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Abstract

The general aim of this thesis is to investigate how some well-known features of Her-
mitian quantum field theory extend to a non-Hermitian setting. We analyse many
different versions of bosonic field theories, where some of them have application to
particle physics (standard model) and nuclear physics (Skyrme model). We establish
the validity of the Goldstone theorem [2] and Englert-Brout-Higgs-Guralnik-Hagen-
Kibble mechanism [3, 4, 5, 6] for the complex scalar field theory with global U(1),
global SU(2) and local U(1) symmetry with anti-linear CP7T symmetry [7, 8, 9], in
the bounded region of the parameter space. Both are shown to hold in the CPT
symmetric regime, but need to be treated differently or even break down at the
boundaries of these regions in parameter space, that is at different types of excep-
tional points corresponding to the algebraic singularity of the particle masses. Some
particular type of these singularities were not previously found in the literature.
We also analyse particular non-trivial solutions of the equations of motion, in-
cluding t’Hooft-Polaykov monopoles [10], kink and BPS solutions [11] and BPS
Skyrmions [12]. We show that some of the solutions are complex and yet, possess
finite real energy. Drawing an analogy from the non-Hermitian quantum mechan-
ics, we develop a reality constraint on the solutions and show that the Hamiltonian
and pair of solutions needs to satisfy symmetry relation simultaneously to realise
the real energy. We also show for the first time, the complex t’Hooft-Polyakov
monopole solution with real energy which vanishes at the exceptional point of the

Higgs particles.
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Chapter 1

Introduction

1.1 The History of non-Hermitian Physics

Quantum mechanics is a celebrated branch of physics that is a fundamental part of
modern physics. The contemporary formulation of quantum mechanics in a closed
system is based on four axioms which can be traced back to the mathematical
formulation of quantum mechanics, proposed by Paul Dirac [13] in 1930 and John
von Neumann [14] in 1932. Below we present the axioms of quantum mechanics

generally found in standard quantum mechanics textbooks.

e (State): The quantum system is characterised by the state vector |v), element

of the Hilbert space H.

e (Observable): The physical observables such as energy, position, momentum,
etc., can be represented as a self-adjoint operator acting on a Hilbert space

A :H — H. The operator A is said to be self-adjoint if

(v|Av) = (ATv|v), Y |v) € H. (1.1)

e (Measurement): Consider an observable A with eigenvector Ala) = ala),
where a € C. The probability of finding a as the result of the measurement of

A in a system with state vector |v) is given by
po(a) = [(alv) |. (1.2)

e (Time evolution): The time evolution of the state vector defined at a specific



time |v(t)) to |v(0)) is governed by a unitary operator

v(t)) = U(#,0) [v(0)) - (1.3)

These axioms have slowly developed into their current form through the discoveries
of black body radiation, the Compton effect, Planck’s radiation law, etc. Therefore,
without any historical context, the above axioms may seem unmotivated and unnat-
ural. Similarly, the development of non-Hermitian physics seems unmotivated and
unnatural without any historical context.

Below we attempt to give a chronological story of the non-Hermitian physics,
highlighting a few notable publications that have changed the general perception and
landscape of the field. Note that the summary below is not a complete representation
of the history of non-Hermitian physics but a gentle introduction.

Before we proceed, let us clarify the definition of Hermiticity. The notation often
used to denote the Hermitian conjugated operator is with the superscript 1 on the

operator A, which is defined with the Dirac inner product
(v]Aw) = (ATvhw), |}, |w) € HL (1.4)

If an operator satisfies (v|Aw) = (v|Atw), then it is said to be symmetric. We define
the Hermitian operator as a bounded symmetric operator, densely defined on the
Hilbert space. This definition is similar to the self-adjointness where the operator
is symmetric and domain of operator and its Hermitian conjugate coincide. The
ambiguity of the domain of the operator is not the main concern of this thesis.
Therefore we will simply assume all operators to be bounded and densely defined

on the Hilbert space unless otherwise stated.

1.1.1 Early use of non-Hermitian Hamiltonian in physics

Although it is after 1998, by the publication of [1], a certain type of non-Hermitian
Hamiltonian gained popularity, non-Hermitian systems have been around in physics
for a long time. Complex Hamiltonian were used in the dissipative systems as far
back as 1928 [15, 16, 17], where the imaginary part of the Hamiltonian determines the
width of the resonance state. In general, a resonance state is a wave function/state or

solution of the Schrodinger equation with complex eigenvalues, describing particles



with finite lifetime. However, the PT-symmetric and/or pseudo/quasi Hermitian
Hamiltonians and the complex Hamiltonians describing dissipative systems differ
fundamentally as the standard inner product is no longer positive definite for res-
onance states (see [18] for an alternative inner product which is positive definite
for resonance state). To construct a well-defined closed non-Hermitian quantum
mechanical Hamiltonian is difficult, but the reality of its spectrum was shown by
Eugene Wigner in 1960 [19], which follows from the anti-linear symmetry. The oper-
ator A and the state vector |v) is said to symmetric under anti-linear transformation
PT : H — H if the operator commute with the [A,PT] =0 and PT |v) = |v). The
anti-linear transformation is a linear transformation which complex conjugate the

coefficients.
PT (a|v) + B |w)) = «*PT |v) + 8*PT |w), a,f€C, |v),|w)eH. (1.5)

If one assumes that the Hamiltonian is symmetric under some anti-linear symmetry
PT,[H,PT] =0 and its eigenvectors are also symmetric up to some phase PT |v;) =
e jv;) for |v;) € H,0; € R for all i. Then by following simple argument, the

eigenspectrum of H is guaranteed to be real.

PTH|v)) = PTX|vi) = NPT |vg) = Nee ;)
PTH|v) = HPT |v) = He" |v;) = Ne ;) .

Although the above argument is valid for any anti-linear symmetry, the most famous
example of this symmetry is the PT-symmetry popularised by [1]. The theory where
both Hamiltonian and its eigenvectors are P77 -symmetric is called the PT-symmetric
theory. The theory where only the Hamiltonian is P7 symmetric is said to have
spontaneously broken PT-symmetry. In this case, pair of eigenvalues can coalesces
at an algebraic singularity of the eigenvalue called the exceptional point (see figure
1.1), beyond which the pair of eigenvalues become complex conjugate pairs (see
figure 1.2). If both Hamiltonian and eigenvectors are not P7T-symmetric, then the

theory is said to have an explicitly broken PT-symmetry.



1.1.2 Development of the modified inner product

The modern way of the well-defined closed non-Hermitian quantum mechanics was
first realised by Frederik Scholtz, Hendrik Geyer, and Fritz Hahne in 1992, [20].
The authors used the mathematical condition on the operator called the quasi-
Hermiticity introduced in [21] to define the positive definite inner product. The
definition of the quasi-Hermiticity is given as a condition on the bounded linear

operator of the Hilbert space A : H — H which satisfies
(i) (v|pv) > 0 for all |v) € H and |v) # 0.
(i) pA = Afp.

Where the bounded Hermitian linear operator p : H — H, is often called the metric
operator because the inner product defined by the operator (:|), := (:|p), restores

the Hermiticity of the operator. This result can be shown by using the condition(ii)
(o] Aw), = (v]pAw) = (o] ATpw) = (Avlpw) = (Avjw), , Vo), |w) € H.  (16)

Note that the quasi-Hermiticity alone does not guarantee the real energy spectrum
of the operator A (which includes the Hamiltonian). In fact, one requires two extra

conditions.

(iii) The metric operator is invertible.

(iv) p=n'n.
The operator which satisfies only conditions (ii) and (iv) is refer to as the pseudo-
Hermitian operator, which was first introduced in [22]. These extra conditions
were considered in [20] to prove that, given a set of pseudo-Hermitian operators
A = {A;}, the metric operator p4 which satisfies conditions (i), (ii), (iii) and (iv)
for all operators of set A is uniquely determined if and only if all operators of
the set A are irreducible on the Hilbert space H. Furthermore, one can choose to
restrict the number of operators B C A, satisfying the conditions (i) to (iv) with
respect to the metric pp to simplify the calculation of the metric operator. If all
the operators of a subset B are irreducible on the whole Hilbert space, then the
new metric is proportional to the original metric pg « p4. Suppose some of the
operators of a subset B are reducible. In that case, the physical Hilbert space is

a subset Hg C H where all the operators of B are irreducible. This procedure is



analogous to the Dyson mapping first introduced by Freeman Dyson [23] used in
the study of nuclear reaction [24, 25, 26], which maps the non-Hermitian operator
A to Hermitian operator n~!An via Dyson map 1. The relation between the metric
operator and the Dyson map is found by utilising the Hermiticity of the expression
n~'An

n A= (At = An'n = n'pAT = nTn=p. (1.7)

Several examples were considered to explore the non-uniqueness of the metric. A
simple 2 x 2 complex matrix has been considered in [27, 28|, where it was shown
that by demanding the Hamiltonian and one other operator to be pseudo-Hermitian,
the free parameter of the metric is uniquely fixed. In fact, by choosing a different
set of operators to be pseudo-Hermitian, one can have a family of different physical
models. An example of this result is presented in [29], where authors considered
the non-Hermitian Hamiltonian H (z,p) called the Swanson model, first introduced
in [30]. The operators x and p are Hermitian and satisfies the Heisenberg algebra
[, p] = ih. This model has a one-parameter family of Dyson map 7(z) which maps
the Swanson model to the harmonic oscillator

NHT () = h = Ju()” + g(z)a® (1.8)

where u(z),v(z) € R for all z € [—1,1]. Therefore the energy spectrum of Swanson
model is equivalent to the energy spectrum of harmonic oscillator for all values of

z € [—1,1], which is real and bounded.

However, one needs to take extra care, when establishing which operators are
the observable of the non-Hermitian theory. This is because the expectation values
of some observables between Hermitian and non-Hermitian theories are different
depending on the values of z as the inner product is a function of this parameter.

Below we list some examples.

z=1 z2=0 z=-—1
(H), = (h) (H),=(h) | (H),= ()
(X), =(z) =(2), | (x), # (@) | (2), # (2) - (1.9)
(P, =) # W), | ,#® | 0,=
(N),=(n) #(n), | (n),=(n) | (n),#(n)



The operator n is a number operator and X = n~'an, P=n"'ppand N = !

nn. In
the z = 1 case, the operator z is an observable in both versions of the theory because
the expectation value coincide with the position of the particle in the harmonic
oscillator. However, the operator p is not an observable because one can show that
at z = 1, <p>p % (pT>p. In fact the observable operator is P # p. This is because

P is a self-adjoint operator in the non-Hermitian theory in sense of equation (1.1),

where as p is not

(p) = (im0l plgn~ o) = (™ ol pfgn ™ pn In~ o) = (™" pm) - (1.10)

Since p is an observable in the harmonic oscillator, the new operator n~!pn is the ob-
servable in the non-Hermitian theory. In the z = 1 case, the Hermitian Hamiltonian

1

can be written in terms of observables n~lan =X =2 n~lpn = P as

_ 1 2 1
nHn ' = #(1) (nPn 1 +§V(1)X2, (1.11)

1is a non-trivial combination of X and P (see [29] for explicit form).

where nPn~
Therefore we see that the non-Hermitian Swanson model share the same energy
spectrum with the harmonic operators but the theories obtained for different values

of z are different, i.e. different z leads to different physics.

1.1.3 Modern development of non-Hermitian physics

In a seminal paper [1], Carl Bender and Stephan Boettcher performed a numerical
and asymptotic analysis of the energy spectrum of the one-parameter family of the

following non-Hermitian quantum mechanical Hamiltonian
H=p>—(ix)V, NeR,N>1. (1.12)

Where z,p are usual position and momentum operators satisfying the Heisenberg
relation [z, p|] = ih. The numerical result is shown in figure 1.1. They claimed that
the reality of the energy is guaranteed by the discrete anti-linear symmetry of the
Hamiltonian, induced by parity (P) and time-reversal (7)) operators transforming

the position and momentum operators x and p.

PT :x——x, p—>p, i— —i. (1.13)
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Figure 1.1: Energy spectrum of the Hamiltonian H = p?— (i) plotted for the real parameter
N, taken from [1].

The mathematical proof of their claim was later presented in [31]. After the publi-
cation of [1], the analysis of non-Hermitian quantum mechanics in a closed system
has became popular. However, the real and bounded energy spectrum is not enough
to realise the well-defined quantum mechanics. One of the vital ingredients is the
unitary time-evolution, which follows directly from the Hermiticity of the Hamilto-
nian. This problem was resolved by introducing a new operator C [32] to define a
modified inner product. The C operator is defined as a sum of all eigenfunctions of
the Hamiltonian. The connection to the similarity transformation discussed above
was also found by Ali Mostafazadeh [33], who found that the metric operator p and

the operator C are related by
C=p'p. (1.14)

From this equivalence, the non-uniqueness of the metric discussed in [20] can also

be used for the P7T-symmetric quantum mechanics.

The eigenspectrum of the Hermitian Hamiltonian is known to avoid crossing
[34]. However, the novelty of non-Hermitian Hamiltonian is the existence of the
exceptional point where two or more eigenvalues coalesces, conforming the level
crossing. It can be defined as an algebraic singularity of the eigenvalues of the linear
operator H, depending on one-parameter z, mapping between two vector spaces

where the eigenvalue is defined as the root of the characteristic equation. From



function analysis, it can be shown that the eigenvalues are analytic functions of z € C
except at the exceptional points (algebraic singularities). The term exceptional point
was first coined by Tosio Kato [35]. A simple example is the finite-dimensional two-
level system

- ') e (1.15)

1z —1

where the parameter z € C is complex and A4 are eigenvalues. From the explicit
forms of the eigenvalues, it is clear that the analytic singularities are located at
z = £1. If we restrict the parameter z on the real axis, then two eigenvalues coalesce
and form a complex conjugate pair (see figure 1.2). Notice that they behave in a

similar way as the energy spectrum of the Bender-Boettcher model plotted in the

figure 1.1. This is a common trait seen in non-Hermitian physics where the pair

Eigenwvalues

Figure 1.2: Plot of eigenvlaues Ay = ++/1 — 22. The solid and dotted lines represents real
and imaginary part.

of eigenvalues coalesce at the exceptional point and split into complex conjugate
pairs. However, there exist different types of exceptional, which can be found by the
generalised algebraic equation found in [36]. These higher dimensional exceptional
points will not appear in the models considered in this thesis. However, we found
a new type of exceptional point, which we refer to as the zero-exceptional point. A

detail of this is found in the appendix B.

The exceptional point is ubiquitous in physics from molecular physics [37, 38,
39, 40, 41], laser physics [42], chaotic system [43, 44, 45, 46], fluid mechanics [47]
and most notably in optics [48, 49, 50, 51, 52, 53] where the exceptional point and
the branch cut structure of the square root of the eigenvalue were experimentally
confirmed [48]. We will observe the effect of exceptional points through out this

thesis.



1.2 The Development of non-Hermitian Quantum Field

Theory

The development of the non-Hermitian quantum field theory (QFT) in its early stage
was mainly focused on building field-theoretic models based on existing quantum
mechanical model. The most well studied models are complex ¢ model (i¢? model)
[54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66] and wrong sign quartic model
(—¢* model) [54, 67, 68, 69, 70, 71, 72]. These two models are subset of the field
theoretic extension of the Bender-Boettcher model (1.12) when N = 3 and N = 4,
respectively. Most notably, both models are renormalisable and asymptotically free
as shown in [61] and [73]. Another surprising result is that the energy spectrum of the
wrong sign quartic model is bounded from below [1], despite the fact that the shape
of the potential indicate instability. However, as demonstrated by the table (1.9), the
key to defining a consistent non-Hermitian quantum theory is to find the similarity
transformation or equivalently finding the C-operator. Therefore the results found
in i¢® and —¢* models can not predict the physical quantities unless the metric is
found. Unfortunately, the definition of the C-operator given above is not helpful in
the quantum field theory as there are infinitely many eigenfunctions for the quantum
field theoretic Hamiltonian. An alternative approach was proposed by [55] where
the authors utilised the algebraic relation that the C-operator needs to satisfy. The
calculation of C-operator or equivalently the similarity transformation was done for
the several field-theoretic models such as complex ¢! model [56], complex ¢ model
[55, 56], free Dirac model with 5 mass term [74], sine-Gordon and massive Thirrring
models [75]. The wrong sign quartic model transformation was found using the
field-redefinition of the path-integral [68], using the quantum mechanical result [71].
However, the precise connection between the path-integral field redefinition and the
C operator (or similarity transformation) has not been explored in-depth with only
one paper, exploring the connection of non-uniqueness and path-integral of Swanson

model [76].

Once the C operator is found, the non-Hermitian QFT can be cast into consistent
theory using the argument given in the quantum mechanical case. A well-defined
QFT is a key tool to analyse particle physics. The most modern physical description
of the fundamental particle interaction is described by the QFT model called the

standard model. The standard model can be broken down into four sectors: quantum



electrodynamics (QED), electroweak, quantum chromodynamics (QCD), and Higgs
sectors. Each sector can be analysed as a separate theory. The general idea is
that at the high energy limit, the four sectors combine into one theory where the
interactions between each sector can not be ignored. The non-Hermitian extension
of the variation, toy model or effective theories of each sector is studied by various
authors. The sectors can generally be grouped into bosonic models (Higgs sector)
and fermionic models (QED, QCD and electroweak sectors). A sample of the bosonic
models are [77, 78, 79, 80, 81, 82, 83, 7, 9, 8, 10, 84] and fermionic models [85, 86, 87,
88, 84, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98]. Some notable findings are the symmetry
restoration of massive Dirac theory at exceptional point and lightness of neutrino
[86], Goldstone and Higgs mechanism [78, 79, 7] and the possible breakdown of the
Higgs mechanism at exceptional point [79, 9], complex t’Hooft-Polyakov monopole
solution with real energy [10], dynamical mass generation [93, 95, 94|, confinement
[90], supersymmetry [84]. The general motivation is to extend the standard model
to non-Hermitian theory to resolve some of the limitations of the standard model.
Another aspect of the non-Hermitian quantum field theory is in the theory with
ghost states. The quantum mechanical state with a negative norm is referred to
as a ghost state. Such a state can have a positive norm with respect to the new
inner product defined via the metric operator. For this reason, the non-Hermitian
field theory also has a natural extension to the theory with ghost field, such as in
the Lee model [99]. An example for the Lee model can be found in [100, 101] and
higher derivative theories such as Pauli-Villars theory [102] and Chern-Simon theory
[103]. These results demonstrate that the problems such as ghost fields in the non-
Hermitian theory is, in fact, pseudo-problem and can be removed by appropriate C

operator.

1.3 Outline

This thesis is divided into two parts. The first part focuses on the particle physics
aspect where we discuss spontaneous symmetry breaking, Goldstone theorem and
Higgs mechanism. The second part focuses on the non-trivial solutions of the equa-
tions of motion of the non-Hermitian quantum field theories. Two parts are bridged
by the analysis of the t’Hooft-Polyakov monopole, a non-trivial solution to the equa-

tions of motion, which appears in the standard model. The details of each section
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are as follows.

In section 2.1, we will review the Goldstone theorem and Higgs mechanism in
Hermitian theories. In section 2.2, we contain the analysis of the approach we
have taken to analyse non-Hermitian quantum field theory. The subsequent three
sections 2.3 - 2.4 will analyse the Goldstone theorem and Higgs mechanism for non-
Hermitian global U(n), global SU(n) and local SU (n) symmetric theories. In section
2.5, we will also consider a non-Hermitian extension of the model, which is known to
possess a non-trivial solution to the equations of motion called the t’Hooft-Polyakov
monopole.

In section 3.1, we will review the t’Hooft-Polyakov monopole in a Hermitian
theory. In section 3.2, a detailed analysis of the t’Hooft-Polyakov monopole in
a non-Hermitian theory is discussed. In section 3.3, we will consider several 1 + 1
dimensional field theories which possess a particular type of solutions called the BPS
solutions. We observe a relation between the reality of the BPS soliton energies and
the anti-linear symmetries of the model. The final section will apply the analysis of
section 3.3 to a BPS Skyrme model, which is believed to be an approximate model

of the nuclei.
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Chapter 2

Spontaneous symmetry
breaking of non-Hermitian
quantum field theories and

breakdown of Higgs mechanism

2.1 The implication of spontaneous symmetry breaking

in particle physics

This short section will summarise the mechanism behind the breaking of continuous
symmetry of a given quantum field theory and state one of the crucial implications
to particle physics and condensed matter physics, namely the Higgs mechanism.
The first part of this thesis plans to perturb further the discussion in this section
and accommodate the unexplored area of the quantum field theory, made accessible

via the rapid development of non-Hermitian physics in recent years.

2.1.1 Goldstone theorem

We begin with a simple quantum field theoretic Lagrangian of complex scalar fields

¢(t, &) € C, which is invariant under global continuous symmetry of U(1).

L= / BBz [nwam(t,f)*a,,(p(t,f) - % (v? — 2¢*¢)2] . (2.1)
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Where g,v € R are real constants and the derivative d,, = (0, 0., 0y, 0,) are Lorentz
contracted with the metric " = diag(1,—1,—1, —1). Crucially this Lagrangian is

invariant under U(1) transformation of the complex fields

UL): o(t, @) — €9t F),

o(t,7)* — e Pt T) (2.2)

where # € R. Although this is a toy model to study the spontaneous symmetry
breaking of U(1), a similar sector appears in the standard model called the Higgs
sector. The only difference is that the Higgs sector consists of two complex scalar
fields. Therefore the Lagrangian having the SU(2) x U(1) symmetry, and most
importantly, the symmetries are local, meaning the symmetry transformation of a
field ¢ and its derivative 0,¢ are different. This will be a key ingredient in the

celebrated Higgs mechanism, discussed in the next subsection.

The U(1) symmetry of the model (2.1) breaks down to a trivial group {I} by
Taylor expanding the Lagrangian around the constant solution to the equations of
motion of the theory. We will refer to such solution as a vacuum solution, which
is found by solving the algebraic equation obtained by varying the potential of
the model with the fields 6V (¢) = 0 (here, the potential does not contain the
spatial derivatives of the fields). In the vicinity of the vacuum solution, the theory
reduces to simple free theory with perturbation in the higher order of fields. One
can then construct a Hilbert space from the vacuum state of the reduced theory.
If the vacuum solutions are degenerate, one may speculate that the Hilbert spaces
obtained by expanding around different vacua are different. Indeed this is the case
for the quantum field theory because the tunnelling amplitude between these vacua
vanishes with the infinite suppression by the infinite degree of freedom. This can be
understood by discretising the field theoretic Hamiltonian H[¢] to many copies of
quantum mechanical Hamiltonian by ¢(t, Z) — qz(t) where Z € Z% is a lattice point
in a d-dimensional lattice. Then for a d = 1 dimensional case, the Hamiltonian can

be written as

2 dt 2 ox

H = ZH _ Z ldQZ(t) + E(Qm(t) - qwfl(t)) +g(1 _ qx(t)2)2- (23)
T TEZ

Each Hamiltonian H, can be expanded around two position operators q;to(t) ==+1
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to give two separate theories with different vacuum state {|+0),|—0)}. Then one
can calculate the tunnelling amplitude (—|+) of going from the vacuum |+) to |—)
by WKB approximation, named after Wentzel, Kramers and Brillouin. If (—|+)
is zero, then our analysis is done as the field theoretic limit (i.e. when the lattice
spacing goes to zero) of the tunnelling amplitude is also zero. If the probability of
tunnelling is non-zero 1 > e~¢ > 0, where ¢ > 0, then the total probability is given

by the product at every points on the lattice

tunnelling probability ~ H e ¢ = g cVolume, (2.4)

TEZL
Since ¢ > 0, in the field theoretic limit where the volume of the space time is assumed
to be infinite, the tunnelling probability is zero. Therefore the theories obtained by
expanding around different vacua are truly different theories with reduced symme-

tries.

Let us denote the complex vacuum solution {¢g, ¢f} which simultaneously sat-
isfies 0V (¢0, ¢5)/0¢ = 0, and SV (oo, ¢5)/0¢ = 0. In this example, the vacuum
solution is a circle ¢f¢g = v?, with radius v. This can be readily seen by rewriting
the Lagrangian in terms of real components of the complex fields ¢ = (¢f+ip’)//2,
o, o' € R,

o 1
L= /_ &Pz [Qa#qﬂaucp - % (v* — 3T)? (2.5)

where ® = (¢, ¢'). The vacuum solution is now ®2 = (¢{")% + (¢{)? = v?, which is
the equation of the circle with radius |v|. The symmetry of the Lagrangian is now

the SO(2) transformation ® — T®, T € {T € Matq(R) | TTT =T}.

Before we expand the Lagrangian, we choose a simplest vacuum solution v/2¢g =
gb(}f = v, ¢! = 0. This is justified by the fact that the Lagrangian expanded around
two vacua which are related by the symmetry transformation 7', say @(1) = T‘ID%, are
equivalent up to second order in the fields. To see this explicitly, let us expand the

Lagrangian by denoting two new fields ¢ = 11 + ¢§ = 12 + ¢3.

V($) = V(1 +¢) =V +T7¢5) = V(T (T + 65)) = V(T + ¢5)
= V) + el T H@) T+ ..

V) = V&)= V() + el H@)ort ... (26)
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Where H(¢4)ij = 62V (¢d)/5vi0% is the Hessian matrix which in the Hermitian the-
ory corresponds to the mass matrix of the expanded theory. Two Hessian matrices
were obtained by expanding around two vacua related by the similarity transfor-
mation H(43) — TTH(¢3)T. This implies that the eigenvalues are unchanged.
Therefore the expanded theories are equivalent up to second order after the diago-

nalisation of the two theories.

The Hessian matrix of the vacuum solution ¢/v/2 = v is simply
H= . (2.7)

Notice that the expanded theory now contains one massive field with mass ,/g|v|
and one massless field. This massless field is called the Goldstone field, named after
Jeffrey Goldstone [2]. In fact, this can be generalised to an arbitrary Lagrangian of

the following form

A 1

S = / diz [26@7’8% — V((I))] . (2.8)
The vacuum solution is found by solving the equation

oV (@)
P

= 0. (2.9)
d=Pg

The continuous global symmetry ® — & + 6P, i.e. V(®) = V(P +6P) = V() +

VV (®)" 6® + ..., then implies

oV (@)
9P,

0P;(P) = 0. (2.10)
Differentiating this equation with respect to ®; and evaluating the result at a vacuum
g, determined by (2.9), yields

92V (@)
0,0 | _y,

AV (@)
9P,

06D, (P)
d=d aq)j

=0. (2.11)
d=dg

Since the last term vanishes, due to (2.9), we are left with two options to solve (2.11).
Either the vacuum is left invariant such that §®;(®g) = 0 or the vacuum breaks the
global symmetry and §®;(®g) # 0. Denoting (6p); := d®;(Py) we obtain

0?V (@)
0;00; | 4_g,

6®;(Po) = (H(Po)bo); =0, (2.12)
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When the vacuum is left invariant by the global symmetry transformation, we have
fp = 0 so that there is no restriction on H. However, when the vacuum breaks the
global symmetry, we have 6y # 0 so that 6y becomes an eigenvector for H with zero
eigenvalue. Thus, in this case, we have a zero mass particle identified as a Goldstone
boson.

In the case where the symmetry group is non-Abelian, the variation of the field
can be organised as §°®; = T*®;, where {§°®;},—;1, n are N linearly independent
vectors (indexed with i) with the generators of the symmetry group {T%},—1 . n,
where N is the rank of the group. For example SU(n) has n? — 1 generators.
The eigenvalue equation (2.12) now has N many copies with linearly independent
eigenvectors {(6§); := 6°®;(®o) = T%(Po);}. Let {65 }q,... m be the eigenvectors with
zero eigenvalues, then the expanded theory now has a reduced symmetry generated
by {T%}a=m,.... N—nm, where the corresponding eigenvectors ¢ = T“®( are not the
zero eigenvectors of the Hessian HO% # 0. We will refer to such set of generators
as unbroken generators. The number of eigenvectors with zero eigenvalues can be

calculated by the following formula

Number of Goldstone bosons = dim (G/H) . (2.13)

Where G is an original symmetry group and H is a set of unbroken generators.

2.1.2 Higgs mechanism

The Goldstone theorem requires the theory obtained via spontaneous symmetry
breaking to contain massless particles. However, there is no massless scalar field
in nature. Therefore one would like to find a way around the Goldstone theorem
to remove the massless particles. In 1964, Carl Hagen, Frangois Englert, Gerald
Guralnik, Peter Higgs, Robert Brout and Tom Kibble [3, 4, 5, 6] (in alphabetical
order) discovered that the degrees of freedom of massless particles are removed
by changing the continuous global symmetry to continuous local symmetry. For
example the continuous symmetry group U(1) can be made local by letting the

0(t.7)  However, this will break

transformation to also depends on the space time e’
the symmetry of the kinetic term in the Lagrangian. This is resolved by introducing a
new scalar field A,(t,Z) and redefining the derivative to covariant derivative D, :=

Oy — ieA,, where e € R is a constant, refer to as a charge of the field A,. For
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example, in the quantum electrodynamics, A, represents the fundamental field of
electron (i.e. its equations of motion satisfies the Maxwell’s equations), therefore e
corresponds to the electron charge. Imposing that the new scalar field transforms
as A, — A, —i0,0/e, then one can show that D,¢ — eieDMgZ). There is also a
dynamical term of A, which respect this symmetry, defined by F,, :=i[D,,D,]/e =
OuA, — 0,A,. The extension to higher-order symmetry group is also possible. The

transformations for U € SU(N) are
6= Up, Dy:=0,—icA, A, —UAU™ + éaUU_l. (2.14)

Where the scalar field A, := AjT can be decomposed in term of the generators
of SU(N), {T%},=1.. n2—1. The kinetic term is still defined by F),, :=i[D,, D,]/e.

Let us consider the local U(1) symmetric Lagrangian
1
L= /d% [Dugb*D“gb - %@2 - 26°9)" - ;Fu . (2.15)

After expanding around the vacuum, the potential term reduces to —gv?(¢’)? +
O(®?). The kinetic term will take the non-trivial form after expanding around the

vacuum solution
IDu(¢+ o) = (00 +ieAu(d + ¢o)* = |06]° + €*|A(6 + do)|?
I DO SN DI
= 0677+ (06")
+e? A, AR (167 + |gol* + 0’6" . (2.16)
The expanded Lagrangian now takes the form

1 1
L = / Bz [2(8“&)2 — gv? (™2 — 2 Fu (2.17)

2
+%<au¢f>2 + S AA () + () + () +26760] + ..
= / d’z B(MW — PO = {Fu
112
Out +]

evy/2
The ellipsis in the last term includes the term with higher-order in fields. Defining
the new field by B, := A, + i@u(bl /ev\/2, the degree of freedom of the massless field

+e2? |A, +i
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¢! is removed from the second order. The kinetic term of A, is equivalent to the
kinetic term of B, by simply replacing A, with B,. This is because of the anti-
symmetric nature of pv in the kinetic term F),, F*, where F,, = 0,A, — 0, A, =

20|, A,). Inserting B in to F),,, we find

By = ) + ——= 009" = 0 Auy; (2.18)

i
evy/2
where the square bracket in the subscript represent the anti-symmetrizer. Finally,
the Lagrangian consist of two massive scalar fields {¢, B,} and no more massless
fields.

In the following few sections, we will investigate the Goldstone theorem and Higgs
mechanism in a non-Hermitian theory with the global Abelian group in section 2.3,
a non-Hermitian theory with the global non-Abelian group in section 2.4 and a
non-Hermitian theory with the local non-Abelian group in section 2.5. However,
in order to consistently analyse the non-Hermitian theory, we need to resort to few
techniques from P7T symmetric quantum mechanics and non-Hermitian physics. In
the next section, we will detail the pseudo-Hermitian method of the non-Hermitian

quantum field theory.

2.1.3 Summary

We gave a motivation for the occurrence of spontaneous symmetry breaking in the
quantum field theory and considered an example (2.1). By explicit calculation, the
spontaneous symmetry breaking introduced massless particles called the Goldstone
bosons, where its number is determined by the number of linearly independent
broken generators. This massless degree of freedom can be removed by promoting
the derivative d,, to covariant derivative D,. The Goldstone boson is absorbed into

the newly defined massive gauge field through the Higgs mechanism.

2.2 Pseudo-Hermitian approach to spontaneously bro-

ken symmetries

Throughout this section, we will use the pseudo-Hermitian approach to study the
physical aspects of the non-Hermitian quantum field theory. Therefore in this sec-

tion, we will layout the general idea of the methods used in next three sections which
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we refer to as the pseudo-Hermitian approach. Note that the example given in this
section is to demonstrate the approach, therefore any detail will be left out until the
next section. The general form of the Lagrangian we consider takes the following

form:

S, = / d*z [0,0" 0" 6" — V(9)], (2.19)

with n-component complex scalar fields ¢ = (¢1,...,¢,) and potential V(¢). The

action is assumed to possess three general properties:

i) It is invariant under a global continuous symmetry ¢ — ¢ + d¢ with V(¢) =
V(¢ + d¢). The symmetry is, for instance, generated by a Lie group g with
Lie algebraic generators T', so that being global implies an infinitesimal change
d¢ = oT'¢ with o being a small parameter and 9, (o1") = 0. In section 2.5, we

will consider the local group.

ii) It is invariant under a discrete antilinear symmetry ¢(x,) = U¢*(—z,), with U
being a constant unitary matrix. These symmetries may be viewed as modified
CPT-symmetries. When U — I the symmetry reduces to the standard CP7T -

symmetry, where ¢ is the scalar field.
iii) The potential V(¢) is not Hermitian, that is V' (¢) # V().

At first sight, such types of theories appear to be inconsistent as the two sets
of equations of motion obtained by functionally varying the action S separately
with respect to the fields ¢; and ¢}, 0.5, /0¢; = 0 and 65,/d¢; = 0, are in general
incompatible. A specific example of this is given in equations (2.42)-(2.47) in the
section 2.3.2. One may, however, overcome this problem by using a non-standard
variational principle combined with keeping some non-vanishing surface terms [78,
82] or alternatively by exploiting the fact that the content of the theory is unaltered
as long as the equal time commutation relations are preserved and carry out a
similarity transformation that guarantees that feature [7, 75, 79]. Hence, in the
latter approach, which we refer to as the ” pseudo-Hermitian approach”, one seeks
a Dyson map 7, named this way in analogy to its quantum mechanical counterpart
[23], to transform a non-Hermitian Hamiltonian to a Hermitian Hamiltonian. Since
the action S contains a Lagrangian, rather than a Hamiltonian, we need to first
Legendre transform the complex Lagrangian £ to a non-Hermitian Hamiltonian

H. Next, we carry out the similarity transformation by means of a Dyson map to
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obtain a Hermitian Hamiltonian b, which we then inverse Legendre transform to a

real Lagrangian [

Legendre Dyson Legendre ™!
— —

L H

nHn~t = b [ (2.20)

A new equivalent action obtained though this process takes the following form

g = /d4x[ - /d% [auqsla%* — V)], (2.21)

where the transformed potential is Hermitian, i.e. it remains invariant under com-
plex conjugation V(gf)) = VT(gb). The Hermitian matrix I, which results from the
similarity transformation, can give a negative sign in the kinetic term, apparently
resulting in a ghost field. An explicit example of such matrix can be seen in Eq.
(2.62) in section 2.3. However, the negative kinetic term disappears by diagonal-
ising the Lagrangian using the biorthonormal basis of the non-Hermitian squared
mass matrix. Therefore the apparent ghost problem in the complex theory is a
pseudo-problem, which disappear once a correct similarity transformation and diag-
onalisation has been implemented. We post pond a detailed discussion to the end

of this section.

Another way to perform a similarity transformation was recently proposed in [83].
Instead of constructing a Dyson map with fields and their corresponding canonical
momenta, the authors defined a Dyson map in terms of creation and annihilation
operators of the plane-wave decomposition of the fields. This method will allow
one to transform the Lagrangian without performing the Legendre transformation,
which can be difficult in some models and impossible for higher-order theories.

As already indicated above, next it is in general useful to convert the complex
scalar field theory into one involving only real valued fields by decomposing the n
complex scalar fields into real and imaginary parts as ¢ = 1/v/2(p-+ix) with o,y € R.
Defining then a real 2n-component field ® = (p1,...,@n, X1,-- -, Xn), Possibly with
the fields in different order to block diagonalise the mass squared matrix, the new

action S may be re-written as

) 1 . .

S = /d4:1: [28M<I>TIE)“<I> —V(®)|. (2.22)
Where the two Hermitian matrices I and T are related via rearrangement of fields.
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Analysing the action in this form, the extension of Goldstone’s theorem from section
2.1 to the non-Hermitian case is easily established. We follow the same calculation
from equation (2.9) to (2.12). However, the Hessian matrix is no longer the mass
matrix of the expanded theory because of the unconventional metric of the kinetic
term. The correct mass matrix is obtained by multiplying the Hessian matrix with
the metric M := IH. The reason for this can be seen by rewriting the expanded

Lagrangian up to second order
_ 3 |1 27 o 2 _ 3L i -1
L= [dz 2<Z>I O-IH)¢| = | d°x 2¢ I(-O-TDT ") ¢|, (2.23)

where H(®) is the Hessian of the potential V(®) evaluated at the vacuum ®,. We
have used integration by parts and the assumption that the surface terms vanish.
The mass matrix [H = M is diagonalised by matrix 7. At the end of this section,
we will show that by utilising the biorthonormal basis, one can always choose a
matrix T such that 7! = T7]. Therefore the free part of the Lagrangian can be

diagonalised

L= / & [Zi (TTf¢)i [0 — Al <TTf¢>i] : (2.24)

where ); are eigenvalues of ITH. This Lagrangian is now a standard Hermitian
quantum field theory. Therefore the rest mass of the particles are identified at the

poles of the free propagator. In this case it is

G = - (2.25)

Indeed we see that the masses of the particles are eigenvalues of IH. Therefore
we conclude that the correct mass matrix of the theory given in equation (2.22) is

M := IH. Multiplying (2.12) by I we obtain
TH(®0)0p = M2y = 0. (2.26)

The occurrence of the matrix I results from the similarity transformation and is,
therefore, a trace of the feature that the potential is non-Hermitian. The reformula-
tion also has the effect that M? is no longer Hermitian either. We can now read off

Goldstone’s theorem for non-Hermitian systems from (2.12). When the vacuum is
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left invariant by the global symmetry transformation, we have 8y = 0 so that there
is no restriction on M?2. However, when the vacuum breaks the global symmetry, we
have 6y # 0 so that 8y becomes an eigenvector for M? with zero eigenvalue. Thus,

in this case, we have a zero mass particle identified as a Goldstone boson.

Assuming that the symmetry is generated by a Lie group g, we may repeat this
argument for each Lie algebraic generator T' so that we obtain a Goldstone boson
for each generator that when acting on the vacuum ®( produces a different one.
The crucial difference, when compared to the scenario with Hermitian potentials,
is that here M? is also not Hermitian. This means that the discrete antilinear
symmetries determine the physical regimes. Referring to this symmetry as P7T-
symmetry [1, 104] in a wider sense, we may encounter P7T-symmetric regimes with
real mass spectra, exceptional points with non-diagonalisable mass matrix, zero
exceptional points, singularities and a spontaneously broken P7-symmetric regime
with unphysical complex conjugate masses. Similar as in [7] we distinguish here
between a standard exceptional point where two eigenvalues coalesce and become
complex, and a zero exceptional point at which one positive real eigenvalue coincides
with a zero eigenvalue and remains real thereafter. A detail discussion of the different
types of exceptional points are found in appendix B. We will see in the section 2.3.4
that the identification of the Goldstone boson is different in these regimes and in
parts impossible.

Below we will also make use of the general property that the expansions around
two vacua, say qb(l) and qb%, that are related by the symmetry transformation 7 of the
potential V(¢) = V(T ¢) as Ty = ¢ with TT = T~ yield to theories with mass

squared matrix possessing the same eigenvalues. This can be seen from

V@+eh) = VO+T @) =VIT (To+ @) =V(To+a) (227
= V() + g TTH@To+ ... = V) + o H($)o + .
= V(o+¢)).

As the kinetic term is invariant by itself, no modification of the mass squared matrix
will arise from there, apart from the multiplication by I as a result of the non-
Hermitian nature. Thus we may employ the symmetry to transform the vacuum
into the most convenient form for analysis without altering the physics, such as the

eigenvalue spectrum of the mass matrix.
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Diagonalising the Lagrangian using biorthonormal basis

Finally, we finish this section with a short discussion that establishes that the un-
conventional matrix I in the kinetic term disappear when the Lagrangian is properly
diagonalised. Consider the corresponding action
1 o
S = 3 / dia (aubeIa“cb - <I>TH<I>> + Sint[D], (2.28)

- _;/d% [cI)Tf (0u0" + M?) @} + Sint [P,

where Siy; contains all terms of higher order than ®2. We also assumed that surface
terms vanish at infinity when integrating by parts and used I? =1, M? = IH..
The identity I? =1 can easily be shown by using the property of the similarity
transformation 7 (777-[77_1) n~! = H'. Performing the transformation twice on the

kinetic term, one can conclude that the identity is indeed true
007" % 9,070t 2 9,07 P04d = 9,0T0rd — I?=1. (2.29)

Next we diagonalise the squared mass matrix as M2 = T~'DT and consider only

the integrand of the first term in (2.28)
' (0,0 +M*)®=3"1(9,00+TDT 1)@ =V"(9,0'+D)¥,  (2.30)

where we introduced the new field ¥ := 7T [® and used 7! = 7" 1.
The latter relation is derived as follows: We start by defining the right and left

eigenvectors v and u of M? by

fHUi = )\ivi, and (IH)T’U,Z = )\iui, (2.31)

respectively. Since the similarity transformation maps non-Hermitian Hamiltonian
to Hermitian Hamiltonian, we have I' = ] and Hf = H , which implies that
I Hif U; = )\Z-f u;. Therefore we can express the right eigenvectors in terms of the
left eigenvectors as v; = I u;. The matrix T is composed of the column vectors of v;,
i.e. T = (vy,...) so that IT = (uy,...). Since the left and right eigenvector form a
biorthonormal basis, v; - u; = d;5, it follows that TTIT =1 and hence T-! = TT].
The new field ¥ and the old field ® are simply related by a invertible matrix multi-

plication, therefore an interaction term Sjyt can also be written in terms of the new
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fields. Resulting in a diagonalised Hermitian theory
1 1
S[v] =3 / dta [auquaw — §\IJTD\I/ + St [TV] | . (2.32)

Since any square matrix with linearly independent eigenvectors are diagonalisable
using biorthonormal basis [105]. The above method can apply to any squared mass
matrix. However, we will encounter in next three sections that this method fails at

the exceptional points.

2.2.1 Summary

{Hamiltonian, Action, Mass matrix }
Equation (2.19) {HT#+H, ST#S, MT#M}
Dyson map 4
Equation (2.21) {H'=H, S'=5, M!t+#M}
Biorthonormal basis $
Equation (2.32) {Ht=H, St=5 M'=M}

Table 2.1: Flow diagram showing the general procedure of pseudo-Hermitian approach

We have assumed three properties for our action and gave a general idea of the
procedure we plan to use for the next three sections. We take the non-Hermitian
theory (2.19) and perform a similarity transformation to obtain (2.21) which is a real
action but its mass matrix is not Hermitian due to the matrix Z in the kinetic term.
A true Hermitian theory is obtained in (2.32) after performing a biorthonormal
diagonalisation to the non-Hermitian mass matrix. We summarise this as a flow
diagram in table 2.1. Let us denote the theory as a set {H, S, M} where each letter
represents the Hamiltonian, action and the mass matrix respectively. After the

theory has be transformed, we denote the new quantities by tilde on the letters.

2.3 Spontaneous symmetry breaking of a global Abelian
group

This section studies the interplay between spontaneously breaking global Abelian
continuous symmetries and discrete antilinear symmetries in non-Hermitian quan-
tum field theories composed of several complex scalar fields. We analyse the model
for different types of global symmetry preserving and breaking vacua. In addition,

the models are symmetric under various types of discrete antilinear symmetries com-
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posed of nonstandard simultaneous charge conjugations, time-reversals and parity
transformations; CP7T. While the global symmetry governs the existence of massless
Goldstone bosons, the discrete one controls the precise expression of the Goldstone
bosons in terms of the original fields in the model and its physical regimes where
masses of the particles stay real and positive. We will show that the Goldstone
bosons emerge not only in the physical regimes but also at some boundary of the
regime called exceptional point but not at a different type of boundary referred to

as the zero exceptional point

2.3.1 A non-Hermitian model with n complex scalar fields

We analyse here generalisations of the model originally proposed in [78] and further
studied in [79] using the pseudo-Hermitian approach discussed in the previous sec-
tion. To be a suitable candidate for the investigation of the non-Hermitian version
of Goldstone’s theorem, the model should be not invariant under complex conjuga-
tion, possess a discrete CPT-transformation symmetry, and crucially be invariant
under a global continuous symmetry, see i) - iii) after equation (2.19). The actions

I,= [ d*z [L£,] involving the Lagrangian densities functional of the general form

n n

n—1
L= (0u:0"0} + cmleid}) + > ki ($7div1 — Of16i) — %(w;*)?
=1 =1 =1
(2.33)

possess all of these three properties. The parameter space is spanned by the real
parameters m;, g;, t; € R and ¢;, k; = £1. The latter constants usually take the
value —1 in the Hermitian theory as it corresponds to the sign of the squared rest
mass of the fields. However, we keep these constants arbitrary since their values
distinguish between different types of qualitative behaviour, as we shall see below.
When fixing those constants to specific values, the Lagrangian £, reduces to the
model discussed in [78, 79]. In order to keep matters as simple as possible in our
detailed analysis, we will set here g; = 0 for ¢ # 1. However, in appendix C we argue
that the interaction term may be chosen in a more complicated way with all three

properties still preserved.

Functionally varying the action Z,, separately with respect to ¢; and ¢; gives
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rise to the two sets of equations of motion

0L, 0L, 9 [ oL, }:0 0L, 0L, 9 [ oL,

5pi  ddi "9 (0udi) = )} =0. (2.34)

5pr  0¢r M| 0(0ur

We comment below on the compatibility of these equations. Evidently, the action
Z, is not Hermitian when the fields are real, i.e. ¢} # ¢; for some 7. However, it is

invariant under two types of CPT-transformations
CPT1: ¢i(x,) — (—1)i+1¢f(—xﬂ), CPT2: ¢i(xy) — (—l)iqb;‘(—xu). (2.35)

Where i = 1,...,n. As pointed out in [106] these types of symmetries are not the
standard CPT transformations as some of the fields are not simply conjugated and
P does not simply act on the argument of the fields but also acquire an additional
minus sign as a factor under the transformation. A more detailed study of such types
of symmetries in quantum field theoretic context is found in [106]. Alternatively one
can assume that the model consist of scalar and pseudo-scalar fields. However, we
will keep the CPT as a generic anti-linear symmetry as we will encounter non-trivial

transformation in chapter 3.

In addition, the action related to (2.33) is left invariant under the continuous

global U(1)-symmetry
b — €%, ¢F = e, i=1,....n, a € R, (2.36)

when none of the fields in the theory is real, that is when ¢; # ¢; for all i. Applying
Noether’s theorem and using the standard variational principle for this symmetry,

one obtains

Z 00+ 00

- ¢z ICK) +> {‘SI"M 2 5 (2.37)

256" T 5o

Thus provided the equations of motion in (2.34) hold, and §£,, = 0 when using the
global U(1)-symmetry in the variation with d¢; = ia¢; and 0¢; = —iag;, we derive

the Noether current associated to this symmetry as
Ju =iy (i0u0] — 6;0ubn). (2.38)

27



The following two subsections show that this current is not conserved in its present
form but can be transformed into a correct conserved form using the pseudo-Hermitian
method. We note here that the unconserved current is also a pseudo-problem, only
present in the complex theory. Such a problem will be resolved once the correct

choice of similarity transformation is chosen.

2.3.2 PT symmetric and broken regimes

We now discuss the model £3 in more detail with all fields being genuinely complex

scalar fields, i.e. ¢; # ¢}, i = 1,2,3. Then the action for (2.33) takes on the form

3
Sy = [d*o |3 Oudid" ot — V|, (2.39)
=1

3
Va= — ; cimigidf + cup® (d7d2 — dhd1) + cur® (d2dh — d3d3) + 4(d107)2.

Compared to (2.33) we have simplified here the interaction term by taking g1 = ¢
and go = g3 = 0. The model contains the real parameters m;,u,v,g € R and
CiyCuy ¢, = E£1. While this action S3 is not Hermitian, that is invariant under
complex conjugation, it respects various discrete and continuous symmetries. It is

invariant under two types of CPT-transformations (2.35)

CPT1j2: ¢1(wp) = £01(—xp), 2(zp) = Foo(—zp), ¢s3(xp) = £03(—zp), (2:40)

which are both discrete antilinear transformations. Moreover, the action (2.39) is
left invariant under the continuous global U (1)-symmetry (2.36), which gives rise to

the Noether current (2.38)

Ju=ia Y] (Gi0u0] — 6060 (2.41)

The Goldstone theorem suggests that after expanding the action (2.39), the resulting
theory should contain either no massless fields or just one [2, 107]. As we shall see,
breaking in our model the global U(1)-symmetry for the vacuum will give rise to the
massless Goldstone bosons in the standard fashion, albeit with some modifications

and novel features for a non-Hermitian setting. The six equations of motion in (2.34)
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read in this case

g1 — cimidy — cu’ds + 6761 = 0, (2.42)
Do — comida + cup’dr + e’y = 0, (2.43)
Ops — csmips — cov’a = 0, (2.44)
Dqﬁ}‘—clm%gzﬁ—l—cMuz(bg—i—g@(qﬁT)Q = 0, (2.45)
6% — cam3dsy — cu®dt — e *5 = 0, (2.46)
Og5 — cam3es +c,v’¢s = 0, (2.47)

with d’Alembert operator O := 0,0 and metric diagn = (1,—1,—1,—-1). Here
we explicitly see the incompatibility of the equations as pointed out for Lo with
four scalar fields investigated in [78, 79], namely that as a consequence of the non-
Hermiticity of the action the equations of motions obtained from the variation with
regard to the fields ¢, (2.42)-(2.44), are not the complex conjugates of the equations
obtained from the variation with respect to the fields ¢;, (2.45)-(2.47). Hence,
the two sets of equations appear to be incompatible, and therefore the quantum
field theory related to the action (2.39) seems to be inconsistent. Without detailed

calculation, we see that the current is not conserved
Oug" =iy _ (¢} — ¢;0¢y) # 0 (2.48)
i

because O¢; # O¢f for all ¢ € {1,2,3}. An alternative solution to this conundrum
was proposed in [78], by suggesting to omit the variation with respect to one set
of fields and also taking non-vanishing surface terms into account. Here we adopt
the pseudo-Hermitian approach explained in previous section. It consists of seeking
a similarity transformation for the action that achieves compatibility between the
two sets of equations of motion. It is easy to see that any transformation of the
form ¢o — F+igo, ¢5 — *ig3 that leaves all the other fields invariant will achieve

compatibility between the two sets of equations (2.42)-(2.44) and (2.45)-(2.47).

The analysis to achieve this is most conveniently carried out when reparameter-
ising the complex fields in terms of real component fields. Parameterising therefore

the complex scalar field as ¢; = 1/v/2(p; +ix;) with ¢;, x; € R the action S3 in
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(2.39) acquires the form

3
Sz = /d4$ [Z; [0upi0" i + 0pxi0"xi + cm? (97 + x7)] (2.49)
i1
9

+icup® (p1x2 — @2x1) + ic v (P3x2 — P2x3) — T

(3 +x3)?) -

This approach differs slightly from Philip Mannheim’s approach [79], who took the
component fields to be complex as well. The continuous global U(1)-symmetry
(2.36) of the action is realised for the real fields as ¢; — @; cosa — y;sina, x; —
pisina + x; cosa, that is dp; = —ay; and dx; = ayp; for a small. The CPT ),

symmetries in (2.40) manifests on these fields as

CPT1j2 = w13(zy) = £o13(—24), @a(zu) = Foa(—z4), (2.50)

X13(Tp) = Ex13(—2u), xo(wu) — Fxo(—zy), i— —i

In this form also the antilinear symmetry

CPT3/a: p123(Tn) = Ex123(—zn) s x123(®0) = £p123(-24), P — —i,

leaves the action invariant. Let us now transform the action S3 in the form (2.49)

to an equivalent Hermitian one.

A CPT equivalent action, different types of vacua

We define now the analogue to the Dyson map [23] in quantum mechanics as

n=ew |3 [t en |5 [ meoexo|. e

involving the canonical momenta II¥ = 8;p; and IIY = 9yy;, ¢ = 1,2,3. Using
the Baker-Campbell-Haussdorf formula we compute the adjoint actions of 1 on the
scalar fields as

mpimn = (—=)pi, mant = (=),

ngm Tt = (=)™ ¢i,  noint = (—i)’ ¢}, (2.52)

The equal time commutation relations |;(x,t), H;#j (v, t)] =id(x—y),i=1,2,3, for

1 = @, x are preserved under these transformations. Applying this transformation
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using the method explained in section 2.2, equation (2.20) to (2.49), we obtain the

new equivalent action

§3: /d4x[

1

3

1

g
+eup® (p1xe — ax1) + v (P3x2 — Pax3) — E(@% +x3)%|-

The U(1)-symmetry is still realised in the same way as for Ss, but the CPT-

symmetries for S3 are now modified to

6/7’7-1/2 poprs(m) = Fora(—zu),  w2(zn) = Fea(-zu), (2.54)
X1,3(%p) = Fxrs(—zu),  xo(2u) = Exe(—2u),

ﬁsﬂ bop123(zu) = Exi23(—T), (2.55)

The equations of motion resulting from functionally varying S3 with respect to the

real fields are

ov g
“Opr = o =—amipr — cup’xa + J1(61 + x1), (2.56)
®1 4
ov P 2 2
Oy, = _872 = —comaX2 + cupP1 + VT Ps, (2.57)
ov
—Oepz = 90s —c3m3ps — curPXa, (2.58)
ov g
-Ox1 = o —c1mix1 + cup’pa + ZXl(SO% +x1). (2.59)
ov
—Opy = _3?02 = —Cnggoz — CuM2X1 — e V%xs, (2.60)
ov
s = 5= —c3m3xs + e . (2.61)

We may write the action 73 and the corresponding equation of motions more com-
pactly. Introducing the column vector field ® = (1, X2, ©3, X1, ¥2, X3)* , the action

acquires the concise form

Ss = % / d'z [auqﬂ[auq) ~ oTH,® - % (@TEq))Q} : (2.62)

31



Here we employed the Hessian matrix H;;(®) = % o which for our potential

V3 reads
2(307 +x7) —aami —cup® 0 Lo1x1 0 0
—culf Cng —c 2 0 0 0
0 —c, 2 —camd 0 0 0
H(®) = . (2.63)
Spix 0 0 $(pi+3x])—ami cup® 0
0 0 0 cup? com3 e’
0 0 0 0 cv? —c3mi

In (2.62) we use H, = H (@?), ! = (0,0,0,0,0,0) and the 6 x 6-matrices I, E with
diagl = (1,-1,1,1,—1,1) and diagE = (1,0,0,1,0,0). Note that the kinetic term
of equation (2.62) is no longer positive definite, which may result in a ghost field
with unbounded energy. The resolution for this is discussed in the previous section,
and the explicit forms of the biorthonormal basis will be given in section 2.3.4. The

equation of motion resulting from (2.62) reads
~0¢ — IH,® — {1 (87E®) E® = 0. (2.64)

We find different types of vacua by solving 6V = 0, amounting to setting simultane-
ously the right hand sides of the equations (2.56)-(2.61) to zero and solving for the
fields ;, x;. Denoting the solutions by ®° = (7, X3, ¥3, x{, ¥3, x3)%, we find the

vacua

o) = (0,0,0,0,0,0), (2.65)
2 2 2 2
c3c,m c3C,m
q)g = K(O) (17 Sk SM y 5%n SM 707070> ) (266)
K K
2 2 2 2
o) = K(0) <0,0,0, _q, BISH vel B ) , (2.67)
K K
@2 = (cp(l)’c3cﬂm§#2¢?’_CUeI»LV2p‘2LP?’_K(¢?),c3cﬂm§p‘2K(¢?),cycuyquK(LP?)>’ (2'68)
where for convenience we introduced the function and constant
4 2,4 4 2
K(x) := :i:\/ L T LI z2, K 1= cacgmami + vt (2.69)
gr g

Notice, that in the vacuum ®Y the field ¢ is generic and not fixed. When varied
it interpolates between the vacua ®3 and ®9. For (¢))? — 4(cim?k + csm3u*)/gk

and ¢} — 0 we obtain ®} — @) and ®} — ®9, respectively. We also note that

32



K(0) = 0 at the special value of the coupling u = u} = —cymix/cym3 so that
®Y(us) = . Unlike as in [79], where the vacuum is taken to be complex, our vacua
are real. Next, we probe Goldstone’s theorem by computing the masses resulting by

expanding around the different vacua up to second order in the fields.

The mass spectra, PT-symmetry

Defining the column vector field ® = ®° + & with vacuum component ®° as defined

above and & = (41, X2, 3, X1, P2, X3) T, we expand the potential about the vacua

(2.65)-(2.68) as
V(®)=V (@0 + ci>) =V (2% + vV (%) & + %@TH (@) d+.... (2.70)

The linear term is of course vanishing, as by design VV' (@0) = 0. The squared mass
matrix M? defined in section 2.2 is

(M?),; = [1H (2°)];;. (2.71)
In general this matrix is not diagonal, but in the CP7T-symmetric regime we may

diagonalise it using the biorthonormal basis as explained in section 2.2. We may

therefore introduce the masses m; for the fields
V=TT (2.72)

as the positive square roots of the eigenvalues of the squared mass matrix M2, that
is m; = v/A\;. Naturally, this means the fields v; in the specific form (2.72) are absent
when M? can not be diagonalised by biorthonormal basis. From linear algebra, it
is known that the biorthonormal basis can characterise any n-square matrix with
n linearly independent eigenvectors [105]. It is characteristic of the non-Hermitian
matrix that the eigenvectors become degenerate at the exceptional point. Meaning
the matrix can only be decomposed down to Jordan block form rather than to a
diagonal form. As a result of this, we will see in the next subsection that the
Goldstone boson can not be identified at some particular types of exceptional points.

Since the squared mass matrix M? is not Hermitian but may have real eigenvalues
A; in some regime, we can employ the standard framework from P7T-symmetric

quantum mechanics with M? playing the role of the non-Hermitian Hamiltonian
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[1, 104]. In the next section, a detailed discussion of how the CPT operator acting
on a theory with infinite degrees of freedom (i.e. quantum field theory) is related to

the PT operator acting on a finite dimensional theory (i.e. non-Hermitian matrix).

U(1) and CPT invariant vacuum, absence of Goldstone bosons

We investigate now the theory expanded about the trivial vacuum ®9 in (2.65).
According to our discussion at the end of the last section, the theory expanded
about this vacuum is invariant under the global U(1)-symmetry and all four CP7T-
symmetries. As the dimension of the coset, G/H equals 0, the standard field theoret-
ical arguments on Goldstone’s theorem suggest that we do not expect a Goldstone
boson to emerge when expanding around this vacuum. It is also clear that the
number of zero eigenvalues does not increase by expanding the action around the
trivial vacuum because the form of the mass matrix does not change after the ex-
pansion. However, even in this simple case, we will observe novel features of the

non-Hermitian theory. Consider the squared mass matrix as defined in (2.71)

—cym? fcu,uQ 0 0 0 0
cu,u2 —CQm% ey V2 0 0 0
M2 — 0 —cyv? —c3mi 0 0 0 ’ (2.73)
0 0 0 —cym? cu,u2 0
0 0 0 —cu,u2 —Cng —c, V2
0 0 0 0 cv? —cymi

here, we label the matrix entries by the fields in the order defined for the vector field
®. The two blocks are simply related as ¢/, — —c,/,. We find that the eigenvalues
of each block only depend on the combination 012/ = 1. Therefore without loss of
generality, we will only consider one block. Any result found in one block is applied

to the other block by the replacement ¢, /,, = —¢, /-

To simplify the eigenvalues of the 3 x 3 block matrix, we let one of the eigenvalue
be zero. This means we require the determinant of the matrix to be zero for each
block, det(M?) = —csm3u* — eymivt — cicocsm?m3m3 = 0. This allows us to

simplify the eigenvalues to {0, A1} where

e = %TY(A) + %\/2Tr(A2) (A, (2.74)
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Figure 2.1: Eigenvalues ) of M? as a function of v for ¢; = ¢z = —c3 = 1, at the special point

= ps and imaginary part of the special point Im(us). The physical regions are bounded by
vertical lines, 5/13'/* < v < 135/2/26.

The matrix A represent the 3 x 3 block diagonal matrix of M?2. Notice that these
eigenvalues take the same form as the coalescing eigenvalues shown in the intro-
duction. In fact these eigenvalues also possesses exceptional point when 2Tr(A?) =

Tr(A) as one can see from figure 2.1.

By inspection, one may notice that there is a possibility for one of the eigenvalue
to be zero. To see this explicitly, the equation det(M?)(us) = 0 has been solve for
@ = ps where ps = (m3m3 — 1/4m%/m§)1/4. Notice that ps can be seen as a function
of other parameters, meaning one needs to take extra care when fixing the other
parameters as it can lead to complex pg, which is a possibility that we omit to keep
the analysis simple. The eigenvalues and the imaginary part of us has been plotted
in figure 2.1. We will disregard the regions where one of the eigenvalues is negative
and the region where ug is imaginary because these regions correspond to complex
masses. Then notice that in figure 2.1, there is a point where A_ becomes zero.
We note that this point is an exceptional point where two eigenvectors of g and
A_ coalesce, which reduces the rank of the square mass matrix. As we discussed in
the previous section, the matrix can not be diagonalised at such a point. In fact,
this point differs from the standard exceptional point as the eigenvalues are real
before and after crossing the exceptional point. Such point has been dubbed zero
exceptional point, where detail discussion can be found in appendix B. We observe
here that the number of the massless particle is limited as the Lagrangian can not be
diagonalised at the zero exceptional points where two eigenvalues are zero. We will
see that this point will play a prominent role when the model is expanded around

the U(1) broken vacuum. We end the discussion of this subsection by concluding
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that choosing different signs of the mass term such as ¢; = co = —c3 = 1 can give
non trivial physical regions in the parameter space as one can see from figure 2.1.
Namely that the theory is only well-defined between 5/13/% < 12 < 135/2v/26,

indicated as vertical lines in the figure 2.1.

U(1) broken and CPT-invariant vacua, presence of Goldstone bosons

Let us next choose another vacuum that in contrast to the previous section, breaks
the global U(1)-symmetry. In this case, we expect one massless Goldstone boson to
appear. However, as in the previous case, there are some regions in the parameter
space for which the model may possess a second massless particle. We choose now
the vacuum <I>g. Notice that for ¢; = —cg = ¢3 = 1 and u — us, as defined above,
the global symmetry breaking and symmetry preserving vacua coincide ®§ — ®9,
and therefore the previous discussion applies in that case. Expanding the action
around this U(1)-symmetry breaking vacuum for p # us, the corresponding squared

mass matrix becomes

el 4 9eym?  —cuu 0 0 0 0
cM,uQ —czm% cy V> 0 0 0
0 —c, V2 703m§ 0 0 0
M = - (275)
0 0 0 N 0
0 0 0 —CMNQ —CQm% —c, V>
0 0 0 0 e V> —03m§
A0
_ (2.76)
0 B2

with det M2 = 0, hence indicating a zero eigenvalue. We have denoted the upper
and lower 3 x 3 blocks as A2 and B3, respectively. Let us now comment on where
this Goldstone boson originates from. Both blocks in M2 are of the following general

3 x 3-matrix form

A W 0
w B -v | (2.77)
0 vV -C
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whose eigenvalues are solutions to the cubic characteristic equation A3 47 \2+sA+t =

0 with
r=C—-A—-B, s=V?+W?4+ AB - C(A+ B), t = ABC + CW? — AV?.(2.78)

Reading off the entries for the block in the lower right corner of M2 as A = c;;mg ut/n,

2 we find that the constant term in

B = —CQm%, C = c;;m%, W = CM[,L2, V =cuv
the characteristic equation is zero, i.e. t = 0. Hence at least one eigenvalue becomes

zero. The remaining equation is simply quadratic with solutions

B c;;m%;fl ch% + 03m§
2K 2

1
" b LSt =t a2t — ). (279)

We introduced here the quantity puF = [k(x — mj + v* £ 2¢,02\/k)]Y*/ms,
that signifies the value for p at which the eigenvalues Ay and A_ coincide, which
is the exceptional point. For the block in the top left corner we identify A =
303m§;44//£ + QClm%, B = *CQm%, C = c;»,m%, W = fcu,uQ and V = —c,v2. The
linear term becomes ¢ = —2(csmiput + cymivt + creacsmimdm?), which is exactly
twice the value of ¢ obtained previously for the vacuum ®?. For ¢ # 0 we define with

(2.78) the quantities

2

/ 3 —r
p = —%’ C059 = _%, P = 383 ) (280)

a=% -5+t A=(5)"+(3)"

Then, provided that p < 0 and A < 0, the remaining three eigenvalues are real and

according to Cardano’s formula of the form

i = 2p'/3 cos [g + 2%(1’ — 1)} . i=1,2,3. (2.81)
Similarly as for the vacuum @9 the values of ¢, and ¢, are not relevant for the com-
putation of the eigenvalues. Naturally, for these eigenvalues to be interpretable as
squared masses they need to be non-negative. There are indeed some regions in the
parameter space for which this holds, taking for instance ¢c; = c3 = —co =1, m; = 1,
mo =1/2, m3 =1/5, p =2 and v = 1/2 we compute the six non-negative eigenval-
ues (A1, Az, Az, Ay, A_, 0) = (38.1493,0.5683,0.0639, 10.6534, 1.7471,0). However, as

seen in figure 2.2 these physical regions are quite isolated in the parameter space.
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Figure 2.2: Nonvanishing eigenvalues \; of M22 as a functions of v for ¢y = ¢ = ¢c3 = 1,
my =1, mg = 1/2 and m3 = 1/5. In the left panel we choose ;1 = 1.7 observing that there
is no physical region for which all eigenvalues are non-negative. In the right panel we choose
u = 3 and have two physical regions for v € (—0.64468, —0.54490) and v € (0.54490, 0.64468).
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Figure 2.3: Nonvanishing eigenvalues \; of M22 as a function of v for ¢; = —ca = ¢35 = 1,

m1 =1, me =1/2;m3 = 1/5 and p = 1.7. Singularities occur at v = Vsji:ng ~ £0.31623. The
regimes v € (—0.50608,v3,..), v € (v3,.,0.50608) are physical.

» Ysing sing?’
For the choice ¢; = —c3 = £1 we may also find a value for v = V:fng = +,/moms,
for which x — 0 leading to singularities in the eigenvalues. Figure 2.3 depicts such

a situation.

As for the case with U(1)-invariant vacuum, for some specific choices of ;1 we can
generate an additional massless particle. Since the linear term of the characteristic
equation for the upper right corner is simply twice the one of the previous section,
this scenario occurs for u = ps. i.e det(A43(us)) = 0. However, as we pointed out
above, for this value of u the two vacua ®{ and ®J coincide, so that the discussion
of the previous section applies. The square mass matrix is no longer diagonalisable
using a biorthonormal basis. In addition, as the two blocks are different in this
case there is a second choice jif = x2/(mj — v*) for which A\_ = 0 found by solving
det(B2(jis)) = 0. The non-zero eigenvalue coalesces with the zero eigenvalue at the

zero-exceptional point. Hence, it appears that besides the Goldstone boson, there is
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a second massless, non-Goldstone, particle present in the model. However, this is not
the case as one can not identify this second massless field using the diagonalisation

method explained in equation (2.30). We will show this explicitly in section 2.3.4.

Choosing instead the vacuum @9, the resulting mass matrix M2 is similar to M3
with the block in the top left corner and lower right corner exchanged accompanied
by the transformation ¢, ,, — —c,/,, hence the previous discussion applied in this
case.

Expanding instead around the vacuum ®9 the resulting mass matrix reads

% + () —feun® 0 2005 0 0
cupt® —com3 e, v? 0 0 0
M = 0 —cv® —cym3 02 ) 0 0
g 00 emieiESogehr g o

0 0 0 _CMU’2 —chg —cyv?

0 0 0 0 e —esm?

Computing the sixth order characteristic polynomial for M7 we find that the depen-
dence on the free field ! drops out entirely. We also note that the linear term always
vanishes and that therefore a Goldstone boson is present for this vacuum. We will
not present here a more detailed discussion as the qualitative behaviour of the model
is similar to the one discussed in detail in the previous section. The model posses var-
ious well defined physical regions. For instance, for ¢; = -1, co =c3 =¢, = ¢, =1,
my = 2, mg = 1/2, mg = 1/10, p = 3/2 and v = 0.28 we find the eigenvalues
(0,0.0130, 0.2731,0.7294, 4.8655,9.0186) for M?. Let us now see how to explain the

reality of the mass spectrum.

2.3.3 Relating field theoretic CP7T operator to quantum mechanical
PT operators

First, we clarify that the CPT operator acts on the fields which have infinite degree of
freedom. Where as the P7T operator in question acts on the non-Hermitian matrix,
which is used to draw an analogy to the finite dimensional P77 symmetric quantum
mechanics. In order to identify that connection, let us first see which properties the

P-operator must satisfy at the level of the action. Expressing S3 in the form

S5 [@] = S [®] + S (@] = % / d*z [@7 (O + M?) @] + S [@], (2.82)
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with real field vector @, the action of the CPT-operator on S [®] is

CPT - SM[@] — % / diz [qﬂ“ [CPTCPD+CPT (M2)*C7D} @}, (2.83)

_ % / d'e [@T [PTPDHDT (MQ)*P} cb}

Where the T operator conjugated the mass matrix as it is an anti-linear operator
and the charge conjugation does not affect the real scalar field. Hence for this part

of the action to be invariant we require the P-operator to obey the two relations
PIP=1, and (M?)"P=PM. (2.84)

This is in fact the same property P needs to satisty in the PT-quantum mechanical
framework. Therefore, we see that CPT operator acting on a theory with infinite
degree of freedom (i.e. quantum field theory) is reduced to P7T operator acting on
a finite dimensional non-Hermitian matrix M2, satisfying the above relations.

Let us see how to construct P when given the non-Hermitian matrix M?2. Follow-
ing the method presented in [108], we start by constructing a biorthonormal basis

from the left and right eigenvectors u,, and v,, respectively, of M?
2, _ Nt
M?v, = envp, (M?) up = epun, (2.85)
satisfying

(Un|vn) = Opm, D [tn) (Un] =D [on) (un] =L (2.86)

n n

The left and right eigenvectors are related by the P-operator as
|un> = spP |Un> . (287)

with s, = 1 defining the signature. Combining (2.87), (2.86) and the first relation
in (2.84) we can express the P-operator and its transpose in terms of the left and

right eigenvectors as

P=) solun){ual, and  PT=) " sulva) (val. (2.88)

The biorthonormal basis can also be used to construct an operator, often denoted
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with the symbol C, that is closely related to the metric p used in non-Hermitian

quantum mechanics
C=Plp= Zn Sn |Un) (U] . (2.89)

Despite its notation, this operator is not to be confused with the charge conjugation
operator C employed on the level of the action. The operator C satisfies the algebraic

properties [32]
[C, M?] =0, C,PT]=0, C*=1 (2.90)

When compared to the quantum mechanical setting, the operator 7! defined in
the general example (2.28) in section 2.2 plays the analogue to the Dyson map 7
and the combination (T_l)Jr T~ is the analogue to the metric operator p. However,
constructing P with M? as a starting point does of course not guarantee that also
Sint [®] will be invariant under CP7T when using this particular P-operator. In fact,
we shall see next that there are many solutions to the two relations in (2.84) that
do not leave Si"* [®] invariant. Thus for these CPT -operators, the symmetry is
broken on the level of the action. However, the mass spectra would still be real as
the symmetry is preserved at the second order in the fields, and the breaking only

occurs at higher order.

Explicit example

We consider now the lower right block of the squared mass matrix in (2.75) and
construct a P-operator in a manner as describes above. Subsequently, we verify
whether the operator constructed in the manner is a parity operator that can be
used in the CPT-symmetry transformations that leave the quantum field theoret-
ical actions invariant. Including the remaining part of the squared mass matrix is
straightforward.

We consider the version of M3 resulting from the action before carrying out the

similarity transformation, with the lower right block in (2.75) given as

2,4
cama L . 2
S e 0
M= dcu® —com3 —ic,? |- (2.91)
0 —ic, 12 —c;;mg
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As explained in the introduction, the standard argument that explains the reality
of the spectrum for this non-Hermitian matrix is simply stated: The eigenvalues
of non-Hermitian M are real if and only if there exists an antilinear operator PT,

satisfying
M, PT] =0, and  PTv, = vy, (2.92)

with v, denoting the eigenvectors of M, the eigenvalues A\, of M are real. When
in (2.92) only the first relation holds and PTv,, # v,, the PT-symmetry is sponta-

neously broken and some of the eigenvalues emerge in complex conjugate pairs.

To check this statement for our concrete matrix and in particular to construct
an explicit expression for the P-operator we compute first the normalised left and

right eigenvectors for this non-Hermitian matrix as defined in (2.85)

1
vj = (—1)5—"7'u;f = ﬁj{—)\j/\j — K, —iA?cu,uQ, —cucpV?}, j=0,%  (2.93)

with normalisation constants

N2 = (k+AAD)Ae (A —20), (2.94)

NE = KA_)4, (2.95)

where we abbreviated A; := \; + Cng + 03m§ and A? =\ + ckmi. We confirm
that the set of vectors {v;,u;} with j = 0, £ form indeed a biorthonormal basis by

verifying (2.86).

Next we use relation (2.88) to compute the P-operator

(A20% 4047 QA (A2A% +0) 20 (A2AS 4 04)

S
P= N2 | AT (ATAT + ) pt (A2)? —iv2pt A3 - (2.96)
j=0,& " J '
J PN )t vt

Given all possibilities for the signatures s,, we have found eight different CP-

operators. All of them satisfy the two relations in (2.84). However, two signatures
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are very special as for them the expressions simplify considerably

+1 0 0
Plso=+l,s-=Fl, sy =x1)=| 0 F1 0 |[. (2.97)
0 0 =1

Moreover, in this case, the P-operators are indeed the operators involved in the
CPT1/2-symmetry transformation, concretly showing a connection between the field
theoretic modified CPT operator with quantum mechanical P7T operator.

Notice that at the exceptional point, A_ = Ay, the normalisation factors N4
becomes zero so that the eigenvectors vy and uy are no longer defined. Passing
this point corresponds to breaking the P7T-symmetry spontaneously, and the second

relation in (2.92) no longer holds.
To complete the discussion, we end this subsection by calculating the quantum

mechanical C' operator as defined in equation (2.89) in two alternative ways to

(A4 01) AT (A ) R (ARA 4 )
o= 3 EUT | ey 1)t () it - (2.98)
o ’ pPv? (ASAS +v*) it A3 whot
We verify that C' does indeed satisfy all the relations in (2.90). The Dyson operator
is identified as n = U~! with T' = (vg, vy, v_) and the metric operator as p = n'n.
Since detT = iA_A (A_ — Ay)u*v?/ NgN_N, both operators exist in the P7T-
symmetric regime. The fact that the C-operator is not unique [109] is a well known

fact, similarly as for the metric operator.

2.3.4 Goldstone bosons in CPT-symmetric and broken regimes
The Goldstone boson in the CP7T-symmetric regime

Let us now compute the explicit expression for the Goldstone boson. As we have

seen in section 2.3.2, the Goldstone boson emerges from the lower right block

2,4
c3mz L 2
== cup 0
2 _ 2 2 2
By = —cup? —comi —cuv ; (2.99)
2 2
0 v —cg3ms

so that it suffices to consider that part of the squared mass matrix. Denoting the

quantities related to the lower right block by a subscript r and the upper left block
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by £, we decompose the Lagrangian into £3 = L3 + L3, and define the quantities

D, == (X1, 2, X3), (B3)rvi = Aivi, (B3)lu; = A,

U:= (vo,vy,v_), U= (ug,uy,u_)=U"I i=0,=. (2.100)

Where I = diag(1,-1,1). Similarly for £3,, which we, however, do not analyse here
as it does not contain a Goldstone boson. Thus, as long as the spectrum of B3 is not
degenerate, and hence all the eigenvectors v; are linearly independent, the matrix U
diagonalizes the lower right block of the squared mass matrix U~1(B3),U = D with
diagD = (Ao, Ay, A=) = (m, m3,m%). As argued in general in equation (2.72), we
may therefore define the fields v, k = 0, &, with masses m; by re-writing the mass

term

(i)z(B%)r(i)r = Zk:()imﬁdﬁi = ZkZOimi(éZﬂIU)k(Uil(pr)k

= Zk:&i m2 (ST (UTT®,);. (2.101)
Hence, the Goldstone field corresponding to 1) is expressible as
bap = (Uff®r>0. (2.102)
The unnormalised right eigenvectors for B3 are computed to
v; = {=NA; — R, Ag’cu,uQ, cucyu2y2}, 1=0,%, (2.103)

where A; and A3 are defined in the previous subsection. The explicit form of the

Goldstone boson field in the original fields becomes

1 . . .
Yap = i (—KX1 — cseum3u® P + cucu v %) (2.104)

with normalisation factor

2
N = mj(mjs — p*) + (2caczmzm3 + pt)v* + 18 = K? (1 - M2> , (2.105)

M

where jis is found by solving det(B2(ji)) = 0, for which A\_ = 0, that is the zero-
exceptional point. Other fields in the Lagrangian can be defined in the same manner.

Computing the determinant of U to detU = ¢, A_ A (A_ — A )v?u?, the origin of
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this singularity is clear, as U is not invertible for vanishing for A_ = 0 and at the
standard exceptional points when A_ = A;. The former scenario occurs for p = fis
and the latter for uF = [k(k—mj+vi42c,02/k)]/4/m3, where & = cacgm3am3+v2.
So that in these circumstances, the Goldstone boson of the form (2.104) does not

exist. We discuss these two scenarios separately in the next two sections.

The Goldstone boson at the standard exceptional point

As pointed out in the previous section, at the exceptional point when A_ = Ay =: A,
the matrix U is no longer invertible so that tgp in (2.102) becomes ill-defined.
However, when p = ut = p. we may transform the lower right block of B2 into

Jordan normal form as

00 0
T [Bi(n=1pe)],T=|0 A a |=1 (2.106)
00 X

for some as yet unspecified constant a € R. For simplicity we select here the upper
sign of the two possibilities . We can then express the transformed action ex-
panded around the vacuum ®9 and formulate the Goldstone boson in terms of the

original fields

A 1 M A A A
I3 = —= /d4x (I)TI(D + MQQ)@ + Ling(P) + 5374] (2.107)

1 M A - R
_ ! / d'a [§TIT(0 4+ )T + Lin(B) + Loy

3
= — / dz | e + Ae(¥3 + 93) + ad ¥f + Ling (1) + Ls e

Li=1

We have introduced here the fields

V= JoReR, gl = (@IT), = (T, (2.108)

with the Goldstone boson at the exceptional point being identified as ¥, := ¥1. We
will see below that the Goldstone boson defined with the above definition admits a
linear form in terms of the old fields. Notice that when T7IT = I, the fields coincide,
i.e. we have %L = wZR = ;. Let us now determine the matrix 7" and demonstrate

that it is well-defined. We take p = pe so that the nonzero eigenvalue for M2 (j.)
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becomes

4 .4 2
N = LMtV v (2.109)

Using the eigenvalues corresponding to the zero eigenvalues of M3 (ue) and the eigen-
vector corresponding to the eigenvalue ¢ in the first and second column of T, re-

spectively, we solve equation (2.106) for T" as

—K,Cgm% —03m§ug t
T= mi K+ vk s , (2.110)
2,2 2 2 s—VE 2
c3cvimipns  camisyek Cgmg{)\e

with abbreviations ¢ := (1 — mj§ — v p2/(Aev/k), s == t (Ae/pd — csmip?/k) — v
and a as defined in (2.106) taken to a = v?/m§. We compute det T' = km3A2. We
have imposed here ¢f = ¥ = v);. Using these expression, we obtain from (2.108)

the Goldstone boson at the exceptional point as

1

- 2 4 2, 2
K malep2 + VU . 2.111

bep =

Thus at the exceptional point the Goldstone boson ¢, is well-defined unless A, = 0,
k = 0 or ms = 0, as in these cases the matrix 7' is not invertible. Crucially, the
above Goldstone boson can not be obtained continuously from equation (2.104),
which means that the identification of the Goldston boson in the P7 symmetric

region and the standard exceptional points needs separate treatments.

The Goldstone boson at the zero-exceptional point

Another interesting point at which the general expression for the Goldstone boson in
(2.102) is not valid occurs for y = jis, that is when A_ = 0 and det(B3(jis)) = 0, i.e.
at the zero-exceptional point. Since the lower right block B3 can not be diagonalised,

the best we can do is to transform into the variation of the Jordan normal form

00
STHM(n=ps)], S=]10 A 0 | =K, (2.112)
00
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for some as yet unspecified constant b € R. As before we can then express the
transformed action expanded around the vacuum ®9 and formulate the Goldstone

boson in terms of the original fields

~ 1 M ~ ~
I3 = —— /d4$ @TI(D + M22)(I) + ﬁint(q)) + £3,f:| ) (2113)

- - / A [ST1S(O + K)S™1d + Ling(®) + 53,4 )

3
> il + A3 + bpE R + Ling (i) + L3

Li=1

)

where we introduced

V=Rl @l = (@718),  gfti=(9719,) (2.114)

Taking u = jis, the only nonzero eigenvalue for M2 (fis) becomes

2 2\ .4 6
coms + 2ca3ms) vV* — cam
/\Z:(2 2 1= 3)4 8 (2.115)

Using the null vector of M2 (jis) and the eigenvector corresponding to the eigenvalue

Xe in the first and second column of S, respectively, we solve equation (2.112) for S

to
—y/mj — vt —v2K 0
S = csm3  (cam3 + csm3) v?iy/mi — vt bt —mi) . (2.116)

v (m3 — v*)3/2 —2 (com3 + cgm3) 12

We compute det S = —bA2 (m3 — v*)%/k. The massive field 15 can be identified

easily for any value of b as
L
Yo = —1; (2.117)
when noting that
wZL = Ngwf = —k12Y — (CQm% + 03m§) 1/2\/m§ —vide + (mé — V4)3/2)23,

with No = (m3 —v*))\,. However, we can not identify the Goldstone boson simply as

11, since we can no longer achieve wlL x wﬁ o 11. Given the eigenvalue spectrum we
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have now two massless particles that interact with each other and it is impossible to
distinguish the Goldstone boson from the massless particle. The peculiar behaviour
at the zero-exceptional point was also discussed by Philip Mannheim [79] in the

context of the Zs-model.

2.3.5 Summary

We have considered the model (2.33) for n = 3 and analysed the classical masses
of the fundamental particles at U(1) invariant and broken vacua. In each case,
we have observed non-trivial physical regions. However, most notably in the U(1)
broken vacuum, the physical regions were bounded by exceptional point, zero ex-
ceptional point and singularities. Moreover, the singularity is a novel feature of the
n = 3 case as it was not observed in the n = 2 case [78]. We have also found a
quantum mechanical P operator by treating the mass matrix as a finite-dimensional
6-level Hamiltonian and observed that some of the P operators are equivalent to the
‘P operators at the level of the field-theoretic action. Finally, we have derived the
explicit forms of the Goldstone boson using the biorthonormal basis at CPT sym-
metric regions and at the exceptional point where the basic form of the Goldstone
boson changes (i.e. not only the overall factor but the linear combination changes).
This change is also a novelty of the n = 3 case as we will not observe this in the
n = 2 case. The Goldstone boson’s explicit form could not be found due to the

non-diagonalisability of the mass matrix at zero exceptional point.

2.4 Spontaneous symmetry breaking of global non-Abelian
group

This section extends the Goldstone theorem on the non-Hermitian quantum field
theories with Abelian group symmetry to global non-Abelian symmetry. Initially
our model contains two complex two-component scalar fields possessing a SU(2)-
symmetry, but we will also indicate how our findings extend to the general case.
Similar to the previous section, in the P7T-symmetric regime and at the standard
exceptional point, the Goldstone theorem applies. However, different identification
procedures need to be employed. At the zero exceptional points, the Goldstone boson
can not be identified. Comparing our approach, based on the pseudo-Hermiticity of

the model, to an alternative approach that utilises surface terms to achieve compati-
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bility for the non-Hermitian system, we find that the explicit forms of the Goldstone

boson fields are different.

2.4.1 A CPT-symmetric non-Hermitian model with global SU(2)-

symmetry

Let us now verify the general statements in section 2.2 for a more concrete system.

We consider the action

2
S = [ dta [Z (18u6s> +m? |6ul”) = (8] — 9hon ) — \¢1|4] . (2118)

i=1
where the two complex scalar fields ¢; = (¢}, ¢7)T, i = 1,2, are taken to be in the
fundamental or spin 1/2 representation of SU(2) and g, € R are constants. We
allow here for m; € R or m; € iR, so that m; — ¢;m; with ¢; = 1 or ¢; = —1,
respectively, takes care of these two possibilities. For simplicity we suppress the
parameters ¢; until we analyse the physical parameter space in section 2.4.2. We
observe that the action S, has the three properties i) - iii) mentioned in section
2.2. It is invariant under a global continuous symmetry (;5? — (f)? + 5@%);‘? where
5¢§? = iaanlgbé- with SU(2)-Lie algebraic generators T, is invariant under two
discrete antilinear symmetries CPT+ : ¢(x,) — Fo3¢*(—x,), with o3 denoting
one of the Pauli spin matrices, and the potential V(¢) in (2.118) is evidently not

Hermitian.

Equivalent Hermitian actions

More explicitly in components and transformed to the real fields 90;‘?, X? € R, via

¢)§F = 1/\@(909“ + ixf), the action S,,2 reads

2 2
+m? (xﬁ-”) (2.119)

Seur = [ d'a [;jﬁkzzl (awgcf + <0uX§>2 +m? (wf)

2
+i2u? (e — o) = % { (D) + (D)7 + (D)7 + ()} ] .

The direct functional variation of this action will lead to inconsistent equations of

motion as extensively discussed in previous section. We therefore seek a suitable
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similarity transformation to resolve this issue. Using the Dyson map

n = exp (g / B [H§=1(x,t)<p;(x,t)]>exp <72T / &z [H“;’Q(x,t)cp%(x,t)}> (2.120)
<o (5 [ [t 0] oxn (5 [ o ndon)] )

with canonical momenta Hf’k = 8t<p§, H;(’k = (915)(? and H?’k = 8@?, J.k=1,2, the
adjoint actions of 7 on the real and complex scalar fields and canonical momenta is

computed to

nelkn~t = (=), axlEnTt = (i)’ Xk, nehinT! = (—i)*i ek, (2.121)

T)Hf’knfl — Z’52jH;97k7, nH;@knfl _ Z-égjnzg,k’ UH?J%Fl _ 2-52].1—[?,1@. (2'122)

Thus we can utilize 1 to transform Ss,o into a Hermitian action, i.e. remaining

invariant under complex conjugation,

. 2 1 2 2 2 2

Sua= [0 | 5 0 [(00)"+ (d) o ()" 2 ()]
k=1

+ p? (x’fw’é - so’fx’z‘“) - 1% [(@%)2 + () + () + (X?)Qﬂ : (2.123)

It is useful to note here for our analysis, especially with regard to the generalisations
to systems with symmetries of higher rank, that the action Seu2 can also be cast

into a more compact form as

2
. 1 1
Ssuz = / d%«[E 0@ L0 D; + 0, W, 10"V, + §<I>fH+<I>i | Q\IfiTH,\I/i

=1
—1% (BT B, + \I/iTE\I/i)Q] , (2.124)
o 1 ~ ~ 2
_ / die [BMFR)“F +SFTHF - 1% (FTEF) ] , (2.125)
where we defined the matrices and vectors
mi  dp? 1 0 10
Hy = . I = , E= . (2.126)
+pu? —m3 0 -1 0 0
j j
q)] - spl P \I/] = Xl ’
X ¥}
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¢ = ((1)17(1)2)7 v = (\1113\1}2)7 F = (Q)’\Ij) = ((10%’X%a@%axgax%ﬂp%vx%a@%)v dlagi =
{I,1,1,1}, diagH ={H,Hy,H_,H_}, diagEl = {E,E,E,E}.

SU(2) and CPT +-symmetry

Let us now analyse the model S’SM in more detail. First, we verify the SU(2)-
symmetry of the action and its effect on different fields. Noting that the change in
the complex scalar fields is 5(]%? = iaanld)z, with the generators T, of the symmetry
transformation taken to be standard Pauli matrices o4, a € {1,2,3}, we directly

identify the infinitesimal changes for the real component fields as

Spj = —oux; +aep; —asxj, Oxj =a1¢; +aax; +asp;,  (2.127)
Op; = —ouxj—axg;tang, O =gy —aag —asp) (2128)

It is easily verified that the Hermitian action S0 remains invariant under the
transformations (2.127), (2.128). For the 4 and 8-component fields the symmetries
(2.127), (2.128) then translate into

0P =—ay (0'1 (%9 0'3) U + i (0’2 &® ]I) P — a3 (0'3 &® 0'3) v, (2129)
oV =m (01 & 0'3) D + i (0'2 ®H) U+ ag (0'3 & 0‘3) P, (2.130)

0F =i [—Oél (02 X o1 ®03) + o (H@ o9 ®H) — Q3 (02 X o3 ®03)] F, (2.131)

with ® denoting the standard tensor product of matrices (i.e. Kronecker product).
These expressions may be applied to the action in the forms (2.124) and (2.125),
respectively, to verify the SU(2)-symmetry.

The antilinear CPT 1-symmetries manifest themselves as

CPTx: ¢f(wn) = F(=17@f(—an)s Xf(xa) = £(=1x5 (—z,),  (2.132)
O(z,) = £P(—x,), ¥Y(zy) = FY(—z,), (2.133)

F(z,) = + (03 1@ 1) F(—x,), (2.134)

which can be verified in (2.123), (2.124) and (2.125), respectively.
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SU(2)-symmetry invariant and breaking vacua

Let us now compute the vacua from (2.9) with potential as specified in (2.123).
We find there are only two types of vacua, that either break or respect the SU(2)-

symmetry,

F) = (2,—ax,y,—ay,z az,+R,+aR), (2.135)

F = (0,0,0,0,0,0,0,0), (2.136)

respectively. We introduced the notation z := <p(1)’1, Yy = @?’2, z = X?’l, for the

vacuum field components and a = p?/m2, R = /R2 — (22 +y2 + 22), R? =
4 (p* + mim3) /gm3 for convenience. We note that the defining relation for R can
be interpreted as a three sphere in R* with center (R, z,y,2) = (0,0,0,0) and radius
R, which is the geometrical configuration expected from its topological isomorphism
with the SU(2)-group manifold. We note that the points u? = —m2m3 are special
as there the three sphere collapses to a point and the symmetry of the vacuum is

restored Fé’ — F§.

The symmetry properties of the vacua are easily established. Identifying the
generators T, of the symmetry transformation as Pauli matrices, where we drop

the usual factor of 1/2, we compute the action on the vacuum states, say qb? =

(63", 02T for j = 1,2. We find
Ti¢) = (6%, 1), Tag) = (—ig) 2, ie) )T, Tsg) = (67", —¢)*)T,  (2.137)

so that for non-zero fields the vacuum will always break the symmetry with respect
to the action of T7 and T5. The action of T3 seems to require only ¢2,2 =0, in order
to achieve invariance. However, apart from Fjj there is no possible choice for the

fields in F{ so that (b?’l # 0 in that case.

Let us now make use of the argument in (2.27) and employ the SU(2)-symmetry
to transform the vacuum Fé’ into a physically equivalent, but more manageable one.

Choosing two simple target vacua é(l) and (;38, we attempt therefore to simultaneously
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solve the two equations

ictaTa 40 . 0 %0 0
e'%atag] = Jeospl+isinp(n-o)|d] = ¢ = , (2.138)
+ir
icaTa 40 .- 0 30 0
e'%tagy = Jecospl+isinp(n-o)|dy = ¢y = , (2.139)
+ar

by using the well known formula ™ = cos pll+i cos p(n - ) with p = /a2 + a2 + a3,

n = (a1, a9, as3)/p and T, = 0,. The vacuum fields are parametrised as

01 , . 01 .
w1 Faxy T+ 1z
¢y = R R (2.140)
w1+ ixy y+iR
01 , . 01 .
d 0 _ Py F Xy _ —az +1ax
and ¢ 02, . 02 , ’
w0y iy —aR +iay

so that the form of the target vacuum is motivated by setting x =y = z = 0. We

only keep one of the sign in (2.135) and solve (2.138), (2.139) by
x = isinpal, Yy = —Csinpag, z= —Csinpaz, (2.141)
so that R = 7 cos p. For the vacuum F{ this translates with (2.131) into
TEE = R, (2.142)
where

T = COS(p)Hg — ZSlnp(p) [011 (0’2 ® o1 ®0’3) — Q2 (H@Ug ®I[) + a3 (0'2 X o3 ®0’3)],

E = (0,0,0,0,0,0,4r, +ar). (2.143)

We note that det7 = 1 and as required 77 = 7. Evidently F{ is of a more

convenient form of the vacuum than Fé’ and we shall therefore use it from here on.

2.4.2 Physical regions
Mass squared matrices

Next, we use the different vacua and expand the potentials around them to deter-

mine the mass squared matrix. Applying the definition in (2.26) to our Lagrangian
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(2.125), we find that the mass matrices are

252V (F
M3 = (175}20))” (2.144)
2 A A~ N ~
St = —Hy + §(ER)(ER); + §(F] EFy)Eyj,

_ 1 T 75 Tr 2
V=-1FTHF + L(FTEF)

Expanding first around the SU(2)-symmetric vacuum F{j we find the mass squared

matrix
—-m?  u? 0 0 0 0 0 0
p? —mi 0 0 0 0 0 0
0 0 -m? u? 0 0 0 0
0 0 —pu2 -m3 0 0 0 0
M? = a ? ., (2.145)
0 0 0 0 -m? —p?2 0 0
0 0 0 0 p?  —m3 0 0
0 0 0 0 0 0 -m?2 —pu?
0 0 0 0 0 0 p? -m3
with two fourfold degenerate eigenvalues
s Lf o 2 2 212 4
Ay = —5 (mi +ms £/ (m7 —m3)? —4pt | . (2.146)

As expected from (2.26) there are no Goldstone bosons emerging in this SU(2)-

invariant case.

Expanding instead around the SU(2)-symmetry breaking vacuum F{, we obtain

the mass squared matrix

—u? —m3 0 0 0 0 0 0
g«piwf 0 %4_% M2 903X} 0 _s@%’TgR 0
ME - (1) 1 0 —éﬁl —m3 ) 20 4 0 ? 0
9¢§X1 0 94/’§X1 0 % + :Lg _Mz x129R 0
0 0 0 0 T —m3 0 0
o U~
0 0 0 0 0 0 p? —m3
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The expansion around F yields the same matrix with ¢} = x1 = ¢? = 0.

L @ 00 0 0 0 0

> -mj 0 0 0 0 0 0

0 0 L 2 0 0 0 0

2
0 0 —u* -mi 0 0 0 0
M? = s 2 (2.147)

0 0 0 0 E o2 0 0

0o 0 0 0 u -m3 0 0

0 0 0 0 0 0 fEgk

o 0 0 0 0 0 pr —m3

As expected from (2.27) and (2.142), both matrices share the same field independent
eigenvalues, that is two different ones each with a threefold degeneracy and two

eigenvalues that may give rise to an exceptional point

4
7
Nag=0, Mse=—g-my M =K=VK +2L (2.148)
2

For convenience we defined here K := 3u%/2m3+m?—m3/2 and L := p*+m3m3. We
confirm the expectation from Goldstone’s theorem to find three massless Goldstone
bosons in the symmetry breaking sector, since none of the three SU(2)-generators

leaves the vacuum Fé’ invariant.

According to the relation (2.26) we may compute the corresponding eigenvectors
with zero eigenvalue directly from the SU(2)-symmetry transformation. When ap-
plying the infinitesimal changes for the component fields (2.127) and (2.128) to the

vacuum F(l)’ , we obtain the vectors

1 M2X1 M2<P2 MQ(Pl
= = R,—CIR,— 17 1a 27 1> 11 ! 9
\/N { X1 m% ¥1 m% #1 %

=o

(2.149)

2

0 1 {
1/2 — iy
VN 2 my

2
2
1 ILLQXI /142@1 /1’2902
0 1 1 1 1 2 1
_ _ —R,aR, ol PP 2 , 2.151
V3 \/N { X1» mg a ©1 m2 #1 m2 ( )

2 2 2

2,2 2.1 2.1
12 1o p2x

o2 Bt EYL R —aR,—x},— 1}, (2.150)
m m

with N := —4L/\Z’576/ gm3. These vectors have been normalised to respect the
biorthonormality where the left vector u is related to the right vector via uw =
Iv. We verify that the 1/?, 1 = 1,2,3, are indeed eigenvectors of Mb2 with zero

eigenvalues. Furthermore, we observe from the normalization constant that at the
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zero exceptional points, i.e. for u* = mj when X} ;s = 0 and p* = —m?m3 when

Al = 0, these vectors are not defined. We may ignore the case \> = 0 in what

follows as in this case the SU(2)-symmetry is restored with FY — Fj.

Physical regions

We will now analyse the system’s parameter space and identify the physical regions
based on a meaningful mass squared matrix. To cover all possible cases we are

2

setting therefore in all expressions m? — ¢;m?

7. For the model expanded around
the broken vacuum, the physical regions are then determined by )\Ij’c >0, )\27576 >0

corresponding to the four inequalities
K>0, L<0, K 4+2L>0, cou*>com3, (2.152)

for the four cases ¢; = £1, co = £1. All constraints can be expressed as functions
of the two ratios (u*/mf, m3/m?). We find that no solutions exist for ¢; = ¢, apart

from setting u = mo = 0, so that in these two case the model is unphysical. The

physical regions for the remaining two cases ¢; = — ¢o = +1 are depicted in figure
2.4.
. . Physical region
Physical region 4t
44 Hojmy
0 fmi 1.0¢
3.5+ _ '
3.0 0.8}
2.5¢0 : — =L
: 0.6]
2.0F S =0
150 } Ai56=00.4]
1.0 '
0.2¢
0.5- s
0.5 1.0 1.5 2.0 2.5 3.0 3.57 02 04 06 08 10y

Figure 2.4: Physical regions (in orange) in parameter space bounded by exceptional and zero
exceptional points as function of (u*/m7, m3/m?) for the theory expanded around the SU(2)-
symmetry breaking vacuum. Left panel for ¢y = —c2 = 1 and right panel for ¢y = —co = —1.

The two different cases depicted in figure 2.4 do not have any physical regions
that intersect. The case ¢; = — ¢o = 1 was also analysed within the surface term
approach in [81] and our results appear to match exactly. The case ¢; = — cog = —1
was not dealt with in [81], but as seen in figure 2.4, it also contains a well defined

small physical region. We note that for our model with two complex scalar fields,
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the physical regions have no boundary corresponding to singularities, which appears
to be a feature only occurring for the theories with more than two complex scalar
fields, as we observed in the previous section.

Finally in figure 2.5 we also depict the physical regions for the model expanded
around the SU(2)-symmetric vacuum. Similar to the symmetric vacuum case con-

sidered in the previous section see figure 2.1, the physical region is non-trivial.

Physical regions

i mig
4 F

8 c=—1,6=1

(5%

61:1, C}_:—l
8 c=—1,e6=-1
— A=\ ¢=—¢

""" A=A, e1=c=-1

i3 i

1 2 3 4

Figure 2.5: Physical regions (in orange, blue and green) in parameter space bounded by
exceptional and zero exceptional points as function of (u?/m$, m3/m?) for the theory expanded
around the SU(2)-symmetry invariant vacuum.

Here only the case ¢; = co = 1 does not contain a physical region apart from
© = mg = 0. The three different cases depicted in figure 2.5 do not have any physical
regions that intersect, apart from the small region near the origin.

The figure 2.5 can also be seen as a physical region of the model (2.123) before the
symmetry breaking. This is because the squared mass matrix obtained by expanding
around the trivial vacuum is equivalent to the squared mass matrix before expanding
the model. From this observation, the physical theory such as ¢; = ¢co = —1 become

unphysical after SU(2) symmetry breaking.

2.4.3 Goldstone bosons in CP7T symmetric and CP7T broken regimes
The Goldstone bosons in the CPT-symmetric regime

We may now compute the Goldstone bosons in terms of the original fields similarly
as discussed in the previous section. Defining for this purpose the remaining right
eigenvectors v;, ¢ = 4, ..., 8, and a matrix U containing all of them as column vectors

as
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Mv; = )\fvi, U := (v1,v4,v2,05,03,06,0—,04), =1,...,6,+, (2.153)

we diagonalize the mass squared matrix by means of the similarity transformation
U'MZU = D with diagD = ()\’{,)\Z,)\g,)\g,)\b,)\g,)\b_,)\’i) = (m3,...,m2). For
pt # mj and K2 # —2L, that are the zero and standard exceptional points, we

define the fields ¢; with masses m; by re-writing the squared mass term as

8 8
FTMEF = Zkzlmzwg:Zkzlmz(FTIU)k(Ule)k (2.154)

8
— Zk_lmi(FTIU)k(UTIF)k.
Hence, the three Goldstone fields are identified as
g = (UTIF),, (=1,3,5. (2.155)

Setting in Mb2 the fields X(1),1’ go(l)’l, 90(1)’2 to zero we compute

H 0 0 0 0
0 H_- O 0 0
U= 0 0 H, 0 0 ) (2.156)
0 0 0 MNo+md M\ +m3
0 0 0 w2 w2

with det U = 2u2(u* — m3)3V/ K2 + 2L, so that the explicit form of the Goldstone

boson fields in the original fields result to

ao _ 12— mixd e mied +i0E e, mid +etd oo
o ) _ |

) 3 ’ 5 .
my — pit my — pt my — pt
As U is not invertible at the exceptional points for p* = m% and K? = —2L or

© =0, we need to treat these cases separately. We note that these expressions differ

from those obtained in [81].

The Goldstone bosons at the exceptional point

At the standard exceptional point, i.e. when K? = —2L and hence )\’_1 = A\, the

two eigenvectors v_ and vy coalesce so that the matrix U is no longer invertible.
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The Goldstone boson fields may take on a different form, as found in the previous
section. Analogues to the previous section, instead of diagonalising the mass squared
matrix, we can convert it into Jordan normal form using a similarity transformation.
Making m; the dependent variable, the exceptional point occurs when m% ==
m3/2 — 3u*/2m3 so that the Jordan normal form becomes

diagDe = (0,A%,0,A%,0,A%, A), b= ;;T —m2, (2.158)

) er er e’ e
+u? —mi (o — B)u?
0 +p? — m3

A:

which can be obtained from the similarity transformation U, leUe = D, with U,

equalling U with the lower right block replaced by

1l «o

1B

(2.159)

We compute now det U = (a — 3)(u* — m3)?. Instead of the definition of the Gold-
stone boson given in equation (2.155), we will resort to the alternative definition used
in equation (2.114). Surprisingly the form of the Goldstone boson at the exceptional
point coincides with the expressions in (2.155). This differs from the previous section
where the Goldstone at the exceptional point was analytically different from the one
defined in the P7T-symmetric region. The reason for this is clear if one looks at the
squared mass matrix (2.147). The Goldstone boson is defined using the eigenvectors
of the bottom right 2 x 2 block matrix. The only standard exceptional point in
the block diagonal matrix (2.147) comes from the remaining three identical 2 x 2
block matrices. Since the bottom block matrix is perfectly diagonalisable using the
biorthonormal basis, one obtains the same form as in the P77 -symmetric region even

at the exceptional point.

The behaviour at the zero exceptional points is similar, as discussed in more
detail in the previous section. For pu* = mj (i.e. when )\2’5’6 = 0), the matrix
U that diagonalises M? does not exist. Therefore, the Goldstone bosons are not
expressible in terms of the original fields in the action. The zero exceptional point
for y* = —m2m3 when A\’ = 0 needs no discussion as at this point the original

SU(2)-symmetry is restored.
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2.4.4 Summary

We have performed the same analysis as in the previous section, where we have
promoted the symmetry group of the model considered before from U(1) to SU(2)
but reduced the number of fields from n = 3 to n = 2 to simplify the analysis. We
have observed two distinct physical regions of the model, related by swapping the
signs of the mass parameters. The explicit forms of the Goldstone bosons are also
found except at the exceptional point.

Two models considered in this section (Let us denote by n = 2, SU(2) model)

and previous (Let us denote by n = 3,U(1) model) share same results, such as

e The Goldstone bosons can be identified in the PT-symmetric region and at the

exceptional point. However the definition changes at the exceptional point.
e The Goldstone bosons can not be identified at the zero exceptional point.
e Physical region are bounded by exceptional point and zero exceptional points.
However, two models also admit novel features, only present in one of the model.

e The Goldstone boson defined at exceptional point and in the P7 symmetric
regions can not be continuously deformed by varying the parameter values in

n = 3,U(1) model, but this is possible in n = 2, SU(2) model.

e Physical regions are also bounded by the singularity in n = 3, U(1). However,

such singularities do not exist in the n = 2, SU(2) model.

2.5 Spontaneous symmetry breaking of local non-Abelian
group

In this section, we extend the previous section’s model to be invariant under local
non-Abelian gauge symmetry. This will introduce a new massless real vector field
called the gauge field. We demonstrate that the two aspects of the mechanism,
that is, giving mass to gauge vector fields and at the same time preventing the
existence of massless Goldstone fields, remain to be synchronised in all regimes
characterised by a modified CP7 symmetry. In the domain of parameter space
where the “would-be Goldstone bosons” can be identified, the gauge vector bosons

become massive, and the Goldstone bosons cease to exist. The mechanism is also
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intact at the standard exceptional points. However, at the zero exceptional points,
when the eigenvalues of the mass squared matrix vanish irrespective of the symmetry
breaking, the mechanism breaks down as the Goldstone bosons can not be identified

and the gauge vector fields remain massless.

We will also consider a different model where the fields are taken to be in the ad-
joint representation of SU(2) instead of fundamental representation. We verify that
the phenomena mentioned above can also be observed in this case. In addition,this
model is known to possess a non-trivial solution to the equations of motion called

the t’Hooft-Polyakov monopole, which will be the main focus of the next chapter.

2.5.1 A SU(2)-model in the fundamental representation

We start by applying the pseudo-Hermitian approach to a model with local SU(2) x

U(1)-symmetry previously studied using the surface term approach in [81].

2
£2= 3 IDubil® + m2lonl — k(6162 — ohor) — 201 P)2 = {Tr (B F™).
i=1

(2.160)

Here g,u € R, m; € R or m; € iR are constants. When compared to [8] we
have replaced here as usual the standard derivatives 9, by covariant derivatives
D, = 0, — ieA,, involving a charge e € R and the Lie algebra valued gauge
fields A, := 7*Aj,. Here the 7%, a = 1,2,3, are taken to be Pauli matrices, which
when re-defined as i(—1)¢"17% are the generators of SU(2). We have also added
the standard Yang-Mills term comprised of the Lie algebra valued field strength
Fu = 0,A, — 0,A, —ie[A,, A)]. The two complex scalar fields ¢; are taken
to be in the representation space of fundamental representation of SU(2). The
model described by Lo admits a global continuous U (1)-symmetry, a local continuous
SU(2)-symmetry and two discrete antilinear CP7T-symmetries given in Eq. (2.35).
Crucially the corresponding Hamiltonian of L5 is not Hermitian, which at this point
is simply to be understood as the Lagrangian Lo not being invariant under complex

conjugation. The Abelian version of Lo was discussed in [79, 7].

As argued in [8], it is useful to decompose the complex fields into their real com-
ponents d);? =1/ ﬁ(gpﬁ + zx?) with @;? , X? € R. Thus simply rewriting the complex

scalar fields in equation (2.1) in terms of their real and imaginary components we
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obtain the following Lagrangian

o - EE ] o
+ [Buxt — e )*] [0k — e(arg)*]
Bl + e(AHXj)’“} ’ [8")(? - e(A“@j)kH

; { oh)? + (x?)ﬂ — 2ip° (P x5 — X5 05)

Lok (k)™ g [ k :
— 1 Fw <F> }—16 [Z(w'f)”(xﬁ] :

k=1

|
[\V]
]
=
~~
—

We use here the standard notation * for complex conjugation and { for the simulta-

neous conjugation with transposition.

The SU(2)-symmetry manifests itself as follows: A change in the complex scalar
fields due to this symmetry is 5¢§? = iaanlgbé, where the generators T, of the
symmetry transformation are the standard Pauli matrices o,, a = 1,2,3. The

infinitesimal changes for the real component fields are then identified as

Spj = —ouX;+asp; —oasxj, Oxj =a1p] 4+ oax; +ase;,  (2.162)
§pF = —ouxj — aapj +asX5, OX; =aip) —aaxj —asp;,  (2.163)
which leave the above Lagrangian invariant. The discrete antilinear CP7T +-symmetries

manifest themselves as

CPT+: @f(wy) = F(=1) 05 (—2y), Xi(xn) = £(=1)x5(—2).  (2.164)

A noteworthy remark is that it is straightforward to generalise the model from a
locally SU(2)-invariant one to a locally SU (N )-invariant one by extending the sum
over k from 2 to N, while keeping the U(1)-symmetry global. In what follows, we

will focus on N = 2.

A crucial feature of Lo is that its CPT-invariance translates into pseudo Her-

miticity [110, 111], meaning that it can be mapped to a real Lagrangian [y by means

1

of the adjoint action of a Dyson map n as ls = nLon~". This may be achieved by
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the slightly modified version of the Dyson map used in [79, 8|
i = exp (iz / & [H@é (t, Dbt ) + nxé(t',f)xg(t/,f)D . (2.165)
=1

We denote here the time-dependence by #’ to indicate that commutators are under-

stood as equal time commutators for the canonical momenta 1192 = Oyl and I =

m

89&, 1 =1, 2. satisfying [wf(x, t),le (y,t)} =0 0kmd(x —y), j,k,[,m = 1,2, for

Y=, X

Hence néc is not to be viewed as explicitly time-dependent as discussed in much
detail for instance in [112]. The adjoint action of 7y on the individual fields maps

as
O = ok b ik b, X - i, A= AL (2.166)

Where k € {1,2}. Thus, we convert the complex Lagrangian into the real Lagrangian

2

1 _
=3 > (=1t {|3u80j + e(Auxs)I” + 10ux; — e(Aup)* +m3 95 - 05+ X5 - X
j=1
— 2Im [[Du5 + e(Auxg)]" [0"x; — e(A"9))]] + (1) 21 (p1 - X2 — X1 - ¢2) }
1
—1% o1 - o1+ x1 - xal” — 7 0 (Fw F™). (2.167)

Here we have applied the pseudo-Hermitian approach by performing a BRST quan-
tisation before proceeding with the method explained in equation (2.20). The detail
of this can be found in appendix D. Introducing the 2 two-component fields of the

form

k k
o= [ U)ok [ M) k=12, (2.168)
X5 ok

we can re-write the Lagrangians Lo and [ more compactly. Defining the 2 x 2

matrices

mi  dp? 1 0 10
Hy = , I:= , B .= . (2.169)
+u?  —m3 0 -1 0 0

Recall that these block matrices are equal to the ones defined in section 2.4.1, equa-

tion (2.126), therefore in this model, we should expect exactly the same eigenvalues
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of the mass matrix found in equation (2.148). The real Lagrangian [ acquires the

form

[y, = % {[0,® + €ZA,P])" T [0'® + eZA W] + [0, — €A, D" T [0"V — eZ A D]
—2Im [(0,® + eZA, V)" (O"V — eTA*®)] +@"H & + VT H_U}

1
—1% (T ED + 9T EW)” - T (B F™). (2.170)

We have simplified here the index notation by implicitly contracting, keeping in
mind that we are summing over two separate index sets k € {1,2} and j € {1,2}.

For instance, we set

(TA,®)E — Tap AL @, " H, " - o"H, & (2.171)

[a,pf te (IAH\IJ)ﬂ "I [a“qﬂg +e (IAH\I/)Qf] — [0, + eTAL U] T [0"® + ZTA*T] (2.172)

In this formulation we may think of the real and complex Lagrangians, [, and Lo,

as being simply related by a kind of Wick rotation in the field-configuration space
k k k k . 1
O 5 TO" | WY - TU" with T := . (2.173)

The symmetry breaking vacuum

The vacuum solutions @’8 , \Illg by solving 6V = 0, which amounts to solving the two

equations
(—H_ + %R2E> vk =0, (—H+ + %R2E) k=0, k=12 (2.174)

with R? := ((gbg)lf

2
+ ’(gb?)Q‘ =152 ok pak + Uk EUh=const. Hence in the
real component field configuration space the vacuum manifold is a S3-sphere with
radius R. Consequently, we may consider the equations (2.174) as two eigenvalue

equations. Thus, besides the trivial SU(2)-invariant vacuum ®f = \IIIS =0,k=1,2,

we must have zero eigenvalues in both equations, which is equivalent to requiring

4
R? = W(;ﬁ + m3m3). (2.175)
2

Since R? is positive, this equality imposes restrictions on the parameters g, and
the possible choices for m; € R, ma € iR or m; € iR, mgo € R. The corresponding

vectors that satisfy equation (2.174), suitably normalized with regard to the standard
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inner product, are

2 2
2 —my

w2ong [ " o2 = N,
0 — ' ’ 0 — iVo

(2.176)
p? p?

Note that we do not consider the biorthonormal basis here because the matrices
appearing in the equation (2.174) are real symmetric matrices. The biorthonormal
basis are required once these real symmetric matrices are multiplied by I, which
corresponds to the squared mass matrices defined in equation (2.26). Imposing
now the constraint on R? as stated after equation (2.174), a possible solution is
®) = ¥} = ®3 = 0 and V2 as defined in (2.176) with normalization constant

Ny = +v2R/m3. Hence we recover the symmetry breaking vacuum used in [7].

The Higgs mechanism

Let us now demonstrate how the gauge vector boson acquires a finite mass and how
at the same time, the emergence of a Goldstone boson is prevented by the Higgs
mechanism [3, 4, 5, 6]. We will investigate this in the CPT-symmetric regime, at the
exceptional points and even in the spontaneously broken CPT-symmetric regime.
The mechanism breaks down at the zero exceptional points.

Expanding the potential

2
V=—0"Ho U H Ut 1% (27E0 + v V) (2.177)

around the vacuum specified at the end of the previous subsection leads to

0*V (®g, Uy)

SBi05] Y (2.178)

1.
V(®o+ @, ¥+ V) = V(Po, Vo) + §‘I’Z

1_. 0?V (g, ¥
4Ly O7V(%0, o)

2
1 il 92)1' 1T< 92) 1
- 2; o (H+ ‘RE) e — v (B - 2RE) v

—g2t [H_ - %RQE - g(mfg)(mg)} T2 4 (2.179)

As expected, multiplying the Hessians in (2.179) by Z gives back the squared mass

matrix (2.147). The kinetic term is almost unchanged except for the term involving
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1
5 (0,0 + T4, 9] T [0 + eTA"W] + Re {(aﬂop +eTA, W) T (eIA“\I/O)}
“Im {(aﬂ + eTALT + eTA, o) (01T — eZAmp)}

1
+§e2(A“\I/0)TI (AFD) . (2.180)

The last term corresponds to the mass term of the gauge vector boson that we

evaluate to

1 . 1 .
¢ (AuT0)' T (AT) = S (AuT0) (Lo (A" Vo) (2.181)

1, kj k ;
= 5 (AhA") 7 (o)l Zop (W0))

1, 22 ) 5
= 56 (ALA‘”) (‘ljo)azaﬁ(\ljo)ﬁ

Lo b n22 2B 4
= —eZA2AbH (022 (m5 — p?)
2 F ms
L o
= imgAZAa”’,

where we used the standard relation 70770 = 797 = §,,1 + ic4p.7¢. Therefore we

read off the mass of each of the three components of the gauge vector boson as

V2eR
mg = = \/ma — pt. (2.182)

2

In the previous section, we identified the physical regions in the parameter space in
which the squared mass matrix has non-negative eigenvalues and in which the Gold-
stone bosons can be identified. Let us now compare those regions with the values

for which the gauge vector boson becomes massive. We immediately see from the

expression in (2.182) that the gauge vector boson remains massless when p* = mj
or when R = 0, i.e. pu* = —m%m% The first value corresponds to the zero excep-

tional points where the mass matrix (bottom right block of the matrix (2.147)) is
non-diagonalisable. The second value is when the vacuum solution becomes zero,
meaning the spontaneous symmetry breaking can not occur. Therefore the Higgs
mechanism can not be observed in this case. The zero exceptional point is distinct
from standard exceptional points where two eigenvalues coalesce and become com-

plex thereafter, here at A = % — m%. See the appendix B for a more detailed

2
explanation about the distinction between these types of exceptional points.
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Thus the two aspects of the Higgs-mechanism, i.e. giving mass to the gauge vec-
tor boson and at the same time preventing the existence of the Goldstone bosons,
remain to go hand in hand. In the CP7T-symmetric regime the mechanism ap-
plies, but at the zero exceptional points the Higgs-mechanism breaks down as the
Goldstone bosons are not identifiable and at the same time the gauge vector boson
remains massless. In contrast, at the exceptional point the Goldstone bosons are
identifiable, (although in a different manner with different forms for the case of three

complex scalar, see section 2.3.4), and the gauge vector bosons become massive.

Let us see this in detail and replace m% — cim%, with ¢; = &1 to account for all
possibilities in signs. We found in previous section that physical regions only exist
for the two cases ¢; = — co = 1 and ¢ = — ¢o = —1, therefore, cico = —1. For the

two cases we may then write

2 2.2 4 4 4 2
m 8e“my [m m
=0 (Z - M4> <M4 - 3) ) (2.183)
mi g m5 \mj mj my  mjy

noting that m /m7 only depends on the two parameters m3/m3 and mj/mj similarly
as the eigenspectrum of the squared mass matrix [81, 7]. We require the right hand

side of equation (2.183) to be positive as depicted in depict in figure 2.6.

Gauge vs Goldstone bosons Gauge vs Goldstone bosons
o i} i
35 1.0f
/ A
3.0 ] A
0.8F
2.5 / — EP /]
2.0 ,‘r ----- zeroEP1 V-0 I
1.5 j.-f & zero EP 110.47 .
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0.2} 7
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nga w3 L n;
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Figure 2.6: Regions, for which the gauge vector boson is massive (blue with mesh) versus
physical regions (orange) in which the would be Goldstone boson can be identified, bounded by
exceptional and zero exceptional points as texttion of (u*/m?, m3/m?) for the theory expanded
around the SU(2)-symmetry breaking vacuum. Left panel for ¢; = —c2 = 1 and right panel
for ¢y = —c2 = —1. The coupling constant g must be positive.

We observe in figure 2.6 that while the region in which the Goldstone boson
can be identified is bounded by exceptional as well as zero exceptional points, the
exceptional points lie well inside the region for which the gauge vector boson is

massive, i.e. they acquire a mass in the CPT-symmetric regime as well as in the
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spontaneously broken CP7T-symmetric regime. In the CP7-symmetric regime this
agrees well with the findings that at these points the “would-be Goldstone boson”is
prevented from existing as a massless particle. We may think of the sign change in
front of the mass terms, ¢; — —c¢;, that relates the left to the right panel as a phase

transition [113].

Let us now demonstrate this behaviour in detail and expand for this purpose the

Lagrangian around the symmetry broken vacuum up to second order in the fields

2
1 1 1
L= > 58@’”16%’“ + iau\lf’“Tla“‘P'“ - 5@’“T (H+ + %R2E> oF(2.184)
k=1
1 47 g .9 1 1 o7 9 2 g 2 2 2
v (H, - 4R E) v Cw (H+ - RE - §(E\IJ(O))(E\IJ(O))) v

1
+eRe [au‘I)T(A“‘I’O)} + elm [(IAH\IIO)T 5”‘1’} + ngAﬁA““ +...

We recall now from the previous section as well as the general argument presented
in section 2.2 that the first two lines of the Lagrangian [5 can be diagonalized and
the Goldstone bosons can be identified in terms of the field content of the model.
Furthermore, the Goldstone modes are eigenvectors with zero eigenvalues of squared

mass matrices
M2 =1 <—Hi + %R2E> , (2.185)

computed above as \I/% and I\I/%, so that the Goldstone modes are proportional to
these two vectors. The explicit forms of the Goldstone fields were found in equation
(2.157), denoted as wgb, wgband w?b, therein. We express them here as
e e
Gli= () e, 3= = (w282, 2= - (02)T T, (2.186)
Mg Mg Mg

respectively. As expected for the Higgs mechanism the number of “would be Gold-
stone bosons” equals the amount of massive vector gauge bosons. The fact that the
Goldstone modes are inverse proportional to the mass of the gauge bosons explains
that they can not be identified for massless gauge bosons. Keeping now only the

Goldstone kinetic term from the first two lines of the Lagrangian [, and the one
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involving the gauge fields in equation (2.184), we obtain

3
1
b = Y 30.G°0"G" + cRe [(%(I)WA“\IJO) (2.187)

a=1

el [ (T4, W) 90| + %mgAZA““ +...

Using the explicit representations of the Pauli matrices, the real and imaginary parts

are determined as

Re [0, @7 A"V

Im [(ZAM%)T a#\p}

A%Re [0,97 T W] (2.188)
A0, 07Ty + A30,T TP
T T
A0, (®1) Wg — A%9, (9%) U
AL gegr M g3 e
H e e H
AlTm [U r°Zo" V] = —i (AL U T°Z0"T)

A2 (03)" 0mw = —A2TL G, (2.189)

Finally the Lagrangian in (2.187) can be simplified to

3
1
b o= ) GOuG "G = mg AL OM G+ mg ALOMGE — mg AOMG (2.190)

a=1

b (o toeY che (s o)
g \ n oMo \ T,

where we defined the new vector gauge particle with component fields By := Ajj —

mig@MGa. We may also replace Aj; by B); in the field strength F),, so that A, can be

eliminated entirely from the Lagrangian. We see that the Higgs-mechanism applies

as long as my # 0. However, at the zero exceptional points, not only the gauge

boson mass vanishes, but the Higgs mechanism no longer applies, in the sense that

we can not remove the degrees of freedom of Goldstone bosons.

Notice that the above calculation does not refer to whether the theory is in the

CPT-symmetric or broken regions. In fact, the Higgs mechanism also works in the
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CPT broken region because the only requirements for the mechanism to holds are
1. Gauge masses are non-zero mg # 0.

2. The block diagonal part of the mass matrix with zero eigenvalue is biorthnor-

malisable.

The above two conditions are satisfied in three disconnected regions, i) CPT-symmetric
region, ii) CPT-broken regions, iii) standard exceptional points. Of course, the CP7T-
borken region is disregarded as we consider the application of our theory to particle

physics, where the rest masses of the particle can not be negative or complex.

From SU(2) to SU(N)

We end this subsection by discussing the generalisation from SU(2) to SU(N).
For this purpose, we simply replace the Pauli matrices in all our expressions by
the traceless and Hermitian N x N-matrices {7%},_; n2_1. Multiplying these
matrices with i corresponds to the SU(N)-generators 7% with a = 1,..., (N? — 1).
The vacua are still determined by the solutions of the eigenvalue problem (2.174)

with zero eigenvalue condition

2

N
1 4 . . . 4
R =23 ) E®) + W) BV} = constant = —— (4t + mm3).  (2.191)
— gms
i=1

The zero eigenvalue condition implies that the vacuum manifold is a S*V~!-sphere
with radius R. This follows from the fact that SU(N) acts on the 2N dimensional
space spanned by (©0)%, (x¥)%,i = 1,..., N, with norm equal to R2. On this space
SU(N — 1) simply permutes the fields amongst themselves, hence acting as a sta-
bilizer or isotropy subgroup. Thus the vacuum manifold corresponds to the coset
SU(N)/SU(N — 1) = §2N-1,

As we discussed in section 2.2, we may utilise the symmetry of the Lagrangian to
transform the vacua into convenient forms without changing the eigenvalue spectrum
of the mass matrix. Thus using the elements 7 € SU(N)/SU(N — 1) C SU(N) we

may transform the vacuum into the form

_ V2R [ mj
\/Nm% M2

dL =0, U fori=1,...,N, (2.192)
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satisfying the constraint (2.191). Let us now use this SU(N)-symmetry breaking
vacuum to calculate the mass of the gauge vector boson. Dropping here the kinetic
term reported in (2.180) and considering only the relevant term in the Lagrangian

we obtain

1 . .
4 = -ePAsaAbe (TGTTb) (o)l T (Vo)) (2.193)
2 iJ
_ 1 2 qa pbu p2 /1’4 N a_b
= Ne A,U'A R 1-— % Zi,j:l (7' T )Z] .

The last factor uses 7070 = ﬁéab}l N+ % Zé\:f ! (i fabe + Gabe) T¢, where the ggpe and
fabe are completely symmetric and anti-symmetric tensors, respectively. We note
that Z” 1(79)i5 = Tr(7¢) = 0 by definition of 7¢ and Z” 1(In)ij = Trly = N.

Thus we can diagonalise [4, computing

R2 4

(4= 1— 5 ) ACA™ = meA“A““ (2.194)
2N m2

from which we read off the masses mga) of the N2 — 1 gauge vector bosons. We

note that once again they vanish at the zero exceptional points, but now for all

SU(N)-models.

2.5.2 A SU(2)-symmetric model in the adjoint representation

We end the chapter by discussing spontaneous symmetry breaking in the SU(2)
gauge theory, where fields are now in the adjoint representation. This model is
attractive because it possesses a non-trivial solution to the equations of motion called
the t’Hooft-Polyakov monopole. We will study the monopole solution in detail in
the next chapter. This final subsection will verify that the phenomena we observed
in the previous subsection also apply to this model.

We consider here a non-Hermitian SU(2)-invariant Lagrangian

2

1 1 ;
[ = ZTr (Dé1)* + ZTr (De2)* + ﬁTr(dﬁ) + %Tr&b%)
2

Te(102) — & ()]~ T (7). (2195)

where as in equation (2.161) we take g, u € R, m; € R or m; € iR, to be constants.
The two complex scalar fields are expressed as ¢; = ¢§7%, 1 = 1,2 and a = 1,2, 3,

where the T are the three SU(2)-generators in the adjoint representation that,
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up to a factor of 2, satisfy the same algebra as the Pauli spin matrices, that is

[T, T = icap.T¢. Hence, the adjoint representation is (T*)p. = —i€ape, i-€. to be
explicit
00 O 0 0 ¢ 0 — O
T"={00 =i |, =] 0 o0, =4 0 o[, (219)
0 2 O — 0 0 0O 0 O

such that Tr(T°T?) = 26% and therefore Tr(¢?) = 233_ ¢%% The SU(2)-

symmetry in the adjoint representation for each generator T is therefore
¢; — T e x ¢j — aeadTC, (2.197)
so that the infinitesimal changes to the fields ¢{ result to
568 = —azape?. (2.198)
The vector field A, now transforms as
A, — DT Y Tt @T éaua“(x)T“, (2.199)

with the field strength tensor Fj} = 9, A} — 9, A}, + iee“bCAZAf,, respecting the above

symmetry.

In more a compact form the Lagrangian in (2.195) can be expressed equivalently

as
ad 1 ap 4a 1 anrr2 sa g a a)2 1 a ur\a
L3 = S DLt D G — JOIME — S (61 Ey65)” — Fa (P)", (2200)

where repeated indices are summed over the appropriate index sets 7, j, u, v € {1,2}

and a,b € {1,2,3}. The matrix M? is defined as

—m? i
M? = Lo : (2.201)
iu?  —m3

and E as in (2.169). The covariant derivative in the adjoint representation acting
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on a real components field takes on the form
(Dui)® := 0 + eancAf 5. (2.202)

Pursuing here a pseudo-Hermitian approach we perform a similarity transformation

by the Dyson map

3
n= H 3 [ P=[ges] (2.203)

a=1

From appendix D, this transformation maps the complex Lagrangian E%d to a real

Lagrangian

ad 1 a o a 1 a a g a a\2 1 a apy

G = 5 (Dudi) Ly (D))" + 57 Hij¢j — 16 G 1 hw FY,(2:204)
where repeated indices are summed over and the matrix H is defined as

mi  —p? 1 0 10
H:= , L= , B = : (2.205)

—p? —m3 0 -1 0 0
We note here that the potential term is similar to one of the diagonal block of the
model (2.170) in previous subsection and model (2.125) in section 2.4.1 but with
g/16 replaced with ¢ and no 1/2 in front of the Hessian matrix. Although the
dimensionality of the mass matrix will be different, we will see that eigenvalues of

the mass matrix will coincide with the eigenvalues in equation (2.148).

The SU(2)-symmetry preserving and breaking vacua

To find the different types of vacua ¢°, we need to solve again §V = 0. The corre-
sponding functional variation of the Lagrangian in (2.204) leads to the three sets of

equations
<H - %R2E) (") =0, a=1,23, (2.206)

a
with R? := (¢?)" E;; (qﬁ?) (equivalent to the R defined in section 2.4.1). Next
to the trivial SU(2)-symmetry preserving solution (gbo)a = 0, a SU(2)-symmetry

breaking solution is obtained by requiring ((]ﬁo)a to become an eigenvector with zero
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eigenvalue of the matrix H — gR?E /4, which is the case when

2

()" = =2 2 |, and R?=af UM (2.207)
ms _MQ gms

where the N, are arbitrary constants satisfying R? = NZ + N3 + Ng. Expressing
the Lie algebra valued vacuum field ¢9 = (qﬁ?)a T% in the matrix form of the adjoint

representation (2.196) we obtain

0 —N3 Ny )
A=i| Ny 0 M [, and $f=-Lo4 (2.208)
2
—Ny N 0

We can now apply the SU(2)-symmetry to the vacuum state in the form
o7 = ()" ()" ()7 (). ()" ()] (2.209)

so that the infinitesimal changes d¢;(¢"*¢) with (2.198) and (2.207) yield the follow-

ing states for each generator

(6%

W = mflg(0>0,N3m§,—N3u2,—N2m§,Nzu2), (2.210)
2

W) = 5 (=Nym3, Nop?,0,0, Nym3, —Nis?) (2.211)
2

vy = % (Ngm3, —Nap?, —Nim3, N1p?,0,0) (2.212)
2

as solutions for ¢¥2°. Evidently, these states are linearly dependent as

3 NP
Yy 2o, (2.213)

=1 O[i

According to Goldstone’s theorem the states v? should be eigenvectors of the squared
mass matrix with eigenvalue zero. As only two of them are linearly independent we
expect to find two massless Goldstone bosons, which in our gauged model correspond
to “would-be Goldstone bosons”. Hence the SU(2)-symmetry has been broken down
to a U(1)-symmetry, so that the group theoretical argument predicts two Goldstone

bosons equal to the dimension of the coset SU(2)/U(1).
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The squared mass matrix

Expanding the Lagrangian in equation (2.204) about the vacuum solution gives

a a a 1 a a
B = (Dugi) Tij(Dudy)® — &L HY o (2.214)

+2(Dudy) Lij (D7) + (Duy)) “Lig (Dyt)" + O(¢°),

where the last two terms originate from expanding the covariant kinetic term. The
Hessian matrix is obtained by differentiating the potential term twice and inserting
the vacuum solution
. o0*V g 9
b._ — g I p2p. sab I b
5] 1= Ggmagn = ~Hud" + [ B8 + 5 (B, (") . (2219)
J
This is almost diagonal with the group indices but with non-zero off diagonal terms
(E¢®); (Egbb)j. However, this term can be simplied by insetting the explict forms of
the vacuum soltuons
10 N, 1
(E¢f)i = = N¢ (2.216)
0 0 —p? /m3 0
= (B¢"); (B¢"), = NN E;;.

Let us organise the Lagrangian in terms of the 6-component field defined as ¥ :=
(1, 03, 02, #3, 93, #3). Then the mass tensor Miajb = (IH)%’ can be written as a

6 x 6 matrix

-mi+ 4R*+ 4NT P IN1 N, 0 2N1N3 0
—pu? —m3 0 0 0 0
£N1 N, 0 —mi+4R*+4N; u? 2N, N3 0 (2.217)
0 0 —pu? m3 0 0
4N1N3 0 £ N> N3 0 —mi+ 24R*+ 4N; u°
0 0 0 0 —u? —m3

Notice that if one takes N7 = Ny = 0 and N3 = R, then we obtain same mass matrix
as equation (2.147) but with one different block structure. The six eigenvalues A of

M? are then computed to

4 4
H— My

2 )
my

A2 = 0; A34 =

)

A = K+ K2 +42L, (2.218)
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with k= 3u*/2m3 —m3/2+m? and L = p* +m1?m3. Notice that these eigenvalues
are equivalent to the one found in equation (2.148) as one expect. We can now
verify that the three vectors v? in (2.210)-(2.212), corresponding to the infinitesimal
changes of the vacuum (2.207) under the action of the SU(2)-symmetry, are indeed
eigenvectors of M? with zero eigenvalues. Due to their linear dependence we may
choose two of them to be associated with the two massless “would-be Goldstone
bosons”.

We note that there are zero exceptional points at u* = mj when A3.4 = 0, and
at p* = —m?m3 when either A_ = 0 or Ay = 0. The standard exceptional point

for which the two eigenvalues A_ and A coalesce occurs when —m? = 3u*/2m2 +

m3/2 + p?. The Jordan normal form become for the mass squared matrix becomes

4

diagD, = (0,A2,0,A2,0, A2, A), A = £5 —m3, (2.219)
2
A tp? —mi t(a - B)p?
0 +p? — m3 ’

for some arbitrary constants a and .

We notice that the eigenvalues in (2.218) do not depend on the choice of the
the normalisation constants IV, since all of these vacua are equivalent as they are
related by SU(2)-symmetry transformations. The physical regions of the model are
determined by the requirement that the eigenvalues are real and positive. Taking
now account of the possibility that m; € R or m; € iR, by allowing for different
signs in front of the m? terms in setting m? — cimf, we find that the model does

not possess any physical region when ¢; = co = +1 and physical regions when

c1 = —cg = %1 as argued also in the section 2.4.2.

The would-be Goldstone bosons

Let us now identify the two massless Goldstone bosons wfg in the different PT
-regimes by the same procedure as previously explained in [8, 7], with the difference
that they will be made to vanish due to the presence of the gauge bosons. In terms of

the original scalar fields in the model we identify the Goldstone bosons by evaluating

Uiy = (UTTV)1 o, (2.220)
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where the matrix U diagonalises the squared mass matrix by U 'M2U = D with
diagD = (A1, A2, A3, Ag, A, A4 ) and diagl = {Z,Z,7}. In the PT -symmetric regime

the similarity transformation U is well defined by
U:= (7)1,7)2,7)3,U4,U_,U+), (2221)

where the v; are the right eigenvectors of M? normalised with respect to the left
eigenvectors. Up to normalisations constants for each eigenvector, we obtain in our

example the concrete expressions
_ 2 2 2 2 2 2
vi = [(m3 + Xi) T, —p°Tin, (M3 + i) Tiz, =Tz, (ms + Xi) Tis, —piTis] , (2.222)

with 7o = T3 =130 = Tu3 = 0, ™33 = Ty = 741 = —T13 = —Ta2 = Ni, To1 = T41 =

T+9 = N2 and T11 = 731 =— T4+3 = N3.

For convenience we take now Niy = Ny = 0, N3 = R and compute

243 4 243 242 212
+ +
Gb ma¢y + e dy and PP = ma¢r + p ¢2.

7} ’ 7}
my — pt Vmy — pt

We note that det U = A3 g(A_ — Ay )uOR*, indicating the breakdown of these ex-

(2.223)

pressions at the exceptional points when A_ = A4, the zero exceptional point when
A3 = Ay = 0 and at the trivial vacuum when R = 0, as previously observed in
[8, 7]. However, at the exceptional point we may still calculate the expressions for
the Goldstone boson when taking into account that in this case the two eigenvectors
v_ and v4 become identical. In order to obtain two linearly independent eigen-
vectors when the squared mass matrix is converted into its Jordan normal form
we multiply two entries of the vector vy by some arbitrary constants a # 3 as
(vi)1 — a(vy)r and (v4)e — B(vy)2. With this change the matrix U becomes
invertible as detU = A3A4(B8 — a)(m3 + k)NZuSR?. We may now evaluate the
expression in (2.220) obtaining the same formulae for the Goldstone bosons as in
(2.223). At the zero exceptional point it is not possible to identify the Goldstone in

terms of the original fields in the model.
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The mass of the vector gauge boson

Finally we calculate the mass of the gauge vector bosons by expanding the minimal

coupling term in equation (2.204) around the symmetry breaking vacuum (2.209)

[Du(¢+¢%)] ' Z[D" (¢ + ¢°)] = (Du*) T(D"¢) + ... (2.224)
= ¢ [eaedl (60)°] Tig (aaeA™ (6)°) + ..

= ot (A A (60)'T(0)" AL (60)'T(00)") + ...

where we used the standard identity €upc€ade = Opddce — Opeded- A convenient choice
for the normalization constants INV; that is compatible with (2.207) and diagonalizes
(2.224) is to set two constants to zero and the remaining one to R. For instance,

taking N1 = Na = 0, N3 = R the only non-vanishing terms in (2.224) are

[Du(¢ + ¢0)]TI [D“(QH— ¢0)} — 2 (ALAM + AiA2“) (gﬁ?)SL‘j <¢9)3 + ...
= 2R (1 L) (ALAM + AZAP) 4. (2.225)

(1)

Thus for u* # m3 and R # 0 we obtain two massive vector gauge bosons mg’ and
méQ), that is one for each “would-be Goldstone boson”. When p? = m3, that is
then model is at the zero exceptional point, the gauge mass vector bosons remain

massless. This feature is compatible with our previous observations in [8, 7] and

above, that at these points the Goldstone bosons can not be identified.

We notice here that the two massive vector gauge bosons are proportional to the
inner product of left and right eigenvectors
4
M ge X $ TG o R? (1 - :14> . (2.226)
2
Hence, the vanishing of the mass for the vector gauge bosons at the zero excep-
tional points can be associated with the inner product’s vanishing between left and
right eigenvectors. This is reminiscent of the vanishing of the inner product at the
standard exceptional points in different areas of non-Hermitian physics, which is re-
sponsible for interesting phenomena such as the stopping of light at these locations

in the parameter space [114, 115].
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2.5.3 Summary

We have considered two theories that differ by the representation of the fields in
the fundamental (2.195) and the adjoint (2.160) representation. In both cases, we
observed that the Higgs mechanism works in the PT-symmetric region and the
exceptional points. However, we observed that the Higgs mechanism does not occur
at the zero exceptional points, because there is no explicit form of the Goldstone
boson at the zero exceptional points. We have also observed that the physical region
of the massive gauge particle included the physical region of the Higgs particles as a
subset (see figure 2.6). The second model (2.160) showed the same phenomena as the
first. However, the novelty of this model is that it contains the non-trivial solution
to the equations of motion called the t’Hooft-Polyakov monopole. Therefore, the

results found for the model (2.160) will be useful in the next chapter.
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Chapter 3

Complex topological soliton
solutions with real energies in
non-Hermitian quantum field

theories

3.1 Reality of the complex soliton solutions

The current chapter will focus on the different types of solution in the quantum field
theory called the soliton solution, which are a non-trivial solution to the equations of
motion of the quantum field theory. The classical mass of the soliton solution is found
by inserting the solution into the Hamiltonian M = H|[¢] = [ d32zH(¢). Therefore,
the techniques from P77 symmetric quantum mechanics can not be applied, where
the reality of the non-Hermitian mass matrix was guaranteed by the corresponding
PT symmetry of the matrix.

In this chapter, we will study several different types of soliton solutions in various
dimensions and models. Through studying different models, we have identified a
common anti-linear symmetry between the solutions which guarantees the reality of
the complex soliton solutions. To facilitate the legibility of the chapter, we will first
state the reality condition of the complex soliton solutions in a general form and
verify that indeed each soliton in different models respects this. We will show below
that the energy of the soliton solutions are real when three conditions stated below

holds. Therefore it is sufficient conditions to guarantee the reality of the model.
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However, we do not claim that this is a necessary condition for a real classical mass.

Let {¢1, ¢2} be a set of distinct (or identical) solutions to the equations of motion
dL/6¢ —0,(6L£/60,¢) = 0. The classical masses of the solution is given by inserting
the solution into the Hamiltonian, M; = H[¢;] = [ d3zH(¢;), for i € {1,2}. The
classical mass of the solution ¢; and ¢ are real if there exist some anti-linear
symmetry CPT (note that is it not the standard CPT symmetry in quantum field

theory) such that three conditions are satisfied:
1. CPT : H[p(z)] — HICPT ¢(z)] = Hi[p(—x)].
2. CPT : ¢1(£L‘) — ¢2(—$).

3. Hp1] = H|2].

If two solutions are identical ¢1 = ¢o, then the above condition reduces to the
reality condition of the soliton solution already derived in [116]. Using the above
three conditions, the reality of the classical mass can easily be shown by the following

argument

—~
—
~—

M= [ @xmlo@) T [ danicrTo(w) [ i) = ]

2 [ daHlon(-o) = M

—~
~

3

=

Where numbers above the equal signs indicate the condition number.

3.2 Topological Solitons in particle physics

In this section, we find ’t Hooft-Polyakov monopole solutions in a non-Hermitian
field theory, having local SU(2) symmetry and anti-linear CP7T symmetry. Two of

the main finding of this section are

1. Different similarity transformations result in different monopole solutions with

same energy.

2. CPT symmetry of the monopole solutions changes in different parameter

regimes.

The first point will be the main discussion in section 3.2.4, where it follows from the

novel feature of the non-Hermitian theory, where the similarity transformation is, in
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general, non-unique. The second point will be the main discussion in section 3.2.5
where we will observe three separate regions of qualitatively different behaviours
in parameter space bounded by different types of exceptional points with different

CPT symmetries in each region.

3.2.1 Soliton solution in a Hermitian model with SU(2) gauge sym-

metry

This subsection briefly reviews the t’"Hooft-Polyakov monopole in Hermitian quan-
tum field theory with local SO(3) symmetry. The rest of the section extends the
idea discussed in this subsection to non-Hermitian theory and utilises the methods
and results already obtained in the first chapter.

Let us begin with a local SO(3) symmetric gauge field theory.
1 a M a 1 a apv
L= 3Dud"D"¢" = V(g) = FERF™. (3.1)

The Lagrangian consist of a three component real scalar fields {¢*},=1,2,3 and the
three gauge fields {AZ}CL:17273 with the covariant derivative defined as D, ¢% :=
0, +e(Ay, x ¢)*, where e is a charge of the gauge field A,,. The kinetic term of the
gauge fields is defined with the field strength tensor F}j,, = 9, A7 —0, A}, +e(A,x Ay)*.

The potential is
V= Ko a A a 1a\2 3.9
= L6+ 2 (6°9")’, (3:2)

with vacuum solutions ), ¢fé§ = p/A found by solving §V = 0, as explained in
the previous chapter. By redefining the potential as V- — V — §V (¢g) = f/, one can
show that the potential vanishes at the vacuum solution, V (¢g) = 0. We will use V'
and V interchangeably as it is simply a shift by a constant. The equations of motion

of * and A, for this model are

oV
Yol

DyF" —e(¢p x D"'¢)q =0, D,DM¢" + —— =0 (3.3)

The t’Hooft-Polyakov monopole is a non-trivial solution to the above differential
equation. From appendix A.1 we know that the non-trivial solution to the above
equation needs to converge to the constant solution which minimise the entire action

Sl¢po] = 0, called the vacuum solution. If the action has no gauge fields, then such
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constant can be found by solving dV(¢) = 0. However, since the kinetic term is
modified to accommodate for the local symmetry, the vacuum solution also needs to
satisfy extra condition D,¢g = e(Ag X ¢p) = 0. To distinguish this vacuum solution
from the non-gauged vacuum solution, it is often referred to as Higgs vacuum [117].

The resulting Higgs vacuum solution for this model is

o = /47 (3.4)

(AD)e = —Leaip) 1 pa A, (A9)® = 0. (3.5)

The Ansatz for the gauge field (AY)® is taken from [118] where A,, is some space-time

vector field. The radial unit vector 7,,n € Z is defined by

sin(6) cos(nyp)
Tn = | sin(f)sin(ny) |- (3.6)
cos(6)

Notice that the solution ¢{ is a mapping from the 2 sphere in space-time to the
2-sphere in field configuration space. Therefore the solution belongs to the 2nd ho-
motopy group m2(S?) = Z, meaning there are n € Z many topologically inequivalent
solutions labelled by n. This is precisely the reason why the above Higgs vacua are
defined for every n € Z. In appendix A.2, it is explicitly shown that the integer n

corresponds to the winding number of the mapping ¢g : S? — S2.

Keeping in mind that the solutions need to converge to the above Higgs vacuum

solutions in an asymptotic limit, let us choose a set of static spherical Ansatz

er

o = i), a7 =t (L) g (3.7

Here 7 = (z,y,2)/y/2? +y? + 22 is a normalised vector >, r®r® = 1 and the

radius r from the origin (z,y,z) = (0,0,0). Inserting this parametrisation into the

equations of motion, one obtains

" 2 2U2h 2 )
e Calt W LN (3.8)
" U(U2—1)
u' = S -t = o, (3.9)

where ' = 8,h represents the radial derivative. The approximate solution to this
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differential equation was found by Prasad and Sommerfield [119] by taking a twofold
scaling limit 4 — 0, A — 0 but keeping the vacuum solution v = \/m invariant.
This limit is often called the Bogoliubov Prasad Sommerfield (BPS) limit. The
solutions were found by solving the simplified differential equations with the extra
assumption that the solutions asymptote to the vacuum solution in the spatial in-
finity. This constraint follows from Derrick’s scaling argument (see appendix A),

which ensures that the energy of the solution is finite. The solutions are

1 evr
h= 'UCOth(e'UT) — ;, u = m (310)

One can check that this solution satisfies the differential equations (3.8) and (3.9)
given that the fourth term of the equation (3.8) vanishes by the BPS limit. The
classical mass of this monopole solution can be found by directly inserting it into
the Hamiltonian. However, there is a more elegant way to obtain the mass using
the method which we refer to as the BPS method. The Hamiltonian of the model
(3.1) in the BPS limit is

= / d [(€0) + (BY)? + (1) + (D))’ - (3.11)

Where & = —F§ , B = —%eijkf]‘?k. Since we are only considering the static

solution, the electric field £ vanishes. Then notice that
BB} + (Dig)"(Did)" = (Bf F (Di¢)*) (B F (Did)*) + 2B} (D))"
Using this, the Hamiltonian can be rewritten as

H = % / d* 2B (Dig)" + (Bf — (Dig)") + (1) + V (3.12)
> ;/d% [2B%(D;$)%] = /d3x (Bi - 0ip + eB; - (Ai X ¢)]

= /d% [Bi - 0;¢ — e¢ - (Ai x B;)]

_ / &x B - 0,6 + ¢ - B

::/fﬂM%dzhm ds; [B: - ¢)

:%msmmy

r—00
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The dot product represent the contraction of group indices ), ¢%¢* = ¢ - ¢ and
S, is a 2-sphere with radius r. Going from the third line to fourth line, we used
D;B! = 0;B¢ + e(Ay x B;) = 0 which can be shown from the Bianchi identity
D eP?Fy. = 0. The fifth line is obtained by using the Gauss theorem at some
fixed value of the radius r. Since we are integrating over the 2 sphere with large
radius, the integrand B; - ¢ is defined far from the origin. This means we can replace
the integrand with the Higgs vacuum solution {¢§, B§;}, required by the Derrick’s

theorem. This is how the last line is obtained.

Surprisingly, this inequality (3.12) becomes an equality for the solutions (3.10)
because the quantity appearing in the bracket B —(D;¢)® vanishes with the solution
(3.10), resulting in a much simpler form of the energy. The explicit value of Bf; can

be obtained by inserting the expressions from (3.5) into
1 .
Bl = — e (0,4 — Op A + e AT x AD)". (3.13)

After a lengthy calculation presented in appendix A.2.1 this expression can be sim-
. 0@ A~ na . . . na n@
plified to BY;, = ¢0 B; = #%B;, where ¢¥ is a normalised solution > ¢0 ¢ = 1.

The B; is defined as
_ 1 ik _ ok ai o Yo (ain o akn
B; = — ik VA" — AT + ST (8 Tn X O rn> . (3.14)

Notice that integrating the first term over the 2-sphere gives zero by Stoke’s theorem
J gOX A= J 55 A = 0 where one can show that Stoke’s theorem on closed surface
gives zero by dividing the sphere into two open surfaces. The second term is a

topological term which can be evaluated as

e

/dSiBi _ _dm (3.15)

The explicit calculation is in appendix A.2.1 and also [120]. This is the magnetic
charge of the monopole solutions. Finally we obtain the energy of the t’Hooft-

Polyakov monopole

Pl / B 2B (D)) = HmIET. (3.16)

2 ev

The first-order differential equation B} — (D;¢)* which saturate the inequality in
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equation 3.12 is called the BPS equation. More example of models which possess

the solutions to the BPS equation are explored in section 3.3.

3.2.2 Soliton solution in a non-Hermitian model with SU(2) gauge

symmetry

Here we begin with the non-Hermitian SU(2) gauge theory with matter fields in
the adjoint representation given in equation (2.195). This action is invariant under
the local SU(2) transformation of the matter fields (2.197) and gauge fields (2.199)
given in section 2.5.2. The action (2.195) is also symmetric under modified CPT

symmetry which transform two fields ¢; and ¢9 as

CPT : ¢1(tvf) — ¢1(_t7 _CE) ) ¢2(t’f) — _¢2(_t7 _f) ) i — —i. (317)

The equations of motion for the fields ¢; and A, of the Lagrangian (2.195) are

5V
95

(DD )" + —— =0, D,F" — eeaped’ (D )° + eeapedss (D ) = 0. (3.18)

We have already introduced the similarity transformation in section 2.5. How-

ever, there are further possibilities for the similarity transformation such as

3
s
Ny = H exp <i2 /d3xﬂg¢g> . (3.19)
a=1

We did not consider different possibilities of the similarity transformation in the
last chapter because they do not affect the eigenvalues of the transformed mass
matrix. However, we will see in this section that different transformations can lead
to different soliton solutions with the same energy. This non-uniqueness of the
metric is analogues to the non-uniqueness of the metric and its connection to the

observables in the quantum mechanical setting discussed in [20, 29].

The adjoint action of 4 maps the complex action in equation (2.195) into the
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following real action

2

s = / diz [iTr(DQSl)Q—iTr(Dqﬁg) +c1—Tr(¢1)—C2 Tr(¢2) (3.20)

2

—037T7’(¢1¢2) 64( (¢1)) —;TT(F%}

/d4x [iTr (D¢1)? — iTr (Dg)* =V — ;TT(Fz):| .

Notice that this action is equivalent to the action (2.204) if c3 = 1. The parameter
c3 indicates the different similarity transformations by taking the values £1 for 7y,

respectively.

As discussed in the previous chapter, the action (3.20) is real, but the mass
matrix of the fields ¢; and ¢o are still non-Hermitian. Therefore one needs to
diagonalise the Lagrangian by employing a biorthonormal basis. However, we will
still directly analyse the above action as we will observe at the end of this section
an interesting exchange of the CPT-symmetry between the monopole solutions of
¢1 and ¢ in different physical regions, which is invisible if one directly analyses the

fully diagonalised Lagrangian.

As explained in appendix A.1 and also in previous section, the monopole solution
is required to asymptotically converges to the Higgs vacuum, which is found by

solving 6V = 0 and D, ¢, = 0. The first equation can be simplified by choosing an

Ansatz (¢9)%(t, %) = hY7%(¥) where # = (z,y, 2)/\/2% + y* + 22 and {hY} are some

constants to be determined. Inserting this Ansatz to equation (2.204), we find
V= L+ Lt (3.21)
277 16

Then the vacuum equation 0V = 0 is reduced to simple coupled third order algebraic

equations

LB — cxm3h) + esp’hy = 0,
com3hd + c3p*hl = 0, (3.22)
D,¢o = 0. (3.23)

88



The resulting vacuum solutions are

0 _ _cecap®10 (102 _ qc2pttamimi 5o
B = SR, (D)2 = 4o o 2, (3.24)

(AD) = —Leobepboype 1 paf, = — Letoipi 1 fag; | (A" =0,

The A; are arbitrary functions of space-time. The asymptotic condition can be

written more explicitly if we consider the spherical Ansatz
(51 (&) = ha(r)i®,  (A{)* = i A(r),  (AF)* =0, (3.25)

where the subscript ¢l denotes the classical solutions to the equations of motion
equation (3.18). The difference between this Ansatz (3.25) and the Higgs vacuum
(3.24) is that the quantity h; now depends on the spatial radius h; = h;(r). Here
we are only considering the static Ansatz to simplify our calculation, but one may
of course also consider the time-dependent solution. For the monopole solution to
have finite energy, we require the two matter fields of equation (3.25) to approach

the vacuum solutions in equation (3.24) at spatial infinity

2
. . CaC3 0
lim hy(r) = % = +R, lim ho(r) = hYE =¥ 2 R. (3.26)

Also notice that at some fixed value of the radius 7, the vacuum solutions ¢2 and
monopole solutions ¢¢ both belongs to the 2-sphere in the field configuration space.
For example, ¢! belong to the 2-sphere with radius R because (¢?)? = R%. Therefore
we can apply the analysis from the previous section and notice that the radius r can
be redefined to equation (3.6) where the integer n represent the winding number as

shown in appendix A.2.1.

Since we require the monopole and vacuum solutions to smoothly deform into
each other at spacial infinity, both solutions need to share the winding number. It
is important to note that winding numbers of ¢ and ¢5 need to be equal to satisfy
D¢y = Dgo = 0 and therefore we will denote the winding numbers of ¢; and ¢9 as
n collectively. If they are not equal we would have D¢; = 0 but D¢s # 0. Next, let
us insert our Ansatz equation (3.25) into the equations of motion equation (3.18).
We will also take the Ansatz (3.7) for the gauge field A,. These Ansatz are more in
line with the original Ansatz given in [119, 121] and also discussed in the previous

section, compare to equation (3.25). Inserting these expressions into the equations
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of motion equation (3.18) we find

" u(r —u27“ e‘u(r
o () + ()[12 @] 22<>{hg(r)—h%(r)}=0, (3.27)

r

h/ll (’I”) + 2h, (r) _ 2h1 (r)u?(r) +g {_Cl m?%hl(T) + Cg%hQ(T) + %h?("”)} = 07 (328)

r r2

W (r) + 2) _ Baepl) | o {hQ(T) n cz,ﬁ%hl(r)} —0. (3.29)

r

Notice that these differential equations are similar to the ones discussed in [119, 121]
and also discussed in the previous section, but with the extra field ho and extra
differential equation equation (3.29). In the Hermitian model, the exact solutions
to the differential equations were found by taking the parameter limit called the
BPS limit [119, 121] where parameters in the theory are taken to zero while keeping
the vacuum solution finite. Here we will follow the same procedure and take the
parameter limit where quantities in the curly brackets of equation (3.28) and (3.29)
vanish but keeping the vacuum solutions equation (3.24) finite. We will see in section
3.2.4 that we also find the approximate solutions in this limit. However, before we

solve the differential equations, let us discuss the energy bound of the monopole.

3.2.3 The energy bound

The energy of the monopole can be found by inserting the monopole solution into

the corresponding Hamiltonian of equation (3.20).

h = /d3m [Tr (E?) +Tr (B*) +Tr{(Do¢1)*} +Tr{(D;$1)*} (3.30)
—Tr{(Dogp2)*} — Tr {(Di¢2)*} + V|,

where E, B are Elfy = F,% | B, = —1é*F* i j k € {1,2,3}). The gauge is

fixed to be the radiation gauge (i.e A,° = 0,9;A4,° = 0). Notice that our monopole

Ansatz equation (3.22) is static with no electric charge Ef = 0 and therefore the

above Hamiltonian reduces to

E = /d3x [Tr (B?) + Tr {(Di$1)*} — Tr {(Dip2)*} + V] (3.31)

_ / &z [BﬂBiu(Dml)“(Dml)“—<Di¢2>“<Dz’¢2>“+iv '
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Here, we simplified our expression by dropping the superscripts Afl — A;, gbgf = Pq-
We also keep in mind that these fields depend on the winding numbers n € Z.
Recalling from section 3.2.1 that in the Hermitian model (i.e, when ¢ = 0) one
can rewrite the kinetic term as B? 4+ D¢? = (B — D¢)? + 2BD¢ and find the lower
bound to be [2BD¢. Here we will follow the similar procedure but introducing
some arbitrary constant o, 3 € R such that B? = o?B — 32B where o® — 3% = 1.
This will allow us to rewrite the above energy as
1 2 1 2
E = 2/d3x {oﬂ {Bﬂ+ a(Diqbl)a} — B2 {Bﬂ+ 5(Di¢2)“} (3.32)
+2{—aB*(Di¢1)" + BB;"(Dip2)"} + ;V} ~

To proceed from here, we need to assume extra constraints on a and g such that

the following inequalities are true

/d?’x

2 2
o’ {Bz'a + ;(Dzﬁbl)a} - B? {Bia + ;(Diéﬁz)a} > 0, (3.33)

/d%v > 0. (3.34)

Following the same procedure discussed in equation (3.12), the lower bound of the

energy is written as

E

v

2 / B [—aB*(Dip1)* + BB*(Dig)"] (3.35)
_ / P [~a{Broiws + eBoeb AG ) + 8{Bfo,oy + eBeALss )]
— 9 / d%[— a {Bﬂ 69+ (—eeabCAi”Bf) qﬁ‘f}

+68{Beorgs + (—ec™ AL Be) asw;ﬂ
= 2 [ @ la (B0t + B0t} + 5 B0 + 0501
_ 5 / &z [—ad; (Bi*1%) + B0; (B:2®)]

= lim <—2a dSZ [Biagbla] + 25/5 dSz [Bia¢2a]> )

r—00 S
T

where in the fourth line we used D;B{' = 0 which can be shown from the Bianchi
identity D, e"P?F7 = 0. The last line is obtained by using the Gauss theorem at

some fixed value of the radius r. Since the ¢§ in the integrand are only defined over
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the 2-sphere with large radius, we can use the asymptotic conditions Eq. (3.26) and
replace the monopole solutions {¢2, B¢} with the Higgs vacuum {(¢9)%, (BY)?}

E > (~2000" +2008") limn [ dsi(B0)y" (3.36)
2
_ (:anmg;zg@c?’z’“‘ Rf;) lim / ds;(BY)e,
m2 r—00 S’V‘

where the upper and lower signs of the above energy correspond to the upper and
lower signs of the vacuum solutions in equation (3.24). The explicit value and
calculation of the integration |, s, dSi(BZQ )% is given in previous section and discussed
in appendix A.2.1. We recall that the integer n, which corresponds to the winding
number of the solution comes from the Ansatz Bf' = (bAOaBi, where B; is defined in
equation (3.14). In our case there is an ambiguity of weather to choose Bf = gbA(l)aBi
or B = <;§8aBi. Now we see explicitly the reason why we choose to keep the same
integer values for solutions gb(f and <z58 as discussed in the paragraph before equation
(3.27). If the integer values of #¢ in solutions ¢9, #J are different, then the integration

S s, dS;(B?)® will be different, leading to an inconsistent energy.

Finally we find our lower bound of the monopole energy

2 —4 +8mnR 2
E > T2R <a + gk ) papa < ””) _ 8 <a + g2l > (3.37)
m2 e e m2

Notice that we have some freedom to choose «,5 € R as long as our initial as-
sumptions (3.33) are satisfied. We will see in the next section that we can take a
parameter limit of our model which saturates the above inequality and gives exact

values to o and f.

3.2.4 The fourfold BPS scaling limit

Our main goal is now to solve the coupled differential equations equation (3.27)-
(3.29). Prasad, Sommerfield, and Bogomolny [119, 121] managed to find the exact
solution by taking the parameter limit, which simplifies the differential equations.
The multiple scaling limit is taken so that all the parameters of the model tend to
zero with some combinations of the parameter remaining finite. The combinations

are taken so that the vacuum solutions stay finite in this limit. Inspired by this, we
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will take here a fourfold scaling limit

2 2 2
g,mi,ma, it — 0, &<oo, M—<oo, M—2<oo. (3.38)
g g my

This will ensure that the vacuum solutions equation (3.24) stays finite, but crucially
the curly bracket parts in equation (3.28), (3.29) vanish. There is a physical motiva-
tion for this limit in which the mass ratio of the Higgs and gauge mass are taken to
be zero (i.e mpiges < M) as described in [122]. We will see in the next section that
the same type of behaviour is present in our model, hence justifying equation (3.38).
The resulting set of differential equations, after taking the BPS limit is similar to the
ones considered in [119, 121] with the slightly different quadratic term in equation

(3.27). It is natural to consider a similar Ansatz as given in [119, 121]

u(r) = % (3.39)
hi(r) = -« <v coth (evr) — elr> = —af(r), (3.40)
hao(r) = —p (v coth (evr) — ;) = —8f(r), (3.41)

where a, 8 € R were introduced in section 3.2.3 and f(r) = {vcoth (evr) — 2 }. One
can check that this Ansatz indeed satisfies differential equations equation (3.27)-
(3.29) in the BPS limit. We have decided to put a prefactor a and f in front of
equation (3.40),(3.41) to satisfy the differential equation equation (3.27). Note that if
we take o = 1 we get exactly the same as given in [119, 121], which is known to satisfy
the first order differential equation called Bogomolny equation B; — D;¢ = 0. The
Ansatz (3.39)-(3.41) only differs from the ones given in [119, 121] by the prefactors
a and B, and therefore our Ansatz should satisfy Bogomolny equation with the

appropriate scaling to cancel the prefactor in equation (3.40),(3.41)

B+ (D)’ = 0, (3.42)
B?+;(Di¢2>” _— (3.43)

where ¢ = hqo(r)f,. If we compare these equations to the terms appearing in

the energy of the monopole equation (3.32), then we can saturate the inequality in
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equation (3.37) by

Elp1, ¢2] =

+ 2
Smnlt (a 4 psl > , (3.44)

2
my

where upper and lower signs correspond to the vacuum solutions equation (3.24),
when taking the square root. We can calculate the explicit forms of o and £ by

comparing the asymptotic conditions in equation (3.26)

2
. + + . + + C2C3 [k
lim hy = h* =+R, lim hy = hYE = 2 R, (3.45)
with the asymptotic values of equation (3.39)-(3.41)
lim u(r) =0, lim hi(r)=—av, lim hi(r)= —po. (3.46)

r—00 r—00 r—00

By Derrick’s scaling argument, the two asymptotic values (3.45) and (3.46) should
match, resulting in algebraic equations for @ and . Using o> — 32 = 1 and assuming

m3 > u*, we find the four set of real solutions

m3 RI cac3p?
a=F®), v=(E)y, f=+F)2 (3.47)
2
where | = y/m3 — p*. The plus-minus signs in the brackets correspond to the

two possible solutions to the algebraic equation a? — 32 = 1. These need to be
distinguished from the upper and lower signs of a and 8 which correspond to the
vacuums solutions (3.24). Inserting the explicit values of o and S to the energy

equation (3.44) we find

8tnR [ —mi + ut —8mnR
Elé1, ¢] = (£) ( b ) = () — -1, (3.48)
ems ems
with corresponding solutions
2
+ ms | Rl eRl 1
= +(+)—=|—F5coth| —r | — — 4
hi (r) (+) i [m%COt (m% r ol (3.49)
2
4 cocgu” | Rl eRl 1
= + —coth [ —r | — —|.
iy (r) F£) l [m% cot (m% " er

It is crucial to note that although it seems like there are two monopole solutions

{hi,hE}, the two solution are related non-trivially in its asymptotic limit by the
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constraint lim hy = (—caczp®/m3) lim hE given in equation (3.22). For example, one

can not choose {h{",hy } as a solution as this will break the asymptotic constraint.

The solution (3.49) can be constrained further by imposing that the energy (3.48)

is real and positive.

Elp1,¢2] >0 = —(i)Sz?Zfz — —(£)n > 0. (3.50)
2

Therefore we can ensure positive energy if (+) = sign(n). The final form of the

monopole solution with positive energy are

m2 [ Rl eRl 1
hi = +si 2 2 eoth [ /) — =
L (r) sign(n) i [m% co <m% r) er} ,
. cocsu? [ Rl eRI 1
hg:(r) = :Fslgn(n) 2 ;'u |:Wl2COth <7n/27,> - e’r:| . (351)
2 2

with energy E = 8|n|mrlR/em3. We conclude this subsection by observing that the
above solution depends on the parameter cs, which takes value {—1,1} depending
on the choice of the similarity transformation. Choosing different values of c3 also
result in a different asymptotic values (3.45), meaning solutions for ¢3 = 1 and ¢3 =
—1 are topologically different. Since the energy is independent of c3, two distinct
solutions share the same energy. Respecting one of the main features of similarity

transformation, which is to preserve the energy of the transformed Hamiltonian.

In the next section, we will investigate in detail how the solution changes and

new CP7T symmetry emerges by changing the parameter values.

3.2.5 Real and complex monopole solutions with real energies

This section will investigate the behaviour of the solution (3.51) in different regimes
of the parameter spaces. We will compare the physical regions of monopoles and
gauge particles found in the previous chapter. We will see that the two regions
coincide, but the solutions in different regions possess different CP7T symmetries.
Different symmetries of solutions in different regions are not the coincident but the
consequence of the three realty conditions stated in section 3.1. In fact, it is deeply

related to the reality of energy, which will be explored at the end of this section.

95



Higgs mass and exceptional points

Let us recall the masses of the particles (2.218) (which are also equivalent to (2.148))
and the gauge mass (2.225). Reintroducing the parameters ¢, c2 in (2.217) and
(2.225), we find

4 4
-m Rl
mi=cot— "2 mi=K+VE>12L, my=e—g, (3.52)
ma ma
2
where K = cymf — o352 + 232“;2 and L = p* + cicom?m3. Notice that the masses do
2

not depends on c3, meaning they do not depends on the similarity transformation
as expected. We also comment that in the BPS limit we have my = m4 = 0, but
mg and My stays finite, such that the ratios mpiges/my vanish in the BPS limit.
This is in line with the Hermitian case [122], providing the physical interpretation
MHiggs <K Mg for the BPS limit.

In section 2.4.2, the physical region, where all values of equation (3.52) stay real
and positive, were investigate with the figure 2.4 showing two disconnected regions
for ¢, = —co =1 and ¢y = —cg = —1. Since the monopole energy is proportional to
the gauge mass in terms of R and [, the physical region coincide with the one shown
in figure 2.4.

One may notice that when co = 1, requiring positive mass m% > 0 implies that
ut — m% > 0. This means the quantity [ = \/W is purely imaginary. One may
then discard this region as unphysical. However, we will see in next section that
there is a disconnected region beyond pu* —m3 > 0, which admit real energy because
R also becomes purely complex. This is not a coincident and in fact we will see an
emerging new CPT symmetry for the monopoles.

In the rest of the section, we will exclusively focus on the monopole and gauge
masses. The main message of this subsection is the emerging symmetry responsible
for the reality of the monopole masses. The requirement to make the whole theory
physical demands also to consider the intersecting of the physical regions between
monopole masses and Higgs masses. As an example, we plot all the masses of the
theory in figure 3.1. As one can see, the intersecting points of the physical regions
of Higgs masses and monopole/gauge masses are non-trivial. However, we do not

need to know the exact intersecting point. There are two reasons for this:

i) From section 2.5, we already know that the physical regions of Higgs masses
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and gauge mass always intersect.

ii) The analysis done in the rest of the section applies to any point in the physical
regions of monopole/gauge masses, so we can assume that the full theory is in

the physical regions.

) Mmaono
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Figure 3.1: Monopole, gauge and Higgs masses plotted for m?/g = —0.44, /g = —0.14,¢ =
2,c1 = —cg = —1. The solid line represent the real part and dotted line represent the imaginary
part of the masses. The dotted vertical lines indicate the boundaries of the physical regions
where all the masses acquire real positive values.

Change in CPT symmetry and complex monopole solution

We begin by introducing the useful quantities m?/g = X, u?/g = Y, p?/m3 = Z.
The gauge mass, monopole mass and monopole solutions can be rewritten in terms

of these quantities

mg = eRV1 — Z2, Mmono = L"MR@, (3.53)
hf(r) + sign(®) [R\/l — Z2cosh (eR\/ﬁ ) ] (3.54)

Vi-22

hE(r) = FoERes? [R\/i cosh (eR\/1—7 ) } (3.55)

Where R? = 4(c2ZY + ¢1X). The monopole masses are plotted against the gauge
mass for fixed parameters with n € {1,2,3,4} in figure 3.2 with weak and strong cou-
plings e = 2, e = 10. Notice that the gauge mass is smaller than any of the monopole
masses for weak coupling, but when e is large enough, some of the monopole masses
can become smaller than the gauge mass. This is clear by inspecting the monopole
and gauge mass in equation (3.53) and two masses coincide when e = \/W Note
that n = 0 is not a monopole mass as it corresponds to the solution with zero

winding number, which is topologically equivalent to the trivial solution.
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Figure 3.2: Monopole and gauge masses plotted for X = 1,Y =0.8,e =2,¢1 = —ce2 = 1. The
solid line represent the real part and dotted line represent the imaginary part of the masses.

From figure 3.2, we also observe disconnected regions where both monopole and
gauge masses become real to purely complex. A more detailed plot of this is shown
in figure 3.3. Region 2 is bounded by two points with lower bound u?/m3 = 1 cor-
responds to the zero exceptional point where the vacuum manifolds stay finite (i.e.
spontaneous symmetry breaking occur). However, the Higgs mechanism fails, as dis-
cussed in the previous section. The upper bounds correspond to the point where the
vacuum manifold vanishes. Therefore, the spontaneous symmetry breaking does not
occur, implying that the gauge field do not acquire mass though Higgs mechanism,
resulting in a massless gauge fields. Most crucially, an interesting region (denoted by
region 3 in figure 3.4) reappear as one increases the value of Z. The profile function
in region 3 is purely complex, which signals that this may lead to complex energies.
However, as one can see from figure 3.3, the energy is real. The reason for the real
energy is that the conditions stated in the previous section hold. We will show below
the CPT symmetry responsible for the reality of the energy. Note that the profile

function ho only differ from hy by some factor in front. Therefore we omitted it from

the plot.
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Figure 3.3: Both panels are plotted for X = 1,Y = 0.8,n = 1,e = 2. The solid line represent
the real part and dotted line represent the imaginary part of the masses. Panel (a) shows the
monopole and gauge masses against Z > 0, with vertical lines indicating the location of the
boundaries of three regions. The panel (b) shows three profile function h;(r) defined on each
regions indicated in panel (a).
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Another physical region is when ¢; = —cy = —1. The monopole and gauge
masses for this case is plotted in figure 3.4. We observe almost an identical plot from
the figure 3.3 but with real and imaginary parts swapped. The profile functions also
respect these changes as regions 1, and 3 no longer have a definite asymptotic value.

The boundaries are unchanged, as one can see from the figure 3.4.
(b), X >Y,e=2, c1=-Cy=-1

Plot of h¢{r) in different regions with ci=-cz=1

10} — R1

VT

t
T

Figure 3.4: Both panels are plotted for X = 1,Y = 1,n = 1,e = 2. The solid line represent
the real part and dotted line represent the imaginary part of the masses.

Finally, there is an interesting parameter point X = Y where the region 2 van-
ishes (see figure 3.5). The two boundaries Z? = 1 and c2ZY + ¢; X = 0 coincide
when X =Y and the zero exceptional point no longer exists because the spontaneous

symmetry breaking does not occur in this case.
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Figure 3.5: Both panels are plotted for X = 1,Y = 1,n = 1,e = 2. The solid line represent
the real part and dotted line represent the imaginary part of the masses.

Next let us explain the reality of the energies in different regions. First, to realise

the conditions (1)-(3), stated in section 3.1, we require following transformations

h;c(r) — —héc(r) , hf(r) — hf(r) in region 1
CPT : No symmetry in region 2 . (3.56)
hQi(r) — — (h;t(r))* , h{c(r) — (hf(r))* in region 3

By using the explicit forms of the solutions (3.54, 3.55). We can show that the above
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transformations satisfies condition (2) in regions (1) and (3).

CPT - hét(m - —h;t(r) = h?(r) ) hic(T) — h?(?‘) in region 1
‘ hy(r) = — (hét(r))* =hi, hi(r)— (hli(T))* = h{ in region 3
(3.57)

Notice that in regions (1) and (3) the CPT relates two distinct solutions in two
different ways. For example, h2i is mapped to hJ in region (1) but it is mapped to

itself in region (3).

Finally the condition (3) is satisfied because the energy does not depends on the
+ signs of the solutions. This explains the real energies of complex monopoles in
region 3 and complex energy in region 2. Indeed we observe the predicted behaviour
in figure 3.3. The region 2 is a hard barrier between two CP7T symmetric regions

where solutions are either real or purely imaginary. The same analysis can be done

in the other physical region ¢; = —co = —1 where the symmetry is now
No symmetry in region 1
CPT :q hi(r) — — (h;t(r))* , hE(r) — (hf(r))* in region 2 . (3.58)
No symmetry in region 3

We have observed that one can find a well-defined monopole solution in two discon-
nected regions. However, in the full theory, it is only one of the regions which are
considered physical. This is because the Higgs mass m3 is either positive or negative
depending on which side of Z? = 1 it is defined. Because two disconnected regions
are defined on either side of the zero exceptional point Z? = 1, the full physical re-
gion restricts one from moving region (1) to region (3) by changing Z. This is most
clearly seen in the figure 3.1 where the plot of mg (green line) becomes negative
beyond the zero exceptional point. Therefore the region (3) does not coincide with
the physical region shown in figure 2.6. This may imply that the purely complex
monopole solution we observed is not a possible solution of the theory. However,
the purely complex solution can exist in the full physical region. An example of this
is shown in the figure 3.6 where we observe that the profile function h; (therefore

he) is purely complex, and the Higgs masses, gauge mass are all real and positive

Finally we comment on the diagonalisation of the Lagrangian. As stated at the
beginning of this section, the changing of the CPT-symmetry in going from region

1 to 3 is only visible because we have worked with the action (3.20) instead of fully
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Figure 3.6: Both panels are plotted for X = 1,Y = 1,n = 1,e = 2. The solid line represent
the real part and dotted line represent the imaginary part of the masses.

diagonalised Lagrangian. If we now assume that we diagonalised and repeated the
analysis of this section, we would have found the monopole solutions (3.54) and
(3.55) but with a linear combination of the fields ¢; and ¢y defined in equation
(2.26) (note that the equation (2.26) is only used for would-be Goldstone but same
definition can be used for other fields)

o = m%cb‘f:r utﬁ%

. ae{1,2}. (3.59)

Recalling that ¢ = h;7%, one of the fields becomes

2h 2h

= (3.60)
my —p

Then notice that in the region 3, the field 1! is real because the overall quantity
\/W is purely complex in region 3. Therefore we would not have observed the
changing of the CP7T-symmetry. We can conclude that different CPT -symmetries
of the complex solutions combine to one CPT -symmetry in the diagonalised theory.

In next two section, we will consider models where there is no known Dyson
map. Therefore it is important to identify the appropriate CP7T-symmetry of the

solutions to guarantee the real energy.

3.2.6 Summary

We have found the t’Hooft-Polyakov monopole solution (3.51) in the non-Hermitian
theory by drawing an analogue from the standard procedure in the Hermitian theory.
The monopole masses were plotted with the massive gauge and Higgs masses where
the physical region of the monopole masses coincides with that of the gauge mass.

It was also observed that there are two distinct physical regions bounded by the
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zero exceptional point and the parameter limit where the vacuum manifold becomes
trivial. The profile function (radial part of the monopole solution) is plotted in
figures 3.3, 3.4, 3.5, where it is real and purely complex in the regions 1 and 3
respectively. Incidentally, the CPT-symmetries of the solution are different in the

regions 1 and 3.

3.3 Topological solitons in 1 4+ 1 dimensions

This section will extend the study of the BPS soliton solution observed in the last
section by taking the special limit in the equations of motion. The focus will be
on the 1+ 1 dimensional non-Hermitian field theories to simplify the analysis. We

investigate three different types of non-Hermitian field theories.

1. A complex version of a logarithmic potential that possess BPS super-exponential

kink and antikink solutions.

2. Two copies of Hermitian sine-Gordon theories, coupled with non-Hermitian

metric term.

3. A Complex extended sine-Gordon theory with known similarity transforma-

tion.

Despite the fact that all soliton solutions obtained in this manner are complex in the
non-Hermitian theories, we show that they possess real energies. For the complex
extended sine-Gordon model, we establish explicitly that the energies are the same
as those in an equivalent pair of a non-Hermitian and Hermitian theory obtained
from a pseudo-Hermitian approach by means of a Dyson map, which also maps a
complex solution to a real solution. We argue that the reality of the energy is due to
the topological properties of the complex BPS solutions. These properties generally
result from modified versions of antilinear CP7 symmetries that relate self-dual and

an anti-self-dual theories.

3.3.1 BPS solitons from self-duality and anti-self-duality

The authors in [123] take an energy functional E and a topological charge @ of the

form

E = ;/d% [Ai + fli} , and Q= /de [Aafla} , (3.61)
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as a starting point for the setup of a BPS theory, where the quantities Ao (¢, 0,¢),
fla(qﬁ, 0,¢) are functions of the fields ¢ appearing in the Lagrangian £ of the field
theory under consideration and at most of first order derivatives thereof. It is clear
that the relations in (3.61) ensure that the topological charge is always a lower bound
for the energy E > |Q|. Following [123], one may then use these definitions to derive
two equations, one being the Euler-Lagrange equation resulting from varying £ and
the other from considering infinitessimal changes d¢ in ) and demanding §@) = 0.
The latter requirement incorporates that () is interpreted as a topological charge,
which should be a homotopy invariant, i.e. invariant under smooth variations in
the fields. The compatibility between these two equations then implies (anti)-self-
duality of the quantities A,, A, and moreover that @ saturates the Bogomolny

bound for the energy F
A, =+A,, and E=1Q|. (3.62)

Evidently the energies of the self-dual and anti-self-dual fields are the same. As-
suming next the existence of a pre-potential U(¢) defined as n;ﬁ(%)(%) =V(9)
where V is a potential of the model, one may write the energy functional and the

topological charge for the static solutions as

E = / dx [;nabaugbagud)b +V(¢):|

—0o0

L[ U o
< U < U
Q = / s~ / drgo-dube = Jim Ulo(a)] — L Ul6(x)]. (364)

Comparing the general expressions for A, and A, in (3.61) with those for U(¢) in
(3.63), (3.64) implies the identifications

~ ou _
Ay = pabaa:(bba and A, = %pbala (365)

where p factorizes the target space metric as p’p = 1. The (anti)-self-duality rela-

tions in (3.62), then become equivalent to the pair of BPS equations in the form

L oU
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Allowing the scalar fields to be complex and the potential to be non-Hermitian, the
reality of the energy could be guaranteed when the Hamiltonian is CP7T -symmetric

satisfying H [¢(x)] = H' [¢(—z)] by employing the same argument as in [116]

E = /OO deH [¢p(z)] = — /OO daH [p(—x)] = /°° dait [6(x)] = E*.  (3.67)

o0 —00

Since in the scenario considered here the self-duality imposes the kinetic energy to

equal the potential energy, it would suffice therefore to establish that

Vigs(2)] =V [pe(-2)], or  V[px(a)] =V [p5(—2)] (3.68)

in order to ensure the reality of the energy by means of (3.67). Note that the second
condition in equation (3.68) is precisely the condition (1) presented in section 3.1.
In fact, we shall demonstrate that the first condition is broken in all of our examples,
highlighting the three conditions as an extension of the one proposed in [116]. We
have denoted here by ¢+ the solutions of (3.66) corresponding to the two options
for the sign in (3.62). Evidently it follows from (3.61) that the energy is the same
for either choice. The second option in (3.68) is novel due to the set up involving
anti-self-duality and not available in the standard setting in many other integrable
systems [116, 124, 125, 126]. Alternatively, by analysing directly the model, the
energy is real if

lim Im {U[g(z)]} = lim Im{U[g(z)]}. (3.69)

T—r0o0

Finally let us comment on the stability of the solutions. The topological charge

given in equation (3.61) can be seen as a lower bound of the energy functional
1 2 2, A2 1 2 \? i 24K
5 dx[A +A]=5 e (AiA) F244| > F [ BeAA (3.70)

This was also discussed briefly in the previous section. However, since A and A can
be complex, the inequality above might be violated. This problem is resolved once
the similarity transformation of the theory is identified. Unfortunately finding the
similarity transformation is in general very difficult as discussed in the introduction.
Therefore, for some of the examples in this section and next, we directly analyse

the complex theory with complex solutions. Crucially for any similarity transforma-
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tions the energy of the solution is unchanged, meaning the topological charge of the
solution is a well-defined lower bound of the energy. Therefore, the only quantity
we will analyse in the complex theory is the energy of the solutions. We will see in
section 3.4.2 that some of the complex solution stay complex even after similarity
transformation. In such case, the complex solution is non physical in a particular
Hermitian theory obtained by a particular similarity transformation. However, as
explained above, it may have a different similarity transformation where the solution
becomes physical in different theory.

We shall now analyse several different theories with concrete choices for pre-

potential that lead to non-Hermitian scalar field theory with an antilinear symmetry.

3.3.2 A non-Hermitian BPS theory with super-exponential kink

solutions

We start by generalising a Hermitian field theory that was recently studied by Ku-
mar, Khare and Saxena [127] to one with two-component complex fields in a non-
Hermitian setting. The original model was motivated in parts by its proximity to a
#%-type potential and its feature of minimal nonlinearity. Interestingly, this model
possesses kink and antikink solutions with a super-exponential profile rather than
the more standard arctan type solutions, seen in sine-Gordon theory. This feature
survives our generalisation, and the complex BPS solutions interpolating between
five out of nine vacua of our model have real energies.

To set up the field theory we choose the target space metric and the pre-potential
as

a= " T e U = Lot (67) + 2o3n(63). (371)

—iA 1

with A, u1, u2 € R, respectively. Using the relation between the potential and the

pre-potential (3.63) we obtain from the Ansatz (3.71) the non-Hermitian potential

1

V(¢1,02) = 12

2 5 5
Z % [¢i + ¢;In (¢z2)]2 + 21_:\>\2 H“i [¢i + ¢;In (qb?)] . (3.72)
=l i=1

According to the standard pseudo-Hermitian approach to non-Hermitian field theo-
ries, one may seek a similarity transformation using a well defined Dyson map, e.g.

[75, 79, 7, 8, 9], to map the theory to a Hermitian theory or introduce non-vanishing
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surface terms [77, 88, 82, 81, 83] and analyse these systems. However, as we shall
demonstrate below, just as in a standard quantum mechanical setting [104, 111], the
energy is preserved in this process so that one may also analyse the solutions of the

non-Hermitian theory directly.

Note that the complex theory and solutions can only be viewed as a physical
theory if an appropriate metric is chosen (see section 2.3.3). Therefore, directly
analysing the quantities other than energy such as position, momentum of the soliton
in the complex theory is not physical unless the metric is fixed. Our approach is
further justified in section 3.3.4, where we shall present an explicit system for which
a non-Hermitian Hamiltonian is related to a Hermitian Hamiltonian by means of an

explicit nontrivial Dyson map.

Using the BPS equations (3.66), the static solutions associated with the potential

(3.72) are the two pairs of coupled first-order differential equations

w1 (¢ + ¢y In (6] 2 [d + ¢ In (5

BPSE : 0,1 = + l 1A2;1 (@) | jyrel 2A2j1 (¢2)] — F* (3.73)
i [¢ + ¢y In (6] p2 (¢ + ¢o In (5

BPSF : 0,0 = i) 1[1/\24i1(1)]i 2[2A2j1(2>] — FF. (3.74)

We will need both versions in (3.73) and (3.74) to verify the general argument that
guarantees the reality of the energy. We observe that these equations are compatible
under two types of modified CPT-transformations

T
%

,& BPS — (BPSF)". (3.75)
$2()

Using these symmetries we can derive the second relation in (3.68). We notice that a
modified CT-transformation ¢1(z) — — [¢1(x)], d2(z) — — [p2(2)]" is achieving the
compatibility BPSZ-i — (BPS?)*. However, this symmetry can not be employed in
the argument in (3.67) that guarantees the reality of the energy. The introduction
of time by means of a standard Lorentz transformation, z — (z —vt)/v/1 — v2, will
not change this feature, so that the reality of the energy is not a consequence of
this particular antilinear symmetry. Moreover, we do not find solutions below that

posses this kind of CT-symmetry.

Let us now solve the pair of the two BPS equations (3.73) and (3.74). In the

Hermitian limit, when A = 0, the equations decouple, and the solutions can be
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obtained in an explicit analytical form as double exponentials

1
oi(x) = exp (— + 62(“i$+“i)> , (3.76)

with integration constants k; € C and ¢ = 1,2. We fix our constants in such a
way that we obtain proper kink and antikink solutions with well-defined asymptotic

behaviour. We select our solutions as

1 1 1 1
¢it (x) = exp <— - 62#1.9:) , ¢§+(x) = —exp <—2 - 62“”) , i >0, (3.77)

2 2 2
1 1 1 1
gﬁf_(a:) = exp <—2 — 262“””> , 08 (x) = —exp (—2 — 262“”) , i <0, (3.78)

so that ¢ (0) = ¢~ (0) = 1/e, ¢7(0) = ¢~ (0) = —1/e and ¢{* (x) = ¢}~ (—x) =

—¢F T (2) = =9 (—x). The asymptotic limits are therefore

1
. at - . k— _ b
Lm0 (@) = lim o (@) = 7,
1
. k4 _ . a— _
im ¢ (2) = lim ¢ (z) = NG
Jim ¢ft(z) = lim ¢ft(z) = lim_¢{ (2) = lim ¢} (z) =0. (3.79)

Hence, using the expression for the pre-potential (3.64) we obtain for all combina-

tions the same real energy as function of uq, us

gm _ al + pe

B (11, o) L pg=kanm=zx pp R (380)

In the non-Hermitian scenario, when A # 0, we solve the two sets of coupled BPS
equations (3.73) and (3.74) numerically. Some sample computations are presented

in figure 3.7.

We observe that for increasing values of the coupling constants u; the real parts
of ¢; approach H(—x)/+/e with H(z) denoting the Heaviside step function. The
imaginary parts keep oscillating with larger amplitudes with increasing p and cru-
cially vanish at x — 400, which means that the energy is also given by the expression
in (3.80) for all values of A\. The analytical solution for A = 0 are smooth kinks and

antikinks who also approach a Heaviside step function for increasing values of p;.

We also observe from our numerical solutions in figure 3.7 that the solutions
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Figure 3.7: Complex BPS kink and anitkink solutions of the two pairs of coupled BPS
equations (3.73) and (3.74) associated to the potential (3.72) with initial values ¢¥*(0) =

57(0) = ¢17(0) = ¢57(0) = —1/e and ¢7¥(0) = ¢57(0) = ¢77(0) = ¢5(0) = 1/e for
g1 =02, o = 0.1, A = 0.1,

realise the CPT _-symmetry as
k+ _ k— t a-+ _ a— T k+ _ aF 1
1 (@) =— {¢1 (_33)} ; H1T(2) = — [¢1 (—@] Gy () = [¢2 (_33)] - (3.81)

Using now the properties of the kink and antikink solutions (3.81) we derive for the

potential

@] = wi-fgco] e} e
= V{[¢ (=2 o5 (=211},

and similarly for the other pairs of solutions. Changing the initial conditions, we
may also construct solutions that manifest the CPT y-symmetry. The relation in
(3.82) is precisely the second option in (3.68) that relates solutions of the self-dual
system to solutions of the anti-self-dual system. As the energies in both systems

must be the same, it is guaranteed to be real.

Next, we will identify which vacua are interpolated by which kind of BPS solu-

tion. It is easy to check that the real part of the potential has nine minima at

vEE = (e ke 12), 0 = (0,£e712), (3.83)

0 = (:te_l/z,O), 1% = (0,0),

corresponding to the fixed points of the dynamical system (3.73) and (3.74) as

solutions of Fli(gzﬁl, ¢2) = F;E(¢1, ¢2) = 0. Next we compute the eigenvalues of the
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Jacobian matrix at these fixed points

Oy FE 0, FF
J=1 " l ¢2 l =0+, (3.84)
5¢1F2 8<i>2F2

vhd

in order to determine their stability. For the F*-system with pu; > 0 we find
that J (v**) has two positive eigenvalues, .J (UOO) has two negative eigenvalues and
J (UOi), J (vio) have a positive and a negative eigenvalue. For ¢; — 0 we have to
evaluate the values in an e-neighbourhood. This means, see e.g. [128], that v** are
unstable fixed points, v°F and v*0 are saddle points and v is the only stable fixed
point. For the F'~-system still with p; > 0 all signs of the eigenvalues are reversed.
Changing the sign of p; will also reverse the sign of one eigenvalue. Using the so-
lutions from above as represented in figure 3.7, we have the following interpolations

between the different vacua

F, system ‘ F_ system

—— K+ ok Sy - k— ja—  +—
v gkt 00 |yt patgat 00 ‘ 000 o= k= =t | 00 ghmga— o+
—_— —_— —_— —_—

(3.85)

This behaviour is also confirmed by the gradient flow for F'™ that is indicated in
figure 3.8 superimposed onto the potential. We obtain similar relations for the F'~-

system.
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Figure 3.8: Real part of the potential V (¢1,¢2) in (3.72) as a function of Reg:1 and Rego
with the gradient flow of the real parts of F* superimposed in white. The kink-kink, kink-
antikink, antikink-kink and antikink-antikink interpolate between the different types of stable
and unstable vacua as specified in (3.85)
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When passing from the V, -theory to the V_-theory, we pass through the special
point p1 = pe = 0. The energy (3.80) is defined for all values and does not become
complex. To investigate this point further, the next model is designed in such a way
that it appears to have an exceptional point, which, however, turns out to be not

genuine.

3.3.3 A non-Hermitian coupled sine-Gordon model

Next, we consider a modified version of a model whose real variant has been in-
vestigated recently in [129]. We generalise that model to one involving a complex
non-Hermitian potential with a complex two-component scalar field and add an ad-
ditional term designed in such a way that we obtain an exceptional point [130]. We
shall demonstrate that the system possesses complex solutions to its BPS equations
with real energies in a certain region in the parameter space where the topological
charge of the system is well-defined and real. There is also a region in which the

energy is not well defined and not finite on the entire real z-axis.

Choosing the target space metric and the pre-potential as

1 —iA
n= \ , and U (¢1,¢2) = —(cos¢1 + pd1 + cosda),  (3.86)
—iA 1
A\ i € R respectively. The potential resulting from the expression in (3.63) is

derived as

V (1, ¢2) = 5 ! (sin g1 — p)? + 20X (sin ¢ — p) sin g + sin? ¢ | . (3.87)

(1+22)

We note that the singularity at A = 1 present in the real version of this model
discussed in [129] has been removed as the quantity 1/(1 — A?) becomes 1/(1 + \2).
The static versions of the BPS equations (3.66) obtained from (3.87) are the pairs

of complex coupled first-order equations

1
BPSY : 0,61 = e (sin ¢y — p +iAsin o) =: G, (3.88)
I .

BPSE : 0.6y = t 2 [i\ (sin ¢ — p) + sin ¢o] =: GF. (3.89)
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These equations are compatible under the modified CP7T -transformation

X —T f
epr: ] W 7 kel & BPSE — (BPSF)".  (3.90)

¢a(z) — —[ga(—)]'
Notice that we require again both signs to achieve consistency under the CP7T-
conjugation. It is precisely this symmetry that is needed to derive the second relation
in (3.68) and the condition (1) from section 3.1. Trying instead to realise the com-
patibility of BPSZ.+ or BPS; with itself requires just a modified C7 -transformation
d1(z) = [91(2)]T, da(z) — — [2()]T, which as for the previous model is, however,
not sufficient to be used in the argument in (3.67) that ensures the reality of the

energy.

In the Hermitian limit, when A = 0, the two pairs of BPS equations decouple
and are easily solved analytically by the kink and antikink solutions for the upper

and lower sign, respectively,

gbic(n) () = 2arctan {i {1 +1/1 - p2 tanh (;ﬂ(ix + El))] } (3.91)
+27n,

;E(n) (z) = 2arctan (eiH@) + 27, (3.92)

where n € Z and integration constants k1, k2 € R. From the asymptotic limits

lim ¢ " (z) = lim ¢, "(x) = 207 + sign(u)7 — arcsin(u),  (3.93)
lim o7 (@) = 1im ¢;"(x) = 207 + sign(u) arcsin(p), (3.94)
. +(n) L —(n), .y _ T
xll)l:iloo(f)Q () = x£$m¢2 (x) = 2nm + 5 (3.95)

for |u| < 1, we obtain from (3.64) for both signs the same expression for the energy

as a function of u

E*(p) =2 |14 /1 — u2 — parctan (Vl“Z)] . (3.96)

7

For |u] > 1 the limits lim,—, 1o ¢i(x) are not well defined as the solutions become
periodic in this case. Limiting this case to a theory on a finite interval will, however,

still gives real energies. For instance, for an interval [a, b] with k1 = k2 =n =0 we
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compute the energy
E* (1) = +pz(z) — cos[2(x)] £ tanh z|?_, . (3.97)

with z(x) = 2arctan {[¥1 + v/ p? = Ltan(z/2y/p? — 1)]/,u} This is real and well
defined as long as one avoids a,b = (2n7t+7)/+/pu? — 1, n € Z. In the non-Hermitian
scenario, when A # 0, we solve the coupled equations (3.88) and (3.89) numerically,

see figure 3.9 for some sample behaviours.

Re(#)

Figure 3.9: Complex BPS kink and antikink solutions of the pair of BPS equations (3.88) and
(3.89) with initial values ¢*T(0) = ¢5T(0) = ¢5~(0) = ¢97(0) = 7/2 and ¢97(0) = ¢5+(0) =
" (0) = ¢57(0) = —m/2 for A =3, = 0.5.

We observe that the real parts are perturbed versions of the smooth kink and an-
tikink solution of the Hermitian case, which exhibit more and more oscillations near
the origin as A increases. Asymptotically the solutions of the Hermitian and non-
Hermitian cases tend to the same value. Crucially, we read off the CPT-symmetry

(3.90) for the solutions

b ) = [ (o)) o5t @) =~ [o5 ()] 657 (@) =~ 03 (o))", (3.98)

from which we derive for the potential

w ot @] = wllr ol =[]} e
= V[ {or(-a)dh(-a)}.

This is once more the second option in (3.68). Thus assuming the energies of kinks
and antikinks in the + system are the same as the antikinks and kinks in the —
system, respectively, this energy is guaranteed to be real.

Since the limits x — +oo for these solutions are the same as for A = 0, the

expression for the energy E(u) in (3.96) holds for all values of A\. Considering the
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expression in (3.96), it appears that p = 1 is an exceptional point of the system and
that for |u| > 1, one might obtain complex conjugate pairs of eigenvalues. However,
just as in the previous model, when the threshold is passed into that region, the
asymptotic limits of the kink solutions are no longer defined, meaning the expression
for the energy becomes meaningless. Moreover, when defining the theory on a finite
interval in space, the energy is still real and does not occur in complex conjugate
pairs. In order to qualify © = 1 as a genuine exceptional point of the complex
solution, we expect to also find a BPS solution with finite complex energy beyond
the exceptional point. However, in this example the solutions and energy becomes
divergent. Hence we conclude that ¢ = 1 is not an exceptional point. Note that the
zero exceptional point of the monopole solution, we considered in section 3.2 was
the zero exceptional point of the mass matrix of the theory. Therefore, it was a zero

exceptional point of the Higgs and Goldstone fields, but not the monopole.

Next we identify the precise relation on which vacua are connected by which of
the various BPS solutions. The infinite amount of vacua of the potential (3.87) are

easily found to be

v%n’m) = (arcsin p + 27n, mn), and vén’m) = (m — arcsin p + 2n7m, mm), (3.100)

corresponding to the fixed points of the dynamical system (3.88) and (3.89), that are
the solutions of G5 (¢1, o) = G5 (¢1, P2) = 0. Computing once more the eigenvalues

of the Jacobian matrix at these fixed points

05, GT  0,,GT
J = 11 P21 7 (3.101)
a¢1G2i 8¢>2G§:

(n,m)
Vi

with 7 = 1,2, we find for the + system that J(vgn’Qm)) has two positive eigenval-

ues, J(vgn’QmH)) has two negative eigenvalues and J(Ugn’QmH)), J(vén’Qm)) have a

positive and a negative eigenvalue. For the — system the signs are reversed. Thus

gn,Qm—‘rl) (n,2m) (n,2m)

the vacua v ) are always saddle points, v; are unstable/stable

nodes (G*/G™) and véngmﬂ) are stable/unstable nodes (G~ /G™). Hence the kink
and antikink solutions only interpolate between the vacua UYL’Qm) and véngmﬂ) as

indicated for an example in figure 3.10 with the accompanying gradient flow. The
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p=12,A=3

0.16

0.14

012

010

0.08

0.06

0.04

0.02

i1

Figure 3.10: Real part of the potential V (¢1,¢2) as a function of Re¢1 and Regs with
the gradient flow of the real parts of G* superimposed in white. The kink solutions qﬁ’f"' (2),
¥ (x) interpolate between the vacua v§°*°) and véo‘l) (red dots) as indicated by the red solid

trajectory.

solutions of G1 system are depicted in figure 3.10 interpolate the vacua vgn’m) as
0,0 0,1 0,0 —1,1
{00 gt ght (0D g (00) gat gatp (FLL) (3.102)

The G_ system admit same flow map as figure 3.10 but with every flow in the

opposite direction. The solutions interpolating vacua are

(0’ 1) a— 1 k— (an) ( 171) k— ra— (0»0)
[0} 5 (b . 3103
Vs 1 2 U1 Vs 1 2 U1 ( )

hence confirming the consistency of the above. The other vacua vgn’m) for different

choices of n and m are obtained by including the n-dependence into the solutions.

In both of our previous examples, we have directly analyzed the complex non-
Hermitian systems. In analogy to the treatment of many quantum systems, such
an approach is especially meaningful under the assumption that there exists an
equivalent Hermitian system with the same energy. In the next section, we present

such a system and thus further justify our approach.
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3.3.4 Complex extended sine-Gordon model and its Hermitian part-

ner

In this section we investigate a model with two complex fields consisting of two

copies of sine-Gordon models of which one is complex P7T-symmetrically extended

2 2

V(p1,02) = 2m—ﬂ2 [\/ 1 —¢e2 — cos(ugr) — ie sin(,uqﬁl)} + % sin? (%gbg) , (3.104)

with constants m,u € R and |¢] < 1. For simplicity, we have not introduced an
interaction term between ¢ and ¢ as the feature we are trying to illustrate can
even be shown for a theory with one field only. We keep a second field to maintain
similarity with the previously discussed systems and directly compare the BPS solu-
tions for the two fields. The constant term proportional to v/1 — £2 is introduced for
convenience. In order to find a Hermitian partner potential v to the non-Hermitian

potential V we employ now a Dyson map originally found in [75]

h
7 = exp {Mczm/dxm(ﬂs,t)} . (3.105)

Here the momentum operator m(z,t) := 0;¢1(z, t) satisfies the canonical equal time
commutation relation [¢1(z,t), 71 (y,t)] = id(z — y). The inverse adjoint action of 7

on V then leads to

2

v (1, do) = 7 1Vij = % [\/1 — 2sin? (gqﬁl) + sin? (g@)} . (3.106)

whereas the kinetic term remains unchanged as 77 commutes with it. Even though
we are here mainly interested in the properties of classical solutions, we briefly drew
on the quantum field theory version of the model in order to carry out the similarity

transformation. The effect of the adjoint action of 77 on any smooth function of the

fields (1, ¢2) is (41, ¢2) — (¢1 + i/parctanhe, ¢2).

We shall now demonstrate that the energies of the BPS solutions for the system
involving the non-Hermitian potential V and the Hermitian potential v are identical

and real. Following the procedure of the previous sections, we first note that the
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potential V can be derived from the pre-potential

23/2m,

U(¢1,¢2) = — 2 [(1 - 62)1/4 cos <g¢1 - ;arctanh€> + cos (ggbz)} ,(3.107)

when taking the metric of the target space simply to be diagonal diagn = (1,1).
According to (3.66) the two pairs of coupled BPS equations are therefore

ST

2(1—¢g2
BPSE . axqbl:j:m\[('u <)

sin (Mjl - ;arctanh5> , (3.108)

BPSE : Oty = imf sin (g@) . (3.109)

Once again we can identify a pair of modified CPT-transformations under which

these equations are compatible

_ T
eprL ] M) Tl x)]T, & BPSE - (BPST)'.  (3.110)

$a(z) = £[p2(-x)]

We solve the equations (3.108) and (3.109) by

3 % 4 1/4 )
]f/a+(x) = — [ ]f/a (—x)} = j:; arctan [emm{lg) /‘/5+“”1/2] + iarctanhs,
(3.111)

Mot(p) = — {qﬁg/a_(—x)} - ii arctan [emx/\/ﬂ“'{z/z} ; (3.112)

with integration constants k1, ko € C. The solution respect the CPT _-symmetry as

indicated, which leads to the relation
k/a k/a * k/a— k/a—
V(@) (), 04/ +(af)] =V [qbl/ (—x), 68" ()] | (3.113)

for the potential that guarantees the reality of the energy when arguing along the

same lines as above.

We may of course also compute the energies directly from the asymptotic limits

of the solutions. For |¢| <1 we find

R ) = Tim o0 (p) = T s

xgrfoo ¢ (x) = IEIJFHOO ¢5 (z) = . + . + 01 Marctanhs, (3.114)
im ¢t (2) = lim o (z) = T F 4ot

xgrirlw ¢ (x) = xll)gloo¢4 (x) = . ¥ . + (51]Narctanh€, (3.115)
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which by (3.64) gives the real energies

4v/2m

pn qn
E¢1 7¢2 (m,,u,e) = ,U,2

[1 + (1 —52)1/4} , Pyq=k,a; n==; m,u€R. (3.116)

The special point € = 1 is not an exceptional point as the BPS solutions for ¢; and
¢2 have no definite asymptotic values. For |¢| > 1 the energies become complex,
albeit not complex conjugate. The reason for the latter is that the CPT-symmetry
is not just broken for the solutions, but also at the level of the Hamiltonian. It
is now easy to verify that the pre-potential u (1, ¢2) leading to the real potential
v (41, ¢2) is simply obtained as u = 7~ 'U7j. The solutions to the real BPS equations
are then given by (3.111) and (3.112) with (¢1, ¢2) — (¢1 — tarctanh(e)/u, ¢2). The
expression for the energy F = limy o0t (¢1, ¢2) — limy—s oo 1t (P1, ¢2) is then the

same as the one in (3.116).

3.3.5 Summary

We defined the BPS solution and studied three models containing BPS solutions:
super-exponential, non-Hermitian coupled sine-Gordon, and complex sine-Gordon
models. In all three models, we have found the complex solution with real and finite
energies and identified the CPT -symmetry responsible for the reality. We plotted the
gradient flow for the first two models to show how the solution flows from one vacuum
to the other. In the last model, we have identified the similarity transformation and
compared the energy of the solutions in non-Hermitian and Hermitian counterparts

and observed that they are indeed equal.

3.4 Topological solitons in nuclear physics

We conclude the chapter by investigating several complex versions of extensions
and restrictions of the Skyrme model with a well-defined BPS limit. The models
studied possess complex kink, anti-kink, semi-kink, massless and purely imaginary
compacton BPS solutions that all have real energies. The reality of the energies
for a particular solution is guaranteed when a modified antilinear CPT-symmetry
maps the Hamiltonian functional to its parity time-reversed complex conjugate and
the solution field to itself or a new field with degenerate energy. In addition to the

known BPS Skyrmion configurations we find new types that we refer to as step,
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cusp, shell, and purely imaginary compacton solutions.

3.4.1 The Skyrme model - extensions and restrictions

To establish our notations and conventions, we briefly recall some key aspects and
definitions of the Skyrme model. Largely following [131, 132], we consider an ex-
tended version of the standard Skyrme model described by variants of a Lagrangian

density of the general form
L=Ly+ Lo+ L4+ L+ Lo, (3.117)
where the different terms are defined as
Lo= 5T (L), Ly= T (L, L)2), (3.118)

16e2

Ls:=—NNZB,B*, Lo:=—p?V,

with Lie algebraic currents in form of right Maurer Cartan forms, topological current

and SU(2)-group valued Skyrme fields

1 L
Ly=U'9U,  B':= e Tr(LLLy), U:=CT, (3119)
0

respectively. Here f; can be interpreted as the pion decay constant, and the dimen-
sionless constant e is referred to as the Skyrme parameter. As is well known, these
parameters can be scaled away to set them both to 1 in what follows. Moreover, we
denote by o the standard Pauli matrices and take the three-component unit vector
to be of the form 7 = (sin © cos @, sin O sin P, cos O) rather than the rational map
or stereographic projection often used instead in this context, see, e.g. [133]. Our
space-time metric g is taken to be diagg = (1, —1,—1, —1). The normalization con-
stant Ny is chosen in such a way that the Baryon number B = [ Bydz € Z becomes
an integer as it should be for a two flavour theory to guarantee that Baryons with
an even and odd number of quarks are Bosons and Fermions, respectively. See for
instance [134] for a more detailed reasoning on this issue. For a standard static
compacton solution the normalization constant is usually taken to be Ny = 242,
Dropping and decomposing terms or further specifying the potential in the gen-
eral Lagrangian £ gives rise to different versions of the model. The original Skyrme

model [135] is comprised of the sum of the sigma model term Lo and the Skyrme
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term £4 with occasionally the potential term £y added which is of the same func-
tional form as L£y. The BPS version of the model introduced in [131] consists of the
sum of Lg, that mimics the interactions generated by the vector mesons, and the

potential term L.

Consistent submodels may be obtained by further decomposing terms in £. With
our choice of the parameterization for the SU(2)-group valued element U the various
parts of the Lagrangian take on the following forms: For reasons that will become

clear below, we decompose the sigma model and the Skyrme term as

Lo=rP+ 2P, and  L£4=rc8 42?2, (3.120)

with
£8) = sin? ¢ (0,,0% + &,8"sin” O) (3.121)
£ =c¢.cm, (3.122)

£ = sin? ¢ [0,¢*0,¢" — ©,01(, (" +sin? © (9, D, ¢ — ®,0¢,CY)], (3.123)

£ =sin ¢sin 0 (0,2"0,9" — 0,0/, ") (3.124)

where ©, ® are defined above as angles of the unit vector 7 and the Lorentz index

indicate the derivative ©, := 0,0, ®, := 9,,®. The extended part computes with

BH* = 71 sin2 Csin@B“, B = 5MVPTCV®p(I)T (3125)
2Ny
to
)\2.4.2 )\2-4-2 ant bl
Lo = —Zsm (sin” ©B,B" = T sin”™ ( sin” © [gooQatpoQb - BOBO} , (3.126)

where Q! := %5abceijkgoggoz, ¢:=(¢,0,®) and a,b,c,i,j,k € {1,2,3}.

Finally, the pion mass term in the standard BPS version of the model (BPSS)
LEP9S = — 12V is taken to involve the potential V = %Tr (I-U) = 1 —cos (, but we
will allow here other forms of the potential as well. Further extensions, including for
instance, a sextic derivative term [136] or multiplying the terms with field-dependent

coupling constants [137] have also been studied.
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In what follows, we shall investigate different combinations of various complex
extended or deformed versions of different parts of this model related to the form of

L in (3.117).

3.4.2 Pseudo Hermitian variants of Skyrme models

In this section, our first guiding principle is to identify a CPT-symmetry in a Her-
mitian Hamiltonian and extend the model by deforming or adding complex terms to
convert it into a non-Hermitian Hamiltonian that still respects this symmetry. Sub-
sequently, we try to identify a pseudo-Hermitian counterpart in a similar fashion as

what is by now standard for non-Hermitian quantum mechanical systems [104, 111].

Complex boosted BPS Skyrme models

We start with the standard BPS Skyrme model consisting of Lg + £LF7*S by noting
that it remains invariant under the antilinear CP7T-transformation: {( — —(, 1 —
—1¢. Thus we may introduce a complex shift in ( — ¢ + x with k € R without
breaking that symmetry. We will later see that this anti-linear symmetry is not
the appropriate symmetry to satisfy the three conditions stated in section 3.1 but
there is a non-trivial anti-linear symmetry of the solution which satisfies the three

conditions.

We denote here and in what follows the imaginary unit as 2 := /—1 to distinguish
it from indices ¢. Choosing x = —arctanhe with ¢ € R and using the identities
V1 — €Zsin (¢ — 2arctanhe) = sin¢ — wecos(, v/1 — €2 cos (¢ — rarctanhe) = cos ¢ +
1esin ¢, we obtain a CPT-symmetrically extended BPS Skyrme model of the form

2

Ly = _)\Z (sin¢ — zecos§)4 sin? eB,B!" — w2 (\/ 1—€2—cosC— zesinC) , (3.127)

after re-scaling the coupling constants as A — A(1—€2), p — p(1—e2)1/4

. By design,
for vanishing e the model reduces to the standard BPS Skyrme model lim._,q £}, =
Ls + LEPSS as introduced and discussed in [131]. We shall now demonstrate that
the energies for the topological solutions to the equations of motion resulting from

Ly, and its corresponding Hermitian counterpart are identical and real.
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Topological energies for the real solutions of the Hermitian counterpart

At first we derive the Hamiltonian corresponding to Ly, in the standard fashion by

computing the conjugate canonical momenta

oL A2 .
In* = 5 Z = Gacpl, with Gge = 5 (sin ¢ —zecos¢)*sin? ©Q) Q1. (3.128)
%0
so that
1 _ ) _ 2308
Hy = —II°GMI¢ — £, with Gl = i . (3.129
P72 e b % J2A2 (sin¢ — recos ¢)* sin? © ( )

where J := %eabczs‘jk ftpg’-tpi.

While overall our considerations are mainly classical as before, we now briefly
appeal to the quantum field theoretic version of the model, by assuming the standard
canonical equal time commutation relation [p®(r,t),II°(r',t)] = i6%8(r—r') between
the fields ¢®(r,t) and their conjugate momentum operators I1%(r,¢). We then use a
slightly modified version of the Dyson operator as employed in [75, 11] and in the

previous section

N = exp [—arctanhez /d:L‘Ha(r, t)] , (3.130)

to map the non-Hermitian Hamiltonian functional H}, to a Hermitian counterpart

by by means of the adjoint action of n

1 A2
b, = nHpn ' = inacggnc +5 sin® ¢ sin? OB, B + i*(1 — cos¢).  (3.131)

We notice that by is in fact the standard BPS Skyrme model with reversing the

previous re-scaling of the coupling constants as A — \ = Ml =€), p— =

u(1 = )

In this case the static BPS solution that saturates the Bogomolny bound is
known to be computable exactly [131] when using spherical space-time coordinates
(z,y,2) — (r,0,¢) with r € [0,00), 8 € [0,7), ¢ € [0,27) and the identifications
O =0, ® = ng with n € Z together with the assumption that ¢ is a function of r

only. In this case one obtains a well-defined real compacton solution, see e.g. [138]
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for what that entails in general,

- 11/3 <11/3

2 arccos <\}§ %\ r> for r € [O,rc =2 % ]
Grl(r) = i . (3.132)

0 otherwise
with real energy
-2 [T 2 64 ~3 2\5/4
E = 8nji 2V ¢ (r)] dr = Bﬁmy pm(1 — €2)%/4, (3.133)
0

Next we show that there are in fact more solutions in this case and how the same en-
ergy results from a direct computation for the complex solution of the non-Hermitian

system (3.127).

Energies for the complex solutions of the non-Hermitian system

We adopt here and below the approach proposed in [123] as outlined in section
3.3.1, which slightly reformulates the BPS theory and exploits the self-duality and
anti-self-duality between certain fields. For this purpose, we first note that the

Hamiltonian density for static solutions may be expressed as
Hy, = A% 4 A% (3.134)
with

A = %(sin(—zecos(fsin@l’)’o,

- 1/2
A = MV:,u(\/l—EQ—cosg—zesing) . (3.135)
Once more, the self-duality and anti-self-duality between the fields A and A
A=2A, (3.136)

is then interpreted as being identical to the BPS equations [121, 119]. The energy

functional for the solutions of (3.136) therefore acquires the form

By, = /d3:v [A2 n AQ} - i2/d3:r AA. (3.137)
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Explicitly the BPS equations (3.136) may be written as

A (sin ¢ — recos ¢)? sin Ok 9,C0:00,® — +1 (3.138)
2 % s | |

Since €;;;,(;0; Py, is simply the Jacobian for the variable transformation (z,y, z) —
(©,®, () the multiplication of (3.138) by the volume element d3z leads to
A (sin ¢ —recos )2

- sin ©d¢dOdd = +r? sin drdhde, 3.139
5 N ¢ ¢ ( )

where we used spherical coordinates on the right hand side. With the same identifi-

cations between (r, 6, ¢) and (¢, ©, ®) as chosen in the previous section and together

with the aforementioned trigonometric identities the relation (3.139) converts into
n\

22 sin? (¢ — sarctanhe) % = 4jiy/1 — cos (¢ — sarctanhe). (3.140)

These equations are easily integrated out by separating variables. Corresponding to

the different branches we obtain different types of solutions

¢E (1) = (& () +rarctanhe (3.141)
(nXe T r3)1/3
= 2arccos w’% + 2mm + arctanhe,
n

fori =0,1,2, m € Z and w = €>™/3 denoting the third root of unity. We analytically
continue here the arccos-function to the entire complex plane by the well-known
formula arccosz = —21n (z + m> Note that for the Hermitian case, i.e. € = 0,
all these solutions also arise, but in that case one simply discards the complex
solutions or the parts of the solutions that become complex after a certain value of
r, by requiring solutions to be real. In order to identify possible compacton solutions
in the real part we need to specify the critical values ry for which the solution vanish,
Ef(ro) = 0, and also those values r; for which C}(m) = 7. We obtain

- 1/3 ~ 1/3
| En) (¢ — 23/2 .
b “(0)] Cand  rE = wl<imc> . (3.142)

~ i ~

fi fi

These values are irrelevant when complex, whereas when real they may produce
different types of scenarios depending on their ordering and signs of the constants.

In figure 3.11 we depict some interesting possibilities.
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Figure 3.11: The (-part of the solutions of the BPS equation (3.140) for different scenarios
withn=X=1,pu= 3/2 and different choices for c. The different relative orderings are: panel
(a) 7 <0 < 7o with ¢ = 1/2, panel (b) 0 < rr < ro with ¢ = —1/2, panel (c) ro < 0 < 7,
with ¢ = 1/2 and panel (d) 0 < r¢ < rr with ¢ = 7/2. Real parts correspond to solid lines and

imaginary parts to dotted ones.

It is clear from figure 3.11 that we may construct compacton type solutions in

various ways. Obvious choices are

Ceps(r) = %00
0
Cio
5St(7") = CN&O
0

for

for

for
for

for

(3.143)

Noting that ;" ,(c) = 7 .(—c), we may also glue together solution that are self-

dual with those that are anti-self-dual as

(shen(r) =

( ~
C&O(c >0

ECusp(r) = 5&0(6 <0

)
)
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for
for

for

for
for
for

for
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A purely imaginary compacton solution is obtained as éBps(T) = C~0+7 o for r < rar
and 0 otherwise. Here and below, our terminology is inspired by the radial profile of
our solutions. We have dropped the second subscript on T(;_L,i and rii as the branch
that produces a real values depends on the values of A, i and c. It appears that
in this way, one is combining solutions from different equations. However, noting
that the equation of motion resulting from (3.127) is simply the square of the BPS
equations (3.140), see, e.g. [131] for a derivation when ¢ = 0, we adopt here the
view that the latter is more fundamental. Hence, we are combining solutions for one
single equation with different choices of integration constants in different domains.
Whilst the first-order derivative are discontinuous at the ‘gluing points’ réc and rfr[
in the solutions in (3.143) and (3.144), we may argue here in a similar way as in
[131] to establish that the solutions are in fact well defined solutions. The derivative
df /dr always occurs multiplied with a s.in2C~ in the BPS equations, so that the left
and right limits of this combination is always finite at the glueing points, but might
differ by a sign. Since this sign is irrelevant in the equations of motion, the solutions
are well defined and lead to meaningful values for the energy density and the Baryon

number density. We depict the configurations (3.144) - (3.143) in figure 3.12.

£
45
- ZBPS
3 - 55 St
- i Cusp
2 -
{Shcll
‘ZiBPS

\\\

r
0.5 = 1.0 5 ro 2.0

Figure 3.12: The BPS solution EBPS withn=1¢=1/2, i = 3/2 A= 1, the step solution
CSt withn =1, —¢c =1/2, o = 3/2 X = 1, the cusp solution (cusp Wlth n=1c¢c=3/2

=3/2, A= 1, the shell solution (shen with n =1, ¢ = 11/2 o =3/2, X =1 and the purely
1mag1nary solution Cprs withn=1,¢=11/2, f =3/2, A= 1.

In figure 3.13 we present the Skyrmion solutions of compacton type (3.144) -
(3.143) as slices in form of level curves. We may compare with figure 3.12. In panel
(a) we have a standard real (fractional) Skyrmion (gps starting at a finite value
at r = 0 and then decaying to zero at some critical value r;. In panel (b) we

depict the solution (g; taking on the form of a step like function with an inflection
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point at 7. The solution é:Cusp shown in panel (c) has a discontinuous first order

—, which is usually referred to as peakons in the context

derivative at r = rf = r
of 141 dimensional integrable systems. The most interesting structure 5Shell is seen
in panel (d), which corresponds to a real shell with a peakon structure. We may
even change this solution in the region r < rar , by defining it as (fcore(r) = f{f 0

for r < rar , hence adding a purely imaginary core to it. It turns out that this is

consistent as the core has also real energies despite the fact that it is complex.

BPS Skyrmion Step Skyrmion
JSEE==sEEEss—————— T
1.9 1.0H 4.06
3.64
1.6 0.5} 322
1.3 2.80
2.38
- .Op
Ll 00 196
a7 1.54
: 0.70
0.1 -1.0f 0.28
' ' . : , — 1.5 ..
-10 -05 00 05 1.0 ~15-1.0-05 00 05 1.0 1.5
X X
. Shell Skyrmion
Cusp Skyrmion 20 \ , \
24 19
21 1.7
1.8 1.5
- L 5
1.2 0.9
~0.5/ 05 bie
0.6 ]
0.3 b
—1.0f : 01
—i.O —6.5 0.‘0 0.‘5 1.‘0
X X

Figure 3.13: Different types of solutions to the equations of motion as defined in (3.144) -
(3.143) with parameters n = A =1, i = 3/2 and ¢ = 1/2 in panel (a), ¢ = —1/2 in panel (b),
¢ =3/2 in panel (c), ¢ = 11/2 in panel (d).
Next we demonstrate that all types of solutions depicted in figures 3.12 and 3.13
possess real energies. We compute these energies on some domain r € [F,r.] by

using the general expression (3.137)

E= :I:S\ﬂ/d?’a: [(sing —1ecos ¢)? sin OB, (\/ 1 — €2 —cos( — 1esin C) 1/2] (3.145)

= +An\fin [TC dr [sin2 (¢(r) — rarctanhe) v/1 — cos (¢(r) — zarctanhe)%]

_ 82 / Car [PV (). (3.146)

In the last step we used once more equation (3.140). For the solutions EBPS, ESt and
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Ecusp we calculate
8 -
Enps/st.Cusp = 5 MHAT (8‘/5 Fl0e+ 305/3) : (3.147)

for ¢ > 0 on the domains as indicated in figure 3.11. One may question if the energy
of the cusp and shell solutions should be evaluated with the formula (3.146) as they
do not fully satisfies the BPS equations, but only partially, depending on the region
of the domain for the values of r € R. Although cumbersome, the energy of the cusp
and shell solutions has been calculated using the full expression of the energy and

it is found that surprisingly it coincide with the energy found by above expression.

The upper signs in equation (3.147) stand here for BPS and the lower signs for
the step and cusp solutions, with the same energies. As expected, the expressions
(3.147) reduce to the energy of the standard real case (3.133) in the limit ¢ — 0,
since in that case the fractional BPS Skyrmions become full BPS Skyrmions with
¢(r = 0) = . For the shell solution EShell and the purely imaginary core solution

(ipps we obtain the real energies
128 =
Eshen = E\@NW\W , and  Eipps = —Epps, (3.148)

respectively. The reality of the solutions is ensured by verifying that the respective
solutions satisfy all three conditions (1)-(3) from section 3.1 for a particular CPT"-

symmetry. With condition (1) we identify here the symmetry to
CPT": ¢(z,) = (" (—x,) + 2iarctanhe = ((—x,,). (3.149)

We are considering static solutions in which the angle dependence has already
been eliminated, so that our solutions only depend on r. Hence the change in
the arguments of the fields z, — —z, is automatically satisfied. The CPT'-
symmetry condition (3.149) is then easily verified for our solutions (fm (r)in (3.141):
Cfm(r) — [Cfm (r)} *+2zarctanhe = Cfm(r). Since the solutions are mapped to them-
selves, the condition (iii) is automatically satisfied and energies for these solutions

must be real. Notice that the symmetry CPT’ differs from the symmetry CPT we

used for the construction of the model.

Apart from (jgps all the solutions are mapped to real solutions via similarity

transformation. Therefore, their corresponding energies saturate the lower Bogo-
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molny bound. However, we note that (;gpg is nonphysical since its corresponding
energy is not bounded from below. This is either seen from (3.148) or more generally
from (3.137), which implies that for purely imaginary A and A the right-hand side

constitutes an upper bound for the energy.

We conclude this section with a brief comment on the values for the Baryon

number. The Baryon number is given by
B = /d3xBO. (3.150)

Where By is the Oth component of the SU(2) valued objects defined in equation
(3.119).

1
B, = EEWPUTT (LyLyLe) , Ly =U'0,U. (3.151)

Using Maurer-Cartan form UT6U/6¢® = My, we have

UT(;iU

L,=U'0,U = 8,¢" 5o

= 0,0 Mapo®. (3.152)

The explicit form of the matrix M, found by using the Ansatz given in section 3.4.1

12 s
Bo = - sin?(¢!) sin(¢?) e V0V, $2 V3, (3.153)
0
where {¢!, $?, $3} = {¢, 0, ®} to match the notation in section 3.4.1. Insert this to

the definition of the Baryon number we find

12 y
B= / BB [sin2(¢1) sin(¢?) (aﬂfv,-gblngb?vk&)} (3.154)
0
Notice that the expression in the square bracket is the volume form so we can perform

coordinate transformation to the field space (¢!, ¢?, ¢°)

B = % dp'de?de® [sin®(¢') sin(¢?)] . (3.155)
0

For usual Ansatz ¢! = ¢'(r), *> = 0 and ¢> = n¢ we find

1
48nm /W”) reo o 48nm [qﬁl IR L
B = d¢” |sin = — — —sin (2 , 3.156

No Sy )= [ a0 @1=41(r-) 10

where {r_,r,} represents the generic end points of the profile compacton solution
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¢! = ¢. For the above quantity to equal n, one must choose an appropriate normal-
isation Ny and ensure that the endpoints of the compacton solutions do not depend
on n. For example, solutions listed in figure 3.12 all have zero for the upper bound
of the profile function ((r;) = 0. Except for the shell and cusp solutions, whether
the Baryon number is an integer or not depends on their initial values at » = 0. The
value of the profile function defined in equation (3.141) at » = 0 is independent of
the integer n for all values of c. Therefore BPS, {BPS, and step functions all have

integer Baryon numbers.

At first sight, the cusp and shell solutions seem to have zero Baryon numbers
because their endpoints are zero. However, if one evaluates the Baryon number nu-
merically by inserting the solution (3.144) in to the definition of the Baryon number
(3.150), then the result is non-zero. The reason for this is most easily understood
if we observe that the integration in equation (3.156) is a contour integration with
the profile function as a path of the contour evolving by increasing r € [r_,ry].
To evaluate the contour integration, one needs to specify the direction of the path.
Since two solutions that compose cusp and shell solutions are solutions of self-dual
and anti-self-dual BPS equations, they are equivalent by transforming » — —r. This
means the flow of the two contours is opposite. Therefore the Baryon number of the
cusp and shell solutions should be given by evaluating the integration separately for
two contours (or two sections separated by 1 in figure 3.12) with opposite direction
and subtract the two results, compensating for the fact that the two contours have

opposite flow. Therefore the key quantity to investigate is the value of profile func-

+

tion (3.141) at » = 7. By inspection, one may notice that the n appearing in r;

cancels with the n in the profile function, meaning the shell and cusp solutions also
have non-zero Baryon numbers. By appropriate normalisation Ny, one can obtain

an integer value for the Baryon number.

An interesting question is to determine whether the normalisation constant Ny is
universal among all five solutions. This can be answered without explicitly evaluat-

ing the Baryon number. The key values of each solutions which determines whether
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the Baryon number is an integer are

- 1/3
(pps(r =0) = 2arccos (%) ,

- . —o\V/
Cst(r =0) = 2arccos <€Z2w/3(c\/)§13) )

gCusp(T = T;—r) = 5Shell(7” = T;—r) =T.

If we want all solutions to have an integer value as a Baryon number, we require
all quantities above to coincide. This is only possible when ¢ = 0. In which case,
the key quantity Tfr[(c = 0) = 0, becomes zero and cusp, shell and step solutions
all reduce to BPS solution. We can conclude that these distinct four solutions only

appear when some of the Skyrmions are fractional, in their Baryon number.

It is worth pointing out that we may reach similar conclusions as in the boosted
model discussed in this section for a model with complex rotated fields. With a slight
modification of the Dyson map used in equation (2.51), having the effect on the fields
is that they transform as % — e %au® and II* — €11 we may construct a new
complex models. The model obtained in this manner also possesses complex BPS

solutions with real energies.

3.4.3 Skyrme model with semi-kink and massless solutions

While most Skyrmion solutions are of compacton type, there exist also interesting
variants of the model L+ Lg with potentials that lead to solutions which are partly

of kink type with real energies. We consider here the potential
Vsx (¢) = sin® ¢(1 + cos €)% (3.157)

The corresponding BPS equations

N 2,
t 2 = =4— 3.158
an (2 dr nx ( )
are easily solved to
+ pr
¢ (r) = 2s arccos (ejF?mA_C) , (3.159)
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with s = 1 and ¢ denoting an integration constant. A similar solutions to s = 1
was found in [139]. Evidently we have ¢F(rf) = 0 for T(;_L,i = Wi (F3nAe/p)'/? and
asymptotically ¢ acquires a finite value lim, o, (F(r) = s7 for £u/n)\ > 0. We
depict some sample solutions in figure 3.14 panel (a). For r < 7y we notice the
previously observed standard real or purely imaginary compacton solutions, but for
r > 1 the solutions ¢ exhibit the interesting feature of being of compacton type

at r = rg and of kink type when r — co.

—4)

-6

Figure 3.14: Panel (a): Purely imaginary and real compacton and semi-kink solutions (3.159)
resulting from the potential Vs (¢) with parameter choices n = A =1, u = 2 and ¢ = %1 for
~v = F1. Panel (b): Complex solutions with zero energy resulting from the potential Vino(Q)
with parameter choices n = A = 10, 4 = 2 and ¢ = £25.15 for v = F1. Real parts correspond
to solid lines and imaginary parts to dotted ones.

Crucially, it turns out that the energies of these solutions are all real and finite.

From the general expression (3.146) we compute

_ 16nAum
Esemi—kink (Cs ) = T'U/v (3160)
Ereal compacton (Cs_) = - (46_6C - 36_8C — 1) Esemi—kinka (3.161)
Epurely imaginary compacton (Cj) = (4666 - 3686 - 1) Esemi—kink, (3162)

for ¢ > 0 and nAp > 0.

Another interesting variant emerges when considering the potential Vi,0(¢) =

~ 7'3
—Vsk(¢). In this case the solutions become (F(r) = 2s arccos(eygTAfw), which
vanish for r(jfz. = Wi (F3nA(c + 27Tm)/,u)1/3 with m € Z and é;t(ri

T
fﬁi = W[F3n\(c+2n(m+1/2))/u]*/3. A sample solution is depicted in figure 3.14

) = 2ms for

r
panel (b). We observe a re-occurring complex periodic shell solution that becomes

squeezed for increasing r. Interestingly the energies for these type of shell solutions
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is vanishing

8y /io dr [T2Vm0 ({;‘E(r))] =0. (3.163)

To
Therefore the energy of the shell solution is zero. Let us also analyse the Baryon
number in this case. From the previous section, one might suspect that the Baryon
number of this solution is non-zero, as was the case for the shell solution in the
previous case. However, this solution differs from the previous shell solution at a
crucial point. The shell solution from the previous section was composed of two so-
lutions of the self-dual and anti-self-dual BPS equations. The current shell solution
is a solution of one of the BPS equation. Therefore the contour of the integration
is a closed contour with the consistent flow in the correction direction. Since the
integrand of the Baryon number in equation (3.156) is analytic everywhere in the
complex plane, the contour integration of the closed path is zero by Cauchy’s theo-
rem. We can conclude that the Baryon number for this particular shell solution is

Zero.

We observe from (3) that the energies of the solutions are ensured to be real
by the CPT +-symmetries: ((r) — +(*(r). For the same reasons as in the previous
subsection there is no effect on the arguments of the fields. For the complex solution
(& this reads CPT+: (F(e) = [(G,(e)]” = ¢F,(—c). Thus in this case this CPT 1
symmetries map solutions to different solutions. However, invoking condition (3)
and noting that the energies for (F(r) are the same for both BPS equations and

independent of s, ¢, they must be real.

3.4.4 Skyrme model with a Bender-Boettcher type potential

We will now investigate further variants of the model Ly + Lg by allowing for a wider
range of potentials in Ly, including the possibilities of functions of just ¢. This will
break the symmetry of the original Lagrangian, but here we are only interested in
the solutions to the BPS equations and their energy. Since the anti-linear symmetry
guarantees the reality of the energies, we will still expect to find real energies. As a

first example we consider the potential

Vep(¢) = (1€)°sin*¢, e eR. (3.164)

132



This potential closely resembles the classical prototype potential studied in P7T-
symmetric quantum mechanics [1], remaining invariant under the CPT-transformation:
¢ — —(, 1 — —1. Using the same parameterization and reasonings as in the previous

sections, the BPS equations derived in analogy to (3.140) read

nAsin® (¢)

g 2p /2.2
d¢ = +r2dr = = =42 6032, 3.165
% Van ¢ (2¢) ( )

dr n

These equations are easily integrated, acquiring the following Gaussian form

n
ple —2)

i) = |

1 =2 Zﬂ‘( 3s ,l) 27 2m
2-¢7 2 =2, 3.166
el (3:160)
where s = £1,¢c € R,m € Z. In principle the integration constant c¢ could be
complex, but we only obtain real energies for ¢ € R so we ignore that possibility in
what follows. We have defined the constant s := sign[£n\/u(e —2)] where as above
sign denotes the signum function. The last factor accounts for all the branches of

2mm into the square bracket or by noting

¢, as can either be seen by inserting 1 =e
that ¢ — Ce%”f% is a symmetry of equation (3.165). The BPS solutions ¢ (r)
exhibit two different types of qualitative behaviour. When ¢ € R™, ¢ < 2 we obtain
compacton solutions with finite values at r = 0 and ¢5[(3|c[)'/%] = 0. For ¢ € R*,

€ > 2 the solutions are finite at » = 0 and tend to zero only for r — co. We illustrate

these types of behaviour in figure 3.15.

Im[¢()] r4G]
e=-1/2 x
4 — e=-52
—e=-92 703 =
2 —e=-132_, —e=-I2
e=-17)2 —e=-20
e=-1 _15 s
3
,,,,, =7 ;
-2 € _ x5
————— €= —11-2.0 €
- e e=-5
-2.5
e=-19,
-6
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Im[g(0] )
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— e=152
—e=192 7% e=4
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€ =13/3-0.6 — e=28
————— e=17)3 =36
-0.8
————— e=7 — =4
sl €=25/3-1.0
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Figure 3.15: BPS solutions Cf,i (r) for a Skyrme model with a Bender-Boettcher type potential
for the parameter choices A =1, p =2, n = 1. In panels (a), (b) we have taken ¢ = —2 and in
panels (c), (d) we have ¢ = 0.2.
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By the same reasoning as in the previous subsections the energies for these

solutions are computed to

FE, = 8y /0 Car [PV ()], (3.167)

where r. = (3|c|)!/3 for the compacton solutions and 7. — oo for the unbounded
ones. As is evident from (3.164) these energies can be real when ( is either purely

imaginary or real. Together with (3.166) real energies are found when

4dm + 44 — 3s
E=————

¢ € IR o, tmeN, (3.168)
2+4m + 4¢ — 3s
+. _
CeRT: = o meeNLeN, (3.169)
21+ dm + 20 — 3
ceRr o= 20t I’"f% ) U meNolcedN.  (3.170)

Examples for these solutions are depicted in figure 3.15. In panel (b) of that figure
we also displayed a two solution real solutions with ¢ ¢ 4N. Next we plot the

corresponding energies for these cases as functions of ¢ in figure 3.16.

Ei-
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~\
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. {€R
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Figure 3.16: Real energies EgB of the compacton (panel a) and unbounded (panel b) BPS
solutions for the cases (3.168) - (3.170) with A =1, g =2, n = 1 and ¢ = 0.2 for several values
of £, m.

We observe from figure 3.16 that the energies are finite and follow distinct curves

134



for the different cases. Moreover, for the case ( € —R™ the curve is fairly dense and
becomes more connected when including more values for ¢ and m, hence . In the
other cases this can not be achieved due to the additional restriction on € so that
the distribution is more sparse. The transition at € = 2 is not smooth.

For these models the CPT'-symmetry identified from (3) must act as ¢ — —(*.
For our solutions in (3.166) this becomes ¢ — —(¢E)* = ¢¥,,. Noting now that
e(m,l,s) = e(—m,—L,—s) in (3.168) and £(m, ¢, s) = e(—m, —¢ — 1, —s) in (3.169),
(3.170), we simply have to choose a new ¢/ = —¢, ¢/ = —¢ — 1, respectively, to obtain
the same value for e. This establishes that E[¢E] = E[¢T,,] so that condition (iii)
in (3) also holds and the energy must therefore be real. Notice once more that the
CPT -symmetry that ensures the reality of the energies is different from CPT, that

was observed initially for Vpp(().

3.4.5 Skyrme model with complex trigonometric potentials

Next we study a model for which the Hamiltonian respects again the CPT-symmetry:
¢ — —(, 1 — —1, but which has solutions transforming under a CP7’-symmetry to
satisfy (1) with conditions (2) and/or (3) violated. Thus we are in the broken CPT"-
regime. For this purpose we consider the variant of the model Ly + Lg involving the

trigonometric potential
Vr(¢) = sin® Ccos* (¢ +ie), e€R. (3.171)

We notice that unlike as in the pseudo Hermitian model discussed in section 3 only
one of the factors in the potential is shifted so that the potential is not simply

boosted and most likely not pseudo Hermitian. The BPS equations take the form

. 2 d
Z:Slnvfdg — +r2dr = d—i — +3a cos>(¢ + ie)r?, (3.172)

where we abbreviated a := % Integrating this equation we find the solutions

(fﬂ(r) = —ietarctana(r® + 7). (3.173)

with integration constant v € C. The symmetry identified from condition (i) in (1)
acts as CPT": chfﬁ - — (Cojfﬁ)* = (4. Thus the second condition (2) still holds.

However, the energies of the two solutions related in this manner are in general
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not degenerate, i.e. E[Cotv] # E[(, |- Depending on the nature of the integration
constant v we find two different types of behaviour and we can still find discrete

values for the two CPT" related solutions that have degenerate energies.

Real integration constants v € R

Computing the energy ngﬁ as in the previous sections, the real and imaginary part

acquire the form
1 (=w 2y 1 (2v(a*y?43) =

ReEf = _— (= — | h2 3.174

ERC AT (a 04272+1>+48< (022412 a) (8:174)

v (a*y*—3) cosh4e (2 cosh 2¢—3)

arctan ary,
72 (a2y2+1)° 48a i
sinh 2¢ ([3a2y2—1] cosh(2¢)+3+3a2~>
mBE =T € ([3a®y" 1] cosh( 63) 7). (3.175)
’ 360 (a2y2+1)

This in general the energy is complex and we have E;j y = (onm)* and the model
is in the broken CPT’-phase. However, we note that the imaginary part vanishes

when parameterizing the integration constant as

v/cosh 2e—3

=, f=+. 3.176
oo (3.176)

~Ye(ar, €) = fsech e

In this case we have also satisfied condition (iii) in (3) with E[¢S ] = F[(; ] and the
CPT -symmetry is restored. In order to keep the condition v € R, we must restrict

le] € [3arccosh 3, 00).

Purely imaginary integration constants v € iR

Taking now ~ to be purely imaginary the CP7T -symmetry acts as CPT": CO:E'y —

— (Coﬂfﬁ)* = Ci _- The real and imaginary parts of the energies become now

2
ReEE, = 32% <1 ~ 5 cosh 26> : (3.177)
Im B — isimh 2¢ ([143a2~?%] cosh 2e—3+3a?+?) N 7(2 cosh 2¢e—3) arctan ay
7 36a (1—a2y2)? 48ax
7 (a2v2+3) cosh 4e + (1—a272) (3—&272) cosh 2¢ (3.178)
72 (1—a242)3 ‘ i

Interestingly the real part becomes very simple and does not depend on the integra-

tion constant v. We may, however, still find values for v as function of o and € for
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which the imaginary part (3.178) vanishes, but not in a closed form as in (3.176). In

this case condition (iii) in (3) becomes E[(f,] = E[(,,

.~ and the CPT'-symmetry

is also restored.

3.4.6 A new Skyrme submodel with complex BPS solutions and

real energy

By decomposing the sigma model and the Skyrme term, Adam, Sanchez-Guillen and
Wereszczynski noticed in [140] that one may define further consistent and solvable

submodels by combining terms from either decomposition as
W=+ 2P and £ =P+ L.

Choosing the coupling constant in front of £4 to be negative relative to L2, we
consider now a slight modification of the second submodel defined by the Lagrangian

densities
£® = (£ - £8), AeC. (3.179)
The corresponding Hamiltonian density for static solutions may then be written as
HP = N(7¢)? — Asin? (sin2 @ (7O x yd)? = A% + A2, (3.180)
where the dual fields are defined as

A; = VG, and A; = 1/ Asin? ¢ sin Ocij10;Dy. (3.181)

Thus, the Hamiltonian density is of the same generic form as for the class of general
BPS models discussed in [123]. Hence, following the same reasoning, the imposition

of a self-duality and anti-self-duality between A; and A;,
A £, (3152)

selects out the BPS equations [121, 119] as explained above. Thus the energy func-
tional E(,Q) for the solutions of (3.182) therefore acquires the form as in equation
(3.137).

We now solve the BPS equations (3.182) and subsequently compute the energies
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EP for the solutions obtained. Multiplying (3.182) by ©;, ®;, {; and summing over

1 we obtain the respective equations
Cz@z = 0, Ci(I)i = 0, and CZQ =4 sin2 Csin @Eijkgi@jq)k. (3.183)

The first two constraints are satisfied by a suitable choice of the space-time de-
pendence of ©, ®, (. Since ;;;,(;0;P is simply the Jacobian for the variable
transformation (z,y,z) — (0, ®,(), the multiplication of the last equation by the

volume element d>z in (3.183) leads to
(vC)2d®z = +u1sin? ¢ sin ©dOdP d(. (3.184)

Similarly as above, we choose spherical space-time coordinates (z,y,z) — (r,0,¢)
with € [0,00), 6 € [0,7), ¢ € [0,27), identify © = 6, & = n¢ with n € Z and
assume ((r) € C. These choices will automatically solve the first two equations in

(3.183), whereas the last one reduces to

@_.,n

o . sin” C. (3.185)

Apart from the 1, this equation coincides with equation (3.6) in [140] derived for E(f)
by expressing the unit vector 7 by means of a stereographic projection. We solve

equation (3.185) to
CE_Lm) (r) = 1arccoth (c F ﬁ) +mm, ceCmelZ. (3.186)
T

As seen in figure 3.17 the imaginary parts of these solutions tend to zero for r — oo,
whereas the real parts approach asymptotically the constant value mm + ¢/2 when

taking ¢ = 1cot(¢/2), ¢ € R\{2n7} with n € Z. Moreover lim,_,q Cim) (r) = mm.

At first sight the solution (3.186) may seem to be unattractive due to its complex
nature. However, first of all it is continuous throughout the entire range of r and
thus overcomes an issue of the real solutions Cﬁm) = arccot (c — %) + mm found for

Ef) in [140], which are discontinuous at r = n/c. Moreover the energies for these
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—n=3
n=4

n=>35

r

2 4 6 s 10 12 14 r 2 4 6 ] 10 12 14

Figure 3.17: Complex BPS solutions C(_O) for different values of n and the initial condition ¢

for £<_2). Real parts as solid and imginary parts as dotted lines.

solutions are real. We compute

EP ) = 2 / d*z [sin® ( sin Oc;;1,(;0,;Py] (3.187)

= 42\ / dfdpd( [sin® ¢ sin 0]

= :t87rm)\/ dr [sim2 Cdc]
0 dT
<o (o)
= +8mn\ / d¢ [sin® ¢] = £2mmA [2¢ — sin(20)][ gy - (3.188)
¢(0)
Thus taking now the complex coupling constant to be of the form A = 25\, \ € R,

we obtain for solutions Cj(cm) the real energies

E® (g(im)) = 270 [sin(é) — . (3.189)

We identify the CPT-symmetry from (3.180) as CPT : ¢ — (*, which for our
solution (3.186) becomes Cim)(é) — [C(im)(é)]* = (gm)(—é). Since £? [Cj(:m)(é)] =
E(_z) {Cgm)(—é)} , the energies are guaranteed to be real by the antilinear symmetry

CPT.

3.4.7 Summary

We have begun by reviewing the Hermitian Skyrme model, then extended to the non-
Hermitian case with the complex potential term. We have considered four different
models with complex potentials presented in sections 3.4.2-3.4.5 and one model
presented in section 3.4.6, where the non-Hermiticity comes from the previously
unexplored combination of the sub-Lagrangian shown in equation (3.179). In the
first model shown in section 3.4.2, we have also developed a new way to construct a

solution by pasting two solutions at the point of discontinuity, shown in figure 3.12.
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In all models, the CPT-symmetries were identified. Notably, some of the symmetries
were non-trivial such as in equation (3.149), where it is difficult to pre-determine
it unless the solution is known. The model considered in section 3.4.5 satisfied the
CPT-symmetry, but the condition (3) presented in section 3.1 was violated, resulting
in a complex solution except at specific fixed point in the parameter space. In other

words, the physical region is very restrictive (in fact, it is a point).
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Chapter 4

Conclusion

Many aspects of non-Hermitian quantum field theories were analysed in this thesis.
Concise summaries of the main features were presented at the end of each sections.
Here we conclude with a list of some notable results we have obtained. In this thesis,

we have
e observed the breakdown of Higgs mechanism at the zero exceptional point.
e confirmed the Higgs mechanism at exceptional points.
e observed the vanishing gauge mass at the zero exceptional point.

e confirmed the existence of complex t’"Hooft-Polyakov monopole in non-Hermitian

theory with real energy.
e observed the vanishing monopole mass at the zero exceptional point.

e discovered the reality condition for the complex solutions of the equations of

motion.
e identified non-trivial CPT-symmetries, responsible for the reality of the energy.

e confirmed the existence of complex BPS Skyrmions in non-Hermitian theory

with real energy.

e confirmed the existence of complex BPS Skyrmions in Hermitian theory with

real energy.

As discussed in the introduction, the non-Hermitian quantum mechanics in a closed

system is well-establish on the basis of many applications in other fields of physics.
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However, the non-Hermitian quantum field theory development is still in its infancy,
and there are many open questions to be answered.

From chapter 2, we have left questions such as the derivation of the metric
operator, which respect the (zero) exceptional point, and the consequence of the
ambiguous metric operator to Goldstone and Higgs mechanism. The quantisation
is still an open issue to be addressed, and in particular, the connection between
the metric operator and the path-integral has not been explored in-depth (except
for [76, 141]). Another attractive avenue for further investigations is the Goldstone
theorem in 141 dimensional non-Hermitian theory. This is because, in the Hermitian
theory, the theorem does not apply when the spacial dimension is d < 2 [142].

In chapter 3, we have explored the soliton solutions in non-Hermitian theory. We
have employed the pseudo-Hermitian approach to finding the monopole solution; it
would be interesting to find the monopole solution using the alternative method
first proposed in [77]. One of the novel features of the non-Hermitian theory is the
existence of the exceptional point. Therefore the natural question is to find out if one
could find a soliton solution with a more structured exceptional point. This question
can have a physical significance. For example, the exceptional point is significant
in optics as a point where the gain and loss of the waveguide becomes unbalanced.
The Skyrme model considered is also used as an approximate model of the nuclei.
It was known to give a good approximation for large Baryon number [143], and
recently, the approximation was improved to include the smaller Baryon number
[144]. Therefore, calculating the binding energy and consequence of exceptional
points in non-Hermitian theory are exciting challenges.

In conclusion, we have demonstrated the potential significance of non-Hermitian
extended quantum field theory. A wide range of applications of quantum field theory
in many areas of physics means the non-Hermitian extension and its novel features
may lead to many discoveries of new phenomena. We are confident that our inves-
tigation has contributed to further understanding the non-Hermitian quantum field
theory and opened up a new avenue such as non-Hermitian BPS solitons solutions

to investigate.
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Appendix A

The topology of the monopole
solutions and Derrick’s scaling

argument

A.1 Derrick’s scaling argument

We wish to find a time-independent solution to the equations of motion (3.3) with
finite energy (i.e [d3zL < o). According to G.H. Derrick [145], such solutions do
not exist in a non-gauge field theory with spatial dimension larger than 3. To see

this, let us consider a multi-component real scalar field Lagrangian
1
L= 50u0aG™(9)0" ¢ = V (9). (A1)

Given a static solution (i.e. 9ypq = 0 and §S[py] = 0) with finite energy E =
/ dPxH > 0 where H is a corresponding Hamiltonian and D is the spatial dimension.
The kinetic part and potential part of the Hamiltonian can be written by confining

the system in a square box AP
A 1 A
Ixle] = / d’x [Qamdaaab(qb)am} , Il = / APz V(o).  (A2)
0 0

Where fOA dPx = fOA dx, fé\ dzy- - - fOA dxp. The energy of the classical solution ¢

EMoa] = Iit[da] + I [del. (A.3)
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Let us re-scale the radial spatial length by ¢(t, %) — ¢(t,rZ) = ¢"(t,Z). Then the

kinetic and potential term can be written as

A rA
Rl = [ av@e= [ | Gvew)| = it aa

) = R0l (A.5)

Note that in quantum field theory, the space-time volume is assumed to be infinite.
Therefore the square box needs to expand to infinity A — oo. The static solution

o¢ also satisfies the following two conditions

El¢]

Rt} =0. A6
0 |p=g., (46)

lim EA [¢ci] = constant ,
A—oo

Let us define the energy of the re-scaled solution by E(r) := limp o E*[¢7]. Then
the equation (A.6) implies that E(1) = constant and %E(rﬂr:l = 0. Combining
this with equation (A.5) and (A.4) we find

(D - 2)IK[¢CZ} + DIV[¢cl] =0 (A?)

Since we assume I > 0,1y > 0, for each spatial dimensions, we find the relation

between the kinetic and potential energies.

0 ZIK[QSCZ] = IV[¢CZ]7
1 Ig([¢al = Iv]oal

(A.8)

Iv(¢al =0,

D
D
D=2

D >3 Ik[¢al = Iv]da] = 0.

v

This conclude Derrick’s argument that for spatial dimension lager than 3 (i.e. D >
3), the only finite energy solution is a constant vacuum solution. This is a problem
if one wants to find a finite energy non-trivial solution in the physical space-time
where the spatial dimension is 3. Fortunately the above relations (A.8) take on a
different form when the theory is modified to accommodate for a gauge symmetry.
Let us consider a gauge field theory with local SO(3) symmetry. The corresponding

Lagrangian is

L —%Tr(}"w]-"“”) + %Tr(D,ﬂSD“gﬁ) v (A.9)
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where the trace is over the group index and the covariant derivative is defined as
D,¢% := 0,,0"+ ee“bCAquc. For simplicity, let us assume the vanishing of the electric

field & = Fp; = 0 and denote the kinetic and potential parts of the action as
p. 1 2 D D
Ip[A] = / AP Tr(F?), Tilg, A] = / dPaTr(DidDig), Iy|d) = / P2V, (A.10)

Letting ¢, Ag,, be classical solutions of our gauged theory. We re-scale once more

clu
the length

da(x) — Gal(rz) = ér, (A.11)

Acl#(x) — Acl#(’l”aj)EAru. (A.12)

If we define the re-scaled energy as E(\) = E|¢,, Ay| = Ir[A] + Ik [dr, Ar] + Iv [0r]

then

E(r) = PIp[Aa) + 1 PIg[¢a, Ad) + 1 PIv[dal. (A.13)
Now recall that d%E (1) = 0 we have

(D = DIp[Aal + (D — 2)Ik[¢e, Aa] + DIv[¢a] = 0. (A.14)

This shows that we could have non-constant solution for D > 3. Furthermore, by
inspecting the vacuum solutions of the theory, one can impose extra constraint on
the asymptotic behaviour of the non-trivial solutions. Let us denote the non-trivial
solutions, which is inequivalent to the vacuum solution as ¢.. By definition, the

non-trivial soliton satisfies
S|y, = 0. (A.15)
Next, let us define a collection of vacuum field configurations Mg defined by
Mo={¢ | Iv[¢] =0, Ik[¢]=0}. (A.16)

If the theory is symmetric under global symmetry (i.e. ungauged), then the solu-
tions belongs to My are called vacuum solutions. On the other hand, for the local

symmetric theory (i.e. gauge theory) the solutions are called the Higgs vacuum.
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Since the non-trivial solution ¢ (t, &) gives a finite energy (i.e Iy[pq] < 0).
Inserting the non-trivial solution ¢, into the equation (A.4) implies that the non-

trivial solution must asymptote to the Higgs vacuum solution

Ivipea,] = 5 1v[pa)] and Iy[pg] < oo (A.17)

= lim, . IV[¢clr] =0 << lim,_ (f)cl(t, Tf) € M.

We conclude that the non-trivial solution to the equations of motion of a theory with
local symmetry have finite energy if and only if it asymptotes to the Higgs vacuum

solution in the spatial infinity.

A.2 The topology of the monopole solutions

A.2.1 Deriving equation (3.15)

The main aim of this appendix is to explicitly derive equation (3.14) and (3.15). Let
us start with the definition of the homotopy class, adapted from [146]. Consider a
map/loop f : S' — M from a circle S* to a topological space M. The homotopy
class of f at xg € M is an equivalence class [f] where two loops are said to be
equivalent if they can be continuously deformed into each other. A set of homotopy

classes at g € M forms a group with group action

f@z) =x€]0
g2x—1) ze]|

]

71]

N[

fogla) = (A.18)

N[

This group is called the first homotopy group or fundamental group and denoted as
71(M, z0). The n-th homotopy group is simply replacing S* with S™ and denoted
as m, (M, x0). Let us consider a simple example M = S! where the mapping is now
between two circles

.ol 1
a:S = Sgreet

0 — ), (A.19)

where 6 is an angle of your rotation in S' and «/(0) is an angle of rotation in S, 4.

Let us consider a specific form of the mapping «,,(0) = nf where the domain of the

mapping is 6 € (0,27] and the range is a(f) € (0,2n7]. Therefore, the integer n
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counts the number of times the function « goes around the circle. This quantity is

called the winding number and in this example it is defined as

2 21
n= 1 da = 1 d@da(e),
2w 0 2 0 d9

(A.20)

where normalisation 27 is found by f027r df = 2. Next we see that two mappings
an and «y, with different integers n # m are topologically inequivalent as they
can not continuously deformed into each other. One can also check that the group
multiplication is satisfied au, * ayy, (0) = (n +m)6#. Therefore, the set of equivalence
classes [a] form a group Z. This means that the first homotopy group is the set of

integer numbers 71 (S!) = Z.

We can repeat this for S? with loops defined by

(O[,B)ZSQ — Stzarget (A21)

0, 0) = (a0,9),8(0,¢)

Where explicit form of o and § are chosen to be a(f,p) =0, 3(6,p) = np. Analo-

gous to the equation (A.20), the winding number is given by

1 1

n = — [ dadfsin(a) = 47r/d0d¢ [sin(cr) det(J)] (A.22)

4dr
- oo (-85
where dadf sin(«) is a solid angle. Let us define a unit vector on sphere
(e, B) = (sin(a) cos(B), sin(a) sin(B), cos(a))” = (2!, 22, 2%). (A.23)
This can be seen as a smooth mapping from a two sphere to a two sphere
i:8% - 8% (A.24)
Using this, we can rewrite our winding number in terms of this unit vector as

1 . 1 aa_i a,.a
n = 4m/alc»zdﬂsm(cz)—47T/cl53t:ac =1 /dSa:, (A.25)

™

where we used the definition of a solid angle dSz* = dS® and dS = dadfsin(a).
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Next we recall the Gauss’s theorem [ dS®f® = fd?’:v aga f%. Using this, the above

surface integral can be rewritten in terms of the volume integral

_1 aa_l 3 0 a_31 3 _1 3 abe
n—4ﬂ_/d5’x _éhr/dx(?m“x —Mﬁ/d:w—&r/d:ceabce , (A.26)

b

where we have used 0z%/0z% = 3 and 6 = €*“e.. Next let us perform a coordi-
nate transformation in the 3 dimensional space. The coordinate transformation is

implemented though the following identity

/ Bregpe = / 3y [eiij;Jg’Jf} , (A.27)

where J! = g;ﬁi are Jacobians. Inserting this expression into equation (A.26), we

find

I T ac] _ L [ g3, [.abe, Ox' 027 0x*
n = 87r/d T [eabce } = o /d Yy [e e”kaya 5" By (A.28)

L [0 (e, 000
87 Y Oy TR ayb oye ) |

where in the last line we used the fact that terms like €%¢9,0,2? will be zero because

of the anti-symmetric tensor €**°. Finally we use the stokes theorem again and find
1 3 | 0 b 0z Ok 1 b 0z Ok
v = g [ (g )| = 5 [ o (e G o

1
= /dSaeabc:U - (Opr X Oc) (A.29)
8T

Where 0, = %. One may notice that this is equivalent to the third term in equation
(3.14) if one identifies x with the radial unit vector 7 defined in equation (3.6). This
implies that the equation (3.15) follows immediately from the above equation (A.29).
In order to complete the argument in section 3.2.1, we are left with the derivation

of equation (3.14) from (3.13).

A.2.2 Deriving equation (3.14) from (3.13)

Let us begin with the general Ansatz (3.5) given in section 3.2.1.
3

D (¢*(t, %)) = v and (Dyu¢o)* = 9,0f — ec™ Al = 0, (A.30)

a=1
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2

where v = /A to coincide with the result in section 3.2.1. However, we will keep

the quantities generic in this section. Therefore, the the general solution Aj is taken

to be

1 1 1 ap o ~
B = € OO0 + - BG AL = € G006 + DAy (A.31)

Where A, is some space-time vector field and gZ;S = %gf)g. To verify equation (3.14),

let us insert the equation (A.31) in to the field strength tensor
Tty = 20, Al — ee™ AL AS. (A.32)

Where the square bracket in the subscript is an anti-symmetrizer f],9,) = %( Jugv —
fvgu). For simplicity let us write qu = ¢ and Ay = A. To begin with, we focus on
the first term of equation (A.32).

a 1 abc 1 ic la
Ay = O (ef Pe4b0,16° + ¢ A,,]> (A.33)
1 abc 7 Jc 7 Jc Ja Ja
= Gf ’ <8ﬂ¢b8,,gb + ¢ba[u6V]¢ ) + Ap 0y ¢t + "0y Ay
. N 1 U
:1%%w+w%mﬁ;ﬁ@¢@w

In the second line, we used the commutativity of the derivatives O[MOV] = 0. The

second term of equation (A.32) is
e A AG = et <iebde¢3dau¢;e + qZ;bAu> (iecfggfsf 0u0? + &CAV> (A.34)
— <Z¢[68M¢a} 4 eabc(Z)bAu> <(];Gcfg(lgfay(;§g + ¢ECA1,> 7

where we have used e®¢ea¢d = (§beged — sbdgee) Expanding the above bracket, we

can rewrite equation (A.34) in terms of A, and ¢
abcAbAc _ 2 cfg [ca al Afa 19 2 [ca al ACA A.35
€ #V_g6¢ﬂ¢¢V¢+E¢M¢¢V ()
+%€abcefgcngAu(£fayég + eabcébAu(ﬁcAV
1 S g 2 ~ 2. ~ ~
= —5c96°0,0°01 0,67 + ~¢0, 0100 Ay + =67 4,,01°0,0"

1 - - 1 - 1- ap s
= eI + 600 A — 9480,
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1 c a ci in 1 a 1 la
= — 590" 0,0°07 0,0 + Z0u8" Ay — — 4,000
2 1
_ EA[VOM]QSQ _ 672¢a <6bcd¢ca#d)bayd)d) ’
where several identities e¢@bg¢ = 0, ewbeeaed — (gbeged _ gbdgee)  gaga — 1 and
0= %3(&“&)“) = q@a('?nga are used to simplify the expression. The second term of
the last line can be simplified further by noticing that for any tensor V, we have

Vlabed] — (0 because the group index only takes values between 1 and 3. Utilising

this property, we have
0 = ¢[a6bcd} ¢Caﬂ¢bay¢d _ (¢a€bcd + ¢d6abc + ¢cﬁdab + ¢b60da) ¢Cay¢bau¢d (A36)
— ¢a€bad¢cau¢bau¢d + Edabau(ﬁbay (bd
— (ba (ebcd(bca’uqsbayqsd) — _eabcau(bbay(bc’

where in the second line we used 0 = %8((;3“(]3“) — $*0¢°. Finally the field strength

tensor can be rewritten in terms of A, and ¢ as
a Ja, Ja 1 abcy Jbg Jc 2 a 1 abc b c
fm/ =2 A[l,au](f) +¢ 8[MAZ,]+ge 8u¢ 0,0° |—€ EA[,,QM +?6 8M¢ o)
1
=" (20,,4,)) + geab68“¢b€)l,¢c

_ a L/ bed jen ba .d
_ (26[MA,,] -~ (e $°0,0°0, ¢ )

. 1. ) .
— 4 (23[#14”] -—¢- (a,@ X 8y¢>> , (A.37)

Notice that the quantity appearing in the bracket, which we denote by F,, is

equivalent to the U(1) field strength tensor. Now we find the important result
‘F/ibV’A:AO = (()l;w = ?ggF;w' (A.38)

Recall from section A.1 that the finite energy solution will approach Higgs vacuum
¢5- So the field strength tensor of finite energy solution will approach electromag-
netic field strength tensor (i.e U(1) strength tensor). By using the definition of the

magnetic field, we find

1 . 1 A
Bz‘ = _iﬁiij]k = _§€ijk <28[]Ak} —_

Q|

- (aﬂ'q@ X 8%)) . (A.39)
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This is precisely what we claimed in equation (3.14).
Finally let us comment on the physical implication of the winding number. From

electromagnetism, the magnetic charge is given by

g= / dS - B (A.40)

Inserting the magnetic field (A.39) into the definition of the magnetic charge, we
find

g = — / dSie; ;200 AM + g / dSieijit- (a&z? X a’fé) (A.41)

9 o . .
= 2 [ dSi ey (09 0uiag x 0 b1ty (A.42)

where first term in the first line vanishes due to Stokes’ theorem. Now recall that
we found a similar mapping 2 : S? — 52 equation (A.24) which can be categorised
by integers given by the winding number equation (A.29). If we redo the calculation
of section A.2 but with g%Higg instead of Z, we find the integer

1 ik A N 1 reg
n = &r/dSZE jkqﬁHigg . (8j(z)Higg X 8lc¢Higg) = 87 (?> . (A43)

So the magnetic charge of q@’}ﬂ 99 18

g = 2om (A.44)
e
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Appendix B

Type I (standard) versus type 11

(zero) exceptional points

This appendix presents a discussion illustrating the two types of exceptional points
for a finite-dimensional matrix with one free parameter. Many types of exceptional
points exist, often referred to as a higher-order exceptional point or EPN where the
integer N indicates the number of coalescing eigenvalues. However, we will focus on
two types: the type I (standard) exceptional point and the type II (zero) exceptional
point. The main distinction is their behaviour beyond the exceptional point where
the coalesced eigenvalues become real for type II and complex for type I. The zero

exceptional points occur when two eigenvalues coalesce at zero, hence the name.

As an example, we consider here a (3 x 3)-matrix of a very generic form that
occurs for instance as a building block of the squared mass matrix in the model

discussed in section 2.3, see equation (2.75) therein,

A W 0
H=| -w B -V |. (B.1)
o VvV -C

Here we carry out the discussion for a Hamiltonian H, having in mind the analogy to
the squared mass matrix. The determinant is easily computed to det H = Ak—CW?,
k = V2 — BC. In order to obtain a zero eigenvalue, A\g = 0, we enforce now the

determinant to vanish by setting A = W2(C/k. The other two eigenvalues then
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become

K(B—C)+CW?2+r
a = MO | (B.2)

T = VE2((B+C)2 —4V2) +2:W2(C(B + C) — 2V?2) + C2W4,

According to [36], the exceptional points are identified by simultaneously solving the

two equations

d
det (H — AI) =0, and a det (H — M) =0, (B.3)

for W and A, obtaining the two sets of eigenvalues

~2 3 B 272 2
{ i:,ic\'/m/aAozo} and {)‘O:AOZ()?)‘O :C 4 = }(B4)

,%2

for the critical parameters

We=—, and wo = ZE, (B.5)

Ql =

respectively. We abbreviated & := ++/k (k + V2 — C2) £ 2x3/2V and 4 := VV?2 — C2.
The first set of eigenvalues in (B.4) correspond to the standard exceptional point

and the second set to the zero exceptional point.

Next we calculate the bi-orthonormal basis from the normalised left and right
eigenvectors u;, v;, i = 0, &, respectively, for H

vy = ﬁ(—ﬁ, CW, VW), (B.6)

vy = \/#]\[TE(VV(/%2 —CAy),k(C+Ap),VEK), u; =Uv;.

with U = diag(1, —1, 1) and normalisation constants Nog = x>+ W?2&2, Ny = V22 +
W2[V2 — C(C + A1)]? — (C + M1)?k%. By construction these vectors satisfy the

orthonormality relation u; - v; = d;;.

We observe now that at the standard exceptional point the two eigenvectors
for the non-normalised (N1 become zero at the exceptional points) eigenvalues A%

coalesce, which distinguishes exceptional points from standard degeneracy. The left
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and right eigenvectors become in this case

UiT = ("%5 V\/E - H) C\/E) ? U(e)?r = (_CK;’ O’%’ V’%) ’ (B7)
oi' = (Ron = Ve CVR). o' = (~Ch, ~CR. V), (B8)

with
vi’l 0§ =0, and vg’l g = C% (87— R?) + VIR (B.9)

Similarly, at the zero exceptional point the eigenvectors for the eigenvalues g
and A2 coalesce, which qualifies this point also to be called “exceptional” in the

standard terminology. In this case the left and right eigenvectors become

0" = (Ve iVA(C = B),if%), o™ =27 = (ik,C,V), (B.10)

o)l = (Vi V(B = C),ii), o =% = (ik, -C, V), (B.11)
with

o o = (G BYVE —20V?)7, and %7 =0, (B-12)

In order to understand the key difference between these two types of exceptional
points we consider at first the eigenvalues (B.2) near the critical values in (B.5).
Concerning the standard exceptional points we note that the two eigenvalues become
identical when 7 — 0. Thus writing 7/C? = [W? — (W¢)2](W?2 — W), with W being
the second root of the polynomial in W2 under the square root, it is now clear
that if we consider the eigenvalues as functions of W2 the argument of the square
root has different signs for W? = (W¢)? 4 ¢ and W? = (W¢)? — ¢. Hence the
eigenvalues are real on one side of the exceptional point in the W2-parameter space
and complex on the other. In contrast none of the eigenvalues becomes complex in

the neighbourhood of the critical value W7,

For completion we also report the Dyson map and hence the metric operator for
which the same behaviour may be observed. Using the operator that diagonalises

the non-Hermitian Hamiltonian H

n= ('0072)4-71)—)7 /0:7777T7 (B13)
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with determinant

VK

detn = ——t
= NNV

(A — Ap) (K2 + W2E2), (B.14)
we verify the pseudo and quasi Hermiticity relations
n'Hn=h=nt,  pH=H'p. (B.15)

We observe that the map breaks down at both exceptional points, i.e. detn = 0 for
the critical values W€ and W©, and on one side of the standard exceptional point. In
all other regions of the parameter space it holds. Thus we find the same behaviour

as already observed for the analysis of the eigenvalues.
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Appendix C

General interaction term

In the Lagrangian density functional considered in section 2.3, we chose a particularly
simple interaction term and carried out our analysis for an even simpler version. In
this section, we explore the possibilities of allowing for more general interaction
terms so that the action still respects the discrete CPT-symmetries (2.35) and the
continuous global U (1)-symmetry (2.36), while keeping the kinetic and mass term as
previously. We present here explicitly the case for Zs, after which it becomes evident
how to generalise to all Z,,. We carry out our analysis for the equivalent action fg
defined in equation (2.62) but with arbitrary interaction term. The specific form of

such action is

7y [®) = ;/d%« 0,07 10" —oTHO — 4 (o7 0)* — & (o7 F@)’],  (C)

which is invariant under the CP7 transformation defined in equation (2.54) and

U(1) transformation. The field vector if given by ® := (1, X2, ©3, X1, P2, X3)" -

Each matrices in equation (C.1) are defined as

—clm% CuN2 0 0 0 0
cuuz CQm% cov? 0 0 0
0 e,V —cam? 0 0 0
H= v o , (C.2)
0 0 0 —cymi  —cpu? 0
0 0 0 —c”,u,2 CQm% —c, v?
0 0 0 0  —c? —cymb
A 0 0 B
E - ,F =
0 QAQ OBQ 0



Here A and B can be arbitrary 3 x 3-matrices and diag 2 = (—1,1,—1).

We briefly show how the form of this action is obtained. The respective sym-

metries (2.54) and (2.36) are realised as follows

C/’P7,172 . j‘g, [(I)] = 2-3 [Cl’gq)] (C3)
UQ1) = I3[@] =13 [U®] (C.4)
with
Is O R 0 Q
Cip== , U=lg+al =1+ « , (C.5)
0 -—Is -Q 0

when « is taken to be small. Next we compute how these symmetries are imple-
mented when taking the interaction term to be of the general form
A B

I (a"Ew)", B R (C.6)

with as yet unknown 3 x 3-matrices A, B, C' and D. The transformed Noether
current (2.38) resulting from the U(1)-symmetry (C.5)

=g (9,07 00 - 0700,0) (C.7)

is vanishing upon using the equation of motion for the action Z3 [®] with interaction

term (3.165)
06— H — % (@TE<I>) Ed =0, (C.8)
if
Ou" = 5 (00700 — @700e) = ZoT ([0, 1] - JoTEe [, E]) @ = 0. (C.9)

Combining the constraints for the CPT and U (1)-symmetry we require therefore

[QH] —0, [QE} =0, [Ci9,H]=0, |:C172,E} —0, (C.10)
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or
[QH} -0, [QE} =0, [Cra H]=0, {CI,Q,E} —0, (C.11)

with {-,-} denoting the anti-commutator. The solutions to (C.10) for CPT, and
C/737‘ o are F and F, respectively, whereas the solutions to (C.11) for 637‘ 1 and
CPT, are F and E, respectively. This mean the action (C.1) contains the most
general CPT 1,2 and U(1) invariant interaction terms of the form (3.165). There is
no distinction between a CPT 1 or CPT. o-invariant action as the solutions of (C.10)
and (C.11) always combine to allow for both CPT -symmetries to be implemented.

We carried out our analysis for the Goldstone boson for diag A = (1,0,0) and
B =0, but from the above it is now evident how this structure of more complicated
interaction terms generalises to Z,, and therefore Z,,, for n > 3. Similar computa-
tions can also be carried out for the symmetries CP7T 3,4 and CP'T, where P’ is any
of the six remaining operators constructed in section 2.3.3. We note here that while
it is a uniquely well defined process to identify the C/737’ -symmetries when given the
CPT-symmetries, that is going from Z, to in, care needs to be taken in the inverse

procedure.
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Appendix D

Similarity transformation of

gauge field theories

In section 2.4 and (2.5), we were required to perform the similarity transformation
of the Lagrangian density of the general form

1

L= %(Duqﬁ)z — V(o) 4FWF‘“’. (D.1)

Where the covariant derivative took the forms D¢ = 9,,—ieA, ¢ for the fundamental
representation and D¢ = 0,0 + ee“bCAZd)C for adjoint representation. In order to
perform the transformation, one needs to Legendre transform the above Lagrangian,
which is generally difficult for gauge theories as one needs to employ sophisticated
quantisation procedures such as BRST quantisation. However, we will see that our
particular similarity transformation will not affect the quantisation procedure.

Let us begin with the fundamental representation. The BRST Lagrangian of
(2.160) is

Lprst = L[p] + F[A,]B — 0,c0tc = ’Du¢|2 —V(¢) + U(Ay, B, ¢, 0uc), (D.2)

where the gauge fixing is implemented though the equation F[A,] = 0 and one
auxiliary scalar field B and two auxiliary fermionic ghost fields ¢, ¢ are introduced to
compensate for the extra degree of freedom due to the gauge freedom. For example,
the Lorentz gauge is F'[A,] = 0, A*. The potential V' (¢) is the same non-Hermitian
potential considered in equation (2.160) and (2.195). The auxiliary term U contains

all the terms involving the auxiliary fields. By performing a Legendre transformation
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and imposing equal-time commutation relations, one obtains the quantised field-
theoretic Hamiltonian. For example, in the Lorentz gauge case d,,A*, the equal-time

commutation relations are

[¢(t7 f)? H¢(tv ?j)] = Z(S(f - y]), [Ai(t7 5)7 HAj (t7 Zf)] = Z(Szjé(f - 37) (D3)

[B(t,2), (L, §)] = i6(Z = §), {c, I} =1id6(Z—7), {c e} =id(T—7),

where [-,-] and {-, -} are commutator and anti-commutator respectively.

Next, we perform the similarity transformation. We will not explicitly write the
Legendre transformed auxiliary terms as we will see that the only terms affected by

the similarity transformation are the terms involving scalar fields.

H=>" dally, + GLIL,; + ALy, + Bllp + Il + éll; — Lgrst. (D4)
a=1,2

Where Iy = 6Lgrst/0¢ = (Dod)! = oo’ + ie(Aog) and Iy = 6Lprsr/dd! =

(Do¢) = Opp—ie(Ap¢). Rewriting the Lagrangian in term of the canonical momenta,

we have
H=Y (H i —|—z'eA0<;5a> Ty, + (H% - ie(AoczSa)T) I, (D.5)
a=1,2
— |y Iy, = V (6, F)]
= 3 Uy Mg, + e |(Aoga)lly, — (Aoda)'IL,y | +V(6) + U(F),
a=1,2
where F represent the rest of the quantities such as A;, B,114,,.... Recall from

section 2.5 that the real compounds to the complex fields ¢F = (¥ + ix¥)/v/2 and
its corresponding conjugate momenta transforms under the similarity transformation

by the Dyson map (2.165)

o= o o= —igk L ks xE L X - -, A— A, (D.6)

H‘P’f — H%le s HSDIQC — iﬂwg s HX’f — HXIf s HXS — iHX’S' (D7)

The above Hamiltonian (D.5) can be transformed with the Dyson map (2.165) by
either defining a new Dyson map or by rewriting the conjugate momenta {Ilg, IT,+ }

in terms of the conjugate momenta of real components. The relation between two
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sets of conjugate momenta can be found by using the identities

5( O(sz) _4( 0¢lz) _ 5,0, §( 0?1) _ o oqiz) — syt (D)
5gpj 5g0j 5Xj 5Xj

Using these relations one can find

_ oL
ok

oL
SxF

7

1T, = Re(Dog:)*, I, = = Im(Do; ). (D.9)

Finally the conjugate momenta of complex field can be written as

I, = (Doo)! = Re(Dyg) — ilm(Dog) = IT,, — il (D.10)

I, = (Do¢) = Re(Do¢) + ilm(Do¢) = I, + ill, (D.11)

The similarity transformation of the complex fields and its corresponding canonical

momenta are

G1 = b1, da— —ida, B =l o — —ig) (D.12)

H¢1 —>H¢1, H¢2 —>iH¢2, H¢J{ —>H¢J{, Hd% —>Z'H¢£ (D.13)
Performing these transformation to the Hamiltonian (D.5), we find

H = 21:2<_1)a+1H¢LH¢a —+ e |:(AO¢O£)H¢)Q — <A0¢a)TH¢L 4 V(¢) + U(,F),

Performing an inverse Legendre transformation, we obtain the real Lagrangian

(2.167).

Next we will verify the similarity transformation shown in section 2.5.2. We will
not explicitly consider auxiliary terms in the quantisation procedure as it will not
affect the similarity transformation as demonstrated above. The Lagrangian takes

the form

L=>" %DM%D“% — Vg, AL, (D.14)

a=1,2

where the covariant derivative is defined as (D, ¢a)* = 0,0% + eeabcAqug. The con-

jugate momenta are defined as 1% := §L£/§¢% = (Doga)®. Performing the Legendre
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transformation, we find

M=) ¢uI - (D.15)

a=1,2

= 3 [(Doda)” = (o x 6a)") TS = 5(Duda)? + 5 (Didha)? + V{6, A)

a=1,2

= Y TAIE — e(Ag x ¢a)"TI + <Di¢a>2+V(¢, Ap)-

a=1,2

The similarity transformation will only affect the ¢o field and its corresponding

conjugate momenta
¢z = —iga, Iy — ill. (D.16)
Therefore the Hamiltonian transforms as

- « a a arra 1
iy~ = L (D) I — e(Ao x ¢a) "I + 5 (Dicha)® + V(6. 4u). (D7)
a=1,2

The inverse Legendre transformation will map this Hamiltonian to (2.204).
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