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Abstract

Bivariate survival outcomes arise frequently in applied studies where the occurrence of two events of interest are

associated. Often the exact event times are unknown due to censoring which can manifest in various forms. A general

and flexible copula regression model that can handle bivariate survival data subject to various censoring mechanisms,

which include a mixture of uncensored, left-, right-, and interval-censored data, is proposed. The proposal permits to

specify all model parameters as flexible functions of covariate effects, flexibly model the baseline survival functions

by means of monotonic P-splines, characterise the marginals via transformations of the survival functions which

yield, e.g., the proportional hazards and odds models as special cases, and model the dependence between events

using a wide variety of copulae. The algorithm is based on a computationally efficient and stable penalised maximum

likelihood estimation approach with integrated automatic multiple smoothing parameter selection. The proposed

model is evaluated in a simulation study and illustrated using data from the Age-Related Eye Disease Study. The

modelling framework has been incorporated in the newly-revised R package GJRM, hence allowing any user to fit the

desired model(s) and produce easy-to-interpret numerical and visual summaries.

Keywords: Additive predictor, Bivariate survival data, Copula, Link function, Mixed censoring scheme,

Simultaneous penalised parameter estimation.

1. Introduction

Bivariate survival outcomes arise frequently in many research areas such as health and epidemiology. For example,

bivariate survival data are often used in clinical trials studying diseases concerning paired organs, where the outcomes

of interest are measured on the same individual and as a consequence are associated. The main feature of survival

data is censoring. For instance, bivariate interval censoring occurs when the events are not precisely observed due to5

intermittent assessment times and are indeed only known to belong to intervals. When individuals do not experience

the two events at their last assessment times, the event statuses are undefined (bivariate right censoring). If some
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individuals have already experienced both events at the times they enter the study then the data are bivariate left-

censored. Sometimes various types of censoring arise simultaneously. This would be the case when, e.g., a disease

occurs in one of the paired organs between two consecutive visits and the condition does not occur in the other organ10

by the end of the study. The aim of this paper is to introduce a flexible regression modelling framework that can

handle bivariate survival data under any censoring mechanisms.

Several approaches for modelling bivariate censored data have been proposed. The literature is vast and here

we mention a handful of works. Some of them are based on the frailty technique (e.g., Chen et al., 2009, 2014;

Martins et al., 2019; Wen & Chen, 2013; Wang et al., 2015; Zhou et al., 2017; Zeng et al., 2017). Others, based on15

copule and hence more relevant to this paper, are Barthel et al. (2018), Cook & Tolusso (2009), Hu et al. (2017),

Kwon et al. (2021), Lo et al. (2020), Marra & Radice (2020), Romeo et al. (2018), Sujica & Van Keilegom (2018),

Sun & Ding (2021a) and Wang et al. (2008). These works are not as general and versatile as our proposal. In fact,

our modelling framework allows for: a) any bivariate combination of censoring types, whether left-, right-, interval-,

or non-censored; b) the exploration of a wide array of dependence structures via copulae; c) all model parameters20

to be specified as functions of flexible covariate effects via the penalised regression spline methodology (e.g., Wood,

2017); d) the margins of the copula to be modeled via transformations of the survival functions, which give rise to

link-based models with the proportional hazards and odds models being particular cases (e.g., Liu et al., 2018); e)

the baseline survival functions to be modeled by means of monotonic P-splines which are theoretically advantageous

and computationally tractable (e.g., Pya & Wood, 2015). There are currently no such models (and related fitting25

procedures) available in the literature nor software implementations.

Despite the proposed model is complex in that it allows for many layers of structure, there is no price to pay

in terms of usability and interpretability. In fact, the model has been incorporated in the newly-revised software

package GJRM (Marra & Radice, 2022), written for the programming language R (R Development Core Team, 2022),

which significantly eases the use of the framework. An additional benefit is that post estimation functions have been30

extended and integrated within GJRM to allow any user to produce interpretable results. Parameter estimation relies on

an extension of the stable and fast algorithm presented in Marra & Radice (2020) which is based on a simultaneous

penalised maximum likelihood approach with integrated automatic multiple smoothing parameter selection. The

proposed model together with fast and reliable software implementation represents a significant advance in modelling

bivariate survival data. An interesting feature of the proposal is that it is very flexible and at the same time parametric.35

Sir David R. Cox, among others, has encouraged the broader use of parametric models for empirical modelling (e.g.,

Reid, 1994). In that spirit, our modelling framework enables a large amount of exploration via many and diverse

functional structures which may help to uncover new patterns and trends in the data.

The potential of the approach is illustrated via a simulation study as well as using data from the Age-Related

Eye Disease Study (AREDS), a multi-center randomised clinical trial exploring the development and progression of40

age-related macular degeneration (AMD), sponsored by the National Eye Institute (Group, 1999). The analysis aims

2



to quantify the effect of clinical risk factors on the joint risks of AMD progression as well as to predict the progression

profiles of AMD patients with different characteristics.

The article is organised as follows. Section 2 discusses various details of the proposed model. Section 3 introduces

the model log-likelihood and explains how parameter estimation, whereas Section 4 shows some inferential results. In45

Section 5, data from the AREDS are analysed and the main findings presented. Section 6 concludes the paper with a

discussion. The On-line Supplementary Material provides more details on the log-likelihood construction, reports the

analytical expressions for the score and Hessian matrix, discusses the findings of a simulation study, and illustrates

the use of GJRM on the AREDS data.

2. The Model50

Let us consider the pair of survival times (T1i, T2i), a vector of covariates xi, for i = 1, 2, . . . , n where n represents

the sample size, and a generic parameter vector δ ∈ R
W of dimension W . We assume that T1i and T2i have marginal

survival functions written as Sv(tvi|xvi;βv) = P (Tvi > tvi|xvi;βv) ∈ (0, 1), for v = 1, 2, and a joint survival

function expressed as S(t1i, t2i|xi; δ) = P (T1i > t1i, T2i > t2i|xi; δ). The survival times are linked via a copula as

follows

S(t1i, t2i|xi; δ) = C (S1(t1i|x1i;β1), S2(t2i|x2i;β2);m {η3i(x3i;β3)}) ,

where δT = (βT

1 ,β
T

2 ,β
T

3 ), x1i, x2i and x3i are vectors of covariates, which can be sub-vectors of or equal to xi, with

associated coefficient vectors β1 ∈ R
W1 , β2 ∈ R

W2 and β3 ∈ R
W3 , W = W1 + W2 + W3, C : (0, 1)2 → (0, 1)

is a uniquely defined 2-dimensional copula function with coefficient θi = m {η3i(x3i;β3)} modelling the potentially

varying dependence of (T1i, T2i) across observations, η3i(x3i;β3) ∈ R is a predictor which includes generic addi-

tive covariate effects, and m is a monotonic and differentiable one-to-one transformation function ensuring that the55

restriction on the space of the parameter being considered is not violated. A similar specification has been previously

adopted; see, e.g., Emura et al. (2021), Geerdens et al. (2018) and Marra & Radice (2020). The copulae implemented

in GJRM are reported in Table 1, which also shows the relation between θ and the Kendall’s τ ∈ [−1, 1]. If a cop-

ula can only account for positive dependence (e.g., Gumbel) then its counter-clockwise rotated versions can also be

obtained (Brechmann & Schepsmeier, 2013).60

The marginal survival functions can be written as

gv [S(tvi|xvi;β)] = ηvi(tvi, xvi; fv(βv)), (1)

where gv : (0, 1) → R is a monotone and twice continuously differentiable link function with bounded derivatives,

ηvi(tvi, xvi; fv(βv)) ∈ R is an additive predictor which models the baseline hazard and several types of covariate

effects, and fv(βv) has the role of imposing a monotonicity constraint when evaluating the baseline function of

time contained in the additive predictor (see the next section). Equation (1) can also be written as S(tvi|xvi;βv) =
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Table 1: Definition of the copulae implemented in the R package GJRM, with corresponding parameter range of association parameter θ, one-to-

one transformation function of θ, relation between Kendall’s τ and θ, and range of τ . Φ2(·, ·; θ) denotes the cumulative distribution function

(cdf) of the standard bivariate normal distribution with correlation coefficient θ, and Φ(·) the cdf of the univariate standard normal distribution.

t2,ζ(·, ·; ζ, θ) indicates the cdf of the standard bivariate Student-t distribution with correlation θ and fixed ζ ∈ (2,∞) degrees of freedom, and

tζ(·) denotes the cdf of the univariate Student-t distribution with ζ degrees of freedom. A(t) = 1 −
[

t−θ + (1− t)−θ
]

−
1
θ is the Pickands

dependence function of the Galambos copula. D1(θ) = 1
θ

∫ θ
0

t
exp(t)−1

dt is the Debye function and D2(θ) =
∫ 1
0 t log(t)(1 − t)

2(1−θ)
θ dt.

Quantities Q and R are given by 1+(θ−1)(u1+u2) and Q2−4θ(θ−1)u1u2, respectively. The Kendall’s τ for "PL" is computed numerically

since no analytical expression is available. Argument BivD of gjrm() in GJRM allows the user to employ the desired copula and can be set to any

of the values within brackets next to the copula names in the first column; for example, BivD = "C0". For Clayton, Galambos, Gumbel and Joe,

the number after the capital letter indicates the degree of rotation required: the possible values are 0, 90, 180 and 270. The rotations are defined

as C90(u1, u2; θ) = u2 −C(1−u1, u2), C180(u1, u2; θ) = u1 +u2 −1+C(1−u1, 1−u2) and C270(u1, u2; θ) = u1 −C(u1, 1−u2).

Copula C(u1, u2; θ) Range of θ Transf.of θ Kendall’s τ Range of τ

AMH ("AMH")
u1u2

1−θ(1−u1)(1−u2)
[−1, 1] tanh−1(θ)

− 2
3θ2

{

θ + (1− θ)2

log(1− θ)}+ 1
[−0.1817, 1/3]

Clayton ("C0")
(

u−θ
1 + u−θ

2 − 1
)

−1/θ
(0,∞) log(θ) θ

θ+2
(0, 1]

FGM ("FGM") u1u2 {1 + θ(1− u1)(1− u2)} [−1, 1] tanh−1(θ) 2
9
θ [−2/9, 2/9]

Frank ("F")
−θ−1 log {1 + (exp {−θu1} − 1)
(exp {−θu2} − 1)/(exp {−θ} − 1)} R\ {0} − 1− 4

θ
[1−D1(θ)] (−1, 1)\ {0}

Galambos ("GAL")
u1u2 exp

[{

(− log u1)−θ

+(− log u2)−θ
}

−1/θ
] (0,∞) log(θ)

∫ 1
0

t(1−t)
A(t)

A′′(t)dt (0, 1]

Gaussian ("N") Φ2

(

Φ−1(u1),Φ−1(u2); θ
)

[−1, 1] tanh−1(θ) 2
π
arcsin(θ) [−1, 1]

Gumbel ("G0")
exp

[

−
{

(− log u1)θ

+(− log u2)θ
}1/θ

] [1,∞) log(θ − 1) 1− 1
θ

[0, 1]

Joe ("J0")
1−

{

(1− u1)θ + (1− u2)θ

−(1− u1)θ(1− u2)θ
}1/θ (1,∞) log(θ − 1) 1 + 4

θ2
D2(θ) (0, 1]

Plackett ("PL")
(

Q−
√
R
)

/ {2(θ − 1)} (0,∞) log(θ) − (−1, 1]

Student’s t ("T") t2,ζ

(

t−1
ζ (u1), t

−1
ζ (u2); ζ, θ

)

[−1, 1] tanh−1(θ) 2
π
arcsin(θ) [−1, 1]

Gv {ηvi(tvi, xvi; fv(βv))}, where Gv is an inverse link function. The cumulative hazard and hazard functions are

defined as Hv(tvi|xvi;βv) = − log [Gv {ηvi(tvi, xvi; fv(βv))}], and

hv(tvi|xvi;βv) = −
G′

v {ηvi(tvi, xvi; fv(βv))}

Gv {ηvi(tvi, xvi; f(βv))}

∂ηvi(tvi, xvi; fv(βv))

∂tvi
, (2)

respectively, where G′

v {ηvi(tvi, xvi; fv(βv))} = ∂Gv {ηvi(tvi, xvi; fv(βv))} /∂ηvi(tvi, xvi; fv(βv)). Table 2 dis-

plays the functions g, G and G′ implemented in GJRM.

Table 2: Link functions implemented in GJRM. Φ and φ are the cumulative distribution and density functions of a univariate standard normal

distribution.
Model Link g(S) Inverse link g−1(η) = G(η) G′(η)
Prop. hazards ("PH") log {− log(S)} exp {− exp(η)} −G(η) exp(η)

Prop. odds ("PO") − log
(

S
1−S

)

exp(−η)
1+exp(−η)

−G2(η) exp(−η)

probit ("probit") −Φ−1(S) Φ(−η) −φ(−η)

2.1. Predictor specification

The key difference between ηvi(tvi, xvi; fv(βv)), for v = 1, 2, and η3i(x3i;β3), where in the latter f3 is the

identity vector function, is that the two former predictors must include smooth functions of times tvi which can65

be treated as regressors. In fact, the construction of the design matrices for the three additive predictors follows

the same philosophy. We, therefore, consider a generic ηνi (ν = 1, 2, 3), where the dependence on the covariates
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and parameters is momentarily dropped, an overall covariate vector zνi containing xνi and tνi when ν = 1, 2, and

z3i = x3i. For simplicity, the dimensions of z1i and z2i are assumed to be W1 and W2.

An additive predictor can be defined as

ηνi = βν0 +

Kν
∑

kν=1

sνkν
(zνkνi), i = 1, . . . , n, (3)

where βν0 ∈ R is an overall intercept, zνkνi denotes the kthν sub-vector of the complete vector zνi and the Kν

functions sνkν
(zνkν i) represent generic effects which are chosen according to the type of covariate(s) considered.

Each sνkν
(zνkνi) can be represented as a linear combination of Jνkν

basis functions bνkνjνkν
(zνkνi) and regression

coefficients fνkνjνkν
(βνkνjνkν

) ∈ R, that is (e.g., Wood, 2017)

Jνkν
∑

jνkν
=1

fνkνjνkν
(βνkνjνkν

)bνkνjνkν
(zνkν i). (4)

The above formulation implies that the vector of evaluations {sνkν
(zνkν1), . . . , sνkν

(zνkνn)}
T

can be written as

Zνkν
fνkν

(βνkν
) with fνkν

(βνkν
) = (fνkν1(βνkν1), . . . , fνkνJνkν

(βνkνJνkν
))T and design matrix Zνkν

[i, jνkν
] =

bνkνjνkν
(zνkνi). Therefore, equation (3) can be written as

ην = βν01n + Zν1fν1(βν1) + . . .+ ZνKν
fνKν

(βνKν
), (5)

where 1n is an n-dimensional vector made up of ones, or in a more compact way as ην = Zνfν(βν), where Zν =70

(1n,Zν1, . . . ,ZνKν
) and fν(βν) = (βν0, fν1(βν1)

T, . . . , fνKν
(βT

νKν
))T. Note that smooth functions are subject to

centering identifiability constraints (Wood, 2017). Each βνk has an associated quadratic penalty λνkν
βT

νkν
Dνkν

βνkν

which has to be used during model fitting to enforce specific properties on the kthν function, such as smoothness.

Smoothing parameter λνkν
∈ [0,∞) controls the trade-off between fit and smoothness, whereas Dνkν

only depends

on the choice of the basis functions. The overall penalty can be defined as βT

ν Dνβν , where Dν = diag(0, λν1Dν1, . . . ,75

λνKν
DνKν). The above formulation allows for many types of flexible covariate effects (e.g., non-linear, random,

spatial, interactions). In fact, several definitions of basis functions and penalty terms are supported in GJRM which

are based on Wood (2017). The time effects are instead modelled using the monotonic P-spline approach which

will guarantee that the estimated survival functions are monotonically decreasing or equivalently that the hazard

functions are positive. Specifically, using a slightly simplified notation, let sv(tvi) =
∑Jv

jv=1 fvjv (βvjv )bvjv (tvi),80

where the bvjv are B-spline basis functions of at least second order built over the interval [a, b], based on equally

spaced knots, and the fvjv (βvjv ) are spline coefficients. A sufficient condition for s′v(tvi) ≥ 0 over [a, b] is that

fvjv (βvjv ) ≥ fvjv (βvjv−1), ∀j (e.g., Leitenstorfer & Tutz, 2006). Such condition can be imposed by re-parametrising

the spline coefficient vector so that fv(βv) = Σv {βv1, exp(βv2), . . . , exp(βvJv
)}T and Σv[ιv1, ιv2] = 0 if ιv1 < ιv2
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and Σv[ιv1, ιv2] = 1 if ιv1 ≥ ιv2, with ιv1 and ιv2 denoting the row and column entries of the respective matrix.85

When setting up the penalty term we penalise the squared differences between adjacent βvjv , starting from βv2, using

Dv = D∗T

v D∗

v where D∗

v is a (Jv − 2)× Jv matrix made up of zeros except that D∗

v[ιv, ιv + 1] = −D∗

v[ιv, ιv + 2] = 1

for ιv = 1, ..., Jv−2 (Pya & Wood, 2015). Matrix Σv can be absorbed into Zv . An alternative approach to modelling

baseline hazards in the copula context is provided by Kwon et al. (2021) who adopted M-splines.

2.2. Remarks90

When working with interval-censored observations, the model set up needs to account for the information con-

tained in the lower and upper bounds of the censoring intervals. Therefore, for each margin, two distinct design

matrices (based on the two bounds) and hence additive predictors are required. The covariates and parameter vector

βv used in their construction will be the same.

In equation (2), ∂ηvi(tvi, xvi; fv(βv))/∂tvi is required. Based on the results of the previous paragraph,95

ηvi(tvi, xvi; fv(βv)) can be written as Zvi(tvi, xvi)
Tfv(βv) which means that the quantity of interest can be calcu-

lated as lim
ε→0

{

Zvi(tvi+ε,xvi)−Zvi(tvi−ε,xvi)
2ε

}T

fv(βv) = Z′T

vifv(βv), where Z′

vi can be conveniently obtained by finite

differencing.

Formulation (4) requires a value for Jνkν
. This is especially relevant when modelling the effects of continuous

covariates. As explained by Vatter & Chavez-Demoulin (2015), among others, all that is required is to set Jνkν
to100

an arbitrary value that allows for enough flexibility in estimating the related smooth term; penalisation during model

fitting will then ensure that a good balance between fit and parsimony is achieved.

The general model formulation introduced in the previous two sections yields the proportional hazards and odds

models as special cases; for details on this, we refer the reader to, e.g., Liu et al. (2018) whose developments are based

on the same conceptual survival modelling framework adopted here. Other important benefits are that quantities such105

as hv(tvi|xvi;βv) can be directly obtained without the need for numerical integration, and that time-dependent effects

can be easily incorporated in the model via terms like svkv
(tvi)xvkvi.

3. Parameter Estimation

Let Tvi denote the true event time, for v = 1, 2. In the case of censoring, Tvi is only known to lie within the

interval (Lvi, Rvi), where Lvi and Rvi represent left and right censoring times. If Lvi = 0 then the ith observation110

for the v margin is defined as left-censored. When Rvi = ∞, the observation is classified as right-censored. If Lvi and

Rvi take on finite distinct non-zero values then the observation is interval-censored. Exact observations relate to the

case Lvi = Rvi. Since we are dealing with a bivariate response, there will be sixteen possible censoring combinations

to account for; these can be characterised through the indicator functions γIvi
and γUvi

, where γIvi
takes value 1 if

the ith observation is interval-, right- or left-censored and 0 otherwise. Similarly, γUvi
is 1 if the ith observation is115

uncensored and 0 otherwise.
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ℓ(δ) = γU1i
γU2i

n
∑

i=1

log f(t1i, t2i) + γI1iγI2i

n
∑

i=1

logP (T1i ∈ (l1i, r1i], T2i ∈ (l2i, r2i])

+ γU1i
γI1i

n
∑

i=1

log

[

r2i
∫

l21

f(t1i, y)dy

]

+ γI1iγU1i

n
∑

i=1

log

[

r1i
∫

l1i

f(y, t2i)dy

]

= γU1i
γU2i

n
∑

i=1

log

[

∂2

∂t1i∂t2i
C {G1(η1i(t1i)), G2(η2i(t2i)); θi}

]

+ γI1iγI2i

n
∑

i=1

log

[

C{G1(η1i(l1i)), G2(η2i(l2i)); θi} − C{G1(η1i(l1i)), G2(η2i(r2i)); θi}

− C{G1(η1i(r1i)), G2(η2i(l2i)); θi}+ C{G1(η1i(r1i)), G2(η2i(r2i)); θi}

]

+ γU1i
γI1i

n
∑

i=1

log

[

∂

∂t1i

(

C{G1(η1i(t1i)), G2(η2i(r2i)); θi} − C{G1(η1i(t1i)), G2(η2i(l2i)); θi}

)]

+ γI1iγU1i

n
∑

i=1

log

[

∂

∂t2i

(

C{G1(η1i(r1i)), G2(η2i(t2i)); θi} − C{G1(η1i(l1i)), G2(η2i(t2i)); θi}

)]

.

The case of interval censoring incorporates both right and left censoring. So, if the ith observation for the v margin

is right-censored then rvi = ∞. If it is left-censored then lvi = 0. The terms of the above log-likelihood have been

derived as follows:

• T1i uncensored and T2i uncensored (in this case, t1i = r1i = l1i and t2i = r2i = l2i):

f(t1i, t2i) =
∂2

∂t1i∂t2i
F (t1i, t2i) =

∂2

∂t1i∂t2i
[1− S(t1i)− S(t2i) + S(t1i, t2i)]

=
∂2

∂t1i∂t2i
C{G1(η1i(t1i)), G2(η2i(t2i)); θi}.

• T1i interval-censored and T2i interval-censored:

P (l1i < T1i < r1i, l2i < T2i < r2i) = P (T1i < r1i, T2i < r2i)− P (T1i < l1i, T2i < r2i)

− P (T1i < r1i, T2i < l2i) + P (T1i < l1i, T2i < l2i)

= F (r1i, r2i)− F (l1i, r2i)− F (r1i, l2i) + F (l1i, l2i)

= S(l1i, l2i)− S(l1i, r2i)− S(r1i, l2i) + S(r1i, r2i)

= C{G1(η1i(l1i)), G2(η2i(l2i)); θi} − C{G1(η1i(l1i)), G2(η2i(r2i)); θi}

− C{G1(η1i(r1i)), G2(η2i(l2i)); θi}+ C{G1(η1i(r1i)), G2(η2i(r2i)); θi}.

Recall that, using the above formulation, all scenarios deriving from any combination of right-, left- and120

interval-censored bivariate outcomes can be produced.
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• T1i uncensored and T2i interval-censored (the “swapped” case can be trivially derived by switching the sub-

scripts where required):

r2i
∫

l2i

f(t1i, y)dy =

r2i
∫

0

f(t1i, y)dy −

l2i
∫

0

f(t1i, y)dy =
∂

∂t1i
F (t1i, r2i)−

∂

∂t1i
F (t1i, l2i)

=
∂

∂t1i
[1− S1(t1i)− S2(r2i) + S(t1i, r2i)]−

∂

∂t1i
[1− S1(t1i)− S2(l2i) + S(t1i, l2i)]

=
∂

∂t1i
[C{G1(η1i(t1i)), G2(η2i(r2i)); θi} − C{G1(η1i(t1i)), G2(η2i(l2i)); θi}] .

As above, the right- and left-censored cases can be easily worked out.

The reader is referred to Supplementary Material-Section A for the more explicit version of the log-likelihood. As

explained in Section 2.1, quadratic penalties have to be employed during model fitting to calibrate the trade-off

between fit and smoothness. Therefore, we maximise

ℓp(δ) = ℓ(δ)−
1

2
δTSδ, (6)

where ℓp is the penalised log-likelihood, S = diag(D1,D2,D3), D1, D2 and D3 are overall penalties that take the

form specified in Section 2.1 and which contain include λ1, λ2 and λ3 , and λν = (λν1, . . . , λνKν
)T. The smoothing

parameters can be collected in the vector λ = (λT

1 ,λ
T

2 ,λ
T

3 )
T.125

Model fitting is challenging in this context because of the non-linear dependence of fv(βv) on βv , the requirement

of estimating λ in a data driven manner, and the need for providing a stable and fast implementation that is compu-

tationally solid and practically usable. To this end, we employ the stable and fast trust region algorithm presented in

Marra & Radice (2020) which is based on a simultaneous penalised maximum likelihood approach with integrated

automatic multiple smoothing parameter selection. A major challenge with the implementation of such algorithm is130

that the analytical score vector and Hessian matrix of ℓ(δ) are required. Given the generality and complexity of the

model, deriving such quantities has been a rather tedious and time-consuming task; these are given in Sections B

and C of the Supplementary Material, and have been thoroughly checked and verified numerically. Starting values

for the marginal survival models are obtained by combining the use of the shape constrained smoothing approach

of Pya & Wood (2015) with the procedure detailed in Liu et al. (2018). An initial value for the copula parameter is135

worked out by using a transformation of the empirical τ between the responses. The simulation study in Supple-

mentary Material-Section D supports the empirical effectiveness of the estimation framework. Briefly, several sample

sizes (n = 300, 1000, 1500 and 2000) are considered as well as both mild (62.86% and 44.98%) and high (84.82%

and 77.13%) censoring levels. Overall, the modelling framework performs consistently well, even for the lowest

sample size. The parametric effects and smooth effects were properly recovered in all of the scenarios considered,140

exhibiting both low bias and RMSE. The estimation of the quantities related to the copula dependence parameter is
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more challenging and shows some bias when compared to the other model parameters, although performance is still

deemed satisfactory. As expected, parameter estimation is more difficult in the presence of high censoring, due to

the loss of information implied by censoring itself. Note, however, that both of these challenging settings improve

markedly as the sample size increases.145

The number of parameters in the model can be quantified using the notion of number of effective degrees of

freedom (edf ). The edf for a model containing only unpenalised terms would clearly be equal to W , whereas that for

a penalised model can be written as W −ζ, where ζ = tr
{

(−H + S)
−1

S
}

and H is the Hessian matrix. This shows

the role that λ (contained in S) plays in determining the model edf , which indeed is a value in the range [W − ζ,W ].

The definition of the edf of a single smooth or penalised term follows the same logic and has a value smaller than or150

equal to Jνkν
.

4. Inference

Inferential results can be borrowed from known theory for general penalised likelihood-based models. Specifi-

cally, at convergence, reliable confidence intervals for any linear or non-linear function of δ are obtained by exploiting

the Bayesian large sample approximation (e.g., Wahba, 1983; Wood et al., 2016)

δ
·

∼ N (δ̂,Vδ), (7)

where δ̂ = argmax
δ

ℓp(δ) and Vδ = (−H(δ̂) + S)−1.

Employing the Bayesian framework for penalised models implicitly assumes that overly complex models are

less likely than simpler or smoother ones; this translates into the prior specification fδ ∝ exp
(

−1/2δTSδ
)

. As155

elaborated by Wood (2017, Section 6.10, see also references therein), the Bayesian covariance matrix gives close to

across-the-function frequentist coverage probabilities since it includes both the bias and variance components in a

frequentist sense. Intervals for nonlinear functions of δ can be conveniently obtained via posterior simulation (see,

e.g., Marra & Radice (2020) for an example. P-values for the terms in the model can be reliably obtained by using the

results summarised in Wood (2017, Section 6.12) which are based on Vδ . Note that for the parametric (unpenalised)160

terms in the model, the corresponding entries in S (contained in Vδ) are equal to zero. This would be equivalent to

using the classical frequentist result, based on −H(δ̂), for such terms.

5. Application to AREDS data

The proposed approach is applied to a dataset from the AREDS available through the R package CopulaCenR

(Sun & Ding, 2021b), which includes 629 Caucasian participants. The event of interest is the progression to late-165

AMD disease, which is the most common cause of blindness in developed countries (Swaroop et al., 2009). Due

to intermittent assessment times (every 6 months up to the first 6 years and every 1 year thereafter), the exact time
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when each eye progressed to late-AMD is only known to lie in a certain interval. More specifically, less than half of

the subjects developed late-AMD in both eyes (bivariate interval-censored); around 20% of the subjects developed

late-AMD in one eye and did not develop late-AMD in the other eye before the end of the study (mixed interval- and170

right-censored); more than one third of the subjects did not develop late-AMD in both eyes (bivariate right-censored).

The dataset contains three covariates potentially related with AMD progression: SevScaleBL for baseline AMD

severity score (a factor variable with values between 4 and 8 with a higher value indicating more severe AMD),

ENROLLAGE for baseline age (a numeric variable), and rs2284665 for a genetic variant (a factor variable with

levels 0, 1 and 2 which represent GG, GT and TT, respectively).175

For the marginal equations, the smooth functions of ENROLLAGE and the time variables were represented using

penalised thin plate regression splines with second order penalty (Wood, 2017) and monotonic penalised B-splines

(see Section 2.1), respectively. The number of bases used for each smooth was 10; increasing this value did not lead

to visible changes in the estimated curves. The remaining variables entered the predictors of the marginals linearly.

All link functions shown in Table 2 were considered in the modelling. For both margins, PO was found to yield the180

smallest AIC and BIC. As for the copula, we started off with the Gaussian and then, based on the (negative or positive)

sign of the dependence, we tried out alternative specifications that were consistent with this initial finding. Using a

2.60-GHz Intel(R) Core(TM) computer running Windows 10, the average computing time to fit a model was about 9

seconds and the length of the model parameter vector was 43. Using the AIC and BIC, where, in their construction,

the model edf was used in place of the number of model parameters, the chosen model is based on the Plackett185

copula with PO margins. The R code used to fit the models, and to produce all the numerical and visual summaries

commented below can be found in Supplementary Material-Section E. Using the second and third best copulae did

not change the conclusions of the analysis.

Table 3: AREDS data. Parameters estimates, standard errors and p-values obtained from fitting the model using gjrm().

Left Eye Right Eye

Parametric Eff. Estimate (Std.error) Pr(> |z|) Estimate (Std.error) Pr(> |z|)
(Intercept) -18.0368(4.39) 4.09e-05 -33.2811 (10.89) 0.002246

ENROLLAGE - - 0.0364 (0.01) 0.011592

SevScale5 0.6707 (0.24) 0.00556 0.8187 (0.25) 0.001365

SevScale6 1.0049 (0.22) 6.90e-06 1.2957 (0.23) 4.81e-07

SevScale7 1.9255 (0.23) < 2e-16 2.4270 (0.25) < 2e-16

SevScale8 2.8208 (0.31) < 2e-16 3.2793 (0.32) < 2e-16

rs22846651 0.3269 (0.16) 0.04966 0.4589 (0.16) 0.006467

rs22846652 0.6058 (0.23) 0.00927 0.7874 (0.22) 0.000481

All coefficients in the two model marginal equations as well as the dependence parameter are significant (see Table

3). The estimated regression coefficients of SevScaleBL, which are 0.67, 1.00, 1.93, 2.82 in the equation for the190

left eye and 0.82, 1.21, 2.43, 3.28 in that for the right eye, imply, as expected, that the subjects with higher baseline

AMD severity score have a higher risk than the subjects with lower baseline AMD severity score. As for the genetic

variant, rs2284665, the estimated parameters are 0.33 and 0.61 for the left eye equation, and 0.46 and 0.79 for the
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right one. This is consistent with the interpretation that participants with TT genotype group have the highest risk of

developing the disease, followed by participants with GT genotype group.195

Figure 1 shows the estimated functional forms for the effect of ENROLLAGE and times of the selected model.

Note that the smooth function for ENROLLAGE in the second equation has not been reported as the effect was linear

(edf = 1), which indeed indicates that there is a constantly increasing risk associated with age. As for the first

equation, the estimated smooth function confirms this increasing trend. Also, since there are few subjects who are

younger than 60 and older than 80, the point-wise intervals are larger at lower and higher age values. The plots for200

the time variables exhibit increasing monotonic trends, suggesting again that the risk increases with time.
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Figure 1: AREDS data. Baseline risks and smoothed effect of baseline age (ENROLLAGE), for the first equation only. 95% point-wise intervals

are based on the result mentioned in Section 3. The rug plot, at the bottom of each graph, shows the values of the considered variable. The number

in brackets in the y-axis caption of each plot represents the edf of the respective estimated smooth function.

The estimated Kendall’s τ is 0.36 which implies moderate dependence in AMD progression between the two

eyes. Given the capabilities of the proposed modelling framework, we also specified a model where the dependence

parameter is expressed as a flexible function of the covariates. This feature can help understand how and which

covariates modify the strength of the dependence across observations. In this case, however, the coefficients were205

found not to be significant (see Supplementary Material-Section E). It is worth noting that such specifications are

likely to be more successful in finding covariate patterns when the number of observations is higher than that available

for this study.

Using the chosen model, we produced joint survival functions under several scenarios. The left panel of Figure 2

displays the joint progression-free probability contours for subjects who are 69 years old, with AMD severity score210

equal to 6 for both eyes, but with different rs2284665 genotypes. The middle panel of Figure 2 shows the joint

progression-free probability contours for subjects who are 69 year old, with GT genotype, but with different severity

scores (4, 6 and 8). Finally, the right panel of the figure plots the joint progression-free probability contours for GT

genotype subjects, with AMD severity score equal to 6 in both eyes, but different ages (56, 69 and 81). In the left panel,

it can be clearly seen that the three genotype groups are separated, with the GG group having the largest progression-215

free probabilities. In the middle panel, the difference between the three AMD severity groups is rather pronounced,

with the highest AMD severity group having the smallest progression-free probabilities. Finally, the right panel shows
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how the progression-free probabilities are higher for younger subjects as compared to older subjects. The scenarios

considered here illustrate how valuable the proposed modelling framework is in characterising and identifying AMD

patients at a higher risk of developing late-AMD. Of course, several other scenarios can be considered and other220

quantities of interest worked out. For example, one could be interested in visualising conditional and marginal survival

probabilities.

Years (Left Eye)

0
2

4

6

8

10

12
Years (R

ight E
ye)

0

2

4

6

8
10

12

P
ro

g
re

s
s
io

n
−

fre
e
 P

ro
b
a
b
ility

0.0

0.2

0.4

0.6

0.8

1.0
GG

GT

TT

Years (Left Eye)

0
2

4

6

8

10

12
Years (R

ight E
ye)

0

2

4

6

8
10

12

P
ro

g
re

s
s
io

n
−

fre
e
 P

ro
b
a
b
ility

0.0

0.2

0.4

0.6

0.8

1.0
4

6

8

Years (Left Eye)

0
2

4

6

8

10

12
Years (R

ight E
ye)

0

2

4

6

8
10

12

P
ro

g
re

s
s
io

n
−

fre
e
 P

ro
b
a
b
ility

0.0

0.2

0.4

0.6

0.8

1.0
56

69

81

Figure 2: AREDS data. Joint progression-free probability contours for progression to late-AMD disease (in years) in the left and right eyes, under

different scenarios. In left panel, age is set to 69, and AMD severity score to 6 for both eyes. In the middle panel, age is set to 69, and genotype to

GT. In the right panel, genotype is set to GT, and AMD severity score to 6 in both eyes.

6. Discussion

We have introduced a copula link-based additive model for bivariate time-to-event outcomes under various types

of censoring mechanisms. Model fitting is based on the simultaneous estimation of all model parameters and relies225

on a penalised maximum likelihood approach with integrated stable and efficient automatic multiple smoothing pa-

rameter selection. Inferential results are also readily available. All developments have been integrated within the R

package GJRM whose modularity allows for easy inclusion of potentially any parametric link marginal function and

copula. The proposed approach makes a significant contribution in applied statistics as it is methodologically flexible,

computationally sound and practically usable.230

Although the literature in this area is reasonably ample, to the best of our knowledge, only Sun & Ding (2021a)

provided a methodological framework together with software for modelling bivariate censored data. Unlike their cop-
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ula approach, which allows the margins to be specified through semi-parametric transformation models, the baseline

survival functions to be modelled using Bernstein polynomials and the dependence between events to be captured

via one-parameter and two-parameter copulae, our proposal permits to specify all model parameters (including the235

dependence parameter) as flexible functions of covariate effects, model the baseline survival functions by means of

monotonic P-splines which are theoretically and computationally advantageous, and conveniently characterise the

marginals via links of the survival functions. Methodologically speaking, both approaches have been conceived

to handle any combination of censoring mechanisms as well as have two different sets of regression coefficients

for the marginal survival functions. However, from a computational point of view, the implementation provided by240

Sun & Ding (2021a) does not simultaneously support all possible bivariate combinations of censoring types and forces

the two set of regression parameters to be the same.

Future research will focus on extending the approach to more than two event times (e.g., multi-morbidity) ex-

ploring, for instance, the use of multivariate Archimedean copulae, mixtures of powers, pair-copulae constructions,

the multivariate Gaussian and Student’s t distributions, and the composite likelihood approach (see, e.g., the supple-245

mentary material of Filippou et al., 2019, and references therein, which illustrates succinctly these ideas in a different

context). Other potentially interesting extensions would be to account for informative and/or dependent censoring

(e.g., Dettoni et al., 2020) as well as consider the case of excess hazard modelling (Eletti et al., 2022).
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A Log-likelihood

The more explicit version of the log-likelihood is

`(δ) =
n∑
i=1

γU1i
γU2i

log

[
∂2C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))

·G′1(η1i(t1i)) ·G′2(η2i(t2i)) ·
∂η1i(t1i)

∂t1i
· ∂η2i(t2i)

∂t2i

]
+

+ γR1i
γR2i

log

[
C{G1(η1i(r1i)), G2(η2i(r2i))}

]
+

+ γL1i
γL2i

log

[
1−G1(η1i(l1i))−G2(η2i(l2i)) + C{G1(η1i(l1i)), G2(η2i(l2i))}

]
+

+ γI1iγI2i log

[
C{G1(η1i(l1i)), G2(η2i(l2i))} − C{G1(η1i(l1i)), G2(η2i(r2i))}+

− C{G1(η1i(r1i)), G2(η2i(l2i))}+ C{G1(η1i(r1i)), G2(η2i(r2i))}
]
+

+ γU1i
γR2i

log

[
− ∂C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂t1i

]
+

+ γR1i
γU2i

log

[
− ∂C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂t2i

]
+

+ γU1i
γL2i

log

[(
∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))
− 1

)
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂t1i

]
+

+ γL1i
γU2i

log

[(
∂C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))
− 1

)
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂t2i

]
+

+ γU1i
γI2i log

[(
∂C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))
− ∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))

)
·

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂t1i

]
+

+ γI1iγU2i
log

[(
∂C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))
− ∂C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))

)
·

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂t2i

]
+

+ γR1i
γL2i

log

[
G1(η1i(r1i))− C{G1(η1i(r1i)), G2(η2i(l2i))}

]
+

+ γL1i
γR2i

log

[
G2(η2i(r2i))− C{G1(η1i(l1i)), G2(η2i(r2i))}

]
+
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+ γR1i
γI2i log

[
C{G1(η1i(r1i)), G2(η2i(l2i))} − C{G1(η1i(r1i)), G2(η2i(r2i))}

]
+

+ γI1iγR2i
log

[
C{G1(η1i(l1i)), G2(η2i(r2i))} − C{G1(η1i(r1i)), G2(η2i(r2i))}

]
+

+ γL1i
γI2i log

[
G2(η2i(l2i))−G2(η2i(r2i)) + C{G1(η1i(l1i)), G2(η2i(r2i))}+

− C{G1(η1i(l1i)), G2(η2i(l2i))}
]
+

+ γI1iγL2i
log

[
G1(η1i(l1i))−G1(η1i(r1i)) + C{G1(η1i(r1i)), G2(η2i(l2i))}+

− C{G1(η1i(l1i)), G2(η2i(l2i))}
]
.

Derivation of each term

For v = 1, 2, i = 1, ..., n, we define the following set of dummy variables:

γUvi
=


1, if the i-th observation is uncensored

0, otherwise
γLvi

=


1, if the i-th observation is left-censored

0, otherwise

γRvi
=


1, if the i-th observation is right-censored

0, otherwise
γIvi =


1, if the i-th observation is interval-censored

0, otherwise

In the bivariate case the log-likelihood function is made up of sixteen terms corresponding to the

following combinations of the indicator terms:

Uncens Left-cens Right-cens Interval-cens
Uncens γU1i

γU2i
γU1i

γL2i
γU1i

γR2i
γU1i

γI2i

Left-cens γL1i
γU2i

γL1i
γL2i

γL1i
γR2i

γL1i
γI2i

Right-cens γR1i
γU2i

γR1i
γL2i

γR1i
γR2i

γR1i
γI2i

Interval-cens γI1i γU2i
γI1i γL2i

γI1i γR2i
γI1i γI2i

3



The derivation of each of these terms follows:

• T1i uncensored and T2i uncensored (in this case t1i = r1i = l1i and t2i = r2i = l2i):

f(t1i, t2i) =
∂2

∂t1i∂t2i
F (t1i, t2i)

=
∂2

∂t1i∂t2i
[1− S(t1i)− S(t2i) + S(t1i, t2i)] =

=
∂2

∂t1i∂t2i
C{G1(η1i(t1i)), G2(η2i(t2i))} =

=
∂2C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))

·G′1(η1i(t1i)) ·G′2(η2i(t2i)) ·
∂η1i(t1i)

∂t1i
· ∂η2i(t2i)

∂t2i
.

• T1i right-censored and T2i right-censored:

P (T1i > r1i, T2i > r2i) = S(r1i, r2i) = C{G1(η1i(r1i)), G2(η2i(r2i))}.

• T1i left-censored and T2i left-censored:

P (T1i < l1i, T2i < l2i) = F (l1i, l2i) = P (T1i < l1i)− [P (T2i > l2i)− S(l1i, l2i)] =

= 1− S1(l1i)− S2(l2i) + S(l1i, l2i) =

= 1−G1(η1i(l1i))−G2(η2i(l2i)) + C{G1(η1i(l1i)), G2(η2i(l2i))}.
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• T1i interval-censored and T2i interval-censored:

P (l1i < T1i < r1i, l2i < T2i < r2i) =

= P (T1i < r1i, T2i < r2i)− P (T1i < l1i, T2i < r2i)−

− P (T1i < r1i, T2i < l2i) + P (T1i < l1i, T2i < l2i) =

= F (r1i, r2i)− F (l1i, r2i)− F (r1i, l2i) + F (l1i, l2i) =

= [1− S1(r1i)− S2(r2i) + S(r1i, r2i)]− [1− S1(l1i)− S2(r2i) + S(l1i, r2i)]+

− [1− S1(r1i)− S2(l2i) + S(r1i, l2i)] + [1− S1(l1i)− S2(l2i) + S(l1i, l2i)] =

= S(l1i, l2i)− S(l1i, r2i)− S(r1i, l2i) + S(r1i, r2i) =

= C{G1(η1i(l1i)), G2(η2i(l2i))} − C{G1(η1i(l1i)), G2(η2i(r2i))}+

− C{G1(η1i(r1i)), G2(η2i(l2i))}+ C{G1(η1i(r1i)), G2(η2i(r2i))}.

• T1i uncensored and T2i right-censored (the swapped case can be trivially derived by switch-

ing the subscripts where required):

+∞∫
r2i

f(t1i, y)dy =

+∞∫
0

f(t1i, y)dy −
r2i∫
0

f(t1i, y)dy =

= f1(t1i)−
∂

∂t1i
F (t1i, r2i) = f1(t1i)−

∂

∂t1i
[1− S1(t1i)− S2(t2i) + S(t1i, r2i)] =

= f1(t1i)− f1(t1i)−
∂

∂t1i
S(t1i, r2i) = −

∂

∂t1i
C{G1(η1i(t1i)), G2(η2i(r2i))} =

= −∂C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂t1i
.

• T1i uncensored and T2i left-censored (the swapped case can be trivially derived by switching
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the subscripts where required):

l2i∫
0

f(t1i, y)dy =
∂

∂t1i
F (t1i, l2i) =

=
∂

∂t1i
[1− S1(t1i)− S2(l2i) + S(t1i, l2i)] =

= − ∂

∂t1i
G1(η1i(t1i)) +

∂

∂t1i
C{G1(η1i(t1i)), G2(η2i(l2i))} =

= −G′1(η1i(t1i)) ·
∂η1i(t1i)

∂t1i
+
∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂t1i
=

=

[
∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))
− 1

]
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂t1i
.

• T1i uncensored and T2i interval-censored (the swapped case can be trivially derived by

switching the subscripts where required):

r2i∫
l2i

f(t1i, y)dy =

r2i∫
0

f(t1i, y)dy −
l2i∫
0

f(t1i, y)dy =

=
∂

∂t1i
F (t1i, r2i)−

∂

∂t1i
F (t1i, l2i) =

=
∂

∂t1i
[1− S1(t1i)− S2(r2i) + S(t1i, r2i)]−

∂

∂t1i
[1− S1(t1i)− S2(l2i) + S(t1i, l2i)] =

=
∂

∂t1i
C{G1(η1i(t1i)), G2(η2i(r2i))} −

∂

∂t1i
C{G1(η1i(t1i)), G2(η2i(l2i))} =

=

[
∂C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))
− ∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))

]
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂t1i
.

• T1i right-censored and T2i left-censored (the swapped case can be trivially derived by switch-

ing the subscripts where required):

P (T1i > r1i, T2i < l2i) = P (T2i < l2i)− P (T1i < r1i, T2i < l2i) = F2(l2i)− F (r1i, l2i) =

= 1− S2(l2i)− [1− S1(r1i)− S2(l2i) + S(r1i, l2i)] =

= G1(η1i(r1i))− C{G1(η1i(r1i)), G2(η2i(l2i))}.
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• T1i right-censored and T2i interval-censored (the swapped case can be trivially derived by

switching the subscripts where required):

P (T1i > r1i, l2i < T2i < r2i) =

= P (T2i < r2i)− P (T2i < l2i)− P (T1i < r1i, T2i < r2i) + P (T1i < r1i, T2i < l2i) =

= F2(r2i)− F2(l2i)− F (r1i, r2i) + F (r1i, l2i) =

= 1− S2(r2i)− 1 + S2(l2i)− [1− S1(r1i)− S2(r2i) + S(r1i, r2i)]+

+ [1− S1(r1i)− S2(l2i) + S(r1i, l2i)] =

= S(r1i, l2i)− S(r1i, r2i) =

= C{G1(η1i(r1i)), G2(η2i(l2i))} − C{G1(η1i(r1i)), G2(η2i(r2i))}.

• T1i left-censored and T2i interval-censored (the swapped case can be trivially derived by

switching the subscripts where required):

P (T1i < l1i, l2i < T2i < r2i) = F (l1i, r2i)− F (l1i, l2i) =

= [1− S1(l1i)− S2(r2i) + S(l1i, r2i)]− [1− S1(l1i)− S2(l2i) + S(l1i, l2i)] =

= S2(l2i)− S2(r2i) + S(l1i, r2i)− S(l1i, l2i) =

= G2(η2i(l2i))−G2(η2i(r2i))}+ C{G1(η1i(l1i)), G2(η2i(r2i))} − C{G1(η1i(l1i)), G2(η2i(l2i))}.
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B Gradient

In order to provide more concise and readable expressions of the derivatives of the log-likelihood

with respect to β1, β2 and β3, the following notations have been adopted.

Notations

D1;γU1i
γU2i

=
∂2C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))

D2;γU1i
γU2i

= G′1(η1i(t1i))

D3;γU1i
γU2i

= G′2(η2i(t2i))

D4;γU1i
γU2i

=
∂η1i(t1i)

∂t1i

D5;γU1i
γU2i

=
∂η2i(t2i)

∂t2i

DγR1i
γR2i

= C{G1(η1i(r1i)), G2(η2i(r2i))}

DγL1i
γL2i

=

[
1−G1(η1i(l1i))−G2(η2i(l2i)) + C{G1(η1i(l1i)), G2(η2i(l2i))}

]
DγI1iγI2i

=

[
C{G1(η1i(l1i)), G2(η2i(l2i))} − C{G1(η1i(l1i)), G2(η2i(r2i))}+

− C{G1(η1i(r1i)), G2(η2i(l2i))}+ C{G1(η1i(r1i)), G2(η2i(r2i))}
]

D1;γU1i
γR2i

=
∂C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))

D2;γU1i
γR2i

= −G′1(η1i(t1i))

D3;γU1i
γR2i

=
∂η1i(t1i)

∂t1i

D1;γR1i
γU2i

=
∂C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))

D2;γR1i
γu2i

= −G′2(η2i(t2i))

D3;γR1i
γU2i

=
∂η2i(t2i)

∂t2i

D1;γU1i
γL2i

=

(
∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))
− 1

)
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D2;γU1i
γL2i

= G′1(η1i(t1i))

D3;γU1i
γL2i

=
∂η1i(t1i)

∂t1i

D1;γL1i
γU2i

=

(
∂C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))
− 1

)
D2;γL1i

γU2i
= G′2(η2i(t2i))

D3;γL1i
γU2i

=
∂η2i(t2i)

∂t2i

D1;γU1i
γI2i

=

(
∂C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))
− ∂C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))

)
D2;γU1i

γI2i
= G′1(η1i(t1i))

D3;γU1i
γI2i

=
∂η1i(t1i)

∂t1i

D1;γI1iγU2i
=

(
∂C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))
− ∂C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))

)
D2;γI1iγU2i

= G′2(η2i(t2i))

D3;γI1iγU2i
=
∂η2i(t2i)

∂t2i

DγR1i
γL2i

= G1(η1i(r1i))− C{G1(η1i(r1i)), G2(η2i(l2i))}

DγL1i
γR2i

= G2(η2i(r2i))− C{G1(η1i(l1i)), G2(η2i(r2i))}

DγR1i
γI2i

= C{G1(η1i(r1i)), G2(η2i(l2i))} − C{G1(η1i(r1i)), G2(η2i(r2i))}

DγI1iγR2i
= C{G1(η1i(l1i)), G2(η2i(r2i))} − C{G1(η1i(r1i)), G2(η2i(r2i))}

DγL1i
γI2i

=

[
G2(η2i(l2i))−G2(η2i(r2i)) + C{G1(η1i(l1i)), G2(η2i(r2i))}+

− C{G1(η1i(l1i)), G2(η2i(l2i))}
]

DγI1iγL2i
=

[
G1(η1i(l1i))−G1(η1i(r1i)) + C{G1(η1i(r1i)), G2(η2i(l2i))}+

− C{G1(η1i(l1i)), G2(η2i(l2i))}
]
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First derivative of log-likelihood with respect to β1

∂`(δ)

∂β1

=γU1i
γU2i

{
D−11;γU1i

γU2i

[
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

]
+

+D−12;γU1i
γU2i

[
G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
+

+D−14;γU1i
γU2i

[
∂2η1i(t1i)

∂t1i∂β1

]}
+ γR1i

γR2i
D−1γR1i

γR2i

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

}
+

+ γL1i
γL2i

D−1γL1i
γL2i

{
−G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}
+

+ γI1iγI2iD
−1
γI1iγI2i

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

}
+

+ γU1i
γR2i

{
D−11;γU1i

γR2i

∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂2G1(η1i(t1i))

·G′1(η1i(t1i) ·
∂η1i(t1i)

∂β1

+

+D−12;γU1i
γR2i

[
−G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
+

+D−13;γU1i
γR2i

∂2η1i(t1i)

∂t1i∂β1

}
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+ γR1i
γU2i

D−11;γR1i
γU2i

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

}
+

+ γU1i
γL2i

{
D−11;γU1i

γL2i

∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

+

+D−12;γU1i
γL2i

G′′1(η1i(t1i))
∂η1i(t1i)

∂β1

+

+D−13;γU1i
γL2i

∂2η1i(t1i)

∂t1i∂β1

}
+

+ γL1i
γU2i

{
D−11;γL1i

γU2i

∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

}
+

+ γU1i
γI2i

{
D−11;γU1i

γI2i

[
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

]
+

+D−12;γU1i
γI2i

[
G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
+

+D−13;γU1i
γI2i

[
∂2η1i(t1i)

∂t1i∂β1

]}
+

+ γI1iγU2i
D−11;γI1iγU2i

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))

·G′1(η1i(l1i) ·
∂η1i(l1i)

∂β1

}
+

+ γR1i
γL2i

D−1γR1i
γL2i

{
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

}
+

+ γL1i
γR2i

D−1γL1i
γR2i

{
− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}
+

+ γR1i
γI2iD

−1
γR1i

γI2i

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

}
+

+ γI1iγR2i
D−1γI1iγR2i

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i))
∂η1i(r1i)

∂β1

}
+

+ γL1i
γI2iD

−1
γL1i

γI2i

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}

11



γI1iγL2i
D−1γI1iγL2i

{
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

−G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

}

12



First derivative of log-likelihood with respect to β2

∂`(δ)

∂β2

=γU1i
γU2i

{
D−11;γU1i

γU2i

∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

+

+D−13;γU1i
γU2i

G′′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

+

+D−15;γU1i
γU2i

∂2η2i(t2i)

∂t2i∂β2

}
+

+ γR1i
γR2i

D−1γR1i
γR2i

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

}
+

+ γL1i
γL2i

D−1γL1i
γL2i

{
−G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

}
+

+ γI1iγI2iD
−1
γI1iγI2i

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

}
+

+ γU1i
γR2i

D−11;γU1i
γR2i

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
+

+ γR1i
γU2i

{
D−11;γR1i

γU2i

[
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂2G2(η2i(t2i))
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
+

+D−12;γR1i
γU2i

[
−G′′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
+

+D−13;γR1i
γU2i

∂2η2i(t2i)

∂t2i∂β2

}
+

+ γU1i
γL2i

D−11;γU1i
γL2i

{
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

}
+

+ γL1i
γU2i

{
D−11;γL1i

γU2i

[
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
+

+D−12;γL1i
γU2i

[
G′′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
+

+D−13;γL1i
γU2i

[
∂2η2i(t2i)

∂t2i∂β2

]}
+
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+ γU1i
γI2iD

−1
1;γU1i

γI2i

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

}
+

+ γI1iγU2i

{
D−11;γI1iγU2i

[
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

]
+

+D−12;γI1iγU2i
G′′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

+D−13;γI1iγU2i

∂2η2i(t2i)

∂t2i∂β2

}
+

+ γR1i
γL2i

D−1γR1i
γL2i

{
− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

}
+

+ γL1i
γR2i

D−1γL1i
γR2i

{
G′2(η2i(r2i))

∂η2i(r2i)

∂β2

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
+

+ γR1i
γI2iD

−1
γR1i

γI2i

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i)
·G′2(η2i(l2i) ·

∂η2i(l2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
+

γI1iγR2i
D−1γI1iγR2i

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
+

+ γL1i
γI2iD

−1
γL1i

γI2i

{
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

−G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

}
+

γI1iγL2i
D−1γI1iγL2i

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i)

·G′2(η2i(l2i) ·
∂η2i(l2i)

∂β2

}
+
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First derivative of log-likelihood with respect to β3

∂`(δ)

∂β3

=γU1i
γU2i

D−11;γU1i
γU2i

{
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}

∂G1(η1i(t1i))∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γR1i
γR2i

D−1γR1i
γR2i

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γL1i
γL2i

D−1γL1i
γL2i

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γI1iγI2iD
−1
γI1iγI2i

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+

+ γU1i
γR2i

D−11;γU1i
γR2i

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γR1i
γU2i

D−11;γR1i
γU2i

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γU1i
γL2i

D−11;γU1i
γL2i

{
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γL1i
γU2i

D−11;γL1i
γU2i

{
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γU1i
γI2iD

−1
1;γU1i

γI2i

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+

+ γI1iγU2i
D−11;γI1iγU2i

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+

+ γR1i
γL2i

D−1γR1i
γL2i

{
− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γL1i
γR2i

D−1γL1i
γR2i

{
− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

}
+

+ γR1i
γI2iD

−1
γR1i

γI2i

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+
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+ γI1iγR2i
D−1γI1iγR2i

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+

+ γL1i
γI2iD

−1
γL1i

γI2i

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}
+

+ γI1iγL2i
D−1γI1iγL2i

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

}

16



C Hessian

Second derivative of log-likelihood with respect to β1

∂2`(δ)

∂β1∂βT1
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
(
∂D1;γU1i

γU2i

∂β1

)2

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β1∂βT1
+

(−1)D−22;γU1i
γU2i
·
(
∂D2;γU1i

γU2i

∂β1

)2

+D−12;γU1i
γU2i
·
∂2D2;γU1i

γU2i

∂β1∂βT1
+

(−1)D−24;γU1i
γU2i
·
(
∂D4;γU1i

γU2i

∂β1

)2

+D−14;γU1i
γU2i
·
∂2D4;γU1i

γU2i

∂β1∂βT1

}
+

+ γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
(
∂DγR1i

γR2i

∂β1

)2

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β1∂βT1

}
+

+ γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
(
∂DγL1i

γL2i

∂β1

)2

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β1∂βT1

}
+

+ γI1iγI2i

{
(−1)D−2γI1iγI2i ·

(
∂DγI1iγI2i

∂β1

)2

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β1∂βT1

}
+

+ γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
(
∂D1;γU1i

γR2i

∂β1

)2

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β1∂βT1
+

(−1)D−22;γU1i
γR2i
·
(
∂D2;γU1i

γR2i

∂β1

)2

+D−12;γU1i
γR2i
·
∂2D2;γU1i

γR2i

∂β1∂βT1
+

(−1)D−23;γU1i
γR2i
·
(
∂D3;γU1i

γR2i

∂β1

)2

+D−13;γU1i
γR2i
·
∂2D3;γU1i

γR2i

∂β1∂βT1

}
+

+ γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
(
∂D1;γR1i

γU2i

∂β1

)2

+D−11;γR1i
γU2i
·
∂2D1;γR1i

γU2i

∂β1∂βT1

}
+

+ γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
(
∂D1;γU1i

γL2i

∂β1

)2

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β1∂βT1
+

(−1)D−22;γU1i
γL2i
·
(
∂D2;γU1i

γL2i

∂β1

)2

+D−12;γU1i
γL2i
·
∂2D2;γU1i

γL2i

∂β1∂βT1
+

(−1)D−23;γU1i
γL2i
·
(
∂D3;γU1i

γL2i

∂β1

)2

+D−13;γU1i
γL2i
·
∂2D3;γU1i

γL2i

∂β1∂βT1

}
+

+ γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
(
∂D1;γL1i

γU2i

∂β1

)2

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β1∂βT1

}
+

+ γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
(
∂D1;γU1i

γI2i

∂β1

)2

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β1∂βT1
+
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(−1)D−22;γU1i
γI2i
·
(
∂D2;γU1i

γI2i

∂β1

)2

+D−12;γU1i
γI2i
·
∂2D2;γU1i

γI2i

∂β1∂βT1
+

(−1)D−23;γU1i
γI2i
·
(
∂D3;γU1i

γI2i

∂β1

)2

+D−13;γU1i
γI2i
·
∂2D3;γU1i

γI2i

∂β1∂βT1

}
+

+ γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
(
∂D1;γI1iγU2i

∂β1

)2

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β1∂βT1

}
+

+ γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
(
∂DγR1i

γL2i

∂β1

)2

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β1∂βT1

}
+

+ γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
(
∂DγL1i

γR2i

∂β1

)2

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β1∂βT1

}
+

+ γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
(
∂DγR1i

γI2i

∂β1

)2

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β1∂βT1

}
+

+ γI1iγR2i

{
(−1)D−2γI1iγR2i

·
(
∂DγI1iγR2i

∂β1

)2

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β1∂βT1

}
+

+ γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
(
∂DγL1i

γI2i

∂β1

)2

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β1∂βT1

}
+

+ γI1iγL2i

{
(−1)D−2γI1iγL2i

·
(
∂DγI1iγL2i

∂β1

)2

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β1∂βT1

}
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Second derivative of log-likelihood with respect to β1 and β2

∂2`(δ)

∂β1∂βT2
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
∂D1;γU1i

γU2i

∂β2

·
∂D1;γU1i

γU2i

∂β1

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β1∂βT2
+

(−1)D−22;γU1i
γU2i
·
∂D2;γU1i

γU2i

∂β2

·
∂D2;γU1i

γU2i

∂β1

+D−12;γU1i
γU2i
·
∂2D2;γU1i

γU2i

∂β1∂βT2
+

(−1)D−24;γU1i
γU2i
·
∂D4;γU1i

γU2i

∂β2

·
∂D4;γU1i

γU2i

∂β1

+D−14;γU1i
γU2i
·
∂2D4;γU1i

γU2i

∂β1∂βT2

}
+

γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
∂DγR1i

γR2i

∂β2

·
∂DγR1i

γR2i

∂β1

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β1∂βT2

}
+

γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
∂DγL1i

γL2i

∂β2

·
∂DγL1i

γL2i

∂β1

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β1∂βT2

}
+

γI1iγI2i

{
(−1)D−2γI1iγI2i ·

∂DγI1iγI2i

∂β2

·
∂DγI1iγI2i

∂β1

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β1∂βT2

}
+

γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
∂D1;γU1i

γR2i

∂β2

·
∂D1;γU1i

γR2i

∂β1

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β1∂βT2
+

(−1)D−22;γU1i
γR2i
·
∂D2;γU1i

γR2i

∂β2

·
∂D2;γU1i

γR2i

∂β1

+D−12;γU1i
γR2i
·
∂2D2;γU1i

γR2i

∂β1∂βT2
+

(−1)D−23;γU1i
γR2i
·
∂D3;γU1i

γR2i

∂β2

·
∂D3;γU1i

γR2i

∂β1

+D−13;γU1i
γR2i
·
∂2D3;γU1i

γR2i

∂β1∂βT2

}
+

γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
∂D1;γR1i

γU2i

∂β2

· ∂D1;δR1i
γU2i

∂β1

+D−11;γR1i
γU2i
·
∂2D1;δR1iγU2i

∂β1∂βT2

}
+

γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
∂D1;γU1i

γL2i

∂β2

·
∂D1;γU1i

γL2i

∂β1

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β1∂βT2
+

(−1)D−22;γU1i
γL2i
·
∂D2;γU1i

γL2i

∂β2

·
∂D2;γU1i

γL2i

∂β1

+D−12;γU1i
γL2i
·
∂2D2;γU1i

γL2i

∂β1∂βT2
+

(−1)D−23;γU1i
γL2i
·
∂D3;γU1i

γL2i

∂β2

·
∂D3;γU1i

γL2i

∂β1

+D−13;γU1i
γL2i
·
∂2D3;γU1i

γL2i

∂β1∂βT2

}
+

γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
∂D1;γL1i

γU2i

∂β2

·
∂D1;γL1i

γU2i

∂β1

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β1∂βT2

}
+

γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
∂D1;γU1i

γI2i

∂β2

·
∂D1;γU1i

γI2i

∂β1

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β1∂βT2
+

(−1)D−22;γU1i
γI2i
·
∂D2;γU1i

γI2i

∂β2

·
∂D2;γU1i

γI2i

∂β1

+D−12;γU1i
γI2i
·
∂2D2;γU1i

γI2i

∂β1∂βT2
+

(−1)D−23;γU1i
γI2i
·
∂D3;γU1i

γI2i

∂β2

·
∂D3;γU1i

γI2i

∂β1

+D−13;γU1i
γI2i
·
∂2D3;γU1i

γI2i

∂β1∂βT2

}
+

γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
∂D1;γI1iγU2i

∂β2

·
∂D1;γI1iγU2i

∂β1

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β1∂βT2

}
+

γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
∂DγR1i

γL2i

∂β2

·
∂DγR1i

γL2i

∂β1

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β1∂βT2

}
+
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γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
∂DγL1i

γR2i

∂β2

·
∂DγL1i

γR2i

∂β1

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β1∂βT2

}
+

γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
∂DγR1i

γI2i

∂β2

·
∂DγR1i

γI2i

∂β1

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β1∂βT2

}
+

γI1iγR2i

{
(−1)D−2γI1iγR2i

·
∂DγI1iγR2i

∂β2

·
∂DγI1iγR2i

∂β1

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β1∂βT2

}
+

γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
∂DγL1i

γI2i

∂β2

·
∂DγL1i

γI2i

∂β1

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β1∂βT2

}
+

γI1iγL2i

{
(−1)D−2γI1iγL2i

·
∂DγI1iγL2i

∂β2

·
∂DγI1iγL2i

∂β1

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β1∂βT2

}
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Second derivative of log-likelihood with respect to β1 and β3

∂2`(δ)

∂β1∂βT3
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
∂D1;γU1i

γU2i

∂β3

·
∂D1;γU1i

γU2i

∂β1

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β1∂βT3
+

(−1)D−22;γU1i
γU2i
·
∂D2;γU1i

γU2i

∂β3

·
∂D2;γU1i

γU2i

∂β1

+D−12;γU1i
γU2i
·
∂2D2;γU1i

γU2i

∂β1∂βT3
+

(−1)D−24;γU1i
γU2i
·
∂D4;γU1i

γU2i

∂β3

·
∂D4;γU1i

γU2i

∂β1

+D−14;γU1i
γU2i
·
∂2D4;γU1i

γU2i

∂β1∂βT3

}
+

γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
∂DγR1i

γR2i

∂β3

·
∂DγR1i

γR2i

∂β1

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β1∂βT3

}
+

γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
∂DγL1i

γL2i

∂β3

·
∂DγL1i

γL2i

∂β1

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β1∂βT3

}
+

γI1iγI2i

{
(−1)D−2γI1iγI2i ·

∂DγI1iγI2i

∂β3

·
∂DγI1iγI2i

∂β1

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β1∂βT3

}
+

γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
∂D1;γU1i

γR2i

∂β3

·
∂D1;γU1i

γR2i

∂β1

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β1∂βT3
+

(−1)D−22;γU1i
γR2i
·
∂D2;γU1i

γR2i

∂β3

·
∂D2;γU1i

γR2i

∂β1

+D−12;γU1i
γR2i
·
∂2D2;γU1i

γR2i

∂β1∂βT3
+

(−1)D−23;γU1i
γR2i
·
∂D4;γU1i

γR2i

∂β3

·
∂D4;γU1i

γR2i

∂β1

+D−13;γU1i
γR2i
·
∂2D3;γU1i

γR2i

∂β1∂βT3

}
+

γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
∂D1;γR1i

γU2i

∂β3

· ∂D1;δR1i
γU2i

∂β1

+D−11;γR1i
γU2i
·
∂2D1;δR1iγU2i

∂β1∂βT3

}
+

γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
∂D1;γU1i

γL2i

∂β3

·
∂D1;γU1i

γL2i

∂β1

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β1∂βT3
+

(−1)D−22;γU1i
γL2i
·
∂D2;γU1i

γL2i

∂β3

·
∂D2;γU1i

γL2i

∂β1

+D−12;γU1i
γL2i
·
∂2D2;γU1i

γL2i

∂β1∂βT3
+

(−1)D−23;γU1i
γL2i
·
∂D3;γU1i

γL2i

∂β3

·
∂D3;γU1i

γL2i

∂β1

+D−13;γU1i
γL2i
·
∂2D3;γU1i

γL2i

∂β1∂βT3

}
+

γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
∂D1;γL1i

γU2i

∂β3

·
∂D1;γL1i

γU2i

∂β1

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β1∂βT3

}
+

γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
∂D1;γU1i

γI2i

∂β3

·
∂D1;γU1i

γI2i

∂β1

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β1∂βT3
+

(−1)D−22;γU1i
γI2i
·
∂D2;γU1i

γI2i

∂β3

·
∂D2;γU1i

γI2i

∂β1

+D−12;γU1i
γI2i
·
∂2D2;γU1i

γI2i

∂β1∂βT3
+

(−1)D−23;γU1i
γI2i
·
∂D3;γU1i

γI2i

∂β3

·
∂D3;γU1i

γI2i

∂β1

+D−13;γU1i
γI2i
·
∂2D3;γU1i

γI2i

∂β1∂βT3

}
+

γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
∂D1;γI1iγU2i

∂β3

·
∂D1;γI1iγU2i

∂β1

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β1∂βT3

}
+

γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
∂DγR1i

γL2i

∂β3

·
∂DγR1i

γL2i

∂β1

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β1∂βT3

}
+
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γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
∂DγL1i

γR2i

∂β3

·
∂DγL1i

γR2i

∂β1

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β1∂βT3

}
+

γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
∂DγR1i

γI2i

∂β3

·
∂DγR1i

γI2i

∂β1

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β1∂βT3

}
+

γI1iγR2i

{
(−1)D−2γI1iγR2i

·
∂DγI1iγR2i

∂β3

·
∂DγI1iγR2i

∂β1

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β1∂βT3

}
+

γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
∂DγL1i

γI2i

∂β3

·
∂DγL1i

γI2i

∂β1

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β1∂βT3

}
+

γI1iγL2i

{
(−1)D−2γI1iγL2i

·
∂DγI1iγL2i

∂β3

·
∂DγI1iγL2i

∂β1

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β1∂βT3

}
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Second derivative of log-likelihood with respect to β2

∂2`(δ)

∂β2∂βT2
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
(
∂D1;γU1i

γU2i

∂β2

)2

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β2∂βT2
+

(−1)D−23;γU1i
γU2i
·
(
∂D3;γU1i

γU2i

∂β2

)2

+D−13;γU1i
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·
∂2D3;γU1i
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∂β2∂βT2
+

(−1)D−25;γU1i
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·
(
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)2
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·
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∂β2∂βT2

}
+

+ γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
(
∂DγR1i
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∂β2

)2

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β2∂βT2

}
+

+ γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
(
∂DγL1i

γL2i

∂β2

)2

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β2∂βT2

}
+

+ γI1iγI2i

{
(−1)D−2γI1iγI2i ·

(
∂DγI1iγI2i

∂β2

)2

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β2∂βT2

}
+

+ γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
(
∂D1;γU1i

γR2i

∂β2

)2

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β2∂βT2

}
+

+ γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
(
∂D1;γR1i

γU2i

∂β2

)2

+D−11;γR1i
γU2i
·
∂2D1;γR1i

γU2i

∂β2∂βT2
+

(−1)D−22;γR1i
γU2i
·
(
∂D2;γR1i

γU2i

∂β2

)2

+D−12;γR1i
γU2i
·
∂2D2;γR1i

γU2i

∂β2∂βT2
+

(−1)D−23;γR1i
γU2i
·
(
∂D3;γR1i

γU2i

∂β2

)2

+D−13;γR1i
γU2i
·
∂2D3;γR1i

γU2i

∂β2∂βT2

}
+

+ γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
(
∂D1;γU1i

γL2i

∂β2

)2

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β2∂βT2

}
+

+ γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
(
∂D1;γL1i

γU2i

∂β2

)2

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β2∂βT2
+

(−1)D−22;γL1i
γU2i
·
(
∂D2;γL1i

γU2i

∂β2

)2

+D−12;γL1i
γU2i
·
∂2D2;γL1i

γU2i

∂β2∂βT2
+

(−1)D−23;γL1i
γU2i
·
(
∂D3;γL1i

γU2i

∂β2

)2

+D−13;γL1i
γU2i
·
∂2D3;γL1i

γU2i

∂β2∂βT2

}
+

+ γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
(
∂D1;γU1i

γI2i

∂β2

)2

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β2∂βT2

}
+

+ γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
(
∂D1;γI1iγU2i

∂β2

)2

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β2∂βT2
+

(−1)D−22;γI1iγU2i
·
(
∂D2;γI1iγU2i

∂β2

)2

+D−12;γI1iγU2i
·
∂2D2;γI1iγU2i

∂β2∂βT2
+

(−1)D−23;γI1iγU2i
·
(
∂D3;γI1iγU2i

∂β2

)2

+D−13;γI1iγU2i
·
∂2D3;γI1iγU2i

∂β2∂βT2

}
+

+ γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
(
∂DγR1i

γL2i

∂β2

)2

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β2∂βT2

}
+
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+ γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
(
∂DγL1i

γR2i

∂β2

)2

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β2∂βT2

}
+

+ γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
(
∂DγR1i

γI2i

∂β2

)2

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β2∂βT2

}
+

+ γI1iγR2i

{
(−1)D−2γI1iγR2i

·
(
∂DγI1iγR2i

∂β2

)2

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β2∂βT2

}
+

+ γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
(
∂DγL1i

γI2i

∂β2

)2

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β2∂βT2

}
+

+ γI1iγL2i

{
(−1)D−2γI1iγL2i

·
(
∂DγI1iγL2i

∂β2

)2

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β2∂βT2

}
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Second derivative of log-likelihood with respect to β2 and β3

∂2`(δ)

∂β2∂βT3
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
∂D1;γU1i

γU2i

∂β3

·
∂D1;γU1i

γU2i

∂β2

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β2∂βT3
+

(−1)D−23;γU1i
γU2i
·
∂D2;γU1i

γU2i

∂β3

·
∂D3;γU1i

γU2i

∂β2

+D−13;γU1i
γU2i
·
∂2D3;γU1i

γU2i

∂β2∂βT3
+

(−1)D−25;γU1i
γU2i
·
∂D5;γU1i

γU2i

∂β3

·
∂D5;γU1i

γU2i

∂β2

+D−15;γU1i
γU2i
·
∂2D5;γU1i

γU2i

∂β2∂βT3

}
+

+ γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
∂DγR1i

γR2i

∂β3

·
∂DγR1i

γR2i

∂β2

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β2∂βT3

}
+

+ γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
∂DγL1i

γL2i

∂β3

·
∂DγL1i

γL2i

∂β2

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β2∂βT3

}
+

+ γI1iγI2i

{
(−1)D−2γI1iγI2i ·

∂DγI1iγI2i

∂β3

·
∂DγI1iγI2i

∂β2

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β2∂βT3

}
+

+ γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
∂D1;γU1i

γR2i

∂β3

·
∂D1;γU1i

γR2i

∂β2

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β2∂βT3

}
+

+ γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
∂D1;γR1i

γU2i

∂β3

·
∂D1;γR1i

γU2i

∂β2

+D−11;γR1i
γU2i
·
∂2D1;γR1i

γU2i

∂β2∂βT3
+

(−1)D−22;γR1i
γU2i
·
∂D2;γR1i

γU2i

∂β3

·
∂D2;γR1i

γU2i

∂β2

+D−12;γR1i
γU2i
·
∂2D2;γR1i

γU2i

∂β2∂βT3
+

(−1)D−23;γR1i
γU2i
·
∂Dγ3;R1i

γU2i

∂β3

·
∂D3;γR1i

γU2i

∂β2

+D−13;γR1i
γU2i
·
∂2D3;γR1i

γU2i

∂β2∂βT2

}
+

+ γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
1; ∂DγU1i

γL2i

∂β3

·
∂D1;γU1i

γL2i

∂β2

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β2∂βT3

}
+

+ γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
∂D1;γL1i

γU2i

∂β3

·
∂D1;γL1i

γU2i

∂β2

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β2∂βT3
+

(−1)D−22;γL1i
γU2i
·
∂D2;γL1i

γU2i

∂β3

·
∂D2;γL1i

γU2i

∂β2

+D−12;γL1i
γU2i
·
∂2D2;γL1i

γU2i

∂β2∂βT3
+

(−1)D−23;γL1i
γU2i
·
∂D3;γL1i

γU2i

∂β3

·
∂D3;γL1i

γU2i

∂β2

+D−13;γL1i
γU2i
·
∂2D3;γL1i

γU2i

∂β2∂βT3

}
+

+ γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
∂D1;γU1i

γI2i

∂β3

·
∂D1;γU1i

γI2i

∂β2

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β2∂βT3

}
+

+ γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
∂D1;γI1iγU2i

∂β3

·
∂D1;γI1iγU2i

∂β2

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β2∂βT3
+

(−1)D−22;γI1iγU2i
·
∂D2;γI1iγU2i

∂β3

·
∂D2;γI1iγU2i

∂β2

+D−12;γI1iγU2i
·
∂2D2;γI1iγU2i

∂β2∂βT3
+

(−1)D−23;γI1iγU2i
·
∂D3;γI1iγU2i

∂β3

·
∂D3;γI1iγU2i

∂β2

+D−13;γI1iγU2i
·
∂2D3;γI1iγU2i

∂β2∂βT3

}
+

+ γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
∂DγR1i

γL2i

∂β3

·
∂DγR1i

γL2i

∂β2

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β2∂βT3

}
+
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+ γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
∂DγL1i

γR2i

∂β3

·
∂DγL1i

γR2i

∂β2

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β2∂βT3

}
+

+ γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
∂DγR1i

γI2i

∂β3

·
∂DγR1i

γI2i

∂β2

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β2∂βT3

}
+

+ γI1iγR2i

{
(−1)D−2γI1iγR2i

·
∂DγI1iγR2i

∂β3

·
∂DγI1iγR2i

∂β2

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β2∂βT3

}
+

+ γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
∂DγL1i

γI2i

∂β3

·
∂DγL1i

γI2i

∂β2

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β2∂βT3

}
+

+ γI1iγL2i

{
(−1)D−2γI1iγL2i

·
∂DγI1iγL2i

∂β3

·
∂DγI1iγL2i

∂β2

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β2∂βT3

}
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Second derivative of log-likelihood with respect to β3

∂2`(δ)

∂β3∂βT3
=γU1i

γU2i

{
(−1)D−21;γU1i

γU2i
·
(
∂D1;γU1i

γU2i

∂β3

)2

+D−11;γU1i
γU2i
·
∂2D1;γU1i

γU2i

∂β3∂βT3

}
+

+ γR1i
γR2i

{
(−1)D−2γR1i

γR2i
·
(
∂DγR1i

γR2i

∂β3

)2

+D−1γR1i
γR2i
·
∂2DγR1i

γR2i

∂β3∂βT3

}
+

+ γL1i
γL2i

{
(−1)D−2γL1i

γL2i
·
(
∂DγL1i

γL2i

∂β3

)2

+D−1γL1i
γL2i
·
∂2DγL1i

γL2i

∂β3∂βT3

}
+

+ γI1iγI2i

{
(−1)D−2γI1iγI2i ·

(
∂DγI1iγI2i

∂β3

)2

+D−1γI1iγI2i
·
∂2DγI1iγI2i

∂β3∂βT3

}
+

+ γU1i
γR2i

{
(−1)D−21;γU1i

γR2i
·
(
∂D1;γU1i

γR2i

∂β3

)2

+D−11;γU1i
γR2i
·
∂2D1;γU1i

γR2i

∂β3∂βT3

}
+

+ γR1i
γU2i

{
(−1)D−21;γR1i

γU2i
·
(
∂D1;γR1i

γU2i

∂β3

)2

+D−11;γR1i
γU2i
·
∂2D1;γR1i

γU2i

∂β3∂βT3

}
+

+ γU1i
γL2i

{
(−1)D−21;γU1i

γL2i
·
(
∂D1;γU1i

γL2i

∂β3

)2

+D−11;γU1i
γL2i
·
∂2D1;γU1i

γL2i

∂β3∂βT3

}
+

+ γL1i
γU2i

{
(−1)D−21;γL1i

γU2i
·
(
∂D1;γL1i

γU2i

∂β3

)2

+D−11;γL1i
γU2i
·
∂2D1;γL1i

γU2i

∂β3∂βT3

}
+

+ γU1i
γI2i

{
(−1)D−21;γU1i

γI2i
·
(
∂D1;γU1i

γI2i

∂β3

)2

+D−11;γU1i
γI2i
·
∂2D1;γU1i

γI2i

∂β3∂βT3

}
+

+ γI1iγU2i

{
(−1)D−21;γI1iγU2i

·
(
∂D1;γI1iγU2i

∂β3

)2

+D−11;γI1iγU2i
·
∂2D1;γI1iγU2i

∂β3∂βT3

}
+

+ γR1i
γL2i

{
(−1)D−2γR1i

γL2i
·
(
∂DγR1i

γL2i

∂β3

)2

+D−1γR1i
γL2i
·
∂2DγR1i

γL2i

∂β3∂βT3

}
+

+ γL1i
γR2i

{
(−1)D−2γL1i

γR2i
·
(
∂DγL1i

γR2i

∂β3

)2

+D−1γL1i
γR2i
·
∂2DγL1i

γR2i

∂β3∂βT3

}
+

+ γR1i
γI2i

{
(−1)D−2γR1i

γI2i
·
(
∂DγR1i

γI2i

∂β3

)2

+D−1γR1i
γI2i
·
∂2DγR1i

γI2i

∂β3∂βT3

}
+

+ γI1iγR2i

{
(−1)D−2γI1iγR2i

·
(
∂DγI1iγR2i

∂β3

)2

+D−1γI1iγR2i
·
∂2DγI1iγR2i

∂β3∂βT3

}
+

+ γL1i
γI2i

{
(−1)D−2γL1i

γI2i
·
(
∂DγL1i

γI2i

∂β3

)2

+D−1γL1i
γI2i
·
∂2DγL1i

γI2i

∂β3∂βT3

}
+

+ γI1iγL2i

{
(−1)D−2γI1iγL2i

·
(
∂DγI1iγL2i

∂β3

)2

+D−1γI1iγL2i
·
∂2DγI1iγL2i

∂β3∂βT3

}
+

The Hessian matrix depends on certain quantities that have been grouped below according
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to the fact that differentiation has been carried out with respect to β1, β2, β3 or any possible

pair-combination. This has been done to provide more concise and readable expressions of the

Hessian.

First derivatives with respect to β1

∂D1;γU1i
γU2i

∂β1

=

[
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

]
∂D2;γU1i

γU2i

∂β1

=

[
G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
∂D4;γU1i

γU2i

∂β1

=

[
∂2η1i(t1i)

∂t1i∂β1

]
∂DγR1i

γR2i

∂β1

=

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

}
∂DγL1i

γL2i

∂β1

=

{
−G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}
∂DγI1iγI2i

∂β1

=

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

}
∂D1;γU1i

γR2i

∂β1

=
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i) ·

∂η1i(t1i)

∂β1

∂D2;γU1i
γR2i

∂β1

=

[
−G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
∂D3;γU1i

γR2i

∂β1

=
∂2η1i(t1i)

∂t1i∂β1
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∂D1;γR1i
γU2i

∂β1

=
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂D1;γU1i
γL2i

∂β1

=
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

∂D2;γU1i
γL2i

∂β1

= G′′1(η1i(t1i))
∂η1i(t1i)

∂β1

∂D3;γU1i
γL2i

∂β1

=
∂2η1i(t1i)

∂t1i∂β1

∂D1;γL1i
γU2i

∂β1

=
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂D1;γU1i
γI2i

∂β1

=

[
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

]
∂D2;γU1i

γI2i

∂β1

=

[
G′′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

]
∂D3;γU1i

γI2i

∂β1

=

[
∂2η1i(t1i)

∂t1i∂β1

]
∂D1;γI1iγU2i

∂β1

=

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))

·G′1(η1i(l1i) ·
∂η1i(l1i)

∂β1

}
∂DγR1i

γL2i

∂β1

=

{
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

}
∂DγL1i

γR2i

∂β1

=

{
− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}
∂DγR1i

γI2i

∂β1

=

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

}
∂DγI1iγR2i

∂β1

=

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i))
∂η1i(r1i)

∂β1

}
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∂DγL1i
γI2i

∂β1

=

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

}
∂DγI1iγL2i

∂β1

=

{
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

−G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

}
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First derivatives with respect to β2

∂D1;γU1i
γU2i

∂β2

=
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂D3;γU1i
γU2i

∂β2

= G′′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂D5;γU1i
γU2i

∂β2

=
∂2η2i(t2i)

∂t2i∂β2

∂DγR1i
γR2i

∂β2

=

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

}
∂DγL1i

γL2i

∂β2

=

{
−G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

}
∂DγI1iγI2i

∂β2

=

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′1(η2i(l2i)) ·
∂η2i(l2i)

∂β2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′1(η2i(r2i)) ·

∂η2i(r2i)

∂β2

}
∂DγU1i

γR2i

∂β2

=

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
∂D1;γR1i

γU2i

∂β2

=

[
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
∂D2;γR1i

γU2i

∂β2

=

[
−G′′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
∂D3;γR1i

γU2i

∂β2

=
∂2η2i(t2i)

∂t2i∂β2

∂D1;γU1i
γL2i

∂β2

=
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂D1;γL1i
γU2i

∂β2

=

[
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
∂D2;γL1i

γU2i

∂β2

=

[
G′′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

]
∂D3;γL1i

γU2i

∂β1

=

[
∂2η2i(t2i)

∂t2i∂β2

]
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∂D1;γU1i
γI2i

∂β2

=

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

}
∂D1;γI1iγU2i

∂β2

=

[
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

]
+

∂D2;γI1iγU2i

∂β2

= G′′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂D3;γI1iγU2i

∂β2

=
∂2η2i(t2i)

∂t2i∂β2

∂DγR1i
γL2i

∂β2

=

{
− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

}
∂DγL1i

γR2i

∂β2

=

{
G′2(η2i(r2i))

∂η2i(r2i)

∂β2

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
∂DγR1i

γI2i

∂β2

=

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i)
·G′2(η2i(l2i) ·

∂η2i(l2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
∂DγI1iγR2i

∂β2

=

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

}
∂DγL1i

γI2i

∂β2

=

{
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

−G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

}
∂DγI1iγL2i

∂β2

=

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i) ·
∂η2i(l2i)

∂β2

}
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First derivatives with respect to β3

∂D1;γU1i
γU2i

∂β3

=

{
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}

∂G1(η1i(t1i))∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂DγR1i

γR2i

∂β3

=

{
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}

∂DγL1i
γL2i

∂β3

=

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
+

∂DγI1iγI2i

∂β3

=

{
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂D1;γU1i

γR2i

∂β3

=

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂D1;γR1i

γU2i

∂β3

=

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂D1;γU1i

γL2i

∂β3

=

{
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂D1;γL1i

γU2i

∂β3

=

{
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂D1;γU1i

γI2i

∂β3

=

{
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
∂D1;γI1iγU2i

∂β3

=

{
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
∂DγR1i

γL2i

∂β3

=

{
− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
∂DγL1i

γR2i

∂β3

=

{
− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

}
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∂DγR1i
γI2i

∂β3

=

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
∂DγI1iγR2i

∂β3

=

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
∂DγL1i

γI2i

∂β3

=

{
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
∂DγI1iγL2i

∂β3

=

{
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂η3i(x3i, β3)

∂β3

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂η3i(x3i, β3)

∂β3

}
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Second derivatives with respect to β1

∂2D1;γU1i
γU2i

∂β1∂βT1
=

{
∂4C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))3∂G2(η2i(t2i))

(
G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))

·G′′1(η1i(t1i))
(
∂η1i(t1i)

∂β1

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))

·G′1(η1i(t1i)) ·
∂2η1i(t1i)

∂β1∂βT1
∂2D2;γU1i

γU2i

∂β1∂βT1
=

{
G′′′1 (η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

+G′′1(η1i(t1i)) ·
∂2η1i(t1i)

∂β1∂βT1

}
∂2D4;γU1i

γU2i

∂β1∂βT1
=

∂3η1i(t1i)

∂t1i∂β1∂βT1
∂2DγR1i

γR2i

∂β1∂βT1
=

{
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))2

(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′′1(η1i(r1i)) ·

(
∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂2η1i(r1i)

∂β1∂βT1

}
+

∂2DγL1i
γL2i

∂β1∂βT1
=

{
−G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

−G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂β1
T
+

+
∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂2η1i(l1i)

∂β1∂βT1

}
∂2DγI1iγI2i

∂β1∂βT1
=

{
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))
·G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂2η1i(l1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))2

·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′′1(η1i(l1i)) ·
(
∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))2

·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+
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− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1
+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))2
·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′′1(η1i(r1i)) ·

(
∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂2η1i(r1i)

∂β1∂βT1

}
∂2D1;γU1i

γR2i

∂β1∂βT1
=

{
+
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))3
·
(
G′1(η1i(t1i) ·

∂η1i(t1i)

∂β1

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′′1(η1i(t1i) ·

(
∂η1i(t1i)

∂β1

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i) ·

∂2η1i(t1i)

∂β1∂βT1

}
∂2D2;γU1i

γR2i

∂β1∂βT1
=

{
−G′′′1 (η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

−G′′1(η1i(t1i)) ·
∂2η1i(t1i)

∂β1∂β1

}
∂2D3;γU1i

γR2i

∂β1∂βT1
=

∂3η1i(t1i)

∂t1i∂β1∂βT1
∂2D1;γR1i

γU2i

∂β1∂βT1
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))2

·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))

·G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂β1

}
∂2D1;γU1i

γL2i

∂β1∂βT1
=

{
+
∂3C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))3
·
(
G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

)2

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))2
·G′′1(η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i)) ·

∂2η1i(t1i)

∂β1∂βT1

}
∂2D2;γU1i

γL2i

∂β1∂βT1
=

{
G′′′1 (η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

+G′′1(η1i(t1i))
∂2η1i(t1i)

∂β1∂βT1

}
∂2D3;γU1i

γL2i

∂β1∂βT1
=

∂3η1i(t1i)

∂t1i∂β1∂βT1
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∂2D1;γL1i
γU2i

∂β1∂βT1
=

{
+
∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))2

·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))

·G′′1(η1i(l1i)) ·
(
∂η1i(l1i)

∂β1

)2

+

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂βT1

}
∂2D1;γU1i

γI2i

∂β1∂βT1
=

{
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))3
·
(
G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′′1(η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2
·G′1(η1i(t1i)) ·

∂2η1i(t1i)

∂β1∂βT1
+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))3

·
(
G′1(η1i(t1i)) ·

∂η1i(t1i)

∂β1

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2

·G′′1(η1i(t1i)) ·
(
∂η1i(t1i)

∂β1

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2

·G′1(η1i(t1i)) ·
∂2η1i(t1i)

∂β1∂βT1

}
∂2D2;γU1i

γI2i

∂β1∂βT1
=

{
G′′′1 (η1i(t1i)) ·

(
∂η1i(t1i)

∂β1

)2

+G′′1(η1i(t1i)) ·
∂2η1i(t1i)

∂β1∂βT1

}
∂2D3;γU1i

γI2i

∂β1∂βT1
=

∂3η1i(t1i)

∂t1i∂β1∂βT1
∂2D1;γI1iγU2i

∂β1∂βT1
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))2∂G2(η2i(t2i))

·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))

·G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))

·G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1
+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)2∂G2(η2i(t2i))

·
(
G′1(η1i(l1i) ·

∂η1i(l1i)

∂β1

)2

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))

·G′′1(η1i(l1i) ·
(
∂η1i(l1i)

∂β1

)2

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))

·G′1(η1i(l1i) ·
∂2η1i(l1i)

∂β1∂βT1

}
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∂2DγR1i
γL2i

∂β1∂βT1
=

{
G′′1(η1i(r1i)) ·

(
∂η1i(r1i)

∂β1

)2

+G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))2

·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1

}
∂2DγL1i

γR2i

∂β1∂βT1
=

{
− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′′1(η1i(l1i)) ·
(
∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂βT1

}
∂2DγR1i

γI2i

∂β1∂βT1
=

{
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))2
·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′′1(η1i(r1i)) ·

(
∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂2η1i(r1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))2

·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1

}
∂2DγI1iγR2i

∂β1∂βT1
=

{
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂2η1i(l1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))2

·
(
G′1(η1i(r1i))

∂η1i(r1i)

∂β1

)2

+
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− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′′1(η1i(r1i))
(
∂η1i(r1i)

∂β1

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))

·G′1(η1i(r1i))
∂2η1i(r1i)

∂β1∂βT1

}
∂2DγL1i

γI2i

∂β1∂βT1
=

{
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂2η1i(l1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))2
·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))
·G′1(η1i(l1i)) ·

∂2η1i(l1i)

∂β1∂βT1

}

∂2DγI1iγL2i

∂β1∂βT1
=

{
G′′1(η1i(l1i)) ·

(
∂η1i(l1i)

∂β1

)2

+G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂βT1
+

−G′′1(η1i(r1i)) ·
(
∂η1i(r1i)

∂β1

)2

−G′1(η1i(r1i)) ·
∂2η1i(r1i)

∂β1∂βT1
+

+
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))2
·
(
G′1(η1i(r1i)) ·

∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′′1(η1i(r1i)) ·

(
∂η1i(r1i)

∂β1

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))
·G′1(η1i(r1i)) ·

∂2η1i(r1i)

∂β1∂βT1
+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))2

·
(
G′1(η1i(l1i)) ·

∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))

·G′′1(η1i(l1i)) ·
(
∂η1i(l1i)

∂β1

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))

·G′1(η1i(l1i)) ·
∂2η1i(l1i)

∂β1∂βT1

}
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Second derivatives with respect to β1 and β2

∂2D1;γU1i
γU2i

∂β1∂βT2
=
∂4C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))2

·G′2(η2i(t2i) ·
∂η2i(t2i)

∂β2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2DγR1i
γR2i

∂β1∂βT2
=
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2DγL1i
γL2i

∂β1∂βT2
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2DγI1iγI2i

∂β1∂βT2
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2D1;γU1i
γR2i

∂β1∂βT2
=
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))2∂G2(η2i(r2i)

·G′2(η2i(r2i) ·
∂η2i(r2i)

∂β2

·G′1(η1i(t1i) ·
∂η1i(t1i)

∂β1

∂2D1;γR1i
γU2i

∂β1∂βT2
=
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2∂G1(η1i(r1i))

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2D1;γU1i
γL2i

∂β1∂βT2
=
∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2∂G2(η2i(l2i))

·G′2(η2i(l2i))
∂η2i(l2i)

∂β2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2D1;γL1i
γU2i

∂β1∂βT2
=
∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2∂G1(η1i(l1i))

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2D1;γU1i
γI2i

∂β1∂βT2
=
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))2∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2D1;γI1iγU2i

∂β1∂βT2
=
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β1

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

·G′1(η1i(l1i) ·
∂η1i(l1i)

∂β1

∂2DγR1i
γL2i

∂β1∂βT2
= −∂

2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2DγL1i
γR2i

∂β1∂βT2
= −∂

2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1
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∂2DγR1i
γI2i

∂β1∂βT2
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2DγI1iγR2i

∂β1∂βT2
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(r1i))
∂η1i(r1i)

∂β1

∂2DγL1i
γI2i

∂β1∂βT2
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2DγI1iγL2i

∂β1∂βT2
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))∂G2(η2i(l2i)

·G′2(η2i(l2i) ·
∂η2i(l2i)

∂β2

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1
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Second derivatives with respect to β1 and β3

∂2D1;γU1i
γU2i

∂β1∂βT3
=

∂4C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))2∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2DγR1i
γR2i

∂β1∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2DγL1i
γL2i

∂β1∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2DγI1iγI2i

∂β1∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G1(η1i(l1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

+
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G1(η1i(r1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2D1;γU1i
γR2i

∂β1∂βT3
=
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(t1i) ·
∂η1i(t1i)

∂β1

∂2D1;γR1i
γU2i

∂β1∂βT3
=

∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(r1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2D1;γU1i
γL2i

∂β1∂βT3
=
∂3C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2D1;γL1i
γU2i

∂β1∂βT3
=

∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂G1(η1i(l1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2D1;γU1i
γI2i

∂β1∂βT3
=
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))2∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(t1i)) ·
∂η1i(t1i)

∂β1

∂2D1;γI1iγU2i

∂β1∂βT3
=

∂3C{G1(η1i(r1i)), G2(η2i(t2i))}
∂G1(η1i(r1i))∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G1(η1i(l1i)∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i) ·
∂η1i(l1i)

∂β1

∂2DγR1i
γL2i

∂β1∂βT3
= −∂

2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G1(η1i(r1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

∂2DγL1i
γR2i

∂β1∂βT3
= −∂

2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G1(η1i(l1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2DγR1i
γI2i

∂β1∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1
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∂2DγI1iγR2i

∂β1∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G1(η1i(r1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i))
∂η1i(r1i)

∂β1

∂2DγL1i
γI2i

∂β1∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G1(η1i(l1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G1(η1i(l1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1

∂2DγI1iγL2i

∂β1∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G1(η1i(r1i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′1(η1i(r1i)) ·
∂η1i(r1i)

∂β1

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G1(η1i(l1i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′1(η1i(l1i)) ·
∂η1i(l1i)

∂β1
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Second derivatives with respect to β2 and β3

∂2D1;γU1i
γU2i

∂β2∂βT3
=

∂4C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))2∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂2DγR1i
γR2i

∂β2∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

∂2DγL1i
γL2i

∂β2∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂2DγI1iγI2i

∂β2∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

∂2DγU1i
γR2i

∂β2∂βT3
=

∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

∂2D1;γR1i
γU2i

∂β2∂βT3
=
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂2D1;γU1i
γL2i

∂β2∂βT3
=

∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))∂m(η3i

) ·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂2D1;γL1i
γU2i

∂β2∂βT3
=
∂3C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂2D1;γU1i
γI2i

∂β2∂βT3
=

∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))∂m(η3i)

m′(η3i) ·
∂η3i(x3i,β3)

∂β3

· ·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂2D1;γI1iγU2i

∂β2∂βT3
=
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(t2i)) ·
∂η2i(t2i)

∂β2

∂2DγR1i
γL2i

∂β2∂βT3
= −∂

2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂2DγL1i
γR2i

∂β2∂βT3
= −∂

2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2
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∂2DγR1i
γI2i

∂β2∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i) ·
∂η2i(l2i)

∂β2

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

∂2DγI1iγR2i

∂β2∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

∂2DγL1i
γI2i

∂β2∂βT3
=
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(r2i)) ·
∂η2i(r2i)

∂β2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

∂2DγI1iγL2i

∂β2∂βT3
=
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))∂m(η3i)
·m′(η3i) ·

∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i)) ·
∂η2i(l2i)

∂β2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i)∂m(η3i)

·m′(η3i) ·
∂η3i(x3i,β3)

∂β3

·G′2(η2i(l2i) ·
∂η2i(l2i)

∂β2
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Second derivatives with respect to β3

∂2DγU1i
γU2i

∂β3∂βT3
=

{
∂4C{G1(η1i(t1i)), G2(η2i(t2i))}

∂G1(η1i(t1i))∂G2(η2i(t2i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}

∂G1(η1i(t1i))∂G2(η2i(t2i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}

∂G1(η1i(t1i))∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγR1i

γR2i

∂β3∂βT3
=

{
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγL1i

γL2i

∂β3∂βT3
=

{
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγI1iγI2i

∂β3∂βT3
=

{
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3
+
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+
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
∂2DγU1i

γR2i

∂β3∂βT3
=

{
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγR1i

γU2i

∂β3∂βT3
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγU1i

γL2i

∂β3∂βT3
=

{
∂3C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγL1i

γU2i

∂β3∂βT3
=

{
∂3C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3

}
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∂2DγU1i
γI2i

∂β3∂βT3
=

{
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′′(η3i)

(
· ∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}

∂G1(η1i(t1i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγI1iγU2i

∂β3∂βT3
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγR1i

γL2i

∂β3∂βT3
=

{
− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγL1i

γR2i

∂β3∂βT3
=

{
− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
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∂2DγR1i
γI2i

∂β3∂βT3
=

{
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγI1iγR2i

∂β3∂βT3
=

{
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
∂2DγL1i

γI2i

∂β3∂βT3
=

{
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
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∂2DγI1iγL2i

∂2β3∂βT3
=

{
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)2
·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′′(η3i) ·

(
∂η3i(x3i, β3)

∂β3

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂m(η3i)
·m′(η3i) ·

∂2η3i(x3i, β3)

∂β3∂βT3
+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)2

·
(
m′(η3i) ·

∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′′(η3i) ·
(
∂η3i(x3i, β3)

∂β3

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂m(η3i)

·m′(η3i) ·
∂2η3i(x3i, β3)

∂β3∂βT3

}
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Second derivatives with respect to β2

∂2D1;γU1i
γU2i

∂β2∂βT2
=

{
∂4C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))3

·
(
G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))2

·G′′2(η2i(t2i)) ·
(
∂η2i(t2i)

∂β2

)2

+

+
∂3C{G1(η1i(t1i)), G2(η2i(t2i))}
∂G1(η1i(t1i))∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂βT2

}
∂2D3;γU1i

γU2i

∂β2∂βT2
= G′′′2 (η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+G′′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂βT2
∂2D5;γU1i

γU2i

∂β2∂βT2
=

∂3η2i(t2i)

∂t2i∂β2∂βT2
∂2DγR1i

γR2i

∂β2∂βT2
=

{
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))2
·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′′2(η2i(r2i)) ·

(
∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂2η2i(r2i)

∂β2∂βT2

}
∂2DγL1i

γL2i

∂β2∂βT2
=

{
−G′′2(η2i(l2i)) ·

(
∂η2i(l2i)

∂β2

)2

−G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂β2
T
+

+
∂2C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))2
·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))
·G′′2(η2i(l2i)) ·

(
∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂2η2i(l2i)

∂β2∂βT2

}
∂2DγI1iγI2i

∂β2∂βT2
=

{
∂2C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))2
·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′′2(η2i(l2i)) ·

(
∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂2η2i(l2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))2

·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+
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− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′′2(η2i(l2i)) ·
(
∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2
+

+
∂2C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))2
·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′′2(η2i(r2i)) ·

(
∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂2η2i(r2i)

∂β2∂βT2

}
∂2DγU1i

γR2i

∂β2∂βT2
=

{
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2

}
∂2D1;γR1i

γU2i

∂β2∂βT2
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))3
·
(
G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′′2(η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂2η2i(t2i)

∂β2∂βT2

}
∂2D2;γR1i

γU2i

∂β2∂βT2
= −G′′′2 (η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

−G′′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂βT2
∂2D3;γR1i

γU2i

∂β2∂βT2
=

∂3η2i(t2i)

∂t2i∂β2∂βT2
∂2D1;γU1i

γL2i

∂β2∂βT2
=

{
∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))2

·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′′2(η2i(l2i)) ·
(
∂η2i(l2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2

}
∂2D1;γL1i

γU2i

∂β2∂βT2
=

{
∂3C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))3
·
(
G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′′2(η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(l1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂2η2i(t2i)

∂β2∂βT2

}
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∂2D2;γL1i
γU2i

∂β2∂βT2
= G′′′2 (η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+G′′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂βT2
∂2D3;γL1i

γU2i

∂β2∂βT2
=

∂3η2i(t2i)

∂t2i∂β2∂βT2
∂2D1;γU1i

γI2i

∂β2∂βT2
=

{
∂3C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

+
∂2C{G1(η1i(t1i)), G2(η2i(r2i))}
∂G1(η1i(t1i))∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2
+

− ∂3C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))2

·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′′2(η2i(l2i)) ·
(
∂η2i(l2i)

∂β2

)2

+

− ∂2C{G1(η1i(t1i)), G2(η2i(l2i))}
∂G1(η1i(t1i))∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2

}
∂2D1;γI1iγU2i

∂β2∂βT2
=

{
∂3C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))3
·
(
G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′′2(η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+

+
∂2C{G1(η1i(r1i)), G2(η2i(t2i))}

∂G2(η2i(t2i))2
·G′2(η2i(t2i)) ·

∂2η2i(t2i)

∂β2∂βT2
+

− ∂3C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))3

·
(
G′2(η2i(t2i)) ·

∂η2i(t2i)

∂β2

)2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2

·G′′2(η2i(t2i)) ·
(
∂η2i(t2i)

∂β2

)2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(t2i))}
∂G2(η2i(t2i))2

·G′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂β2
2

}
∂2D2;γI1iγU2i

∂β2∂βT2
= G′′′2 (η2i(t2i)) ·

(
∂η2i(t2i)

∂β2

)2

+G′′2(η2i(t2i)) ·
∂2η2i(t2i)

∂β2∂βT2
∂2D3;γI1iγU2i

∂β2∂βT2
=

∂3η2i(t2i)

∂t2i∂β2∂βT2
∂2DγR1i

γL2i

∂β2∂βT2
=

{
− ∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))2
·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′′2(η2i(l2i)) ·
(
∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2

}
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∂2DγL1i
γR2i

∂β2∂βT2
=

{
G′′2(η2i(r2i)) ·

(
∂η2i(r2i)

∂β2

)2

+G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2

}

∂2DγR1i
γI2i

∂β2∂βT2
=

{
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i)2
·
(
G′2(η2i(l2i) ·

∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i)
·G′′2(η2i(l2i) ·

(
∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i)
·G′2(η2i(l2i) ·

∂2η2i(l2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2

}
∂2DγI1iγR2i

∂β2∂βT2
=

{
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))2
·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′′2(η2i(r2i)) ·

(
∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂2η2i(r2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))2

·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

+

− ∂C{G1(η1i(r1i)), G2(η2i(r2i))}
∂G2(η2i(r2i))

·G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2

}
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∂2DγL1i
γI2i

∂β2∂βT2
=

{
G′′2(η2i(l2i)) ·

(
∂η2i(l2i)

∂β2

)2

+G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2
+

−G′′2(η2i(r2i)) ·
(
∂η2i(r2i)

∂β2

)2

−G′2(η2i(r2i)) ·
∂2η2i(r2i)

∂β2∂βT2
+

+
∂2C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))2
·
(
G′2(η2i(r2i)) ·

∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′′2(η2i(r2i)) ·

(
∂η2i(r2i)

∂β2

)2

+

+
∂C{G1(η1i(l1i)), G2(η2i(r2i))}

∂G2(η2i(r2i))
·G′2(η2i(r2i)) ·

∂2η2i(r2i)

∂β2∂βT2
+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′′2(η2i(l2i)) ·
(
∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i)) ·
∂2η2i(l2i)

∂β2∂βT2

}
∂2DγI1iγL2i

∂β2∂βT2
=

{
∂2C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))2
·
(
G′2(η2i(l2i)) ·

∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′′2(η2i(l2i)) ·

(
∂η2i(l2i)

∂β2

)2

+

+
∂C{G1(η1i(r1i)), G2(η2i(l2i))}

∂G2(η2i(l2i))
·G′2(η2i(l2i)) ·

∂2η2i(l2i)

∂β2∂β2
2

+

− ∂2C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))2

·
(
G′2(η2i(l2i) ·

∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′′2(η2i(l2i) ·
(
∂η2i(l2i)

∂β2

)2

+

− ∂C{G1(η1i(l1i)), G2(η2i(l2i))}
∂G2(η2i(l2i))

·G′2(η2i(l2i) ·
∂2η2i(l2i)

∂β2∂βT2

}
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D Simulation study

This section provides evidence on the empirical effectiveness of the proposed approach in recov-

ering true covariate effects and baseline functions.

Survival time T1i was generated from a proportional hazards (PH) model defined as T1i =

log[− logS10(t1i)] + β11x1i + s11(x2i) where S10(t1i) = 0.9 exp (−0.4t2.51i ) + 0.1 exp (−0.1t1i).

Time T2i was generated from a proportional odds (PO)model defined as T2i = log

[
{1−S20(t2i)}
S20(t2i)

]
+

β21x1i + β22x3i, where S20(t2i) = S10(t2i) = 0.9 exp (−0.4t2.51i ) + 0.1 exp (−0.1t1i). Obser-

vations were generated using the Brent’s univariate-finding root. The two survival times were

joined using a Clayton copula where the predictor for the dependence parameter was specified as

η3i = β31x1i + s31(x2i). In practice this was achieved using the conditional sampling approach.

The specification of η3 allowed dependence to vary across observations, with Kendall’s τ val-

ues ranging approximately from 0.10 to 0.90. The smooth functions were s11(xi) = sin(2πxi),

s31(xi) = 3 sin(πxi) and the parameters were defined as β11 = −1.5, β21 = 1.2, β22 = 1.2,

β31 = −1.5. Correlated covariates were generated using a multivariate standard normal distribu-

tion with a correlation parameter ρ = 0.5, and then transformed using the distribution function of

a standard normal distribution. Covariate x1i was dichotomised by simply rounding it. The ran-

dom censoring times were generated using the lower and upper bounds from two uniform random

variables. Specifically, this was achieved by comparing such bounds with the simulated times.

Uncensored observations were obtained from a subset of the interval- and left-censored observa-

tions, using a binomial random variable. Table 1 shows the censoring rates for two scenarios: mild

and high censoring. In the former case, the overall percentage of censoring for the two outcomes

is 62.86% and 44.98%, and in the latter we have 84.82% and 77.13%.

Sample sizes were set to 1000, 1500, 2000 while the number of replicates to 1000. The models

were fitted using gjrm() in GJRM with the Clayton copula. The smooth components of the

covariates were represented using penalized low rank thin plane splines with second order penalty

and 10 basis functions, and the smooths of times using monotonic penalised B-splines with penalty

defined in Section 2.1 of the main paper, and 10 bases. For each replicate, curve estimates were

constructed using 200 equally spaced fixed values in the (0,8) range for the monotonic functions
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Mild High
II 2.29 9.01
IL 2.81 10.14
IR 1.15 2.09
IU 7.95 6.04
LI 1.60 5.47
LL 2.38 8.18
LR 0.48 0.86
LU 5.70 4.53
RI 6.46 11.98
RL 7.54 13.70
RR 4.15 4.15
RU 20.35 8.67
UI 6.06 4.58
UL 7.62 5.85
UR 2.44 1.12
UU 21.02 3.63

I L R U
Mild cens1 14.20 10.16 38.50 37.14

cens2 16.41 20.35 8.22 55.02
High cens1 27.28 19.04 38.50 15.18

cens2 31.04 37.87 8.22 22.87

Table 1: Proportions of censoring rates by type, for two scenarios: mild and high censoring. These have been obtained
by averaging the censoring rates obtained over 1000 simulated datasets.

and (0,1) otherwise.

The main findings of the simulation study are summarised below:

Parametric effects:

Figures 1 and 2 show that overall the mean estimates are very close to the respective true values

and improve as the sample size increases, and that the variability of the estimates decreases as the

sample size grows large. The estimates for β31 (the effect of x1i contained in the additive predictor

of the copula parameter) are more variable and exhibit some bias as compared to those of the other

parameters, although the bias is somewhat negligible. However, the situation improves as more

observations are available for model fitting. This result was completely in line with expectations

and has also been documented by Romeo et al. (2018) and Marra & Radice (2020). The latter

authors investigated this issue and found that the profile log-likelihood of the copula coefficient

tends to be less sharp around the optimum which is to be expected.
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Smooth effects:

Figures 3 and 4 with Tables 2 and 3 show that overall the true smooth functions are recovered

well by the proposed estimation method and that the results improve in terms of bias and efficiency

as the sample size increases. As expected, estimation of s31(x1i) is more challenging, for the

reasons given earlier on. However, the performance improves dramatically as the sample size

grows large. This suggests that complex model specifications should be adopted if the information

content in the data is deemed sufficient to estimate reliably such effects.

Impact of censoring rates:

Comparing the plots of Figure 1 (mild censoring rates) with those of Figure 2 (high censoring),

and the bias and root mean squared error (RMSE) of Table 2 (mild censoring rates) with those of

Table 3 (high censoring), we see that the presence of high censoring deteriorates the estimation

performance. Moreover, the most affected parameters are those belonging to the copula’s additive

predictor. These results do not come as a surprise given the loss of information caused by a higher

level of censoring. As expected, as the sample size increases the estimates improve considerably

which is reassuring. Finally, high censoring caused the algorithm to fail to converge for a few

simulation replicates which were discarded from the results.

Coverage probabilities for the model terms were also checked. The empirical coverages were

overall close to the respective nominal levels; for instance, for a 95% nominal level the coverages

were in the range [0.93, 0.96]. The exceptions were observed for the difficult scenario of high

censoring rate and small sample size where, for the effects related to the dependence parameter,

the coverages were in the range [0.88, 0.93] for a nominal level of 95%. This was expected since,

as mentioned in the previous paragraphs, estimation of such effects is more difficult. The situation

improved significantly for larger sample sizes.
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Figure 1: Linear coefficient estimates obtained by applying gjrm to bivariate survival data with mild censoring rates.
Circles indicate mean estimates, whereas vertical bars represent estimate ranges (5%-95% quantiles). True values are
denoted with black solid lines. Black circles refer to the results obtained for n = 1000, whereas those in dark grey
and light grey are for n = 1500 and n = 2000.

Bias RMSE
n = 1000 n = 1500 n = 2000 n = 1000 n = 1500 n = 2000

β11 0.008 0.004 0.009 0.082 0.072 0.063
β21 0.003 0.008 0.011 0.124 0.104 0.088
β31 -0.038 -0.031 -0.031 0.209 0.161 0.139
h10 0.040 0.034 0.028 0.154 0.115 0.110
h20 0.026 0.018 0.015 0.144 0.115 0.104
s11 0.021 0.016 0.014 0.073 0.058 0.050
s31 0.087 0.060 0.045 0.279 0.196 0.146

Table 2: Bias and root mean squared error (RMSE) obtained by applying gjrm to bivariate survival data with
mild censoring rates. Bias and RMSE for the smooth terms are calculated using the following expressions:

Bias=n−1
s

∑ns

i=1 | ¯̂si− si| and RMSE=n−1
s

∑ns

i=1

√
n−1
rep
∑nrep

rep=1(ŝrep,i − si)2, where ¯̂si = n−1
rep

∑nrep

rep=1 ŝrep,i, ns is
the number of equally spaced fixed values in the (0,8) or (0,1) range, and nrep is the number of simulation replicates.
The bias for the smooth terms is based on absolute differences in order to avoid compensating effects when taking the
sum.
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Figure 2: Linear coefficient estimates obtained by applying gjrm to bivariate survival data with high censoring rates.
Further details are given in the caption of Figure 1.

Bias RMSE
n = 1000 n = 1500 n = 2000 n = 1000 n = 1500 n = 2000

β11 0.006 0.007 0.010 0.095 0.077 0.066
β21 0.001 0.009 0.006 0.146 0.123 0.099
β31 -0.100 -0.073 -0.055 0.344 0.259 0.204
h10 0.051 0.036 0.030 0.149 0.122 0.105
h20 0.038 0.027 0.019 0.164 0.137 0.124
s11 0.022 0.017 0.017 0.086 0.068 0.059
s31 0.075 0.044 0.036 0.379 0.254 0.190

Table 3: Bias and root mean squared error (RMSE) obtained by applying gjrm to bivariate survival data with high
censoring rates. Further details are given in the caption of Table 2.
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Using sample sizes smaller than the ones considered here would clearly affect the estimation

performance. In fact, a small number of observations necessarily implies a limit to the amount of

modeling complexity allowed by the data (e.g. Marra & Radice, 2020). In such a case, one would

have to employ simpler model specifications as the use of splines clearly requires the availability

of more information. For example, one could assume linear covariate effects instead of smooth

(non-linear) ones. Nevertheless, following a reviewer suggestion, we checked how far we can

push the model. When setting, e.g., n at 300, we had to discard around 30% of the replicates

(those related to the non-converged models). However, surprisingly, results were still reasonable;

see Figures 5 and 6.

−
2

−
1

0
1

2

β11 β21 β31

Figure 5: Linear coefficient estimates obtained by applying gjrm to bivariate survival data with mild censoring rates
and n = 300. Circles indicate mean estimates, whereas vertical bars represent estimate ranges (5%-95% quantiles).
True values are denoted with black horizontal solid lines.
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E Model fitting using GJRM

The proposed modelling framework has been implemented within the R package GJRM (Marra &

Radice, 2022), which required extending the gjrm() function. This package has been created to

enhance reproducible research and to disseminate results in a straightforward and transparent way.

The function is generally very easy to use, especially if the user is already familiar with the syntax

of (generalized) linear and additive models in R. For instance, one of the calls used for modelling

data from the AREDS, available through the R package CopulaCenR, is

eq1 <- t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + SevScale1E + rs2284665

eq2 <- t21 ~ s(t21, bs = "mpi") + s(ENROLLAGE) + SevScale2E + rs2284665

eq3 <- ~ s(ENROLLAGE) + rs2284665

f.list <- list(eq1, eq2, eq3)

out <- gjrm(f.list, data = AREDS, surv = TRUE, BivD = "PL",

margins = c("PO", "PO"), cens1 = cens1, cens2 = cens2,

Model = "B", upperBt1 = "t12", upperBt2 = "t22")

where t11 and t12 represent the lower and upper bounds, respectively, of the time interval where

the left eye progressed to late-AMD. If t12 = NA, then the left eye did not progress to late-AMD

by the end of the study and hence the outcome is not observed (right censoring). cens1 is a factor

variable indicating the type of censoring (in this case, either interval or right in accordance with

t12). Similarly, t21 and t22 represent the lower and upper bounds of the time interval for the

right eye and cens2 is the censoring indicator. AREDS is a data frame containing the variables,

including the three covariates, ENROLLAGE, SevScale1E and rs2284665, already defined in

Section 4 of the main paper. Model must be set to = "B" and surv to TRUE in order to employ a

joint bivariate survival model. The possible choices for BivD and margins are given in Section

2 of the paper, f.list is a list of equations for the survival outcomes and the copula dependence

parameter, s denotes the use of a smooth term and argument bs specifies the type of spline basis

(e.g., tp for thin plate regression spline (the default) and mpi for monotonic P-spline). Monotonic

P-splines must always be used for the smooth terms of the time variables, otherwise the program

will produce an error message. After fitting the model, function conv.check() can be used to

check that convergence has been achieved.
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conv.check(out)

Largest absolute gradient value: 2.646634e-05

Observed information matrix is positive definite

Eigenvalue range: [0.008631199,1.983189e+13]

Trust region iterations before smoothing parameter estimation: 55

Loops for smoothing parameter estimation: 9

Trust region iterations within smoothing loops: 22

Estimated overall probability range: 0.0209511 0.9999631

Estimated overall density range: 3.687044e-05 5.944891

The function provides various information about the estimation process. Convergence is assessed

by checking that the maximum of the absolute value of the score vector is virtually equal to 0 and

that the observed information matrix is positive definite.

To obtain summary statistics, we can use summary() which works in a similar fashion as

that of (generalised) linear and additive models.

summary(out)

COPULA: Plackett

MARGIN 1: survival with -logit link

MARGIN 2: survival with -logit link

EQUATION 1

Formula: t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + SevScale1E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -18.0019 4.3929 -4.098 4.17e-05 ***

SevScale1E5 0.6709 0.2413 2.781 0.00542 **

SevScale1E6 0.9975 0.2226 4.482 7.40e-06 ***

SevScale1E7 1.9248 0.2303 8.358 < 2e-16 ***
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SevScale1E8 2.8320 0.3163 8.954 < 2e-16 ***

rs22846651 0.3196 0.1667 1.918 0.05517 .

rs22846652 0.5950 0.2337 2.546 0.01090 *

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(t11) 6.680 7.697 1867.11 < 2e-16 ***

s(ENROLLAGE) 1.545 1.923 14.46 0.00173 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

EQUATION 2

Formula: t21 ~ s(t21, bs = "mpi") + s(ENROLLAGE) + SevScale2E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -30.7363 10.7534 -2.858 0.004260 **

SevScale2E5 0.7855 0.2555 3.075 0.002107 **

SevScale2E6 1.1900 0.2383 4.994 5.92e-07 ***

SevScale2E7 2.4208 0.2527 9.578 < 2e-16 ***

SevScale2E8 3.2760 0.3284 9.977 < 2e-16 ***

rs22846651 0.4452 0.1689 2.635 0.008403 **

rs22846652 0.7772 0.2263 3.434 0.000595 ***

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:
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edf Ref.df Chi.sq p-value

s(t21) 7.452 8.266 3933.136 < 2e-16 ***

s(ENROLLAGE) 1.000 1.000 6.714 0.00957 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

EQUATION 3

Link function for theta: log

Formula: ~s(ENROLLAGE) + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 1.4190 0.2387 5.946 2.75e-09 ***

rs22846651 0.3915 0.3058 1.280 0.200

rs22846652 0.3023 0.4032 0.750 0.453

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(ENROLLAGE) 1 1 0.003 0.954

theta = 5.27(3.31,9.12) tau = 0.353(0.253,0.456)

n = 628 total edf = 34.7

Since the copula parameter does not seem, on this instance, to be influenced by covariates and the

effect of ENROLLAGE is linear (edf= 1) in the second margin, a more parsimonious model, the

one reported in Section 4 of the manuscript, was specified:

eq1 <- t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + SevScale1E + rs2284665

eq2 <- t21 ~ s(t21, bs = "mpi") + ENROLLAGE + SevScale2E + rs2284665
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f.list <- list(eq1, eq2)

out <- gjrm(f.list, data = AREDS, surv = TRUE, BivD = "PL",

margins = c("PO", "PO"), cens1 = cens1, cens2 = cens2,

Model = "B", upperBt1 = "t12", upperBt2 = "t22")

summary(out)

COPULA: Plackett

MARGIN 1: survival with -logit link

MARGIN 2: survival with -logit link

EQUATION 1

Formula: t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + SevScale1E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -18.0368 4.3965 -4.103 4.09e-05 ***

SevScale1E5 0.6707 0.2419 2.773 0.00556 **

SevScale1E6 1.0049 0.2235 4.497 6.90e-06 ***

SevScale1E7 1.9255 0.2309 8.338 < 2e-16 ***

SevScale1E8 2.8208 0.3165 8.914 < 2e-16 ***

rs22846651 0.3269 0.1665 1.963 0.04966 *

rs22846652 0.6058 0.2328 2.602 0.00927 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(t11) 6.633 7.658 1879.02 < 2e-16 ***

s(ENROLLAGE) 1.604 2.007 12.89 0.00159 **

---
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Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

EQUATION 2

Formula: t21 ~ s(t21, bs = "mpi") + ENROLLAGE + SevScale2E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -33.28111 10.89158 -3.056 0.002246 **

ENROLLAGE 0.03643 0.01443 2.524 0.011592 *

SevScale2E5 0.81869 0.25569 3.202 0.001365 **

SevScale2E6 1.20579 0.23953 5.034 4.81e-07 ***

SevScale2E7 2.42703 0.25287 9.598 < 2e-16 ***

SevScale2E8 3.27930 0.32983 9.942 < 2e-16 ***

rs22846651 0.45890 0.16852 2.723 0.006467 **

rs22846652 0.78741 0.22556 3.491 0.000481 ***

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(t21) 7.404 8.227 3872 <2e-16 ***

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

theta = 5.26(4.06,6.87) tau = 0.356(0.304,0.408)

n = 628 total edf = 31.6

Refer to Section 4 of the manuscript for the interpretation of these summaries. Function plot()

can be used to visualise results.

par(mfrow = c(1, 3), mar = c(4, 5, 2, 0) + 0.1 )
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plot(out, eq = 1, scale = 0, select = 1)

plot(out, eq = 1, scale = 0, select = 2)

plot(out, eq = 2, scale = 0, select = 1)

They correspond to the three estimated smooth functions reported in Figure 1 of Section 4.

To obtain 3D plots, such as the one reported in the left panel of Figure 2 of Section 4 which

represents the joint progression-free probability contours for subjects who are 69 years old with

AMD severity score equal to 6 for both eyes but with different genotypes of rs2284665, the

following R code chunk was used

size <- 40

x <- y <- seq(from = 0, to = 12, length.out = size)

t11 <- rep(x = x, each = size)

t21 <- rep(x = y, times = size)

newd0 <- data.frame(t11 = t11, t21 = t21, ENROLLAGE = 69, SevScale1E = 4,

SevScale2E = 4, rs2284665 = 1)

newd1 <- data.frame(t11 = t11, t21 = t21, ENROLLAGE = 69, SevScale1E = 6,

SevScale2E = 6, rs2284665 = 1)

newd2 <- data.frame(t11 = t11, t21 = t21, ENROLLAGE = 69, SevScale1E = 8,

SevScale2E = 8, rs2284665 = 1)

res0 <- jc.probs(out, type = "joint", newdata = newd0)

res1 <- jc.probs(out, type = "joint", newdata = newd1)

res2 <- jc.probs(out, type = "joint", newdata = newd2)

z0 <- matrix(data = res0$p12, nrow = size, byrow = TRUE)

z1 <- matrix(data = res1$p12, nrow = size, byrow = TRUE)

z2 <- matrix(data = res2$p12, nrow = size, byrow = TRUE)

persp3D(x = x, y = y, z = z0, zlim = c(0, 1), box = TRUE, plot = TRUE,
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theta = 50, phi = 10, expand = 1, col = "grey90",

xlab = "Years (Left)", ylab = "Years (Right)",

zlab = "Progression-free Probability", ticktype = "detailed",

facets = FALSE, bty = "b2")

persp3D(x = x, y = y, z = z1, zlim = c(0, 1), box = FALSE, plot = TRUE,

add = TRUE, theta = 50, phi = 10, expand = 1, col = "grey50",

facets = FALSE)

persp3D(x = x, y = y, z = z2, zlim = c(0, 1), box = FALSE, plot = TRUE,

add = TRUE, theta = 50, phi = 10, expand = 1, col = "grey5",

facets = FALSE)

legend(x = 0.2, y = 0.3, legend = c("4", "6", "8"),

fill = c("grey90","grey50","grey5"), bty = "n")

The remaining 3D plots of Figure 2 were obtained by modifying the above code accordingly.

Interaction terms can also be included in the model by using the same syntax employed for

generalised linear and additive models. One example is give below

eq1 <- t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + ti(t11, ENROLLAGE) +

SevScale1E * rs2284665

eq2 <- t21 ~ s(t21, bs = "mpi") + ENROLLAGE * rs2284665 +

SevScale2E

f.list <- list(eq1, eq2)

out <- gjrm(f.list, data = AREDS, surv = TRUE, BivD = "PL",

margins = c("PO", "PO"), cens1 = cens1, cens2 = cens2,

Model = "B", upperBt1 = "t12", upperBt2 = "t22")

Other familiar functions such as AIC(), BIC(), predict() can be used in the usual manner

to extract the information criteria and to make prediction. Further details can be found in the

documentation of the GJRM package in R.

Following a referee suggestion, we also fitted models with alternative copulae (here we used

the second and third best ones).
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outF <- gjrm(f.list, data = AREDS_formatted, surv = TRUE,

BivD = "F", margins = c("PO", "PO"),

cens1 = cens1, cens2 = cens2, Model = "B",

upperBt1 = ’t12’, upperBt2 = ’t22’)

outG180 <- gjrm(f.list, data = AREDS_formatted, surv = TRUE,

BivD = "F", margins = c("PO", "PO"),

cens1 = cens1, cens2 = cens2, Model = "B",

upperBt1 = ’t12’, upperBt2 = ’t22’)

The substantive conclusions did not change. Below, we report the summary results from the former

model.

COPULA: Frank

MARGIN 1: survival with -logit link

MARGIN 2: survival with -logit link

EQUATION 1

Formula: t11 ~ s(t11, bs = "mpi") + s(ENROLLAGE) + SevScale1E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -17.9941 4.4087 -4.081 4.47e-05 ***

SevScale1E5 0.6737 0.2435 2.767 0.00566 **

SevScale1E6 0.9966 0.2238 4.453 8.46e-06 ***

SevScale1E7 1.9478 0.2309 8.435 < 2e-16 ***

SevScale1E8 2.8656 0.3141 9.125 < 2e-16 ***

rs22846651 0.3152 0.1666 1.891 0.05859 .

rs22846652 0.5643 0.2345 2.407 0.01610 *

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1
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Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(t11) 6.620 7.648 1849.16 < 2e-16 ***

s(ENROLLAGE) 1.591 1.988 13.97 0.00127 **

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

EQUATION 2

Formula: t21 ~ s(t21, bs = "mpi") + s(ENROLLAGE) + SevScale2E + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) -30.5894 10.7055 -2.857 0.004272 **

SevScale2E5 0.7991 0.2562 3.120 0.001810 **

SevScale2E6 1.2219 0.2393 5.106 3.29e-07 ***

SevScale2E7 2.4428 0.2540 9.618 < 2e-16 ***

SevScale2E8 3.2842 0.3286 9.994 < 2e-16 ***

rs22846651 0.4644 0.1690 2.747 0.006010 **

rs22846652 0.7522 0.2246 3.350 0.000808 ***

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(t21) 7.389 8.215 3857.456 <2e-16 ***

s(ENROLLAGE) 1.000 1.000 5.993 0.0144 *

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1
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EQUATION 3

Link function for theta: identity

Formula: ~s(ENROLLAGE) + rs2284665

Parametric coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 2.9658 0.5493 5.399 6.7e-08 ***

rs22846651 1.0241 0.7345 1.394 0.163

rs22846652 1.0612 1.0168 1.044 0.297

---

Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Smooth components’ approximate significance:

edf Ref.df Chi.sq p-value

s(ENROLLAGE) 1.137 1.262 0.259 0.825

theta = 3.6(2.21,4.97) tau = 0.355(0.233,0.452)

n = 628 total edf = 34.7
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F R code to simulate data

The code used to simulate data in the simulation study is

datagenCopulaMixCens <- function(n, my.seed = 1){

set.seed(my.seed)

cor.cov <- matrix(0.5, 3, 3); diag(cor.cov) <- 1

cov <- rMVN(n, rep(0,3), cor.cov)

cov <- pnorm(cov)

z1 <- round(cov[, 1])

z2 <- cov[, 2]

z3 <- cov[, 3]

s11 <- function(x) sin(2*pi*x)

s31 <- function(x) 3*sin(pi*x)

beta11 <- -1.5

beta21 <- 1.2

beta31 <- -1.5

f1 <- function(t, beta, sm.fn, u, z1, z2, z3){

S_0 <- 0.9 * exp(-0.4*t^2.5) + 0.1*exp(-0.1*t^1)

exp( -exp(log(-log(S_0)) + beta*z1 + sm.fn(z2)) ) - u

}

f2 <- function(t, beta1, beta2, sm.fn, u, z1, z2, z3){

S_0 <- 0.9 * exp(-0.4*t^2.5) + 0.1*exp(-0.1*t^1)

1/(1 + exp(log((1-S_0)/S_0) + beta1*z1 + beta2*z3 )) - u

}

u <- runif(n, 0, 1)
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t <- rep(NA, n)

for (i in 1:n){

t[i] <- uniroot(f1, c(0, 8), tol = .Machine$double.eps^0.5,

beta = beta11, sm.fn = s11, u = u[i],

z1 = z1[i], z2 = z2[i], z3 = z3[i], extendInt = "yes")$root

}

c1 <- runif(n, 0, 2)

c2 <- c1 + runif(n, 0, 6)

dataSim <- data.frame(t.true1 = t, c11 = c1, c12 = c2, t11 = NA, t12 = NA,

z1, z2, z3, cens = character(n),

surv1 = u, stringsAsFactors = FALSE)

for (i in 1:n){

if(t[i] <= c1[i]) {

dataSim$t11[i] <- c1[i]

dataSim$t12[i] <- NA # redundant but nice for clarity

dataSim$cens[i] <- "L"

} else if (c1[i] < t[i] && t[i] <= c2[i]){

dataSim$t11[i] <- c1[i]

dataSim$t12[i] <- c2[i]

dataSim$cens[i] <- "I"

} else if (t[i] > c2[i]){

dataSim$t11[i] <- c2[i]

dataSim$t12[i] <- NA # redundant but nice for clarity

dataSim$cens[i] <- "R"}

}
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%p=0.25 high

%p=0.60 mild censoring

uncens <- (dataSim$cens %in% c("L", "I")) + (rbinom(n, 1, 0.60) == 1) == 2

dataSim$t11[uncens] <- t[uncens]

dataSim$t12[uncens] <- NA

dataSim$cens[uncens] <- "U"

eta.theta <- beta31*z1 + s31(z2) # this is for Clayton

theta <- exp(eta.theta)

u2 <- runif(n, 0, 1)

u_prime <- ((u2^(-theta/(1 + theta)) - 1) * u^(-theta) + 1)^(-1/theta)

t <- rep(NA, n)

for (i in 1:n){

t[i] <- uniroot(f2, c(0, 8), tol = .Machine$double.eps^0.5,

beta1 = beta21, beta2 = beta21, sm.fn = s21, u = u_prime[i],

z1 = z1[i], z2 = z2[i], z3 = z3[i], extendInt = "yes")$root

}

dataSim$t.true2 <- t

c1 <- runif(n, 0, 2)

c2 <- c1 + runif(n, 0, 6)

dataSim$c21 = c1

dataSim$c22 = c2

for (i in 1:n){

if(t[i] <= c1[i]) {
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dataSim$t21[i] <- c1[i]

dataSim$t22[i] <- NA

dataSim$cens[i] <- paste(dataSim$cens[i], "L", sep = "")

} else if (c1[i] < t[i] && t[i] <= c2[i]){

dataSim$t21[i] <- c1[i]

dataSim$t22[i] <- c2[i]

dataSim$cens[i] <- paste(dataSim$cens[i], "I", sep = "")

} else if (t[i] > c2[i]){

dataSim$t21[i] <- c2[i]

dataSim$t22[i] <- NA

dataSim$cens[i] <- paste(dataSim$cens[i], "R", sep = "")

}

}

%p=0.25 high

%p=0.60 mild censoring

uncens <- (substr(dataSim$cens, 2, 2) %in% c("L", "I")) +

(rbinom(n, 1, 0.60) == 1) == 2

dataSim$t21[uncens] <- t[uncens]

dataSim$t22[uncens] <- NA

dataSim$cens[uncens] <- paste(substr(dataSim$cens[uncens], 1, 1), "U", sep = "")

dataSim$surv2 = u_prime

dataSim$surv.joint = u2

list(dataFull = dataSim,

dataSim = dataSim[, c(’t11’, ’t12’, ’t21’, ’t22’,

’z1’, ’z2’, ’z3’, ’cens’)])

}

Data can then be simulated and a model fitted in the following way
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library(GJRM)

n <- 1000

eq1 <- t11 ~ s(t11, bs = "mpi") + z1 + s(z2)

eq2 <- t21 ~ s(t21, bs = "mpi") + z1 + z3

eq3 <- ~ z1 + s(z2)

f.l <- list(eq1, eq2, eq3)

dataSim <- datagenCopulaMixCens(n, my.seed = 1)$dataSim

dataSim$cens <- as.factor(dataSim$cens)

dataSim$cens1 <- as.factor(substr(as.character(dataSim$cens), start = 1, stop = 1))

dataSim$cens2 <- as.factor(substr(as.character(dataSim$cens), start = 2, stop = 2))

out <- gjrm(f.l, data = dataSim, surv = TRUE, BivD = "C0",

margins = c("PH", "PO"), cens1 = cens1, cens2 = cens2,

Model = "B", upperBt1 = ’t12’, upperBt2 = ’t22’)
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