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Abstract
It is well known that unsteady combustion can generate temperature fluctuations (also known as entropy waves
or “hot/cold spots”). These entropy waves remain silent when advected by a non-accelerated mean flow, but gen-
erate additional sound (or "noise/acoustics") when accelerated. The mean flow can be accelerated, for instance,
by a nozzle or a sudden cross-sectional area change, i.e. a hole. Several analytical models that predict entropy
noise in nozzles exist for a wide range of parameters. However, these models, which are often based on inviscid
and one-dimensional assumptions, are believed to be inadequate for holes. Several mechanisms may need to be
considered when entropy waves interact with holes, e.g. flow separation, vortex shedding, multi-dimensional
effects or non-isentropicity. In the present work, we study the effect of the entropy profile (mainly affected by
flow separation) on the generation of entropy noise. To this end, an analytical model based on a strict acoustic
analogy formulation of the problem is developed. Subsequently, an analytical solution is obtained by using the
Green’s function method.
Keywords: Entropy noise, Hole acoustics, Flow contraction, Flow expansion

1 INTRODUCTION
Temperature fluctuations are also known as entropy waves or “hot/cold spots”. Physically, they can be gen-
erated by any unsteady heat release, unsteady heat transfer or viscous effects. Entropy waves remain silent
when advected by a non-accelerated mean flow but generate additional sound when accelerated [1]. In many
laboratory-scale experiments which study this phenomenon, the mean flow acceleration is achieved by using
sudden cross-sectional area changes, such as a hole. Several analytical models that predict entropy noise in
nozzles exist in the literature, such as [10, 5, 2]. However, these models are found to be inadequate in pre-
dicting entropy noise in holes [11]. Several mechanisms may be responsible for the mismatch between theory
and experiments: flow separation, vortex shedding [5, 8, 9], shear dispersion [7] or non-isentropic effects [6]
among others. A detailed quantification of these mechanisms is still needed in order to physically clarify their
importance.
It is well known that in geometries with sharp edges (such as sudden contractions/expansions) the flow separates,
leading to low-speed recirculation regions (see Fig. 4). Entropy is advected by the local mean flow velocity and,
therefore, the flow separation strongly affects its distribution in the domain. Since entropy is the sound source,
the acoustic response of the hole is expected to be modified by the separation. In this paper, we study the effect
of the mean flow separation on the propagation of entropy and, in turn, its effect on the generation of sound.
A solution to this problem requires careful resolutions of both the acoustic field (with boundaries following the
wall) and the entropy source field (mainly following the bulk mean flow profile). To this end, a novel way to
write the acoustic governing equation based on a strict acoustic analogy formulation of the problem (with other
acoustic sources/sinks neglected and mean flow effects simplified) is firstly derived in this paper. This equation
is then solved using the Green’s function method to obtain the generated sound.
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2 THEORY
Neglecting any mass sources, the mass conservation equation can be written as

∂ρ

∂ t
+∇ · (ρuuu) = 0, (1)

where ρ denotes the density, t the time and uuu the velocity. By neglecting the viscosity and any volume force,
the momentum equation can be written in the form of stagnation enthalpy, vorticity and entropy [4]

∂uuu
∂ t

+∇B = uuu×ωωω +T ∇s, (2)

where B = h+ |uuu|2/2 (h is the enthalpy, dh = dp/ρ +T ds, and thus dB = dp/ρ +T ds+d(|uuu|2/2)), ωωω = ∇×uuu,
T the temperature and s the entropy. If we neglect any heat loss/addition and viscosity (this is equal to an
isentropic assumption), the conservation of energy can be written as

ρT
Ds
Dt

= 0, (3)

where D[ ]/Dt = (∂/∂ t +uuu ·∇)[ ] denotes the material derivation.
By combining Eqs.(1)(2)(3), and using the thermodynamic relation dρ = dp/c2 + ds ·ρ/Cp (c is the speed of
sound and Cp the heat capacity at constant pressure), we get

(
ρ

D
Dt

(
1
c2

D
Dt

)
−∇ · (ρ∇)

)
B =−∇ · (ρuuu×ωωω +ρT ∇s). (4)

Note that Eq. (4) is strict and general except for the assumptions previously outlined. In the present paper,
we focus on studying the effect of the bulk mean flow profile on affecting the entropy sound generation. To
study this, three additional assumptions are subsequently introduced. Firstly, the effect of vortex shedding is
neglected, i.e. the vorticity term on the right-hand side of Eq. (4) vanishes. Secondly, the acoustics are kept
2-D (x̂, r̂), but we assume the mean flow to be one-dimensional (the entropy wave propagates only in the axial
direction). Shear dispersion [7] and non-isentropic effects [6] are neglected and will be addressed in following
studies. Finally, the mean flow Mach number is kept small (M̄ � 1), its effect on the acoustic propagation
is neglected. It is crucial to note that neglecting mean flow effect should only be done after the linearisation
of the equation and carefully separating the acoustic source terms (the mean flow effect needs to be kept for
these terms) from the terms affecting the acoustic propagation [3, 4]. This very low Mach number assumption
is sufficient to demonstrate the effect of the bulk mean flow profile on the entropy sound generation. Higher
Mach number mean flows could be considered and are left for future work.
By writing all the terms in Eq. (4) as the sum of a mean value and a small perturbation ([ ] = ¯[ ]+ [ ]′) and
subtracting the mean parts from both sides, we obtain

1
c̄2

∂ 2 p′

∂ t2 −∇
2 p′ =

∂

∂x

(
d p̄
dx

s′

Cp

)
. (5)

This equation clearly shows how the entropy perturbation acts as an acoustic source when it passes through
a non-homogeneous mean flow field. The mean pressure profile is obtained by giving a 1-D bulk mean flow
profile shape (provided by any given function or extracted from CFD) and solving the governing equations
for 1-D isentropic nozzle flows. Both ends of the system are assumed to be anechoic. The entropy profile is
obtained by solving the linearised energy equation

∂ s′

∂ t
+ ūx

∂ s′

∂x
= 0, (6)
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x̂
<latexit sha1_base64="vdl2V/i5NPJbvEPwJPNAgCT2l1E=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeTaiEQ94DTlQUxHSkSCUbRSpz+mmD/NBm7Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItzZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UY3QS5UGmGXLHloiiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAj+6svrpH1V872af1+vNupFHGU4g3O4BB+uoQF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A6wGj7s=</latexit><latexit sha1_base64="vdl2V/i5NPJbvEPwJPNAgCT2l1E=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeTaiEQ94DTlQUxHSkSCUbRSpz+mmD/NBm7Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItzZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UY3QS5UGmGXLHloiiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAj+6svrpH1V872af1+vNupFHGU4g3O4BB+uoQF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A6wGj7s=</latexit><latexit sha1_base64="vdl2V/i5NPJbvEPwJPNAgCT2l1E=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeTaiEQ94DTlQUxHSkSCUbRSpz+mmD/NBm7Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItzZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UY3QS5UGmGXLHloiiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAj+6svrpH1V872af1+vNupFHGU4g3O4BB+uoQF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A6wGj7s=</latexit><latexit sha1_base64="vdl2V/i5NPJbvEPwJPNAgCT2l1E=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoMeCF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74ST27nfeeTaiEQ94DTlQUxHSkSCUbRSpz+mmD/NBm7Vq3kLkHXiF6QKBZoD96s/TFgWc4VMUmN6vpdikFONgkk+q/Qzw1PKJnTEe5YqGnMT5ItzZ+TCKkMSJdqWQrJQf0/kNDZmGoe2M6Y4NqveXPzP62UY3QS5UGmGXLHloiiTBBMy/50MheYM5dQSyrSwtxI2ppoytAlVbAj+6svrpH1V872af1+vNupFHGU4g3O4BB+uoQF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A6wGj7s=</latexit>

r̂
<latexit sha1_base64="bB4hycL+z0tPgq9aC8tzCLlaQZY=">AAAB7nicbVDLSgNBEOyJrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmCpp0fO+SWljc2t7p7xb2ds/ODyqHp+0bZIZLlo8UYnphswKJbVooUQluqkRLA6V6ISTu7nfeRLGykQ/4jQVQcxGWkaSM3RSpz9mmJvZoFrz6t4CdJ34BalBgeag+tUfJjyLhUaumLU930sxyJlByZWYVfqZFSnjEzYSPUc1i4UN8sW5M3rhlCGNEuNKI12ovydyFls7jUPXGTMc21VvLv7n9TKMboNc6jRDoflyUZQpigmd/06H0giOauoI40a6WykfM8M4uoQqLgR/9eV10r6q+17df7iuNa6LOMpwBudwCT7cQAPuoQkt4DCBZ3iFN5KSF/JOPpatJVLMnMIfkM8fouiPtQ==</latexit><latexit sha1_base64="bB4hycL+z0tPgq9aC8tzCLlaQZY=">AAAB7nicbVDLSgNBEOyJrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmCpp0fO+SWljc2t7p7xb2ds/ODyqHp+0bZIZLlo8UYnphswKJbVooUQluqkRLA6V6ISTu7nfeRLGykQ/4jQVQcxGWkaSM3RSpz9mmJvZoFrz6t4CdJ34BalBgeag+tUfJjyLhUaumLU930sxyJlByZWYVfqZFSnjEzYSPUc1i4UN8sW5M3rhlCGNEuNKI12ovydyFls7jUPXGTMc21VvLv7n9TKMboNc6jRDoflyUZQpigmd/06H0giOauoI40a6WykfM8M4uoQqLgR/9eV10r6q+17df7iuNa6LOMpwBudwCT7cQAPuoQkt4DCBZ3iFN5KSF/JOPpatJVLMnMIfkM8fouiPtQ==</latexit><latexit sha1_base64="bB4hycL+z0tPgq9aC8tzCLlaQZY=">AAAB7nicbVDLSgNBEOyJrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmCpp0fO+SWljc2t7p7xb2ds/ODyqHp+0bZIZLlo8UYnphswKJbVooUQluqkRLA6V6ISTu7nfeRLGykQ/4jQVQcxGWkaSM3RSpz9mmJvZoFrz6t4CdJ34BalBgeag+tUfJjyLhUaumLU930sxyJlByZWYVfqZFSnjEzYSPUc1i4UN8sW5M3rhlCGNEuNKI12ovydyFls7jUPXGTMc21VvLv7n9TKMboNc6jRDoflyUZQpigmd/06H0giOauoI40a6WykfM8M4uoQqLgR/9eV10r6q+17df7iuNa6LOMpwBudwCT7cQAPuoQkt4DCBZ3iFN5KSF/JOPpatJVLMnMIfkM8fouiPtQ==</latexit><latexit sha1_base64="bB4hycL+z0tPgq9aC8tzCLlaQZY=">AAAB7nicbVDLSgNBEOyJrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOZpMhs7PLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmCpp0fO+SWljc2t7p7xb2ds/ODyqHp+0bZIZLlo8UYnphswKJbVooUQluqkRLA6V6ISTu7nfeRLGykQ/4jQVQcxGWkaSM3RSpz9mmJvZoFrz6t4CdJ34BalBgeag+tUfJjyLhUaumLU930sxyJlByZWYVfqZFSnjEzYSPUc1i4UN8sW5M3rhlCGNEuNKI12ovydyFls7jUPXGTMc21VvLv7n9TKMboNc6jRDoflyUZQpigmd/06H0giOauoI40a6WykfM8M4uoQqLgR/9eV10r6q+17df7iuNa6LOMpwBudwCT7cQAPuoQkt4DCBZ3iFN5KSF/JOPpatJVLMnMIfkM8fouiPtQ==</latexit>

6HQr +QMi`�+iBQM
<latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="07DiSVJqmFnr6L8jn+En/r2WYKo=">AAAB9XicbZDNSgMxFIXv1L9aq1Y3LtwEi+CqzLjRpSCIywr2B9pSMmnahmaSIbmjlmE2voobF4r4Ku58GzNtF9p6IHA4J+HmfmEshUXf//YKa+sbm1vF7dJOeXdvv3JQblqdGMYbTEtt2iG1XArFGyhQ8nZsOI1CyVvh5DrvWw/cWKHVPU5j3ovoSImhYBRd1K8cdZE/YXoj9SNhWqGhLC+yfqXq1/yZyKoJFqYKC9X7la/uQLMk4gqZpNZ2Aj/GXkoNCiZ5VuomlseUTeiId5xVNOK2l84WyMipSwZkqI07Csks/f0ipZG10yh0NyOKY7vc5eF/XSfB4WUvFSpOkCs2HzRMJEFNchpkIAxnKKfOUGaE+ythY5pDcMxKDkKwvPKqaZ7XAr8W3PlQhGM4gTMI4AKu4Bbq0AAGGbzAG7x7z96r9zHHVfAW3A7hj7zPHxSllZs=</latexit><latexit sha1_base64="07DiSVJqmFnr6L8jn+En/r2WYKo=">AAAB9XicbZDNSgMxFIXv1L9aq1Y3LtwEi+CqzLjRpSCIywr2B9pSMmnahmaSIbmjlmE2voobF4r4Ku58GzNtF9p6IHA4J+HmfmEshUXf//YKa+sbm1vF7dJOeXdvv3JQblqdGMYbTEtt2iG1XArFGyhQ8nZsOI1CyVvh5DrvWw/cWKHVPU5j3ovoSImhYBRd1K8cdZE/YXoj9SNhWqGhLC+yfqXq1/yZyKoJFqYKC9X7la/uQLMk4gqZpNZ2Aj/GXkoNCiZ5VuomlseUTeiId5xVNOK2l84WyMipSwZkqI07Csks/f0ipZG10yh0NyOKY7vc5eF/XSfB4WUvFSpOkCs2HzRMJEFNchpkIAxnKKfOUGaE+ythY5pDcMxKDkKwvPKqaZ7XAr8W3PlQhGM4gTMI4AKu4Bbq0AAGGbzAG7x7z96r9zHHVfAW3A7hj7zPHxSllZs=</latexit><latexit sha1_base64="EOZKvFmfrXDKeodZTzQKerO5BXE=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKDHgiAeK9hWaEPZbLft0s1u2J2oJeTiX/HiQRGv/gxv/hs3bQ7a+mDg8d4MM/PCWHADnvftlJaWV1bXyuuVjc2t7R13d69lVKIpa1IllL4LiWGCS9YEDoLdxZqRKBSsHY4vc799z7ThSt7CJGZBRIaSDzglYKWee9AF9gjplVAPmCoJmtDcyHpu1at5U+BF4hekigo0eu5Xt69oEjEJVBBjOr4XQ5ASDZwKllW6iWExoWMyZB1LJYmYCdLpAxk+tkofD5S2JQFP1d8TKYmMmUSh7YwIjMy8l4v/eZ0EBhdBymWcAJN0tmiQCAwK52ngPteMgphYQqjm9lZMRyQPwWZWsSH48y8vktZpzfdq/o1XrZ8VcZTRITpCJ8hH56iOrlEDNRFFGXpGr+jNeXJenHfnY9ZacoqZffQHzucPjfOW9A==</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit><latexit sha1_base64="dJ3JL7x/Sayld2eIlb9WeVo5HBg=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJKBlQBDLCOYDkiPsbfaSJXu7x+6cGo40/hUbC0Vs/Rl2/hv3kis08cHA470ZZuYFseAGXPfbKaysrq1vFDdLW9s7u3vl/YOWUYmmrEmVULoTEMMEl6wJHATrxJqRKBCsHYyvMr99z7ThSt7BJGZ+RIaSh5wSsFK/fNQD9gjptVAPmCoJmtDMmPbLFbfqzoCXiZeTCsrR6Je/egNFk4hJoIIY0/XcGPyUaOBUsGmplxgWEzomQ9a1VJKIGT+dPTDFp1YZ4FBpWxLwTP09kZLImEkU2M6IwMgsepn4n9dNILz0Uy7jBJik80VhIjAonKWBB1wzCmJiCaGa21sxHZEsBJtZyYbgLb68TFrnVc+tere1Sr2Wx1FEx+gEnSEPXaA6ukEN1EQUTdEzekVvzpPz4rw7H/PWgpPPHKI/cD5/AI8zlvg=</latexit>
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Figure 1. A short circular hole with mean flow considered as the connection of two parts: a flow contraction
and a flow expansion. x̂ and r̂ are normalised by the hole radius Rh. For each part, s̃0 is the incoming entropy
wave at the inlet, p̃− and p̃+ the reflected and transmitted acoustic waves. All waves are plane.

subject to s′0 at the inlet.

We now solve Eq. (5) in the frequency domain (with [̃ ] denoting the Fourier amplitude of [ ]′). To this end,
we introduce a Green’s function G̃(xxx,yyy,ω) defined as

(
ω2

c̄2 +∇
2
)

G̃ = δ (xxx− yyy). (7)

As shown in Fig.1, instead of considering a hole directly, we split it into a flow contraction and a flow expan-
sion and treat them separately (a combination of these two to study the hole acoustics will be given in following
studies). A detailed explanation of the solution procedure for both configurations is given by [8, 9]. For the
sake of completeness, we briefly summarise here the procedural steps: (i) obtaining Green’s functions for both
the small and large cylindrical ducts by using the Fourier-Bessel expansion, (ii) expanding the unknown veloc-
ity oscillation at the duct interface (x̂ = 0) as the sum of a series of Bessel functions, (iii) combining Eqs.(5,7)
to write the pressure perturbations just before (x̂ = 0−) and after (x̂ = 0+) the duct interface as a function of
the given entropy perturbation and the unknown velocity oscillation at the duct interface, (iv) applying pres-
sure continuity across the interface to resolve the velocity oscillation, and (v) obtaining both the reflected and
transmitted plane acoustic waves by applying the Green’s function method again.

3 THE EFFECT OF THE DETAILED ENTROPY PROFILE ON ENTROPY NOISE
In this section, we illustrate the sensitivity of entropy sound generation to the detailed entropy distribution. To
this end, we study a sudden flow contraction and a sudden flow expansion using artificially enforced mean flow
profiles. These profiles are obtained by assuming that the geometry is a quasi-one-dimensional isentropic nozzle
with an arbitrary cross-sectional area distribution (hereafter called mean flow envelop shape). The governing
equations for such configuration are solved and the entropy field is then obtained using this velocity field
together with Eq. (6). Note that the acoustics are solved in the actual geometry.
As shown in Fig.2a, a cylinder with radius r̂ = 1.7 is connected at x̂ = 0 to a smaller cylinder with r̂ = 1. A
series of mean flow envelop shapes contracting from r̂ = 1.7 to 1 are considered. These shapes are given by
a Gauss error function with the form r̂ = 1.7−0.35×

(
1+ erf( x̂−xmid√

2σ
)
)

where σ = 0.0001 is fixed to ensure a
steep contraction and xmid varies from −0.9 to −0.0005. xmid → 0 means the mean flow envelop shape tends
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Figure 2. A flow contraction with enforced bulk mean flow envelop shapes and plane entropy waves. (a)
The bulk mean flow envelop shapes, Minlet = 0.01, (b) entropy-generated outgoing plane acoustic wave at the
upstream duct, St = ωRh/Uh = 0.0035, Uh is the mean velocity at the smaller duct. The Marble and Candel
result is obtained using the compact nozzle model [10].

to attach to the wall during the contraction. The entropy generated acoustic waves at the upstream side ( p̃−)
are shown in Fig.2b. It can be clearly seen that when the mean flow envelop shape tends to attach to the
wall, the reflected acoustic wave tends to match the compact nozzle theory [10]. However, a slight shift of the
mean flow envelop to the upstream side significantly changes the reflected acoustics, e.g. shifting the mean flow
envelop 0.1 ahead of the duct interface (xmid = −0.1) changes the acoustic reflection from about −9.5× 10−5

to −8.3×10−5.
For flow expansions, a cylinder with radius r̂ = 1 connecting at x̂ = 0 to a larger cylinder with r̂ = 1.7 is
considered in Fig. 3a. Similarly, a series of mean flow envelop shapes with r̂ = 1+ 0.35×

(
1+ erf( x̂−xmid√

2σ
)
)

where σ = 0.0001 and xmid varying from 0.0005 to 0.9 are studied. xmid → 0 means the mean flow envelop
shape tends to attach to the wall during expansion. Similar conclusions compared to the contraction are obtained
(see Fig.3b) : (i) the predicted acoustic reflection tends to the compact nozzle model when the mean flow
envelop shape tends to attach to the wall, and (ii) a slight shift of this mean flow envelop shape away from the
wall leads to significant sound generation differences.

4 APPLICATION TO SUDDEN CROSS-SECTIONAL AREA CHANGES WITH REAL-
ISTIC ENTROPY PROFILE ENVELOPES

In this section, the geometries presented in the previous section are studied using realistic mean flow envelop
shapes. To correctly account for the flow separation, the mean flow is obtained as the solution of the incom-
pressible RANS equations. A steady solution of the governing equations is obtained using the finite volume
solver OpenFOAM. The adopted turbulence model is the k−ω SST and the Reynolds number is Re = 105.

Fig. 4 depicts the velocity fields obtained for both the sudden area expansion and contraction. The flow is
separated around sharp edges, leading to low-speed recirculation regions. It is clear that, in absence of diffusive
terms, entropy waves cannot be transported inside these recirculating zones (Eq. (6)). Consequently, the distri-
bution of entropy is greatly affected by the separation. To quantify this effect, we assume that the boundary
of the recirculation bubble is defined by the streamline passing through the separation point at (x̂ = 0, r̂ = 1).
These streamlines are extracted from the CFD results and used as the mean flow envelop shapes.
The shapes for the flow contraction and expansion are shown in Figs.5a and 6a respectively. Apparently, these
flow envelopes do not always attach to the walls, so when entropy waves are inserted from the upstream inlets,
even if we consider the wave to be plane (as shown in Figs.5b and 6b) and the frequency to be very low, the
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Figure 3. A flow expansion with enforced bulk mean flow envelop shapes and plane entropy waves. (a) The
bulk mean flow envelop shapes, Minlet = 0.0289, (b) entropy-generated outgoing plane acoustic wave at the
upstream duct, St = ωRh/Uh = 0.0035. The Marble and Candel result is obtained using the compact nozzle
model [10]

(a)

(b)

Figure 4. Mean flow velocity magnitude ūuu for (a) a sudden area expansion and (b) a sudden area contraction.
White lines denote streamlines. The domains are axisymmetric with the bottom line being the axis of symmetry.
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Figure 5. A flow contraction with CFD mean flow envelop shapes and plane entropy waves. (a) The bulk mean
flow envelop shape comes from CFD, Minlet = 0.01, (b) a plane entropy wave with St = ωRh/Uh = 0.035, (c)
entropy generated outgoing plane acoustic wave at the upstream duct. The Marble and Candel result is obtained
using the compact nozzle model [10].
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Figure 6. A flow expansion with CFD mean flow envelop shapes and plane entropy wave. (a) The bulk mean
flow envelop shape comes from CFD, Minlet = 0.0289, (b) a plane entropy wave with St = ωRh/Uh = 0.035,
(c) entropy generated outgoing plane acoustic wave at the upstream duct. The Marble and Candel result comes
from the compact nozzle model in [10].

reflected acoustic pressures are different from those predicted by the compact nozzle theory. This is clearly seen
in Figs.5c and 6c where results at the low frequency limit (St < 10−2) predicted by the present model slightly
deviates from the compact nozzle model for the contraction but are significantly lower for the expansion case.
This is expected as the contraction case does not see significant mismatch between the bulk mean flow envelop
shape and the geometry boundary but the expansion case sees a big difference due to the flow separation and
thus the formation of a large recirculation region.

5 CONCLUSIONS
When a mean flow passes through a circular hole connecting two large coaxial cylinders, the difference between
the bulk mean flow profile and the geometry boundary can be significant due to the flow separation/recirculation
regions near the hole. Entropy perturbations are carried by the mean flow passing through it, and their sound
generation can be significantly affected by the detailed mismatch between the bulk mean flow profile and the
geometry boundary. This is studied for the first time in the present work by using an analytical model based
on a strict acoustic analogy formulation of the problem and a solution using the Green’s function method.
The main conclusion of the present study is that the difference between the bulk mean flow profile and the
geometry boundary for the hole case (or any other cases with flow separations) may be an important factor for
the mismatch between the experiment measurements and the predictions of existing entropy sound models [11].
Further detailed analysis and numerical validations are under active study by the authors. The authors are
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also working to relax some of the assumptions of the model in an attempt to study the coupling of additional
physical mechanisms.

ACKNOWLEDGEMENTS
The authors would like to gratefully acknowledge the Engineering and Physical Sciences Research Council
(EPSRC) Grant CHAMBER (2017-2020) and the European Research Council (ERC) Consolidator Grant AFIR-
MATIVE (2018-2023) for supporting the current research.

REFERENCES
[1] Morgans A.S.; Duran I., Entropy noise: a review of theory, progress and challenges, International Journal

of Spray and Combustion Dynamics 8 (2016) 285–298 .

[2] Duran I.; Moreau S., Solution of the quasi-one-dimensional linearized Euler equations using flow invariants
and the Magnus expansion, Journal of Fluid Mechanics 723 (2013) 190–231.

[3] Lighthill, M. J., On sound generated aerodynamically I. General theory, Proceedings of the Royal Society
of London. Series A. Mathematical and Physical Sciences, 211, 564, 1952.

[4] Howe, M. S., Acoustics of Fluid–Structure Interactions, Cambridge University Press, Cambridge, United
Kingdom, 1998.

[5] Howe, M. S., Indirect combustion noise. Journal of Fluid Mechanics 659 (2010): 267–288.

[6] De Domenico, F.; Rolland, O. E.; Hochgreb, S., A generalised model for acoustic and entropic transfer
function of nozzles with losses, Journal of Sound and Vibration, Vol. 440, 2019, pp 212-230.

[7] Morgans, A. S.; Goh, C.S.; Dahan, J. A.,The dissipation and shear dispersion of entropy waves in combustor
thermoacoustics, Journal of Fluid Mechanics, Vol. 733, R2, 2013.

[8] Yang, D.; Morgans, A. S., A semi-analytical model for the acoustic impedance of finite length circular holes
with mean flow, Journal of Sound and Vibration, Vol. 384, 2016, pp 294-311.

[9] Yang, D.; Morgans, A. S., The acoustics of short circular holes opening to confined and unconfined spaces,
Journal of Sound and Vibration, Vol. 393, 2017, pp 41-61.

[10] Marble, F.; Candel S., Acoustic disturbance from gas non-uniformities convected through a nozzle, Journal
of Sound and Vibration 55 (2) (1977), pp 225–243.

[11] Rolland, E. O.; De Domenico F.; Hochgreb S., Theory and application of reverberated direct and indirect
noise, Journal of Fluid Mechanics 819 (2017) 435–464.

2156


