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1 Introduction

D-instantons describe classical saddle points in type II and type I string theories and give
non-perturbative contributions to string amplitudes. While the action —7 of a D-instanton

T multiplying all D-instanton amplitudes, '

is easy to compute [1] and gives the prefactor e~
the actual computation of the amplitude suffers from infrared divergences associated with
open string zero modes. For this reason most of the initial study of D-instanton amplitudes,
carried out in ten-dimensional type IIB string theory, used an indirect approach based
on S-duality of this theory [2, 3]. Perturbative amplitudes in this theory are not usually
S-duality invariant, but one finds that for certain amplitudes containing limited powers of
momenta, the constraint of supersymmetry together with the requirement of S-duality fixes
the amplitude completely. The weak coupling expansion of the amplitude then generates
the usual perturbative terms, but also contains terms proportional to e *7 for integer k.
These can be regarded as the contribution to the amplitude from k D-instantons. This
procedure has been extended to the study of toroidal compactifications of type II string
theories, producing remarkable results on the effect of D-instanton corrections to certain
amplitudes in these theories [4-13].

In recent years a similar approach has been successful in computing the effect of
Euclidean D-branes in type II string theory compactified on Calabi-Yau (CY) 3-folds
(see [14, 15] for a review). The quantity of interest here is the metric on the moduli
space of the theory. Supersymmetry implies that the moduli space locally has a product
structure My x My [16]. Here the first factor contains the vector multiplet moduli and is
a special Kéhler manifold, while the second factor describes the hypermultiplet moduli and
is restricted to be a quaternion-K&hler manifold [17]. Since the actions of Euclidean branes
depend on the four-dimensional string coupling that is given by the vacuum expectation
value of the dilaton field, and the latter is a part of the hypermultiplet moduli, it follows
that the instanton corrections can only affect the metric on M yg. Remarkably, there exists a
chain of dualities (see [18, figure 1]) involving S-duality of type IIB, electro-magnetic duality
of type IIA and mirror symmetry relating the two formulations, which allows us at least in
principle to find all these non-perturbative corrections. In practice, this program has been
realized for D-instantons in [19, 20] (based on earlier works [18, 21]) and for NS5-brane
instantons? in the one-instanton approximation in [25] where the instanton effects have
been encoded into a holomorphic contact structure on the twistor space associated to My.
The explicit D-instanton corrected metric has been derived subsequently in [26, 27].

Despite these successes, it is important to develop techniques for direct computation of
D-instanton contributions to amplitudes. There are a variety of reasons for this; we shall
quote a few. First of all, S-duality is only a conjectured symmetry of the theory and it is

"We call D-instanton any Euclidean D-brane wrapped on a compact cycle. We shall use the sign
convention for the action S such that the Euclidean path integral is weighted by e”.

2NS5-branes generate instanton corrections in CY compactifications which scale as e~1/92 and thus are
exponentially suppressed compared to D-instantons which behave as e~1/9s Nevertheless, they are expected
to be indispensable for making sense of the metric on My at the non-perturbative level (see, e.g., [22]) and
represent the last unknown contribution to have the complete two-derivative effective action in this class of
compactifications. See [23, 24] for an attempt to go beyond of the one-instanton approximation.



important to test its predictions whenever possible. Second, S-duality and supersymmetry
allow one to compute only a few of the terms in the effective action. In the particular
example of ten-dimensional type IIB string theory, S-duality and supersymmetry can only fix
terms in the four graviton amplitude that contain 14 or fewer powers of momenta but terms
with 16 or more powers of momenta are not fixed. Therefore, direct D-instanton computation
will be the only way to fix these terms. Finally, in theories with lower supersymmetry,
there may be contributions that are protected by supersymmetry but are either not fixed
by S-duality or the consequences of S-duality may be difficult to implement. For example,
in certain flux compactifications of type Il string theory the superpotential and coefficients
of gauge kinetic terms are holomorphic functions of the moduli but receive contributions
from Euclidean D-branes [28]. Often such terms are important for studying various aspects
of the theory like moduli stabilization [29-31] and it is important to compute them. At
present there is no known way to fix them using S-duality.

For these reasons one would like to develop a systematic procedure for computing
D-instanton contribution to an amplitude without any help from supersymmetry or duality
symmetries. During the last few years string field theory techniques have been used to
develop a systematic procedure for dealing with the infrared divergences that plague such
analysis. The initial study was carried out for two-dimensional string theory [32-35], but
the procedure was later extended to type IIB string theory in ten dimensions [36, 37]. In
particular, in both theories the overall normalization of the D-instanton amplitude was
determined by computing the exponential of the annulus amplitude. This suffers from
infrared divergences but string field theory gives an unambiguous procedure for getting a
finite result. In both theories the result is known with the help of duality symmetries —
matrix model in the case of two-dimensional string theory and S-duality in the case of type
IIB string theory, and in both cases the result of direct D-instanton computation agrees
with the result predicted by duality.

Given this success, one could use this procedure for computing D-instanton contributions
to amplitudes where the result is not known otherwise, e.g. amplitudes in type IIB string
theory with large number of momentum factors [38] or the superpotential and gauge kinetic
terms in AV = 1 supersymmetric string flux compactifications. On the other hand, it is also
important to test this procedure by computing other amplitudes where the result is known,
e.g., D-instanton corrections to the hypermultiplet moduli space in type II string theories
on CY 3-folds. This is the problem that we shall address in this paper.

Since mirror symmetry relates type ITA and type IIB string compactifications on mirror
CY 3-folds, we concentrate on type ITA string compactifications. In this theory the Kahler
moduli of the CY 3-fold belong to the vector multiplet and therefore cannot affect the
metric on the hypermultiplet moduli space. Since o’ corrections are controlled by the
Kahler moduli, this means that the hypermultiplet moduli space metric cannot receive any
o/ corrections. This allows us to work in the large volume limit and use various geometric
properties of the CY 3-fold without having to invoke the exact conformal field theory
description of the world-sheet theory.

Type ITA string theory has Dp-branes for even p, spanning (p + 1)-dimensional world-
volume. Since the only odd-dimensional cycles inside a CY 3-fold are 3-cycles, the instanton



contributions come from Euclidean D2-branes wrapped on these 3-cycles. We compute a
specific class of contributions which can be described as follows. Let « label the homology
class of a particular 3-cycle and —7, denote the action of a D2-brane wrapped on the 3-cycle
in the sign convention described in footnote 1. The contributions from the instantons in this
sector take the form of e~7v multiplied by a power series expansion in string coupling gs.
We analyze only the leading terms in the expansion in powers of gs (which are proportional
to g; / 2). We then compare our results with the earlier predictions based on S-duality, mirror
symmetry and supersymmetry and find perfect agreement. It is certainly possible in principle
to compute higher order terms in the power series expansion, but this will involve more work.

Note that since 7 is proportional to the inverse string coupling, terms of order e~ for
different v have exponential suppression relative to each other. Therefore one could question
the significance of including the leading order term proportional to e =7+ before performing all
order resummation of the contribution from a more dominant instanton. Indeed, a common
criticism of the analysis of instanton contributions to the amplitude is that unless we can
resum the whole series of perturbative contributions, instanton contributions cannot be
defined meaningfully. However, D-instantons for different ’s belong to different topological
classes of saddle points compared to each other and the perturbative saddle point. This
is reflected in the fact that 7, contains an imaginary part involving the component of the
Ramond-Ramond (RR) 3-form field along the 3-cycle represented by . These are different
for different +’s, and perturbative corrections do not generate any additional dependence on
these components of the RR field. This is a consequence of the fact that the usual string
amplitudes involve the field strength of the RR field instead of the potential, and the only
contributions that depend on the potential arise from the disk one-point function of the RR

fields, whose exponentiation generates the e~ (73)

factor in the D-instanton amplitude.
Therefore, in each non-trivial topological sector, labelled by a specific dependence of the
amplitude on the RR moduli, the leading contribution is provided by the D-instantons in
that topological class and is unambiguously defined.

The rest of the paper is summarized as follows. We begin in section 2 with a review of
the background material that we use in the rest of the paper. This includes conventions
for the world-sheet theory underlying ten-dimensional type IIA string theory as well as
some details of compactification on CY 3-folds and its complex structure moduli space. In
section 3 we describe the result for the instanton corrected metric on the hypermultiplet
moduli space in the particular weak coupling limit where we keep only the leading term in
each topological sector. The result is shown in (3.5), whereas the actual computation that
leads to it is presented in appendix B.

Sections 4, 5 and 6 describe direct world-sheet computation of the same terms. In
section 4 we describe the computation of the overall normalization by appropriately ‘regu-
lating’ the exponential of the annulus amplitude, both for single instantons and multiple
coincident instantons. Section 5 describes the strategy for computing the correction to the
hypermultiplet metric. In general, while extracting corrections to the effective action from
string amplitudes, we need to compare the on-shell S-matrix elements. Since for massless
scalars the first such amplitude is the four-point function, which receives contributions
from the Riemann tensor of the moduli space metric, one needs to compare the four-point



functions in string theory and the effective field theory. However, we show that due to the
presence of the exponential factor e~ 7 in the correction to the metric, the computation
of the leading term in a given topological sector can be reduced to the computation of a
disk amplitude with one closed string insertion and a pair of open string fermion zero mode
insertions. In section 6 we compute all the required disk amplitudes and use them to make
the final prediction of the instanton correction to the metric. The result is shown in (6.75),
and agrees with (3.5) up to field redefinition. Some of the technical details required for the
analysis of this section, e.g. determination of certain phases and signs, the construction
of the RR vertex operator in different pictures and some identities involving covariantly
constant spinors in CY 3-folds are relegated to appendices.

2 Background

In this section we shall review the necessary background material that will be needed for
our analysis.

2.1 World-sheet conventions in ten dimensions

In this section we shall describe the conventions for the world-sheet theory of type ITA
string theory following [36].

Since we shall be working in the large volume approximation, locally the metric will
be nearly flat and we can use the results for flat ten-dimensional target space. We shall
denote by 2™ with 0 < M < 9 a set of 10 free scalar fields describing the target space-time
coordinates and by ™, )M their superpartner left and right-moving fermions. The world-
sheet theory also contains Grassmann odd ghost fields b, ¢, b, é and Grassmann even ghost
fields 8,7, 3,74. We introduce scalar fields ¢, ¢, and fermionic fields &, n, €, 7 by bosonizing
the B,y system [39]:

B=0ce?,  y=ne’, p=0e?,  y=iel. (2.1)
In the @/ = 1 unit that we shall use, the operator product expansions (OPE) between
various free fields take the form:

M N U M N N
0X 7 (2)0X (w):—m‘i‘"', V()Y (w):—m+“',
c(2)b(w) = (z —w) "+ E()n(w) = (z —w) ™+ (2.2)
1
S T Q1(2) pa20(W) _ (o _ 4\ —91q2 (a1 ta2)d(w) 4 .
0¢(2) 0p(w) —w) +-0, e e (z —w) e +-
where --- denote less singular terms. The mostly + signature Minkowski metric n™¥

will be replaced by dp/n in the Euclidean computation. There are similar OPE involving
anti-holomorphic fields which we shall not write down explicitly. We assign ghost and

picture numbers to various fields as follows:

ghost number : 1 for ¢,&,7,7,n,7, —1forb,b,S,5,&, ¢, 0 for others, (2.3)
_ _ 2.3
picture number : ¢ for €%, %%, 1for &,&, —1forn,n, O for others.

The SL(2, C) invariant vacuum is defined to carry zero ghost number and picture number.



The stress tensor T,,(z) and its fermionic partner Tr(z) for the matter sector take
the form:
Tn(2) = =0Xu0XM + 0™, Te(z) = —yudX™, (2.4)

with similar expressions for their anti-holomorphic counterparts. The OPE involving T},
and T take the form:

Ton(2)Ton (w) = ? (2 —1w)4 " (2 —Qw)2 Ton(w) + ﬁ OTm(w) + -,
Tﬂ@ﬁ@@:g@j@p %waﬂﬂm+~w (2.5)
T, (2 Tr(w) = § Ty Trw) + = 0Tl -

The stress tensors of the ghost fields, the BRST current jp and the BRST charge Qp are
given by:

Tye.=—2b0c+cdb, Ts, = gﬁa'y + %785 =Ty +Te, (2.6)
Te = —nok, n:—%wwhﬂ%, (2.7)
jB:c(Tm—FTgﬁ)+7Tp+b080—3726, (2.8)
Qp = j{dZ]B(Z)~ (2.9)

¢ is normalized to include the 1/(27i) factor so that § dz/z = 1.
We shall follow the normalization conventions of [36] for the picture changing operator
(PCO) X(z) [39, 40] and the inverse picture changing operator Y(z):

X(2) =2{QpB,&(2)} =2c0¢ + 2Ty — %87762(1)1)* %3 (7762¢b) , V=2c0te 2.

(2.10)
With this definition we have:
@p, X(2)]=0, [@BY()]=0, V()X (w)=1+0(z—-w). (2.11)
We also define:
%:%@X@, %:f@ﬂ@. (2.12)

As already mentioned before, we have an analogous set of operators and OPEs in the
anti-holomorphic sector. In the following we shall use the words right (left)-moving and
holomorphic (anti-holomorphic) fields interchangeably. The labelling of picture numbers
will be done accordingly, with picture number (m,n) implying picture number m from the
left-moving fields and n from the right-moving fields. The BRST charge for open strings
can be represented by Qp, whereas the BRST charge in the closed string sector will be
given by the sum of Qg and Qp.

Next we turn to the spin fields. We denote by S® and S, the 16-component spin
fields in the matter sector, carrying opposite chirality. We shall use the convention that



in the holomorphic sector §*¢/ 28, and §*3¢/ 298 are GSO even operators while in the
anti-holomorphic sector e~#/25% and e3¢/ 25'5 are GSO even operators. This assignment
is a consequence of the fact that in type IIA string theory the left and the right-moving

Ramond sectors carry opposite chirality. The relevant OPE involving the spin fields are:3
_ { _ _
$M(2) €780 (w) = 5 (2 = w) T2 (M )age ™2 8P (w) + -+
_ o { _ B —
M (2) e 9/28%(w) = 3 (z — w) Y2 (TM)aB=2/2 Sp(w) + - -, (2.13)
e 39/25%(2) e *2S5(w) = (2 — w) 2 03 e 2P (w) + -+,
e~ ?28,(2) e ?2S5(w) = i(z — w) " (TM)ap e ar(w) + -+,
where the 16 x 16 matrices F% satisfy the identities:
TNy =29V g, (Mg = MY)sa, @) =@M, (214)

with the understanding that when we take product of the I'M’s, the successive I'M’s will
have their indices alternating between upper and lower indices. Here 114 denotes the 16 x 16
identity matrix. The OPE in the anti-holomorphic sector are obtained by replacing all the
holomorphic fields in (2.13) by anti-holomorphic fields, replacing the upper spin indices by
lower ones and the lower spin indices by upper ones. We also have,

(TMye? = (TM),5 for M # 0, (T = 6,5, (Tap = —das - (2.15)

As in [36], for the closed string vacuum carrying momentum k, we choose the normal-
ization: )
(kle_12_1cotocrer e 22(0)e 22(0)[K') = —(2m) 0610 (k + K'Y, (2.16)

while for the open string vacuum on a p-brane we choose:
(kle_1coer e 22(0)|K) = (2m)PHL6PH (k 4+ &) . (2.17)

We shall follow the convention of [36] for computing disk amplitudes in the presence of
a (Euclidean) Dp-brane. Since this will be used extensively in our analysis, we shall briefly
review the convention for the amplitudes relevant for us. Let V. be the unintegrated vertex
operator of a closed string. Then the disk one-point function of this closed string is given by

1
Vet = 5Tl Vel (2.18)
where we define

CE)E = (C()Zl:éo)/Q, b:ot :b():l:l_)(), L(:)t :L():l:l_/o. (219)

3Even though we deal with Euclidean D-branes, we use Lorentzian gamma matrix algebra, regarding
time and energy as taking imaginary values. For most of our analysis it makes no difference whether we
work in Euclidean or Lorentzian signature. One place where the continuation from one signature to the
other introduces an ambiguity is in the sign of the contribution from integration over the fermion zero modes.
As discussed at the end of section 4.1 and appendix C, this sign can be fixed using the cluster property of
the multi-instanton amplitudes.



() denotes correlation function on the disk, k = v/87G is the gravitational constant and 7},
is the tension of the Dp-brane, related to the string coupling g5 via the relations

1
(2m)Pgs

We also need to insert appropriate number of PCOs in the disk correlation function in (2.18)

k=227"2g,, I, =

(2.20)

to make sure that total picture number of all the operators adds up to —2. The factor of x
was not present in eq. (3.26) of [36] but has been included since we shall be working with
canonically normalized fields. On the other hand, if we have a disk amplitude with one
closed string and n open strings inserted on the disk, the amplitude takes the form (see
eq. (3.28) of [36]):
n n
{VCHVO(k)} ZEMTP/<VCHVO<@> 7 (2.21)
k=1 k=1 D

where ¢ is some power of 1, Vo(k) are the open string vertex operators, with one unintegrated
and (n — 1) integrated vertex operators, and the integral runs over the locations of the
integrated vertex operators along the real axis. The factor of € was not determined in [36]
(see footnote 5 of [36]) since there one needed four powers of the disk amplitude. However,
in our analysis we need two powers of the disk amplitude and for this we need the actual
value of €. It is shown in appendix A that we have

=i, (2.22)

As in (2.18), we need to insert appropriate number of PCOs in (2.21) to ensure that the
total picture number adds up to —2. Using the factorization analysis of [36], it is easy to
check that ¢ is independent of the number n of open string insertions, but we also check
this in appendix A.

When we carry out the analysis for D-branes wrapped on Calabi-Yau cycles, we shall
use the large volume approximation to regard the brane as locally flat. Then to compute
the amplitudes, we can use the ten-dimensional formulze where the vertex operators do
not carry any momentum along the brane. In this situation, according to (2.17), we get
a factor of (27)P*16(P+1)(0) which can be viewed as the volume of the brane. We should
interpret this as the statement that the result without this factor needs to be integrated
along the brane.

2.2 Compactification

Let us now consider compactification of the theory on a CY 3-fold ). We shall label the
four-dimensional coordinates by Greek indices u,v - -- and the six-dimensional indices by
lower case bold-faced indices i, j,k---. The gamma matrix conventions will be as follows.

Let us denote by I'! the six-dimensional ~v-matrices and define
L=qil*...T7, (2.23)

so that
rP=rn  {I,ry=o0. (2.24)



We also denote by ~* the four-dimensional v matrices that commute with the I'’s. Then
the ten-dimensional ~-matrices will be chosen as:

=Ty, Ti=Tigl,. (2.25)

We shall denote the six-dimensional spinor indices by a(®) and the four-dimensional spinor
indices by a® so that the ten-dimensional index a can be regarded as the pair (a(ﬁ), a(4)).
We shall use the dotted and undotted spinor index «, ¢ for the four-dimensional spinor. In
this convention the components of v* acting on the undotted and dotted spinors will be
labelled as (y#) dﬁ and (y#) aB respectively. They satisfy the relations:

(A =20, (M)ap = (a5 (M)as = (Va4 (1)as = (1) ag s
(2.26)
with the understanding that in the product of 7-matrices, an (un)dotted index on the top
is contracted with an (un)dotted index at the bottom.* I and e represent respectively the
2 x 2 identity matrix and the 2 x 2 antisymmetric matrix with €2 = €j5 = 1. Although
we shall use the indices «, 3, --- to label both the ten-dimensional spinor indices and four-
dimensional undotted spinor indices, it should be clear from the context whether a given
spinor index « corresponds to ten- or four-dimensional index. Since the ten-dimensional
spinors carry definite chirality, the chiralities of the four- and the six-dimensional spinors
should be correlated. Therefore, the dotted and undotted four-dimensional spinor indices
must be accompanied by six-dimensional spinors of opposite chiralities. Furthermore this
correlation should be opposite in the left and the right-moving sectors, since in type IIA
string theory the left and right-moving spinors in ten dimensions have opposite chiralities.
CY 3-folds have a complex conjugate pair of covariantly constant spinors which we
shall denote by 1 and 7. Covariant constancy ensures that 77 is a constant. We shall choose
the normalization and chirality of n such that

an=1, Tn=n1. (2.27)

The unbroken supersymmetry transformations in the compactified theory are related to the
supersymmetry transformations in the ten-dimensional theory coming from the holomorphic
sector by taking the ten-dimensional supersymmetry transformation parameters to be
the product of n and an arbitrary undotted spinor or 77 and an arbitrary dotted spinor.
For supersymmetry transformations coming from the anti-holomorphic sector, n will be
accompanied by a dotted spinor and 7 will be accompanied by the undotted spinor.

The D-instanton contribution we shall analyze will be one or several Euclidean D2-
branes wrapped on some 3-cycle L, of ). In order to preserve half of the supersymmetries,
the specific 3-dimensional subspace that the D2-brane wraps must be a special Lagrangian
submanifold, but there may be more than one special Lagrangian submanifold in a given
homology class labelled by . The D-instanton boundary conditions break half of the space-
time supersymmetry by relating the supersymmetry transformation parameters associated
with the holomorphic sector to that associated with the anti-holomorphic sector. Associated

4A similar convention must also be followed for the product of six-dimensional gamma matrices.



with the broken supersymmetry there will be Goldstino zero modes on the instanton which
we shall label by two component spinors Y* and ¥®. Since the zero modes are in one to
one correspondence with broken supersymmetry generators, which we shall identify with
the supersymmetry generators in the holomorphic sector, we can also represent them as
ten-dimensional spinors X< and X @, carrying opposite four-dimensional chiralities. Using
the dictionary given earlier, we can take

~

X=nog", X=nox". (2.28)

Note that for each four-dimensional spinor ¥® and Y¢ we have a zero mode, but once
these spinors are given, the components of the ten-dimensional spinors X and X are fixed
by (2.28). In particular, we have X%(I'*),5X" = (7I'n) (2&(7“)%)26).

2.3 Complex structure moduli space of Calabi-Yau threefold

We shall now review some useful properties of the moduli space describing complex structure
deformations of a CY threefold and evaluate a few integrals that will be needed for our
analysis.

For a given CY threefold 9), let {AY By} € H3(Y) with A = 0,...,h>' () be a
symplectic basis of 3-cycles such that the only non-vanishing intersection numbers are
AMN By, = 64, We also introduce a dual basis of 3-forms {ay, 3%} € H3(Z,9)) such that

/ oy, = 08, BE = o}, / an= | pE=0. (2.29)
AA B Ba AN

The complex structure on g) is encoded into a covariantly constant holomorphic 3-form €.
Expanding it in the basis introduced above

O =22ay — FppA, (2.30)

we get coefficients 2z and F) given by

A= / Q, Fi=] 9 (2.31)
AA Ba
which describe deformations of the complex structure and parametrize a moduli space M.
As it is easy to show (see, e.g., [41]), they are not independent. In fact, the moduli space
M carries the structure of a projective special Kahler manifold which means that (locally)
there exists a homogeneous of degree two holomorphic function F'(z) such that Fy = 9,4 F
and the metric on M is captured by the following Kéahler potential

K=—-logK, K:i/Q/\Q:zANAEEZ,
D) (2.32)
NAEE—QImFAZ, FAZEazAazzF,

where we have used the Riemann bilinear identity

/Q.)XAGZZA:</AAX/BA9_/BAX/AA9> (2.33)



to evaluate the integral over Q). Note that under a holomorphic rescaling of the coordinates
2N — f(2)2", the Kihler potential transforms by a Kihler transformation K — K —log f —
log f which does not affect the metric. This originates from the fact that Q is defined only
up to such a rescaling. As a result, the complex structures are parametrized by only h?'(2))
coordinates which can be taken to be 2¢/2° with a = 1,..., h*!. We will work in the gauge
29 =1 and use 2% as independent coordinates on M.
It is useful to note that there is also an alternative basis in the space of 3-forms on
92 adapted to the Hodge decomposition H? = H30 ¢ H?>! @ H'? @ H3. 1t is given by
{9, Xas Xa, Q} where
Xa(2) = 0,aQ + QK,, ICo = 05 K. (2.34)

The relative coefficient between the two terms is fixed by requiring [ Q A x, = 0.
Let us now consider an arbitrary 3-form C. It can be expanded in either of the two
bases introduced above. The two decompositions give rise to two sets of coeflicients:

C = (tay —Gph (2.35)

and
C = pQ+ 0o + 8%a + P (2.36)

A relation between them can be found by substituting (2.30) and (2.34) into (2.36), which

gives

=2Re(p+ 0"K,),
= 2Re ((p + 0°KCp) 2% + o°
((p + 0"Kp)2" + o), (2.37)
a—QRe((p+Q ICb F +Fab9)
o =2Re ((p + 0"Ka)Fo + 0" Fuo).
Setting 0° = 0, these relations can be written in a compact form as
M =2Re(¢"), =0+ (p+0"Ka)2" (238)
(a = 2Re (Fpxé™).
In particular, one finds
Ay — Fac = iKp. (2.39)

Finally, let us choose a 3-cycle L., = gp A% —p By and its dual 3-form Wy = prar—qaft,
parametrized by a vector of integers v = (pA, qr). We are interested in evaluating three
integrals over this cycle

0,=[ ¢, o= / «c, o= Jo) (2.40)
L, L, L,

where J is the complex structure and

1
()i = 5 (" Conic + " Conte + " Cini) - (2.41)

3
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The first integral is trivially evaluated using (2.35),
0, = qalt — p™Ca- (2.42)

The second integral can be found rewriting it as an integral over the whole CY 3-fold:
== CAxwy (2.43)
and using the identities [42, 43]

/ ap A xayy = —(Im/\/i + ReM(Im M) ! ReM) ,
D)) AX

_1AXZ

ABA AxB = —(Tm M)~ (2.44)

[yaA A*BE = —(Re/\/l(Im/\/l)_l)AZ,

where (N2)r (V)
= (V2)A (N 2)s
=Fjyy —1—F———77—. 2.4
Mps = Fas — i (zN7) (2.45)
It is straightforward to find
1 A _oax . L ias | aLs
i(ImM) =N —E(z ZZ+ 202 ), (2.46)
where NA% is the inverse of Ny, so that
1 1) T ox 1 S o>
3 (Re/\/l(Im/\/l) )A = Re N~ (FAZ L Fpz ) (2.47)
1 2 _ _
-1 _ 4 -1 4
(ImM+ReM(1mM) Re/\/t)AE =5 Nax+2 (ReFN ReF)AE = (FAFngFAFg).
These results can be used to obtain
* 4 7 s
0} =2¢, - - Re |2,(2 0 = Fach), (2.48)
where we introduced
Zy = / Q= qp2t —prFy (2.49)
L,
and 1
G, = N ((JA — Re FAEp:> (CZ — Re FE@CQ) + 7 Nz ph ¢ (2.50)
Using (2.38), €, may also be expressed as
%, = Im — Fagp™)et
Y ((aa — Fasp™)e) 251)

= Im (00z0 2y + (p + ¢"Ka) Z7) -

To find the last integral in (2.40), we have to evaluate the action of the complex
structure on a 3-form. This is where the basis adapted to the Hodge decomposition becomes
very convenient. Indeed, using (2.36), one finds

J(C)=i(pQ=pR) + 3 (0"xa — 0'%e)- (2:52)
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Taking into account (2.49), this gives

2
©) = —2Im (pZ,) — 3 Im [ga(azaz,Y + ICaZV)}. (2.53)

It remains to express this result in terms of ¢*, (5. Using (2.39) and (2.51), one immediately
obtains 4 5

0] =~ Re (2,28 = Fach)] - 3 (2.54)
3 D-instanton corrected hypermultiplet metric from twistors

In this section we present a prediction for the instanton corrected hypermultiplet metric
following from a combination of various dualities, wall crossing and mirror symmetry and
obtained using a twistorial description of quaternionic manifolds.

First of all, let us recall that after compactification on a CY threefold ¥), the low energy
effective theory contains n = h?'(Q)) + 1 hypermultiplets. Each hypermultiplet comprises 4
real scalars which parametrize a 4n-dimensional quaternion-Ké&hler moduli space M. In
type IIA theory we have the following hypermultiplet scalar fields:

e the fields 2% (a = 1,..., h*!) describing deformations of the complex structure of )
which were reviewed in section 2.3;

o the RR fields ¢*, {4 (A =0,...,h%") arising as period integrals of the RR 3-form of
type IIA string theory over a symplectic basis of cycles in H3(2),Z) (see (2.35));

o the four-dimensional dilaton r = e?;

e the NS-axion o which is dual to the B-field in four dimensions.

At tree level the metric on My can be obtained by Kaluza-Klein reduction from the
ten-dimensional type ITA supergravity action or via the c-map [44, 45]. The resulting metric
is completely determined by the holomorphic prepotential F'(z) on the space of complex
structure deformations and is given by

1 1 AY /-~ , _ _ ,
dsihee = — dr* = —— [(Im M)™ ™ (ddx = Mand¢™) (dG = Msdc™)
T . 2r , ] (3.1)
p A A 3+ _j.a3=b
+ 15 (da 1+ GndCr — ¢ dCA) + 4K ydz"dZ,

where KC_; are the second derivatives of the Kéhler potential I given in (2.32) and the
matrix My, is defined in (2.45).° We have used conventions where the Einstein-Hilbert
Lagrangian density and the kinetic term for the hypermultiplet scalars, collectively denoted
by ¢’ with i = 1,...,4n, read as

1

5 Gii(#) Dot (3.2)

®Note that topologically the metric (3.1) describes a bundle with the two-stage fibration structure. Namely,
Mu =R} x [S; = C(r) = Jc (2})] where Jc(9)) is the intermediate Jacobian appearing as the base of
the circle bundle C(r) of the NS-axion, which is itself the total space of the bundle H*(Y,R)/H?(2),Z) —
Jc () — Mc carrying the Weil complex structure. In particular, RR fields are periodic due to large gauge
transformations acting on them.

Lyin = —R(g) —
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Note that M carries an action of the symplectic group. In particular, (zA, Fy) and (¢ A f A)
transform in the vector representation, whereas r and o are symplectic invariant.%

The metric (3.1) receives a one-loop correction and instanton corrections from Euclidean
D2-branes and NS5-branes wrapping 3-cycles and the whole CY, respectively. In this paper
we restrict our attention only to the corrections due to the first type of instantons. These
instantons are characterized by integer charges v = (p*, ¢) labelling homology classes in
H5(9). The charge lattice carries an integer pairing

(7,7) = aap™ — dhp™. (3.3)

In the small string coupling limit each instanton of charge v produces a factor €2, e

where €, is the integer valued generalized Donaldson-Thomas (DT) invariant of ), which
roughly counts the number of supersymmetric cycles in homology class -, and

T, = 8m\| =2, + 2mi0,. (3.4)

Here Z,, defined in (2.49), is the central charge of the supersymmetry subalgebra left
unbroken by the instanton, and ©, is a linear combination of RR axion fields given
by (2.42). The full D-instanton corrected metric includes in addition a gs-perturbative
expansion around instantons as well as multi-instanton contributions.

A formal” expression for the metric incorporating contributions of all D2-instantons
with all perturbative expansions around them has been found in [27, eq. (2.31)]. It was
derived from a twistorial construction [19, 20] that encodes the D-instantons into the so
called holomorphic contact structure on the twistor space, a CP! bundle over My [46, 47].
Although this construction allows to capture all D-instantons by a single holomorphic
function (dilogarithm), to extract the metric from it requires solving an integral equation
of Thermodynamic Bethe Ansatz (TBA) type. Generically, this can be done only by a
perturbative expansion in powers of DT invariants and leads to a highly complicated result.
We will argue now that for our purposes it is actually not needed and this complication can
be avoided.

The point is that contributions non-linear in DT invariants, in particular, those generated
by an iterative solution of the TBA equation mentioned above, involve products of the form
I1; 2, e % with k; € Z*t. They are to be compared with the contribution of a single
instanton of charge v = >, k;7y;. Since ©, depends linearly on charge, the two contributions
have the same axionic coupling and thus belong to the same topological sector. However,
i kil Z+,| > |Z,| with equality possible only if all central charges are aligned. This can
happen only at very special loci in the moduli space unless all the +;’s are aligned. If two
charges 7,7’ are mutually non-local, which means that they satisfy (v,7’) # 0, the loci with
arg Z-, = arg Z., are known as walls of marginal stability and coincide with codimension 1
hypersurfaces in Mg where DT invariants jump, so that they are not even well-defined at
these walls. The metric however is smooth across the walls and we can safely assume that

5Recall that we work in the gauge 2° = 1 which is not invariant under a generic symplectic transformation.
Besides, the prepotential F' is not invariant either.
It is formal because it involves various expansions which are at best asymptotic.
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we stay always away from any such wall. As a result, contributions from mutually non-local
multi-instantons turn out to be exponentially suppressed compared to one-instantons of the
same total charge. Since we are interested here only in the leading g5 corrections in a given
topological sector, such multi-instantons can be ignored.

This leads to crucial simplifications as we do not need anymore to solve any integral
equations — the first iteration gives rise to an exact solution. An explicit expression for the
metric in this approximation has been obtained in [26] (see [48] for a recent construction of
the same metric by mathematicians) and we present it in appendix B. In the same appendix
we argue that multi-instanton contributions non-linear in DT invariants for mutually local
charges are also suppressed, this time by a power of the string coupling,® and extract
instanton corrections to the tree level metric (3.1) that are linear in DT invariants. The
result can be conveniently represented in the following form

2
9%, |12, ( : - 4iVIK Z,
dsm —E T [ 1 dU+CAdCA—CAdCA Cy +8rImdlog =L
st ~ 16r /27_(_7;1% rK |Z| K

1 Z,* 16mi _ .
- (dﬂ — 87|17, /% dlog |%| - 77” fm [Z,(z"dly — FAdgA)D d’g] :
(3.5)

where the sum goes over all charge lattice, 0 = dz%0,a is the Dolbeault holomorphic
differential on Mg,

-~/ - 1
C, = N* (qa — Re Fyzp®) (dls — Re Fuod(®) + 7 Nanp' d¢” (3.6)

is a combination of differentials of the RR fields (cf. equation (2.50)), TWR = Re7,, and the
function X, is defined as:

2y = Z Tt (3.7)

Here o, is a sign factor, known as quadratic refinement, which satisfies the defining relation
0y Oy = (—1)1920g A few remarks are in order:

o It is easy to see that the terms real in the square brackets in (3.5) are even with
respect to v — —<, whereas the pure imaginary terms are odd. Therefore, since
7:7 = T_, the sum over charges produces a real expression, as it should be.

e Note that in contrast to multi-instanton contributions non-linear in DT invariants, the
multi-instanton contributions linear in DT invariants, captured by the k > 1 terms
n (3.7), are not suppressed by powers of string coupling in the small string coupling
limit. We shall see that these contributions come from multiple branes fused together
in a sense that will be made precise at the end of section 4.2.

8In fact, the argument in the previous paragraph shows that multi-instantons with mutually local charges,
but central charges non-aligned, are actually suppressed exponentially.
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e Due to the summation over k in the definition of 3., the term with a given « in (3.5)
contributes to multiple topological sectors labelled by integer multiples of v. We can
rectify this by rewriting the formula where we replace 3, by the & = 1 term in the
sum and replace €2, by the rational invariant 527 defined as:

Q=) d Q. (3.8)
dly

o An important feature of the result (3.5) is that the contribution of each charge is a full
square up to terms O(d7;). As we shall see, the latter terms can be removed by field
redefinition at the leading order and therefore are not relevant for our purposes. On
the other hand, the full square structure is precisely what follows from the analysis of
these amplitudes in section 6.

e Another useful remark is that a simple rescaling of fields makes it clear that both
metrics (3.1) and (3.5) have a uniform scaling in the small string coupling limit.
Indeed, let us redefine fields as

r= T//g(24)> CA = C/A/g(ll)) 5/\ = 5;\/9(4% 0= U,/g(24)7 24 = Z/aa (39)

where g(4) is the four-dimensional string coupling which can be thought as the vacuum
expectation value of #~1/2. If we rewrite the metric in terms of the primed variables,
then it is easy to see that g(4) drops out from the perturbative metric (3.1), while in

the instanton contribution (3.5) we get two overall factors: g(1 4/)2 in front and 9 4§ in

the instanton action. Thus, keeping the primed fields fixed in the weak coupling limit,
the metrics have an overall scaling 9?4) and g(14/)2 e—g@%ﬁ’, respectively.

To finish this section, let us establish a precise relation which holds at leading order
between the four-dimensional dilaton r appearing as one of the coordinates on My and the
closed and open string couplings, gs and g,, that will appear in the amplitude computations.
To this end, let us note that both couplings are related to the real part of the instanton
action. On the one hand, it has the canonical expression as a product of the D2-brane
tension and the volume V,, of the 3-cycle L, wrapped by the brane

v
R gl
Ty 2V- 471—293 ) (3 O)
where we used (2.20) for p = 2. On the other hand, it can be written as [36, 49-51]
R 1
T (3.11)

T o

In the following we shall regard gs and g(4) as constants, related to the vacuum expectation
values of the fields. Therefore, (3.10) and (3.11), as well as (3.16) and (3.17) below, should
be regarded as relations involving vacuum expectation values. However, in general, e.g.
in (3.5), we shall regard 7, and Z, as functions of fields.
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As shown in [1], the BPS condition requires the cycle L, to be special Lagrangian, i.e. the
pullback of the Kéhler form w on 9) to L, must vanish, and the pullback of the holomorphic
3-form (2 has to be proportional to the volume form of L. which we denote by v.:

wlp, =0, Qlr, = fovy, (3.12)

where f = ¢ifes (K’ —K). 6 is a real constant and K and K’ are Kéhler potentials on the space
of complex and Kiihler structure deformations of CY, respectively. Integrating the second
relation over L. and using equation (2.49), one finds

v, =2, (3.13)

Then taking into account the explicit form of f and that in the large volume approximation
4
K' = —log (3/ wAw /\w) = —log(8V), (3.14)
2

where V' is the volume of ), the absolute value of the relation (3.13) becomes

5%
Vi =\ 5 1%l (3.15)

Substituting this into (3.10) and comparing with (3.4), one finally obtains

\%4 %

" T o0n)0g2 T 262

(3.16)

while (3.11) implies

g2 295 _
A f|z y 16773\Z lv/r

(3.17)

4 Normalization of the instanton amplitudes

The leading order contribution to an instanton amplitude involves the product of the usual
factor of ¢ accompanying all amplitudes, exponential of the annulus amplitude and a set of
disk amplitudes. In this section we shall focus on the computation of the exponential of the
annulus amplitude that fixes the overall normalization of the amplitude. First, we consider
the case of a single instanton, and then turn to the case of k identical instantons.

4.1 Single instanton

Since our analysis in this section will follow closely to that in [36], we shall begin by briefly
reviewing the steps followed there.

1. Formally the annulus amplitude vanishes due to supersymmetry [52], but the zero
mode contributions from the NS and R sector suffer from infrared divergences. We
regulate the infrared divergences by putting slightly shifted boundary condition on the
two boundaries of the annulus and express the exponential of the annulus amplitude
as a ‘path integral’ over open string modes. The regulator produces a non-zero L
eigenvalue h for all the modes which otherwise would have had zero L eigenvalue.
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2. The variables involved in the path integral include the usual bosonic zero modes
associated with the breaking of space-time translation invariance by the instanton and
the fermionic zero modes associated with broken supersymmetry. However there are
two additional Grassmann odd modes which can be identified as the Faddeev-Popov
ghosts arising from Siegel gauge fixing. In the limit when we remove the regulator
by taking the h — 0 limit, the ghost action vanishes, indicating a breakdown of the
gauge fixing procedure. We remedy this by working with the original gauge invariant
form of the path integral whose gauge fixed version produces the exponential of the
annulus amplitude. This gauge invariant version does not have the integral over the
ghost modes, but has an integration over an extra Grassmann even variable that was
set to zero in the Siegel gauge and also contains a division by an integral over the
gauge parameter that was removed by the gauge fixing procedure.

3. We can explicitly perform the integration over the extra Grassmann even mode in
the numerator. The remaining bosonic zero modes are related to the position of the
D-instanton in space-time. The precise relation is found by comparing the dependence
of an amplitude on these zero modes with the expected dependence of the amplitude
on the position of the D-instanton. Using this result we express the integral over
these bosonic zero modes in terms of the integration over the instanton position. The
latter integration eventually produces the usual momentum conserving delta function.
Similarly the integral over the gauge transformation parameter in the denominator is
performed by first finding the relation between the gauge transformation parameter
and the parameter 6 labelling the rigid U(1) symmetry on the instanton under which
an open string with one end on the instanton picks up a phase €. Once this relation
is found, the factor in the denominator can be expressed as an integral over the rigid
U(1) transformation parameter 6. The latter integral gives 27 since 6 has period 27.

4. Finally the integration over the fermion zero modes associated with the supersymme-
tries broken by the instanton tells us that in order to get a non-vanishing amplitude,
we must sprinkle the vertex operators associated with these zero modes in the rest of
the factors in the amplitude. Once this is done, the integration over the zero modes
can be performed using the standard rules for Grassmann integration.

We shall now give the results obtained during different steps. The D-instanton we shall
analyze is a Euclidean D2-brane wrapped on a special Lagrangian 3-cycle. We shall assume
the 3-cycle to be rigid so that the only bosonic zero modes on the instanton are those
associated with translation invariance of the instanton along the non-compact directions.
The vanishing of the annulus amplitude now fixes the number of fermionic zero modes.
After taking into account the pair of ghost zero modes that arise in fixing the Siegel gauge,
one can show that the only fermion zero modes left are the four zero modes associated
with broken supersymmetry. With this information, at step 1 we arrive at the following
expression for the overall normalization:

3 3 2
) deH 1 . .
N = z/ H e dpdg exp | —=h E §ué' —hpq / H dxé dx‘S exp [maﬁxax } )
o V21 2 = ,
H= H= 5,5:1
(4.1)
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Here £* are the Grassmann even variables associated with broken translation symmetry,
x® and x® are the Grassmann odd variables associated with broken supersymmetry, and
p,q are the Grassmann odd Faddeev-Popov ghosts. m,; is a matrix with |det m| = h.
(4.1) differs from eq. (4.7) of [36] in that here p ranges from 0 to 3 instead of from 0 to 9,
reflecting the fact that the instanton can move only along the four non-compact space-time
directions and that «, & together range over only 4 values instead of 16, reflecting the
fact that the instanton breaks only 4 out of 8 supersymmetries. For i > 0, the integrals
appearing in (4.1) can be carried out explicitly, and give the result 7, reflecting the vanishing
of the annulus amplitude.
At the end of step 2 we arrive at the following integral in the A — 0 limit:

N:i/o:od¢e—¢2/4/ﬁ d¢” /H A dy? //de (4.2)
p= 55_

where ¢ is the extra mode that appears when we ‘unfix’ Siegel gauge and 6 represents the
gauge transformation parameter. This part of the analysis is identical to that in [36]. After
carrying out integration over ¢ we get the analog of eq. (4.32) of [36]:

N =i (27) 22f/Hd§“/HdX dx//de (4.3)

6,0=1

The procedure outlined in step 3 gives the analog of eq. (4.38) of [36]:
o= g 2, 4

where g“ is the space-time coordinate of the D-instanton and g, is the open string coupling
constant. Also the relation between 6 and 6 takes the form 6 = 26/g,, leading to the analog
of eq. (4.45) of [36]:

/ d0 = 47/ g, . (4.5)

Using these results, we get:

N =ig; 4272 (21) 22[ Jo /de“/ H Ay’ dy’ . (4.6)

5,0=1

The fermion zero modes x¢, XB appearing in (4.1) are canonically normalized so that
their vertex operators are accompanied by a factor of the open string coupling constant g,.
It will be more convenient for our analysis to define new variables x<, )ZB by absorbing the
factor of g, so that the vertex operators do not carry any such factor. To this end we define:

=X X = g0, / H dx’ dx° —go/ H i’ dx’ . (4.7)
5,6=1 §,6=1

From (4.6) and (4.7) we get the analog of eq. (4.49) of [36]:

N =ig, 275 n13/2 /Hdg”/ [T ax’dx’. (4.8)
W

5,6=1
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We need to multiply this by the product of disk amplitudes of external closed strings
(one on each disk to get the lowest order term) and insertion of the vertex operators of the
open string fermion zero modes ¥, X7, distributed on the disks in all possible ways. Then
we use

2 & . ' . A
/ { IT av dxé}xaxaxﬁxﬁ = el (4.9)

5,6=1

Therefore, if we denote by A_, 84 IL ePi€ the product of disk amplitudes with closed string

insertions carrying momenta p1,po, - - - and open string zero mode Y%, X%, X°, )ZB insertions,
then the final result for the amplitude takes the form:

ie PN (2m) o (Zm) A N = o270 A= A s (110)

The momentum conserving delta function comes from integration over the g’“s and the
P8 comes from integration over the ¥%’s and ¥9’s. This is the analog of eq. (6.5) of [36].
The notations N, 1(0) and A; were not introduced in [36], but are convenient for comparison
with the multi-instanton amplitude.

Note that in carrying out the integration over the fermion zero modes using (4.9), there
is a phase ambiguity associated with the integration measure over the fermions [36]. This
reflects the ambiguity associated with the sign factors o in (3.7). However, we show in
appendix C that this choice is correlated with the sign of the multi-instanton contribution
analyzed in section 4.2. In particular, (4.9) is compatible with (4.21). If on the other hand
we have a sign o on the right hand side of (4.9), then (4.21) will get an extra factor of a’jfl
and A; given in (4.10) (and its generalization for multi-instanton amplitudes) will get a
factor of o,. Therefore the k instanton contribution will get an extra factor of (0,)* = oy,
For a given +, this phase can be absorbed into the shift in the RR scalar field appearing in
the axionic coupling e~27*®+ accompanying the k instanton amplitude. Our choice of sign,
encoded in (4.9) and (4.21) will turn out to agree with (3.5), (3.7) for the choice oy, =1
for a given v and all k. However, the compatibility condition described below (3.7) shows
that this choice cannot be made for all v simultaneously. It should be possible to see the
origin of this compatibility condition by carefully analyzing the contribution from multiple
instantons carrying mutually non-local charges. But this has not been done so far and we
shall not discuss the o, factors any further.

4.2 Multiple instantons

Let us now describe the computation of the overall normalization of k& instanton amplitude
which is expected to capture the k-th term in the sum in (3.7). The normalization factor is
given by the exponential of the annulus amplitude for open strings living on the configuration
of k identical instantons. To compute it, we shall follow the procedure described in [37].
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At the initial stage, we can analyze this system by regarding the open string spectrum
as k? copies of that on a single instanton. This leads to the analog of (4.3):

Ni =i (27)~ 2 (2/m)* /H { d{ﬂ}{H dy’ dxa} //khlpeb. (4.11)

6,0=1

The main distinction from (4.3) is the inclusion of the e factor. At quadratic order the
action vanishes, but in order to integrate over the non-abelian modes we need to include
higher order terms in the action.

Next we change variables from 6, to the parameters 0 of the rigid U(k) symmetry
group living on the D-instanton. This relation takes the form 6, = 20, /90, and we get, as

n (4.5),
k2—1 k2—1

/H DOy, = 2" (g0)~ /H Db (4.12)

In this integral, 50 represents the U(1) generator. Since the correctly normalized generator
of U(1) is I/ Vk, 6o has period 27k and integration over 6o produces the factor of 2mv/k.
The rest of the 6, parametrize the group SU(k), but since U(k) = (SU(k) x U(1))/Zy,
integration over the 6,’s for 1 < a < (k% — 1) produces the volume of the group SU(k)/Z.
This gives

. _ok2? 2 g2 2 1 y 2 )
N = i) R 2 R g o o [ H {Hdé }{H dxidxi}es

5,6=1

(4.13)
Since the action does not depend on the center of mass coordinates & and x§, we can
factor out these integrals and relate them to the location g“ of the ‘center of mass’ of
the D-instanton system and the fermion zero modes Y normalized so that their vertex
operators do not carry any factor of the open string coupling constant. These relations take
the form,

¢ =vVhg a2 T =g, (4.14)

generalizing (4.4) and (4.7). The extra factor of v/k in the relation between £* and & can
be traced to the fact that the Chan-Paton factor accompanying the correctly normalized
vertex operator for &* is given by 1/v/k times the identity matrix [37]. Therefore (4.13) can
be rewritten as:

Nk—z/\f /de“ H A58 d3° (4.15)
n=0 5,6=1

where,

\/E 4 2 2 1 1
NO o) -2k 27 k2 ( 27K (go)" gl
e = Em 2V Go V2 (9) 2rv'k Vsu(k)/z,

21 ( 3 9 . (4.16)
x / II § ILdek ¢ q I dxadxa p e
a=1 | u=0 5

8,0=1
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The action S appearing in (4.16) is given by the dimensional reduction of N' = 1
supersymmetric Yang-Mills theory in four dimensions, with canonically normalized kinetic
terms, to zero dimensions. Therefore, it has a quartic interaction involving & with coefficient
g% /4 and a &-x-x Yukawa coupling with coefficient gy ps where g, = v/2 gy ar [49, 50]. We
can remove the dependence of S on g, by making a change of integration variables

wh=98,  wi=altxs vl =a'X (4.17)
and define
XH = gt T, Y =92 T, Y =yt T, (4.18)
where the generators T are normalized as Tr (TT?) = §%. In terms of these variables, we
have: 1 1 .
§ = § Tr (X XJIX" X)) 50l T (V1Y) (4.19)
and
A

0) ) ) 3/2 K2—1( 3 2 _
ko) = (2m) 2D (Tt / 1_[1 Hodxg H dyldy’ b e’ . (4.20)
a= M=

Vsu(k)/z 5.i—1

=2

The integral appearing in this expression can be read out from the conjecture of [53]
(confirmed in [54] with a certain prescription for the contour integrals). We get (see
egs. (26), (27) of [53] for D =4 and N replaced by k)

2 —
/kﬂl ﬁ 2% ﬁ dyidyd § S = A &0 1 (4.21)
i | o V27 aa oVEITZ] j! &2

5,6=1

We also have [55, 56] (see [37] for translation of these results to the normalization convention

used here):

o(k—1)/2_(k—1)(k+2)/2
Vouyz, = 259/ — (4.22)
Substituting (4.21) and (4.22) into (4.20) and using (4.10) we get
(0)
Ny — g2 NO 902 O 13212 (4.23)
NO k
1

We shall end this section with a few observations:

1. The analysis carried out above has been done for the system where all £ D2-branes wrap
a particular special Lagrangian submanifold in a given homology class . Typically
there are multiple special Lagrangian submanifolds in a given homology class whose
number is given by the DT invariant ),. For amplitudes that are protected by
supersymmetry, all the special Lagrangian submanifolds give the same contribution
so that the amplitude is multiplied by €2,. We can also have configurations in which
different D2-branes wrap different special Lagrangian submanifolds — these will be
discussed below.
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2. During our analysis we have assumed that the special Lagrangian submanifolds along
which the D2-branes are wrapped are rigid, i.e. they cannot be deformed inside the
CY 3-fold. It is known that this requires the first homology group of the special
Lagrangian submanifold to be trivial [57]. If we relax this assumption, then the
instanton will have additional degrees of freedom associated with the motion in the
moduli space of this submanifold and we need to integrate over this moduli space. For
a single instanton this integral yields the Euler number of the moduli space up to a
sign [58], which coincides with the definition of DT invariant when it does not reduce
to a simple counting. However, for multiple instantons the effect will be generically
non-trivial since it will add new degrees of freedom to the integral appearing in (4.20).

3. Since the action (4.19) has no dependence on string coupling, the integral over the
x# in (4.20) gets contribution from a range of order unity. (4.17) now shows that
&M integrals get contributions from a range of order g, /2 On the other hand, the
set of &4’s in the Cartan subalgebra of SU(k) can be interpreted as the mutual
distance between the instantons. Therefore, after taking into account the scaling
given in (4.14) that relates the £* variables to physical positions g", we see that the
integral in (4.20) receives contribution from the range when the physical separation

/

between the instantons is of order gi 2 Since it vanishes in the limit of weak string

coupling, the instantons fuse into each other in this limit.

The last observation provides an explanation for why the ratio k(o) /./\/1(0) is independent
of go. In general the normalization constant for multiple instantons should contain a
factor that is the product of the normalization constant for each instanton, and since Nl(o)
is proportional to g,, we would expect N, Igo) to be proportional to g*. However due to
appearance of massless open string states on coincident branes, there is extra enhancement
from the region of small separation between the instantons, and this is what cancels the
extra factors of g,, leading to the result (4.23) for N, k(o)/Nl(o) that is independent of g,.
This situation can be contrasted with the case when we have multi-instanton system
with different instantons wrapped on different special Lagrangian submanifolds. In this case
even in the limit of weak string coupling, the separation between the branes remain fixed and
there is no extra enhancement. The only exception are the points where the submanifolds
intersect. However, as long as the intersection is transverse, there are no tachyonic or
massless open string modes at the intersection points and we do not expect any enhancement.
Therefore, contributions from such configurations will always be suppressed by powers of
the string coupling. Furthermore, if the wrapped cycles belong to different homology classes
71 and g, then |Zy, | + |Z,,| will typically be larger than |Z,, ,|. Thus, the contribution
from such configurations, being proportional to e~771 =77 will be exponentially suppressed
compared to the contribution proportional to e~ 71+%2 from an instanton wrapping a cycle

in the homology class 1 + 72.”

9As discussed already in section 3, the full D-instanton corrected metric and, in particular, the one
given in (B.1) does have such exponentially suppressed contributions. It is natural to expect that these
contributions also appear in the components of the Riemann tensor which are expected to be directly related
to four-point amplitudes in string theory [1]. However, the action of such multi-instantons does not saturate
the BPS bound. While this raises a puzzle why such terms are present, one can note that similar terms do
appear even in ten-dimensional type IIB string theory [11, 59, 60].
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5 Strategy for computing D-instanton corrections to the metric

In this section we shall describe the general strategy for computing the D-instanton
contribution to the moduli space metric. Since for massless scalars the two and three-point
amplitudes vanish, one needs to compute the four and higher point amplitudes for finding
corrections to the effective action, including the moduli space metric. However, we shall
show that by exploiting the momentum non-conservation on individual disk amplitudes, we
can compute the leading correction to the metric by examining the two-point function of a
pair of scalars. The latter can be non-zero before imposing momentum conservation and
can be further decomposed into a product of two disk amplitudes, each with one scalar and
a pair of fermion zero modes. A similar analysis can be carried out for scalars obtained by
dualizing the two-form fields.

5.1 Scalar amplitudes

Let us suppose that the action contains a term of the form:
1 L
-5 [daGu@ ousions (5.1)

where ' are real scalars and ¢ denotes the collection of all the ¢’’s. We use the Greek
indices p, v, - -+ for labelling the four-dimensional space-time indices and the roman indices
other than k for labelling the fields. k will label the instanton number. In the following
discussion we shall assume that the fields ¢ are normalized as the primed fields introduced
in (3.9) so that the dependence of various terms on the string coupling g(4) is simple. In
these variables Gy;() is expected to have an expansion of the from:

Gij 04 Z e T H (¢ (5.2)

where GZ(-?) is the perturbative metric with an expansion in powers of g(4), with the leading

T+ is the contribution

tree level term being independent of g(4y. The term proportional to e~
from the topological sector with charge ~. 7, is proportional to the inverse power of the
string coupling g(4) and HZ(;Y )(5) has an expansion in powers of g(4) with the leading term
proportional to (g(4))1/ 2. It may even have exponentially suppressed contributions, but
importantly HZ»(j7)(cﬁ') 0,9 0" is invariant under the shift symmetry of the RR moduli.
The sole breaking of the shift symmetry comes from the factor e~ 77, which thus uniquely
distinguishes the instanton sector of charge v. We denote by h(w(qﬁ) the leading term in
the expansion of Hl(] )(¢)

If we denote by ¢* the expectation value of ¢* and by A" = " — ¢* the fluctuations of ¢,
then by expanding the metric to quadratic order in A\’ we get the scalar field kinetic term:

L / il [ &)+ "o, Gw(*)+%wvamancz,~j($) DNON 4. (5.3)

Since 7 has inverse power of g4, the leading term proportional to e~ T+ in the expression for
OmOnGij(¢) will come when both derivatives act on 75 in the exponent in (5.2). Therefore,
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the leading four-A’ term in the action proportional to e~7» will be of the form:

—,

- i / dh T 0T, 0T, W (B) X7 A" N0\ (5.4)

Such term in the action induces a contribution to the four-scalar amplitude. Let the a-th
(o)

external state represent the scalar e’ N and carry momentum p(®. Then the contribution
to the amplitude induced from the action (5.4) is given by:!’

A= (2m)%6@W (Z p(a)> [6(1)7” e B Dig, T o h(W)( 5) e Trp®) p*)
@ (5.5)
+ inequivalent perm. of (1),(2),(3),(4)],

where the field indices ¢, j etc. are raised and lowered by the lowest order metric GE?) and
its inverse.

We shall now compare this contribution with the explicit computation of the instanton
amplitude. We shall classify terms by the homology classes v that determine the imaginary
part of T, i.e. the dependence on the RR moduli. For a given v, the amplitude could
receive contribution from either single instanton or multiple instantons. In the latter case it
follows from the discussion at the end of section 4 that the leading contribution comes from
the configurations where all the instantons wrap the same special Lagrangian submanifold.
Therefore, we can have k instantons of charge v/k wrapping the same cycle, where k is
any integer that divides . This contribution will be proportional to N, ,50) and therefore to
Jo ~ (g(4))1/ 2 in agreement with the scaling found in section 3 (see below (3.9)).

The leading contribution to the four-point amplitude includes, besides the overall
normalization constant ./\/’,50), the product of four disk amplitudes each with one closed
string vertex operator corresponding to one of the 67(7?))\“1 combinations, and four open
string fermion zero modes distributed among the four disks. Since each disk must carry even
number of fermion zero modes, we can either have all four fermion zero modes inserted on
one disk, or have two of them on one disk and two of them on another disk. The contribution
from the disks without fermion zero mode insertion, and the insertion of the vertex operator
corresponding to A™ is given simply by the derivative of the instanton action with respect
to the field inserted, i.e. —k 05, T, /x = —OmT;. The factor of k comes from the trace over
the Chan-Paton factors on the boundary of the disk. Therefore, the contribution from the
amplitude where all four fermion zero modes are inserted on a single disk will have the
momentum dependence of the amplitude coming entirely from the fourth disk. However,
by Lorentz invariance this must be a function of p? where p is the momentum carried by
the vertex operator on the fourth disk. Since p? = 0, such an amplitude does not have any
momentum dependence and would give rise to a potential term. Since we do not expect
instanton corrections to generate any potential, we expect this amplitude to vanish.

10T order to avoid writing factors of 4, in the analysis of this and later sections we shall refer to amplitudes
as the ones computed in Euclidean signature, so that the amplitude generated by a term in the action is
directly given by that term written in momentum space, without any extra factor.
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Therefore, the only surviving contribution is the one where we have two of the zero
modes on one disk, two on another disk, and two disks without zero modes. It will have
the structure:

—.

ot (Zp ) [ m e B I 9, T 0, T N e T A (6)
(5.6)
+ inequivalent perm. of (1),(2),(3),(4)],

where A F/R) i the product of two disk amplitudes, each with a pair of fermion zero mode

1nsert10ns and insertion of vertex operators of \; or \;, contracted with ¢’ %% as in (4.10).
The superscript (k,v/k) on A represents that the instanton configuration responsible for
the amplitude consists of k instantons each of charge v/k. The v/k added to the subscript
of NV, ,50) is a reflection of the fact that it has implicit dependence on the instanton charge v/k
due to the dependence of N, ,50) on g, via (4.23) and the charge dependence of g, via (3.17).
If ©, denotes the number of special Lagrangian 3-cycles in homology class 7, then the
contribution (5.6) is multiplied by €, /. Comparing this with (5.5) we get:'!

v k)
Z Qv/k k:'y/k 7/ )( ) = ( )p.p’
kly

(5.7)
= p.p E hg})
v

Z ZN(O)AM )—kﬂ’
o k=1

where p and p’ are the momenta carried by A; and \;. Therefore the knowledge of Al(jlm)(qg)
can be used to determine the instanton corrected metric, keeping the leading term in each
topological sector. Note however that (5.7) vanishes for p’ = —p, and so we implicitly need to
keep in mind the presence of the extra pair of A’s that allow momentum to be not conserved.
In practice we can just analyze the A\’-)\ amplitude without using momentum conservation.

There is one important limitation of this approach arising due to possible ambiguities
in rewriting the action (5.4) using integration by parts, or equivalently, rewriting the
amplitude (5.5) using momentum conservation. To examine this, it will be convenient to
choose a basis for the field variables so that the instanton action depends on only one of
the fields. For example we could take the instanton action itself as a (possibly complex)
field variable, and denote by ¢ its fluctuation. Then the action (5.4) takes the form:

/ diz e R (8) €2 9N N (5.8)
Now suppose that A’ is also £. In that case (5.8) reduces to

/d4xe T () () €2 9,6 94N = /d4:z:e TR () 8, (€3) 09N (5.9)

1 Note that a term proportional to e *7% may get contribution from different sources, e.g. terms propor-
tional to € and Q. They are distinct contributions and all of them are included in the sum in (5.7). Using
that Nlioz/k ~ k° and, as will be established below, AE?’Wk) ~ k™2, one can reorganize the sum in (5.7) so
that we only have the k = 1 term in the sum and €, is replaced by the rational index Q. defined in (3.8).
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We can now integrate by parts to write the integrand as proportional to §3t9u8“)\j which
vanishes once we use the on-shell condition for the field A\’. This shows that we cannot

use the two-point function to compute the leading correction to the metric proportional to
h)
translates to the statement that we cannot compute components of the metric along the

if either ¢ or j represents the fluctuation £. In a general basis of field variables this

fluctuation directions 0,7y A™.

Physically, one can understand the origin of this limitation as follows. Since the S-
matrix of string theory determines the action only up to field redefinition, we can consider a
field redefinition of the form @™ — ™ 4 e~ 77 ¢g™(B) for any set of functions ¢™ (@) without
changing the S-matrix. Here we should regard 7, as a function of the field variables ¢ and
not just of the background qg Under this transformation:

de™ — dp™ — e_T‘ng(gE) OnTydp™ + -+, (5.10)

where - - - are subleading terms in the power series expansion in g(4). Therefore, the leading
effect of such transformations on the perturbative terms will be to generate terms in the
metric proportional to e~ O, T, dy™. This can be used to change the leading terms in the
metric proportional to d7, from instantons of charge ~. For this reason, terms proportional
to d7, in the instanton induced metric cannot be computed unambiguously.

5.2 Two-form field and its dualization

In our analysis we shall also encounter a dual version of this problem where instead of scalar
fields ¢' we have 2-form fields B; ,,, with action

1 i =
6 /d% GY (SD)HLWPH;WP’ Hiywp = auBi,l/p + aVBi,P,LL + apBi,pw : (5.11)

When we dualize the 2-form fields into scalar fields, we get back an action of the form given
in (5.1) with G;; given by the inverse of the metric GY. Now G% has an expansion similar
to the one given in (5.2):

G () = GO (g) + Z e O () 4. (5.12)

v
If we denote by f(V¥ the leading term in the expansion of F( (Q;) in powers of g(4), we get
the analog of (5.4) for the leading term in the action proportional to e~ )\m)\”HWl,pH]‘-WP:

1 )
- / A4z O T, 0Ty FO =T XA [y, HIP (5.13)

This leads to a X™-\"-B; ,-Bj" amplitude of the form:

1 g
A= 3 Om T On'T, i =T (P"b7P + p’ b +ppb“”)(p; ;p + pﬁ,b;ﬂ, +P;)biw) : (5.14)

where p, p’ are the momenta and b, and b;w are the polarizations of B; ,,, and Bj . In
this formula we have not explicitly written down the momentum conserving §-function, but
it is certainly present.
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This needs to be compared with the product of four disk amplitudes, two with insertions
of A and A" and two with insertions of B;,, and Bj,,, and four fermion zero mode
insertions spread among the four disks. In this case using Lorentz invariance one can see
that the disk amplitude with just B; ,, insertion vanishes unless it also has fermion zero
mode insertions. Therefore, we must insert two fermion zero modes on the disk containing
B; ., and two fermion zero modes on the disk containing B; ,,,. Following the same logic as
in the case of scalar amplitudes, we can now conclude that if for k instantons of charge ~/k,
we denote the product of the two disk amplitudes containing B; ,,, and Bj ,,,, by

1 g
] BEAIRYG (e | prpen 4 PO (L, + Db, + Db, (5.15)
then we have
f(’y)l] _ Z Q’y/k ngf)q?/k B(k»'Y/k)U . (516)
kly

Thus, the disk amplitudes induce the following term in the effective action
1 s -
SONRLDS / d'a e N BEDT 1 I (5.17)
v k=1

Since in four space-time dimensions a 2-form field B,,, is dual to a scalar, we can
express the instanton correction (5.17) to the action as a correction to the metric of the
dual scalar field. Let us recall the rules for the duality transformation and derive their
consequences for the instanton corrections. Suppose that we have an action of the form:

1
/ d'z (—1“'; HyupH"? + eWPTHWpAT> : (5.18)

where f and the one-form A could be functions of other fields. Then we introduce the dual
scalar field & via the relation

HMWP = f=1 P (9.5 + A), (5.19)

and replace the action (5.18) by:
1
- / Az [ (8,5 + Ay) (946 + A1), (5.20)

In this case the equation of motion of By, derived from the action (5.18) is automatically
satisfied by (5.19), whereas the Bianchi identity dH = 0 becomes the equation of motion of
& derived from the action (5.20).

Note that the actions (5.18) and (5.20) are not equal. If however we deform the
action (5.18) by deforming the function f by df, then, to first order in § f, the deformation
of the scalar action can be computed simply by expressing the deformation of (5.18) using
the relation (5.19). To see this, suppose f is deformed to f + §f. Then according to (5.20)
the deformed scalar action will be

—;/d4x(f+5f)‘1 (0,5 +A,) (95 +AM) -
- —;/d‘le—l (0,51 A,) (6“&+A“)+;/d4xf‘2 SF(Ou+A) (DP5+ARY.
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On the other hand, evaluating the deformation of (5.18) using (5.19), we get

1 1 ,
- / e 6f HypHP = —— / A 6F 72 €pr (076 + ATYEP (905 + Ay)
12 2 (5.22)
= /d% 5f F72 (015 + AM) (8,6 + Ay,

which agrees with the deformation (5.21). This observation will be useful for us since this
means that in order to rewrite the correction (5.17) in terms of scalar fields, we simply have
to express it in terms of the scalars using the perturbative relation between the three-form
H and the dual scalar field.

6 Explicit computation of D-instanton corrections

The goal of this section is to determine the D-instanton correction to the metric on the
hypermultiplet moduli space from the computation of amplitudes in string theory. We shall
first outline the general strategy and then turn to the computation of different components
of the metric.

6.1 General strategy

Our main tool for computing the metric will be (5.7). For this we need to compute Agfﬂ),
the product of two disk amplitudes, each with one closed string vertex operator and two
fermion zero modes. Furthermore, since we are looking for a contribution where each disk
gives one power of momentum, one of the zero modes must carry dotted index and the other
one should carry undotted index so that we get a contribution proportional to p,(v*) af
To compute such disk amplitudes, we shall use the upper half plane description of the disk,
insert the closed string vertex operator at ¢, the vertex operator for the undotted zero
mode at the origin and that of the dotted zero mode at a point z on the real axis, and
integrate over z. Whether we take the dotted vertex operator to be the integrated one or
the undotted vertex operator to be the integrated one is a matter of choice and the final
result does not depend on this choice. Also the vertex operators of the zero modes can
be represented either as holomorphic or as anti-holomorphic operators. We take them to
be holomorphic and in the (0, —1/2) picture, and the closed string vertex operator in the
(—1,0) or (—1/2,—1/2) picture so that the total picture number of all the vertex operators
adds up to —2. In order to fix the normalization of the closed string vertex operators so
that they represent the fields appearing in (3.1), (3.5), we some time need to compute
disk one-point function of closed string vertex operators without any zero mode insertion.
For such computation we take the closed string vertex operator to be in the (—1,—1) or
(—1/2,—3/2) picture and insert it at the point ¢ on the upper half plane.

While carrying out the integration over the location z of the dotted zero mode vertex
operator, we may encounter singularities as z — 0, i.e. when the two fermion zero mode
operators collide. These can be analyzed carefully using the rules of open string field theory
and can be shown to lead to the principal value prescription, but here we shall describe a
simpler procedure. If o and & are the spinor indices carried by the zero modes, then the
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residue at the pole is proportional to v, contracted with e*¢’wu — the vertex operator of
the bosonic zero mode field associated with translation along the non-compact directions.
Therefore, this will produce the amplitude without any insertion of the zero mode fields
multiplied by a factor of p,~,,. On the other hand, the insertion of a closed string vertex
operator without any open string zero mode insertion will produce non-zero result only if
the closed string field is along the direction 0,,7,. Hence, the contribution to the effective
action of the fluctuating field A™ will be proportional to d,A™0,,T,. Since we have argued
in section 5 that at the leading order these contributions are ambiguous, we shall ignore
them. This allows us to choose the contour so that it passes on one side of the origin — we
shall choose it to pass above the origin. Note that this prescription must be followed for
all the amplitudes since individual closed string fields are typically not along the direction
OmTy, and only after taking the sum of all the contributions we can justify ignoring the
residue at the origin.

If we denote by A™ the closed string field whose amplitude we compute, and by p,, the

momentum carried by it, then the result of the computation produces a term of the form!?

i @ Pu Vg AT XX (6.1)

for some constant a,,. Note that this result is the same for all k instanton amplitudes

since for k instantons the trace over the Chan-Paton factor gives a factor of k and the two

open string zero modes carry factors of 1/ V'k each, so that there is no net k-dependence.

The product of a pair of such disk amplitudes, one for the field A" and another for the

field A", carrying momenta p, and pL respectively, will have the form —ay, a, p, p), vh 'yg 5

Using the result (4.9) that the integration over the fermion zero modes produces a factor of
v

€*PedB and one has €*BedB Ak A% = — Tr (y#y¥) = —27*, we see that the net contribution
to (5.7) from this particular k instanton amplitude is given by

20, Ni% e i p ™ (2)1 6O (p 4+ 1) A (A () (6.2)
The collection of all such amplitudes may be obtained from a term in the effective action of
the from: -
— Z Q, Z /\/'k(ez e T Z A, G, / d*z G\ OFA™ (6.3)
Y k=1 m,n

String theory computation naturally gives the action (6.3) in the background where
the four-dimensional string metric is set equal to 7,,. For this metric the coefficient of the
Einstein-Hilbert term is V/(2x2) where x has been defined in (2.20) and V is the volume of
2). On the other hand, the results of section 3 have been presented in the convention where
the four-dimensional canonical metric is set equal to 7, because this makes the decoupling
between the hypermultiplet and the vector multiplet moduli manifest. As shown in (3.2),
for this metric the coefficient of the Einstein-Hilbert term is equal to 1. Since the metrics in
the two frames are related by a factor of 2x2/V, the effect of setting the canonical metric to
Nuw corresponds to setting the string metric to 2&277#,, /V. In this case we need to multiply

12YWe shall use the convention that while writing an amplitude we also include the fields whose amplitude
we compute as multiplicative factors, so that we can directly read out the effective action from the amplitude.
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the kinetic term (6.3) of the scalar field action by a factor of 2k?/V and the correction to
the effective action takes the form:

—2x2V 7t Z Q, Z ./\/',507) e KTy Z A, G, / dx A OFN™ (6.4)
v k=1 m,n

Comparison of (5.1) and (6.4) now shows that we have a correction to the moduli space
metric of the form

0 2

5(ds?) =" Y Ny e H T (Z am d)\m> L Ny = 4s2 VN (6.5)

2! k=1 m

Below, we shall calculate the coefficients a,, for various fields. But before doing this, let

us express the coefficient Ny, , in terms of the variables used in section 3. Using (4.23), (3.16)
and (3.17), we get

Nigry = 27 TR 12054 U4 7 |71/2, (6.6)

We remind the reader that even though the computation of the amplitude is done by
regarding the string coupling constant and other moduli as constant background, once we
express this in the form (6.5), we can regard all the moduli, including those appearing
inside the ap,’s and N}, as fields. As explained in section 5, the ability to do this follows
from the fact that the leading contribution to the four-point amplitude computed from the
metric comes from the dependence of the metric on the moduli through the e ¥7> factor,
and the latter dependence is captured by disk one-point function without any zero mode
insertion that appears as common factor in all amplitudes.

In the rest of this section we shall work in the limit in which the CY threefold Q) has
large size. Since the moduli associated with the size of ) belong to the vector multiplet in
type IIA string theory, they cannot affect the metric on the hypermultiplet moduli space.
Therefore, the results derived in the large volume limit are exact. We shall also make the
further approximation of working to leading order in the string coupling in each charge
sector. Since the modulus labelling the string coupling belongs to the hypermultiplet, we
do expect non-vanishing corrections to our results at higher order in the string coupling.

6.2 NSNS axion contribution

We shall now compute the contribution to the component of the metric of the scalar field
dual to the NSNS 2-form field which is a universal field present in all string theories. For
this we need to compute the instanton induced contribution to the disk amplitude with one
insertion of the vertex operator of the 2-form field and a pair of vertex operators associated
with open string zero modes.

We denote by b, the polarization of the 2-form field B, and take the vertex operator
to be in the (—1,0) picture, inserted at the point i in the upper half plane. The pair of
open string fermion zero mode vertex operators are taken in the (0,—1/2) picture, inserted
at the points 0 and z on the real axis. The 2-form vertex operator in the (—1,0) picture in
the normalization convention of [36] is given by:

Vi = 2by, c@ (0X* +ip, ¢ ) P X e g¥ (i) + - - - . (6.7)
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The - - - terms have non-zero £-n charge and will not contribute to the correlation function.
We denote the unintegrated —1/2 picture undotted vertex operator of the open string
fermionic mode by

XW,, — Wy=e?2%5,, (6.8)

where X'“ is the ten-dimensional representation of the fermion zero mode introduced in (2.28).
The integrated —1/2 picture dotted vertex operator takes the form:

XPWs = XP /28, (6.9)

Note that we are using the ten-dimensional description of the zero modes, but eventually
we shall transform them into four-dimensional versions by taking X'* and X7P to be n® X~
and 77 ® Y respectively. Using (2.21), (2.22), the disk one-point function in the presence of
a flat Euclidean D2-brane is given by:

i Ty 2 by X X0 / T (ce(dX" +ip, pru) ePXe=00¥ (i) ce™/25,(0) e=*/2S5(2) ),
- (6.10)
where k and T have been defined in (2.20).

The correlation function involving 0X* is proportional to p* and vanishes after using
the physical state condition p*b,, = 0 for the polarization tensor b,,. Due to the same
reason, we can also drop the e?¥X factors from the correlation function, keeping in mind
that when we consider the general location g“ for the D-instanton, the e factor will
generate the €€ factor, which in turn will give (27)*6) (32, p;) factor after integration
over the bosonic zero modes g“. Furthermore, using the doubling trick, we can replace the
anti-holomorphic fields in the closed string vertex operator by holomorphic fields placed
at —¢ with an additional factor of —1 due to the Dirichlet boundary condition on the X*
and ¥* fields. For example, since Eefd_’z;“ is an anti-holomorphic dimension 0 operator,
using Dirichlet boundary condition on ¥*, we can replace this by —ce~®¢* placed at the
complex conjugate point. This expresses the amplitude as

—2imrkTo by xexh / dz <z cpybPYR (i) ce Py (—i) ce”?28,(0) e_¢/255(z)> . (6.11)

As stated earlier, we shall take the z integration contour to pass above the origin. We shall
now deform the z integration contour to pick up residue from the pole at ¢ using (2.13).
The effect of this is to drop the integration over z and the e~#/2S4(2) factor from inside the
correlator and replace the ¢P¢* (i) factor inside the correlator by (im/2) (I'**) ,67 e~ 28 (i).
The resulting correlation function can be easily evaluated using (2.13), (2.17) and gives:

1 5 1 5
55 T2pp by XX (DT 5o (2m)°6) (0) = 5 w2 Tapy byuy X X7 (D) 3 (2)6%)(0)

(6.12)
where

rMiMn = DM pMa] (6.13)

In going from the left to the right hand side of (6.12) we have used the fact that I'"*T*
differs from ['** by terms proportional to n*” and n*?. Both terms vanish after we use the
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physical state condition for b,,. The (27)33(3)(0) factor is a reflection of the momentum
conserving delta function in (2.17).

We shall now replace X* and xP by n® ¥ and 77 ® x%, respectively, and replace the
(27)36(3)(0) factor by an integral over the world-volume of the Euclidean D2-brane wrapped
on a 3-cycle L, of 9). Using (2.25) and (2.27) the resulting expression may be written as:

1 o
5 K 7:/R Pp b;w XX (’Yplw)da ) (6'14)

where we used (3.10) to express the result in terms of the real part of the instanton action.

We shall now rewrite this in terms of the dual scalar field. For this we need to first
examine the tree level kinetic term for the 2-form field B,,. In the normalization convention
of [36] that we have been using, the ten-dimensional action for B, in the harmonic gauge
p" B, = 0 is given by:

10
- ;/(;ﬁo&u(—p) p* B*(p). (6.15)

The gauge invariant action leading to this has the form

10
- é / (irﬁo Hpup(—p) H**(p) / A"z Hypp (o) H' (), (6.16)
where
H,u(p) = i(pp Bup(p) + pv Bpu(p) + pp Buv (D)) - (6.17)

Upon compactification on a CY 3-fold ), the action takes the form:

/ e - Hyp() HP(2), (6.18)

where V' is the volume of ). For the moment, we shall ignore the presence of the Chern-
Simons type terms shown in (5.18) but will include the effect of such terms later. Using (5.19)
and (5.20), we now see that, ignoring instanton corrections, the scalar field & obtained by
dualizing B,,, satisfies

1
HMWP = — P 9.5 1
57 € 0-0, (6.19)
and has action )
4 ~ ~
—/d xwauaaua. (620)

This is the result when the string metric is set equal to 7,,. As discussed below (6.3), when
the canonical metric is set equal to 7, the action has a further multiplicative factor of
2k2/V . This gives the action for & to be:

H
- /d4m s 04605 (6.21)

We can now use the discussion below (5.20) to rewrite (6.14) using the momentum
space version of (6.19). This expresses the disk amplitude for ¢ as:

1 1 ey i
B 2k TR ePWTp (V""" ) o T XX (6.22)
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Using €,pr (YPH) = —6iy,v> where 7° = i7%y'v243 and that 7° acting on an undotted

index gives 1, we can express (6.22) as:

i P
— — K TRpp(’yp)adaxo‘Xa. (6.23)

a5 = ——— 1R TR (6.24)

Our next task will be to find the relation between ¢ and the field o that appears in the
analysis of section 3. For this we compare the metric (6.21) with the perturbative metric
for the field o given in (3.1). In the absence of RR background, the metric involving o is
given by do?/(16r2), leading to an action:

1
_ / A0 o 400" (6.25)
This agrees with (6.21) after we make the identification:
- Vv K

where in the second step we used (3.16). Note that (6.26) is correct up to a sign. The
correct sign can in principle be determined by comparing string amplitudes involving ¢ and
& in the two formalisms, but we have not done this. We shall see that the choice of sign
made in (6.26) reproduces correctly the result of section 3. Then (6.24) and (6.26) imply

2
aydo = % 7:{R do . (6.27)

We now note from (3.1) that when RR fields are not set to 0, d,0 in (6.25) is replaced
by (0uo + anugA — CAﬁqu). Comparison with (5.20) shows that this is the effect of
Chern-Simons type of coupling of H as in (5.18) with A, = —g- (CNAE)MCA — CAﬁqu). We

also see from (5.22) that its effect is to replace 0,0 by (0,0 + EAE?HCA — CA(?MEA) in the

correction terms. Therefore, we conclude that (6.27) should be replaced by
2
K R VY S
Al (do+CadC™ — ¢ dCy) - (6.28)

6.3 RR three-form contribution

(aodU)mod =

In this section we shall compute the disk amplitude with one insertion of the vertex operator

of the RR 3-form field and two insertions of open string vertex operators representing

fermion zero modes. For RR vertex operators we shall follow the conventions of appendix D.
We start with a flat ten-dimensional Euclidean D2-brane and denote by

1
V=g vrrcdat Adz? A da® (6.29)

the volume form on the D2-brane. According to (2.21), (2.22) the relevant disk amplitude
with one RR closed string field with polarization F§, normalized so that the vertex operator
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in the (—1/2,—1/2) picture is given as in (D.1), and two open string zero mode fields X',
z‘?ﬂ, is

ink Ty F’ xexh /dz <cée_¢/2576_‘2’/2§5(i) ce”?25,(0) e_¢/255(z)> . (6.30)

We shall take the z contour to lie above the origin as before. The boundary condition on
the real line takes the form:

1 ’
S0 = 30 VIJK (FIJK)M Sy . (6.31)

Therefore, we can use the doubling trick to represent the closed string vertex operator as

1 /

~ 3 ce @28 (i) ce Py (D) S5 (i), (6.32)

We can now calculate the correlation function by first deforming the z contour to pick up

residue at i. Using (2.13), we see that this makes the operator at i to be 2w ce™ %1 (I'M)g,,.

Thus, we are left with a ¢-S-S correlator that gives a term proportional to (I'ys)so. The
result is: .

— o 72Ty F X X8 (0M) g vp e (D7ET )8, (27)3 6 (0) (6.33)

Now suppose that éPQ r is the RR 3-form field normalized as in (D.21). Then interpreting

the (27)36®)(0) factor as giving the integration over the D2-brane world-volume and

using (D.21), we see that the amplitude given above leads to an effective action of the form:

. 7'('2 ~ ~
— 11— /iTQ XaXﬁ PN / V VIJK CPQR(FNPQR)V(S (FM)BV(FIJKFM)(SOC
6 (6.34)

LT -~ ~
= —1 % HTQ XaXﬁ PN /Q} VIJK CPQR(FMFNPQRFIJKFM)BQ s

where the integral runs over the D2-brane world-volume and the first factor of v is to be
regarded as a three form.

Now consider the D2-brane wrapped on a 3-cycle L, C 9. Since we work in the
large volume limit, we can use (6.34) if we interpret it as an integral along the D2-brane
world-volume and replace v by the volume form v, on L,. We shall use notations introduced
in section 2.2 for labelling compact and non-compact coordinates. Since to compute the
metric using (6.1), we need the contribution proportional to p, and the internal components
of the 3-form field, we are interested in the following contribution to (6.34)

2 -~ .s
— i kXX p, /L Uy Cpar vy ik (DY THPUTIET ) g, (6.35)

~

Expressing the zero modes X% and XP as n® XY and ® )ZB as before, reduces this
contribution to

2

—i g DX /L v Cpar vrijic (T THPITRD ) 5, (6.36)
Y
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Note that the contraction with 7,77 removes the 6-dimensional part of the spinor index but
leaves behind the 4-dimensional part. Once we express the sum over M as separate sums
over the non-compact index p and compact index m, this expression has a fully covariant
expression under coordinate transformations in ). Furthermore, we can freely switch back
and forth between flat tangent space indices and space-time indices.

Using (2.25) and (2.27), we get

TV, ), (), (27 TPy — g Pmfearfig, ). (637)

We can further simplify the gamma-matrices by assuming the general form:
_pfparfik _ fmppar ik,
= ¢p SPACEK o TParijk y <5pq’ij Ik 4 cyclic perm.) +cy (5p’i Lk 4 cyelic perm.) )
(6.38)

where ‘cyclic perm. denote cyclic permutations of pqr and independently of ijk, producing
nine terms inside each parentheses. Our convention for the §-symbols are:

girtnsJimdn — ghui L ghedn 4 (1)P weighted perm. of j1,- -, jn, (6.39)

with the understanding that when we use tangent space indices, g4 will be replaced by 6.
We can determine the coefficients ¢; by comparing both sides for the following inequivalent
choices of (ijk,pqr): (456,789), (456,489), (456,459) and (456,456). This gives

Cc1 = 8, Cy = 4, c3 = 4, Cq = 0. (6.40)
Using these results, we can rewrite (6.36) as

- i772"0T2 (’7“)5@ )N(af(gpuzfy’ (6'41)
where

1

I’Y:%

/ vy Coqr Uy ijk 7] {8 gpariik 4 g pparijk 4 4 <5pq’ij % 4+ cyclic perm.) } n. (6.42)
L"/
Using (2.27), (E.1) and (E.6), this integral can be reduced to

1 ~ " " "
=g / Uy Cpar v gk (2P0 epariile _ g gpasiiic jr)
b ) (6.43)
=4[ (2C+ixC-3iJ(0)),
L"/

where J is the complex structure of ) and J(C) has been defined in (2.41). In arriving at
the last expression we have used (E.11).

We now need to find the relative normalization between the field Cyyyp and the field
Cunp that defines the RR scalars in section 3. In principle this could be done by comparing
the string field theory kinetic term written in terms of éM np with the kinetic term for the
fields ¢, ¢, following from the metric (3.1). However, writing down the kinetic term of the
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RR fields requires introducing an additional free field and then decoupling one combination
of the two fields [61]. We shall avoid this by computing the one-point function of C MNP ON
the disk, and then comparing the result with the imaginary part —2mi0,, of the instanton
action. For this we need to use the vertex operator of 3-form field in the (—1/2,-3/2)
picture. Using (D.9) with 4% = 0, (D.15) and (D.19), we see that the relevant part of the
vertex operator is given by:

V=—Cunp [(FMNP)aﬂ cee 30/280=9/2 58 L (DMNP)aB .Go¢ e 50/2 8, fje?/? gﬂ} ePX

(6.44)
where we have dropped the term in the third line of (D.9) since it does not satisfy the {-n
charge conservation and therefore will have vanishing one-point function on the disk. Also
for this computation we can drop the e”¥ factor. From (2.18) we now see that the disk
one-point function of C~’MN p takes the form:

T, i 1~ _ .
A= % 5 13, 5 Carne l(rMNP)aﬁ ((Dc — BE) cce=39/25%¢=#/258 1)
' (6.45)
+ (TMNPYaB ((§c — Be)ec € e /28, e?? Sg(i) )| -
After evaluating the correlation function using the doubling trick, we get:
1 P~ 1
A= KTy 23‘ Cunp X gvMNP x 2% 2 x (=3!) x 16 x (27)> 63)(0). (6.46)

Here the 16 comes from the trace of the identity operator in the spinor representation, one
factor of 2 comes from the (dc — O¢) term, the second factor of 2 represents the contribution
from two terms inside the square bracket and the (—3!) comes from contraction of the
gamma matrices. Interpreting the (27)% §(3(0) factor as the integral over the 3-cycle L.,
we get

A=-8irT, | C. (6.47)
L’Y

Equating this with —27i . L, €, we obtain

~ s

CZ4/<;TQC'

(6.48)

Let us now return to the evaluation of the integral (6.43). Using the relation (6.48) and

noticing that the three terms precisely correspond to the three integrals in (2.40), we get
™ . c N

I’Y:TH(2@V+Z®;73Z@W)‘ (6.49)

The three integrals were evaluated in (2.42), (2.48) and (2.54), respectively. Substituting

these results, one finds
2w

K/TQ
where €, has been defined in (2.50). Substituting this into (6.41), we get

T,=—[0,+2%), (6.50)

=207 () 5o pu XOX7 [ 04 + 206 (6.51)
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Comparison with (6.1) now gives:
andCh +atdly = —27% [dO, + 2iC,, (6.52)
where Cy defined in (3.6) coincides with d%¢’, where the differential acts only on the RR fields.

6.4 Complex structure moduli contribution

We shall now use (2.21), (2.22) to compute the disk amplitude of the metric fluctuation
with components along ) and a pair of open string fermion zero modes X“ and XP in the
presence of a D2-brane instanton. At this stage we shall not commit ourselves to whether
the closed string corresponds to metric or 2-form components and denote the polarization
by ejj. Then the vertex operator has the form

V,=2¢cc (aXi +ip, pr) T 1) (6.53)
so that the amplitude is given by

2im kT e xexs /dz <cE (8Xi +ip, wpzbi) e X el (i) ce=?25,(0) e*¢/255(z)> .
(6.54)
We can drop the X and e?PX terms since they do not contribute to the correlation function.
Also, using the doubling trick, we can replace the Ee_‘gl/_)j(i) term by (Pf( - ij) ce” YK (=)
where P and @) are projection operators to subspaces tangent to the brane and transverse
to the brane respectively. This allows us to replace (6.54) by

2imkTyip, xexs esj (PIJ{ - ij) / dz <c YPi(i) ce PR (—i) ce=?/254(0) e_¢/25g(z)> .
(6.55)
We can now deform the z contour to pick up residue at i and then evaluate the resulting
correlator. The result takes the form:

1 = : . .
- 5]),) xoxr €ij 2 k1o (PIJ{ — QJk) (FPFIFk)ﬂa (27T)3 53 (0)
1

= —5 Pp XX ey 5 T (B = Q) 7, il T (2m)° 69(0),

(6.56)

where in the second step we have used four-dimensional notation for the zero modes.
In appendix E, we prove the following result

eij (P} — QL) nl'T*n = 4 e P*, (6.57)

where s, s’ = 1,2, 3 label the holomorphic coordinates on ). Importantly, the r.h.s. involves
only the symmetric, holomorphic components of e;;, showing that neither the internal
components of the NSNS 2-form field related to anti-symmetric components of e;5, nor the
contribute to the disk
amplitude we are interested in. This is consistent with the fact that both the 2-form field

Kéhler moduli of the metric related to the mixed components e,

along 2) and the Kéhler moduli are parts of the vector multiplet moduli space and should
not appear in the hypermultiplet action.

— 37 —



On the other hand, the holomorphic components of e;; appearing in (6.57) are related
to the h*! complex structure deformations 62% of the CY metric. In the normalization
convention of [36] that we are using, we identify e;; = dg35/(2+) and (see, e.g., eq. (7) in [62])

0 gtf/grf’ -
5955/ = 520, ‘%ﬁT‘Z (XG)S/LDF/ . (658)

In appendix E, eq. (E.22) we also show that this variation of the metric satisfies

(U'ya Xa)
(vy,92)

Using (6.57), (6.59) and the relation esy = dgs¢/(2k) in (6.56) and interpreting the factor
(27)% 53 (0) as a result of integration over the D2-brane world-volume, we get

P 5y = 62° (C’,C’)* C"Jk ik - (6.59)

—p, ™ Ty X Xﬁfyp 5z% / Uy (v, Xa) (6.60)

Ly (,U’W Q) .

Using (E.10), (E.11), (3.12), (3.13), (3.10) and (2.34), we can rewrite this expression as
R o R o S 7
— 2, TR BVga > /L Xa = 2Py TH XX 74, S10g(Z, /K) (6.61)
Comparing this with (6.1), we obtain
aradz® + azadz® = im? ’7:/R dlog(Z,/K) . (6.62)

As a cross check on the normalization of the closed string vertex operator, we have also
verified that the one-point function of the vertex operator of z% on the disk without any
fermion zero mode insertion agrees with —07,/0z%. We shall not present the analysis here.

6.5 Dilaton contribution

We shall now compute the coefficient a,, associated with the dilaton field . We start with
the dilaton vertex operator in the (—1, —1) picture which, at non-zero momentum, is given by

‘7,1,,1 = fuwc ce ? Yt e_a’djy e X (6.63)
where

Juw {77#1/ - (n-p)_l (nupy + ”Vpu)} ) (6.64)

and n is any four-vector for which n.p # 0. We shall determine the constant of propor-
tionality in (6.64) shortly. (6.64) ensures that p* f,, = 0, which, together with the on-shell
condition p? = 0, ensures BRST invariance of the vertex operator. The vertex operators for
different choices of n differ by BRST exact states. One can also construct a fully covariant
vertex operator in the same BRST cohomology class, given by:

- - 1 __
Vi1,—1 X [N cce Pyt e YV X 4 B cc(noe = —0e™ ) ip-X (6.65)
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We have checked that the computation with this vertex operator gives the same result as
with (6.63). We shall present our analysis using (6.63), since the computations involved
are simpler.

According to (2.18), the disk one-point function of the vertex operator is given by:

kTR

"R S (0e)  Be()) V(i) = = £ (6.66)

2 2

where we have replaced the (27)® §()(0) factor by the volume integral over L., and used (3.10).
We would like to normalize the dilaton so that the deformation of the dilaton can be identified
with dr/r. From the expression for 7, given in (3.4) we see that the expected one-point

coupling of dr/r is —TWR /2. Therefore, we choose
297
Ckor

We shall now use (2.21), (2.22) to compute the disk amplitude with one dilaton and a
pair of open string fermion zero modes. For this we need the dilaton vertex operator in the

(6.67)

(—1,0) picture. This is given by:
Voig = —fucé {0X" +ip, Py} ePXe 0 (i) + - - . (6.68)

This has the same form as (6.7) with b, replaced by — f,,,/2. As a consequence the analysis
of the amplitude follows exactly the same route as in section 6.2 and leads us to the left
hand side of (6.12) with b, replaced by — f,./2:

- i 726 Ty po fr XEX5 (TOFTY) 54 (27)%0)(0)
1

- 726 T2 Do frr XX (Y79 )i (27)36P)(0) .

(6.69)

We now replace (27)36®)(0) by V, as usual. Also expressing (y7#v") as y7H 4+~ —yHn°,
and using the form of f,, given in (6.64), we see that only the v7n/” term contributes.
Finally, using (6.67), the resulting expression may be written as:

1 or

-5 72 7;R P — XX (Y ) da - (6.70)
r
Comparing (6.70) with (6.1), we obtain
2
T g dr
ardr =1 ? 7;, 7 . (671)

6.6 Final result

Combining (6.28), (6.52), (6.62) and (6.71), one obtains the combined contribution of the
NSNS 2-form field, the complex structure moduli, the RR moduli and the dilaton:

(a0d0)moa + (andC + atdly) + (a:0d2” + azadz?) + adr (6.72)

2
R|_F FoasN A g - 5 > dr :
zwzfﬁy lw(doJrgAdc —C dCA)—}—z@log(Z,y/K)—f—zQT}—2773[d@7+22C,y}.
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From (3.4) we have:

1d 1dK d|Z
d7jy:7;R<r+ | ’Y|

211 dO.,. .
5 T3k ‘Z7|>+ i dO, (6.73)

Since we have argued that we can determine the metric only up to terms proportional to
dT,, we can set d7, = 0 for our analysis. Using this we can eliminate the d©, term, and
then use (3.16) to express (6.72) as:

Z Amd\™ =

2 TR

1 o+ Cade = (M) i (91o8(2,/K) — Dlog(Z,/K))|
— 473 C, + O(dTS). (6.74)

Substituting this into (6.5) and expressing ’7;1)‘ as the real part of (3.4), we get the correction
to the metric where we keep only the leading contribution in each homology class. The
result is

6 \/K
;;WZW(ZNM )[damdc —¢hdly) -4 |ch

) (6.75)
~4ir (log(Z,/ K) —5log(Zy/K))} +O(dT,),

where N, is given in (6.6). After setting 0, = 1, the prediction (3.5) based on super-
symmetry and duality symmetries agrees with (6.75) up to terms proportional to d75,
which, according to our arguments in section 5, are ambiguous due to the possibility of field
redefinition. The role of the o,’s has already been discussed at the end of section 4.1.
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A The phase of the mixed open-closed string amplitude

In this appendix we shall determine the phase ¢ that appears in (2.21). In principle this
can be determined by carefully studying factorization in different channels, but we shall
determine this by analyzing a special class of amplitudes.

We consider the open string vertex operator associated to the translation zero mode
along the Mth direction. We need the zero picture unintegrated and integrated vertex

operators which we denote by VM and VI% , respectively. They have the form:

VM —i\/2c0XM, VM —i/20xM. (A1)
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The overall normalization of the vertex operators will not be important for us but the
relative normalization will be important.

Now consider the effect of inserting such an integrated vertex operator into a closed
string amplitude on the disk carrying momenta p1, ps,--- transverse to the D-brane. This
effect can be studied using the OPE following from (2.2):

M ips. X 1 Péw ips. X
Ving (2) €75 (25) = — —F——€"P % (z4) . (A.2)

int \/i (Z - Zs)
This gives

/ dz Vit (2) [ [ P (20) = miv/2 3o pd" T[ e (). (A-3)

In other words the effect of inserting the open string vertex operator into an amplitude
with closed strings carrying momenta pi,po, - -+ is to multiply the original amplitude by
miv2 3, pM. We shall now see if this holds for an amplitude with a single closed string
and a single open string zero mode insertion.

Let us consider the closed string vertex operator,

V.= —2eng cie PN e 0K X enxgp =enkgp =0, p*=0. (A.4)

For definiteness we shall choose ey to have components tangential to the brane and p to
be orthogonal to the brane. We shall compute the disk one-point amplitude of this state
using (2.18). Representing the disk as upper half plane and placing the vertex operator V.
at 7, we get:

(Vih = 38T, (~2ewi) (5 (0= B0)ce™® v ce? 9K v (i) )

1 . ,
= 5" Tyenk K@c ce YN X (i) cem? K e*”"X(—i)>
(A.5)
+ <c e YN P X (i) Dcce? i e_ip'X(—i)ﬂ
1 N
= —5 K Tp EN
where in the second step we have used the doubling trick to replace the anti-holomorphic
fields by holomorphic fields at complex conjugate points.
Next we shall compute the disk two-point amplitude with the closed string state V. and
the open string zero mode introduced in (A.1). For this we need to use the unintegrated
open string vertex operator. Using (2.21), we get

(VM = 2enkTyenk <ce_¢1/1N66_($1zKeip‘X(i) i 208XM(0)>
=—2¢ciV2rkTpenk <cef¢1/1N ePX (1) cem Pl 7PN () caXM(0)> (A.6)

€ M _ N
=———nrTpp ey .

V2

According to (A.3) the desired result for this is 7iv/2 pM times (A.5). This gives

1
—imepeNN:—ﬁiﬁgﬁTpe]\va = e=1. (A.7)

V2
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Note that if we had more external open strings, the corresponding vertex operators
would be integrated. For these we shall automatically get the desired factor 7iv/2p™ by

our previous analysis and hence ¢ is independent of the number of open string insertions.

B The leading instanton contribution to the hypermultiplet metric

In this appendix we shall compute the D-instanton correction to the hypermultiplet metric,
keeping only the leading term in each homology class. Our starting point will be the

metric computed in [26]. This will be reviewed below and then used to extract the leading
contributions.

B.1 The initial metric

The hypermultiplet metric including perturbative and D-instanton corrections, but ignoring
contributions of multi-instantons with mutually non-local charges, has been found in [26,
eq. (3.6)]. It is given by

2 2r 1 ~ ~ 2

2 _ < et 2 A A

ds® = = (1 5 ) (dr)* + 502 (1 — ) (da + CadC™ — (dCp + V)
R2U

2
; 32 A 2 1
2T2 | yl \ ‘ U

iR
VA M =gy — o > QW,dZ,
v

L A iR 2,+ ~1
- oM <yA + 5 2 VI (dz, - U 2,0K)
Y

(B.1)

. iR ey (s s s
X (J}z - % ZQV/VV/ZJV, (dZ'Y/ - U IZ,y/aK))
,Y/
RIK 2

1
0K |?

* 2rKU)?

(ICabdz“dzb -

Z Q2 W
2!

1 2
- (2) _Uu-!
+27T % ijw ‘dZ7 U ZW(?K‘ )

Here we used the following notations:

» J, with various upper indices denote the Penrose-like integrals which have their origin
in the twistorial formulation of D-instantons

7Y = /g T log (1 - oe 2=0) 7 = /e 7 Uve“lm—l
j§1’i) _ i/gw % log (1 _ a,ye‘Z’”E”(t)) : ~77(2’i) = j:/é7 tﬁl 07627”.317(” 1
(B.2)
where £, is the “BPS ray”
l,={teP': Z /teiR} (B-3)
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and
2,(t) =0, +R (712, —Z,). (B.4)

Here ©, and Z, are the axionic coupling of the instanton and the central charge
defined in (2.42) and (2.49), respectively, while R is a variable which will be related
below to the dilaton. Finally, o is the quadratic refinement introduced below (3.7).

The prepotential F', the Kahler potential K = —log K and the matrix Njy describe
the special Kéhler geometry of M and were introduced in section 2.3.

V,a and uy are the vectors
Via = qa — Fasp™, up = ZﬁvwwVwAa (B.5)
¥

where

wy = W(Zj2++Zj2 >) (B.6)

4

MA% s the inverse of the matrix

Mps, = Nas — 5= 29%7 Vo Vas. (B.7)

U is the function

1
U=K — %szﬁj@ + upy My, (B.8)
v

which can be thought of as an instanton corrected version of the Ké&hler potential.

W, is a function on the charge lattice defined by

= 2,JP — TEDuy MMV s, (B.9)
Y, is the one-form
. 1
Ya=dCy = Faxd¢® = o5 30 (ax — p"Fax) dT(". (B.10)
Y

V is the one-form playing the role of the connection in the circle bundle with fiber
parametrized by the NS axion

Y =2R*K ( ;ju) Z Q, (w7 + = j(2>v AMA%E) Cy
o - ) - (B.11)
—=y 0, KWWJFWJV ! )dZv— (W +—J ) }
v
where C, was defined in (3.6) and
Ay = % (Kad2® — Kadz®) (B.12)

is the Kéhler connection that V reduces to in the perturbative approximation.
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e Finally, the coordinate R should be viewed as a function of other coordinates on the
moduli space. This function is defined only implicitly through the following relation
R* . x(9)

I
TE N T oo T 3271'2

Z Q (2,700 + 2,5017)). (B.13)

Here the first term relates R to the dilaton at the tree level. The second term
provides the one-loop correction parametrized by the Euler characteristic of CY x(2))
and captures all perturbative contributions to the metric. The final term is the

contribution of D-instantons.?

B.2 Evaluation of the leading contribution

There are two possible views on the metric (B.1), or in other words, two approximations
where it holds:

1. The first possibility is to restrict the sums over charges + to a mutually local subset.
Then (B.1) is an exact quaternion-Kéhler metric that includes all D-instantons to all
orders in the instanton and string coupling expansions from this particular subset.

2. The second possibility is to sum over all charges, but then only terms linear in DT
invariants can be trusted.

Our goal here is to extract from this metric the leading contribution in each instanton
sector in the small string coupling limit, which corresponds to taking the g4) — 0 limit
keeping fixed the primed variables introduced in (3.9).

This limit is analyzed as follows. First of all, note that, by expanding the logarithm or
the ratio, the twistorial integrals (B.2) can all be evaluated in terms of series of modified
Bessel functions K, ()

JW = 250D 0B = 9 <7> St

! |Z,|
2) 0,0 2,4) _ . v 1,0
where
S,S/m,n) — (Z‘;;Y 6_27mk®“/K (47Tk‘R|Z,y|)
(B.15)
— ! i Thy_ o ~2mik0:—4mkR|Z,| | ] 4 C4Am* -1 L
2\/2R|Z,| k=1 Enta 32mkR|Z |

131t is worth pointing out that the definition of the four-dimensional dilaton, appearing as one of the
coordinates on the moduli space, is ambiguous at the non-perturbative level. For example, in [48] it was
chosen to coincide with the first term in (B.13). Our definition is suggested by geometry since the function r
defined here coincides with the so-called contact potential of quaternionic geometry [47], and by symmetries
since it is symplectic invariant and transforms as a modular form of weight (— ,—%) in the mirror type IIB
formulation [19]. This ambiguity does not affect the leading terms that we shall be analyzing.
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Taking into account that due to (B.13) R ~ r/2 = (r )1/2g(4) (see (3.9)), this result implies
that in the leading approximation all these functions are proportional to VI@) e %7 in the
topological sector k. At the same time, all terms in the metric (B.1) can be represented as
series expansions in powers of QvSﬂ(,m’n). As a result, all terms non-linear in DT invariants
are always of higher power in g(4) comparing to the terms linear in €2,. Thus, for our
purposes, it is enough to restrict to such linear terms. Therefore, in the weak coupling limit,
the terms that survive in the first approximation outlined above are a subset of those in
the second approximation. For this reason we shall stick to the second approximation and
no restriction on the charges will be imposed.

It is a straightforward exercise to extract the linear approximation to the metric (B.1).
Additional simplifications occur once we restrict ourselves for each class of terms only to the
leading contribution in the small string coupling limit. For example, this means that we can
neglect the one-loop correction captured by the Euler characteristic in the relation (B.13)
between R and the dilaton, and inverting this relation one finds

r 1
Rea2/—(1-——— 5N, |Z,|sED | . B.16
\/K< s 2 141 (310

Furthermore, it turns out that the second term inside the parentheses can also be dropped
because in the weak coupling limit the contribution QwSﬂ(Yl’l) is always multiplied by an extra
factor of g(4). By examining (B.5) to (B.13), one can see that all other terms proportional
to jy(l) and \77(1,1) have similar powers of g4) multiplying them. The only exception is the

djv( term in (B.10) whose leading term is that of 25% 0) d7,. Thus, in our approximation
the leading instanton contribution is captured by the function

K 1/4 e
k= 1

which is the leading term in the expansion (B.15) of ng,o)_ In the following we shall use
the symbol ~ to denote that we keep only those terms which produce terms of order unity

1/26=T+ in the instanton correction to

in the perturbative metric and terms of order (g(4))
the metric in the topological sector labelled by ~. In this convention one finds the following

simplifications for the various quantities entering the metric:

~ ‘Z’Y| 0
v S (B.18)
1
U%K_;ZQ’Y’Z’Y‘QS,(YO)a (B.19)
Y
Wy ~ 22,57, (B.20)
F 1 2|7
yA%dCA—FAEdCE—I—Q—mZQ,Y <QA_pZFAZ> <d®7— | Zy| dr
i

VEr

1
_42-1/% (d\Zﬂ -3 |ZyydlogK>>S,(yo), (B.21)
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— xX(9) 877" 2 o(0)
V& (247r +FK;QW|271 S| Ax

4r K _ _
e > (|Zm [~ C+ (2,dz., - ZvdZv)) SO, (B.22)
il
2r 1 17 0
l- 55 ® 5~ aoi 2 1 ZI50. (B.23)
Y

The term proportional to x(2)) in (B.22) actually does not contribute at the leading order.
To see this, note that once we use the primed variables, V appears in the combination
do’ + 9(24)]/ in (B.1), and in the weak coupling limit the 9(24) X(2)) term drops out. In contrast
the rest of the terms in the expression for V does contribute since 9(24)1" = r’ does not vanish
in the weak coupling limit.

Substituting these results into (B.1), expanding to linear order in €2, and keeping only
the leading terms in the weak coupling limit, one obtains

ds® = ds?. . + ds? (B.24)

inst»

where the tree level metric is the one given in (3.1) and the instanton contribution reads as

2 2
2 _ o ) 1Z4[7(dr) | Z|dr 4 5 (A7 A
s, = %:Qv s\ { 7 d0, — 7 Im [ZV(Z dly — FrdC )}

12, F oA oA s )2
ooz (o Cadd = ¢Mddy )

’Z'Y’ e A A 5 5 é _ %
+ 2mirK (d0+<Ad< ¢ dCA) r Cy+1Z,] | Olog K dlog K

_l’_

L (0 1 2, 2 5 (A F A
-— (c7 ~ 1 (@0,)* + - d6, Im |2,(2"dC = Fadc™)]
3 m [Z (Ady — FAdgA)} d|Z,| — 12| dlog K
T\ /TK3/2 7 7 2
2|Z,| Zy _ 5 Z'y 4 2
T Cy <8log I dlog % | T % \dZ., — Z,0log K|” ¢, (B.25)

where C, has been defined in (3.6). Finally, noting that Sgo) = 7%,/ 27'7R with 3,
defined in (3.7), (B.25) can be rewritten in the form given in the main text in (3.5).

C Fixing the sign of the integration over the fermion zero modes

In this appendix we shall test the compatibility between the choice of sign of integration
over fermion zero modes as given in (4.9) and the multi-instanton contribution described
in (4.21). To this end, let us begin with a general choice:

2 . . . .
/ { H dxgdxg} NN\ = 5ePedP for0<a<k®-1, (C.1)
5,6=1
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where s can be £1. We shall however take s to be independent of a. This is needed for cluster
property — when a pair of instantons are widely separated then the contribution to the ampli-
tude must factorize. We shall now use this to fix the sign of the integral appearing in (4.21).

We shall consider the case k = 2, but this analysis can be generalized to other values
of k. We carry out the integration over the fermionic modes in (4.21) by expanding e
in a power series expansion in the fermionic terms in S. Using the commutation relation
[T, T = i/2€%T for the SU(2) generators normalized as below (4.18), the Yukawa
coupling term in (4.19) can be written as —i go €2%°(7,)aa&” X2 x<. One particular term in
the integral will be:

3 2 , . .
~ 40 / {H 11 dxidxi} (X3 €5 (vaaxs) (X7 & (1) 55x5 ) x cyclic perm. of 1,2,3] .
a=1§5=1
(C.2)
Let us now cyclically rename the dotted zero mode variables, e.g. x§ as X% etc. Under this
relabelling the integration measure remains unchanged since we have to exchange pairs of
spinor variables together. Now we can use (C.1) to express (C.2) as

— 05 ((€5€8) 5 €€ (Y)aa (1) 55) X (3 = 1,2). (C.3)

Using manipulations described above (6.2), this may be written as

3
H (20 €4 EY) (C.4)

We see that the sign of the contribution of this term is s3. Even though there are other con-
tributions we expect that the sign of (4.21) will coincide with the sign of this term, since this
represents the ‘diagonal component’ of the determinant — the other terms are proportional
to &q - & for a # b. Since the integral in (4.21) is taken to be positive, we must have

s=1. (C.5)

For general k, we can repeat the same argument to argue that (4.21) will have sign sF -1 =

sF=1. Therefore, the same choice s = 1 will ensure positivity of (4.21). On the other hand, if
we choose s to be —1, then the k instanton amplitude will acquire an extra factor of (—1)F.

D Vertex operator for the RR fields

In this appendix we shall present the construction of the vertex operator of the RR field
describing the 3-form potential or equivalently the 4-form field strength in ten-dimensional
type IIA string theory.

In the (—1/2,—1/2) picture, the off-shell RR field at level 0, describing massless fields,
is given by a state |¢r) satisfying the conditions b, |¢r) = 0, Ly |¢r) = 0. The general
form of |pR) is:

dlop N o —3/2a8 i
68) = [ (o 3By ece /25,7257 2 X o)), (.1)
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for some set of functions F'%(p). We have

_ dlop p2 _ -
(QB—+Q3M¢R>=;/(2WFOPﬁﬂp>[4(ac+—6@cce‘¢”5@e—¢ﬂsﬁeW“%0ﬂm

1 e —p 1 e
=5 Baycine?’287e9/258 X (0)|0) + i )P cae 28,7 e?/%55 X (0)|0)] .

(D.2)

Therefore, BRST invariance of the state will require:

PPE%(p) =0,  F%(0)(B)ay =0,  F%(p)(p)* =0, (D.3)

where p = pyI'™. Note that the first condition follows from the other two. Since we shall
be interested in only the component with 4-form field strength, we use the ansatz:

1 g
E, () = 5 Farnpo®) (TVYF9) 7 (D.4)

[0}

where ) is a 4-form. Substituting this into (D.3) we get:

pQFzEﬁ\/PQ(p) =0, F]E?%VPQ(p) (16 FMNPQ) =0, FJ%VPQ (p) (FMNPQlé) =0,
(D.5)
leading to
p2F]$;113VPQ(p) =0, pMF]EﬁVPQ =0, p[RF]E;lBVPQ] =0. (D.6)
This is the usual on-shell condition on the 4-form field strength.

For our analysis we shall also need the BRST invariant vertex operator for the same
state in the (—1/2,—3/2) picture since this contains information about the potential Crnp
associated with the field strength F’ ]ﬁ}v pg- For this we begin with the general form of level
zero string field in the (—3/2,—3/2) picture:

N 10 — _ i
|¢R>:/(;l7r)pi0 [Aaﬁcce_3¢/2Sae_3¢/25’5(0)+Ba5 (c+0¢)cee 302 5% g e59/258(0)

+ D (9e+08) ccdt e /28, e73%/2 55(0) [ X (0)]0). (D.7)

From this we get
Sovg— [0 [P s L s 1
(@B +QB)|oR) = 2m)0 _Z o T ay(P) +t1 (#)ra
x (Dc + O¢) cee 3028 =30/2 G4 X (0)|0)

. o le Bl o o —3/3 =
|¢71/2’73/2) = Xo|oR) :/(277)1;0 §Aaﬁ(1f)gycce 3¢/2 gor ¢/257(0)

—

— = Byp cee 39/2ga ¢=6/2 S5(0)

— Do
—
~
Ne)
N—

= D () gy (0 c+ BE) ccdt e 528, e=/? §7(0)

== N

— 2 D ceag e P28, 7?2 §5(0) |PX (0)]0)

[\]

48 —



and the (—1/2,—1/2) picture string field

o) = 01613 = [ (5[4 W)= B 004507 ]
xcee %2 S5e 9250 ePX(0)[0).
Comparison of (D.1) and (D.10) leads to the identification
V=1 (AP FB+DPY,. (D.11)
Also (D.8) leads to the on-shell condition
pPPA—Bp+pD=0, (D.12)

which implies (D.3).

From (D.11) we see that the description in terms of the matrices A, B and D provides
a redundant description of the field strength F%. Indeed F'% is invariant under the
transformation:

A= A+AN, B—=B+Np, DoD+pN—A7), (D.13)

for arbitrary matrices A, A’. These are related to gauge transformation parameters in the
(—=3/2,—3/2) picture. We shall choose a particular gauge in which A = 0. Therefore we

have, on-shell,
1

F 4(D;5—zﬁB), pD=Bp. (D.14)
We now decompose B, and DP as:
° L k) My - My, apf g L) My My yapB
kel kerz1

with B®) being self-dual and D®) being anti-self-dual. Now, from (D.4), (D.14) and (D.15)
we get,

1w (D®—B®)

;i (D.16)

4 1
F1$41)M2M3M4 =16 (Cany mortsna, F) =

_1 [le (D@ +B®)

M M1 Mo Mz My

4

My Ms

u +cyclic perm. of My, My, M3, My with sign} .
4

Also, multiplying the second equation in (D.14) by I'ysnpg and taking the trace, we get

M () _ g©)
p (D B )MM1M2M3M4

. ) (D.17)
= — [le (D + B )M2M3M4 + cyclic perm. of My, Mo, M3, My with &gn] .
Using this, we can express (D.16) as
(4) __1 3, BB , o
Py viovians, = -3 [le (D( ) 4+ B( )>M2M3M4—|—cychc perm. of My, My, M3, My with &gn} .
(D.18)
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Physically B®) + D®) may be interpreted as the RR potential for the field strength
Fﬁg\,PQ and B®) — DO or more precisely its Hodge dual B®) + D®) may be regarded
as the potential for the Hodge dual 6-form field strength. Therefore, string field theory
naturally uses the democratic formalism of [63]. Indeed, this is the reason why the open-
closed string field theory constructed in [64] can describe coupling to all D-branes at the
same time, including the ones that are electric-magnetic dual to each other. Equations of
motion of course relate the two field strengths and allows us to express the result in terms
of just the 3-form potential as in (D.18).

We further note that if we had tried to express the 2-form field strength component
FJS}V of F, P using an expansion similar to that in (D.4), and repeated the analysis described

above, then F ﬁl) 11, would have contained a term proportional to pM (D(3) — B(3)>

MM Ms'
Therefore, if we want to generate purely 4-form field strength, we can set

DB = BB = _iC. (D.19)

Egs. (D.18) and (D.4) now reduce to, respectively,

FJ%Z%VPQ = (’L pMéNpQ + cyclic permut. of M, N, P,Q) x with Sigﬂ) (D.20)
and )
7 ~ o
F% = 2oy Cnrg (prvre) - (D.21)

(D.9), (D.15) and (D.19) with A,” = 0 can be used to read out the vertex operator of the
3-form field Cpsnp in the (—1/2,—3/2) picture, while (D.1) and (D.21) may be used to
read out the same vertex operator in the (—1/2,—1/2) picture.

E Some spinor identities in Calabi-Yau threefolds

In this appendix we shall evaluate the contractions with the covariantly constant spinor 7
appearing in (6.42) and (6.56).

First, due to anti-symmetry we have 7LP¥iky, — cePariik  Choosing (parijk) =
(456789) one obtains ¢ = —ifl'n = —i so that

prpariiky, — _; cparijk (E.1)

This relation is valid both for tangent space and space-time indices, provided for space-time

~1/2 £ convert it into

indices the right hand side is understood to contain a factor of (det g)
a tensor.
Next we shall analyze ﬁf‘rkn. For this let us work in the local coordinate system in
which the metric and the Kéhler form on ) take the form:
9 3
ds® = Z (da:m)Q, w = Z dz?*t2 A da?st3. (E.2)

m=4 s=1

The associated complex coordinates are taken to be

W = 22?3, 1<s<3. (E.3)

— 50 —



Let us denote the holomorphic and anti-holomorphic components of [m by

[ =T*+440°,  I2=T%+7, 1I%=T%+i", (4

[t=T% % 2=0%—7,  [P=T1% " '
Furthermore, we postulate that 'y = 0, 7I'* = 0 for 1 < s < 3. One can easily verify
that these conditions are compatible with the condition I'y = 1. Then using the anti-

commutation relations {I'8, T} = 455, we get

~ - | P
sty = 3 ATty = 265 = jw*, (E.5)

since we have w* = gsagt_”w;w = —2i6%t. We also have ﬁf“n = ws = 0 as well as similar
relations for their complex conjugates. Therefore, we find 7'V = 4wV in this coordinate
system. However, since both sides are tensors, we can take this to be a general relation

valid in any coordinate system, i.e.
ﬁfrkn = jw'k = —iJrrngmk, (E.6)

where in the last term we used the relation w¥ = gilej( = —Jli{gkj following from the
definition of the Kéhler form.
Our next task will be to evaluate

€ij (Pii - ij) ATk, (E.7)

where P and @) are projection operators along the brane and transverse to the brane,
respectively. They can be expressed as

Pi=Soand, Q= (o ualeo (E.8)
We define, for any 3-form,
(€,C) = 5 O™ IICIF = (C.0). (£9)
Note that we have
o2 = 1. (E.10)

We shall use the convention that the % is an anti-linear map which, besides taking the Hodge
dual of a form, complex conjugates the coefficients of the forms written in real coordinates.
On 3-forms we have % = —1.

The projectors P and @ satisfy the following properties:

e for any 3-form C one has

PP P Cln = (C,05) vy jjics (E.11)
e in the holomorphic coordinates the projectors satisfy

Py = —Qs, Py = —Qgx, Pg=Qg- (E.12)
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(E.11) is self-evident. The first two relations in (E.12) follow from the observation that
Py + Qix = gik and gst = g5; = 0. The third relation in (E.12) can be proven as follows.
Since the cycle is Lagrangian, we have the identity (cf. (3.12))

PP} wig = 0. (E.13)

On the other hand, using the relation xw = %w A w, we can write

1
k1 k1
Qi Qj Wkl = ] Qi Qj e P4 WmnWpq

1 kAl / / ’ ’ (E14)
L gt (05 ) (7 P) =0

where in the second equality we used that P and @) are projectors on 3-dimensional subspaces
and the last equality follows from (E.13). In the holomorphic basis, the mixed components
of the two identities (E.13) and (E.14) read as

Psupty = PSTLP{ﬁa QSUQ% = QsﬁQ% (E.15)

Left hand sides of the two equations are equal due to the first two relations in (E.12).
Therefore, the right hand sides of these equations must be equal as well. This gives

Pg™ Py = Q9™ Qui = (9 — P)sag™ (g — P)yi = Psag™ Py + g — 2 P.  (E.16)

This implies P,z = % 9.7 and hence Q. = 9.5 — P = % gsz- This establishes the last relation
in (E.12).
Let us now turn to the analysis of (E.7). Using (E.6), this can be rewritten as

e (PL— @) (6™~ isig™). (B.17

The second factor vanishes when the index i corresponds to an anti-holomorphic index
and is equal to 2¢'¥ when i is a holomorphic index. This allows us to rewrite the above
expression in the holomorphic coordinates, and we get

e (PL— QL) TRy = 2 e (P — Q%) + 2 e3(P*F — Q%) = 4 ey P, (E.18)

where we used (E.12).
We now use the relation ej; = dg5/(2) given above (6.58) to write the right hand side
of (E.18) as 20gs P /k. Using (6.58) relating dgj; to the complex structure deformation,

we can write i
m n
Qijg™™y

192112

because the indices on the projector are automatically holomorphic due to the properties of

Ptgy = 62° (Xa)mn P! (E.19)

Q and x,. Next, we can compute

1 : . : . _
121 = & Qi (P + Q) (P + QI™) (P + Q") Qi

" . ) (E.20)
= g QijkPIIPJmPanImn =38 ’(Q, ’U’y)‘z y
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where we used (E.12) followed by (E.11) and (E.10). Similarly, one has

Qg™ 0™ (Xa)tmn P = Qi (PP™ + Q™) (P*™ + Q¥™) (Xa) tmn P

4 s _
=3 Qi P P™ PR (%) 1mn = 8 (Q,04) (V4, Xa) »

(E.21)

where in the first two steps we made repeated use of (E.12) and in the last step we used (E.11)
and (E.9). Thus, (E.19) becomes

= (% 7Xa)

P5gy = 62° Wy Xa) E.22
Jst (’U'y, Q) ( )
Open Access. This article is distributed under the terms of the Creative Commons
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