and the larger the structural
model or the number of time-steps in the analysis.

4.4. Single vehicle moving at different speeds; load case B2

Load case B2 considers a single H20-44 truck that crosses the CSB at
10 different speeds ranging from 25 to 250 km/h each 25 km/h. Velocities
above a feasible limit of 175 km /h are considered in order to obtain a complete
picture of the dynamic response of the bridge.

Fig. 12(a) shows the forced and the free response factors R in the CSB
under load case B2, referred to the movement at the midspan point D1.
ABAQUS and MDyn, in any of its algorithm variations, give very similar
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Figure 12: Response factors at midspan D1 of the CSB in; (a) load case B2, (b) in load
case B3.

results for the 10 driving velocities considered. A closer look at the results
with V' = 150 km/h, for which the forced response factor is maximised,
indicates that the algorithms without selective modal truncation (MS2, MS3
and MS4) give exactly the same response as ABAQUS. This demonstrates
that the nodal/SM deactivation and the vectorisation of the solver do not
affect the results. It is also observed that the solution considering all the
modes below 20 Hz is only 0.05% higher than the result with the proposed
modal selection in MS1 and MS5, which suggests that the modal filtering
based on the minimum dynamic modal participation factor 1y, = 0.1% is
adequate.

Table 4 presents the CPU time required by ABAQUS and by MDyn to
perform the 10 different dynamic analyses that compose load case B2. The
lowest vehicle velocities increase significantly the calculation time because the
same time-step (At = 0.01 s) is maintained in dynamic analyses of longer
duration. This is extremely onerous in ABAQUS, which takes 3.8 hours to
complete the analyses and produces results and data files that combined oc-
cupy more than 6 GB of space. On the other hand, the basic algorithm MS0
reduces the calculation time by 87% and limits the space requirements to less
than 9 MB. The performance of the MS algorithm can be further improved
with the proposed acceleration techniques. The selective modal truncation
in MS1 reduces the CPU time of the standard truncation in MS0 by 59%.
This is significantly higher than the 8-% and 18-% reductions observed with
the nodal deactivation and with the SM deactivation in MS2 and MS3, re-
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spectively. The vectorisation in MS4 decreases the computational time of its
non-vectorised counterpart MSO by 91%, which is almost the same as the 93-
% reduction obtained with MS5 by combining all the acceleration strategies.
This shows the efficiency of vectorising the modal operations included in the
time-loop of the MS algorithm.

For completeness, the MS5H algorithm is used to calculate the bridge re-
sponse to a moving H20-44 truck with velocity increments of 1 km/h, from
5 to 250 km/h. The study is not repeated in ABAQUS because of the very
large computational time involved; the complete solution of the 256 dynamic
analyses with different vehicle speeds required 75.5 minutes using MS5, which
is three times less time that what is needed to perform 10 calculations with
the same vehicle using ABAQUS. The results of the complete analysis in MS5
show that the peak forced and free dynamic factors in the CSB are limited
to R =~ 1.25 and 0.5, respectively, which are smaller than in the SSB under
the load case A3. This is attributed to the longitudinal distance between the
vehicle wheels in the H20-44 truck (L, + Ly = 4.27 m) and to the continuity
of the girder between its vertical supports along the deck. The single load
moving on the SSB induces an undisturbed oscillation in the deck that is only
dissipated by the structural damping. However, the CSB is a highly hyper-
static structure in which different parts of the deck contribute to the vertical
stiffness of the loaded span, reducing its dynamic amplification factors. The
comparison of these factors in the SSB and in the CSB in Figs. 6 and 12(a),
respectively, also indicates that the latter does not have a clear pattern of
vehicle speeds that create the cancellation or amplification of dynamic ef-
fects, as it was the case in the SSB, particularly in its free response. This
is explained by the significant importance of the first vibration mode in the
response of the SSB at its midspan section, whereas in the CSB higher-order
modes have more relevance in the response.

4.5. Vehicle convoy moving at different speeds; load case B3

In this load case the number of vehicles crossing the bridge (V,) is in-
creased to explore the influence of the number of moving wheels and the
length of the vehicle convoy in the results. Load case B3 is composed of
10 H20-44 trucks spaced at d, = 71.7-m intervals that cross the CSB at the
same constant speeds as those in load case B2; d, is the longitudinal distance
between the centroids of consecutive vehicles. The total length of the convoy
(650 m) is selected to load the complete length of the main spans at certain
time instants of the analysis.
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Fig. 12(b) compares the response factors obtained with the proposed MS
algorithms at the midspan point D1 of the CSB in load case B3. The results
are identical in the solutions that include all the vibration modes below 20
Hz, and the difference with the selective modal truncation approaches (MS1
and MS5) is only 0.08% for the forced response ratio at V' = 150 km /h.

The analysis with load case B3 is not conducted in ABAQUS because
of its significant computational cost. Only the calculation of the load and
moment time-histories necessary for the dynamic analysis with the 10 differ-
ent vehicle speeds in ABAQUS requires more than 7 hours and data files of
20 GB. This is because the analysis needs to be extended to allow for the
last truck of the vehicle convoy to exit the bridge, which implies increasing
the simulation in more than 55-10% and 1.1 -10% additional time-steps when
V =5 and V = 250 km/h, respectively. However, in the same conditions the
CPU time needed to obtain the solution with the standard algorithm MS0
is 38.7 minutes (see Table 4), which can be further reduced by 7% and 20%
with the nodal and the SM deactivation strategies in MS2 and MS3, respec-
tively. The selective modal truncation implemented in MS1 is more efficient
as it allows a 58-% reduction of the CPU time with respect to MS0. Once
again, the most efficient strategy is the vectorisation of the time-loop that is
implemented in the MS4 code, although the time saving with this approach
(86% in load case B3) is smaller than in the same structure with only one
vehicle crossing the bridge at 10 different speeds (91% in load case B2). This
is because the calculation of the nodal force vector P, within the time-loop
is repeated for each wheel, and therefore the increment in the number of
moving loads in load case B3 (with 40 moving wheels) in comparison with
those in load case B2 (with 4 moving wheels) reduces slightly the efficiency
of the vectorisation in MS4. Further improvements may be achieved if the
calculation of P, is also vectorised, and this could be the scope of a separate
study.

Combining all the proposed strategies in MS5 the calculation time re-
quired to obtain the results for 10 different vehicle speeds in load case B3 is
4.7 minutes. This allows to extend the analysis and calculate the responses
for a wider range of velocities in Fig. 12(b). Completing the analyses for the
convoy of trucks travelling at 246 different speeds takes 159.5 minutes using
MS5 and it allows to observe interesting dynamic effects in the bridge. The
results show that compared with the single moving truck in Fig. 12(a), the
dynamic response factors are significantly smaller when 10 vehicles spaced a
distance d, = 71.7 m are considered in Fig. 12(b), even if this vehicle ar-
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rangement loads one of the main spans completely and therefore maximises
the static response of the bridge at certain instants of the analysis. This is
because after loading the first main span the convoy continues its movement
and due to its length it affects both main spans in a period of time, which
reduces the dynamic amplification of the response at midspan.

5. Critical vehicle arrangements

The previous section demonstrated that the dynamic amplification of the
response can be reduced significantly if the vehicles keep a certain uniform
spacing (d,), but other configurations may induce resonant effects if they
match important vibration modes of the structure. This section presents an
extensive parametric analysis on the influence of the number of vehicles and
their spacing in the response of the SSB and the CSB. The study considers
constant separation between vehicles, which not only has an academic interest
in the study of potential resonant effects in bridges but also a significant
relevance with the advent of connected autonomous trucks (CATSs) in the
future [26].

As it was observed in Figs. 6 and 12 the peak response factor depends
on the vehicle speed. In order to capture the maximum dynamic effects the
parametric analysis considers H20-44 trucks crossing the bridges at constant
speeds ranging from V' = 100 km/h to 175 km/h (with 5-km/h increments).
The number of vehicles in the convoy varies from N, = 1 (single truck) to
N, = 10. More than 500 different values of the longitudinal spacing between
consecutive vehicle centroids (d,) were proposed in each bridge, varying from
a minimum of d, = 10 m (which leaves a distance of only 1.47 m between
the rear of a vehicle and the front of the following one) to a maximum of
d, = 4 km and d, = 10 km in the SSB and in the CSB, respectively. The
duration of each analysis is adjusted depending on the length of the bridge,
the length of the convoy and its velocity to allow the last truck to exit the deck
before finishing the simulation. The only output requested in the analysis is
the vertical displacement of the midspan section (point D1 in the CSB) to
obtain its forced response factor R = rf,.. /r7, where the maximum static
displacement at midspan (r?) is substituted for simplicity by a quasi-static
value given by the convoy crossing the bridge at a very low speed (V =5
km/h) for which the dynamic effects are negligible. Altogether, the proposed
parametric study is composed of more than 1.6 - 10° dynamic analyses that
were completed using the algorithm MS5. It is remarked that conducting
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Figure 13: Peak dynamic response factor induced by convoys of trucks H20-44 with dif-
ferent configurations in the: (a) SSB, (b) CSB.

this study using a commercial FE software would not be possible due to the
excessive calculation time.

Fig. 13 presents the peak forced response factors of the vertical midspan
displacement at the centreline of both bridges for any driving speed: R, =
max(R). When d, — 0 the positions of all the vehicles in the convoy coincide
in a single (heavier) truck and R, — R,;, with R, ; representing the peak
response factor obtained with a single moving vehicle. The results confirm
that R, is higher in simply-supported bridges (R, = 1.427 in the SSB) than
in bridges with a continuous deck (R,; = 1.196 in the CSB). As the vehicle
spacing d,, increases its influence on R, can be divided in three regions: (I)
reduction, (IT) amplification, and (III) attenuation.

The convoy spacing d, in Zone I leads to a reduction of the dynamic
response compared with the value obtained with a single moving vehicle.
This is because of the interruption of the free dynamic oscillation of the deck
due to the presence of several vehicles on the bridge at certain instants. The
deamplification of the dynamic response in Zone I is more significant the
more vehicles are included in the convoy. In the case of the SSB this zone
is relatively narrow, up to d, =~ 13 m, because of the short length of the
bridge. However, in the CSB vehicle spacings of up to d, = 200 m can lead
to significant reductions of the peak dynamic response induced by a single
moving truck.

Zone II covers a region of vehicle spacings that are much larger than those
considered in previous works [13, 16, 22] and it shows significant resonant ef-
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fects. These are induced by certain vehicle spacings and velocities that result
in a cadence of loads matching important vibration periods of the structure.
In both bridges the peak responses are observed when the vehicle spacing is
tuned to the fundamental vertical period of the deck (1/f;). Therefore, the
resonant vehicle spacing (d, g) is given as

krV;
dyp =22 (19)
fi
where kg = 1,2,3,--- represents the number of cycles of the fundamental

mode of the bridge that are completed in the time that it takes between
the passing of consecutive vehicles; V), is the driving speed for which R is
maximised: in the SSB the first two resonant peaks occur for V, = 145
km/h, whilst in the CSB V,, = 175 km/h (the maximum value considered) in
all the cases.

Fig. 13 represents with vertical lines the main resonant vehicle spac-
ings obtained with Eq. (19) in both structures. The strongest resonance is
observed for kr = 1,2, where the dynamic effects build up as the number
of vehicles in the convoy increases. However, above N, = 5 the increment
in the number of vehicles is less significant for the peak dynamic displace-
ments of the deck, particularly in the CSB. This saturation of the dynamic
response when N, > 5 may be attributed to the contribution of high-order
modes. Other peaks of the dynamic response observed in Zone II correspond
to different vehicle speeds and higher-order vibration modes, but they have
smaller effects than those observed with d,, r. It is important to remark that
the maximum value of the response factor with IV, = 10 vehicles is R, = 4.3
in both bridges, but it occurs for very different vehicle spacings: d, r = 42 m
in the SSB and d, gz = 327 m in the CSB. In fact, the region of Fig. 13 that
is dominated by resonance (zone II) occurs for significantly shorter values of
the vehicle spacing in the SSB (from d, = 13 m to d, = 100 m) than in the
CSB (d, from 200 to 4000 m) because the latter has a longer fundamental
period. Therefore, vehicle-induced resonance is less likely in the CSB be-
cause it requires long convoys of trucks with large spacings and without any
intermediate vehicle breaking the loading sequence.

Finally, there is region of long vehicle spacings that is characterised by
the fast attenuation of the peak dynamic responses (zone III). In this region
the resonant spacing is associated with high values of kg, which implies that
the deck completes a significant number of oscillation cycles before being
excited by the next vehicle of the convoy. The amplitude is reduced for
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each of these cycles thanks to the structural damping, which attenuates the
resonant effects. This becomes more relevant for shorter vehicle spacings in
the SSB (d, > 100 m) because its higher fundamental frequency allows to
dissipate the vibrational energy faster than in the CSB, even if the structural
damping is considered to be the same in both bridges. Finally, for very long
vehicle spacings the dynamic responses of the convoys tend asymptotically
to that produced by a single vehicle (i.e. R, — R, when d, — oo). This is
because the spacing between vehicles is so large that the bridge is completely
at rest when the next truck of the convoy enters the bridge.

6. Conclusions

This work proposes a new modal superposition (MS) algorithm appli-
cable with generality to any line-like structure. It is based on two novel
acceleration techniques that involve vectorisation and selective modal trun-
cation based on a new dynamic participation factor 7, in addition it allows
the efficient deactivation of specific structural nodes and types of movements
from the analysis. The standard MS algorithm (referred to as MS0), along
with the four MS acceleration strategies, have been implemented in isola-
tion (algorithms MS1 to MS4) and in combination (algorithm MS5) in a
Python [3] library called MDyn. These algorithms were used to obtain the
traffic-induced response of a short-span simply supported bridge (SSB) and
a long-span cable-stayed bridge (CSB) subject to different vehicle arrange-
ments. The solution is compared with that given by the general-purpose
finite element (FE) solver ABAQUS [18] and with the analytical solution
(when it is available). The results show that:

e The MS solutions using ABAQUS (full-FE method) and MDyn are very
close to the analytical one in the SSB, both in terms of the time-history
displacements and the peak dynamic response factors for a wide range
of moving load speeds. On the other hand, the responses given by
ABAQUS and by MDyn are identical in the SSB and in the CSB when
the same vibration modes are included in the analysis. However, MDyn
is significantly faster than ABAQUS in the analysis of both structures.

e The proposed indexed modal truncation (MS1) allows to select only
the relevant vibration modes below a certain frequency. The modal
analysis has two steps in which (1) the relative dynamic contribution to
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the total traffic-induced response (n) of all the modes below a certain
frequency is calculated, and (2) a vector with the indices of all the
modes that have a relative contribution to the total dynamic response
above a certain limit (7y;,) is created. This is used in the MS analysis
as an index vector to filter out the modes that are irrelevant to the
response of interest. In the CSB under traffic actions with 7, = 0.1%
the indexed modal truncation reduces the number of vibration modes
considered in the conventional truncation by 60%, and it brings CPU
time savings of the same magnitude with truncation errors that are
below 1%.

The deactivation of all the nodes apart from those in the centreline
of the CSB deck and the consideration of only vertical and torsional
movements in the structure can reduce significantly the number of DOF
involved in the analysis (by approximately 27% and 67%, respectively)
without affecting the results. However, the CPU time savings associ-
ated with these two strategies are below 20%, which is not proportional
to their corresponding reductions in the problem size.

In all the cases the most efficient acceleration technique is the vec-
torisation of the modal forcing calculation and the Newmark-/ solver
provided in Section 2.4. This is implemented in the algorithm MS4,
which compared with the non-vectorised algorithm MSO reduces the
CPU time by approximately 70% and 90% in the SSB and in the CSB,
respectively. It is observed that the efficiency of the vectorisation is
reduced slightly when the number of moving loads increases, which is
attributed to the inner loop established to calculate the nodal forcing
of each vehicle.

A parametric study of more than 1.6 - 10° combinations with different
vehicle arrangements and driving speeds was conducted in MDyn to
demonstrate the potential of the algorithm MS5. The results show the
significant influence of the number of vehicles and their spacing in con-
voys like those resulting from connected autonomous trucks (CATSs).
Reduced vehicle spacings can improve the structural response, but
larger values can induce significant resonance problems in the deck
if the cadence of passing trucks matches the fundamental period of the
structure, particularly in short-span bridges. Therefore, the study of
critical convoy arrangements should be conducted for all the bridges of
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the road network to potentially optimise the spacing and the velocity
of CATs in the future.

MDyn is available upon request to the author at: acamara@ciccp.es.
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Appendix A

Function InitVNewmark to initialise the non-iterative vectorised Newmark
solver:

def InitVNewmark (PO, g0, gdot0,beta, gamma,dt,M,C,K) :

N7 N7 N7/

PO: Modal force array in the previous analysis step. Dimension:
Number of modes x 1

g0, gdot0, g2dot0O: Modal displacement, velocity and acceleration

arrays in the previous analysis step, respectively.

Dimensions: Number of modes x 1

beta,gamma: Newmark time-integration parameters. Floating point
real scalar.

; dt: Time-step.

M, C, K: Modal mass, damping and stiffness arrays, respectively
Dimensions: Number of modes x 1.
Note: M = 1 i1if modes are normalised with respect to mass. C = 2%

xi*xw, K = w+*2, with xi and w being the damping ratio and the
circular frequency of each mode.

NI N7 ONT

tempv = PO-np.multiply (C,gdot0)-np.multiply (K, g0)
g2dot0 = np.multiply ((1./M), tempv)

Kbar = K+ (gamma/ (betaxdt) ) *C+(1./ (betax (dt*x2)))*xM
a = (1./(betaxdt)) M+ (gamma/beta) *C

b = (1./(2+xbeta)) *M+dt* ((gamma/ (2+xbeta))-1) xC

return g2dot0,Kbar,a,b

Function VNewmark to execute the non-iterative vectorised Newmark solver:
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def VNewmark (P0,P,g0,gdot0,g2dot0,beta,gamma, dt,Kbar,a,b) :
WRVRY
PO, P: Modal force array in previous and current analysis steps,
respectively. Dimensions: Number of modes x 1
g0, gdot0, g2dot0: Modal displacement, velocity and acceleration
arrays in the previous analysis step, respectively.
Dimensions: Number of modes x 1
g, gdot, g2dot: Modal displacement, velocity and acceleration
arrays in the current analysis step, respectively. Dimensions
Number of modes x 1
beta,gamma: Newmark time—-integration parameters. Floating point
real scalar.
dt: Time-step.

AWAR W AR W4

dpbar = (P-P0)+np.multiply(a,gdot0)+np.multiply (b, g2dot0)
dg = np.multiply((1l./Kbar), dpbar)

dgdot = (gamma/ (betaxdt))+dg- (gamma/beta) *gdot0+dt* (1- (gamma
/ (2+xbeta)) ) xg2dot0
dg2dot = (1./ (betax (dt*x2)))+dg-(1l./ (betaxdt))*gdot0—-(1./ (2%

beta) ) xg2dot0
q =90 + dg
gdot = gdot0 + dgdot
gzdot = g2dot0 + dg2dot

return g,gdot, g2dot

Nomenclature

mgﬁ{m Relative effective modal mass activated by mode j in direction SM

1% Non-dimensional speed of the moving load with respect to the j-th
mode

8,7 Newmark-§ time-integration parameters
o) Modal shape of the j-th vibration mode after nodal deactivation
tsm Rigid body motion of the structure in direction SM

I3 Vector with the damping ratios of all the modes after the indexed
modal truncation

At Analysis time-step
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név,; Dynamic modal contribution factor of the j-th mode at node k in
direction SM

Nmin  Minimum dynamic modal contribution above which a vibration mode
should be included in the MS analysis

K,a,b Arrays needed to initialise the Newmark-£ solver

) Reduced modal matrix after the indexed modal truncation and the
nodal deactivation

A~

P,  Total generalised force at the nodes selected after nodal deactivation

P, f’w, P. Generalised forces due to vehicles, wind and earthquakes at the
nodes selected after nodal deactivation

r,, fs, 'fs Generalised nodal displacements in the nodes selected after nodal
deactivation, and their time-derivatives

Q Frequency vector
®, b, 9 Modal matrix, vector and component, respectively

Q Reduced frequency vector after the indexed modal truncation

b Reduced modal matrix after the indexed modal truncation

M, 6, K Vectors containing the modal mass, damping and stiffness of all the
modes considered after the indexed modal truncation

f’o, P Modal forcing vectors in the previous and in the current time-step of
the analysis

do, ao, ao Reduced vector of modal coordinates after the indexed modal trun-
cation at the end of the previous analysis step, and its time-derivatives

q, a,ﬁ Reduced vector of modal coordinates after the indexed modal trun-
cation, and its time-derivatives

Jr Vector with the indices of the relevant vibration modes

k, Vector with the indices of the nodes selected after nodal deactivation
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M, C,, K, Mass, damping and stiffness matrices

P, Nodal forcing vector

q Vector of modal coordinates

r,, T, Ty Generalised nodal displacements and their time-derivatives
t, Time vector

I Mass of the deck per unit length

Q, Driving excitation frequency of the vehicle with respect to the j-th
mode

wj Circular frequency of the j-th mode
wgq; Damped circular frequency of the j-th vibration mode
¢’§M’j J-th modal coordinate at node k in direction SM

©; Phase angle of the free vibration corresponding to the j-th mode of
the SSB

& Modal damping ratio of the j-th mode

c Parameter related to the free vibration of the SSB
Co Transverse distance between wheels in the H20-44 truck
d, Distance between the centroids of consecutive vehicles in the convoy

d, r  Vehicle spacing in the convoy that induces resonance in the deck
ET  Vertical flexural stiffness of the deck
fi Frequency of the fundamental vibration mode

J Order of the highest vibration mode of interest

J, Number of vibration modes included after the indexed modal trunca-
tion
Jl Index of the j-th mode selected in the indexed modal truncation
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K,  Number of nodes selected for the dynamic analysis after nodal deac-
tivation

kr Multiplier of the bridge fundamental period in the calculation of d, r
k¥ Index of the k-th node selected after nodal deactivation
L Span of the SSB

L¢, L, Distance between the H20-44 truck centroid and its front and rear
axles

mgf{/lyj Effective modal mass activated by mode 7 in direction SM
m;  Modal mass of the j-th mode

N Number of degrees of freedom (DOF)

N,,  Number of nodes in the structure

N,  Number of vehicles in the convoy

P Wheel load in the SSB case study

Py, P, Load of each front and rear wheel in the H20-44 truck

P; Modal forcing of the j-th mode

¢;,4j,¢; Modal coordinate of the j-th mode and its time-derivatives

R Ratio between the peak dynamic displacement and the maximum
static deflection at midspan

T]SCM, ; Response of the structure at node & in direction SM when the first .J
vibration modes are included in the MS analysis

rZ Vertical dynamic displacement at midspan
rZ Maximum vertical static displacement at midspan

R,  Peak dynamic response factor induced by a vehicle convoy for any
driving speed
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R,: Peak dynamic response factor induced by a single moving vehicle for
any driving speed

tmax Time instant in which the simulation stops

V Vehicle speed

Vo Driving speed for which R is maximised

X,  Amplitude of the contribution of the j-th vibration mode to the free
vibration of the SSB

SM  Number of structural movements before the SM deactivation

SM, Number of structural movements after the SM deactivation

References

[1] H. Hilber, T. Hughes, R. Taylor, Improved numerical dissipation of time

integration algorithms in structural dynamics, Earthquake engineering
and structural dynamics 5 (1977) 283-292.

R. Clough, J. Penzien, Dynamics of structures, McGraw-Hill, 1993, sec-
ond edition.

Python Software Foundation, Python Language, version 3.8, Available
at http://www.python.org.

A. Camara, M. Astiz, Applicability of the strategies for the elastic seis-
mic analysis of cable-stayed bridges, Revista Internacional de Metodos
Numéricos para Célculo y Diseflo en Ingenieria (in Spanish) 30 (1) (2014)
42-50.

L. Meirovitch, Computational methods in structural dynamics, Sijthoff
& Noordhoff, Alphen aan den Rijn, The Netherlands, 1980, vol. 5 of
Mechanics: Dynamical Systems.

S. Krenk, State-space time integration with energy control and fourth-
order accuracy for linear dynamic systems, International Journal for
Numerical Methods in Engineering 65 (2006) 595-619.

43



[7]

[10]

[11]

[12]

K. Foss, Coordinates which uncouple the equations of motion of damped
linear dynamic systems, Journal of Applied Mechanics 25 (3) (1958)
361-364.

A. Veletsos, C. Ventura, Modal analysis of non-classically damped linear
systems, Earthquake Engineering and Structural Dynamics 14 (2) (1986)
217-243.

A. Ibrahimbegovic, E.L.Wilson, Simple numerical algorithm for the
mode superposition analysis of linear structural systems with nonpro-
portional damping, Computers and Structures 33 (1989) 523-533.

D. D. Domenico, G. Ricciardi, Dynamic response of non-classically
damped structures via reduced-order complex modal analysis: Two
novel truncation measures, Journal of Sound and Vibration 452 (2019)
169-190.

N. Galdos, D. Schelling, Methodology for impact factor of horizontally
curved box bridges, Journal of Structural Engineering 119 (6) (1993)
1917-1934.

C. Johansson, C. Pacoste, R. Karoumi, Closed-form solution for the
mode superposition analysis of the vibration in multi-span beam bridges

caused by concentrated moving loads, Computers and Structures 119
(2013) 85-94.

C. S. Kumar, C. Sujatha, K. Shankar, Vibration of simply supported
beams under a single moving load: a detailed study of cancellation phe-
nomenon, International Journal of Mechanical Sciences 99 (2015) 40-47.

C. Bowe, T. Mullarkey, Unsprung wheel-beam interactions using modal
and finite element models, Advances in Engineering Software 39 (2008)
911-922.

T. Wang, D. Huang, M. Shahawy, K. Huang, Dynamic response of high-
way girder bridges, Computers and Structures 60 (6) (1995) 1021-1027.

C. Cai, S. Chen, Framework of vehicle-bridge-wind dynamic analysis,
Journal of Wind Engineering and Industrial Aerodynamics 92 (2004)
579-607.

44



[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]
[26]

S. Chen, C. Cai, Accident assessment of vehicles on long-span bridges
in windy environments, Journal of Wind Engineering and Industrial
Aerodynamics 92 (2004) 991-1024.

ABAQUS, Analysis User’s Manual, Dassault Systemes, Simulia Inc.,
Version 2018.

Y. Xu, Q. Li, D. Wu, Z. Chen, Stress and acceleration analysis of cou-
pled vehicle and long-span bridge systems using the mode superposition
method, Engineering Structures 32 (2010) 1356-1368.

EN1998-1, Eurocode 8: Design of structures for earthquake resistance.
part 1: General rules, seismic actions and rules for buildings, european
Committee for Standardization (CEN) (2004).

A. Chopra, Dynamics of structures, theory and applications to earth-
quake engineering, Prentice Hall, University of California, Berkeley,
2007, 3rd Edition.

A. Camara, A. Ruiz-Teran, Multi-mode traffic-induced vibrations in
composite ladder-deck bridges under heavy moving vehicles, Journal of
Sound and Vibration 355 (2015) 264-283.

EN1991-2, Eurocode 1: Actions on structures - part 2: Traffic loads on
bridges, EN 1991-2:2003 (2003).

A. Camara, K. Nguyen, A. Ruiz-Teran, P. Stafford, Serviceability limit
state of vibrations in under-deck cable-stayed bridges accounting for
vehicle-structure interaction, Engineering Structures 61 (2014) 61-72.

AASHTO, LRFD bridge design specifications, 2nd Edition (1998).

J. R. Simpson, S. Mishra, A. Talebian, M. M. Golias, An estimation of
the future adoption rate of autonomous trucks by freight organizations,
Research in Transportation Economics 76 (2019) 100737.

45





