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Abstract

The focus of this thesis is new methods, approximate and exact, in the areas of

time-dependent Hermitian and non-Hermitian quantum mechanics.

By utilising the Lewis-Riesenfeld method of invariants we first present an ap-
proach which makes use of time-independent approximations such as standard time-
independent perturbation theory and WKB theory to provide solutions to the time-
dependent Schrodinger equation [3]. The validity of the method is illustrated in
its application to the study of two exactly solvable Hermitian systems, the time-
dependent harmonic oscillator with Stark term and the Goldman-Krivchenko po-

tential with a time-dependent perturbation.

Our focus then shifts to non-Hermitian systems where we present the first ex-
act solution to the time-dependent Dyson equation for the time-dependent anhar-
monic quartic oscillator [4] demonstrating that it is spectrally equivalent to a time-

dependent double well potential.

To aid in the construction of time-dependent Dyson maps and metrics we em-
ploy point transformations connecting time-dependent non-Hermitian systems with
stationary Hermitian ones [5] to compute exact invariants. Here we study the time-
dependent Swanson model and the time-dependent harmonic oscillator with complex
linear potential. The approach is further applied to the time-dependent anharmonic
quartic oscillator for which we present a second solution to the time-dependent
Dyson equation.

A perturbative scheme for finding the time-dependent Dyson map and metric is
then proposed and applied to determine exact solutions for a pair of weakly coupled
two dimensional time-dependent harmonic oscillators with non-Hermitian coupling
in space and momenta and the strongly coupled time-dependent anharmonic os-
cillator [6]. We also consider two-dimensional time-dependent harmonic oscillators

where the non-Hermitian coupling is just in momenta.

xvii



Finally we explore a procedure which allows for systematic production of an
infinite series of time-dependent Dyson maps governed by the symmetries of the
Lewis-Riesenfeld invariants for time-dependent non-Hermitian Hamiltonians and
their equivalent Hermitian Hamiltonians [7]. We find an infinite number of solu-
tions for the aforementioned harmonic oscillators with non-Hermitian space and

momenta coupling as well as the time-dependent anharmonic oscillator.

XViil



Chapter 1

Introduction

The area of non-Hermitian physics, distinct from the study of dissipative systems in
which complex Hamiltonians have been used since 1928 [8-10], has become widely
popular in the last 20 or so years since the publication of the seminal paper in
1998 by Bender and Boettcher [1]. Being a relatively new field its expansion into
vast areas of research, both theoretical and experimental, is impressive. Notably its
application in classical optics [11-19], in particular on the experimental side [20-23],
has lead to its naming in 2015 as of the top 10 physics discoveries of the last 10 years
[24]. The connection between classical optics and non-Hermitian quantum mechanics
is realised through the paraxial approximation which allows for the comparison of
the time-dependent Schriodinger equation and the Helmholtz equation where the
refractive index n(z), now being complex, takes the role of the potential. The
imaginary component of n(z) represents the gain or loss, which when balanced in
a certain way (n*(—xz) = n(x)) results in real propagation constants. Other areas
which non-Hermiticity has expanded into include acoustics [25, 26], quantum field
theory [27-30], supersymmetry [31-34], topological systems [35, 36] and electronic
circuits [37, 38] to name but a few. See articles [39, 40] for a more comprehensive

list of fields and applications of non-Hermitian physics.

The expansion of non-Hermiticity into an array of fields can be traced back to the
publication of the paper by Bender and Boettcher [1] which presented the now well
established fact that a Hamiltonian need not be Hermitian to have real eigenvalues.
This however was not the first time a non-Hermitian system was thought to have
a real spectrum, with Bender and Boettcher being motivated by the work of Bessis

and Zinn-Justin on the Hamiltonian H = p? +iz?® [41]. Prior to this there had been



additional mathematical realisations [42-50], however it was in [1] that everything
was drawn together and presented.

By numerically studying Hamiltonians of the type
H=p>—(ix)V, NcR>0, (1.1)

Bender and Boettcher [1] demonstrated that the energies were real for N > 2 as can

be seen in figure 1.1. This remarkable feature was attributed to the fact that the

19 -

Figure 1.1: Energy spectrum for the Hamiltonian (1.1) for different values of N taken from

(1].

Hamiltonians (1.1) possessed an anti-linear symmetry under which it was invariant.
The typical example found throughout the literature of an anti-linear symmetry
which leads to real eigenvalues is parity-time (P7T) reversal symmetry. The actions

of the parity and time reversal operators on the position, momentum and imaginary

unit i are!

P: x——x, p——p, i—1, (1.2)

T: xz—x, p——p, 11— —i, (1.3)

such that the combined action is

PT: z——x, p—p, 1i— —i (1.4)

!Note that this is just one example of the action of P -symmetry, it can manifest itself differently
especially when considering higher dimensional systems, see for example [51].



A Hamiltonian being P7T-symmetric however is not enough of a requirement
to ensure real eigenvalues. In figure 1.1 we see that for N < 2 the energy levels
coalesce at what is known as the exceptional point and become complex conjugate
pairs. This happens because the PT-symmetry is spontaneously broken, meaning
that the eigenstates are no longer simultaneous eigenstates of the P7T operator and
Hamiltonian because the PT operator is anti-linear [52]. For N > 2, the spectrum
is entirely real and the region is referred to as the unbroken phase. We can use
an argument presented by Wigner [53] to explain this. In the unbroken regime,
we have that the Hamiltonian is invariant under P7 and that the wavefunctions
are simultaneous eigenstates of the Hamiltonian H with eigenvalue €, and the PT

operator

[H,PT]=0 and PT¢=¢. (1.5)

Given that the PT operator is anti-linear

PTOA® + p¥) = N*PT® + *PTV, A\ peC, (1.6)

we simply show

cep=Hop=HPTp=PTH¢=PTep=c"PTp==c"0, (1.7)

and hence the eigenvalues € = €* are real. In the spontaneously broken regime the
second requirement for real eigenvalues in (1.5) is broken, we instead have PT ¢ # ¢
or PT¢1 = ¢2. The Hamiltonian is still PT-symmetric and for the two eigenstates

¢1 and ¢o it satisfies the equations

H¢y =e1¢1 and Heo = e2¢2. (1.8)

We may now write

PTHgf)l = PT€1¢)1
= HPT ¢, = iPT
= H¢y = ET(}SQ (1.9)

ey =€}, (1.10)



demonstrating that the eigenvalues occur in complex conjugate pairs. A rigor-
ous proof of the reality of the spectrum for the Hamiltonians with unbroken P7 -
symmetry can be found in [54] which utilised an equivalence between ordinary differ-
ential equations and integrable models called the ODE/IM correspondence [55-58].

A large body of work followed the initial publication of Bender and Boettcher [1]
with much of it focusing on how to underpin the mathematics of a non-Hermitian
quantum theory. One of the postulates of quantum mechanics states that a physical
system must have associated with it a Hilbert space of state vectors and that within
this space there is an inner product that has a positive norm. For Hermitian systems

this inner product is defined as

(@l == / & (2)(z)dz. (1.11)

For non-Hermitian P7T-symmetric systems an intuitive choice for the inner product

could be
(6l)"T = / ()T () de = / o(—z) () dz, (1.12)

this would however be incorrect as the norm of the state would not always be positive.
The CPT-inner product was introduced by Bender, Brody and Jones [59] to remedy
this. Defined as

(@l)TT = / [6(2)]PTp(x)de where [¢(2)]TT = / C(z,y)d" (—y)dy, (1.13)

The C-operator multiplies states with negative norm by —1 resulting in a positive
definite inner product (¢ |dm) = dnm.

Computation of the C-operator is in general a difficult process. For finite dimen-
sional systems this can be done exactly, however approximate techniques [60-62] are
usually required as knowledge of the complete set of eigenfunctions are required for

its calculation as can been seen from its representation in position space
C(z,y) =D ¢nl(x)dn(y). (1.14)
n

Alternatively the algebraic properties of C can be utilised [27], namely that C com-
mutes with both the Hamiltonian and the P7-operator and is also a reflection

operator whose square is the identity



[C,H]=0, [C,PT]=0, C*=1 (1.15)

A well defined inner-product in the context of non-Hermitian systems can be guar-
anteed in a different way if we instead use the notion of quasi/pseudo Hermiticity.
There had been early considerations predating P7T-symmetry on quasi-Hermiticity
[43, 63], Mostafazadeh [64-67] developed this idea further while investigating pseudo-

Hermitian Hamiltonians satisfying
h=nHn ' =ht = HHW & H =pHp™, p=nTy, (1.16)

where h and H are Hermitian and non-Hermitian Hamiltonians respectively, 7 is
an operator commonly referred to as the Dyson map [68] and p, the metric. The
distinction between quasi and pseudo Hermiticity is with regards to p. For quasi-
Hermiticity p is positive but may not be invertible and for pseudo-Hermiticity p
is invertible but not necessarily positive. When solving the equations (1.16) for a

concrete system quasi/pseudo Hermiticity is usually assumed.

With the pseudo-Hermitian formulation the spectrum is evidently real as the
Hermitian and non-Hermitian Hamiltonian are related through a similarity transfor-
mation. The solutions to the two time-independent Schrédinger equations, h¢ = ¢

and Hvy = ey, are related through

¢ =ny, (1.17)

such that the inner product definition becomes

('), = (lpw') = (8ld') (118)

With respect to this new metric p, H is Hermitian

(WIHY), = (BlpHV') = (9lnte') = (Hulpw') = (Hulw),. (1.19)

Obtaining solutions for  and p in equation (1.16) can be a cumbersome procedure,
more details will be given on this in chapter 2 where we additionally generalise these

equations to the time-dependent scenario.

An exciting area within P7T-symmetric quantum mechanics is the study of sys-



tems in the spontaneously broken P7 regime. For time-independent Hamiltonians
the metric p and Dyson map 7 (1.16) become ill-defined, the eigenvalues are com-
plex the wavefunctions are no longer eigenstates of the PT operator. As discussed
above, without the metric the inner product cannot be constructed and we do not
have unitary time evolution and hence we have an inconsistent quantum mechanical
framework. Fring and Frith [2, 51, 69, 70] have recently demonstrated that by intro-
ducing an explicit time-dependence into the parameters of the Hamiltonian and/or
the Dyson map and metric, the spontaneously broken P7 regime becomes physically
meaningful with real energy expectation values. Further to this, physical quantities
such as the entropy exhibit new effects which vary with the P7T-symmetry [71-73]
(spontaneously broken, unbroken or at the exceptional point).

To study time-dependent non-Hermitian quantum systems one needs to obtain
a time-dependent Dyson map and metric operator. This is a more involved process
when compared with the time-independent scenario as the governing equations (1.16)
are altered by them gaining additional time-derivative terms. There are existing
approaches aimed at solving these time-dependent equations, in this thesis we will

explore these methods further and propose new ones.

1.1 Outline

The organisation of this thesis is as follows:

In chapter 2 we will cover in more detail time-dependent non-Hermitian quan-
tum systems with specific focus on existing solution procedures for the Dyson map
n(t) and metric p(¢) in both the time-independent and time-dependent scenario. In
subsequent chapters we will be proposing new methods, exact and approximate, for
determining these quantities and so highlighting the advantages and disadvantages
of previous methods will allow for the motivation of the main body of this thesis.

Chapter 3 will present the first new method we propose which has its applica-
bility in both Hermitian and non-Hermitian time-dependent quantum systems. By
utilising the Lewis-Riesenfeld method of invariants we determine a way to apply
standard time-independent approximations such as time-independent perturbation
theory and WKB theory to time-dependent quantum systems [3]. The effective-
ness of the approach will be demonstrated by its application to the time-dependent

harmonic oscillator with Stark term and the time-dependent Goldman-Krivchenko



Hamiltonian.

The time-dependent unstable anharmonic quartic oscillator will be studied in
Chapter 4. We shall briefly cover its time-independent counterpart and how per-
turbation theory for the time-independent Dyson map was employed by Jones and
Mateo [74] in 2006 to determine an exact metric for the model. We will then present
the first exact solution for the time-dependent Dyson map [4].

In chapter 5 we shall present the first application of point transformations to
time-dependent non-Hermitian quantum systems [5]. Here the point transforma-
tions have been employed to aid in the construction of Lewis-Riesenfeld invariants
which ultimately result in a simpler equation to solve for the time-dependent Dyson
map. We shall apply this method to several time-dependent non-Hermitian quan-
tum systems including the time-dependent Swanson model, the time-dependent Har-
monic oscillator with complex linear term and generalised time-dependent Bender-
Boettcher potentials. For the latter case we employ the method with the main aim
of producing time-dependent non-Hermitian invariants, we then restrict ourselves
to the anharmonic oscillator for which we determine a second exact time-dependent
Dyson map.

A time-dependent version of the time-independent perturbation theory for the
Dyson map shall be presented in chapter 6 [6]. By studying weakly coupled two
dimensional harmonic oscillators with non-Hermitian coupling and the strongly cou-
pled anharmonic oscillator we are able to compute exact Dyson maps for both sys-
tems with the perturbative approach. For the former system we additionally explore
the broken P7T regime for the oscillators with a non-Hermitian coupling in space and
momenta. Six inequivalent Dyson maps are obtained for this which lead to different
physical behaviour as demonstrated by the energy expectation values.

Chapter 7 will explore a scheme which allows for the construction of an infinite
series of time-dependent Dyson maps from two seed maps [7] governed by symme-
tries of the non-Hermitian and equivalent Hermitian Hamiltonians. We return first
to the two dimensional harmonic oscillators with non-Hermitian coupling in space
and momenta and utilise the existing six Dyson maps to illustrate the procedure.
Here we demonstrate both possibilities, i.e.e when the approach breaks down and
when it succeeds. The time-dependent unstable anharmonic oscillator is addition-
ally returned to where we are able to determine the infinite series resulting in an

infinite number of spectrally equivalent time-dependent double wells potentials.



In chapter 8 the conclusions and outlook will be presented. A comparison of
the existing approaches and new methods for obtaining the Dyson map/metric will

also be given.



Chapter 2

Time-dependent non-Hermitian

quantum systems

In this chapter we shall be focusing on time-dependent non-Hermitian quantum sys-
tems. An overview of the key equations, namely the time-dependent Dyson equation,
the time-dependent quasi-Hermiticity relation and Lewis-Riesenfeld invariants, will
be given. With the primary concern of this thesis being new approaches to finding
solutions to these equations, we shall also discuss the relevant existing literature to
highlight the challenges faced when finding solutions. The 'mending’ of the sponta-

neously broken P7T regime by the introduction of time will also be discussed.

2.1 Key equations and features

In the last 15 years there has be a shift in focus in the area of non-Hermitian quantum
mechanics from the time-independent to the time-dependent [2, 51, 69, 75-88]. This
came with unique difficulties associated with the fact that for time-dependent non-
Hermitian systems the Hamiltonian loses its dual nature of being the generator of
unitary time evolution and being the observable energy operator [2, 51, 76, 77]. This
is because for time-dependent non-Hermitian quantum systems with time-dependent
metrics, the Hamiltonian is no longer quasi-Hermitian, one instead has to define a
new energy operator, which does not satisfy a time-dependent Schrédinger equation
but reduces to the Hamiltonian only in the absence of time. Specific equations
defining this quantity shall be given below.

The starting point for the study of time-dependent non-Hermitian quantum sys-



tems are the two time-dependent Schroddinger equations (TDSEs)
h(t) |®(t)) = i0, |(t)) and  H(t)[¥(t)) =0, |V (1)), (2.1)

where h(t) = ht(t) is Hermitian and H(t) # H'(t) is non-Hermitian. We may relate

the solutions to the two TDSEs via a time-dependent Dyson map n(t) [68]

[@(2)) = n(t) [¥(2)), (2.2)

where 7(t) is invertible. Upon substitution into the TDSE one retrieves what it is

commonly referred to as the time-dependent Dyson equation (TDDE)

h(t) = n(t)H(t)n(t) ™" + idm(t)n(t) . (2.3)

As h(t) is Hermitian, we may eliminate it from the TDDE by taking the complex
conjugate to obtain the time-dependent quasi-Hermiticity (TDQH) relation

HY(t)p(t) — p(t)H () = i0yp(t), (2.4)

where p(t) = n'(t)n(t) is interpreted as the time-dependent metric. This equation
gets its name from a paper by Dieudonné [63] in which quasi-Hermitian operators
obey the relation Hfp = pH, equation (2.4) is the time-dependent generalisation.
The time-dependent metric operator preserves the time-dependent probability den-
sities

(eI®@®)) = (FDIp)F@®)) = (PONW)) . (2.5)

p
By taking the time-derivative of this equation we see that the left hand side vanishes
due to the Hermiticity of h(t), the right side vanishes if equation (2.4) holds, this
therefore justifies the interpretation of p(t) as the metric as it ensure unitary time
evolution.

As mentioned above, the time-dependent non-Hermitian Hamiltonian is not the
observable energy operator. This can be seen when looking at how observables in

the Hermitian, o(t), and non-Hermitian, O(t), regime are related to one another

o(t) = n(H)Ot)n~" (t). (2.6)
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That is through a similarity transformation and therefore the observables are quasi-

Hermitian

O'(t) = p(t)O(1)p™(1). (2.7)

Given that the Hermitian Hamiltonian h(t) is observable, the presence of the time-
derivative terms in both the TDDE (2.3) and the TDQH relation (2.4) results in

H (t) not being observable. Instead a new energy operator is defined as

H(t) =0~ (Oh(t)n(t) = H(t) + in~" (£)de(?), (2.8)

which for a time-independent Dyson map reduces to H(t). It is important to stress
here that while H(t) is the observable energy operator, it is not a Hamiltonian in
the sense that it does not satisfy the original TDSE and therefore does not govern
the time evolution of the system. We can demand H ’\if> = 10y ’@>, however this
would be a new system.

What these key equations demonstrate is that when studying time-dependent
non-Hermitian quantum systems the essential quantities that need to be determined
are the metric p(¢) and the Dyson map 7(t). To do so one has the option to either
solve the TDDE (2.3) for the Dyson map and then construct the metric through
p = n'n, or solve the TDQH relation (2.4) for the metric and subsequently obtain
the Dyson map. While there are many difficulties associated with solving these
relations for specific systems, as will be detailed in section 2.2, there is one more key
equation which allows for the determination of the metric and Dyson map. This key
equation comes from considering the Lewis-Riesenfeld method of invariants [89].

The Lewis-Riesenfeld method of invariants [89] is an approach which allows one
to construct the exact solution to the TDSE for a time-dependent system. The
key features of the approach involve obtaining an invariant, I(¢), which satisfies the
equation

di(t)

= =0 (1) —iI(1), H(1)] =0, (2.9)

from which the time-dependent eigenstates can be constructed through

I(t) |¢(t)) = Ale(t)),  A=0, (2.10)

where the eigenvalues are time-independent. From here the full solution to the

TDSE is computed through

11



[W(t)) =W g(t)), where (t) = (@(t)]id — H(1)|H(1)) - (2.11)

The utility of the invariants for time-dependent non-Hermitian quantum systems
comes from how we can relate the invariant for a Hermitian and non-Hermitian
system. If invariants can be constructed for the Hermitian system h(¢) and the

non-Hermitian system H(t),
Oply(t) =i [I(t), H(t)], for H=hH, (2.12)
it can be shown that they are related via [87, 8]

In(t) = n() I (t)n ' (t). (2.13)

A proof of this relation, the time-independence of the eigenvalues A and that the
eigenvectors |¢(t)) satisfy the TDSE can be found in Appendix A.

We now have three key equations (2.3), (2.4) and (2.13) which can be used to
determine the time-dependent Dyson map and metric. We shall now move on to
how these equations have been solved in the existing literature and the limitations

of each approach.

2.2 Comparison of solution procedures

It is instructive to briefly discuss how to obtain the Dyson map and metric when these
quantities as well as the Hamiltonian are time-independent. By taking the Hamil-
tonians, Dyson map and metric to be time-independent {h(t), H(t), p(t),n(t)} —
{h,H,n, p} equations (2.3) and (2.4) reduce to

h=nHn™ ' and H' =pHp!, (2.14)

which we will refer to as the time-independent Dyson equation (TIDE) and the time-
independent quasi-Hermiticity (TIQH) relation. To solve for either 7 or p one must
solve a similarity transformation which at first may seem straightforward yet there
are very few known exact solutions and the process can be rather difficult [74, 90—
98]. The Dyson map or metric is usually an exponential of a sum of operators for

which an Ansatz needs to be made. The adjoint action of it on the non-Hermitian
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Hamiltonian is computed through the Baker-Campbell-Hausdorff relation

e"Be ™ = B+ [A, B] + %[A, [A, B] + %[A, [A,[A, B]..., (2.15)
which results in a set of simultaneous equations of non-Hermitian terms which need
to be eliminated. Determining a correct Ansatz for a particular system can be
very difficult especially when not all systems possess an exact solution. Take for
example the complex cubic potential V' = ix3, here the metric operator is only
known perturbatively [59, 99]. In fact, due to the difficulty in obtaining exact Dyson
maps perturbative methods have been used to find exact solutions such as for the
anharmonic quartic oscillator V' = —a% [74]. A more detailed discussion on how to
employ perturbation theory to determine the Dyson map/metric will be given in

Chapter 4 when we study the time-dependent anharmonic quartic oscillator.

It is worth emphasising here that the Dyson map and metric are not unique
as noted in [43, 91, 100]. This has been explored in more detail for the Swanson
Hamiltonian [90, 93]. More interesting however is that this non-uniqueness of the
metric/Dyson map can be attributed to the symmetry operators for the Hamiltonian
[96]. Consider a non-Hermitian Hamiltonian H with two non-equivalent metric

operators p and p satisfying the TIQH relation (2.14)
HY'=pHp™' and H'=pHp " (2.16)

Defining s := p~!p we see that s is a symmetry operator for the system, [H,s] =
0. Similarly, if we consider the TIDE (2.14) and two non-equivalent Hermitian
Hamiltonians

h=nHn™ ! and h=qHj !, (2.17)

and by defining A := 7jn~! such that
S:=A'A and S:= AAT, (2.18)
we see that S is a symmetry operator for k and S is symmetry operator of i
[h,8]=0 and [h,S]=0. (2.19)

While the symmetries here result from two inequivalent Dyson maps we will show

13



in Chapter 7 that for time-dependent systems that the symmetries are transferred
to Lewis-Riesenfeld invariants [89] and exploit them to compute an infinite series
of time-dependent Dyson maps. Even for an infinite series of Dyson maps, or just
the two considered here for the time-independent scenario, one can always make the
Dyson map/metric unique by specifying one more observable in the system [43].

Another interesting situation to consider before we discuss fully time-dependent
Hamiltonians and metric operators/Dyson maps is that which is referred to as the
metric picture [76]. The time-dependence here is included in the metric rather than
in the observable as in the Heisenberg picture or the states as in the Schrédinger
picture. While the non-Hermitian Hamiltonian is time-independent in this scenario
the full TDDE (2.3) or (2.4) still needs to be solved.

We now move on to discussing the fully time-dependent case. In the previous
section we highlighted the three key equations that can be used to find the Dyson
map and metric, that being the TDDE (2.3), the TDQH relation (2.4) and the
similarity transformation associated with the Lewis-Riesenfeld invariants [89] for
the Hermitian and non-Hermitian system (2.13). In recent years there have been
many papers aimed at finding exact solutions to these equations for different models
[2, 51, 69-72, 75-77, 87, 88, 101], however, these are far and few between when
compared with the time-independent case.

We will start by looking at the TDDE (2.3) and TDQH relation (2.4) together.
These equations differ from their time-independent counterparts (2.14) by the ad-
ditional time-derivative terms. These time-derivative terms complicate the choice
of Ansatz for the Dyson map/metric in two ways. Firstly instead of solving si-
multaneous equations we end up with the more complicated coupled differential
equations which need to be solved. Additionally we have to factorise out our Ansatz
so that it is not contained in a singular exponential but instead a product of ex-
ponentials. This is because in general it is difficult to calculate for an exponential
Orexp[A(t) + B(t) + C(t)] with non-vanishing commutators [A(t), B(t)] # 0 and
[B(t), C(1)] # 0.

Solving the TDDE (2.3) for the Dyson map and then constructing the metric
or solving the TDQH relation (2.4) for the metric and subsequently obtaining the
Dyson map are equivalent approaches. However, as argued in [70, 76] the latter is
usually more difficult, even when the Dyson map is Hermitian as we still need to take

the square root of p(t) = n(t)2. Contrary to this, when solving the TDDE, given
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that the Dyson map is not unique and need not be Hermitian there is a problem
around choosing a useful Ansatz. Once constructed though it is much easier to then
obtain the metric.

The third method for solving for the Dyson map/metric is to utilise Lewis-
Riesenfeld invariants together with the equation (2.13). We immediately see that
the invariants are related through a similarity transformation much like the TISE
(2.14). This means we bypass the need for solving coupled differential equations
which makes the approach simpler [51, 87]. This is dependent on being able to
obtain the invariants in the first place which requires an additional Ansatz for its
form. This in turn increases the number of steps required to obtain the Dyson map.
Another benefit of the invariant approach, however, is that once the invariant was
obtained it, it is then much simpler to solve for the eigenfunctions as the eigenvalues
as time-independent (2.10).

Overall each of the approaches has a number of advantages and disadvantages
which are summarised in table 2.1. Which method is used to solve for the Dyson
map/metric is usually model dependent. For example the two-dimensional har-
monic oscillator with complex coupling [51] the use of Lewis-Riesenfeld invariants
were shown to be beneficial as the problem of solving a time-dependent differential
equation was reduced to a similarity transformation. Contrary to this, for the 2

level matrix models studied in Chapter 2 of [70] there was no clear advantage.

’ Approach ‘ Advantages ‘ Disadvantages
TDQH (2.4) 1. Does not involve h 1. p — n more difficult
2. Clearer structure for p 2. Coupled differential
(Hermitian) equations
TDDE (2.3) 1. n — p easier 1. n can be Hermitian or
2. Less restriction on Ansatz | non-Hermitian: no clear
structure
2. Coupled differential
equations.
Lewis-Riesenfeld | 1. Similarity transformation | 1. Increased number of steps
invariants (2.13) | is easier to solve. 2. Ansatz for the invariant
2. Easier to solve for
eigenfunctions

Table 2.1: Summary of comparison of solution procedures for n(t) and p(t).
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2.3 The spontaneously broken P7T regime

In chapter 1 we briefly touched upon an interesting feature of time-dependent non-
Hermitian quantum system in that they give physical meaning to the spontaneously
broken PT regime [2, 51, 70, 71]. For the time-independent scenario this corresponds
to the wave functions being P7T-symmetrically broken resulting in the eigenvalues
being complex conjugate pairs. By introducing an explicit time-dependence into
the non-Hermitian Hamiltonian the expectation values of the energy operator H (t)

become real.

In [2] the authors demonstrated this remarkable feature for the first time for a

two-level spin model with the Hamiltonian
1 .
H= ~3 [Wl+ Ao, + ikoy], w,\ Kk €R, (2.20)

where 0, 0,,0. are the Pauli matrices and the eignevalues are given by

1 1
Ei = 750\] + 5 )\2 — K/Q. (221)

For |A| < |k| the eigenvalues Ey will be complex conjugate pairs, a characteristic
of the broken P7 regime. By making the parameters time-dependent A — ak(t),
Kk — K(t), determining a time-dependent Dyson map 7(t) and wavefunctions ¢4 (¢),
the expectation values of the energy operator were shown to be real provided o # 1
as depicted in figure 2.1 taken from [2]. The reality of the spectrum depicted in
figure 2.1 in the spontaneously broken P7 regime (|a| < 1) is attributed to the fact
that the energy operator is different from the original time-dependent non-Hermitian
Hamiltonian which is unobservable. The authors identified a new PT operator for
the energy operator H which explained this behaviour. Note also the difference in
behaviour of the expectation values in figure 2.1 on either side of the exceptional
point @« = 1. This behaviour and "mending” of the spontaneously broken P7 -
regime has been identified in several systems now [2, 51, 70, 71]. We shall also
further explore the phenomenon for some of the systems we consider in this thesis.

The energy operator is not the only physical quantity which exhibits peculiar
behaviour in the broken P7T regime, recent research has demonstrated that the
entropy does as well [71-73]. The Von Neumann entropy as a particular example

has been shown to exhibit three different types of behaviour associated to the P7T-
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Figure 2.1: The expectation values of the energy operator Ey (t) = <¢ﬁ: ()| H(t)n* Y+ (t)> for

different values of « taken from [2].

symmetry of the system [71]. For the spontaneously broken regime the entropy
decayed to a non-zero value in finite time. At the exceptional point point the entropy
decayed to zero and in the unbroken PT regime there was rapid decay of the entropy
to zero which subsequently revived, the entropy then continued to oscillate in this

manner for all times.
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Chapter 3

Time-independent
approximations for

Lewis-Riesenfeld invariants

In this chapter we will explore the possibility of modifying the Lewis-Riesenfeld
method of invariants developed originally to find exact solutions for time-dependent
quantum mechanical systems for the situation in which an exact invariant can be
constructed, but the subsequently resulting time-independent eigenvalue system is
not solvable exactly. Following [3] we propose to carry out this step in an approx-
imate fashion, such as employing standard time-independent perturbation theory
or the WKB approximation, and subsequently feeding the resulting approximated
expressions back into the time-dependent scheme. We illustrate the quality of this
approach by contrasting an exactly solvable solution to one obtained with a pertur-
batively carried out second step for two types of explicitly time-dependent optical

potentials.

3.1 Motivation

In 1970 Askhin discovered that small particles can be trapped by using radiation
pressure from continuous lasers [102]. Since then various types of optical traps have
been designed [103] with wide ranging applications. Such applications include the
trapping of particles [104], atoms [105] and molecules [106] as well as viruses and

bacteria [107, 108]. To obtain a general understanding of how to trap particles within
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optical traps we can study the TDSE for an explicitly time-dependent Hamiltonian.
The particles are trapped within optical potentials whose generic form may be writ-
ten in a factorised way as V(x,t) = k(t)V(x). Here V(z) would describe the shape
of the trap and k(t) the time-dependent modulation [109]. Note that while many
optical potentials can be factorised in this way, there do exist optical potentials for
which this is not true such as optical lattices [110]. However in this chapter we shall
only be concerning ourselves with factorisable optical potentials.

To obtain solutions to the TDSE for the types of potentials we are investigating is
not an easy process. In general, one usually has to resort to approximation methods
as there are very few known exact solutions to the TDSE. These approximation
methods include the adiabatic and sudden approximation [111] which are carried out
on the level of the time evolution operator. Additionally, there exists less general
methods which have been developed to find approximate solutions to the TDSE,
an example of which is the strong field approximation [112-115]. Here the systems
studied have potentials of the form V' (x) 4+ zE(t), where the Stark term, involving a
laser field E(t), is dominating or in comparable strength to the potential V(z). In
these scenarios the approximation scheme is a mixture of perturbative expansions
based on the Du-Hamel formula also carried out on the level of the time-evolution
operator [116-118]. The two perturbative expansions, one in V' (z) and one in E(t),
are mixed and then terminated after the first iteration.

Aside from the various approximation methods that exist to solve the TDSE
there are exact approaches such as the Lewis-Riesenfeld method of invariants [89)].
This approach has had many successes and has been used to find the exact solu-
tion for the harmonic oscillator with time-dependent mass and frequency in one
[119] and two dimensions [120, 121}, the damped harmonic oscillator [122], a time-
dependent Coulomb potential [123], a Davydov-Chaban Hamiltonian in presence
of time-dependent potential [124], a Bohr Hamiltonian with a time-dependent po-
tential [125], time-dependent Hamiltonians given in terms of linear combinations
of SU(1,1) and SU(2) generators [126-128], in the inverse construction of time-
dependent Hamiltonian [129, 130], for systems on noncommutative spaces in time-
dependent backgrounds [131], time-dependent non-Hermitian Hamiltonian systems
[51, 75, 101, 132] and other specific systems.

For the factorisable optical potentials we shall be investigating it is possible to

construct an exact Lewis-Riesenfeld invariant, as we shall demonstrate. In most cases
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however we will not be able to complete the Lewis-Riesenfeld method in its entirety.
Following [3] we propose that one should not abandon the approach as we have
massively simplified the problem by being able to construct an invariant. We have
transformed the system from a time-dependent first order differential equation to a
time-independent eigenvalue equation. Even if we cannot solve the time-independent
eigenvalue problem exactly we recognise the fact that time-independent approxima-
tions are usually much easier to implement then time-dependent ones. We therefore
propose using time-independent perturbation theory or WKB theory to solve the
time-independent eigenvalue problem. In the following sections we shall demonstrate
how to implement this idea within the Lewis-Riesenfeld method of invariants and

then apply this directly to two different types of optical potentials.

3.2 An approximate Lewis-Riesenfeld method of invari-

ants

We start by recalling the key steps of the method of invariants, first introduced in
chapter 2, and then describe how they can be modified in an appropriate fashion.
The scheme was introduced originally by Lewis and Riesenfeld [89], for the purpose

of solving the TDSE
1hoy |¢n> = H(t) W]n> ) (31)

for the time-dependent or dressed states [i,) associated to the explicitly time-
dependent Hamiltonian H(t).

The Lewis-Riesenfeld method of invariants is made up of three main stages: The
initial step in this approach consists of constructing a time-dependent invariant I(t)

from the evolution equation

dIt) 1 _
g = 0d@) + (), H{t)] = 0. (3.2)

Often this step can be completed and an exact form for the invariant I(¢) can be
found. In the next step one needs to solve the corresponding eigenvalue system of

the invariant ()
I(t) ’¢n> = An |¢n> ) (3.3)

for time-independent eigenvalues A, and for the time-dependent states |¢,). Pro-
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vided the Hamiltonian H (t) is Hermitian, also the invariant I(t) is Hermitian and
therefore the eigenvalues ), are guaranteed to be real, see appendix A for a proof
of this. The virtue of this equation, compared to the TDSE in (3.1), is that one has
reduced the original evolutionary problem in form of a first order differential equa-
tion to an eigenvalue equation in which ¢ simply plays the role of a parameter as
Arn has become time-independent. Hence one just needs to solve a time-independent
eigenvalue problem. To complete this step the system in (3.3) needs to be solvable.
It is this requirement one can weaken and employ time-independent approximation
methods to complete step two.

The final third step relates the eigenstates in (3.3) with the complete solution of the
TDSE. It was shown in [89] that the states

‘wn> = eian(t) ‘¢n> > (3'4>

satisfy the TDSE (3.1) provided that the real function a(t) in (3.4) obeys

A0l _ 1 (gl indy — H 1) 6. (35)

see appendix A for further details on this. Since all the quantities on the right
hand side of (3.5) have been obtained in the previous steps, one is left with a simple
integration in time to determine the phase a(t). These key equations serve mainly
for reference purposes and we refer the reader to Appendix A for more details.

For many systems we might succeed in carrying out the first step in the procedure
and construct an explicit expression for the invariant I(t). However, the process
stalls often in the second step and for most Hamiltonians the eigenvalue equation
for the invariants I(t) in (3.3) can not be solved exactly. The two methods we
are proposing ro use are standard time-independent perturbation theory and WKB

theory.

3.2.1 Time-independent perturbation theory

The first approximation which we propose utilising to modify the Lewis-Riesenfeld
method of invariants is standard time-independent perturbation theory. We are
splitting the invariant as

I(t) = Io(t) + el (1), (3.6)
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and consider the eigenvalue equation for the full invariant and the unperturbed one

separately

I(t) |¢n> = >\n |¢n> ) and IO(t)

¢(0)> = ®

n

o). (3.7)

Assuming that within the perturbation term a small parameter € < 1 can be identi-
fied, we expand the eigenvalues and the eigenfunctions of the unperturbed invariant

as

A = MM+ 2D L O3, and  |p,) =

o)) +e

)+

62)+0(),

(3.8)
with AF) = 1/k! A /det| _, oy = 1/k! den/de*| _,. The first order correc-
tions to the eigenvalues and eigenstates of the invariants are then computed in the

standard fashion for nondegenerate systems to

(0)

n

(6| 1y o) POR

MO = (6] 1, [67) . and 0 0

¢7("‘1)> - Zk#n

respectively. For orthonormal functions ¢,, we obtain further constraints on the

normalization of contributions in the series

1= <¢n |¢n> = <¢£10)

) +e ({0l o) + (o)
+ e (82 |o) + (o)

o)) (3.10)
o) + (o [62)) + ..

(0)> we requi
n ), quire

Thus if the zero order wavefunction is normalized to 1 = < %0)

the higher order wave functions to satisfy the additional constraints

f (ol

k=0

¢$j‘?>> ~0. (3.11)

Next we can use these expressions to obtain an approximate solution to the TDSE.

Denoting |¢n>(1) = ¢510)> +e€ 7(11)> we obtain

)V = 16D and oM (r) = % / dt D (| ihd,—H(D) |6n) D . (3.12)
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3.2.2 WKB theory

An additional time-independent approximation which we will use to modify the
Lewis-Riesenfeld method of invariants is the semi-classical WKB! approximation
named after Wentzel [134], Kramers [135] and Brillouin [136]. This method is com-
monly used to find approximate solutions to the one dimensional time-independent

Schrédinger equation given by

2 2
‘(ljgf i p(hi) P(E€) =0  where  p(¢) = /2m(E - V(¢), (3.13)

where £ is the position, p(§) is the momentum, m is the mass, E is the energy and
the potential V() is slowly varying. More details on how derive the WKB wave
functions can be found in Appendix B.

We may solve the eigenvalue equation (3.3) by using the WKB approximation

’¢XVKB> and compute the Lewis-Riesenfeld phase using that expression

W)XVKB> _ eianWKB(t) |¢nWKB> . and aWKB(t) _ ;/dt <¢nWKB‘ ihd,—H (t) ‘¢nWKB> _
(3.14)
Assuming that the invariant () can be cast into the same form as a time-independent
Hamiltonian, with a standard kinetic energy term and a potential V' (&), the WKB
approximation to first order in % denoted by ¢, see e.g. [137], for the eigenvalue

equation (3.3) reads

GWEKB(¢g) = ie% [*p(z)dz iew% J* p(2)dz (3.15)
p(§) p(§)
in the classically allowed region, A > V(£) and
qgV\]KB(E) — LG%IE q(z)dz + Le_%fg q(z)dz (3.16)
q(€) q(&)

in the classically forbidden region A\ < V(§), where

p(§) == V2[A=V(§)] and ¢(§) := V2[V(£) — Al (3.17)

The constants A, B, C, D need to be determined by the appropriate asymptotic

!The method is also referred to as the JWKB or WKBJ method to reflect Jeffreys [133] work on
the approximate solutions to second order differential equations which came prior to the Schrédinger
equation.
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WKB matching and normalisation conditions as explained in detail in appendix B.

3.3 Time-dependent potentials with a Stark term

We first demonstrate how to solve the TDSE (3.1) for the one-dimensional Stark

Hamiltonian involving a time-dependent potential V' (z,t)

2 2
H(t) = szn + %gﬁ + V(2 t) + zE(t). (3.18)

In order to cover optical potentials of the form V(z,t) in our treatment, we are
slightly more general than in the standard Stark Hamiltonian where the potential
is just depending on x and allow for an explicit time-dependence in the potential
V(z,t) as well as in an electric or laser field E(t). At first we assume that the
potential factorizes as V(x,t) = k(t)V (x). When the laser field term involving F(t)
dominates the potential term and k(t) =const several well known and successful
approaches have been developed. For instance, the strong field approximation is a
mixture of perturbative expansions based on the Du-Hamel formula carried out on

the level of the time-evolution operator [112-115].

In our proposed approach we assume that the first step in the Lewis and Riesen-
feld approach can be carried out and resort to an approximation in form of pertur-

bation theory in the second step.

3.3.1 Construction of time-independent invariants

In order to carry out the first step in the Lewis-Riesenfeld approach to solve time-
dependent systems we need to construct the invariant I(t) by solving equation (3.2)
for a given Hamiltonian, (3.18) in our case. For this purpose one usually makes an

Ansatz by assuming the invariant to be of a similar form as the Hamiltonian

1(t) = 5 [a(t)p? + BO)V (z) + (D) + 6(t){z, p} + e(t)z?] . (3.19)

N | —

In our case it involves five unknown time-dependent coefficient functions a(t), 5(t),
~(t), (t) and €(t). As ususal we denote the anti-commutator by {A, B} := AB+BA.
The substitution of (3.19) into (3.2) then yields the following first order coupled
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differential equations as constraints

5 .
& = 20, y=2maB, 4=20E, §=maw®— ", &=2méw? (3.20)
m m
B = mak, B= dkz0x(In V). (3.21)

Remarkably, despite being overdetermined, this system can be solved consistently.
We note that the equations in (3.20) and (3.21) almost decouple entirely from each
other, being only related by 6. We solve (3.20) first by parameterizing a(t) = o2(t)
and integrating twice

a=0? v=2mo’E(t), 6= —-mos, c=m?c>+ m2%. (3.22)

o

The auxiliary quantity o has to satisfy the nonlinear Ermakov-Pinney (EP) [138, 139]
equation

5+ wo = % (3.23)

and in addition the electric field has to be parameterised by the solution of the

EP-equation o as

E(t) = —. (3.24)

The constants ¢, 7 € R result from the integrations. We take here 7 > 0. Using the
expression for § from (3.22), we may now also solve the set of equations in (3.21),

obtaining
— 2 — D — 51”
Bp = mo“kyp, Vp = cpat, fp = o (3.25)

with real integration constants cp, ¢, and p € R. This means that we can not choose
the electric field E(¢) in our Hamiltonian and the potential V (x,t) entirely a priori
and independently from each other. Notice that we may extend the analysis by al-
lowing the constants ¢, ¢, to be complex, hence opening up the treatment to include
non-Hermitian P7-symmetric Hamiltonians [1, 140, 141].

First we notice that the only time-independent potential is obtained for p = —2,
so that the potential part in H(t) becomes the solvable Goldman-Krivchenko poten-
tial [142]. Crucially, the constraining equations involving the potential (3.21) de-
couple from the remaining ones and since these equations are linear we may solve for

potentials that factorize termwise when expanded, that is V(z,t) = >, rp(t)Vp(2).

26



For instance, for a time-dependent Gaussian potential of the form
Vauss(@,8) = A1) (207 = 1) = 3 s (O)Va ()
n=1

we obtain

n
_.2n _ (_1) 1

(3.26)

where we have to restrict A(t) = A(t) = o~2. For another widely used potential, the

soft Coulomb potential [143] of the form

VvsCoulomb(xy t) = A(t)

JW Z“”

with k£ taken to be a real constant, we obtain

_ .o _ (=)™ (@n)! 1
Van =870 i = g S am)l o o o

(3.27)

where we have to restrict A(t) = 1/a(t) = o~ L.

As mentioned, besides the potential, also the electric field is not entirely uncon-
strained as they are mutually related via the EP-function o. However, as we shall
demonstrate the solutions of the EP-equation are such that it will still allow for a
large class of interesting fields, notably periodic, to be investigated in an exactly

solvable manner. It was found by Pinney [139] that the solutions to (3.23) are

’LL2

where u1, ug are the two linearly independent solutions of the equation
il + w?u =0, (3.29)

and W = wuqto —tqus is the corresponding Wronskian. Thus taking the two solutions
of (3.29) to be u; = Asin(wt) and uy = Bcos(wt) with A, B € R, the solution to

the EP-equation (3.28) acquires the form

o(t) = VT4 A%? £ (1 — A%w?) cos(2wt). (3.30)

\wa

The function o(t) is regular since 7 > 0. Therefore the electric field follows to be
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2V2u3 E
B = w2+ 74+ (w?—7) 2052((4175)}3/27 (3:31)

where we have chosen the constants ¢ = Ey and A = /7/w such that E(0) = Ey.
We note that w = /7 is a special point at which o(t) — 1 and also the field becomes
time-independent E(t) — Ejy.

Assembling everything we have completed the first step in the Lewis-Riesenfeld

construction procedure. The invariant acquires the form

2 2 p 1
I(t) = %pQ + % (dQ + %) z? 4 mzp cpCp (g) - ima(f{:v,p} +ma?E(t)z,
(3.32)
with o(t) given by (3.30) and free constants 7, m, w, ¢,, ¢, and Ey.
The second step, that is to solve the eigenvalue equation (3.3), can not be carried

out exactly for all invariants I(¢) of the form in (3.32). We therefore resort to a

perturbative approach as outlined in the previous section.

3.3.2 Testing the semi-exact solutions
Exact computation

A good indication about the quality of the perturbation theory and the WKB ap-
proximation layed out above can be obtained by comparing both approximations
to an exact expression. For most cases this is of course not possible, but taking in
(3.18) the potential for instance to be V (z,t) = r(t)x?, k(t) = 2¢, /0, we obtain an
exactly solvable system that can serve as a benchmark. In this case the expression
(3.32) for the invariant simply becomes

I(t) = % [ap? + (28 + £) 2% + {, p} + ], (3.33)

with «, 8, 7, d, € as specified in (3.22). The eigenvalue equation is simplified further
when eliminating the anticommutator term {z,p} by means of a unitarity tran-
formation U = exp(idz?/2a) and the subsequent introduction of the new variable
¢ :=x/o. We compute

- 1

[=UIU™ = —S0F + (ng + mc,.i) €2 + mEe. (3.34)

The eigenvalue equation for the transformed, and in this case time-independent,
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invariant fx(ﬁ) = Ax (&) is then solved by

i

B /4 (Eo + 2¢,§ + m7E) , /4 (Eo + 2. + mT€)
x(&) =c1D,, V2mi/4 - +caD,, |iv2m!/ (2cn + mr)
(3.35)

where p1+ = £(E3m+4c,\) /v/m(2c+m7)3/?—1/2 and D, (z) denotes the parabolic
cylinder function, see (C.3), (C.20) for a relation to the more familiar Hermite poly-
nomials. Demanding that the eigenfunctions vanish asymptotically, i.e. limg 4o
x(§) = 0, imposes the constraint i = n € Ny and thus quantizes the eigenvalues
A — An. We discard the solution related to D,,_, as its corresponding eigenvalues are

not bounded from below. Hence, we are left with the eigenfuctions and eigenvalues

Ey + 2¢.& +mT€)
(2¢; + mT)3/4

1 Ej§
An = (n + 2) V2me,, + mAT — TR0 (3.37)

de,. +2mT

xn(€) = c1Dn [\@ml/ a , (3.36)

The eigenvalues are indeed time-independent as we expect in the context of the
Lewis-Riesenfeld approach (3.3). Assembling the above and using the orthonormal-
ity property of the parabolic cylinder function [*° Dy, () Dy (x)dz = n!v/2m6pm, we

obtain the normalized eigenfunction ¢, = U~ 'y,
¢n(x) = NpDy, [a + bz eimdxz/QU, (3.38)

for the operator I in (3.33) with

1/4 1/4 1/4
(2¢; + mT)3/4 o
1/8(9 1/8
N, — m-/°(2¢, + mT) 7 (3.40)

Vonly/T

Finally we compute the phase a,(t) in (3.4) by means of (3.5). The right hand side

yields
A
n| 10 — H(t) |pn) = —— 3.41
(@n] 10 — H(2) |¢n) = —— 5 (3.41)
so that phase becomes
1 t t
ap(t) = ———=A\, arctan [\Mw] , (3.42)
my/T w

29



where we have made us of the integrals 2. We notice that for w — /7 this simply
reduces to ay,(t) — —A,/m and the Hamiltonian becomes time-independent, so that

this choice simply describes the time-independent Schrédinger equation.

Perturbative computation

Next we treat the term V,(z,t) = k(t)z? in the Hamiltonian as a perturbation, so
that we may view the system as being in the strong field approximation. Accordingly
we split up the invariant (3.33) as I(t) = Io(t) + el,(t) with

m o

1
Iy(t) = B [ap? + ex? + §{z,p} + x|, L) = 2% (3.45)

and the small expansion parameter is identified as € = ¢,. First we compute the
correction to the eigenvalue of the invariant. Solving the eigenvalue equation (3.7)

and computing the expectation values in (3.9) we obtain

1 E} 1 1 Ej

0) _ 0 1) _ 0
)\gl)—<n+2>m T 5o and Ag)—ﬁ<n+2>+mT2. (3.46)
As we expect, )\7(10)—1— c,@)\g) is precisely A, in (3.37) expanded up to first order in c.
Next we use (3.9) to compute the corrections to the wavefunctions. There are only

four terms contributing in the infinite sum. We compute

o) = o [Vae D [e) — Vit e 2[el)] @47
o VT[d ) - vl

(1)

Finally we evaluate the perturbed expression for the phase ay,”’ (t) using equation

*We used here the integrals
oo}
146—38

[ Das(@)Dys(arin = (-1t g (§+s+5)r(zn+1+é> (3.43)

—o0

: 1 o1 5—3
X3l (—s,n+1,n—|—§+5;§+5,n—r+1+7;1>

for n,s,r € Ny and (8,8) = (0,1),(0,0),(1,1). The function 3F (a,b,c;d, f;z) is the regularized
hypergeometric function defined as
. 1 = (a)k(D)k(c)k 2"
Fs(a,b,c;d, f;2) = -, 3.44
P @b S [ = R 2 (e W (3.4

k=0 )i

with (a)r =T (a + k) /T (a) denoting the Pochhammer symbol. A derivation of this integral can be
found in Appendix C.
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(3.5). Up to first order we find

A0 4D /T tan (wt)
D) = 2 T ErAn y o=\
a,,” (1) o arctan [ - ] . (3.48)

Notice that for w — /7 this simply reduces to ag)(t) = —t( o4 c,.@)\g))/m. We
have now obtained the full perturbative solution to the TDSE as |¢n>(1) as defined
in (3.12).

WKB computation

We start by determining the classical turning points 1 from the condition A = V' (€).
We find

Eom £ /my/mEZ + 2\(mT + 2c,,)
m(mt + 2¢,,)

£+ = , (3.49)

so that the WKB quantisation condition

£+
. V2(A, — V(§))dE = h <n + ;) , (3.50)

yields the exact time-independent eigenvalues

2
mEg

2(2¢, +mt)’ (3:51)

1
An = (n + 2) h/m(2¢, +mr)Y? —

as found above in (3.37). Next we specify WKB wavefunction further. Keeping in the
classically forbidden regions & € (—00,£_) and £ € (4, 00) only the asymptotically

decaying parts in (3.15) and (3.16), the corresponding WKB wavefunction are

J(6) = C?’(C]‘(g exp H /5 - q(z)dz} , (3.52)
and
$1(§) = j“(* 5 H /5 5 q(z)dz] 7 (3.53)

respectively. At this point C5 is the only undetermined constant left. Carrying
out the appropriate WKB matching we obtain for the classically allowed region

& € (&-,&4) the wavefunction

4 = 7203(_1)n COS 1 ‘ z)az — E
dute) = 25 con | [ ey G (3.5
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We may compute these expressions by using the explicit expressions for the functions
q(&) and p(§). To do so we use the same abbreviated constants a and b as defined in

(3.39), that convert the potential, eigenvalues and turning points into more compact

forms
v, b 1, a?b?
V(€) = & +apé A=gb < > h= =2 (3.55)
+/2v202nh + b2h — ab
§+ = 2 )

After a lengthy computation we obtain the WKB wavefunction in the different re-

gions as

: FuCa(+1)" |a+ b€ + /a(€) } 2 # V@

9+(§) = TG : (3.56)
A C3(—1)" cos [(n + 3) arctan < atbe > + 2/p(€)(a+b¢) +
¢b(§) - 4 b2p(£) )
where +(n+2)

i [il)Q(Qn—l—l) (3.57)

n 1
F,=2F2":2%Fz ;

The last remaining constant C3 may be fixed by the normalization condition. Con-
verting from the I eigenvalue equation back to the I eigenvalue equation with

p=U *1q3 and the variable £ to z/o, the normalisation condition amounts to

/ T (@)g_(x)dx + / " s @)op(a)da + / Tt @i (@)dr =1 (3.58)

Evaluating the integrals in (3.58) using numerical integration in Mathematica, we

find the n independent constant

b
Cy~ ——-—. (3.59)
2\/mo(t)
Having found the WKB eigenfunction ¢"“VKB, we can now compute the integrant in

(3.14) that yields the WKB approximated Lewis-Riesenfeld phase

WEKB (1) ~ 7)\ arctan

= [\man(“’”] . (3.60)
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Thus we have now obtained a WKB approximated solution ¢KB to the time-
dependent Schrodinger equation as specified in (3.14). Let us now compare these

three solutions.

WKB versus pertubation theory versus exact solution

In order to obtain an idea about the quality of these approximations let us compute
some physical quantities in an exact and perturbative manner and subequently com-
pare them. For the exact case we find the expectation values for the momentum,

position and their squares as

EOU mEoo'

(Ynl @ |thn) = 2% +mr’ (Unlp ) = T2 +mr (3.61)
E3o? (2n +1)0?
2 0
n n) — y .62
Wl ln) = G T o myae, T (3:62)
m2E25? on + 1)m!/2 .
(thn] P [t0n) = e +3m)2 + 2(02 \/QCZW (2¢, + mT + mo?6?) (3.63)

such that the uncertainty relation becomes

m(T — w?)2 sin?(2wt)
4w?(2¢,, + mT)

AxAp = (n+ ;)\/1 + , (3.64)

where as usual the squared uncertainty is defined as the squared standard deviation
AA? = (Y| A [0) — (| Athy)? for A = z,p. Since the square root is always
greater or equal to 1 as ¢, m, 7 > 0, the bound in the uncertainty relation AzAp >
1/2 is always respected.

From the perturbed solution \wn)(l) we find

E()O' 2E00’
(Whnl 2 i)V = === k2o (3.65)
Eo6  2E6
1 _ _fo 0
<¢n’p W)n> - + ¢k mr2 (366)
2E3 + (2n 4 1)m7/? 8EZ + (2n + 1)mr3/?
2 1) 0 2 0 2
(ol 2 |ghn) V) = S o — oy 53 %, (3.67)
E36?  myT(2n+1) m(2n+1)6?
(tbn| 9 o)) = =25 + AL ), m ) (3.68)

202 2T
<n+ 1/2  4E25?  (2n+ 1)5;2)
X Ck — — s

\/To? mr3 273/2

and therefore
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0262

1+

AzApt) = <n + ;)

—c < oo ) (3.69)
"\mrdia/rt o2 ) | '

These expressions coincide with the exact expressions expanded up to order one in
cx. In figure 3.1 we compare the time-dependent expectation values for =, x2, p,
p? computed in an exact way with those computed in a perturbative fashion. In
general the agreement is very good for small values of ¢;. Overall the agreement is

increasing for large values of n as well as m and for w approaching /7.

<x> <x?>

— ex, cx=0.01 30 — ex, =0.01

e plty cx=0.01 e puty cx=0.01

ex, cp=0.1 2.5 ex, cx=0.1

e pity ¢p=0.1 e piy ep=0.1
2.0

— ex, =03 —— ex, e=0.3

< puty ex=0.3 15 e pity ¢ =0.3

— ex, ;=0.01 — ex, ¢;=0.01

e ity ¢ =0.01 e ity cx=0.01
ex, cx=0.1 ex, cx=0.1
3 t puc=01 3 % & i F R e pu, cx=0.1
— ex, =03 — ex, =0.3
o put, cx=0.3 o pu, cx=0.3

2

t

0 2 4 6 8 10 12 14

Figure 3.1: Exact versus perturbative expectation values for z, =°, p, p* for By = 2, w = 1/2,
7 =1, m =3 and n = 1 for different values of the expansion parameter cy.

A further useful quantity to compute that illustrates the quality of the pertur-

bative approach is the autocorrelation function

An(t) = [(¢n(t) [¢n(0))] . (3.70)

Unlike the expectation values for position, momenta and their squares the autocor-
relation function also captures the influence of the time-dependent phase a(t). We
depict this function in figure 3.2. In this case the overall agreement decreases for
larger values of n.

Next we compare directly the wave functions obtained three alternative ways.
Figure 3.3 shows an extremely good agreement between the WKB approximation
and the exact solution, except near the turning points £&; where the WKB approx-

imation is singular. The pertubative solution is in very good agreement with the
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0.6} |}
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Figure 3.2: Exact versus perturbative autocorrelation function for Fo = 2, w = 1/2, 7 = 1,
m = 3, different values for n with ¢, = 0.1 in the left panel and ¢x = 0.3 in the right panel.

exact solution for small values of ¢, as expected. With increasing values of ¢, the
perturbative solution starts to deviate stronger in the negative regime for £ and large

values of n.

(a) 4o : (b) o

—— Exact
- WKB

........ Perturbative

-6

(c) o) (d) o)

. - Perturbative

Figure 3.3: Exact versus WKB gnd perturbative solutions to the time-independent eigenvalue
equation (3.3) for the invariant [ with A =1, Fo =1, m=1,n=1,7=1and ¢, =0.18 in
panels (a), (c), ¢k = 0.2 in panels (b), (d). £+ are the classical turning points (3.49).

Let us next see how these properties are inherited in the time-dependent system.
Figure 3.4 displays the real part of the full time-dependent wave function. We
observe the oscillation of the turning points with time that enter through the function
o(t). Asin the time-independent case, extremely good agreement between the WKB
approximation and the exact solution, except near the turning points x4. The
perturbative solution slightly overshoots at the maxima and minima, especially in
the negative time regime. The discrepancy becomes worse for larger values of n,

which we do not show here.

35



(a) #5(x,0.1) (b) #5(x,0.8)
10 10

A A
| . ) — Exact e
x e WKB x /\ e .
\/ \/ s F Perturbative _19 v

\/ \j \/ s . Perturbative
¥ oY s

0

=10

(c) Y5(x,2.5) . (d) 45(x,5.0)
10 |

Figure 3.4: Exact versus WKB and perturbative solutions to the time-dependent Schrédinger
equation (3.1) at different times withi=1,Eg =1, m=1,n=57=1,w =0.5and ¢, =0.1.
The time-dependent classical turning points £+ are indicated.

3.4 Goldman-Krivchenko potential with time-dependent

perturbation

In trying to identify solvable systems we have seen in equation (3.25) that the
value p = —2 is special as in that case the potential becomes the time-independent
Goldman-Krivchenko potential [142], being a particular spiked harmonic oscillator
[144, 145]. This potential may serve also as a benchmark for which we can solve the
eigenvalue equation exactly and campare it to the perturbative solution. Hence we
take this potential as our unperturbed system and perturb it by dropping the Stark
term and replacing it by 22F(t). Thus we consider the time-dependent Hamiltonian
P2 mw? 5 mO? 1

It follows from above that the invariant for this system is

1 24 9mE 1
I(t) = 3 o’p? — moa{z,p} + (mQéz + Tm—;mo> 22+ mQUQQQE . (3.72)

with constraint E(t) = Ep/o* and o satisfying the EP-equation (3.23). Also in this
case we may complete the remaining steps in the Lewis-Riesenfeld approach and
hence compare the exact and the perturbative solution. We identify Fy < 1 as the

expansion parameter in the perturbative series.
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3.4.1 Testing the approximate solution
Exact computation

Using the same similarity and variable transformation as in (3.34) we obtain the
time-independent invariant

m202? 1

. 1
I=UIU" = =20 + = (Tm* + 2mEy) & + 5@

5 (3.73)

where U = exp(idx?/2a) and we have changed variables through ¢ := z/0. We solve

the eigenvalue equation IZ(¢) = AZ(€) exactly obtaining the solution

2(g) = g1+ D5 clLZGZ(an)4—c2U'(v+,1-%b/2,7nxéff2>}’ (3.74)

where L(z) denotes the generalized Laguerre polynomials, U (v, i, z) the confluent
hypergeometric function [146] and vy 1= + (2 +b—2\/a) /4, a = /Tm?Z + 2mEj,
b:= 1+ 4m2Q2. Demanding again that the eigenfunctions vanish asymptotically,
ie. lime 400 2(§) =0, imposes v+ = n € Ny and thus quantizes \. We discard the
solution related to U, as its corresponding eigenvalues are not bounded from below,

leading to the eigenfuctions and eigenvalues
En(€) = 02 58 L2 (ag?) | A, = a(2n+1+b/2). (3.75)

Assembling everything we obtain for the operator I(¢) the normalized eigenfunction

from U2, (z/0) as

a \ (2+b)/4 _ a2 az?\ se? /20
dn(z) = F), (ﬁ) 2(140)/2= 55377 [ b/2 ((72) giméa®/20h (3.76)
where
2n!
Fn = \/[1 (T (1t n+b/2) (3:77)

when Re(b) > —2 and Re(a/0?) > 0. This completes the second step in the Lewis-
Riesenfeld approach. In the third and last step we determine the phase o by means

of (3.5). The right hand side is computed once more to

(Bnl 10, — H() |6a) = — 2, (3.78)

mo
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so that the phase acquires the same form as in the previous example

an(t) = —7)\ arctan [

¢Hw@ﬂ'
my/T "

- (3.79)

Let us now compare these expressions with those obtained in the perturbative com-

putation.

Perturbative computation

We treat the term V,(z,t) = z?E(t) with E(t) = Ep/o! and Ey < 1 in the
Hamiltonian as a perturbation. Accordingly we split up the invariant (3.33) as

I(t) = Io(t) + EoI,(t) with

1 2
Iy(t) = 5 [021) —mod{z,p} + (m a2+ m> x“+m 0292 ,  (3.80)
o?
m

The zeroth order wavefunction

¢$L0)> is simply ¢, (x) in (3.76) with Ey = 0. From
(3.7) and (3.9) we compute first two terms in the perturbative series for the eigen-

values

YO <2n F1+V1+ 4m292/2) my/T, (3.82)

AN = <¢(0)‘I ‘¢ > (2n +1WH47sz2_ (3.83)

As expected the eigenvalues are time-independent and /\7(10) + EO)\S) corresponds to
(3.75) expanded to first order in Ey. Next we need to compute the infinite sum in
(3.9) to determine the corrections to the wavefunctions. In this case there are only

two terms contributing in the infinite sum. We compute

60 = 5 [Vt D+ 1+ 072) |6 ) - Ve + 072)

)] (389

(1)

In the last step we compute the perturbed expression for the phase «, ’(t) using

equation (3.5). Once more we find up to first order

o) = =2 —E arctan

—c (3.85)

1) AD el VT tan (wt)
w )
so that we have obtained the full perturbative solution to the TDSE as \wn)(l) as
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defined in (3.12).

Exact versus perturbative solutions

As previously, we compute several physical quantities to compare the exact and the
perturbative solution. The momentum, position, squared momentum and squared

position expectation values are computed to

(2n + 0+ 3/2)0‘2
\/m ; <"¢n\p ’¢n> = 07 (386)
(4n + 2)0 + 2n + 3/2/Tm? 4+ 2mE, N (2n + £+ 3/2)ms?

<¢n| T W}n> =0, <wn| z’ W}n> =

<7/}n‘ p2 W}n> =

In order to achieve convergence we had to impose the additional constraint b = 2¢+1
with £ € Ny, this ensures that the integrals involved in the determination of the above

expectation values are real and finite. The uncertainty relation becomes

, (3.87)

_[@n4+£4+3/2)[(4n+2)0+2n+3/2] m(2n+ L+ 3/2)%0252
Avlp = \/ 20+ 1 T 26,

with the lower bound AzAp > 1/2 always well respected.

Using the perturbed solutions (3.84) and (3.85) we compute

(a2 |10) D =0, (n] 22 [1h) V) = (20 + £+ 3/2) (mT — Ep) -2

™m2’

1) _ 2 (1) _ (n+2)04+2n43/2 (m7+Eo) | (2n4£+3/2)(tm—Eg)s>
<¢n\p!¢n> 0, (1/171’]? |¢n> + .

2041 JTo? 73/2
(3.88)
The approximated uncertainty relation results to
2n 4+ 0+ 3/2)[(4n + 2)0 + 2n + 3/2] E?
Azap® =/ 1— =0, 3.89
Tap 2041 ( m27'2) (3.89)

We are now in the position to compare the exact and the pertubative solution. In
figure 3.5 we compare the time-dependent expectation values for z? and p? computed
in an exact way with those computed in a perturbative fashion. As in the previous
example, the agreement is very good for small values of the expansion parameter,
Ep in this case. Overall the agreement is increasing for large values of n as well as
m and for w approaching /7.

As in the previous example we also compute the autocorrelation function (3.70)

as it captures well the effect from the time-dependent phase «(t). We depict this
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Figure 3.5: Exact versus perturbative expectation values for =2, p?, for w = 1/2, 7 = 1,
¢ =2, m=3and n =1 for different values of the expansion parameter Fy.

function in figure 3.6. Once more, the overall agreement decreases for larger values

of n.

Figure 3.6: Exact versus perturbative autocorrelation function for w = 1/2, 7 =1, m = 3,
¢ = 2 and different values for n with Ey = 0.1 in the left panel and Fy = 0.5 in the right panel.

3.5 Conclusions

We have explored the possibilty of a modified approximated Lewis and Riesenfeld
method by solving the time-independent eigenvalue equation in the second step by
means of standard time-independent perturbation theory. We have tested the quality
of this approach for two classes of optical potentials by comparing the exact solutions
obtained from the completely exact solution of the Lewis-Riesenfeld approach to
the approximated ones, the perturbative approach and the WKB approximation.
We computed some standard expectation values and the autocorrelation functions
in two alternative ways. For the pertubative approach we found in general good
agreement which is naturally improved in quality for smaller values of the expansion
parameters. The WKB approximation is not limited to these small parameters and
only deviates significantly at the turning points.

Our semi-exactly solvable approach significantly widens the scope of the Lewis-
Riesenfeld method and allows to tackle more complicated physical situations that

are not possible to treat when insisting on full exact solvabilty. The validity of either
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approach is governed by the validity of the time-independent pertubation theory and
the WKB approximation for which explicit expressions can be found in the standard

literature, which then need to be adjusted to the particular potentials.
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Chapter 4

Time-dependent unstable

anharmonic quartic oscillator

In this chapter we construct a time-dependent double well potential as an exact
spectral equivalent to the explicitly time-dependent negative quartic oscillator with
a time-dependent mass term as first shown in [4]. For completeness and to es-
tablish a benchmark for comparison we shall first discuss the time-independent
unstable anharmonic quartic oscillator and the techniques within non-Hermitian
quantum mechanics that were used to determine the time-independent Dyson map.
We shall then proceed with its time-dependent counterpart. Defining the unstable
anharmonic oscillator Hamiltonian on a contour in the lower-half complex plane,
the resulting time-dependent non-Hermitian Hamiltonian is first mapped by an ex-
act solution of the time-dependent Dyson equation to a time-dependent Hermitian
Hamiltonian defined on the real axis. When unitary transformed, scaled and Fourier
transformed we obtain a time-dependent double well potential bounded from below.
All transformations are carried out non-perturbatively so that all Hamiltonians in
this process are spectrally exactly equivalent in the sense that they have identical

instantaneous energy eigenvalue spectra.

4.1 Anharmonic Oscillators

Anharmonic oscillators have a wide range of applications in quantum mechanics
as they describe for instance delocalization and decoherence of quantum states,

e.g. [147]. They also occur naturally in relativistic models, e.g. [148]. From a
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mathematical point of view their nonlinear nature make them ideal testing grounds
for various approximation methods, such as perturbative approaches [149]. Based
on a perturbative expansion of the energy eigenvalues it was shown in [42] that the
quartic anharmonic oscillator with mass term is spectrally equivalent to a double
well potential with linear symmetry breaking. The first hint about the fact that
even the unstable quartic anharmonic oscillator posses a well defined bounded real
spectrum, despite being unbounded from below on the real axis, was proved in
[150, 151], where it was proven that its energy eigenvalues series is Borel summable.
The spectral equivalence between an unstable anharmonic oscillator and a complex

double well potential was then proven directly by Buslaev and Grecchi in [152].

4.2 Time-independent unstable anharmonic oscillator

The time-independent unstable anharmonic quartic oscillator given by
H = pi - 9334, ge Ra (41>

where p, = —i0,, was first shown numerically to have a real and positive spectra by
Bender and Boettcher [1] as part of a treatment of a general series of PT-symmetric
potentials given by x2(ixz)¢, which were all shown to have a real spectra provided
e > 0. Jones and Mateo [74] later showed that the Hamiltonian (4.1) was spectrally
equivalent to
pﬁ 1 2

= 619 5Pa + 16gz~. (4.2)

In order to do this, techniques which have been developed within the area of non-

Hermitian P7T-symmetric quantum mechanics [140, 141] had to be used. We shall

present a brief overview of two of the techniques in the following subsections.

4.2.1 Stokes wedges and choice of contour

The first of these techniques is associated with the fact that the Schrodinger eigen-
value problem has to be defined by sectors within complex plane known as Stokes
wedges [137]. Within these wedges the wave function, v (z), will vanish exponen-
tially as |z| — co. Along the centre of these wedges, known as the anti-Stokes line
Y (x) will decay most rapidly, whereas on the Stokes lines which bound the wedges

¥ (x) is oscillatory. The locations of the Stokes wedges for different PT-symmetric
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potentials and in particular the —z* potential is the main concern of this subsection.

PT-symmetric Hamiltonians such as

H=p*+3%(i2)°  for >0, (4.3)

can be considered as a complex deformation of the harmonic oscillator, where we
treat z as complex. The associated Sturm Liouville eigenvalue problem with this

Hamiltonian is written as

—"(2) + 2 (iz)"(x) = Ep(2), (4.4)

where we have taken 2 — 2z, p — —id%. To determine the location of the Stokes

wedges for this eigenvalue problem we must employ the WKB approximation such
that we can determine the asymptotic behaviour of ¢(z) for large |z| [137]. A more
detailed discussion of this can be found in [141], here we just present the location of
the Stokes wedges as depicted in figure 4.1 for different values of €. The locations of

the Stokes lines which bound the wedges are

m(2—¢ m(2+¢
eupper,m'ght = 8(—|—2€) and elower,right = _8(_'_26)7 (45)
for the right wedge and
m(2—¢ m(24+¢€
eupper,left = -7 = 8(—|-2E) and Hlower,left =—-T+ _8(—1—26)’ (46)

for the left wedge. The width of the Stokes wedges, A, can also be determined

2w
A= eupper,right - elover,right = eupper,left - Hlower,left = 4+e . (47)

In figure 4.1 we see that as ¢ — oo the width of the wedges, A — 0. The wedges
themselves also approach the negative imaginary axis. For the normal harmonic
oscillator, which corresponds to € = 0, the center of the wedges are the real line.
We also see that for € > 2 the wedges no longer contain the real line and that for
€ = 2, which corresponds to the negative quartic potential, the real axis is the upper
stokes line for the wedges. In order to deal with the negative quartic potential we

therefore have to map the wedge back onto the real axis with the choice of a suitable
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Figure 4.1: Stokes sector for the Sturm Liouville eigenvalue problem (4.4) for ¢ = 0, 1,2, 4.
The angular opening of each sector is marked and the bold black arrow is a logarithmic branch

cut on the positive imaginary axis from x = 0 to x = ico.

parametrisation [153]. Jones and Mateo [74] found a suitable contour given by
2= —2iV1 1 iz, (4.8)
which mapped (4.1) to the new Hamiltonian
o 1 2 ~ L. 2
H=p —§p—|—a(x —1)—2m$+§z{x,p}, (4.9)

where a = 16g. We see here that by defining the negative quartic potential on the

correct contour within the complex plane we have taken a Hermitian Hamiltonian

and revealed that it is manifestly non-Hermitian.

4.2.2 Perturbation theory

Another important technique employed by Jones and Mateo [74] to calculate the
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Dyson map for the negative quartic potential after it had been mapped the non-
Hermitian Hamiltonian given by (4.9) is perturbation theory for determining the
time-independent metric and Dyson map [27, 78, 154]. We shall recall here the
perturbative method.

We start by separating the non-Hermitian Hamiltonian into its real and imagi-
nary part as

H = hgy + iehy, with h) = ho, hl =hy, (4.10)

where a real parameter € has been extracted from the imaginary part. Assuming
here for simplicity that the Dyson map is Hermitian and of the form n = e%/2,
the metric operator just becomes p = nfn = n? = e4. Making use of the Baker-
Campbell-Hausdorff formula (2.15) one can then write the similarity transformation
in equation (2.14) as

HY =2 Hy = H 4l H) 4 oo B+ gl lole B+ (1)

Using the decomposition (4.10) for the non-Hermitian Hamiltonian H this becomes

] 1

. 1
ool + ol + 5.0 Boll] . = € (200 4 fg ]+ 3l fa ]l ).
(4.12)
Expanding ¢ further as a power series in € as
¢=> qn, (4.13)
n=1

one can read off the coefficients of €” order by order upon substituting (4.13) into
(4.12). One finds that [ho, g2] = 0, so that with the choice g2 = 0 all even powers in

(4.13) vanish. The first three nonvanishing equations are

[ho, q1] = 2iha, (4.14)
[ho, q3] = é[‘h; [q1, ha]], (4.15)
o.a5] = 5 (10 fas ol + o ol = gl o o ol ) - (420

Crucially, these equations provide a constructive scheme and can be solved recur-

sively order by order for g1, ¢o, ...

47



Utilising this scheme Jones and Mateo [74] were able to construct a Dyson map
for the Hamiltonian (4.9) which mapped it to the Hermitian Hamiltonian (4.2). This
Dyson map is given by

p3
— 2 o). 417
n eXp[ 32+ p} (4.17)

We wish to now extend this analysis to the time-dependent regime. Whilst in
this chapter we will not be using a perturbative approach to determine the time-
dependent Dyson map, in chapter 5 a time-dependent counterpart to the perturba-
tion theory in this section is laid out and subsequently applied to the time-dependent

unstable anharmonic oscillator.

4.3 Time-dependent unstable anharmonic oscillator

The Hamiltonian we investigate here is similar to the one in equation (4.1), but with

time-dependent coefficient functions and an additional mass term

t t
H(z,t) =p*+ mﬁp% — 91(6);24, meR, geRT. (4.18)

Defining H(z,t) now on the same contour in the lower-half complex plane z =
—2iy/1 +ix as suggested by Jones and Mateo [74], it is mapped into the non-

Hermitian Hamiltonian

H(z,t) =p* — %p + %{x,pQ} —m(t)(1 +ix) + g(t)(z — )%, (4.19)

with {-,-} denoting the anti-commutator. Next we attempt to solve the time-

dependent Dyson equation (2.3) to find a Hermitian counterpart h.

4.3.1 Dyson map

We start by making following general Ansatz for the Dyson map
n(t) = ea(t)xeﬁ(t)ngFM(t)pQH‘S(t)p, a,B,7,0 €R, (4.20)

we use the Baker-Campbell-Hausdorff formula (2.15) to compute the adjoint action

of n(t) on all terms appearing in H (z,t)

nen "t =+ 6 + 6abp + 2vp + 3ia’B + 2iary — 3iBp? (4.21)
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npn~t = p+ic, (4.22)
ne*n™t = 2% —98%p* —12iB (3af + ) p? (4.23)
+ (54a?8% + 3608y + 49* — 6i35) p*
+4(3aB +7) [0 + ia(3aB + 27)] p + 2 (0 + 3ia®B + 2iay) x
+(608 + 2v) {z,p} = 3if {wp*} — (308 + 207 — i0)?,
mw’n~t = p?—a® 4 2iap, (4.24)
n{z,p* It = {z,p%} — 6iBp* + (24aB + 47)p® + (36ia’B + 12iary + 26) p* (4.25)
+4 (ia6 — 608 — 30(27) p — 2ia? (3@26 + 20y — i5)

—20°z + 4ia{z, p}.
The gauge like terms in (2.3) and (2.8) are calculated to

il = izé+ifp® — (3Ba n "y) p?— (3@5@2 + 20+ 5) p (4.26)
+8a® + a? — e

il = dxa+ifp — (3aB +)p? — (2iva + §)p — idd, (4.27)

where as commonly used we abbreviate partial derivatives with respect to ¢t by
an overdot. Using the expressions in (4.21)-(4.26) for the evaluation of (2.3) and
demanding the right hand side to be Hermitian yields the following constraints for

the coefficient functions in the Dyson map

g 51 7:1293+6mg?+g'72—gg
499°

) 5zclf_

with ¢; € R being an integration constant. Moreover, the time-dependent coefficient
functions in the Hamiltonian (4.18) must be related by the third order differential
equation

9¢% (§" — 6gm) + 3699 (gm — §) + 284> = 0. (4.29)

Integrating once and introducing a new parameterisation function o(t), we solve this

equation by ,
deg 4+ 07 — 206

40_3 N m T, (430)
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with co € R denoting the integration constant corresponding to the only integra-
tion we have carried out. The time-dependent Hermitian Hamiltonian in equation

(2.3) then results to

h(z,t) = 0°p" + fp(Op® + fo(O)z + fo () + fap(t) {2, P} + faa(t)2® + C(t). (4.31)

with
o{o[2(c (6% —4cz) —2) 6 4+ 16¢3 + 6] + 16¢2} + 4
T = 4052 ’
_ 2c1 o (42 4 6% —206) + 2] +In (407) _ 2c1+n(40?)
T = 12057 SEA P
(0 (6% —4c2) — 2) 1
fmp = Aol ) fxa:: E»
(2¢1 +1n (40%)) 2 + 3667 (465 +5) 1 . . o2
¢ = 144052 g )iy

We may choose to set ¢c; = co = 0 and reintroduce the original time-dependent

coefficient functions g(t), m(t) so that the Hamiltonian simplifies to

4 18¢2(2 22 3(¢°>m+¢3)1In
M) = p+< 929 +m) ¢ g+m>pz_ (¢’m+g°) 9,

4g g? 72g3 4g g*
2 . 2
g°In(g) ( g by ) 9
g 12g g {e.p}

Jr1296g8 In? g + ¢% — 36g%¢%(2g + m) om
5

; 4.32
5184g° g2 (4.32)

Notice that o(t) can be any function, but the coefficient functions g(t) and m(t)
must be related by (4.29) that is (4.30).

The massless case for m(t) = 0 is more restrictive and leads to o(t) being a
second order polynomial o(t) = kg + k1t + kot? with real constants x;. This case is
consistently recovered from (4.30) with the choice cg = kK3 — Kx3/4. The solution
found for the time-independent case in [74], would be obtained from (4.20) in the
limits « — 0, 8 — 1/6g, v — 0, § — i and m — 0. While this limit obviously
exists for « and 3, the constraints for v and § are different from those reported in
(4.28). In fact, setting 6(t) — i0(t) enforces g to be time-independent and there is
no time-dependent solution corresponding to that choice. The energy operator H
defined in (2.8) is obtained directly by adding H(z,t) in (4.19) and the gauge-like
term in (4.27).
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4.3.2 Time-dependent double wells potential

Let us now eliminate the terms in h(z,t) proportionate to x and {x, p} by means of

a unitary transformation

cfzp o . fx

U = e_lzfmzp _Z2fzzp, (433)

which leads to the unitary transformed Hamiltonian

7 _ 3,4 _é 2 _fxfa:p 2 _LIQ
h(z,t) =oc°p* + | fop 7 -+ | fp 7 D+ feax®+C i (4.34)

Similarly as in the time-independent case [74], we may scale this Hamiltonian, albeit
now with a time-dependent function, z — (fzr) "/2xz. Subsequently we Fourier
transform h(z,t) so that it is viewed in momentum space. In this way we obtain a

spectrally equivalent Hamiltonian with a time-dependent potential

hy.t) = po+0°foyt + (featpp — é)ﬁ-%<v?mﬁr—€§”>y (4.35)

2
+C — ==,
Afze
P 2 2 -9
g o( o g 2g°m m (36gm+g)\/§lng
- 7 49 4.36
1Y <y TR >+ 12472 b(4.36)
A I
5184¢°  144¢3 7292 2

where for simplicity we have set ¢; = ¢o = 0 in (4.36). The potential in h(y,t) is a
double well that is bounded from below. We illustrate this for a specific choice of
o(t), that is g(t) and m(t), in figure 4.1.

time—dependent unstable anharmonic oscillator time—dependent double well
Vi(zt) 7yt

100

— t=0.25 50

----- t=0.30
t=0.35

— t=0.75

-80

-100

-10 =5 0 5 10

Figure 4.2: Spectrally equivalent time-dependent anharmonic oscillator potential V(z,t) in
(4.18) and time-dependent double well potential V(y,t) in (4.36) for o(t) = cosht, g(t) =
1/4cosh®t, m(t) = (tanh?t — 2)/4 at different values of time.
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4.4 Conclusions

We have proven the remarkable fact that the time-dependent unstable anharmonic
oscillator is spectrally equivalent to a time-dependent double well potential that is

bounded from below. The transformations we carried out are summarized as follows:
z—x Dyson unitary transform 2 Fourier 7
H(z,t) = H(x,t) = h(x,t) = h(z,t) = h(y,t).

We have first transformed the time-dependent anharmonic oscillator H(z,t) from
a complex contour in a Stokes wedge to the real axis H(x,t). The resulting non-
Hermitian Hamiltonian H(x,t) was then mapped by means of a time-dependent
Dyson map 7(t) to a time-dependent Hermitian Hamiltonian h(z,t). It turned out
that the Dyson map can not be obtained by simply introducing time-dependence into
the known solution for the time-independent case [74], but it required to complexify
one of the constants and the inclusion of two additional factors. In order to ob-
tain a potential Hamiltonian we have unitarily transformed h(z,t) into a spectrally
equivalent Hamiltonian h(z, t), which when Fourier transformed leads to h(y, t) that
involved a time-dependent double well potential.

In the following three chapters we shall be revisiting this model in detail. We will
first compute the Lewis-Riesenfeld invariants by constructing a point transformation
between the time-independent quartic oscillator and the time-dependent quartic os-
cillator, in doing so we obtain a second solution for the Dyson map. We will then
apply time-dependent perturbation theory to determine its metric. We show that as
in the time-independent case, a perturbative approach leads to an exact solution for
the Dyson map. Finally we use the two Dyson maps to determine a symmetry opera-
tor for the Lewis-Riesenfeld invariants which allows for the subsequent computation

of an infinite series of Dyson maps.

92



Chapter 5

Point transformations and
exactly solvable time-dependent
non-Hermitian quantum

systems

In this chapter we demonstrate that complex point transformations can be used
to construct non-Hermitian first integrals, time-dependent Dyson maps and metric
operators for non-Hermitian quantum systems. Initially we identify a point transfor-
mation as a map from an exactly solvable time-independent system to an explicitly
time-dependent non-Hermitian Hamiltonian system. Subsequently we employ the
point transformation to construct the non-Hermitian time-dependent invariant for
the latter system. Exploiting the fact that this invariant is pseudo-Hermitian, we
construct a corresponding Dyson map as the adjoint action from a non-Hermitian
to a Hermitian invariant, thus obtaining solutions to the time-dependent Dyson
and time-dependent quasi-Hermiticity equation together with solutions to the cor-

responding time-dependent Schrodinger equation.

5.1 Introduction

One of the most convenient approaches to constructing the time-dependent Dyson
map for a non-Hermitian system involves the construction of time-dependent invari-

ants [89]. As detailed in chapter 2, and argued in [51, 87, 88, 132], this is because
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one has transformed the equation that needs to be solved from a time-dependent
differential equation, the TDDE (2.3), to a simpler similarity transformation be-
tween a non-Hermitian and Hermitian invariant (see Appendix A for more details).
While the difficulty of the problem has been reduced, the number of steps required to
obtain a Dyson map has been increased. In addition to this it is not always straight-
forward to construct an invariant for a particular system. One usually makes an
ansatz for the form of the invariant which is not guaranteed to be correct. Having a
more concrete approach to constructing invariants would therefore be beneficial for
constructing Dyson maps within time-dependent non-Hermitian quantum mechan-
ics as well as in the standard Hermitian regime.

To aid in the construction of time-dependent invariants we propose using time-
dependent canonical transformations known as point transformations [155]. The
initial use of point transformations was in classical mechanics, this was extended
to the quantum regime by DeWitt [156, 157] who utilised point transformations
to settle the ambiguity problem of operator ordering. Point transformations have
also been employed to construct maps between a simple exactly solvable model and
a more complicated system, known as the quantum Arnold transformation [158],
which was then subsequently applied to the Caldirola-Kanai oscillator [159, 160].
The main selling point of the approach, however, is that point transformations pre-
serve conserved quantities [155]. This was exploited by Zelaya and Rosas-Ortiz
[161] who recently demonstrated that point transformations may be used to com-
pute time-dependent invariants or first integrals for Hermitian Hamiltonian systems.
Extending this to the non-Hermitian regime would therefore reduce the difficulty as-
sociated with determining a Dyson map as an ansatz for the non-Hermitian invariant
would no longer be required. In the subsequent sections we shall demonstrate that
this can be achieved for several non-Hermitian systems including the time-dependent
Swanson Hamiltonian [162], the time-dependent harmonic oscillator with complex

linear term and the non-Hermitian unstable anharmonic quartic oscillator.

5.2 Invariants and Dyson maps from point transforma-

tions

The main purpose of this section is to present an alternative approach to finding

p(t) and n(t) by exploiting point transformations and first integrals. Consider a
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non-Hermitian explicitly time-dependent Hamiltonian H(z,t) # H'(x,t) satisfying
the TDSE
H(x,t)p(x,t) = ithopp(z,t). (5.1)

As a starting point one assumes that there exists an exactly solvable time-independent

reference Hamiltonian Hy(x) satisfying the TDSE

Ho(XW(X,T) - ih@ﬂb(Xa T)a (5'2)

with x denoting the coordinate and 7 the time in this system. One may then relate
(5.2) to the first TDSE (5.1) by means of a complex point transformation I'" defined
as

I': Hy-TDSE — H-TDSE; [x, T, ¥ (x, 7)] — [z, t, ¢(x, t)]. (5.3)

Here ¢ and ¢ are understood to be implicit functions of y,7 and x,t, respectively,
defined by the equations (5.1) and (5.2). The variables x, 7, 1 are treated in general

as

X:P(LL’,t,gf)), T:Q(I7t7¢)a ¢:R(ﬂfvt>¢)7 (54)

where P, @), R are functions of the independent variables x, t, ¢. In practice, one
may relax some of the (x,t, ¢)-dependences of the functions P, @, R or is even forced
to do so for concrete systems.

Having identified the point transformation I' on the level of the TDSEs one may

subsequently apply it exclusively to the time-independent Hamiltonian Hy(x) as
I': Ho(x) = Iu(x,t). (5.5)

Since real point transformations preserve conserved quantities [155], and Iy (x,t)
acquired a time-dependence via the point transformation I', it is suggestive to assume
that also complex point transformations have this property and that Iy (z,t) is
actually the time-dependent conserved Lewis-Riesenfeld [89] invariant for the non-

Hermitian time-dependent Hamiltonian H(z,t) in (5.1) satisfying

dI
md—f — ihd Iy + [Ty, H] = 0. (5.6)

95



Since H is non-Hermitian, also its first integral, the invariant Iy, must be non-
Hermitian, which is evident from (5.6).

As argued in [51, 87, 88, 132] one may map this non-Hermitian invariant Iz to a
Hermitian invariant I;, by means of a time-dependent similarity transformation n(t)

as

N1~ (t) = In(t). (5.7)

Remarkably the map 7(t) is indeed the Dyson map solving the first equation in (2.3)
and the Hermitian operator Ij is the Lewis-Riesenfeld invariant for the Hermitian

time-dependent Hamiltonian h(t), identified in (2.3), satisfying

I
z‘hdd—: — ihdy Iy, + [In, h) = 0. (5.8)

In summary, we have a four step method that leads not only to the solutions ¢(z, t)
of the TDSE (5.1), but also an explicit expression for the metric operator. The
first step consists of selecting a suitable time-independent reference Hamiltonian
Hy(x) and point transform its corresponding TDSE (5.2). In the second step we fix
the free parameters by matching the transformed TDSE with a TDSE for a non-
Hermitian target Hamiltonian H (t) (5.1), hence identifying the point transformation
I’ by means of (5.3). In the third step we obtain the invariant Iz (t) by acting with
I on the time-independent reference Hamiltonian Hy(x) and in the fourth step we
construct the Dyson map 7 as a similarity transformation by means of (5.7). In case
the TDSE for Hy(x) is solvable we obtain by construction also the solutions to the
original TDSE for H(x,t). Here our main focus is on the construction of n and p.
Let us now demonstrate how this four step strategy is carried out for a concrete

time-dependent non-Hermitian Hamiltonian.

5.3 Point transforming exactly solvable reference

Hamiltonians

One of the simplest choices for an exactly solvable reference Hamiltonian Hy() one

can make is to take the time-independent Hermitian harmonic oscillator

Hy( LGN N R 5.9
ox)—2m+2mwx, m,w € R. (5.9)
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First we identify the point transformation of Hy(x) in general terms. Expressing
the momentum operator P in the position representation P = —ihd,, we act with
the point transformation I' on the TDSE (5.2). Simplifying the general functional
dependence as stated in (5.4) to

x = x(z,1), T =171(t), = A(z,t)o(x,t), (5.10)

we convert all partial derivatives in the TDSE from the (x, 7) to the (x,t)-variables

obtaining the point transformed differential equation

. h? Tt
thor + %E¢xx + BO($>t)¢m - V(](x,t)(ﬁ =0, (5'11)
with
Xt h? Tt A Xzx
Bo(a,t) = —ihXt 4 Tt (gfe  Xaw 12
O(xv ) ? Ya + 2 X% ( A Ya > ) (5 )
1 2 9 . At Ath h2 Tt Aa:r A:erm
) = = —th ([ — — - == — (5.1

This form of equation (5.11) was previously derived in [161], more details of this
computation can be found in Appendix D. However, we allow for a major difference
by admitting the potential Vj of the target Hamiltonian to be complex. The first
two assumptions in (5.10) on the functional dependence when compared to the
most general dependence x(z,t,¢), 7(z,t,$) are made for convenience to simplify
the calculation. The last factorization property of ¢ in (5.10) is already using
an assumption made on the structure of the target differential equation. Since the
TDSE is a linear equation in the fields it does not contain a ¢2 term so that Py = 0.
Hence the linear dependence in ¢.

Since the reference Hamiltonian is a choice, we shall explore here some further

simple options

HP (x) = ;i (5.14)
HP (x) = Ho(x) + ax, a € R, (5.15)
HP (x) = Ho(x) +ibx,  beR, (5.16)
HY(x) = Ho(x) + a{x. P}. (5.17)
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We note that the reference Hamiltonian does not have to be Hermitian. Then the
general point transformed differential equation (5.11) associated with each these
reference Hamiltonians remains the same, yet the explicit forms of By(z,t) (5.12)

and Vp(z,t) (5.13) differ. For the choices (5.14)-(5.17) we obtain

By (xt) = Bolz. 1), Vila,1) = Vo(a, 1) — gmuxr, (5.18)
By(z,t) = By(x,t), Va(x,t) = Vo(x,t) + axm, (5.19)
Bs(z,t) = By(x,t), Va(z,t) = Vo(z,t) + ibxry, (5.20)
By(z,t) = Bo(x,t) + M, Vi(z,t) = Vo(x,t) — HaxhAsm iaht. (5.21)

Xz Axe

In order to proceed to the second step in the procedure we need to select a target

Hamiltonian.

5.4 The time-dependent Swanson model as the target

Hamiltonian

As a concrete example for a target Hamiltonian we consider here a prototype non-
Hermitian Hamiltonian system, the time-dependent version of the Swanson Hamil-
tonian [162]. In its standard formulation in terms of bosonic creation a and annihi-

lation operators af, the time-dependent version may be written in the form

Hs(t) = w(t) (aTa + 1/2) +a(t)a? + Bt) (aT)2 , w(t),at), Bt eR - (5.22)

which is clearly non-Hermitian when & # 3*. Dyson maps for the time-independent
and time-dependent version were found in [90] and [86], respectively. In order to
apply the point transformations it is more convenient to convert the Hamiltonian
into coordinate and momentum variables x, p, which is easily achieved. Using the

standard representations a = (z + ip)/2 and af = (x — ip)/2 we obtain

As(t) = 5 [w(t) —alt) ~ B0)] 77 + 5 [w(t) +a(0) + B(1)] a2
+ 2 [atn) - 3] .oy + 42, (5.23)

Expressing the time-dependent functions a(t), 8(t), w(t) in terms of new time-

dependent functions «(t), Q(t) and M (t) as
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d(t) = 4 - 4M(t) +Oé(t), B(t) = 4 - 4M(t) - Od(t),
2
w(t) = M@)ZQ@) + 2Ml(t), (5.24)

the Hamiltonian is converted into the simpler form

~ w 2
Hg(z,t) := Hg(t) — ;t) = 2]@(0 + M;t)ﬂ(t)%cQ +ia(t){z,p}, (5.25)

with M, Q € R, a € C, which is clearly still non-Hermitian for o # 0. The Swanson
Hamiltonian is PT-symmetric for P7 : x — —x, p — p, i — —i and all time-
dependent coefficient functions transforming as P7T : M,Q,a — M,Q,«. Taking
a = ap — ia;! which is complex, this requires PT : arp — ag, af — —aj. We
notice here that the option o € C, rather than o € R, does not exist in the time-
independent case when one wishes to maintain the P7-symmetry of the Hamilto-
nian.

We will explore here two versions of this target Hamiltonian, in one we keep
the mass time-independent by setting the time-dependent coefficient in the kinetic
energy term to a constant, M(t) — m, and in the other option we take the mass
term to be generically time-dependent [119, 163]. Let us now identify the point

transformation I' according to (5.3) for the specified pairs of Hamiltonians.

5.4.1 Point transformation I'; : Hy(x) — Hg(z,t), time-independent

mass

Having specified the target Hamiltonian as Hg(x,t) with m, we express the time-

dependent Schrodinger equation (5.2) in the position representation as

2
ihy + %‘f’“ — ha(t)rds — ha(t)d— %mQ(t)zQQb 0. (5.26)

With Hy(x) as reference Hamiltonian, the direct comparison with (5.11) leads to

the three constraints

Tt

=1 Bola.t) = ~2halt)e, Vala.t) = %mg(t)ﬁ + ha(t). (5.27)

We have corrected here a minor typo in the manuscript [5] from o = agp +ia; = o = ar —iog.
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Apart from being a complex equation, the first constraint in (5.27) is the same as

the one found in [161], where it was solved by

(t) = / aj("’s), and x(x,t):ml_(z)(t), (5.28)

with now complex functions «(¢) and o(¢). Using these expressions in the second

constraint in (5.27) yields the equation

Ay
Z%I + 7 + 2iax — (z + v)% =0, (5.29)
which may be solved by
—exp L (4~ A0 to— Ot 22
Az, t) = exp{ - K% v ) te + (zta 20) x° + (5(t)] } , (5.30)

where §(t) is a complex valued function corresponding to the integration constant
in the z integration. Proceeding with these expressions to the third constraint in

(5.27) yields

LinTt T (g0, Ty 208 W 1
i YVH— v Y i — 2md (5.31)
g g g g

The z-independent term in (5.31) vanishes for

g ih
o(t) = % (o7 —yor) — o logo (5.32)

Furthermore, we recognize that the square brackets of the coefficient functions for
the  and 22 dependent terms amount both to the ubiquitous Ermakov-Pinney

equation [138, 139] with the constraint
Vit . 2
— = 2iay — 4o — Q := K(t), (5.33)
Y

respectively. The general solution to this version of the Ermakov-Pinney (EP) equa-
tion, as given by the coefficient functions, can be constructed in terms of the two

fundamental solutions wu(t) and v(¢) to the equations i +r(t)u =0, ¥+ k(t)v =0 as

o(t) = (Au® + Bv? + 2Cuv) 12 , (5.34)
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where the constants A, B, C are constrained as C2 = AB — w?/W with Wronskian
W = ud — vi. Given that x(t) is now complex, the time 7 and the coordinate x
inevitably become complex, unless we take ay = 0. As we see from (5.24) the latter
option still keeps all the coefficients time-dependent although in a somewhat more

restricted form.

5.4.2 Point transformation I'S : Hy(x) — Hg(z,t), time-dependent

mass

Let us now switch on the time-dependence in the mass so that we have to compare
the transformed equation (5.11) with
h2

ihey + W(t)d)” — 2ha(t)zd, — ha(t)p — %M(t)g(t)%% =0, (5.35)

instead of (5.26). The direct comparison then changes the three constraints (5.27)

into

Tt 1 1 2
——=——, B(z,t) = —2ha(t Viz,t) = =M(t)Q(t ha(t). 5.36
s =G BH = -2ar. Vied) = JMEAN 1 ha().  (5.30)
Thus, the first constraint in (5.36) differs now from the one found in [161] as a
result of the introduction of an explicit time-dependent mass. As we show next, this
change from a time-independent to a time-dependent mass permits us to keep the

time 7 and the coordinate x to be real for more generic time-dependent coefficient

functions. Taking a general form for the mass as
M(t) = mo(t)", (5.37)

allows us to easily distinguish between the time-independent and time-dependent

cases, with the former obtained for n = 0. The first constraint in (5.36) is now

solved by
t
t
m(t) = / oydy  and  x(at) = S0 (5.38)
o(t)?
where we identify n = —r — 2s. Using these expressions in the second constraint in
(5.36) yields the equation
h A
o2 LT o Lis(a + )2+ 202 =0, (5.39)
m A o
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which may be solved by

0_7177’723

Az, 1) = exp {””h [(a% — syo) o + <iaa - ;sat> 22+ 6(1&)] } (5.40)

where §(t) is a complex valued function corresponding to the integration constant
in the x integration. Proceeding with these expressions to the third constraint in

(5.36) yields

l+r+250.t
2
+‘72%t+%m{‘7 [0 (40? — w?? + Q) + s0u] — s[r + s + 1)o7 } 2

—inl? —m{yw?e®*? — o[r + 2sly,00 + s [(r + s+ 1)o} — ooy } x
1
+gm {[2iao(r + 25)0y — 2i0ay] 2% 4+ 2(1 + 1 + 25)d0y — 200, + 077 }
+ 2 [—2sy0yi00 + 77 (s*0f — w?a®t?)] = 0. (5.41)

2

The z-independent term in (5.41) vanishes for

ish
o(t) = % (o7 — syoy) + o172 <61 ~ o log J> , (5.42)

where c; is a constant. The term proportional to 2 in (5.41) is a non-linear second
order differential equation in o. To ensure that o is real, hence our space-time is

real, we set the imaginary term to be equal too zero
ar[(r+ 2s)oy — 4oaj] — o(ar): = 0. (5.43)

This equation is satisfied for

1 r+2s
ar = 70 (U > . (5.44)

R

We notice from here that since o o< 9; it does indeed transform as ooy — —ay under
PT as is required for Hg to be PT-symmetric. The terms proportional to z? and z

vanish for

)

(2@3 (2Q%aR + 8o + (ar)t) — 3 (0@@?) N (5+1)o7  2uw20?t!
O =0 -
o r

2
27"ozR

(5.45)
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and

4 2
. q [ <16aR —3(agr); + QOéR(OlR)tt) a2 s (7 +28)noy
= 2

2r agp o

kd (r+2s) (2w?0?™ 2 + rsof)
2r o2

: (5.46)

respectively. These equations can be reduced to solvable ones for specific choices of

r, s, ar, ay and v. We discuss now some special choices.

ar=20

Setting now ay = 0, we may solve directly for ap in (5.44). We obtain
aR = oo, (5.47)

Taking the mass to be time-independent and hence « to be time-independent by

setting r = —2s and s = 1, equations (5.45) and (5.46) reduce to
W2
oy = —4cio + — = oQ? and Ve = —7 (40% + 92) , (5.48)
o

respectively. Both of these equations are solvable, with the first being the nonlin-
ear Ermakov-Pinney equation [138, 139], solved as stated above and the second is

harmonic oscillator solved by

Y = K171+ K272, (5.49)

where 71, y2 are the two linearly independent solutions (depending here on the choice

of ) and k1, k2 are constants.

Another interesting choice is to take r = —s — 1 with s = —1, in doing so we end
up with
4c3 4c3 2
o = % — ow? + 0Q? and Vi = — (? + 92) _ Ao (5.50)
o o o

where again the first equation is a version of the non-linear EP equation. How-
ever, now the Ermakov-Pinney equation is real without any restrictions on «(t),

so that also the time 7 and the coordinate x are real. The second equation is a
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damped harmonic oscillator equation, which we may solve explicitly or simply take

the integration constant v to be zero.

7=0

Opting now for the second choice we set v = 0 and parametrize
ap=0"27", (5.51)

equation (5.45) reduces to

_w20.27“+1 +4U—2T—3 +O’Q2

= 5.52
Ot 1 ) ( )
with a now being genuinely complex
1
a=ap-— i%@t In(o). (5.53)

Choosing 7 = 0 or r = —2 results in equation (5.52) being the respective EP equa-

tions given by

4 w?
o =—+0(P—-w?) or oy=—=—0(Q2+4). 5.54
= o (@ w) or ou=% o (@1 4) (5.54)
As we have taken v = 0 we do not need to pick a concrete value for s.
When setting r = —2 we do not need to choose a concrete form for ap as in this
case equation (5.45) reduces to the Ermakov-Pinney equation

w2

2
Jtt:F—fa, with f:4oz%%— t

3 (OZR) (aR)tt
402

02 5.55
2 S + (5.55)

770

When v # 0, we still have the same parametrization of ap and choices for r as in
the previous section but we now have to restrict s so that equation (5.45) is solvable.

For instance, when r = —2, if we choose s = 1, we have
Y = —7(4+Q%), (5.56)

which is solvable by (5.49).

64



5.4.3 Point transformations fi2,4 : Hél’2’4) (x) = Hg(z,t), time-dependent

mass

Let us now explore the point transformations that result when changing the reference
Hamiltonian, but keeping the target Hamiltonian to be Hg(x,t) with time-dependent
mass. Considering now the second constraint in (5.27) together with (5.18)-(5.21)
we can identify the fields A;(z,t) for the the reference Hamiltonians (6.34)-(5.17).

Solving the constraints we find

iamz(x + 27)

A1) = Aol 1) = A(,8), Aa( ) = Az, £) exp [—haz} . (5.5
such that the A;(z,t) are identical for the same B;(x,t). Solving next the third
constraint in (5.27) for (6.34)-(5.17) we notice that we always require (5.44) to
hold in order to ensure that space-time remains real. In contrast, the other time-
dependent functional coefficient § and the constraining equations for o and ~ vary

for each reference Hamiltonians. We obtain

2o t2r r 4 28)w2yo?r
Hy s 05 =6 o) =out T A =t (ZW
ao.?r-‘,—s

t
H{gz) : 6(()2) —5— 01+r+2s2‘71n/ NoT8, o2 — o, %(3) =y — —

t 2 _142r
8a“o
Hé4) : (5(()4) =40+ 2aal+r+25/ o1 (syoy — o), Ut(?) =ou+ —

4a?(r + 2s)yo®"
. .

4
%(t) =Yt +

Here we understand that oy and 74 are to be replaced by the right hand sides of
equations (5.45) and (5.46), respectively.

5.4.4 Non-Hermitian invariants from I'{

Having constructed the various point transformations Fg that relate the TDSEs
(5.1) and (5.2) for H’(x,t) and H}(x), respectively, we proceed to the third step in
our scheme and employ the point transformations now to act on H{(x) exclusively,
as specified in (5.5). In this way we obtain directly the invariant Iz for the non-

Hermitian Hamiltonian H.

Non-Hermitian invariant from Fg , time-independent mass

Acting with I'§, as constructed in section 5.4.1, on Hp(x) we obtain the invariant
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2 2

o w .
Iy(z,t) = %pQ +m (12 + 2ia(o?y, — yooy) — ooy + 703) x  (5.58)

) 2
+§a [2ico — o¢] {x,p} + % [(Ut — 2iao)? + :2] a?

m
+o (o — o) p+

2, .2
w
5 <7 + %07 + 0% — 27%0@) :

o2

We verified that the expression for Iy in (5.58) does indeed satisfy the Lewis-
Riesenfeld equation (3.2). Thus Iy (z,t) is the non-Hermitian invariant or first
integral for the non-Hermitian Hamiltonian H(z,t). We stress that the invariant
has been obtained by a direct calculation and did not involve any assumption or
guess work on the general form of the invariant, which one usually has to make

when solving (3.2) directly.

Non-Hermitian invariant from f‘g , time-dependent mass

Similarly acting with T'S, as constructed in section 5.4.2, on Hp(x) we obtain the

invariant

2s

N

g

dica? + ragoy — o(aR):
404307”“
dmw?ako?? — m(doa% — irago; + iU(O‘R)t)2:E2

8a%02(r+s+1)

{z,p}

PP+ (07— syo " loy)p +

2ymwlarao® T2 + m(oy — syoy)(dicak + raroio(ag)t)
2aR02(r+s+1)

X

1
+ —mo

2(r+s+1)[ 2 2 2r42
2

Ywo + (oy — sy0¢)?). (5.59)

Once more we convince ourselves that Iz (x, ) does indeed satisfy (3.2).

Non-Hermitian invariant from I, ;, time-dependent mass

The action of fsz from section 5.4.3 on Hél’2’4)(x) yields the invariants

0.25

jj(tll)(x>t) = %Iﬁ + (0" —syo " oy)p +

4@'0(1% + ragoy — o(agR):
404R0'r+1

{z,p}

B m(doa% —irago; +io(ar))?
804%%02(7“4-54-1)
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m(oy; — s’yat)(4i0a% +rago; — o(ag):)
+ 20 po2(rtst1) “

1 _
+ —mo

Smo 2 (0, — sy0,)?, (5.60)

2s

. o
Ig)(a:, t) = %pz + (07 "y — Sfya*r*lat)p +

41'004% + raro; — o(ag)
4OZRO'T+1
— m(doa% —iragos + ia(aR)t)QxQ
804%0-2(7“—0—5—5—1)

e, p}

dmw?ao? 2

2(ac® + ymw?)aro? 2 + m(oy — s*yat)(4i0a%{ + raro; — o(ag):)
2aR0-2(7"+s+1) x

+ 10—2(r+8+1)

5 [702”2 (2a0® + 7mw2) +m (o — ysoy) 2] , (5.61)

and

2s

~(4 (o2 _ r—
) = g+ (07— w90 Loy + HIRL IO

élz'mﬁ2 + ragoy — o(aR)

o, p}

_4m(4a2 — w2)a%02r+2 — m(4aa% — raRpot + iU(OéR)t)Z 2
x

+ 80&%0’2(r+5+1)

—2ym(4a® — w?)aro? 2 + m(oy, — syoy)(dica + ragoy — o(ar):)
2aR02(r+s+1) X

1
+ 5072(”5“) [m (o — vs01) 2 — mvy*(4a® — w?)o* 12 (5.62)

Let us now compare the invariants obtained. First of all we notice that all our

invariants can be brought into the form
Iy = a;p® + bop + (o +ici) {z, p} + (dr + id;) 2° + (er +ie;) x + fr, (5.63)

where we abbreviated the complex time-dependent coefficient functions in Iz and
separate them into real and imaginary parts by denoting x = x,+ix; with z,., z; € R,
z € {a,b,c,d,e, f}. When written in this form we notice a very peculiar property
that for all of our invariants the time-dependent coefficient functions are related to
each other as

e; d; G

—r—2s
—_— = — = . 5.64
2b,  4de,  2a, Mare ( )

As we will see in the next subsection this property is responsible for the fact that all
invariants lead to same Dyson map. Notice that when using the conventions as in
(5.63) for the Hamiltonian Hg(z,t) and using the same parameterization for M (t)

and «(t), the last relation also holds for the coefficients in the Hamiltonian. We also
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note that if we were to take a — ia in H(()4) (x), the associated invariant would still
posses the same properties as a only appears squared in it. When comparing the

)

expressions for the invariants Ig one needs to keep in mind that the constraining

equations also change with the index 3.

5.4.5 Dyson maps and metric operators

We may now carry out the last step in our scheme and construct a Dyson map by
acting adjointly on the invariants I;;. We can verify that the Dyson map constructed
in [86] does indeed map Iy to a Hermitian invariant. Alternatively, when utilizing

the property (5.64) we may identify the time-dependent Dyson map as

n = exp (—mago""*2?), (5.65)
with the associated Hermitian invariant being given by
2R0_27_4S) 22 + e,z + . (5.66)

I, = a;p* + byp + ¢ {z, p} + (d; + dm*a,a

The corresponding Hermitian Hamiltonian is computed to be

0.7‘-1—25 r+2s

h =

) {z,p}, (5.67)

2m

1 1
p* 4 (2mako "% + —mo 20?22 4+~ In 7
2 4 QR

which is an extended version of the time-dependent harmonic oscillator with time-
dependent mass. For the special choice ar = 0”72 the coefficient function af(t)
becomes real, the Dyson map becomes time-independent and A reduces to the time-

dependent harmonic oscillator. The metric operator is constructed to be

p=n'n = exp(—2maro ""22?). (5.68)

5.5 The time-dependent harmonic oscillator with com-

plex linear term as the target Hamiltonian

To further illustrate the method and demonstrate the importance of the choice of

Hy(x) we shall be next considering the time-dependent harmonic oscillator with a
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time-dependent complex linear term

2
Hep(a,1) = #@) + éM(t)Q(t)Qa;Z +iB(r,  M,Q.BER (5.69)

which has been previously studied in [87, 164]. As a reference Hamiltonian we take
now Hég) (x) as defined in (5.16). We have also considered Hy(x) as a reference
Hamiltonian which leads to a point transformation that renders space-time to be

complex.

5.5.1 Point transformation I'{” from Hég)(x) to Hep(x,t)

We have already identified the equations for Bs(z,t) and Vi(x,t) for the refer-
ence Hamiltonian Hé3)(x) in (5.20). Comparing now with the time-dependent
Schrodinger equation for the target Hamiltonian (5.2) in the position representa-

tion, we find the three constraints

—_— = — B(x,t) =0 Viz,t) = =M@)Q(t t)x. 5.70
The first constraint in (5.70) is solved in the same way as in section 5.4.2, i.e.

by equations (5.38), together with (5.37). Substituting these expressions into the
second constraint in (5.70) and then solving for the field A(z,t) yields

0_7177“725

A(z,t) = exp {zm

h [("% - sy - %SM‘Q + 5@)} } , (5.71)

where §(t) is a complex time-dependent function associated with the integration
carried out. Next we use all of our expressions obtained in the third constraint in

(5.70), obtaining

—m [We¥ T+ 5(r+ s+ 1)0] — 0 (sou + 0Q)] 2°
+ 2i0" 2 (_bar+s + iymw?o” + 5‘728) x — o2 (mez I 2ibo’5)
+2m [o(r + 25)000 + 95 (00w = (r+ s+ 1)oy) = o*yu] @ — ihsoyo™

+m {204 [5(r + 25 + 1) — vsoy] + *s%07 + o [o77 — 20¢] } = 0. (5.72)

Firstly we notice that the z-dependent term in (5.72) contains an imaginary term

which would result in space-time becoming complex. However, when setting
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B =bo"", (5.73)

the imaginary term vanishes and space-time remains real. Secondly we find that the

z-independent terms in (5.72) vanishes for

ish tb r—s
i) = % (o — syoy) + gltrt2s <01 — % logo — z/ i > . (5.74)

Finally, the remaining terms proportional to 22 and z result in the two second order
auxiliary differential equations
wW2a? 2 — 5202 (r+s+1)0?

Ottt — + and Yt =
SO o

2
(T + US)%Ut _792’ (575)

respectively. As discussed in the previous section there are different choices of r and
s for which these equations reduce into ones with known solutions. As before, we
shall not pick concrete values for r and s so we keep the derivation of the invariant

and subsequent Dyson map as general as possible.

5.5.2 Non-Hermitian invariant from I'{”

Acting with T'{'?, as constructed in the previous section on H(()S) (x) we obtain the

invariant
o2 1
Ig(z,t) = Qme + (07" —yso " Loy )p — iso*’"*lat{x,p}
i %m0—2(r+s+1) (w2072 4+ 5202) 22
g 2rtstl) [msoy (vsop — ov) + 022 (ymw? + ibo®) | x
+ %072(”‘“1) [m (o1 — vs01) 2 + v 2 (ymw? + 2ibo*®)] . (5.76)

We have verified that this expression does indeed satisfy the Lewis-Riesenfeld equa-

tion (3.2).

5.5.3 Time-dependent Dyson map and metric operator

To determine the time-dependent Dyson map associated with the non-Hermitian

invariant (5.76) we use the following abbreviated version of the invariant
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Ig = a,p* + bop + ¢ {z,p} + do2® + (ep +ie))x + fr +ifi, (5.77)

using the same conventions as in (5.63).

Making now the general Ansatz for the Dyson map
n(t) = e WPz ¢ N e R, (5.78)

we compute the adjoint action of the Dyson map on all the operators that appear
in the non-Hermitian invariant. We find that (5.78) maps Iy (x,t) indeed to a

Hermitian counterpart when the following constraints are satisfied

2

o ar fi N = Cr€ N 2(CT - ardr)fi

€= 7[)7 = € = b—
Qr€r — OpCr Gy rCr — Q€

(5.79)

The time-dependent functions from above do indeed satisfy these equations and
when using the explicit expressions for time-dependent coefficient functions from

(5.76) the time-dependent Dyson map results to

bo* bso 1= 5q,
n(t) = exp <mw2p> exp <_u)2$> , (5.80)

with o to be determined by the auxiliary equation (5.75). The corresponding Her-

mitian invariant is computed to

2s
o 1
In(z,t) = 5—p* + (0 "y = ys0 "l )p = 550" Lou{w, p}
1
+ imU_Q(T‘FS‘H) (w2027’+2 + 8203) z? (5.81)

4 o 2rtst1) hw202r+2 + 50 (soy — a%)] "

bzﬂz,?;wzxg—zs + m2o—2(r+s+1) (723203 + 02%2)
+ o . (5.82)

Finally we use the Dyson map (5.78) in the time-dependent Dyson equation (2.3)

to compute the corresponding Hermitian Hamiltonian as

r+2s 1 b20.7r72 0292 _ 820'2
h(t) — g p2 + ZmoTT2502 2 + ( t)

2m 2 2muw?

: (5.83)

which is a time-dependent harmonic oscillator with a time-dependent free term.
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5.6 Construction of wavefunctions and energy spectra

Now that we have constructed the point transformations between the reference and
target Hamiltonians, and computed a metric for the models we considered, it is

instructive to find the wavefunctions.

5.6.1 The time-dependent Swanson model
Wavefunctions of the reference Hamiltonian

For the purpose of determining the wavefunctions for the time-dependent Swanson
Hamiltonian we choose to use the time-independent harmonic oscillator (5.9) as our
reference Hamiltonian. The full solution to the time-dependent Schrodinger equation

is found through separation of variables

Ho(x)(x,7) = ihdsb(x, ™) where (x,7) = e & 8(x) (5.84)

with &(x) satisfying the time-independent Schrédinger equation
Ho(x)0(x) = Enb(x)- (5.85)

The normalised wavefunctions are given by

1 mw _ mw 2 mw
= — e LX JR—
000 = | gy e 51, (/7). (5.56)

where H,,(z) denote the Hermite polynomials.

Wavefunctions of the target Hamiltonian

We many now find the solution to the TDSE for the time-dependent Swanson Hamil-
tonian (5.25) by utilising the point transformation. By nature of its construction
the wavefunctions for the target and reference Hamiltonian, ¢ and 1, respectively

are related via

¢(Xa T) = A($’t)¢($7t)7 (587)

such that
¢($at) = Ail('r?t)w(X(xJ)vT(t)) (588)
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where A(x,t) is given by equation (5.40), and x(z,t) and 7(t) by (5.38). We have
verified that (5.88) does indeed satisfy the TDSE for the Hamiltonian (5.25).

We may additionally construct the wavefunctions for the Hermitian Hamiltonian

(5.67) satisfying the TDSE
h(t)O(x,t) = ihdO(z,t). (5.89)

through
@(.%', t) = n(t)¢(x7 t) = n(t)A_l (1.7 tW(X(x? t)? T(t))’ (590)

where 7)(t) is given by equation (5.65).

Energy spectra

We proceed now to determining the time-dependent expectation values of the energy

operator H(t) (2.8). Setting v(t) = 0 and i = 1 we obtain

(2n +1)o "2

Ba(0) = (O1n(1)]6) = =

{20(r + 2s)aroi(ag): + 160%at — o*(af):

+ of [Aw?o® 2 — r(r + 4s)o} + 40°Q%] } . (5.91)

These expectation values are guaranteed to be real as o, ag,r, s, € R.

We shall now present some plots of the instantaneous energy spectra (5.91) for
different choices of ag. Firstly, for the choice r = —2 such that the auxiliary equation
o satisfies is reduced to (5.55). Choosing f(t) = Q2(t) we solved the differential

equation for ar(t) and obtain

4k

= . 5.92
64 + k2 (t + k2) (5.92)

ag(t)

Taking the frequency to be time-independent (¢) = Qy we obtain the solution to

the Ermakov-Pinney equation as (5.55)

o(t) = \/Arg} () + A ()a2(t) + Asga(1)?, (5.93)

where ¢;(t) and g2(t) are the two linearly independent solutions to the homogeneous
equation

q"(t) + Q3q(t) = 0, (5.94)

73



given by q1(t) = cos(Qot) and g2(t) = sin(Qpt). The constants A1, Ay and Az are

constrained via

w2

A3 —4A A3 = ~We

(5.95)

where Wy = g1¢2 — ¢1¢2 = constant is the Wronkskian. A plot of the real and finite

energy spectra for different values of n can be found in figure 5.1.

E.(®

~
>

g

I R VO
n
S

S
S

Figure 5.1: The instantaneous energy expectation values (5.91) for r = —2, ar given by
equation (592) and A; = 2, A3 = 12, w = 16, Qo = 2, k1= 01, k2 = 0.3 and s = 4.

Another interesting choice to consider is that of the time-independent mass which
corresponds to ap = co with » = —2s and s = 1. In this case the auxiliary
equation for o is given by equation (5.48). Taking this time the frequency to be
time-dependent and given by €(¢) = sin(€t), the solution to equation (5.48) is
given by equation (5.93) where ¢; and ¢y are the two linearly independent solutions

to the equation

q"(t) + [4c3 + sin?(Qot)]q(t) = 0, (5.96)
given by
o8l L o) ad eos(B2tl oo, (5.97)
q1 = QQ(Q) 74Q(Q)a 0 q2 = QQ% 74937 0 3 .

where C' and S denote the even and odd Mathieu functions respectively. The con-
stants A1, A and As are again constrained by (5.95). Figure 5.2 contains a plot of

the energy expectation values (5.91) for these time-dependences.
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Figure 5.2: The instantaneous energy expectation values (5.91) for ar = c20" 2% with

r=—-2sand s =1 with A1 =2, A3 =12, w=1.6, Q=2 and c2 = 1.

5.6.2 Harmonic oscillator with complex linear term
Wavefunctions of the reference Hamiltonian

For the harmonic oscillator with complex linear term the reference Hamiltonian
H(()g) (x) (5.16) is non-Hermitian, we therefore have to employ the time-independent
Dyson equation (2.14) to determine the wavefunctions. This is readily done and we

obtain
b

no(x) = ema? ", (5.98)
as a time-independent Dyson map with

2 2
Oy ey i P L b
ho” (x) =m0 (X)Hy™ (X)mg () = om + M X + o2’

(5.99)

being the corresponding Hermitian Hamiltonian satisfying the time-independent

Schrédinger equation

h$? ()9 (x) = End(x). (5.100)

We determine the wavefunctions and eigenvalues to be given by

1 MW _ mw 2 mw
_ — 22X
Y (x) = S 1/ e H, ( - X) , (5.101)

(5.102)

and



respectively. The wavefunctions for the reference Hamiltonian H(gg) (x) satisfying the

time-dependent Schrodinger equation

HY (0)w(x, 7) = ihd:(x, ) (5.103)

are then constructed as

- EnT

P(x,7) = e g ()9(x). (5.104)

Wavefunctions of the target Hamiltonian

As before, the wavefunctions ¢(z,t) of the target Hamiltonian (5.69) are related to

those of the reference Hamiltonian through

¢z, t) = A (@, )9 (x(x, 1), 7(t)) (5.105)

with A(z,t) being given by (5.71) and x(z,t) and 7(¢) by (5.38). Interestingly here is
that the wavefunctions for the reference Hamiltonian involved the time-independent

Dyson map 7n9(x). Under the point transformation I‘gL this transforms as

FCL bUSQ bso_l_r_so't i b2so +
w

mo(x) =< mo(z,t) = ema?Pe” o2 e amat (5.106)

—l-r,

We can now determine the wavefunctions for the Hermitian Hamiltonian satisfying
h(z,t)O(z,t) = ithd,O(x, 1), (5.107)

where O(x,t) = n(z,t)¢(z, t) with n(x,t) = n(t) in (5.80). Note here that

.bzso_l_rrxt

o (@, (e, t) = 2t (5.108)

such that we may write the full wavefunction for h(t) as

.bQSo'_l_ro't i Ent(t)

Oz, t) =€ 2mat e T A7 Na, )9 (x(x, 1), T(1)), (5.109)

which we have verified does satisfy (5.107).

Energy spectra
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We now move on to calculating the time-dependent expectation values of the

0 and 2 =1 and obtain

energy operator H(t) (2.8). For simplicity we take ~(t)

(5.110)

{m(2n + 1w? [02 (w202r + Q%) + 820'?]

Amuwt
+ 2%

(Olh(t)|0) =

En(t)

)}

(0292 — s%0?

is guaranteed to be real as o, Q,w, b, m, s, r € R.

) is given by (5.83). E,(t)

t

where h(

For completeness we include here a plot of energies E,(t) for a particular time-

1 the auxiliary equation for o (5.75)

dependence. First taking r = —s — 1 with s

reduces to

(5.111)

For Q = cos(€Qpt) the solution to this equation is given by (5.93) with ¢1 and ¢

being the two linearly independent solutions to the equation

(5.112)

q"(t) + cos®(Qt)q(t) =0,

where C and S denote again the even and odd Mathieu functions. Figure 5.3 contains

Figure 5.3: The instantaneous energy expectation values (5.110) for with r = —s — 1 and

s=1with Ay =3, A3 =2.5, w=1.6, Qo

2, m=15and b=0.7.
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a plot of the energies (5.110) for this time-dependence.

5.6.3 From the time-independent to the time-dependent Dyson

map

For the harmonic oscillator with complex linear term we needed to construct the
time-independent Dyson map 79(x). We notice that when point transformed, and so
it becomes time-dependent, this is an additional Dyson map for the time-dependent

target Hamiltonian corresponding to the Hermitian Hamiltonian

o't 1 o252, 2, bo”
= —mao~ Q) 114
h(z,t) = ——p" + 5mo o (5.114)
satisfying
h(z,t)2(x,t) = iho=(z, ). (5.115)

Further to this, we also find that by using the constructed point transformation on

the time-dependent Schrédinger equation for hg(y)

ho(X)&(x; 7) = ihd-&(x, T), (5.116)

we obtain the corresponding equation for h(z,t). These relationships for the har-

monic oscillator with complex coupling are summarised in figure 5.4. For this par-

ho(x) = mo(x)Ho(X)my (%),

Ho(x)¥(x,7) = ihd-(x, 7),  no(x),  ho(X)&(x, 7) = thdi&(x, 7),
[FCL Fg’L FCL
H(z,t)p(x,t) = ihdyp(z,t), n(z,t), h(x,t)Z(x,t) = ihdE(z, 1),

h(w,t) = n(@, ) H (@, t)n~" (2, 1) +i0m(x, t)n~" (z,1)

Figure 5.4: Schematic representation of how the point transformation I'§T can be used
to construct time-dependent Dyson maps and time-dependent Hermitian Hamiltonians from
their time-independent counterparts for the time-dependent Harmonic oscillator with complex
coupling.

ticular system after having constructed the point transformation F3CL between the
reference and target Hamiltonian, as well as the time-independent Dyson map for
the reference Hamiltonian, we were able to use the point transformation to con-

struct the time-dependent Dyson map and equivalent Hermitian Hamiltonian for
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the target Hamiltonian. This has completely bypassed the time-dependent Dyson
equation as well as the need for the construction of the invariants. It remains an
open question as to whether one can formulate general criteria for which systems

this can be applied to.

5.7 Point transformations between Bender-Boettcher

Hamiltonians

For the purpose of computing a non-Hermitian invariant associated with a time-
dependent non-Hermitian Hamiltonian, the reference Hamiltonian need not be Her-
mitian, as demonstrated in the previous section, or exactly solvable. We shall now
construct point transformations utilising the Bender-Boettcher potentials to demon-

strate this.

5.7.1 The reference and target Hamiltonians

We shall be considering the time-independent harmonic oscillator with a general
Bender-Boettcher potential
P2

(n) _ 1 2.2 2/. \n
Hy pp(x) = 5+ gmw™x” + A ()", (5.117)

as the reference Hamiltonian. The time-dependent counterpart

1 o
onrey T MO + A (i), (5.118)

H (2,) =

will be the target Hamiltonian. Generally neither of these Hamiltonians are exactly
solvable.

The general form of the point transformed differential equation (5.11) associated
with this new reference Hamiltonian (5.117) and the explicit form of By(z,t) (5.12)

remains the same yet the explicit form of Vy(z,t) (5.13) differs
Veg(z,t) = Volx,t) + M2 (ix)"7. (5.119)

5.7.2 Point transformations I'>? from HO(Z)}B(X) to HU)(z,1)

We compare the point transformed differential equation (5.11) for the reference

79



Hamiltonian (5.117) with the TDSE associated with the target Hamiltonian
(5.118)
h2

Zh¢t + 7¢azx -

M (1) S M(OQ()*26 — A (ix)"6 = 0. (5.120)

2
This comparison leads to the following constraints

Tt 1 1 2 9 2/
— =——, Bpp(t)=0, Vep(t)=-M(t)Q(t A(t "o (5121
= qr Bre=0. Vep(t) = gMOQ™ + A (ia)". (5.121)
The first two constraints are solved in the same way as in (5.5.1), that is by equations
(5.38), (5.37) and (5.40) yet we chose to take y(¢) = 0 for simplicity such that A(z,t)

is now given by

; —1-r—2s
A(z,t) = exp [zmah <5 - ;satm2)] , (5.122)

where 0(t) is again an integration constant that needs to be determined. Using all

of the expressions in third constraint in (5.121) yields

2—r—2s
7 5 {o [msoy — a(2Aa? (izo™*)" + mo* w® — mQ* — 2(ix)"0"t?*A)] } 2
0.—2—7'—25
+—5— {ov2m(1 + 7 + 25)6 — iha' "] — 2mos, )
ms(1 417+ s)a? " 2502

- 5 2% =0. (5.123)

We first notice that the non-Hermitian terms can be eliminated by setting
A= g™, (5.124)
The z-independent terms vanish for
ish
5(t) = ol trt2s <01 — 5, log a> : (5.125)

The remaining terms which are proportional to z? vanish with o satisfying the

auxiliary equation

2,202 _ ()22 Do
oy = 2O of  lr+stloi (5.126)

SO o

As detailed in previous sections there are several choices of r and s for which the
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auxiliary equation reduces to one with known solutions.

5.7.3 Non-Hermitian invariants from I'>5

If we now act with the point transformations 2P on the reference Hamiltonians

(5.117) we obtain the invariants

I = g p’ - 557 "loy{x, p}
1
+ 50*2(1”“) {72 [mw? + 2 (iwo™%)"] + ms®o7 } 2° (5.127)

We have verified that this expressions does satisfy the Lewis-Riesenfeld equation

(3.2) for the Hamiltonians (5.118).

5.7.4 The time-dependent anharmonic quartic oscillator

An interesting case to consider here now is the anharmonic oscillator. Taking r = —2,
s =1 (time-independent mass), (t) = 0 and n = 2 the target Hamiltonian (5.118)

and corresponding non-Hermitian invariant (5.127) take the form

2
2 _ P A4
and
(2) 0-2 2 00t 1 mw2 2 2 )\ 4
Iypp = omP T o {$,p}—|—§ o7 +mo; | x -t (5.129)

respectively. The auxiliary equation (5.126) reduces to

2
ot = % (5.130)
which has solutions
S V(W2 + c2c3) + c3t? + 2cdest (5.131)

where cs, c3 are constants of integration. This solution for the time-dependence of
the system directly aligns with the one recovered when determining the Dyson map
for the time-dependent anharmonic oscillator without mass term in Chapter 4 (4.30)

if we identify
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Ko = w? + 0205, K1 =2coc3, Ko==¢Cy, A=-—, M= 7 (5.132)

We can define the invariant (5.129) in the lower half complex plane by using
the contour x — —2i+/1 + iz which was used by Jones and Mateo [74] to define the

anharmonic oscillator in the lower half complex plane

1 1 ]
122111 =op? + <2iaat — 202) p+ @562 g (1 + 2w?0? + 20403) T
1. 1 w1,
— O'O't{l',p} + §ZUQ{$,p2} — @ — ? — 520’0} — 0'752. (5133)

This expression is indeed an invariant for the Hamiltonian (5.128) when it has also
been defined on the lower half complex plane using the contour x — —2iv/1 + iz
and has set A\ and m according to (5.132).

We have verified that the Dyson map detailed by equations (4.20) and (4.28) does
indeed map the invariant (5.133) to the Hermitian invariant for the Hamiltonian
(4.32) with m = 0. More interestingly, we are now able to find an additional Dyson
map for the time-dependent anharmonic oscillator given that it is much easier to

solve for time-dependent Dyson maps on the level of the invariant. We find that

n(t) = P’ BBz Op+idt)p, (5.134)
where
200 of 9 9 [ca — 3 1In(0)]o
a=—, [B=——, 7=-1-2w0", = —=—— " (5135)
3 o Ot

is a new Dyson map which when adjointly acting on (5.133) produces the Hermitian

invariant

1 1 5 5
ot —a? e St (5.136)

(2) (2) 8 4 2 4 2
I =nlpy _Up_QwUp 2 4ot 204 4ot

We now use the Dyson map (5.134) in the TDDE (2.3) to compute the Hermitian

Hamiltonian
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4 (2¢4 — In(0)) (0?07 + w?) 1

_ 6 2 2 2
h—O'p —20.}0']9 + 20_20_? p+r‘61’
In(o) — 2¢; of wt  (In(o) — 2¢1)? 9 9
e e P T e e VA 5.137
4050, T o {z.p} o2 + 160402 W ot ( )

which differs from the previously found solution in [4]. The point transformation,
whilst increasing the number of steps taken to determine the time-dependent Dyson

map have drastically reduced the difficulty in obtaining one.

5.8 Conclusions

We have demonstrated that point transformations can be utilized to construct non-
Hermitian invariants for non-Hermitian Hamiltonians. In turn these invariants may
then be used to construct Dyson maps simply in form of similarity transformations,
which automatically satisfy the time-dependent Dyson equation (2.3). Thus we
have bypassed solving this more complicated equation directly. When starting from
an exactly solvable reference Hamiltonian the scheme yields also the solution for
the TDSE of the target Hamiltonian. By construction the solutions only form an
orthonormal system when equipped with a metric operator that is obtained trivially
from the constructed Dyson map. We have shown that several different reference
Hamiltonians may lead to the same Dyson map. In addition to this we have shown
that for the purpose of producing an invariant for a time-dependent non-Hermitian
system that the reference Hamiltonian need not be exactly solvable.

Additionally, for the harmonic oscillator with complex coupling we have demon-
strated a remarkable feature of the point transformation in that it allowed for the
construction of a time-dependent Dyson map from a time-independent one. Further
to this, we were also able to employ the point transformation to construct the time-
dependent Hermitian counterpart to the non-Hermitian Hamiltonian. This bypassed
the need for the time-dependent Dyson equation and the invariants.

Finally we applied the approach to the more complicated model of the time-
dependent anharmonic quartic oscillator. Once we had obtained the invariant for
the non-Hermitian system we defined it on a contour in the lower complex plane.
We were then able to more easily determine a new Dyson map for this system. We

now have two different Dyson maps for the anharmonic quartic oscillator which both
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have the same auxiliary equation. In Chapter 7 we will again revisit this model to
determine an infinite series of Dyson maps from the two solutions we have already

found.
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Chapter 6

Time-dependent perturbation

theory for the metric

In this chapter we propose a perturbative approach to determine the time-dependent
Dyson map and the metric operator associated with time-dependent non-Hermitian
Hamiltonians. We will apply this method to a pair of explicitly time-dependent two
dimensional harmonic oscillators that are weakly coupled to each other in a P7T-
symmetric fashion. The non-Hermitian couplings we consider will be of the type
i(xy + pepy) and ipypy. The former of these models can be described by an algebra
comprised of four generators with the latter requiring a more complicated ten dimen-
sional algebra. We will then consider the strongly coupled explicitly time-dependent
negative quartic anharmonic oscillator potential for which we have already come
across twice in this thesis in chapters 4 and 5. We demonstrate that once the per-
turbative Ansatz is set up the coupled differential equations resulting order by order
may be solved recursively in a constructive manner, thus bypassing the need for
making any guess for the Dyson map or the metric operator. Exploring the ambi-
guities in the solutions of the order by order differential equations naturally leads
to a whole set of inequivalent solutions for the Dyson maps and metric operators
implying different physical behaviour as demonstrated for the expectation values of

the time-dependent energy operator.

6.1 Motivation

Both in the time-independent and time-dependent scenario the metric p is the key
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quantity that needs to be determined when studying non-Hermitian systems. If this
quantity is not defined then one cannot construct a positive definite inner product,
calculate observables, or root the non-Hermitian theory in a well defined Hilbert
space [1, 140, 141, 165]. The metric is therefore required for a physical interpretation
of a non-Hermitian system and so having a systematic way to determine it is vital.

If a non-Hermitian Hamiltonian has no explicit time-dependence, then one would
usually solve either the time-independent quasi-Hermiticity relation directly for p
or the time-independent Dyson equation for 1 and construct the metric through
p = n'n (2.14). For many models this approach has led to the Dyson map being
exactly known, see for e.g. [90, 93, 94, 96]. The solvability of these models however
is rare trait and perturbative approaches need to be applied instead. Consider for

example the non-Hermitian time-independent complex cubic potential V = iz3:

no
exact solution for the metric is known and up to now it is in fact only calculated
perturbatively [59, 99]. This perturbative approach has additional benefits for when
there does exist an exact solution. The systematic method allowed Jones and Mateo
[74] to calculate the exact metric for unstable anharmonic oscillator as we discussed
in chapter 4.

For a time-dependent non-Hermitian system one would similarly solve either the
time-dependent quasi-Hermiticity relation (2.4) or time-dependent Dyson equation
(2.3) directly for the metric p(t) and Dyson map 7(t), respectively. Alternatively,
one may utilize the Lewis-Riesenfeld method of invariants [89] to reduce the problem
of solving for the Dyson map to one of a similarity transformation [6, 51, 87, 88|,
which has been demonstrated in chapter 5. As in the time-independent case there are
many exact solutions for the metric and Dyson map [2, 4, 6, 69, 75-77, 86, 166] which
usually rely on making inspired guesses for the Ansatz. In contrast, the powerful
feature of the time-independent perturbative approach mentioned above is that it
is entirely constructive and may be solved order by order. No such perturbative
approach has been developed in the time-dependent regime. We therefore propose
in this chapter a method to determine the time-dependent metric for time-dependent

non-Hermitian systems using perturbation theory.

6.2 Time-dependent perturbation theory

In chapter 4 section 4.2.2 we introduced time-independent perturbation theory for
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determining the time-independent Dyson map. In this section we shall pro-
pose a similar procedure as in the time-independent case, however, we solve the
time-dependent quasi-Hermiticity relation in (2.4) for p(t) rather than the time-

independent Dyson equation for 7(t). We separate the Hamiltonian as
H(t) = ho(t) +icha(t),  with ho(t) = hi(), ha(8) = hi(t),  (6.1)

with € < 1 being a time-independent expansion parameter. By comparing with
the time-independent case let us now motivate our Ansatz for the perturbative
version of the time-dependent Dyson map. First we note that the operators ¢, in
(4.13) might consist of a sum of operators with different amounts of terms at each

order. Thus they may be expanded further at each order in terms of operators zji(n)

as ¢, — 22?7:"1 %n)

dependent ’yi(n)(t). The factor 2 is introduced for convenience and will be useful

(t)ijgn) with real coefficient functions that become now time-

below. The upper limit of the sum N,, takes into account that we may need different
amounts of operators at each order in €. Then with the introduction of time, the

operator ¢ in (4.13) is replaced by

at) =23 35w (6.2)

This version is highly unsuitable for the time-dependent case as we have to compute
O (t) or Oip(t) in equations (2.3) and (2.4). In general this calculation is compli-
cated for expressions of the form eAD+BOFCM+ with non-vanishing commutators
[A(t), B(t)], [A(t),C(t)], ... We therefore factorize the exponential with a sum in
its argument into a product of exponentials e2®)eB®eC®)  The explicit relations
between the operators A, B, C,... and the A, B, C,... are usually very compli-
cated, see for instance equations (6) and (7) in reference [77]. Assuming now in

addition that at each order the operators c_'['-(n)

;~ belong to the same closed algebra

with generators ¢;, for i = 1,..., j, we can simply convert (6.2) into

7k
at) =233 e t)a, (6.3)
i=1 n=1

where we also swapped the two sums and terminated the second sum at some finite



limit k. We can now factorize the Dyson map as

n(t) = e?"/? = ﬁem <Ze SRIC ) H H exp (e 7" (t)q ) (6.4)
i=1 n i=1n=1

The product in (6.4) is understood to be ordered ngl a; = aiasy .. .a;. The precise
relations between the 7( )( t) and the ﬁi(n) (t) are left unspecified, but these would
only be relevant if one takes the expression in (6.2) as a starting point. Instead
one may simply view the factorized Ansatz (6.4) as more fundamental. The limits
7, k and the generators g; may be pre-selected leaving the time-dependent coefficient
(n)

functions 7,

;. (t) as the unknown quantities that need to be determined. Taking the

generators to be Hermitian ¢; = q;-f , the metric acquires the form

p(t) = n(t)'n H [H exp (6 o qz)] 11 [H exp (e 0 qz)] ,  (6.5)

i=j Ln=k i=1 [n=1
where H - denotes the reverse ordered product, that is H ;@i = ajaj—i...ay. For

k = 1 the relevant terms in the metric are therefore identified to be

(6.6)

HeXP (erVa:) [H exp (Vg

Upon substituting this expression into the time-dependent quasi-Hermiticity relation
n (2.4), and expanding up to first order in € we obtain the first order differential

equation
J
ih1+ ) (%(1) [9i, hol + i"vi(l)qz-) =0. (6.7)
i=1

We observe from this equation that we can multiply the Dyson map by a factor
involving a time-independent phase that commutes with the Hermitian part of the
Hamiltonian. This is analogous to time-independent first order equation (4.14),
which can be retrieved from (6.7) by setting the time-derivative terms to zero with
j—labnd’y1 =1/2.
To second order the relevant metric results to
1

1 i T2
= H [H exp(el,yi(l)qi)] H [H exp(el'yi(l)qi)] ’ (6.8)
i=j LiI=2 -1

where this time we have only kept terms up to order €2 in the argument of the
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exponential function. We substitute this into the time-dependent quasi-Hermiticity

relation in (2.4), and only keep terms that are proportional to €2, obtaining

(4% g, lass hol] + 479D ar @l ) + (5 1ass ais ol

=1 T

j
+2Z

=1

MQ
i

2!

7N

' 1 ..
#MMM+MW¢mm-mPﬂ%mmm+M%OZO o

The equations resulting from higher order in € can be derived in a closely related
fashion. Similar to the time-independent case, these equations can be solved recur-
sively. In contrast, we find here that the even ordered equations are also important,
as will be demonstrated below.

Some remarks are needed with regards to the Ansatz made for the perturbative
series. First of all we assumed here that n(t) is Hermitian in (6.5), which is not
necessary and in fact implies that we are missing some of the solutions as we shall
see below. The second point to notice is that we have not made any assumptions
about the operators in the exponentials, which are in turn determined by (6.7),
(6.8) and the corresponding higher order equations. Nonetheless, we made some
assumptions about the form of the products in (6.4) as explained and motivated
above. We also need to make an assumption about the limits in the product. Let us
now demonstrate for a concrete example that the recursive solutions of the order by
order equations (6.7), (6.8), ... do indeed lead to meaningful solutions of the time-
dependent quasi-Hermiticity relation in (2.4). As it clear from the above equations,
the solutions procedure for the time-dependent case is much more involved than in
the time-independent case. However, the above and especially the examples below

demonstrate that one may indeed solve the equations recursively order by order.

6.3 Time-dependent coupled non-Hermitian harmonic

oscillators
Throughout this thesis we will be performing an extensive analysis on two dimen-
sional time-dependent harmonic oscillators with complex coupling. In particular

we will be focusing on harmonic oscillators where the non-Hermitian couplings are

i(xy + p2py) and ipyp,. The Hamiltonians are given by
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Hy(t) = a;t) (P2 +2°) + b(;) (P2 + %) + ZA(;) (xy + papy) + M;t) (xpy — Ype) »
(6.10)
and
Hy(t) = a(;) (p2 +2?) + b(;) (92 + y?) + iA(t)papy, (6.11)

respectively, and involve the time-dependent coefficient functions a(t), b(t), A(t), u(t),
A(t) € R. These non-Hermitian Hamiltonians are symmetric with respect to two
different PT-transformations, [PT +, H1 2] = 0, where the antilinear maps are given
by PT+ :x — £2,y = FY,px — FPx, Py — £py, @ — —i. The Hamiltonian (6.10)
generalizes the system previously studied in [51] for x = 0 and a = b.

The Hamiltonians (6.10) and (6.11) can be re-expressed in terms of ten Hermitian

generators given by

1 1 1
K:Zt - 7(p§ :I: Z2)7 Kg = §{Z7PZ}7 J:t == i(xpy :typ$)7

1
5 I = —(zy £ papy),

2
(6.12)
where z = z,y. As laid out in [51, 69], we then obtain a closed algebra with non-

vanishing commutation relations
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(Ko, Ki] = 2K, [K§, K] =2iKY, [KY,K®]=2i, (6.13)
(KY, KY] = 2Ky, [K§, Je] = —idy, [KU Ji)=ide, (6.14)
(KE Iy = —ilz, [KY 1) =—ily  [K%,Jy)=+ily, (6.15)
(KY,J,) = +il-, [K% J.]==wile, [KY J_]==il., (6.16)
(KDL= +ide, (KU L) =—ide, [K§,L]=FiJs, (617)
[KY, 1] =—iJy, (6.18)
o] = S(KE ~K8), 1 T] =~ (K§ + K3), (6.19)
T L] = i%(KfF CEY), oI = i%(Kg; _KY). (6.20)
The PT-symmetry that leaves this algebra invariant manifests itself as
KyY —» —-KgY, K- K{Y, I ——Ii, Jy—Jy, i— —i,
(6.21)



and the Hamiltonians (6.10) and (6.11) are now re-expressed as
Hi(t) = a(t) KT + b(t)KY + i\(t) [ + p(t)J—, (6.22)

and

Hy(t) = a(t)K® + b(t)KY +iA(t) (I, — 1), (6.23)

respectively.
In the following two sections we shall be using the time-dependent perturba-
tion theory laid out above to determine metrics and hence the Dyson map for the

oscillators with an i(xy + pypy) and ip,p, coupling.

6.4 i(zry+ p.p,) coupled oscillators

As we only require a subalgebra of (6.13)-(6.20) for this model we simplify our

notation here by rewriting the Hamiltonian (6.22) as
Hi(t) = a(t) K1 + b(t) Ko + i\(t) K3 + p(t) Ky, (6.24)

where we have identified K1 = K7, Ko = Kgyr, K3 =1,,K4= J_. These four gener-

ators form a closed subalgebra on their own satisfying the commutation relations

(K1, K] =0, (K1, K3] = iKy, (K1, K4] = —iKG3,

Ky, K3] = —iKy, Ky, K4 =iKs,  [Ks, K =i(Ki—K5)/2. (6.25)

Denoting c¢(t) := a(t) — b(t), we shall be considering the three different cases for

H;(t), characterized as:

case 1: ¢(t)=0 and pu(t)=0, (6.26)
case 2: ¢(t)#0 and pu(t) =0, (6.27)
case 3: ¢(t)=0 and pu(t) #0. (6.28)

The first order perturbation equation (6.7) that needs to be satisfied has many
different types of solutions for each of these cases. Therefore we shall present the
different solutions in separate sections below. We will also discuss the possibility

of nt # n captured by letting some of the coefficient functions ,yil)

7

to be purely
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imaginary.

As noticed in [2, 51] and discussed in chapter 2, an interesting feature of the
explicitly time-dependent systems is that the spontaneously broken regime of the
time-independent system becomes physical. To see whether this is also the case
here we briefly discuss the time-independent version of the Hamiltonian (6.24) with
@ =b=XA=p =0 in order to create a benchmark for the P7-broken and PT-

symmetric regions in the parameter space. Taking the Dyson map to be of the form

A
n = exp(0Ky), with 6 = arctanh <_c> , (6.29)

and acting adjointly on H leads to the Hermitian Hamiltonian

1 1
h=nHy™" =5 (a+b) (K1 + Ka) + 5/ = N2(K) — Ko) + puKa, (6.30)

with eigenvalues

1 1 2
B = 51+ n+m)(a+b)+ S (n = m)vVe =22 /1+ 02‘1 = (6.31)

We notice for the cases 1 and 3, that is when ¢ = 0, the Dyson map is ill-defined

and also the eigenvalues are complex so that these two cases are always in the spon-
taneously broken P7T-regime. For case 2 we identify a PT-symmetric regime when
|A| < |c| and a spontaneously broken regime otherwise. Let us now demonstrate that
the spontaneously broken PT-regimes can become physical when an explicit time-
dependence is introduced. We need to treat the cases 1 and 2 separately from the
case 3, as we find that the perturbative expansions for the metric have no common

overlap.

6.4.1 Metric and Dyson maps with u(t) =0, cases 1 and 2

We will now show how the above perturbative equations can be solved systematically
order by order in €. We treat here the non-Hermitian term as a small perturbation
and set A(t) — eA(t) with e < 1. When succeeding in constructing a complete
infinite series we may set ¢ back to 1 depending on the convergence properties.
Focusing at first on the cases 1 and 2 with u(¢) = 0, the first order equation (6.7)
for the Hamiltonian H;(t) in (6.24) becomes
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J
INOKs + > (’yi(l) [gi, a(t) K1 + b(t) K] + mfl)qi) —0. (6.32)
=1

When compared to the corresponding time-independent equation (4.14), we notice
that besides having to satisfy the commutative structure, the coefficient functions
are not just a set of functions of the parameters in the model, but correspond now
to a system of coupled differential equations. As our algebra is four dimensional we
have now the options to take the limit in (6.32) as j € {1,2,3,4} with corresponding
generators ¢; € { K1, Ko, K3, K4}. Taking now at first j = 4 with ¢1 = Ky, ¢ = K3,

q3 = K7 and ¢4 = Ko, the first order equation becomes
(Aol ) K i (37 - el K+ VK VR = 0. (633)

Thus setting the coefficients of all K; in (6.33) to zero, we obtain two coupled first
order equations for 'yg) and vél). Moreover, we conclude that vél) and ’yil) are time-
independent. As our goal is to find a time-dependent metric and Dyson map we set
them both to zero fy?()l) = Z(ll) = 0. Having now fixed j = 2 and the corresponding
q = K4, go = K3, we can simply evaluate the higher order equations obtaining the
constraints by setting the coefficient functions to zero. The first equation contains
the key foundational structure for the entire series. Note that here however, the

ordering of ¢ = K4 and ¢o = K3 is unimportant, the ordering only has an impact

on the higher order equations, which we shall also demonstrate.

6.4.2 Hermitian n with ¢; = K; and ¢, = K3

Keeping now the choice of the ¢; as indicated above, we derive the differential equa-
tions to be satisfied at each order in e. The first five orders of the equations to be

satisfied for the y%l) (t) are

(1) (1)

e o= (6.34)

€ %2) = 6752), (6.35)

5. @ _ (LN L e

€ No=c 6 (72 ) + 72 } ) (6.36)
. [1 2

g =c|5 (587) 4 +7§4)] : (6.37)

S A =c L (751))5 + E'Yél) (752)>2 +1 ('Yél))Q'yég) + 755)] . (6.38)
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For ~9(t) we obtain the first order differential equations

el 4 = ey, (6.39)
e A=y (6.40)
ERNCNE: (,yu))?) L (,yu)ﬂ (6.41)
2 _3 1 1 9 1 2 ’
i 4 = | () A <ol - o () ] e
S o) = () - Z OV () e
+é (vﬁ”) (44" )) 1471 (751)1*71 (44 ))2

(2),1)_(2) 1 (.2 (1,1 (3)

71 Y2 2 571 (72 ) N 722 ]
These equations reveal the underlying structure that distinguishes the different cases.
Whilst the equations look rather complex, they contain all the information that can
be used to obtain the solutions up to fifth order that can even be extrapolated to

the exact solutions.

Perturbation theory to the exact Dyson map and Hermitian Hamiltonians

We shall now demonstrate how to use these equations to obtain the Dyson map
and hence the metric. Proceeding similarly as for the first order equation (6.33),
we may solve the set of equations (6.34)-(6.38), (6.39)-(6.43) recursively order by
order to obtain the explicit expressions for the coefficient functions vfi) (t) and 'yéi) (1),
i =1,2,... We will not report these expressions here. In the next step we extrapolate
from the first terms by trying to identify a combination of standard functions whose
Taylor expansion matches the first terms in the perturbative series.

For case 1, when ¢(t) = 0, we notice from (6.33) that also %1) = 0 when requiring
Hermiticity of h. As the Hermitian part of the Hamiltonian H(t) is given by ho(t) =
a(t)(K1 + Ks), we now have [ho(t), K;] = 0 so that all of the generators in this
algebra commute with hg(t). As a consequence of this we observe that all orders

of the perturbation equations disappear except for one. This is also seen by setting

¢ =0in (6.34)-(6.43) so that the only relevant equation left is

H () = =), (6.44)
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Hence, we easily obtain the exact solution

’YF)(t) =11(t) = ki, ’Yél)(t) =7(t) = — /t A(s)ds + ko,

with two integration constants ki, ks.

For case 2, when ¢(t) # 0, all of the right hand sides of the differential equations
are proportional to c(t), except for the one for q’él)(t) in (6.39). Assuming A(t) to
be a real multiple of ¢(¢) the equations become fully integrable and we are able to
solve the equations order by order, even leading to an exact solution. Keeping for

instance terms up to fifth order we obtain

5 5 (5]
(@) =33 (1) = e(t) [ sinh (Z ¢y’ <t>)] = c(t) {esinb [ (1)},

i=1 i=1

(6.45)
and
5 .
()] =" e (1)
=1
5 . 5 ' (5]
= —A(t) —c(t) {6 [cosh (Z 6i7§Z) (t))] [tanh <Z ei'yy) (t))] }
i=1 =1
= —A(t) — c(t) (e cosh[yz(t)] tanh[y; (1)) (6.46)

Here the superscript [5] means we only retain terms up to order 5 in e. In fact,
we have verified the validity of the closed form to eleventh order, by extending and
solving the sets of equations (6.34)-(6.38) and (6.39)-(6.43).

Assuming now the expressions in (6.45) and (6.46) to be exact, we may set € = 1
and subsequently solve them for 7 () and ~2(¢). Letting A(t) be any real multiple
of ¢(t), that is

c(t) = pA(t) where  peR, (6.47)

we are able to solve the relevant equations exactly and express o as a function of
Y1 as

1 2
~v2(y1) = £ arccosh {2 sech(v1) [k:l + » sinh(fyl)} } , (6.48)

with k1 being an integration constant. Relation (6.48) is obtained by integrating

A2 /41 = Ov2/0y1 with respect to 1. Parameterizing 7 (t) by a new function x(t) as
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~1 = arcsinh () , (6.49)

the two differential equations for 44 (¢) and 42(¢) can be converted into the linear

second order equation entirely in x

LA
{= 50 - D x = klgv. (6.50)

We solve equation (6.50) by

e-z@(kz_%ftx(s)ds) (b [ A e )
X = [(F (=3 7300) _ i) 42— (1(651))]

Notice that in fact we are solving the two first order equations for 4, (¢) and 42(t), so
that there are only two integration constants and no additional linear independent
solution for the second order equation (6.50). We have to impose here |p| < 1 to

ensure the reality of y and hence o, ~1.

Having obtained an exact Dyson map, we can invoke the time-dependent Dyson
equation (2.3) and compute the Hermitian counterparts to Hj(t), which consists of

two decoupled harmonic oscillators in both cases 1 and 2
h(t) = fr () K1+ f-(8) Ko, (6.52)

For case 1 we find fi(t) = a and for case 2 we obtain

fulty = b+ B2 ¢ AR PR

RS (6.53)

We may also compute real time-dependent energy expectation values from these

expressions as will be shown below.

In the following three subsections we shall be repeating this process to deter-
mine five further Dyson maps, one Hermitian and four non-Hermitian. While the
procedure for the computation of each map is similar, there are technicalities associ-
ated with obtaining the parametrizations of the time-dependent coefficient functions
~i(t)’s and the auxiliary equations. For the non-Hermitian Dyson maps we also have
to modify the Ansatz in (6.4). In section 6.4.6 the reader can find a summary of all

relevant information for the six Dyson maps we consider here.
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6.4.3 Hermitian n with ¢ = K3 and ¢, = K,

As mentioned above, the order in which we take our ¢/s is important and only
manifests in the higher order equations. Therefore we now take g1 = K3 and ¢ = K4
and derive the perturbative equations. For v;(¢) we find that the first four orders of

the equations that need to be satisfied are

R gy QY (6.54)

& A =—ci?, (6.55)

5. 0 _ _ (Lo @] L my?

€ mo = 6[6 (72 ) T ] 5 (’YQ ) A, (6.56)
. 1 2

i == |3 (40) o8+ - o0 (6:5)

The first order differential equations for y5(t) are

1 (1) (2)

e 40 = @, (6.58)

& Y =en?, (6.59)

3. .8 _ Loy e L m/Lm SN0

L T 0[3 (’71 ) —M oM (’Yz ) 7 A, (6.60)
) 2 1 2

et 79)2‘*WK79§ vf)—vf)—ﬁw?)ﬁé”) 7§)(uém] (6.61)

A 44 042]

We can now extrapolate this information to find another exact solution for the

time-dependent Dyson map.

Perturbation theory to the exact Dyson map and Hermitian Hamiltonians

We may solve the equations (6.54)-(6.57) and (6.58)-(6.61) recursively order by order
and match them to a Taylor expansion of a combination of standard functions as

we did in the previous section. In doing this we obtain

Y1 = —Acosh(y2) — esinh(y2), and 92 = [ccosh(y2) + Asinh(vz)] tanh(y1),
(6.62)
which are exact. We shall now solve these equations for each case.

For case 1 we have that ¢(t) = 0. We may solve for ~; in terms of v2 and obtain
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v2(71) = arcsinh[ky sech(v1)], (6.63)

where kp is an integration constant. By letting
~1 = arccosh(x), (6.64)

we may convert the equations for 4; and 42 into the dissipative Ermakov-Pinney
equation [138, 139

D N %
X— =X —ANx=—1. 6.65
)\ X3 ( )

The solution to this equation is given by
1/2

X = |1+ (1 + k2) sinh? <k2— /tk(s)ds>] | (6.66)

For case 2 we must restrict ¢(t) = A(t) for the equations to become solvable. We

again express 7 in terms 7o

Y2(71) =In [cosfl?’yl)] , (6.67)

here ko is an integration constant. We again let 1 to be given by equation (6.64)

which then converts the equations for 4, and 2 into

: (6.68)

which has solution

Y = |1+ (kz —kg / t)\(s)ds> I/T. (6.69)

The resulting Hermitian Hamiltonians obtained by substituting the Dyson maps
described by these equations into the TDDE are of the general form (6.52) where

the time-dependent functions are given by

Ak
felt) =b+ 27; (6.70)
for case 1 and
A Aks
f+()=b+ -+ —, 6.71

98



for case 2.

6.4.4 Non-Hermitian n with ¢, = K; and ¢» = K1, K,

Making now the choice ¢ = K4, g9 = K1, Ko the perturbative expansion yields

%Z) _ "Yél)

n does not have to be Hermitian as assumed in the Ansatz (6.4). Thus allowing

%(1) € C in general, we now modify the Ansatz to 'yy) eR, ¢=1,2,..., 'yée) € iR,

= 0, so that the entire metric becomes time-independent. However,

£=0,1,2,..., ég) = f) = 0. The perturbative constraints up to order €3 then read
el %1) = +Asin (%0)) , (6.72)
€ %2) = :l:)\’yél) oS (750)) , (6.73)
3. 03 _ a2 O\ o Ly (L) o (O
€ Y =xNyy cos (72 ) F 2)\ (72 ) sin (72 ) , (6.74)

and for y2(t) we obtain

€ , (6.75)
0
62 . N (1) — :FL ﬁ Ccos ( (0)> + (1) Sin ( (0)> (6 76)
D) ) ) Y2 Y2 Y2 ) .
71 71
0)? 2
\ (’yl ) SN ® .
€ f'yéz):i— —l—(l -2 cos ’yé)
7Y 3 Y ST ( )
WY e (0)
+ ]El) — 7y | sin (72 ) , (6.77)

where the upper sign solution is taken for ¢o = K7 and the lower sign for go = Ko.

Perturbation theory to the exact Dyson map and Hermitian Hamiltonians

Once again we may solve these equations order by order for the coefficient functions

%(e) and subsequently try to extrapolate the series to all orders. We find the exact

constraining equations for v;1(¢) and 72(¢t) by demanding the non-Hermitian terms

in h(t) to vanish

41 = £Asin(y2), and Fo = £+ Acos(y2) coth(yr).

We may now solve these equations separately in each case.
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For case 1 we can solve for 1 in terms of v, obtaining

~1(7y2) = arcsinh [k sec(y2)], (6.78)

with integration constant k1. By letting

Y2 = Farctan(y), (6.79)

the equations for 4; and o are converted into the linear second order differential
equation

— ?x — A2y =0. (6.80)

We observe that the auxiliary equation (6.50) reduces to equation (6.80) in the limit
p — 0 which also holds for the solution (6.51). We have two constants of integration

left after having carried out the limit.

For case 2 we set c(t) = pA(t) as then the equations become solvable. In this case it

is more convenient to express 7o in terms of v;
1
v2(71) = arccos | —pcoth(v;) — zikzl cosech(v1) |, (6.81)

where k; is an integration constant that we set to 0 to ensure the reality of s.
Letting
v = arccosh (), (6.82)

the equations for 41 and 4o are converted into the linear second order differential
equation

A
X=X+ (p? — 1)A\*x = 0. (6.83)

We note that equations (6.83) is obtained from (6.50) in the limit k; — 0, which
also holds for the solution (6.51). As we have already chosen one of the integration

constants, there is only one left in this case, i.e. ks.

After imposing the constraints, the remaining Hermitian part of the Hamiltonian
is of the same general form as the one reported in (6.52), albeit with different forms

for the coeflicient functions

CAEL+ VI (4 xR
2(1+ x*)k

f=(t) =10 (6.84)
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in case 1 and

fe(t) =b+ 2(1;2?51), (6.85)

in case 2, respectively for go = K7. For go = K5 we have

AMFL+ 1+ (1+x2)k?

fe@)=b+ T (6.86)
in case 1 and
A
fe(t) =b+pA— % (6.87)

in case 2.

6.4.5 Non-Hermitian n with ¢; = K3 and ¢; = K; or ¢» = K,

We now make the choice ¢4 = K3, q¢o = K1, K> and again modify our Ansatz to
#) eR, £=1,2,..., 'yy) ciR, £=0,1,2,..., ’yég) y) = 0. The perturbative

constraints up to order €3 then read

elr AW = _xcos (750)) : (6.88)

e 4 = AV sin (750)) , (6.89)
. . 1 2

e 753) = /\'yéz) sin <’y§0)> + 5)\ ('yé”) cos <’y§0)) ) (6.90)

and for y2(t) we obtain

(0
1. .0 Sm( 12 )
€ Ay =xc+A—F, (6.91)
1)
N
ST ORI B ﬁ ( (o>) NG )COS< <o>> (6.92)
) 2 1) ( ) ® 2 T2 ’ )
N 7
2 3 1
RO 6 g YR
) 2 (1) 3 (1) (1) 2 2
M 7
g N 0
- |4 ()2 — v, | cos (72 ) , (6.93)
"1

where the upper sign solution is taken for go = K7 and the lower sign for ¢o = K>.

Perturbation theory to the exact Dyson map and Hermitian Hamiltonians

By solving the equations order by order and extrapolating to all orders we find that
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the exact constraining equations for +;(¢) and ~2(¢) to be given by
A1 = —Acos(v2), and A9 = £c+ Asin(yz) coth(vy). (6.94)

We now proceed to solve these equations separately for the two cases.

For case 1 we solve first for 5 in terms of v; and obtain

1 (v2) = arcsinh[ky csc(vy2)], (6.95)
where k3 is an integration constant. By letting
~o = arccot(x), (6.96)

we find that the equations for 4; and 5 may be converted into the linear second
order differential equation given by (6.80). The solution to this differential equation
is given by equation (6.51) in the limit p — 0.

For case 2 we must set ¢(t) = pA(t) to ensure that the equations are solvable. This

time we solve for 7; in terms of 9 and obtain

v2(71) = arcsin {; [k2 F 2p cosh(y1)] Cosech('yl)} ) (6.97)

where kg is a constant of integration. By letting
~ = arccosh(x), (6.98)

we find that the equations for 4; and 4 may be converted into equation (6.50) which
has solution (6.51).

We may now determine the resulting Hermitian Hamiltonians by substituting
the Dyson maps into the TDDE (2.3). For all the maps the form of the Hermitian
Hamiltonian is given by (6.52). For g2 = K; we have that the time-dependent

coefficient functions are given by

ANFL =1+ k7 (1 + x2)]

falt) = b ST AL, (6.99)
for case 1 and
f=@) =b+ w, (6.100)
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for case 2. For qo = Ko we have

AEL = 1+ k(1 + x2)]

fe(t)=b+ Shea(1 42 , (6.101)
for case 1 and
A(2 k
fe(t) =0b— Z&X;rlf), (6.102)

for case 2.

6.4.6 Summary of exact Dyson maps, auxiliary equations and Her-

mitian Hamiltonians

Having made a distinction in the setup of the perturbative treatment between Her-
mitian and non-Hermitian Dyson maps, it has been possible to find six unique exact
Dyson maps and hence metrics for both cases 1 and 2. While we have already pre-
sented the procedure to find all these maps we here present them in a more compact
form for ease of reference. We will also be referring back to this section in subsequent
chapters when we present a method of determining an infinite series of Dyson maps.
In table 6.1 you will find all Dyson maps we have derived using the perturbative

method, all the Dyson maps have the general form

n(t) = exp [y1(t)q1] exp [r2(t) ], (6.103)

which g1, q1,71(t) and ~2(t) given in table 6.1.

.5 | Y1(t) ‘ Ya(t)
Ky, Ks csinh(v2) —ccosh (y2) tanh (1) — A
K3, Ky — Acosh (y2) — ¢sinh (72) [ccosh (72) + Asinh (y2)] tanh (1)
Ky4,iK1 2 +Asin(vy2) +c £+ A cos(y2) coth(v1)
K3, iK1 9 —Acos(7y2) +c + Asin(y2) coth(v1)

Table 6.1: Coupled first order differential equation constraints on the time-dependent coeffi-
cient functions v; and 72 in the Dyson map 7, for different choices of ¢1 and g2.

All presented solutions and cases are new, except for the Hermitian case with
¢1 = Ks, ¢g = K4, ¢ = 0 which reproduces a solution found in [51], with the
difference that the Dyson map we are considering here are missing the two factors
involving the time-independent K; and K3 terms. The parameterization of 712 in

terms of a new function, that we always denote as x(t), are not obvious and differ
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q1, Q2 H constraint ‘ ~v1(x) v2(X) ‘ constraint
Ki, K3 |c=0 * % %

_ ; _kit2px
Ky, K3 c=p\ arcsinh () arccosh < e S 1
Ks3, Ky c=0 arccosh () arcsinh < x> 1
K3, K, c=A arccosh (x) In ( x> 1
K4,iKi2 || c=0 arcsinh <k1 1+ X2> Farctan(y) *
Kq,1K19 || ¢ =pA arccosh () arccos (— x> 1
Ks3,iKi2 || c=0 arcsinh <k1 1+ x2> arccot(x) *

. _ |k

Ks3,iKi2 || ¢ =pA arccosh () arcsin (2\/7 x> 1

Table 6.2: Parameterisation of 71 and 2 in terms of the auxiliary function y with additional
constraint on ¢(t) for different choices of g1 and g2. The constraints in the last column result

from the parameterization. A * indicates no constraint.

for the multitude of maps we consider and are therefore presented in table 6.2.

We may only solve these equations upon imposing an additional restriction on the

time-dependent functions in the Hamiltonian, which are also reported in table 6.2.

We derived a total of five different auxiliary equations for the maps we found. As

discussed in the previous subsections, combining the equations for the constraints

on 1 and ~» leads to a set of second order auxiliary equations that we present in

table 6.3.

q1, 92 H constraint ‘ auxiliary equation

Ky, K3 c=0 none

Ky, K; . Lo A 2112 P2
Ky, iK1 c=pA Auxi;: ¥ — 5 x — (1 —=p°)Ax EA

K34,iK19 || c=0 Auxo: ¥ —3x— A =0

Ky, iK1 c=pA Auxz: ¥ — % x—(1-=pHX2x =0

K3, K, c=0 Auxy : j{—% X—AQX:k%AZX—IS

Ks, K4 c=A Auxs : j{—% X:k/’%vé

Table 6.3: Auxiliary equations to be satisfied by quantities in the parameterisation of the
functions v1 and 72 together with the additional constraint on ¢(¢) for different choices of ¢

and q2.

Solutions to the auxiliary equations

As the last step we disentangle the pa-

rameterisations for v, and 5 by solving the auxiliary equations for x. We have

encountered one case with no restrictions at all, three types of linear second or-
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der equations and two versions of the nonlinear Ermakov-Pinney (EP) equation
[138, 139].

We already reported the solutions to the linear equations referred to as Aux; in
table 6.3 in (6.51), from which we obtain the solution to Auxz in the limit p — 0
and Auxs in limit k; — 0. The solutions to Aux4 and Auxs are given by equations
(6.66) and (6.69) respectively. With time-dependent harmonic oscillators we usually
find that the time-dependence is governed by an Ermakov-Pinney equation, we will
demonstrate that this is still the case when we compute the wavefunctions associated
with all the Hermitian Hamiltonians.

Finally we turn to the resulting Hermitian Hamiltonian h(t) that is always of
the general form of two uncoupled harmonic oscillators (6.52) with different time-

dependent coefficient functions f4(t) as reported in table 6.4.

q1,q2 || constraint | fi(t) EN

Ky K3 || c=0 a "

Ky, Ky || c=pA b+%¢% m

K3) K4 c=0 b+ % 2

K3, Ky || c= A b—i—%ié\% n
) AE14+4/1+(1+x2)k2

Ky, iKy || ¢c=0 b N 2?{+Xg)klx )k) -
] AMF14+/1+(1+x2)k2

Ky, iKs || =0 b+ 25 22{5\1+(X2)X ) |,

Kol [ =0 [0
‘ MFL-VIHR(1?)

Ky, ify || e=0 b+ | le(xmlrn ] 5
. A|E1—/1+k3 (14+x2)

R, ilz || c=0 + [ 2k1(1+>1<2) ! N6

Table 6.4: Time-dependent coefficient in the Hermitian Hamiltonian h(t) = fi(t)K1 +
f=(t)K2 together with the additional constraint on c¢(¢) for different choices of ¢1 and g¢o.
In the last column we report a short notation for the Dyson maps of the particular cases that
we shall use below for convenience.

6.4.7 Time-dependent eigenfunctions, energies and P7-symmetry

breaking

Next we present the expectation values for the time-dependent energy operator
H(t) as defined in equation (2.8). Since each of the Hermitian Hamiltonians con-

structed from any of the similarity transformations simply consists of two uncoupled
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harmonic oscillators (6.52) with different time-dependent coefficient functions, we
can easily construct the total wavefunction as a product of the wavefunctions for
a harmonic oscillator with real time-dependent mass and frequency of the form
h(t) = f(t)/2(p2 + z%). The latter problem was solved originally in [119]. Adapting
to our notation and including a normalization constant, found in [51], the time-

dependent wavefunction is given by

elon ()

N TN Kf(iw ﬁg - x?lof)) 2] Ho W (6104

where H,, [z] denotes the n-th Hermite polynomial in 2 and the phase is given by

an(t) = — (n + ;) /Ot ;2((38)) ds. (6.105)

The auxiliary function x(¢) is constrained by the dissipative Ermakov-Pinney equa-

tion of the form ‘
gL = ffi, (6.106)
f X

Interestingly this is equation Auxy in table 6.3 with A\ — if, k¥ = i. However, the
solution (6.66) to Auxy reduces to 1 for these parameter choices. Instead, equation

(6.106) is solved by

() = \/m+ ccos [2 /t f(s)ds} , (6.107)

with integration constant k. The expectation value of K is then computed to
~ ~ 1
<<;Sn(x,t)‘ K ’¢m(x,t)> = (n + 2) V1+ 526, . (6.108)

Hence, the solution to the full time-dependent Schrodinger equation for the Hermi-
tian Hamiltonian h(t) in (6.52) is simply the product of the two wavefunctions in
(6.104)

" (@, y,t) = O (2, 1)l (y, 1), (6.109)

from which we calculate the instantaneous energy expectation values

E™M™(t) = (U™ ()| h(t) | ¥ () = Z fi(t) (n + ;) 1+ k2. (6.110)

i=—,+
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Figure 6.1: The instantaneous energy spectra (6.110) associated with the six Dyson maps
for A(t) = sin(2t) for case 1 with k4 = k— = 1, k1 = 2. In panels (a), (¢) we have a(t) = cos(t)
and in panels (a), (¢) we that a(t) = t/2.

These expectation values are real provided fi(t), s+ € R. For case 1 this is simply
guaranteed by taking the parameter and time-dependent functions to be real. For
case 2 we can not freely choose and have to respect the constraints resulting as
a consequence of the parameterization as reported in table 6.2. As the auxiliary
function x(¢) must be real, the additional constraint [p| < 1 results from the form
of the solution (6.51), together with k1,k2 € R. For concrete choices of the time-
dependent coefficient functions we can now directly evaluate the expressions for
E™(t) corresponding to the Dyson maps n;(t) explicitly by computing the auxiliary
functions x(¢) and the functions f;(¢). The Dyson map 7, leads to somewhat different
behaviour. This is understood by the fact that it can only be constructed at ¢ = 0
and at what would be the exceptional point in the time-independent scenario ¢ = A.
Hence also the energies exhibit slightly different characteristics. Taking the above
mentioned constraints into account there are large regions in the parameter space
for which all of the energies E;""(t) are real and hence physical. We illustrate the
behaviour of these energies for each of the Dyson maps in figues 6.1 and 6.2 for
some concrete choices. First of all we observe from figure 6.1 the crucial feature that

the instantaneous energy is real and finite. Secondly we note that despite sharing
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Figure 6.2: The instantaneous energy spectra (6.110) associated with five Dyson maps for
A(t) = sin(2t), a(t) = cos(t) for case 2 with ky = k— =1, k1 = 2.5, ko = 1. We have p = —0.1,
p=—0.3, p=—0.5, p = —0.9 in panels (a), (b), (c), (d), respectively.

the same non-Hermitian Hamiltonian, the theories related to different Dyson maps
can lead to quite different physical behaviour in the energy. Similar to the time-
independent scenario, this is the known fact that the Hamiltonian alone does not
define a unique definite physical system, but to define the physics one also needs
to specify the metric, i.e. the Dyson map. We note that some of the energies can
become degenerate, F"" = E5"", which can however split when n # m. As is also
expected from the explicit expressions, the differences are more amplified the larger
|In —m|. In case 2, when we have non vanishing values of the parameter p, these
effects are even more amplified as can be seen in figure 6.2. We notice a strong

sensitivity with regard to p.

The constraints resulting from the parameterization, |p| < 1, imply that we are
in the regime with spontaneously broken PT-symmetry when compared to the time-
independent case. Therefore, we observe the same phenomenon that was first noted
in [2, 51], namely that the introduction of a time-dependence into the metric will
mend the spontaneously broken P7T -regime so that it becomes physically meaningful.

In this case this manifests itself by the fact that the instantaneous energy is real.
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6.4.8 Metric and Dyson maps with pu(t) # 0, case 3

Finally we also discuss the case 3 by including a Hermitian coupling term into
the Hamiltonian in addition to the non-Hermitian one. This case turns out to be
more complicated to solve, but may also be tackled successfully by our perturbative
method. Keeping the expression (6.6) as our Ansatz for the perturbative expansion

for the metric we obtain the same first order equation (6.7), but now involving

ho(t) = a(t) (K1 + K2) + p(t)Ks  and  hy(t) = A(t)Ks. (6.111)

Since all generators of the algebra commute with K7 + K5 the only nontrivial con-
tribution in the commutator of that relation results from the term involving K, in
ho. Taking now

a1 = Ky, @2 = Ko, q3 = K3, (6.112)

leads to the following first order equations for the time-dependent coefficient func-

tions

30() = — (o), (6.113)
A (t) = %u(t)%ﬁl)(t), (6.114)
357(t) = () Ml)(t) — )| = A@). (6.115)

We see immediately that 'yél)(t) = —79)(16) + C, where C is a constant. We take

C = 0 which then also simplifies equations (6.115).

Proceeding now in the same manner as in the previous cases by extrapolation to

the full series, we find that the following two equations need to be satisfied

1(1) = —3 sinhps())a(t)  and  35(t) = coshl(t)] tanh[2y: (](t) — A(t).

(6.116)
Letting A = pu, we can express 3 as a function of
k1
v3(y1) = L arccosh |ptanh(2vy;) — ) sech(2v1)] . (6.117)
Setting
1
M= arcsinh(x), (6.118)
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the two first order equations (6.116) are converted into the linear second order
auxiliary equation (6.50) with A\ — p. The resulting Hermitian Hamiltonian consists
now not only of two decoupled harmonic oscillators, but also contains an additional

Hermitian term in form of Ky

LT AP (#) K. (6.119)

As in the previous two cases, we may also construct a non-Hermitian solution
for the Dyson map by means of the perturbative approach. From the first order
equation we observe that also g3 = iK4 with ¢; and ¢ as in (6.112) leads to a

solution. Extrapolating to all orders yields now the two equations

n(t) = —% sinfy3(D)IA()  and  3(t) = p(t) — cos[ys(t)] coth[27 (H)]A().

(6.120)

As before we must restrict A\(¢) = pu(t) so that we may solve for 3 in terms of v;

2 —ik 2 cosh (2 h(2
v3(m) ::i:arccos{[ the 2 €08 2( )] cosech( 71)}. (6.121)
p
We set here ko = 0 in order to obtain a real solution. Letting now
1
n=; arccosh(x), (6.122)

the two first order equations (6.120) are now converted into the linear second order
auxiliary equation (6.50) with A — p and k; — 0. Similarly as the resulting Hamil-
tonian for the Hermitian Dyson map the resulting Hermitian Hamiltonian contain

a K4 besides the two uncoupled harmonic oscillators

h(t) = a(t) (K1 + Ka) + K. (6.123)

_ K
x(t) —1
The generator K4 can be identified with the standard angular momentum operator
L, and can be eliminated from h(t) in (6.119) and (6.123) by means of a unitary
transformation, see for instance [167]. Subsequently the eigenfunctions and expec-
tation values of the resulting system of two uncoupled harmonic oscillators can be

obtained similarly as for the cases 1 and 2 presented in detail in the previous section.
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6.5 ip,p, coupled oscillators

We shall now seek solutions for the metric using perturbation theory for the Hamil-
tonian Hs(t) given by equation (6.23). As we did for the oscillators with the
i(xy + pxpy) coupling we shall briefly consider the time-independent scenario, that
being when ¢ = b = A = 0, which cannot be found in the literature. In this case the
TDDE (2.14) becomes time-independent and reduces to a similarity transformation
which is solved by

n = exp(01J_) exp(62Js), (6.124)

where

A
(CL - b)\/ 1+ (ai\:})Q

The corresponding Hermitian Hamiltonian is now decoupled and given by

A
01 = — arctanh and 6y = —arctan [a—l—b} (6.125)

1 A2 1+/(a —b)2 — 4abA2?
h=-(a+b) |1+ —- (K} +KY)+ = KY — KY
gt NI+ g K+ KD + 3 (a+b)%+ A2 (15~ 53)
1 A?
+5 — (K2 + KY). (6.126)
(CL + b) 1 + 7(@—&-1))2

We see from this that the mapping is only valid, that is we have a PT-symmetric
regime, when (a — b)? > 4abA?. For a = 4b the Dyson map becomes ill-defined and
and we are always in the spontaneously broken P7T -regime as we were in the previous
section. We shall now demonstrate once again that by introducing an explicit time-

dependence into the parameters a, b, A we can make the broken P7T -regime physical.

6.5.1 Metrics and Dyson maps

We shall now show how to solve the perturbative equations systematically to deter-
mine a Dyson map. We once again treat the non-Hermitian term as a perturbation
and set A(t) — eA(t) where e < 1. The first order equation (6.7) for the Hamiltonian
(6.23) becomes

J

NIy = 1)+ Y (3 g al) K + b K] + g ) =0 (6.127)
i=1
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The underlying algebra for this problem is ten dimensional, we therefore have the
options to take the limit in (6.127) as 5 € {1,2,3,4,5,6,7,8,9,10} with correspond-
ing generators ¢; € {K¥,K¥ I, J_,1_,J;,K* KY K{,K§} obeying the relations
(6.13)-(6.20). To illustrate all the possible solutions for the metric and Dyson map
we take j = 10 with ¢1 = K¥,¢q0 = KY,q3 = I1,qa = J_,q5s = I_,q6 = J4,q7 =

K* g3 = KY,q9 = K§ and qi9p = K{, the first order equation becomes

AOKE VR i (A4 o) i (3 - ef) s (6a28)
i (yg” ~A- d7é1)> I +i (wé” n mg)) T 4 (#’ n 2a7%)) K*®

(0 2P K2 (557~ 20 s (3 — 20) K5 =0

where ¢ = a — b and d = a + b. By setting all the coefficients of the generators to
zero obtain a set of 8 coupled differential equations. We in fact have two subsets
of coupled differential equations, one involving vél),%il), 'yél) and vél) and the other

set involving ’yél) , %(;1)7%31) and fyg(l)). The latter set of coupled differential equations

do not involve A and so we set all the time-dependences to zero along with ’y§1)

and fyél). Interestingly we can identify different maps made up of just two or three
generators depending upon whether ¢ = 0. For example, by setting ¢ = 0 we see
that the equation (6.128) can be satisfied by only keeping the g3 = I+ and g5 = J+
terms in the Ansatz. Alternatively, with ¢ = 0 we see that if we only keep terms

qs = J—, g5 = I_ and g¢ = J4+ then equation (6.128) is also satisfied. We shall be

exploring the former of these options in the subsequent sections.

6.5.2 Hermitiann, ¢ =1,, ¢ =J,, and c=0

Taking now ¢1 = I and ¢ = J;+ we may derive the perturbative equations up to
sixth order in e. Interestingly we have to actually modify how we construct our
perturbative series. In the previous section when using two generators in the Ansatz
it led to two sets of perturbative differential equations. For this scenario we end up
with three sets, the first two being a set of coupled differential equations with the

third relating a and A via a series. We therefore write our A — €A instead as
j . .
A=Y dAY), (6.129)
i=1
This allows us to look for a series solutions relation between a and A.
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For ~1(t) we now obtain as the first five perturbative equations

e 40— AW, (6.130)

e A=A, (6.131)
» A3

ERNC (8a2) LA, (6.132)

)2 A2
i @ 3AD)TAB 1
€ g = 52 AW (6.133)
5 2 2

w3 (ALY’ 3AD (A®) 3 (AW)*AG) O 6,150

1 128a4 8a? 8a?

d. s o, (6.135)
2 %2) _o, (6.136)
(1) (A (1))2
. (3 8 A
& 4= _1(2a)7 (6.137)
2 (A2 S WDADA@
4. @ _ N (A ) _%A A 1
4= = = (6.138)
9 O\ A2 @ 2
RN B (A) n (7 > (™) n P AO)T APA0A® (6.139)
2 % 6a 1643 a '
2
A (@) D 0pE)
2a a '

The third set of equations we derive relate a to the A()’s via the ’yéi)’s, we obtain

et A= —%, (6.140)
R —A2a3 (6.141)
S Y= (/;;23) - j;(j) (6.142)
R (A(I;ZA@) _ A;:), (6.143)
e 755) - (1/:3(;;)55 + A 8(3;2))2 + (A(I;);A(S) — A;j. (6.144)

Now that we have obtained our three sets of perturbative equations we can match
them to some Taylor expansions of standard functions to obtain an exact solution

for the Dyson map.
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Perturbation theory to the exact Dyson map and Hermitian Hamiltonian

We find that by extrapolating the equations (6.130) - (6.134), (6.135) - (6.139) and
(6.140) - (6.144) to all orders and matching with standard functions, we find the
following closed and exact forms for the time-dependences in the Dyson map

A
41 = —Acos(y2), A2 =sin(ve)tanh(y1)A, ~2 = —arctan <2> . (6.145)

a

Given that we already have a concrete form for 7 it is instructive to use the equations

for 41 and “9 to solve for 71 in terms of 5. In doing so we obtain

1
v1(72) = arccosh [—22'(:1 csc(’yg)] . (6.146)
Choosing now ¢; = —2¢ and substituting the equation for v, we get
4a?

1+ —

Nk (6.147)

1 = arccosh

which given that a, A are real, ~y; is also always real. We now have a concrete form of
~1 and 2 yet we still need to find the relation between a and A. Upon substitution
of v1 and 2 into either the equation for 41 or 49 we pull out the following differential

equation that needs to be satisfied
Ad+a(A’>—A)=0. (6.148)
By letting a = % this equation is converted to the more familiar
f=Af, (6.149)

which has solution

t
f=cexp {/ A(s)ds} , (6.150)
where ¢ is a constant.

Now that we have our Dyson map we may substitute it into the TDDE (2.3) to

obtain the Hermitian Hamiltonian

L+ f2A 2N N
h= \/Tff (K% + KY) +2(1f+f2) (K* +K"), (6.151)
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which is a decoupled two-dimensional time-dependent harmonic oscillator.

6.5.3 Hermitiann, ¢ =J,, o =1,,and c=0

We shall now take ¢; = J4 and g2 = I+ and once again expand A as in (6.129). The

perturbative equations for 41 and 4o read
e AWM =0 and AW =-A0, (6.152)

The first four equations which relate a and A are given by

€ . ’}/1 ——%, (6153)
A2)
e 'yf) =~ (6.154)
M\ (1) 3
3. ,y(:%):_<72 )4 L AD)TA® (6.155)
N1 4a 24a3 2a )
2
@ 0 (KY)AD A2 A@  p@
N N R 2 _<2> LAV AT AT s
2a 4a 8a3 2a

We see here that the perturbative equations are much simpler to solve and we may
read off directly the form of 7, and 2. The equations (6.153)-(6.156) are slightly

more involved.

From perturbation theory to the exact Dyson map and Hermitian Hamil-

tonian

We immediately see from equation (6.152) that we have

t
"m=-c and Y2 = —/ A(s)ds, (6.157)

where ¢ is a constant (we have taken a minus sign here for presentation purposes
later). By extrapolating and matching equations (6.153) - (6.156) to the Taylor
expansion of standard functions we obtain the following relationship between a and
A
1 1 t
a=—3 cot(y1) cosh(y2)A = 3 cot(c) cosh A(s)ds| A. (6.158)

We have now obtained what is another exact Dyson map, however it is for a different

non-Hermitian Hamiltonian as a is given by a different time-dependent function.
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We may now substitute this Dyson map into the TDDE (2.3) to obtain the

following Hermitian Hamiltonian

h = %csc(c) cosh [/t A(s)ds} A(KY +KY) + %sinh [/t A(s)ds] A(K§ + KY),
(6.159)

which is a Hermitian version of Swanson type [162] and decoupled.

6.5.4 Summary

We have demonstrated that we may use time-dependent perturbation theory to ob-
tain solutions for the Dyson map for the non-Hermitian Hamiltonian described by
(6.23). For both solutions we have that a = b such that in the time-independent
scenario the Dyson map given by equations (6.124) and (6.125) is ill-defined and
the system is always in the spontaneously broken P7T-regime. By allowing the
parameters a and A to be explicitly time-dependent we were able construct two
time-dependent Dyson maps in this regime. Technically these maps are for different
non-Hermitian Hamiltonians, the relationships between a and A are different for
each map. However they both exist for a = b and lead to either two-dimensional
time-dependent uncoupled harmonic oscillators (6.151) or two-dimensional Hermi-

tian version of the time-dependent Swanson type oscillators (6.159).

6.6 Anharmonic oscillator - revisited

In this section we discuss an example for which the previous versions of the per-
turbative expressions for the metric or the Dyson map do not however lead to any
solution. In fact, as we will demonstrate one does not only have to change the
Ansatz, but one also needs to rescale the Hamiltonian in order to introduce the
perturbative parameter in the right terms and treat the non-Hermitian part as a
strong rather than a weak perturbation.

Unstable anharmonic oscillators have been the testing ground for perturbative
methods for nonlinear systems for more than fifty years [42, 150-152, 168]. As
discussed in Chpater 4 it is only fairly recently that an exact solution for the time-
independent unstable anharmonic quartic oscillator was found by Jones and Mateo
[74]. They used ideas from non-Hermitian P7-symmetric quantum mechanics [140,

141] and applied a perturbative approach that turned out to be exact. Recently
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we [4] also solved the explicitly time-dependent version of this model in an exact
manner (see Chapters 4 and 5). These exact solutions found in [4] will serve here as a
benchmark for our perturbative approach, so that we consider the same Hamiltonian,
but with the time-dependent mass term set to zero

t
H(zt) =p*— 91(6),24, geRT. (6.160)

Defining H(z,t) on the contour z = —2iy/1 + iz as proposed in [74], it is mapped
into the non-Hermitian Hamiltonian

H(z,t) =p* — %p + %{x,pz} + g(t)(z — 1), (6.161)

where {-, -} denotes as usual the anti-commutator. As mentioned using our previous
versions for the perturbative Ansatz does not lead to a solvable first order equation

or a recursive system. Instead we change our Ansatz to

1 1
p(t) = n(®)n(t) = [ [H exp ("))

i=j Li=k

7 k
I [n (e—w)qi)]  (G162)

i=1 Li=1

I we assume here that perturbation parameter, € > 1, is

As we are expanding in €~
large. The reason for this is that in addition we also need to scale the Hamiltonian
(6.161) as © — ex. Separating now into a Hermitian and non-Hermitian term, ho(t)

and hy(t), respectively, we have

ho(t) = p* — %p L2 — g(t),  and () = —2ieg(t)e + %ie{x, =
(6.163)
Thus instead of adding a small non-Hermitian perturbation to the Hermitian part,
we have perturbed by a large term and also scaled up the harmonic oscillator term.

Our Hamiltonian acquires therefore the following generic form
H(t) = hy(t) + €ha(t) + iehs(t), (6.164)

which together with the Ansatz (6.162) leads to the new first order equation
J

2ihg(t) + Y | (1 + (I fais n2 (]| = 0. (6.165)

i=1
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From this equation we can see that if any of the time-dependent coefficient functions
71(1)’3 are purely imaginary, then their contributions vanishes at this order and if
they are real we simply acquire a factor of 2. For any time-dependent coefficient
functions we will therefore modify the Ansatz such that the summation changes from

i':l to 25:0‘ This version of the Ansatz leads to a recursive system that can be
solved systematically order by order. In our example for the Hamiltonian (6.161)
we identify

hs(t) = hy(t)  and  ho(t) = g(t)2?, (6.166)
and may satisfy the lowest order equation with the choice
=z @=p, @B=p, @a=p (6.167)

where for g3 and g4 we are taking their time-dependent coefficient functions to be

purely imaginary. In doing so we end up with following equations that need to be

satisfied
1 1
AV = oo and A0 = —5 (6.168)
g 2m
At order €® we read off the constraining equations
2 2 D\? @
'yé ) =0 and ﬂ )= 9 (% )> 'y?() ), (6.169)
Continuing to order ¢! we find the constraints
2
. (2) .9 .3 (7(1)> g3 e . .
m_9 . @__ 79 g ) 99 o, (9 _g)__1
Ty M 182 7241 Bagg e 4 T <g g> 3
(6.170)
The last equation is solved to
0 g glng
/‘}/ = —_— . 6.171
R (6171)

At order €2 we obtain 'yél) = 0, and therefore with (6.169) we have 752) =0.

At order ¢ =3 we obtain
7(2) _ J* —gj
3 4929

(6.172)

which implies with (6.170) that 753) = 0. Some features hold for all remaining orders

in e. We have ’yg) = 0 for all i > 2. We also find that at every order ¢~ ", where
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n > 2 the differential equation

AR S
=0 6.173
37 + 3 + 3 , ( )

occurs, which is solved by

/yé(L'rLfl) — Cn;lg‘ (6174)

Another equation that appears at all orders e~ for n > 2 is given by

(n+1) .2
(n+2) V3 g
=_13 7 1
This is solved at all orders if we have
A~ and MY =0, (6.176)

for n > 2. When eliminating the ~s from these equations we are left with a differ-
ential equation entirely in g given by
455 255

+——-—==0. 6.177

Parameterizing g = %0_3 this equation reduces to

025 =0 (6.178)

which is easily solved by o(t) = c1 + cot + c3t?.
Assembling all our results we extrapolate to all orders, i.e. an exact solution.

Setting therefore ¢ = 1 gives the time-dependent Dyson map of the form

n(t) = exp[y1(t)z] exp[y2(£)p® + iv3(t)p* + iv4()p), (6.179)
with
g 1 12¢° + ¢* — g§ g log g
_9 _ = 29 9 —99 — I = , 6.180
71 Gg’ Y2 69’ V3 4992 ot g C1 B ( )

which is in precise agreement with the Dyson map we previously found in [4] and

presented in Chapter 4.
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6.7 Conclusions

In this chapter we have demonstrated how to set up a perturbative approach that
allows to construct the metric operator and the Dyson map in a recursive manner
order by order in a perturbative parameter that may be very small or very large. Un-
like the time-independent perturbation theory, whose formulation is fairly canonical,
the time-dependent version allows for many more variants. We found four different
types of perturbative expansions. The Ansatz (6.4) is the most natural one when
the Dyson map is assumed to be Hermitian and needs to be slightly modified when
one allows 1 to be non-Hermitian. In both of these versions the non-Hermitian term
was treated as a small perturbation. For the ip,p, oscillators we found that we also
needed to consider a series expansion for the time-dependence of the non-Hermitian
term. For the anharmonic oscillator we demonstrated that this approach can not
be applied universally and has to be altered for some models for which one needs
to treat the non-Hermitian term and parts of the Hermitian term as large pertur-
bations. Consequently the perturbative expansion needs to be in the inverse of the

large perturbative parameter.

When compared to the time-independent scenario, all our approaches have in
common that the order-by-order equations do not just determine the commutative
structure of the ¢;s, but computations are more involved as in addition one needs to
solve coupled sets of differential equations for the time-dependent coefficient func-
tions, which is also possible order by order. Moreover, we observed that the key

structure is already determined by the lowest order equation.

Although the main emphasis in this chapter is on the perturbation theory, with
regard to the specific example studied we found many new Dyson maps for the
i(xy + pxpy) coupled non-Hermitian harmonic oscillator. We saw that these differ-
ent maps lead to different types of physical behaviour, as shown explicitly for the
time-dependent energy expectation values. When compared to the time-independent
case, all our solutions are only valid in what would be the spontaneously broken P7 -
regime, except for one example that is defined on what would be the exceptional
point. So similar to the effect observed in [2, 51|, this regime becomes physically
meaningful in the time-dependent setting. However, unlike as in some of the pre-
viously studied systems, one can not crossover to the P7T-regime and is confined

to the broken phase. It remains an open issue to formulate general criteria that
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characterize precisely when this possibility occurs for time-dependent systems and
when not.

We shall be revisiting the i(xy + pyp,) coupled oscillators in chapter 7 where we
demonstrate that we can use the solutions we found for the Dyson maps to construct

an infinite series of Dyson map all with differing physical behaviours.
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Chapter 7

Infinite series of Dyson maps

In this chapter we propose and explore a scheme that leads to an infinite series of
time-dependent Dyson maps which associate different Hermitian Hamiltonians to
a uniquely specified time-dependent non-Hermitian Hamiltonian [7]. We identify
the underlying symmetries responsible for this feature respected by various Lewis-
Riesenfeld invariants. The latter are used to facilitate the explicit construction of
the Dyson maps and metric operators. We shall consider two concrete examples,
a two-dimensional system of oscillators that are coupled to each other in a non-
Hermitian P7 -symmetrical fashion and the time-dependent anharmonic oscillator.
The former of these systems allows us to demonstrate the full working of the scheme

and how it can break down.

7.1 Introduction

Throughout this thesis we have encountered different time-dependent non-Hermitian
systems for which we have been able to determine two or more nonequivalent metrics
leading to different physical behaviour. This non-uniqueness of the metric has been
established for nearly 30 years [43] and is attributed to the fact that the usual
starting point when studying these non-Hermitian systems is to consider only fixing
one observable, e.g. the Hamiltonian H. To render the metric unique one must
specify at least one further observable such as the position x.

For time-independent non-Hermitian Hamiltonians H, who can be related to
a Hermitian Hamiltonian, h, through the time-independent Dyson equation (2.14)
it has been shown that the ambiguity in the metric operator is associated with

the symmetries of the equivalent Hermitian Hamiltonians [96]. For many known
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models explicit solutions, including some of their ambiguities, have been constructed
[74, 90, 93, 94, 96].

When the non-Hermitian Hamiltonian is explicitly time-dependent it is no longer
related to a Hermitian counterpart via a similarity transformation and instead re-
lated through the TDDE (2.3). In this scenario we therefore expect that the sym-
metries responsible for the ambiguity of the metric are no longer associated with the
Hermitian Hamiltonians. We shall in fact demonstrate that this is indeed thhe case
and that the governing symmetries are those of the Lewis-Riesenfeld invariants [89]
of the Hermitian Hamiltonians. We shall exploit these symmetries to propose and
explore a scheme that leads to an infinite series of Dyson maps constructed from
two seed maps, hence an infinite series of equivalent Hermitian Hamiltonians, albeit

with different physics as we shall demonstrate.

7.2 Infinite symmetries and series of Dyson maps from

two seeds

Our starting point is an explicitly non-Hermitian time-dependent Hamiltonian H #
HT satisfying the TDSE H (x,t)y(x,t) = ihdp)(z,t). We further assume that we
have two different time-dependent Dyson maps, n(t) and 7(t), satisfying the time-
dependent Dyson equations (TDDE)

h=nHn ' +idmn~t,  and h=aHij '+ ihdmit, (7.1)

involving two different time-dependent Hermitian Hamiltonians h = A, h = Al that
also obey their respective TDSEs h(x,t)¢(z,t) = ihdd(z,t) and h(z,t)(z,t) =
ih@té(x, t). The wavefunctions are related as ¢ = n, & = b and therefore ¢ = Ag,

where we employed the first of the operators

A=im! and A:=n714. (7.2)

The operator A is defined for later purposes. Next we eliminate the Hamiltonian H
from the two equations in (7.1), such that the two Hermitian Hamiltonians are seen
to be related as

h=AhA™! +ihd, AA™L. (7.3)

124



As argued and shown for concrete examples in [5, 51, 87, 88, 132] and throughout
this thesis, once the Dyson maps are known one may relate the respective Lewis-

Riesenfeld invariants Iy, with H =H, h, h, satisfying [89]
dl
md—z‘ = ihOuIy + (I, H] = 0, (7.4)
simply by means of similarity transformations as

In=nlgn™', I =algi ', =1I;=AlA" (7.5)

Each of the invariants satisfies an eigenvalue equation with time-independent eigen-
values and eigenfunctions that are simply related by a phase factor to the wavefunc-
tions satisfying the respective TDSE. Exploiting the Hermiticity of the invariants Iy
and I, the latter relation in (7.5) implies that the operators

S:=A'A  and  S:= AAl (7.6)
are symmetries for the invariants I, and I, respectively, with
I,,S]=0  and [I;L, S} ~0. (7.7)

Thus S and S also satisfy the Lewis-Riesenfeld equations for the Hermitian h-

Hamiltonian system and the h-Hamiltonian system

L ds LdS s (e
ih2 = ih0S +[S.h] =0, ih"> = ihd;S + [S, h} —0. (7.8)
In turn this means that
I=I,+S,  and I} =1 +8 (7.9)

are new invariants for the Hamiltonians h and h, respectively.

Another symmetry with an interesting consequence is an A—symmetry, see (7.2),
of the non-Hermitian invariant Iy, as it implies that the two invariants related to

the Hermitian systems are identical

Iy, Al =0 = I, =1I;, (7.10)
[7.4]
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and in turn, the equality of two invariants associated to different Hermitian Hamil-
tonians implies an A-symmetry of the non-Hermitian invariant I. This is easily
established by making use of the pseudo-Hermiticity relations for the invariants

(7.5).

7.2.1 Iteration of two Dyson maps

While certain symmetries of the invariants imply the presence of two inequivalent
Dyson maps and vice versa, we will now construct further time-dependent Dyson
maps, say 7 or 7}, from two given ones, say n and 7. We start by constructing a third

Dyson map making use of either of the following statements:

(S1) If and only if the adjoint action of A on the invariant I;, AI; A~!, is Hermitian
then h = AhRA™L + ihO,AA~! is a new Hamiltonian that is related to the

non-Hermitian Hamiltonian H by the time-dependent Dyson equation h =

NH?H 4+ ihdenn~! with 7 := n~17.

(S2) If and only if the inverse adjoint action of A on the invariant I,, A~'I, A is
Hermitian then h = A~'hA — ihA=18;A is a new Hamiltonian that is related
to the non-Hermitian Hamiltonian H by the time-dependent Dyson equation

h =AaHHt + ihdnn! with A := ni~1n.

At first we prove (S1) in reverse: Assuming that % := fn~'7 is a new time-
dependent Dyson map that maps the non-Hermitian Hamiltonian H to a Hermitian
one, the TDDE h = 7H#/~ " +ihidy5~ " holds by definition. Replacing now H in this
equation by means of the first equation in (2.3) and using the definition (7.2) for
A, equation h = AhA™! + ihd,AA~! follows directly. In turn this implies that the
adjoint action of A on [; yields the Lewis-Riesenfeld invariant [j. Since I is Her-
mitian, so is Al ;LA_l. The direct statement is shown by checking whether ATl ;ZA_l
is Hermitian and then reversing the steps in the previous argument. Similarly we
may prove (S2).

Thus for practical purposes when given the two time-dependent Dyson maps 7,
7 and the invariants I}, I, we can simply check whether Al ;LA_I and/or A7'I}, A are
Hermitian and subsequently deduce the form of the new Dyson map. Alternatively
one may of course also assume the given forms for 7 and 7 with a subsequent check
of whether the right hand sides of the corresponding Dyson equations are Hermitian,

thus defining new Hermitian Hamiltonians.
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Having now obtained two new time-dependent Dyson maps, we may include them
into the set of the two starting Dyson maps to construct yet more and more maps
by iteration. We summarize the first step as outlines above, i.e. the constuction of

71 =:n3 and 7 =: nq from the seed maps n and 7, as

1,7 : (7.11)

n=ni'n=A"n

Replacing now in the next step the seed maps by new maps obtained in the previous

step we obtain, up to the Hermiticity check,

ns = qntan tin i = A3
17,73 , (7.12)
ne =mnn ‘o tn = A"y

ne =0 ton~ gty = i tn iy

e
1, M4 s (713)
~ ~ —15,—1
i =nn "ty
f n=nq tnph
7,13 : (7.14)
N S SRS J s PR Pu P 2~
nr = an~tan~ g =y tan g = A%
nr = imtan b
77»774 \( s (715)
ns =i~ oty in = A7y
no = nn tni tnn g in = A4y
735 M4 . (7.16)
N\

mo = fn~ tim gy~ lim T = A'q

Continuing in this manner we obtain a series of Dyson maps of the general form
™ = A"y, [ = A, with n € Z. (7.17)

When combined in the way described above we only obtain new maps of the same
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form

f(2m=n) p(2m—n=1)

7, 7m) 7 ’ 7, nlm) 7 , (7.18)
N\ fn—m) pY (2n—m-+1)
j(2m—n-+1) pn(2m=n)

o gom 7 | o 7 . (119)
™ pEn—m-1) p(2n—m)

As discussed above, for the iteration to proceed we need to verify at each step
the Hermiticity of the right hand side of the time-dependent Dyson equation or the
adjointly mapped invariants. Thus we require the relevant A-operators involving

the new maps

) <ﬁ(n>>‘1 _ogmen ) <ﬁ<n>>‘1 _ gmn—l, (7.20)

) (n(m)*l _gmentl () (nw)*l _ qmn, (7.21)

Naturally we may repeat the symmetry arguments from the previous section using
the newly constructed Dyson maps, thus obtaining an infinite set of symmetry op-

erators, provided that the Hermiticity property holds at each of the iterative steps.

7.3 Two dimensional P7-symmetrically coupled oscilla-

tors

The first system we shall consider to demonstrate the working of the above scheme
will be the two-dimensional time-dependent oscillators which are coupled in a P7T-
symmetric fashion (6.24). We performed an extensive analysis on these oscillators
in Chapter 6 resulting in the construction of six Dyson maps for both cases 1 and
2. The amount of Dyson maps found makes this system an ideal testing ground to

potentially determine the aforementioned infinite series of Dyson maps.

7.3.1 Six seed Dyson maps

We shall consider here case 1, that is when ¢(¢) = 0 and pu(¢) = 0 for the Hamiltonian
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(6.24). In this case the six Dyson maps determined were all of the form

n(t) = exp[y1(t)q1] exp[y2(t) gz, (7.22)

where q1, g2 were operators part of the subalgebra { K7, Ko, K3, K4} which satisfy
the commutations relations (6.25) and 71 (), y2(t) are time-dependent functions con-
strained by two coupled first order differential equations. In section 6.4.6 a summary
of the Dyson maps found, the auxiliary equations which the time-dependent func-
tions satisfy and the resulting Hermitian Hamiltonians can be found. Specifically in
table 6.1 we report the first order differential equations which 1 () and ~2(t) satisfy.
In table 6.2 we report the parametrizations of v; and 7, in terms of the auxiliary
function y which satisfies an auxiliary equation that can be found in table 6.3. The

resulting Hermitian Hamiltonians for each of the Dyson maps were of the form

h(t) = f+ () K1 + f-(t) Ko, (7.23)

and details of the time-dependent functions fy(t) for each of the maps are specified

table 6.4.

We present here a summary of this relevant information for each of the Dyson

maps in table 7.1. The auxiliary functions  and x governing the time-dependence

’ i ‘ q1, 492 H Y1 ‘ Yo ‘ fi (t) ‘
m K4, K3 * * a
ne | K3, Ky | arccosh () arcsinh (%) a+ %
2
n3 | Ky4,iK7 || arcsinh (kgm) — arctan(z) B A(ilz?{iq;g;;ﬁ)ks)
2
| Ka,iKz | arcsinh <k4\/1—|-7$2) arctan(z) a+ )‘(ﬂ‘;?{i:%lzcz)h)
2
ns | Ks3,4K1 || arcsinh <k5m) arccot(z) ot A(i1+2?{i:g;;:mz)k5)
2
ne | K3,1K2 || arcsinh <k6m) arccot () a@— A(:Fl-g?{i_::g;];ﬂ)ks)

Table 7.1: Inequivalent Dyson maps 7; with specific operators qi, g2 in the factorisation
(7.22), and parametrisations for 1, 2 in terms of the auxiliary functions x or x; together with
the time-dependent functions f4(t) in h(t). For 72 we demand that x > 1 so that the Dyson
map is well-defined.

were found to be

Au i }\dc Mz;=0 and  Au LS Ay = k2 X (7.24)
X1t i — YL — P = X9 ! - X =K —, .
1 \ 27 XX X &
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where i = 3,4,5,6. The second equation in (7.24) is the ubiquitous Ermakov-Pinney
equation [138, 139].

Note that the parametrization of v, in table 7.1 for Dyson maps 13 — 16 could
be positive or negative and we would still obtain Aux; as the auxiliary equation.
What would differ however is the first order equations resulting from combining the
differential equations for v;(¢) and ~2(¢) as detailed in table 6.1. To ensure that the
first order equation is the same for all the maps we have chosen here these specific
parametrisations for 2 so that it will be easier to combine the Dyson maps to create

new ones.

7.3.2 Relation between auxiliary equations

To carry out the discussion as set out in section 7.2 we have the somewhat unappeal-
ing feature that various seed Dyson maps are governed by different types of auxiliary
equations. Here we comment briefly on a feature previously not commented on in
previous chapters, and show that with a different parametrisation also 7 is in fact
constrained by the linear second order equation in (7.24). To demonstrate that this
can be achieved we briefly recall how to solve the TDDE for 79, but with a different
parametrisation.

Assuming for this purpose the Dyson map 72 to be of the form (7.22) with
~1(t),¥2(t) unknown and ¢; = K3, ¢o = K4, we substitute 72 into the TDDE and
find that ha(t) is indeed made to be Hermitian if the following coupled first order

differential equations are satisfied

41 = —Acosh vy and A9 = Atanh 7 sinh ys. (7.25)

These equations match the ones obtained through perturbation theory in section
6.4.3. To solve these equations for 7, and v, we notice first that we can eliminate A

and dt from the above equations to give

d
& _ _ tanh v tanh (1), (7.26)
dm
which we solve to
2 = arcsinh(csech 1), (7.27)

with ¢ being an integration constant. As reported in chapter 6 in [6], we parametrised

130



~1 = arccosh x which lead to the Ermakov-Pinney equation Auxs as auxiliary equa-
tion. When instead we define 41 = arccosh \/m and let ¢ = —1/ks, we find that
the central equation to be satisfied is now also Auxy, similarly as for the other cases.
We have now a new way of writing the Dyson map 7y so that all of the maps found

are governed by the same central equation, with

arccosh /1 + 22 arcsinh ! f F A
2 71 =ar \/ Ty, Ye=arcsmh | ———F——— |, J+r=F 575"
! ? k2x/1+x% 2k52(1—|—x%)

(7.28)
Thus we have found a way to convert the nonlinear dissipative Ermakov-Pinney
equation given by Auxs to the linear second order differential equation Aux; by the
relation

1

x=1/1+2?  with k:—E. (7.29)

This appears to be somewhat miraculous, but one needs to stress here that this is
only possible when employing also the first order equations resulting from (7.25) for

the respective variables, i.e.

A/1 4+ k5 (1 + 23
Gy = — +é(+%x (7.30)

for the new parametrisation. Notice also that the constraint imposed on y > 1 is

automatically satisfied with the new parametrisation.

7.3.3 Construction of invariants

As outlined in section 7.2, in order to construct new Dyson maps we must first
calculate invariants for each of the Hermitian Hamiltonians associated to each of the
seed Dyson maps 7;,7 = 2,...,6, or solve the TDDE (2.3). Using the corresponding

expressions for h; we solve equation (3.2) and find the invariant

In,(t) = c1 K1+ ca Ko + ¢3 cos [04 — /t fj__(s)ds] K3 —c3sin [04 - /t fj__(s)ds] K

(7.31)
where fi_ = fi — f% is the difference between the time-dependent functions in
(7.68) occurring in the Hermitian Hamiltonian, and the ¢1, o, c3, ¢4 are real con-

stants. Notice that in all cases the difference takes on the same form up to an
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overall sign

A

i —125), (7.32)

) = -

such that the corresponding Hermitian invariants are identical.

While the cases i = 2,...,6 have been unified, the case i = 1 still stands out as
in this case fi = f_, so that the invariant in (7.31) is rendered time-independent.
We therefore need to construct an additional invariant for k(). To achieve that we
need to enlarge the algebra by six additional elements such that the ten-dimensional
algebra is now given by the generators in (6.12). These ten generators satisfy the
commutation relations detailed in equations (6.13) - (6.20).

Assuming now that the invariant is also spanned by these generators, we found

as another solution to (3.2) a universal solution for all six cases

In,(t) = oy (KE+K2) 48 (K2 —K®)4+a_(KY+KY)+8_(KY —KY)+0, K{+5_K{,
(7.33)

for i =1,...,6. The time-dependent functions are constrained by

1 p=(t)?

n 2p+()p+(t)
p£(t)?  fe(t)?

ar(t) =p(t)?,  Be(t) = f=(2)

d+(t) = , (7.34)

where the auxiliary functions pi satisfy the dissipative Ermakov-Pinney equation

Pt — fjp'i + fipr = % (7.35)
J+ 3

We will exploit these ambiguities and use which ever invariant is most useful in a
certain context. Noting that the invariant in (7.31) is much simpler than the one
in (7.33), we shall be using it below for the Hermitian Hamiltonians h; associated
with the Dyson maps 7;, i = 2,...,6. In turn we shall use the invariant (7.33) only
for the Hermitian Hamiltonian h; associated with 7y, for which it simplifies further

due to the relation f, = f_ that implies p; = p_.
We also construct the non-Hermitian invariant for the non-Hermitian Hamilto-

nian H; in (6.24) for case 1 by directly solving equation (3.2). We find
Iy, = Cl(t)Kl + Cg(t)KQ + C3(t)K3 + iC4(t)K4, (7.36)

with
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t
C, = %1 + c3 cosh <C4 - / A(s)ds) , (7.37)

t
Cy = %1 — c3 cosh <C4 - / A(s)ds) , C3=co, (7.38)

Ci = 2cysinh <C4— /t)\(s)ds>. (7.39)

Using the equations in (7.5) we may relate the various invariants up to the stated
ambiguities. We have verified that the inverse adjoint actions of 7 and 7 on Ig,
in (7.36) are indeed invariants for I, and I;, respectively, albeit different from the
invariants in (7.31) and (7.33) up the aforementioned ambiguities.

For our non-Hermitian Hamiltonian H;(¢) in (6.24) for case 1, we have now a
number of seed Dyson maps 7; at hand together with their associated Hermitian
Hamiltonians h; and their respective Lewis-Riesenfeld invariants Ij,,. Thus we can
now carry out the scheme laid out in section 7.2 and construct an infinite series
of Dyson maps from two of these seed maps. We will not present here all thirty
possibilities that may result from these six maps as there is considerable overlap in
the solution procedure as well as the resulting Hermitian Hamiltonians. Instead we
select various examples that exhibit different types of features including an example

for which the mechanism breaks down.

7.3.4 Seed maps n =n3 and 1) = ny - unitary operator A

The central operator to compute first is A as defined in (7.2). We start with a simple
example for which some of its factors commute. Taking 1 = ns, 17 = 14 as specified
in table 1 and setting k3 = k4 = k, ©3 = ©4 = = we obtain
A— 7747}—1 earcsinh(k\/ 1+:c2)K46i arctan(m)(KlJrKg)e— arcsinh(k\/ 1+x2)K4 (7 40)
= 73 )

ei arctan(w)(Kl—&—Kg)‘ (741)

The last equality results from the fact that [Kj + Ko, K4] = 0. According to the
statement (S1) in section 7.2, we need to guarantee next that Alj,, A1 is Hermitian.
For the case at hand this is easily seen to be the case as A is a unitary operator and

Ip,, is Hermitian. Thus, according to (S1) a new Dyson map is given by
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77(1) = Ay = el arctan(x)(K1+K2)earcsinh(k\/ 1+x2)K4ei arctan(z) Ko

_ earcsinh(k\/ 1+22) Ky el arctan(z)(K1+2K2) (742)

which in turn is not unitary. Next we compute the associated Hermitian Hamiltonian

from the TDDE (2.3) simply by substituting into the right hand side all the known

quantities
" /\(3\/1+k2(1+x2)—1> )\<3\/1+k2(1+x2)+1>
h) = K K.
ot 2% (1 + 22) ihet 2% (1 + 22) 2
(7.43)

Using next the relation (7.17) it is now straightforward to calculate the infinite series
of Dyson maps. At each step the Hermiticity of the adjoint action of the higher order
A operators, as defined in (7.20), (7.21), on the Hermitian invariants is guaranteed

by the fact that also any power of A is a unitary operator. We find

77(n) _ An774 _ 6arcsinh(k\/ 1+x2)K4ei arctan(z) [K1+(n+1)K2]’ (744>

with corresponding infinite series of Hermitian Hamiltonians

(n—DAV/1+ E2(1 + 22?)

(n) _ (1)
W= k(1 + )

(K1 + K3). (7.45)

In a similar fashion we use the second relation in (7.17) to obtain the new Dyson

maps

ﬁ(n) _ Ann?) _ earcsinh(k\/1+x2)K4e—iarctan(:{:)[(n+1)K1+K2]7 (746)
with corresponding Hermitian Hamiltonians

(2n + 1)A/1+ k2(1 + 22?)

‘- 2k (1 + 22)

h = <M> (K2 — K1) + (K1 + K3).

(7.47)

Since A is a unitary operator the symmetry operator, as defined in (7.6) is simply
the unit operator, i.e. S = St = 1. Moreover the unitarity of A also implies that
the relation between the two Hermitian Hamiltonians (7.3) simply becomes a non-

Abelian gauge symmetry between two Hermitian Hamiltonians. In this case the
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metric operators do not to change in the iteration process

(n)

nT n ~\n ~nT~TL

7.3.5 Seed maps n =1 and 7 = 13 - nonunitary operator A

Once again we start with the construction of the operator A

A:=ngmy ' =

: 1
earcsinh(k\/ 1+:v2)K467i arctan(z) K1 earcsmh ( /1422 ) K46_ arccosh(\/ 1+z2)K3 (7 49)
, .

where we have used n = 72, 77 = 13 as defined in table 1 and set ky = k3 = k,
such that zo = x3 = . According to (S1) we need to determine again whether the
quantity Alp, A~1 is Hermitian in order to proceed. A lengthy computation can be
avoided here by noting that the Hermitian invariants Ij, for hy and hs are identical.

Thus we have
AL, A7V = sy ynanyt = Iy = Ing = I, = (AL, AT, (7.50)
Consequently (S1) is implying that
' = Ang, (7.51)

constitutes a new Dyson map. With the help of the TDDE (2.3) we determine the
corresponding Hermitian Hamitonian to
A (1 +2/T+ k21 + x2))

M = g — K —
“ 2% (1 + 22) e

A(Z\/m—l>

2k(1 4 22)

K.

(7.52)

As previously, we use the relation (7.17) to calculate the infinite series of Dyson
maps. With

7™ = A, and 7" = A7, (7.53)

we can use relation (7.50) repeatedly to ensure that at each level the adjoint action
of the higher order As on the Hermitian invariants is Hermitian. Using the TDDE

(2.3) for the new maps we obtain the Hermitian Hamiltonians
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n 2 JZ2
h(n)Z(M> (Ky — K1) + o H)Q;{M—H) (K1 + K»),
(7.54)

from the first map in (7.53) and

A nAy/1+ k2(1 + 22)
) _p) (2 _ _
h h <2k(1+x2)>(K2 Ki)+ |a ) (K1 + K>),
(7.55)

from the second.
We may now also compute the symmetry operators for I, and Ip,. The sym-

metry operator is readily written down as

arcsinh | —A— ) K. . .
S = ATA — arccosh(\/1+12)K36 (k1/1+12) 4e—z arctan(z) K1 earcsmh(k\/ 1+x2)K4

arcsinh (

1
arcsinh(k\/ 1+a:2)K4€fi arctan(z) K1 e /1422 ) K e arccosh(\/ 1+;v2)K3

X e
Thus we may now explicitly verify the symmetry relation (7.17), best calculated in
the form STIj,,S™! = Ij,. Similarly, the symmetry operator for I, should be given

by S, which is indeed the case as we verified explicitly.

7.3.6 Seed maps n = n; and 7 = 13, 13,14 - breakdown of the iteration

From the previous two examples one might get the impression that the iteration
procedure can always be carried out with any two seed Dyson maps. However, this
is not the case when the Hermiticity condition does not hold. To verify this we
relied in the previous section on the fact that the invariants for the two Hermitian
Hamiltonians resulting from the seed maps were identical. This is not the case when
involving 7; as a seed map and any of the other five maps, as can be seen from (7.33)
when comparing the functions fi. Thus in this case the Hermiticity condition needs
to be verified more explicitly.

Let us now carry out the calculation for the seed Dyson maps chosen to be n = m;

and 77 = 9. We start from the expression for A

1

A gyt = oot (V 1+r%)Kse‘m“h<kzw+w%>K4ef @K (7 56)
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where 7, is defined as in (7.28) and 7; as in table 1. Next we compute to quantity
AL, A~! where I, is given by (7.33). After a lengthy calculation we find that this

quantity is non-Hermitian and given by

_ 1 K 1 K . cosh(g) _
Al A7l = Ittt 4+ | K, |=-TTT - ——| K — Y It K )
ha {2 LT Bl PR T™Y R A Oy pre (7:57)

+Z,/<c(1 + 23) + cosh(g)A

kozor/1 + 13
i { (1+ kg)Q(cL +45)
k3o

'~ K,

cosh(g) K5 — QL [kowol'ZT — K (6— + 64) A } K;
k3o

+i {G-I-/’C%)I‘Jr cosh(g)

5 [k)zl‘g((s, - 5+) + HF_T_iA] } K

+ k%l‘Q

0_+0)A—T7 ((K3+1) a2 — K3z
_( +) + (( 2 ) 2 2 2) cosh(g) (K7 + Ky)
2/6%.%2 x% +1

6 +0y —al7A (04 —6- )z —TT7A
+ Ky
2k3x9r/13 + 1 2ko/23 + 1
—0_ — 8y —aol A T A+ (64 —0-
P + —xal'y 4o + (64 ) T2 Ke
2k2x9/25 + 1 2ko/25 + 1

JTTA = (64 82) (R + 1) 72 — Kma)
2k3x9r/15 + 1

'T™—(0_+96 A 0_ —04) A -
L (0 +h)mA (6 =6y ”2—];(9

COSh(g)((Kg —+ KlO)

+ |k

2k3xo/a5+ 1 2ko/a5 + 1
Dy + (0 +0)mA | (5 -0 ) A+ a:grt—] g

2k3xo\/a3 + 1 2ko/25 + 1

where we introduced the abbreviations

t
T35 = a_ + 08104 + 026 +038 A= \/1+k3(1+a3) gzz/ A(s)ds, (7.58)

with §; = +1, ¢ = 1,2,3. We simplified here our expressions using the identity

_l’_

h 1+ k3(1+ a3
sinh(g) = i+ coshig) k2$:_ 2(1+ $2), (7.59)

which is verified using the first order constraint (7.30). As the invariant is non-
Hermitian, the iteration process breaks down and by (S1) we deduce that Ans is not
a Dyson map. We have also carried out the equivalent calculation for the seed map

choices n = n; and 77 = 3 and 74, reaching the same conclusion.
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7.4 The time-dependent anharmonic quartic oscillator

Another system for which we have found multiple Dyson maps is the time-dependent

anharmonic quartic oscillator [4]

1
H(z,t) = p2 — =

T B0 (7.60)

which, when defined on a contour in the lower-half complex plane z = —2iy/1 + ix as

suggested by Jones and Mateo [74], is mapped the to the non-Hermitian Hamiltonian

H(z,t) = p* — ;p+;{x,p2}+40;(t)(x—i)2. (7.61)

7.4.1 Two seed Dyson maps

We present here in a compact and unified form the two solutions for the Dyson maps
we have already found along with the corresponding Hermitian Hamiltonians. The

Dyson maps are given by

n = exp(ax) exp(Bp® + iyp® + idp), (7.62)
and
il = exp(Bp®) exp(ax) exp(Ip + idp), (7.63)
where
: 6 — 1
o 3 o
5:2 o 2 3
v = 20°0 22.w 7 a, 5 =—1- 20> (7.65)
o

and o satisfies the auxiliary equation

o= (7.66)

which has solution

V22 + 2¢2cot + w? + e12¢0?

vor (7.67)
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where c1,co are real valued constants. The first of these maps, 1, was found by

making a suitable anstatz on the level of the TDDE (see Chapter 4 for more details)

and when substituted into the TDDE results in the Hermitian Hamiltonian!

1 1+ 2w?0? In(o) — 2¢ 1
_ 6.4 4.2 2 2
In(o) —2¢  20%? —2w%0? — 1 In(o) — 2¢)?
_ ()5‘ ot o {ZE,pH%
40°6 40°0 1600
20964 — 6262 + W2
551 (7.69)

The second Dyson map, 7, was found by utilising point transformations to construct
an invariant, Iy, for the Hamiltonian (7.61) which was then subsequently employed
to determine a Dyson map through the similarity transformation I; = flgn=!.
Substituting the Dyson map into the TDDE led to the new and different Hermitian
Hamiltonian

5 2¢ —In(0)) (0262 + w? 1

ot gty s (20100 )L

20202 406

g
In(c) —2¢ 6 * . (n(o) - 2¢)°
_Infe) —2¢ Clemh -+ (n{o) = 2)° ;5 2:2 (7.70)

160462

4055

7.4.2 Construction of invariants

To carry out the procedure laid out in section 7.2 we must now construct invariants
for the Hamiltonians (7.68) and (7.70). We start by constructing an invariant for
the non-Hermitian Hamiltonian (7.61). Fortunately we have already obtained this
invariants in Chapter 5 by utilising point transformations. We reproduce equation

(5.133) here for convenience,

1 1 ;
Iy = o2p? + <2z'm‘f _ 02) p+ a2 — —— (14 2w20® + 20%%) »

2 404 204
1 1 21
—oo{z,p} + 51’02{1‘7192} i % - iiad — &% (7.71)

The appearance of the Dyson map and Hermitian Hamiltonian differs from that presented in
Chapter 4. It is in fact the same Dyson map yet with the change g = ﬁ instead of g = ﬁ SO
that it coincides with the map 7 found using point transformations in Chapter 5. The auxiliary
equations also differ yet their solutions can be made equivalent, more details on this are in Chapter
5 section 5.6.4.
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The Hermitian invariant associated with the Dyson map 7 is then obtained via

2.4 4 1 2
o°w +402+w

1
I, =nlgn 't =o®p* + (02 + + 06d2) p* + —a? (7.72)

o2 4(74m
o2 n 2002w? + 6 4 S0 n 0 202w?% + 20462 + 1 (2.p}
- —+ ———— +d005 —x — x
2 2036 P o5 4036 P
+w'+ i
404’

and the Hermitian invariant for 7 is given by

~ o~ 1 1
I = il = o®p! — 2?0 "p® — ~o?p + ?xz +

5 5
5 1 r+— +w'.  (7.73)

204 404

The invariant Ij is considerably more involved than Ij.
We may now employ the Dyson maps and invariants to construct an infinite

series of Dyson maps for the time-dependent anharmonic quartic oscillator.

7.4.3 Infinite series of Dyson maps from n and 7

We start by constructing the operator A as in (7.2)
A =it = exp(Bp®) exp(ax) exp(Fp — ivp? — Bp®) exp(—ax). (7.74)
We may simplify this expression by utilising the braiding relation
AfBle A= (eABe*A) i f(B) =Y CuBm, (7.75)

meaning that f (B) can be expressed as a power series?. Letting A = az and

B = Ap — iyp? — Bp> we may write
eABe=A = _ppd — i(3aB +7)p* + (3028 + 2ay + )p + iafa(af +7) + 4], (7.76)

such that (7.74) simplifies too

2A simple proof of this identity is as follows

eAf(B)th = ZC’neABne*’Li = ZC" (eABefA)n =f (eABefA) ,

as
Apn —A Ap —A Ap —A Ap —A Ap —A Ap —A\"
e"B"e " =e”Be “e“"Be “e"Be “...e"Be © = (e Be ) .
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A=exp{(3a®8+2ay +7)p —i(3aB +V)p* +iala(aB+7) +7]}.  (7.77)

Following (S1) we now need to determine whether the quantity Al ,~1A*1 is Hermitian.
Several lengthy calculations may be avoided in the construction of the infinite series
of Dyson maps here by noting the adjoint action of A on each of the variables in I;.
Firstly, given that A is a function of p and p? we know that the adjoint action on p,

p? and p* produces no new terms. For the final three terms we obtain

o (202w2 + 1)

AzA™ ' =z + — 0+ 20%6p, (7.78)
dP At g2y 20 Z;- 20552) 2p2 N <2<73wj+0 N 205o—> (2.0},

(7.79)

A, pyA™" = {a,p} + (M:JFU) + 405d> P2, (7.80)

which are all Hermitian. Therefore we have that AI;LA_1 = (M) is Hermitian and
(S1) implies that
7 = Af (7.81)

is indeed a new Dyson map. Substituting 7(!) into the TDDE (2.3) produces the

corresponding Hermitian Hamiltonian

2¢ —In(o)

(1) #(1)
et e+ Y (782)

) _ 6.4, F1) 2, 71 L 5
) = g% + [P +f1§)p+mx+

where

;1) 5 8otwt + 602w+ 1 21 20%w? + 60462 + 1

fp2 - 5 + 4ol 52 ) f:I:p - 1056 R (7.83)
2, .2 492
Fo— (2¢ — In(0)) (40 w +40%6° + 1)7 s
P 40452
21y (In(o) —2¢)? — 867 (40%w* 4 0% (802w? — 1) 6% + 2056 + w?)
d 160452 . (1.85)

We now extend this analysis to determine an infinite series of Dyson maps.
Firstly we note that the quantity A"I; A™" = I is always Hermitian as the adjoint
action of A on all of the terms in I; is Hermitian and produces no new terms as

demonstrated by equations (7.78) - (7.80) and the fact that A is only a function of
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p and p?. From (S1) we therefore know that
7" = Anq (7.86)

constitutes an infinite series of Dyson maps. We have managed to determine the
corresponding infinite series of Hermitian Hamiltonians by finding patterns in the

time-dependent coefficient functions of p?, p, {z, p} and the free term. We have that

A = oOp* + f;ﬁ?)p? + f,S”)p + foo®® + for + féﬁ){$,p} + f](fn)» (7.87)
where
s(n) 3N 2 2 2 2 4.2
f) = +n +2(n® —1) c®w? + (n — 1)no's (7.88)
L [4(n 4+ 1)o*w* +2(2n + 1)0?w? + n]
40462 ’
H(n) [2¢ — In(0)] [2(n 4+ 1)0?w? + 2(n + 1)o*6? + n]
Fm = s , (7.89)
sy 2n02w? 4+ 2(n 4 2)0t6? +n
() _ st , (7.90)
sy [In(o) —2d?  2(n+1)o?w? + 2no%* + nw?
ff = ecigr 51 (7.91)
&% [4(n + 1)o*w? — no?|
204 ’
s 2c—In(o) x 1
b= i e

In a similar fashion we may also derive the other infinite series of Dyson maps given
by
n™ = A"y, (7.93)

which is associated with the Hermitian Hamiltonians
W = % + fSP? 4 [+ faat® + fow + f {2, p} + £, (7.94)

where

(n) _ [In(o) — 2¢] (2no?w? + 2no*6? + n + 1)

fp - 4oda2 ) (7'95)
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. 1 .
5 = n? 4 2(n+ 2no®w? + 5 — =+ (n + 1) (n + 2)o's? (7.96)

2 2
(n+1) (20%w? +1) (2no?w? + n+1)
+ 4062
m . (n+1)(20%*+1)  (n—1)s
Jop' == 4055 20 (7.97)
m _ (In(0) —2¢)?  w? (2no’w?® +n+1) 4 026% [n (40%w? — 1) — 1]
ff - 165442 954 (7.98)
+ (n+ 1)o%5,
2¢ — In(o) 1
fe="gmg e 4w (799

It is straightforward to compute the symmetry operators for I; and I,. We obtain
S = ATA = exp[2(6025 + 20y + 7)p). (7.100)

We have verified that SI;IS_1 = I; and SIS~ =1I,.

7.4.4 Comparison of infinite spectrally equivalent double wells

We shall now directly compare the time-dependent unstable anharmonic oscillator
potential in (7.60) with the infinite number of spectrally equivalent potentials in

(7.86)-(7.91) and (7.93)-(7.98).

The Hamiltonians (7.86) and (7.93) can be written as

H™ = 0% + FSp? + F"p + Fooa® + For + F!{a,p} + F{Y. (7.101)
where

FIE;Z) - f;g)’f;;)7 F}gn) — f;"),f;”), Fro = fows fozy Fo= for [, (7.102)

EG) =1, f, B = 0 . (7.103)

We now need to eliminate the terms proportional to x and {x,p}. We achieve this

with the following unitary transformation

R

U=e et TEp (7.104)
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where the unitary transformed Hamiltonians are given by

(n>>2

I (n) 2

(n) _ 6.4 (n) ( P 2 ) Falup 2 n  Fz

HY =c°p* + Fp2 7Fa:a: p° + Fp 7FM p+ Fyppx —|—Ff 1E,.
(7.105)

Next we scale these Hamiltonians with a time-dependent function = — (Fm)*l/ 2z
and subsequently Fourier transform them so that they are viewed in momentum
space. We obtain the spectrally equivalent Hamiltonians with time-dependent po-

tentials as

_ n n 2 n
H™(y,1) = py + 0° (Fua) ' + [FMF;Q) - (F) } P +FM(7.106)
#(n) 2
N F
(n) _ ZzJzp _ 'z
B Ao Lo

The time-dependent double wells potentials associated with the Dyson maps ﬁ(”)

are
= 4 [4cow? — 20w? In(0)] nw? (20%w? + 1)
v (y, 1) =L 2 7.107
026 [n —A(n+1)ow?] —2(3n+1)0%* , w? (2no?w? +n+1)
+ 8a852 vt 204
026% [n (40%w? — 1) — 1] + 2(n + 1)o%*
+ 95l .

Plots of these double wells potentials for different values of n and ¢ can be found in

figure 7.1. The time-dependent double wells potentials for the Dyson map n(™ are

given by
_ 4 [2c—In(0)] [20%62 — 1 — 20%w?] 2(5n + 1)o%¢*
vyt =L - 2 (7.108
(1) =7 50757 Y+ ——gser ¥ (7.108)
o?6? [42n + 1)o?w? + n+ 1] — [(n+ Dw? (20%w? +1)]
T 852 y
80
N w? (2no?w? + n+1) + 0262 (n (40%w? — 1) — 1) + 2(n + 1)o%*
204 )

These potentials are plotted in figure 7.2 for different values of n and t. We have
determined an infinite number of time-dependent double wells which are spectrally
equivalent to the time-dependent unstable anharmonic oscillator. The two infinite
series of Dyson maps do in fact lead to potentials with different characteristics for

the same parameter values.
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Figure 7.1: The time-dependent double wells potentials in 7.107 for ¢ = 0, ¢1 = 0.1, c2 = 0.5
and w. = 1.2 at different times and different values of n.
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Figure 7.2: The time-dependent double wells potentials in 7.108 for ¢ = 0, ¢1 = 0.1, c2 = 0.5
and w. = 1.2 at different times and different values of n.

7.5 Conclusions

We have proposed a scheme that allows to compute new time-dependent Dyson maps
from two seed maps in a iterative fashion for a given non-Hermitian time-dependent
Hamiltonian. As argued in general in section 7.2, in principle the iteration process

might continue indefinitely, thus leading to an infinite series of time-dependent Dyson
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maps including their associated Hermitian Hamiltonians. The symmetry operators
S of the Lewis-Riesenfeld invariants govern this behaviour. Thus when the symmetry
is broken also the iteration procedure breaks down. We carried out the procedure in
detail for a two-dimensional system of harmonic oscillators that are coupled to each
other in a non-Hermitian, but P7-symmetrical, fashion and the time-dependent
anharmonic oscillator. For the former we have presented in detail three examples
that exhibit different types of behaviours, but we have verified that similar results
are obtained when starting from different sets of seed functions. For the latter we
started with only two seed maps yet were able to construct the infinite series of
Dyson maps. We have focused in our analysis mainly on the relations between the
various Hamiltonians and their corresponding invariants, but having obtained the
Dyson maps, and therefore the metric operators, it is straightforward to extend the
considerations to the associated wave functions and inner product structures on the

physical Hilbert space.
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Chapter 8

Conclusions and outlook

8.1 Conclusions

The focus of this thesis has been to provide new methods, both exact and approxi-
mate, which aid in the study of time-dependent non-Hermitian quantum systems. Of
the four new methods presented one is associated with approximate solutions to the
TDSE based upon on the Lewis-Riesenfeld method of invariants with the remaining
being concerned with solution procedures for the time-dependent Dyson map 7(¢)
and metric p(t). To demonstrate the validity of these approaches we have studied a
wide array of both Hermitian and non-Hermitian time-dependent systems. For the
non-Hermitian case we additionally explored the spontaneously broken P7T -regime

which would have been discarded as unphysical for time-independent systems.

The first method we presented allows for the construction of approximate so-
lutions to the TDSE by utilising time-independent approximation methods such
as time-independent perturbation theory of WKB theory. These time-independent
techniques can be utilised in conjunction with the Lewis-Riesenfeld method of invari-
ants as the eigenvalue equation which the invariant satisfies has time-independent
eigenvalues. By studying two different systems with factorisable optical potentials,
for which an exact solution can be constructed, we demonstrated by calculating ex-
pecation values and the autocorrelation function that both time-independent meth-
ods produced a fairly accurate solution to the TDSE. For the time-independent
perturbation theory the agreement between exact and approximate solutions nat-
urally improved for decreasing expansion parameter and for the WKB approxima-

tion we found the main discrepancies around the turning points, where the WKB
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wavefunction blows up. Overall, by not insisting on full exact solvability of the
Lewis-Riesenfeld method of invariants will allow for the study of more complicated

time-dependent systems.

In chapters 5, 6, and 7 we were concerned with finding new ways to determine
the Dyson map 7(t) and metric p(t). In chapter 2 we covered the existing ap-
proaches highlighting the limitations for which some we wanted to overcome. For
example, a clear disadvantage in utilising the Lewis-Riesenfeld method of invariants
in the calculation of 7n(t) and p(t) was the reliance on an Ansatz for the time-
dependent non-Hermitian Hamiltonian H(¢). We overcame this by proposing the
use of point transformations in chapter 5 and demonstrating for the first time that
they can be used for the construction of non-Hermitian invariants for non-Hermitian
Hamiltonians. We also showed the flexibility of the approach by connecting time-
dependent non-Hermitian systems with exactly solvable time-independent Hermitian
and non-Hermitian systems as well as non-exactly solvable time-independent non-
Hermitian systems. While the approach suffers the same disadvantage as utilising
Lewis-Riesenfeld invariants of increased number steps to obtain 7(¢) and p(t), it
is imbued with the same advantages with the addition of bypassing a need for an

Anstaz for the invariant.

In chapter 6 we considered a perturbative method for the computation of 7(t)
and p(t). By applying this to a system of two-dimensional time-dependent harmonic
oscillators with a non-Hermitian i(p,p, +zy) coupling as well as the time-dependent
unstable anharmonic oscillator we were able to obtain exact solutions. For the former
system, by treating the non-Hermitian term as a small perturbation, we were able to
identify six unique Dyson map solutions. For the latter we treated the perturbation
as strong and recovered the exact solution determined in [4]. For both cases we saw
that we needed to modify the Ansatz for the metric in the perturbation theory if
the Dyson map was non-Hermitian. Further to this, we additionally explored two-
dimensional time-dependent harmonic oscillators where the non-Hermitian coupling
was ipypy. This system has first been studied in this thesis and we were able to
identify two exact solutions for the Dyson map where we again had to modify the
perturbative procedure to search for a series solution relating the time-dependent
parameters in the Hamiltonian. The study of these three systems has highlighted
that while the perturbative procedure allows for the construction of exact and mul-

tiple solutions for the Dyson map, it cannot be applied universally. The Ansatz for
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the form of the metric appears to be model dependent.

In addition to obtaining several solutions for the i(p,p, + xy) and ip,p, oscil-
lators, we also explored the broken P7T-regime for both systems. All Dyson maps
constructed were valid in the broken PT-regime bar one for the i(p.p, + xy) oscil-
lators, which was valid only at the exceptional point. This is similar to the effects
which were observed in [2, 51, 70, 71], yet here our solutions are restricted to a
particular parameter space. We cannot cross from the unbroken to the broken P7 -
regime.

Motivated by the number of Dyson maps we had found for the i(p,p, +xy) oscil-
lators, in chapter 7 we explored an approach which allowed for the construction of an
infinite series of Dyson maps by exploiting the symmetries of the Lewis-Riesenfeld
invariants for the non-Hermitian and associated Hermitian Hamiltonians. If the
symmetry was broken, then as demonstrated the iteration procedure could not be
completed. Therefore, even with two Dyson maps for a particular system there is
no guarantee that you can construct an infinite series of Dyson maps and equivalent
Hermitian Hamiltonians.

Throughout this thesis we also presented a new extensive analysis on the time-
dependent anharmonic oscillator. Previously we had obtained one exact solution
for the Dyson map [4] by solving the TDDE (2.3) with an Ansatz. By constructing
a point transformation between general Bender-Boetcher Hamiltonians and subse-

4 we were able to construct a time-

quently selecting the concrete potential as —x
dependent non-Hermitian invariant for the system. From there, after defining the
invariant on the correct contour as first done in [74], we were then able to more
easily identify a second time-dependent Dyson map, which when combined with the
first, as outlined in chapter 7, was a symmetry operator for the invariant. This
then allowed for the construction of the infinite series of Dyson maps and Hermitian
Hamiltonians which, after being unitary and Fourier transformed, contained an in-
finite number of spectrally equivalent time-dependent double wells terms.

Table 8.1 contains a summary of methods which can be used to obtain 7n(¢) and
p(t) including advantages and disadvantages. The first three approaches were out-

lined in chapter 2 and the final three correspond to the new works presented in this

thesis.
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Approach ‘ Advantages ‘ Disadvantages

TDQH (2.4) 1. Doesn’t involve h 1. p — n more difficult
2. Clearer structure for p 2. Coupled differential
(Hermitian) equations
TDDE (2.3) 1. n — p easier 1. n can be Hermitian or
2. Less restriction on Ansatz non-Hermitian: no clear
structure
2. Coupled differential
equations.
Lewis-Riesenfeld 1. Similarity transformation is | 1. Increased number of steps
invariants (2.13) easier to solve. 2. Ansatz for the invariant
2. Easier to solve for
eigenfunctions
Point 1. Advantages of invariant 1. Increased number of steps
transformations approach
(Chapter 5) 2. No Ansatz for invariant
Perturbation theory | 1. Obtain exact solutions 1. Can not be applied
(Chapter 6) 2. Identify several solutions universally
Infinite Series 1. Infinite solutions 1. Two starting n’s
(Chapter 7) 2. No guarantee series can
constructed

Table 8.1: Summary of comparison of existing and new solution procedures for 7(t) and p(t).

8.2 Outlook

With the work presented here being concerned with new methods in the time-
dependent quantum mechanics there are naturally many follow on questions.

Firstly, with regard to using time-independent approximations to find solutions
to the TDSE. A logical next step would be to apply the procedure to more com-
plicated systems, for example those with a Gaussian potential, we demonstrated
how to construct an invariant for such a model in chapter 3. The time-dependent
anharmonic oscillator now has an infinite number of spectrally equivalent Hermitian
Hamiltonians and corresponding invariants, this approach could be utilised to study
the spectra and eigenfunctions. There could also be systems for which an exact in-
variant cannot be constructed, weakening the first step of the approach to deal with
approximate invariants would open up the procedure to deal with more complex
physical phenomena.

We only considered here point transformations between one dimensional Hamil-
tonians. Extending the approach to higher dimensional systems would be of interest

in both the Hermitian and non-Hermitian regime. More complicated choices of both
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reference and target Hamiltonian is also worth study, and if the resulting invariant
is not exactly solvable we can utilise the approximate method outlined in chapter 3
to obtain eigenfunctions.

A model for which the metric is only known perturbatively in the time-independent
scenario is the complex cubic V' = iz potential. Using the perturbative approach
outlined in chapter 6 to study the time-dependent version of this model is of great in-
terest. There are issues here however associated with how to set up the perturbative
scheme correctly, as we demonstrated it cannot be applied universally. Determining
criteria for when to use the different types of Ansatz for the metric would therefore
also be beneficial.

As for all the other methods considered, it would be a natural next step to carry
out the infinite series scheme for more concrete models. Other questions however
arise from having an infinite number of solutions for the Dyson map/metric. We
know from chapter 6 that different solutions for the metric lead to different physical
behaviour as exhibited in the instantaneous energy spectra for the i(pyp, + zy)
oscillators. Do we observe similar effects for other physical quantities such as the
entropy?

Another open question which is related more to the broader field of non-Hermitian
quantum mechanics rather than just the methods is how we move from the time-
independent to the time-dependent regime. As can be seen for the time-dependent
anharmonic oscillator in chapter 4, we cannot recover the solution for the time-
independent Dyson map from the time-dependent one. Exploring the connection
between the time-independent and the time-dependent could also give a generic
argument as to why the broken P7T-regime is 'mended’ with time.

To conclude, this thesis has provided an array of new methods in the areas of
time-dependent Hermitian and non-Hermitian quantum systems. There now exists
a multitude of approaches, both approximate and exact, which can be utilised to
determine the metric and Dyson map, the application of which will hopefully increase
our understanding of phenomena related to time-dependent non-Hermitian quantum

mechanics.
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Appendix A

Lewis-Riesenfeld Invariants

In this appendix we shall be providing further details on the Lewis-Riesenfeld method
of invariants [89]. We shall demonstrate that the eigenavalues of a Lewis-Riesenfeld
invariants are indeed time-independent, that the eigenvectors of the invariants do
satisfy the TDSE, and also how to relate a Hermitian and non-Hermitian invariant

via a similarity transformation involving the time-dependent Dyson map .

A.1 Time-independent eigenvalues

To demonstrate that the eigenvalues, A, are indeed time-independent we start with
eigenvalue equation which the invariant I(¢) satisfies (2.10). Taking the scalar prod-
uct of this equation with the bra (¢,|, and assuming orthonormal eigenvectors

(Pn|®dm) = Onm, we may write the time-derivative of the eigenvalues as

0
OAn = §<¢nu|¢n>7
= (01(Pnl) I|on) + (DnlOcL|bn) + (Pull (O¢|bn)) ,
= N (Bu(@al) &) + 5 Dl 11, H [60) + Aul@nl (D1]6n)
= a0t ((ul6n)) = 5 (@ HA = M H|60),

—0, (A.1)

where we have used the fact that the eigenvalues are real guaranteed by the fact

that IT = I.
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A.2 Eigenvectors satisfy the TDSE

To show that the eigenvectors in the eigenvalue equation (2.10) do satisfy the TDSE

we again start with the eigenvalue equation. Taking the time-derivative we obtain

An‘én> = I‘¢n> + I‘én%

_ _% [H, 1] |6n) + T n),

= g Hl6a) + 3 THlgn) + 11n). (A2)
If we now take the scalar product with the bra (¢,,| we obtain
Albln) = ~An Gl Hlbn) + Aot (Sl Hlon) + n (bl ). (A3
We may re-arrange this to obtain
(A = Am){Dmdn) = A = M) (9| H ). (A.4)
For this equation to hold for both A, = A, and A\, # A, we must have that
ih{mldn) = (dm|H|bn), (A.5)

and therefore |¢,,) must satisfy the TDSE.
We may also derive the time-dependent phase function given by (3.5). To do
this we consider the time-dependent states [1h,) = e *n(®)|@,) and take the time

derivative
[Un) = i€ dn) + €7 |by,). (A.6)
As W}n> = —% ian [/ |¢,,) we have that

<¢n‘ihat - H|¢n> (A7)

St| =

Oy, =

Therefore the phase ay,(t) is given by equation (2.11).
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A.3 Similarity transform between Hermitian and non-

Hermitian invariants
We now wish to prove that the relation

I, = T]IHU_I, (A8)

holds. To do so we start with the evolution equation (2.12)

dIp,

— =0 — 1|l = A.
dt 8th Z[h,h] 0, ( 9)

and substiute the expression (A.8) into the right hand side obtaining
Ot (nIanl) —1 [nIanl, h] =0. (A.10)
The first term in this expression is expanded as

O (nIum™") = (Om) Iun™ " + 1 (0 Iu)n™ " +nlg (Om™'),

= (Om) Inm ™ + in[Iu, Hln™ " +nly (0m™') (A.11)

the second term requires a little more attention. We first substitute the TDDE (2.3),
the similarity transformation (A.8) and expand the addition term in the commutator

giving

[y, h] = [nIgn~ ' nHn ™ +i(0m)n~?]

= [nIgn~ ', nHn Y +i [nlun™ ', (Om)n~] . (A.12)

To simplify this expression we make repeated use of the following commutator iden-
tity
[ABC,D] = AB|C, D] + A[B, D]C + [A, D]|BC. (A.13)

and the following equation for the derivative of the inverse of the Dyson map

(Om~") = —n~ (@m)n . (A.14)

The first term in (A.12) simplifies to
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mIgn™  nHn ' = nlgn™" nHn 1+ nllg, nHy ' In~" + [n,nHn [Ign~"

=nly (" 'nHy ' —nHn'n™Y) +n (IgnHn™" — nHy ' Iy)n!

+ (mmHn~' —nHn"'n) Ign™!

=nlgHn ' —nHIgn™!

= n[Ig, Hn ™, (A.15)

and the second term in (A.12) reduces to

nIen™", (Om)n ™1 = nlan™", (Om)n "] + nlla, @em)n™ In~" + [n, (Qem)n~ 1™

=nlg (0 @m)n~" = (@m)n~"n7")

+0 (T @em)n™" = @emn™ g ) n~!

+ (@™t = (Bmyn~"n) Iun™,
=nlgn ' @m)n~" — @) Ian ",
= —nlg@m ") — (Om)Iun " (A.16)

Combining (A.15) with (A.16) we have shown that
[ B = nlL, Hln ™ = inI (9 ™) — i(0n) Len ™, (A-17)

which when substituted into (A.10) with (A.11) verifies that the expression (A.8)
holds.
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Appendix B

WKB theory

In this appendix we shall demonstrate how to derive the WKB wave functions fol-
lowing [169], the connection formulae and the quantization condition for the one-

dimensional TISE.

Our starting point is the one dimensional TISE

¢ p(x)?

72 2 () =0 where  p(x) = +/2m(E — V(z). (B.1)

———+

If V(x) were constant then the solution to this equation provided E > V would
be plane waves ¢(x) = AeFrr/h Motivated by this solution we assume that when

V(x) is not constant but instead slowly varying the wave functions takes the form

() =en (B.2)
We substitute this into the Schrédinger equation (B.1) to obtain
ihS" (x) — S’ (x)? + p(x)? = 0. (B.3)
Expanding S(z) now as a power series in &
S(x) = i RSy (z), (B.4)
n=0

substituting into (5.41) and equating powers of h, we may pull out the zeroth and

first order equations which need to be satisfied

Si(2)* = p(x)? and S (x) = —2iSy(x) S (). (B.5)
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The respective solutions to these equations are
xX
So(z) = :l:/ p(y)dy and In S{(x) = —2iS1(z) + c, (B.6)

where ¢ is a constant. If we now approximate S(x) by only keeping terms up to first
order in A meaning

S(z) ~ So(x) + hS1(x), (B.7)

we obtain the WKB wave function

YWEB(z) = A i TPy B e~/  py)dy

= /@ @) | (B5)

where A and B are constants to be determined. We have taken a superposition of

the two possible linearly independent states.

The wave function given by (B.8) is actually only valid in the " classically allowed”
region where E > V(z). We can obtain the wave function in what is known as the
" classically forbidden” region where E < V(x). In this case the momentum p(z)

becomes imaginary and the wave function is given by

GWEB () — Lefz a(y)dy | Le— I aw)dy, (B.9)
q() q()
where
q(z) =/2m(V(z) — E). (B.10)

There is a difference in behaviour of the WKB wave functions in the two regions.
In the classically allowed region the solution is sinusoidal and in the forbidden region
the wave function decays exponentially. The transition between these two regions of
differing behaviour happens at the turning point. These turning points are defined
through V (z;) = E, with x; being the location of these turning points. The WKB
solutions break down here as the amplitude of the wave functions diverge. We
therefore need a way to connect the two wave functions on either side of the turning

points with a ”patching” wave function.

Following Griffiths [169] we shall now demonstrate how to ”patch” the two wave
functions either side of a turning point we shall consider a potential V' (z) where the

classical turning point is located at x = 0. To the left of the turning point is the
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classically allowed regions and therefore the solutions are sinusoidal and the WKB
wave function is given by equation (B.8). To the right of the turning point will
be the classically forbidden region where the solution is exponentially decaying the
WKB wave function is given by (B.9). In the patching region which is in the vicinity

of the turning point x = 0 we shall approximate the potential by a straight line
V(z)~ E+V'(0)z. (B.11)

We now need to solve the Schrodinger equation (B.1) for the linearized potential for

the patching wave function 1,

h? d*,

o a2 + (E+V'(0)z)p = 1. (B.12)
By setting
o, /3
o= [th (O)] (B.13)

and changing variables through z = ax we may recast equation (B.12) as the Airy

equation
2
d“1y
dz?

= 21p. (B.14)

The general solution to the Airy equation is

Yy = aAi(z) + bBi(z), (B.15)

where Ai(z) and Bi(z) are the Airy functions, a plot of these functions is given
in figure 3.1 displaying the aforementioned sinusoidal and dacying or increasing
behaviour on either side of the turning point. The integral representation of these

functions are

1 [ 53
Ai(z) = / cos ( + sz) ds, (B.16)
™ Jo 3
]. o0 83 s3
Bi(z) = / [sin ( + sz) + eSHZ] ds. (B.17)
™ Jo 3
We however will only be concerned with the asymptotic forms of the Airy functions
given by
Ai(z) ! e=32? and Bi(z) ! es?"/? (B.18)
2y/mz1/4 /4 ’ '
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Aiz) Bi(z)
3.0

-1 0
-0.5-

Figure B.1: Graphs of the Airy functions Ai(z) and Bi(z) respectively.

when z > 0. When z < 0 we have

; b2 e T
Ai(z) ()i sin [3( 2)°% 4 4] (B.19)
3 . 3 .
fﬂ( 1‘Z>1/4 l:ezg(_Z)?eZAl e_lg(_2)26_24:| 7
and
; B 2 32, T
Bi(z) (=) cos [3( z)° + 4} (B.20)

i2(— s —i2(— s
623( z) elr + e i5(—2) e 14:|'

1
- |
We now need to determine the WKB wave function in the vicinity of the turning
point. We shall start to the left of the turning point and assume that the slope is

positive (V'(z) > 0). In this region where z < 0 the momentum will be given by

p(z) = /2m(E — V(z)) ~ ha’/?\/ =z, (B.21)

therefore the WKB wave function is

A -2 3 B .92 3
— —i%(—ax)2 12(—ax)?2
o= \/ﬁ(—a3x)4e ' " \/ﬁ(—a3x)4e ’ . (B.22)

Similarly to the right of the turning point where z > 0 and we are in the classically

forbidden region the WKB wave function can now be written as

C 3 D 2 g
_ (o) 3 —2(an)
vrle) = \/ﬁ(a?’x)‘*e " \/ﬁ(a%)‘le ’ . (B.23)

wiN

We will now patch these WKB wave functions to correct forms of the asymptotic

Airy functions. In the left region, the WKB wave function (B.22) re-written in terms
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of z as

.2 3 . 3
Wy(2) = %e*%(*zﬂ + B 3l (B.24)
Vha(—z)1 Vha(—2z)

will match with the z < 0 form of the Airy functions. Setting ¢;(z) = aAi(z) +

Wl

PN

bBi(z) and solving for a and b we get

a= \/g (Ae_z% + Bei%) and b= \/g (Aei% + Be_i%) . (B.25)

Similarly in the right region we may set ¢,(z) = aAi(z) + bBi(z) yet we now use
the asymptotic forms of the Airy functions for z > 0. In doing so we obtain a and

b in terms of C and D

4 s

Setting equations (B.25) and (B.26) equal to one another allows us to now write

down the connection formulae for a right hand barrier (V/(z) > 0)

1 g . 1 s %

D = (AT 4 Be'T), = (AT + Be'), (B.27)
1 e . 1 - ;T

A = §(DelZ +Ce'4), B = §(D€71Z + Ce'1). (B.28)

The equivalent formulae for a left hand barrier (V'(x) < 0) can be derived in a
similar fashion.

We can summarise the connection formulae as

9
p(z

1

V()

5 008 [/xap(y)dy/h— ﬂ “ exp [— /ax q(y)dy/h], (B.29)

and

1

Vp() V(@)

for a right hand barrier. For a left hand barrier we have

sin U:p(y)dy/h— Z] — exp an (J(y)dy/h] ,  (B.30)

1
q(z)

exp [— /: Q(y)dy/h] — cos [/;p(y)dy/h— Z] (B.31)

2
Vp(x)

and
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1
q(z)

exp [/:Q(y)dy/ﬁ} “ —\/I%Sm[/;p(y)dy/ﬁ—ﬂ- (B.32)

We can now use the derived matching conditions of the WKB wave functions to
derive the quantization condition. To do this we shall consider bound states in a

quantum well as depicted for a generic potential V(x) in figure B.2. The classical

Classically|allowed
Classically
forbidden

Classically

x1 X2 forbidden

~_ *

Figure B.2: Schematic representation of a potential well V(z) with classical turning points
x1 and xa.

turning points determined from the condition V' (z) = E are labelled x; and x2. The
well will be defined by three regions. Region 1 will be a classically forbidden region.
Region 2 will be the classically allowed region in between the turning point x; and
xo2. The third region will again be a classically forbidden region. At x1 there is is
a left hand barrier (V'(z) < 0) and at x5 there is a right hand barrier (V/(z) > 0).
For region 1 we start by neglecting the part of the wave function that would blow

up at —oo, we find the WKB wave function in the region to be

bi(x) = j() e = [ atwann). (B.33)

with C being a constant. Similarly in region 3 we have

bs() = ﬁ;)exp - [ awau]. (B.31)

a\r 2

By using the connection formulae given by equations (B.31) and (B.29) we obtain
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two results for the wave function in region 2 given by

() = Qpc(;) cos | | bl - 4 (B.35)

and

() = j]% [ vwann-5]. (B.36)

These wave functions have to be equal. Therefore if we use the fact that

T2 T2 xX
/ dy :/ dy —/ dy, (B.37)
T x1 1

we can rewrite equation (B.36) as

() = 253 S co [ /m " o) fh — / " p(a!)da Jh— Z] . (B.33)

p(x 1 x1

If we now let

A= /:E2 p(z’)dx' /b and B = /w p(z')dx' /h. (B.39)

T 1

We can write

o fa (57)] =sm[a- ()]

= sin [A] cos [B — %} — cos [A] sin [B — %} . (B.40)

We need this expression to be proportional to cos|[B — m/4] so that it can match
correctly with (B.35). This leads to the condition that cos[A] = 0, this is achieved

if A= (n+ 1/2)7 and leads to the quantization condition:

/x " () da = <n + ;) h. (B.41)

1

Furthermore, we have the requirement that sin[A] = (—1)", and hence C; = (—1)"C5.

163



164



Appendix C

Integral derivation

In this appendix we shall derive the integral given by equation (3.43) in the main

body of this thesis. To do so we shall be considering the following integral

/oo 2*"Dg(z)Dg(z)dz, (C.1)

—0o0

and consider three separate cases.

C.1 S and R are even
For S and R both even we shall consider
/ xQ"Dgs(x)Dgs(x)dx. (C.2)
0

The parabolic cylinder functions are related to the physicist’s Hermite polynomials

[170] through
T

Dog(z) = 2 % % /1 Hy, (ﬂ) : (C.3)

which allows us to rewrite our integral as

9= (s+1) /OO ne—a®/2pp, (””) Hy, (”7) da. C.4
; xe 2 \/5 2 \/5 €T ( )

The Hermite polynomials are related to the Laguerre polynomials [170] through

Hog(z) = (=1)%22551L71/2) (22), (C.5)

165



and so our integral becomes

247 os+r * o —22/2 7 (~1/2) a? (-1/2) a?
(—=1)“T257 " slrl x“"e Ly 5 L, 5 dx. (C.6)
0

If we change variables to y = 2/2 our integral reduces to
[e.e]
(_1)s+r2s+r+n1/28!r!/ ynfl/Qefngfl/Z) (Z/) L7(471/2) (y) dy, (07)
0

We notice that this integral is of a similar form to one derived by Mavromatis [171],

which is given by

/ a"e L) () L) (z)da =
0

m+aoa\/n+B8—u—1
( m >< 6nl~t )F[M—i-1]3F2(—m,u+I,M—5+1;a+17u_ﬁ_n+1;1)

(C.8)

where Re(p) > —1 and n,m € N, and the function 3F5(a,b,c;d, f;z) is the hyper-

geometric function defined as

3Fy(a,b,c;d, f;2) = Z(a)c];)(b)kgc)kzk

(i K (C.9)

with (a)r = I'(a + k)/I'(a) denoting the Pochhammer symbol. Using this we can

therefore write down a form for the integral given by (C.1) when s and r are both

even:
& —1/2 —n—1 1
/ 22 Doy () Doy (z)da = (—1)5+72L/2+s+7+n g1y (S / > (r " )r [n + ]
—oo 5 T 2
1 1
x 3FY —s,n+§,n+1;§,n—r+1;1 . (C.10)

Unfortunately this result is only valid for when n > r. To overcome this we first
write the hypergeometric function in equation (C.10) as power series using equation

(C.9) noting that the series will terminate as s:

1 1 N\ = (e +1/2)(n 4+ 1), 1
3F2< s+ gontligon r+1,1>_kzo UDn—r + D & (C.11)
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We can also write the binomial involving 7 in equation (C.10) in terms of a Pochham-

mer symbol

r rl

(r_”_1> BV (C.12)

By multiplying this by equation (C.11) and noting that

m—r+1),(n+1)

= k_ 1 T 1
S P L (C.13)
we obtain
—n—1 1 1
(T " >3F2<—s,n+,n+1;,n—r+1;1>:
r 2 2
(=1 Z (k—r+14+n)(=8)p(n+1/2)
! k=0 k'(1/2)k ’
(=" - 11
= VAl nlly (=t Lnt gign+1-rl), (C14)

where the function 3F (a, b, ¢;d, f; z) is the regularized hypergeometric function de-

fined by

2 N B S O OGS
Furthermore, by writing
<s —81/2) _ F[s\/—;i(ZL (C.16)
as well as
r [n + ;] T[1 +n] = 272"V27T[1 + 2n), (C.17)

we obtain our final form for equation (C.10)

/OO 22" Dy () Doy (z)dx =

—00

L = 11
(—1)521/2+s+r—n\/7>rr[1 + QTL]F |:S + 2] 3Fy (—5711 +1,n+ 5; 3 n+1—r; 1> ,

(C.18)

which is valid for all n > —1 and s, € N.
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C.2 S and R are odd

For the case where S and R are both odd we shall consider the following integral

o
/ 22" Dy o1 (2) Doy (). (C.19)
0
We shall follow the same procedure as before. First we write the parabolic cylinder

functions in terms of the physicist’s Hermite polynomials

D25+1(ZL‘) = 2_(S+1/2)6_x2/4H23+1 <5§> N (CQO)

which results in our integral being

9—(1+s+7) /OO 2n fo/ZHS (x)HT (x>d . C.21
; e 2s5+1 NG 2r+1 /2 £ ( )

We now write the Hermite polynomials in terms of Laguerre polynomials, which for

odd S and R are given by

Hogpr () = (—1)%22F 51z L2 (22). (C.22)
Our integral now reads
(—1)¥Hr2lt) gl / T 2 DUD () L) (42 (C.23)
0

By substituting y = 2%/2, the integral reduces to a familiar form given by
(o]
(—1)Frestran 2l / y" e VL) (y) L) (y)dy, (C.24)
0

Using the formula derived by Mavromatis [171] given in equation (C.8) we obtain

& 1/2 —n—1
/ x2"D25+1(w)D2r+1($)dw:(—1)S+T25+r+”+3/23!r!<5+ />(T " )

o0 s T

3 3 3
xF[n—i—J 3y <—s,n+2,n+1;2,n—r+1;1>. (C.25)

We now need to modify this formula to ensure that it is valid for all combinations of

n and r. We first write the hypergeometric function as a power series using equation
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(C.9)

3 3
3FY <—s,n+,n+1;,n—r+1;1

: - (C.26)

>: ~ (=8)u(n +3/2)k(n+ )y 1
—  (B3/2k(n—r+1) kU

We then write the binomial involving r in equation (C.25) in terms of Pochhammer

symbols using equation (C.12), and then utilise the relation given in equation (C.13)

to obtain
<T_Z_1>3F2 <—8,n+z,n+1;2,n—r+1;1> =
1§ (b Ll £ /2,
roe K'(3/2)s ’
= ;(_Tl')r\/%F[l + n]gﬁg (—s,n + %,n +1; g,n —r+1; 1) , (C.27)

where 3F; (a, b, ¢;d, f; z) is the regularized hypergeometric function defined by equa-

tion (C.15). If we combine this with the fact that we can write

s+1/2\ 2T [s+3]
()2l o
and
[l +n]T [n - g] = 2717 /712 + 2n], (C.29)

we obtain our final form for equation (C.25):

/ x2nD25+1($)D27»+1 (l‘)dl‘ =

—00

3| = 3 3
(_1)525+r—n+3/2\/77{‘[2 + QTL]F |:S + 2] 3Fy (—S,’n + 5,71 + 1; 5 n—r+1; 1> ,

(C.30)

which is valid for all n > —1 and s, € N.

C.3 S is even and R is odd

For the final case we have that S is even and R is odd, and therefore we shall consider

the following integral

/0 " 2 Do (1) Doy () . (C.31)
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Using equations (C.3) and (C.20) we can write this integral in terms of Hermite

polynomials

9—(s+r+1/2) /OO 2n —w2/2H s <:13> Ho, <x) dz. C.32
; z"e 2 NG 2r+1 NG x ( )

If we now use equations (C.5) and (C.22) we can write this integral in terms of

Laguerre polynomials

(_1)s+r2$+rs|,r| /oo $2n+16—$2/2L(—1/2) (332) L(1/2) <1'2> dx (C 33)
LY AR 0 S 2 T 2 ’ :

If we change variables to y = 22/2 we obtain
(—1)strostringly /0 y e VLEYD (y) L) (y)dy. (C.34)

If we now use equation (C.8) we obtain
o —-1/2 —n—1/2
/ 22 Doy (2) Doy 1 (z)d = (—1)SHrorrstnlgp) (5 / ) (T n—1/ )
o s T

11 1
x Dln + 1|3F; (—5,n+1,n+2;2,n—r+1+2;1>. (C.35)

For this equation we now wish to obtain a form that is similar to equations (C.18)
and (C.30). In order to do this we proceed in the same way as before by first writing

the hypergeometric function in terms of a power series using equation (C.9) yielding

> N G+ Dp(n+1/2), 1
(1/2)s(n —7r+1/2), k!
(C.36)

11 1
B - Ln+ = n—r+1+=;1
3 2< s;ntlntoig,n—r+l+g; 2

We now need to write the binomial involving r in equation (C.35) in terms of

Pochhammer symbols to obtain

r r!

() [ Y (C.37)

If we now multiply this by equation (C.36) and use the the following relationship

involving Pochammer symbols

(n—r+1/2),(n+1/2)
i (kmrEl2dmn)y, (C.38)
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we obtain

—n—1/2 11 1
<r n />3F2<_3’n+17n+;2,n—r+1+2;1>:

T 2
_ (=) ZS: (k—r+1/24 n)r(=s)k(n+ 1)
7! — EN1/2)g
-y 1 . 11 3
= Tﬁf‘ n+§ 3Fh —s,n+1,n+§,5,n—r—|—1+§,1
(C.39)
Combining this with
s—1/2\ T [s+3]
=+ 2J C.40
< s > slym (C.40)
and
1
Ln+ 1T [n + 2} =272 /711 + 2n], (C.41)
we obtain

/ 2" Dy, (2) Doy 11 () dex =

—0o0

17 - 11 1
(—1)s2rtsti=n /a1 + 2n)T [s + 2] 3y (—s,n—i— 1,n+ 3igm Tt 1+ 3 1) ,

(C.42)

which is valid for n > —1 and s,r € N.

Finally we can now combine the final formulae for all 3 cases given by equations

(C.18), (C.30) and (C.42) into a universal form given by

o0 -5 1
/ %" Dao () Dy () = (=1)°25+7 557 /r [ +g+0

- 1 1 5—0
x IT'2n + 1+ d]3F> (—s,n+1,n+2—|—5;2+5,n—r—|—1+2;1)
(C.43)
for n,r,s € Ng and (§,9) = (0,1),(0,0), (1,1). Our formula generalises the result of
Mavromatis [171].
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Appendix D

Point transformations

In this appendix we shall demonstrate how to derive equations (5.11), (5.12) and
(5.13) by utilising point transformations [155, 161].

We wish to determine the point transformation which maps the Schrodinger
equation (5.2) to (5.1) for Hp(x) being the time-independent harmonic oscillator
(5.9). The wave functions ¢ and ¢ are implicit functions of (x,7) and (x,t) respec-

tively and the functional dependence of y, 7T and % is

x = x(z,t), 7=7(x,t), =Rzt ¢(x1)). (D.1)

We compute the total derivatives of x and 7 with respect to x and t

d

% = wxXa: + wTTx = R¢¢x + sz (D'2)
dy

E == wxXt + ¢TTt = R¢¢t + Rt. (Dg)

We may solve this system of equations for the unknown functions v, and ¥

1

wx = j (TtR¢¢x - T$R¢¢t + Ry — Tth) y (D4)
1

Yy = j (XzR¢¢t - XtR¢¢z + Xz Bt — XtR:r) ’ (D'5)

here J = x,7 — X+, is the Jacobian. As there is a momentum squared term we also

compute the derivative
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%)

T2 = ¢X,XX§; + Uy Xzz T 2UVx 7 XaTe + YrToe + ¢T,T7‘§ (D.6)

= R¢7¢¢i + R¢¢IB,$ + 2R¢,r¢x + Rx,gc-

Present in (D.6) is the nonlinear term Ry ,$2, there are no nonlinear terms present
in the TDSEs we are considering and therefore to eliminate this we factorise the

wavefunction as

= Az, t)0, (D.7)

such that R4 4 = 0. Similarly, in (D.6) we notice a term proportional to a double
derivative in the time co-ordinate for the reference system v, .72, there are again

no such terms present in the TDSE so we opt to take
T =17(1), (D.8)

such that 7, = 0. We may now solve (D.6) for ¢, , and simplify expressions (D.4)
and (D.5) to obtain

Yox = — [<Az,x - X"’”””) ¢+ <2Ax - A;“’z) bo + Aﬁbx,x] . (D9)

X2 z .
wng(&¢+AmL (D.10)
by = = [(At - Al"“) o g +A¢t} . (D.11)
Tt T Xz

Substituting these into the TDSE for time-independent harmonic oscillator (5.9) we
obtain the point transformed TDSE

h2 Tt
1 h — —=@p + Bolx,t) . — ;1) =0, D.12
i ¢t+2mxg¢, + Bo(z,t)¢z — Vo(z,t)¢ =0 (D.12)
where
. Xt h? Tt A, Xzx

B t) = —ih~+ ——(2— - == D.13
O(xv ) ? X:L‘+2mX;23< A X:E>, ( )

1 . A A Xt h2 Tt A A X
Volx,t) = —mmxPw?—ih 5F - 2240 ) - = L (222 TRART ) 1y
olent) = gmmxce l(A Am) a2\ A Ay, )P
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