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Abstract We investigate the Englert-Brout—Higgs—Guralnik—Hagen—Kibble mechanism for non-Hermitian field theories with local
non-Abelian gauge symmetry in different regions of their parameter spaces. We demonstrate that the two aspects of the mechanism,
that is giving mass to gauge vector bosons and at the same time preventing the existence of massless Goldstone bosons, remain to
be synchronized in all regimes characterized by a modified CPT symmetry. In the domain of parameter space where the “would
be Goldstone bosons” can be identified the gauge vector bosons become massive and the Goldstone bosons cease to exist. The
mechanism is also in tact at the standard exceptional points. However, at the zero exceptional points, that is when the eigenvalues of
the mass squared matrix vanish irrespective of the symmetry breaking, the mechanism breaks down as the Goldstone bosons cannot
be identified and the gauge vector bosons remain massless. This breakdown coincides with the vanishing of the CPT inner product
of symmetry breaking vacua defined on the eigenvector space of mass squared matrix. We verify this behaviour for a theory with
SU(2) symmetry in which the complex scalar fields are taken in the fundamental as well as in the adjoint representation.

1 Introduction

Our main objective is to extend the Englert-Brout-Higgs—Guralnik—Hagen—Kibble mechanism [1-4], hereafter simply referred to
as Higgs mechanism, to non-Hermitian field theories with a local non-Abelian gauge symmetry using a pseudo-Hermitian approach.
We focus on the two key aspects for which the mechanism was originally developed, that is to give mass to gauge vector bosons and
at the same time prevent the existence of massless Goldstone bosons. When keeping the symmetry global one may adopt different
starting points for the study of Goldstone phases, such as the field content of local operators, a scattering matrix based on a particle
picture or an explicit Lagrangian.

For instance, two-dimensional conformal quantum field theories are well-understood in terms of their operator content character-
ized by infinite-dimensional algebras of local conformal transformations [5]. A large class of such theories, minimal models [6], are
known to possess a finite operator content, and the treatment of unitary and non-unitary theories is formally identical. The simplest
massive non-unitary field theory consisting of only one real scalar field describing in its ultraviolet limit the critical point of the
Ising model in a purely imaginary magnetic field, the Yang-Lee edge singularity [7, 8], is known for a long time to correspond to
the non-Hermitian Lagrangian [9, 10]

_ [ |l 2, i 1.3
L= [dx 2(V¢) +i(h hc)¢+3lg¢ . (1

Exact scattering theories for two-dimensional models have also been identified [11] that can be used to probe the ultraviolet limit
most easily by employing the thermodynamic Bethe Ansatz [12]. These techniques have also been employed for hypothetical
scattering matrices for massless Goldstone fermions (Goldstinos) [13] and scattering matrices that reduce to them in certain limits
[14]. Despite the fact that the Mermin—Wagner theorem prevents the validity of the Goldstone theorem in dimensions d < 2, it was
argued in [15] that for certain symmetry groups, e.g. SO(N) with formally taking N < 2, this restriction can be circumvented so
that Goldstone phases maybe be identified in such type of non-Hermitian systems.

Rather than taking an operator content or a scattering matrix as a starting point, one may of course also commence directly with a
non-Hermitian Lagrangian. From that perspective, it is natural to try to extend techniques and methods developed for the treatment
of non-Hermitian quantum mechanics [16-19] to a quantum field theory setting. Such considerations have been carried out for a
scalar field theory with imaginary cubic self-interaction terms [20, 21], with a Lagrangian identical to (1) but for & = h, without
a linear term, deformed harmonic oscillators [22], non-Hermitian versions with a field theoretic Yukawa interaction [23-26], free
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fermion theories with a ys-mass term and the massive Thirring model [27], P7 -symmetric versions of quantum electrodynamics
[28-30] and other types of P7 -symmetric quantum field theories in higher dimensions [22] than (1).

Non-Hermitian quantum field theories are also viewed as possible options to overcome the limitations of the Standard Model of
particle physics, which is well-known to fail in describing gravity and neutrino oscillations in a consistent manner. In [31], a study
was initiated to potentially resolving the latter issue by extending the ordinary two-flavour neutrino oscillation to a non-Hermitian
PT-symmetric/pseudo Hermitian setting. A well-studied simple Hermitian extension of the Standard Model referred to as the two-
Higgs doublet-model [32] involves a second Higgs doublet or possibly more [33]. Here, we investigate non-Hermitian variants of
these models.

Here, we are especially interested in complex non-Hermitian scalar field theories and the question of how the aforementioned
Goldstone phases manifest in these theories, together with the subsequent extension to the Higgs mechanism [1-4] in Abelian and
non-Abelian gauge theories. These issues have been studied recently by various groups in different approaches, which differ from
their very onset: Given a generic action for a complex scalar field theory of the form Z = [ d*xL(¢, $*), one has two options in a
Hermitian theory to derive the equations of motion by means functional variation, either to calculate §Z /8¢ = 0 or §Z/5¢* = 0.
Since the standard CP7T -theorem [34] applies, the two resulting equations are the same. In contrast, in a non-Hermitian theory, one
no longer has Z = 7%, so that the two equations are not only not the same, but in addition one also has the new options §Z*/§¢ = 0
and 8Z*/8¢* = 0. In the first approach, we refer to as the “surface term approach”, it was suggested [35, 36] to take of only the
two equations resulting from §Z /8¢ = 0, 87*/8¢™ = 0 and neglect the remaining two. As the resulting equations are in general not
compatible, the authors propose to use some non-vanishing surface terms to compensate for the discrepancy. The second approach
[37] consists of taking Z/8¢ = 0 or §Z/3¢* = 0, and when determining the vacuum allowing the real and imaginary parts of the
complex scalar field to be also complex. Thus, in this approach the field content is doubled or re-defined.

Here, we follow an approach, we refer to as the “pseudo-Hermitian approach” [38, 39], more aligned to the procedure pursued
in non-Hermitian versions of quantum mechanics, in which one employs so-called Dyson maps [40] to transform a non-Hermitian
Hamiltonian to a Hermitian Hamiltonian. Since the action Z contains a Lagrangian, rather than a Hamiltonian, we need to first
Legendre transform the complex Lagrangian £ to a non-Hermitian Hamiltonian H, carry out the similarity transformation by means
of a Dyson map, while preserving equal time commutation relations, to obtain a Hermitian Hamiltonian f, which we then inverse
Legendre transform to a real Lagrangian [

Legendre = Dyson _1 Legendre ™
— H > b —

nHn— = (2)

A consistent set of equations of motion is then obtained by functionally varying the action s = f d*xI(¢, x) involving this real
Lagrangian [ with respect to the real field components ¢, x € R of the complex scalar field ¢ = 1/+/2(¢ +ix), i.e. 85/8¢ = 0 and
8s/8x = 0. In order to perform the similarity transformation, one needs to canonically quantize the theory first, which is what we
will do below.

In fact, this will be the only quantum aspect in our manuscript. Our discussion here is kept classical and we will not carry out
a second quantization of the scalar fields, nor BRST quantization for the gauge fields, etc. Supported by our analysis below and in
our previous papers [38, 39], our view here is that much insight can be gained by a classical treatment, apart from the appeal to the
quantum field theory for the canonical commutation relations. One may of course fully analyse the theory in its quantum aspects,
but our view is that this should be performed on the transformed, i.e. Hermitian, theory rather than directly on the non-Hermitian
theory. In the former scenario one would not expect any issues to arise as one is simply dealing with a Hermitian system, whereas
in the latter case one may encounter a number of what we would refer to as “pseudo-problems”.

The above-mentioned incompatibility of the variational principle is an example for such a problem that already occurs on the
level of the classical theory. One may try to fix this problem directly for the non-Hermitian system or simply consider the equivalent
Hermitian system in which the problem is entirely absent. Another well-known example for a pseudo-problem in the quantum
mechanical context is for instance to take the variables x and p, that might appear in the definition of a non-Hermitian Hamiltonian,
to be physical observables. However, only the pseudo-Hermitian counterparts or the Dyson mapped quantities nxn~' and npn~!
can be observed and should be interpreted as being physical. Taking instead the original operators x and p from the non-Hermitian
theory one may derive violations of the uncertainly relations and other properties that contradict standard quantum mechanical
principles. Again these problems entirely disappear in the equivalent Hermitian system when considering the correct variables.

Previously, we have analysed the Goldstone theorem for a non-Hermitian scalar field theory with an Abelian [38] and a non-
Abelian symmetry [39]. Here, the main purpose is to investigate the extension to the Higgs mechanism. As it is well-known, in the
standard Higgs mechanism the Goldstone bosons acquires a mass so that our previous findings will inevitably have a bearing on
the investigation to be carried out here. Let us therefore recall the key finding from [38, 39]: The main object of study has been
the eigenvalue spectra of the non-Hermitian squared mass matrix M2, obtained by expanding around the symmetry breaking or
preserving vacua. The reality of these eigenvalues has been guaranteed by a modified CP7 -symmetry of the original action Z.
Hence, we distinguished in the usual fashion between CPT -symmetry regime characterized by M? commuting with this symmetry
operator and its eigenstates being simultaneous eigenstates of the symmetry operator. When the latter is not the case, one refers
to that regime as the CP7T -spontaneously broken regime in which some eigenvalues become complex conjugate pairs. The points
in parameter space at which this occurs are commonly referred to as exceptional point. As physical masses are positive and real,
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we also require the eigenvalues of M? to be non-negative. We encountered a special behaviour at the transition points when the
eigenvalues become zero, which we referred to [38, 39] as zero exceptional points of type I and type II." At the type 1 points, the
mass matrix is non-diagonalizable and the continuous symmetry is broken, whereas at the type II points, the mass matrix can be
diagonalized and the vacuum with broken continuous symmetry re-acquires the symmetry at this point.

Using the above-mentioned approaches, the Higgs mechanism was previously studied for Abelian [37,41] as well as non-Abelian
gauge theories [36] leading to slightly different findings. In [37], the interesting observation made, that the mass of the gauge vector
boson vanishes at the zero exceptional point, was not confirmed in [41]. In addition, for the non-Abelian gauge theories, it was
found in [36] that the Higgs mechanism even applies in the spontaneously broken CP7 -regime. Our aim is here to compare the
various observations made using these alternative approaches with a pseudo-Hermitian approach, extend the studies to other models,
symmetries and representations within this framework.

Our manuscript is organized as follows: In Sect. 2.1, we introduce first our non-Hermitian model with scalar field taken in the
fundamental representation possessing a local SU(2) x U(1)-symmetry, discuss the symmetry breaking vacuum of this theory and
subsequently the Higgs mechanism. We indicate how to extend the model from SU(2) to SU(N). We repeat the same discussion in
Sect. 2.2 for a non-Hermitian model with scalar field taken in the adjoint representation. Our conclusions are stated in Sect. 3. The
distinction between the two types of exceptional points is crucial and for that reason, we include in our appendix a discussion for
part of the squared mass matrix that explains the difference.

2 Pseudo-Hermitian approach to the Higgs mechanism

In this section, we commence by investigating the same model considered in [36] using, however, a pseudo-Hermitian method
to compare our results with the findings in [36]. We will observe that the mass spectrum of the fields in the SU(2) fundamental
representation coincides with the one found in [36], but the masses for the gauge vector bosons differ and in particular vanish at the
zero-exceptional points. We will extend this model to incorporate a SU(N)-symmetry and continue to observe this phenomena also
for these more general systems. Finally, we will consider a new model for which the fields are taken in a different representation,
the adjoint representation of SU(2), making similar observations.

2.1 A SU(2)-model in the fundamental representation

We start by applying the pseudo-Hermitian approach to a model with local SU(2) x U(1)-symmetry previously studied using the
surface term approach in [36]. The model corresponds to the gauged version of the one for which the Goldstone mechanism was
studied in [38]

2
1
Lo = Y |Dudi|” + m2lgi P~ (@] 62 — i) — §(|¢>1 2 = JTr(Fu F). 3)

i=1

Here, g, n € R, m; € Rorm; € iR are constants. When compared to [38], we have replaced here as usual the standard derivatives
0y, by covariant derivatives D, := 9, —ieA,,, involving a charge ¢ € R and the Lie algebra-valued gauge fields A, := 7% A{,. Here,
the 7%, a = 1, 2, 3, are taken to be Pauli matrices, which when re-defined as i (— 1)"+l t¢ are the generators of SU(2). We have also
added the standard Yang—Mills term comprised of the Lie algebra valued field strength F,, := 0, A, —9,A, —ie[A,, A,]. The two
complex scalar fields ¢; are taken to be in the representation space of fundamental representation of SU(2). The model described by
L, admits a global continuous U(1)-symmetry, a local continuous SU(2)-symmetry and two discrete antilinear CP7 -symmetries as
described in more detail in [38]. Crucially, £, is not Hermitian, which at this point is simply to be understood as not being invariant
under complex conjugation. The Abelian version of £, was discussed in [37, 39].

As argued in [38], it is useful to decompose the complex fields into their real components ¢>" =1/ V2 ((p +i Xj Ky with @k i X eR.
Thus simply rewriting the complex scalar fields in Eq. (3) in terms of their real and imaginary components we obtaln the followmg
Lagrangian:

2 2

Lo = 2 Z Z{ [%(pf + e(A/LXAi)k] [3#% * e(AMX'/)k]*

k=1 j=1

+ [0 = e ][0 - e(A“<pj)’<]* — 2| [9,% + e(AMXj)k]*[aﬂxf —e(ap)]]

2 2
+m§[(¢'})2+(xf)2] 2ok — abeh) 5 Iw(,;k) }_ {Z[;WWHX{()Z} . @

! The difference between these two types of points is discussed in the appendix in form of a general discussion for key blocks of the squared mass matrix.
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We use here the standard notation * for complex conjugation and f for the simultaneous conjugation with transposition. See also
[38] for further details.

The SU(2)-symmetry manifests itself as follows: A change in the complex scalar fields due to this symmetry is sk = iay Ta/‘[ qbg,
where the generators 7, of the symmetry transformation are the standard Pauli matrices o,, a = 1, 2, 3. The infinitessimal changes
for the real component fields are then identified as

8p) =—aix] +ome] —asx], Sx} =] +arx; +azp), ®)
8¢ =—aix) — a2} +a3x7. Sxj =g —oax] — o307, (6)

which leave the above Lagrangian invariant. The discrete antilinear CP7 +-symmetries, see [38] for more details, manifest themselves
as

CPT+: ¢f(x) = F(=1/¢f(—x0), xf() = (=1 xf(=x. @)

A noteworthy remark is that it is straightforward to generalize the model from a locally SU(2) -invariant one to a locally SU(N)-
invariant one, by extending the sum over k from 2 to N, while keeping the U(1)-symmetry global. In what follows, we will focus
on N =2.

A crucial feature of £ is that its CP7 -invariance translates into pseudo-Hermiticity [18, 42], meaning that it can be mapped to
a Hermitian Lagrangian [, by means of the adjoint action of a Dyson map 7 as [ = n£on~ . This may be achieved by the slightly
modified version of the Dyson map used in [37, 38]

2
ny = exp (i > / SN, Dbt ) + 0, 35, 2)). ®)
i=1

We denote here the time dependence by ¢’ to indicate that commutators are understood as equal time commutators for the canonical
momenta [1%2 = 8,(,05 and T1%2 = 81)(%, i = 1,2. satisfying [w;?(x, 1), H‘”lm(y, t)] = i86kmé(x —y), j, k,I,m = 1,2, for
V=9 x
Hence, nzi is not to be viewed as explicitly time-dependent as discussed in much detail for instance in [43]. The adjoint action
of n} on the individual fields maps as
¢f > ¢ @5 = —igh. X{ >l X6 —ixg Ap > Ap k=12 ©)

Thus, we convert the complex Lagrangian into the real Lagrangian
= 2 2
L=73 D =n [|8M‘/’j +e( x|+ [duxs — eAuep)|”+m3[e; - 0i+xj - x5]
j=1

— 2Im[[3u0; +e(Ax)]" - [0"x; — e(A P ]] + (=1 2% (@1 - x2 — x1 - <pz)]
1
- 1546[@ o+l = JTr(Fu FPY). (10)

We may transform here directly the Lagrangian rather than the Hamiltonian, as suggested in (2), since the kinetic energy term is
real and the complexity only results from the potential term. Introducing the two two-component fields of the form

k k
] gk [N

k k
X2 1)

o~ = . k=1,2, (1)

we can re-write the Lagrangians £, and [, more compactly. Defining the 2 x 2 matrices

—m3 & p? 10 10

Hy = , 1= , E:= s (12)

2 m3 0 —1 0 0

the real Lagrangian [, acquires the form
1
= E{[alﬂ +eTA V]| I[0" D + eT A" W] + [0,V — eTA, @] I[0" W — eZTA' D]
—2Im[ (3, P +eTA, )" (3" W — eTA )] — T H, d — \IITH_\IJ}

8 (T T 1
—1—6<d> E®+WTEW) — Tr(Fu F™). (13)
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We have simplified here the index notation by implicitly contracting, keeping in mind that we are summing over two separate index
sets k € {1,2} and j € {1, 2}. For instance, we set

(TAL @) > Tap Al 0], (14)

*
(0,08 +e(TA )] Tje[ 010 + e(TA W)} | > [0, 0+ eTA W] T[0" b + eTA W], (15)
" H,of - oT H, . (16)

In this formulation, we may think of the real and complex Lagrangians, [; and £, as being simply related by a kind of Wick rotation
in the field-configuration space

oF - TOX, Wk - TWK  with T := (é _0i>. (17)

One may of course wonder about the negative sign in the kinetic term of [, and whether these lead to ghost fields. Thus, we finish
this subsection with a short discussion that establishes that these signs disappear when the Lagrangian is properly diagonalized. As
this argument is the same in the global and local theory, we set the gauge fields to zero without loss of generality for this purpose
and consider the corresponding action

1
S = 3 / d*x (auqﬂza“cb - d>THi<I>) + Sint, (18)

1
=3 / d*x® "Z(3,0" + M*)D + Sin, (19)
where Siy; contains all terms of higher order than ®2. We also assumed that surface terms vanish at infinity when integrating by

parts and used Z> = I, M? = TH.. Next, we diagonalize the squared mass matrix as M> = T~! DT and consider next only the
integrant of the first term in (2)

®TT(9,0" + M*)® = dT1(9,8" + TDT ") = W' (3,0 + D)W, (20)

where we introduced the new field W := T TZ® andused 7! = T T 7.
The latter relation is derived as follows: We start by defining the right and left eigenvectors of M? as
THivi = Avi, and  (THe)'w; = Auj, 21
respectively. Noting that Z* = 7 and Hi = Hy , the last relation implies that Z Hy Zu; = A;Zu;. Therefore, we can express the right
eigenvectors in terms of the left eigenvectors as v; = Zu;. The matrix T is made out of the column vectors of v;, i.e. T = (vy,...)

sothat ZT = (uy, ...). Since the left and right eigenvector form a biorthonormal basis, v; - u; = §;;, it follows that TTZIT =Tand
hence T—' = T77Z.

2.1.1 The symmetry breaking vacuum

The vacuum solutions <I>’5, lllé‘ by solving §V = 0, with V denoting the potential

2
V= anH+q>+qJTH,qx+1§6(q>TEq>+qﬁE\y) (22)
amounts to solving the two equations
(H_+§R2E)xp(’; =0, <H++§R2E)<I>’(§ =0, k=12 (23)

. 112 2|2 T T . .
with R? := ‘(d)?) ‘ + ‘ (¢?) ‘ =3 7 ok Edf+ Wk Ewl=const. Hence, in the real component field configuration space, the
vacuum manifold is a $3-sphere with radius R. Consequently, we may consider equations (23) as two eigenvalue equations. Thus,
besides the trivial SU(2)-invariant vacuum @é = \I!(])< = 0, k = 1,2, we must have zero eigenvalues in both equations, which is

equivalent to requiring

4
R? = W(M +mim3). (24)
2

Since R? is positive, this equality imposes restrictions on the parameters g, i and the possible choices for m € R, ms € iR or
m1 € iR, my € R. The corresponding vectors that satisfy equation (23), suitably normalized with regard to the standard inner
product, are

2
w2 =N m2>, ®2=N <_m2>. 25
0 kIJ(luz 0 0] M2 ( )
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Imposing now the constraint on R? as stated after equation (23), a possible solution is ®} = \I’(l) = <I>g =0 and \Dg as defined in
(25) with normalization constant Ny = /2R / m% Hence, we recover the symmetry breaking vacuum used in [39].

2.1.2 The Higgs mechanism

Let us now demonstrate how the gauge vector boson acquires a finite mass and how at the same time the emergence of a Gold-

stone boson is prevented by the Higgs mechanism [1-4] in the CP7 -symmetric regime, at the exceptional points and even in the

spontaneously broken CP7 -symmetric regime. The mechanism breaks down at the two types of zero exceptional points.
Expanding the potential V in (22) around the vacuum specified at the end of Sect. 2.1.1 leads to

1, 32V(Do, W) . ; 1 _;8*V(dg, ¥p)
V(@ + D, Wo+ W) = V(dg, Wg) + ~ D -0 X0 gyj, ~ i TR0 0)
(%o 0+ W)= V(%o Yo+ 7 JDIJDJ 2 Wi gWJ
32V (Dg, W .
roi V(0 0) (26)
IDI 9w
1 2 T
Z ey <H++ RE)cb’ w! (H_+§R2E)\lll
l
—? [H_+§R2E+—§(E\I/§)2E]\Ilz+--- 7

As expected, multiplying the Hessians in (27) by Z gives back the squared mass matrix we found in [39]. The kinetic term is almost
unchanged except for the term involving W2

1 ¥
T = 3[0,@+ T4, W] I[3"® + A" W] + Re{ (3, @ + T4, ¥) T(eTA wy) |
1 T
— Im (3, + eTA, W + T4, W) ("W — eTA"®) | + Ze? (4, %0) 'T(4" o) (28)
The last term corresponds to the mass term of the gauge vector boson that we evaluate to

1 1
3¢ (A 0) T(A" W) =3¢ (4, %0)", Tup (4" o) @
= 3 (A1) @0z )

22
(AT, AM) 7 (W0)3 Zup (Wo0)5

1 2R?
Je AL AN T )22’7%("1‘2‘ —ut)

1
Emi,AZA““, (30)

where we used the standard relation %7 t? = t9¢? = §,,1+ig,p.7¢. Therefore, we read off the mass of each of the three components

of the gauge vector boson as

V2eR 4 4
2

g = mi — . 31

2

In [39], we identified the physical regions in the parameter space in which the squared mass matrix has non-negative eigenvalues and
in which the Goldstone bosons can be identified. Let us now compare those regions with the values for which the gauge vector boson
becomes massive. We immediately see from the expression in (31) that the gauge vector boson remains massless when u* = mg
or when R = 0, i.e. u* = —m%m% The two sets of values correspond precisely to the two types of zero exceptional points, type
I and 11, respectively, at which the squared mass matrix develops zero eigenvalues A = 0. These points are distinct from standard
exceptional points where two eigenvalues coalesce and become complex thereafter, here at A = 572 - m% See the appendix for a
more detailed explanation about the distinction between these types of exceptional points. ’

Thus, the two aspects of the Higgs mechanism, i.e. giving mass to the gauge vector boson and at the same time preventing the
existence of the Goldstone bosons, remain to go hand in hand. In the CP7 -symmetric regime, the mechanism applies, but at the
zero exceptional points, the Higgs mechanism breaks down as the Goldstone bosons are not identifiable [39], and at the same time,
the gauge vector boson remains massless. In contrast, at the exceptional point, the Goldstone bosons are identifiable [39], although
in a different manner, and the gauge vector bosons become massive.
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Fig. 1 Regions, for which the Gauge vs Goldstone bosons Gauge vs Goldstone bosons
gauge vector boson is massive #4/"1«1‘ #4/”&
(blue with mesh) versus physical 1.0
3.5 y 4 :
regions (orange) in which the 7 A
would be Goldstone boson can be 3.0 / A 0.8
identified, bounded by exceptional 1 '
\ : 25 — g
and zero exceptional points as / EP /T
function of (u*/m*%, m3/m?) for 20 y - I 0.6
the theory expanded around the > B
SU(2)-symmetry breaking 1.5 / N ' zero BRI 0.4
vacuum. Left panel for /
¢1 = —cp = | and right panel for L0 0.2
c¢1 = —cp = —1. The coupling 0.5 S 2
St . it “HE/A m
constant g must be positive rga ) . . " . i, —
= : 02 04 06 08 1.0p2

0.5 1.0 1.5 2.0 2.5 3.0 3.5E

Let us see this in detail by following [39] and replacing ml2 — cim%, with ¢; = =1 to account for all possibilities in signs. We
found that physical regions only exist for the two cases ¢; = — ¢ = 1 and ¢; = — ¢, = —1. For the two cases, we may then write

2 2,6 (4 4 4 2
% oatr(n o) (5-5) )
my § my\myp myp/f\mp m
noting that m§ / m% only depends on the two parameters m% / m% and mg / m‘f similarly as the eigenspectrum of the squared mass
matrix [36, 39]. We require the right-hand side of (32) to be positive as shown in Fig. 1.

We observe in Fig. 1 that while the region in which the Goldstone boson can be identified is bounded by exceptional as well as zero
exceptional points, the exceptional points lie well inside the region for which the gauge vector boson is massive, i.e. they acquire a
mass in the CP7 -symmetric regime as well as in the spontaneously broken CP7 -symmetric regime. In the CP7 -symmetric regime,
this agrees well with the findings that at these points the “would be Goldstone boson” is prevented from existing as a massless
particle. We use here “would be Goldstone bosons” rather than “Goldstone boson”, as they do not exist in the gauged theory, but
could be constructed by setting the gauge fields to zero. We may think of the sign change in front of the mass terms, ¢c; — —c;, that
relates the left to the right panel as a phase transition [44].

Let us now demonstrate this behaviour in detail and expand for this purpose the Lagrangian around the symmetry broken vacuum
up to second order in the fields

= 22: Lok Tom ek 4 Lo, kT zompk _ 1c1>"T(H + SR2E) 0k
2L 2% 2 Ty

I I
- AI/IT(H, + 5R2E)xp1 — (H+ +8R2ES g(E\IJ(";)))ZE)xIJZ
2 4 2 4 2

i 1
+ eRe[0, B (A" W0)] + elm| (T4, o) 0" W] + SMEALAY 4. (33)

We recall now from [39] that the first two lines of the Lagrangian [, can be diagonalized and the Goldstone bosons can be identified
in terms of the field content of the model. Furthermore, the Goldstone modes are eigenvectors in the null space of squared mass
matrices

M2 = I(Hi + %RZE), (34)

computed above as \Ilg and 7 lIJg, so that the Goldstone modes are proportional to these two vectors. The explicit forms of the
Goldstone fields were found in [38] (equation (3.40) therein), denoted as wgb, ¢3Gband leb, therein. We express them here as
G'i= 2w 0!, 3= L (wd) @2 6= - (wd) 7w, (35)
Mg mg mg
respectively. As expected for the Higgs mechanism, the number of “would be Goldstone bosons” equals the amount of massive
vector gauge bosons. The fact that the Goldstone modes are inverse proportional to the mass of the gauge bosons explains that
they cannot be identified for massless gauge bosons. Keeping now only the Goldstone kinetic term from the first two lines of the
Lagrangian [, and the one involving the gauge fields in Eq. (33), we obtain
3
1 + 1
b= )" 38,G"9"G" + eRe[0,®" (4" Wo)] + etm| (T4, %0) 0w ] + SMEALAY 4. (36)
a=1

Using the explicit representations of the Pauli matrices, the real and imaginary parts are determined as

Re[8, @7 41wy | = A0Re[3, 07 7o | = 4},8,07 ¢ Wy + 439,07 ¥y
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1 N g2 3 0T g2
= A0 (P") Wy — A8,(P%) o
= A, "L0'G! - ZE AL G (37)
Im[(IA,Lwo)"‘aw] - AZIm[\IIOTr“IB“\IJ] - —i(Ai\IIOTrZIB"\II>
= A2 (W) Torw! = —Ai%amz. (38)

Finally, the Lagrangian in (36) can be simplified to
3
1 1
L= S GG —myg AL Gl 4 mg ALY G = mg AL NG S AT A
a=1

_Lae(ar Ly 6 2+1m2 PLRIPe: 2+1m2 4.6 2+---
2g"mg“ Zg“mgu 2g“mg”

3
1 2
:EngBZBa“+---, (39
a=1
where we defined the new vector gauge particle with component fields B, := Aj — migaﬂ G“. We may also replace A by Bj, in
the field strength F,, so that A, can be eliminated entirely from the Lagrangian. We see that the Higgs mechanism applies as long
as mg # 0. However, at the zero exceptional points, not only the gauge boson mass vanishes, but the Higgs mechanism no longer
applies, in the sense that we cannot remove the degrees of freedom of Goldstone bosons.
We summarize the behaviour we found in the different types of regimes in the following Table.

CPT Sp. broken CPT EP Zero EP I Zero EP II
Gauge bosons Massive Massive Massive Massless Massless
Goldstone bosons 3 3 3 3 3

Thus, we encounter three different types of behaviour: in the CP7 -symmetric regime, at the standard exceptional points as well as
in the spontaneously broken CP7 -symmetric regime, the Higgs mechanism applies in the usual way. However, in the latter regime,
other particles in the theory become non-physical. At the zero exceptional points, the vector gauge bosons remain massless, and no
Goldstone bosons can be identified in the global theory.

2.1.3 From SU(2) to SU(N)

We will now follow the same line of reasoning as in the previous subsection and generalize our model from possessing a SU(2)-
symmetry to one with a SU(N)-symmetry. For this purpose, we simply replace the Pauli matrices in all our expressions by the

traceless and skew-Hermitian N x N-matrices corresponding to the SU(N)-generators T¢ witha = 1, ..., (N 2 _1). The vacua
are still determined by the solutions of the eigenvalue problem (23) with zero eigenvalue condition
1 T T 4
R? = 5 Z &y Edy+ U, EW, = constant = g?(,u4 + m%m%) (40)
i=1 2

The zero eigenvalue condition implies that the vacuum manifold is a $?V¥~!-sphere with radius R. This follows from the fact
that SU(N) acts on the 2N-dimensional space spanned by (<p10)i, (Xlo)i ,i = 1,..., N, with norm equal to R%. On this space
SU(N — 1) simply permutes the fields among themselves, hence acting as a stabilizer or isotropy subgroup. Thus, the vacuum
manifold corresponds to the coset SU(N)/SU(N — 1) = S§2N-1

As we discussed in detail in [39], we may utilize the symmetry of the Lagrangian to transform the vacua into convenient forms
without changing the eigenvalue spectrum of the mass matrix. Thus, using the elements 7 € SU(N)/SU(N — 1) C SU(N) , we
may transform the vacuum into the form

. . 2R 2
@) =0, wnggz(Z’g), fori =1,...,N, 41)
m
2

satisfying the constraint (40). Let us now use this SU(N)-symmetry breaking vacuum to calculate the mass of the gauge vector
boson. Taking the proper SU(NN)-algebra rather than the physicist’s version, as in the last subsection for SU(2), we also change
e — ie. Dropping here the kinetic term reported in (28) and considering only the relevant term in the Lagrangian we obtain

1 . .
= S AL A (TTP) (W), Tap (W0
2 H ij
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b g a2 w N amb
= Sea AR (1= 2 ) 3 (o) 42)

my )

2
We evaluate the last factor using the identity 7¢ TP = ﬁ&a plN+ % Ziv:fl (fabe +igabe)TC, where the g and fp. are completely

N (T j = TrT¢ = 0 due to the skew-Hermitian nature of

symmetric and anti-symmetric tensors, respectively. We note that ) ; =1

T¢ and Zyjzl(HN)ij = Trly = N. Thus, we can diagonalize [4, computing

R 5 w L.
from which we read off the masses m(ga) of the N? — 1 gauge vector bosons. We note that once again they vanish at the zero
exceptional points, but now for all SU(N)-models.

2.2 A SU(2)-symmetric model in adjoint representation

As we have demonstrated, the gauge vector boson becomes massive for the SU(N)-symmetric model in the CP7 -symmetric regime
and at the exceptional point when the fields are taken to be in the representation space of the fundamental representation. On the
other hand, the Higgs mechanism breaks down at the zero exceptional points. Remarkably, it still applies when the CP7T -symmetry
is broken, although in that regime other particles acquire complex masses so that the region is non-physical. Recall that the regions
in which the CP7 -symmetry holds are identified in Fig. 1.

Let us now see whether we encounter a similar behaviour when the fields are taken in adjoint representation. We consider here a
slightly different non-Hermitian SU(2)-invariant Lagrangian

1 1 2 2
L3 = STe(Dg1)? + S Tr(Dgo)” - %Tr(qb%) + %Tr(qs%) — il Tr(1 )
1
_ %[Tr(q&lz)]z — S Te(F2). (44)

where as in Eq. (4), we take g, u € R, m; € R or m; € iR, to be constants. The two complex scalar fields are expressed as
¢i = ¢fT% i =1,2and a = 1,2, 3, where the T* are the three SU(2)-generators in the adjoint representation that, up to a
factor of 2, satisfy the same algebra as the Pauli spin matrices, that is [T¢, T?] = ie..T¢. Hence, the adjoint representation is
(T pe = —i&apc, 1.€. to be explicit

00 0 0
T'=loo0 —-i], =] o0
0 i

0 i 0 —i 0
oo, =i 0 o], (45)
0 —i 00 0 0 0

such that Tre(79T?) = 289 and therefore Tr(¢?) = 2 Zgzl ¢?¢“. The SU(2)-symmetry in the adjoint representation for each
generator 7¢ is therefore

¢j — T x ¢ — asuc T, (46)
so that the infinitesimal changes to the fields ¢’ result to
8¢ = —aeapcdy - 47

We will utilize this expression below.
In more a compact form, the Lagrangian in (44) can be expressed equivalently as

Ead—D a4 pDHpe — aM_Z‘ a aE. ¢ z_lFa Fuva 48
5 =Du¢; @; @; ,J¢j gl o; t]¢j 4 ;w( )7 (4%)

where repeated indices are summed over the appropriate index sets Z, j, u, v € {1, 2} and a, b € {1, 2, 3}. The matrix M 2 is defined
as

2 2
my i
e (49)
i /LZ — m%
and E as in (12). The covariant derivative in the adjoint representation acting on a complex field takes on the form
(D) = 0,9 + ecape AL b5 (50)
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Pursuing here a pseudo-Hermitian approach we perform a similarity transformation on the Lagrangian in (48) with Dyson map
3 3
n:]_[ejfdxngq&g’ 51
a=1

that maps the complex Lagrangian L’gd to a real Lagrangian

2
B89 = (D, 1) Tij(D )" — ¢ Hij¢ — g(¢f1Eij¢?) , (52)
where the matrix H is defined as
2 ,,2
m
w1, (53
neomy

and 7 as in (12).

2.2.1 The SU(2)-symmetry preserving and breaking vacua

To find the different types of vacua ¢°, we need to solve again 8V = 0. The corresponding functional variation of the Lagrangian
in (52) leads to the three sets of equations

(H+2¢R*E)(¢°)" =0, a=1,2,3, (54)

with R? := ((b?)aEi 1 (qb?)a. Next to the trivial SU(2)-symmetry preserving solution (¢0)a = 0, a SU(2)-symmetry breaking

solution is obtained by requiring (¢0)a to become a vector in the null space of the matrix H +2gR%E, which is the case when

N, m?2 4 m2m?
() =22 "™ | ana R2=ETT (55)
my \ —p? 2gm;

where the N, are normalization constants. Given the solution in (55), the relation for R2 imposes the additional constraint R? =
N 12 + N22 + N32 on these constants. Expressing the Lie algebra valued vacuum field ¢? = (¢?)a T“ in the matrix form of the adjoint
representation (45), we obtain

0 —-N3 M 12
¢l=i[ N3 0 —Ni|. and ¢f=-"¢ (56)
—N, N 0 m;

We can now apply the SU(2)-symmetry to the vacuum state in the form
o =09 (9" (69)". (9", (60)". (69)’]: 57)

so that the infinitesimal changes §¢; (¢"*¢) with (47) and (55) yield the following states for each generator

oy

v? = F(Oa 07 N3m%s _N3M25 _sz%v N2:u’2)3 (58)
2
[2%)

v(2) = ?(—N3m%,N3,LL2,O, 0, Nlm%, —Nl/,Lz), (59)
2
a3

v = —5 (Nam3, —Nap?, =Nim3, Nipi?, 0,0), (60)
2

as solutions for ¢¥%°. Evidently, these states are linearly dependent as

3 Niv?

Zi:l m =0. 61)

According to Goldstone’s theorem, the states v? should be eigenvectors of the squared mass matrix with eigenvalue 0. As only
two of them are linearly independent we expect to find two massless Goldstone bosons, which in our gauged model correspond to
“would be Goldstone bosons”. Hence, the SU(2)-symmetry has been broken down to a U(1)-symmetry, so that the group theoretical
argument predicts two Goldstone bosons equal to the dimension of the coset SU(2)/U(1).
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2.2.2 The squared mass matrix
Expanding the Lagrangian in Eq. (48) about the vacuum solution gives
1
B = (Dugi)'Tij (D))" — S8 H ¢ + 2 D)) Ty (D" )" +(Dud?'Tij (D) + 0@, (62)

where the last two terms originate from expanding the covariant kinetic term. The Hessian matrix is then computed by differentiating
(54) once more

" bR
A = a9 2H;j +4gR2E;;6 + 8g(Ed)“)l.( ¢b)j, (63)
from which we obtain the non-Hermitian squared mass matrix as
M? = %IFI
¢\’HC
m? +2gR*+4gN? 2 4g NN, 0 4gN| N3 0
—u? — m% 0 0 0 0
_ 4gN1 N> 0 m% +2gR%+ 4gN22 u? 4g N> N3 0 64
- 0 0 — u? m3 0 0 64
4g N1 N3 0 4gN> N3 0 m?+2gR*+4gN? 2
0 0 0 0 —u? —m3

The entries in the rows and columns of M? are labelled as (¢11, qbzl, @2, qb%, @3, q&;) =: W, The six eigenvalues A of M? are then
computed to

4 4
Mmoo —my
2 9

Ar =k % \/2(u4 — m%m%) +K2, (65)
mj

M2=0; Aza=
with k = 3u* / Zm% — m% /2 — m% We can now verify that the three vectors v? in (58)—(60), corresponding to the infinitesimal
changes of the vacuum (55) under the action of the SU(2)-symmetry, are indeed vectors in the null space of M2. Due to their linear
dependence, we may choose two of them to be associated with the two massless “would be Goldstone bosons”.

We note that there are zero exceptional points at u* = mg when A3 4 = 0, and at u* = m%m% when either ._ = 0 or A, = 0.

The standard exceptional point for which the two eigenvalues A_ and A, coalesce occurs when m% =3u*/ Zm% + m% /2 pu?. The
Jordan normal form for the mass squared matrix becomes

2 2 _ 2
diagD, = (0, 22,0,22,0,22. A), 2t =2 —m3, A:(i“ my £@=plu ) (66)

w
m% 0 +pu? - m3
for some arbitrary constants « and §.

We notice that the eigenvalues in (65) do not depend on the choice of the three normalization constants N,, since all of these
vacua are equivalent as they are related by SU(2)-symmetry transformations. The physical regions of the model are determined by
the requirement that the eigenvalues are real and positive. Taking now account of the possibility that m; € R orm; € iR, by allowing
for different signs in front of the ml2 terms in setting ml2 — cimiz, we find that the model does not possess any physical region when
¢1 = ¢ = %1 and physical regions when ¢; = —cy = =1 as argued also in the previous section.

2.2.3 The would be Goldstone bosons

Let us now identify the two massless Goldstone bosons leg in the different P7 -regimes by the same procedure as previously
explained in [38, 39], with the difference that they will be made to vanish due to the presence of the gauge bosons. In terms of the
original scalar fields in the model we identify the Goldstone bosons by evaluating

YO8 = ST iUy U1, (67)

where the matrix U diagonalizes the squared mass matrix by U “IM2U = D with diagD = (A1, A2, A3, Aq, A—, Ay) and diagf =
{Z,7,7}. In the P7T -symmetric regime the similarity transformation U is well-defined by

U := (vi, v2, v3, v4, UV, Vy), (68)

where the v; are the eigenvectors of M2. Up to normalizations constants for each eigenvector, we obtain in our example the concrete
expressions

vi = [(m3 + Ai)Tin, —iin, (m3 + M) Tia, —iTia, (m3 + A) T3, —pP T3] (69)
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withtp =3 =1 =3 =0, 3 =T =741 = —T13 = —12 = N1, 21 = 741 = 742 = Ny and 711 = 131 = 743 = N3.
Defining a P7 -inner product as (a|b)p7 = alb , these vectors can be orthonormalized <v,~ [v f>7>7’ = §;;. Recall from the argument
after (21) that indeed v; = Zu;, so that (vi|UJ>PT = vilzuj = §;;. Here, we should stress that M? is only the analogue to a
Hamiltonian, and we are not attempting to construct an associated Hilbert space.

For convenience, we take now N1 = N, = 0, N3 = R and compute

243 243 242 242
m + 0 ms5Q7 + 1
2% ¢2, and yS° = 1291 ¢2.

4 4
mz_M4 mz_ﬂ4

Yt = (70)

We note that det U = Asiq(h— — A)ulR?, indicating the breakdown of these expressions at the exceptional points when A_ = A,
the zero exceptional point when A3 = A4 = 0 and at the trivial vacuum when R = 0, as previously observed in [38, 39]. However,
at the exceptional point we may still calculate the expressions for the Goldstone boson when taking into account that in this case,
the two eigenvectors v_ and v, become identical. In order to obtain two linearly independent eigenvectors when the squared mass
matrix is converted into its Jordan normal form, we multiply two entries of the vector v4 by some arbitrary constants o 7# S as
(v4)1 = a(vy)r and (v4)2 — B(v4)2. With this change the matrix U becomes invertible as det U = Az a(f — oc)(m% + I()le,bLGRz.
We may now evaluate the expression in (67) obtaining the same formulae for the Goldstone bosons as in (70). At the zero exceptional
point, it is not possible to identify the Goldstone in terms of the original fields in the model.

2.2.4 The mass of the vector gauge boson

Finally, we calculate the mass of the gauge vector bosons by expanding the minimal coupling term in equation (52) around the
symmetry breaking vacuum (57)

[Du(@ + "] Z[D (¢ +¢%)] = (D ") T(D ¢%) + - - -
=¢? I:SabcAZ (¢,0)C:|Iu ((%deAdM(‘p?)e) +--
- e2<A;A““(¢?)bL-,- (dz‘,?)b — AL AP (¢0) T (¢?)a> +oee (71)

where we used the standard identity €,pc8qd¢ = ObdSce — Speded- A convenient choice for the normalization constants N; that
is compatible with (55) and diagonalizes (71) is to set two constants to zero and the remaining one to R. For instance, taking
Ny = N =0, N3 = R, the only nonvanishing terms in (71) are

3
= (AL A+ 42 A7) (90)"Ti; (49) (72)
4
- e2R2(1 - %) (ALAM 4+ A2 A7), (73)

Thus for u* # m‘zt and R # 0, we obtain two massive vector gauge bosons mfg]) and mg), that is one for each “would be Goldstone
boson”. When p* = m%, that is then model is at the zero exceptional point of type I, the gauge mass vector bosons remain massless.
This feature is compatible with our previous observations in [38, 39] and above that at these points, the Goldstone bosons cannot be
identified.
We notice here that the two massive vector gauge bosons are proportional to the CPP7 -inner product of the symmetry-broken
vacuum solution
4
Mgguge & (00)cpr 0 VT ¢* o R2(1 - Z‘*) (74)
2
Hence, the vanishing of the mass for the vector gauge bosons at the two types of zero exceptional points can be associated to the
vanishing of the CP7 -inner product at these points. This is reminiscent of the vanishing of the CPP7 -inner product at the standard
exceptional points, which is responsible for interesting phenomena such as the stopping of light at these locations in the parameter
space [45, 46]. We note, however, a key difference between the two scenarios: While the CP7 -inner product in (74) is devised on
the eigenvector space of squared mass matrix, the latter is a CP7 -inner product on the Hilbert space.

3 Conclusions
Employing a pseudo-Hermitian approach, we found that the Higgs mechanism applies in the usual way in the CP7T-symmetric

regime by giving a mass to the vector gauge bosons and preventing Goldstone bosons to exist, which is also found in [37, 41]
using different approaches. As in [41], we also observed that in the spontaneously broken CP7 -symmetric regime, the vector gauge
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bosons become massive and the Higgs mechanism is intact. However, as in this regime, other particles acquire complex masses,
it has to be discarded as non-physical for that reason. Even though technically one needs to treat the standard exceptional point
differently from the other regimes, the main principle of the Higgs mechanism still holds up. In contrast to the finding in [41], we
observed that the Higgs mechanism breaks down at the zero exceptional points, which was also observed in [37]. We find the same
characteristic behaviour, i.e. the matching of the amounts of massive vector gauge bosons and “would be Goldstone bosons”, for
the complex scalar fields taken in the fundamental as well as in the adjoint representation. The vanishing of the mass for the vector
gauge bosons coincides with the vanishing of the CP7 -inner product on the eigenvector space of squared mass matrix.

Obviously, there are many interesting extensions to these investigations, such as for instance the treatment of models with a more
involved field content or different types of continuous symmetries.
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Appendix: Type I (standard) versus type II (zero) exceptional points

In this appendix, we present a discussion that illustrates the difference between the two types of exceptional points. The main
distinction in their behaviour is that a one-dimensional parameter space the P7 -symmetry is spontaneously broken on one side of
the type I (standard) exceptional point, whereas for type II (zero) exceptional point the P7 -symmetry is preserved on both sides.
The zero exceptional point occurs when two eigenvalues coalesce at zero, hence the name.

We consider here a (3 x 3)-matrix of a very generic form that occurs for instance as a building block of the squared mass matrix
in the model discussed in [39], see equation (3.48), therein,

A W 0
H=|-W B -V (75)
0o VvV -C

Here, we carry out the discussion for a Hamiltonian H, having in mind the analogy to the squared mass matrix. The determinant
is easily computed to det H = Ak — CW?, k := V? — BC. In order to obtain a zero eigenvalue, Ao = 0, we enforce now the
determinant to vanish by setting A = W2C /«. The other two eigenvalues then become

K(B—C)+CW?+1

Ay = 76
+ e (76)

with 7 = \[k2((B +C)2 — 4V2) + 2cW2(C(B + C) — 2V2) + C2W*,
The exceptional points are identified by simultaneously solving the two equations:

d
det(H —Al) =0, and ’h det(H — AI) =0, (a7

for W and A, obtaining the two sets of eigenvalues

e RE— KV C3+BV? —2CV?

f="—"(F =0 and A =2=0,20 = g (78)
for the critical parameters
We=2 and WO=i-, (79)
C K
respectively. We abbreviated & := j:\/ i(k+V2—C2) £ 232V and & := +/V2 — C2. The first set of eigenvalues in (78)
correspond to the standard exceptional point and the second set to the zero exceptional point.
Next, we calculate the bi-orthonormal basis from the normalized left and right eigenvectors u;, v;, i = 0, &£, respectively, for H
1 1
v = —=(—k, CW, VW), —=(W(&? = Cha), k(C +12), Vi), uj = U, (80)

v+ =
/Ny /Nt

with U = diag(1, —1, 1) and normalization constants Ny = K2+ W2, Ny = V2 + W2 [VE— C(C+ )\i)]2 —(C+ Ai)2/c2. By
construction, these vectors satisfy the orthonormality relation u; - v; = §;;.
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We observe now that at the standard exceptional point the two eigenvectors for the non-normalized (N+ become zero at the
exceptional points) eigenvalues 1% coalesce, which distinguishes exceptional points from standard degeneracy. The left and right
eigenvectors become in this case

vy = (k, Vil —k,CVk), vy =(=Ck,Cik, Vi), (81)

Ve = (R, = Vi, CJk), 5! = (=Ck, —Ck, Vi), (82)
with

vt vy =0, and of - of" = CP (k- k) + V2 (83)

Similarly, at the zero exceptional point, the eigenvectors for the eigenvalues Ao and A2 coalesce, which qualifies this point also to
be called “exceptional” in the standard terminology. In this case, the left and right eigenvectors become

W) = (Vi iVR(C = B), i), " =" = (ik,C, V), (84)
v = (Vi,iVR(B - C),ik%), W =" = (ik, —C, V), (85)

with
el v = (CP+ BV —20V2)?, and %1007 =0, (86)

In order to understand the key difference between these two types of exceptional points, we consider at first the eigenvalues (76)
near the critical values in (79). Concerning the standard exceptional points, we note that the two eigenvalues become identical when
T — 0. Thus, writing 7/C? = (W2 — (W¢)?)(W? — W), with W being the second root of the polynomial in W2 under the square
root, it is now clear that if we consider the eigenvalues as functions of W2 the argument of the square root has different signs for
W2 = (W92 + e and W2 = (W°)? — €. Hence, the eigenvalues are real on one side of the exceptional point in the Wz-parameter
space and complex on the other. In contrast, none of the eigenvalues becomes complex in the neighbourhood of the critical value
wo.

For completion, we also report the Dyson map and hence the metric operator for which the same behaviour may be observed.
Using the operator that diagonalizes the non-Hermitian Hamiltonian H

n=@o vs,v_),  p=n1', (87)
with determinant
Vi
detn = —————(h_ — Ak + W2RD), 88
n m( +)( ) (38)

we verify the pseudo- and quasi-Hermiticity relations
n'Hn=h=h", pH=Hp. (89)

We observe that the map breaks down at both exceptional points, i.e. det = 0 for the critical values W¢ and W9, and on one side
of the standard exceptional point. In all other regions of the parameter space, it holds. Thus, we find the same behaviour as already
observed for the analysis of the eigenvalues.
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