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Abstract

This thesis deals with the analysis of the real ;1 problem as a powerful tool for measuring
the stability margins of a system subject to parametric uncertainty. Several algorithms of
varying complexity are proposed for calculating upper bounds of the structured singular
value of a matrix M subject to real parametric uncertainty. Our approach is based on the
projection of the uncertainty set in the most critical direction. This is implicit in the set
of optimal (minimum-norm) unstructured singularising perturbations and is defined by the
pair of singular vectors corresponding to the largest singular value of M. Two relaxations
are considered to simplify the problem. A randomised algorithm is proposed which re-
lies on the partial enumeration of the Zonotope’s vertices for high dimensional problems
when the complete enumeration may not be practical. Applying this bound to our problem
produces a probabilistic lower bound on the structured distance to singularity. The main
results of the thesis are extended to the distance to singularity problems with "correlated"
or nonlinear descriptions of uncertainty. A similar randomised algorithm is proposed for
breaching the gap between the Quadratic Integer Programming (QIP) and its convex relax-
ation which is closely related to the structured singular value problem. It is shown that the
duality gap can be reduced, provided a Reduced Rank Quadratic Integer Problem (RRQIP)
can be solved. Alternatively, a sequence of increasingly tighter bounds can be obtained by
solving a sequence of QIP’s of progressively increasing complexity (and rank). Here, we
present a randomisation algorithm for breaching the duality gap when the full enumeration
is not computationally feasible. The Greatest Common Divisor(GCD) problem to calculate
the nearest common root of a polynomial set under perturbations in their coefficients is also
considered in this thesis. We propose a relaxation technique directly to the Sylvester struc-
ture before converting to the diagonal matrix which is the standard setting for the structured
singular value estimation. This could give an upper bound tighter than the largest singular
value without solving the equivalent u problem which is potentially large-scale. Several

numerical examples illustrate the main results of this work.
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Chapter 1

Introduction

In the field of control systems, an accurate model is required to analyse and design a feed-
back controller. The quality and accuracy of a model, however, depends on how closely
it describes the real system. Nevertheless, adding unnecessary characteristics can result
in over-complicated models which could dramatically increase complexity and the volume
of computations, limiting the sampling rate of the controller. On the other hand, provided
model uncertainties are small and provided they are not amplified by feedback they could
result in small deviations between the actual and the simulated responses of a system. How-
ever, the presence of uncertainty is always one of the significant difficulties in control sys-
tems analysis and design. A widely used method to control a system is feedback control
which is an interconnection of the plant and the controller in a feedback loop. Therefore,
a designed controller must stabilise the closed-loop system despite the presence of the un-
certainty. At the same time, the controller should fulfil the design objectives in an efficient
way. A good controller should be able to minimise the effect of uncertainties. In robust
control, the largest size of uncertainty that the system can tolerate is critical. This is nor-
mally referred to as the stability radius of the design. The larger the uncertainty that can
be tolerated, the more robust is the control system. As an example, PID (proportional inte-
gral derivative) controllers are simple but effective method in robust control systems. PID
controllers use a control loop feedback mechanism to control process variables and are the

most popular controller in the industry.

In general, deriving a dynamic model of a system is not straightforward since in the real
world systems are non-linear and complex. In most cases, however, a relatively simple lin-
ear time-invariant model which contains modelling error and uncertainties can adequately

describe the behaviour of a system for control purposes at least near equilibrium. A control



system is then said to be robust if its response is insensitive to model perturbations. Figure
1.1 shows a general feedback framework which can address a general model of uncertain-
ties. In this diagram, M is a transfer function representing the nominal system, and A is a

transfer function representing the uncertainty.

Figure 1.1: A general control system framework

The structure we impose on A affects the stability radius. Ignoring any structure on A is
likely to result in a conservative design. On the other hand, adding a more refined structure
of uncertainty makes the design of the controller difficult and costly. In robust control, we
usually distinguish between Robust analysis and Robust Synthesis. The analysis problem
consists of finding the maximum perturbation that the feedback system can tolerate before
losing stability. The synthesis problem is to design a controller that minimises the effects of
the perturbations or keeps them under an acceptable level. Maximising the robustness of a
system in the presence of unstructured uncertainties has been addressed in the literature(see
[3, 4]). Typically, unstructured uncertainties result in small stability radius compared to
structured uncertainty. Stability analysis when A is a structured matrix (rather than a full
matrix) can be addressed via Structured Singular Value (1) techniques. In which, the per-
turbations are restricted to a certain class of structured matrices, and the stability radius
is defined as the smallest norm in the perturbation, A, that destabilises the system in Fig-
ure 1.1 (denoted as pua(M)~1). Unfortunately, in general, ua (M) cannot be computed in
polynomial time. In other words, this problem is numerically intractable and can be shown
to be NP-hard in terms of polynomial complexity[5]. One possible way to overcome this
issue is to relax the problem and find reliable convex upper and lower bounds on pa (M),
which is sufficient for many practical applications. At present, the standard procedure used
to minimise the upper bound of A (M) is the so-called D-iteration[6] resulting in a convex
upper bound on pa. Nonetheless, in theory, the gap between pa (M) and its convex upper

bound can be arbitrarily large [7]. This gives rise to another research problem, i.e. to iden-



tify conditions under which the gap between structured singular value and its upper bound
can be breached [8, 9]. Although, at the present time, there is no general method available
for this purpose, some algorithms have been developed for specific uncertainty classes. The
fundamental disadvantage of these algorithms is their high computational cost which may
dramatically increase as the size of the system grows. In this thesis the approximate GCD
problem is formulated and studied as an application of the p problem. The study of GCD of
a set of polynomials has been widely studied in recent years. Due to extensive applications
in Control Theory like algebraic control methods, distance to controllability or observabil-
ity, determinantal assignment problems, Robust Control, the stability of dynamic systems
subject to structured perturbations, Linear Systems, Numerical Analysis and other Engi-
neering fields. Another topic which is also the focus of this research is Quadratic Integer
Programming(QIP). QIP is a classical problem which is widely used in various real-world
applications, including control and communications [10]. QIP is also an NP-hard problem
which shares interesting similarities with p problem. It is shown in this work that this mo-
tivates us in this research to transfer intuition and solution techniques from one problem
domain to the other.

In the following sections, some of the above-mentioned topics and terms are explained

in more details.

1.1 Complexity in optimisation

Computational complexity theory has been a central area of theoretical computer science
since its early development in the mid-1960s[11].The subsequent rapid development in the
next three decades has not only established it as a rich exciting theory, but also shown strong
influence on many other related areas in computer science, mathematics, and operations re-
search. Computational complexity refers to the the amount of communications required to
solve a type of problem by systematic application of an algorithm. Since the size of the par-
ticular input to a problem will affect the amount of computation, measures of complexity
needs to be carried out to identify the effectiveness of the designed algorithms. Hence cat-
egorising the algorithms or problems are a good introduction to identify the computational
complexity.

When discussing complexity, “time” and “space” is often used as the basis for com-
parison. The “time” here is not the actual time, but rather an indication of the number of

computation required to achieve a solution. Due to the fact that the computer hardware is



constantly improving, the “time” required to solve a given problem for the same algorithm
will be consequently decreasing. However, the complexity of a problem, which is in fact
the number of steps required to terminate the algorithm, will be always identical regardless
of the processing power improvement. That is the reason why the Complexity is quantified
independent of hardware. It , nevertheless, depends on the methods and algorithms used
to approach the problem. A meaningful way of quantifying complexity is to introduce a
formal model of computation M which specified decision algorithms can be implemented
and to identify various parameters of this model as formal representations of computational
resources. The two most basic computational resources which are studied in complexity

theory are running time and tape (or memory) space [12].

1.1.1 Complexity Classes

The general notion of a complexity class for a model of computation M decides a language
X is defined by TIME ¢(n) and SPACE s(n) as functions of type (N) — (NN).These are
related to a Turning Machine,T model which is theoretically a set of languages, 7' € T in

time ¢(n) and space s(n). i.e.,

TIME(t(n)) ={X C{0,1} : 3T € TVn(t(n) < t(n)) and T decides X };

SPACE(s(n)) ={X C€{0,1} : 3T € TVn(s(n) < s(n)) and T decides X };

In general the complexity classes are defined as below,

P Class

The set of problems P contains problems with whose solution-time upper bound scales as a
polynomial function of the input size. P problem is referred to the complexity class in which
the problems can be efficiently solved by a deterministic algorithm (known as solvable or
tractable problems). Other time classes are quadratic time, linear time or exponential time.
Examples of polynomial time algorithms: the "quicksort" algorithm and basic arithmetic

operations such as addition, subtraction, multiplication, division, and comparison.

NP Class

Non-deterministic Polynomial-time, NP complexity, contains problems whose solutions can
be verified within a polynomially scaled upper bound. That does not mean they can be abso-

lutely solved in polynomial time, but given a potential solution, its verity can be confirmed



or denied in polynomial time.

NP-Hard class

A problem is NP-hard (nondeterministic polynomial time-hard) if it it can be obtained from
a NP-complete problem that is polynomial time Turing-reducible. It can be said to be "at
least as hard as the hardest problems in NP."

Examples of NP-hard problems: Subset sum problem, traveling salesman problem, halt-

ing problem.

NP-Complete class

A problem is NP-complete (nondeterministic polynomial time-complete) if it belongs to
both NP as well as NP-hard. NP-complete problems can be obtained by transforming every
other problem in NP in polynomial time. NP-complete problems are of note because there
is an apparent correlation between the quick verification of solutions and quick solving of
the problems

Common approaches to solving NP-complete problems are heuristic algorithms and
approximation algorithms.

Examples of NP-Complete problems: graph isomorphism problem, Boolean satisfiabil-
ity problem, knapsack problem, Hamiltonian path problem, travelling salesman problem,
subgraph isomorphism problem, and more. Figure 1.2 shows Euler diagram for P, NP, NP-

complete and NP-hard set of problems.

1.2 Convex and Non-convex Optimisation problems

Having described the complexity class of a problem in previous section, we understood that
NP- Hard problems, in general, cannot be solved in polynomial time. A common practice to
approach these problems, therefore, is to relax them to approximate convex bounds which
are solvable. An optimisation problem is said to be convex if all the constraints are convex
functions and the feasible region (intersection of convex constraints) is a convex region. In
this case, there is only one globally optimal solution which can be calculated efficiently.
In contrast, any optimisation problem with a non-convex constraint or objective function
is called a non-convex problem. Non-convex problems can have multiple feasible regions

and therefore, multiple local optimal points in each region. Determining that a non-convex



NP-Hard

NP-Completed

Complexity

P#£NP

Figure 1.2: P, NP, NP-complete and NP-hard set of problems

problem is infeasible, the objective function is unbounded or finding the optimum across all
feasible regions can take exponential time.

Convex optimisation problems are considerably more general than linear programming
problems but have the desirable characteristics of linear programming problems. They can

be solved quickly and reliably, even for large-scale problems with thousands of variables.

1.3 Structured Singular Value

In previous sections we described NP-Hard class as an important set of problems which
computational algorithms fail to solve them. We have also described convex sets as solv-
able optimisation problem to which NP-hard problem could be approximated. Here, we
briefly define the structured singular value as a powerful tool for measuring stability mar-
gins of a control system subjected to parametric uncertainty. This problem is NP-hard and
normal solutions to approach this problem is to relax it to a convex bound. All models
used for control design are uncertain to some extent. If uncertainty is small, it can only
induce minor deviations in the system behaviour. System complexity, however, enhances
the uncertainties on some occasions in ways that make the entire system behaviour more
difficult to predict. Even more importantly, uncertainty can jeopardise the stability margin
of the system. Accordingly, the presence of uncertainty in real systems is one of the most

challenging issues of the control design methodology. One of the main objectives in control



design is to reduce the effect of uncertainty on the stability of the system. Conversely, we
would like to determine the size of the largest perturbation that a system can tolerate before
it loses stability. The effect of uncertainty and modelling errors have been studied by many

researchers (e.g. see [13]).

A control system is considered to be robust if its performance and stability are insensi-
tive to modelling errors. In fact, robust synthesis methods aim to design the controller so
that robust performance in the presence of uncertainties is achievable. In order to analyse
the effect of uncertainty on the behaviour of a system, we need to provide a model of pertur-
bations in the system dynamics. The complexity of the error model, however, can make the
controller unnecessarily complicated and costly. Conversely, unstructured error model can
lead to conservative feedback designs. In control theory, it is typical to classify uncertainty
as structured or unstructured. In unstructured uncertainty, perturbations are allowed to be
any stable n x n transfer function, and then the analysis is carried out by considering the
worst-case scenario. Thus the problem reduces to finding the unstructured perturbation ,A,
with the smallest H, norm (say r) that destabilizes the feedback loop [14] and hence, any
A which |A||sc < 7 will not destabilize the system. For a system with transfer function M
this value of r is called the Stability radius and is denoted by ya (M ). Thus if the norm of A
is sufficiently small, then the closed-loop system will be stable. The small gain theorem can

be used to identify how large ||A||o can be before it destabilises the closed-loop system.

As discussed earlier, unstructured uncertainty is, in general, a special class of pertur-
bations and may result in a conservative design. In most cases, only a few entries of the
transfer function or state-space model contain perturbations and thus, only a few entries in
A are subjected to uncertainty. In that case, the remaining entries in A take zero value.
We particularly consider block-diagonal structures in this work which can be described by

repeated full blocks and scalar blocks:

A = {dzag [51]r1,...,(55[7,S,A1,...,AF]} (11)

where §; € C (or R), A; € C"™i€™i and I, is the r; X r; identity matrix.

The problem of maximising the robust stability radius of systems subject to structured
uncertainty has been widely investigated in the literature, and has led to the development
of p-analysis and synthesis techniques [15, 16, 3, 14, 17, 18, 9]. The Structured Singular
value (u) is a generalisation of the singular value of a matrix. Similarly to QIP problem,

the general solution to this problem is also NP-hard [19, 5] which means that for any given



algorithm to compute i, there will be “worst-case” problems for which the algorithm is un-
able to find the optimal solution in polynomial time. In practice, the problem can be relaxed,
and upper bounds are often used, which may give sufficiently robust stability and perfor-
mance margins for certain simple uncertainty structures. This class of problems, however,
is too small for most practical applications [9]. In theory, the gap between p solution and
its convex upper bound can be arbitrarily large [7]. Therefore, breaching the gap between u
and its upper bound can be highly beneficial. Authors of [9, 20, 21, 8] conducted valuable
research which provides realistic estimates of the stability radius and fast algorithms. The
research area is still active for the derivation of tighter bounds and improved algorithms for

its calculation.

In this research several algorithms of varying computational complexity is proposed for
calculating upper bounds of the structured singular value (equivalently lower bounds of the
structured distance to singularity) of a matrix M subject to real parametric uncertainty. Our
approach is based on the projection of the uncertainty set in the most critical direction. This
is implicit in the set of optimal (minimum-norm) unstructured singularising perturbations
and is defined by the pair of singular vectors corresponding to the largest singular value of
M. Two relaxations are considered to simplify the problem. The first leads to the maximi-
sation of a convex quadratic function under box constraints. The second relaxation, which is
computationally more demanding but produces tighter bounds, results in a geometric prob-
lem in the complex plane involving the intersection of a Zonotope with a parametric family
of Apollonius circles. For problems of low or medium complexity, this can be solved via
the complete enumeration of the Zonotope’s vertices, e.g. by applying the computationally
efficient "reverse enumeration" algorithm. For high dimensional problems, this approach
may not be practical and a randomised algorithm is proposed as an alternative which relies
on the partial enumeration of the Zonotope’s vertices. The convex hull of these partially-
enumerated vertices approximates the Zonotope within a probabilistic Housedorff distance
bound. Applying this bound to our problem produces a probabilistic lower bound on the
structured distance to singularity (equivalently a probabilistic upper bound on the structured
singular value). The main results of this part of thesis are extended to the distance to sin-
gularity problems with "correlated" or nonlinear descriptions of uncertainty. The results are

illustrated with several numerical examples.



1.4 Quadratic Integer Programming

Quadratic Integer Programming (QIP) problem is a classical optimisation problem with
many applications. For example Model Predictive Control (MPC), an advanced method of
control with application in many engineering fields like process and power systems is based
on optimising a performance index over a finite time-horizon on the current time slot. One
of the main ideas behind MPC is its ability to formulate and solve a QIP problem where
the constrains on control parameters can be formulated as linear inequalities. Apart from
its unique applications, QIP share common characteristics with p-problem which motivates
their simultaneous study in this thesis. In terms of complexity, they both are NP-hard prob-
lems. Both have convex upper bounds and have an equivalent dual problem. And finally,
in both problem there are conditions to breach the duality gap. The algorithms of solv-
ing these problems are quite similar. Thus, developing an algorithm in one problem could
be adapted in the other problem. There are some other common characteristics that also

motivate studying both problems in parallel.

As mentioned above, QIP, however, like p-problem, cannot be solved in polynomial
time, i.e. it is an NP-hard problem. A way to overcome this is to convert QIP to an equiv-
alent convex problem or relax it to a convex problem and optimise ideally tight bounds.
Many solvable cases of QIP have been presented in the literature. For instance, if matrix,
@, in the QIP problem (max 2TQu:x € {—1,1}) is of rank one the solution can be found
by inspection [22]. This is also true when () has non-positive off-diagonal entries [23],
or when the system graph is associated with the Max-Cut problem [24]. All these special
cases have their own complexity and have been investigated by numerous researchers. For
example, imposing restriction on equivalent system’s graph G (@) results in solvable classes
of the problem. Such special cases include the pseudo-Boolean program [25], cases where
the graph G(Q) is series-parallel [26] or when the graph G(Q) is a binary tree [26]. Vari-
ous other special solvable cases of the QIP problem have been defined in the literature (see
Chapter 10 of [27] for a survey of the methods that solve some special cases associated with
the QIP problem). In all of these cases, the solution of the QIP problem is obtained by meth-
ods appropriate to each special case. The general solution to the problem, however, remains
open. The low-Rank Quadratic Optimisation problem is another well-known special class
of QIP problems in the literature which can be solved via special algorithms of polynomial
complexity [22], [28], [29] and [30]. This class of problems is still an active area of research

with many applications, e.g. in the area of renewable energy. Another application is MPC



optimal Control. In this case, the optimisation problem needs to be solved strictly within
the sampling interval of the control system. Therefore, since the QIP problem is solved
on-line, it is critically important that the real-time algorithm can efficiently track the pro-
cess and does not impose delays to the control loop. Although powerful hardware in recent
computers enables a faster sampling rate, control systems also become more complex with
hundreds of control loops. For example in large scale networked systems typical objective
matrices may have thousands of entries. Note that often the exact solution to the problem is
not required and tight bounds are acceptable.

One of the contributions of this research is to introduce a fast track method for finding a
convex upper bound with reduced computational cost. A condition to improve the accuracy
of the solution of QIP problem is also derived by breaching the gap between optimal solution
and its convex relaxation bound. This also helps to establish a more time-efficient algorithm
by reducing the computation at each iteration. In the thesis, a randomised algorithm is
proposed for calculating an upper bound of the QIP problem. First, a convex relaxation of
the problem was defined, the solution of which produces an upper bound to the original
problem. The duality gap of the problem, i.e. the distance between the convex upper bound
and the optimal solution, can be reduced which is equivalent to the full enumeration of the
vertexes of an specific convex polygon called Zonotope. Although this can be achieved
by a polynomial-time algorithm, the computation may still be intractable for problems of
high-dimensionality. In the present research, a randomisation algorithm is presented for
breaching the duality gap when the full enumeration is computationally not feasible. It
is shown that even with incomplete enumeration improved probabilistic bounds may be
obtained. The bound may be further improved by combining the proposed randomised
approach with the solution of a sequence of deterministic QIP problems of increasing rank.
This approach is useful in practice since it can exploit fully the available computational

resources to obtain the tightest bound possible with a pre-specified probability.

1.5 Greatest Common Divisor(GCD)

Finally, as a practical application of x problem, we can name the Greatest Common Divisor
(GCD) problem. One of the common methods to approach GCD problem is converting it
to an equivalent x4 problem in order to enable implementing various available algorithms in
w field. This will, however, increase the dimensions and consequently the computational

expenses of the problem dramatically. Therefore, it can effectively illustrates the impor-
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tance of low cost algorithms to calculate the solution. The study of the GCD of a set of
polynomials has several applications in Control Theory (e.g. algebraic control methods,
determinantal assignment problems, distance to controllability or observability), Robust
Control (stability of dynamic systems subject to structured perturbations), Linear Systems,
Numerical Analysis and other Engineering fields and hence has received considerable inter-
est in recent years. Computation of the GCD is a non-generic problem. Hence, the concept
of "approximately coprimeness" can be defined as a distance from the nearest common di-
visor in an appropriate sense. Similar definition of "almost zeros" was first introduced in
[31]. This definition has been reformulated to the notion of "approximate GCD" which is, in
fact, based on the relaxation of the conditions defining the exact GCD, see [32], [33], [34],
[35], [36], [37] and references therein. [38] proposed one of the most recent methods for
calculating the distance of a set of co-prime polynomials to the set of polynomials sharing
a common root. The technique was based on singular values to define and solve approxi-
mate GCD problems by converting the corresponding Sylvester matrix in GCD problem to
a diagonal matrix compatible to x problem.

A disadvantage of this method is that the size of equivalent objective matrix in y prob-
lem will increase considerably. This will significantly increase the computational expenses
of the corresponding i problem. One way of overcoming this issue, which has been noted
in most of references mentioned earlier, is to ignore the structure of the problem and use
the singular value as an approximate measure of singularity of the corresponding Sylvester
resultant matrix(which implies loss of coprimeness). This, however, gives a loose bound
which is far from the optimal solution in many cases.

In this research, we propose using a relaxation approach to perturbations with Sylvester
matrix structure. This gives an upper bound tighter than the largest singular value while
avoiding calculating the structured singular value of a high-dimensional problem. The ad-

vantages of this approach are illustrated via a numerical example.

1.6 Thesis Aims and Objectives

The research starts with working on QIP problem and studying the typical algorithms used
to find feasible solutions. It is then expanded into the area of convex relaxations and explores
the limitation of current techniques in these areas. The second main topic in this research
involves the efficient computation of the Structured Singular Value(SSV) or i problem and

its application in robust control.
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The efficient computation of the the y problem can be extended to efficient algorithms
in the area of robust control synthesis using H., methods, for which ad-hoc algorithms are
currently applied (D-K iteration). In this work, it is also aimed to exploit the similarity
between these two problems in order to develop an efficient algorithm for a large class of
convex relaxation problems.

Another topic in this research is the problem of calculating the nearest common root of
a set of polynomials that are under perturbations in their coefficients which is considered as
an application of the p problem. It is aimed to generalise a convex approach to find an a
cost efficient upper bound on GCD which is tighter than the largest singular value.

The main contribution of this research can be summarised as follows:

* Propose a cost-efficient method for breaching the gap between the QIP problem and

its convex relaxation.

* Propose a probabilistic method of calculating a convex upper bound on g based on the
intersection of the associated convex polygon (so-called Zonotope) with a parametric

family of Apollonius circles.

» Extend the main results of the proposed method to the distance to singularity prob-

lems with "correlated" or nonlinear descriptions of uncertainty.

There are also some minor contributions which can be itemise as follows:

* Improved the convex bound by combining the proposed randomised approach with

the solution of a sequence of deterministic QIP problems of increasing rank

* Propose an ellipse of minimum area which contains all vertices of the Zonotope to
obtain a lower bound on the distance to singularity; and propose a method to cal-
culate an enclosing ellipse directly from the Zonotope’s generating matrix without

enumerating the vertices

* Establish an easy-computable bound which gives a tighter bound but the computation

is immediate.

* Propose a relaxation methods to find a cost efficient upper bound on GCD which is

tighter than the largest singular value.

The outcome of this work is two Manuscripts:
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 "Structured singular value of matrices with real parametric uncertainty: Deterministic
and Probabilistic algorithms" submitted to International Journal Of Control Journal

and is under the review.

The other one is titled

* "A randomised algorithm for breaching the gap between the quadratic integer pro-

gramming problem and its semidefinite relaxation"ready for submission.

The structure of this report is as Follows:

Chapter 2

This chapter starts with an introduction to QIP problems. A brief background and lit-
erature review is given in this chapter. The concept of convex relaxation methods, SDR,
RRQIP, Zonotope is also reviewed. A novel randomised algorithm is proposed. This is
the first contribution in this work which is itemised as "Propose a cost-efficient method for
breaching the gap between the QIP problem and its convex relaxation" above. The main idea
of this algorithm is discussed in detail. The advantages and disadvantages of this method
are also evaluated. In addition, a probabilistic sufficient condition under which the gap be-
tween QIP problem and its convex upper bound can be breached is derived. In this chapter
the behaviour of the Zonotope enumeration algorithm is also studied to estimate the prob-
ability that the optimal solution occurs is vertices with specific flatness characteristics.A
minor contribution of "Improved the convex bound by combining the proposed randomised
approach with the solution of a sequence of deterministic QIP problems of increasing rank"
will be introduced in this chapter. A numerical experiment finally included to show the

applicability of the proposed method.
Chapter 3

In this chapter, some preliminaries needed for chapter 4 is introduced . p analysis is
briefly described. The special conditions where a 1 x 1 block of the matrix takes vari-
ous structures is also discussed in this chapter. This section also gives several definitions
related to the structured singular value and the structured distance to singularity for real,
parametric, diagonal uncertainty structures. This is mainly based on two main references,
[6] and [9]. Detailed proofs of the main materials used in subsequent chapters are included,
where appropriate. Some of the proofs have been transferred to Appendix to improve the

readability of the Chapter.
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Chapter 4

In this chapter two deterministic and probabilistic approaches are introduced to calcu-
late upper bound on p. First the p problem is defined for real set of uncertainty and then
the distance to a singularity is formulated as a quadratic optimisation problem. A deter-
ministic upper bound on g via solving an optimisation problem is then derived. Using the
randomised method introduced in chapter 2, a probabilistic upper bound on the structured
singular value of a matrix is derived. Numerical experiment are included in each section to

show the validity of the proposed methods.

The preliminary results of this Chapter apply to the general case for which the multi-
plicity of the larger singular value of M is an arbitrary integer. The (generic) case m = 1 is
analysed in detail. This allows for a concrete set of algorithms to be formulated and solved
based on an interesting geometric interpretation of the problem. This is the second contri-
bution of this thesis listed as "Propose a probabilistic method of calculating a convex upper
bound on i based on the intersection of the associated convex polygon (so-called Zonotope)
with a parametric family of Apollonius circles". Extensions of the proposed methodology to
correlated parameters and nonlinear uncertainty models are also presented here, which cre-
ate the third main contribution of this work titled as "Extend the main results of the proposed
method to the distance to singularity problems with "correlated" or nonlinear descriptions
of uncertainty". Several algorithmic implementation aspects are discussed in this chapter.
Some of the minor contributions like ellipse of minimum area or easy-computable bound,
are formed here. A randomisation algorithm for the partial enumeration of the Zonotope’s
vertices is also describe along with an estimation of the Hausdorff distance between the
Zonotope and the convex hull of the polytope corresponding, in order to the reduced set of
vertices obtained from the randomisation algorithm. This can be used to obtain a probabilis-
tic lowed bound on the structured distance to singularity. A numerical example is presented
at the end of this Chapter to illustrate the performance of all the algorithms described in this

section.

Chapter 5 In this Chapter, Greatest Common Divisor (GCD) of two polynomials as an

application of the i problem is considered. The problem is first defined and its application in
control system will be reviewed. The link between GCD and p problem is then defined and
it is shown how the problem could be formulated to the solution of an equivalent y problem.

A relaxation method will be then introduced to find a cost efficient upper bound on GCD
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which is tighter than the commonly used largest singular value. This is what we itemised
it as a minor contribution titled "Propose a relaxation methods to find a cost efficient upper
bound on GCD which is tighter than the largest singular value" above. The performance of

proposed method will be illustrated by a number of numerical example.
Chapter 6

This is concluding chapter which summarises the results of the research and the main
conclusions in the context of the aims and objectives of the study outlined in Chapter 1.

Finally, the possible extensions of the work in future research is outlined.

1.7 Notation

The notation of the thesis is standard and is summarised here for convenience. R denotes the
set of real numbers. For integer n, R™ denotes the space of n-dimensional (column) vectors
whose entries are in R, X denotes the set of n-dimensional vectors whose entries are either
lor—1,ie. X = {—1,1}". For integers n and m, R"*™ denotes the space of all n x m
matrices whose entries are in R. For A € R"*™_ A’ denotes the transpose of A, trace(A)
is the sum of the diagonal elements of A, A'(A) denotes the null space of A and R(A) is
the range of A. If A € R™ is symmetric (A = A’), A\(A) denotes the smallest eigenvalue of
A and we write A > 0if A\(A) > 0and A > 0if A(A) > 0. The m-dimensional identity
matrix is denoted by I,,, and the m x n null matrix is denoted by 0, 5, (0, if m = n) with
the subscripts omitted if they can be inferred from the context. The null set is denoted by
(. If F is a space, dim F denotes the dimension of F. For a square matrix A, diag(A)
denotes A with all its off-diagonal elements set to zero. A € R™*" is called orthogonal if
AA" =TI, (m <n)or /A = I, (n < m). For A = A" € R" the spectral decomposition
is the identity: A = UAU’ where U € R™*™ is orthogonal and A € R"*" is a diagonal
matrix of the eigenvalues of A. If P is a polytope then vert(P) is the set of its vertices. If F
is a finite set then | F]| is its cardinality, i.e. the number if its elements. Finally, if ? C R"

then conv(7P) is its convex hull. Other notation is introduced as needed.
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Chapter 2

A Randomised Algorithm for

Enumerating Zonotope Vertices in

QIP

2.1 Introduction

In the previous chapter we introduced QIP as an NP-hard problem with many practical ap-
plications. We have also mentioned computing good bounds as a practical approach. A
"good" solution is considered to be one which is computationally efficient. Some QIP re-
search guarantees a small gap to the optimal value of the problem. Other research evaluates
methods for obtaining the exact solution in special cases. However, obtaining good approx-
imate solutions for QIP is not easy in general.

Many solvable cases of QIP have been identified in the literature. For instance, when the
QIP problem is of rank one [22], when the quadratic matrix defining the problem has non-
positive off-diagonal elements [23], or when the system graph is associated with the Max-
Cut problem [24]. Algorithms for solving all these special cases have their own time and
space complexity. The Low-Rank Quadratic Optimisation problem is another well-known
special class of QIP problems which can be solved via special algorithms of polynomial
complexity [29], [39] and [30]. This class of problems is still an active area of research
with many applications. Often in practice, the exact solution to the problem is not required,
and tight bounds may be acceptable. In this Chapter, several methods for breaching the
gap between the optimal solution of the QIP problem and its Semidefifinite Relaxation

(SDR) is reviewed. It is known [30] that the gap may be reduced by solving an auxiliary
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QIP problem of low rank, a task that can be achieved via the complete enumeration of the
vertices of a a convex polytope(so-called Zonotope) corresponding to the problem. A full
enumeration algorithm can be used to solve the reduced rank QIP, which, in turn, can be
used to reduce the duality gap of the solution of the standard QIP problem from the solution
of its SD relaxation. In this chapter, the concepts of SDR, Zonotope, duality gap and low-

rank problems is also defined.

These results will be further extended using the randomised version of this algorithm.
The advantage of the proposed method is its ability to terminate before all vertices of the
Zonotope associated with the problem are identified. This reduces the computation load,
especially for large scale problems. Our approach is based on the results in [40] which
derives an estimate of the Hausdorff distance between the Zonotope and its approximation,
defined as the convex hull of the partially enumerated vertices of the Zonotope (obtained
by random sampling). This algorithm is used to solve the Reduced Rank QIP(RRQIP) in
a probabilistic setting. In other words, a probabilistic condition is derived for which the
gap between the QIP solution and its convex upper bound is breachable. The algorithm is
utilised to evaluate those vertices at which the maximiser of QIP problem occurs with a high
probability. In fact, the algorithm relies on the fact that "sharp" vertices of the Zonotope
which are further away from the origin are selected with higher probability compared to
"flat" vertices by the randomised algorithm. A similar approach has been used in Chapter
4 to derive a probabilistic bound of the (real) structured distance to the singularity of a
matrix obtained from the intersection of a Zonotope with a parametric family of Apollonius
circles. For the problem considered in this chapter, an estimate of the Zonotope’s vertex
furthest away from the origin can be used to derive a probabilistic upper bound on the
solution of the QIP which is tighter than the SDR bound. Besides, we generalise the results
of [41] which derive a decreasing sequence of upper bounds to the solution of the QIP
problem by solving a sequence of auxiliary QIP problems of increasing rank (and hence
also complexity) which are equivalent to the enumeration of the vertices of a sequence of
Zonotopes defined in progressively higher dimensional spaces. By identifying the optimal
transition between deterministic (full) and randomised (partial) vertex enumeration, it is
possible to obtain the tightest bound compatible with the available computational resources.

A disadvantage of this method, nevertheless, is its probabilistic nature. i.e. the solution
provided by the algorithm is always valid only with a certain probability. However, this
probability could be increased at the cost of increasing the number of iterations. In fact,

the trade-off between the accuracy and speed of the algorithm can be adjusted by the user.
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Another disadvantage of this method is the possibility that the reduced polytope omits the
optimiser and hence the upper bound breaches the solution of QIP. To overcome this feature,
a method is introduced to extend the gap between the QIP problem and its upper bound. In
fact, the gap is extended by a minimal amount which is just sufficient to cover all those
vertices which potentially have not been selected by the algorithm. Nevertheless, if the
maximiser is obtained at a sharp vertex, the upper bound proposed by this method may be
conservative. We study the probability of recovering particular sharp vertices and relate it
to the angle of the vertex. A MATLAB program code is developed to confirm the validity
of this method.

The structure on this chapter is as follows: First the QIP problem is formally defined
along with its Semi Definite (SD) relaxation and a review of the main results of [41] and
[30] for breaching the duality gap in section 2.2. The results of section 2.2 then will be
formulated in a geometric setting by showing that the improved upper bounds of section
2.2 can be obtained by enumerating the vertices of a Zonotope corresponding to a reduced-
rank QIP. A suitable method for this task is the "reverse enumeration" algorithm [42]. Then
probabilistic bounds on the solution of the QIP problem are proposed using a randomised
algorithm for partial enumeration of the vertices of a Zonotope. The results of the proposed
methods in this section are illustrated via numerical examples.

It has to be mentioned here that although the main contribution in this thesis was in
the p-problem field, it is decided to present the QIP chapter prior to the i chapter. This
is because it is believed that the description of the Zonotope concept and Randomisation
algorithm in QIP field is more understandable due to a better visualisation. Hence the

reader will be familiarised with the Zonotope concept before reading the p chapter.

2.2 Unconstrained {—1, 1} Quadratic Integer Programming

The unconstrained Quadratic Integer Programming (QIP) problem in {—1,1} variables is
defined as:

(QIP) ~:= max z Qx (2.1)

where X = {—1,1}" and Q = Q' € R™*" is given. Computationally, this is a classical NP
hard problem [43].

The form of the QIP defined in (2.1) can be transformed to the zero-one QIP problem
via the linear transformation y = (= + e)/2 where e € R" is the vector of ones and zeroes

to problems involving a linear term using a simple homogenisation procedure [44]. It is
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well known that other optimisation problems, such as the Quadratic Assignment Problem
[45], the Maximum-Cut Problem [46], can also be transformed to the standard QIP problem
considered here.

Since (2.1) is an NP-hard problem, it cannot be solved in polynomial time, and therefore
it is normally relaxed to an upper bound. Tighter upper bounds will result in a better approx-
imation. Among many methods, Semi Definite Relaxation (SDR) of the QIP is well-known
in literature, [47], [48], [49], [44], [50] and [22].

In [50], the author considers three different relaxations of the QIP problem and shows
that all three yield the same bound. The following relaxation is widely used in literature.
Let D € R™ "™ be any diagonal matrix for which D — @ is positive semidefinite and let =

be any binary vector where x € X. Thus the following identities can be verified:
D-Q>0&D>Q=12Dx>2'Qx (2.2)
For all z, 2.2 can be rewritten as
2'Qx = — (trace(D) — 2’Dz) — z'(D — Q)z + trace(D) (2.3)
Since x € X’ we can write

2’ Dx = trace(D) (2.4)

Substituting this into (2.2) gives:

7' Qz < trace(D) (2.5)

Inequality (2.5) is true for all diagonal D such that D — @) > O and forall z € {—1,1}.

Therefore the tightest bound is obtained as:

/ .
max r'Qr < min trace(D 2.6
ze{-1,1} Qo < D—-Q>0 (D) (2.6)
D is diagonal

The above relaxation reduces QIP to the problem of finding an upper bound by solving

the problem in (2.7) which is within the class of convex optimization problems:

(SDR) 7= min trace(D) (2.7)
D is diagonal
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There are a number of efficient algorithms to solve SDR problem. For example, the
interior-point algorithm introduced by Yang in[51]. In [24], Goeman et al. introduced a
randomised approximation algorithm to solve the maximum cut problem as a special case
of QIP. In [52], the author found an approximate solution for Lagrangian relaxation SDR.
Zhang et al. also introduced a more accurate approximation for the same problem [53].

It can be shown that the optimal solution of the SDR problem is unique [30]. The
following result summarises three necessary conditions for the optimal solution of the SDR

problem [30]. These are used in the sequel to investigate the relaxation gap of ¥ — 1.

Lemma 2.2.1. [30] Let D be the unique minimiser for the SDR problem so that trace(D) =
Y and D — @ > 0. Then:

1. dim N (D — Q) > 1, (equivalently, A\(D — Q) = 0) so that

0, O Vv’
D-Q=|v v, | (2.8)
0 A ||V

for some orthogonal [ vV oV ] e R r=dimN(D—-Q)>1and Ay > 0.
2. There does not exist diagonal Z such that trace(Z) = 0and V'ZV =< 0.

3. Every row of V has (Euclidean) norm at least 1/\/n. In particular, none of the rows

of V is zero.

Necessary and sufficient conditions for the absence of a gap between the QIP problem

and the SDR problem, i.e. for v = 7 are established as follows:

Lemma 2.2.2. [30] Let D be the (unique) minimiser for the SDR problem and let D — Q)
have a spectral decomposition (2.8). Then the following statements are equivalent: (i)

vy=7 (i) N(D —Q)NX # 0, and (iii) Vy € X for some y € R".

Lemma 2.2.2 suggests a simple test given in the following Lemma for the absence of

the relaxation gap.

Lemma 2.2.3. [30] Let all variables be as in Lemma 2.2.2. By rearranging the rows of V.
/

if necessary; and let V. = [ Vi, Vi, ] with Vi1 € R"™" non-singular. Then v = 7 if

and only inglVﬁlz € {—1,1}""" for some z € {—1,1}". Equivalently a necessary and

sufficient condition for v = 7 is that max yex *'VV'z = n.
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Note that the second condition given in Corollary 2.2.3 implies that the duality gap is
zero if r = 1. This follows from Lemma 2.2.1 part 3 which shows that in this case each
element of (vector) V' has modulus ﬁ and hence the maximum of ||V'z||? over all z € X
must be equal to n. An improved bound of the QIP problem that breaches the convex SDR

upper bound is established by the following Lemma:

Lemma 2.2.4. [30] Let all variables be as in Lemma 2.2.2 and suppose that vy, solves the

reduced-rank quadratic integer problem (RRQIP)

1
(RRQIP) Y= —max 'VV'z 2.9
n reXx
Then
<y —n(l=7)AAy) <7 (2.10)

xw:az’[v V+} S| e=dVViE+ 2 ViVie =n
+

for any x € X'. Therefore:
dViVie=n—2VV'z (2.11)

Due to the fact that trace(D) = 2’ Dz for any = € X’ and also considering the definition of

SDR in (2.7),we can reformulate (2.1) to

— 'Ox — "1 (p—

which is equivalent to

.7 0. 0 Vv
v:= max :L'(—I—[V V+} )z
ze{-1,1} n 0 A+ Vi
hence,
7 0, O \%
v := max :L',[V V+}(ZI— ) x
ze{-1,1} n 0 A+ v,
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which gives

Pp— / _
T xer?gﬁl}x { Vi Ve ] ( 0 2 ) v
n

Since 2'Qz < \(Q)a'z, we have

v < max T2'VV'z + (Z - )\(A+)> ?'ViViz

gl ot
= — —AA4) ) FA(AL) max VvV (2.12)
" (n ( )> ( )ze{_am}:z: v

=7 = nAA)( =)

O]

Note that since V'V = I, then 7, < 1. Note also that 7, = 1 implies from Lemma
2.2.3 that v = #4 and the duality gap is zero. In general, the relaxation upper bound 4 can
be "breached" provided a simple solution to the RRQIP in (2.9) can be found for which -,
is less than one (or at least if an upper bound less than one can be found on ~,.). Although
problem (2.9) is similar to the original QIP, the difference is that the matrix V'V’ in the
cost function in (2.9) has a potentially low rank. It is shown in the next section that low-
rank quadratic integer programming problems are significantly easier to solve than full-rank
problems. Note also that the lower the value of +y, and the higher the value of A(A}), the
tighter the bound on .

Reference [41] defines a sequence of QIP problems of increasing rank resulting in a
decreasing sequence of upper bounds on . The initial bound can be selected either as
the largest eigenvalue of () (which is a well upper bound on <) or the SDR bound via
a slight reformulation of the problem. The solution can be obtained either iteratively or
via a "one-shot" approach. Again, the solution of each QIP problem resulting from either
approaches can be obtained by the enumeration of the vertices of a Zonotope. For the
iterative algorithm these are defined in progressively higher dimensional spaces and are of
increasing complexity. In this form, the algorithm strikes a balance between accuracy (small
gap) and computational complexity and can be used to obtain the tightest bound compatible

with the available computational resources.

Lemma 2.2.5. [41] Let A = A’ € R" be given and assume that A has at least two distinct

n
>

eigenvalues (otherwise computational of y is straightforward). Let X, = {—ﬁ, ﬁ}
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f(z) = 2’Qx and v1 = max{f(x) : x € X1}. Let A have r distinct eigenvalues \1 >
- > \p with multiplicities my, . .., my, respectively, where 2 < r <nand ;_;m; =n,

so that A has an ordered Schur form

A1—['m1 0 U{
Azmﬂz[m”.w} SR ; (2.13)
0 - M || U
where U = [ u --- U, } € R™*™ is orthogonal, A = diag(AM Ly, , ..., \rIp, ) is the

diagonal matrix of the eigenvalues of A, with U; € R™™i ¢ = 1,...,r. Set fo(x) = 0,
d0=0,v% =0 A\g1 =0andfori=1,...,r, define

- Z+1 / o )
ZwU —AHU . 61 = max fi(x) (2.14)
and
Vi = ¢ic1¥i—1 + (1 — di—1)\i. (2.15)

Then for i = 1,...,r: 0 < ¢y < 1, \j < v, v < v and v = ~; if and only if
¢; = 1 or equivalently if and only if there exists v € X such that ¢p;—1 = fi—1(x) and
22‘:1 2'U;Ujx = 1. Hence, v = 7, < -+ < 49 < y1 = 1. Finally, suppose that ¢; < 1

forj=1,....i—1land ¢p; =1.Then: y =y, = =7 < yim1 < -+ < V1.

Proof. See [41]. ]

The "one-shot" version of Lemma 2.2.5 is stated next:

Lemma 2.2.6. Let A = A’ € R™*"™ be as given in the previous Lemma. Choose the largest

t such that 1 < ¢ < r and such that the maximisation in (2.16) below is feasible. Define

m:hh“.m], Ay = diag(Milm, - Al
Vo = Uiy, Ao = Nip1lm,,
V3 = [ Ui+2 e Ur } ) AS = diag()\i+2‘[mi+2? e 7)\7“Im7-)
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so that A has a Schur form given by

AL 0 0 1%
A:UAU’:[V1 Vo Vs 0 Ay O vy
0 0 As || W

Let S := Ay — N\iy1@y, so that S > 0 is diagonal and define V = V1812 € R ywhere

m = 23':1 m,;. Let &; be the maximum of the reduced rank quadratic integer program

b = ma)ic:c VvV (2.16)
Then
v i=max2 Az < \jy1 + ¢ =: ;. 2.17)
reX

Furthermore, v = ~; if and only if there exists a maximiser x; € X for the RRQIP defined
in equation (2.16) such that Viz; = 0.

Note that (2.16) has the same form as the original QIP problem but now V'V’ > 0 and
rank(V' V)= r (potentially r can be much lower than n)

If . = 1, the gap between QIP and SDR program is zero. However if -, < 1, then
the distance between the optimal solution and its convex upper bound (duality gap) can be

reduced.

2.3 Fixed rank QIP and Zonotopes

Allemand and Fukuda et al in 2001 [22] have shown that if matrix () in the QIP problem is
of fixed rank, positive semidefinite and all its eigenvalues are known, the QIP can be solved
in a polynomial time. In the literature, this is known as the Fixed Rank Convex(FRC) QIP
problem[1] or Reduced Rank QIP(RRQIP).

It is shown in [22] that the solution of RRQIP can be reduced to the enumeration of the
extreme points of a Zonotope. This is the image of a hypercube under the linear transforma-
tion and is a convex polytope of a special type. The claim can be verified by the following
consideration:

d
"VV'z = V'z||> = 2.18
max xr = meaxH x| z_: z,v;)? (2.18)

where v; € R™ is the ith row of V/ € R™*™ and (z, v;) is the inner product of z and v;.
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Note that the second equality follows from the convexity of Z;i:l (x, I/i>2. Now consider

the following linear mapping

Z={V'z:zel[-1,1"} (2.19)

The image of the hypercube [—1, 1] under map (2.19) defines the Zonotope (Z). Every
extreme point of = will be mapped to an extreme point of Z under transformation of Z —

V'x. Substituting (2.19) into (2.18), shows that RRQIP becomes:

max 2'VV'zx = max zf (2.20)
ze{-1,1}" z2€Z =

where z; € R? is the ith row of z € R™ ™. Let S be the set of extreme points of Z.

Then (2.20) will reduce to

m

(RRQIP) max 2'VV'z = max 222 = max 2’z .21
ze{-1,1}" 2EZ P 2€8

Thus, RRQIP is reduced to the enumeration of extreme points of Zonotope Z. From
discrete geometry theory, it is known that the number of extreme point of Zonotope Z in R"
is O(n(™=1)) and therefore the point of S can be calculated in O(n(™1) for m > 3 and
O(n™) for m > 2. More specifically, if Z is in general position, the number of its vertices

is given by [22].
m—1
vert(2)| =23 (n - 1) (2.22)

i=0 ¢
Among many attempts to develop optimal algorithms for enumerating the extreme point of
Zonotope, the most well-known one is based on a "Reverse Search" and was developed by
Avis and Fukuda [42]. A major disadvantage of this method is its memory requirement. It
has to store all the extreme points and also all faces and their incidences [54]. Ferrez at
[28], developed an algorithm based on reverse search which reduces the time complexity
to O(mnLP(n,m)vert(Z)) where LP(a,b) is the complexity of solving a linear problem
with a variables and b inequalities. In [40], Stinson at al. proposed a randomised algorithm
in which the Zonotope is approximated by a convex hull of a partially enumerated set of
vertices. In next section we have a general review over some of enumeration algorithms but

before that a geometric interpretation of Zonotope is described.
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2.4 Geometric Interpretation of Zonotope

Zonotopes are convex, centrally symmetric polytopes. They can be thought of as linear
projections of a high-dimensional hypercube. If @ € R™*" with m < n then the set Z =
{Qz : z € [-1,1]"} defines a Zonotope in R™. An equivalent way to define Zonotopes is
via Minkowski sums of n line segments in R™. Let {w;}I"{, w; € R™, i =1,2,...,nbe

the columns of €). Then

n
Z=A+As+.. A, = {Zwi:wi EAi,i:I,Q,...,n}
i=1
where A; = {Aw; : =1 < XA < 1},7 = 1,2,...,n. The vectors w; are called the gen-
erators of Z. To emphasise the dependence of Z on its generators we will often write
Z=Z(wi,ws,...,wy) or Z=2Z(Q).

The solution of the RRQIP problem reduces to the enumeration of the extreme points

of the Zonotope [22] Z = {V'z : x € X'} since

ny, =max 2’ VV'e = max2'VV'e = max 2z (2.23)
TEX TEX z€Z

and the last maximisation is achieved at an extreme point of Z since Z is convex.

Slightly different versions of the RRQIP problem in (2.9) have also been considered
in [21, 8, 20] in connection with the so-called real and complex structured singular value
problems in robust control applications. The problem of enumerating the extreme points of
the Zonotope Z for low-rank matrix V' is well known, see for example [55], [56], [54], [57],
[58].

2.5 Enumeration Algorithms

Searching or enumeration of vertices and faces of a graph that describe a system is a funda-
mental problem in computational geometry. There is a wide number of known search tech-
niques for enumerations. The main objective in vertex enumeration is to find a polynomial-
time algorithm or a linear-time algorithm [59]. One of the first methods widely used in
graph-based problems was proposed by Read et al. [60] and is known as Backtracking.
This algorithm examines an element to decide whether to include it into the current solution
or not and afterwards, continues to the next element recursively. Dyer in [61], was the first

to propose a linear-time algorithm which uses a depth-first search and a balanced tree data
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structure [59]. Some researches focus only on a particular type of polytopes [62]. Among
many other efficient enumeration algorithms (see [59], [60], [61], [28], [29], [63] and [39]),
Avis and Fukuda introduced an efficient algorithm known as reverse search [42] for enu-
meration of all vertices and cells in a hyperplane arrangement in R™. The Avis-Fukuda
algorithm is widely used in various listing problems in combinatorics and geometry. In this
work, we use reverse research for the vertices of the Zonotope associated with the RRQIP as
the final stage of the algorithm used to breach the duality gap of the original QIP problem.
If reverse research algorithm successfully designed, its time complexity is proportional to
the size of output times the size of the input. The space complexity is also a polynomial in
the size of the input. Hence, both time and space complexity are severely affected by the
size of the system. In this work, we try to use approximate methods to reduce the number

of inputs and consequently reduce the complexity of enumeration algorithms.

In the Zonotope associated with QIP, there is only one local optimal vertex X *. In order
to explain the idea behind the reverse search, let G = (V, E) be a graph associated to an
objective matrix where V is vertex set, and E is edge set. Consider the tree 1" spanning all
vertices of G with the only sink X*. Therefore, if we track this graph from X* using any
conventional methods like depth-first search [61], all vertices can be enumerated. Unlike
the backtracking method [60] which simply performs the vertex research algorithm itself
and stores the information of those vertices which included in the solution at each step,
reverse search algorithm traces each edge against its orientation which, in fact, corresponds
to reversing the local search without storing any information. An interesting application of
reverse search is its ability to enumerate the cells, triangulation’s, connected-induced sub-
graphs bases and spanning trees. For our work, in particular, cell enumeration is crucial
as it can be used to find adjacent vertices and hence calculate the angle of each vertex. In
fact, there is a relation between a vertex of a Zonotope and its dual arrangement (Theorem

3.4(Duality) in [1]).
This is illustrated graphically in Figure 2.1.

The dual associated with a Zonotope Z()) generated by the columns of V/, is a central

arrangement A()V) of n hyperplanes in R%, having a v/ as its normal vector:

AV)={nY:j=1,2,...n} (2.24)

where h? = {y e R%: <vj,y> = 0} for j = 1,2, ...,n. Similar definition for the positive

and negative side of each hyperplane is defined as: hj = {y e R : <vj ,y> > 0} and
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Figure 2.1: Duality of a Zonotope and its associated arrangement [1]

h; ={yeR%: (vJ,y) <0}

Therefore, the location of any vector ¢ € R can be defined as o(c) where:

+ if ce h;'
ole)j=4q 0 if ce h? (2.25)
— if ce€ h;

The benefit of this identification, is that each vertex of Zonotope Z (V') can be identified by
a unique sign vector of its dual cell. For example if Figure 2.2 illustrates a cut subsection
of 5 hyperplanes in R? associated with Zonotope Figure 2.1. Each cell is represented by a

sign vector of length 4 as shown in Figure 2.2

Another interesting consequence of the sign vector is the simplicity with which adjacent
cells can be found. For example if corresponding sign vector of two cells differ in only
one sign, these two faces are adjacent. Note that two vertices of Z are adjacent if and
only if associated cells are adjacent. As mentioned before, this characteristic is useful to
calculate the angle of vertices. There are some other improvements to the reverse search
method[64] in the literature which makes this algorithm one of the most efficient methods

for enumerating the vertices of Zonotope.
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Figure 2.2: A cut subsection of a 3-dimensional central arrangement [1]

2.6 A randomised algorithm for enumerating Zonotope vertices

Breaching the SDR bound relies on the complete enumeration of the vertices of a Zonotope.
This can be effectively achieved using several deterministic algorithms, e.g. the reverse-
enumeration algorithm outlined in the previous section. In high dimensional problems,
however, even efficient deterministic algorithms are impractical. In this case, one can rely
on randomised algorithms which approximate the Zonotope by generating only a subset of
its vertices. A method to obtain an improved (probabilistic) bound on « can be obtained
by using the results of [40]. As it has been mentioned in the previous section, the time
complexity of enumeration algorithms can be problematic as the size of a system grows.
For straightforward algorithms like Quickhull [65], the complexity scales exponentially in
m, the number of vertices. An alternative approach is the reverse search [42], which has
been introduced in section 2.5. Another alternative is to approximate the Zonotope via Gof-
fin’s algorithm [66]. Nevertheless, the numerical implementation of this method appears
problematic [40]. Randomised methods are used in some research publications to approxi-
mate solution to the QIP problem (see [24],[67] and [68]). Among these methods, Stinson
et al. [40] introduced an interesting randomised method recently. The algorithm uses the
fact that a Zonotope vertex is a linear combination of Zonotope generators. The research

in [40] shows if the randomised algorithm terminates before all vertices are recovered, the
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convex hull of the enumerated vertices approximates the Zonotope with certain accuracy
and probability. In this chapter, it is shown how this approach can be adapted to qualify
the probability that the duality gap in the QIP is breachable, even if it is not possible to
enumerate all vertices of the Zonotope in the solution of RRQIP.

Consider a Zonotope Z(£2) with generator a matrix 2 € R?*P where ¢ < p. Suppose
that the columns of €2 satisfy the following two conditions: (i) No column of €2 is the zero
vector, and (ii) no two columns of € are scalar multiples of each other. Then Z(Q2) = {Qx :

x € [—1 1]P} is in general position and the number of its vertices is given by

q—1
vert(Z)] =2) <p ; 1) (2.26)
=0

Then, under the above assumption, for x € R™ such that €'z has all nonzero elements, the
point v defined by the mapping v = m(d) := Asign(A’d) is a vertex of Z (w1, ..., wp).

From central symmetry v € vert(Z) = —v € vert(Z). Moreover, if
q
H=|]J{seR:&js=0} (2.27)
i=1

where @] are the rows of 2, 7 = 1,2,...,¢, then the mapping m : R?\ H — vert(Z2) is
well defined and onto [40]. A randomisation algorithm can now be used to enumerate the
vertices of Z. This is summarised in Figure 2.3. The algorithm updates a list of vertices
(initialised as the empty list) by drawing independent samples § € RP from a p-dimensional
standard Gaussian distribution, computing vy = Qsign(£2'd) and v_ = —wv, and adding
them to the list (unless they are already listed). The algorithm can proceed until all vertices
have been enumerated, or terminate after a fixed number of iterations. In the later case only
a subset of vertices will be (in general) enumerated. The convex hull of these vertices will
be a subset of Z.

It is worth mentioning that Zonotopes have another geometric representation, known as
the Minkowski sum [29] (also known as dilation). The Minkowski sum of two sets A and

B is defined as follows:

A+B={a+b: acA be B} (2.28)

A Zonotope (Z) can then be defined as

Z=A1+..+ 4, (2.29)
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where

Without lose of generality, we assume that matrix V' = [y ..

is in general position, i.e. V neither has a column of zero, nor are there any two columns

K=Number of Zonotope Vertices
v=0
Selecte > 0

Calculate number of the iterations
p(e,6)

vl <K
and
Iteration < P

Yes

Draw a random standard Gaussian
distribution vector x € R™

v, = Q.Sign(QTx)

Vo= -V,

Addv_andv,

Tov

Does v

contain v,

Figure 2.3: Randomised Algorithm flow-chart

Aj={aa; | ael[-1,1]}

which are a scalar multiple of each other.

The above discussion can be summarised in the following theorem:

Theorem 2.6.1 (Theorem?2, Corollary 1 and Corollary 2 [40]). Let 2 = | w,

R™ ™ be the Zonotope generator and let x € R™ be such that none of the component of
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A’z is zero, define V as

V = m(z) := Qsign (Q'z) (2.31)

where sign(X) returns a vector in {—1,1} whose elements correspond to the sign of each
component of X. Then both V and —V are vertices of Z(A).

Moreover, let H C R™ as defined in (2.27), then mapping m : R™\H — Ver (Z(A))
is well defined and P,[H| = 0, where P, is probability measure in R™.

A direct consequence of Theorem 2.6.1 is that each x € R™ maps under relation (2.31)
to some Zonotope vertex with probability one. However, the probability that a randomly
chosen x maps to a specific vertex is related to the geometric properties of the vertex. More
specifically, the probability that x maps to a sharp vertex is larger than the probability that
x maps to a flat vertex. In fact, [40] argue that the contribution of flat vertices to forming
a Zonotope is negligible. The idea is that the flat vertices are less likely to be selected in
randomised algorithm which eventually results to an enumeration over a reduced number
of vertices. It is obvious that examining every vertices in order to identify non-influential
vertices is not computationally efficient. In fact, if you could examine every vertex you
would have a complete list and therefore distinguishing between flat an sharp vertices would
be irrelevant. However, there is an interesting relation between the contributions of a vertex
of the Zonotope and the probability that a random vector x maps to this vertex as defined

before. To investigate this relationship we need to introduce the following two concepts:

* Normal Cone of a vertex V (Nz(V)),

* Hausdorff distance between a vertex V and the convex hull of Ver(Z(A))\{V'}.

The normal cone of a vertex is the set of all z € (R)™ which map to the vertex under (2.31).

This set forms a region denoted by Nz (V') formally defined as follows:

Ny (V)y={ze(R)"™ | (z—=V,2) <0 for ze€Z} (2.32)

Figure 2.4 shows an example of the normal cone for a sharp and a flat vertex for a two-
dimensional zonotope:
Referring to Theorem 2.6.1 the normal cone Nz (V) is the inverse of the map defined in

(2.31),1.e.

interior N,(V) =m (V) (2.33)
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Nz (V)
Nz (V)

Figure 2.4: An example of normal cone for sharp and flat vertices in a 2-dimensional plane

One of the main characteristic of Normal cone in a Zonotope is that the integration of
the normal cone corresponding to all vertices forms the complete space R™. This is a

consequence of Theorem 2.6.1 and the fact that P,[H] = 0 or equivalently

P, [{z € R™|m(x) € ver (Z(A))}] (2.34)

where m(x) defined in (2.31). This consequence motivates finding the probability of a
vector = being mapped to a specific vertex P,(V;). It is obvious that sharp vertices have a
higher probability than flat vertices. Figure 2.5 illustrates how the normal cones of vertices

of a two-dimensional Zonotope forms the entire space.

(@ (b)

Nz(Vs) SAG‘\“‘

Figure 2.5: (a)Example of Normal Cone of each vertices in a 2-Dimensional Zonotope. (b)Normal
Cones of all 2—dimensional vertices form the entire R>

It can be seen from Figure 2.5, that the normal cone of flat vertices have smaller share

in forming space R2. The probability that a random vector = € R? lies inside the normal
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cones of V} is:

Oy,
o (2.35)

The Hausdorff distance, is a measure of the proximity of two sets. This measure can be used
as a criterion of whether the convex hall of a subset of all vertices is a good approximation of

the original Zonotope. Hausdorff distance between two non-empty sets X and Y, h(X,Y),

is defined as:

h(X,Y) = max {sup inf d(z,y),sup inf d(z,y)} (2.36)
reX YEY yey zeX

where d(z,y) is the metric distance between x and y. In our case when two polygonal
subsets are identical in all vertices except one, the Hausdorff distance has a simpler form
called as simplicity constant, cvz(V'), and has been used in [40]. As a criterion to identify

how far the vertex is from the convex hull, we define:

az(V;) = igf{HVi —zll2 | z € conv(vert(2)\{Vi})} (2.37)

Figure 2.6 shows a graphical interpretation of az(V1). It can be seen from Figure 2.6
that there is a direct relation between the angle of a vertex and its simplicity constant. In

other words, the sharper the angle, the larger the simplicity constant.

These two definitions (Normal Cone and Hausdorff distance) have been well studied in
[40]. Next, a simple form of the randomised algorithm [40] is outlined. For given € > 0

and 0 > 0 the algorithm approximates the Zonotope as:
V =Co{vi,va, ..., } (2.38)

where vy, v, ..., v, are the vertices selected by the randomised algorithm. A bound on the
Hausdorff distance as an approximation criterion, between the original Zonotope and its

approximate polytope is stated in Theorem 2.6.2 below [40]:

Theorem 2.6.2 ( [40]). Let Z(w1,...,wy) to be a Zonotope with its generating vectors in

general position. Given € > 0 and § > 0 choose b > diam(Z) and p as

log (|vert(Z)|/e€)
log (1/(1 — k))

(2.39)
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\\ aVl //
\\ P /
V, e v,
V.
5 V3
Vs

Figure 2.6: oz (V;) is a Hausdorff distance between a vertex and the convex hall of rest of the vertices

where
m—1

k= (; (1 — sin (arctan(b/a)))> i (2.40)

LetV be the subset of Z’s vertices produced by the randomised algorithm after p iterations.
Then, if h(Z,conv(V)) denotes the Hausdorff distance between sets Z and conv(V) we

have that:

< lvert(Z) \ V|5

h(Z,com(V)) < . (2.41)

with probability at least 1 — 2% where a = |vert(Z) \ Uz|/2 and
Uz ={v €vert(Z) : az(v) > 6}
Remark 2.6.1. If Q) € R™*", m < n, is orthogonal then
diam(Z) = xer[ri&ﬁ}nﬂmx\\ <2v/n

and b in Theorem 2.6.2 may be selected as b = 2/n.

We can now prove the following Theorem which gives a probabilistic upper bound on
~v. Here the generator matrix Q2 of Z(2) is identified with Q = V' where V' is defined in

the spectral decomposition given in equation (2.13).
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Theorem 2.6.3. Let all variables be defined as in Theorem 2.6.2. Let also Z(V') = {V'z :
z € {1, 1}"} and assume that V is the set of vertices generated by the randomised
algorithm in p iterations. (i) Suppose there is a vertex v € V with ||v|| = /n. Then v = 7.

(ii) Suppose that T = max{||v|| : v € V} < \/n. Suppose that § is selected such that

+72<n

lvert(Z) \ V|22
4

and set

252
5 = 1 <]vert(Z)\V] ) +7_2> <1
n 4

Then

Y<V— n(l - ’W)A(A+) <5- ’I’L(l - ’%)A(AJr) <7

with probability at least 1 — 2%.

Proof. (i) If the distance of an enumerated vertex from the origin is equal to y/n then this
must be a vertex of Z furthest away from the origin and hence v = 4. (ii) Let vy be the
vertex enumerated by the randomised algorithm which is furthest away from the origin so

that 7 = ||vg||. Let also P be a compact superset of conv(1) such that

_ Ivert(2)\ Vs

h(P,conv(V)) = R(9) : ) (2.42)

‘P can be easily constructed as the intersection of hyperplanes drawn parallel to the faces of
the polytope conv(V') displaced a distance r(d) away from the origin with the hyperspheres
{z ||z — v|| < R(5)} with centre the vertices of V and radius R(¢) (see Figure 2.7 for the
construction of P in the case » = 2). It is also clear that the point on P furthest away from
the origin is the intersection of the line connecting vy and the origin and the hypersphere
{2 :||z—wo|| = R(6)} whose distance from the origin is /72 + R2(J). Since P D Z with
probability at least 1 — 2%¢ we have that:

1 1
Y i = —max ||[V'z|? = — max |z|?
n zeXx n zez

1 2 1, 5 2
< —m = — R (6
n zg;?( 1= n (T R ))

=4 <1

where the inequality is valid with probability at least 1 — 2%. The result then follows from

Lemma 2.2.4. O
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Remark 2.6.2. Note that the inequality v, < 4, is always in force and hence the proba-
bilistic bound on ~y cannot be tighter than the deterministic bound. The probabilistic bound,
however, does not rely on the full enumeration of the vertices of the Zonotope and hence is
potentially less computationally demanding. The accuracy of the approximation cannot be
determined a-priori and depends on the particular set of vertices (and their number) that

was selected by the randomised algorithm.

Figure 2.7: Estimation of max.cz || z||

Remark 2.6.3. The Hausdorff distance between P and Z can be made arbitrarily small by
selecting § sufficiently small. In this case, however, the required number of iterations p of
the randomised algorithm may be too high, so that the algorithm may not be implementable

in practice.
A probabilistic version of Lemma 2.2.6 follows:

Theorem 2.6.4. Let all variables be defined as in Lemma 2.2.6 and Theorem 2.6.2. Let
also Z(V') = {V'z : x € {1, 1}"} where V is as defined in Lemma 2.2.6 and assume
that V is the set of vertices generated by the randomised algorithm in p iterations where p
is defined in Theorem 4.4.1. Suppose that T = max{||v|| : v € V} < 1. Suppose also that

0 is selected such that:
HZ 252
]ver ( ) \V‘ 2

<1
4

and set

R z 252
3 = lvert(Z)\ V|*6 L2

7 4 < 1
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Then

7 = max 'Qr < Niy1 + @i
1

with probability at least 1 — 2%.

Proof. Similar to the proof of Theorem 2.6.3. O

2.6.1 Numerical Example 1

In this section the results of the previous section are illustrated with a numerical example.
Matrix @ € R10*10 O = Q" > 0 has been chosen randomly as:

4.07 -0.46 0.25 =279 -150 —-041 -1.54 0.04 -1.604 -1.03
—0.46 4.77 —-456 -136 —-0.70 -045 -—-0.49 -2.15 0.33 —1.19

0.25 —4.56 6.71 1.38 2.03 1.31 -0.39 3.38 0.54 —1.05
-2.79 -1.36 1.38 6.53 1.60 —0.56 1.72 —-0.46 —1.23 1.54
—-1.50 —-0.70 2.03 1.60 3.43 —-0.80 1.78 095 —-0.44 —-0.23
—-0.41 —-0.45 1.31 —-0.56 —0.80 454 —-187 255 3.46 0.07
-1.54 -049 -0.39 1.72 1.78 —-1.87 391 -0.82 —2.22 1.17

0.04 —2.15 3.38 —0.46 0.95 2.55 —0.82 3.73 1.61 —0.22
—1.60 0.33 0.54 —1.23 -0.44 3.46 —2.22 1.61 5.27 —0.11
-1.03 -1.19 -1.05 1.54 —-0.23 0.07 1.17 -0.22 -0.11 3.46

(here truncated to two decimal places). The optimal value of the QIP can be calculated via
all 2'0 = 1024 binary evaluations as v = 1.164243. The SDR upper bound was obtained
via MATLAB’s LMI toolbox after 24 iterations as ¥ = 1.23753502 with guaranteed relative

accuracy 8.01 - 10711, The corresponding eigenvalues of D — () were obtained as:
{1078, 8 x 1078, 3.09, 4.31, 8.54, 11.00, 11.25, 11.62, 12.66, 14.77}

indicating a nullity » = 2. From the spectral decomposition of D — ) the matrix V €
R10%2 with orthonormal columns was constructed spanning the null-space of D — (. The
auxiliary QIP problem (2.9) was again solved via all possible (2!°) binary evaluations (for
problems of higher complexity the reverse enumeration algorithm could have been used).
The maximum was obtained as v, = 0.882856 which corresponds to the two vertices of
the Zonotope (Z) = {\/%T)HV’ x| : € co(X)} furthest away from the origin (see Figure
2.8). Note that the Zonotope has 20 vertices in agreement to equation (2.26), the remaining

1004 extreme points located in the interior of the Zonotope. With the achieved value of ~,,

equation (2.10) gives the improved bound on 7 as 1.201261 which corresponds to a gap
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reduction of approximately 50.51%.
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Figure 2.8: Zonotope and reduced polytope from randomised algorithm

Next, the randomised algorithm was tested by assuming that full enumeration of the
vertices is not possible. The parameters of the algorithm were initially set as e = 0.05 and
0 = 0.1. This resulted in a randomised algorithm with p = 10 iterations. Random sampling
from the standard normal bi-variate distribution was implemented with MATLAB’s function
myvnrnd.m. Note that in this case, a different subset of the Zonotope’s vertices is obtained
each time a set of p = 10 independent random samples is taken. Figure 2.8 shows the
convex hull of the selected vertices on a particular occasion in which 14 vertices were
obtained (i.e. 3 out of the 10 samples resulted in a vertex which was already listed). Three
sets of results obtained in this way are summarised in the table below. This displays the
number of polytope vertices selected (np), the Haussdorf distance estimate dy, the bound

A on 7,., the bound ~,, on v and the corresponding confidence level P[y < ,,].
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np | du Yr Yu Ply <]
14 | 0.30 | 0.891 | 120.404 > 95%
12 | 0.40 | 0.898 | 120.621 > 95%

10 | 0.50 | 0.907 | 120.900 > 95%

To study the variability of the results produced by the randomised algorithm, the process
was repeated 1000 times with the same parameters (¢ = 0.05 and § = 0.1). The empirical
probability mass function of variables np, 7, and ~, are shown in Figures 2.9, 2.10 and
2.11, respectively. The mean value of -, is E[y,] = 120.6541 and its standard deviation
o = 0.2538. Thus, on average, the randomised algorithm indicates that v < 120.6541 with

a probability of at least 95%.

0.4

0.35

031

0.25¢ o} Q

0.2r

01rp

0.05 |

Figure 2.9: Empirical probability distribution: np

So far we have argued that the randomised algorithm generate a convex hull of the ran-
domly enumerated vertices of the original vertices of the Zonotope. Those vertices which
do not contribute to the approximation form the new reduced polytope, have a Hausdorff
distance less than ¢ from the convex hall of the rest of the vertices with a certain proba-
bility. Eventually, the Hausdorff distance between the Zonotopes and its reduced polytope
is as small as 76 . We also discussed that the maximiser might not be included in set V'
when the algorithm is terminated, which could result in the Zonotope maximiser breach the
optimal value of QIP problem. To overcome this issue, we extended the solution by Haus-
dorff distance, so we can form a convex set which, firstly, has the same number of extreme

points as those obtained by the partial enumeration algorithm; and secondly, the maximiser
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Figure 2.10: Empirical probability distribution: 7,
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Figure 2.11: Empirical probability distribution: ~,,

over this set overbounds the maximum over the original Zonotope and hence the risk of

underestimating the maximum is eliminated.

Another way of presenting this method is to extend the bases of the reduced polytope
by h(Z,U) to contain all vertices of original Zonotope. Figure 2.12 illustrates how the
extended boundary includes all non-enumerated vertices. In Figure 2.12, a random rank 2
Q77 has been generated in MATLAB and then the randomised algorithm has been pro-
grammed to enumerate the extreme points. As discussed previously, due to the fact that Q)

is positive semi-definite, the maximiser will occur on the boundary or more precisely on a
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Figure 2.12: Expanding the boundary by Hausdorff distance will form a Zonotope which cover the orig-
inal Vertices

vertex. In the example of Figure 2.12, the Zonotope has 12 vertices of which 4 have been
omitted by the randomised algorithm. It can also be observed from Figure 2.12 that the
omitted vertices are mainly flat ones. This is due to the fact that the probability of omitting
a sharp vertex is small. The program then develops a method to extend the boundary of
the reduced polytope by h (Z,U) and form the new approximation (green circuits are new
vertices and black lines are the boundary of approximation). It can be seen that the original
Zonotope (red line) is within the extended approximation It follows immediately that:

If Zonotope A is inside convex polytope B, then the Maximise of the set associated with
Zonotope A< the Maximise of the set associated with polytope B

Note that the maximiser over the extended polytope gives an upper-bound for the RRQIP.

One point that worth mentioning is that the symmetry property of the Zonotope would
normally push the maximiser toward a sharp vertex which has less probability to be omitted
by the randomised algorithm.

Figure 2.13 shows examples of 2-dimension Zonotopes overlayed on a set of QIP level
contours. As discussed, the maximiser tends to occur at the sharpest vertices of the Zono-
tope.

To demonstrate that the extreme points of a Zonotope tend to occur at its sharp vertices,
a Matlab code was produced to randomly generate rank-2, 20 by 20 QIP and sort the vertices
of the equivalent Zonotope from the sharpest to the widest angle. Then the extreme points
were ordered according to their distance from the origin. Note that in a Zonotope of a
rank-2, defined by a 10 by 10 matrix there were 20 pairs of vertices each corresponding to

the same distance. This is due to the symmetry property of the Zonotope with respect to
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Figure 2.13: The maximiser of Zonotope is normally obtained in sharp vertices which the algorithm is
unlikely to cancel them.

the origin. Hence the enumeration algorithm enumerates needs only half the vertices. In
our example, these vertices are numbered 1 to 20 (the sharpest angle being number 20).
The program has been run for 1000 random trials. Figure 2.14, shows the histogram of the

results. In this case, more than 85% of the maximisers occur at the three sharpest vertices.

Next, a condition for which the reduced rank QIP guarantees that the duality gap of the
original problem is breachable will be derived. Note that in [30], a sufficient condition for
breaching the gap has been obtained if a bound on the corresponding RRQIP problem can
be obtained. This condition is adapted here to derive a new probabilistic condition which

guarantees that the duality gap is breachable. Theorem 2.6.5 derives this condition.

Theorem 2.6.5. Let all variables be defined as in Lemma 2.2.6 and Theorem 2.6.2. Sup-
pose U be the subset of the vertices of Z generated by randomised enumeration algo-

rithm defined in Figure 2.3. For each Z € U, let ¢z be the angle of vertex Z and define

Z
o DN

)
%12’51(HZ||+W <vn (2.43)

an upper bound can be induced on vy that with probability of at least 1 — 2%0, is tighter than
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Figure 2.14: Histogram of the maximum amount in 1000 trails of randomly selected (Q20x 20

semi definite relaxed bound 7:

Y <F=nl = y)AAL) <F=n(l —7)AAL) <7 (2.44)
where
1
= — 7'7 2.4
T 2z (2.45)
and
1
= — 7'7 2.4
T L R (2.46)

Proof. To distinguish between different sets, we define
U = Co{vi,vi, ...} (2.47)
as the convex hull of the extended vertices {v}, v, ..., v} where
_ |Vert(2)

§=h(Z,U) = #\V'(SZ(V)

. Enumeration over the new vertices, therefore, gives an upper bound on n-~,.
U=_Cof{r,va,...v} C Ul = Co{vi,vy, ...V} (2.48)
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Assuming

Z, € argmax || Z|| (2.49)
zZeu’

Therefore

UCU = wmax|Z)| = 1 Ze = Zo+ Zo|| < 11 Ze = Zol| 412l 250)

Let Z\x is new vertex associate with Z, in reduced polytope (outcome of enumeration

algorithm). The geometric relation between two vertices can be illustrated as in Figure 2.15

Figure 2.15: The geometric relation between associated vertices in the original Zonotope and reduced
polytope

From Figure 2.15, it is easy to see that:

~ 5
Z: — Ze|| = Sn(0/2) (2.51)
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Substituting (2.51) into (2.50), gives

5 N
max| Z| < +IZall<

paxlZl= gy T4 (¢ 73y el 2] (2.52)
paxlZli= 5 WQ) +max| Z| (2.53)
5

Z Z|< —— 2.54
max]| Z|| - max| H_Sin(d)m (2.54)

Now recall the condition for which the gap between QIP and SDR program is zero:

If max 2'VVe=maxZ'Z<n & ~<¥ (2.55)
Ze{-1,1}" z€EZ

This condition can be described as:

< <7 .
rznggllzll_\/ﬁév_v (2.56)

Substituting (2.56) in (2.54), results in condition (2.43) in which the gap can be breached

0 .
+m <Vn &5 <sin(¢/2) (f— I}lg&(ﬂZH) (2.57)

From Lemma 2.2.4 [30], we have

max|| Z||
Ze

Y <7 -l —)AAL) €7

Thus v, < 7, = n(l — ) > n(1 — ) gives

7= n(1 = 1)AMA) <7 = n(l = 7)AA)

which proves (2.44)

The following example demonstrate the proposed method.

2.6.2 Numerical Example 2

A @ € R™*7 that the actual solution is known is selected:
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0.7853 —0.3957 0.2214 —0.2242 —-0.0885 —0.0952 —0.4936
—0.3957 1.2814 —-0.0511 -0.1232 0.1041  0.6171  0.1491
0.2214 —-0.0511 0.8411 0.0477 —0.3506 0.4144 —0.5087
Q= | —0.2242 —0.1232 0.0477 0.7910 —0.0847 —0.0046 0.1315

—0.0885 0.1041 —0.3506 —0.0847 0.6318 —0.1260 0.3097

—0.0952 0.6171  0.4144 —0.0046 —-0.1260 1.2128 —0.1793
| —0.4936 0.1491 —-0.5087 0.1315  0.3097 —0.1793  0.8566

The solutiong of QIP for this example is v = 12.1306. The Semidefinite Convex upper
bound is calculated to be 7 = 12.8382 for

[ 1.0481 0 0 0 0 0 0
0 1980 0 0 0 0 0
0 0 21172 0 0 0 0
D= 0 0 0 09683 0 0 0
0 0 0 0 13880 0 0
0 0 0 0 0 20213 0
0 0 0 0 0 0 24062 |
which gives
po-iv. vi|M "
0 O, vT

where ) i
—0.3567 —0.3902 —0.5564 0.4058 —0.0334

—0.0455 0.2126 —0.6368 —0.0884 —0.0690

—0.4327 0.6735 0.2152  0.2124  0.2669

Vi = 0.0262 —0.0356 —0.1684 0.1887  0.8577
0.0637  0.1852  0.0971  0.7908 —0.3673
0.0274 —0.5226 0.4109  0.2813  0.1970

| —0.8234 —0.2008 0.1789 —0.2059 —0.1165 |
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[ —0.4122 —0.2744
0.1381  0.7181
—0.4322  0.0990

V=1 04306 —0.1143
0.4379  0.0131

—0.2353  0.6197
0.4378  0.0452

and ) )
2.0446 0 0 0 0
0 16893 0 0 0
Ay = 0 0  1.5247 0 0
0 0 0 10531 0
0 0 0 0  0.1264 |

Since the nullity of D — @ is 2, the equivalent RRQIP will be

¥=- max 2'VV'x=
n ze{-1,1}"

[ 0.2452 —0.2540 0.1510 —0.1461 —-0.1841 —-0.0730 —0.1928 ]
—0.2540 0.5347  0.0114 —0.0226 0.0699  0.4125  0.0929
0.1510  0.0114  0.1966 —0.1974 —-0.1880 0.1631 —0.1847

5 max 71’/ —0.1461 —-0.0226 -0.1974 0.1985 0.1871 —0.1722 0.1833 |

relmy —-0.1841 0.0699 —0.1880 0.1871  0.1919 —0.0949 0.1923

—0.0730 0.4125 0.1631 —0.1722 —0.0949 0.4394 —0.0750

| —0.1928 0.0929 —-0.1847 0.1833  0.1923 —0.0750 0.1937

Enumeration over all the z € {—1,1}" gives that maximum value of Z'Z = 6.5373 at
rz=|-1 -1 -1 1 1 -1 1
1 , ,
Hence, v, := — maxz¢(z) £'Z = 0.9339 which breach the convex upper bound by
n

7 <y —n(l—y)AAy) <7 =

v =12.1306 < 12.8382 — 7 x (1 — 0.9339) x 0.1264 = 12.7797 < 7 = 12.8382
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In next step, the proposed algorithm is applied with value of d; = 0.07 and € = 0.04. The

algorithm successfully omitted two vertices, therefore

Z 2
§=h(Z,U) = WaZ(V) = 5 % 0.07 =007

The randomised algorithm did not omit the maximiser and it is remains as max z¢ ) £ 'Z =

6.5373. It is achieved at ¢ = 136°, thus checking condition (2.43) gives

0.07
vV6.5373 + ———— = 2.6323 7
S (136/2) <V

The condition is satisfied and hence the gap is breatchable. Although, the randomised did
not omit the maximiser of the original Zonotope, the extended polytope pushed the max-
imiser from maxyc(z) Z'Z = 6.5373 to maxzcq) Z'Z = 6.7308 which gives v, =
0.9615. Hence

v<7—n(l=7)AMAL) <7 =

v =12.1306 < 12.8382 — 7 x (1 — 0.9615) x 0.1264 = 12.8041 < 7 = 12.8382

The following facts can be observed from the example:

e The chosen () matrix is full rank, however D — () matrix for the optimal D loses

rank. This showing the validity of Lemma 2.2.2.
* Rank(VV') = 2, therefore the RRQIP form a 2-dimension Zonotope

* Since 7, < 1, The convex upperbound is reduced by n(1 — v, )A(A) which shows
the validity of Lemma 2.2.4

* Randomised algorithm omits two vertices

* Both omitted vertices have angle wider than 170° which contribute less in forming

the original Zonotope

* The extended polytope pushes the maximiser from Z'Z| zcz = 6.5373t0 Z' Z| zcyy =
6.7308
6.7308. Therefore, v, = -
n(1 = yu)A(AL).

< 1 and the convex upper-bound is breached by

e If the Randomised algorithm omits more than two vertices, condition (2.43) will not

be satisfied and hence the extended polytope fails to breach the convex bound. This is
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Vert(Z)\V
M, is depending on the number

due to the fact that the polytope extension,
of omitted vertices. Figure shows the Zonotope of this example where 2 and 4 vertices
are omitted. Both polytopes shows good approximation of the general Zonotope.

Nevertheless, the polytope with more omitted vertices gives y,, = 7.1197/7 = 1.017.

T = T =
7'z, 67308 2'7), e
G=135.9 o eememamememsmememsm =SS $=135.9 ,_emememrmmmms
T o o L ) 7

U = 2 -~ T -
7'z, ,=65373 L 2'z|, ,=6.5373

Omitted by the algorithm

------------------------

Figure 2.16: Zonotope of Section 2.6.2 example with two approximations

Table 2.1 shows a summary of the above example

Table 2.1: Summary of the numerical experiments 2

Measures Maximiser v Enumerated vertices Upper bound
Original Zonotope 6.5373 0.9339 14 12.7797
Randomised polytope 6.5373 0.9339 12 12.7797
Extended polytope 1 6.7308 0.9615 12 12.8041
Extended polytope 2 7.1197 1.0171 10 N/A

2.7 Summary

In this chapter, a randomised algorithm is proposed for calculating an upper bound of the
QIP problem. First, a convex relaxation of the problem was defined, the solution of which
produces an upper bound to the original problem. The duality gap of the problem, i.e. the
distance between the convex upper bound and the optimal solution, can be reduced pro-
vided an RRQIP problem can be solved which is equivalent to the full enumeration of the
vertexes of a Zonotope. Although this can be achieved by a polynomial-time algorithm,
the computation may still be intractable for problems of high-dimensionality. Hence, a
randomisation algorithm is presented for breaching the duality gap when the full enumera-

tion is computationally not feasible. It was shown that even with incomplete enumeration
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improved probabilistic bounds may be obtained. The bound may be further improved by
combining the proposed randomised approach with the solution of a sequence of determin-
istic QIP problems of increasing rank. This is useful in practice since it can exploit fully the
available computational resources to obtain the tightest bound possible with a pre-specified

probability.
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Chapter 3

Preliminaries: The Complex
Structured Singular Value and its

Convex Upper Bound

In this chapter we provide an introduction to some of the material needed in the next Chap-
ters. It is assumed that the reader is familiar with matrix theory, linear algebra, control
theory and the fundamental concepts of linear systems theory. For more detailed studies,
the reader is referred to [6] and [9]. The notation of this chapter is standard and is outlined
here for convenience. R™ (C™) denote the spaces of n-dimensional real (complex) vectors,
respectively. R™*™ (C™*™) denote the spaces of n x m (complex) matrices, respectively.
If z € C then R(z) and J(z) are the real and imaginary parts of z, respectively, and |z| is
the modulus of z. If M € C™*" then M’ denotes the transpose of M and M* the complex
conjugate transpose of M. The singular values of a matrix M € C™*™ are denoted as
0i(M),i=1,2,...,min(m,n) and are indexed in non-increasing order of magnitude, i.e.
o1(M) > 02(M) > ... > Omin(mmn) (M) > 0. [[M]| denotes the spectral norm of M, i.e.
the largest singular value of M. If M € C™*" its spectrum, i.e. the set of its eigenvalues
is denored as o(M). The eigenvalues of a Hermitian matrix M € C"*", M = M* are
denoted as \;(M), i = 1,2,...,n and are indexed in non-increasing order of magnitude,
ie. Mi(M) > Xo(M) > ... > A\,. We also write A\j(M) = Apax(M). If Q € R?*P
with p > ¢, then the set Z = {Qz : 2 € [—1 1]} defines a Zonotope in R?. If {w;}}_,
are the columns of €, this is also written as Z(w1,...,w,) and the vectors {w;}?_; are
the generators of Z. If Z is a polytope, then vert(Z) denotes the set of vertices of Z and

conv(Z) the convex hull of Z. If Z is a closed set, then int(Z) denotes the interior of Z
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and 0Z = Z \ int(Z) the boundary of Z. If V is a finite set then |V/| denotes the number

of elements of V. Further notation is introduces in the chapter when needed.

3.1 Introduction

Real-world systems are normally complex and nonlinear. However, in most industrial cases,
simplified linear time-invariant models can sufficiently describe the behaviour of the system
around an operating point and hence can be used to specify an appropriate control system.
Such models usually contain errors and uncertainties which arise for the various factors
[13]. Therefore, it is essential to ensure that the system is not destabilised due to allowable
range of perturbations. In other words, the uncertain model of a plant needs to be analysed
in order to find the maximum allowable perturbation for which the feedback system remains

stable. Consider the feedback loop in Figure 3.1 in which T € H, i.e.

|IT |0 := max7 [T (jw)]
weR

and A € H, is the plant structured uncertainty perturbations which are added accord-
ing to the multiplicative perturbation in the system. The uncertainty matrix in a real system
is in the form of diagonal block structure. An example at the end of this section illustrates
the uncertainty matrix for a real system. Here T" represents the nominal closed-loop system

incorporating the nominal plant and the designed feedback controller.

\4

A

Figure 3.1: Problem of Close loop Stability

The problem is to find the minimum H., norm of A for which the feedback loop is
de-stablised. It can be shown from the Small Gain Theorem [69], that for any v > 0, the

interconnected system in Figure 3.1 is internally stable for all A with
* [Alleo < 5 if and only if [|T'(s)]|oc <

¢ Al < %ifand only if ||7°(s)|lcc <7
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The value of r = % is called the robust stability radius of 7" and is denoted by ra(T).

If A(s) represent an unstructured perturbation, then we can construct a specific A(s) of
ra(T) = % such that the feedback system is unstable.

The problem of maximising the robust stability radius of systems subject to unstructured
uncertainty has been widely investigated in the literature [15], [3]. Lehtomaki et. al, in [16]
consider the problem of finding the robust stability radius when the perturbation is bounded
away from the unstructured stability radius in the most vulnerable direction. The method in
[16] is used to obtain a bound on the structured singular value.

Assuming A to be a full matrix will result in a relatively conservative bound. Consider-
ing a structured matrix instead has led to developing i — analysis and synthesis techniques.
In recent years, the structured singular value (x) which is a generalisation of the singular
value of a matrix has been the focus of significant research interest as an effective analytical
and design tool in the area of robust control. The structured singular value was introduced
by Doyle in [17] and by Safonov in [18]. Since the computation of y is an NP-hard problem
in the general case [18], the primary approach will become computing reliable bounds on
ua (M). The synthesis problem is also defined as the problem of finding a controller K that
maximises the stability radius.

Equivalently, the objective of p-synthesis problem is to find a stabilising controller in
order to minimise the structured singular value of a system with respect to uncertainty in
the form of a block diagonal structure A [14]. Unfortunately, the general solution to this
problem is numerically intractable [5]. Nevertheless, solving special classes of y problems
can be relatively easy. Young in [70] proposed a complete solution for Rank-One problem.
Smith in [71], proposed a low-rank algorithm to solve a special case of a rank-2 problem.
Gungabh et al. in [21], obtained bounds on i by embedding the underlying block-structured
uncertainty set within a larger set. Later on, they introduced a new upper bound on struc-
tured singular value [8]. Although the algorithm offered good performance results, only the
complex structured singular value under mixed-type structured uncertainty was considered
in this method.

Malik in [20] introduce a tighter bound on the structured singular value which has been
developed by [9] and has resulted in a detailed study on the gap between the complex
structured singular value and its convex upper bound [9]. In that paper, new necessary
and sufficient conditions were derived for the absence of a duality gap. The study has also
shown that if an upper bound on this reduced rank problem can be obtained, it can provide an

upper bound on the original problem that is lower than the convex relaxation upper bound.
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As a practical example, a Four-wheel steering (4WS) vehicle closed-loop control system
can be described in Figure3.2, where Gf(s) and G, (s) are the functions of velocity and

mass which may vary under different running conditions[2].

u(6y)

) 4

v

Figure 3.2: 4WS vehicle closed-loop control system[2]

The aim is to find a robust controller K, to stabilise the system in the presence of the
uncertainties. Hence, to expand the model based on y framework, two perturbation blocks
Ay and A, are added to the control loop. Figure 3.3 shows the 4WS vehicle model in the
p framework where W, = diag[W,s, W,,] is a frequency dependant weighting function

matrix to represent all possible structured perturbations. Rearranging the feedback system

v

Figure 3.3: 4WS vehicle closed-loop control system in  framework[2]

in Figure 3.3 leads to the general structure shown in Figure 3.4, where (u,r) are control
and measure signals, (d¢,e,, eg) constitute the performance variables and (d1, do, z¢, 2,)
connect the system P to perturbation A.

Compare to Figure 3.1
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Figure 3.4: 4WS vehicle generalized system[2]

A = diag[Af, A,]
and the control system is stable when ||A||o, < 1. This example shows how a real system
can be formulated in u framework.

In the following paragraph, we give a short description of the theory of the structured

singular value.

Let M € C™*"™ be a non-singular matrix. Define block-diagonal structured uncertainty

set A as:

A :{diag [51[T1, ceey 6311”37 AS+1, ceny As+f] .
(3.1)

51€C1A8+]ecmjme71§Z§5§]§f}

where > 7 | 7 + Zle m; = n.

Let Ba denote the unit ball of A were

Ba={AcA:5(A)<1}
Definition 3.1.1. For M € C"*", the Structured Singular Value of M corresponding to the

57



structured set A is

1

M) =
o (M) = L AT A € A, der (1= MA) = 0]

(3.2)

If I — M A is nonsingular for every A € A then pa (M) = 0.

The general real structured singular value (u) problem is known to be NP-hard. i.e.
any algorithm to compute p will fail to find the answer in polynomial time [9]. Hence,
in practical applications, upper or lower bounds are introduced for special structured of A
which makes it possible to find a solution to the problem or derive countable upper bound.
Such bounds are often sufficient for many applicable cases.

The following lemma shows the most constrained upper bound when A is allowed to
be a full block, A = C™*"™; and the most constrained lower bound when A is a diagonal

matrix.

Lemma 3.1.1. [6] For every M € C™"*™,
p (M) < pa (M) < 7 (M)
Proof. First take A = {J1,, : 6 € C}, then
M) = M) = M) = p(M
pa (M) gl'gp(é ) glgwp( ) = p(M)

Now take A = A; = C™™ and let M = UXV™* be singular value decomposition where
UV* = V*U = I and ¥ = diag(oy,...,0p) Where o1 > -+ > o, are the n singular

values. Thus

det (I — AM) = 0 = det (I — AUSV*) =0
This gives det (V*U — V*AUX) = 0. Since V*AU € A and |[V*AU||= ||A|| then
det (71— A) =0

or equivalently

— 0
g1
det oot —A| =0
1
0 _
On



Itis obvious that A = A = diag(1/01,0, .. .,0) has the smallest | A|| for which det (7! — A) =
0. Hence for any given structured A in (3.1)
Ay CACAI=p(M)<pua(M) <7 (M)

O]

Note 3.1.1. The function p : C"*™ — R is not a norm, as it does not satisfy the triangular

inequality.
Note 3.1.2. The function p : C"*™ — R is continuous.

The bounds of
p(M) < jia (M) < & (M) (33)

provide little information about the value of w as the gap between them can be arbitrary
large[6]. Hence, a transformation can be introduced on M which change the bound but not

affect the ua (M ). Thus two subsets of C"*™ can be defines

Q={QeA:QQ=1I} (3.4

D= {d'LCZg [D17 "'7D57ds+11m1a "'7ds+FImF] : D’L € CTiXTiaDi = D: > Oads+j > O}

3.5
Forany A e A,Q €Qand D €D,
QRQFeQ,QAc A AQe A
7(QA) =0(AQ) =7(A)
DY2A = AD'/?
Theorem 3.1.1. [6] Forall Q € Q and D € D
pa (MQ) = pa (QM) = pa (M) = pa (DWMD’”Q) (3.6)

Proof. Forall D € Dand A € A,

det (I — MA) = det <I - MD—1/2AD1/2) — det (I - D1/2MD—1/2A)
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Since D commutes with A, pa (M) = ua (Dl/QMD_l/g). On the other hand, since
AQ* = A, then ||AQ*|| = ||Al|. Therefore,

I—AM =1—AQ*QM = pa(M) = pag-(QM) = ua(QM)

Same argument can be used for M Q.

O

Hence, the bound on (3.3) can be tightened to
M) < ua (M) < inf & (D1/2MD*1/2) 3.7
gggﬂ(@ ) < pa (M) < inf'z (3.7)

Without loss of generality, we assume that D is normalised (dr4s = 1), Hermitian and
positive definite. These conditions will not affect the infimum. The advantage of such upper
bound in (3.7) is that with a certain convexity properties, this upper bound is computation-

ally achievable [6]. In general

7 (D1/2MD—1/2> <8

Py (D—1/2M*D1/2D1/2MD—1/2) < 32

& DV2MEDYRDY2 MDY — 821 < 0

& M*DM — 32D <0
The last equation is a Linear Matrix Inequality (LMI) which is clearly a convex condition
for a given M € C™*™ and 8 > 0 in a scaling set D. In the next section we describe Linear

Fractional Transformations as a practical application of structured singular value in control

theory.

3.1.1 Linear Fractional Transformations

Linear Fractional Transformations (LFTs) is a class of general linear feedback loops which
are widely used in the application of Structured Singular value in control theory. To define

LFTs, let M € C™*™ is partitioned as

My Mo
Moy Moo

and let Ay € Ag be compatible is size with Mso. Consider the control block diagram
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in Figure 3.5 with the following corresponding equations

e My Mio d

= (3.8)
z M21 Mgg w
e e— | «——d
M pa
Z w
S| A,

Figure 3.5: Linear Fraction Transformation

Solving equation (3.8) for z and e, we have

e = My1d + Miow
z = Mord + Maaw

z = (I — M22A2)71 M21d

= 1
e= (Mn + Moo (I — Mo Ag)™ Mm) d

It is obvious that these equation for e and z are well-posed if and only if (I — M22A2)_1

exists.

3.2 Structured distance to singularity

The distance to singularity, ya (M), is defined as the inverse of structured singular value in
definition 3.1.1. Note that both structured singular value and structured distance to singu-
larity are identical notions which describe the behaviour of a control system in the face of
uncertainty; therefore, we may use either of these definitions in this work. To formulise,
va (M), we first start with the most general form of notation structured uncertainty and es-
tablish a connection with the structured distance to singularity. The content of the following
section summarises the results of references [6] and [9]. However, we expand the proofs and
highlight the results that are extensively used in the following chapters. First, consider the

following definition which is another formulation of the structured distance to singularity.
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Definition 3.2.1. Let A be

A = diag(ay,as, ..., a,) € C™*" (3.9)

where a; > a2 > ... > a, and let ( = [Im Omx(n,m)]*. For any set Ay; C

C™>*™Mdefine the structured distance of A to singularity
YA, = min {||A| : det (A — A) =0,*AC € Aq1} (3.10)
and the set of all optimal structured rank reducing perturbations
Da,, = {A e C™" :||A| =0,det (A — A) =0,(*AC € Ay} (3.11)

In this notation the (unstructured) distance to singularity will be denoted as

Yemxm = min {[|A[] € C™*" : det(A — A) = 0,(*A¢ € C™™}
= min {||A] : det(4 — A) =0}

Note that the above definition is identical to the definition of matrix ua (M). i.e.

det(I — AM)=0=det(I — AUSV*) =0 = det (I - V*AUL) =0 = det (X! — V*AU) =0
(3.12)
where

M =U%XV* ¥ =diag(o1,...,0n), 01>. >0y

is singular value decomposition. Since UV* = V*U = I, then
VAU € A, and |[V*AU| = ||A]|

Therefore by taking A = ¥ ~! and considering yA = ugl, equation (3.2) can be reduced to
(3.10); hence from now on we replace term det (I — AM ) by det (A — A). Moreover, since
forany o € C, u(aM) = |a|p (M) we can always normalise A to its largest element,a,

thus simplifying it to
A=Y= diag (A1, Ag), where Ay =1, and, Ay = diag (am41, ..., an)

where 1 < apmy1 < ... < ay.
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Note that m in above equation is the multiplicity of the smallest singular value of A.

3.2.1 Lehtomaki’s Result

Before we continue, we present a well-known theorem to calculate a bound on ya (M).

This is in fact the main result of Lehtomaki et al at [16].

It is known that if ||Al|= 1/ = a1, then A + A could be singular; and if [|A]|<

1/0min then A + A is non-singular [9]. In fact, the Singular Decomposition of Matrix A is

v*-
ay ... 0 !
vy
A=UXV" = [uy,us, ..., U] ‘
0 an
[Un ]

where a1 < a9 < ... < ay. For an arbitrary matrix A

A= z”: i(uw}f, A)uv;

i=1 j=1

where the inner product for matrix A, B is defined by (A, B) = tr(A*B)

The matrix (u;v}, A)u;vj
which has magnitude |(u;v}, A)|

If A+ A is singular then

det(A+A)=0=det(UEV* + A) =0=det(X + VAU") =0

Now let A = VAU* then
det(diag(ay, as, ..., a,) — A) =0

ar ... O ai

Selecting A = | * -, | gives A =VAU* = aviu] =

min ||Al| = a;.
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= E a;u;v;
i=1

is the projection of A into the subspace spanned by u;v;

and thus



Now, if the projection of A in the most sensitive direction, i.e. |u; Avj|, is constrained to
have a magnitude less than o, (A) = a1, A+A cannot be singular along this direction and
thus ||A|| needs to increase to make A + A singular [16]. This means that by constraining
the uncertainty we can achieve a larger stability radius. Now the question is that how big
can the perturbation be in this condition to make A + A singular. Therefore, the problem

can be defined as

Ya(M) = min {||A[]: A € CV™, [v]Awy| < ¢ < a1,¢ € R,det(A — A) =0} (3.13)

Thus, we impose a constraint such that A cannot have a projection of magnitude a; in
the most sensitive direction u;v]. In other words A + A cannot become singular along the

direction of ujv} and hence ||A|| have to increase in order to make A + A singular.

This problem has been evaluated in details by Lehtomaki et al at [16]. The main result

of this section can be summarised via the following Theorem

Theorem 3.2.1. [16] The optimiser of the problem (3.13) is given by ||A||= \/aias + ¢(a; — as).

The set of A associated to the optimiser is also given by

A=U| o 4 |V (3.14)
0
Yt ¢
where P; is arbitrary and
1P]|< Varaz + dlar — az) = [|A|| (3.15)
and
v = (¢ + az)(ar1 — @), (3.16)

where 0 is arbitrary.

Proof. The result is first established for the 2 x 2 matrix case and then generalised for

general n X n matrices

Let A = diagla1 as] and assume A = A*, thus
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b* d

Then ||A|| is given by

a+d a+d\’
ja) =% |+\/( +) o

Using the fact that A + A is rank deficient |b|? = (a; — a)(a2 — d) and thus

2
||A|r=r“‘2*d\+\/(“;d) + (@1 = a)(az — )

Taking partials of ||A|| with respect to a and d, we have

A
da

Ol All

od

(59) o
(459 e
(4% e
(5D o votes

=1/2[sgn(a +d) + z1], =1/2[sgn(a + d) + z9]

Here, sgn(e) is sign function and

It follows via a straightforward calculation that for |d| < a2 and |a| < ag, |z1] > 1 and
a|lA
|z2| < 1. Thus |<l37d | has the same sign as (a+d), hence the global minimum is ata = —d.
J||A
On the other hand, since|zz| > 1, LL)H is always positive, thus the minimum is at d = —¢.
a

Therefore, the optimal A has the form

¢ v
v =9

A:

where v = /(a1 + ¢)(az — ¢)e??, 6 arbitrary.The proof for the structure of the optimum

A in the general case can be found in [16]. Here we only calculate the optimal norm. This
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is given by

PP 0
HAH: V Amaz (A*A> = | Anaz 0 i (;S(al — ag) + ajas 0
| 0 ¢(a1 — ag) + ajas
Thus
P(ar — az) + araz 0
[All2= || |
0 P(ar — az) + araz

This is equivalent to

a1 —ag)+aia 0
Amaz(PsPY) < Amaz dlar —az) + amaz
0 ¢(CL1 - a2) + aias
Hence
1/2
d(a1 — az) + araz 0
HAH: Amaz (A*A) = | Moz _
0 (a1 — az) + arag

Vaiaz + ¢(ar — az)

O]

Note that the tightest result is achieved when ¢ = 0 which gives |A| = \/ajaz. We
can now generalise the Lehtomaki’s idea of constraining the 1 x 1 entry of A to the case
where the leading m x m block of a diagonal matrix A, i.e. Aj; is constrained or is of

different classes of uncertainty. Next we evaluate ya,, and Dx,, for different sets of Aq;.

3.2.2 A class of uncertainty where A;; = C.

First we consider the simplest form of A1, where m = 1 and it is free to take any complex

value.i.e.
511 0
A =
0 | Ao
so that
aill 0 511 0
det(A — A) =0 < det - =0
0 A22 0 A22
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It is clear that a;; = d11 gives det(A — A) = 0. Also ||A]| = max {d11, || A2|l}.

Hence, taking ||Agz|| and 6117 = o(A) = ai; gives the minimiser
vc =min{||A]| :det(A—A)=0} =0 (4) =1
and the set of all optimal rank reducing perturbations is given by
De = {A = diag (1, A5) € €™, Mgy € C7DX(D) Az < 1}

Note that, if | A|| = omin (A) then A + A is singular.

3.2.3 A class of uncertainty where A;; = {6 € C:|§| < ¢}, 0<p < 1

As mentioned earlier, if the perturbation of the (1,1) entry is confined to be less than or
equal to ¢ where 0 < ¢ < 1, ||Al| must increase to make A + A singular. This is the
Lehtomaki result that has been reviewed in 3.2.1 and can be summarised to the following

theorem.

Theorem 3.2.2. [16] Let A = diag (1, az, as, ...,a,) with 1 < as < ... < a, be given and
define ( = [ 1 Opp-1 } and Ay = {6 € C: || < ¢} forany 0 < ¢ < 1.Then

'7A¢ = mln{||A|| : det(A — A) = O,C*AC S A¢} = ag — qb (a2 — 1)

and for ¢ < 1, the set of all optimal rank reducing perturbation is given by

ayel’
Da, = | diag i ‘ A ,Asz 1 0 € R, Agz € Cm2X72) AL < yp,
fYACz)ei]e _¢
Proof. Same as Theorem 3.2.1 by setting a; = 1. O

3.2.4 A class of uncertainty where A,; = C"*™

To take one step further, we assume. Ay; = C™*™. This gives generalisation of Theorem

3.2.2 for a case that m > 1. It has been shown in [9] that,
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Lemma 3.2.1. For A and ( defined previously,

Yaccmxm = min{||A| : det (A —A) =0} = opmin(A) =1 (3.17)

and the set of all optimal A is given by

1 0 0
w0 wE 0 .
0 In_m 0 ILniim
0 Aszz | Aszz
where
A A
WW* = W*W = Iy, and || |~ 2 || <1
Aszy Asz

Proof. See Appendix A.1l

3.2.5 A class of uncertainty where A;; = {0, }

Similar to the condition when A7 € C, we violate the constrain on A1; and assume that

||A11]| cannot reach 1. We start with the simplest condition where Aq; = 0.

Lemma 3.2.2. [9]
Let A = diag(A1, A2) € R™™™ with

and

Assume that 1 < 0(Ag2),0 < ag < g(A44), and 1 < as. Then the structured distance to

singularity is

Yormxm ‘= min {||A]] : det (A — A) =0,(*A( =0} = a3 =: \/a(A1)a(A2) (3.19)

Furthermore all optimal rank reducing perturbations are generated by
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0 0 0 0 Az| Ay
0 0 0 0  Aag | Agy _

W W* = WAW* (3.20)
vas 0 0 0 0 0

0 Az |Az| 0 Asz|Asz

where W = diag(W1, Ln,, W3, I,,) € C"*™ is unitary and

0 0 Az Ay

0 0 Ay Agy
Azr Aszz Agzs Agy
A Az Agz Ay

< Vas (3.21)

Proof. See Appendix A.2 O

3.2.6 A class of uncertainty where A;; € C"*" ||[Aq1]| < 1

Next we assume that Aj; € C™*™, ie. Ajp is a fixed complex-valued matrix with

[An|<1.

The following lemma, from [9], summarises the optimal solution in this case.

Lemma 3.2.3. [9] For matrices A and (, as defined previously, let A1 € C"™*™ has the

same structure as section 3.2.6 where ||A11]| < 1 and det (I — A1) # 0. Then

min  ||A|l = min vy (3.22)
det(A—A)=0 [(v21=A1)(I=A1) " =am+1
C*AC=A11 y>1
Proof. See Appendix A.3 O]

Remark 3.2.1. The optimisation on the right-hand side of (3.22) is an eigenvalue problem,

as the following argument shows. Setting v*> = 1+ ¢, > 0, gives
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(VI = A = An) ' =((1+OT = An) (I — Ap) ™!
=T +¢I—Apn)(I—Ap)™t
= (I + (I =An) I —An)™
=((I—An)t+1

= 7?1 = A (I — Ary) M= (1C = A) T+

On the other hand
min+y = min /1 + ¢ = /1 + min¢
hence,
min vy= |1+ min ¢ (3.23)
(V2 T=A1)(I—=A1) " [=amt1 HT+¢(I=A11) 7 [=am+1
v>1 ¢>0
Note that

a1 = [T+ = Ap) | = ak g =T+ —Ap) 2

LetI+¢(I— A11)_1 = 0, thus
a$n+1 = HQHQ = a3n+1 = Amaz (00%) = a$n+1 — Amaz (00%) =0

this can be express as

Amin (a2, 1 — 00%) = 0=

which gives

Amin (02,11~ [I - All)—l} [[ (- An)ﬂ ) 0=

Amin (02411~ [1 ro(— All)’l} [I - A’;l)*l}) —0
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simple calculation gives

Nin (a1l =1 = (1= An) ™ = ¢ = A7) = (=)™ (T - A7) 7] =

CI-An)™ I-A)~ G- (- Aﬁ)l] —0=

)\min I—
2 2 2
am+1—1 am_H—l am+1—1

Factorizing ¢ gives

NN P Y B €V 0 R € V0 € eV 0 R
" Ay — 1 A1 — 1 Oy — 1
(3.24)

Using the matrix identity

A|B )
det = det(D)det(A — BDC)
C|D
It follows that
A | B L .
det = det(al)det(A — B(al)”"B*) = a.det(A — o~ "BB*) forany a € R
B* | al

Comparing with equation(3.24) and taking

I—Ap)? I—Ap) !
A:C_II—( ! 11) ,B:—( 11) 7ch—l_[
Upy1 — 1 a2, —1
gives
N |17 — (I-An)™' T-Ap)™' U-An) " T-ap)"" _0
- a2m+1 -1 agnJrl -1 agnJrl -1

which is equivalent to

oy U AT AT (A ]
\ a?"H -1 a%wl —1
. -0
min I — A* —1
( = 11) Cflj
L A+1 — 1 ]
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or

[ [ (-An) ' - -Aa) T-An) T ]
\ i a‘?n—i—l -1 a?n_i_l -1
. — =0
« =1
" 0 ¢l =A%) 0
i i Ay — 1 1]
Since ¢ > 0,
[ I-An) ' - -Af)T I -An) ]
2
41 — 1 a? -1
. -1 m+1
- A =0
i iy — 1 ]
Thus minimum in (3.23) is given by (p, where
(I-An)' (I=Ap) ]
2
1 Oy~ 1 CARES
o T st
| V! _
To summarise, this section has focused on the problem with the following form
v = min IAl (3.25)

det(A—A)=0
A is a given diagonal positive definite matrix
Constraint on A

Different constraints were imposed on A to find optimal distance to singularity. Table

3.1 gives a summary of the main results:

Table 3.1: Summary the optimum +y for different class of uncertainties

Constraint on A Optimum
No Constraint al
511 =0 \/m
1611 < ¢1 < aq Vaiaz — ¢1(az — ay)
All € Cmxm aq
A11 = {0mxm} Va(A)a(As)

Ay € C™™||Aq1]] <1 answer of eigen value problem in (3.22)

One of the main result of this Chapter is Lemma 3.2.3 which reduces to eigenvalue
problem in (3.22). This problem is used in next chapter to obtain a graphical method for

achieving an upper bound on p. Next, we propose several algorithms of varying computa-

72



tional complexity for calculating upper bounds of the structured singular value (equivalently
lower bounds of the structured distance to singularity) of a matrix M subject to real para-
metric uncertainty. Our approach is based on the projection of the uncertainty set in the

most critical direction along the lines summarised in the present Chapter.

3.3 Summary

This chapter is preliminary to chapter 4 where p analysis is briefly described. Several
definitions, equations, theorems and proofs are mentioned in this chapter. The results of

this chapter was based on two main references, [6] and [9].
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Chapter 4

Structured singular value of matrices
with real parametric uncertainty:
Deterministic and Probabilistic

algorithms

The structured singular value (@) is a powerful tool for measuring the stability margins of
a system subject to parametric uncertainty. In robust control, i can be used to establish
conditions under which robust stability of feedback systems is guaranteed when the system
is subject to structured or norm-bounded uncertainties. Combined with H ., optimal control,
it provides a framework for robust control synthesis.

When real scalar perturbations describe the uncertainty, we have a real p-problem. The
solution of the general real (u) problem is known to be NP-hard, i.e. one can always con-
struct examples in which any algorithm used to compute p fails to perform the calculation
in polynomial time [9]. Hence, in practical applications, upper and lower bounds are often
sought, or, alternatively, specialised algorithms are tuned to the specific class of problems
under consideration. The most straightforward case is when uncertainty is unstructured, i.e.
when the uncertain set A consists of a single (norm-bounded) matrix block. In this case
the structured singular value coincides with the standard singular value and can be easily
calculated. Another category of problems is when g coincides with its convex upper bound
(problems with p-simple structure). However, this class is too limited in practice to address
problems of realistic complexity. For problems of medium or high complexity, obtaining

a tight upper bound on g is often needed to guarantee robust control design margins with

75



a minimal degree of conservativeness. In this chapter, structured singular value problems
with real scalar (possibly repeated) uncertainty is considered. By adapting previous work
results in this area, we obtain several deterministic and probabilistic bounds on y. Thus, our
approach addresses the trade-offs between accuracy and algorithmic complexity explicitly

and is easily adaptable to the needs of practical control design problems.

The chapter extends the methodology of [9] to the case of real-parametric uncertainty.
Reference [9] considered the complex p(M) problem. It aimed to derive conditions for
breaching the convex upper bound of (M), normally obtained via convex programming
or the so-called D-iteration algorithm. It was shown that this bound could be breached if
an auxiliary p problem of a low-rank matrix could be solved (or a sufficiently tight bound
could be obtained).

The approach followed in this chapter proceeds by characterising the projection of the
uncertainty set in the most critical direction corresponding to unstructured perturbations.
This direction is defined by the pair of singular vectors (u,v) corresponding to the maxi-
mum singular value of M. In the unstructured case, all minimum-norm singularising pertur-
bations A have a projection of magnitude opin (M ) in the worst-case direction. If the mag-
nitude of the projection of the perturbation in this direction is not allowed to reach o, (M),
ie. [(uv*, A)] < ¢pomin(M), 0 < ¢ < 1, the norm of nearest destabilising perturbations
must increase for I — AM to lose rank. This constrained distance to singularity problem
can be solved exactly in terms of the constraint parameter ¢ and the two smaller singular
values of M. Note that imposing a constraint on the projection of A in the direction (uv*, -)
defines an implicit "structure”. By embedding the actual (diagonal) uncertainty structure as
tightly as possible within this implicit structure allows for the derivation of an upper bound
on u(M ) with respect to the diagonal structure of real perturbations (equivalently a lower
bound on the structured distance to singularity).

We consider two types of relaxation. The first bounds the magnitude of the projected
uncertainty set. To obtain the tightest possible embedding within the artificial uncertainty
structure we need to maximise a convex multivariable quadratic function with box con-
straints, for which the maximum occurs on the boundary of the constraint set. Several
relaxation methods can be applied to this optimisation for problems of high dimensionality.
The second relaxation method is computationally more demanding but produces a tighter
bound. In this case we do not only want to calculate the maximum magnitude of the pro-
jected set in the most critical direction but to characterise fully the projected set and its

boundary in the complex plane. In the standard real p problem the uncertain parameters

76



enter linearly and the projected set takes the form of a Zonotope. It can be shown [8] that
the calculation of the tightest lower bound to the structured distance to singularity reduces
to a geometric problem, in particular the calculation of the minimum value of a parameter
for which the intersection of an Apollonius circle and the Zonotope in the complex plane is
a non-empty set. This can be obtained by enumerating the vertices of the Zonotope, a task
that can be achieved efficiently using the "reverse enumeration" algorithm [42],[29].

Despite the efficient computational properties of this algorithm (in terms of speed and
memory storage requirements) the full enumeration of the vertices becomes impractical
for high dimensional problems. In this case a randomised enumeration algorithm may be
used as an alternative. This generates sequential Zonotope vertices by random sampling the
standard two-dimensional Gaussian distribution. The full Zonotope is approximated by the
convex hull of the set of partially enumerated vertices that are generated by the algorithm.
The method also produces a probabilistic upper bound of the Hausdorff distance between
the original Zonotope and the convex polytope which approximates it. Embedding this ap-
proximating polytope within a broader convex set of minimum volume (using the estimated
Hausdorff distance) allows us to conclude (with a specific high probability controlled by
the designer) that this also contains the original Zonotope. Finally, calculating again the
minimum value of the parameter for which the intersection of the Apollonius circle and
the extended polytope is non-empty, allows us to obtain a lower bound of the structured
distance to singularity (this time probabilistic).

An appealing aspect of our methodology is that it can be easily extended (at least con-
ceptually) to structured perturbation problems with "correlated" parameters or, in general,
to problems in which parameters enter the uncertainty set described in a nonlinear way.
What is required in this case is the description of the boundary of the uncertainty set pro-
jected in a low dimensional space. We illustrate this method with a simple example. Of
course, in the nonlinear case, the projected uncertainty set is not expected to be a Zonotope
in general or even convex. We believe that this approach is promising for establishing robust
stability conditions in nonlinear problems of this type and is worth investigating further in
future work. For problems of high dimensionality in which the projected set boundary is
challenging to determine deterministically, probabilistic estimation methods that involving
random sampling techniques may be a viable alternative.

The structure of this chapter is as follows: Section 4.1 gives several definitions related
to the structured singular value and the structured distance to singularity for real parametric

diagonal uncertainty structures. In addition, the two basic relaxations techniques introduced
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in [9] are reviewed and specialised to the real uncertainty structure considered here. The
results of this section apply to the general case for which the multiplicity of the larger sin-
gular value m is an arbitrary integer. The generic case m = 1 is analysed in Section 4.2.
This allows for a more concrete set of algorithms to be formulated and solved based on an
interesting geometric interpretation of the problem. Extensions of the proposed method-
ology to correlated parameters and nonlinear uncertainty models are also presented here.
Several algorithmic implementation aspects are discussed in Section 4.3. Section 4.4 de-
scribes a randomised algorithm for the partial enumeration of the Zonotope’s vertices along
with an estimation of the Hausdorff distance between the Zonotope and the convex hull of
the polytope corresponding to the reduced vertices obtained from the randomisation algo-
rithm. This can be used to obtain a probabilistic lowed bound on the structured distance to
singularity. In section 4.5, a numerical example is presented to illustrate the performance of

the algorithms described in previous sections.

The notation of this chapter is standard and is outlined here cor convenience. R™ (C")
denote the spaces of n-dimensional real (complex) vectors, respectively. R™*™ (C™*™)
denote the spaces of n X m (complex) matrices, respectively. If z € C then R(z) and (z)
are the real and imaginary parts of z, respectively, and |z| is the modulus of z. If M € C™*™
then M’ denotes the transpose of M and M* the complex conjugate transpose of M. The
singular values of a matrix M € C™*" are denoted as o;(M), i = 1,2,...,min(m,n)
and are indexed in non-increasing order of magnitude, i.e. o1(M) > oo(M) > ... >
Tmin(m,n) (M) 2> 0. [[M]| denotes the spectral norm of M, i.e. the largest singular value
of M. If M € C" " its spectrum, i.e. the set of its eigenvalues is denored as o(M).
The eigenvalues of a Hermitian matrix M € C™*™, M = M* are denoted as \;(M), i =
1,2,...,n and are indexed in non-increasing order of magnitude, i.e. A\; (M) > Ao(M) >

. > Ap. We also write \{(M) = Apax(M). If Q € RY*P with p > ¢, then the set
Z = {Qx : € [—1 1] defines a Zonotope in R%. If {w;}}_, are the columns of (2, this
is also written as Z (w1, . .., wp) and the vectors {w; }_, are the generators of Z. If Z is a
polytope, then vert(Z) denotes the set of vertices of Z and conv(Z) the convex hull of Z. If
Z is a closed set, then int(Z) denotes the interior of Z and 0Z = Z \ int(Z) the boundary
of Z. If V is a finite set then |V/| denotes the number of elements of V. Further notation is

introduces in the chapter when needed.
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4.1 Structured Singular Value for a real set of uncertainty

First, we describe the problem using some basic definitions from chapter 3. Let M € C"*"

be a square non-singular value with singular value decomposition

Im | O vy
M:Uzv*z[vl\w} @.1)
0% || vy
where
Y =diag(omi1, Omt2s---,0n)y 1> 0me1 > Omyo > -0 >0y > 0. 4.2)

and V*V = U*U = I,.
Note that the largest singular value is assumed equal to one. This involves no loss

of generality and can be achieved for any non singular matrix M by the transformation

M/o1 — M. We also define
A=x"1=diag(1,...,1,ams1,...,an) (4.3)

with 1l < ampmy1 < ... Sanandai:ai*lfori:m+1,...,n.
We define A C C™*"™ to be a uncertainty set which defines the "structure” of the model.

At present we consider A be the set of (possibly repeated) real diagonal perturbations:
P
A = {diag (01, ..., 6pIs,) ;6 €ER, i=1,2,....p}, > ki=n (4.4)
i=1
The structured distance to singularity of M € C™*™ with respect to A is defined as

ya (M) :=min{||A| : A € A,det (I — MA) =0} 4.5)

Similarly, the structured singular value with respect to A, pa (M), is defined as the

inverse of ya (M) (provided the inverse exists), i.e.

1

pa (M) =ya (M) = min {||A| : A € A,det(I — MA) =0}

(4.6)

If det(I — MA) # 0 for every A € A, then pua (M) = 0. The following Lemma gives an

alternative formulation of ya (M) which is used later.

Lemma 4.1.1. [8] Let M = UXV™ and A be as defined in equations (4.1) and (4.3),
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respectively, and let A be the structured uncertainty set defined in equation (4.4). Then:
Ya(M) :=min{y: E € €,det (A —vE) =0} 4.7)

where

E={V'AU:A€Ba} and;Ba={AcA:|Al<1}.
Proof. Equation (4.5) can be written as:

YA (M) :=min{||A|| : A € A,det (I — MA) =0}
= min {||A] : A € A, det(I — USV*A) = 0} (4.8)
:=min{||A| : A € A,det(A - V*AU) = 0}
where A = 7! = diag(1,...,1,ams1,-..,a,) where 1 < apyq < ..., a, and a; =
1/o;fori=m+1,...,n
Hence

YA(M) ;= min {||A]| : A € A,det (A - V*AU) =0} (4.9)

Now let

Ba = {A€A:|A|< 1)

be the unit ball and define
E={V*AU : A € Ba} (4.10)

& can also be written as

E= V*BAU =By+ay

This follows from the fact that
|[V*AU||= |A| forall A € A

Taking ||[V*AU||= ||A||= 7, equation (4.8) can be reformulated as

YA (M) :=min{||A|| : A € A,det(I — MA) =0}

=min{||A]: A € A,det(A - V*AU) =0}
= min{HA] : A€ A det <A - ]AHW) = 0}

=min{y: E € £ det(A—~E) =0}

4.11)
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Note that if set £ has complex structure, calculation of the minimum in equation (4.11)
may be difficult. However, a lower bound of ya could be easy to obtain if we embed £

within a conveniently-chosen super-set £1. In this case:
Ve, (M) :=min{y: E € & ,det(A —~vE) =0}
<min{y: E € €,det(A —vFE) =0} (4.12)
=7a(M)
provided &1 D &. Thus, g, (M) is a lower bound on ya. Equivalently 7511 = pg, is an
upper bound on pa (M).

Note that £ can be chosen as an arbitrary superset of £. At this point, £ is chosen to

facilitate the process of finding an upper bound of pa (M):

First Relaxation: First let £1 have the following structure
E1={EcCY":Z'EZ € &1} (4.13)

where £11 = {V;*AU; : A € Ba} and Z* = [Im\OmX(n,m)].

Note further that if & € € then E = V*AU for some A € Ba and

‘/1*
Vs

A{Ul‘UQ] I(T)n = VAU, € &1

Z*EZ =Z*V*AUZ = [ I ‘ 0 ]

Thus £ € £€ = E € £ and hence £ C &;. For simplicity, we denote Z*EZ by F1;.

We partition V; and U; compatibly with A, i.e.

Vl* — ‘/1*1 ‘/2*2 L va;) c (C7n><n7 Ul — . c (Cnxm

where V7', € C™*ki and Uj € Cki*™ for j =1,2,...,p, then for A € A,
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(6111 Okyky - - Okl,kp_ [ U, |
ViAUL = | Vi Ve .. V| Rl e
O ky Okps - Oplip| | Upt |

Equivalently,

p p
VIAUy =) 6i(Vi5.Upn) = > 6B, B =Vy5.U;y € C™™ (4.14)
=1 =1

fori =1,2,...,p. Therefore, the lower bound of ya (M) is given by:

ve, = min (y:det(A —vE)=0,F € &) (4.15)
where
FE FE L
&1=1 =l iE11=Z5iEi, -1<6<1Li=1,...,p
Eoy | Eao i=1 (4.16)

Eyy € me(n—m)7E21 c C(n—m)Xm,Ebz c C(n—m)x(n—m) }

Eqp € Cmx(n=m) po. e Cln=m)xm anq By, € CM=m)*(n=m) are free matrices of the

indicated dimensions and &£; contains all the matrices of the form

> o1 6B

*

*

& = eC™™ . |6]<1,i=1,2,...,p 4.17)

*

Nextlet §; = 0%, i =1,2,...,p be real fixed values such that [§?| < 1 and consider

the minimisation:

p
5(5?,...,53):min{HAH:det(A—A):0,|5§’|§1, Z*AZ:Z&?EZ} (4.18)
=1

It follows from (4.15) that:

ve, (M) = min{B(61,...,6,) : 6; € R, =1 < 6 < 1,i=1,2,...,p} (4.19)
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The solution to problem (4.18) and subsequently problem (4.19) is provided later in this

section. First we need the following three Lemmas:

Lemma 4.1.2. [9] Let A be as defined in equation (4.3) and ¥ € C™*™ such that ||¥| < 1
and 1 ¢ o(V) Then:

B := min Al = min vy (4.20)
det(A—A)=0 1Al (V2 1=®)(I-0) " |[=am+1
A11:\I’ ’y>1

where Aq1 is the leading m x m block of A. Further,

B2 =1 =min {C: [+ ¢ (T = ©)7 = g, € > 0

[ I~ ) A I =) I -0 ] 4.21)
a?nJrl —1 (I2 -1
_ A_l . m—+1
! i1~ 1 _
Proof. See Appendix A.3. O

A matrix E € C™*™ is called radial if p(F) = ||E||. Order the eigenvalues of E as:

p(E) = M=ol = . = As] > s 2o = A

where s is the number of eigenvalues of E on the circle: |z| = p(E). The following Lemma

characterises radial matrices:

Lemma 4.1.3. [72] A matrix E € C™*"™ is radial if and only if it is unitarily similar to a

matrix of the form diag(\, B) in which:

)‘1 0 )\5+1 0

0 As (BZJ) Am
and p*(E)I,,_s — B*B > 0.
Proof. See [72]. ]

Lemma 4.1.4. Assume that 1 € o(V;"AU;) for some A € Ba. Then uan(M) = 1.
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Proof. Let A € Ba with 1 € o(V*AU;). Then

vy VIAU, VAU,
V; ViAU, VAU,

VAU =

Since 1 € o(V;*AU;) we have that p(V;*AU;) > 1. However, since V' and U are unitary
and ||A]| < 1 we have that |[V*AU|| < 1 = ||V;*AU;|| < 1 and hence, since the spec-
tral radius of a matrix does not exceed its spectral norm, we conclude that p(Vi*AU;) =
|IVi*AU;|| = 1 and matrix V;*AU; is radial. Let V;*AU; have eigenvalues ordered in

non-increasing order of magnitude as:

p(VFAUD) =1 = A1 = ol = .. = o] > Aott] = - . >

Then, from Lemma 4.1.3, there exist a unitary matrix ) € C"*™ such that Q*V* AU, Q) =

diag(1,7"), where T = diag(A;, B) in which:

>‘2 0 )\s+1 0
Ay

I
oo
5
a
Sy
I

Let Q, = diag(@, I,,—,,) and consider the product:

. o 0 v 0 0
L:=QV*AUQ, = ! A[Ul UQ}
0 In-m Vy 0 In-m
Define:
7k XY 7% f)fl ~ ~
Vii=Q"Vy = y and UlQ:{Un UlZ}
Vi

where 7}, € C*" and 1177 € C™*!. Then

1 0 ot AU,
L=QIV*AUQ, = 0 T VAU,
Vit ViAUs Vi AU,

Since ||L|| = 1 it follows that ;AU = 0 and V5"Ad;; = 0. Note also that: A =
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VQ.LQ;U*. Hence

det(I, — MA) = det(I, — USV*VQ.LQ:U*) = det(I, — Q*SQ,L)

Now
* 0 I,, O 0 I, O
szQa - Q Q - =X
0 In_m 0 X 0 In—m 0 X9
and hence
0 0 0
det(I, —MA)=det | | 0 I, ,-T —V5AU, =0

0 =SV AUy Iy — SoVi AU,

Since A € A this implies that ya (M) < 1 (equivalently ua (M) > 1). Since however
pua (M) < ||M]| = 1 we conclude that pua (M) = 1. O

Remark 4.1.1. Note that since Q) is unitary we can redefine the columns of U1Q and V1Q
as the singular vector pairs corresponding to the largest singular value of M (normalised

t01), i.e, write M = (U1Q)(Q*V}*) + U X V5.

Remark 4.1.2. In the cases when ua (M) = 1 the upper bound | M| = 1 is immediate
(and exact). Thus, to simplify the presentation, it is normally assumed in the sequel that
ua < 1 (for otherwise the problem of calculating an upper bound is trivial). Lemma 4.1.4

then implies that 1 ¢ o(Vi*AUy).

Using the two previous results the solution to the optimisation problem defined in equa-

tion (4.18) can now be obtained:

Theorem 4.1.1. Let §; = 89, i = 1,2,...,p, be real fixed values such that |§9| < 1 and

consider the minimisation defined in equation (4.18). Assume also that ua (M) < 1. Then:

(67, .., 0p) = min {7 (VP I = ) (I = ) = amgr, v > 1} (4.22)

where U = Zle SYE;. Further,

7

B8, ..., 8p) = \/1 +Co(67, -, 0p) (4.23)
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where (o(09,. . ., 62) is equal to:

[ ®(87,...,00) +®*(0,...,0p)  ®(6,...,47)
CLTQnJrl—]_ 2 -1

am+1
B0, 8)

At (4.24)

0
a3n+1 -1

in which
p -1
D(57,...,00) = (Im - Za?a)
=1

Proof. LetV =" | 6FE;. Then,

)

p
1Wll= 1> 6P Ell= Ve At|< VAl Al U] < 1
=1

Further the assumption pa (M) < 1 implies from Lemma 4.1.4 that 1 ¢ o(¥). Thus

Lemma 4.1.2 is applicable and the result follows. O

Next we consider the optimisation defined in equation (4.15) or equivalently (4.19).
Note that in contrast to the optimisation defined in equation (4.18), here the leading m x m

block is not fixed. The solution is straightforward and is stated in the following Lemma.
Lemma 4.1.5. v¢, =1/1+ éo in which 60‘1 is obtained by maximising

B(81,...,0,) + P (61,...,0,)  B(b1,...,0p)
2
1

1~ a?  —1
. +1
CO t= max A\maz O*(§ 5 " 4.25)
(1. )) .
a72n+1 -1
over the hypercube |0;| < 1,i=1,2,...,p.
Proof. Proof is immediate from the previous discussion. O

Remark 4.1.3. Recall that yg, (M) < ya (M) and so ua(M) < \/11+50'

Remark 4.1.4. Problem (4.25) is a maximisation of a non-concave function over a convex

set. Although several algorithms can be used in an attempt to solve it (e.g. penalty/barrier
methods, feasible ascent direction algorithm using sub-gradients) there is no guarantee
of convergence to a global optimum. In the following section we will develop a solution

technique in the special case m = 1 which simplifies the problem considerably.
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Example 4.1.1 shows the maximisation problem (4.25) applied to a 4 x 4 matrix.

Example 4.1.1. Consider the matrix M = M, + jM; with

[ _0.2497 0.0404 04750 0.4051 |
V| 03904 0115 01743 01450
0.1511  0.0523 0.2814  0.0608
| 07479 0.0473 —0.2059 0.1892 |
and _ )
0.3368 0.0342 04223 0.0138
apo_ | 01828 002551 03155 0.4993
0.1559  0.3591 0.1061 0.1162
| 0.0541 —0.0390 0.1553 —0.1005 |

The singular values of M are o1(M) = o9o(M) = 1, 03(M) = 0.5 and o4(M) = 0.25.

The diagonal structure of the problem is:
A = {diag(51,51,52,52) :0; € R, ‘5z| <1l,2=1, 2}

The graph and the level contours of the largest eigenvalue of the matrix in equation (4.25)
are shown in Figures 4.1 and 4.2 respectively. Note that the function has a saddle point and

is maximised at the boundary of the constraint region (at point (91,62) = (—1,—1)).

Second Relaxation: Next we consider a second relaxation. Consider the set £ defined

in equation (4.16). Suppose that
P

Z 5;F;

=1

< ¢

for all §; € R with |§;] < 1,7 =1,2,...,p and introduce the set £9, where

Ev | Ero
Sg) = ! : E11 S mem, HEHH < ¢ (4.26)

Es1 | Eaa

in which the remaining blocks E1p € C™*("=™) Ey € C=m)X™ and Fyy € Cr—m)x(n—m)
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2.8 —

—24
2.6 —

244 —22

22—

Figure 4.1: Graph of )\1(51, (52), ((517 52) S [—1 1]2

are free. Clearly 8%’ D &1 D &€ and hence

Ya(M) > vg, (M) :=min{y : det(A —vE) =0,FE € £}
> min {||Al: det(A — A) = 0,[|Z'AZ|| < ¢} (4.27)

= ’75%5 (M)

Intuitively, to minimise the gap ya (M) — .4 (M) variable ¢ should be selected to over-
2
bound the set

p
Y 6B 6 €R, 6| <1i=1,2,...,p

i=1
as tightly as possible (in the spectral-norm sense). Thus ideally we would like to select ¢
which maximises:
P
$o = max Z(SiEi (0 eR|6 <1,i=1,2,...,p (4.28)
i=1
This is a maximisation of a convex function over a convex set and therefore the maximum

is attained at some extreme point of the constraint region. It is also clear that ¢y < 1.

In the following section we specialise the problem to the (generic) case m = 1 and
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1.8

1.6

1.4

1.2

Figure 4.2: Level contours of \; (81, d2), (81,82) € [—1 1)?

develop solutions to the relaxed optimisation problems defined in this section, thereby es-

tablishing computable upper bounds to pa (M).

4.2 Solution of relaxed problems (m = 1)

In this section we describe several algorithms that can be used to provide solutions to the
relaxed optimisation problems defined in the previous section in the case m = 1, i.e. when
the largest singular value of M is non-repeated. To fix notation we denote the left and right
singular vectors of M corresponding to the largest singular value (which is equal to 1) as
uy and vy, respectively. These are partitioned conformally with the diagonal structure A

defined in equation (4.4), i.e.

Uil

1 Ull U12 PPN Ulp 9 1 . .
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where v]; € CY*i and u;; € CH*! fori = 1,2,...,p. The matrices E; now reduce to

complex numbers, i.e. F; :=¢; = vj;uin € C,1 =1,2,...,p.

4.2.1 First relaxation: m = 1 case

We start the section by specialising Theorem 4.1.1 in the previous section to the case m = 1.

Lemma 4.2.1. Let A be as defined above and let 11 = > F_, 6%e; where 59 €R,

=1 "%

i = 1,2,...p. Then |611] < 1. Assume that ua(M) < 1 so that 611 # 1 (see Remark

& <1,

4.1.2). Then
min  ||Al|= min v
A11=011 y>1
det(A—A)=0 |72—611\:a2|1—511|
Proof. The proof is immediate from Theorem 4.1.1. O

The following Theorem specialises Theorem 4.1.1 in the previous section to the case

m = 1.

Theorem 4.2.1. Let matrix A be as defined previously let
P
A11 = {511 = 2526“51 € Ra |5l’ < 1)2 = 1727 s 7p}
i=1

Then |011| < 1 for every 611 € Aq1. Assume also that ua (M) < 1 so that 11 # 1 for
every 611 € A1y (see Lemma 4.1.4). Then

M) = i All =+/1 4.30
e, (M) = i A= VI G (4.30)
A11€EA

where ( is the solution of the following optimisation problem

1-0'X+40T6
1-0X+avV1—-0X+6To

Co = (a3 — 1) min{ such that ||6||e0< 1}

where ) ) ) ) ) )
51 %(61) %(61)
1) e &
s=1 "], x= (‘62) and v = | S
L Op ] L R(ep) | i S(ep) ]

andT = X X' +YY'
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Proof. Recall that from Theorem 4.1.1

ve, (M) = min All= min min vy (4.31)
(M) det(A—A):OH | 011€A11 |(42=511)(1-611) |=az
Aj1€AL; r>1
= |1+ min min ¢ (4.32)
011€A11 ‘1+C(1—511)71|:a2
¢>0

where the minimum value of ¢ (for fixed d11), (o, satisfies (; 1 — A1(¥) where

(1—611) 4+ (1 —=611)7t (1—611)7"

a2 —1 2 _ «
U= 2 -t |- & (4.33)
(1-5w) ; 5 o
a% —1

The maximum eigenvalue of U is

M) = ¢! = 2b VR AP

2
Write $(d11) = « and 3(d11) = y. Then
2 11—z 1 1
= d |7 =
“ a3 —11—2z+22%+y? and || a3 —11—2z+ 22+ y?

Also

2
Va2 + 4B = -

@-1)Ja-0r+ s

after some algebra. Thus:

1—xz)? 4 ¢
o= (e} 1)L (4.34)
1—z+ag/(1—x)2+y?
Finally note that r = §' X,y = §'Y and 22 + y? = §'(X X'+ YY')§ = 0'T6. O

We can now specialise the result of Lemma 4.1.2 as shown in the following Lemma:

Lemma 4.2.2. Let A be as defined above and let 611 = Y %_, 69e; where 69 € R, |69] < 1,
i=1,2,...p. Then |611] < 1 and 611 # 1. Further

. Alle .
min [ A min ot

det(AfA)ZO |72—(511|:a2|1—(511|

where A = {A € C"*", Z/Az =611},
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Proof. In the notation of Lemma 4.1.2 if Aj; € C"™*™ with [|A1;|| < 1 and

det (I — AH) 7'5 0

then
min A = min y (4.35)
det(A—A)=0 H('Y2Im_A11)(Im_A11)71H:am+l
Z{AZ1=A11 y>1

In the case m = 1, write A1; = d11 € C. Then the constraint can be written as:
’ (’yz — (511) (1 — (511)_1 | = a9 = ’72 — 511‘ = a2|1 — (511’ (436)
as required. O

The scaled version of the above result is the following:

Theorem 4.2.2. [8] Let A be as defined previously, let e1; € C, e11 # 1, |e11| < 1. Then:
ell) = min = min
f( 11) Ei1=e11 7 v>1 7
det(A—vE)=0 |[y—e11|=az|y~t—e11]
Proof. Follows from Lemma 4.2.2 by carrying out the scaling e;1 = 7~ 1611. O
The above lemma can be generalised and used to compute g, (M).
Lemma 4.2.3. In the above notation:
M) = i
e (M) min g
ly—e11|=az|y~ ! —ei1]
e11€€11
where
p
511:{Zé,~ei:5@-em,\5i\ Sl,izl,Q,...,p} (4.37)
i=1
Proof. Note that in the above Lemma we can set 11 = » &, 6?61' where 6? eR, 4] <1,
1=1,2,...,p. Allowing e1; to vary over the set £11 defined in 4.37 above, we can write:
ve, (M) =min{f(e11) : e11 € E11} = 31;? Y
ly—et1|=az|[y~ 1 —e11]
e11€€11

as required. O
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In this form, the problem has a nice geometric interpretation which allows us to calcu-
late yg, (M), i.e. the optimal v in the above equation corresponds to the intersection of a

Zonotope and a parametric Apolonius circle (of variable centre and radius).

As defined previously in chapter 2, Zonotopes are convex, centrally symmetric poly-
topes. They can be thought of as linear projections of a high-dimensional hypercube.
Specifically if A € RP*? with p < ¢ then the set Z = {Ax : © € [—1,1]9} defines a
Zonotope in R”. An equivalent way to define Zonotope is via Minkowski sums of ¢ line

segments in R?. Let {a;}?_;,a; € RP, i =1,2,..., ¢ be the columns of (. Then

q

Z:A1+A2—|—...Aq:{Zwi:wieAi,izl,Z...,q}
=1

where

Ai={w;: —1<A<1}, i=1,2,...,¢q

The vectors w; are called the generators of Z. To emphasise the dependence of Z on its
generators we will often write Z = Z(wq,ws,...,wy). Note that identifying the complex
!/

plane C with R? allows to write £11 = Z(e1,. .., €p) where €; = [ Rle)) Sep) | -1 =

1,2,...,p, ie. theset £1; C R? is the Zonotope with generators the vectors wy, wo, . . ., Wp.

It is clear that the whole set of 11 on complex plane, can lies within a convex hull. i.e.
since 011 = f (01,...,0,) € Cand —1 < §; < 1: Vi, all the combinations of f (; = +1)
make a set of points in complex plane. Thus a convexhull over these points forms the bound-
ary that contains f (—1 < ¢; < 1:6; € R, Vi). Figure 4.3 shows an example of convexhull
for a randomly selected 8 x 8 matrix. As this figure shows, the boundary around the extreme

point generate a convexhull.

Remark 4.2.1. The analysis that follows is based on [8]. Consider (for fixed v > 1) the

1

locus of the points in the complex plane defined by equation |y — e11| = as|y™" — e1].

Taking e11 = x + jy gives:
_ _ 2
—enlP =iy —enf & (r—2)* + 52 = a3 { (71— )" +¢?}
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0.6

Convexhull

Extreme points for all
combination of §i=0,:(: 1
0.4

021

-0.6
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

R Axis

Figure 4.3: Example of convexhull over a set of point for all combinations of f (§; = 0,£1) in an
objective 8 X 8 matrix.

Equivalently:

1

x2—27x+72+y2=ag{x2—27_ :U+'y_2+y2} &

2 _ A2 4 2
(a%—l)x2—2x<%77>+(a§—1)y2:72a2 &

2 2 4 2
as — 7 2 7 —ay

2
rt—2r———+ Yy = 5
v(a3 — 1) (a3 —1)y?

This eventually can be written as:

2 2 12 2 2
az — ] 5 [ 1Y —1]
rT— — 5| Ty =|ay —5—
[ v(a3 — 1) a3 — 1

and corresponds to a circle in the complex plane, C(7y), with centre (., y.) in which

2
as —7°
(V)= 75— Ye=0
C ’7 (a% _ 1) (4
and radius
2

ag v —1

r(y) = ————

() o
respectively.
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Note that 7(1) = 0 and thus the circle collapses to the point (1,0) when v = 1. Without

loss of generality we assume that 1 ¢ Z for otherwise p(M) = 1. In addition

a3 — Ldr(y)
as  dvy

=14++42>0

and the radius r(7) becomes unbounded as v — oo (with linear asymptotic growth). We

call this set of circle, Apollonius set. Further note that since:

2
(@ =1) 0= =15 (@ = 1) o) = a2 = 1<0

the circle’s centre moves to the left as -y increases. Further since z. — —1 in the limit as
v — oo we can conclude by continuity (and compactness and convexity of Z) that there is
a unique minimal value of v = ~ for which C'(y9) N Z # 0 at which C(~p) either includes
a vertex of Z or is tangent to one of its sides. Figure 4.4 shows a set of Apollonius circles
drawn for 1.1 < v < 1.45 with steps of 0.1. The figure shows how the Apollonius circle

moves to the left with increasing diameter as vy growth.

04 —_—
Y =1.05
=11
03F v, =1.15
—y, =12
Y =1.25
02 % =13
7, =1:35
Yo =14
011 7, =145
2
3 0
&
-0.1F
-0.2
0.3
0.4 I I I I I ]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

R Axis

Figure 4.4: A set of Apollonius circles starting for 1.1 < « < 1.45 with steps of 0.1.

This is summarised by reformulating Lemma 4.2.2 as follows:

Lemma 4.24. v¢, = min{vy : C(y) N Z(e1, €2,...,€p) # O}.
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Proof. Follows immediately from above discussion. O

In the following section we will present an algorithm for calculating £; using the
Lemma 4.2.4 which relies on a (computationally efficient) enumeration of the vertices of
Z(w1,ws, . ..,wp), along with a probabilistic bound when the enumeration is computation-
ally prohibitive.

The approach can in principle be extended to the case of non-linear or "correlated"
uncertainty structures. Let BRZ_ be the unit ball in R® with respect to the infinity norm,
ie. BRS, = [—-1 1]° and assume that 6; be a vector of real uncertain parameters. Let
d:=[01...05) € [-1 1]° is a vector of real uncertain parameters. Let ¢) : BRS — RP
be a contractive function, i.e. § € BRE = ||¢(0)]|o< 1, such that ¢(0) = 0. Let

P(0) := [11(9) .. .1p(0)]" define the diagonal uncertainty structure:

W = {diag (V1(8) I, - .., ¥p(0)Ik,) : 6 € BRS} (4.38)

where n = > P | k;. Note that the assumption |¢;(6)] < 1 for all § € BRS =

[—1 1]° is not really restrictive and can be enforced by carrying out the maximisation

w; = max|5<1 [¥i(9)], scaling the ¢'s as w; 1p(8) — 1;(5) and absorbing the scaling w;

in the corresponding elements of M.
Let u; and v; be the singular vector of M corresponding to the largest singular value of
M as partitioned in equation (4.29) and define ¢; = vj;u;1 € C, i =1,2,...,p and set

e; = o; + 736 o, B € R, fori =1,2,...,p as before. Consider the set:

p
D= {Zwi(é)ei o€ BR;} cC
=1

Assume that v is a continuous function, so that W5 and D are compact subsets of R® and C

respectively. Let 7 (M) be the structured stability radius, i.e.
Yo(M) = min{y : det(A —yE) =0, F € ¥4}
Then we have the following theorem:

Theorem 4.2.3. Let v, = min{vy : DN C(vy) # 0}, Then (M) < ~vo(M).

Proof. Similar to the proof of Lemma 4.2.4 0

Example 4.2.1. Let
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0.0991 +0.1747¢ 0.1889 + 0.10767 0.3233 4 0.2270:
M = | 0.0501 + 0.3534i 0.1925 + 0.25757 0.1470 + 0.36514
0.2549 4- 0.3496: 0.2778 4- 0.24447 0.2779 4 0.1111%

and consider the diagonal structure:
W(d1,02) = {diag (61, 02,0102) : 61,00 € R, =1 < d <1, -1 < 6 < 1}
The left and right singular vector associated to the largest singular value of M are

T
uyp = [ —0.2598 — 0.3969: —0.0709 — 0.61317 —0.3691 — 0.5078¢ ]

vy = [ —0.5869 4 0.00007 —0.4899 + 0.19767 —0.5673 + 0.2337¢ ]

so that e1 = 0.1525 + 0.23294, e5 = 0.1559 4 0.286417, e = 0.3281 + 0.2018:. Thus
D= {5161 4+ 09e2 + d102e3 1 —1 <61 <1,-1 <5 < 1}

Set D is shown in Figure 4.5 along with a the minimum-area ellipse containing D and
the touching Apollonius circle of minimum value ~; = 2.07 which is therefore a lower
bound to the structured distance to singularity of M. To verify that this is indeed a lower
bound, the square (61,02) € [~1 1]? was uniformly discretised (with a step equal to
0.01) and the smallest singular value of the matrix I3 — ~pin (91, 52)EA_1 was calculated,
where B = V*AU, A = diag(61,02,0162) and Ymin(61,02)EA™Y is the minimising ~
of Omin(Is — YRA™Y) in the interval [0 ;] (obtained approximately by discretion of this

interval with a step equal to 0.01).

It can be observed from Figure 4.5 that unlike the linear structures, the shape of bound-
ary enclosing all the pattern is not convex and highly depends on the values of M. It can
also be noticed that the result of this method gives a considerably tighter bound for this
example. This is specifically due to the position and the shape of the boundary that gives
extra room for the Apollonius circle to grow bigger. This is of course due to nonlinear of
A.

The graph of the function (61, 2) — Gumin (I3 —yE A1) is shown in Figure 4.6 below,
along with the corresponding level contours of the function in Figure 4.7. The minimum
value of the function is approximately 0.465 so the matrix singularity is never attained in

this interval.
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Figure 4.5: Set £11, minimum area ellipse and touching (minimum ~) Apollonius circle

4.2.2 Second relaxation: m = 1 case

We start by stating the expression for bound 7,4 (M) in the m = 1 case.
2

Lemma 4.2.5. [9] Let A = diag(1,as,...,an)withl < ay <az <...<a,and ¢ €R,

0 < ¢ <1, be given. Then
Vg (M) = min{[|A[[: det(A — A) = 0,[An| < ¢} = Vag — ¢(az — 1)

where A11 denotes the (1,1) element of A. Further all optimal rank-reducing perturbations

are given as

¢ Vo (M)el®
diag . ez (M) , Ass (4.39)
j _
’Ygg (M)e ¢
where 0 < 0 < 2, Asg € C=2X("=2) gpd || Ass||< Teg-
Proof. See [9] ]

As argued in the previous section the best choice for ¢ is obtained by carrying out the
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Figure 4.6: The graph of the function (81, 62) = omin(lz — YEA™)

maximisation in equation (4.28). Let e; = o; + j i, i, B € R, fori = 1,2, ..., p. Then

2
m
$2 = max 25'(041 +3Bi)| 10 <1

m 2
= max (Z dia; | + 7 Z 0;5; D0i] <1 (4.40)
i=1 i=1
m m 2
= max (Z i | + D a6 <1
=1 =1
Thus
$p = max {\/5/&5 6] 0 < 1} (4.41)
where ¢’ = [ 61 ... G } € RP and

P:F’GRPXP’ (F>’L]:aza]+/82ﬁ]7 Z‘=1727"'7p, j=1727"'ap
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for example the m = 2 case gives

of + 6% arog + 152
araz + BB ad + B

I'=

Remark 4.2.2. Maximisation of a convex function over convex set gives optimum at the

boundary of the constrained region.

Problem (4.41) is a maximisation of a rank-2 convex quadratic form with box-constraints.

This gives us the tightest possible bound in this class:

’Yg%ﬁ(M) < 781(M) < VA(M)

or equivalently

tes (M) > g, (M) > pa(M)

Remark 4.2.3. A link between the two relaxations can be established by noting the scaling

which allows us to transform the results in Lemma 4.2.2 to those of Theorem 4.2.2. Let
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0 < ¢ < 1 and consider the problem:

M)= min All= min min 4.42
Ve, (M) i A Jnin, min Y (4.42)
det(A—8)=0 [y?—d11|=az(1—|

By using the change of variables e1; = v~ 1011 and applying Lemma 4.2.2

ve, (M) = min min ol (4.43)
e11<y~ 1o 7>1
ly—eni|=az[1—]

Thus, according to our geometric interpretation we seek to find the minimum -y for which
the Apollonius circle C(v) touches a circle with centre the origin and radius ¢~y~'. Thus
the condition for optimally is:

2 .2 2
_ _1
a; =" ax vy _ ¢ (4.44)

Y(az—1) a3—-1 ~ v

2

a —_—
which simplifies after some algebra to the condition 2 = ¢ or equivalently v =

ag —
¢ + (1 — ¢)ag which is precisely the bound given in Lemma 4.2.5. Note that, as expected,
the lower the value of ¢ the tighter the bound. Note also that for any set e11 € €11 the bound
on the structured distance to singularity obtained via relaxation 2 cannot be tighter that the

bound obtained via relaxation 1 provided the corresponding optimisation problem can be

solved exactly.

Remark 4.2.4. Let

a=|qa ay ... ap}/7 ﬁz[ﬁl Ba ... Bp}/ and Q =

Then:
I' =ad + 86" and ¢g = max VT = max |24 ]|

ll6lloo<1 l161lo0
Thus ¢9 = max{||z|]| : z € Z(N)}, i.e. the maximum distance of the vertices of the
Zonotope with generator () from the origin. Thus, one possible way to calculate ¢q is to
enumerate all vertices of Z(Q))} (e.g. via the "reverse enumeration algorithm" [42], [1],
discussed in the next section), evaluate the distances of the vertices from the origin and
select the largest one. An alternative approach, when the full enumeration of the vertices
is not possible, is to solve the problem approximately via SDP relaxations. Let QQ = —T,

Q = Q' < 0 and consider the (primal) quadratic optimisation problem with box constraints
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[73]:
min{6'Qs : ||6]|oe < 1} (4.45)

The dual problem can be formulated as:

_ / . _qt
max d(N), d(\) = 61611]1{1)5 (Q +diag(N\))o — 1'A

(where 1’ denotes the row vector of ones) or equivalently in SDP form:
max —1'\ s.t. Q +diag(\) >0, A >0

Let v(P) and v(D) be the value of the primal and dual problem, respectively, so that g =
v(P) — v(D) is the duality gap. Reference [73] shows that a lower bound of g is given by
&0 (0%), where 1 is the nullity of Q + diag(\°)), &1 the smallest positive eigenvalue
of Q + diag(\°), \° the optimal dual solution and 0* a parameter in the interval 0 < <
1 which maximises the function 1n(0). This leads to a tighter lower bound of the primal
problem, v = v(D) + &.4110%(0%) < v(P). The computation of n(0*) can be reduced
to cell enumeration of hyperplane arrangement in discrete geometry which has complexity
O(p™t1) and hence can be computed in polynomial time for fixed r [73]. Thus, ifv > —1
we have that ¢g < ¢ := /—v < 1 and \/as — ¢p(az — 1) is a lower bound of the structured

distance to singularity.

Relaxation 2 can also be extended to non-linear or "correlated" structures. Define the
nonlinear diagonal structure Wy as in the previous section. Let u; and vy be the singular
vector of M corresponding to the largest singular value of M as partitioned in equation
(4.29) and define e; = vj;u;1 € C, 7=1,2,...,pandsete; = oy + jBi, a;, B; € R, for

1 =1,2,...,pas before. Carry out the maximisation

¢? = max (Z wiai) + (Z wiﬁl) : BRS, (4.46)
i=1 i=1

or equivalently:

do = max { /D) TH() : |6l 1} (4.47)

where

=TT e R™" Ty; = oo + Bij
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Then ~4,(M) = /a2 + ¢o(1 — az) which give a bound to the structured distance to sin-
gularity that improves on the unstructured bound a; = 1 (In fact this still folds if ¢ is
substituted by any upper bound of ¢g which is less that 1).The approach will be developed

fully in future work. Here it is illustrated with a simple example:

Example 4.2.2. Consider the same matrix M and diagonal structure as in previous Exam-

ple. Then qb% can be found by maximising the quadratic function:

B\I,(51752) = {diag (51,52,5152) : 51,52 ER,-1<6 < 1,-1< 0o < 1}

Let e; = a; + jB;, @ = 1,2,3. Then qb(% can be found by maximising the quadratic

function:
ol + 67 s+ Pife aras+ Bifs 51
F(01,02) = [ 01 02 0109 * a3+ 63 ooz + B2 d2
* * Oé% + 53% (51(52

subjected to the constraints —1 < 61 < 1 and —169 < 1. Hence ey = 0.1525 +

0.23294, eo = 0.1559 + 0.28641, e3 = 0.3281 4 0.2018:. Hence

0.0775 0.0905 0.0970
I'=1 0.0905 0.1063 0.1089
0.0970 0.1089 0.1484

Note that F%(61,82) may be expressed in full as:

F?(61,62) = (af + B7)?07 + (03 + $3)%05 + (a1a2 + B132)66,
+ (ag + B153)0202 + (agas + B233)0105 + (a3 + B3)%6763

In this case

F2(61,682) = 0.00667 + 0.011353 4 0.0905011 az

4 0.09706%65 + 0.10895, 03 + 0.02206%53

The level contours of F(d1,02) are shown in Figure 4.8 below. F (91, 02) is maximised
at (69,69) = (1, 1), the maximum value being F(69,09) = 0.9618. Thus the corresponding

value of vi2 = 1.0724. As expected this is a less tight bound than ;1.
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4.3 Aspects of algorithmic implementation

In this section we discuss issues related to the efficient implementation of some methods
outlined earlier. We start with the algorithmic implementation of the geometric method
suggested in Lemma 4.2.4 which identifies the optimal bound as the intersection of a Zono-
tope and a parametric family of (Apollonius) circles. First we establish an easily computable

upper bound on pg, (M) which is obviously a lower bound of ya (M ):

Theorem 4.3.1. Assume that & := Y | |R(e;)| < 1. Then

(M) = %\/@(1 —az)? + 4ag — g(ag —1) < g, (M) < ya (M) (4.48)
Further v (M) = vg, (M) if and only if § € Z.

Proof. Consider Figure 4.9 that gives a graphical interpretation of Theorem 4.3.1

Define

n

¢ =maxR(z) = max Y _GiR(e;) = > [R(es)| (4.49)
=1

€z 5|<1
? oil<13
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Figure 4.9: Graphical interpretation of Theorem 4.3.1

and assume that ¢ < 1. Due to convexity there is at least one vertex of Z with real part
equal to &. Consider the vertical line (z) = & which divides C into two half-planes. ¢ is

contained in the half-plane R(z) < &. Since

== %\/52(1 — ag)? +4ag — g(@ ~1)>1 (4.50)

is the positive root of the equation

a3 —~* azy? —1

7(a3-1) va3-1

E=zc(7) —r(y) =

the circle C'(y;) with centre the point (z.(;),0) and radius r(7;) lies in the half-plane
R(z) > & Thus Z N C(y;) = 0 except in the case & € Z and hence v, < g, (M) with
Y =Yg, (M) if and only if £ € Z

O

One possible way of making use of Lemma 4.2.4 is to follow the following procedure:
(i) Enumerate all vertices of Z.

(ii) Sort them in terms of their argument (between 0 and 27, say).
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(iii) List the Zonotope’s edges (line-segments linking consecutive vertices).

(iv) Calculate the values of ~ for which C(vy) goes through a vertex or is tangent to an

edge. The minimum of all these values is the required bound g, .

Note that the Zonotope vertices form a subset of all 27 points of the form Y 7_, d;e;
where the §;’s take the extreme values 1 (in fact due to central symmetry 2P~! evalua-
tions are enough). Thus, in principle, the vertices of the Zonotope could be obtained by
constructing the convex hull of these 2P points. Although this approach works for small p
is becomes computationally prohibitive as p increases. Thus a more efficient enumeration
method is needed in this case. The main objective in vertex enumeration, is still to find an
algorithm of low computational complexity (e.g. polynomial or linear-time)[59]. One of the
first enumeration algorithms in graph-based problems was proposed by Read et al. [60] and
is known as Backtracking. A linear-time algorithm was first proposed by Dyer [61]. This
uses a depth-first search and a balanced tree data structure [59]. Other efficient enumeration
algorithms include [59], [60], [61], [28], [29], [63] and [39]. Avis and Fukuda introduced
an algorithm known as reverse search [42] for enumerating the vertices of a zonotope. It is
known that for a zonotope Z (w1, . . . , wp) With p generating vector, w; € R%,i=1,2,...,¢q

the number of vertices |vert(Z)| is bounded as

q—1
vert(2)] <2 (p . 1) 4.51)
=0

and the bound is tight if the generating vectors are in general position. The reverse enumer-
ation algorithm is efficient both in terms of computational time and memory requirements
and is highly parallelisable. It is typically implemented in the dual setting of central ar-
rangement of p oriented hyper planes in R? which are normal to the generating vectors w;.
See [1] for details.

It is possible to avoid the solution of 2|vert(Z)| — 1 scalar problems corresponding to
step (iv) above after carrying out the Zonotope’s vertex enumeration. This can be achieved
by obtaining the ellipse of minimum area which contains all vertices of the Zonotope (and
thus by convexity the entire Zonotope). In this way we can obtain a lower bound on g, (M).
Since Zonotope Z is centrally symmetric, the optimal ellipse will be centred at the origin

and hence is described by an equation of the form:
H={2eR? 'Ez=1landz"Ez<1Vz€ Z} (4.52)
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where for E € R?*2, B = ET > (. The area of the ellipse is d:(E) and hence the
e

optimisation problem takes the form:

¢,
min ——— st St EH(E), ,i=1,2,... |vert(Z)] (4.53)
E=E*>0 det(E) RE;

where &; € C are the vertices of Z. To turn this to a convex problem, set () = E/2; then

since z*Ez < 1 < [|Qz||< 1 an equivalent form of the optimisation problem is:

1 & .
| st.Q=Q" >0,]Q| <1,i=1,2,...,|vert(Z)|  (4.54)

min lo -
i g9/Q

%

The last set of constraint be written in the form of Linear Matrix Inequalities(LMI’s:

%ei
I Q
Se; >0, i=1,2,...,|vert(2)]
[ §R€Z‘ %61‘ }Q 1

This is now a convex optimisation problem and can be solved in a variety of ways.
e.g. interior-point method or DRN algorithm [74]. Here we use a the Conditional Gradient
Ascent algorithm and used the MATLAB code provided by [75]. To find the intersection
point we make both ellipse and circle equation equal and will calculate the associated +;
where gives a single intersection point. The solution is a polynomial equation of degree
four which depending on the value of + can have zero, one, two, three or four independent
solutions, but only the ~ associated with one real repeated solution (the smallest circle) will

be accepted.

The above method relies on the enumeration of the vertices of Z which may be imprac-
tical for high dimensional problems. It is possible to find an ellipse containing Z directly

from the generating matrix {2 without enumerating the vertices:

Lemma 4.3.1. Let Q € R**P with rank(Q) = 2 and singular value decomposition ) =
ULV with ¥ = diag(X), UU' = U'U = Iy and V{Vi = I5. Then Z C £ := {x € R? :
2 (pTlUS2U" )2 < 1.
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Proof. First note thatif § € RP, ||§|c < 1 = ||0]| < /p and hence:
2(9) = {96 6] <1} C {3920 : 6] <1} = Py
Hence, if VQ’ is the orthogonal complement of Vl’ so that [V} V5] is square orthogonal,
Po = {VBUSVI3: 6] < 1)
Changing variables z = V6,
Py = {\/f)UEVfo x|l < 1} = {/pU%z; : [|z1]] < 1}

where z1 = [I2 02 ,—2]z. It now follows that

Po=E:={yeR*: p UL Uy <1}

Take y € Py so that y = /pUXxy, ||z1|| < 1. Then 1 = Ly-1y'y and

Nz

m/lacl <1l = pily'UEJU’y <1

so that y € £ Conversely if y € & then ||ﬁ2_1U’yH < 1, so y can be written as
y = /pUXx, for some x; with ||z1[| < 1, so that y € P. O

Remark 4.3.1. If rank(Q)) = 1 we get a degenerate ellipse consisting of a line segment with

centre the origin.

Remark 4.3.2. Calculating the minimum value of =y such that the Apollonius circle C(vy)
intersects the ellipse £ gives a lower bound of the structured distance to singularity. The

bound may be conservative, although enumeration of the vertices of Z is avoided.

Example 4.3.1. Figure 4.10 shows a zonotope corresponding to a randomly generated
matrix M € C°*° and a diagonal uncertainty structure with 9 real elements. This is ap-
proximated by the minimum-area ellipse containing the 18 vertices of the zonotope and
the ellipse constructed via Lemma 4.3.1. The figure also shows the three Apollonius cir-
cles touching the Zonotope and the both ellipses. The corresponding lower bounds to the

structured distance to singularity is v; = 1.585, v; = 1.565 and v; = 1.530, respectively.
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Figure 4.10: Using an enclosed ellipse to find a bound

4.4 A randomised algorithm to calculate an upper bound on the

structured singular value

It is been argued previously that in the linear uncertainty case the calculation of a lower
bound of the structured distance to singularity requires the enumeration of the vertices of
a Zonotope. This can be effectively achieved using several deterministic algorithms, e.g.
the reverse-enumeration algorithm described previously. In high dimensional problems,
however, even efficient deterministic algorithms are impractical due to high computational
complexity. In this case one can rely on randomised algorithms which approximate the
Zonotope by generating only a subset of its vertices. Here we extend the method described
in chapter 2 to obtain a probabilistic bound on ;3.

Consider a Zonotope with generator a matrix 2 € R9*™ where ¢ < p. In the special
case considered in this section (m = 1) ¢ = 2 and the Zonotope is two-dimensional. Recall
also that p is the number of uncertainty parameters ¢;. Suppose that the columns of 2

/
(| R(es) S(e) ) satisfy the following two (generic) conditions: (i) No column of € is
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the zero vector, and (ii) no two columns of €2 are scalar multiples of each other. Then the
Zonotope generated by 2, i.e. Z = {0 : 6 € [—1 1]P} is in general position and its

number of its vertices is )
g—
p—1
ert(Z)| =2
wen(z) =23 (")

([vert(Z)| = 2p if ¢ = 2). Then, under the above assumption, for & € RP such that ¢ has
all nonzero elements, the point v defined the mapping v = m(d) := Asign(A’J) is a vertex

of Z(wi,...,wp). From central symmetry v € vert(Z) = —v € vert(Z). Moreover, if

H:O{éeR”:w’ézo}
i=1
where @ are the rows of Q, i = 1,2,...,¢, then the mapping m : R?\ H — vert(Z)
is well defined and onto [40]. A randomisation algorithm can now be used to enumerate
the vertices of Z. The algorithm updates a list of vertices (initialised as the empty list) by
drawing independent samples § € R? from a p-dimensional standard Gaussian distribution,
computing vy = Qsign(€'0) and v— = —wvy and adding them to the list (unless they
are already listed). The algorithm can proceed until all vertices have been enumerated, or
terminate after a fixed number of iterations. In the later case only a subset of vertices will

be (in general) enumerated. The convex hull of these vertices will be a subset of Z.

The Zonotope approximation of reference [40] proceeds by characterising the prob-
ability that any particular vector 6 € RP maps to a particular vertex via map m. This
probability is characterised by a geometric feature, in particular, the vertex’s normal cone.
Specifically, it can be shown that under the previous assumption, the inverse function of m,

m~!:vert(Z) — RYis m~1(v) = inv(Nz(v)) where:
Nz(v)={0 €RP:0'(z—v) <0 forall z€ Z}

is the normal cone of v. This allows to assign a probability measure on the vertices of

v; € Z,1.e.
Py, [v;] := Ps[Nz(v;)] = Ps[int(Nz(v;))] = Ps[{6 € RP : Q sign(Q'5) = v;}]

Note that since the volume of the normal cone of a "sharp" vertex (weighted by the stan-
dard Gaussian density function) is larger than the weighted volume of a "flat" vertex, a

"sharp" vertex gets mapped to more frequently relative to a "flat" vertex. This is important,

110



since "sharp" vertices contribute more significantly to the shape of the Zonotope than "flat"
vertices and hence, if retained, result to a better approximation. This allows to estimate
(probabilistically) the number of iterations of the randomised algorithm needed to gener-
ated any vertex of the Zonotope. It also allows for the derivation of a (probabilistic) bound
on the Hausdorff distance between Z and its approximation, defined as the convex hull of
the subset of vertices generated by the randomised algorithm executed with a fixed number
of iterations. This is stated after the following definition:

Let v € vert(Z). We define the simplicial constant of v to be
az () :=inf{||v — z|| : = € conv(vert(Z) \ {v})}
x

Note that this is the Hausdorff distance between Z and its subset conv(vert(Z) \ {v}). The
concept Hausdorff distance and Normal cone has been discussed in details at chapter 2. The

following Theorem now follows:

Theorem 4.4.1. [40] Let Z(w1,...,wp) to be a Zonotope with its generating vectors in

general position. Given € > 0 and §1 > 0 choose b > diam(Z) and p; as

log (|vert(2)|/¢€)
log (1/(1 = k))

(4.55)

where

k= <; (1 —sin (arctan(b/é)))) ’ (4.56)

Let V be the subset of Z’s vertices produced by the randomised algorithm after p, itera-

tions. Let h(Z,conv(V')) be the Hausdorff distance between sets Z and conv(V'). Then:

h(Z,comv(V)) < \vert(Zz)\Wél (4.57)
with probability at least 1 — 2% where a = |vert(Z) \ Uz|/2 and
Uz ={vevert(2):az(v) >4}
Proof. See [40]. L]
We can now prove the following Corollary which gives a probabilistic lower bound to

the structured distance to singularity.
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Corollary 4.4.1. Let all variables be defined as in Theorem 4.4.1 Let P be a compact

superset of conv(V') such that

> ]vert(i) \ V]| 51

h(P,conv(V)) (4.58)

and 1 ¢ P. Let also
(M) =min{y:vy>1,PNC(y) # 0} (4.59)

Then (M) < ya (M) with probability at least 1 — 2%.

Proof. Conditions given by equations (4.57) and (4.58) imply that P O Z with probability
at least 1 — 2%. The existence of the indicated minimum in equation (4.59) follows from

the compactness of P. The inequality v;(M) < ya (M) follows from Theorem 4.2.4. [

Note that if we use the randomised enumeration algorithm defined in theorem 4.4.1,
some of the vertices could be omitted. This makes the approximated polytope to have a
smaller boundary. Therefore, the same circuit that touched the original Zonotope may leave
some gap to the new one. In other words, v will increase as the circle (with a larger radius)
is pushed to the left before the tangency condition occurs. Note that this gives tighter upper
bound on p but there is a risk that the optimiser fall within the omitted area where the
upper bound loses its validity. Figure 4.11 illustrates how the randomised algorithm could

potentially eliminate the optimiser.

1.5
f contours
Clyg)
- - Cly,)
1 - Cly,)
[JRandomised polytope
[Joriginal Zonotope
Extended polytope
0.5
0
mitted Vertex
05 Optimiser
-1
1.5 / .
-4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0

Figure 4.11: An example that the optimiser is omitted by the the randomised algorithm
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In Figure 4.11, the red polygon shows the original Zonotope related to d;; and blue
boundary is the approximate polytope generated by the randomised algorithm. Thus the
area between the Zonotope and the reduced polytope, i.e. the triangles, is omitted by the
randomised algorithm. Assume that the contours show the actual optimisation of the main
problem where the optimiser falls exactly in the omitted area. Now the v = ~; related
to middle circle is the exact solution of the p-problem. Morever, the v = 79 = pg !
corresponding to the smaller circle which is tangential to the original Zonotope is smaller

than the solution, v = vy; = ul_l, i.e.

o < 1

Now imagine that the randomised algorithm omits the vertex shown in Figure 4.11. The
result would be the blue Zonotope. The C(+y) then will increase in area and shifted to the
left in order to contact with the randomised polytope for a larger v say 2. Using the same

justification, y2 > 7y and thus

2 < o

This means that the upper bound could potentially be smaller than the actual solution and
hence is not be a valid result. A solution proposed in this work to overcome this issue
is to extend the randomised polytope so that the extended polytope constructed from the
partially enumerated vertices contains the exact (but unknown) one with a high probability.
To achieve this, however, we need a measure that identifies by how much the Zonotope
should be extended to ensure all the original vertices are inside the extended polytope.
Corollary 4.4.1 suggests that if we expand the randomised polytope by «d, then with a
probability of at least 1 — 2¢J the new (extended) polytope includes the original Zonotope.
The advantage of extended polytope is that it has the same number of vertices as the one
obtained from the randomised algorithm. Since the extended polytope has a larger area,
though, it pushes the tangential circle to the left and hence the corresponding ~y is smaller

than the one associated with the original Zonotope (green boundary in Figure 4.11). Thus

pa(M) < {yyt, polytope(2)} < {ry*, polytope(U')}

Remark 4.4.1. The best bound is obtained when the Housdorff distance between conv(V)
and the extended polytope P is equal to the bound given in the right-hand-side of equation

(4.57). The construction of P which achieves this is straightforward.
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4.5 Numerical experiment

To demonstrate this method a 9 x 9 matrix M is randomly selected and is normalised so
that its largest singular value is equal to one. Here M = M, + jM;, where M, € R%*? and
M; € R99 where:
[ 0.02 0.08 0.13 0.06 0.05 0.01 0.07 0.12 0.07 ]
0.06 0.14 0.13 0.11 0.12 0.10 0.01 0.03 0.09
0.05 0.11 0.12 0.12 0.037 0.09 0.08 0.10 0.05
0.07 0.10 0.14 0.09 0.13 0.11 0.03 0.01 0.01
M, =1 009 0.07 0.03 0.01 0.11 0.15 0.08 0.12 0.13
0.02 0.04 0.08 0.14 0.08 0.06 0.05 0.10 0.02
0.13 0.08 0.09 0.01 0.04 0.04 0.05 0.14 0.05
0.09 0.04 0.14 0.08 0.04 0.13 0.11 0.01 0.09
0.02 0.05 0.10 0.02 0.11 0.12 0.08 0.13 0.15

and ~
0.08 0.06 0.02 0.07 0.14 0.08 0.07 0.04 0.04

0.15 0.05 0.15 0.01 0.09 0.01 0.01 0.11 0.01
0.03 0.15 0.07v 0.13 0.04 0.13 0.11 0.15 0.07
0.06 0.10 0.00 0.04 0.03 0.06 0.00 0.05 0.09
M; =1 0.10 0.06 0.01 0.04 0.06 0.08 0.14 0.11 0.02
0.01 0.01 0.02 0.09 0.00 0.08 0.11 0.01 0.07
0.11 0.11 0.13 0.07r 0.13 0.10 0.14 0.09 0.10
0.06 0.10 0.07 0.05 0.09 0.05 0.08 0.06 0.12

0.12 0.01 0.08 0.10 0.03 0.01 0.03 0.11 0.05

The uncertainty structure is assumed diagonal with 9 uncertain parameters. This gives
rise to a Zonotope Z with p = 18 vertices shown in Figure 4.12. The figure also shows the
minimum-area ellipse containing the Zonotope, the ellipse constructed via Lemma 4.3.1

and the vertical straight line through the vertex of the Zonotope with maximum real part.

In addition the Figure shows the Apollonius circles of minimal parameter values v =
which touch the Zonotope Z, each of the the two ellipses and the vertical straight line,
respectively. The corresponding values of +; which corresponds to lower bounds on the
structured distance to singularity of M are summarised in Table 4.1. Fig. 4.12 shows the

results of several algorithms presented in the paper when applied to M.
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Table 4.1: Summary of lower bounds

Method Lower bound (7;)
Exact Zonotope Z 1.520
Minimum-area Ellipse containing Z 1.512
A-priori Ellipse (Lemma 7) 1.490
Extended 4-vertex Zonotope (P = 88%) 1.420
Vertical line through vertex with max real part 1.117

Next the randomised algorithm was applied to the problem with parameters §; = 0.04
and € = 0.02. It was assumed that on termination the randomised algorithm enumerates
only 4 out of 16 vertices whose convex hull P is shown in Figure 4.12. Note that all
the omitted vertices have flat angles so P is the most probable outcome of the randomised
algorithm. To obtain a probabilistic bound P was extended by the estimate of the Haussdorf
distance vd1 /2 = 0.14, where v = 14 is the number of omitted vertices. Note that although
in this case the extended polytope well covers the original one, this can be guaranteed only
probabilistically when the vertices of Z cannot be fully enumerated. The corresponding
probability in this case is P = 1 — € x 2V/2. In this example this is P = 1 — 0.01 x 27/2 =
88%. Therefore, the result of this method, v; = 1.420 (u, = 0.704) is guaranteed with
a probability of 88%. Note that in general the choice of the most appropriate method is a

compromise between accuracy (derivation of a tight bound) and computational complexity.

We conclude the chapter by illustrating the numerical performance of the algorithm.

This time M = M, + jM; (truncated to 3 decimal places) was defined as:

—-0.166 —0.059 —0.116 -0.000  0.109 —-0.097 —0.066 0.039 —0.096 |
-0.009 -0.029 -0.005 -0.018 0.005 —-0.030 -—0.018 0.005 0.001
0.040  0.098 0.023 0.060 -0.018 0.110 0.059 -0.028  0.004
0.026 -0.013  0.022 -0.014 -0.020 -0.008  0.001 —0.000  0.021
M, = | —0.087 0.033 —0.065 0.044  0.061 0.015 —0.002 0.008 —0.073
0.126 -0.107  0.091 -0.102 -0.091 -0.082 -0.023 0.005 0.117
—0.171 0.015 —-0.121 0.049  0.118 —-0.020 —-0.029 0.024 —-0.122
0.006  0.02r  0.002  0.017 0.000 0.028 0.016 -0.006 —0.004
0.000  0.163 -0.004  0.115 0.013  0.171 0.080 —0.040 —0.047 |
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Figure 4.12: Numerical experiment with different methods

0.125 —0.256
0.031 —0.023
~0.105  0.102
0.001  0.025
0.011 —0.105
0.043  0.123
0.061 —0.229
~0.027  0.020

| —0.144  0.073

0.097
0.020
—0.078
—0.000
0.008
0.023
0.053
—0.016
—0.104

—0.207
—0.022
0.093
0.020
—0.071
0.076
—0.174
0.022
0.083

—0.103
—0.021
0.074
0.001
—-0.014
—0.013
—0.060
0.021
0.100

The uncertainty structure in this case was defined as:

—0.238
—0.020
0.081
0.028
—0.105
0.138
—0.218
0.012
0.044

—0.093
—0.005
0.024
0.015
—0.048
0.067
—0.095
—0.000
0.000

A= {diag(51]3,6213,53[3) 1 0; € R,z = 1,2,3}

0.8

0.038
0.002
—0.007
—0.006
0.021
—0.034
0.043
0.001
0.009

0.156 |
0.026
~0.099
~0.007
0.032
~0.008
0.107
—0.023
~0.121 |

(4.60)

The singular value decomposition M = UXV™* was carried out via Matlab’s svd.m function.
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The corresponding Zonotope
Z = {vi‘Aul A= diag(51[3,52[3,(53[3), -1 (51 < 1,’i = 1,2,3} (461)

(in which u; and v; denote the first columns of matrices U and V, respectively), has 6
vertices (and 2 internal points out of the total of 23 = 8 extreme combinations of v; Awuy
when §; = £1). The convex (D-iteration) bound of pa (M) was calculated via Matlab’s
function mussv.m as fi; = 0.282. The corresponding bound obtained by the intersection of
Z with the family of Apollonius circles is i = 0.300. The computational times needed to
perform the calculation were ¢; = 0.1976 s and ¢ = 0.0080 s, respectively, corresponding
to a speed-up factor of about 25 times when our method is applied. This is likely to further
improve as the complexity of the problem increases. For the present problem, the largest
computational load is the computation of the singular value decomposition. This could be
avoided as what is really required is the pair of singular vectors corresponding to the largest
singular value of M and this can be obtained efficiently by an alternative algorithm, e.g. the
power method applied to M M* and M* M.

To compare the numerical efficiency of the two algorithms 1000 complex matrices of
dimension 9 x 9 were generated randomly in Matlab and the ratio of the corresponding
computational times was calculated in each case. The uncertainty structure remains the
same as in equation (4.60). The histogram of the speed-up factor obtained with the proposed

method is shown in Figure 4.13.
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Figure 4.13: Speed-up factor

The average speed-up factor is 95.29 and the standard deviation of the distribution is

91.91. The minimum and maximum factors observed in the simulation were 5.24 and
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669.69, respectively.

4.6 Summary

The problem of obtaining bounds on the structured singular value of a matrix M subject to
real parametric uncertainty has been considered in this chapter. The method relies on two
relaxation techniques involving the projection of the uncertainty in the "most critical direc-
tion" as defined by the set of optimal (maximum norm) unstructured perturbations. The first
relaxation leads to the maximisation of a convex quadratic function with box constraints (for
which convex bounds are possible). The second relaxation reduces to a geometric problem
involving the intersection of a Zonotope and a family of Apollonius circles. This can be
solved, provided the vertices of the Zonotope can be fully or partially enumerated. If full
enumeration is possible (e.g. via an efficient algorithm based on "reverse-enumeration") a
deterministic bound is obtained. For high dimensional problems, however, this may not be
feasible computationally and we may need to rely on a randomisation algorithm produc-
ing only partial enumeration of the vertices. In this case, it may still be possible to obtain
a probabilistic bound using the estimate of the Hausdorff distance between the true (but
unknown) Zonotope and the convex hull of the polytope constructed from the partially enu-
merated vertices. Our approach is extended to the correlated-uncertainty case or when the
uncertain perturbations enter the model in a nonlinear way. Several computational examples

are included in this chapter to illustrate the main results of our work.
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Chapter 5

Greatest Common Divisor(GCD): A
Structured Singular Value Approach

5.1 Introduction

It is known that the computation of the Greatest Common Divisor (GCD) of two polyno-
mials is a non-generic problem [76] with many application in engineering fields e.g. alge-
braic control methods, distance to controllability or observability, determinantal assignment
problems, Robust Control, stability of dynamic systems subject to structured perturbations,
Linear Systems, Numerical Analysis and other Engineering fields. This area is the subject
of several researches in recent years who have attempted to introduce effective numerical
calculations for the solution of the problem [77], [38] and [78]. Karcanias et al. in 1984
developed a non-generic techniques for calculating the nearest common root of polynomials

with applications in the field of systems and control [77].

In [79] the notation of the "approximate coprimeness" of two polynomials has been in-
troduced. This is defined as a minimum magnitude perturbation in polynomial’s coefficient
vectors such that the perturbed polynomials have a common root. Finding perturbations of
this type is equivalent to the solution of the structured distance to singularity , or equiva-
lently a structures singular value (1) problem. The main advantage of this transformation is
that it leads to various numerical techniques from the area of robust control which may be
used to find a solution or approximate bounds to GCD problem.

Hence, the concept of "approximately coprimeness" can be defined as a distance from
the nearest common divisor in an appropriate sense. Similar definition of "almost zeros" was

first introduced in [31]. This definition has been reformulated to the notion of "approximate
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GCD" which is, in fact, based on the relaxation of the conditions defining the exact GCD,
see [32], [33], [34], [35], [36], [37] and references therein. Reference [80] proposed one
of the most recent methods for calculating the distance of a set of co-prime polynomials to
the set of polynomials sharing a common root. The technique is based on singular values
to define and solve approximate GCD problems by converting the corresponding Sylvester
matrix in the GCD problem to a diagonal matrix compatible to 1 problem. A disadvantage
of this method is that the size of equivalent objective matrix in the x problem will increase
considerably. To have a sense of how significant this could be, imagine that we want to
solve a GCD problem of degree 10 by converting it to the p problem. The equivalent M
matrix would be 200 x 200. This will significantly increase the computational expense of
the 1 problem. We have mentioned in Chapter 4 that the structured singular value method is
often computationally demanding. One way of overcoming this issue, which has been noted
in most of references mentioned earlier, is to ignore the structure of the problem and use
the singular value as an approximate measure of singularity (and thus loss of coprimeness).
This, however, gives a loose bound which is far from the optimal solution in many cases. In
this Chapter, we propose using the Lehtomaki approach [16] to perturbations matrix with
a Sylvester structure. This gives an upper bound tighter than the largest singular value
while avoiding exact calculations of high complexity. The advantages of this approach are

illustrated via a numerical example. We use similar notation as in previous Chapters.

5.2 Minimum distance to common root of polynomials

A recent approach introduced in [79] proposes an algorithm for calculating the distance of
two polynomials from non-coprimeness, i.e. the minimum size perturbations in the poly-
nomial coefficients so that the two polynomials share a common root. It is shown that
the problem is equivalent to the structured distance to singularity of the Sylvester matrix

constructed from the nominal coefficients of the two polynomials.

The associated perturbation matrix inherits the structure of the Sylvester resultant ma-
trix. Ignoring this structure, the smallest singular value of the Sylvester resultant matrix
could be taken as an indicator for the distance to singularity. This, however, may be conser-
vative. In the following subsection the problem of deriving a i problem associated with the

minimum distance to singularity is described.

120



5.2.1 Problem definition
Considering the definition of x problem

1
= prd 1 A 5.1
A ua (M) det(IIElﬁlA)z()H | -1
AeA

We first start with the following two Theorems from [79] that show how to define a
Sylvester matrix related to two polynomials and how to formulate the problem of estimating

the nearest common root in a p framework.

Theorem 5.2.1. [79] Let Sy, »,(a,b) be the Sylvester matrix related to two polynomial

a(s) = s+ AUm18™  + ap0s™ 24+ g

5.2)
b(s) =s"+ Bn—lsn_1 + /Bn—25m_2 + -+ Bo
with Oa(s) = m and 0b(s) = n, i.e.
1 Am—1 e (67) 0 e 0
0 1 (07777 IR Qg e 0
0 0 ... 1 ome1 ... «
Smn(a,b) = ' O | e clmtmxmin) (53
1 B e 5o 0 ... 0
0 1 Bma ... Bo ... O
I 0 0 .. 1 Bmo1 ... Bo |

Then, Rank(Sy,n(a,b)) =n+ m — 0¢(s). Here, O denotes the degree of the polynomial
and ¢ is the GCD of a(s), b(s).

Proof. see [79] and references therein. O
Theorem 5.2.1 shows that nullity of Sylvester matrix S, ,(a, b), identifies the degree

of the GCD of a(s), b(s). The following theorem establishes a connection between GCD

and p problems.

Theorem 5.2.2. [79]
Let

1. ao(s) and bo(s) be two co-prime polynomial with a(s) = m and 0b(s) = n respec-

tively.

121



2. Sm.n(ao, bo) be the Sylvester matrix corresponding to aq(s) and by(s).

3. A be the following set of block diagonal perturbations: following structured

A = {diag (6m71[n7 vy Ooln, en1lm, ..., Eolm) 105, € € C} 5.4

4. M =—-Z8,.} (ag,bo) ©, where

N

o_ | In I, \ On,m Onim | ot 20m
Om n Om,n Im <. Im (55)
7' = (23,) (zm) | (20,) ... (zm) | e rormam
in which

Z’Sm = [ On,kJrl In On,mfkfl :|

fork=0,1,... m—1

And also lets a(s) = and b(s) be the perturbed polynomials,

a(s) =ap(s) +0(s) =" + (m-1 + 5m_1)sm_1 + o ag 4 0o

b(s) =bo(s) + €(s) = 8" + (Bm—1 + €m—1)s™"" 4+ + Bo + €0

Then

|l = max {[dol, - - -, [0m—1l, l€ol; - - lem—]}

and the minimum norm of || A| such that a(s) and b(s) have a common route is f1n)-1(ap).-

Proof. The Sylvester equivalent matrix Sy, ,(ao, bo) is nonsingular due to the assumption

that ag(s) and by(s) are coprime. Perturbing both polynomials as. a(s) = ag(s) + d(s)

and b(s) = bp(s) + €(s) result in a perturbation on the Sylvester matrix Sy, ,(a,b) =

Sm.n(ao, bo) + E where E denotes the ‘perturbation matrix’:
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0 dm_1 ... 0o 0 . 0
0 0 pe1 ... 6 ... 0
2o 0 0 0 dm-1 0o
0 €Em—1 €0 0 0
0 0 €Em—1 €0 0
0 0 NN 0 €tm—-1 ... €0

Matrix E can now be factored as £ = ©AZ, where © and Z are defined in (5.5) and A is
defined in (5.4).

Clearly A is diagonal and
max {|0g|, - - -, |0m—1], €0, -, |em—1]} = ||A]|

Since Sy, (ao, bo) loses rank if and only if the polynomials a(s) and b(s) have a common

root, the problem is equivalent to
min || Al such that det(Sp, (ao,bo) + OAZ) =0and A € A (5.6)
Using the matrix identity,
det(I + BC') = det(I + CB) (5.7)
we conclude that

det (Smn(ao, bo) + OAZ) = 0 < det (I + Z5S,,} (ag,bo)OA) =0 < det (I — MA) =0
(5.8)

Hence the problem becomes

min {||A] : det (I — MA) =0,A € A} = p ' (M)

Remark 5.2.1. Note that GCD problem with a Sylvester matrix of dimension (n + m) X

(n + m) is equivalent to a p problem of a matrix of dimensions 2nm x 2nm
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Converting the GCD to a y problem allows us to use existing algorithms for the solution
of the approximate GCD problem at the disadvantage that the dimensionality of the problem
increases significantly. Therefore, conversion to a ;4 problem may not be a cost efficient
method for large scale systems. In the following section, we adapt the Lehtomaki approach
to find a tight bound to the p problem which can be used to estimate the value of the

structured singular value using straightforward calculations.

As a practical example of GCD in control systems we can name the "Distance to Un-
controllability”, which refers to controllablity of a given linear time-invariant system [81].
A system represented by state space with parameters A and B is state controllable if and

only if the matrix

S(A,B):=[ A AB ... A"'B

is full rank. This involves rank computation. In fact, checking the controllability prop-
erty requires a numerical test on the parameters of a specific representation of the system.
Now consider two polynomials a(s) and b(s) in frequency domain. The single-input single-
output system S(a(s), b(s)) is controllable if an only if a(s) and b(s) are co-prime[82]. This

is exactly the GCD problem of two polynomials.

5.2.2 Lehtomaki Approach

Considering Sy, (a, b) in (5.3), let the corresponding perturbation matrix, A belongs to the

following structured set:

0 6me1 ... S O ... 0
0 0 Om—1 do 0
0 0 e 0 dm1 ... 9o
A= { : 51‘,@‘ € C} (5.9
0 €n—1 .o €0 0 oo 0
0 0 €n—1 €0 0
0 0 0 €n—1 €0
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Thus, we need to solve the following structured distance to singularity problem:

min |Al (5.10)
det(Sm,n(a,b)+A)=0
AcA

Let Sy, n(a, b) have a singular value decomposition

-0'1 0 0 | -Uik-
. 0 oo ... O v3
Sn(a,b) = USV :[ul ‘uQ“un}
L 0 0 oo oon | | un |

where u; € C"**, v; € C™** fori=1...n.

Then

det (Spn(a,b) + A) =0 &
det (UXV*+A)=0< (5.11)

det(S + U*AV) = 0

The last statement is due to the orthogonality of U and V. Now we impose a constrain
on A which does not allow a projection equal to o, in the most sensitive direction, wu,v;.

Problem (5.10) is thus relaxed to

min | Al (5.12)
(S+U*AV)=0

AeA
lun Av} |[<¢p<on

The optimal value of Problem (5.12) is [16]:

|U*AV|| = /0non_1 + ¢(0n — 0n_1) (5.13)

which implies that if the norm of A is less than the value in the right hand side of (5.12)
then ¥ + U*AV is nonsingular,

Note that ¢ is an arbitrary non-negative parameter between 0 and o,,. Setting ¢ = 0
gives the maximum distance to singularity ,/0,,0,—1, while setting ¢ = o, recovers the
unstructured distance to singularity equal to o,,. Hence, the more |u, Av| is restricted, the

better the bound achieved.
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Now, assume that A varies in the structured set of unit ball B . What is the minimum
value of ¢ compatible with this structure, i.e. the smallest possible ¢ for which |[v} Au,| < ¢

for all A in BA ? Clearly, the optimal ¢ is obtained by solving:
Jfnax |vrduy| = ¢ (5.14)

Note that values of ¢ is the largest of the optimal value could be used and would result in
a lower bound on the structured distance to singularity (equivalent upper bound to the struc-
tured singular value) by applying equation (5.13). The tightest possible bound, however, is
obtained by using the optimal value of ¢ given by (5.14).

The above discussion is summarised in the following Lemma:

Lemma 5.2.1. Let M, o, 0p—1, 2 and U be as defined as above and define

1

#o M)= (AT A € A, det((A— U-AV)) = 0}

(5.15)

where A has the structure defined in (5.9). Then

-1

pa(M) < <a\/ Inl 1 o <1 - "“)) (5.16)
On On

b0 = max fun Ao (5.17)

where

Proof. Suppose Ba denote the unit ball as defined in chapter 4,

Ba = {AcA:|Al< 1}

Thus (5.14) implies that

max |v) Auy,| = ¢

AeA
A
= max|u vpl = @llAIT
"yt
= max [u,Avs| = go, A7

A€EBA

unAvj| < don|| A7 VA €BA,0< 9 <1
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then from (5.13)

min  |A[> an\/"”‘l +é (1 - "”‘1> (5.18)
AEA On On
det(A+U*AV)=0
Equivalently, if
max det(u, Av’) = ¢o < 1 (5.19)

AEBA

then pa has an upper bound of

-1
<an\/0"1 + ¢o <1 - 07”)) (5.20)
on on

O

Although Lemma 5.2.1 provide a better upper bound to the structured singular value
compare to the norm of M, it still requires solving an optimisation problem in (5.19). This
optimisation is not an easy problem to solve due to the structure of Ba. Thus we can define

a set with a more convenient structure which contains Ba . Define:

A={AecA: |§<1, |/ <LV 0<i<m-1, 0<j<n—1} (521

Solving (5.19) over A € A is now straightforward, however, the question that is raised
is whether a tighter set could be found that includes BA? In other words, can we find
a tighter subset, QA where BA C A for any 0 < # < 1? Figure 5.1 gives a visual

interpretation of the set inclusion where 6y = {min6 : s.t. 3A C §A}.

Figure 5.1: Different structured perturbation subsets

The following lemma gives a negative answer to the question posed above.
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Lemma 5.2.2. Let A and Ba are as defined previously; Then
0y = {min@ :s.t. Ba C HZ} =1

Proof. Assume there exista 0 < 6 < 1in which Bo C O A this means that for each A; €
B there exists As € A such that A; C Ay. This implies || A1]|< ||Az||. Now consider the
perturbation matrix, A € A, in 5.9 and let A, Ay € A where Ay = {A € Ba, [|A||=1}
and Ay = {A € A, Ay=1,6; =0,¢; = 0forother i, j}. It is obvious that [|Aq||= 1

which is in contradiction with ||A;||< ||Az]|. Hence, 6 = 1. O

Lemma 5.2.2 shows that the set defined in (5.21) is the tightest set with the given struc-
ture that includes Ba. Note that the problem over the set in 5.2.1 is more convenient and

can be readily be solved.

Lemma 5.2.3. Assume all the variables of Lemma 5.2.1 and let

m n
ho = max |u, Av*| = max O;z; + €15 5.22
%o AeA‘ nAvy | 5i|§1|; iLi Z Y5l ( )
|€i\§1 1= 7=1

where x;,y; € C are defined explicitly from the term unAv; and A is defined in (5.21).

Then if

m n

D il + )yl <1 (5.23)

i=1 j=1

uA has an upper bound of
-1
m n
pua < TnOn—1+ Z |;| + Z lyil | (62 — opon—1) (5.24)

i=1 j=1

Proof. The maximiser in (5.22) occurs when all §; and ¢; are at their maximum absolute

values with a sign that makes z; and y; positive, hence

QNSO = max ’unAvm
A€A

m n
= max 0 + €Y.
|5i|g‘; o ; il (5.25)
[SARS

m n
= Z |i| + Z |y
i=1 =1
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Thus, the distance to the singularity is bounded by

m n

o1+ [ Dl + > 1yl | (02 = onon-1) (5.26)
1 j=1

i=

As required, Lemma 5.2.3 gives an estimate to the distance of the two polynomials
from having a common root without the need to undergo the expensive computation of the
structured singular value of a high dimensional matrix. This is demonstrated in the next

section with a numerical example.

5.2.3 Numerical Example

We select two simple polynomial of degree 2 and 3 which have a common root.

a(s) = s° — 8.295% 4 21.125 — 15.68

b(s) = s? — 8.70s + 18.77
The roots of each polynomial are

re = [3.95,3.02,1.31]

ry = [4.74,3.95]

We can see that 3.95 is a common root of the two polynomials. We now perturbed the

coefficients by small amounts

0= [ 0 -0.10 0.10 -0.08 ]

€= [ 0 —-0.08 —0.05 }

corresponding to a A matrix in the form of (5.9)

[0 —010 010 —-008 0 |
0 0 —010 0.10 —0.08
A=|0 —008 —005 0 0 (5.27)
0 0 —008 —005 0
0 0 0 —0.08 —0.05 |
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Note that the norm of the above perturbation matrix is ||A||= 0.1903. Nonetheless, this is
not the smallest norm of a perturbation matrix that result in singularity. In other words a
A with smaller norm may cause singularity. However, it can be taken as an index to test
the final result in this example. Perturbing these two polynomials result in two co-prime

polynomials,

aop(s) = s° — 8.395% + 21.055 — 15.60

bo(s) = s* — 8.78s + 18.74
whose roots are

Tag = [4.44,2.59,1.35]

rb, = [5.13,3.65)

The corresponding Sylvestor matrix is

(1 839 2105 —1560 0 |

0 1 839 2105 —15.60
Sza(ao,bo) = | 1 —8.78 18.74 0 0

0 1 878 1874 0

(0 0 1 878 1874 |

which has eigenvalues
A(S3.2(ao, bo)) = {30.89,13.66 F j4.46,0.05, —0.03}

As we can see, the Sylvester matrix has some eigenvalues close to 0. This is due to
the fact that the Sylvester matrix is close to singularity and a small perturbation (||A||<
0.1903) may result in singularity. Now referring to theorem 5.2.1, the transformation

M = —ZS;,}, (ag, by) © where

[0 00 0/0 0|0 0 o0]0 0 0]
0 0l0 0|0 0|1 00000
Z"=10 1[1 0/0 0|0 1 0|1 0 O
0 0l0o 1|1 0/00 1]0 1 0
0 0/0 0[0 1|00 0[00 1]
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and

1 0[{1 0/1 0[00O0/000
0 1{0 1[0 1/0 0 0|0 0 0
©=10 00 0[{0 0|1 0 0|1 0 O
0 0[{0 0[O0 0|0 1 0[O0 1 0
|0 0/0 0[O0 0|0 0 1|0 0 1|
gives
M =

—-31.7 1419 -31.7 1419 -31.7 1419 31.7 —-130.5 1181 31.8 —-130.5 118.1
-76 347 76 347 76 347 76 =317 289 7.5 —=31.7 289
-76 347 —76 347 76 347 76 =317 289 75 317 289
-18 87 -18 &7 -—-18 87 18 79 72 1.8 =79 7.2
-18 87 -18 87 -18 87 18 =79 72 1.8 =79 7.2
-05 22 =05 22 05 22 05 =20 1.8 05 =20 1.8
—-31.7 1419 -31.7 1419 -31.7 1419 31.7 -130.5 1181 31.8 -130.5 1181
—-76 347 76 347 76 347 76 317 289 75 317 289
-18 87 -18 87 -18 87 18 =79 72 1.8 =79 7.2
-76 347 -—76 347 76 347 76 =317 289 75 —=31.7 289
-18 87 -18 87 -—-18 87 18 79 72 1.8 =79 7.2
-05 22 05 22 =05 22 05 =20 1.8 05 =20 1.8

which is the objective matrix for the equivalent y problem. First, it can be observed that the

size of M matrix grows compared to the Sylvester matrix of the original GCD problem.

We first use D-iteration techniques [6] to calculate the convex upper bound on g using

Matlab software. The result is

0.0719 < ya(M) = pux' (M) < 0.0748

Note that this value is considerable better than the smallest singular value of S 2(ag, by) =
0.0010. However, as mentioned earlier, it is been achieved at the cost of solving a i problem
over 12 x 12 matrix. The improved estimation offers the unstructured distance to singularity,

while avoiding the expensive calculation required by the computation of u. To apply the
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proposed method, first we check condition (5.23):

|vp Aun| =

|[—O.1411 0.6141 0.1402 —-0.5676 0.5110

0 8 & & 0 |[ 03257

0 0 & & & 0.6806

0 e1 ¢ 0 O 0.6554 || =
0 0 e e O —0.0332

|0 0 0 e € || —0.0036 |

|0.30662 — 0.11367 + 0.00269 — 0.294€; + 0.109¢p|
Thus
qgo = max ]unAUm
AEA
= Jal + > |yl
i=1 j=1

= (0.306 + 0.113 + 0.002 + 0.294 + 0.109

=0.824 <1

Applying (5.26) then gives

va = 1/0.001 x 0.78 4 0.824 (0.0012 — 0.001 x 0.78) = 0.012

It is seen that with a trivial calculation, an improved bound is achieved. Although the result

is not as tight as the convex bound, it is considerably tighter compared to the singular value

without having to apply the costly D-iteration method. To compare the distance to singular-

ity of the proposed method with the greatest singular value and D-iteration estimate of p,

a comparison over 70 random examples with the the same value range fulfilling condition

(5.19) has been carried out.

The hardware and software used to run the algorithm have the following specification:

e CPU: 1 (4 Cores) Processor Intel Core i5 2400s
* RAM: 4GB DDR3

¢ Graphic: Radeon HD 6770M
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¢ Software: Matlab 9.5 R2018a

Figure 5.2 shows the result.

0.08

——Smallest Singular value
N
Proposed Method

0.07 -

0.06 — n

Distance to Singularity
o o o
o o o
w ~ (5]
I I I
|

0.02 - Bl

0.01 N = - — o L S -

Trials

Figure 5.2: 70 other examples

Table 5.1: The proposed method in compare to the other conventional methods

Measures Distance to singularity CPU time(ms)
D-iteration 0.0719 302.03
Greatest singular value 0.0010 0.20
Proposed Method 0.0120 95.34

Table 5.1 shows the D-iteration method gives the wider distance to singularity (tighter
upper bound on pa). However, the corresponding CPU time is significantly longer than
those of the other methods. On the other hand, calculating the largest singular value is the
fastest method but it offers the loosest bound. The bound obtained by the proposed method
offers a reasonable compromise between these two extremes.

Zonotope can also be applied when polynomial coefficients (and M) are complex and
perturbations as assumed real. Thus all the proposed method in chapter 4 are applicable.

This remains to be studied in the future works.

5.3 Summary

The Greatest Common Divisor (GCD) of two polynomials is considered in this chapter
where the GCD problem is converted to an equivalent structured singular value problem.
This involves a significant increase in the size of the problem and thus may not be the most

cost efficient solution. A method is proposed in this chapter that is directly applicable to
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Sylvester uncertainty structures before converting to a y, problem. This method will avoid
solving a costly high dimentional p problem whilst it offers a bound tighter than the largest
singular value. A numerical example compares the proposed method with the p bounds

obtained by the largest singular value and the convex relaxation ("D-iteration") method.
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Chapter 6

Conclusions

In this chapter we summarise the results of this work . We also propose new areas of
research that follow naturally from the results presented in this thesis. Two classical NP-
hard problems, i.e. the general real i problem and Quadratic Integer Programming problem
are the main subjects of this thesis. The conventional methods to approach these problems
are mainly deterministic. Time and space complexity is always a fundamental issue in
these methods which could make them impractical if the control system has a large scale
with many entries. This thesis deal with this part of the problem and aimed to generalise
a convex approach to find an a probabilistic cost efficient bounds on both problems. The
main motivation to study the QIP and p problems is their unique applications in control
systems. In addition, the various striking similarities existing in both solutions motivates
their simultaneous study. Hence, the solutions of both approaches are similar and that one
set of results can be applied to the other problem. Some of these similarities between the

two problems that have been studying in this thesis is summarised in Table 6.1.

6.1 Randomised Algorithm to obtain an upper bound on QIP

A Randomised algorithm is proposed in chapter 2 for calculating an upper bound of the QIP
problem. It is known that the convex relaxation of the problem reduces to a Reduced-Rank
QIP (RRQIP) problem which is equivalent to the enumeration of the vertices of a Zonotope.
The proposed approach derives an estimate of the Hausdorff distance between the Zonotope
and its approximation, defined as the convex hull of the partially enumerated vertices of the
Zonotope that are obtained by random sampling.

In current methods, the duality gap of the problem, i.e. the distance between the convex

upper bound and the optimal solution, could be reduced provided the RRQIP problem can
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s.t. minpea | DY2MD~1/2||
M + ug'Dy*M Dy '?

p-problem QIP problem

“l=min  aAca A - ;
: det(I—GAM):OH H V= MaXpe{ 1,1} T Qx
Formulate and solve dual: Formulate and solve dual:
Get (1o, Do) Get(7, Do)

s.t. ¥y =min trace(D)
st. D =diag(D),D—-Q >0

Sufficient condition for zero duality gap
(w=mn if null(l—MM*)=1)

Sufficient condition for zero duality gap
(y=7 if null(Dg—Q)=1)

Duality gap can be breached if we can
solve a rank-m, p problem or get a bound
less than 1:

maxaAeA p(AUl’UT)

Duality gap can be breached if we can
solve a rank-r QIP problem of the form
v =1 max,e(_1,13n @' VV'e

Improved bound obtained via the solution

Improved bound can be obtained by calcu-
lating the eigenvalues of a symmetric ma-

of an eigenvalue problem

trix

Table 6.1: Common characteristic of ji-problem and QIP

be solved. This is equivalent to the full enumeration of the vertices of the corresponding
Zonotope. Although this can be achieved by a polynomial-time algorithm, the computa-
tion may still be intractable for problems of high-dimensionality. It was shown that even
with incomplete enumeration when the full enumeration is computationally infeasible, an
improved probabilistic bounds could be obtained. The bound may be further improved by
combining the proposed randomised approach with the solution of a sequence of deter-
ministic QIP problems of increasing rank. In other words, the proposed method derives
a decreasing sequence of upper bounds to the solution of the QIP problem by solving a
sequence of auxiliary QIP problems of increasing rank. This is useful in practice since it
can exploit fully the available computational resources to obtain the tightest bound possible
with a pre-specified probability. By identifying the optimal transition between deterministic
(full) and randomised (partial) vertex enumeration, it is also possible to obtain the tightest
bound compatible with the available computational resources. This was the first major
contribution of this work which is titled as "Propose a cost-efficient method for breaching
the gap between the QIP problem andits convex relaxation" in introduction. The proposed
method is demonstrated by the graphical interpretation of solution in a the form of 2 dimen-

sional Zonotope.

First the algorithm features was evaluated and it was shown that the algorithm tend to
enumerate those key vertices which contribute more in forming the Zonotope with higher

probability. The proposed method is further improved to overcome the feature that the
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approximate Zonotope may omit the optimiser and hence the upper bound breaches the so-
lution of QIP. This was based on extending the gap between the QIP problem and its upper
bound just sufficiently to cover all vertices which could potentially be selected by the algo-
rithm, even with low probability. The overall result thus is valid with a certain probability.
It was also shown that the trade-off between accuracy, speed and probability is always ad-
justable by selecting the algorithm’s predefined parameters appropriately. Furthermore, a
new probabilistic condition is derived for which the reduced rank QIP guarantees that the
duality gap of the original problem is breachable. The validity of the proposed method has
been illustrated by several numerical examples.The bound may also be further improved
by combining the proposed randomised approach with the solution of a sequence of deter-
ministic QIP problems of increasing rank. This is a minor contribution titled as "Improved
the convex bound by combining the proposed randomised approach with the solution of a

sequence of deterministic QIP problems of increasing rank" in the introduction.

6.2 Semidefinite upper bounds on p-problem

In chapter 3 and chapter 4, u-problem was the focus of the research.

In chapter 3, the problem of finding the smaller distance to the singularity,i.e.
v =min {||Al| : det (A — A) =0}

where A is a positive definite diagonal matrix was considered. This problem has a well
known solution. The solution is novel if you constraint it further, e.g. require that the (1,1)
block is a fixed matrix. The problem has been studied under different conditions imposed
on the k x k leading block of A, Ay representing different classes of uncertainty. When we
impose the constraint that ||A|| < 1 the optimum value of  increases and the optimisation
reduces to an eigenvalue problem. This result has been used in chapter 4 where the problem
of obtaining bounds on the structured singular value of a matrix M subject to real para-
metric uncertainty has been considered. The method relies on two relaxation techniques
involving the projection of the uncertainty in the "most critical direction" as defined by the
set of optimal (maximum norm) unstructured perturbations. The first relaxation leads to the
maximisation of a convex quadratic function with box constraints (for which convex bounds
are possible).

The second relaxation reduces to a geometric problem involving the intersection of a
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Zonotope and a family of Apollonius circles. This can be solved, provided the vertices
of the Zonotope can be enumerated. If full enumeration is possible (e.g. via an efficient
algorithm based on "reverse-enumeration") a deterministic bound is obtained. For high
dimensional problems, however, this may not be feasible computationally and we may need
to rely on a randomisation algorithm producing only partial enumeration of the vertices. In
this case, it may still be possible to obtain a probabilistic bound using the estimate of the
Hausdorff distance between the true (but unknown) Zonotope and the convex hull of the

polytope constructed from the partially enumerated vertices.

Both relaxations have been further studied in the special case where the multiplicity
of the largest singular value, m, is equal to 1. This results in proposing a probabilistic
method of calculating a convex upper bound on y which is one of the main contributions
as mentioned in introduction. The optimisation problem associated with the first relaxation
has been specifically derived. Our approach is extended to the correlated-uncertainty case
or when the uncertain perturbations enter the model in a nonlinear way. This was another
main contribution as titled "Extend the main results of the proposed method to the distance
to singularity problems with "correlated" or nonlinear descriptions of uncertainty" in intro-

duction.

Approximate methods for estimating v have also been considered. First an immedi-
ate low-cost upper bound on ~y has been obtained by considering the intersection of an
Apollonius circle with the line £ = max,cz R(z). This bound could be obtained without
enumerating the vertices of the corresponding Zonotope, Z, which is equivalent to solving
2|vert(Z)| — 1 scalar problems. It was also shown that avoiding the solution of these scalar
problems is possible by constructing the ellipse of minimum area which contains all ver-
tices of the Zonotope (and thus by convexity the entire Zonotope). In this way obtaining
a lower bound on the structured distance to singularity is possible. The method of finding
this ellipse however requires the enumeration of the vertices of Z which may be impractical
for high dimensional problems. Hence, a method is proposed which constructs an ellipse

containing Z directly from the generating matrix without enumerating the vertices.
A link between the two relaxations has been established by noting the scaling which al-
lows us to transform the results between the two relaxation methods. Several computational

examples are included to illustrate the main results of our work.
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6.3 A method applicable directly to the GCD problem without

converting it to an equivalent g-problem

In chapter 5, the Greatest Common Divisor (GCD) of two polynomials is considered. The
aim was to identify the minimum-magnitude perturbations in the coefficients of the poly-
nomials so that the perturbed polynomials have a common root. It was shown that in this
approximation, GCD problem is equivalent to the calculation of a structured singular value
of a matrix. This however involves a significant increase in the size of the problem and thus
may not be the most cost efficient solution. A method is proposed that is directly applicable
to Sylvester uncertainty structures before converting to a p problem. A numerical example
compares the proposed method with the 1 bounds obtained by the largest singular value and

the convex relaxation ("D-iteration") method.

6.4 Suggestions for Future Research

In this section some suggestions for future research work related to the the results of this
thesis are suggested.

In the proposed randomised algorithm, the number of iterations is calculated based on
some adjustable parameters that identify the accuracy and the probability of the method.
Note that the number of iterations does not necessarily coincide with the number of the
selected vertices. To clarify this point, imagine a case in which all n iteration return the
same vertex. The probability of randomised algorithm can be altered depending on how
tight we need the upperbound to be (i.e. the required accuracy). An idea is to calculate
the probability based both on accuracy and the number of iterations i.e. define a number
of vertices (for example 75% of the total) and find the probability that the algorithm can
identify the maximiser by enumerating this number of vertices only. This approach can
give better flexibility to define a trade-off between accuracy and computational cost. For
example, for an application in which 50% validity is acceptable, the corresponding number
of required iterations is calculated. The maximiser is then obtained by the algorithm after
this number of iterations and so the result is acceptable with 50% probability. Figure 6.1
illustrate the idea.

Alternatively, an algorithm could be designed based on the number of vertices, instead
of the number of iterations. This could also lead to additional flexibility by developing

clearer trade-offs between accuracy, computational cost and probability.
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Figure 6.1: Calculating the probability based on the number of iteration and accuracy

It is also mentioned in chapter 2 that the probability that the maximiser occurs at a flat
vertex is low in general. Depending on the direction of the eigenvectors this probability will
vary. The feasibility and the cost of such calculation in each case remain to be studied in

future work.

A limitation of the proposed method for p-problem, was the assumption that the largest
singular value of M is non repeated, i.e. m = 1. The case m > 1 involves the solution
of a non-convex eigenvalue problem which is likely to prove computationally demanding.

Extension of our method to address the general case will be the focus of future work.

The method of finding a convex upper bound on p-problem was based on the idea of
imposing artificial structure by bounding the magnitude of the projection of the perturbation
in the most critical direction to be less than oy (M ). This will then increase the norm of
nearest destabilising perturbations for I — AM to lose rank. With the same justification,
imposing an additional constraint on the projection of A in the second most critical direction
could also increase the stability radius. This is an interesting part which is worth more

consideration in future work.

The approximate GCD problem in Chapter 5 involves two polynomials. However, our

method can be further extended to the cases where more than two polynomials are involved.
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This will make the Sylvester matrix non-square and hence the standard Lehtomaki approach
is not applicable. We have also considered real polynomial coefficients in studying the
problem. This can further extended to a case where the coefficients are complex while the
perturbations are real, i.e. the complex coefficients-real perturbation case. Is this case the
proposed method of Chapter 4 is applicable. These parts remained to be studied in future

work.
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Appendix A
Appendix

A.1 Proof of Lemma 3.2.1

Lemma A.1.1. For a class of uncertainty where Ay, = C™*™
Yaccmxm = min{||A| : det (A — A) =0} = opmin(4) =1 (A.1)

and the set of all optimal A is given by

1 0 0
w 0 V% 0 .
0 Infm 0 Infm
0 Aszz | Asg
where
A A
WW* = W*W = I, and,|| |~ "2 || <1
Aszy Asz
Proof. Itis obvious that
A= bo e cmmn
00

is the simplest form that can make A — A singular which prove that ygmxm = 1. To prove
(A.2), let ||A|| = 1 and A — A is singular. Thus (A — A)z = 0 where ||z|| = 1. Assume

T = [ zt } where 21 € C™, hence,

Ax = Az
(A=A =0 = = *A*Az = r*A*Ar = *A%r =
r*A* = r*A*

T*A*Az = || Az|*= ||Az|)?
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l=a1<as <...<ap
from

lo||?= 307 =1

on the other hand:

= ||Az|?= D1 a?m? >1 @

1
|4z < Al | A2]< A= 1= |42]<1 @

JAz)< 1
D and® =
JAz]> 1
x1
o =0= (A — A)
0

(Al — AH)JJl 0

Agll‘l 0

= |Az|=1= %A% =1 = 2*A*Az =1

A=A —App x1 0

A21

(Al — An)xl =0= A1$1 = Anxl

The equality in (D hold only if 21 =

Therefore

[Aul[< [All=1)

All such A can be represented by (A.2).
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A2 — AQQ 0 0

any other combination makes || Az|%> 1.

_O_
.
, 0
A1z = Az = Az = =1
_O_
3\
Apzy = r1 = [|Anz||= ||z
= |An|[>1
z1]|=1 = [[Anl=1




A.2 Proof of Lemma 3.2.2

Lemma 3.2.2

Let A = diag(A1, A2) € R™™™ with

A1 = Tm1 0 € Rmxm

0 | A2

and

Ay = a3lm3 0 c R(nfm)x(nfm)

0 Ay
Assume that 1 < g(A22),0 < a3 < g(Au4), and 1 < as. Then the structured distance to

singularity is

Vomsm = min{[|A| : det (A — A) =0,("AC =0} = y/az =: \/a(A1)a(A2) (A3)

Furthermore all optimal rank reducing perturbations are generated by

0 0 0 ||yas O 0
0 0 0

0
0 0 0 0  Agz | Ay _
w W* =WAW* (A4)

Jas 0l o | o oo
0 Az |Asz|| 0 Asz| Az
0

A41 A42 0 A43 A44

where W = diag(W1, Ln,, W3, I,,) € C"*™ is unitary and

0 0 Az Ay

0 0 Az Agy
Az1 Agzz Agz Az
Aar Ay Agz Ay

< Va3 (A5)

Proof. First we verify that all A of the form of (A.4) have norm /as:
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0 0 0 a3 0 0 0 0 0 .a
0 0 0 0 Az Ay 0 0 0 0
AA* — 0 0 0 0 Az Ay 0 0 0 0
Jis 0 0 0 0 0 Jas 0 0 0
0 Ay Ap 0 Ags Ay 0 AL AL 0
0 An A 0 A Ayl | 0 AL A5 0

a3 0 0 0 0 0]

0 &1 P 0 P53 Py

0 @ s 0 @

|l 0 0 a3 0 0 0

0 ®g P9 0 P13 Py

| 0 @13 Py 0 Py5 Pyg

where

0
Aj
A

*
A33

*
A34

Q1 = A3Als + AuAY, Pa = A3Als + A, Pr = AozAls + ApgA3y
Dy = A13A%; + A14A5,  P5 = AggAl; + Aoy Al Pg = Aoz Al + AggAly
O3 = A13A%; + A14A3 Pg = Aoz Ads + Aoy AS,  Pg = Az AT + AzsAjy
D10 = Az3AZs + A3y A5, Pi3 = AygAfs + AggATy Piy = AyzAZg + Ay Asy

Q11 = A3 A% + Az ALy + AzzAfs + Az A3y
Q1o = Az1 A}y + AgeAly + AszAjs + AzgAjy
D15 = A31 A% + AgpAly + AggAls + AggAly
Q16 = Ap AL + A Ay + Az Ads + ApA}y,

If we do the following transpose in rows/columns, the norm will not change

Row?2 < Row4

Coloum?2 < Coloum4
Transpose

Coloum3 < Coloum4

Row3 < Row4

AA* then will be
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A43
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a3 0 0 0 0 0]
0 a3 O 0 0 0
0O 0 o [0 ) o
AA* — 1 2 3 4
0 0 &5 &g D7 &g
0 0 &9 D19 P11 P10
L 0 0 @13 Py P15 Dig
Thus
_q>1
" as 0 CI>5
JA]I3= | AA*||= max ¢ || 5 1
0 as (139
R3E
Note that
(&, By, By B, |0 0 Ay
b Py P; Py 0 0 Ao
b9 Dyg P11 P2 Az1 Az Asg
(P13 Py Pis Pus| |Aaur Dz Agg
0 0 Az Ay 0 0 Az Ay
0 0  Agz Agy 0 0 Ay Agy
Azr Azx Azz Asy| |Azr Azx Azz Az
Ap Age Agz Aga| [Ann Dz Az Ay
[0
9 " as 0 0
[A[[5= [[AA*]|= max { || I 1
as Az
| A
We know from (A.5) that
[ 0 0 Az Ay
0 0 Az Ay
Azr Aszy Azz Aszy
A1 Ay Agz Ay

by D3 Py
R S
D19 P11 P12
Py P15 Dis ]
Aul o o
Aoy 0 0
Aszy 13 A3
Aga] [Aly DYy
therefore:
0 Az Ay
0 Az Ay
Aszg Aszz Asy
Ago Agz Ay
< Va3

*

A31
*

A32

*

33
*
A34

I

*
A41

*
A42

*

43
*
Ay ]




as
therefore [|A[3= [ AA*]|= | | = a5 = 1Al = vas

as

Now we show all A of the form (A.4) satisfy det(A — A) = 0.Note that

det(A — WAW*) =0 < det(W*AW — A) = 0 and

Wi L, W1 0 0 0 Im, | 0 0] 0
0 Iy Aso I, 0 0 0 [An | 0] 0
0 0 asW3Ws 0 0 0 [fas| O
0 0 0 Iy AsaIm, 00 |0]Ay
Therefore det(A — A) = det(W*AW — A) = det(A — A). On the other hand
det(A — A) = 0 means that there exists a non-zero vector = for which (A — A)z = 0. The
block diagonal structure of A and A gives
1 0 0 | —yas 0 0
0 J - 0 0 —Ag3 —Aqy
0 0 Az 0 —Ag3 —Aogy
A—A= (A.6)
—\/a3 0 0 as 0 0
0 —Agl —A32 0 a3[m3,1 - A33 —A34
0 —A41 | —A42 0 —A43 Ayg — Dy
T
Define x = [as 0‘0 H —\/as 0‘0} gives
1 0 0 —yas 0 0 as
0 Im1—1 0 0 —A13 R ANY 0
0 0 A22 0 —A23 _A24 0
(A-A)x = —
~Jaz 0 0 as 0 0 —/a3
0 —Agl —A32 0 a3Im3_1 — A33 —A34 0
0 —A41 | —A42 0 —A43 Ayy — Dy 0
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Hence det(A — A) = 0. Since |A|| = /a3 this is an upper bound.

/
Now let z = ' | € €™ which x1 € C™. Itis clear that x5 # 0 because
h
Ap x )
Ifay=0= =0= A7) =0
* ok 0

However A; is full rank and thus 2}/ = 0 is in contradiction of z # 0. On the other

hand 2 is also non-zero vector because if ) = 0 then

0 Dy
(A—A)z=0,let A = , thus
Dy1 Do
A1 —D1o 0
(A*A)QZ = = (AQ*DQQ)I‘,Z =0= det(AQ*DQQ) =0

—Do1 Ay — Doy xh

To fulfil this condition min {||Daz||} < o(A22) < ag that gives ||A|| > || Daz2| > a3z >

/a3 which is contradiction of ||A|| < ,/as. Hence, x1 # 0 and x5 # 0.

Now let Z = diag(z1, z2) where z; = x1/||z1]| and z9 = x2/||z2]||. Then

_ ||l‘1H . zfAlzl 0 %
(A-A)r=0=(A-A)Z =0= det - Z°AZ
||372H 0 Z;AQZQ
2] A121 0

Since z; € C™*™ and zy € C(n=m)*x(n=m) thep € C2*2 This

0 Z;AQZQ
can be consider as a case which det(A — A) = 0,s.t. A;; =9 € C: |[0| < ¢ where ¢ = 0,

thus base on sec 3.2.

ZikAlzl 0
{1Z2*AZ]): det ~Z°AZ | =0} 2 \/ls vl Aval > Vs
0 25 Aoz
(A7)
This is due to the fact that z; and zo are orthogonal and ||z A;121] = [|A1]] = 1.
Similarly ||25A222|] = ||A2|| = as. On the other hand ||Z*||||A||||Z]|> ||Z*AZ]|| and

| Z*|= || Z||= ||z1]|= ||z2]|= O which gives ||A||> [|Z*AZ||> \/a3. Since the (1,1) entry
of Z*AZ is zero(from the definition), Z*AZ will be in the form of
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0 Jazel?
\ /age_je 0

0 eR (A.8)

Note that since 2] A2 and 25 Ao29 are scaler, A € C?*2 and thus Az is not available.

* q k
In addition, if z; = [ 23] 7o ] and z9 = [ Z5a Zh | o WE have
Im 0 211
* 1 * *
2 A1z = [ 211 %39 } = 211211 + 259 A22290
0 A 292
(IgImS 0 Z33
* * *
25 A9z = [ 233 Za } = a3233244 + 234 A44244
0 Ay 244

Because 259 A22292 and 2}, A44244 are scaler we replace them by positive real number
z1A12] = z]1211 + @

* *
25 Aoz = azz3zz44 + B

where a, f € R > 0. It is obvious that the minimum happens when both « and /3 are equal
to zero which requires 292 = 0 and z44 = 0 . In other word the equality in (A.7) happens if
and only if z; = [ zi1 0 r and zo = [ 253 0 ]*

Therefore /a3 is the lower bound and so far (A.3) has been proved. Now we show that all

the structured A which fulfil (A.3) are in form of (A.4).Let any minimiser in (A.3) be as

A = Ome A12 c (Can

Aoy Ag
And let each partition be defined as follow

Ay A Ay A A1r Aga
Ap=| . , Ao = - , A= ~
Aoy Ao Aoy Ao Aoy Ao

Where AH € Cmixms, AH € C™s>*™1 and AH € Cmaxms
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From previous argument

2¥A 1z 0 0 FAVAND Y
det 1 . L I - (A.9)
0 Z;AQZQ z§A21z1 Z;AQQZQ
Note that
I 0 211
[ 0] el =1
0 22
CL3I 0 233
B — asllont|” = a3
Thus
1 0 0 FAAND Y
det - Cahe I - (A.10)
0 as Z;Azlzl Z;AQQZQ

Parametrize A based on (A.8)

0 ZTAlQZQ 0 ,/a3€j0
— >
z§A2121 Z;AQQZQ \/ase J 0
Therefore
An Am 233 ;

A 0
21A1229 = |: zi; 0 :| . . = 211 A11233 = €7\ /a3
Aoy Ay 0

Ay A Z11 ,
A —j6
23 Q0121 = [ zhy 0 ] L = zz3Anzn = e 77 /ag
Aoy A 0
An Au 233 ~
2500020 = | 25, 0 . R = 23311233 =0
3 Ay A 0
21 22

for some 6 € (—m,¢|. Next define any two unitary completions U; and V| of /%2,

and 233, respectively, to construct unitary matrices W7 = [ ez, UL ] and W3

[ z33 Vo ] and consider the product
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Wi 0
0 Iy,
Defining
gives
Ay
Ay

similar argument for Ao and Ags gives
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— _jezikl 0 R
Ws 0 Ay Ap
Aqo = Ui 0 .
0 I, Az Ao
- 0 In,
6_j92T1A11233 6_j9ZT1A11VJ_ e_jezflAu
= Ut Aqiz33 UtAn vy Ut A
I Aoy 233 AV Ags ]
_ v . i
ATz e aAnVL el
_ A 0 A .
- M UrAnVy Ut A
N 0 N ~
i Agrzas AV Ao |
B UtAnVe UiAp | Eiz Eu
ApVy Agy Ea3  FEoy
A Jvas 0 0
Ay Wi 0 Wi
. = 0 FEi3 FEuy
Ag 0 I, 0
0 Eez FEoy
_ a3 O 0
A W 0 Ve Wi
_ = 0 FEs31 En
Ao 0 I, 0
0 FEqn Egp
_ 0 FEo Eay
Aqg Ws 0 . Wi
_ = E3y E33 Esy
Ao 0 In, - 0
Ejp FEi3 Ey



Combine all together gives

[0 0 | Ay Ap ]
A _ W _0 _0 %21 %22 W
Ay A | Anp Ag
i Agr Aoy | Ay Agp ]
0 0 0 ||vaz 0 0
Wi 0 0 0 0 0 0 FEi3|FEu Wy 0 0
0 I, | O 0 0 0 0 0 Es | Ey I, | O 0
0 0 |Wf o Vais 0 | 0 | 0 Es|Exy 0 [Ws o
0 0 || 0 In, 0 Es |Es| Ex Ess|Es 0 || 0 In,
| 0 En | Egp Ep FEu3 | By |
since||A|| = /a3 any non-zero entry in the row/column which contain /a3 will result
in a norm greater than ,/a3. Therefore all Eij = 0 and thus all optimal rank reducing
perturbation are generated by
0 0 0 ||vaz O 0
Wi 0 0 0 0 0 0 FEi3|FEu Wy 0 0
0 Iy, | O 0 0 0 0 0 Eys| By 0 In,| O 0
0 o (|Ws O vas 0 0 0 0 0 0 0 |Ws O
0 0 0 Im4 0 FE31 | E3o FEs3 | E3y 0 0 0 Im4
0 Eqn|Egp| 0 Eg|FEy |
which is identical to (A.4). ]

A.3 Proof of Lemma 3.2.3

Lemma 3.2.3 For matrices A and (, as defined previously, let A1 € C™*™ has the same

structure as section 3.2.6 where ||A11|| < 1 and det (I — A1) # 0. Then

min

det(A—A)=
C*AC=A11

0

1A =
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v>1

v

(V2 T1=A1)(I=A1) " =am+1

(A.11)




Proof. First consider the following lemma which can be deduced from [83]:
Lemma A.3.1. [9] Let the following are true:

Hy1 Hipo
Hy1  Hao

e H =

* U is complex matrix
e (I — HU) ', H 119 and H™ 1,5 exist
Thus
1. Ifdet(H) # 0, then ® = F, (H,U) & U = F, (H !, ®)
2. If det(H) # 0 and det(U) # 0, then [F, (H,U)] " = F, (H-Y U™

3. If H is y—unitary, i.e HH* = H*H = ~%I for some v > 0, then ||F, (H,U) ||=

v lUl=y7"
4. If H is y—unitary,then | F, (H,U) |< v < |U||< vy~ !

5. If H is y—unitary, det(I — Hy1) # 0, Hyy is an square matrix and ||Hq1||< 1, then
1Fu (1) [|= | (v*] = Hun) (I = Hi) ™|

Proof. For the complete proof refer to [83]. O

Since ||Aq1]| < 1, for any y > 1 there exist y—unitary completion of Aq; of the form

An 0 Al 0
s
A,ly _ A A13 € C2mx2m Ag _ 0 0 0 Yn—m
Al Ass AL 0 Ap 0

c (C2n>< 2n

. Ay 0 .
Taking A = , gives

0 Ami1ln—m

A—A‘ 0
1 11 _0

det(A — A) = det
0 ‘ Ay — amy1ln—m
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Since ||An1]| < 1= |A|| = maz {||A11ll, [|am+1ln—ml||} = @m+1 and hence a1 is

an upper bound on equation (3.22) we can assume ¥ < Gp41-

Define X7 = F, [(Ag)‘l ,A], thus

A
v 7y—1 Ty * 0
Xy =F @A = Riahn =R |
(Afs)
0
X7 Az 0 (Af3)* 0 A 0
=
0 0 0 Ylh-m 0 A
—1
In 0O A 0] 4 o
— X
0 Inom 0 0 0 A
| Az 0 N (Al)*A1 0 Im — AT Ay
0 0 0 ~Ag 0
| Az 0 n (Af3)*A1 0 (I — Af A1)~
0 0 0 ~Ag 0
| A+ (AL A - AL A)TH A 0|
0 v* Ay

diag (]-"u [(A’{)*l ,Al} ,%42) = X = diag (X7, X3)

0 (Ay) 0
0 0 Yl p—m
0 (As)* 0
Yin—m 0 0 |
X
(A3 0
0 YIn—m
-1
0 (AL 0
A% 0
YIn—m
Fu [(AY)fl,Al] 0
0 724y

Note that since A; = 1/01.1,,, and 01 = 1 (normalized), we replace A; by I, hence,

from the above definition

X? = Fu [(A’ly)il ,I}
X; :’YQAQ

referring to part 2 of the lemma A.3.1

X =7 (DT = R AL D = ()T = AlA) 1

From part 3 of lemma A.3.1, also, since A7 is y—unitary and ||| = 1 < v, thus

D)™ = 1 (A, 1T >y =

Lo
o(X)) ~ o(X)

>y =0(X])<

v
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-1

>y =



On the other hand

1
o(X3)>—
o (X7) =0 (v ?A2) =7 %0 (A2) = 7 *amy1 , since ¥ < amy1 = e+l
o(X7) <
Um+1
which gives
o (X3) > a(X7)
Now define
-1
(I)Z = Fu [(Ag) 7A]
for any A € C"*",
From part 4 of the lemma A.3.1
17 [(A3) 7" A] = |94]1= 7" if and only if | A= 5 (A12)
On the other hand, from part 1 of the lemma A.3.1
o) = F, [(Ag)‘l ,A} & A= F (A, 0)] (A.13)
Hence, @\ and Ay need to be of the same size which gives &) € C™*™.
A B
Assume ) = , we have
C D
A=F [A], 9] =
AL 0 (@A) o0 |
All Alg 0 0 0 ’)/Infm A B
=F ; =
AVSEADY) (AT5)* 0 (Ags)* 0 C D
0 AL | O 0 |
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Ay 0 A B Az 0] A B AL, 0
o o||lc D 0 Ylnem

o
2
i
3
aQ
v

- -1
Al, 0 A B Im — Ass A —Ag3B AL, 0

0 Alpm c D 0 Ln-m 0 Ao

Al A ALB || (Im— Ass )™ (I — AgsA)AgsB | | A}, 0

L 7C vD 0 In—m 0 Ylp—m
Ayp 0
+
0 0

Al ALy — A3 A) 7T A AT A(Ly — Az A) 7 AggB+ ALLB
’}/C(Im — A33¢4)_1Ag1 ’yCA}%}.A(Im — A33A)_1A338 +~D

Ary = Ary + AL ALy, — Az A) AT, (A.14)

For that, AJ3 A(I, — As3A)~*AJ; has to be identical to zero matrix. Since AJ; and A
are y—unitary, they cannot be zero matrices. Similarly, (I, — As3A) shall be invertable

and hence cannot be identical to zero. Therefor A = 0 and thus
CAC=A1 & C*CI)K( =0 (A.15)

From part 2 of the lemma A.3.1

X} = Fa @) A] & A= F[(AY), x]] (A.16)
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Thus, from (A.13) and (A.16),

det (A — A) = det (F; [AY, X}] — Fi [Ad, @4])
= det (]—"u [(Ag)*l ,A] —Fy [(Ag)*l ,AD (A.17)

= det (X — ®))

Hence, from (A.12), (A.15) and (A.17), we have

min = min (A.18)
det(A—A)=0 7 det( X} —®%)=0 v
aolal o4 ]I=y"
det (X} —®1) =0
Now all the conditions in right hand side, @A l= vt , can be replaced by

CPAC
o (X))o (X7) < v71, ie. based on Lemma 3.2.2, for A := ®) and 4 := X}, and
since X} = diag (X7, X3), we have
min {[|®L||: det (X} — A}) =0,*®R¢ =0} = /o (X7) o (X7)

From the second condition, ||®} ||= !, thus

min {y~": det (X} = A) = 0,"®RC =0} =/ (X) 2 (X3) = /o (X]) 2 (X3) <~

Hence, (A.18), can be reduced to

min vy = min v = min v = min v (A.19)
det(A—A)=0 det( X} —®% )=0 o(X7)e(X3)<y1 (X))~ HI<amt1

il Jekl=" ST
C*A(:Au C*%ZCZO
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