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Optimal risk sharing arrangements have been substantially studied in the literature, from the aspects of
generalizing objective functions, incorporating more business constraints, and investigating different op-
timality criteria. This paper proposes an insurance model with multiple risk environments. We study the
case where the two agents are endowed with the Value-at-Risk or the Tail Value-at-Risk, or when both
agents are risk-neutral but have heterogeneous beliefs regarding the underlying probability distribution.
We show that layer-type indemnities, within each risk environment, are Pareto optimal, which may be
environment-specific. From Pareto optimality, we get that the premium can be chosen in a given interval,
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and we propose to allocate the gains from risk sharing equally between the buyer and seller.
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1. Introduction

This paper studies an optimal (re)insurance contract design
problem, where there are different indemnity environments. In the
insurance market, indemnity contracts are often allowed to depend
on an exogenous realization of mutually exclusive possible events,
or the so-called triggers; such triggers are not necessarily a func-
tion of the underlying loss. Examples include multiple-peril and
index-linked insurances; they are also common in the market for
catastrophe (CAT) bonds and other risk-linked securities (see, e.g.,
Cummins, 2008). In this paper, we focus on insurance contracts,
while our model applies also to an optimal reinsurance setting.

Multiple-peril insurance contract bundles together different
coverages arising from various mutually exclusive perils. For in-
stance, a homeowner insurance policy package may include cov-
erages due to fire and smoke, theft, lightning strikes, as well as
windstorms and hail. Another instance would be the federally sub-
sidized multiple-peril crop insurance (MPCI) program operated by
the Federal Crop Insurance Corporation in the United States (see,
e.g., Smith & Baquet, 1996). Index-linked insurance contract usu-
ally writes on a single-peril, with various coverage levels among
different realized values of certain index, such as the Catastro-
phe Loss Index (CLI); such a contract is expected to be increas-
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ingly more prevalent in the currently pressing climate change. Both
multiple-peril and index-linked insurance contracts have a charac-
teristic of mutually exclusive and verifiable triggers; after an inde-
pendent third party confirms that the one and only one trigger is
met, insurance company provides an indemnity coverage to the in-
sured for that particular trigger. Multiple indemnity environments
are also observed in cyber insurance policies with exclusions, such
as, criminal activity, disregard for computer security, act of terror-
ism or war, and so on.

There have been only a few studies where the optimal indem-
nity is not a function only of the underlying loss, but can also
depend on other exogenous risk factors. For instance, Mahul &
Wright (2003) show that indemnity functions depend not only on
the underlying loss, but also on other factors such as the individual
yield and/or price for crop revenues. Moreover, Dana & Scarsini
(2007) and Chi & Wei (2020) show that optimal indemnities can
depend on exogenous background risk. In all three papers, it is
thus shown that exogenous events may influence the optimality of
indemnity contracts. It requires us to study conditional probability
distributions of losses, which is studied empirically by Ker &
Coble (2003) for crop insurance. Albrecher & Cani (2019) show
that if the Value-at-Risk (VaR) is used for holding capital of the
insurer, then randomized reinsurance contracts can be optimal
by “creating” a random event that triggers a non-coverage of the
indemnity. In such contracts, there is a trigger that leads to no
coverage for the insurer. For instance, if the reinsurer faces default
risk, then limited liability enables the reinsurer not to fully pay
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the reinsurance indemnity. In this manner, there is for the insurer
an exogenous event that yields an adjustment in the recovery of
the indemnity. This exogenous event is allowed to be correlated
with the underlying loss that the insurer seeks reinsurance for. In
this paper, we propose a very general setting where there is an
exogenous event that can trigger different indemnity contracts.

Originally, optimal (re)insurance contract theory focuses on the
unilateral maximization of the utility of the insurer, where there is
a given premium principle for (re)insurance (Arrow, 1963; Borch,
1960a). With preferences based on risk measures, this is more re-
cently studied by Balbas, Balbas, & Heras (2011) and Tan, Wei, Wei,
& Zhuang (2020). A bilateral bargaining approach is proposed by
Raviv (1979) and Aase (2009) for the case where both the insurer
and the reinsurer are endowed with expected utilities. This is ex-
tended by Boonen, Tan, & Zhuang (2016) to a class of comonotonic
additive risk measures. In such a setting, Pareto optimal indemni-
ties have been characterized by Asimit & Boonen (2018) as the con-
tract profile that minimizes the sum of risk measures. We extend
this approach in this paper to the case with multiple indemnity
environments. Thus, our focus in this paper is on Pareto optimal-
ity, which implies that there is no profile of contracts that is better
for both agents, and strictly better for at least one agent.

The primary risk holder (buyer) approaches an insurance seller,
and bargains for such an optimal contract in this bilateral setting.
The two agents seek to find an acceptable profile of indemnity con-
tracts and the corresponding premium paid by the buyer to the
seller. Moreover, we allow the insurer to include a compensation
(a bonus) in the case that the trigger for insurance coverage is not
met, and thus no indemnities need to be covered. In particular, we
show optimal indemnity profiles that yield Pareto optimality. The
corresponding premiums are usually non-uniquely determined by
Pareto optimality alone.

Pareto optimality leads to a rather specific structure on the pro-
file of indemnity contracts, while the corresponding premium can
be chosen in a flexible manner. In particular, like Asimit & Boonen
(2018), optimal indemnities follow from a sum-minimization. Here,
risk is perceived by the agents with the indemnity environment
being also unknown. We first show Pareto optimal insurance
indemnity contracts in the case that the agents use the VaR or
the Tail Value-at-Risk (TVaR), or the agents are risk-neutral but
have heterogeneous beliefs regarding the underlying probability
distribution. In the case that the VaR is used by both agents, then
Pareto optimality leads stop-loss or dual stop-loss type indem-
nities, within each risk environment. On the other hand, when
both agents use TVaR or when both agents are risk-neutral and
have heterogeneous beliefs, then layer-type indemnities, within
each environment, are optimal.! The corresponding parameters
may depend on the specific indemnity environment. In particular,
the effect on these optimal indemnity profiles by environment
probabilities are rigorously investigated. As a second step, the pre-
mium can be chosen in a flexible manner, and thus we allow for
reciprocal reinsurance contracts as in Borch (1960b); in particular,
we propose to allocate the gains from risk sharing equally between
the buyer and seller, which coincides with the Nash-bargaining
solution.?

This paper is set out as follows. Section 2 defines the Pareto
optimality problem with multiple indemnity environments. Pareto
optimal solutions of this problem in the case that the two agents
are endowed with VaR or TVaR are shown in Sections 3 and 4, re-
spectively. A constructive example is provided in Section 5. In the

1 In absence of multiple indemnity environments, optimal risk sharing with het-
erogeneous beliefs and risk-neutral insurance agents have been studied by Boonen
& Ghossoub (2019).

2 The use of game-theoretic arguments to understand insurance transactions is
also proposed by Dutang, Albrecher, & Loisel (2013).
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case that the two agents are risk-neutral but are endowed with
heterogeneous beliefs regarding the underlying probability distri-
bution, Pareto optimal insurance contracts are studied in Section 6.
Section 7 discusses the selection of an insurance premium. Finally,
Section 8 concludes. The proofs are delegated to the appendices.

2. Problem formulation

Let (€2,.#) be a measurable space, and let P be a probability
measure on (£2,.#). We consider a one-period economy, where a
primary risk holder is endowed with a loss X, which is payable at a
fixed future reference time T > 0. The risk X is defined on (2, .%),
and we assume that the loss X is a non-negative random variable
with 0 < EF[X] < 0.

The primary risk holder, or buyer, intends to share the loss at
time T with another party, or seller, and accepts to pay a premium
at time 0. Both parties agree to achieve an optimality in terms of
their risk positions by choosing appropriate amounts of indemnity
and premium at the present (time 0). However, unlike classical risk
sharing problems, this paper considers a setting such that the in-
demnity level depends upon an external factor, which cannot be
influenced by both parties, yet can be precisely observed and mea-
sured at time T. We will provide a practical example in Section 5.

To this end, let Y, defined on the same measurable space
(2, #), be the trigger to characterize the exogenous environment
such that the sample space 2 is partitioned into finitely many,
more precisely m + 1, disjoint subsets, which are given by {w € Q :
Y(w) =k}, for k=0,1,..., m. Moreover, for any w € Q, if Y(w) =
0, then X(w) = 0. For each remaining environment k=1,...,m,
the loss (X|Y = k) is risky, in the sense that P(X > 0|Y =k) > 0.
Thus, we explicitly assume that the random variables X and Y are
not independent.

If the realized environment is non-risky, i.e. given that Y =0,
since the loss becomes void, no indemnity transfer is required. We
assume that, instead, a bonus b € [0, b] (also called an experience
refund in the insurance industry) will then be paid by the seller
to the buyer at time T, where b> 0.3 Moreover, if the realized
environment is risky, i.e. given that Y =k, for some k=1,...,m,
the buyer will transfer I, (X) to the seller at time T, where [;(-)
is called an indemnity function. Note that both parties have to
agree at time 0 on a bonus b and a profile of indemnity functions
(I, ..., In) since the exogenous environment is not realized until
time T. Moreover, the buyer also agrees to pay the seller a pre-
mium 77 > 0 at time 0. We refer to a tuple (b, (I1,...,In),7) as a
contract.

Any admissible profile of indemnity functions is composed of
risk transfers that are comonotonic within the risky environment
Y:

Z:={(,....In):0<I <1Id,
I, and R, are non-decreasing for all k=1, ..., m},

where Id denotes the identity function and Ry, k=1,...,m, is
called a retention function, which is defined by R;, : =Id — I;. For
each k=1,...,m, the first condition is motivated by the fact that
the indemnity loss I, (X) paid by the seller is at least non-negative
and is at most the loss X; the second condition precludes ex post
moral hazard from both parties, as suggested by Huberman, May-
ers, & Smith (1983). Note that the realization of Y at time T is not
affected by decisions of any of the two parties at time 0. For each
admissible bonus b € [0, b] and indemnity profile I:= (I, ..., In) €
Z, the realized risk positions of the buyer and seller are respec-

3 In practice, b is usually a fraction of the premium, which is a partial return of
the premium to the insurance buyer in the case that there are no losses at all in
the industry. In this paper we model the bonus as a decision variable.
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tively given by:

m
B(b.R:X.Y) := —b x Iy_o) + Y_ Ri(X) Ly (2.1)
k=1
and
m
S(.LX.Y) :=bxTy_oj + Y _ LX)y (2.2)
k=1
where R := (Rq,...,Rp), and 14 is an indicator function of an event

A. Notice that, due to the exogenous environment, by definition,
the risk positions of the buyer and seller are not necessarily mono-
tonic functions with respect to the underlying loss X.

Let p; and p, be two risk measures for the buyer and seller
respectively to order their risk preferences at time 0. Together with
the agreed premium payment, the post-transfer risk positions of
the buyer and seller are respectively given by p; (B(b,R; X,Y) + 1)
and p,(S(b,I; X,Y) — ). Unless otherwise specified, the following
assumption holds throughout this paper.

Assumption 2.1. The risk measures p; and p, are:

o translational invariant: for any meR and Ze X, p;i(Z+m) =
pi(Z) +m;

+ monotonic: for any Z;,Z, e X with Z; <Z,, P-as. pi(Z;) <
pi(22);

e such that p;(0) =0 and p;(X) < oo,

where X is the linear space of finite random variables.

It is well-known that the VaR and the TVaR under the probabil-
ity measure P satisfy the conditions in Assumption 2.1. These two
risk measures will be recalled and discussed in Sections 3 and 4.

To ensure the risk sharing being viable, both buyer and seller
expect that it does not create any extra risk at time 0. In other
words, the following individual rationality constraints have to be
held:

P1(B(b.R:X.Y) + 1) < p1(X) and pp(S(b. L X.Y) — ) < p2(0) =0.

Together with translation invariance, these can be rewritten as ad-
ditional premium constraints:

p2(S(b.LEX.Y)) <7 < p1(X) — p1(B(b,R: X, Y)). (23)

Therefore, the joint admissible set .4 of contracts contains any
bonus b € [0,b], indemnity profile (I;,...,In) € Z, and premium
7w >0 such that (2.3) holds. Notice that the joint admissible set
A is non-empty; in particular, no risk sharing is feasible: b =0,
L(X)=---=Ix(X)=0, and w = 0.

At time 0, both parties negotiate to choose the design of bonus,
indemnity profiles, and premium payments in the admissible set
A. We require that such a contract is Pareto optimal, which implies
it is impossible to find another contract that reduces the post-
transfer risk position of either of them, without increasing the risk
position of counterparty. Pareto optimality is formally defined as
follows.

Definition 2.1. A bonus, indemnity profile, and premium payment
tuple (b*, (I, ..., Iy),. T*) € [0,b] x T x [0, 00) is called Pareto op-
timal in A, if (b*, (I3,...,I}),7*) € A, and there is no admissible
tuple (b, (I3, ...,In), w) € A such that

p1(B(b.R:X.Y) + 1) < p1 (B(b*. R X.Y) + 77);
p2(S(b.LX.Y) — 1) < py(S(B*.T: X.Y) — 7).
with at least one of the two inequalities being strict.

It holds that (b*, (I3,..., I¥),m*) € A is Pareto optimal if and
only if (b*, (I}, ..., I})), w*) € S¢, where

S = argming, i, 1ymeaP1 (BB, R X, Y))+02(S(b, I; X, Y)),
(2.4)
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which follows by similar arguments as in Theorem 3.1 of Asimit &
Boonen (2018).* Since the objective function of the minimization
problem in (2.4) does not depend on premium s, this problem
can be solved sequentially by:

Step 1: solving

P2(S(h. X, Y)); B
Step 2: for each optimal b* € [0, b] and (I}, ..., I};) € Z from Step
1, choose r* > 0 such that (2.3) holds, i.e.,

p2(S(b". T2 X.Y)) < 7* < p1(X) — p1 (B(D". R": X, Y)).

Notice that in Step 1, we omit the constraint:
02(S(b. X, Y)) < p1(X) — p1(B(b,R: X, Y)).

This is because an optimizer of the minimization problem in Step
1 must satisfy this constraint. Indeed, with the optimal b* € [0, b]
and (Ij, ..., I*) € Z, it holds

(B R X,Y)) + oo (S(b™, 15 X,Y)) < o1 (B0, X: X, V)
+ p2(S(0,0:X,Y)) = p1 (X),

where R=X and I=0 is defined as R, =Id and [, =0 for all
k=1,...,m, respectively. The main objective of this paper is Step
1: the structure of the indemnities in Pareto optimal contracts.
Section 7 will discuss Step 2: selecting the premium.

One might conjecture that any optimizer of the minimization
problem in Step 1 satisfies [{ = --- = I If this is the case, then the
Pareto optimal risk sharing exercise with multiple indemnity envi-
ronments proposed in this paper reduces to the classical problem
with a single indemnity environment, with a simple extension of
bonus inclusion. We will however demonstrate that for the cases of
VaR and TVaR this conjecture is not true. We provide counterex-
amples in Sections 3.1 and 5, in which we show that there ex-
ists an optimizer of the minimization problem in Step 1 such that
If # I;f for some i # j. Another interesting question is under what
condition should all Pareto optimal contracts be different among
risky environments; this will be addressed in Section 6.

Remark 2.1. In the recent literature on optimal risk sharing in in-
surance, there have been roughly two approaches towards Pareto
optimality. First, Cai, Liu, & Wang (2017); Jiang, Hong, & Ren (2018),
and Lo & Tang (2019) assume that the premium follows from a
premium principle, i.e. a given function of the insurance indem-
nity. Then, the only variable that is determined by Pareto optimal
risk sharing is the indemnity function. Second, Asimit & Boonen
(2018), as well as Asimit, Cheung, Chong, & Hu (2020), study Pareto
optimal risk sharing in which the contract is given by the pair
(I, ): an indemnity function and a corresponding premium. The
premium is then part of the contract that is determined by Pareto
optimal risk sharing. This paper follows the second approach.

3. Pareto optimality with VaR preferences

In this section, assume that the risk preferences p; and p, of
the buyer and seller are both characterized by the VaR under the
probability measure P. The VaR under the probability measure P is

4 Asimit & Boonen (2018) assume law invariance of the preferences; that is, the
preferences are only functions of distributions of random variables. But this as-
sumption is not needed in the proof of the result herein. Also note that Asimit
& Boonen (2018) do not assume convexity of the preferences. Under convexity of
the preferences, it is well-known that the Pareto optimal frontier can be obtained
as solutions of the minimization of all weighted sums of risk measures, where the
weights are positive (see Miettinen, 1999). If the preferences are translation invari-
ant, then Asimit & Boonen (2018) show that it is sufficient to set the weights equal
to 1 for both agents.
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given by
VaR, (Z) :=inf{ze R : P(Z > z) <y}, where y € (0,1).

In particular, practical values of y are close to 0 in banking and
insurance regulation.

Let ¢ € (0,1) and B € (0,1) be the respective risk tolerance
levels of the buyer and seller. The minimization problem solving all
Pareto optimal bonus and profiles of indemnity functions is given
by:

min VaRy | —b x Tjy—q +
be[0.b]; (hy.....In)eZ

> Re(X )H{Yk})

k=1

m
+ VaRﬂ (b X H{yzo} + ZI" (X)H{ym) . (31)

k=1

The risk positions of buyer and seller both involve mutually ex-
clusive loss components herein. Hence, with the mutual exclusivity,
we apply a modification argument (see, e.g., Chi, 2012 and Cheung,
Chong, & Yam, 2015a; Cheung, Chong, & Yam, 2015b) to identify
a sub-class of optimal solutions for the minimization problem in
(3.1), which has the least finite number of parameters to be de-
termined. However, the modification arguments herein are largely
extended from the canonical one, which combines with the defini-
tion of VaR, as well as balancing between retained and indemnity
losses when a modification is carried out.

To this end, denote the objective function in the minimization
problem (3.1) as F. Define a subset of the admissible indemnity
profiles as

Ty :={(h,....In) €Z: foreachk=1,...,m,
there exists a dy € [0, esssup(X)]
such that I, (x) = (x — dy), or [,(x) =x— (x —dy), },

where esssup(X) is the essential supremum of random variable X
under probability measure P, and (x); = max{x, 0}. For the sake of
a clear exposition of our results, we assume that esssup(X) < oo,
but our results also hold true in the case that esssup(X) = co and
we replace [0, esssup(X)] by [0, co) as the range of X. The follow-
ing theorem provides a functional form of some Pareto optimal in-
demnities with the VaR, and its proof is delegated to Appendix A.

Theorem 3.1. Let p; =VaRy and p; =VaRg. For any be |0, b]
and (Iy,....Im) € Z, there exists an (Iy,....Im) € Z; such that
F(b, (I3, ...,Im)) < F(b, (Iy, ..., Im)).

Theorem 3.1 states that any admissible indemnity profile
(Ii,....In) is suboptimal to an indemnity profile (fl,“ ) €T,
with the same bonus b, where the indemnity profile (I, ..., In) €
7, is composed of the stop-loss or dual stop-loss risk transfers. Due
to such a sub-optimality result, the minimization problem (3.1),
which is infinite-dimensional, can be reduced to a finite dimen-
sional one:

bn[rg;b]] Fy(b,6;,dy, ..., Om, dm) + Fs(b, =01, d,, ..., —Om, dm), (3.2)

01...Ome{-1,1}%
dq,....dme[0,esssup(X)]

where, for any be[0,b], ¢1.....
[0, esssup(X)],

Fg(b, 1.dq, ..., P, dm)

¢me{-1,1}, and dq,....dn €

m
= VaRqy (b < Ty—oy + Y (X = di)  Tgpmty + (X — (X — dk)+)]l{¢kl})]l{Yk)>v
P

and

Fs(b.¢r.di..... ¢m. dm)
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m
:=VaRy (b X Ty—oy + Y ((X = di) Tg——1y + X — (X — dk)+)n(¢k,))n(”,).
k=1

By (2.4) it follows that all these solutions of this finite dimensional
minimization problem constitute Pareto optimal bonuses and pro-
files of indemnity functions. As we alluded in Section 2, we shall
provide a counterexample in Section 5 that there exists an opti-
mizer such that [} # I;.‘ for some i # j under the case of VaR; see
also the section below.

3.1. Explicit optimal indemnities

In this section, the effect on the Pareto optimal indemnity pro-
file by the probabilities of exogenous risky environment is studied
under the VaR preferences. In order to do so, the finite dimensional
problem (3.2) is first solved explicitly, under some conditions for
technical tractability, in the following proposition, and its proof is
delegated to Appendix B.

Proposition 3.1. Let P(Y =0) =0, b=0, m = 2. Denote p :=P(Y =
1) € (0,1), and thus P(Y = 2) =1 - p € (0, 1). Denote Fyy (-|1) and
Fxy (:|2) as conditional distribution functions of the loss, given that
Y =1 and Y =2, respectively, which are assumed to be strictly
increasing and continuous in x € [0, esssup(X)], with Fyy(0[1) =
Fxy (0]2) = 0; denote F, Y( |1) and F, Y( |2) as the inverse functions
of Fxy (:[1) and Fyy (- |2) respectively. Assume furthermore that p; =
p2 = VaRy with o € (0,1). The optimal indemnity profiles of the fi-
nite dimensional problem (3.2) and the minimized value of the objec-
tive function are given as follows:

MIfp<aand p<1-«

o Ii(x) = (x—d7), and I5(x) =x A d35, or I} (x) =x A d} and
L(x) = (x—d3)s.
for any dj €0, F |Y(l |2) d;] and dj €|[0, le(l
14512)). or
e [(X) = (x—dj); and I5(x) = (x —d5)4, or I[(x) =xAdj
and I5(x) =x A d3,
for any d; €10, le(l = p|2)] and d; e
[Figh (D 2, ess sup ()
o F(0, (I} 1)) = X,ya 1%512).
2Q)Ifea<p<1-aandF ‘y(l -41) < Xf&a - 1%512),
o Ii(x) = (x—d}), and L (x) —X/\d*, or I (x) =x A dj and
L) =x—db),

for any dj e [0 |v(1 = p|2)] and dj e [max{ x|y(1 -
&11) — df, 0}, Fp (1 - 1%512) - dj]. or
. I*(x) (x—d7), and L(x) = (xfd§)+, or If(x) =xndj
and LE(x)=xnd;,
for any di e[F IY(1 “|1),FX’|}1,(1—1°%1,|2)]
[ |Y(M|2) esssup(x)]
e F(0.(I;. 1)) = le(l = p|2)
(3) fe<p=1-aandFy(1-$I1) =F (1-1%[2).

and dj e

e () = (x—d;‘)+ and I3 (x) —X/\d* or If(x) =x A dj and
L(x) = (x—d5)+,
for any d* € [0, F, |y(1 ¢lnl=Io, Fx_n]/(] - 1%12)] and d; =
Fgp(1—%[1) —d X,yu—%pu)—d;f
 F(0, (I}, 1) = Xq;u - 1D =Fy (1 - 1%12).
4) fa<p=1-aandFgy(1-1%12) < Fg(1- 4D,
e [(x) = (x—d}); and 5(x) =xAdj, or I;(x) =x A dj and
LX) = (x—d5),
for any dj e [max({F Y(l p|2) ,0}, le(l “|1) -

d;] and d; € [0 “|1)], or

s X\Y(l



JID: EOR

A.V. Asimit, TJ. Boonen, Y. Chi et al.

p

) (6)

[

&%

0 1 1

Fig. 1. Optimal indemnity profiles of two risky environments when risk tolerance
levels of buyer’s and seller’s Value-at-Risk are equal; linear and horizontal solution

of Fx’&(l - %H) = Fx’u}(l -% 2) for Case (3) is chosen for graphical convenience.

e (x) = (x—dj)y and I5(x) = (x —d3)4, or (x) =xAd}
and I;(x) = x A d3,
% 1, 1-a—(1-p)Fy (d5]2)
for any d* e [Fxnl/ — = XY 72
[y (1 - %plz),qu;](l -2
e F(0, (I}, 5)) :F);\Y(] — %|1).
B)Ifa<pand 1 -« < p,
o I(x) = (x—dj)4 and I5(x) =x A d;, or I;(x) =x A d} and
BR) = (x—d3)s,
ﬂram;dieWJ;M1—%H)]am1d§GWJzy1—%H)—
d;‘], or
o (x)=(x—d})y and IE(X) = (x —d5) 4, or I} (x) =x Ad}
and I;(x) = x A d3,
1-a—(1-p)Fy (d5]2)
P

[1), esssup(X)] and dj €

for any dj e [F);n],(
[0 Fgy (1= $ID;
S _ -1
« F(0. (1. 1)) = Fgh (1 - €|1).
B)Ifl-a<p<a,
e (x) = (x—dj); and IE(x) =x A d;, or I;(x) =x A d} and
LX) = (x—db)y,
for any die [FX“;(“T“H), esssup(X)] and die
[Fx‘l}l,(]l%zﬂ),ess sup(X)];
e F(0, (I, 15)) = O,

[1), esssup(X)] and d; e

Regardless of the conditions on the parameters p and «, and
the conditional distributions of the loss, I # I5. The six cases in
Proposition 3.1 are illustrated in Fig. 1.

Suppose the risk tolerance level of the buyer and seller is such
that « € (0, %). When the probability of the first risky environment
is very small, i.e. p <« and p <1 — «, if the buyer and seller each
bear a stop-loss in one risky environment and a dual stop-loss in
another risky environment, the deductibles dj and d; are flexible,
as long as the sum dj + d3 is smaller than the conditional VaR of
the second risky environment at an adjusted risk tolerance level
Fx_n]/(l - 1"‘7|2); if the buyer and seller each bear stop-loss or dual

stop-loss in both risky environments, the deductibles df and d are
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also flexible, but dj is smaller than FX*|3,(1 - f‘fp|2) while dj is nec-
essarily larger than it. When the probability of the first risky envi-
ronment increases, but before the conditional VaR of the first risky
environment at an adjusted risk tolerance level FX*&(I - %ll) is at
least FX*&(I — 12512). same set of optimal indemnity profiles hold
except that the flexibility of deductibles shrinks. When the proba-
bility of the first risky environment increases to a level such that
Fx_|>1'(1 -41) :Fx_\s]((l — 1%5/2), the buyer and seller each must
bear a stop-loss in one risky environment and a dual stop-loss in
another risky environment, where the deductibles are least flex-
ible that dj +d} = FX]:,(l %) = FX*&(l — 1%512). The remaining
two Cases (4) and (5) are similar with the probability of the sec-
ond risky environment being small.

Similar conclusions hold for the case that « € [%, 1). However,
in this case, as long as the probability of the first risky envi-
ronment is such that pe (1 -, ), the buyer and seller each
must bear a stop-loss in one risky environment and a dual stop-
loss in another risky environment, regardless of the conditional
distributions of the loss. However, the deductibles dj and d; do
depend on the conditional distributions of the loss; specifically,
they are flexible, as long as d} > Fxfhl,(%ll) and d3 > Fxflg,(%p),
which are necessarily larger than the unconditional VaR of the loss
E1(1-a).

We close this section with some comments on the assumptions
of Proposition 3.1. Our aim is to show explicitly solved optimal in-
demnity profiles in Proposition 3.1, and to illustrate the effect on
the optimal indemnity profile (I3, ;) by the probabilities of exoge-
nous risky environments. A solution of the finite dimensional prob-
lem (3.2) under weaker assumptions could be obtained numeri-
cally, but there are a large number of cases to be considered. We
next summarize two computational issues:

o The assumption that there are only two possible risky environ-
ments (m = 2) is for mathematical tractability. Indeed, if there
are in general m risky environments, there exist 2™ combina-
tions of 6y, 6,,...,60m, which grows exponentially in m. How-
ever, we emphasize that even when the number of risky en-
vironments is moderately large, the finite dimensional problem
should still be computationally tractable.

The assumption that the risk tolerance levels of buyer and
seller are the same (p; = p, = VaRy) is for simplicity. If p; =
VaRy and p; = VaRg with « # B, we need to distinguish more
cases, which yields more challenges to aggregate and compare
local objective values. Note also that, under the assumption that
o = B, the Pareto optimal contracts in (3.2) do not “distinguish”
the roles of buyer and seller via the optimal indemnity profiles,
although it does via the premium (see Section 7). However, if
o # B, this no longer holds true.

4. Pareto optimality with TVaR preferences

In this section, we assume that the risk preferences p; and p,
of the buyer and seller are both characterized by the TVaR under
the probability measure P. The TVaR under the probability mea-
sure P is given by

Y
TVaR, (2) :=%/ VaR,(Z)dn, where y € (0, 1].
0

The TVaR is alternatively called Conditional Value-at-Risk or Ex-
pected Shortfall, and has gained practitioner’s interest since the in-
troduction of Basel Il regulations.

Let & € (0, 1] and 8 < (0, 1] be the respective risk tolerance lev-
els of the buyer and seller. The minimization problem that yields
all Pareto optimal bonuses and profiles of indemnity functions is
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given by:

m
min  TVaRy | —b x Iyy_o; + Y Re(X)Ly_g)
be[O,b]: k=1
(h,...lm)ez

m
+ TVaRﬁ b x H{Y:O} + ZI]( (X)]I{yzk} . (41)
k=1

In parallel to Section 3, using mutual exclusivity and extended
modification arguments, a sub-class of optimal solutions for the
minimization problem (4.1) is identified, which has the least fi-
nite number of parameters. Hence, the infinite dimensional min-
imization problem (4.1) is reduced to a finite dimensional one (cf.
Eq. (4.2) below); yet the finite dimensional minimization problem
(4.2) can only characterize some Pareto optimal contracts.

Denote the objective function in the minimization problem
(4.1) as G. Define a subset of the admissible indemnity profiles

I = {(I],...,Im) e’l:
for each k=1,...,m, there exist dy ; € [0, esssup(X)]

and dy ; € [di1, esssup(X)] s.t. [ (x) = (x—dk11)+—(x—dk,2)+
or h(x) =x— (x— dk_l)+ +(x- d,<,2)+}.

The following theorem provides a functional form of some Pareto
optimal indemnities with the TVaR, and its proof is delegated to
Appendix C.

Theorem 4.1. Let p; =TVaRy and p, =TVaRg. For any b€ [0, b]
and (Iy,....Im) € Z, there exists an (Iy,....Im) € I, such that
G(b, (I, ..., In)) < G(b, (I3, ..., In)).

Theorem 4.1 states that any admissible indemnity profile
(I3, ...,In) is sub-optimal to an indemnity profile (I3, ...,In) € Ty,
with the same bonus b. The indemnity profile (I, ..., Im) €T, is
composed of single layer or dual single layer risk transfers. Due to
such a sub-optimality result, the infinite dimensional minimization
problem (4.1) can be reduced to a finite dimensional problem to
obtain some Pareto optimal contracts:
min

be[05]: Gp(b.01,d11.d12, ..., 0m, A1, dm2)

Or....Ome{~1.1};
(d1.1.12),- (A 1,dm 2 )€[0,€55 SUp(X) |
dy1=diz, Vk=1,...m
+Gs(b, —61.d11,d1 2, ..., —Om. i1, dim2),

(4.2)

where, for any b € [0, b], ¢4, ..
esssup(X),

¢me{-1,1}and 0 <dy; <dy, <

GB(b7 ¢1v dl.ls d1,2s e ¢ms dm,ls dm,Z)

= TVaR, ( —bx ]I[y:()} + Z (((X — dk’1)+ - (X — d’<12)+)H[¢k=*1}

k=1
+ (X - (X —der), + (X - dk»2)+)ﬂi¢k=u)ﬂ{v:/«})s

and

Gs(b,p1.d11.d12, ..., Pm, A1, dim2)

m
= TV&Rﬂ (b X H{yzg} + Z <<(X — dk‘1)+ — (X — dk.2)+)ﬂ{¢k:*1}

k=1
+ (x ~ (X i), (X - dk,2)+)u{¢k1}>n{y,<}),

We comment on two technical difficulties in explicitly solving
the finite dimensional problem (4.2) under the case of TVaR, even
under the same set of assumptions as in Proposition 3.1.

[m5G;May 18, 2021;4:28]

European Journal of Operational Research xxx (xXxx) Xxx

« Since an optimal indemnity function is taking the (dual) layer-
form (Theorem 4.1), there appears an additional jump in the
conditional distribution functions of the retained and indemnity
losses. Hence, more cases need to be considered.

e TVaR is defined as an area under the quantile function. There-
fore, we need to distinguish considerably more sub-case condi-
tions compared with the proof of Proposition 3.1 in Appendix B.
This brings more challenges to aggregate and compare local ob-
jective values.

Later, in Section 5, we will provide an example where there
exists an optimizer to the finite dimensional problem (4.2) such
that [} ;élj for some i# j. Here, before closing this section, we
first study a situation where there exists an optimizer such that
If =I5 =--- =1I. This is indeed the case if the risk measure of the
seller p, is given by the expectation under P; in other words, the
seller is risk-neutral with p, = EP = TVaR;. The proof of the fol-
lowing proposition is delegated to Appendix D.

Proposition 4.1. Let p;=TVaRy, and p, =EF.  Then,
(b (g, ), m*) e A with b*=0, I =F=--=I=Id ie
Ry =Ry =--- =R}, =0, is a Pareto optimal contract.

In particular, note that the Pareto optimal indemnity functions
in Proposition 4.1 are not environment-specific provided that Y #
0. Then, there exists an optimal contract that coincides with an
optimal contract in the case that m = 1.

5. Heterogeneous indemnities among risky environments

In this section, we numerically illustrate a flexible implemen-
tation of the indemnity profile with multiple risky environments
by Pareto optimality. Consider an insurance company that has N =
1000 policyholders, who all have hurricane homeowner insurance
contracts with the insurance company. The policyholders are as-
sumed to have their houses in the same geological area, and indi-
vidual claims are assumed to be identical. Therefore, the total loss
of the insurance company is X = N x X;, where X, is the stochastic
individual claim. Note that we assume for simplicity that the insur-
ance claim is the same for every policyholder, which may not be
true when the policyholders hold different values of their houses;
one should consider to differentiate the costs of various house val-
ues in order to avoid excessive under-insurance or over-insurance.
Such details are ignored for parsimonious reasoning.

The insurance company seeks to purchase an index-linked hur-
ricane reinsurance contract, which covers two grouped scales, i.e.
m = 2, for example, of Saffir-Simpson Hurricane Wind Scale in the
United States. When the scale is either 1,2,3,4, the wind could
cause certain degree of structural damage to a well-constructed
frame house; when the scale is at the highest level 5, the wind
must cause total structural damage to any well-constructed frame
house. The advantage of an index-linked reinsurance policy is that
the loss adjustment expenses, i.e. claim settling costs, are dramat-
ically reduced, which should reduce the premium. This is possible,
since the risky environments are fully identifiable by robust and
publicly available weather measurements. For simplicity, assume
that only one hurricane per year is covered by this reinsurance
contract.

We denote Y =0, when there is no hurricane, with probabil-
ity 0.5; Y =1, when the covered hurricane is of scale 1,2,3, or 4,
with probability 0.2; Y = 2, when the covered hurricane is of scale
5, with probability 0.3. If Y =0, then, with probability 1, X; = 0;
if Y =1, then, with probability 0.25, X; = 0, with probability 0.5,
X; = 1 million, with probability 0.25, X; = 2 millions; if Y = 2, then,
with probability 1, X; = 2 millions. To summarize,
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P(X =0]Y =0) = 1;

P(X =0]Y = 1) = 0.25,

PX=1Y =1)=05, P(X =2|Y = 1) = 0.25;
PX=2Y=2)=1,

in which the units for X are in billions. Assume that the risk tol-
erance levels of the insurer (buyer) and reinsurer (seller) are re-
spectively o = 0.01 and 8 = 0.02. Assume further that b= 0, and
hence the only feasible bonus is given by b* = 0.

First, we assume that both the buyer and the seller adopt the
VaR as their time-0 risk preferences. The finite dimensional min-
imization problem (3.2) can be solved explicitly, and the optimal
post-transfer objective value is given by 2. There exist multiple
solutions, and it is possible that I s I5. For instance, a solution
is given by I;(x) = (x-0.5); and E(x) =x— (x—1.5);, for any
x<|0,2].

Second, we assume that both the buyer and the seller adopt the
TVaR as their time-0 risk preferences. Then, the finite dimensional
minimization problem is given by (4.2), which can also be solved
explicitly. Again, the optimal post-transfer objective value is given
by 2, and it is possible that I; # I;. For instance, a solution is given
by If(x) = (x-0.5)y — (x-13); and If(x) =x— (x - 0.6); + (x —
1.8),, for any x € [0, 2].

There are two important implications of this numerical
illustration. Firstly, it shows that there may exist profiles
(b, (I, ... I%)) € [0,b] x Z solving

_min p1(B(D.R: X, Y))+p02(S(b. L X, Y)),

be[0,b],(Iy.,....Im)eT

such that I # I;? for some 1 <1, j < m. Hence, Pareto optimal risk
sharing with multiple indemnity environments may not reduce to
the classical Pareto optimal risk sharing with a single indemnity
environment. Secondly, since the optimal indemnities among risky
environments are not necessarily the same, there is much more
flexibility in the Pareto optimal contracts than in the classical case
with a single risky environment.

6. Heterogeneous indemnities via heterogeneous beliefs

In Section 5, we introduced an example in which there exists
a Pareto optimal indemnity profile with heterogeneous indemni-
ties among risky environments, under the cases of VaR and TVaR.
However, due to modification arguments in solving the cases of
VaR and TVaR, such an example does not necessarily imply that
for all Pareto optimal indemnity profiles, the indemnities are het-
erogeneous among risky environments; indeed, Proposition 4.1 is
a counter-statement under the case of TVaR, with seller’s prefer-
ence being expectation, that there exists a Pareto optimal indem-
nity profile with homogeneous indemnities among risky environ-
ments. In this section, we consider a model setting, which is sim-
ple enough to provide a sufficient condition of the statement that,
for all Pareto optimal indemnity profiles, the indemnities are het-
erogeneous among risky environments.

We assume that the risk preferences p; and p, of the buyer and
seller are both simply characterized by the expectation, but the
buyer and seller have heterogeneous beliefs on the future states
of the world. Specifically, the buyer is endowed with the proba-
bilistic measure P, while the seller is endowed with another prob-
ability measure Q. Both P and Q are beliefs on the measurable
space (2,.#). We assume that E?[X] < oo and that the expecta-
tion under Q is monotonic, i.e.,, Q <« P, or for any Z;,Z, € X with
Zy < Z,, P-as., it holds that E?[Z;] < EQ[Z,]. It thus holds that both
the preferences of the buyer and the seller satisfy Assumption 2.1.
Moreover, all assumptions on the risky environments and the con-
ditional loss hold under Q, i.e. Q(X > 0|Y =k) > 0 for any risky
environment k= 1,2, ..., m. Then, according to the discussions in
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Section 2, the minimization problem solving all Pareto optimal pro-
files of indemnity functions is given by:

m
min EP| =b x Ly_gy + Y R (X)ILy_
be[0,b]: (h.....Im)eZ |: =0} ,;: kX) i k}:|

k=1

m
+ E? |:b X H{y:o} + Zlk(X)H{Yk}]. (61)

Unlike Sections 3 and 4, the minimization problem (6.1) is solved
explicitly in the following theorem, and its proof is delegated to
Appendix E.

Theorem 6.1. Let p; =E" and p, =E2 An admissible tuple
(b*, (I3, ..., ), m*) € A is Pareto optimal if and only if

b*=bif QY =0) <P(Y =0),
b* =D if Q(Y =0)=P(Y =0), and
b* =0 if Q(Y =0) > P(Y =0),

where b is an arbitrary constant in [0, b], and for any k=1,2,...,m,
and for any t € [0, esssup(X)],

() ®© = 1if QX >t}n{Y =k})) <P((X >t} n{Y =k}).
(I,j)/(t) =h(t) if QX >t}n{Y =k})=P{X >t}n{Y =k}), and
() ) = 0if QX >t}n{Y =k}) > P({X >t} n{Y = k}),
where hy, is a measurable function taking values in [0, 1].

This theorem entails that, under each risky environment k =
1,2, ..., m, if the seller believes that the loss is more likely to be
small while the buyer believes that the loss is more likely to be
large, then the environment-specific tail of the loss is transferred
from the buyer to the seller. If there is only one indemnity envi-
ronment, then the optimal contracts in Theorem 6.1 are also shown
in Proposition 4.2 of Boonen & Ghossoub (2019). In absence of
heterogeneous beliefs and under a single indemnity environment
when the insurance agents are endowed with distortion risk mea-
sures, the optimal indemnities have a similar layer-type structure
as in Theorem 6.1 (see Assa, 2015; Cui, Yang, & Wu, 2013). Note,
however, that with multiple indemnity environments, the layer-
type indemnity structure only holds within a risky environment
k=1,2,...,m. In general, the indemnity is not of a layer-type.

Suppose that P(Y =k) =Q(Y =k), for some k=1,2,...,m.
Then, given a realization of Y = k # 0, the optimal indemnity con-
tracts only depend on the distribution of X|Y =k under P and
Q, and not on the distribution of Y. This is in sharp contrast to
what we observed in Section 3.1, in which the shapes of opti-
mal indemnities I; and I, under homogeneous beliefs, m = 2 and
p1 = po = VaRy, do explicitly depend on P(Y =1) = p.

The following corollary is a direct consequence of Theorem 6.1,
and provides a sufficient condition of the statement that, for all
Pareto optimal indemnity profiles, the indemnities are heteroge-
neous among risky environments.

Corollary 6.2. Let p; = EF, p, =EQ, and let a pair of indemnity en-
vironments (i, j) with i # j. If there exists a t > 0 such that

QUX >t}n{y =i}) —P({X > t}n{Y =1i}))

x (QUX>tIn{Yy=jhH-PUX>t}n{Y =j}H) <0,

then for all Pareto optimal contracts it holds that [f # I]*

Example 6.1. Suppose that m =2, and that the seller and
buyer both believe that Y =k happens with probability p, >0
for k=1,2, with p; +py <1. The seller believes X|Y =k is
exponentially distributed with parameter A;, and the buyer
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believes X|Y =k is exponentially distributed with param-
eter Ay, for k=1,2. Then, P({X >t}n{Y=1})=e*nlp,,
P({X > t}n{y =2})) =e*2lp,, QX >t}n{Y=1}) =ealpy,
and Q({X > t} n{Y = 2}) = e~*22tp,. We get from Theorem 6.1 that
(b*, (It ..., I}), m*) € A is Pareto optimal if and only if for any
k=1,2,

I;: =1Id if )"Zk > )\.‘lk, and I?; =0 if )‘Zk < )\.1/(,

which is a direct consequence of e~*2k!p, < e~*i!p, if and only if
Ay > Aqy, for all t > 0 and k = 1, 2. For instance, if Aq; > Ay, and
A2y > Aqp, then If =0 and I =Id. Thus, there is full coverage if
Y =2 and no coverage if Y = 1.

Now, assume that there may also be heterogeneous beliefs
regarding the distribution of Y. Let p,:=P(Y =k) and q;:=
QY =k) for k=0,1,2. Then, we get from Theorem 6.1 that
(b*, (I3, ..., Ii;). m*) € A is Pareto optimal if and only if

b*ZBlf do < Do,
b* =bif go = po, and
b* =0 if qo > po,

where b is an arbitrary constant in [0, b], and for any k = 1, 2, and
for any t € [0, esssup(X)],

() © =1if eutg, < e up,,
(1) (© = (@) if ety = iy, and
() @© =01if ety > e up,.

Thus, b* is a non-decreasing function of py and a non-increasing
function of qq. Likewise, for any t € [0, esssup(X)], I;(t) is a non-
decreasing function of p, and a non-increasing function of g.
Hence, if an agent’s subjective probability of a state Y =k de-
creases, ceteris paribus, then the agent absorbs weakly more risk
in any Pareto optimal contract.

7. Range of premiums

Recall from Section 2 that the structure of Pareto optimal
contracts is based on two steps. In Step 1, we got a charac-
terization of the indemnity contracts corresponding to Pareto
optimal contracts. In this section, we discuss Step 2: select-
ing the premium. For a fixed bonus b and indemnity profile
(I, ..., In) minimizing the sum of risk measures, (and thus con-
stituting a Pareto optimal contract), the aim is to select m
in the interval [py(S(b,LI;X,Y)), p1(X) — p1(B(b,R; X,Y))] so that
(b, (1, ..., Im), ) € Sg. Recall that this interval is always non-
empty. If the interval [p,(S(b,I; X,Y)), p1(X) — p1(B(b,R; X, Y))] is
single-valued, we have no relevant problem as the status quo is
then Pareto optimal. Suppose now that this interval is not single-
valued, so that p,(S(b,I; X,Y)) < p1(X) — p1(B(b,R; X, Y)).

The set A captures already the individual rationality conditions.
In other words, any contract in A is weakly preferred by the both
agents compared to the status quo. The status quo is reached
when both agents do nothing, and thus b=0, [,(X) =0 for all
k=1,...,m, and w = 0. Clearly, if 7 is equal to p,(S(b,L; X,Y)) or
p1(X) — p1(B(b,R; X,Y)), then the seller or the buyer is indifferent
compared to the status quo, respectively.

When there are more than two agents, it may be of interest to
study remaining core-type stability conditions (Asimit & Boonen,
2018). If there is a deep liquid market with many agents, Arrow-
Debreu equilibrium concepts are popular in pricing (Arrow & De-
breu, 1954). In the absence of knowing other information about
the market, a solution is to allocate the gains from sharing risk
equally:

P2(S(b. L X.Y) — 1) = p1(B(b, R; X, Y) + 1) — p1 (X).
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Translation invariance of p; and p, yields directly that

7 = (SBEXY)) + 5 (01(X)
— pBB.RKY)) - pa(S(B.LX.Y))). (71)

The contract (b, (I3,...,In), m) €Sz, where m is given by
(7.1), coincides with Nash-bargaining solution (Nash, 1950), as
(b, (I, ..., In), ™) solves:

max (P1BOL,RX,Y)+m)—p1(X)) - p2(S(B,LX,Y) —m).
(b.(Iy,.. ). T YA
This equivalence can be shown via the same arguments as in
Boonen et al. (2016). Note here that (b, (I;,...,In),T) € A im-
plies that the two components o (B(b,R;X,Y) +m) — p1(X) and
02(S(b,I; X,Y) — ) are non-positive. Moreover, it is well-known
that the Nash-bargaining is necessarily Pareto optimal (Nash,
1950). The Nash-bargaining solution has been characterized by
Nash (1950) as the only solution concept that satisfies four prop-
erties®, and alternative characterizations are proposed by Binmore,
Rubinstein, & Wolinsky (1986) and Van Damme (1986).

8. Conclusion

Multiple indemnity environments affect the shape of optimal
indemnity contracts. Traditionally, with a single indemnity envi-
ronment, it is well-known that stop-loss and layer-type indemni-
ties are Pareto optimal for the VaR and TVaR, respectively. This pa-
per generalizes this finding to the case of multiple indemnity envi-
ronments. We show that stop-loss and layer-type indemnities are
also optimal for the VaR and TVaR, respectively, but these indem-
nities may have parameters that are environment-specific; more-
over, full insurance is Pareto optimal when the buyer minimizes a
TVaR and the seller is risk-neutral. When both the buyer and the
seller are risk-neutral but have heterogeneous beliefs regarding the
underlying probability distribution, we find all Pareto optimal con-
tracts in closed form.

While there are many applications of VaR, TVaR and the ex-
pectation in insurance and its regulatory frameworks as Solvency
Il and Swiss Solvency Test, we wish to generalize our findings to
the more general monetary risk measures. For the monetary risk
measure, the technical difficulty of the problem to find Pareto op-
timal contracts with multiple indemnity environments is to include
mutually exclusive background risk into the risk sharing approach.
Also, a more realistic situation would be that the seller is endowed
with background risk that is due to potential other business lines
(see, e.g., Chi & Wei, 2020; Dana & Scarsini, 2007). We leave these
two problems open for further research.

Acknowledgments

The authors are grateful to anonymous reviewers for their care-
ful reading and insightful comments. The authors thank Léonard
Vincent for his helpful comment on the paper. Yichun Chi is sup-
ported by the grant from National Natural Science Foundation of
China (No. 11971505). Wing Fung Chong is supported by, start-up
funds provided by the Department of Mathematics and Depart-
ment of Statistics, University of Illinois at Urbana-Champaign, and
by a Centers of Actuarial Excellence (CAE) Research Grant (2019-
2021) from the Society of Actuaries (SOA). Any opinions, finding,
and conclusions or recommendations expressed in this material
are those of the authors and do not necessarily reflect the views
of the SOA.

5 These four properties are given by (i) invariance with respect to positive affine
transformations, (ii) strict individual rationality, (iii) independence of irrelevant al-
ternatives, and (iv) symmetry. For an extensive discussion of these four properties,
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Appendix A. Proof of Theorem 3.1

For any b [0,b] and (L, ..., Im) € Z, define

m
a:=VaRy (—b X H{y=0] + ZRI{ (X)]I{y=k}),

k=1

m
C:= VaRﬁ (b X H{yzo} + Zlk(X)H{Yk}).

k=1

For any k=1,..., m, define the right-continuous inverse of I in ¢
as

Ik‘“(c) :=inf{x € [0, esssup(X)] : Iy (x) > c},

where, by convention, inf¢ = esssup(X). Moreover, define similarly
the right-continuous inverse of R, in a as

R,:”(a) :=inf{x € [0, esssup(X)] : Ry () > a}.

First, we assume a > 0. For each k=1, ..., m, consider the fol-
lowing two cases and the corresponding sub-cases to construct the
modification Ij.

Case 1: Assume that [ '*(c) <R '*(a).
Sub-case 1.1: Consider that Ik*”(c) < esssup(X). De-
fine T(x):=(x-I'"(c)+c);, and hence
Re) =x— (x =L () +0)4. for any
x € [0,esssup(X)]. Note that, by definition, it
holds for any x € [0, esssup(X)] that [,(x) > c if
and only if I,(x) > c. Moreover, using the iden-
tity that  L(I, " (0) + R (I (0) =1 (0).
it holds for any xe][0,esssup(X)] that
Re(x) <" (0) —c =R, (0) < a. where
the last inequality is true regardless of the
following two sub-sub-cases:

Sub-sub-case 1.1.1: Consider further that R,;”(a) < esssup(X).
By the monotonicity of Ry, it follows
Re(I71(0) < R (R (@) = a.

Sub-sub-case 1.1.2: Consider further that R,;”(a) = esssup(X).
Necessarily, for any xe[0,esssup(X)],
it holds that Ry (x)<a; in particular,
R (.7 (0)) < a.

Sub-case 1.2: Consider that Ik‘“(c) = esssup(X). Necessar-
ily, for any xe[0,esssup(X)], I,(x) <c. By
the case condition that I '*(c) <R, (a),
necessarily, R,:”(a) = esssup(X), and
hence, for any xe[0,esssup(X)], Ry(x) <a.
Moreover, esssup(X) must be finite. In-
deed, if esssup(X)=o0, the facts that,
I,(2(a+c)) <cand R (2(a+c)) < a, implies that
2(a+c)=12(a+c))+R2(a+c)) <a+c,
which leads to a contradiction. Define [, (x) :=
(x —esssup(X) + I (esssup(X)));+, and hence
Ri(x) = x — (x — esssup(X) + I (esssup(X))) .
for any x [0, esssup(X)]. Note that, by defi-
nition, it holds for any x [0, esssup(X)] that
I (x) <c. Moreover, using the identity that
I (esssup(X)) + Ry(esssup(X)) = esssup(X), it
holds for any xe|[0,esssup(X)] that R(x) <
esssup(X) — Iy (esssup(X)) = Ry (esssup(X)). Re-
call that, for any x €[0,esssup(X)], Ry(x) <a;
in particular, Ri(esssup(X)) <a. Hence, for any
x € [0, esssup(X)]. Ry () < a.

In both sub-cases 1.1 and 1.2, the constructed I, sat-
isfies that, for any x € [0, esssup(X)], I, (x) > c if and
only if I, (x) > c. Therefore,
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oy I (@)
A Iy ()
o
A we gl
‘ — B (@) S L
0 L (e)  RyM(a) esssup(X) 0 I (e) Ry (a) esssup(X)

Fig. A.2. Constructions of R, (left) and I, (right), under the conditions that a > 0
and l,:”(c) < R,:”(a) < esssup(X), for VaR risk preferences (Sub-sub-case 1.1.1);
linear R, and I, are chosen for graphical convenience, and R, and I are bold-faced.

[P’(Ik(x)ﬂ{y:k} > C) = P({lk(X) > c}n{Y =k})
+P{0>c}n{Yy £k}
= P({RX) > N {Y =k})
+P{0>c}n{Y £k}
= ]P(E((X)H[yzk] > C).
Moreover, in both sub-cases 11 and 1.2, the
constructed R, satisfies Ry(x) <a for any xe
[0, esssup(X)]. Therefore,
P(Re(X)Ty_y > a) = P({Re(X) > a} n {Y =k}) > 0
= P(ﬁk(X)JI(y:k] > a)A
Case 2: Assume that R,:“(a); L. 1If R (a) <
esssup(X), define  Re(x):= (x— R, (a) + a)+,
and hence T(x) =x— (x—R;'*(a) + a)+, for any
x €[0,esssup(X)]. If R '"(a)=esssup(X), define
Ry (x) i= (x — esssup(X) + Ry (esssup(X))) ., and
hence I, (x) = x — (x — esssup(X) + Ry (esssup(X))),.,
for any x € [0, esssup(X)]. By following similar argu-
ments as in Case 1 with interchanging the roles of
I, (or the constructed I,) and R (or the constructed

Ry), as well as of a and c, one can show that the
constructed I, and R, satisfy

P(Ik(X)H{Y:k} > C) > P(E((X)H{Y:k} > C);

P(Re(X)Iy_ty > a) = P(Re(X)Ty_y > a).
For the ease of understanding these cases above, Fig. A.2 illustrates
the modification arguments of Sub-sub-case 1.1.1.
Therefore, for any k=1,...,m, the constructed [, and R, sat-

isfy

IP’(Ik(x)]l{yzk} > C) > P(ilc(X)H{Y:k} > C)

and P(R(X)Ijy_yy > a) = P(Re(X)Lyy_y > a).
By definition,

m
a=inf{zeR: P(b X H{yzo} + ZRk(X)H{Y:k} > Z) < Ol}

k=1
and
m
c=inflzeR:P(bxTy_o+ Y Kk(X)yy>2z)<B¢.
k=1

Therefore, by mutual exclusivity,

m
IP’(—b X ]I{y:()} + Zﬁk(X)H{Yﬂ(} > (1)

k=1
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m ~
( bxI {y=0} > (1) + ZP(Rk(X)H{Y:k} > (1)
=1

m
( b xTy_gy > a) +ZIP’(R,<(X)H{y:k} > a)
=1

m
= p<_b x Iy_oy + D Re(X)Ty_yy > a)

=

=

k=1
<a

and

m
]P(b X H{Y:()} + Z]k(X)H{yzk} > C)

k=1

= ]P’(b X H{Y:O} > C) + P(i}c(X)]I[yﬂ(] > C)

WERIE

< ]P’(b X H{Y:O} > C) + ]P’(Ik(X)H[y=k} > C)

=
Il

1

m

= p(b x Iy_oy + Y )Ty > C)
k=1

<B.

By definition, it holds that

Z Ry (X)]I{y—k}>

k=1

VaRy (—b x Tyy—g) +

k=1

m
= inf{z eR: P(—b < Iyy—oy + Y Re@X)Iy_iy > z) < oz}

<a.

Similarly, it holds that

m
+ ZIIC(X)H{Y=I<}> <c

VaRﬂ (b X ]I{y=0]
k=1

Hence, (I;,...,In) € Z; and

F(b, (Ih, ... Tn))

m
=VaR, (—b X H{Y:O} + ZRk(X)H{Yk})

k=1

k=1

m
+ VaRg (b x Tyy—oy + ZTk(X)H{Yk}>
<a+c
=F(b, (L,....In)).

Following, we consider the case a < 0. For this case, the defini-
tion of VaR together with the nonnegative property of R, (X) im-
plies

a=-b and P(Y=0)>1-«
We can construct fk(x) as

00 = { x= I © +0)s,

- (x=0),

;77 (c) < esssup(X):
;77 (c) = esssup(X),
then

P(L(X)Ly_ty > ¢) =P(l(X)Ly_yy > ), Vk=1,---.m
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which in turn implies

m
VaRﬁ (b X H{y=0} + Zlk(X)H{Y=k}> =C

k=1

On the other hand, it is trivial that
VaRg (=b x Tyy_g) + Xty Re(X)Ty—yy) = —b because of
P(Y =0) > 1 —a. As a consequence, we have F(b, (I, ..., In)) <
F(b, (I1, ..., Im)). The proof is finally complete.

Appendix B. Proof of Proposition 3.1
First, note that
1 o
max{FXW<1 - —|1>,FX‘Y<1 - m|2)}
<FE'1-a)
11—« 41—«
< min FX|Y<T|1),FX|Y(i|2) .

Indeed, if 0 <p<a <1, then 1-% <0 and 1=

Fx_|\1/( - %]1) =0, while £ '(1-0a) <
to

(i (140)
= FX|Y(FX71 (ﬁp) |1>p + Fyyy (FX*&G

%z|2>|2)(1 ~p)
= Fxy (FX*H} (11

-
72) 1) tl-a
_pl I1)p

< 1. Therefore,
x\y( p|2) is equivalent

'U

which is true. If0 <o < p < 1, thenl—%>0and%>l.There-

fore, X‘Y( %]2) = esssup(X), while Fx&(l —4) <K '(1-a)is

equivalent to

1-as (5 (1-51))
= By (Bt (1= S 1)1 )+ By (B (1= S 1) 12) 1 - p)

—p-a +FX‘Y<FX*‘Y<1 - E|1)|2)(1 —p),

which is true. These together show that Fx|y(] - g|1)

1 —oc) X\Y( |2) Similar  arguments yield that
-1 1(1
wa( 2512) < (1 —a) < Fay (5511)-

Con51der the four cases separately that, (i) Case 1: 6; =1
and 6, =1, (ii) Case 2: 6; =1 and 6, = —1, (iii) Case 3: 0 =
-1 and 6, =1, and (iv) Case 4: 6; =-1 and 6, = —1. Since
a=f, P(Y=0)=0, and b=0, it follows from a symmetry ar-

gument that if (If,I;) is optimal among Cases 1 and 2, then
(Id — I5,1d — I5) is also optimal among Cases 4 and 3. Then, (I}, I5)
and (Id—I’{,Id—I;) are both optimal for the finite dimensional
problem (3.2), and it thus suffices to consider only the first two
cases.

For Case 1, the finite dimensional problem (3.2) is optimized
with I (x) = (x —dj),, with Ry(x) =xAdy, and L (x) = (x —dy),.,
with Ry (x) = x A d,, for some dy,d; € [0, esssup(X)]. To explicitly
optimize the sum of VaR of buyer and seller, there are two sub-
cases.

Consider the first sub-case that d; <d,. The unconditional
cumulative distribution functions of the retained loss of buyer
Fg(o.r,.Ry:xy) and the indemnified loss of seller Fsqy, 1,.xy) are re-
spectively given by

Fx (x) for x € [0, dy):
P+ (1= p)Eyy (x|2) for x € [dy. dy);
for x € [dy, esssup(X)],

B(o.r, Roix.y) (X) =
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and  Fso 1, 1:x.v) (%) = Py (X +d1[1) + (1 — p)Fgy (x + d3[2),  for
x € [0, esssup(X)]; recall that B(0,Ry,Ry; X,Y) and S(0, 1, ; X,Y)
are defined in (2.1) and (2.2). In this sub-case that d; < d,, there
are five further sub-cases to consider in order to explicitly op-
timize the sum of VaR of buyer and seller. They are listed as
follows:

1) p+(A-piy(d]2) <1-a<T;
(i) max{p+ (1 — p)Ey (d12), pFjy (d1]1) + (1 -
Py (d2[2)} <1 - < p+ (1 - p)Fy(da]2);
(iif) min{p+ (1 — p)Fy (d12), pFxyy (d1|1) + (1 = p)Fgpy (d22)} <
1—a <max{p+ (1 - p)Fy(di|2). pFy(di|1) + (1 — p)Eqy (d212)};
(iv) E(d1) <1—a < min{p+ (1 - p)Fy (d1]2). phyy (d1[1) + (1 — p)yy (da]2)};
(V) O<1l-a< FX(dl)

For each of these further sub-cases, the sum of VaR of buyer
and seller (that is F3(0,1,dq,1,dy) + Fs(0, —1,dq, —1,d3)) is locally
optimized, with the locally optimized dj and d3, as well as the lo-
cally optimal objective value, under various conditions on the pa-
rameters p and «, and the conditional distribution functions of the
loss. More specifically, they are summarized as follows:

e If 1 —a < p, (i) cannot hold.

oIf p<l-a di=dje [o,F)a;(l - 1%512)],  with
F3(0.1,d;.1.d5) + Fs(0,—1.d}, -1.d5) =F, ' (1 — ).
(i)
e If 1 —a < p, (ii) cannot hold.
oIf p<l-a and p<a, die [O,Fxf&(l - 1%12)] and

« _1, 1—a—pFgy (d;]1) .
d; = x|y($|2)’ with

(0. -1.d7, -1.d3) = Fg g (1 — 1%512).
eIf a<p<l-a and FX‘Y(I—Q|1)< XIY(1_1 p|2)

F3(0,1,d%,1,d3) +

ds € [F \Y(l - SI, le(l 1%512)] and dj =
le(%‘;(d'”p), with  F(0.1.d% 1.d3) +

F(0, -1,d%, —1,d5) = le(p] 512).

eIf a<p<l-«a and Fw(l p|2)5F)a;(1_%|1),

di = Xf&(l - 1%12)  and d* =esssup(X),  with
Fg(0,1,dj. 1.d3) + F5(0, —1,dj, —1,d3) = Fypy (1 — %[1).

(iii) There are two further sub-sub-cases.
(I) Suppose that p+ (1 -pFy2) <1-a <
PEqy (d111) + (1 - p)Fgy (d3]2).
e If 1 —«a < p, (iii, I) cannot hold.

oIf p<l-a and p<a, dje]l0, XIY(l p|2)]
and d; e (F M%‘;(dl)p) esssup(X)],
with F3(0.1,d%, 1, d3) + F(0, —1,df, —1,d3) =
1
Bl (1= 1%512).

eIf a<p<l-«a and X*h],(l 41) < Xf&(l—
15512), d; € (F ‘y(l S, X|y(1 15512)]
and d; e (F, |Y(%‘Y(dl)p) esssup(X)]
with Fy(0.1.d3.1,d3) + Fs(0, ~1.d3. —1.d3) =
1
FX\Y(I - 1f—p|2).

elfa<p<1l-—oa and FX*&(I - 1%12) stf&(l -4,

there is no solution.
(II) Suppose that pFyy (dq|1) + (1 = p)Ey(d2|2) <1 - <
p+ (1 - p)Ey(di2).
elf l-a<p<a, dj=0 and d} = X_IY
F3(0,1,d%,1,d3) + Fs(0, —1,d%, —1,d3) = 0.

|2) with

«If 1-a<p and a<p djel0Fj1-5D]

and dj =esssup(X), with F(0,1,d;7,1,d5) +
* % -1

Fs(O,—]ydla_]sdz):Fx|y(1_%|])'

1
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e If p<1-oa and p < «, there is no solution.
e If w<p=1l-aand Fgy(1-%[1) < Fgp (1 - 1%2),
there is no solution.

elfa<p<l-«a and Fx_|\1/(1 - 1%512) < X‘Y(177|1)

di e (F ‘Y(l p|2)’F)€|§]((1 - 4]1)], dj = esssup(X),
w1th FB(O,1,d§,1,d§)+Fg(0,—1,dT,—l,d§) =
Fx’&(l - 4[1).
(iv)
o If l-a<p<a, di = and d; e
(F, Y( |2) esssup(X)] with Fp(0,1,d7,1,d3) +
FS(O -1.d3) =

e If1-a < p and « < p, there is no solution.
e If p<1-o« and p < «, there is no solution.
o If « < p<1-a, there is no solution.
(v) di e (F)Zl(l —a),esssup(X)] and d; € [d], esssup(X)], with
F3(0,1,d5,1,d5) + Fs(0, -1, dj, -1 d*)_ E1(1-a).

Since the objective function is locally optimized for each of these
further sub-cases, the locally optimal objective values under vari-
ous conditions need to be aggregated and compared. Therefore, the
following summarizes the first sub-case that dj < d;.

MIf p<a and p<1-a, d*e[O,F)a;(l—%B)] and dj e
1-a— pFX‘y(d |1)

[E, |Y( |2), esssup(X)], with F3(0,1,d35,1,d5) +
F(0, -1, d* _1 Jd5) =Fy (1 - 1%512).

2)If a<p<l-a and le(l—%|1)<FX*|}1,(1—1°‘fp|2),
d: e [F, ly(l 1), By (1- 1%12)] and d; e
(F Iy(wm esssup(X)] with F(0.1,d3.1.d5) +
Fs(0,-1.d5,-1,d5) = X|Y(1_1 512).

B)Ifa<p<l-o«a and Fy(l a|1):FX*|;(1_%p|2), di =

F)ay(l—ﬁn)_ XIY(1 |2) and d; = esssup(X), with
F3(0,1,d5,1,d3) + s (0, —1 d* ~1.d5) = Fy(1-%[1) =
Foy (1= 7%512).

(4) If a<p<1—a and F le(l p|2)<FX*‘;(1—%|1), di e
[E, |Y(l |2) XIY(1—ﬁ|1)] and d; = esssup(X), with
F3(0, 1, d*,l,d*)+Fs(0 ~1.dj, —1.d5) = gy (1 - %]1).

(B3)If a<p and 1-a <p, dj€l0, x\y(]_g“)] and dj =
esssup(X), with F(0,1,dj,1,d3) +F(0, - —1.dy) =
Ey (1= $1D).

6)If l—a<p<a, di =
with Fz(0, 1,d%, 1, d3) + Fs(0, -1, d,

0 and dj €| le( £12), esssup(X)],
-1, d*)_O.

For the second sub-case that d, < d;, the above summary also
holds by relabeling dj and dj, as wellas p=P(Y=1) and 1 - p =
P(Y = 2).

Again, since the objective function is locally optimized for the
two sub-cases that d; < d, and d, < d;, the locally optimal objec-
tive values under various conditions need to be aggregated and

compared. Therefore, for Case 1 that 6; =1 and 6, =1, it holds
that:
Mfp<a andp<1—
« dj €0, X|Y(1 = p|2)] and d; e
[F, ‘Y(MD) esssup(X)], or

e df =esssup(X) and dj € [0, F |y(1 iz p|2)],

with FB(O,1,d;‘,1,d§)+F5(0,—1,d*,—1,d§)=FX‘|)1,(1—
L|2)
2)fa<p<l-aand X‘Y(1 “|1)<FX*|}1,(1—1%p|2),
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o dj e [Fgy (1= 2]1), B (1= 12512)] and ds e
(F IY(MB) esssup(X)] or
* di =esssup(X) and dj € [F ‘Y(l °‘|l) XIy(] = p|2)],
with F3(0.1,d%.1,d5) + (0, —1.d}, —1.d%) = );l;(l_
L|2)
3) 1fa<p<1—a and Fgy (1 - %1) = Fy (1 - 1%512).
e dj = Fgi (1 2[1) = gy (1 - 1%512) and d =

esssup(X), or
o dj =esssup(X)
14512).
with F(0,1, d*,1,d*)+F5(0,—1,d7,—1,d3)=FX—|;(1 -

-1

x _ p—1 _ -1
and d; _Fxly(l — %|1) _FXIY(l —

(4 Ifa<p<l-aand Fxfl;(l - 1%512) < FX*|3,(1 -4,
. d e [F, ‘y(l p|2)’F)€|31((1 - 4]1)] and dj = esssup(X),
. d* e|[F, ‘y(wll),esssup(xﬂ and
d; e [F, ‘y(l 1%512). X_n],(l - SID1 1
with F5(0.1.d;.1.d3) + Fs(0, ~1.d}. ~1.d3) = FgL (1 — ¢]1).
(5) Ifa<pand]—a<p,
« dj €0, XIy(l - ‘l‘|1)] and dj = esssup(X), or
o di e[F, ‘y(wll),esssup(xﬂ and
d; € [0,F |y(1 - $IDI.
with Fy(0, 1.dj. 1.d5) + Fs(0, ~1.dj. —1.d3) = FL (1 — &|1).

B)fl-a<p<a,
e di =0and d; € [F le |2) esssup(X)] or
o die X‘y(lp"‘ll) esssup(X)] and dz =
with F(0, 1, d%, 1, d5) + (0, _1,d;,_1,d;): .

For Case 2 that #; =1 and 6, = —1, the finite dimensional
problem (3.2) is optimized with I;(x) = (x —d;)+, with R{(x) =
xndq, and L (x) = x A dy, with Ry (x) = (x — d>), for some dq,d; €
[0, ess sup(X)]. The unconditional cumulative distribution functions
of the retained loss of the buyer Fgg g, r,:x,y) and the indemnified
loss of the seller Fsg g, r,:xy) are respectively given by

Fgo.r, Ry:xy) (%)
3 {pFXY(Xll) + (1 - pEy (x +da]2)
~p+ (= pEy(x+dy|2)
Eso1.nxy)(X)
_ {PFXY(X+ di]1) + (1 — p)Eqy (x]2)
PRy x+di|1) + (1 - p)

There are seven sub-cases to consider in order to explicitly opti-
mize the sum of VaR of buyer and seller, which are listed as fol-
lows:

(1) max{p + (1 = p)Fxy (d1 + d212), pFy (dq +d2[1) + (1 -
pl<l-a<1;

(i) min{p + (1 — p)Fyy (d1 + d2]2), pFx)y (d1 + da|1) + (1 - p)} <
1—a <max{p+ (1 - p)Fy(dy +d2|2), pFgy (d1 +dz|1) +
(1 — p)}, which induces two further sub-cases for simplify-
ing the minimum and maximum;

(iii) max{pFyy (di|1) + (1 — p)Fy (d1 + d212), pFy (dy + da|1) +
(1-p)Ey(d2]2)} <1 —a <min{p+ (1 - p)Fy (d; +
d312), pFqy (dq + d2|1) + (1 = p)};

(iv) min{pFgy (d;]1) + (1 - p)Fyy (di + d32). PFqy (dy + da 1) +
(1 -p)Fy(d212)} <1 —a < max{pFy (dq|1) + (1 -
Py (dq + d2[2), PRy (dq +da|1) + (1 = )y (d2(2)},
which induces two further sub-cases for simplifying the
minimum and maximum;

for x € [0, dy);
for x € [dy, esssup(X)],

for x € [0, dy);
for x € [dy, esssup(X)].
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(v) max{(1 - p)Fy (d2|2), pFxy (d1|1)} <1 -« <
min{pFyy (d1]1) + (1 — p)Fyy (d1 + d2|2), pFy (dq +da|1) +
(1 - p)Ey (d212)};

(vi) min{(1 - p)Fy (d212), pFy (d1/1)} < 1 — o < max{(1 -
D)Fy (d212), pFpy (d1]1)}, which induces two further sub-
cases for simplifying the minimum and maximum;

(vi) 0 < 1—a < min{(1 - p)Fqy (d212). pFy (d1 1)}

For each of these sub-cases, the sum of VaR of buyer
and seller is locally optimized (that is Fg(0,1,d;,—1,dy) +
Fs(0,—-1,d;,1,dp)), with the locally optimized dj and d3, as well
as the locally optimal objective value, under various conditions on
the parameters p and «, and the conditional distributions of the
loss. For example, for (i),

. 1fp<ozor1—a<p,()cannothold

eif a<p<l-a and le(l %|1)<FX‘|}1,(1—1§—1)|2),
d e [0, X‘V(l “lD] and d5=F x’&“ 4|1) —d;,  with
F3(0,1,d5, —1,d3) + Fs(0, -1.d}, 1. d3) = le(1 %512);

eif a<p<l-a and XIy(l— —p|2)5Fxnl((l_%|1)’
d;‘e[O,FX‘&(l—lf—pB)] and d*:FX‘l;(l—]"‘fp|2)—d’l‘, with

F3(0,1,d%, -1, d5) + Fs(0, —1,d%, 1, d3) = Fx-l;(l - 4.

Since the objective function is locally optimized for each of
these sub-cases, the locally optimal objective values under vari-
ous conditions need to be aggregated and compared. Therefore, for
Case 2 that 6 =1 and 6, = —1, it holds that:

MIfp<a andp<1—

“ dj € [0.Fgl(1- 45[2)] and dj < [0, Fg(1
d*], or

e di =esssup(X) and d; [Fx_\lf(

14512) -

1;"‘|2) esssup(X)],

with F3(0,1,d5, —1,d3) + Fs(0, -1.d}, 1. d3) = le(1_
1%512).
2)fa<p<1l-«aand F)a;(l—%|1)< X‘h],(l %512),
od?e[O,FX‘l;(l—%H)] and d; e [F, ‘Y(l “l) -
di.F X*n],(l 1%512) —dj], or
o di e (F ‘Y(l a|1) xw“— 512)] and d5 € [0, le(1—
1—,pl2) il
with FB(O,1,d;‘,—1,d§)+F5(O,—1,d’{,1,d§)=FX‘|\1,(1—
L|2)
B)Ifa<p<l-aand X‘Y(1 “ = X]&(l—%pIZ),
o di o, XIY(1—0'|1)]—[0 ‘y(l %512)] and
d = le(l—ﬂ|1)—d* X‘y(ul 512) —dj,
with F3(0,1,d5, —1,d3) + Fs(0, -1.d}, 1. d3) = le(1_
-1
A Ifa<p<l-«a andF‘Y(l 1%512) < X*&(] «11),
. d;‘e[O,FX‘ly(171_p|2)] and d; e [F |Y(1 %512) -
XIy(] "‘|1)—d*] or
. d*e( Y(l %512). le(1 11)] and dj € [0, le(1
‘;Il)—d*]
with FB(o,Ld;,_1,d;)+F5(o,_1,d;,1,d;):F)a;(l_%|1).
(5) lfa<pand1—a<p,
e dj €0, XIY(l—"‘|1)] and d; € [0, X‘Y(l |1)—d1‘], or
e di € [F y(1 =%[1), esssup(X)] and d; esssup(X)

with F3(0,1,d3, -1, d3) + K (0,
B)fl-a<p<a,
edi=0andd;=0, or
. d* el XIY(l °‘|1) esssup(X)]
[)qY 1=%2), esssup(X)],

~1,dj,1,d3) = Fl(1 - ¢|1).

and d; e
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with F3(0, 1, d%, —1,d3) + Fs(0, —1,d%,1,d3) = 0.

Finally, the result follows by aggregating and comparing the
summaries of Case 1 and Case 2.

Appendix C. Proof of Theorem 4.1

For any be[0,b] and (I,...,In) €Z, define a:=
VaRy (—b x Ty oy + Y _fq Re(X)Tjy_ty) and c :=VaRg(b x Iyy_g} +
i Ik (X)Iy_). Recall the right-continuous inverse functions of
I, and R, from Appendix A.

We first assume a > 0. For each k=1, ..., m, consider the fol-
lowing two cases and the corresponding sub-cases to construct the
modification I,

Case 1: Assume that [ '*(c) <R, '"(a).
Sub-case 1.1: Consider that R, '*(a) < esssup(X). Define Ry(x) :=
X—(x—a)y+ (x—dy)y, and hence [L(x)=(x—
a)y — (x— d~k,2)+, for any x € [0, esssup(X)], where
dy > € [R;'* (a). esssup(X)] such that

B[R (X) — a).[Y = k] = B[ (Re(X) — @), |Y = k].
This implies
EF[(Ri(X) — @)Tjxop-1e (@Y = K]
=E*[(Re(X) — @) jx=p-1+ @y Y = kI,
which can be written as
B[R (X)Tixop-1 @y Y = K]
= E*[Re(X)x=p 1+ ap]Y = KI,
and
IEP[Tk (X)]I{XzR*H(a)}lY = k]
= B (LX) ixsp-1+apy Y = k-
Thus,
EP[( ) — LRy (@)Y = k]
= EF[(k(X) — LR (@)Y = K].

By definition, it holds for any x € [0,R, " (a)] that
l(x) < Ie(x). Furthermore, we have [ (R, '*(a)) =
R (a) —a= I (R, " (a)) > c. Therefore,

EF[(I(X) = ©)+]Y = K]
= IE“"[(I}(X )= 0) Ixer @)Y = k]
+ E“’[(Tk(X) =) I @)Y = k]
- EP[(T"(X) =) Ly IY = k]
+ B[ (100 - LR @) Y = k]
+ (kR (@) — )P(X > R, (@)|Y = k)
< B[ (00 — ©), Ly ) IV = K]
+ B (100 KR @), ¥ = K]
+ (kR (@) — )P(X > R (@)Y = k)
_ En»[(lk(X) — O Ty Y = k]

+ EP[(I,((X) - C)+H{X>R;”(a)}|y = k]
E[(I(X) = ©)+ Y = kI.
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Ry (z)
alo_ < 'Rk<l‘)

esssup(X) 0]

0 L) Ry ()

I;l+(c)

R, ' (a) esssup(X)

Fig. C.3. Constructions of R, (left) and I, (right), under the conditions that a > 0
and Ik’”(c) < R;”(a) < esssup(X), for TVaR risk preferences (Sub-case 1.1); linear
Ry and I, are chosen for graphical convenience, and Ry and I are bold-faced.

Sub-case 1.2: Consider that R;”(a) = esssup(X). Necessarily, for
any x € [0, esssup(X)], R(x) < a. Define R (x) :=x —
(x—a),, and hence [(x) = (x—a),, for any xe
[0, esssup(X)]. By definition, it holds for any x e
[0, esssup(X)] that R, (x) < Ry(x) < a, and necessar-
ily I, (x) < I (x). Therefore,

E[(Re(X) —a).[Y =k] =0
=B [(Re(X) —a), Y =k];
E°[(T(X) = O+ Y = k] < EF[([(X) — ©) Y =K.

In both sub-cases 1.1 and 1.2, the constructed I, and R,
satisfy

EP[(I(X) = ©)4]Y = k] < B[ (I (X) — ©) |Y = K],
and
EP[(R(X) — @), |Y = k] = EF[ (Re(X) — @), |Y = k].

Case 2: Assume that R ' (a) < I, "*(c). If I.'¥(c) < esssup(X),
define I(x)i=x—(x =), + x—di2)+ and
hence Re(x) = (x— 0, —(x— d~k_2)+, for any
x e [0, esssup(X)]. where dy, e [I;'*(c). esssup(X)]
such that

EF[((X) = ©)4|Y = k] = B[ (1, (X) — ©), |Y = k].

If I.'*(c) = esssup(X), define fy(x) :=x— (x—¢),. and
hence R, (x) = (x — )., for any x e [0, esssup(X)]. By
following similar arguments as in Case 1 with inter-
changing the roles of I, (or the constructed [;) and R,
(or the constructed R;,), as well as of a and c, one can
show that the constructed I, and R, satisfy that

EF[(I(X) = ©)+]Y = k] = EF[(l(X) = ©)+ Y = KI;

EF[(Re(X) — )4 |Y = k] < E¥[(Re(X) — @), |Y = k].

For the ease of understanding these cases above, Fig. C.3 illustrates
the modification arguments of Sub-case 1.1.

Therefore, for any k =1, ..., m, the constructed I, and R, satisfy
that

EF[(I(X) = ©)+]Y = k] < EF[(5(X) = )+ |Y = KI;

EF[(Re(X) — @) Y = k] < EF[(Re(X) — @), [Y =k].

By the dual representation of TVaR (Rockafellar & Uryasev, 2000),
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TVaR, (—b x Iyy—oy + Y _Re (X)]I{Y=k}>

k=1

k=1

. 1 5 ul
= dlznfb (d +-E |:<—b x Iyy—o) + Y Ry

where the infimum can be attained at d* = a. Moreover,

k=1

m
TVaRﬁ (b X ]I{y=0] + ZI" (X)H{yzk})

. 1 =
= élgg <€ + ﬂEP[<b X H{yzg} + ZIk(X)H{Y:k} —e

k=1

where the infimum is attained at e* = c. The last two relations im-

ply that

TVaR, (—b < Ty—oy + Y Re (X)]I{Y=k}>

k=1

3

d>-b

k=1

1 mo
<a+ aEP|:<—b X H{Y:O} + ZRk(X)H{Y=k} —a

k=1

=a+—E"[(-b-a),|Y=0]P(Y=0)

+ EF[Re(X) —a) [Y =k]P(Y =k)

1
o

Q.—\\TMSQ'—‘

1

<a+ —E°[(-b-a)|Y=0]P(Y=0)

1
= lnf (d-‘raﬂip[(—bxﬂ{y 0} Z (X)]Iy k}
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m
<TVaR, (—b x Tyy—oy+ Y _Re (X)]I{Y=k}>

k=1

m
— d) :|>, + TV&Rﬁ (b X ]I{Y=0} + Z[k (X)]I{y=k}>
+ k=1

=G, (b In)).

Following, we consider the case a < 0. For this case, we use the
same way as Case 2 to construct I (x), then it is easy toNﬁnd that
EF[(R(X) — ©) 1Y = k] = E*[(1,(X) — ©)+|Y = k] and E*[Re(X)|Y =
k] < EF[R,(X)|Y = k], which in turn imply

)+:| ) ’ TVaRy (_b X H{Y:O} + Z Ek(X)H{Yk})

k=1
m
<TVaRg | —b x Iy_oj + Y Re(X)Tjy_ig
k=1

and

) D TVaRg (b x Tyy—oy + Y Ik (X)]I{y:k})
k=1
.

m
< TVaRﬁ (b X H[yzo} + Zlk(X)H{Y=k]>~

k=1
Therefore, G(b, (Iy.....In)) <G(b. (I1..... 1)), which completes
the proof.
Appendix D. Proof of Proposition 4.1

Note that TVaR; = EF. Thus, the expectation is a special case of
TVaR. By Theorem 4.1, it suffices to consider the finite dimensional
problem (4.2):

k=1

m
min TVaR, (—b X H{Y:O} + Z Ry (X)H{Y=k})

m
1
+ g a]EP[(Rk(X)—a)+|Y:k]IP’(Y:k)
be[O,b];
1 m (I eodm) €T
=a+ B {( —bx Ty_op + Y Ry — a)+:|
k=1

m
+ EF |:b X ]I{yzo} + ZIR(X)]I{Y:k} .

. 1 @
= dlzn—fb (d + O{IEHD|:<—b x Tyy—g) + ;Rk(X)H{y=k} — d) :|>
- +

k=1

m
=TVaR, <—b x Iyy—oy + »_ Ry (X)u{yzk}).

Similarly, we have that

m
TVaRﬁ (b X ]I{y=0] + Zlk (X)H{Y—k}>

k=1
m
<TVaRg | b x Iyy_oy + > k(X)Ly_y |-
k=1
Therefore, (I;,....In) € T, and
G, (0, ....In)

m
= TVaRa <b X H{Y:O} + Zﬁk(X)]I{Yk})

k=1

m
+ TVaRg (b x Tjy—o) + ZTk(X)H{yzk})

k=1

By the dual representation of TVaR (Rockafellar & Uryasev,
2000), the above problem is equivalent to

.l m
min min  inf [d+E?| = -bxTLy_gr + > Re(X)Ly_jo —d
e [05] (ll,...,lm)ezzd>b< [a( {v=0) ; k(X Ty—) )J

m
+ EF |:b X H(Y:O} — ZRk (X)]I(y_k):|>
k=1
1 m
— i i i L [ —
= min inf min d+E p b x ]I(y=0) + ZRk(X)H{Y:k} d
+

be[0.b]d==b (Iy....Im )€, P
m
+ EF| bxIy_op — D Re(X)y_py
k=1

= min_inf (d+beP’(Y=O)
be[Ob]dZ—b

min ZE“’[ (Re(X) —d), —Rk(X)‘Y - k]lP’(Y - k)).

( olm )€z, P

Let b € [0, b]. First, fix any d > 0. For any k=1,2,...,m, I, takes a
form either

(%) = (x— dk_1)+ - (x- dk12)+ or L(x)=x-(x— dk_1)+ +(x- dk12)+,

14
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for some dy ; € [0, esssup(X)] and dy , € [dy 1. esssup(X)], which
allows us to directly compute E*[ L (Ry(X) —d), — Re(X)|Y =k]. In

the sequel, we let d; ; and d} , be parameters that yields the min-

imum of this conditional expectation.

Case 1: Suppose that [y(x) = (x— dk=‘)+ - (x- dk,2)+, ie.

Re) =x— (x—di1), + (x—di2),-
Sub-case 1.1: Consider  that 0=<d <dy; <d;, <esssup(X).
Then,

&[5 Re) — d), — ReC)|Y = K]

1
= E]EIF[(X —d), - (x- d,ﬂ)+ +(X- dk,2)+|y = k]

- Eﬂ’[x — (X —dir), + (X —dia) Y = k]

Lo g ethode+ (1= 1) [ seveliod
= — t t+ ( - *)/ tlk)dt
Ol/a x|y (E1K) al ., xiy (1K)

— EF[X]Y = k],

which is non-decreasing in d; ; and non-increasing
in dy 5, where Syy(-|k) is the survival function of
the loss X|Y = k under P, for k=1, 2, ..., m. There-
fore, di; =d and d;; ) = esssup(X).

Sub-case 1.2: Consider that 0<d,; <d <dyq+esssup(X)—
dy.o < esssup(X). Then,

& 2 R0~ dy, ~ Ra0)|Y = K]

_ %EP[(X ~ (do+d—dir)) IV = /<]

_ ]En»[x — (X —dir), + (X —d2) IV = k].

Define z=d, +d—dy;, and thus 0<d;; <d<
Z < esssup(X), and

EPE Re(X) —d), — Re(X) ‘Y - k]
1
= an«:w’[(x -2),|Y = k]

_ ]ED”[X - (X - dk.1)+ + (X - (Z— d+dkA1))+|Y = k]
1 esssup(X) di1
o z 0

Z
- / Sey (tlldt,
z—d+dy

which can be easily shown to be non-increasing in
dy 1, given a z. Therefore, d; ; = d, and hence,

Ep[é(Rk(X) —dy, - Rk(X)’Y = k]

1 esssup(X) d
_ (771)/ 5x|y(t|k)dtff Sy (tllot,
z 0

o

which is non-increasing in z. Therefore, z* = d;;_z =
esssup(X).

Sub-case 1.3: Consider that 0 <dj; <dyq+esssup(X) —dy, <
d < esssup(X). Then,

2[5 R — d), ~ Ra)|Y =]
_ —]E]P[X — (X —di), + (X —dia) IV = k]

dz.z
:f' Sk (tlkydt — EP[X|Y = k],
d

k1
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which is non-increasing in dy ;. Therefore, di ; =
dy, —esssup(X) +d, and hence,

& 2 R~ d), ~ Ra0)|Y =]

dy.
- / ’ Sk (tlydt — EP[X]Y = k],
dy,—esssup(X)+d

which can be easily shown to be non-increasing in
dy »- Therefore, d}; , = esssup(X), and thus d;; ; =d.

k.1
Sub-case 1.4: Consider  that 0 <dy; <d;, <esssup(X) <d.
Then,

IEP[&(R,{(X) —d), - Rk(X)‘Y = k]
= 7E]P|:X — (X — dk.l)+ —+ (X — dk.2)+|Y = k]
_ / e Sy (tlkydt — EF[X]Y = k],
diq

which is non-increasing in dy ; and non-decreasing
in dy . Therefore, df | = d; , < esssup(X) <d.
Case 2: Suppose that [y(X) =x — (X = di1), + (x —di2)
Rk(X) = (X — dk,])+ — (X — dk.2)+'
Sub-case 2.1: Consider that 0 < d < d; , — d ;. Then,

, ie.
+

w7 L (R0 — d), ~ Ra0)|Y =]

&[0 ), (o) v =]

- Eﬂ”[(x —di1), - (X~ di2) 1Y = k]

1 esssup(X) esssup(X)
1 Sey (tlk)dt — / Sy (Elk)yde
O Jd+d dia

1 esssup(X)
+ (1 _ &>/d Sey (tllodt,
k2

which is non-decreasing in dy ,. Therefore, dj
dy.1+d, and hence

2=

EPE(R,{(X) —dy, - R,C(X)‘Y = k]

di1+d
= —/ Sxjy (¢[k)dt,

k.1

which is non-decreasing in dy ;. Therefore, di ; =0
and di , =d.
Sub-case 2.2: Consider that 0 < dy , —dy; <d. Then,
1
2| 2 (R — ), Re(X)

= —IE]PI:(X - dlcl)Jr - (X - dk~2)+|Y - k]

Y:k]

esssup(X) esssup(X)
_ / Sy (tlk)de + f St

di s di»

which is non-increasing in dy . Therefore, dj , =
dy4 +d, and hence

B R — d), — ReX)| Y = K]

dyq+d
=*/ Sxy (tlk)dt,

k1

which is non-decreasing in d ;. Therefore, d;; =0
and dj , = d.
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Hence, if d >0, in any case, it is optimal to choose I (x) =
(x—d),, ie. Ry(x) =x— (x—d),, which are independent of the
environment k =1, 2,...,m, and the objective function becomes:

d=Y"EF[X— (X—d),[Y =k|P(Y =k) +b x P(Y =0),
k=1

which is non-decreasing in d, and thus the minimum is attained
at d* =0, and thus the objective function is b x P(Y = 0).

Second, fix any de[-b,0]. For any k=1,2,...,m,
Eﬂ”[g(Rk(X) —d), —RXlY = k] = (& - DEP[RX)|Y = k] - 4
In the next two cases, we determine the parameters d; ; and dj ,
that yield the minimum of this conditional expectation.

Case 1: Suppose  that [ (x) = (x— dk,1)+ - (x- dk,2)+,
Rex) =x— (x—dy1), + (x—di2),. for some
dyq €[0,esssup(X)] and dy; € [dy 1. esssup(X)]. There-
fore,

]EP[%(R,{(X) —d), - Rk(X)‘Y - k]

1 di1 esssup(X) d
- (7 - 1)(/ Sx|y(t|k)dt+/ Sx‘y(tlk)dt> g
o 0 dya o

which is non-decreasing in dj; and non-increasing in
di. and thus df | = 0 and dl’ng = esssup(X).

Case 2: Suppose  that  [(x)=x—(x— dkl)+ +(x- dk,z)+,
ie. R =(x— dk'])+ - (x- dk,2)+v for  some
dyq €[0,esssup(X)] and dy; € [dy 1, esssup(X)]. There-
fore,

E“”[é(Rk(X) —dy, - Rk(X))Y = k]

1 A2 d
(& - 1) ‘/‘dk‘1 Sle(t'k)dt - &,

and thus 0 < d; ; = d; , < esssup(X).

i.e.

Hence, if d € [-b, 0], in any case, I (x) = x, i.e. Ry(x) = 0, which
are independent of the environment k =1, 2, ..., m, and the objec-
tive function becomes:

1 m
1—5211»0/:/0 d+bxP(Y =0).
k=1
If @ > Y7L P(Y = k), the objective function is non-decreasing in
d, and thus it is minimized at d* = —b. If @ < 3"}' ; P(Y = k), the
objective function is non-increasing in d, and thus it is minimized
at d* =0.
Therefore, there are two cases to consider on determining the
optimal bonus b* € [0, b].

Case 1: Suppose that o > 31t ; P(Y = k). Therefore, d* = —b, and
the objective function becomes, for any be [0, B],
(P(Y=0)+ LY P(Y =k)—1)b. which is
decreasing in b, and thus it is minimized at b* = 0.
Suppose that o < Y[t ; P(Y = k). Therefore, d* =0, and
the objective function is, for any b e [0,b], b x P(Y =0),
which is also non-decreasing in b, and thus it is mini-
mized at b* = 0.

non-

Case 2:

Hence, in any case, the bonus b* = 0 and the optimal indemnity
functions Iy = Id, for k=1,2,...,m, solve Problem (4.2), and are
thus Pareto optimal.

Appendix E. Proof of Theorem 6.1

The minimization problem (6.1) can be rewritten as
EF[X]+ min b(Q(Y = 0) —P(Y = 0))
bel0,b]

[m5G;May 18, 2021;4:28]
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— EP[LX)|Y = k]P(Y = k)).
Here, minbelo_l—)] b(Q(Y =0) —P(Y =0)) is solved by

=b if QY =0) <P(Y =0);
bie[0.b] if Q(Y=0)=P(Y =0);
=0 if QY =0)>P(Y =0).

By Assa (2015), (Iy,...,Im) € Z implies I, (t) € [0, 1] for all ¢ >
0 almost everywhere and all k= 1,..., m. Moreover, for any k =
1,2,....,m,

EC[L(X)IY = KIQ(Y = k) = E*[[(X)[Y = K|P(Y = k)

16

- /Ow QX > t]Y = k)dl(O)QY = k)
- pr(x = t]Y = k)l (OP(Y = k)
0
- /OOO (@QUX > £} N {Y = k}) — B(X > £} 0 {Y = k})dli ()

- /OOO @QUX > £} N {Y = k}) = P(X > £} N {Y = kD)L (0)de,

where the last equality is due to the fact that I, is absolutely con-
tinuous, since (Iy,...,In) € Z (see Cheung & Lo, 2017). Hence, the
result follows directly.
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