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ABSTRACT

This thesis is the third in a series of studies on the
Korteweg-de Vries equation (KdV) and its homologues,
the objective being to understand its distinguished
position when embedded in a class of similar equations.

Now the KdV is a partial differential equation which is
well-known to have some remarkable mathematical
properties. Furthermore, it also appears as a useful
model in a great many physical situations. Thus,
although it was originally obtained as an approximation
in fluid dynamics, it was reinterpreted as a canonical
field theory for weakly dispersive and weakly nonlinear
systems. This reinterpretation led to the hypothesis
that the properties of the KdV could be understood in
terms of a balance between the competing effects of
dispersion and nonlinearity. Alternatives to the KdV
were proposed on the basis that their dispersive
properties were physically and mathematically
preferable to those of the Kdv.

The first study, which was undertaken by Abbas, was to
test the hypothesis described above that dispersion is
a gseful criterion for constructing nonlinear
equations. By introducing a general class of
equations which Includes the KdV and all its proposed
alternatives as special cases, he investigated in
detail the predictions based on the dispersion relation
and compared them with the actual properties of the
equation, particularly in regard to the existence of
solitary waves. He found little correlation and some
contradictions and concluded that the idea of a balance
between nonlinearity and dispersion is not a useful way
of understanding these equations. This meant that
other criteria must be developed to obtain this
understanding.

The criteria we are looking for would have to account
for the existence of families of solitary waves in the
general class and, in the case of the KdV, for
solitons. However, before doing this it was
Important to establish the mathematical wvalidity of the
equations, l.e. well-posedness and existence of
conservation laws. This was carried out by
El-Sherblny in the second study of the series. By
partitioning the set of equations into equivalence
classes, he proved existence for most of the equations
and well-posedness for some. He also showed that,
with the exception of the KdV, all the equations have
at least two and at most three conservation laws.

ix



At the time that this third study was started interest

was focussed on the integrabllity of nonlinear
evolution equations and, through the Palnlevé
conjectures, this was reformulated in terms of the
analytic structure of the solutions of these equations.
It seemed natural, therefore, to look at the Abbas'
class of equations from this point of view as the major
objective. In addition, we critically examine the
structure of the solitary waves themselves in order to
answer the question of when a solitary wave is a
soliton.

The first part of this thesis contains the introduction
and relevant reviews of the inverse scattering method,
integrability and the work of Abbas and El-Sherblny.

The second part of the thesis contains our main
contributions and we begin by obtaining all the
similarity reductions to ordinary differential
equations for the general class of partial differential
equations using one-parameter Lie groups. We derive
the singularity structure of the general solutions of
the similarity equations and use this analysis to
Initiate a classification of third order nonlinear
ordinary differential equations. Next we obtain the
singularity structure of classes of general solutions
of'the partial differential equations directly in terms
of Laurent-type expansions. These results are
compared with those obtained via symmetry groups and
equations which are or are not Palnlevé-type
identified. We also look for special cases of the
general solution which may be restricted solitons. We
do not find any, and, in the case of the regularised
long wave equation, we prove that it does not have any.
Finally, we develop a classification of the solitary
waves of the general class and use this to develop
necessary criteria for a solitary wave to be a

soliton.

The thesis ends with a resumé and suggests avenues for
continuing this investigation.



CHAPTER ONE

INTRODUCTION

The concept of a solitary wave was first Introduced In
1834 by Scott-Russell and his famous horseback obser-
vation. He was observing the motion of a boat drawn
rapidly along a narrow channel by a pair of horses.
When the boat suddenly stopped, the mass of water which
the boat had set In motion '... rolled forward with
great velocity, assuming the form of a large solitary
elevation, a rounded, smooth and well-defined heap of
water, which continued Its course along the channel
apparently without change of form or diminution of

speeds ...'.

In 1895 Korteweg and deVries t191 constructed a
nonlinear partial differential equation (PDE) for
studying solitary waves on shallow water. This
equation which was derived as an approximation from the
equations of hydrodynamics. Includes both nonlinear and
dispersive effects, but Ignores dissipation. It has

the well-known form

ut + ux * uux * uxxx ' 0 <1-1)

A solitary wave Is a localized travelling wave and

consequently can be obtained by assuming



U(x, t) = £(7?) (1.2)

where 1) = x - (l+c)t represents the position In a
coordinate system moving at a velocity (1+c) for
which the wave appears stationary. The resulting
ordinary differential equation (ODE) can then be solved
to give the shape of the solitary wave, if such a
solution exists. In the case of the Korteweg-deVrles
equation (KdV) this ODE can be integrated exactly to
give the solitary waves

Yc

u = 3c sech 2 x - (I+c)t) , Cc € @

(1.3)
Since <c¢ is not negative, an Important property of the

solitary waves of the KdV is that they are

unidirectional with speeds ranging from 1 to .
Since the work of Korteweg and deVries the existence of
solitary waves has been shown for several PDEs and some

of these will be given in the next chapter.

A different kind of solitary wave occurs for the sine-

Gordon equation (SGE)

*xx - *tt W 3ln,> a -4)



where 0 e 10, 277]. For this equation, the solitary

waves correspond to a rotation In ¢ by 2n and have

the forms

= 4tan c « R

(1.5)

These solutions exhibit some of the properties of
classical particles and hence have potential
applications In elementary particle theory (251.

In fact it was their Interest in how elementary
particles would scatter upon collision which led
Perring and Skyrme (241, in 1962, to Initiate computer
experiments on the solitary waves of the SGE. These
experiments Indicated that the solitary waves emerge
from the collision having the same shapes and
velocities with which they enter. This led Perring
and Skyrme to find analytical expressions describing
collision events which, Interestingly, had been derived
a decade earlier by Seeger, Donth and Kochendorfer

(26) .

Soon after the work of Perring and Skyrme had appeared,
Zabusky and Kruskal [311 published results of a
completely Independent study of the application of the
Kdv equation to the Investigation of plasma waves.

Once again, computer experiments Indicated that the



solitary waves emerge from a collision having the same
shapes and velocities with which they enter. Zabusky
and Kruskal coined the term SOLITON to describe the
solitary wave which exhibits this phenomenon. The
question then arose as to whether there exist solitons
which, asymptotically, are a superposition of an
arbitrary number of solitary waves. The earlier
evidence that the work of Perring and Skyrme provided

seems to have gone unnoticed at this stage.

An analytic procedure for solving the initial value
problem of the KdV equation for data which vanishes
rapidly as |x| — @ o was discovered by Gardner, Green,
Kruskal and Muira (GGKM) in 1967 [121. The initial ValwE.

problem they considered was

ut - 6uux + uxxx - °' U '6a)
u(x, 0 = uo(x) (1.6b)
for x e (00, cd), t > 0. The existence of classical

solutions for this class of data was proved by Bona and
Smith in 1976 [61. The key step in developing the
method came from an observation of Muira [221 that if

v is a solution of the modified KdV equation (MKdV)

r‘ —
w. - &v. +v, . =0 (1.7)

then



v (1.8)

is a solution of the KdV equation (1.6). Now (1.8)
is a Ricatti equation and can be linearized by the
substitution v = Using this together with a
symmetry transformation of the KdV leads to the

eigenvalue ODE

oXxX " (u-Ms» =0 (1.9)

where \ 1is a constant, i.e. independent of time for
each t, equation (1.9) is a time-independent
Schrodinger equation with potential wu(x, t), energy

level \ and wave formation #(x, t).

The initial value problem (l.6a, b) was thus reduced to
an inverse scattering problem i.e., computing u(x, t)
from a knowledge of the scattering data comprising the
discrete eigenvalues, normalised coefficients of the
corresponding eigenfunctions and the reflection
coefficients. The problem is then solved in terms of

a linear integral equation.

Solving this linear integral equation was then
equivalent to solving the initial-value problem. This
was a significant addition to methods for solving
nonlinear PDEs and became known as the Inverse

scattering method. This method will be reviewed in



much greater detail in the next chapter.

Although GGKM developed the inverse scattering method
(ISM) for the KdV in 1967, exact solutions for solitons
were not obtained from it or any other method until
1971. in the meantime, however, Lax (21) followed up
the computer experiments of Zabusky and Kruskal and
proved analytically the existence of two-soliton
solutions of the KdV, thus confirming numerical
predictions. Lax also generalized the GGKM method to

a general class of nonlinear PDEs of the form

uf = K[u) (1.10)

where K is a nonlinear operator. Using this
approach Zakharov and Shabat (33) solved the nonlinear

Schrodinger equation (NLS)

= 3 *%
u, 1(uxx + 2u*u¥) (1.11)

*
where u is the complex conjugate of u, and thus

showed that the inverse scattering method was not
limited to the KdV hierarchy. Furthermore, they

obtained exact N-soliton solutions.

The exact N-soliton solutions of the KdV equation using
ISM were first obtained by Wadatl and Toda (29) in

1972. Following Zakharov and Shabat, Vadati extended



the ism to the MKdv and found the N-soliton solutions

[281. The extension to the SGE was made by Ablowltz,

Kaup, Newell and Segur (AKNS) [21 who also provided a

procedure for solving a number of other nonlinear PDEs.

The Inverse scattering method, which by now had become
known as the Inverse scattering transform (1ST), Is not
the only way of obtaining N-sollton solutions. Hlrota
found exact N-sollton solutions to the KdV, MKdV and
SGE [15-17) wvia a completely different approach In
which he transformed the PDE Into homogenous bilinear
forms of degree two. In the case of the KdV, the
Hlrota solutions preceeded those of Wadati and Toda.
More recently Bryan 18] put forward a much simpler
algorithm for the SGE and then extended It to the other

equations [9, 101.

We note that the existence of solltons In an 1ST
solution corresponds to the presence of discrete
eigenvalues In the scattering data. Therefore, an
equation which reduces to linear Integral equations via
1ST may not have sollton solutions (we give examples of
this In the following chapter). Equations which have
been shown to possess solltons and which can be solved
by 1ST also have the property that they possess an

Infinite number of local conservation laws.

These developments have 1led workers In the field to



consider the concept of lntegrablllty for PDEs. For
an n-dlmenslonal Hamiltonian system (ODEs) the
definition of lntegrablllty Is provided by Llouvllle's
theorem l.e. there must exist n-constants of the motion
(first Integrals) which are In Involution. For PDEs,
which are Infinite dimensional, there Is no theorem
which corresponds to Llouvllle's. Thus, the
existence of an Infinite number of conservation laws,
the existence of an 1ST and the existence of sollton
solutions are distinct properties. However, In every
case equations with sollton solutions are found to
possess an Infinite number of conservation laws and
thus It Is generally supposed that these properties are
complementary In the sense that either one Implies the
other, but this has yet to be rigorously formulated and

proved.

On the other hand by making certain assumptions It may
be possible to represent an equation which has both
solltons and an infinite number of conservation laws as
an Infinite dimensional Hamiltonian system and hence
imply that 1ST is equivalent to complete integrabllity.
This was done by Zakharov and VadAttv [321, but the

assumptions are specific to that equation.

A general scheme for obtaining solutions to nonlinear
differential equations without first finding an

associated scattering problem was first presented by



Zakharov and shabat 1341. This scheme was later used
by Lambert [20] to obtain exact solutions for the Kd4dV
equation which are not recoverable by the 1ST method.
Using this approach Ablowltz, Ramani and Segur [3]
developed a scheme for solving nonlinear PDEs via
linear integral equations and this work will be

reviewed in Chapter Three.

in 1977, Ablowltz and Segur [4] demonstrated a close
connection between nonlinear PDEs which are soluble by
1ST and Palnlev* transcendents. The Painlev6
transcendents were first discovered by Painlevé and his
colleagues around the turn of the century [14], [18].

They showed that of all possible equations of the form

* F (z' af) - il-12%*

where F is rational in z and qw , and analytic in

z, only 50 canonical equations possess the property of
having no movable singularities except poles in their
general solutions. Furthermore, they showed that 44
of these were soluble in terms of elementary and
elliptic functions. The remaining six defined new
transcendental functions which are the Painlevé6
transcendents. The first and the simplest of these

is



Thus an ODE Is said to have the Painlev6 property or be
of Painlevé type if all movable singularities of the
general solution are poles [181 In [3] it was
conjectured that all the possible reductions (e.qg.
transformations) of a completely integrable

PDE will have the Painlevé property.

More recently Weiss, Tabor and Carnevale 1301 have
formulated a 'Painlevé test' that can be applied
directly to a PDE without any need for reductions.
These tests for integrability will be rev*e»™<J in
Chapter Four and, as we shall see, although they are by
no means unambiguous, they do seem to provide a
valuable first test. The work of Gibbon, Radmore,
Tabor and Wood [131 and Tabor and Gibbon 1271 also
shows an Interesting connection between the analysis of

Weiss et al. and Hlrota's method.

Now it is accepted convention to say that a nonlinear
PDE is integrable if it can be reduced to a linear
system. As we have described above the 1ST is a
method which linearises certain equations and so such
equations can then be classified as integrable.
Furthermore, it is found that every equation which has

sollton solutions can be linearized by this method

10



which implies that a necessary condition for the
existence of soliton solutions is that the equation is
integrable. However, this definition of
integrabllity is not constructive in the sense that
there is no systematic procedure for finding the Lax
operators for a given equation. Nor is there a
general theorem which can be used to decide whether an
equation has soliton solutions or not. Thus, the
problem of Identifying integrable systems can be more
simply stated as follows: when is a solitary wave a
soliton? In this formulation of Integrabllity, the
criteria for the identification of soliton solutions
should be a priori theorems based on the structure of

the equation and its family of solitary waves.

One way of implementing this idea is to analyse a
general class of equations which form a neighbourhood
of a soliton equation. The parameter of the
equations in this neighbourhood, e.g., the shape of the
solitary waves, may then provide indicators of
necessary and sufficient conditions for the existence

of soliton solutions.

This approach was first used by Abbas 111 when he

considered a class of third order PDEs with quadratic

nonlinearities defined by

11



ut+u +afn1 +a2uut+a3 XX 4uxxt+a3uxtt+ad¥ttt =0,
(1.13)
where a* e IR This class forms a neighbourhood of

the KdV and it also contains another well-known
equation, namely the regularized long wave equation

(RLW) .

"t * & + UU* - UXKt ' ° o

The basis on which this class was constructed was that
suggested by Broer (7) in 1964 and subsequently (1972)
used by Benjamin et al. (5) in their construction of
the RINW. Note that this equation was derived as an
approximation to the equations of hydrodynamics by
Peregrine (231. Broer's suggestion was that the
essential properties of equations such as the KdV were
a result of the interaction between dispersion and
nonlinearity so that the equation can be analysed in
terms of its linear and nonlinear parts. As a
consequence, the introduction of these terms could be
based on independent physical considerations. This
point was clearly emphasised in the paper of Benjamin
et al. who argued on the grounds of physically
allowable dispersion relations what the RLW was a
better model than the Kdv. Furthermore, at this time

it was generally believed that the existence of stable

12



solitary waves was due to a balance between

nonlinearity and dispersion (see Scott et al. [251).

Abbas' work was concerned with testing this hypothesis
on the general class of equations (1.13). Firstly,
he found that the predicted properties of the solitary
wave of the KdV i.e. on the basis of the dispersion
relation, contradicted the actual properties.

Secondly, he obtained periodic and solitary wave
solutions of the equations in (1.13) and classified
them in terms of their dispersion relations. He
showed that linearly stable solitary wave solutions
with the KdV profile (sechz) exist for a variety of
dispersion relations including a formally nondispersive
subclass. This Indicated that the existence of
stable solitary waves could not be interpreted as a
balance between nonlinearity and dispersion. The
general conclusion that Abbas drew from these results
was that the dispersion relation was not a useful

predictor of the properties of a nonlinear equation.

Before developing other criteria for understanding the
existence of solitary waves and solltons in the class
of equation (1.13), it was Important to establish the
well-posedness of the class for reasonable data.

This was done by El-Sherblny [11] who showed that
equations (1-13) formed four equivalence classes.

Using the method of characteristics he proved well-

13



posedness £for a subset of equations In these
equivalance classes and for the remaining equations,
where the method of characteristics falls, he proved
well-posedness for some cases and established necessary
existence theorems for most of the others. Note that
the well-posedness of the KdV and RLW were proved
earlier by Bona and Smith Cé6l and Benjamin et al. 151.
Having established a well-defined neighbourhood of the
Kdv, El-Sherbiny then looked at the existence of
conservation laws. Apart from the KdV with Its
Infinite number of conservation laws, he showed that
the rest of the class have at least two conservation
laws, but not more than three. This established the
uniqueness of the KdV In the class (1.13) on the basis

of the number of conserwvation laws.

The next step was to look at other properties of the
class. Now at that time considerable Interest had
developed in the analytic structure of general
solutions of nonlinear evolution equations as a result
of the Palnlevé6 conjectures [4, 30] which related this
property to the integrability of the equations.
Therefore It seemed appropriate to Investigate this

aspect of the class of equations (1.13).

In this thesis we examine the analytic structure of the
general solutions of the equations In (1.13) In order

to establish further evidence of the uniqueness of the

14



Kdv in this class. Following this we return to our
original question of determining when a solitary wave
is a sollton and look at the solitary waves in the
class to establish criteria for identifying the KdV.

Our original contributions are as follows:

(1) Using symmetry reductions we obtain all the ODEs

of similarity solutions for the equations in (1.13).

(2) We determine the analytic structure of general
solutions of the equations obtained in (1) and hence
initiate a classification of third order nonlinear

ODEs.

(3) Using Laurent-type expansions we determine the
analytic structure of the general solutions of the PDEs

in (1.13).

(4) We compare the results obtained in (2) and (3)

and use them to identify equations of Painevé type.

(5) We analyse the detailed structure of the solitary
waves of the equations in (1.13) and establish criteria

for a solitary wave to be a sollton.

The layout of this thesis is as follows: Together
with the introduction, the thesis consists of ten

chapters and four appendices, the references for each

15



chapter being presented separately at the end of the
thesis. The thesis falls naturally Into two parts.
Following the Introduction, Chapters 2, 3, 4 and 5
contain essentially known results. A part of Chapter
3 contains an original contribution and the
presentation, discussions and criticisms In all

chapters are our own.

Our own contributions are presented In Chapters 6, 7, 8
and 9 and In Chapter 10 we give our concluding remarks.

A summary of chapters 2 to 9 Is as follows:

Chapter 2: We review the Inverse scattering method,

solitons and conservation laws with particular
reference to the KdVv. We also discuss a connection
between conservation laws and the Inverse scattering

method.

Chapter 3: We define integrabllity for both ODEs and
PDEs and Implement this for a nontrivial Hamiltonian
system of ODEs. In the case of PDEs we show how they
can be Integrated via linear Integral equations
obtaining a wider class of solutions than wvia 1ST.

Finally, we discuss the Palnlev6é conjectures for PDEs.

16



chapter 4: An outline of the Lie-group method for

finding similarity transformations of PDEs is given and

applied to the Kdv. A review of the singularity
structure of the solutions of ODEs Is then presented
together with techniques for analysing their structure.
Finally, a direct method of analysing the general

solution of an Integrable PDE Is Introduced.

Chapter 5: We review the work of Abbas and El-

Sherblny on the equations in (1.13).

Chapter 6: We obtain the one-parameter Lie groups of
local symmetries of the equations in (1.13). We
refine the classification of the equations according to
the infinitesimal generators of these groups and use
them to obtain the corresponds” similarity reductions

to third order odes.

Chapter 7: We determine the analytic structure of the
solutions of the ODEs obtained in Chapter 6. Those
that can be Integrated to become second order are
classified using the Palnlevé list. The remainder,
which are irreducible third order, we investigate using
local power series expansions and classify as Painlevé
type or not. We discuss our findings and suggest
necessary conditions for the existence of non-analytic
general solutions and the non-existence of logarithmic

branch points. Finally, we initiate a classification

17



for third order nonlinear ODEs.

Chapter 8; We determine directly the analytic
structure of general solutions of the PDEs in each of
the four equivalence classes by using local Laurent-
type expansions. The results are used to refine the
classification of Chapter 7 in terms of the ODEs and to
establish the theorem that the Kdv is the only equation
in (1.13) of Painlev«& type. Next we look for special
meromorphic solutions with a view to identifying
equations which may have restricted N-sollton

solutions. This led to a rigorous proof that the RLW

has no soliton solutions.

Chapter 9: We analyse the detailed structure of the
solitary waves of the equations in (1.13) in terms of
their width and amplitude parameters and reduce them to
generic forms by using certain reasonable selection
rules. Using these generic forms we establish

necessary criteria for a solitary wave to be a soliton.

18



CHAPTER TWO

INVERSE SCATTERING TRANSFORM, SOLITONS AND

CONSERVATION LAWS

In this chapter we describe the development of the 1ST
method for solving the Kdv equation. The method
consists of transforming the equation to a linear
Integral equation via a scattering problem defined by
the time-independent Schrodlnger equation. We
discuss the method as orglnally developed by Gardner,
Greene, Kruskal and Mlura (GGKM) and then consider Its
generalization by other authors. As an Illustration,
the method Is used to obtain the N-sollton solutions of
the KdV equation. Finally, we review results on
conservation laws and show a relationship between the
1ST method and the Infinite number of local

conservation laws possessed by the equation.

2.1 The Inverse Scattering Method of GGKM 17J

Consider the solution u(x, t) of the Kdv equation

ut ~ 6uux + uxxx = °' x c(00' °°)' t >0,
(2.1.1)
u(x, 0) = g(x) (2.1.2)

and let wu(x, t) be the potential In the Schrodlnger

equation

19



Vox (u(x, t) - X]lv =0, (2.1.3)

where t is considered to be a parameter.

The method consists of using the properties of the
given function u(x, 0) to determine the initial
eigenvalues and eigenfunctions of (2.1.3) and then
using the resulting scattering data to compute u(x, t)

from the Gelfand-Levltan-Marchenko equations.

For initial values u(x, 0) = g(x), to obtain the
values of X for which there exist solutions v (x)
that are bounded as Ix | —» o, we require that the
growth condition

@®

J lgx)| (@1 + |x|)dx <oo (2.1.4)

-00

is to be satisfied (61.

The set of all eigenvalues X 1is called the spectrum
corresponding to a given potential g(x). Computing
the spectrum for t = 0 gives, in general, a finite
number of discrete eigenvalues X = - K*(0) and a

continuous part X = k2(0).

The behaviour of the eigenfunctions corresponding to

the discrete eigenvalues x(t) = - K2(t) may be
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assumed to be given by

-K (t)X
cn (t)e for x 00
Vn (Kn" t) ~ K (t)x
cn (t)e for x - o8

(2.1.5)
where c¢(t) are the normalized coefficients and

(2.1.5) Is known to be true for t = 0.

For the continuous spectrum the asymptotic behaviour of
the eigenvalues which correspond to Mt) = k2(t) may

be assumed to be given by

e XX sk, & for x—¢ o

vn (k, x; t)

a(k, t)e for x —¢ -©

(2.1.6)

where a(k, t) are the transmission coefficients and
b(k, t) the reflection coefficients (a and b occur
when a wave sent in from -oo interacts with a
potential and some Is reflected and the remainder
transmitted) . Equation (2.1.6) Is known to be true
when t =0 and a(k, 0), b(k, 0) can be computed
from g(x). Further, a and b are related by the

conservation law

laT* + M* - i-

The spectrum of the Schrodinger equation, together with
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the coefficients c¢n(t), a(k, t) and b(k, t) are
called the scattering data of the potential wu(x, t).
To obtain the scattering coefficients for any t > 0
we impose on the eigenfunctions a specific evolution
which keeps the spectrum time-invariant. These

results are given by the following theorem.

Theorem 2.1 17], [11]

If u(x, t) evolves according to the KdV equation
(2.1.1) with initial data satisfying (2.1.4), then
u(x, 0) £0 as IxXI * o and the following relations

are satisfied

1) X(t) = MO)

(ii) bk, t) = b(k, 0)exp(8ikat)

(i11) S (t) = S (0)exp(4Kr%t)

(iv) ak, t) =a(k, 0

where ch (0), Db(k, 0 and a(k, 0) are determined

from the initial data g(x) O

The potential of the Schroédinger equation can now be
recovered from the scattering data for any t > 0 by
solving the inverse scattering problem. For this we

use the Gelfand-Levitan-Marchenko Integral equation
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00
Kx,y;t) + Bx+ty;t) + B(z+y;t)K(x,z;t)dz = 0

x (2.1.7)
where
N
B(?,t) = J c*(t)e
n=1 —o
(2.1.8)

The solution of the Initial value problem for the KdV

equation Is now obtained from the formula

(2.1.9)

where K(x, y; t) Is the solution of the Integral

equation (2.1.7).

Thus the original problem of the nonlinear PDE
(2.1.1-2) Is transformed and reduced, In this way, to
the problem of solving a one-dimensional linear
Integral equation. This linearization problem has

been studied by many people Including [111, (161.

2.2 Lax'3 Development of Inverse Scattering.
Peter Lax (101 generalized this method to any evolution

equation of the type
ut = K (u) (2.2.1)

where K 1Is a nonlinear operator. Lax's idea was

that If a PDE could be cast Into the form
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iL (B, LT BL IB (2.2.2)

where L and B are linear, differentiable
operators on some Hilbert space of functions then the
eigenvalues K of L would be Independent of time and

Its eigenfunctions v would evolve according as

lvt = Bv. (2.2.3)

For the KdV equation the operators In the Lax

representation are

Then 1Vj. = Bv gives the time dependence of the

spectral data as In Theorem 2.1.

Details of the work of Lax can be found In 161, 1101

and [131.

Lax further stated that other choices of the operator
L should lead to other classes of equations. This
led the way to the Important breakthrough in the
development of the method of Inverse scattering by
Zakharov and Shabat 1181 In 1972. Using two

component eigenfunctions these authors showed that one
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can find a pair of operators L and B satisfying the
conditions of the Lax method such that the potentials
u(x, t) are solutions of the nonlinear Schrodinger

equation (NSE)

ut = i(uxx + 2u*u¥*)r (2.2.4)

*
where u denotes the complex conjugate of wu.

Solutions of this equation by the method of inverse
scattering was the first demonstration that the method
is not limited to the KdV family. Motivated by the
work of Zakharov and Shabat, Wadati (141 solved the
modified KdV equation (1.7). Later, in 1973,

Ke>nP
Ablowltz, Kaup, Newell and Segur (akns) 111 solved the
SGE and went on to generalize the method to Include all

the above mentioned equations.

2.3 The Generalization of AKNS. 121
AKNS found that many equations can be solved by the two

component scattering problem of Zakharov and Shabat

i.e. ILv = \v
where
r a *o»
V1
L a and v =
« . 9
U 19X 3

and the coefficients q(x, t), r(x, t) are arbitrary.
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Choosing the time dependence of the eigenfunctions

(vt, v) to be

ivt = Bv (2.3.3)

where

(2.3.4)
Cx, & X -Alx, & X) J
the eigenvalues X are time invariant when
|| « gC -rD (2.3.5a)
|| + 2iXD= 1| - 2Agq (2.3.5b)
|| - 21XC= 1| + 2Ar (2.3.5¢)

Equations (2.3.5) are obtained by cross differentiating
(2.3.1) and (2.3.3). By various choices of the
elements of B the conditions (2.3.5) generate a large
class of evolution equations which are solvable by

inverse scattering.

For example, take

A = 4Xa + 2qrX + irg® - iqrx -

Conditions (2.3.5) yield
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q.t - 6rqqx + qXXX =0, (2.3.6a)

K
I

t Grﬁrx + Tyoxx = o . (2.3.6b)

When r = -1, (2.3.6) reduces to the KdV equation and
the system of equations (2.3.1) reduces to the
Schrodinger equation

004 scjwared °

Ve x +[g(x, t) +X )v. =0 . (2.3.7)

When r = * q, we obtain the modified KdV equation

gt + 6gzgx + gxxx =0 (2.3.8)

other well known PDEs such as the SGE and the NSE can

be obtained by different choices of A (3).

In addition the following equations have been solved by

1ST.

(1) Higher order KdV equation 112]

ut - T <uxxxx + 5ux + 1lO0uux + 10%“'>x (2-3'91

(2) The Bousslnesq Equation [191

(uxx + 6u* + u)xx " utt =0 (2.3.10)

3) The Derivative NSE (41
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iu (2.3.11)

(4) The Kadomtsev-Petlashlll (KP) or 2D KdV Equation

151

(u (2.3.12)

XXX * 12uux + Vx * uyy - 0

2.4 The N-sollton solutions of the KdV Equation
The solitary wave of any nonlinear evolution equation
Is called a soliton If there exist solutions for this
equation which approach a linear superposition of Its
solitary waves as 111 —p The Interaction between
solitary waves for the KdV equation (2.1.1) was first
observed numerically by Zabusky and Kruskal (17).
They showed that If two solitary waves are placed on
the real line with the taller to the left of the
shorter at t = 0 and are travelling to the right,
then, after some time, they Interact and the taller
;A=
overtakes the shorter and they both regain their
original shapes and velocities as t —¢ o The only
change Is that a phase shift occurs. Lax (10)

discussed the same phenomena analytically and confirmed

Zabusky and Kruskal's observations.

The exact solution for the case of multiple collisions

of N-solitons with different amplitudes for the KdV

equation was first found by Hirota (81. However,

28



Hlrota's method, which we do not cover here, was

heuristic. Wadati and Toda 116] were the first to

give the exact N-soliton solution of the KdV equation

through the procedure suggested by GGKM.

N-sollton solutions for the modified KdV and other well
known evolution equations may be found In many

references Including 121, 1141 and 1181.

To obtain N-soliton solutions, it is required that the
spectrum of the Initial profile is discrete and this is
equivalent to the reflection coefficient in (2.1.8)

being zero 1l.e. bk, t) = 0. This reduces the

Gelfand-Levltan-Marchenko equation (2.1.7) to

N

K(x, y) + J ¢
=1

N @

(2.4.1)

where cn = cn (t) = cn (0)exp( 4K"t)
It follows from (2.4.1) that K(x, y) is necessarily
of the form

N

K(x, y I cnfn (x)exp (-Kny) (2.4.2)
n=1
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(Note: c, have been introduced so that the fh turn
out to be normalized eigenfunctions of the Schrdédinger

equation.Jd

Substituting (2.4.2) into (2.4.1) enables us to factor
out the y-dependence and equating the coefficients of
exp (-Kny) to zero, we obtain the following N linear

equations in f£:

fn(x) + 1 cnc*£* (x)exp Kn+Kﬁ = cnexp(—Knx)
/=1 :
n=1 2r .... N (2.4.3)

These can be rewritten in the form

T +c)f =E (2.4.4)

where I is the unit matrix of order N,

- (Kn+K/ )X
| exp

(2.4.5)

is an N x N matrix and
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c’expi-K”x)

2 c2exp (-K2x)
and E =

*N cNexp (-Knx )

are column vectors.

A sufficient condition under which (2.4.4) has a unique

solution is that C

is positive definite. This
follows since the quadratic form corresponding to C
is
N N
1 I c/cn exp KKl xnx/
1=1
£ N
J d lcn ~P (-Knz)xn
X n=1
which is positive. Now,
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f N I n 1
det C exp

1¢1 ¢c" ] "2 An¥l n X
x det [(Kn+K*) 1] > 0 (2.4.7)

so that detf£(Kn + K*) J > 0

From (2.4.7) we can write C as det C = a exp(-*?x),
where a and ft are positive. Then expanding along

the nth column we have

N [- (K +K.)x]

A =detd +C) + J 6n*+cnc/*X%> S tI? - i *nlL
n=1

(2.4.8)
where Qn* Is the co-factor of the coefficient matrix

I+ C.

Using Cramer's rule to solve (2.4.4) gives

N

£fn ' £ 1 c{ exp{-Knx)QK2.4.9)
n=

Replacing y by x 1In the expression of K(x, y) in

(2.4.2) and using (2.4.9), we have
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N

K(x, x) = - J cnfn exp(-Knx)
n=1
N N
U I cnciexp[' (K + K,]Q,<
n=l *=1
14 a d . .
A d* A =d* 1nA (2.4.10)

Substituting (2.4.10) Into (2.1.9)

u(x, t) * 2 Jj K(x, x) = -2 — m InA
dx*

= -2 - lnldet(I + C)1 (2.4.11)
dx2

which Is a solution of the Kdv equation corresponding

to a reflectionless potential.

If we now consider a single soliton solution,

i.e.
N =1, then
B(x, t) = c2(t)e~K(x+Y) (2.4.12a)
c(t> c(0)eiK3t (2.4.12b)
and we put K(x, y) = f(x)e (2.4.13)
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Substituting (2.4.12) and (2.4.13) into (2.1.7) gives

£(x)e'*y + c*e-K(xt+ty) + | . o.
X
(2.4.14)
-k
Thus, £ (x) = - pthekx
c* (t) ezKx
1+ 2 K
It follows that
u((x, t) = 2K*sech2[K(4K2t-x) + 6] (2.4.15)

wh*ra 5 = 3j In !

For a two sollton solution, i.e. N = 2, the procedure

is the same where we now put

mv

Kx y) £ile \Y falxe (2.4.16)

and proceed as above. Then it is easy to show that as
t —» o the two solutions approach a linear

superposition and the solution asymptotically becomes
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u(x, t) =2 K*sech*1K4 (x-4K*t) - <57

+ Kgsechz (K, (x-4Kzt - 621 (2.4.17)

« CZ (0)
where <& =; In — -— i=1, 2

Thus to summarize the work of this chapter so far,

solitons are obtained from the 1ST method as follows:

(1) set up an appropriate linear scattering
eigenvalue problem in the space variable where
the solution of the nonlinear evolution equation

plays the role of the potential.

(2) Choose the time dependence of the eigenfunctions
in such a way that the eigenvalues remain time
invariant as the potential evolves according to

the evolution equation.

(3) Solve the direct scattering problem at the
Initial time and determine the time dependence of

the scattering data.
(4) Considering discrete eigenvalues only,

corresponding to the bound states, and knowing

the time dependence of the other scattering data,
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reconstruct the potential 1l.e. the inverse

scattering problem.

Clearly if the scattering problem does not have

discrete eigenvalues then solitons do not exist.

For example, if we take r * +gq and q real in

(2.3.1), we obtain the modified KdV equation

2
6dq + axxx O

However, the eigenvalue problem posed by (2.3.1)
becomes self-adjoint and hence all eigenvalues are
real. in this case no solitons arise and the final

state can be shown to decay algebraically in time 121.

Note: The choice r » -q corresponds to what is
usually known as the modified KdV equation which does

have solitons

i.e. gt + 6g*gqx + g, xx = 0

A second example is given with the choice

A=" cosh u r - -q - ux (2.4.18)

yielding the sinh-Gordon equation

u = sinh u (2.4.19)
Xy
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Again the eigenvalue problem posed by (2,3.1) is

self-adjoint and hence all eigenvalues are real. Thus

no solition solutions exist.
2.5 Conservation Laws
Consider the evolution equation

ufc = K(u), X e (oof c0), t>0. (2.5.1)

When a functional 1Ilu] of a solution u(x, t) of

(2.5.1) satisfies

then the functional I is said to be a constant of
motion or an integral of (2.5.1). Usually constants
of motion are derived from local conservation laws.

These have the form

Dlu(x, t)1 + & Flu(x, t)1 =0 (2.5.3)

where D and F are called the conserved density and

conserved flux respectively and ICul Is defined by

a
Ilu] = J D(u(x, t)]ldx (2.5.4)
-@©

The existence of 1Ilu] depends on the convergence of

this integral and F tending to zero as x| M.
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It has been proved that the KdV equation til], the
modified KdV equation 112] and the SGE [91 each have an

Infinite number of Independent local conservation laws

9D1

9t + 0 (2.5.5)

For the multlsoliton solutions N=1, 2, ...) these
lead to an Infinite number of Independent constants of
the motion. Although It has not been proved, It
appears that an Infinite number of Independent
conservation laws Is necessary for the existence of an

1ST. We will come back to this point later.

As examples of conservation laws and constants of the
motion for solutions, we give the first three constants

of motion and flux for the KdV, modified KdV and the
SGE:

(1) The KdV Equation

I. = IO u dx,, F. = 3u2 + u (2.5.6a)
i i XX

-®

0 2

|

1+ = dx' Fz = 20> + uuxx " r %

-00

(2.5.6b)
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I F = ; u“tu*uxx-2uu*

- T uxuxxx * R <uxx>’

(2.5.6¢)

Note: n includes c;{% and hence an infinite number

of constants of the motion will only exist for
Infinitely differentiable solutions whose derivatives

all go to zero as Jjxj —* © .

(2) The Modified KdV

Equation
00
I, = | udx, F4=2u + U (2.5.7a)
-
00
f 3 * 1 2
P s r dx' - ?2u * uuxx J ux
-
(2.5.7b)
00]
ro [« uyl o, 8
I3 = u + u uxx
J I" 14
-00
u u
- 3qu T2 UYxxx + 4
(2.5.7¢c)
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(3) The slne-Gordon Equation

00 2
f u
I+ = dxf Ft = cos u (2 .5.8a>
-00
I (2.5.8b)
_ 2 .22 8 ..8
18 - 3 Uxex g Uxexx uXXX]dx'

= CoOsu %—u: - é— «}:Xé‘

(2.5.8c)

2.5.1 Relationship between the 1ST method and
Conservation Laws.

In 1974, Konno, Sanukl and Ichikawa 191 used the

scattering problem (2.3.1) devised by AKNS and proved

the following theorem.

Theorem 2.2 191
The conservation laws of the KdV equation (2.1.1) can

be obtained from the 1ST method O
Later Wadatl, Sanukl and Konno (151 extended this work

to a general class of equations. Here, we give an

outline of their method.
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introducing the wvariables

_ v* _\7_*
r, = ;1 and r, = v, (2 .5.1.1)

Equations (2.3.1) and (2.3.3) can then be written as

ar
ox~ =-2r + r - grf (2.5.1.2a)
ar
St =C - 2at; - Br} (2.5.1.2b)

and

2.5.1.
TFT = 2rx* + g " rra (2.5 3a)
wr =B + 2Ar* - < (2.5.1.3b)
where we have put t) = -1A
Clearly, the systems (2.5.1.2) and (2.5.1.3) are not
Independent. For the derivation of conservation laws
from the Inverse method, the 'time* parts may be

replaced by

It (gri) = 1x (A + Bri) (2.5.1.4a)

If (rr«) = (A + av (2.5.1.5a)

which can be verified from (2.3.1) and (2.3.3).
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Corresponding to these expressions, the 'space* parts

are written as

2r?(gri) = rq - (grjz - g*qr*/qj (2.5.1.4b)

2r?(rrz) = -rq + (rr’)2 + rf£(rra)/rj (2.5.1.5b)

We can now derive conservation laws from the modified
Riccati form of inverse method equation (2.5.1.4) and

(2.5.1.5). The same argument is possible for rr2*

Expand (2.5.,1.4b) in power series of i

or, - [F9 ~ qZ* - qt (qra))xj/2¥ .5.1.6)
(0.0)

qr, - 2 (2 .5.1.7)
n*1

Equating powers of (I/7;) we obtain

n+i 2 <I<s)an,o0 ' 2 £kfn-k - «»V » *
=1

(2.5.1.8)

for which

z grx
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£, ¢V x ©orx (2.5.1.9)

We note that (2.5.1.4a) is the form of conservation law

) * §£ (A + Bqryq) (2.5.1.10)

Therefore for a given nonlinear equation i.e. for a
given A and B, we can write down conservation laws
by using a recurrence formula (2 .5.1 .8) and equating

the terms of the same powers of (I/17) in (2.5.1.5Db).

2.6 Conclusion

In this chapter we have presented a review of the
Inverse scattering transform methods. We have shown
how N-soliton solutions are obtainedr via 1ST, for the
Kdv equation and we have looked at conservation laws
and their relationship to the 1ST method. Although it
has not been proved, It Is believed that an infinite
number of conservation laws is a necessary condition
for the applicability of the 1ST method. As we shall
see, the RLW equation has been shown to possess only
three independent conservation laws and so far no
inverse scattering method has been found for it. The
conjecture above implies such a method of solution does
not exist for this equation. This is true for many

other equations, including many equations of the
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general class which we shall study later.

Given the difficulty of obtaining an associated
scattering problem for an arbitrary PDE, the question
arises as to whether there is any way of testing the
PDE to see whether it is of 1ST class or not. Tests
for integrablllty have been proposed, but, before
reviewing them, we look at integrabii ity and an

'extension' of the 1ST method in the following chapter.
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CHAPTER THREE

INTEGRABILITY AND TESTS FOR INTEGRABILITY

In this chapter we discuss the concept of integrablllty
for nonlinear PDEs and review the work which led to the
"Painleve Conjecture" of Ablowltz, Ramani and Segur
(ARS) 11—41 - We start with the definition of
integrability for odes and PDEs. In the case of ODEs,
for Hamiltonian systems, we have Llouville's theorem as
a test for integrability, whereas in the case of
nonlinear PDEs we have 1ST. Furthermore, 1ST can be
used to define some sort of Hamiltonian structure for
nonlinear PDEs and in this sense ties up with the
Llouville theorem. On the other hand it may be
possible to map the linear integral equations of
Gelfand-Levitan to a nonlinear PDE directly without the
need for a scattering problem. In this case we will
obtain a wider class of solutions than 1ST because
there are no restrictions Imposed on the solutions by
the scattering problem. It turns out that this can be
done for a variety of PDEs and we demonstrate it for
the KdV. However, we doubt that this method could be
applied if one did not have prior knowledge of an

associated scattering problem.

The main question, therefore, is how one can know, a

priori, that a system of PDEs can be reduced to a
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linear integral equation. Attempts have been made in

this direction by analyzing the analytic structure of

the solution manifold. In particular, this has led to
*
two conjectures known as the Palnleve conjectures and

we shall discuss these also.

3.1 integrablllty
We introduce the concept of integrablllty for
differential equations in a constructive manner by

means of the following definition.

Definition 3.1

Let ufe* K(u) be a system of ordinary or partial
differential equations. The system is said to be
integrable if it can be reduced to a linear system

which can be represented as an Integral equation.

For example, if a nonlinear system of ODEs is reduced

to the linear system

= A (t)x (t) (3.1.1)

then clearly this can be written in the equivalent

Integral equation form

t
x(t) =x(0) + J A(s)x(s)dt (3.1.2)

O

where we maintain the requirement for differentiable

solutions.
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Now we have seen, In the previous chapter, that the KdV

and other systems can be reduced to the linear integral

equation
@
K(x, v) =F(x +y) + J K(x, z)N(x; z, y)dz
b4 y £ z
(3.1.3)
where N and F are given functions. This is a

two-dimensional generalization of (3.1.2).

Thus our definition is a constructive one for both ODEs

and PDEs.

The question then arises as to how we can implement
this definition. In the case of Hamiltonian systems
of ODEs this is a theorem, namely Liouville's theorem,
which gives conditions which identify integrable
systems. Such systems are described as completely
integrable, whereas a PDE reducible to (3.1.3) is
called integrable as (3.1.3) may only apply to part of
the solution space. Before stating Llouvllle's

theorem, we define some of the terms used in the

theorem.

A Hamiltonian system is a system of first order PDE's

of the form
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dXi aH dyi aH
axX.

(3.1.4)
where H 1Is a differentiable function of the 2n

variables x* and y*.

Consider the functions F(x*, y*, G(x*r yir* The

Poisson bracket of these two functions is defined as

Vv IF 90 9F 99 1
1 *x. 9y
i=1U 1 1

1F(xt/ yt), G(x1f yv)\

(3.1.5)
If (F, G1=0 then F and G are said to be in

involution.

Now consider G = H. Then
n
[F, HI = . {W 9H 9F aH.
**] ayt ayt @X]J
n
faF dxi aF dyi)
- I 1laxl dt ay . =af(xi' V .
i»l idt J

(3.1.6)
Thus (F, Hi = 0 implies that F iS a constant of the

motion.

Two functions F and G are independent over the 2n

variables if gradF is nowhere parallel to gradG.
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A canonical transformation Is a transformation of the

variables (x* yj) + {# , t?21) with H K such that

d?i 3K di?l 9kr

dt ¥ *7; ' dt ~d?i * (3.1.7)

We are now ready to state Llouvllle's theorem.

Theorem 3.1 (Llouvllle's Theorem)

Suppose that the Hamiltonian system (3.1.4) has n
Independent constants of the motion F*, 1 =1, 2, , n
which are In Involution. Then there exists a
canonical transformation which determines a new set of
variables conjugate to such that the
Hamiltonian K 1Is only a linear function of the ?*.
Thus the equations of motion In the new variables take

the simple form

di?

i
dtl o, gg— = constant
Note: If 7 1Is a constant of motion so is any
function of ;. Thus the choice of constants for the

new variables Is modulo this property¥*

We Illustrate the above theorem with a non-trlvlal

example.

Example

Consider the Hamiltonian
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H=7 <y; ¢ v (3.1.8)

The equations of motion are

dx1 dx
ath = git dt = ye (3.1,9)
dyi 2 dy;

(3.1.9b)
dt x -x)a dt

(xi"x%)

and two constants of motion are given by

yt + ¥2 = const.

H = const

Taking the new 1 variables as

i
[

Y é(y* + YQ ==a.i(const.) (3.1.10)

= + —-— 1 * « (const) o .i.id
(X*_Xz)

their conjugate £ can now be obtained by solving the

fundamental Poisson brackets

1?1' *jl = °' IN 1= °-

1fi' Vv H * *x»e
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This gives

-2 < W (3.1.12)

and

_ fy»—yi%fX%“xz) i (3.1.13)

<y, y> + — -
,Xi-x2z)

CoVisVtmU -
Then for the new wvariables:

3TET * 1 ' 2r>t " const- **_
(3.1.14a)
d*2 aK
— +—= 1 = const. ,
dt &n2
gfl ax o SF“'-:l--I alé 0. (3.1.14Db)

Solving for x*, , 1

I
'—\

2 from (3.1.8) - (3.1.11)

l+4a;(t—tz_)*

\ nokkx / «(t_Et) +./

/ /i+K (t-t2)2

4a
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=a, + aZ(t—tz)
1+4«2 (t—t2)2

/l+4a2 (t-t_) m
2 2

Note: Existence of these constants of the motion
enabled us to transform the original nonlinear
equations of motion (3.1.9) to simple linear equations

(3.1.14).

As we have seen in the previous chapter, for certain
nonlinear PDEs there exists a method, namely 1ST, which
transforms them to a linear integral equation.
Furthermore, all these equations have an infinite
number of local conservation laws which, for those
cases possessing soliton solutions, leads to a
corresponding infinite set of constants of the motion.
These results suggest that Llouville's theorem may be
extended to these PDEs. in fact Zakharov and Faddeev
£131 have shown how the KdV can be fitted into a

Hamiltonian structure. However, this is done in the
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space of scattering data of the associated linear
problem rather than in the phase space of the Kd4dV

field.

3.2 Direct maps between nonlinear PDEs and linear
integral equations

The use of 1ST in the case of PDEs leads us to a
restriction on the class of solutions available. This
class could possibly be widened if the PDE can be
mapped directly onto the linear Integral equation 1l.e.
without the need for defining associated problems,

one such method was introduced by Zakharov and Shabat
[141 who showed, via Volterra operators, that solutions
and explicit solutions in addition to those given by
1ST could be obtained. Lambert 181 used this method
to obtain solutions not recoverable by 1ST. Based on
Zakharov and Shabat's work, ARS[2]1 developed a more
direct method of mapping nonlinear PDEs to linear
Integral equations. As part of our original
contribution we show how the method can be used to

obtain the Lambert solutions.

The ARS method leads to extra solutions because it
requires only that the solutions decay rapidly enough
as x ** © so that the integral operators are
defined. In particular, it does not require any
analytic properties of an associated scattering

problem.
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The method Is described in the following steps:

(1) We start with the Gelfand-Levitan-Marchencko
equation (3.1.3) and define N explicitly in terms of

F. For instance

N(x; z, y) =F(z, y) (Kdv)

(00)
N(x; z, y) + J F(zr s)F(s, y)ds (mKdVr sGE).

X

(i1) In the method of 1ST F is controlled from the
scattering data. However in this case we require

only that F satisfies two linear PDEs.

i.e. L.F =0 i»1, 2 (3.2.1)
(111) Now define an operator Ax by
@
J £(z)N(x; z,y)dz y > z
Axf(y) - X
o y <z
(3.2.2)

Then the linear integral equation (3.1.3) becomes

(I - AX)K = F (3.2.3)
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(iv) Applying Lj i » 1, 2 to this equation yields
14(1 - Ax)K - O (3.2.4)

and this is rewritten as

(T - Ax) (LIK) = (Lj, AxIK (3.2.5)

where IL*, Axl = L“Ax - Aj* 1is the commutator of L*

and Ax» Now (3.1.3) and (3.2.1) are chosen such

that

1Ltf Ax1K = (I - AX)M1I(K) i=1, 2 (3.2.6)
where (K) is, in general, a nonlinear function of
K.
(v) We assume that for N there is a function space

on which (I -A N) is invertible and (T - Ax)_l is
continuous. (The proof that T - Ax) is Invertible
in some Lz space to which N belongs is given in
121.) Moreover, it is assumed that the operators
obtained by differentiating (3.2.4) with respect to x

or y are also defined on this function space.

Then from (iv)

(I - Ax)CLIK - Mt(K)] =0 i=1, 2.
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But (I - A*) is Invertible so K must satisfy the

nonlinear differential equations

LjK - Mj (K) =0, 1=1, 2 (3.2.7)

Therefore, every solution of the linear integral
equation (3.1.3) is also a solution of the nonlinear

differential equations (3.2.7).

So far the method is general in that N and are
arbitrary. To recover a specific equation we have to
make a definite choice of these operators. We now
demonstrate the above on the KdV and construct a
solution which cannot be obtained directly by 1ST.

The proof of the theorem that follows is in Appendix A.

Theorem 3.2
Choose N(x; z, y) = F(z, y) and let F(x, y; t)

satisfy the PDEs

L.F - F = 0 (3.2.8a)

(3.2.8b)

and for each t vanish rapidly as x > % . Then
the solution K(x, y) of the linear integral equation

(3.1.3) is also a solution of the nonlinear PDEs
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(3.2.7) which for x = y gives

o b 6(Kx)Z =0

so that g =2 * K(x, x) is a solution of the KdV

3.2.1 Explicit solutions of the KdV equation
The linear system (3.2.8) is homogenous with constant
coefficients and we expect solutions under the form of

a Fourier series or Integral.

Introducing characteristic coordinates u =x + vy,

w=x-y in (3.2.8) we have

Fov 0 (3.2.1.1a)

(3.2.1.1b)

We look for solutions which are independent of v i.e.
F(u, v; t) = Wu, ¢t). Such solutions automatically

satisfy (3.2.1.1«0 for any y and hence we are looking

for solutions of (3.2.1.1b)

l.e. wt + 8vuuu 0 (3.2.1.2)
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separating the variables in this equation, we can

obtain solutions of the form

Yk (u, t) = exp (-8k3t)

A%expiku) + expf- fck cos” ku + sk sin”| ku

(3.2.1.3)

where k is real or imaginary.

This allows, for a particular subset, solutions of the

1ST type:
(€9
w(u,t) =1 .J R(k)exp (-8ikat - iku)dk
-00
N
1 cn ex0'*nu ' «»n't’ cn > °»
=1

(3.2.1.4)
The solutions given by (3.2.1.3) are not new.
Lambert [8] obtained them via Volterra operators where
the only slight difference from our solution was due to

the PDE (3.2.1.2) in his case being

Ve 2Vuuu 0.

Following Lambert it can be shown that, if we look for

a simple explicit solution of the KdV equation for
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negative k by considering the contribution of a

single cosine term in (3.2.1.3)
l.e. Fcos (xty, t) =

c exp|”8k"t + ~(x+y) jcos k(x+y)J, k > 0
(3.2.1.5)

then inserting (3.2.1.5) into the Gelfand-Levitan

equation (3.1.3) leads, for x =y, to the solution

x;, t) = - d... log Ac (x, t)

Kcos (x' dii os

where Acos”x* t) =1 + * exp(8k3t+kx)cos (VIx + " /3)

+ — exp (1l6kat+2kx)
(l6k)2

(3.2.1.6)
This gives the following solution of the KdV equation
qgcos(x' t1 - - 2 ;}EI 1°9Acos (x't) (3.2.1.7)
which canlbe obtained by the 1ST method.
These solutions were studied, in some detail, by

Lambert and it was shown that they possess one pole of

order two whose location wvaries with time.
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The major problem with this direct approach seems to be
choosing the function N and the linear operators L4
and Lz. For the KdV above, the MKdV, SGE and
nonlinear Schrédinger equations considered by ARS12),
these functions are chosen with the benefit of
hindsight from 1ST. It might be that for a given
equation where the scattering problem is not known,
choosing N, Lf,and L , is more difficult than finding
the scattering problem. Thus although the direct
method can be used to obtain solutions which cannot be
obtained by the 1ST method, it has not been shown to

work for equations where 1ST Is not already known to

apply,

3.3 Test for Integrabllity - the Painlevé conjectures
We have seen that for ODEs we have Liouville's theorem
and for PDEs the 1ST for certain classes of equations.
The difficulty for Liouville's approach is showing that
there are n constants of the motion because one has
to proceed by first finding them. The difficulty of
1ST is finding the associated linear problem and, as we
have discussed, the direct method relies on the 1ST.
Thus for a given ODE or PDE the above methods are
difficult to Implement. This led people to look for
other ways of identifying integrable systems which do
not depend either on constants of the motion or

scattering problems.
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Recent work suggests that there is an intimate
connection between the analytic structure of a system
and its integrability. Ablowltz et. al Cl1-21 have
pointed this out in the context of PDEs. They
conjectured that every nonlinear ODE obtained by an
exact reduction of a nonlinear PDE, soluble by 1ST,
will have a solution structure which has at most

movable poles.

The origin of this conjecture goes back to Sofya
Kovalevsky's work in 1889 (71. Kovalevsky worked on
the Euler-Poisson equations and she was able to

identify the known integrable cases together with one

new case by looking for those system parameter values
for which the only movable singularities exhibited by
the solution in the complex time plane were ordinary
poles. While this work has been neglected for more
than fifty years, the discovery sixteen years ago that
the KdV equation could be integrated via spectral
methods has generated an enormous amount of study in

the area of completely integrable Hamiltonian systems.

In the last few years, Kovalevsky's approach has been
used to predict integrable cases of a variety of
systems such as Lorenz equations 19] and the
Henon-Helles Hamiltonian 15]. More recent work has
been undertaken by Van Moerbeke 1101 and Yoshlda [121.

These works have led to the conjecture that if the
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solution structure of a given system of odes Is at most

movable poles, then integrabllity is implied. Ward

[111 points out that the reverse does not hold since a
single ODE of the form x' = f(x) is integrable by
quadratures but does not, In general, have only movable
pole structure. This requirement on the solution
structure has become known, in current literature, as
the "Painlevé Property" - after Painlevé's extensive
study of classes of second order ODEs 161. Although
on reflection it might have been called the "Kovalevsky

Property".

3.4 Conclusion

In this chapter we have concentrated on integrability
and have demonstrated how the available methods -
Liouville's theorem for ODEs and iST/dlrect mapping of
integral equations for PDEs - can be used to solve
nonlinear differential equations. We highlighted the
difficulties with applying these methods to a given
equation and went on to discuss work on the connection
between Hamiltonian systems, their analytic structure
and integrability. We have noted that a conjecture
Implying that the "Painlevé property" is sufficient but

not necessary for integrability of ODEs has emerged.

A previous conjecture made by Ablowltz et al 11-43 for
PDEs states that if a given PDE is 1ST soluble then all

its ODE reductions will possess the "Painlevé
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Property". That is the "Painlev* Property"is at least
a necessary condition for integrability of non linear

PDEs.

in the next chapter we review the development of this
conjecture and look at the methods which have been

proposed to test the analytic structure of a given PDE.
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CHAPTER FOUR

THE ANALYTIC STRUCTURE OF THE SOLUTIONS

OF INTEGRABLE PDES

In the previous chapter we Indicated how the work of
Kovalevsky, Moerbeke, Yoshida and others showed how the
analytic structure of solutions of Hamiltonian systems
of ODEs can be used to determine whether they are
completely Integrable. In this chapter we shall
review attempts which have been made to extend these
tests to decide on the lntegrablllty of nonlinear PDEs.
There are two avenues (1) by looking at the meromorphlc
structure of special solutions of the PDE known as
similarity solutions and (11) by looking at the general

solution of the PDE.

4.1 Similarity Transformations
The major application of similarity transformations Is
the reduction of certain classes of nonlinear PDEs to

ODEs. We give the following definition.

Definition 4.1

The term "similarity transformation" of a PDE Is a
transformation of dependent and Independent variables
occurring in the equation such that the number of
Independent variables appearing In the transformed

equation Is at least one less than in the original
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equation. The transformed variables are referred to

as similarity variables.

Before going into similarity transformations further,
we give an example, due to Ablowitz and segur [21 which
demonstrates a connection between the nonlinear

modified KdV and the second Painlev6 transcendent.

The modified KdV equation

"t v £ \ + * m 11 (4_1>

has a similarity solution

u(x, t) = £(7?) where r * x(3t) * (4.2)

The transformation takes (x, t, u(x,t)) to
®, t, £(n)). The variables f(n) and 7 are the
similarity variables and the modified KdV (4.1) is

reduced to

d2f _ 48 ¥ i (4.3)
di?

which is the equation of the second Painlevé6

transcendent.

By seeking a purely self-similar solution to the

Gelfand-Levltan Integral equation (3.1.3), Ablowitz
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and Sequr proved that the connection between (4.1) and

(4.3) reduces (4.3) to the set of linear Integral

equations
(00
Ki(x, y) - m{. + j JKz(x, s)A p~rJdds =0
X
00
k2(x, y) + |]Kt(x, n)A! (~jdr) =0 (4.4)

X

for y > x, r real.

where f(x) « K*x, x) and the Airy function & Is

o N
N
8

given by rAl(z) ~ --- z exp -
2ir

The Important point Is that the Palnlevé transcendent
defined by (4.3) Is known to be free from movable
algebraic logarithmic and essential singularities.
Later we shall list a number of Integrable PDEs which
have been reduced to Palnlevé transcendents via

similarity reductions.

It should be made clear that there Is no unique way of
obtaining similarity transformations. The two most
well known methods are (1) using Infinitesimal
symmetries of the PDE and (11) using separation of the
variables, although both have been shown to agree

except In certain degenerate cases (31. Here we
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concentrate on the first approach.

4.1.1 Infinitesimal Transformations

In this subsection we give a brief outline of the
theory of Lie's one-parameter(e) group of
transformations for invariance of a PDE with two

independent variables [41, [5], [161, [181.

Consider a PDE with one dependent variable u and two

independent variables x and t.

L[ul = L(xf tf U, U*, “t AXtE Attt/ eee)
(4.1.1.1)

We now make the following definition.

Definition 4.1.1

If x' = £(x, t, u; e), t' =g(x, £, u;, s) and

v = h(x, t, u; g) are a sufficiently differentiable
set of infinitesimal transformations which leave the
PDE invariant, then this group of transformations
parameterized by s is a Lie group and is the 1local

symmetry group of the equation.

We seek £, g, h such that (4.1.1.1) has the

same form when the variables x, t, u are replaced by

x', t', v respectively.
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Mx-, £, v, Wx, Wt, vx,x>, vx-t., vt, t..... ) =0

(4.1.1.2)
We look for infinitesimal transformations, i.e. e K 1,
and assume that the functions £, g, h have the

following expansions about e = 0:

x + ;X(x, t, u) + 0@2)

x—
I

£ =t + T(X, t, U) + o(e?)

v=u+ «U(x, t, u) + 0@2) (4.1.1.3)

The functions X, T and U are the Infinitesimal
generators of the transformations for the variables x,
t and u respectively and are determined by the
condition that the equation is invariant. Thus, we
substitute in (4.1.1.2) for x', t', v and the
derivatives of v 1in terms of x, t and u and its
derivatives and use the fact that u satisfies
(4.1.1.1) to obtain explicit expressions for X, T and

u.

We show below how the derivatives are computed. For

example consider

Writing (4.1.1.3) in differential form and using the
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fact that du uxdx + u,dt we obtain, to first order

t
In <«
&' = (1 + sXA + sXﬂpA)dx + «(X. + XW uL)dt
dt' = ff(TA + TUuA)dx + (1 + fE[‘L + sTU uv)dt

dv = (u + flJ + «U_ u )dx +
X X u x

(Ut £ *Ut 4 ~Uu Ut)dt.

Since we are working to first order In e the first
two equations can be inverted by means of the

transformations dx' *dx, dt' mdt, and c W -e

giving
dx * (1 - s Xx - eXu ux)d&x' - *~(X£ + Xu ufddt’
dt = - «(Tx + Tu ux)d&x' + (1 - «TE - £ffTu ufHdt’
The derivatives etc. are given by the

coefficients of the derivatives on the right hand side.

They can now be used to obtain

W- m K + *Ux * *uuux)jjl't (ut + *ut * *Uu ut)§R- =

Vx,, = UX + g,rtux + (UU - Xx)g —Txut. —Xltl:lx —T&th%. 1
(4.1.1.4)

In a similar manner the second derivative is
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¥ -2T 4 BT+ 0{eZ)  (4.1.1.5)

Expressions for the time derivatives vit,, vt't' etc*

can be obtained by making the transformations

X' «t' . .X<>T, x «»t In the above equations for

v "'wvx' and 30 on*

we are now In a position to define what Is meant by

similarity solutions.

Definition 4.1.2 (Similarity Solution)
let X, T, U be the generators of an infinitesimal
symmetry transformation of the PDE L(u(x, t)) =0

which maps it to L(v(x', t')) = 0.

Then a solution u = &(x, t) such that v =0(x', t')

is called a similarity solution.

Implementing the above definition In (4.1.1.3) leads to

the functional equation

©(x + *X + 0(£2), £t + «T + 0 (**))

= 0O(x, t) +<pU(x, t, u) + 0(«2) (4.1.1.6)
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and expanding the left-hand side of (4.1.1.6) shows

that 9 also has to satisfy the first order

quasilinear PDE

®

X(x, t, 9) T(x, £, 9 at

U(x, t, 9
(4.1.1.7)

which is the equation of an invariant surface for 9.

We now have the following theorem.

Theorem 4.1.1 [31

The general solution of (4.1.1.7) is

F(p, 9 =0 (4.1.1.8)
where F is an arbitrary, sufficiently differentiable
function and p(x, t, ©) =a, gq(x, t, 99 =b form

independent solutions of the Lagrange system

dx dt du

x(x,t,e>) — T(x,t,0) “ u(x,t,e) (4.1.1.9)

The method described above has been applied to obtain
similarity solutions to many nonlinear PDEs as we shall
discuss in section 4.5. Here we give the results for

the Kdv equation.

Example 4.1.1

For the KdV equation

ut * uux + uxxx B 0 (4.1.1.10)
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Shen and Ames 1241 derived that

x(x, t, u) ax + (it + y

T(x, t, u) 3at + 6

U(x, t, u)

—2au + ft (4.1.1.11)

where a, ft, y and 6 are arbitrary constants.

When a =y - o, 6 = 1. We have X = (3t, T =1,

U =ft and (4.1.1.9) leads to

P = x - j ftt* = constant =

g =e - pt = constant = £(77)

where £ is an arbitrary function. The similarity

variables are 7 and £(y7) and substituting into

(4.1.1.10) reduces it, after one integration, to

2

— -+ \ £ + fin, = const. (4.1.1.12)
driz Z

Thus £ 1is the first Palnlev6é transcendent.

Similarly when a = 3= 0 we obtain the ODE
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IL

£
d3 +f§f; —c‘gl (4.1.1.3
dn8

where c¢ = y/6.

This ODE gives travelling wave solutions which can be

directly obtained by elliptic functions.

If we use the full four parameter group (4.1.1.11) the

KdV reduces to the second Painlevé transcendent

ili=2£* + rt (4.1.1.14)
di?2
We note that to obtain all the one-parameter reductions
it is necessary to consider all possible values of the

arbitrary constants «, ft, y and 6 which arise in

the Infinitesimals till.

Lakshmanan and Kaliappan [18], Shen and Ames [24],
Fokas and Ablowltz 114] and Clarkson and McLeod [11]
among many other authors have applied the method of
one-parameter Lie groups of Infinitesimal

transformations to several nonlinear PDEs.

Before concluding this section, we list a few Important

points.

(1) Lie’s theory of one-parameter infinitesimal
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transformations is not a unique way of obtaining

similarity variables [31, [41.

(ii) The similarity solutions obtained via
one-parameter groups or separation of variables or some
other method represent a special class of solutions for

the original equation.

(iii) If we cannot obtain a similarity wvariable for a
given equation it cannot be concluded that none exists.
We can only conclude that there is no similarity

variable under that class of transformations (31.

Having used similarity transformations to reduce a
given nonlinear PDE to a set of ODEs, we need to be
familiar with the theory of ODEs in order to obtain

Information about the PDE.

4.2 Brief review of linear ODEs (Ince [171 Ch. XV).

Consider the nth order ODE

dnw d .w dw
Pt(2) n-1 Pn—I(z) dz
dzn dz

Pfi(2)W

(4.2.1)
If zq 1is any point in the neighbourhood of which the
n coefficients are analytic, the equation possesses a
fundamental set of n solutions regular at :zq. Any

singularities of the solution are the singularities of
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the equation, if£ the locations of such singularities

are independent of the n constants of integration,

then these singularities are called fixed.

A general property of linear odes In the complex plane
is that their solutions have only fixed singularities.
However, this Is not necessarily the case for nonlinear

odes to which we now turn.

4.3 Nonlinear ODEs and Movable Singularities

Consider the following examples:

Example 4.3.1

d2w 2w fdw'|2

_ (4.3.1)
dz?  w?-1 9%

rewriting the equation

2
dw
dzz B (wit * ;, r M

Integrating once

2k’'<"2 - 1):
w

Az dg + B
J  (q2-1)

then w(z) = tanh(Az + B)
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Here A and B are the constants of integration:

they also define the locations of the singularities
i.e. Az + B * — . These singularities are
called MOVABLE because their location depends on the
constants of integration. Thus the singularities may

be placed anywhere in the complex plane.

Example 4.3.2

+ w(logw)> =0 (4.3.2)

is satisfied by w = exp

where A is an arbitrary constant. If z =A the
solution has neither a finite nor an infinite limit.
That is, at z = A there is a movable essential

singularity.

Example 4.3.3 (Inee P. 317)

For the equation

d2 w dwi2 2w-1

dz 2 v (4:3-3)
the general solution is

w(z) = tan(ln(Az +B)}
where A and B are arbitrary constants. At
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z = -A/B, w tends to no limit (finite or infinite).

In fact, here we have both movable branch points and

essential singularities.

We now make the following definitions.

Definition 4,3,1
Any singularity of a solution of an ODE that is not a

pole is called a critical point.

Definition 4.3.2
An ODE is of PainlevS» type (or P-type) if the only
movable singularities of its solutions in the finite

complex plane are poles.

Such ODEs are said to possess the Painlevé6 Property.

4.3.1 Palnlev6 type ODEs
In 1884 Fuchs showed that out of all first order

equations of the form

(4.3.1.1)

where F is rational in w and analytic in z, the
only equations without movable critical point are

generalized Riccati equations:

nw

A" = pPc (z) + P4(z)w + Pz (z)w (4.3.1.2)
The class of second order nonlinear ODEs
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d w
' ' (4.3.1.3)
dz F(af' w' z)
where F is rational in * and w and analytic in
z, was examined by Painlev6 [17], who obtained the

subset of equations free from movable critical points.
He Introduced a parameter a into the equation such
that for a = 0 the resulting equation could be seen,
by inspection, to be with or without movable critical
points. Using this method, Painlev6 obtained two

necessary conditions

(1) F must be a polynomial in o of degree £ 2
of the form

F(w',w,z) =LWw,z)W )2tMWw, z) (W' )+N W, z)

(Ince Ch. XIV) (4.3.1.4)
where L, M, N are rational in w, analytic in =z.
Furthermore, L is required to be either Identically

zero or one of five specific forms which are listed in

Ince.

(ii) If L s 0O then M must be linear in w and N

a polynomial in w of degree £ 3.

If L& 0, then M and N must have the form
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m(w, z) nw,z)
D(wrz) ' N(w' 2z) D(w,z)

M(w, 2)
where D(w, 2) Is the least denominator of the partial
fractions in L(w, 2) and is a polynomial of w of
degree d, 2 *~ d s 4, while m and n are
polynomials In w of degree ~ d +1 and < d + 3

respectively.

Implementation of the necessary conditions (i) and (1i)
leads to 50 canonical equations with the property of
having no movable critical points. Of these
equations, It was shown that 44 were soluble In terms
of elementary functions or elliptic functions. The
remaining equations define six new transcendental

functions - the Palnlevé transcendents Pj - PVIe

Since the 50 ODEs are of canonical type, It does not
necessarily follow that a given second order ODE
satisfies, directly, the necessary conditions. It
may be possible to make the ODE one of the 50 by a
transformation of variables. To demonstrate this we

present the following example.

Example 4.3.4

Consider the equation
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zm (w' + zw") = slnw, where me 2z+ U CO}.

(4.3.1.5)

If m=1 then 1Iln(otz) =+ f—— ——— [22]
(/9-2cosw)

and the solution Is given in terms of elliptic

functions.
If m * 1 then transforms the ODE to
t =1 1 d*x + 1
<*2-1) (4.3.1.6)
dz 4 Z dz Z‘IZm+1

If m =0 then (4.3.1.6) becomes Pjjj with a =1,

ftt ¢ 6 =0

If m > 1 we change the Independent variable to

V - ————— and obtain

dv 1 £4*12 1 d* 1 o.a
ay° |drT ~ y + ) IIT

It is Important to note that extensive results for
nonlinear ODEs are only available for first and second
order equations. The main difficulty with
determining whether equations of third and higher
orders are of P-type is showing that the equation is

free from movable essential singularities. Painlev6
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Cl71 showed by a separate analysis that the Palnlevi

transcendents are free from such singularities. The

analysis, however, becomes very complicated when
considering third and higher orders and this difficulty
has prevented workers in the field from giving a

classification of even third order nonlinear ODEs.

However, in the following section we review an

algorithm which Is generally easier to apply than
Palnlev”*'s «-method and determine whether a given
nonlinear ODE admits movable branch points. This

algorithm can be applied to equations of all orders.

4.4 Singular Point Analysis

Given a nonlinear ODE, how do we determine whether it
is of Painlev6 type? Since extensive results are
available for first and second order equations, it is
the nature of the singularities of the third and higher

order equations that are of particular interest.

The algorithm we outline below, given by Ablowltz,
Ramanl and segur 111 provides necessary conditions for
an ODE to be of P-type. The algorithm is based on

two assumptions.

(1) The nth order ODE has the form
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Fir?, £', £", ..., £n™M) (4.4.1)

where F 1is analytic in 7 and rational in its other

arguments.

(ii) The dominant behaviour of the function In a
sufficiently small neighbourhood of a movable

singularity, if it exists, is algebraic

i.e. £@®) ~ «(77 - )P (4.4.2)

Re(<») < 0 and »0 1» arbitrary.

We demonstrate how this algorithm is applied by means

of an example.

Consider the ODE

Rearranging (4.4.3a) in a suitable form gives

o9"* 09’

Step 1: Leading term

It is clear that all solutions have the form =£(77 - 7o

)
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where no is arbitrary. Find the dominant behaviour
of the solution in the neighbourhood of a movable
singularity of 1w =1? . If n0 is a singular point,
then this means that it is movable and we assume that

in a neighbourhood of this point
on)

f£@?) 3 J b*in " R0 )PHJ
3=0

where a and p are constants to be determined.

Substituting into (4.4.3b) it is seen that the dominant

terms are the first and the third terms and these give
P =-1 and bQ =a Is arbitrary.

Hence, in a neighbourhood of t)g,

00
«(i?-no) *+ J a* @r—ro)”* (4.4.4)
3=0

£(2>)

where a_ =Db etc.

If p had been fractional, then the singularity would

have been an algebraic branch point.

Step 2; Arbitrary constants
Now the general solution of (4.4.3a) has two arbitrary
constants and these have already been determined in

Step 1 as +t» and a. Consequently, in this problem
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the remaining coefficients a*, j =1, 2, ... are
determined In terms of a by recurrence relations.
However, If In Step 1 not all arbitrary constants were

determined, then we substitute

g(o) = «t 1 + fttT 1 + yt3 4, t =r - &

where @B and y are the required arbitrary constants,
and three terms are included because the dominant
nonllnearIt les are cubic. Balancing the equation for
powers of t gives values for r and s which
determines the positions In the series of all arbitrary

constants not determined In Step 1.

Step 3: Coefficients

We substitute the whole series (4.4.4) with the
arbitrary coefficients In their correct positions and
check for consistency. If we cannot obtain
consistency then the solution has movable branch

points.

In this example the equation (4.4.3a) Is free from
algebraic and logarithmic (movable) singularities.
However, the algorithm tells us nothing about the
existence of essential movable singularities. In fact
we know that the general solution of (4.4.3a) Is not

free from movable singularities and Is given by
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£(7?) = tan(1n(A7) + B)) (4.4.7)

The difficulty of detecting essential singularities
means that this algorithm is powerful for eliminating

candidates for Palnlevé rather than discovering them.

4.5 Similarity solutions of Integrable PDEs

Example 4.1.1 shows that the similarity reductions of
the KdV equation, with one-parameter infinitesimals are
all of Palnlevé type. The work of Ablowitz and Segur
on the modified KdV equation had encouraged many
workers to look for similarity solutions of other well
known 1ST Integrable equations and It turns out that
all the Integrable PDEs that we know have similarity
solutions which are of Painlevé type. Furthermore,
they all reduce to one of the Palnlevé transcendents.
Below we give a table of 1ST equations together with

their similarity wvariables and ODE reductions.
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Equation Invarlant Invariant form Reduced

variable (rj) of sol3 (u) Form
t 1
Kdv x(3t) 8 £(1?)t 8
+ 1 PIT
mKdVv x(3t) o £ (>t 8 PIT
SG xt £ (7?) PITI
Boussinesq X - t/z fov) PI
T (G
¢ <« - » * £) PII

X

Dorlvatlve x(2t) 2
MLS

p(r>)Uugq (V )dv
i PIV

(2t)*

For more examples and for equations with higher special

dimensions see reference 1181.

On the other hand, several PDEs which are thought not
to be Integrable - either because they only have a
finite number of conservation laws, or that numerical
evidence shows that their solitary waves are not
solitons - have been reduced to ODEs which are not free

from movable critical points.

For example, consider the BBM equation
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U + U + uu u 0 (4.5.1)
t X

The following evidence suggests that the equation is

not integrable.

(1) It has a family of solitary wave solutions

1
u(x, t) = 3c sech 7 ///i+c (x - (l4+c)t)

(4.5.2)

where ¢ is a constant. However, numerical studies
by Bona, Pritchard and Scott [71 have shown that the
interaction of two solitary waves is inelastic and

therefore not soliton-like.

(1i) The equation has only three local conservation
laws of polynomial type (Olver [211, Duzkln and

Tsujishita (131).

sy *+ (U iux-u ) -0
v 'x

On the other hand, the KdV, modified KdV, SGB all have

87



an Infinite number of conservation laws.

(T11) The equation has general travelling wave

solutions

u(x, t) > £(t?),

where v =x - (1 + ¢c)t

(1 + ¢
dr)B

Integrating twice gives

(l+c) fdfi2 _c
2 2

where A and B are constants,

be solved by elliptic functions,

P-type.

and £(o) satisfies
(4.5.3
i6! + Af + B, (4.5.4)

and since

equation

(4.5.4)
(4.5.3)

In addition to the self-similar travelling wave

solution, the BBM also has the similarity solution

u(x, t) =t *(x) -1

where y(x) satisfies
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In the vicinity of a pole, y (x) la given by

y(x) 3ée¢-x + Oln(x-x0) + a}(x-x0) + O((x-xq))

where A 1Is a constant. Therefore y(x) has a
movable logarithmic branch point and hence (4.5.5) 1Is

not P-type.

Other partial differential equations which are
believed not to be Integrable also have similarity
reductions to equations which are not of P-type.

These Include:

Generalized Kdv u. + unu + u =0, n> 2
1/ A AAA
(4.5.6)
KdV Burger's Equation u. - fuw, + VAR = j'uxx
(4.5.7)
Fisher's Equation uxx - +u-un =0 (4.5.8)
Phi-FourEquation U T U + u - us
(4.5.9)

See reference 118).

Ablowltz, Ramanl and Segur's work on the connection

between 1ST soluble nonlinear PDEs and Palnlevf

89



transcendents led them to make the following

conjecture.

The Palnlevé Conjecture [11

Suppose a nonlinear PDE Is soluble by 1ST. Then all
the solutions of every nonlinear ODE obtained by exact
reductions (perhaps after a transformation of
variables) are free from movable algebraic, logarithmic

and essential singularities.

If true, this conjecture provides a powerful necessary
condition for testing whether a given PDE Is soluble by
1ST since it means that if there is a reduction which
Is not P-type then the equation Is not soluble by 1ST.
It does not claim to be a sufficient condition for
integrablllty. A similar conjecture has been given
by McLeod and Olver 1201. Although neither of these
conjectures has been fully proved, both ARS [11 and
McLeod and olver have given "partial proofs".

Despite the lack of complete proofs we have already
presented some of the considerable evidence in support

of the conjecture.

Recent work by Clarkson and McLeod [11l1l Indicates that
the above conjecture may remain only a necessary
condition. They proved that the only similarity

solutions to the following equations:
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= + +
ut u uux u

. (Modified BBM) (4.5.10)

xxt

and

(4.5.11)

that can be obtained by the Lie group method are
travelling wave solutions u(x, t) = f£(x - ct), where

c 1is a constant and £ is of P-type.

On the other hand, numerical studies by Makhankov (191,
Seyler and Fenstermaker 123) and Bogolubsky 16) show
that the interaction of the solitary waves of

(4.5.10-11) are inelastic and therefore, they are

probably not integrable.

Clarkson and McLeod assume that all the possible
reductions of a given nonlinear PDE can be obtained via
one-parameter groups whereas Ames (11 has pointed out
that this may not be the case. Furthermore, Ward

(25) has remarked that since most nonlinear PDEs do not
have local symmetries it follows that they cannot have
similarity solutions obtained by the Lie group method.
In these cases the question arises as to how we decide

on lntegrability by 1ST.

4.6 Analytic Structure of the General Solution of
Integrable PDEs.

Developing the work of Ablowitz, Ramani and Segur,
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Weiss 1261 and Weiss, Tabor and carnavale 1271
conjectured that every solution of an integrable
nonlinear PDE has a meromorphic structure. This they
called the "Painlevé Property" and claimed that it was
a sufficient, rather than a necessary, condition for
integrabllity. We now give the definition of the

"Painlevé Property".

Definition 4.6.1

Consider the PDE in the form

. = K(u), (4.6.1)

where K is a nonlinear operator and u: Rntl R is

a solution determined by some initial data.

Consider now the complex extension (x*, , X*, t)
> (z,, ..., ‘pr t) SO that now u: Cn+! C and
assume that u can be expanded in the form

00

u (z
3=0
(4.6.2)

where ¢ = #(z+, ... zn, +) and
up = u3(z*, cee Zoy t) are analytic functions of

If a > 0 then the singularities of u are determined
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by the zeros of <ft. Thus we call

<(zj ..., t) = o (4.6.3)

the singularity manifold of wu.

The equation Is said to possess the Palnlevé Property
if the equation Is at most meromorphlc on 4 = 0.

That Is, « 1is a non-negative integer.

The expansion (4.6.2) is motivated by Cauchy-Kovalevsky
theorem 1121, (15) which requires that the manifold
(4.6.3) Is non-characteristic [151. It is also
required that the number of arbitrary functions for a
general solution Is equal to the order of the equation
and the arbitrary functions Involve one less
Independent variable than the number occurring In the

equation [151.

The procedure for checking the property Is analagous to
that for finding series solutions of ODEs 111.
Substituting (4.6.2) Into the PDE determines a and
defines recursion relations for uj, j =0, 1, 2

If a is a non-negative Integer and the expansion
(4.6.2) gives a general solution of the PDE then the

PDE has the Palnlevé Property.

Weiss et alf Chudnovsky and Chudnovsky [81 and others,
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have demonstrated that several PDEs known to be
Integrable have the Painlevé Property. These include
the PDEs listed in Table 4.5.1 as well as equations
with higher special dimensions such as the

Kadamtsev-Petviashvile equation.

Furthermore, Clarkson and MclLeod 111] have shown that
equations (4.5.10-11), which were only reducible via
one-parameter groups to travelling waves, do not
possess the Painlevé Property. Since it is believed
that these equations are not integrable, this suggests
that the Painlevé Property may provide a "better test"

than reduction to ODEs.

However, Ward [25] pointed out that the analysis
Involved in determining the Painlevé Property is based
on the assumption that the solution does not have
essential singularities. Thus, it may be only
detecting a subset of solutions of the PDE and not the
general solution. This was later demonstrated by

Clarkson [91, [10] when he showed that the equation

u* = 2uu* - (l+u2)uxx (4.6.4)

possesses the Painlevé Property but is known also to
possess movable essential singularities. Thus, if we
look for a travelling wave solution to (4.6.4) in the

form

94



u(x, t) = £(x - ct)

we find that 1i(r>), where 1 = x - ct, satisfies

c (1 + £%) (4.6.15)

This equation has the general solution (see Example

4.3.3)

£(7?) = tan In(A7? + b)j- ,

which shows that (4.6.4) has a class of solutions with

movable essential singularities.

This example demonstrates that the method proposed for
detecting the Painlev6 Property Is Inadequate in that
It does not necessarily prove that the equation has the
Palnlev6 Property. Thus It can only be used In the
negative sense to eliminate equations if they turn out
to have branch points, as In the case of ODEs. Thus,
Clarkson and McLeod argue that as far as testing the
analytic structure of a given PDE Is concerned we
cannot say which approach Is better, 1l.e. testing the

PDE directly or testing Its similarity solutions when

they exist. However, we would state the position as
follows.
(1) If a given PDE has a similarity reduction to a

first or second order ODE belonging to the Painlevé6
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classification, then we Immediately have the odes
complete analytic structure including the existence of
essential singularities which the direct method misses.

In this instance the reduction method is better.

(11) If we do not know that a PDE has similarity
reductions to ODEs of first or second order, l.e. we
are unable to obtain any by the Lie method, then the

direct method Is the best we can do.

4.7 Conclusion

Although the Palnlev6é conjectures of ARS and McLeod and
Olver have not been proven, some important points about
the proposed tests have emerged. We summarize them

below.

(1) All the known 1ST soluble equations reduce

to one or more Painlev6 transcendents 1181.

(2) The test for P-type ODEs via similarity
reductions and the direct test as proposed

by Weiss et al. are not Identical.

(3) Strong evidence exists that neither the
Palnlev6 test via similarity reductions nor
the direct test are sufficient tests for
lntegrablllty although both may be

necessary.
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(4) As we have just commented above, the

direct test of Weiss et al. is stronger

unless there is a similarity reduction to a

first or second order ODE.

To complete our review and to set our work in context,
we consider the work of Abbas and El-Sherbiny on a
general class of PDEs with quadratic nonlinearities

which we shall study further in later chapters.

97



CHAPTER FIVE

THE GENERAL CLASS OF EQUATIONS

In previous chapters we have noted the following

Important points:

(I) There is no systematic way of obtaining the
linear eigenvalue problem necessary for 1ST from the

nonlinear PDE. It must be guessed.

(IT) Although there are systematic ways of obtaining
conservation laws, the methods are tedious and may not

always work on arbitrary equations.

(III) The Painlev6 Conjecture, if true, is at most a
necessary condition for 1ST and its strength Is not In
lndentlfylng, but rather In eliminating equations which
do not possess solitons. Thus, even if the solution
structure Is at most poles, we are again faced with

finding an associated eigenvalue problem.

(1v) If a nonlinear PDE Is soluble by 1ST and has
solitary wave solutions, then the solitary waves are

solitons.

Clearly, therefore, we are interested In knowing when a

solitary travelling wave solution of a nonlinear PDE Is
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also a soliton. That Is, what properties does this
wave and the equation have that guarantee the existence
of sollton solutions. This study was Initiated by

Abbas [1] and developed by El-Sherbiny {31.

Broer's hypothesis [21 that the KdV could be lntepreted
as a field equation for a general field when properties
could be thought of as arising from nonlinear and
dispersive effects, had led to the belief that both
dispersion and nonlinearity were necessary for
evolution equations to have stable solitary waves.
Abbas set about to test this belief by analysing the
effects of dispersion and nonlinearity separately for
selected initial profiles which included the sech2
solitary wave. Then, by comparing the predictions of
this analysis with the properties of the solitary wave
solutions of the complete KdV equation, he found
several contradictions. Abbas then considered a
general class of third order equations with quadratic
nonlinearltles which Included the KdV equation. He
showed that this class has solitary wave solutions for
a variety of dispersion relations, including a subclass
of formally nondispersive equations, clearly
contradicting the belief that both nonlinearity and
dispersion are necessary for solitary waves. Finally,
Abbas began the classification of the general class in

terms of solitary wave solutions.
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since dispersion Is not a useful criterion In
understanding the properties of the KdV equation, the
question arises as to whether It Is possible to develop
other criteria for such understanding. El-Sherbiny
took up this problem by asking whether the properties
of the KdV are unique in this general class and whether
this can be spotted from the equation and Its
elementary properties. He started by considering the
question of whether the embedding of the KdV In the
general class Is reasonable. To do this he studied
well-posedness, the existence of solitary waves and the
existence of conservation laws. To establish
well-posedness El-Sherblny partitioned the general
class Into {our equivalence classes and managed to show
well-posedness for three of them and existence for a
fourth. He also found that while all the equations
have at least two conservation laws, unless an equation
is in the KdV class It has at most three conservation

laws.

In the following chapters we shall extend the work of
Abbas and El-Sherblny. This chapter gives a review

of their results.

5.1 Broer's hypotheses and the KdV equation
Broer 12} suggested that the KdV equation could be
approached from the point of view of field theory where

the properties of the field are obtained from nonlinear
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and dispersive effects corresponding to the terms uux
and uxxx respectively. Since these terms appear
additively In the equation, their interaction could be
observed only In the space of solutions. Hence the
general scheme proposed by Broer was to write the field

equation as a structural perturbation

uf+ ux + N(u) + D(u) =0 (5.1.1)

of the basic unidirectional linear nondisperslve

equation

ug + u* =0 (5.1.2)

In this perturbation N and D are the nonlinear and
dispersive components respectively. This
Interpretation of the KdV equation led to the belief
that Its properties could be understood In terms of a
balance between the nonlinear and dispersive effects,

see Scott et al. Cé6l.

Abbas 1ill set out to test this hypothesis by analysing,
separately, the effects of dispersion and nonlinearity
on selected Initial profiles. He considered the
equations

u, + ux+ u =0,, (5.1.3)

t XXX
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u +u + Auu = 0, (5,1.4)
t X X

with the initial profiles

g(x) = sechzbx; g(x) = exp(-azxz); g(x) = (1+\zxz) 1

His analysis indicated that the sechz profile was the
least dispersive of these three, while the nonlinear
analysis did not distinguish between the profiles.
Abbas proceeded to compare the properties of the
solitary waves of the KdV with the predictions of its
component parts. To vary the amounts of dispersion
and nonlinearity, independently, the KdV was considered

as

Ut + Ux + Auux + Buxxx = 0 (5.1.5)

so that the solitary waves are

ug(x, t) = jpsechz | | / ~ x - (l+c)t)Jgd

(c > 0)

(5.1.6)

This comparison showed some contradictions of the Broer
hypotheses. The solution Indicates that solitary
waves exist for all A, B, c > 0, subject to the

constraints of unidirectionality, whereas the
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assumptions of a perturbation would Imply that solitary
waves will only exist If A, B and c¢ are small.
Furthermore, we see that for fixed ¢ the amplitude
and width are proportional to 1/A and Vb
respectively, meaning that small amplitude, long
wavelength regime Is reached only for large values of
A and B. Since (5.1.2) 1Is a zero-order
approximation for propagation of waves of small
amplitude and long wavelength, this property Is
contrary to the assumptions. This demonstrates that
the Broer hypothesis Is not a useful way of

understanding the KdV.

5.2 The General Class of Equations

To further test the general belief that the existence
of solitary waves is due to a balance between
nonlinearity and dispersion and that the KdV does not
simply define a special case, Abbas considered a

general class of third order equations with quadratic

nonlinearity
l.e. u,+u_+a uu_+a uu,+a
t x 1 x 2t
(5.2.1)
where a”“e R i =1, 2, ..., 6). This contains the

KdV and some proposed alternatives such as the

regularized long wave equation

u. + uy + uu Ut 0 (5.2.2)
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and the Joseph and Egri equation (J.E.) 15)

ut + ux " uut + uxtt =0 (5.2.3)

Abbas showed that solitary waves with sech2 profiles
exist for a wide variety of dispersion relations.
However, he also showed the existence of a formally
nondlspersive subclass of the general class which has
stable solitary waves
l.e. ut+ux+aivux+azuut+a.uxxx+a.uxxt

(5.2.4)

where a, =a < 0.

The solitary waves of (5.2.4) are given by

us x, t) = 3—_5.%]\-7475)1‘ sech2 §W5:|_ (x-(1+c) t)

’

(5.2.5)
and thus have a fixed width, l.e. independent of the

speed c.

The existence of this formally nondlspersive subclass
clearly contradicts the belief that the formation and
properties of solitary waves can be understood in terms

of a balance between nonlinearity and dispersion.

Abbas concluded that dispersion is not necessary for

the existence of solitary waves ill.
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The inability of the dispersion terms to provide a
criterion for understanding the properties of the Kdv,
leads to the question as to whether it is possible to
develop other criteria for such understanding.
El-Sherblny took up this question and we will consider

his work in section 5.5.

We now take a closer look at the solitary wave

solutions of (5.2.1).

5.3 Solitary waves of the general class

Solitary waves are special instances of travelling
waves, i.e. self-similar solutions, which are obtained
by transforming the evolution equation (5.2.1) to the
frame of reference in which the waves appear stationary

(rest frame). Using the transformation
Xx —* x - (H-c)t, t—8t and u(x, t) —» v(x)
(5.3.1a)
(5.2.1) reduces to the O.D.E.
*'" +aw' -v' = o (5.3.1b)
where the primes denote x-derivatlves and

« = a-a (14c), pc = a -a (1+c) ta_ (l+c)2—a<3 (1+c)B

Integrating equation (5.3.1) gives
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dzv. ¢ _v +a =0, (5.3.2)

dxa

where A Is a real constant of integration.

Multiplying (5.3.2) by v' and Integrating again gives

ft iz o3 vz

2 1dx] 6 ) + Av + B = 0, (5.3.3)

where B is the second integration constant.

Equation (5.3.3) can be rewritten in the form:

3ft 6AvV
a a (5.3.4)

If we now make the substitutions

X »°? V-brbw v,

equation (5.3.4) reduces to the form

(5.3.5)

where gz = (*|j(1-2A«), ag (2+6<xAt+60t2B)

We note also that a and ft have the same sign.

The general solution of (5.3.5) is the Weiestrassian
elliptic function q(?) which can be written in terms

of one of its Jacobian counterparts as follows (41
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(‘g) - T2 + (ra - rz)en2 (\if; k) (5.3.6)

where en is the Jacobian elliptic cosine amplitude

with modules

and r , rz and rg are the roots of the equation

4r3 - g2r - gg= 0 . (5.3.7)

Then it can be shown that for k2 =1 the solution

(5.3.6) reduces to solitary wave form (1), (3)

ug (x,t) (1+c) t)

(5.3.8)
Some of the consequences of the above analysis, due to

Abbas, may be given in the following theorem:

Theorem 5,1

(1) The equation (5.2.1), with possible constraints
on the parameters to keep the solutions real, has
periodic waves which are Weierstrassian elliptic

functions.

(i1) The necessary condition for the existence of
real solitary waves is that ft > 0 and these waves

necessarily satisfy the boundary conditions
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(i11) The solitary waves all have the sech2 profile O

Abbas also began a classification of the equations
(5.2.1) in terms of their solitary waves by considering

the properties of the width parameter
=

i.e. ftc = a, - a (14c) + a, (14c)2 - a, (1+c)B

(5.3.9)
and assuming that the amplitudes were positive with

c > 0.

He classified the existence of solitary waves as

follows:

(1) a= 0 a_ * 0, ftc = a - a, (1+c) + a (14+c) 2
(5.3.10)

(ii) a =0=a , fx=a - a (l+c) (5.3.11)

Case (1) further gives rise to two subcases i.e. a* < 0
and a >0. The results of this classification are

as follows:

(1) a, * 0. ftc = t(r) = a, —a,r + a3x2 (r  (14c) > 1)
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(a) as < 0. A family of solitary waves exists If
the maximum of i(y) is positive. There are two

possible graphs as Indicated in Figures 1(a) and 1(b).

In the first case, Fig. 1l(a), the speeds 1lie in the
open Interval (y , r2), and In the second case,

Fig. 1(b), they lie in (1, r2)e

(b) ag > 0. A family of solitary waves always

exists, but there may be a gap In the allowed range of

speeds. Consider the graphs of f£f(%).

If the minimum is positive as In Fig. 1(c) then
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solitary waves exist for all speeds.

If the minimum is negative as in Figures 1(d) and 1(e)
then excluded speeds are those in the closed intervals
ly , y 1 (including the case y =y ) and 1II, y 1.
The results for ¢ < 0 follow from the above by
reversing the direction of the Jj"-axis and

Interchanging the interpretation of the figures.

(ii) ag = 0: Existence and speeds of the solitary

wave is summarized in the Figure 2 below:

Fig. 2
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This classification was completed by El-Sherbiny 131
when he considered the case a *O0. The types of
roots of (5.3.9) are obtained according to the
properties of the discriminant A of the cubic (5.3.9)

l.e.,

_ 1
A = 108a (4as%§—18a8% aa +27ag%g+4a§ao—?zag)

(5.3.11)

By considering the cases A =0, A >0 and A < 0 and
the graphs of (5.3.9) In the same manner as Abbas,
El-Sherblny completed the classification of the general
class (5.2.1) (31.

The above classification shows that for quadratic
nonlinearities and third order dispersive terms,
solitary waves, where they exist, have the sech2 form.
Furthermore, there Is a variety of equations which have
the same nonlinear but different dispersion terms. A
major result of Abbas’s work Is that the linear part of
the equation Is an unreliable Indicator of the

properties of the full nonlinear equation.

Other extensions of Abbas's results on the general
class necessary to understand the special properties of
the KdV were completed by El-Sherblny. His starting
point was to show that the class of equations (5.2.1)

could In fact be considered as homologues of the KdvV.
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Thus, he studied the well-posedness of the class.

5.4 Well-Posedness of the general class

Consider the Initial wvalue problem which corresponds to
the general class (5.2.1) where wu, uf and ufixt are
given on an arbitrary space-time curve x = x(s),

t = t(s), where s Is the parameter. This Initial
value problem Is said to be well-posed If It has a
unique solution which depends continuously on the

Initial data.

For the Initial value problem for the general equation

ut+ux+aiuux+a2uut+ aélxxx+a*uxxﬁ+a3uxtt+ a*uttt - 0
(5.4.1a)
u(x, 0) « £(x), ut(x, 0 = g(x), utt (x, 0) = h(x)
(5.4.1b)

El-Sherbiny proved the following theorem.

Theorem 5.2 [3]

The Initial value problem (5.4.1) for the general class
of equations with non-characteristic data can be
reduced to the non-characteristic Initial value problem

for a first order system of seml-linear PDEs given by

Ut + AUx + ¢ =0 (5.4.2)
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U(x, 0) = HX)

where the U, C and A are

A

UT = Twuu,uuy ,u ,u _u. .,u ..u u
L t X tt xt XX ttt =xtt =xxt =xxxj
(5.4.3a)
cT = [WMuf ut £f uxt-uttt 0 0O0m 0 0 °]
Wlth m * + aiUt ,Ut - (1+azU)Utt+4a.UUXt] '
a * 0.
and
0 0
0(4 x 4) 0(4 x 4)
0 0
0
o0 0o o0 -1 0 0 0 0 0 0
o o ©° ©° | _3 0 0 0 0 0
- H H |l.
° ° / */ /
as 8.6 a a6 aa a6
0 0 0
0 0 -1
0(4 X 4) 0 0 0 -1 0 0
0 0 0 0 -1 0
(5.4.3c)

When a* = 0, A becomes singular and so El-Sherblny
studied well-posedness for two separate classes 1l.e.
the nonsingular class (a<5 * 0) and the singular class

(aO =0).
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For the nonsingular class, well-posedness was obtained
via the traditional method of characteristics. That
is, by finding the characteristics of the system in
(5.4.2) and showing that it is equivalent to a system
of ODEs in which differentiation is along a
characteristic direction. These equations can be
Integrated to give the solution of the system, provided

the data is not specified on a characteristic.

Now the characteristics of the system (5.4.2),
corresponding to the general class, are given by the

roots of the cubic

a -—aX+aXz-aXx3-=0. (5.4.4)
8 4 (3 J

where x =

The method of characteristics fails when either A is
singular or the data are characteristic. In these

cases El-Sherbiny was able to reduce the general class
to four equivalence classes as defined by the following

theorem.

Theorem 5.3
Consider the initial value problem corresponding to the

general class of equations

u t+ux+a uux+a2uu t+a 3uXXX *uxxt+a5ux'(:t+a (él LEE =0

(5.4.5)
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where the Initial data
characteristic line

problem reduces to the four equivalence classes

RLW, W,,

Kdv:

RIW:

W~

»a

and the

Uj.£

reduce

u, and u

X mt m * 0.

and WB}_ defined as follows:

v, +v. +c.vv + cvwvw, + cv
t b 4 1x 2 0t a XxXx
v.t + Ve + dIv& + dzvv.t + d*vxxt

vt + vx * Jwvvx + * vvt * »V'xxt

+v. +SEvw + 6vwvwWw. + 6V
X T X a XXX

corresponding characteristic data

to v, Vv and v A or\ t =

+

are given on a

Then this

Kdv,

V'xtt
6 v ..
* Xttt
(5.4.6)
and

u, ut.

o

To Investigate well-posedness of the singular class,

El-Sherblny considered well-posedness of each of the

four classes In (5.4.6).

well-posedness of the KdV and RLW equations,

Using known theory on the

he was

able to show well-posedness for a variety of cases

Including the RLW class with a
he had limited success with the classes

where he gave restricted existence proofs,

llr—

term. However,

W and W ,

and was

unable to obtain results for the KdV class when the

term was included.

.
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5.5 conservation Laws of the general class

The third part of El-Sherbiny's contribution was to
examine the conservation law property of the general
class (5.2.1). The first two conservation laws of
this class were obtained via elementary operations and
it was shown that if (a”“a”® satisfy the cubic

equation

(5.5.1)
then the corresponding subset of equations would have a
third conservation law. By applying (5.5.1), the
problem was reduced to the four equivalence classes of
Theorem 5.3, but with wr*. terms removed. These

classes were then studied separately.

According to the nature of the roots of the cubic

(5.5.1) El-Sherbiny obtained the following results:

(1) If (at/az) is a triple root then we have the

Kdv, which has an infinite number of conservation laws.

(ii) if (at/az) is a double root, then we have the

RLW which has only three conservation laws.

(1ii) If (a4/az) is one three real roots we

obtain the class W54.
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(1v) If (a4/a2) is the only real root we obtain the
class W33.
In cases (iii) and (iv) the existence and number of

conservation laws is given in the following theorem:

Theorem 5.4

Each of the equations

ut + ux + b_1L11k + btP <xt + b3uxﬁt£ 0
(5.5.2)

and

u. + U. + biuu b b

X g%xxx 3uxtt

(5.5.3)

has only three conservation laws.

5.6 Conclusion

In this chapter we reviewed the work of Abbas and
El-Sherblny on the general class of equations (5.2.1).
This class was considered as forming a neighbourhood of
the KdV. Abbas showed that the idea of a balance
between the nonlinear and dispersion terms does not
provide an understanding of why solitary waves occur.
This contradiction of Broer's hypothesis meant that

other criteria for such understanding was necessary.

El-Sherbiny considered the well-posedness and the

number of conservation laws of the general class.
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Both his and Abbas's work show that the Kdv has a
number of exceptional properties which are not shared
by any of its alternatives. The KdV has an Infinite
number of conservation laws, can be solved by 1ST and
possesses solltons. Abbas and El-Sherbiny's work
suggests that none of the alternatives possesses any of

these properties.

In the following chapters we continue the study of the
general class by investigating the analytic structure

of solutions, both special and general, of (5.2.1).

In this context we pursue the question of why the Kdv

is a unique equation in the class. in particular we
review and apply criteria based on the analytic

structure of solutions l.e. the Palnlev* conjectures.
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CHAPTER BIX

THE SIMILARITY REDUCTIONS OF THE

GENERAL CLASS OF EQUATIONS

In this chapter we begin our study of the general class
of equations first defined by Abbas 111. That Is

u,+u +ta uu +a _uu,+a u +a .+Ya u
X 1 x a

£ 2T Uy Tyt TR oUxee T2 Ve
where a*(1 =1, 2, ..., 6) are real numbers and

u(x, t) is a real scalar field for all x, t) «1R.
Our work, which has been motivated by similarity
solutions and the Painlev6é conjecture will be to
investigate the analytic structure of this class.

The work of Abbas 111 and El-Sherbiny [41 shows that
this Is a reasonable class to consider since It can be
viewed as forming a neighbourhood of the Kdv equation.
We have seen that the KdV appears to be unique in
admitting 1ST solutions, solitons and possessing an
infinite number of local conservation laws. It Is
also known that the similarity reductions of the Kdv
are Painlev6 type. In this chapter we obtain the
similarity reductions of the general class of
equations, the solution structure of which will be
considered in the following chapter. The technique
we have reviewed In chapter four of Lie's one-parameter

(&) group of transformations 12] will be used. Our
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approach will be to spilt the class Into three
subclasses In accordance with Cauchy's problem and to
obtain the symmetry groups for each subclass
separately. Then, using these, we proceed to obtain

their similarity reductions.

6.1 Subclasses of the general class
The general class of equations

.tu_+ + .fa_u +a u .fa_u ..+a u. ..
ut ux alqu aZuut a3 XXX * XXt 3 xtt &ttt

(6.1.1)

splits with respect to Cauchy's problem Into three

distinctive subclasses.

(1) The class W0 (a<5 * 0) for which (6.1.1) Is
third order In t and three bits of data u, u* and

uft are given at t = 0.

(II) The class WSL(aG = 0, a, * 0) for which (6.1.1)
Is second order In t and two bits of data u and u.

are given at t = 0.

(ITI) The class W (a_=0=a , a * @) for which
49 <5 9 4
(6.1.1) Is first order in t and only u 1Is given at

t =0.

120



6.2 The local symmetry group of the class

The equation of this class Is (6.1.1) and the

one-parameter («0 group of infinitesimal

transformations in (x, £, u) are given by
x' = x + X%, £, u + 0(« ) (6
t' =t + «T(x, t, u) + 0¢) (6
v =u+ sU(xf t, u) + 0(e) (6

Then following the work in chapter four

v_, =u_ + .Ux + 0(*z) (6

X X

vt, = Ut + 1i:Ut + 0(«:2) (6

= *

Vo e e Uy + *UXXX + O(ffz) (6

V,-£f H “xxt * *uXXt * °%«*,> <6

V £ £ - uxtt + *uXtt * °<*x*> <6
' — k sk Iy (6

Vi'f =uttt uttt + (@i

where the functions

Ux,

Uxxx, Uxxt, Uxtt

Utfct are determined from equations (6.2.la-c)
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2.1a)

2.1c)

2.2a)

2.2b)

2.2c)

2.2d)

2.2f)

and
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U ¥ Ox * (uu -V ux - V.t - V x - Tuuxut

(6.2.3)
ut - ut + <% - Tt,ut ' Xtux - V t - V x ut
(6.2.4)
with U,xxx’ U’m, U’Xtt and U given In Appendix B.

Equation (6.1.1) Is Invariant under the transformations

(6.2.1-2) If

vV +V +Ww +W +aaV x'x'+a*V x't' +as V t't'
+aavt't't' 0
(6.2.5)
Substituting (6.2.1-2) into (6.1.1) gives, to first
order In e,
(1+a 4u) ux+ (1+a 2u) Ufcta 1% uta LU fJu+a 3uxxx+a 4Luxxt
+a3Uxtt+aaut4t =0
(6.2.6)
which Is the Invariance equation. The Infinitesimals

X(xx, t, u), T, t, uy and U(x, t, u) are
determined by equating the coefficients of the
derivatives of u and terms free from derivatives of

u to zero.
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Equating to zero the coefficients of wu u , uu
t ttt X XXX

and ututt 9*ves

T =X_ =0, U =0 (6.2.7)

Now writing out (6.2.5) in full we have

(u.+ u_+a uu_+a uu.+a u +a u_.+a u +a u...)U
t X * X a t a XXX * XXt » Xtt < ttt' U

+(1+a,u) [vVx 'Vt] +V xUta,utU+(a.+a.ui

thTtUt~xtUX]+aa[UXXX+(3UXXU_XXXX)uX_TXXXu%

+(3U -3X Ju -3X u -3T u .-3T
XU xx " Txx X XXX XX xt xuxxt]

Ju

+a |U + (20 . X yu + (U -T xJu™+tU ~-2X
xXxt xtu xxt X XXU “xxt t ut x XX

t

+ (2uxu-xxx-2Txt SUxt-Txx" tt-Xtuxxx- <2xxtTt )u* x £ 2Txuxtt]

ta, [uxtt+12uxtu-Txtt>V <uttu-xxtt,ux+<Uux-2Txt >ut

f<2utu"Ttt'2Xxt ,uxt"Xttuxx"Txuttt"™ (2Tt+Xx )uxtt"2xtuxxt]

ta«luttt+<3Uttu-Tttt,ut-xtttux+<3utu-3Ttt'“tt

3Ttuttt 3Xttuxt 3X tuxtt] (6.2.8)
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Using the PDE (6.1.1) to eliminate Uiie

l.e.,

u
ttt - - jr < V ux+a,uV aluV a,uxxx+a.uxxttV Ixtt>

in (6.2.8) and equating the coefficients of third order

to zero gives

Vx:irTx " jr xt ' 3xx + 3Tt - 0 <6 -2 -9)

(8- 3T 2 e e 2o

(6.2.10)
uxtt: (£ - 2 £ )Tx—3i§xt+Tt—Xx—0
(6.2.11)
From (6.2.11) and (6.2.9) we obtain
(6.2.12)
and (6.2.10) and (6.2.9) give
(6.2.13)

Then if A = 4a a3-18a a a a +27aza2+4a3a -a2a2*0
89 8479 0 ) <0 1°§

(6.2.14)
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equations (6.2.12) and (6.2.13) lead to xt =T =0
X

l.e. X = X(x), T =T (t). Now from (6.2.9-11)

= T, and it follows that

Xx Xxx = Ttt = Xxt " Ttx=

0. Hence, X sax +ftt T * at +y where a, (3 and

r are arbitrary constants.

Returning to equation (6.2.8) and equating the

coefficients of uxx* and uxt to zero we obtain
3aaqu + a*Uuﬁ =0 (6.2.15)
au .+ 3a«t111t. * 0 (6.2.16)
au . + a«Uut =0 (6.2.17)

Now there are four possibilities all of which lead to

U_ »U., =0 (6.2.18)

These are:

* *
(1) aa, 9a8a<sf ag 3a a , a,
(11) aa =9  a, a2 s 3aa , aj
(i11) a2 * 3aa, aa * 9aa, ai
. _ * z
(iv) az = 3aa , asa 9aaa«‘, a,
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All other possibilities do not satisfy the condition
A =o0.
*
To determine U from the Invariance equation we equate

the coefficients of ux and uff to zero to obtain

ux: 2(l+atu)Xx + a* =0 (6.2.19a)
u.: 2(1+a u)X +au=0 (6.2.19b)
We consider the following two cases: 1) a* * az,

(11) a =a * 0.

2

(I) When either a* or az Is zero In (6.2.19) we

are led to X* = 0 which gives the generator U = 0.

When neither a* nor az Is zero then we have

U * - a 1 + alu) =-c 1 + a2u)
1 2
and we are forced to a = 0. Hence we obtain the
same generator U = 0.
(II) When a, « a, * 0 then clearly U = - 9 (1+aiu).

1

We now state our result in the following theorem:

Theorem 6.1

If A * 0 then the generators of the local symmetry
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group of the equation W <5,(aG ? @) are as follows:

(a) a4 a2: X=ff T=y, U=0.

) a*=az*®»*0: X=ax +ft, T =at + y,

U=_d. (1+a}u)
i
where «, ft, y @R O

When a * a , the general class W can always be
reduced to a class In which one of the nonlinear terms
Is eliminated. We give the theorem below, the proof

of which Is In Appendix C.

Theorem 6.2
When a * a , the general class of equations W

reduces to the general class of equations

vr+v+bvv+bvv_tbv +b v ,+bv ,+b v,, =0
(6.2.20)

where b*(1 =1, 2, ..., 6) are constants with either

b1 or b2 Zero, a

Corollary If a =a then b =Db and neither can

be eliminated. O

Note that in the above we have assumed that a , a

and a”* are nonzero. It Is easy, however, to show
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that the generators of the local symmetry group of L
are those given In theorem 6.1 for all ag, a*, a3
This can be demonstrated by putting In required values
of ag, a4, a3 in (6.2.8) and proceeding as above.

Clearly, the restrictions on the dispersive

coefficients will change for different choices.

To complete this section on the class Wo It Is
necessary to consider the case A = 0 where A was

defined In (6.2.14).

The following theorem, due to El-sherbiny, simplifies

our analysis.

Theorem 6.3
If A =0, then the class Wo can be reduced to the

following subclasses via an equivalence relation:

v. + v +cvv + cw. +cvwv =0 KdV class
t X I X * t 8 XXX

vt * ¥x * d,vvx * V vt ¢ d.vxxt = 0 RLW class

Note: The equivalence relation Is as follows: two
equations are said to be equivalent If they are

connected by a non-singular linear transformation.

The local symmetry group of the KdV and RLW classes

will be found later. This aside, we have now
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obtained the local symmetry groups of the class w ,

6.3 The local symmetry group of the class

The equation of this class is

u =0

u xxﬁ+a3 xtt

+u +a uu +a uu,+a u
x 1 x 2 £ "sx

. Ltau

X
(6.3.1)

and the following theorems (El-Sherblny 141) enable us

to obtain the generators of the local symmetry groups

of W3 from those of W@-

Theorem 6.4

If A * 0 then the class & Is equivalent to the

subclass of W3 defined by the condition

az 4a9aéI (i.e., a, can always be eliminated by a
nonsingular linear transformation), a

From this theorem it follows that the generators of
this subclass of are also given by those stated

in theorem 6.1 as summarised in the following theorem.

Theorem 6.5

The local symmetry groups of the class of equations

(6.3.1) where ag * 4a9a3 are as follows:

(1) If a4 * a2/ then the equation is equivalent to

one in which either a* or az = 0 and the generators
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are

(ii) I£f at = a2f then neither of the nonlinear
terms can be eliminated by an equivalence

transformation as defined before and the generators are

On
X =X + ft T =at +y, U=—§— (1 + a,u)
1

where a, 3 y e K a

Theorem 6.6
If aj t=4a3a; then W; reduces to the same classes
that reduces to when A B 0, i.e., those given in

theorem 6.3 above a

6.4 The local symmetry group of the class

The equation of this class is

u + a.uu +a uwu, + au +au .=0
i Tx z t a XxXx 4. XXt

Ut +
(6.4.1)
Following the work on W*, the invariance equation

under one-parameter (s) infinitesmial transformations

is

(1+a.u) UX+ (1+a u)Ufta,u U+a u.U+a UXXX+a Uxxt = 0
i z i x z t a «
(6.4.2)

together with the conditions
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X =T =U 0 (6.4.3a)

Furthermore, equating the coefficient of the derivative

of uxtt k° zero gives
Tx - 0 (6.4.3b)

Using (6.4.3) and

uxxﬁ = - ;4 ]L(l+aIu)ux+(l+azu)u +aau 3

gives the Invariance equation In the form

1 * a.u)[«x+<VTt)ux]* (1l+a.u) ut+2xxut-xtux] ta.uxu

+a)zutU+aaﬁlixx+(3Uxx XXX )u +(3U -3X XX )uxx _3xxuxxx]
ta U, (20 X )ty O 2K gy
+(20xu—xxx )uxﬁ_x'tu ::]I.+a (2X <t t) = 0.
(6.4.4)
Furthermore, from the terms u u and u . we
xxxf xx xt

have

- aa)S{ - aaxt + aa'];: * 0 (6.4.5)
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- A - =
a3(3Uxu 3xxx) + a4(Utu 2xxt) 0 (6.4.6)
a, (2UXU—XXX) =0 (6.4.7)
From (6.4.7) we obtain Uxu = ;‘ xxx and substituting
in (6.4.6) gives - ~2—a3xxx + a4U'tu - 2a4xxﬁ » 0.

Differentiating (6.4.5) with respect to X (gives

— 3 —
a3X %x + a4xxt = 0 and hence > a4xxt + a‘IUﬂtu 2a4xxt‘,
H» a"* «t» ' 2 xxt R
Then Uxu =L v Utu ; xxt" a:«?(xx + a4xxt =0
(6.4.8)

Using (6.4.8) reduces the invariance equation (6.4.4)

to:

(1+a." > UX+KV Tt)UX]+ (1+a20) [ V 2V t - XtUx] +a.UXU

+a*utu+a, [uxxx+ 7 xxxxux] ta. [uxxt+ 7 Xxxxut] B o

(6.4.9)

Equating coefficients of u, and U, to zero;
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v (1+au>(V Vv - <1lta, U)Xt + a,U + j a,Xxxx . O

(6.4.10)

ut: 2(1+a2u)Xx ¢ a20 + | a,Xxxx ¢ 0 (6.4.11)

Differentiating (6.4.10-11) with respect to u and

using Xu =T = 0 gives

ai(§ + Tt) - azx,t + aiUu =0 (6.4.12)
and 2a X 4+ aU =0 (6.4.13)
2 X 2 u
From (6.4.13) U = - 2Xx}{. Thus, from (6.4.8) we
deduce that
Uut = qu = xxt xx = 0 (6.4.14)

Now using (6.4.13) and (6.4.14) in (6.4.11) to

eliminate the X term we obtain

r abyU

L =
Ou y 2tt+azoyr 2*

Integrating with respect to u gives

a2U = 2(1+a2u)f(x, t) i.e. UU = 2f(x, t). Since

Uxu H o H Uy, then Uy = constant. Let

f(X, 4 8 - o then XX=a and
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al = - 2a(l + azu) (6.4.15)

Equation (6.4.12) becomes aiT’t - a2xt = alc*

(6.4.16)
Equation (6.4.5) becomes aaT.u - a*x.u = a«
(6.4.17)
a a
3 E J—— * = =
Now if §-2 d4 (a2 0) then X.t 0 and T.t a and
(6.4.10) gives
alU = - 25(1 + a u) (6.4.18)
There are two cases to consider: (i) azx * a2r
(ii) a = az.
(i) When a =0. a *0 and a * a * 0, from

(6.4.15) and (6.4.18) we see that « = 0 and so the

generators are X =f T =y, U = 0.

(ii) When a=a i.e. a. *4a we have the

generators X =cx +ft T =at + y,

t=-57 @+auvu.

1
To consider the case a, = 0, a * 0 we refer back to
equations (6.4.10-13). From (6.4.11) it is easy to
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show ttat- xX = 0. Then from (6.4.12) U = —Tt.
u

But =0 so T = «.

Uux = Uut - Txt " Ttt
Substituting this wvalue into (6.4.5) we obtain

We now state our result in the following theorem.

Theorem 6.7

a a
If 3" * e (a2 * 0) then the generators of the local
2

=

symmetry group of the equation W”3 are as follows:

31
a
If a# =0, a~ * 0: X = at + ft, T = at + y,
a i
:— aiu - ; -1
i 4 <
when 7 T =g and neither a nor a Is zero

2 4

then we have the following lemma:
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Lemma 6.1
The class of equations

u, + u, + alug,, + kaiuq__, +a§:lXXX +kaatl1 =0

t xxt e

k * 0, 1
are equivalent to a class of RLW equations

(k-Da~x + uT + kadUuT + ka8uXXT = @ a.

Proof. Make the non-singular linear transformation

X =x - t, T = t/kag to obtain result.

To obtain all the local symmetry groups for the general

class, It remains to study the RLW and the KdV classes.

6.5 The local symmetry group of the RLW class

The equation of this class Is

P 0 (6.5.1)

uy +u + auu + +
t X I X azuu,t a

The Invariance equation under one-parameter (s)
infinitesimal transformations Is

(1+a"u)Ux + (l+azu)U 4+ au U + au,U + aUxxt =0
i X 2 4

t
(6.5.2)
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As in the previous derivations we obtain

u x" xu = 0 = xt' uu ut
(6.5.3)
2Uxu - xxx =0 (6.5.4)
(l+atu) (Xx+Tt) + a*U - 0 (6.5.5)
2Xx (l+azu) + azU + a?Uxxu = 0 (6.5.6)
We now look at the following cases: (i) at = 0,
a, * 0, (ii) a4 * 0, a2 = o, (iii) a * O,
a, * 0.

(i) When a; = 0, a, A 0 we obtain, from (6.5.4) that

Xx + Tt - 0, 1l.e. Xxx - THE © 0 and from (6.5.4)

= 0. Since X = X(x), T = T(t) it follows that
Uxu
T=at +y and X = -ax + ft- Then from (6.5.6)
U=--— (14a u).

2

(ii) When a* * 0, az = 0 we obtain from (6.5.4) and
(6.5.6) that 2UXU = xxx and 2XX - - a *
respectively. Then Xx = 0 and X = ft. Also
differentiating (6.5.5) with respect to wu first and

then with respect to t we see that =0 i.e

T = at + y- Then from (6.5.5) U

I
|
[
+
[V}

(e
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(iii) I£f a4 * 0, a2 * 0 then (6.5.5) gives

agy
xx + T.t = - 1+a_iTl (6.5.7)
which implies that
aiU = (1+aiu)£(x, t) (6.5.8)
Thus from (6.5.3) = £fo(x, =0 30 that £ is a
function of x only. Returning to (6.5.8),
X + . = - £(x) and since X = X(x) and T = T(t)

we must have T = at + y.

Now from (6.5.4) we have 2Uxu = -f' (x) and

substituting into (6.5.8) leads to f'(x) = 0 and

AL = 0. Letting £f(x) =6 we have )§ = —-(<5+a)

and a*U = (1+a4u)6 implying that Uu = 6. Thus
agyu

from (6.5.7) we have that 2xX > —XTchjzu = -2 («5H)

also by differentiating with respect to u, that

XA = -juu=-2 ¢ This gives <$ = -2« and
consequently, X=+f U= - 3 (1+aiu) =
1
- 3 (1+a2u) . We note that these generators are
2

obtained when a; =a since if a; *2a then

«=0 and X=f T =r and U = 0.

We summarize our result by the following theorem:
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Theorem 6.8

The generators of the local symmetry group of the RLW

class of equations are as follows:

(@ a* =0, az * 0: X

—axt/?, T = atHj',

U =-p- (l+a,u)
8’ *
(b) ai* o, a = 0: X=f T = at+r, U = - a (1+aiu)
(c) * az * 0 :X=ft T=r, U=0
(d) a* = az * 0 : X =ax+(3, T = at+r,
u= - (1+aqu) d
a; 1

6.6 The local symmetry group of the KdV class

The equation of this class is

ut + ux + a.uux + azuut +a,uxxx B 0 <6.6.1)

The invariance equation under one-parameter (s)

infinitesimal transformations is

A -
(1+a1u)Ux + (1+a2u)Ut + aluxU + a,ulU + a JUXXX =

27t 8
(6 .6.2)
leading to the results:
=Tx = XU =T 0 (6.6.3)
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XU XX (6.6.4)

2(1+a*u)x*» - (1+a“u)x,C + au + 2ajcxxx, =0
(6.6.5)
(1+a2u) (3XX—Tt.) + a2U =0 (6.6.6)
(1+aiu)UX + (1+a2u)U.t + a3Uxxx =0 (6.6.7)

From (6.6.3) we have that X = X(x, t) and T = T(t).

For the KdV class of equations we consider the
following two cases: (1) a* arbitrary, az * 0.

(11) af * 0, az = 0.
(1) This case Includes (a) at =0, a2 ~
b)) a* = az, (c) a4 » a2 ~ Differentiating

(6.6.5) with respect to u first and then with respect

to X we obtain

2a1xxx - aZXX.t + a EJ Ux =0 (6.6.8)

Differentiating (6.6.6) with respect to u first and

then with respect to x we obtain

Uux - -3Xxx (6.6.9)
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Then from (6.6.4) and (6,6.9) U = X 0 and
ux XX

(6.6.8) gives Xxfic = 0.

Differentiating (6.6.6) with respect to u gives
Uu = - (3Xx - Thk) and differentiating (6.6.6) with

respect to x gives u, = 0. From (6.6.7) U't#= 0.

Differentiating (6.6.6) with respect to t gives
T"(t) = 0. Therefore T is a linear function of t

and X is a linear function of (x, t).

Thus 3Xx - TE£ = constant = -a say, and substituting

in (6.6.6) gives U = (1+a,u) . Letting T = fit + y
32 2

gives X = 3j (/?-a)x + 6t + e and substituting this

into (6.6.5) gives 6 = '131.' %J‘ (cxt2/3) . Furthermore,
Z

The Invariance equation (6.6.2) requires that we have
the consistency condition (a*-az)(ot-/3) =0. We

summarize our first result by the following theorem:

Theorem 6.9
If (a*-a* (@a/?) =0, az * 0 then the generators of
the local symmetry group of the KdV class of equations

are as follows:

1
I(ﬁ'-oOx+}‘§ (« + 2/3)t + e

2

X(x, t)

T(t) = ftt + r
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U(x, t, v = 1 + azu)a

3

2

where a, ft, y, s e R

Clearly, if a* * az then the generators of the local

symmetry group become

a
3

X(t) = at + e, T(t) = at + y,

2

U(x, t, u) =3 (1+a2u)a
2

Note that this includes the case with the single
nonlinear term asum.

£

If a* = az then we obtain the generators in theorem

a
6.9 with --=1
o/

(11) For a4 * 0, az = 0 we have the results:

Uxu - Xxx (6.6.10)

2(1 + a.u)X. - X, + a.U + 2a X =0 (6.6.11)
i’ 7x i a xxx

t

3Xx - Tt =0 (6.6.12)
(1 + atu)Ux + UL + a,Uxxx =0 (6.6.13)
together with (6.6.3). Then from (6.6.12) X =0

XX
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and so u 0. From (6.6.11) we obtain U = -2X
xu u X

and differentiating (6.6.11) with respect to x gives
a1Ux = xxt*

From the same equation we can show that U%u = -2Xxj
But (6.6.13) gives (1 + atu)Ux + U£ = 0 which upon

differentiating with respect to u gives

an_ + Uuﬁ = —xxt. = 0. From (6.6.12) T"(t) - O.
Therefore, T is a linear function of t and X is a
linear function of x, t). If T = fit + r then from
(6.6.12) Xx =| ft and X = 3j ftx + <Gt + £ so that

9 f l+ta u 1 .
from (6.6.11) U = \

3 1 - r(:i*_ J ax p

Thus we have the following theorem:

Theorem 6.10
The generators of the local symmetry group of the KdV

class of equations

u,t+uX+a111§{ +aé1 =0

are as follows:

X(x, t) =y fix + 6t + £
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where @3B, y, 6, s e R o

The Infinitesimals obtained for the classes of

equations we have considered can now be used to obtain

similarity solutions.

Before doing this we summarize

our results in the following section.

6.7
the general class:
We

we

A = 4a a3 - 18a a.a
as 9

<5 479
As = aj, —4iia§§, A4 =
We

1) (@ W (a_*0),

® W (a * 0,

present our results in Table 6.1.

A
(@]

Generators of Infinitesimal Transformations for

a complete classification

For simplicity

have introduced the following notation:

a + 27azaz + 4a3a - azaz
o a a a a « S

have also the following equivalence classes:

¥ 0 ——p» Class A

y Class C (RLW)

AO

A Class D (KdvV)
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(2) (a) W].:(a<|_=0,aS J*0) , £S * Class A

Class C
®) W(a =0 a *eo), A =20°
’ i ’ N. class D

3) @ w, (a, *0-V \ "o A" * 0 —8Class B

(b) »4J(aa *0=a,< a. *0), A = 0 —p» Class C.

(4) RLW(atf =as = ag

Of a* * 0) —» Class C.

(5) KdV(a<5 =a=a |, =0, a, * 0) —* Class D,

We now present our table.
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Table 6.1
Clasza of Condltions on Generators
Equations a , a
41 2
A Al a, wi a, X =0RT=733, =10
Al a =4a, X = oy + 2, T = at + »
Ue - 22 (1%a u)
a 1
i
] Bl a, - a, = 0 az Iln Al
B2 a = o, a_ = 0 as Iin Al
a’
B3 a =0, a =0 X —at +3, T=obs
2 1 a,
3
U= - |3uw- E;— -1]]
4 L !
B4 a = a a=z in A2
1 =
C Cl al ! a_ L | as in Al
c2 a =0,a =0 X=-ax +# T=at +y
U = -2ail + alulfa!
E' lz =0, 11 # 0| X =072, T=at + 7,
U= - nilfalu]fal
Z a = a as ln A
& | F. F 1
k] 1 - a
D D &, a, ¥ = 71 at + =, T = cb+p
=
U = u[1+iaulfu!
D2 a =0,a =0| x=Lpcs+stre
2 x 1 3 d
T =f#t + y
2 &
U e —-ﬁ—[1+ﬂ.lu1ﬁ|"u——
i 1
D3 a =a X = & (B-c)x +
i 2 3
1
3 (o2t + £, T = b4y
U = a!1+a'u]fa'

Lok




Note that D = A for a = 0 and D8 = A for
a = -2ft.

6.8 The similarity reductions of the general class
In this section we obtain the similarity reductions of
the classes listed In Table 6.1. This will be done
In a systematic manner starting with the first set of
equations in the Table and finishing with the KdV

classes.

Similarity reductions are obtained by solving the

characteristic equations

dx _ dt _ du
X(x,t,u) T(x,t,u) U(x,t,u)

Then for the first set of equations In Table 6.1 we

Integrate the ODEs

. . - a du y \
= 1 c a 1
o3 at+r 2a (1l+atu) lo.o.x;
for the cases a = 0 and a; = a,.
Case A1 a = 0. In this case solving the

characteristic equations is easy and we obtain the

similarity variables

u(x, t) * £(7) (6.8.2a)

where t?2=x - (l+c)t and (14c) = ft/r (6.8.2b)
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and f(7;) satisfies the ODE

- cf' t i - az(l+e) £

[a3 - a,(l4c) + a (1+c)2 - a_ (1+c)3je" ' =
3 3

(6.8.3)

where

Note that this reduction is also obtained for the
classes Bl, B2, Cl and D1 (= 0) with the

appropriate aj(j =1, ..., 4).
Case A2 at = az. In this case we show how theorem
4.1.1 is applied to solve (6.8.1).

Solving de dt "

gives In (zeet/?) = 1n(at+7')

which leads to ¥ = (o#£f?) («t+r)

. a du
Solving  Zha= = 7 Zoctain)
gives 2ln(cxt+r) = - lnd+a’ujk
which leads to k = (1+a™u) (extHjM)2
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From theorem 4.1.1 the general solution is given by
F(k, T) = F |\1+adu) (0.t+Ma, («x+"Hot+r)

1

which may be written In the form
(1+a”u) (@t+r) = f£*(«xt£?) (<*tir)
1

so that (<*t+r) zf(u)
m - U -1

Hence in this case the similarity wvariables are

u (x, -

(«t4r) 2f (T) (6.8.4a)
it

where 4 = (axt+f?) (cxt+?) (6.8.4b)
and £(77) satisfies the ODE:
«Z((@a —a n+ta iZz-a B) """ + 4«z (-a,+2a 1?-3a 7z)f"!
3 4 5 < A 55 <

+6az (2a3—6a€7))f + (11— ff# - 2£z - 24ctza<sf =0

(6.8.5)

From Table 6.1 we see that this reduction is also
obtained for the classes B4, C4 and D3 (« = -2(3) with

A

the appropriate a”~(J =1, ..., 4).
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Caze B3 Applying the above analyslsz, we obtaln the

slmilarity varliablea:

1 ~4 43
uix, £t} = — [{at+r) £in) - k|, k¥ = 1 - —
i a‘
(6.8.6a)
a_ a ¢
where 7 = a|x - — £t} - | - == 7| 1In{at+@
a, ‘ a, "
(6.8.6b)

and f£iwm) =satlsfiea the ODE

&

a =1
2 - 3 i ¥R & #or - - B . -
o a‘[j-' = ﬁ]f + o a‘f tE" + [ a, ﬁif + f

Case C2 In thls case we obtaln the simllarity

variables
1 z
uix, b} = A [tut+r} Eiwn) - 1] (6.8.10a)
=
wvwhere 7 = (ab+tFliax+?)

and £(n) =atisfles the ODE

a‘-:-inf"‘ + "!E.‘ﬂif" + nEE" 4+ 2fT ¥ £ = 0

(6.68.10b)

Case C1 For Ethias casze we consider (1} F = 0,

{(1i}y ¥ = 0.
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(1) For y = 0 we obtain the similarity variables
u(x, t) - [(at+ft) £(x) - 1 (6.8.8a)
where 1? = x (6.8.8b)

and f(x) satisfies the ODE

a«f" - ££' + £ =0 (6.8.9)

(ii) For r * 0 we obtain the result of case B3 where

Case D1 In this case we obtain the similarity

var iables

u(x, t) = ot («t + n)f(rjy) - 1 (6.8.11a)
where
f@aq/a,)r-\
v = x--—t%t 1 gk In (ott+r)
(6.8.11Db)

and f(r?) satisfies the ODE:

Ty v ! *k =
a3£ +177af ff + ot 0

(6.8.12)
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Clearly we can choose at =11 to obtain a reduction

for the KdV class with the nonlinear term a,u, .

Case D2 For this case we consider 1y £ =s = 0,

r o= 1/ (ii) r, <5 y, & all arbitrary.

(1) When f = e = o, r = 1 the similarity wvariables
are
Ux, t) =— [£ (@) + <St] (6.8.13a)
<1
where
P =x - j tZz (6.8.13b)

and f (@1) satisfies the ODE
aaf'" + £ff' + £' + cf=0 (6.8.14)

We shall show in the following chapter that this ODE in

fact reduces to the first Painlevs transcendent.

(11) When £ 6, y, and s are arbitrary, the
similarity variables are

m

1_2/3- ’
- J £ (Fttev) £

v *

(6.8.15a)

where
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1
n =3 "~3/3[2(fx -36(f3t+r) + 6(0<s-r6)7J @ t+r) 3

(6.8.15b)

and f(p) can be shown to satisfy the ODE

3agf''' + 3ff' -77f - 2£ =0 (6.8.16)

We shall see in the following chapter that this ODE

reduces to the second Painlev6 transcendent.

Case D3 in this case we obtain six different
reductions. However three of them are special cases

of equations already obtained and we take care of these

first.

(i) a = £?=0. D3 —> Al with a

Il
QO

Il
QO

Il
(@)

4 5 <5

(ii) « = -20. D3 —P» A2 with a

. ag =a6=0.

(iii) a =0 * 0. D3 ——» DI.

(iv) «*0*0. In this case the similarity

variables are

u@x, t) =-— [(0t + r)a/i?f(7) - 1] (6.8.17a)

where
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v = (ftt + r) (& i?)/3* |W - (ftt+r) - (r(<*+2ft) +3/9«)j

(6.8.17b)
and f (;7) satisfies the ODE
aafB3f'" + j (<x-(i)T)t£’ + o»f2 = 0 (6.8.18)
(v) a=0, (3*0. In this case the similarity
variables are
u(x, t) = £ (@) (6.8.19a)
where
7) = ftz'3(ftt+r) 3 [W+r) - ((ix+s-2r)
(6.8.19b)
and £ (77) satisfies the ODE
3agf''' + TEE' + T?£' =0 (6.8.20)
(vi) « * 0, ft=0. In this case the similarity
variables are
iy
u(x, t) = p T] (6.8.21a)
where
a
D= (ox - «t + 3r - <§)e (6.8.21b)
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and £(v,) satisfies the ode

3aa«*f'" + ff' + £ = o. (6.8.22)

We have now completed the similarity reductions of our
general class via one-parameter (&) Lie

transformations. For easy access to our results we

summarize the ODE reductions In the following table.
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Class of equations

Al ,B1,B2,Cl1,D1 («=0)

A2,B4,C4,D3 («=-2£5)

B3

C3 (@)
C3(b)

c2

D1

D2 (a)
D2 (b)

D3 (a)

D3 (b)

Similarity ODEs
RE" ' - £' + Aff' = 0
Ac = a4 - a (14c),

Kc=a3 -a, (1+c)+a5 (l+c)z—a<‘5 (14+c)a

FE " H4m £ 4+6~ £ 44m ' £
+ (1-T?)ff' -2£2 = 0

M(x?) = oz (a3 -a, 77+a5 1j2—a<57? )

« a, kf' "'+« a, f"+kf'+E£-fL£' = 0,

«a £f'* + £ - ££' =0
B3 with a =0

ozar7?f' ' 'Hot2atL' '+f' #Pff'

+ 2fz =0
a3f" '+ [ y
+o0of =0
age" ' + f' +y + ff' =0
3a3f" ' - 2f - R + 3ff' =0
a3f?3f'” + 3 (ot-/2)77fL" +otfz = 0
a * ft

3agf'" + rf' + Tyff

Table 6.2
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6.9 Conclusion

In this chapter we have applied one-parameter (e) Lie
group of transformations to obtain a complete
classification of the local symmetry groups of the
general glass of equations (6.1.1). This was done by
splitting the general class into three distinct
subclasses W*, and W"3 according to Cauchy's
problem and considering them separately. We first
obtained the infinitesimals X, T and U and listed
them in Table 6.1. Then using these we obtained the

similarity reductions.

We noted that for any a” a , a similarity reduction
leads to the class of ODEs (6.8.3). In particular
when a4 * a2 ~ 0' (6.8.3) is the only reduction
possible, i.e. the self-similar or travelling wave
solutions. Symmetries giving rise to additional
reductions appear, firstly when a* = az and secondly

when a;, = aj =0.

To obtain information about the analytic structure of
the general class (6.1.1) we study the analytic
structure of its ODE reduction i.e. the ODEs in Table

6.2. This is the work of the following chapter.
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CHAPTER SEVEN

THE ANALYTIC STRUCTURE OF THE SIMILARITY SOLUTIONS

OF THE GENERAL CLASS OF PDEs

In this chapter we begin our study of the analytic

structure of the general class of equations

ut+uX+a1qu+azuut+a3uXXX+a4uxxt+asuxﬁt+aé¥tﬁt

(7.1)

by investigating the solution structure of the
nonlinear ODEs obtained in the previous chapter i.e.
the ODEs 1listed in Table 6.2. We first look at
equations which are or can be reduced to second order.
This is done because the solution structure of second
order ODEs is easier to examine because of the
existence of the Palnlevé classification. The
remaining equations are studied via local analysis
based on the Singular Point Analysis of Ablowitz,
Romani and Segur (21. This will involve some complex
variable theory and a resumé of some complex variable

definitions will be our starting point.

7.1 Resumé of complex variable definitions
Definition 7.1

If G is an open set in C, a function f£f: G —p» < is
analytic if £ is continuously differentiable on G

(31.
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in fact every analytic function Is Infinitely

differentiable and furthermore has a power series

expansion about each point of Its domain.

Thus we make the following definition.

Definition 7.2

A function f: G —» C 1is said to be analytic on G if

for each zq <G 1t has a power series expansion

which converges for all =z e G.

Definition 7.3

Let f have an isolated singularity at z = ¢q.
Then z is a pole of £ if 1lim |[f(z)] = @ .
z+zo

Definition 7.4

If f has a pole at =z = Zo and m 1is the smallest
positive integer such that £(z) (z-zo)m has a
removable singularity at =z = zq then £ 1is said to

have a pole of order m at 1z = Zg -
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Definition 7.5

If G is open and f is a function defined and

analytic in G except for poles, then £ is a
meromorphic function on G. For example
f(z) = i 1is analytic in € - (01 and hence

meromorphic in C

f(z) = sinz is analytic in € - inn: neZ) and

hence meromorphic in C.

We represent a meromorphic function in the usual manner
by a Laurent series as defined in the following

theorem.

Theorem 7.1

et f: G -> € be meromorphic and have a pole of order

m at z, e G. Then

-1
f(z)= ~ br(z-zQ)r +g(z) (r<co)

where g(z) is analytic O

The first term in the expression on the right hand side
is called the principal part. The representation in
this theorem is local and has a disc of convergence

radius from z, to the closest pole,
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Non-Meromorphlc functions

Non-Meromorphic functions fall into two classes.

3/4 2

(a) Those with branch points e.qg. zo , z lnz
which may or may not be singular at =z = 0.

(b) Functions as defined by Definition 7.4 but with
m =0 e.4g. el/z. These are called essentially

singular functions.

We now state a theorem due to Picard.

Theorem 7.2
Suppose f 1s analytic except for an essential
singular ity at z = Zy - Then in each neighbourhood

of z £ takes every value in C, with one possible

exception, an infinite number of times.

our analysis of the nonlinear odes obtained in chapter
Six will concentrate on locating their movable

singularities and our approach is outlined below.

7.2 The analytic structure of the solutions of the
ODEs.

In order to locate the existence of analytic and

meromorphic solutions, we assume that the solution can

be represented in a series with argument t =n -

le6l



i.e., f(t) - 4P M - p s R (7.2.1)

where the br are constant coefficients with bo * 0,
(We have changed from using =z to p for consistency

with Chapter Six).

If the solution has a pole or a branch point at pgq
and if Po is fixed by the coefficients of the
equation then we call this a fixed singularity. If

P can be chosen arbitrarily then we call this a
movable singularity. If a singularity is movable and
is not a pole we call it a movable critical point.

In what follows equations which do not possess movable

critical points we shall refer to as P-type.

Since the ODEs are, In general, third order a general
solution would have three arbitrary constants. We
look for solutions in which LA is one of these
arbitrary constants and also when it is not. Thus,
if f£ is the general solution, then the set of
coefficients ibr} contains two or three arbitrary
elements depending if p” 1is arbitrary or not. Four

cases may occur which are as follows:

(1) If p 1is a positive integer then £ 1) is

analytic almost everywhere.
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(i) If p is positive, but non-integral, then f(p)
has a singular branch point.

(i1l) If p 1is a negative integer then f(p) is
meromorphic almost everywhere.

(iv) If p 1is negative, but non-integral, then £ ¢?)
has a singular branch point.

(Note: the term almost everywhere is used to exclude

fixed singularities.)

If the set ib"} does not contain two (or three)
arbitrary elements then f (r?) is not the general
solution. In this case if the general solution has a
movable logarithmic singularity or a movable algebraic
branch point then it can be recovered by supplementing
the original series (7.2.1) with a series of the form

@ (o2}

~ gr (t) (Int)r or ~ hr(t)(t°0r, where gr (t)
r=1 r=1

and hf (t) are analytic functions.

However 1if f(7J) has an essential singularity then a
series expansion cannot be used to detect it. Thus,
this analysis 1is incomplete insofar as it does not
detect the existence of solutions with movable

essential singularities.

Now we know from the work of Painlev6 (reviewed in

Chapter Four) that the general solution of a second



order ode will be meromorphie if it can be transformed
to one of 50 canonical equations which are either
soluble by elliptic functions or define one of the six
Painlevé transcendents. Thus, before applying the
above method, we consider the third order ODEs, which
can be directly Integrated together with the second

order ODE given in Table 6.2.

in chapter five we considered the work of Abbas tll1 and

El-Sherbiny [4] on the third order class

|
o

Kf"™ ' - + Xff! (7.2.2)

In particular we noted, in theorem 5.1, that this
equation has solutions which are Welerstrassion
elliptic functions. Furthermore, when K > 0 we
obtain solitary wave solutions which all have the sech?2
profile. Therefore the solution structure of (7.2.2)
is clearly meromorphic with poles of order two. We
come back to this equation In the next chapter where we
extend the work of Abbas and El-Sherblny on the

solitary wave solutions.

There 1s one second order ODE 1in Table 6.2.:

C3: thf" + £ - ff' =0 (7.2.3)

If we check this equation against the 50 canonical
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equations listed in ince 15] we see that none of the 50
represents this equation. This leads us to the
conclusion that (7.2.3) has solutions which possess
movable algebraic, logarithmic or essential

singularities. We come back to this equation later.

Also from Table 6.2 we are able to transform D2 (a) and

D2 (b) into second order ODEs:

D2(a): af" "+ f'" +y + ff' =0 (7.2.4)
Make the transformation £ = - 1 - 7 and integrate
once. This reduces the third order ODE to

adzw wz,O
3 dp2 6" + 3r7}

which 1s the first Painlev6 transcendent 1.e. 1its

solution is meromorphic.
D2 (b) : Ba,£" ' - ' - 2f + 3ff' =0 (7.2.5)
Note that f =1? 1is a solution.

For convenience we let ag = 1. Making the

substitution
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- -

1 W
5 | Fiyay

o

= kK eXp

where Kk 13 an arbltrary conatant.

Looking for solutlonz whlch are bounded az 7 — @ we

have k = 0. Another lntegration then glwves

This second order CODE 1z the z2econd Palnlewe
transcendent. Thus, once agaln the sclutlon s

meromorphlc.

Thus the equations Al, Bl, BZ, Cl, D1 (= = 0}, DZia)

and D2ib) are all free from crltical polints.

We noW turn Yo the feémalning eguations in Table 6.2
whlch are all irreduclible thlrd arfdeyr. They can all

be written 1n the form

LiE} +« HN{f} = © t(T.2.6)
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where L(f) =z @)£" ' +y )" +y e +y (NE

N(£) = p(1r)) ££' + at*,
with rj(??) a polynomial of degree at most j, with
non-zero constant term, p(r]j) a polynomial of degree

< 1 and a constant.

7,2.1 Analytic Solutions
Theorem 7.3%8

The class of third order ODEs
«Z (@ -a nta r7-a r3)f'"'""+4«z (-a + 2a r?-3a rz)f''
3 4 5 d 4 5

+6«z (2a —-6a r?)f'-24o<za f+(p +p r,)ff'+afrz = 0
5 S S 12

(7.2.1.1)
has a formally analytic general solution O
Proof
@
Assume that fx?) = ~ Dbjw-~rme )" (7.2.1.2)
j=0

If we make the substitution t = 77—77o in the ODE we
see that the form of the equation remains unchanged.
Hence, without loss of generality, we may take hO0 = 0

and a = 1.

Then substituting the expansion into the ODE and

equationg powers of 7 we obtain the following

167



recurrenge relations

T saghy — sa, + 12agh - 24ady + pibgby + oty = 0

(7.2.1.3a)

T : 24a3b - 3Oa4k; + 40a b - 60a b + p (%b 2b -ll-bz)

4 5 2 <51 1

+ pzbeb1 + 26b0b1 =0

(7.2.1.3b)

nt+l) (nt2) (n+4)b

170 : ay n+3) nt2 ) n+l )b h+a

hta - 24

+ a, (n+1l) (n+3) (n+4)bn_|_.i - a(s(n+2) (n+3) (rH—ﬁl)bn

n n
+ pi }.{, jbjbn+i—j' + obol?'1 + § (jp2+cy)bjbn_j. =0
j=1 j=1

(7.2.1.3c)

The general solution of this equation will have three
arbitrary constants, none of which is = . We are,
therefore, free to choose three arbitrary constants.

If we choose bO, b1 and bz then b3 is determined
by (7.2.1.3a), b is determined by (7.2.1.3b) and

so on. Therefore the expansion (7.2.1.2) is a formal

solution of the ODE [

We mention that we have not been able to obtain any
special classes of analytic solutions e.g. polynomials
and while we have not proved it we do not believe that

they exist.
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7T.2.2 Meromorphic solutions

Theorem 7.4

If any of the ODEs (7.2.6) has a meromorphic solution
then it has the form

q(n)np where g(m») 13 analytic and p = -2 or -3 o
Proof
[+ 0]
- = - ptr
Assume that f(n-n_) z b (n-n_) p € R
r=0
and that t = n - n, - Substituting in the

differential eguation (7.2.6) leads to the followlng

observatlions.

There exists one lowest power term in L(f) which is
P72, If p 1is positive this term cannot be
balanced by any term in N(f) so that p must be
negative. As a consequence the term of lowest power
in N(f) is either t*P or t*P7%,

I1f p(n) # 0 then, in general, 2p -1 =p - 3 =2 p

= -2. If e(n) =0 or = 1s chosen such that

e(n) «t then 2p =p - 3 2 p = -3. Therefore if

the ODE has a meromorphic solution it is of the form

1
_ P
(n no) X

f(n) = b (n-n_)%, (p = 2 or 3)

I INA 8

0
(7.2.2.1) o
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Corollary 1 b -12y ¢ )/p(t? ) when p = -2, and

b0 = 60y3 (r.jo )/o when p = -3 o

Proof

This follows by equating the sum of the coefficients of

the lowest powers to zero O

Corollary 2 If p (@ * 0, with a non-zero constant

term and & constant then p = -2 O

Proof If it were otherwise i.e. p = -3 and
p (¢)) * 0 then the coefficient of the lowest power is
p(77)pb® which upon equating to zero gives bQ = 0 and

thus a solution of the form (7.2.2.1) does not exist O

Theorem 7.5
If any of the ODEs (7.2.6) has a meromorphic solution
with p = -3 then this solution is not the general

solution d

Proof

Suppose that the arbitrary constants of the general

solution of the ODE are :Qoﬂ br and br where
r.-s

0 < r <r. Then terms in t ¥ only occur in

£ and f£f2, erovided r, < r; + 3 and must

balance. Furthermore, since the term £2 is

quadratic it is sufficient to substitute the two term
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expression bot + bt to effect this balance.

The coefficient of tr obtained in this way from

these two sources is

12 02"5 1 )b #2'5 ()g) (r-3) (r-4) (r-5)b,

= be3ﬁao)(r+l)(rz—13r+6O) =0

The roots of this equation are not nonnegative distinct
Integers. This implies that none of the coefficients

. are arbitrary O

Theorem 7.6
If any of the ODEs (7.2.6) has a general meromorphic
solution with p = -2, then the arbitrary constants

are n , Db and b 0O

Proof
The proof of this theorem is identical to the previous
proof where here we are balancing the coefficients of

t]F3. The coefficient in this case 1is given by

yva (To )br (r-2) (r-3) (r-4) + p(ng){bQbr (r-2)-2bQbr}

Since br is arbitrary and ra * 0 it follows that

r =4 or r = 6.
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Thus b and b can be specified arbitrarily O

The remaining coefficients of the series (7.2.2.1) may
be obtained by substituting the series into the ODE and

equating powers of  (¢-7% ).

In our work we are concerned with finding the general

non analytic solutions of the equations represented by

(7.2.6). In those cases where we are unable to obtain
the general solution, i.e. p(p) = 0, we will give a
particular solution. Thus, when we refer to

(7.2.2.1) we assume p = -2 unless we state

otherwise.

We are now ready to look for general solutions of the
ODEs represented by (7.2.6).
A2, B4, C4, D3 @ = -2¢3) :
PE'" + 4p'f£f'' + 6p"f' + 4p'" £ + (I-n)ff' - 2£Z2 =0
(7.2.2.2)
-2 taz/(a% -a, 1j0 +a_ r‘.f—aﬁng)\
For this equation bb ) 1-77, '

(7.2.2.3)

Check for consistency on the arbitrariness of Db” and
b

st

We substitute the expansion with t =wn -1 , 1i.e.
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b b
£(t) =-§+JjA+Db +bt+btz+bt3+btd+ 0(td)

(7.2.2.4)
into (7.2.2.2) to verify that the coefficients b ,

bZ , b and b are fixed and that b4 and bg are
3 3

arbitrary. The required derivatives are:
2b b
f' =-—-- —- ...+Db +2bt + 3 tz + 4b t3 +
)3 P 3 4 3 <
6b 2b
f" = — - 4 — - + 2b + 6b t + 12b tZ +
4 3 4 3 3
24b 6b
17! = & . - — - + 6b + 24b t +
)3 ) 4 3 3

Collecting powers of t and equating coefficients to

zero leads to the following results:

-3 _ _ s _ - =
24bo<<z ,La3 a4r% +a3 ) a<5r> 2bo (1-,0) 0,

which gives us bo * 0 as obtained at (7.2.2.3).

t -6«zb r +ta TZ-a ni - 3b b (1-n ) = 0
4 o 3 < o o

0 o]

which gives Db* = 0.

-3

Similarly from the coefficients of t and € we

obtain that bZ = b3 =0.
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t o bﬂ!l—ﬁD]¢2b4—]h‘1 = 0
Thus b‘ can ke chozsen arbltrarlly.

o z z a z z
t: b hﬁ[al_ai-nﬂ-l-aEnﬂ-_adnn] - B b;[a4_zasnn+saunn]

+ bobtl-n ) + 4b b = 0

8b 4B [a ~Z2a n 432 7|
q.‘lvlnq b - & - & - !ﬂn ﬂ:rrnJ
- 5 l-n“ a3 i‘a =3 +a aua 3]
(W -i“-:h Eﬂi.'.- u:ﬂ-:-J
t: D.bﬁ_ + .h['-".lﬂl'!l::u'Il = 0 (T.2.2.5)

2
400 Btnﬁh

Alw } =
iy [1-:":"1:]2 [anna‘nn+a=nz—aﬁﬁ:.]

4 | z
= + T
whare B Pnu + ﬂﬁn Enu + 5 a + T

= ]
+ + -
a 125.'ﬂ a‘a Basa

with P
Q= Ea; - baa_ - Jaa  + ldaa, - léaa
R = Ea: + Ea; F 3aa, - ldaa_ - l8aa_ + %9a a3
g = Eai = leaa, + ldaa - S3a_ . - Jaga

z z
T =12a_ + a + a = Ba a # aa
3 a4 a
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Thus for Db" to be arbitrary we require that A = 0,
which implies that the coefficients of the quartic must
all be zero. However, this cannot be achieved as the

following lemma shows:

Lemma 7.1 The equations P=Q=R=S=T-=20 have

no solution in the space of coefficients represented by

class A2.

Proof

We recall that in the class A2, the coefficient a«;* 0

and A * 0. Writing a. =a,/a , 1 =3, 4, 5
1 1 <5
solving P = 0 for a gives
a = -aZz + 8a - 12
4 3 3
and solving Q = 0 for ag and substituting for

1
a, glves

3a = ba3 - 48a2 + 150a - 168
3 3 3 3

Using these wvalues, the expression for R gives

R = 20ad4 - 240a3 + 1080az - 2160a + 1620
3 3 3 3



Thus, E; = 3, which impllea that E‘ = 31 and E; = 1.

Thus every solution of the set of equations has the

form k{1, 3, 3, 1}.

Howewvwer, this impliezs that A = 0 (see 6.2.14) and Ea
doe=z not belong to the space of coefflclents of claas

AZ o

Corollary Edquatlon (7.2,2.5%) 18 only =satlafled 1f
b‘ = 0 o

Hence b‘ cannot be chosen arbltrarlly and as a
congegquence the general solutlon of (7.2.2.2) i3 not
represented by the serles (7.2.2.1). Thug we have the

following theorem:

Theotrem 7,7

1f the equaticon (7.2.2.5) has a meromerphic solutlon
then thls zelutieon can contaln at moat two arbltrary
conatants, L.e. Mo and bﬁ, with b‘ flxed at zero,

and hence ls pot a general =zgluktlon o

Ta relnatate the arbltrarineas of b‘ and hence obtain
a general aclutlon Lt lz neceszaary te supplement the

series (7.2,2.1) with algebralc or logarlthmle terms at

- Y

S
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If we try to add the algebraic term ¢ t*", p * g,

q * #1, P, 9ge Z2 to bg, we can easily show that the
coefficient of t remains unchanged i.e. equation
(7.2.2.5) 1is unchanged. Therefore the arbitrariness
of b4 cannot be recovered. Thus we have the

following theorem.

Theorem 7.8
The general solution of (7.2.2.5) cannot have movable

algebraic singularities O

Hence we must supplement (7.2.2.1) with logarithmic

terms 1.e., consider the truncated solution

@ @® *
f(t) =t z J Dbrtr + » Zlnt J cr’r +
r=0 r=6
(7.2.2.0)

Substituting (7.2.2.6) into the ODE the terms in
t 3, ..., t° are unchanged and so bQ, b*, ... b* are

as above. However, the t term is now as follows:

O.b<5 + A.bA + 14« c (\/a4ﬁb+a5db—a$ﬁt) = o

This equation is satisfied with b® chosen arbitrarily

and

& Stt Stuti UalUf, T*U< awA
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Cd = m‘ (7.2.2.8)
2 z 3
where u(n) = o [as—a‘no’rasno-adno] . This restores

the arbitrariness of b‘ at thls point and the flrst

few of the solutions are given by

b

£E(n) = —=— + b_(n-n )% + b_(n-n_)?
(n-m_)

+ {b6+c61n(n-no)}{n~no)‘ + 0[tn-m %] as m +

(7.2.2.9)

Thus £(n») may have movable logarithmic branch points.
However, we have to check for consistency of the
arbitrariness of bd by going further down the serles.
Because of the guadratic nonlinearity we have to
include all powers of (1lnt) 1in the expansion in order
to achieve balance. If we substitute (7.2.2.6) into
the equations we see that the lowest power of t at
which the [ln(n-nollz term appears is ten and is
produced by ff’. Higher powers of 1n(n-nol enter
successively at t™ % (r 2 3). Thus the general

solution will have the following form.

oo}
o]

£(n) = ——— + ) b (n-n)*7*
(n-n_) r=4
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00 00

T Ine»0)3 7 g v}

=] r==6.
(7.2.2.10)
Note that in terms of previous notation Kr.i. = C_4
r > 6 and below we shall use Krz = dr’ ri 12.
So far we have determined the coefficients br r = 1,
.., 6) and ¢ To obtain a solution whose terms
balance we need to go as far as b , <c and d

This may also provide relationships between the
coefficients which may lead to other results. In
order to obtain these higher coefficients we make two
simplifications which do not affect the generality of
our work, i1.e. we choose « = 1 and s =0. Then

(7.2.2.2) Dbecomes

a3f'" - 4da lf" +5 12a f' - 24f + (1-r2)ff' - 2f =0
(7.2.2.11)
and in (7.2.2.10) b -12, b1 =2b = b3 = 0, b4
a A
2(— 3”3 ., arbitrary,

c = — (l2az+ag—8aa + aa )
a _!32 3 3 4 3 5
Determination of the coefficient d This

coefficient is determined by substituting (7.2.2.10)
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into (7.2.2.11) and equating the coefficient of

t7(1n t)2, to zero. Contributions come from the
£f''" and the ff' terms and the result is
—c%{150a3.

These are determined by equating the coefficients of
tl_4lnt to zeros beginning with £ Int. The results

are as follows:

3 ¢
c, =3 (a4—a3) or cq =]<§ , k7 =]<% A a h

1

c i(a4—aa)(35a4—21aa) or c¢C k c

.b4.b@)

17 = ¥12Cq Kig = Kyp @3/84083
Determination of the coefficients b., , J £ 6

These are determined by equating the coefficients of
ke

to zero and it is straightforward to show that

they are consistently functions of b and b
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The above results show that we have consistently
extended the series to tlz and it is routine, but
tedious to continue the evaluation of the series. As
expected we find that the tia(lnt)3 comes in at b ,

tzz(lnt) * at b2¢ and so on.

We state out main result on the ODE (7.2.2.2) 1in the

following theorem:

Theorem 7.9

The third order nonlinear ODE A2:

Mb) £" "+4M () £" +6M " ) £ +4m " ' (b) £+ (1-r?)£L' -2£7

=0

where Mb) = «Z(aa—adb+a5bZ—a<§B) has a formal

general solution

V t) (Int)

(7.2.2.12)

where g™it) = K.rtr t =D b° and t) v b,

and b5 are arbitrary O
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Subclasses of solutions

Since and are arbitrary we can look for

subclasses of solutions for specific choices of these

constants. Our results are given below:

(1) 1If b4 = 0 and b@ is arbitrary then Krj =

for all r, j and hence

b ®
£ (77) .
c r=6
(11) If b4 =0 = b@ then br =0, Krj = 0 for
all r, j and hence
bo
f(n) = 9 x
t2 !
(111) If b =0 and Db* 1Is arbitrary then the

solution given in theorem 7.9 is fundamentally

unchanged.
We have carried out the above analysis on the remaining

equations In Table 6.2 and the results are summarized

below:

c3(a) : geaf"— f+££"'"=0 (7.2.2.13)

We have already noted that this equation is not of
P-type. Furthermore, theorems 7.4 and 7.6 do not

apply to this equation which, by a similar analysis,
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can be shown to possess a pole of order one In the
leading term. Also one arbitrary constant is re

and the other can be shown to be bz. However we
cannot satisfy the requirement that bz is arbitrary
and we have to supplement the solution with logarithmic
terms as before. Thus f(7?) has a movable critical

point. The general solution is formalised in the

theorem below:

Theorem 7.10

The equation (7.2.2.13) has a formal general solution

@® 00
zr-i
f (T 5 ok J g*(t) (Int)”
r=i
(7.2.2.14)
@
= * = —
where gé(t) ) Ky 28 %t iy ﬁ; and
r=2j
td and bz are arbitrary O
Corollary Equation C3(a) does not have any single-

valued meromorphic solutions O

We now look at the third-order equations in Table 6.2

which are special cases of (7.2.6) but are not covered

by theorem 7.9.
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C3(b): aaya‘f'“ + a‘a‘f” + yE° + £ - ££° =0

(¥ 1Is constant) (7.2.2.15%)

The series solutlon has bo = l2a‘azy with arbltrary
constants at b‘ and bd. Checking for conslstency
on the arbitrariness of b‘ and bd we £ind that

2 4
a o a o

36 2 -+
by=-1gax, b, ==y +7r, Db, =-

Hence b4 cannot be chosen arblitrarlly and the general
solution of (7.2.2.15) is not represented by (7.2.2.1).
To reinstate the arbitrariness of b‘ we supplement

the series (7.2.2.1) with logarithmlic terms. Then the

first few terms of the solution have the form:

b, b
f(n) = 5 + £~ + b, + bt + (b, + c Int)t” + o(t?
t

(7.2.2.16)

Thus £(») has a movable critical point.

Conslstency can be shown for the higher powers by the

method used previously and we formalize the result in

the following theorem:
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Theorem 7.11

The equation (7.2.2.15) has a formal general solution

b P v i s o
o teer 2 7 x 2 o ©{nt)]
t2 ..
r=2 J=1i
(7.2.2.17)
@®
where 9j<t> = J t b,

and b arbitrar¥ a
5

Corollary Equation C3(b) does not have any single-

valued meromorphic solutions O

C2: a4a%f"' + 4a4dzf" + f' + gff' + 2fz = 0
(7.2.2.18)
Let a© = -1, a =T = 1. Then the equation becomes
' 4+ 4f' - f' - r2ff' - 2f72 = 0

The solution has a pole of order two and the arbitrary
constants are once again b and b . Checking for

consistency on the arbitrariness of b and Db gives
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Hence the general solution is not represented by

(7.2.2.1) and we have to supplement the solution with

logarithmic terms. The general solution can now be
obtained consistently and the result is stated in the

theorem below:

Theorem 7.12

The equation (7.2.2.18) has a formal general solution

00
£(T7) , brt“ J gj(t) (lnt)
j=1
(7.2.2.19)
ap
where g*(t) = A KAt ' t=m-1®, ,b* and
Jj=4r

b arbitrary O
5

Corollary Equation C2 does not have any single-valued

meromorphic solutions.

Dl: aaf"' + 1 _ r) £ - 6. _ r*_)\\ ' 4 Wf] - Q0 e
0 O/ ay * 0 (7.2.2.20)
Without any loss of generality we may take a =a =1,

This equation has the interesting feature that the
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coefficients of the nonlinear  ff' term may be chosen

to be =zero. Thus we consider the two cases
(1) X = ya1/§ and X * ya1/§ . Furthermore, in
both cases (i) and (ii) we have aq = a, and

a4 * az and these will have to be studied separately.

(1) X =yal/a2

(a) ~ az: In this case equation (7.2.2.20)

reduces to the nonlinear ODE

£f'" + kf' + fZ = 0, k=1 - 5i (7.2.2.21)

We know from theorem 7.5 that the method we have been

using is unable to obtain the general solution of this

equation. However a formal particular solution is
b b ®
fir,) = 3 ty T ) bs; r J (7.2.2.22)
r=2
where bo = 60 and none of the bzr are arbitrary,
() at = az: In this case the equation (7.2.2.20)

reduces to the nonlinear ODE

f" '+ £f2 =0 (7.2.2.23)

Again we are unable to obtain a general solution for

this equation but note that a particular solution is
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fr2) = °°

This is meromorphic. However, we are also able to
show that there is a solution which is essentially

singular with two arbitrary constants and is given by:

£0
£ (h)
t3
where is arbitrary and &% J > 1 are given in
terms of «
.. *
(ii) \ r'al/a2
(a) aq yoa : In this case the equation (7.2.2.20)
becomes
£"Y + kf' - mff' + fz = 0, k=1—a,
m=\-—Y (7.2.2.24)

The solution has a pole of order two and arbitrary
constants are b4 and bé. Checking for consistency

on the arbitrariness of b4 and b<§ gives:

24 5 _k, _ 9%

b, = &1 . b, . b=
© 5m’ z 25m
by c, 9% 0 = - - k42
m 12 5m* ¢ m L m’
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Thus if we assume that k = -4/mz then b, may be

chosen arbitrarily. We make this assumption and

proceed to obtain

by éﬁ 6ba + - 1 g
187 5m3+
2 3359 o
o.b .
i840b4 +
S o5m2 12 5m5J

Thus both Db and Db cannot be chosen arbitrarily
and as a consequence the general solution of (7.2.2.24)
is not represented by the series (7.2.2.1). The

general solution is given in the following theorems.

Theorem 7.13A

The equation (7.2.2.24) with k = -4m 2 has a formal

general solution

b b @ _ @
f@E) = -f£f+ 7~ + 5 brtr 2 + 1 gj(t) (Int)s,
r=2 Ij=
(7.2.2.25)
@®
_ r—2
where gﬂ(t) = é. Krjt g ﬁ;f b4 and b<s are
r=6.

arbitrary O

Corollary If b4 = """ m 3 and Db 1is arbitrary
then the equation has the single-valued meromorphic

solution
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£(i?) ; brt -

Theorem 7.13B

The equation (7.2.2.24) with k * -4m 2 has a formal

general solution (7.2.2.17) O

(b) a, = a : In this case O.b4 = -4/m3 and we are
forced to supplement the solution with logarithmic
terms to reinstate the arbitrariness of b4. The

result is given in the following theorem.

Theorem 7.14
The equation (7.2.2.24) with a" = az has a formal

general solution (7.2.2.17) a

D3 (a) : a3ﬁ3fﬂ' '+ 5—(obw?hjff‘ + of2 = 0,

« * f* 0, & -2ft (7.2.2.26)

Without 1loss of generality we may take a3 =1 and
rn = 1. The solution has a pole of order two and the
arbitrary constants are b~ and Db_. Checking for
consistency on the arbitrariness of b4 and b«5 we

obtain:

36 2(20) 236(a+2/3) (13a~t-1103)
o aft "l o 2 25 =0) 3
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=72 (at+2/3)

15(<x-ft)*

(13aZ + 188cx/7 + 53/?2Z)f

0.b g5 (5@%7)[b0b3 + bf@]

2592 (gt+2£7?) (2a.+ft) (azft)
(o-ft)*

follows that if o -ft and « * -ft/2 and « * -ft/s

Now bob3 + bb and thus it

12

then the general solution is of the form (7.2.2.17).

If a = -ft or a = -ft/2 or a = -"“3/5 then D" can

be chosen as arbitrary and we have

b3 ::]d% +1, k * 1, k, 1 e w - {0}
b = mb + n, m*n m n <sIR- {0}
But since b is arbitrary, b cannot be arbitrary

and the general solution may be shown to be of the form

(7.2.2.25)

We state our result in the following theorem:

Theorem 7.15

Consider the equation (7.2.2.26).

(1) When « * -ft, & * -ft/2, & * -ft/5  the general

solution 1s (7.2.2.17).
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(11) When 4 = -j1 or 4 = -j1/2 or 4d = -j1/5 the

general solution is (7.2.2.25) O

Corollary For the case of theorem 7.15(11), If we
choose b4 = -n/m and leave b<5 arbitrary then the

equation has the single-valued meromorphic solution

D3 (b) : 3a £" ' + 7 + e = 0 (7.2.2.27)
3

Proceeding as before we obtain the following theorem:

Theorem 7.16

The equation (7.2.2.27) has a formal general solution

(7.2.2.17) O

We have now completed our analysis on the classes of
ODEs, represented by (7.2.6) determining the similarity
solutions of the general class of PDEs. We now
collect our results and summarize them in the following
table. The table is made up by referring first to
the subclass of PDEs and then to the ODE giving the
similarity solution. A table giving the ODEs
themselves has been given earlier (Table 6.2). In the

final column the notation 1s as follows:
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G = general solution, P = particular solution
SVH(n) = single-valued meromorphic solutions with pole
order n.

MVM (n)

multiple-valued meromorphic solutions with

pole order n which is also a logarithmic branch point.

Note: By theorem 7.3 all the equations also have

analytic solutions which are not special cases of the

singular solutions given in the table.
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Class of PDE ODE Reductions Analytic Structure

Equations
W g Al G: SVM (2)
Kdv D2 (a) G: SVM (2 )
dzbb
D2 (b) G: SVM (2)
P: f=l1-11O
Kdv D1 /a G : MVM (2)
<az *o ) P: SVM (2)
D1 ; /a2 P: SVM(3)
Kdv
(@ =a ) D3 (@) G: MVM (2)
P: SVM(2)
D3 (b) G: MVM (2)
W (a =a ) A2 G: MVM (2)
P: SVAK?2)
RLW (a4=0) C3 (a) G : MVM (2)
C3 (b) G: MVM (2)
RLW (a1=0) C2 G: MVM (2)
Table 7.1

These results lead to some Important observations on
the general class of PDEs (7.1). However, before
considering this we highlight the main results on the

class of third order nonlinear ODEs (7.2.60).

(1) All the ODEs represented by (7.2.6) have

solutions which are analytic functions.
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(2) Third order nonlinear ODEs of the form (7.2.6)
where piv) * 0 i.e., which have an ff' term, have
second general solution which is either single-valued
meromorphic or multiple-valued meromorphlc (via
logarithmic branching). This conclusion applies to

equation D2(a) which is not in the class (7.2.6).

(3) When the ff!' term is absent from the ODE then
we have not been able to obtain a second class of

general solutions by the series solution.

(4) Only the ODEs Al, D2(a) and D2(b) have general
solutions which are single-valued and meromorphic.

All the others have general solutions which are
multiple-valued meromorphic maps with logarithm branch
points. We note that these three equations do not
contain any of the terms f'', fZ and rmff' . We
believe that this is interesting because they may be
individually responsible for the appearance of
logarithmic branch points in C3(b), D1 and D3(b)

respectively.

7.3 Concluding remarks on the similarity reductions
We note that every PDE represented by W” has
subclasses of analytic and single-valued meromorphic
solutions. The meromorphic solutions have second
order poles although the KdV equation (@ = az) also

has poles of order three and essential singularities.
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Also all the equations represented by wo, except- for
the KdV(az=0) possess a subclass of logarithmic
branch points. We present this important result in
the following theorem:
Theorem 7.17
Consider the general class of PDEs

V V aiuV azuV aauxxx+adUxxt+a=uxtt+a>uttt ' 0

(7.3.1)

with a* e R j = 1, eee/ 6.

If, in addition to travelling wave solutions, there
exist similarity solutions obtained by the Lie group
method, then these solutions will be free from movable

critical points if and only if a =a =a =a =00

Corollary The following PDEs are not of P-type

V V »4." W a,ulv Ut >t+a,UXXX +ad4UXXt+a=UXtt
+ a.u . = 0, a, e
Seee - ¥ 23 R
RLW: ut+ux+aluux+aZuut+a*uxxt = 0 (ai=az) or

(a1=O,. a2*0;, al*O, any= 0)
aj « R

Kdv: V ' V a.uV azuut+aSuxxx >0 (@, - 00 a* e K O
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Thus, only the Kdv equation

u, + u., + aiuu + =0 (7.3.2)

t X x T 3Uxxx
has similarity reductions, in addition to travelling
waves, which are of Painlevf type. In all other
cases the critical points appear in the form of movable

logarithmic branch points.

While we have obtained only analytic and meromorphlc
solutions for the Kdv equation (7.3.2) we have not
shown that these are the only solutions. The
complete analytic stucture of a nonlinear PDE may not
be represented by its ODE reductions alone. We have
noted in Chapter Four that some PDEs may not have
symmetries at all and, as we have shown in Chapter Six,

many subclasses of the general class we are considering

have a single ODE reduction Al. These Include the
W and W classes when a * a , the W class
<5 5 1 Z 43
when aq = 0 and the RLW class when a * a * 0. To
1 2

obtain further information about these equations we

need to study them by a different method.

In the following chapter we study the general solutions
of the general class of PDEs by examining their
analytic structure directly. This direct approach
will add to our knowledge of the analytic structure and

may identify further equations which are not of P-type.

197



CHAPTER EIGHT

ANALYTIC STRUCTURE OF SOLUTIONS OF THE

GENERAL CLASS OF PDES.

In this chapter we continue our study of the analytic
structure of the solutions of the general class of PDEs
by extending the analysis from those of similarity
solutions, i.e. based on reductions to ODEs, to general
meromorphic solutions of the PDE itself. This set
of solutions should be wider than the similarity
solutions discussed before and, in principle, will
enable us to decide whether the analysis of the
similarity solutions is sufficient to decide whether
the PDE is of P-type or not. As we have seen earlier
this property is conjectured to be connected with the

existence of sollton solutions.

8.1 Meromorphic solutions of a PDE

The method for finding meromorphic solutions was
originally put forward by Weiss et al [4] and is
referred to as the direct method. However, we found
certain mathematical redundancies in their presentation
arising from assumptions which they do not later use.

These are as follows:

(i) we see no reason for introducing complex time and

so we work with time as a real parameter;
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(ii) since the equations we deal with have only one

space variable then we see no reason for introducing

coefficients which depend on 2z as well as t.

Our method for dealing with evolution equations in one

space variable is based on the following assumptions:

(1) the equation and its solution can be analytically

continued from K xR to € x R, i.e., x, t) —»
(z, t);
(il1) for each t the solution is a function of a

single complex variable =z.

We assume that the solution wu(z, t) has the form

u(zl t) = Tmmmms ’ a e B ’
(z+v'it) )™
(due to CvVH~
where z(t) = - v'(t) is the orbit of an isolated

singularity which is either a pole or an algebraic
branch point. Then F(z, t) is analytic in some
neighbourhood of this orbit and the radius of this
neighbourhood will be determined by the positions of
any other singularities of u(z, t). Therefore, for

each t the solution has the expansion



00

. Ci(t) (z-z(t))

j=0
(8.1.1)
about the singularity z(t). Since the method we are
using Involves analytic expansions about points (z, t),
the Cauchy-Kowalewskl existence theorem tells us
that this is only possible if the orbit z(t) is not a
characteristic of the PDE. We also assume that y>(t)

has the smoothness required by the PDE.

The value of & in (8.1.1) is determined by the
dominant terms and the coefficients c*(t) are defined
recursively where such a solution exists. If the
solution does not exist, this will be shown by

inconsistencies arising in the evaluation of the c* (t).

Note: (1) In cases where there is inconsistency the
series can be made to work if we supplement it by terms

including powers of 1ln(z - z(t)) as in the previous

chapter. We shall not demonstrate this in this
chapter.
(ii) If we get a consistent solution with a a

positive integer then we may be able to conclude that
the PDE satisfies the necessary condition to be P-type.
However, the method falls to detect movable essential
singularities and, thus, the fact that it works is not

sufficient to deduce it is of P-type.
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we now proceed to analyse the general class of

equations (7.1).

8.2 Meromorphic solutions of the general class

We begin with a theorem on the wvalue of a:

Theorem 8.1
If the general class (7.1) has general meromorphic
solutions then its movable poles can only be second

order, i.e. « =20

Proof The result follows by substituting the
expansion (8.1.1) into the PDE (7.1) and balancing

dominant terms o

Corollary The general class (7.1) has no solutions

with movable algebraic singularities.

The dominant term analysis also gives that

@ +a?)c =-12(a +a? + a £f2 + a £3)
1 2 0 3 4 9 <

(8.2.1)

where £ =v'. The right hand side is non-zero since
we have assumed that —v'(t) is not a characteristic of
the equation. This is covered by the following

theorem (Sherbiny [3]).
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Theorem 8.2

The characteristics of the general class (7.1) are

defined by the cubic

a ay 0 o

Note 1l: Equation (8.2.1) also Implies that

a fza £ * 0 and defines <, *0.

Note 2: In theorem 8.1 above we emphasised general
solutions because, as we have seen in the previous
chapter, there are particular solutions with movable
third order poles. The explanation for this Is as
follows: if a; + a,£ Is not a root of the cubic on
the right hand side then one of its possible values Is
zero. In this case So will have to be Infinite
which Indicates that the pole has higher order than

two.

Returning to the series expansion (8.1.1) we see that
It Is a Laurent series about a pole of order two and In
order to substitute into (7.1l) we need the derivatives

of wu. These are given as follows: where

00

=2z -2z(t), C=-z'(t) and J A

u * Y cj(t)0j z (8.2.2a)
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ux ' 1 U-2XV (8.2.2b)

ut B ith + (3~irec3*.F'2 - 2?co”®

(8.2.2¢c)

(=]
‘<
il

T (3-2) (3-3) (3-4)¢,*>3_3 (8.2.2d)

uxxt - I [<3-2H3-3)U3-1) cJtl? +
- 24co<*'’j
(8.2.2e)
“xtt - 1 <J-2>[cr + (3-1)120i+lCHC;)+lEi- +
jcj+zC2}03"3 - 3(2ctCZ - 4c;¢ - 2cor )W - 24co? V 3]
(8.2.2f)
“tet "7 icr  + (j-1) {3¢j;.? +36”/ + w

+ 3jc'+ai2 4 33cj+,GEf +3j (3+1)Cj+8G2|~3 ¢

+ “6ctC¢' - 6¢cMf' - 2coGC" + 6¢c;(C')2
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- 6¢c;'?2&*> 3 + (18co?r + 18c;?2

24co? V s
J
Defining V*t) = £ cj-k(t)ck (t)
k=0
then uz = * *

and differentiating this expression with

and t leads to

UUx = I I (j-4)Vj*~j_3

aat 'il [0-3>W

Substituting (8.2.2.a-i)

+

into

- Scn3)* *

(8.2.2q)

respect to

(8.2.2h)

- 2V FLT

(8.2.21)

(7.1) and equating

X

powers of 0 gives the following recursion relations:

0 s: 2(al+% ?lV + 24(a9+§4?%c
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9 o

+ 24a<§o?3 =0

(8.2.3a)



T- K - 3j < w )vi - 6(aata*¢)ci + 6a.c;

- 3a512c1g' -4c'C-2¢c ¢']

+ a, [18cOCC'+18c6Cz—6c1C3) =0 (8.2.3b)

4 3: - 2(1+¢)co - (adtaa?)vV2 + ¢V + 2a*

2a5 (c(‘) '—201‘(;—2c1¢' )

+ ag (GCICQ'—GC‘OC'—ZCOC" +6ci§: —6cc')'§:) =0

(8.2.3c)
and for any Jj £ 3,
“<7zmj.. + Cj-3 + (3-4) [Cj_2?+Cj_2+aisCj-2
A . .
+3aocj'_'2¢+3a<*cj_2 C'+a. q. + (3-3)(3-4)

£a*c'j_*+2asc¥_i¢+asc3_*g +3a€cj_4§:-1

9 a
+3a<c)_iCC' I + 2™ VIi-i + (3-2) (3-3) (3-49)

[a +a
3 *

(8.2.3d)
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From (8.2.,3d) the terms involving cj(j Zz 3) are glven
by

(3-6)(3-4) (3+1) (a +a E+a t7+a £')cy = Fy

(8.2.4)

where Fj = F(c

§-a’ cj—z' sesyr Cop £, %', ...)
Consequently the left-hand side of (8.2.4) 13 zero when

J =40r 6 so that F =F = 0.
4 S

From (8.2.3a, b, ¢) the first few recurrence relations

are as follows:

2 3
e =12 aa+a‘f+a55 +adE ]

N A i’ (8.2.5a)
i =2

_ 12c;[a‘+2358+3adfz] . 128'[as+336§ ]+Zazc;

7 5c_(a_+a %) S(a_+ajt)
(8.2.5b)
z L

. c, N az(cocl)

€2 % "~ 7¢ 2(a ta f)c
L ] i 1 o

[a‘+2358+3a682](_:" + [a°+3aat]clt'

&
(a‘-l-azf)co

206




e \

K, c,£f'+W ' ) (IK) ivi3vfc'
ajtars? (ai+a2?)co
(8.2.5c)

and from (8.2.3d we obtain:

ag, re '+cO ' - Ifcl?+c 1+a3 cl‘ '+ 3a6 (c'l?) +a6c1?' '.:.ll’

Cy =
(@ +a ?)c
1 2 O

ta, F(COCZ) '+c1c ‘15
(al +2a f) co

c.C
172 (8.2.5d)

F = a (c0 cg+c1c2) + (a<<:5'1' '+c1')=0 (8.2.5e)

= -2ia ¢'''+c'+c f+c +a ¢c''+3a (c'£) +a c ?
N < 52 2 3 9 9 3 <5 3 <5 37
+ 2[ac'+2a ¢c'f+a ¢ ?'+3a c¢'?z+3a ¢
5 4 5 4 o 4 o 4
| ] 1
+ a f(c0c4) +(<:1c3 ) +czc2]J

+ (a1+a2-.'ﬁ:') (c2c3+c +a2?) (8.2.5f)

s 6fa c'+2a c'?+a c £'+3a c'£ +3a c ?? O
1.5 5 5 5 5 5 3 5 3

' '
+a2 I(C (9 3) + (clcz:t) + (c2c3).

]
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+ ac" '+¢'+2(c Z+c +a c¢" +3a (¢'O+a c Z" )3
3 3 4 4 9 4 Jd 4 J 4

N<

+ (a1+2 Z) (2c1¢9 +2c2c4+§2) =0 (8.2.5q@)

Equations (8.2.5a-d) determine ¢, c , ¢ in terms of
? and its derivatives and hence allows us to compute
F . Relation (8.2.5f) gives q} in terms of c4
etc. and since the previous equations do not define c*
we assume that c¢* is arbitrary. We can now compute
c3 from (8.2.5f) and obtain F3 in terms of c4 and
Z and its derivatives from equation (8.2.5g). The
next relation (J =7 will determine c¢? in terms of
cg etc. and since c A has not been defined above we
shall assume that c¢ is an arbitrary function. The
fact that c, and c can be chosen arbitrari%y is

«5

also a consequence of equation (8.2.4).

Working out F4 and Fg is extremely cumbersome in
general and we have approached this problem in two
ways. Firstly, we used the computer with the REDUCE
package for symbolic manipulation - although with this
package the algebra for equations Involving more than
one linear term is very long and tedious. Secondly,
we simplified the problem by using the classification
theorem presented by El-Sherbiny and then computed by
hand for each equivalence class. The classification

theorem is as follows:
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Theorem 8.3

Given an equation from the general class (7.1) there

exists a nonsingular real linear transformation (which
may be the identity) which takes it into one of the

following four equivalence classes:

Kdv class (al,za ra o, 0, 0

RLW class (a1 . a,, O, a . 0, 0)

2

W class (al,za , 0, a,a, 0)

W class (@a,a,a, 0 afo O

The reductions in the above theorem are obtained by

considering the cubic

a +a? +a?222+ a?3=0.
8 4 3 g

El-Sherbiny showed that when this cubic has three equal
roots the general class reduces to the KdV class; when
it has two equal and one distinct root it reduces to
the RIW class; when it has three distinct roots it
reduces to the W class and when it has one real and
two complex conjugate roots it reduces to the Ws3

class.
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8.2.1 Results via the REDUCE package

For this analysis we wrote the program given In
Appendix D. In the case when a* + az£ is a

triple root of —12(a3+a4£+a5£z+a6£3) i.e. the Kdv
equation, we showed that F4 = 0 and F s 0. When
we assumed that a; t,af is a double root. i.e. the
RLW equation, we had both F4 2 0 and F 0.
However, we did not proceed further since the version
of REDUCE we were using was unable to cope, easily,
with equations with more than one linear third order

term.

8.2.2 Results with equivalence classes
Before we embark on these calculations we would like to

clarify the role played by the constraints F* a 0,

F* a 0 regarding the arbitrariness of z(t), c*(t)
and c@(t). The constraint FA = 0 is a condition
on £ = z(t) which does not contain C,. and c, - If

this condition is identically satisfied then £ 1is an

arbitrary function, whilst, if it is not, then it is an

ODE defining £ in which case the pole orbits are
fixed by the constraint. The condition F* a 0
includes both £ and c*. If it is identically

satisfied then c¢* 1is arbitrary and £ is not

restricted by this condition. If it is not
identically satisfied then it gives an ODE for c,
where the coefficients are functions of &£. We note

that there is no restriction on ca and therefore co
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can be chosen freely In every case.

We now consider the condition = 0. Substituting

(8.2.5£) Into (8.2.5g) gives us that

F =A+Be +Cc ' +DC'" =0, t e R+
S 4 4 4 '

(8.2.2.1)

where A, B, C, D are functions of ¢ , c, c, c
and their derivatives. If c¢* Is arbitrary It is
clear that ¢ ', ¢ '" are Independent of ¢ and

hence (8.2.2.1) Is satisfied If and only If A =B =C

=D = 0 for all t. This gives us four differential
equations for £. In addition, equation (8.2.5e)
gives a fifth, l.e. F* a O. We now look at each

equivalence class.

(1) KdV class: (@, az, ag, 0, 0, 0), (ag * 0)

24a*a

For this class D = ———————- . Thus, D = 0 if and
<\ +V >

only if az = 0. Hence, the only equations in this

class which may have general meromorphic solutions are

the elements of the subclass (al, 0, a_, 0, 0, 0).

To verify whether this Is the case or not we go back to
equation (8.2.%) and put a =a =a =a =0. This

gives the following results:
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c, = —12a3/a1, c, = - (1+¢) /al ¢ =_c

Thus for this class we have the following theorem:

Theorem 8.4

The only equations in the KdV class which have
meromorphic solutions in which z(t), c, (t) and c<5(t)
are arbitrary functions are those with coefficients
(@, 0 ag, 0, 0, 0). Consequently, for each t, the
corresponding ODE has three arbitrary constants.

Hence this meromorphic solution is a general solution

of the PDE a

Corollary. The PDEs (@, 0, ag, 0, 0, 0) are P-type

modulo the existence of essential singularities o

Turning to the cases where az * 0 we note that the
conditions F s 0 and F = 0 lead to very
complicated differential equations. For example, for
the case o, -1, 1, o, 0, 0

' >

144 1 {.] _13¢" , 24 ")z I

5 A - : c
¢2 ¢8 C*

(8.2.2.2)
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we do not feel that this case is sufficiently

interesting to pursue any further.

4

(2) RLW class: (al,za , 0, a, 0, 0). (aA * 0)

22 (@ -a C)(a -5a C)
In this case D = -—---—--—--—-—-—-—-—--
? (at+a2?) 2

Hence, D = 0 if and only if ¢ = at/az or
¢ = a4/5az. Thus, the RLW class has no general

meromorphlc solution.

However, we have the following theorem for special

cases :

Theorem 8.5

If a; and a, are non-zero then the RLW class has
meromorphic solutions in which ¢ and ¢ are
arbitrary, but ¢ = at/a2 or a4/5a2, 1i.e. the poles

of the solution move with one of two constant speeds

Note : This seems to imply that these solutions would

have at most two poles (modulo periodicity).
The Interesting equations in this class are those with

az = 0, which correspond to the RLW itself. In this

case the differential equation = 0 can be solved
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exactly for T. Golng back to the equation (B.2.6)

and putting a_ = a_ = a_ = a, glve=z the followlng:

F 3 = |
a -
4 12 a2 ¥*
c = =13 — F c, = —_— e,
o ﬂ.. F ] 5_- -Ell f
PN T 20 N LT3
* al- fu a:l. ’
c_ o= 5 & 22 te)” F =¢c '
] a-lE iﬁgai fs " Ta T T

F=e®? L mecce (B.2.2.3]

From this we conclude that the pole motlonm of

meromorphic solutlona of the RLW are at most of the

form glven by ($.2.2.37. Thus we have the followlng
theorem:
Theorem 6.6 The general aolutlon of the RELW 15 not

meromorphic o

We look for particular meromorphlc solutions with pole
orbits given by (8.2.2.3). This means that we have to
find values of o, 7 & L and functlons c‘{t! which
identically aatiafy Fo = 0. BReferrling to egquation

(8.2.2:.1) and uwslng ($.2.2.3) glvea the followlng

valuea of the coeffliclents:
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A

(note C'/C = «) .

For to be identically zero it is necessary for A
to be identically zero and this is only possible by
choosing « = 0. Note that this choice also makes

C =0 so that

Fa = 2a4e "c4"

If we now choose c*(t) to be at most linear in t

then F* s 0 and we have the following theorem:

Theorem 8.72
The meromorphic solutions of the RLW class
(al,? , 0, ag 0, 0) are given by

00

U(z, t) = (z - 2()) 2 * Cj(t)(z-z(t)w
Jj=o

when z(t) = 6t + e, 6, e € C, c™(t) is linear in

and ctf(t) is arbitrary O
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3) W and W classes. (as. * Q)

54 53

In these cases it Is easily shown that for any allowed
choices of coefficients D = 0 for at most a few
constant wvalues of 2. Hence these classes of
equations have no general meromorphlc solutions.

They do, however, have special meromorphlc solutions
when £ = constant and c*(t) Is an arbitrary linear
function l.e. the result obtained for the RLW class.
We state our result for these classes In the following

theorem:

Theorem 8.8
The meromorphic solutions of the Wg class @, az, ag,
a®, ag, 0) are given by

00

u(z, t) = (z - z(t)) 2 J c*(t)(z - z(t)-*
J=0

where z(t) =<t + e, 6, s € C, c (bt) Is linear In

t and ctf(t) is arbitrary a

Corollary. For all the equivalence classes, = 0,
F<j = 0 If ? = constant and c, is linear. This

accounts for the existence of solitary waves In all

classes O
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Furthermore, we recall from chapter seven that the only

similarity reductions for the classes W, and W, in
the cases when a =0 or a = 0 were travelling
waves. Thus, we were unable to conclude whether
these equations are P-type. Here we have shown that

all meromporphic solutions must have ¢ = constant and
consequently the general solution cannot be
meromorphic. We therefore conclude that these

equations are not P-type.

The classification Is now complete and the results lead

us to the following uniqueness theorem:

Theorem 8.9

The only elements of the general class of equations

V V &~ uV ~ uV a3Uzzz+adUzzt+asUztt+a*Uttt = 0

(8.2.2.5)
for which the Laurent expansion
®
u(z, t) = J c*t) (z-z(t) j~2 (8.2.2.6)
3=0
where 2z e €, t eK and z(t) Is an arbitrary
function, 1Is a general solution are the equations

defined by @, 0, ag, 0, 0, 0) d

217



8.3 Conclusion

One of the conjectures about evolution equations that
has generated considerable Interest are the so-called
Painlev6 conjectures. We have already discussed
these in Chapter Four but we repeat some of that
discussion here In the setting of this chapter. A
general definition that a PDE Is of Palnlev6 or P-type
Is that all the movable singularities of general
solutions should be poles and that these solutions
should be single-valued. There are two Palnlev6
conjectures. The first assumes that all the relevant
properties of the general solution are contained In the
special similarity solutions and so the conjecture Is
made on reduced ODEs rather than the original PDE.

The second conjecture states that the similarity
solutions are not sufficient to cover all general
solutions of the PDE and that It Is necessary to check

the PDE Itself.

In this chapter we have verified this fact (l.e. the
Insufficiency of the similarity solutions) for subsets
of the general class whose ODE reductions were of
P-type. Specifically, we found that the only
similarity reductions of the subclasses Al, Bl and Cl
(see Table 6.1) were the solitary waves and
consequently that they were of P-type. However, the

analysis of the present chapter has shown that the
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general solution of the FDEs in these subclasses are
multivalued In the sense that the pole positions are
also logarithmic branch points. Thus it is clear
that the equations considered either have similarity
solutions which cannot be reached by the Lie-group
approach or else that the first Painlevé conjecture is
inadequate. If the latter is true then the
similarity solutions do not capture all the properties
of the general solutions. Our conclusion about
meromorphic solutions is that it is only the KdV
equations, i.e. @, 0, ag, 0, 0, 0), which have
movable poles, in its general solution, which are not
also logarithmic branch points. Thus the KdV is the
only equation in the general class which is P-type
(modulo essential singularities) as a PDE. The
implication of this, according to the Painlevé
conjecture, is that this is the only equation which can
be solved by the inverse scattering method and also the
only one which could have sollton solutions. For the
rest of the class we have also looked at special
solutions which do not have the full freedom of the
general solution, with a view to identifying equations
which may have restricted N-soliton solutions, e.g.

N ~ K with fixed speed ratios. We do this because
we have not come across any information in the
literature which requires that an equation which has

N-soliton solutions has to have them for every integer
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N, although all known soliton equations have this

property.

Now clearly the soliton solutions, if they exist, of
any equation are special meromorphlc solutions and
consequently the pole motions of these solitons will be
revealed through the function w(t) which satisfies
the differential equation = 0. Earlier work on
the KdV pole motions til for 2-soliton solutions
indicated that the poles exchanged their asymptotic
speeds and that the pole orbits were continuous from
t = -0 to t = +oo. Consequently a necessary
condition for an equation to have a 2-soliton solution
is that the pole-orbits w(t) should be non-linear

functions of t.

The only equation which could be solved explicitly for
y/(t), i.e. all possible pole motions, was the RLW
equation i.e. (a1 . 0, O, a . 0, 0). For this
equation we found that w(t) was a linear function.
This enables us to conclude that if the pole picture of
the KdV is representative of soliton solutions for this
class of equations then the RLW has no soliton
solutions at all. We note that previous
justifications of this result were based on numerical
proofs but our proof is analytical and, we believe,

rigorous. t 2].
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However, the methods of finding the singularity
structure of general solutions do not tell us when a
solitary wave is a soliton. Furthermore, there is no
theorem which links Painlevé property with the
existence of soliton solutions except, perhaps, the
necessary conditions we Jjust mentioned on the
pole-orbits. Thus the question of when a solitary
wave is a soliton is a more direct one and one that we
feel is connected to the structure of the solitary wave
itself. To explore this idea it is necessary to look
more closely at the properties of the solitary waves to
see if they provide sufficient information to deduce
whether they can be combined into soliton solutions or
not. This approach is also novel inasmuch as it
takes the focus off the PDE and onto the construction
of functions which asymptotically are linear
combinations of the solitary waves. In the next
chapter we make a preliminary attempt at establishing a
classification of the solitary waves of the general

class as a preparation for implementing this procedure.
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CHAPTER NINE

COMPARATIVE ANALYSIS OF THE SOLITARY WAVES OF THE

GENERAL CLASS OF PDES

It i3 well-known that one of the significant properties
of Integrable equations is that, In general, they have
sollton solutions. In previous chapters we have
looked at ways of identifying such equations by using
the differential equation Itself either as a PDE or as
a reduced ODE. On the other hand, the basic question
that we asked at the beginning of this thesis, i.e.,
"when is a solitary wave a soliton?", can be looked at
as a problem in the combination of functions as
follows: Given past and future asymptotic states, 1i.e.
t = -0 and t = 400, as linear combinations of
solitary waves is it possible to construct a function
which connects the two states In a smooth way? If
this can be done then this function will be a
multisoliton solution. Clearly this approach is a
priori independent of the differential equation and
appears to be difficult to Implement. However, a
start can be made by examining the properties of the
functional form of the solitary waves to see If we can
establish necessary criteria for the solitary wave to
be a sollton. If this method is successful then it

is more straightforward than the previous analytic
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structure analysis and Is easier to apply in those
cases when the functional form of the solitary wave is
known. This is the case for the general class and it
is this aspect that we concentrate on in this chapter.
More specifically, since we know the Kdv has sollton
solutions, whereas the RLW has not (see chapter 8.) we
analyse the properties of profiles of solitary waves of
the general class and compare them with those of the

KdVv and RINW.
9.1 The general solitary wave
We recall from Chapter Five that the solitary waves of

the general class (7.1) are given by

u(, t) = ~ sechz % 3// ;-;t (x- (1+c) t) (9.1.1a)

o= ——mmmlllD Zommmo o222 ID (9.1.1b)

The amplitude is given by A(c) = 3/« and we define

the width w(c) to be the width at half-height, i.e.,
w = 2p where sechZ[r?/V(7] =35 . Hence

w(c) = SVft where p =x - (l+c)t and <S = 41n(1+-/2).
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We feel that the width and the amplitude are
significant parameters of the solitary wave and hence
our first classification should be In terms of them.
We note that the amplitude as a function of ¢ Is
determined by the wvalues of the coefficients of the
nonlinear terms in the PDE l.e. a , a

Furthermore, the requirement of positive amplitudes
means that the range of speeds is also restricted by
these coefficients. On the other hand, the width Is
entirely a function of the linear coefficients a , a ,
a, a and the requirement that the width Is a real
function of ¢ may Introduce further constraints on

the allowed values of the speeds.

Before we classify the generic forms In terms of these

parameters we detail the special cases of the Kdv and

RLW.

9.2 The Kdv and RLW solitary waves
The data for the KdV: @, 0, ag, 0, 0, 0 and the
RLW: @, 0, 0, a~, 0, 0), where a , ag, (-a") R

are as follows:



Range of A(c) W(c) A (W)
speeds

Fig 1: Graphs 1, 2

If the amplitude and width parameters are significant
then the two graphs given above would lead us to make

the following predictions for the RIW:

(1) The small-amplitude large-width solitary waves
would act more like solitons than the large-amplitude,
small-width solitary waves (see [1l], [2] for

verification of this prediction).
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(i1) We would expect the range of amplitudes over
which the solitary waves are sollton-llke to Increase

as |a*| decreases.

Note: Sollton-llke means that If two solitary waves
are made to collide numerically, then the solitary
waves would emerge with a tail that Is extremely small,

l.e., the Interaction would be almost elastic.

9.3 Amplitude-speed relationship

Since the KdV and the RLW are both unidirectional we
restrict our considerations to subclasses of the
general class which have this property by setting

c=1+c >0. The requirement that the amplitude

be positive leads to the following classification of
the speed ranges In terms of at, az where ce («x, 3@

is Indicated by & f):

a. = 0. 1, o © 1,
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- , 10, =) . R T
a = a = 03 L > B =
conatant .,

For the caae a, ] a_ ® 0 the range of apeeds are

dlzsplayed in the {31* azl plane below:

e

f.'a;i}ulf'-‘m,m}/ | ()
A 1
S
s (‘%vau)u(hﬂ]:

Flg. 2 A, T a‘fat

From the Elgures above The generlc form cam be

recognised as: unboundad above, bounded above and

split range,.

In progesding with our clasalflicatlon we have to make a

aelectlon from thesze qgenerlc forms and we do thls a=a

follows:

(1} we regqulre the amplitode to be a nonconstant
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function of c. This eliminates the case a

il
]

(i1) We require the equation to be in a neighbourhood
of the Kdv or RLW which eliminates the sectors a;.l) < a;

a

50 and O“*a <

1< 82

(111) We require the range of speeds to be either
unbounded above or have the upper bound a#/az- The
latter is chosen since it becomes large as a —» 0.
This eliminates the sector a; <0< a,. The

amplitude-speed curves for the allowed sectors are

sketched below:

Fig. 3
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9.4 Width-speed relationship

We showed earlier that the width-speed relationship Is

given by w(c) = S-/ft where 6 and jft have been

defined. We know from the previous chapter, Theorem
8.3, that the general class of equations (7.1) may be
reduced to four equivalence classes. We now look at
each class In turn and obtain the ranges of speeds for

which the width Is real.

(@) KdV class: (@, az, ag, 0, 0, 0)
w(c) = 6Yc‘la/c
(0, 1) 1, co)> a
(b) RLW class: (ai, a, , 0, a, ., 0, 0)
-a, (1+c)
w(c) =
(1, ™ (0, 1)
(e L class @,a, o a.,a, 0)
-a, (1+c) +a% (1+c) a —a (1+4c)
w(c) = 6 ) v <o

The ranges of speeds are displayed in the
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(@ , a )-plane below:

Fig. 4 a =a /a3
The width-speed curves for those sectors which obey the
restrictions (11) and (111) of 9.3 with (ai, a2)
replaced by (a4. a3) are sketched below:

Fig 5



(d) ng class: (a”, a , a}f, 0, a, 0)

a +a (l+c)’
w(c) =6 >0

The ranges of speeds are displayed In the

(a3, as) -plane below:

The width-speed curves for those sectors which obey the
restrictions (ii) and (iii) of 9.3 with (@ , az)

replaced by (a3 , a3 ) are sketched below:
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Fig. 7

9,5 Amplitude-width relationship
We now combine the results of the last two sections to
obtain generic forms in each class and plot their

amplitude-width relationships.

(@) KdV class: (al, £ 1 2y, 0. 0, 0. ag >0
a & (3+a 2)
In this case w2 = ""(@"-a")a— (9.5.1)

and the amplitude-width curves for the various sectors

are sketched below:
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G = Graph. w=6Ve,.v1.

(b) RLW class: (@ , aze 0, 2, 0, 0), a*# < 0

la |6Z (3+a A)

Here we have w = ___i_a__—g_ ff-___ (9.5.2)

The amplitude-width curves for the wvarious sectors are

sketched below:
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w = 6y\a I/(a -1)
1 4 1 12

() W class: (a,a, 0 a,a,0

For this class of equations the range of speeds given
in Fig. 2 are further restricted because of the
additional requirement on the coefficients (@,, ag).
The range of speeds in this case are given by the
intersection of the ranges in Fig. 2 and Fig. 4. We
note that for each sector in Fig. 2 there are three

corresponding sectors in Fig. 4.



The amplitude-width function is given by

(@*A+3) (alas. -a, a4 ) A+3 (a5 —a4 )|1
a -a )A(3+a 2)

(9.5.3)
and the amplitude-width curves are sketched for the

following sectors.

alL

In the following graphs: w

A 3(a.s5~1)

12 45
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In (a, , al )-sector (i) we have the following graphs:

a?

G\1 i+/1-Ons'>a»i qiij. h-/»-*%* 1,

In (af, a®-sector (ii) we have the following graphs:



A 1'-"
Z el )
| i (1 aus E’ﬁ;
s Ao 0
Qa W
/ ) | 2eCt)
% | al3
I
|
() 3&‘%[ A
In {a;, ag}-sector {{{i) we have the fellowing graphs:
& Moo Ze@ayw)
__’Aiﬁaq | Q8
Whe —[— —0—
|
) l »A
° ¥ laq|
AW
EG(aqS,Oo) |
| ¢
|
|
o s
° Ao —R
as -
™ | €€ (Qa,ays)
N o R
I
|
0 S
o Ao aai
= A5
4_%* G2 1+ 1 Oas Oy Gl 1+ 1Ay 2L,
K" ET (s, ol R
1 G2 g1
W= — p— — i .
I
o * >0 ®
o 3,|l'r1|!4'| o




(d) w class: @a,a,a, 0 a, 0
33 1 z 3 3

For this class the range of speeds are given by the

intersection of the ranges in Fig. 2 and Fig. 6.
Again for each sector in Fig. 2 there are three
corresponding sectors in Fig. 6.

The amplitude-width function is given by

a, (a2A+3) zta (a1 A+3)2

w _ . (9.5.4)
(a_,_, az)A(2+azaT

and the amplitude-width curves are sketched for the

following sectors:

a, -a, W,

a +a a.
In the following graphs w = 6 2 ’
12

_ 3(p33-1)
o aj-azbsg
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In (a,, a”“-sector (i) we have the following graphs:

1+ / 611*  fiyitojsK AXU.

In (a,, ag)-sector (ii) we have the following graphs:
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Cfo

£3i
In (@ , a”"-sector (iii) we have the following graphs:
£33. Iw\fl + £33 1+ >/T+0j7> a«r
£33
m

616
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Finally we give the amplitude-width curves for the W
and W33 classes when a = 0. Note that in these

cases ai > 0.

W class: a, o0 0 a,a, 0
34000001 ! ! 4 3

The amplitude-width function is obtained by putting
az = 0 in (9.5.3) and the amplitude-width curves are

sketched below. Note that



W53 class: (al, 03 a, O, a5)

The amplitude-width function is obtained by putting

az = 0 in (9.5.4) and the amplitude-width curves are

sketched below:

Note that
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9,6 Classification of solitary waves

Before we comment on the data given In the graphs above

we first classify them into generic types. We
concentrate on the width-amplitude graphs since, as we
have mentioned before, we think that these are
significant parameters. In drawing these graphs we
laid down certain selection criteria which are
specified on Page 227, 228. using these criteria we end
up with a total of 42 graphs which form 12 generic
equivalence classes. Representatives of these
equivalance classes are Gl, G2, G4, G5, G7, G8, Gl4,
Gl5, Gl7, G18, G22 and G37. We now further refine
the class of admissible solutions by imposing the
following two conditions. Firstly, we reject all
double-valued graphs i.e. those equations which have
solitary waves with two different amplitudes for the
same width. This is done because we do not
understand the significance of this property and we
have left it to be investigated later. Secondly, we
require that there must be a graph in the 1limits

a —80 and a ->0. Using these criteria
eliminates 8 generic types: Gl4, Gl7, G22 and G5, G8,
Gl5, G18, G37 respectively. The limits of the
remaining graphs are either KdV or RLW-like. We note
that we eventually end up with the KdV since the RLW
graph tends to that of the KdV as |a*| gets smaller.

We could not have imposed this condition earlier
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because we were dealing separately with the

amplitude-speed and the width-speed graphs. The

remaining 4 generic types represent 18 of the original

42 equations.

We summarize this in the following

table.
KdV RLW W W
54 53
_ Gl G12 G27
L——— . N
t G3 G2, G6 G10, G13 G23, G25
W A
. G4 Gil, G16 G26, G30
G38 G4l
uc5 > A
) G7
V i
1 »
g
Table 9.1
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We now introduce the quantity Aw2 which seems to have
some significance. The value for the equivalence

classes of the general equation is as follows:

(alA+3) R (aAa5 -a a4 ) A+3 (a5 —a4 )

54 @;-3 ) (3+ap)
a}(a2A+3)Z+a5(a A+3)2
w - 5__ 1
53 (al_i )(3+a2A)
9.7 Summary of structural properties of admissible
equations

The graphical analysis of the solitary waves presented
in the previous sections and the criteria used for
selecting admissible forms leads to the following
observations of changes in the allowed graphs as
functions of the parameters a and as. These

correspond to perturbations of the nonlinear and 1linear

terms respectively of the KdV and RIW.

(1) Global restriction:

____________________ 1 a >0['8 >0. a4 <0
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(2) KDV and RLW classes (a5 =0) :

az < 0: puts an upper bound on the amplitude which

leads to a singular 1limit.

az > 0: speeds bounded above introduces (KdV) or

changes (RILW) lower bound on width.

3) W and W classes @ * 0)
54 53 5

(a) Speeds bounded above for any value of az.

(b) Ay <0: a, <0: amplitude bounded above with a
singular limit
az > 0: three types of graphs occur
which, as a increases,
appear in the order singular,

Kdv, RIW.

(c) a > 0: a, < 0: no allowed graphs
a > 0: RLW type only, i.e. lower bound

on width.

Implication: W and Wg3 are not distinguished by

their graphs.

(d) Two special cases occur under (b) when

a = a4 and a = b3 Both those conditions
1 5 1 5

lead to the KdV graph Gl. However, in these cases
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AwZ * constant, and so the quantity AwZ distinguishes

them from the KdV itself.

(4) If we consider equations in which a, + a, >0
or la l+a >0 then, for small wavenumbers k
(l1.e. the approximation used In deriving the KdV and

the RLW tl], the linear dispersion relation Is given by

w(k) = k [v1la.J-a51k3

which Is In fact the dispersion relation of the Kdv.
Thus, the linear dispersion relation does not
distinguish between these equations. On the other
hand the function Aw does, which reinforces the

significance of this quantity in the classification.
We conclude with the following theorem:

Theorem 9H1

In the class of admissible PDEs the KDV is unique in

having a family of solitary waves with the properties

(a) speed unbounded above,

2
(b) Aw = constant for 0 < A < ®a
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CHAPTER TEN

CONCLUDING REMARKS

This thesis is the third in a series of studies on a
comparative analysis of the Korteweg-deVries equation
and its homoloques. The general discussion is
centred on a class of third-order semi-linear equations
with quadratic nonlinearities of which the KdV and RLW
are members. All the equations considered have
stable solitary wave solutions. However, it is
well-known that the KdV has a number of exceptional
properties which do not appear to be shared by
equations such as the RLW which have been proposed as
alternative models. This raises the question as to
whether the KdV is a unique equation in this class and
whether we can develop criteria for understanding this

uniqueness.

In the first study, Abbas looked at the class from the
point of view prevailing at the time that the existence
of solitary waves was due to a balance between
nonlinearity and dispersion which, in special cases
like the KdV, would also produce solitons. He found
that, for a fixed nonlinearity, stable solitary waves
exist for a wide variety of dispersion relations
including formally nondisperslve equations. Thus, he

concluded that the idea of balance beween nonlinearity
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and dispersion is not a useful one for explaining the

appearance of solitary waves and hence, by implication,

for understanding the existence of solitons.

Since the physical hypothesis of dispersion is not a
valid indicator of properties of the nonlinear
equation, the discussion shifts to a consideration of
the specific properties of this class of equations.
This required a much more rigorous mathematical
approach to these equations and, in particular, to the
question of their validity as genuine evolution
equations. The foundations for this were established
in the second study of the series in which El-Sherbiny
Investigated the well-posedness of the general class of
equations and also the existence of conservation laws.
The result of this work showed that the equations split
quite naturally into four equivalence classes and
theorems relating to well-posedness were produced for
each. Conservation laws were derived for these
equations and it was established that, with the
exception of the KdV which has an infinite number, all
the equations have at least two and at most three
conservation laws. Furthermore, El-Sherblny also
showed that the characteristic equation of the KdV has
a triple root, i.e., although the PDE is of third
order, it has only one characteristic Instead of three.
As a consequence, El-Sherbiny concluded that the

existence of an infinite number of conservation laws is
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related to the occurrence of degenerate character-
istlcs. Once agaln, these facts demonstrated

uniqueness of the KdVv In the class.

In this theslis we have continued the study of this
class of equations by looking at the analytic structure
of their solutions. Specifically, we have considered
the simllarity solutions of reduced ODEs as well as
general solutions of the PDE itself. We have also
extended the work on the solitary waves, initlated by
Abbas and completed by El-Sherbiny, to a more general

and, we feel, a more useful classification.

Using one-parameter Llie groups we obtalned all the
corresponding local symmetries of the equations and
classifled them in terms of the infinitesimal
generators of thelr groups. These generators were
then used to reduce the PDEs to the corresponding
similarity ODEs. The total number of third order
ODEs obtalined was 10 of which 6 were irreducibly third
order and the rest were or could be lntegrated to
second order. We also proved that if a = a, = 0
then the only reduction 1ls to an ODE with self-similar

solutions, l.e. travelling waves.

The analytlc structures of the solutlons of the second
order equations were obtained from the existing

Painlevé classification, while those of the third
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order were studied using singular point- analysis. We

first showed that all the ODEs have a class of analytic

general solutions. In those cases in which the
nonlinear from f£f' is present there was a second
class of general solutions which are meromorphic, but
could be either single-valued or multiple-valued. of
these general solutions, only the travelling waves and
the solutions of all reductions of the KdV equation
Itself are meromorphic as well as being single-valued.
All the other equations have solutions which are
multiple-valued meromorphic maps with logarithmic
branch points. We also noted that solutions which
were free from branch points come from equations in
which ff' was the only nonlinear term and were in
addition free from f'' term. These properties
enabled us to initiate a classification of third order

nonlinear ODEs.

The poles in the meromorphic solutions were found, in
general, to be of order two. However, the general
KdV equation with nonlinearities atu(ux + uf also
has solutions with a pole of order three and essential
singularities. The KdV equation is thus unique in
that class in that all its similarity ODEs have single-
valued meromorphic solutions i.e., are Painlevé6-type.
However, for many other equations in the class there
was only one reduced ODE, i.e. the self-similar ODE

with travelling wave solutions. Hence, on the basis
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of this test, we must either conclude that the PDE Is
of PainlevG type or, what is more likely, that the
one-parameter Lie groups do not give the symmetries of
these equations, l.e. they may have other similarity

reductions.

We next looked directly at the PDEs themselves and
showed that the only class of equations which possessed
meromorphic general solutions is the KdV. All the
others had logarithmic branch point singularities in
their expansions. We verified that the similarity
ODEs obtained above are not sufficient to cover all
general solutions of the corresponding PDE. This was
done by showing that the subclass of PDEs which only
had one reduction, i.e. to self-similar ODEs had
general solutions which included logarithmic branch
points. Consequently, they are not of Palnlev6 type
and hence the only equation which is of this type both
in terms of the ODEs as well as the PDEs is the KdV

(modulo essential singularities).

Since soliton solutions where they exist are special
single-valued meromorphic functions, we then tried to
Identify equations with restricted sollton solutions,
l.e. as special cases of the general solution. We
did not find any and, In particular In the case of the
RIW, we were able to prove rigorously, using arguments

based on pole motions, that It does not have any
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solitoli solutions.

Since there are no theorems 1linking the analytic
structure of general solutions to the existence of
solltons we decided that another approach to this
question was needed. Our idea is to analyse directly
the functional form of the solitary wave to establish
criteria for it to be a soliton. We conjectured that
the width and the amplitude are significant parameters
for solitary waves and classified them graphically
using the KdV and RLW as standards, since the KdV has
soliton solutions and we have established that the RLW
has not. By Imposing reasonable selection rules we
were able to reduce the width-amplitude graphs to 4
generic forms and we introduced the quantity Awz as
being a significant functional of the solitary wave.
The importance of this functional lies in the fact that
firstly, it is a constant for the family of solitary
waves of the KdV and, secondly, we were able to use it
to distinguish between the KdV and another equation
which could not be distinguished by the linear
dispersion relation. This functional may explain the
existence of soliton solutions in at least the KdV
family of equations (i.e. same dispersion relation),
although we have yet to check it on higher order
nonlinear terms, e.g. the MKdV with uzux. If it is
a useful functional then it is more straightforward and

easier to apply than the analytic structure analysis.
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We come now to the question of future research. This
thesis has further established the uniqueness of the
KdV In the class considered. However, while we have
shown that every equation in the class, apart from the
KdVv, is not of PainlewS> type, we have not been able to
prove that the KdV Is. This Is because of the
difficulty of showing whether the general solution of a
PDE has movable essential singularities or not. This
restriction has prevented our analysis of the analytic
structure from being complete and Is therefore still an
open question. Our method of proving that the RLW
does not have soliton solutions does not easily extend
to the other equations In the class. Nevertheless,
we feel that It Is a good method and has potential for
development to more general situations. Finally, our
preliminary analysis on the width-amplitude behaviour
of the solitary waves produced some Interesting results
and warrants further development. In particular, we
believe that the functional Awz Is In effect a
"nonlinear dispersion" relation, for the equation which
is significant In explaining the existence of solitons.
The next stage In understanding this functional would
be to conduct a series of numerical experiments on the
Interaction of solitary waves In regions where Awz is

very slowly varying.
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we are now working on these developments as well as

trying to attain the objectives set out in this thesis.
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APPENDIX A

In this appendix we present a proof of Theorem 3.2.

Before doing so, following ARS[2], we establish results

which we shall need for the proof.

Shifting the origin, we rewrite (3.1.3) as
0]
K(x,y) = F(x,y) + ] K(x,x+z)F(x+z,y)dz (A.1)
0]
Now 2B F K(x,x+z)F (x+z,y)dz =
ax ]
00
J jwK (x/x+z)JF (x+z>y)dz + n=1 2 3
(A.2a)
with P = -K(x,x)F(x,y) (A.2b)
JAK(X’X)F(X’Y)j - F(X’Y) [a4l<(X’X+Z)]Z=O
(A.2c)
B = - = J'K(x0)F(xy)] - AF(x,y)atK(x,x+2z)]z=0
ax

F (x,y) (atK(x,x+z) )Z2=Q
(A.2d)

where a, and a,6 are used to denote derivatives with

respect to the first and second argument, respectively.



similarly, integrating by parts we have

a

J K(x,x+z) F(x+z,y)dz =

(-1)n J(D ja*K(x, =x+z)]jF(x+z,y)dz + n 1, 2, 3.
° (A.3a)
with = - K(x, x)F(x, vy) (A.3b)
*¥*2 = - K(x,x)|* F(x,y) + * a&K(x,x+z)jz=oF(x,y)
A.3c)
*a = - K<x,x32x" F(x,y) + |0XK(x,x+z)L =q|* F(x,y)
- »2ZK(x ,x+z )jz=oF(x,y) (A.3d)
Note that dx K(x,x) = (<?iK(x,x+z)+<?2K (x,x+z))z=c>
Then we obtain
» =% =0° (A.4a)
= - 2F(x,y)" - K(x,x) (A.4b)
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a '* ' - 38Tf (x'},37 k(x'x)

- 3F(x,y) [ (*+aixka)K(x,x+z)] (A.4c)
L Jz=o0

We now present the proof.

Lemma. T - Ax) is invertible. d
Proof. See Ref. 2.

Proof of Theorem.

We first construct I"K by operating on (A.1l) by L .

Thus,

D
LiK = L4AF + (j;‘ - d’? ] K(x,x+z)F(z+x,y)dz
0]

D 00
= ]F(z+x,y)a"K(x,x+z)dz + 4~ - J K (x,x+z)F**dz
o o

from (A.2a) and I*F = 0.
Using Fx#z,x#z = Fyy" from I&F = 0, (A.3a) and (A.4b)

gives



]F(z-l—x,y)(9* - d*)K(x,xtz)dz - 2F(x,y) " K(x,x)
(0]

(A.5)
Using (3.2.2) the first term on the right hand side can

be written as

V*x " *yDK<x'y>

and using (3.2.3) the second term on the right hand

side becomes
2(1 - AX)K(x,y) ™ K(x,x),
Hence from (A.5) we obtain

(I-Ax)j( JK(x,y) + 2["K(x,x)]K(x,y)]J =0

(A.6)
and from the lemma on the lnvertibility of (I - Ax) it

follows that

LK - MA(K) b * - **)K(x,y)

+ 2 [f- K(x,x)1K(x,y) =0 (A.7)
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we now turn to determining the second of the

diffarsntlal sguatlions (3.2.7}.

Operatlng on {(A.1) by L,

ﬂﬂt

F4
+ {-l!'x-i-ﬂy:l Kix,¥)

glves

= 1]

= [ﬂt * {#x+ﬂylf] I Kix,x+z)Flz+x,y)dz

Lo ]

(A.B)

Buppressing the argumenta, the rlght hand =ide gives

o m

a
J Hthz + I Hrtdz + lﬂx * a}J .I KFdz =

o o

[ 1] o

+ I K Fdz - I R{ﬂllﬂt‘p!Fﬂz + H:{I-ﬂ}r'l' I KFdz

o o

£

1f we wrlte I KE,Fdz + I m [

t

O

then 1 1s glven by

= v] £
a3 = |
I1 N ax JKFdz - JKE.FI:IE
(o) [ ]

from (A.3) and (A.4)
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1
L=

[A.1Ba]

(A.10B)



a3

= | (<k + £K)Fdz + * - * (A.IOc)
2 a a

Iz is given by

a 00
I = 2d29 I KFdz - 3 [ K32a Fdz
2 xXy]) J 12
=3 IU ) 92K)Fydz + 2dy (¥ - %)
a

= - 3q(x) il KFydz + 30y (*a ~ *,)

3q(x)£, (K(x,y) - F(x,y)) + 39 (V-9 )

(A.11)
1))

where we have put f}KF =K - Fand g(x) = 221K (x,x)].

Finally for Ig we have

00 a
I =3d.9 ]KFdz -3 FK* #ZFdz
a Xy 2

@ @

2d JI KF _dz + 3 IKPF dz
N%Y% J 3%

O

@®
2 i|(?(d K )Fyydz + 3*yy + 3] (aZK) Fyydz - 3$iyy
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m m

= +
K| J {ﬂlHJFF?dz K| J {EEH,F]F}"‘!E

a

= 3 ] l{‘i+‘;]H]Ft+r x+3dz .
&
o

Integrating by parts twlce

IF - 3”{:{ t K

- [3{Ex,x+z * Hxiz,riz x+z}F2]z=u

o

+ 3 I [{e"a + ESHL]Fdz
2 & i
Lo ]

Eumming the results and ualng “x+i,x+z - Kix + gk

(=]
A
I = I 4141 = I (K + diKiFﬂz - B~ Eqﬂ?!K-FI

o

r
+ 3EF{4;-11141?HKK’3+3 + Ru+z,x+z]F - HERK+Kx+zin]ztu

+ 3g I tﬂlHiFdz

o

Then subatltutlng Into (A.B) we have

O

L g, o
[ A 1-ﬂxlﬂ}r] + Hqﬂ}rlﬂ = J {Ht+tﬂl+ﬂnlﬂ + Elqﬂarl:}Fdz

t

t+ 0
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where Q = (? -i +3? (W -f ) + 3qF
a a vy 2 2 vy

+ [31Kx, x«tKxtz ,x«>F - 3(V W rxlﬁmn o

Substituting for Vg - $§g, W - $2 and using (A.7) we

find
Q = 3q(x)K(x,x)F(x,y) - 3q9(x)Fy (x,y)

00

= -3g(x)K j™~,y) + 3g(x) J K(x,x+z) jF(x+z,y)dz

Then h (ax+ayy Bﬁ(ax+ay)>

00

(d+d2)aK + 3qgdZK)Fdz + 3q] (t£JOF

(::1*+a2 )aK + 3g(1a+2a )Klez

- . *
Hence (I Ax) [at» + (ax+6y)3 +3q(ax+ay ik 0

(A.12)

On y = x using qg(x) = 2*- K(x,x) after taking a

derivative of (A.12) we have the Kdv equation
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hence result O



Appendix B

The calculation of the terms ux, Ul, uxx, ul*, uxxx,
Lttt yxxt an(j ,xtt

We have already calculated the functions UV, U and

U . Here the remaining functions are simply given
with a note that the procedure Is entirely mechanical,

Uct = Utt + (2Utu - Ttt)ut - Xttux 1 (Uuu - 2Ttu) WX

X, uu - T uf — X uvZu + (U
uu t X u

tu £ X UU t 2Tt )utt
- 2xt uxt
- 3Tuu€1t’ - quttux - 2quxtut (B.1)
XXX = + (30 - X yju - T u.
XXX X XU XXX X XXX t
+ (3U - X yuz + (U - X yud - X u
XUU xxu ' X UuUuU xvuu X UUU X

+ (3UXU B 3XXX )uXX + (3uUU - ngX )uXuXX

6xUUuﬁuXX - 3XUE? - 4quXuxxx + (uu - 3xx')uxxx

3T uu - 3T

wxu Y% Y% - 3T uu, - 3T

u
XUU X %

u .. u
xx Xt XU £ xx

TUUUuXu't " 3TUUuXutuXX - 3Tquxux‘E - 6TUX1'1}(1'1}{.1':
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-3Tu - 3T utu , - 3Tuu , - T u*U
X xxt U0 X xt U X xxt U t XXX

(B.2)

uttt - uttt + (3uttu - Tttt)ut - xtttux

+ (3U‘tuu - 3r'ttu)u'% + (Uuuu - 3r'tuu)uft - Tuuuu'ft

+ (3utu - 3Ttt)utt * (3uuu - 9Tut ,ututt - 6Tuuututt

3Tuutt - 4W t t + ,uu - 3Tt)uttt - 3xttuutux

3xttutx - 3xtuuutu - 3xtuuxutt - Xuuuutux

3xuuutuxutt - 3xuuttutx - 6xututuxt - 3xtuxtt

3XpUelge ~ FHgpeUgee ~ XpUxYeee
(B.3)
xxt
v - Uxxﬁ + (2Ux1‘_u - xxxt)ux + (Uxxu - Txxﬁlu’t
+ (tlj:lut' - 2thu )ux + '(2UXUU - xXXU - 2TX1‘_u')uxu‘t
Txxo ke ~ xuutU>3< + (UUUU - 2XXUU Tuut)uxut

u u. u u. u u.
XUU X t uuu X t uuu X t
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+ (Uut". B 2XXt’ )uxx + (2UXU B xxx B 2Txﬁ)uxﬁ

T .u - 3X

xx Tt at %% %x t Oy — gy -

uu xo T Tut ) Ue¥xy

T pugvee ¥ @0y - XKy - Ty Jugu

2T u U Bee ~ FygWUelUyy ~ TuxUxx g — 3XyyUgUxe
Toux t%xe ~ Toog%te ~ FKasx®xe ~ o ke
Vxxutt - Vxxx + (uu - 2xx - V uxxt
2Tyugee ~ XueUxxx T Uikt T TueUkxe
2Tuuxuxtf

(B.4)

uttX B uttx + ,2uxtu - Tttx,ut + (uttu - xttx,ux
+ (Uuux " 2Txtu)u% + (m’-tuu - Tt‘tu - 2thu)uxu.t
x’ct'uug - Tuuxu'E + (Uuuu - 2I‘tuu - xUUX )ugux

2XXUUu. &

X N
g
=
IS
ot
>
g
s
a
ot
»
*

* <gyux - 2Txt)utt + 12utu - Ttt - 2xxt)uxt
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X U - 3T _UU + (U - 2T —XU)JUU
tt XX UX t tt Uu tu X tt

dxtuuxuxt + (2uuu - 4Ttu - 2xxu>utuxt
2xtuutuxx N 3Tuuutuxutt - xuuuttux 3Tuuutuxﬁ
4Xuuutuxuxt - Xuuutuxx - 3Tuuttuxt 2V x t

Xuuttuxx Txuttt + <uu 2Tt Xx)uttx 2xtutxx

Tuuxuttt 3Tuututtx 2xuuxuttx " 2Xuututxx’
(B.5)
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Appendix C

In this appendix we present the proof of Theorem 6.1
which says that when a* * az the general class
(6.1.1) may be reduced to another general class such

that one of the nonlinear terms can be eliminated.

Proof

Consider the nonsingular linear transformation

X nt X mt
1-n 1-n ' © ? __ (c1)

and u(x, t) —» v t?7 £) where n * m * 1,

Applying the transformation to (6.1.1) reduces It to

(6.2.20) with

a -na a -ma a -a n+a n2-a n3
3 4 3 3

. 1 2 . k 2 .
1)i f—n W t)z 1l-m r D3 o ¥l—n)'3

3a -(m+2n)a +n(n+2m)a -3mn a
3 A 3 3

b =
(1-n)2 (1-m)

32 - (2m+n)a +m(2n+m)a -3nm a
b = 3 4 3 3
3 (1-n) (1-m)2

a-amtam-am

3 4 3 S
bo =

(1-m)

Now since a, *2a * 0, we may choose m =

e

2SS



Then b2 = 0.

Similarly if we choose n = 3. Wwe obtain bi =0 a
2
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Appendix D

/« Tiiis pr cgram ca Icul ates the functions uj (t j=lyuﬂ6
tif tl e Laurerit ser x0S expanmnjlon (Jf ml.l) usi ng the
fi expr(lssions y- 'l1/SCL- ) If the Pa nleve test
¢ is tecl b0 sat is fied tiien it ji. s requir ed that the
c omp<rmtab ility cendit ions at j-~4 and 6 aro j;.dent ically

'

/m at i:ef1:Ed This proqr am has been used to shot; that only
/ the Kd Y equ.ation sat is fies tho test ie when
U= (al+aj: €>* A

depend (£,t )
Us~.1.2* (a2+a4 * fda5*f**2 +a6* £3) / (al +a2 * £)

7 set <er ivat ives of £

let df<f,t> £
let dr<fp,t)= fpp*

1 t df'£fpp ,t) meppP$
let df (fppp ft >=fPPPPS$

let df (fpppp tt >=fppPPPPS
v

;/ calculate first, second and third derivatives of u
)

up : d f<u ,t>$

upp:- dfCup,t}$

teteppp = d £ (upp,t>$

ul;~ (l2*up*Cad4+2*aS5*f+3*ag* f*x*2 )/ (5* <uNCal+a2* £>>

12*%£| 5% (a5+3*a6*£f)) /C5*% (a 1+a2* £) )+ C2%a2%up) / (5*Cal+a2*f))
ulps= df (ul,t>$

ulpp ; d £fCulp ,t>$

ulppp;= dfCulpp, t3H

calcul ate u2 and its der ivat iVo00

pl: c(a { ulp) ¢ (a2*up*ul) )/ (2*u* (al-i-a2*f >>$
ql ’ ((a4+2* a3 %f-i-3*aG* £% *2') *ulf)/ (u* (al+a2*f))s
ril- (Cab5+3-XaG* £>*ul*fp>7 (U*<a l+a2*f)}.(l+ £>/<al+a2* £) 35
11s (((a5+3*aG*f) mupp) + 3*a6*up * fp+a6*u* fpP)/
u* (al+a2 ¥£))$
u2 (-fu1*x*2 )/C2%u> 1 p; + gl 4 rl e« t1$
p2 B- (a6*Uppps>/ (u (al+a2*f) up/ Cu* (alia2* £>)§$
q:7 (u 1* £+U 1+a5*ulpp+3*a6*ulpp *f+3*a6*ulp*fp+aS*rul* fpp >/

(u* cal+a2 ®WE33 %
Y2>» a2* (U*ugp4up*u2+ul*ulp)/(L*(al+a2*£)>1i
u.2rm £ q2 4 r2 -<Il1*u2) /uT

u3dp; = d£f<u3, t>$

/» chec:k whet her the comp at ibi3ity cond ition at 4 is
7 identically satis fied ie whet her comp 1=0

Yn

K : a2# u*u3[+UP VU3 +u 1*u2p «UlpKix2)$

L: ™ (aG yippHdiulp)s$

compl:~ K + L.$

%
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No need to check for compatability at 34~"6 if coinploO
Y
If compi NEQ O then quit;
y
depend (u4d, t>
depend (uG, t)$

u2pp;= df (u2p,t)H
u2ppp ; df (u2pp ft)%
u.3pp := df (u3p ,t)$
u3dppp - df (u3pp, t)%

let ud4dp=d £ (ud,t)H

let udpp”d f<udp ,t ¢

y

ub ;= —-<a6*ulppptu22p+u3* f+u3+aS*u3pp+3*ab6*ul3pp*f +
3*a6*u3dp* fp+a6*u3* fpp+2* <ad*udp+2#aS5*udf*f +
a5*ud* fp+3*aG*udp* £**2+3 *aG*ud*£f* fp) + a22* (ud*up
+udp*u+u3d3*ulp+u3p*ulivu2*u2p) + (al+az2*f)* (u2*u3+
ud+ul)>/<(al+a2*f)*u+6* Ca3+ad*f+abS*fr#2+a6*f**3>)$

uSp :m= df (u5,t)$

X calculate the expression at ,j~& For compatability it is
% requifed that 0*u6 0

p3:Y (2*u* (al+a22* £>+24* (a3+ad* f+ab* £*x*2+a6* £%¥*x3 > %

g3:= <ab*uldppptuldpt+2* Cud* ftud+abS*udpp+3*aGrudpp*f +
3*aGg*ud4p*fp+aG*ud* fpp) )it

r3;= 6*ladg*usp+2*as*usp*f+as*ub*fp+3*ac* usSp*£**2+
3%agruS5*f*x-£fp:>$

13:= a2* (uS*up+uSp*utud*ulp+udp*ul+ud*u2peu3dp*u2)%
Yy
p3*u6:~ r3 4+ t3 - g3 + <al+a22*f)*<2*ul*ubS+2*u2*ud+u3d*x*x2)S$

qui t;
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