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Abstract

In this thesis, we develop a framework to study n-extensions of Kac-Moody algebras, and
use the resulting Lorentzian algebras to study Lorentzian extension of Toda field theories
and their integrability. We begin our discourse by providing context and motivation for
the study of these ideas, mainly through illustrating the unmatched historical successes
of quantum field theory in science and the role of symmetry algebras and integrability in
mathematical physics.

Continuing, we develop a new framework to extend finite, gy Kac-Moody algebras,
through their simple root structure n times to what we name n-extended Lorentzian Kac-
Moody algebras, g_,,. Using constants from the Casimir operators of g_,,, we find a novel
type of decomposition of g_,,. We derive conditions in which these decompositions are
possible, and tabulate all possible decompositions of g_,,.

Applying the methods we developed in the construction of g_,,, we build Lorentzian
Toda field theories as extensions of Toda field theories based on g;. We find that on each
subsequent addition of simple roots in the n-extension procedure results in the Lorentzian
Toda field theory alternating between conformal and massive behaviour. We calculate
mass ratios for the massive theories, and using the Painlevé test, we find that some of
these Lorentzian models can not be integrable.

Examining another class of Lorentzian Toda field, which we name the null root mod-
els, we show that these pass the Painlevé test. Furthermore, we show that these models
can also possess the more restrictive Painlevé property, showing this explicitly for a spin-3
rank-2 example, meaning that this example is integrable. The procedure used is general-
izable, and we therefore conclude that more models from the null root class of Lorentzian
Toda field theories are very likely to also be integrable models.

1X



Chapter 1
Introduction

Quantum field theories are the most successful theories within any and all scientific dis-
ciplines. For example, quantum electro dynamics (QED) is by far the precisest theory
in existence, with its electromagnetic fine-structure constant having been experimentally
confirmed to precisions at the scale of 107! [1], through a diverse array of experimen-
tal methods with increasing accuracy over the years [1, 2, 3, 4, 5, 6]. In addition to
QED, quantum field theory also underpins the electroweak (EW) and strong force gov-
erned quantum chromodynamics (QCD) sectors of the standard model of particle physics
[7, 8, 9], and, along with General Relativity [10], it is a corner-stone of most descriptions
of physics beyond the standard model.

Such physical theories aim to describe phenomena that the standard model itself falls
short of explaining. For one, the standard model cannot explain observations such as the
asymmetry between matter and anti-matter, neutrino oscillation, the strong CP problem,
the nature of dark matter and dark energy, or even its choice of its own parameters
[11]. Additionally, at a fundamental level the standard model omits the gravitational
description of the universe, and as the most successful theory of gravitation, there have
been many attempts to combine General Relativity with quantum field theories, hoping
to create a unified theory that can answer questions each theory alone cannot.

The most widely studied physical theory that aims to combine relativity with quan-
tum field theory is string theory [12, 13, 14, 15, 16] - a theory of quantum gravity that
introduces up to 11-dimensios of spacetime in its formulation known as M-theory [17].
M-theory is of particular interest as through dualities the other five categories of string
theories can be recovered, making it essential in unifying the mathematical descriptions
of string theory. As it exists in one extra dimension than the maximum number of di-
mensions any other type of string theory may possess, it correspondingly has a larger
symmetry algebra known as Ej; [18] that is larger than the Ej, symmetry algebra that
certain 2-dimensional reductions of M-theory are known to be invariant under [19].

As we have been alluding to, these symmetry groups and algebras are invaluable in
the construction of all the field theories mentioned so far. In particular, Lie groups,

Lie algebras, and the latter’s generalizations: Kac-Moody algebras [20], which we shall



often denote by g, describe and contain information about the symmetries the fields in
these field theories obey. While Fyy and Ey; are both Kac-Moody algebras, they belong to
different categories, Eg is a hyperbolic g [21], however E}; does not fall into this hyperbolic
category and is known as a Lorentzian Kac-Moody algebra, g [22]. Motivated partially by
its appearance in string theory and the fact that Lorentzian Kac-Moody algebras are less
well-defined in relation to the hyperbolics, efforts have been made to study a larger class
of Kac-Moody algebras that are also Lorentzian and include Fy; [23, 24], and highlighted
the potential of extending Kac-Moody algebras on the level of their Dynkin diagrams
through the addition of extra nodes on the diagrams in well-defined positions defining
what is known as the n-extended Lorentzian Kac-Moody algebras g_,, [25], allowing Ejq
to be extended to FEyj, for example see [24] and sections 2.3.3-2.4 for a further and more
precise definition. Notationally, starting from finite Kac-Moody algebras, gf and their
affine extension, g,, both of which we shall elucidate in more detail shortly, this extension

procedure follows the pattern
9f 7879178277 08-(n-1) 7 B-n

By construction g_, contains g_¢,—;) in general, it then follows that Ej; contains Ej.
A more surprising result to find that Ejy contains every simply laced hyperbolic Kac-
Moody algebra as its subalgebras [26], giving Ejo the richest structure of any hyperbolic
g, again highlighting the importance of better understanding Fy and FEj;, in addition to
the construction and decompositions of g_,, in general.

From a more physical, albeit heuristic perspective, E;y and FEj; both contain the
SU(3) x SU(2) x U(1) symmetry group of the combined QCD, QED and EW sections of
the standard model, adding to the interest of studying F1g and Ey; in relation to theories
which could reduce to the standard model in certain situations. On a conceptual level,
this is what some string theories hope to achieve, although currently none have come
close. However, utilizing the symmetries provided by FE;; has led to particular success
in treating M-theory as gauged supergravity theories though the embedding tensor in
dimensions D > 4 [27, 28, 29, 30]. Emphasizing that most of the successes of E;; have
come from its physical applications, whereas purely algebraically, even in simple terms of
its full classification, let alone its representation theory, much is still to be discovered.

Even Fyy and the hyperbolic algebras are not well understood compared to the vast
data and knowledge available for the aforementioned finite Kac-Moody algebras, g, and
their so-called affine extensions, g,, which have been completely classified with much
of their representation theory known [31, 32]. The hyperbolic Kac-Moody algebras are
however better understood than the Lorentzians on the level of classification, for example
it is known that Fjy belongs to a class of 238 hyperbolic g between ranks 3-10 [33, 34],
whereas Lorentzian g are less well classified with E; belonging to an infinitely large class
that can exist at arbitrarily large ranks, unlike hyperbolics whose ranks cannot exceed
the rank-10 of Ejq.



We do, however, have some insights into £1g and Ey; at deeper levels than merely their
classification. For example, for hyperbolic Kac-Moody algebras some root multiplicities
are known for certain algebras [33, 35], for Ejy and the Lorentzian F1; they are only known
at low level representations of level 18 and 10, respectively [22, 36]. Additionally, Weyl
groups have not been identified for any Lorentzian algebras, but have been identified for a
few hyperbolic g [37, 38|, giving their Weyl groups potential to be studied as mathematical
objects in isolation, as well as in relation to their uses in classical and quantum field
theories.

Weyl groups of g are of particular interest when constructing Calogero-Moser-Sutherland

systems [39, 40], this can be seen from writing their general Hamiltonian as

+_Z(O"Q)2+%ZgaV(a-Q) m, go € R, (1.1)

a€A a€A

which describes n particles moving on a line with conjugate momenta p assembled into
canonical coordinates p,q € R™. V(x) is the potential term of the system that categories
various behaviours of the system: for example, the CMS models are taken with V(z) =
1/sin®(x), V(z) = 1/sinh?(x) or V(x) = 1/?(x), whereas the Calogero model has V (r) =
1/22. « are roots of the root system A of g, and to sum over this root system, like we
do in Hcms, we require the Weyl group, which acts on simple roots of the Kac-Moody
algebra by reflecting them in hyperplanes perpendicular to the simple roots. If we were to
not sum over all A then Hgyrs would not be invariant under the action of the Weyl group
and the integrable features of the model would be lost. For g;, the Weyl group action
will terminate, giving a finite root system, A. Whereas for g,, hyperbolic and Lorentzian
Kac-Moody algebras A will be infinite in size.

As the Weyl group is known for gs, and g,, this process of obtaining and summing over
the entire root space is possible, however for hyperbolic Kac-Moody algebras this can only
be conducted for the known Weyl groups in [37, 38], and the first non-supersymmetric
hyperbolic Calogero model has only been constructed recently for one of these known
hyperbolic Weyl groups, AFE3 [41], which is an extension of the modular group PSL(2,7Z).
However, as mentioned above, no known Weyl groups exist for Lorentzian Kac-Moody
algebras, the possibility of constructing a Lorentzian Calogero-Moser-Sutherland model
will require more mathematical development.

Asides from Calogero-Moser-Sutherland models, Kac-Moody algebras have found many
uses within both classical and quantum field theories. Out of all field theories that are
built from g, Toda field theories [42, 43, 44| are easily the most comprehensive, well
understood, and arguably retain this status when compared amongst all classical and
quantum integrable field theories. The Lagrangian of classical Toda field theory, based

on the Kac-Moody algebra g, lives in two spacetime dimensions and may be written as

1 S
Ly = 50u0- " - % Y et (1.2)



the constants g € R and # € R, or § € ¢R which gives non-trivial solutions to the Yang-
Baxter equation [45]. The simple roots «a;, ¢ € {1,--- ,r} act as a basis of the root space,
A of a rank-r g. In (1.2), oy are associated to r scalar fields, ¢(x,t) of the theory, which
posses as many components as the rank of g, so that the roots are also represented in
R™, rather than in the complex plane. We then have ¢%(x,t) for a € {1,--- ,r}. Folded
g have also been constructed and studied, whereby the field components are identified in
less general methods than with non-folded algebras [46].

Since the first discrete Toda models were discovered and studied [42], many versions of
both the discrete and the continuous . theory have been studied. For instance, taking
2, with n = 1 and «a being the simple roots of g; with rank-r corresponds with the
conformal Toda field theories [47, 48]. In a similar way to which we can extend the finite
Kac-Moody algebra g; to its affine counterpart, g,, we may also alter the field content
of £, to Z,, through taking n = 0, by adding to the simple root system an affine
root, taken to be the negative of the highest root. This affine root is denoted as ag, and
associated to ¢, which acts as to perturb the potential of the £ into the new affine
theory. The .Z;, does not have conformal symmetry and possesses r massive fields, and
importantly both £, and £, have the field components set as a = r.

2, theories may be further perturbed with two additional fields, 1, (, to the affine
theory, forming the theories known as conformal affine Toda field theories [49, 50|, Z..
As the name suggests, these are also conformal Toda field theories and hence do not
contain any massive fields, unlike .Zj,. These extensions from finite to conformal affine

through successive perturbation of the field contents may be summarized as the following:

CFT bo Massive ¢ CFT
"%f %a %ca

Extension procedures similar to those that result in the n-extended Lorentzian Kac-
Moody algebras, g_,,, may also be applied to Toda field theories. This leads to a similar
extension pattern of alternating conformal and massive theories on each successive field
extension and perturbation of the pervious field content [51]. The underlying algebras of
these perturbed Lorentzian theories is not quite that of the full g_,, in fact the simple
root content of a massive Lorentzian Toda theory is found to not be a Kac-Moody algebra
and is denoted as g_(2,,), with the analogy to the highest root, aq in finite and affine
theories being a_,, for these Lorentzian n-extensions, where a_,, is associated to the
field we perturb with, denoted as ¢_»,. The extension starting from £, to n = 2 may

be summarized as the following:

CFT b0 Massive ¢, CFT b, Massive

Z Z Z —  Z

g da 91 g2’

However, in general, it is possible to construct Lorentzian Toda field theories with any
integer value of the extension constant n.

Toda field theories are of remarkable interest in relation to g_, algebras discussed



above, due to their rich history and comprehension as physical theories when based on
df, 9o algebras. For example, and regarding affine Toda theories in particular, one of
these outstanding facts is that the quantum scattering matrices can be constructed to all
orders in perturbation theory, through use of the so-called bootstrap approach [52, 53, 54,
55, 56, 57]. This arises from the fact that Toda field theories, as well as Calogero-Moser-
Sutherland systems, are integrable theories when the underlying Kac-Moody algebra is
either g or g,. On the classical level, integrable theories are those consisting of nonlinear
differential equations that can, at least in principle, be solved analytically. In comparison,
most nonlinear differential equations have more unpredictable behaviour and can only be
solved approximately rather than exactly, as is the case for integrable systems. For field
theories, this means that we are mainly dealing with partial differential equations with
an infinite phase space, so that integrability is uncovered and utilized through a variety
of techniques related to the properties of the solutions [58]. Conversely, on the quantum
level, the integrability of a theory can be attributed to the feature that an n-particle
S-matrix can be factorised into 2-particle S-matrices.

For discrete and continuous formulations of Toda field theories, their integrability has
been proven through the construction of Lax pairs [59], zero-curvature conditions [49, 50]
and the Painlevé test [60]. Some efforts had previously been made to investigate the
integrability of Toda field theories based on hyperbolic g through conducting the Painlevé
test, which showed that hyperbolic Toda field theories do not have the possibility of being
integrable [21]. However, these results do not rule out the possibility of some categories of
Lorentzian Toda field theories being integrable, and no such investigations had previously
been undertaken.

The fact that Toda theories based on simply laced Kac-Moody algebras have exact
scattering matrices is due to their classical mass ratios [61] being preserved to all orders
of perturbation theory [52, 53, 54, 55, 62]. These results rely essentially on the theory’s
integrability, but it must be noted that although a theory retains special status for being
integrable, the framework for Toda theories is unique in its ability to find exact S-matrices
for the range of models that g, supplies. Such results are also possible for theories based
on non-simply laced g [63, 64], however, as the masses will have different renormalization
factors the results required additional algebraic machinery and utilized properties of q-
deformed Coxeter elements [63]. In both cases, it is still the case that the root system
of g that provides the underlying structure of the systems, in the latter g is the dual
affine algebra, which physically corresponds to very strong or very weak coupling in the
classical limit. As mentioned above, the coupling constant /3 of (1.2) may be either real
or imaginary, and when § € C the Yang-Baxter equation is not trivially solved as in the
£ € R scenario due to quantum Kac-Moody algebras symmetries, in turn allowing the
S-matrices to still factor into an exactly solvable form [45].

In this thesis, we will examine the integrability of various Toda field theories based

on Lorentzian Kac-Moody algebras. To do so, in chapter 2, we will build up a definition



of a new class of Lorentzian Kac-Moody algebras starting from g, extending to g,, and
continuing these extensions in what we name as an n-extension procedure, resulting in
n-extended Lorentzian Kac-Moody algebras, g_,,, which are a new class of Lorentzian Kac-
Moody algebras. We shall see how these g_,, algebras decompose in a very natural process
according to their three-dimensional principal subalgebras. These decompositions are, to
our knowledge, a completely novel type of decomposition, which are deeply connected to
the Casimir operators of the decomposing g_,, and their respective eigenvalues. In chapter
3 we motivate Toda field theories through lattice, finite, affine and conformal affine to
see the alternating patterns between massive and conformal field theories, patterns which
we see continuing when applying some perturbations on the g_, framework. We focus
further analysis on the massive models, based on perturbed g_,, algebras, examining their
mass ratios and relevant eigenvalue spectra of the underlying algebras. For both the
massive and CFT theories based on perturbed g_,,, we show that these theories can not
be integrable through failure of the Painlevé test, even though the g, theories we extended
from are integrable.

In chapter 4 we continue with our integrability analysis on Lorentzian generalised
Cartan matrices in the form of the Painlevé test and the Painlevé property. The latter
being more rigorous from the former, and giving very strong evidence for the integrability
of these new models we will analyse. These integrable Lorentzian Toda field theories differ
from those in chapter 3 through being purely Lorentzian, in the sense that we have not
started with a finite or affine Kac-Moody algebra and extended it, instead we have started
the construction with a purely Lorentzian lattice and formed a generalized Cartan matrix
from there. This uncovers a new class of 2-dimensional Toda field theories, infinite in
number, which both pass the Painlevé test and possess the Painlevé property. Although
the analysis here is limited to 2-dimensional generalized Cartan matrices, the procedure in
chapter 4 may be trivially generalized to higher dimension Cartan matrices. To conclude
the thesis, chapter 5 gives a summary of all key results, along with current status of

relevant fields and an outlook for future research.






Chapter 2

n-Extended Lorentzian Kac-Moody
Algebras

Symmetry algebras and groups are ubiquitous in modern physics. Since the 1970s and
before, the finite symmetry algebras have played an essential role in the formulation of
fundamental theories in particle physics and the standard model. It was later recognized
that infinite dimensional symmetry algebras, namely Kac-Moody algebras [20], are essen-
tial in many theories of physics beyond the standard model, especially in conformal field
theories and string theories [65, 66, 67]. In particular, the Ey [21, 68] and Fy; [18, 69]
infinite dimensional Kac-Moody algebras have been integral in the formation of type II
superstring theory and M-theory [14, 28, 29].

The algebra Ejg is known as a hyperbolic algebra, which belongs to a set of Kac-Moody
algebras that have been completely classified in terms of their Dynkin diagrams, e.g. [33]
for explicit results from ranks 3-10. Conversely, F1; is not hyperbolic and belongs to a
larger class of algebras that have not been fully classified, and are known as the Lorentzian
Kac-Moody algebras. The hyperbolic and Lorentzian algebras lie in contrast to the finite
and affine Kac-Moody algebras, which have been completely classified with much of their
representation theory also understood [32].

Motivated partially through the above physical interest in Lorentzian algebras, but
also from the limited knowledge of the class of Kac-Moody algebras that Ei; belongs to,
the authors of [24] studied a particular set of Kac-Moody algebra which could be found
through extending an affine Dynkin diagram by attaching additional nodes. This proce-
dure results in what is known as over-extended and very-extended diagrams, depending
on whether one or two nodes have been attached onto the affine diagram, respectively. In
this chapter, we build from the knowledge of finite and affine Kac-Moody algebras and
focus on generalizing this procedure to n nodes of extension, studying the behaviour of
the resulting n-extended Lorentzian Kac-Moody algebra. One such way of understand-
ing these algebras is through their principal SO(3)-subalgebras, and for hyperbolic and
Lorentzian algebras, their analogous principal SO(1, 2)-subalgebras. From these, we shall

better understand how the n-extended algebras decompose into subalgebras.



2.1 Finite Lie Algebras

Before defining Kac-Moody algebras explicitly in section 2.3, we introduce the concept of
finite Lie algebras in this section, and affine Lie algebras in the following. The majority of
algebras that this thesis encounters will have finite Lie algebras at the core of their struc-
ture, which we will build on through the extension procedures detailed in the subsequent
sections of this chapter. As mentioned previously, the finite semisimple Lie algebras are
fully classified in terms of both structure and representation theory [32], and are the least
complex subclass of Kac-Moody algebras, hence, here they will provide motivation for the
study of the n-extended Kac-Moody algebras that this chapter focuses on.

Finite Lie algebras, gy are composed of a finite dimensional vector space over a field,
endowed with bilinear operation which takes in pairs of vectors from its vector space.
This bilinear map gy X g — gy is denoted as the Lie bracket, |-, -] satisfying the following

axioms:

(i) X, X]=0
(i) [X,[XZ]] + [Y,[Z2,X]] + [Z,[X,Y]] = 0 (Jacobi Identity)
(iii) [X,Y] = -[Y.X]

for all X,Y, Z in our vector space, and where (iii) is implies (i) as Y — X, as long as the
underlying field’s characteristic is not 2.

To better understand the structure of Lie algebras, we introduce the Cartan subalgebra
of gy, denoted as b for finite Lie algebras. For g; semisimple, by is defined as being the
maximum Abelian subalgebra of gy, which contains elements H; € by for i € {1,---,r},
where r is the rank of the Lie algebra. There are multiple ways of constructing the entire
gy from by [32], here we present the Chevalley basis obeying the Serre relations as it can
also be used in the construction of a more general Kac-Moody algebra in section 2.3. As

well as H;, the Chevalley generators include F; and F; and obey the following

[Hi7Hj] =0,
H;, E;| = Ky Ej,
[H;, Fj] = =K Fj,
[Ezu F]] - 5Z]H’L7
along with [F},--- ,[F}, F}],---] =0and [E;,--- ,[E;, Ej],-- -] = 0. The generators E; and

F; are associated to a triangular decomposition of the Lie algebra with E; being the upper
half, F; the lower and H; the centre. As such, F; and F; are known as the step generators,
or step operators and are one-to-one related to a special set of vectors within the algebra
known as the roots, «, which all together form the set known as the root lattice A, > «.
The step operators act as raising and lowering the root vectors, and together completely

describe the algebra.



The matrix K;; is unique for a given algebra up to isomorphism and is called the
Cartan matrix of the Lie algebra. We may always find a special basis of g,, composed of

the simple roots of the system, denoted as «; such that

a; - o = K5,  wherei,j € {l,--- r}. (2.2)

Where o = QQLOZ is the dual root in this Chevalley basis.! As K completely describes
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the structure of the algebra, we may construct the adjacency matrix

2(5” — Kl] fOI' Z,] - {1, s ,7"}, (23)

resulting in the interpretation of an undirected graph defined as the Dynkin diagram of the
Lie algebra. In this Chevalley basis, and until otherwise specified, each of the r positive
diagonals in this adjacency matrix are associated to a node on the diagram, with the
negative off-diagonal components corresponding to the connections between those nodes.
For example, —1 corresponds to one line connecting the nodes, —2 would be two lines
and 0 would be no connection between those nodes. If K and therefore the adjacency
matrix is not symmetric, then we draw an arrow between two nodes corresponding to the
more negative to less negative off-diagonal component from K, as we see in the B,., C,., F}
and G algebras we will see shortly. In these cases, the roots of the algebra clearly have
different absolute lengths that have been absorbed into the normalization of Chevalley
basis definition.

The process of forming root systems and writing down the Dynkin diagrams of the
semisimple Lie algebras has lead to the complete structural classification of all these finite

Lie algebras [31, 70]. Their Dynkin diagrams are as follows

Ar o —o—o
BT *—o— -0
C,

S

B
—l..
Fr eedees
Ey oodooees

F4 oo o

G2 (==

Dynkin diagrams of the finite Kac-Moody algebras, g

where each node of the Dynkin diagram corresponds to a simple root, «; of the corre-

sponding Lie algebra. The A,, B,,C, and D, series are the complex sl,,1,809,.11,5p,,

'For the simply-laced cases that we shall see shortly a¥ = a.
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and soy, Lie algebras, respectively. On the level of these diagrams, g; may be identi-
fied through the defining characteristic that the deletion of any one node leaves a set of
connected Dynkin diagrams that are also of type g;. They are the complexifications of
the infinitesimal expansions around the identity of the Lie groups that go by the same
names. The remaining five finite Lie algebras are the exceptional Lie algebras, in particu-
lar Fg, E; and Ejg, and their extensions will be of particular interest to us in this chapter
and beyond.

Starting from the Dynkin diagram of the system and therefore the Cartan matrix of the
system, we can reconstruct the entire root system of the Lie algebra by taking reflection
of the roots in hyperplanes orthogonal to the simple roots. This set of reflections forms a
group that is clearly a subgroup of the isometry group of the algebra’s root system, and

is known as the Weyl group of the algebra. The Weyl group acts as

We (V) =v — 2((2’7 Z))a (2.4)
on a vector v in the root space, defined by
{r €g:lhz] =alh)x forall h € H}, where a: H — C, (2.5)

reflecting it about the hyperplane orthogonal to the roots «. Starting with the simple
roots, repeated action of the Weyl group will recover the entire root space. For the finite
Lie algebras this repeated action will cycle about a finite number of roots, whereas for the
majority of Lie algebras considered in this thesis the action of the Weyl group will not
terminate and hence will give an infinite number of roots. This is the case for the affine
Lie algebras, with their corresponding affine Weyl groups, which we shall meet in the next
section and the Lorentzian Kac-Moody algebras that are the focus of this chapter and

built upon in the remainder of this thesis.

2.2 Affine Lie Algebras

In this section we will look at two different equivalent methods to extend the finite Lie
algebras examined previously into a class of infinite dimensional algebras called affine
Lie algebras, g, the first of which will look at a purely algebraic extension, whereas the
second will use only the language of Dynkin diagrams and Cartan matrices introduced in
the previous section. The latter method will be most relevant to our extension procedure

in following sections, whereas the former is more optional for the interested reader.

2.2.1 Central Extensions of the Loop Algebra

The first method we describe to construct g, in this subsection largely follows [71], and

may be summarised as a central extension of gy tensored with its loop algebra of Laurent

11



polynomials. We will break this definition down to better understand its meaning. The

central extension of g may be written as the short exact sequence

0—2a—-g—>g—0 (2.6)

where a is a finite Abelian Lie algebra that is the centre of gy. Where the centre of a Lie
algebra is defined to be the set of all x € g such that [z,y] = 0 for any and all y € g. This
construction arises from the bilinear map, o : gf X gy — a where the action of o satisfies
the Jacobi identity for all elements of a. A Lie algebra’s structure satisfying the axioms

in section 2.1 may be constructed for g; @ a by action of the Lie bracket

[(a, X), (b, Y)] = ([a,b], 0(a, b)), (2.7)

for elements a,b € a and X,Y € g;.
The next element we need for this description of g, is the loop algebra of g¢. The loop

algebra is an infinite dimensional Lie algebra

§=g,0C>(5), (2.8)

where C>(S?) is the algebra of infinitely differentiable functions on the circle manifold
S, meaning § can be thought of as the parameterisation of loops in gy. The Lie bracket

of g takes the form

XeX . YeY]=[XY]eXY, (2.9)

where X', Y’ € C*(S1).

For the construction of g,, we use the Laurent polynomials of the form >, p;t* for
independent variables ¢* and py € C, which form a ring denoted C[t,¢7!] to form the loop
algebra g ® C[t,¢™!]. Similarly to equation (2.8) this gives us an infinite dimensional Lie
algebra of vector fields in gy on a circle, but differs in allowing us a useful parametrisation
in the single independent variable ¢ from the Laurent polynomials. Putting this definition
together with the knowledge that led us to the sequence (2.6), we may for the central

extension

0—-C-c—>g —>g—0 (2.10)

where now § = gy ®C[t,¢t7'], and ¢ is a central element such that g’ = §&C-¢. Finally, g,
is formed through adjoining a final basis element to the algebra, that acts on g’ through

a derivation, d,

d([X,Y]) = [dX, Y]+ [X,dY], [d,X]=d(X) VX,Y € g, (2.11)

such that g, = gf @ Cd. This general affine Lie algebra is hence an infinite-dimensional

extension of a corresponding finite Lie algebra. More information regarding this algebraic
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construction, including the exact form of the modified Lie bracket and details of the
representation theory of g, can be found in [32] and [71]. However, this information is
not pertinent for future discussion in this chapter, so we now turn our concentration to

extensions of g; to g, at the level of the Dynkin diagram.

2.2.2 Extensions of the Finite Dynkin Diagram

The algebraic extension of gy in the previous subsection provides one useful way to il-
lustrate how a finite Lie algebra can be extended into an infinite Lie algebra. However,
for the majority of this chapter and subsequent ones the simple root basis of the algebra
will become increasingly important for us, and thus finding an extension procedure that
focuses on the root space of the algebra would be more direct and concise for our purposes.

Extending the Dynkin diagrams of g; does exactly this, providing an equivalent way
to the previous subsections methods. To create an affine extension from the Dynkin
diagram’s perspective we start with the set of simple roots, «; from g¢. From the set of o;
in whatever representation for the roots we choose, we may always construct the highest

root

0= Zniai, n; € N, (2.12)
i=1

where n; are the Kac labels [31] for the given g;. This construction of the highest root
guarantees that taking the set aEO) € {ay, -+, ., —0} results in the basis of simple roots
for g,. Where we have adopted the convention of a superscript to denote the extended
nature of the algebra, starting from zero in which we have the algebra extended to an
(0)

affine level only. From «; ' we may form the affine Cartan matrix Ki(JQ )= ago) -agp) where

now i,j € {1,---,r + 1} for the rank r 4+ 1 affine algebra, based on the rank r finite
algebra. Hence, the corresponding affine Dynkin diagram can be written down as defined
through the adjacency matrix given in equation (2.3).

Following this procedure for all the finite Lie algebras in section 2.1 results in the

following Dynkin diagrams
Al S

B }—«4—0:;:-
oro—o— —0—e<9

cl

R
Ey) FFL

DI S
D QD

Dynkin diagrams of the affine Kac-Moody algebras, g,
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for all the affine Lie algebras bases off the finite semisimple algebras, where the empty
nodes represent the affine nodes from the extension. Similarly to the definition of the g;
diagrams, those of g, can be understood as there being at least one node whose deletion
leads to a set of Dynkin diagrams of g; type. On the level of the root lattice, if we were to
apply Weyl transformation on a simple root system of g, we would find that the generated
root system does not close like it did for gs, and we would generate the root lattice Ay,
containing an infinite amount of roots. To recover the full root lattice for a g, in general,
one must use the affine Weyl group, which utilizes certain orbits of Coxeter elements of
the algebra to order the infinite number of roots. However, we spare more details of affine
Weyl groups and refer the reader to [72], for example. The feature of possessing an infinite
number of roots is characteristic of infinite dimensional Lie algebras, and is by definition
something that we shall continue to see in the next section for most of the Kac-Moody

algebras we encounter.

2.3 Kac-Moody algebras with Extended, Over-Extended
and Very-Extended Root and Weight Lattices

Kac-Moody algebras [20], are more general constructions of all g¢ and g, we have encoun-
tered so far, in that both the affine and finite Lie algebras are subclasses of Kac-Moody
algebras. To construct Kac-Moody algebras, we generalize the definition of the rank-r
Cartan matrix, K, and therefore also the associated Dynkin diagram. Identically to be-
fore, a rank-r Dynkin diagram is defined as an undirected graph with adjacency matrix
20;; — K;j for 4,5 € {1,--- ,r}, where until stated otherwise we assume that K;; = 2 and
Kiz; <02

This starting point clearly differs greatly from that of section 2.1 and 2.2, as we may
now take any valid Dynkin diagram, along with K and the associated root system, as our
starting point and from here we can construct the Chevalley generators in a basis using the
simple roots of the algebra, such that they obey the Serre relations of equation (2.1) along
with [F}, -+, [F;, Fj],---] = 0 and [E;,--- ,[E;, Ej],---] = 0. Any remaining generators
may be constructed through combinations of commutators in these Serre relations.

Although this process of finding generators can be done in theory, in practice it has
not been carried out for completely general Kac-Moody algebras, and has only been
undertaken for the finite and affine examples we have seen previously [71]. Due to the
inability to construct all the generators for a generalized Kac-Moody algebra, the structure
at the level of the Dynkin diagram and root lattice becomes increasingly important in
both classifying and further analysing the algebra. Hence, it is at the root lattice level we

shall try and best understand further extension of the Kac-Moody algebras we encounter.

2This is certainly not the case for all generalized Cartan matrices, and we will see cases within this
chapter and beyond where we have other. We hold this convention for this section as to illustrate the
connection to gy and gq.
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2.3.1 Hyperbolic Kac-Moody Algebras and Over-Extended Root

Lattices

Going beyond the affine extensions on the Dynkin diagram we saw in section 2.2, we may
continue to add additional nodes to the diagram. This process results in what is known
as the over-estended Lie algebras [24], where the affine extension is known as extended.
For example, taking the E algebra and adding another node to the affine node results

in

7 SRR S (2.13)

where the superscript denotes that this is an extended root system, and we can see that
the additional node has been attached to the long leg of the Eéo) diagram on its affine node.
More generally, this single extension procedure on the affine algebras results in hyperbolic
Kac-Moody algebras, where the additional node is always attached to the node from the
affine extension. One way of defining the hyperbolic Kac-Moody algebras is through their
Dynkin diagrams, in that they are a connected diagram, where the deletion of any single
node leaves a set of connected Dynkin diagrams, such that each diagram is of gy, apart
from at most one which is a g,. The hyperbolics have been completely classified, with
there being an infinite amount of rank-2 hyperbolic, and 238 between ranks 3-10 [33, 34].
No hyperbolic Kac-Moody algebras exist with ranks greater than 10.

To construct the root lattice of an over-extended Kac-Moody algebra we largely follow
the conventions of [24, 65, 73], starting with the root lattice, Ay, corresponding to the
rank-r gy we are wanting to extend. We combine A; with the 2-dimensional self-dual

Lorentzian lattice that we denote II("Y | with the inner product

zow=—ztw —zw", zweldMV, (2.14)

where z = (2%,27) and w = (w',w™). Other conventions for inner products have been
adopted to form over-extended Lorentzian root lattices [36, 74], but here we find the IT(V
most natural to reach the larger extensions we shall see shortly for the construction of
very-extended and the n-extended algebras of the next section.

To help us construct the extended Kac-Moody algebras we define two primitive null
vectors k, k € TIMY as k = (1,0) and k = (0, —1) with the property that

kok=k-k=0, k-k=1, (2.15)

and we will also use the combination 4(k + k) to form two vectors of length 2. To obtain
the extended affine root lattice we again take 6 from equation (2.12), and combine this

with k£ to define oy = k — 0, giving

{ag, a1, } € Ay, @ IIhY. (2.16)
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Defining the extended affine root lattice as Ay, := Ay, @ %Y we may continue to add

an additional simple root, a_; = —(k + k) to form
{a_1,a0, a1, 00} € Ay, (2.17)
where the over-extended root lattice, Ay | = Ay ; © MY has similar structure to Ag,

with the addition of one extra root, a_;.

This construction allows us to take any finite Lie algebra’s root lattice and extend
twice, transitioning the finite Lie algebra through to an affine Lie algebra after the first
extension, and resulting in a hyperbolic Kac-Moody algebra after the over-extension, like
we saw in the (2.13) hyperbolic example. In the next subsection and sections we will see
the results of continuing this process beyond the initial extensions through adding more
Y lattices and null vectors, but first we introduce the main class of algebras studied

in this thesis, Lorentzian Kac-Moody algebras.

2.3.2 Lorentzian Kac-Moody Algebras and Very-Extended Root

Lattices

To define Lorentzian Kac-Moody algebras, we take note of the definition given in [24],
stating that Dynkin diagrams of Lorentzian type must be connected diagrams with at
least one node whose deletion gives a set of Dynkin diagrams, each being of a g5, with
at most one that is a g,. This definition is a superset of the hyperbolic algebras defined
above, distinct by the caveat that they only need one node to be deleted creating the
gr and one g,, whereas the hyperbolics must have this property for every node in their
Dynkin diagram.

Equivalently, on the level of their Cartan matrices, Lorentzian Kac-Moody algebras
have non-singular, non-degenerate and indefinite K such that exactly one eigenvalue is
negative - however, we must clarify that this is not a defining characteristic of Lorentzian
Kac-Moody algebras like the definition on the level of the Dynkin diagram. One would
find that hyperbolic Kac-Moody algebras also have a Lorentzian K, so we make this
distinction clear here to untangle any confusing language found in other parts of the
literature.

An example of a Lorentzian algebra with Lorentzian Dynkin diagram and Cartan

matrix as defined above is

E?:veeeeedle, (2.18)

otherwise known as E1; in literature [18]. This Kac-Moody algebra may be formed through
an extension procedure resulting in a very-extended root lattice, analogous to the over-
extension that resulted in Eél) above. To achieve this very-extended root lattice we take

(1,1

the over-extended lattice A,_, and compose an addition 1Y) to it, forming A, , := A, , @

MY, Within the second Lorentzian lattice associated to Ay, we define the primitive
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vectors as [, 1 € IIY | allowing us to form the very-extended simple root a_y = k— (141,

) example and the general form of ar_5 that this extended

and we can see both from the E§2
node attaches only to the previous extended node, so that we are beginning to build a
tail of extended nodes onto the original Dynkin diagram, extending from the affine node

corresponding to ag. The very-extended root lattice is thus

{ozg, a1, 00,01, -+, } € Ay, (2.19)

The results for the extended affine, over-extended and very-extended simple root systems

and root lattices are summarized below:

algebra | root lattice structure | added root Dynkin diagram expl.
QOEga AgozAgf@Hl,l Oé():k'_e . 0 — @ Eéo)
a; Qo
g1 | Ay, =M, @I oy =—(k+k) |-co—o0—e E{" = Ey
a; g a1
g o Ag_2 = A.l]—l ) Hl’l a_9 = k — (E + E) +++ O — O — O — @ EéQ) = Ell
oy [e75) a_q a_o

Table 2.1: Extended, over-extended and very-extended Lie algebras, root lattices, extensions
and partial Dynkin diagrams. We identify gy = g, notationally as to link with the notation of
the affine extened root «ay.

2.3.3 Fundamental Weights

The fundamental weights, \; of a Lie algebra with Cartan matrix as in equation (2.2) are
defined to be

2.20
=0 (220)

where there is a \; for each simple root, «; in the algebra. \; will become useful to us
in future sections of this chapter when we examine the decomposition of Lorentzian Kac-
Moody algebras, so we begin to motivate them here. The fundamental weights associated
to all g¢, which we denote as )\Zf , and can be found for instance in [31]. So analogously
to our description of a; for the extended algebras, we focus on modifying /\if for various

levels of extension. For over-extended and very-extended algebras, we have that

A= MmN, N=k—k )\, =—k (2.:21)

- (+ 70 (+7
M= M bndy M=Eokd it A=k A, =10 22)
respectively, with ¢ = 1,... 7. Where we are using the Lorentzian inner product defined

in equation (2.14) such that these fundamental weights obey equation (2.20), giving

X-a; = 6;  ij=-1,01...,r (2.23)
N = 8y, dj=-2,-1,01,....r (2.24)
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With a; € A, , for the former, and o; € Ay , for the latter. We also find it useful to

define the Weyl vectors, p, building on that from [65] as the sum over all fundamental

weights
p° = > N=p/ +hk—(1+h)k, (2.25)
j=—1
; d £ (40
pto= > N=p/+hk—(1+hk—(1—-h)—0, (2.26)
j=—2

p’ is the Weyl vector for the finite Lie algebras we have extended from, and h denotes
the Cozeter number, which may be calculated for all gy as h =1+ > n; [31], where the
n; are the Kac labels introduced in (2.12).

2.4 n-extended Lorentzian Kac-Moody Algebras

After collecting the preliminaries in the previous section, we move on to the natural
question of what do root systems look like beyond very-extended extensions? It turns
out that we can continue this expansion pattern on the level of the Cartan matrix and
Dynkin diagram in a canonical way to define g_,, as an n-extended Lorentzian Kac-Moody
algebra, a new class of Lorentzian Kac-Moody algebras that we studied in detail within
[25], which we shall closely follow for the remainder of this chapter. We form the root
lattice of g_,, through n repeated additions of the Lorentzian self-dual lattice II(D to
form

Ay, =A™ e oty (2.27)

g—n

We generalize the k, k and [, vectors from section 2.3, so that k;, k; € Y, Like before,

the k;, k; null-vectors have the properties that k; - k; = k; - k; = 0, k; - k; = 1 such that we
can form the two vectors + (kz + l;:l) of length 2 in each corresponding Hgl’l).

The simple root system of an n-extended Lorentzian Kac-Moody algebra extended
from a rank-r gy has a simple root system consisting of r simple roots from g; and n

extended roots a_;, 1 =1,...,n
Oé(n) = {Oél,...,OéT,OéO = kfl —Q,Oé_l = — (1{31 +l;31) yeeey Oy = Rj1 — (k'] +];Z])} (228)

for y = 2,...,n. Giving the n-extended algebra a total rank of » +n + 1, with the same
number of simple roots. The fundamental weights are calculated through the orthogonal-

ity relations with Lorentzian inner product in the n-extended sections

)\Z(n) _agn) =7 1,j=-n,0,1,...,r. (2.29)

Rearranging the identity for simply laced algebras A - A" = K ;' we find that

18



A =37 Ktal, (2.30)

j=—n

allowing us to construct the n + r + 1 fundamental weights for the n-extended algebra as

A= Mg =1, (2.31)
" _ 1 < N
=2
NG — (2.33)
. 1 & -
=2
59 = o~k = 2 b (nr 1 )R] 239
- n ni= 7
A = L)k Ryt ks — 2R - 2 Zn: (ki + (n+1—i)k;] (2.36)
- n " |
w o _ 1 1, 1-0¢ .
NP = b 1=0) [kt (U= Dk] + = [k + (n+ 1= 0)k]
=2 1=/
(1-0) & e . ~:
= S Mk (L—i)k]) + > [ki+ (1= di)k] + (1 =0 ki, (2.37)
=2 =2 =L

all belonging to the n-extended weight lattice of the n-extended algebra g_,. Summing

up these weights we derive the Weyl vector for the n-extended system

pMo= D (2.38)

j=—n

ki .

_ “[/h n+1-—2 (n+1—14)2h+n(l—1))
= pl+hk— (1 +h)E —4+—— )k
p’ + hky (+)1+i§:2 ~+ 5 + o

Noting that the above reproduces equations (2.25) and (2.26) for n = 1 and n = 2,
respectively.

The general expression for p(™ allows us to construct a generalization of the Freudenthal-
de Vries strange formula by computing (p™)2. For a semisimple finite Lie algebra g 5 with

rank r it is well known, [75, 32] and references within, to be

h h(h+1)r

A2 " g —
(p’) 12dlmg 5 (2.39)
Thus, using equation (2.38) we may directly calculate that, for n > 1,
2
S ) h(h+ 1)r +n(n* —1) B h(h +n)(1+ n)’ (2.40)

12 n
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for the n-extended algebras. Which agrees with that found for the n = 1 over-extended

case found in [24].

2.5 Principal SO(3) and SO(1,2) Subalgebras

Unlike the hyperbolic Kac-Moody algebras that have been completely classified [33], the
Lorentzian Kac-Moody algebras can exist above rank-10 and are much greater in number.
As a result, attempts have been made to place the Lorentzians into subcategories through
finding properties unique to some Lorentzians but not others. One such property that
has been very useful for the finite and affine Kac-Moody algebras has been the study
of a principal SO(3)-subalgebra [76] within g; or g,, especially in relation to how those
algebras decompose into subalgebras, a feature that we will be particularly interested in for
our n-extended algebras in the proceeding sections in this chapter. The principal SO(3)-
subalgebra has also proven useful in the study of integrable systems based on g; and g,
[61, 77]. Therefore, for both of these reasons, we are motivated to better understand the
structure of SO(3) algebras within our g_,,, and if a SO(3) does not exist, then we would
like to know if anything analogous does.

In relations to the generators of the Chevalley basis for gy or g, that obey the Serre
relations of equation (2.1), the H;, E;, F; form the principal SO(3)-subalgebra generators

Jg = iDsz J+ == i’an“ J_ == inze, 3 (241)
i=1 =1 =1

all quantities are as before, except D;, which we have defined to be

D;:=)Y K, (2.42)
j=1

and we shall see that these constants will play an important role throughout this thesis.
The SO(3) generators in equation (2.41) satisfy

[T, ) = Js, [Js,Je] =+ (2.43)

The Hermiticity properties EZT = F;, HZ-T = H; are inherited by the generators J, and J_
as JJTr = J_ when n; € R. Importantly, the SO(3)-commutation relation [J;, J_] = J;
is satisfied when the Kac labels n; = /D;. However, we shall see shortly that this is
not always possible for Lorentzian Kac-Moody algebras, meaning one must expand the
definition of these principal subalgebras.

For Lorentzian Kac-Moody algebras, in searching for a three-dimensional principal
subalgebra analogous to SO(3), we find that instead we have a principal SO(1, 2)-subalgebra
[24, 73]. The generators of SO(1,2) are
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j3 = — ibzﬂu j+ = ipiEi, jf = i QiFi7 ﬁz = i Kjfz.l, (244)
i=1 i=1 i=1 Jj=1

and obey
(o] = [hd] = £ (2.45)
The generators in equation (2.44) are Hermitian when p;q; = |pi|2 = —D;, meaning it is a

necessary and sufficient for the existence of a SO(3)-principal subalgebra or a SO(1,2)-
principal subalgebra that D; > 0 or D, <0 for all i, respectively.

For n-extended algebras g_,,, we find an additional necessary condition such that g_,,
possesses both a SO(3) and SO(1,2) subalgebra, namely that

dkeS={-n,...,0,1,...,r} where Dy = Z Kj_k1 =0 (2.46)
j=—n

for at least one k € S. We may then decompose the index set S as S = S\{k} = S, US,,
such that K;; = 0 for all i € Sy, j € Sy and Ky, # 0, Kj, # 0 for two specific i/ € S
and 7' € Sy. Thus removing the node k from the connected Dynkin diagram g_,, will
decompose it into two connected diagrams such that two generators indexed by i € S
and j € Sy will commute. Thus when D; > 0 for ¢ € S; and D; < 0 for j € S; we can
formulate two commuting principal subalgebras with generators {Js, J.} and {Js, J.}.

For instance, we have

|:J3: J+] = Ziesl,jESQ D; _Dj [Hla EJ] = ZieSLjeSQ D; Vv _DjKijEj =0, (247)

and similarly for the other generators. This commuting structure extends to the SO(3)

and SO(1,2) Casimir operators
C=JsJs—JoJ —J J., and C=JgJs— J,J —J_J., (2.48)

respectively. So that we have SO(3) @ SO(1,2) with [C,C] = 0.

From the identity )\Z(-n) . )\gn) =K ! which led us to our definition of the fundamental
weights in equation (2.30), we can see that the fundamental weights, )\51), of hyperbolic
algebras g_; all lie in the forwards lightcone in the weight space - in other words, any two
weight vectors will be timelike separated with respects to their hyperbolic inner product.
Just as )\Zf belonging to g; can also all be found in this area of their lightcone. However,
the cases in which we have a decomposing index set, as detailed above, can be understood
through there existing one lightlike weight in weight space that separates the two sections
of weights corresponding to the principal SO(3)-subalgebras and those of the SO(1,2)-

subalgebra.

21



nmax

15* | ] |
L] e 6 6 o o o o o
° ° e A, (V<0
10+ = e o 5
o = D, (,0 <0
™ " A, (D; <0, Vi)
[ ) [ )
[ [ ] A A A Dr (Dt <0, Vi)
5t A A
A 4 A
4 A = @
& & & A e ®© ®© o o
L L L A& & & & & & @& J
5 10 15 20

Figure 2.1: Maximum values of n for g_, with rank r to possess a SO(1,2)-principal subalgebra
from the necessary condition p? < 0 versus the necessary and sufficient condition D; < 0, Vi.

In cases in which there is not this separation by a light-like weight vector, the weight
vectors are not segregated and therefore do not form a principal SO(1,2)-subalgebra,
which is the situation with most general Lorentzian Kac-Moody algebras. We, however,
concentrate on these decomposing exceptions for the remaining sections of this chapter.
To do this we compute the inner products of the generators in the adjoint representation,

as carried out for instance in [73], giving

(J3, J3) = p™-pM >0, and (Je, Jx) = p™ - p™ >0, (2.49)
(Js, J5) = p™ - p™ <0, and (Ji, Jx) = —p™ . p > 0. (2.50)

This allows us to use the signatures of p™ - p(™ to give a necessary condition of the
existence of the principal subalgebras. Hence, using the generalised Freudenthal-de Vries
strange formula in equation (2.40), we may determine upper bounds, 7yax, for g_, based
on semisimple g of rank-r, to possess a principal SO(1, 2)-subalgebra in accordance with

the inequalities in (2.50). For the exceptional series of semisimple gy we calculate that

E6 D Nmax = 23, E7 P Nmax = 17, ES L Nmax = 14. (251)

For the A, and D, algebras, we present the results in figure 2.1 for different values of r.

From figure 2.1 we can see the upper limits for A, and D, such that no n-extended
algebras may possess a principal SO(1,2)-subalgebra are at r > 24. This has also been
shown for the over-extended, n = 1 case in [65]. At r < 24 it is possible for a SO(1,2)-
subalgebra to exist, however cross-checking with p? < 0 from equation (2.50) implies that

no such principal subalgebra exists for A, with n > 12 or D, with n > 16.3

3For the over and very extended cases our results differ mildly in one case from a typo in [24], where
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We note that the criteria in equation (2.50) acts as a guide in narrowing down the
possibilities of finding a g_,, with a principal SO(1, 2)-subalgebra, however is only a nec-
essary, but not sufficient condition in finding such a subalgebra. In the next section, we

)

therefore directly solve for the Dl(" values, unique to a given g_, and its corresponding

K, so that we can classify the subalgebras, whenever they exist, according to equations
(2.42) and (2.44).

2.6 Expansion Coefficients of the Diagonal Principal

Subalgebra Generator

The general construction of the fundamental weights of g_,, that we collected in equations
(2.42) and (2.44) allows us to calculate the DZ(”) coefficients directly for any n-extended
Lorentzian algebra of our choosing. In this section, we focus on g as simply laced,
meaning that all the corresponding simple roots of the finite algebra will be of length

-1

2. In this scenario, the inverse Cartan takes the form A" - A" = K;;*, and therefore

equation (2.42) is equivalent to

DY ="K l=p" A", k=-n,...,-101..." (2.52)
Hence, we may calculate D,(Cn) through the Lorentzian inner product of the Weyl vectors
(2.38) with the weight vectors in (2.31) (2.37), or directly through the inverse of K. In
doing so, we hope to uncover classifications of g_,, through their 3-dimensional principal
subalgebras, SO(3) and SO(1,2), in a more explicit way than the analysis of (2.50)

allowed.
Using equation (2.52) we may derive a general formula for the expansion coefficients

of g_,
(n) f (n) (n) . j—1 h , ,
D" = Dj +n;Dy’, and D7/ =(n—-j+1) ) i=1,...,77=0,...,n,
n

(2.53)
for the extended part of the extended semisimple g;. We have abbreviated DI = pl N
from also using equation (2.52). For the over-extended and very-extended algebras the

expressions in (2.53) become

D°, = —h, D{=—(2h+1), D?=D!+n,Dg, (2.54)
1 3
DY, = 5(1 —h), D’ =—h, D= —§(h +1), D!=D!+n,D!. (2.55)

For a given gy, the Weyl vectors p/, Coxeter numbers h and Kac labels n; are algebra

specific and well known, see e.g [31]. We list them here for convenience and our reference

it was stated that also the over extended A%) possess a SO(1, 2)-principal subalgebras.
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in table 2.2.

Kac labels n; exponents e; Coxeter number h
A | 1,...,1 1,2,3,...,r r+1
D, | 1,22 ...,2,1,1 1,35, ...,2r—52r—3,r—11|2r—2
Eg || 1,2,2,3,2,1 1,4,5,7,8,11 12
E; ] 2,2,3,4,3,2,1 1,5,7,9,11,13,17 18
Es || 2,3,4,6,5,4,3,2 | 1,7,11,13,17,19, 23,29 30

Table 2.2: Kac labels, exponents and Coxeter number for the simply laced Lie algebras.

For the above g cases, the Weyl vectors are known in terms of the simple roots

r i '
pf:Z§(r—2+1)04i,
i=1
r—2

pr=> [ir G ;r 1)] ot T 1>(ar_1 +a,),

° 4
=1

p! = (8o + 1lay + 1503 + 21ay + 1505 + Sag,
1
pl = 5(34a1 + 490y + 6603 + 960y + THas + 520 + 27ar7),
pf = 461 + 68y + 91az + 13bay + 110a; + 84 + STy + 29as.

(2.56)

(2.57)

(2.58)
(2.59)
(2.60)

This allows us to calculate each sz from direct application of equation (2.53), giving

Es

D{:%(r—i+1), i=1,....r

r(r—1) G+
DZ,IZDf:T,Df:jr— 5 =1,...,7r—2
DI =8 DI =11, DI =15 DI =21, D/ =15, D{ =3,

49 75
D] =17, D;”:?, D} =33, D] =48, Dg”:?, D{ =26,
27
DI ==
7 27

D! =46, DJ =68, D] =91, D] =135, D! =110, D] = 84,

DI =57, D} =29.

(2.61)

Evidently all constants sz for all semisimple Lie algebras are positive, and hence a princi-

pal SO(3)-subalgebra may be obtained for each gy, as is obviously expected. Continuing,

for the over-extended algebras we therefore obtain
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AV o Do = —(r+1), D§=—(2r+3), Df:%(r—i+1)—(2r+3) (2.62)

N

DY . D° =2-2r, DS=3—4r, D?=2—3r D;?:(j_g)r_%

1

pe, = pp="r Y
4

E{Y . D%, =12, D§=-25 D?=—17, D3 =—89, DS =—110, D} = —154, (2.64)

D¢ = —185, DJ = —267,

+6, (2.63)

+ 3 — 4r,

99
EWY . D°,=-18, DS =-37, DY =57, D= —~» D§=-78, Dg=-100, (2.65)
147 A7
Dg - —T, Dg - —48, Dr? - —?,

EY :+ D°, =-30, DS = —61, D} =—15, DS = —359, DS = —580, D} = —658, (2.66)
D¢ = —927, DS = —1075, D2 = —1346, D2 = —1740,

withe=1,...,n,j =2,...,n — 2, noting that we begin to see negative values for D{ in

these extended sections of g_;. For the very-extended algebras, we similarly compute

3
AP DYy =2 DYy = —(r+1), Df = —5(r+2), (2.67)
r {
DY = (i Y-
=8+ L-0) -3
(2) v 3 v v 3 v 1
Dy D2:§—7"7 D, =2—2r, D0:§—3r, D1:§—2r, (2.68)
(g +1 1 3
pr=(—ep-2Ytl g szDrzr(rI )+§—3r,
11 39 23
E® . DY, = —5 Dly=-12, Dy= -7, Di =Dy = -7, Dy =28, (2.69)
v v v 75
17 57 65 105

D! = —66, DY = —48, D! = —31, DY = —15,

29 93 143

E® . DY, = —5 DYy =30, Dy =~ Di =47, Dy = ——~, (2.71)
245 165

withi=1,....,n,7=2,...,n—2.
From these expressions we find directly the maximal value of n for g_, with rank-
r to possess a principal SO(1,2)-subalgebra from the necessary and sufficient condition

D; < 0, Vi. For the exceptional Lie algebras we obtain

Eg : Npmax = 5, E7: npax = 6, Es: npax = 7. (2.72)
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For A, and D, the results are reported in figure 2.1. Comparing these exact values to
those resulting from the analysis of the necessary condition p? < 0 shows consistency, but
also that the latter values are more restrictive. In the next section, we shall examine the
even rarer set of examples in which we may find both a principal SO(3) and SO(1,2)-

subalgebra contained within an n-extended Lorentzian Kac-Moody algebra.

2.7 Direct Decomposition of n-Extended Lorentzian
Kac-Moody Algebras

As argued in section 2.5, when we find a g_,, such that one of its constants DZ(") = 0,
there is the possibility that we may simultaneously find a principal SO(3) and SO(1,2)-
subalgebra. This requires, however, that the D ) for g belonging to the two separate index
sets S7 and Sy are of definite sign. If no such separation of positive and negative index sets
exists then the algebra can not be decomposed further using the principal 3-dimensional
subalgebras.

To identify whether we have simultaneous decomposition into both principal SO(3)
and SO(1,2)-subalgebras or not for a given g_,, based on semisimple g;, we set our
solutions of equation (2.53) to zero and solve for values of n, 7, j. We can see that the only
meaningful solutions occur when n,7 € N and i < n, j < n, as anything outside these
bounds clearly can not exist on a Dynkin diagram for g_,,.

First looking at the extended sections of the Dynkin diagram, from equation (2.53)
we find that

n , 2h
D" =, for j =1+~ (2.73)

Due to the condition that j < n there are a finite number of solutions. We calculated all
the solutions for the A™ and D™ series to be

which we found using the Coxeter numbers we collected in table 2.2. For the g_,, extended

from the exceptional simply-laced g; we have

Eén) = Eéj_l)OLOAn_j fOI'( n,j ) ( 75)7( ) ( 3)7(247 2)7 (276)
EW = EYVVeLoA,; for (n,j)=(9,5),(12,4), (18,3),(36,2), (2.77)
Eé") _ ng DoLoA, _; for (n,j) = (10,7),(12,6), (15,5), (20, 4), (30, 3), (60, 2). (2.78)

We denote, L as the Lorentzian root corresponding to the node that needs to be deleted.

For the parts of the Dynkin diagrams corresponding to semisimple Lie algebras also
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the expressions for p/ need to be treated case-by-case. We find

n . 1 1 8(1
A D,()IO for z:r—'— :I:—\/rz—6r—4n—11—ﬂ7 (2.79)
2 2 n
—1 25 8(1—
D™ . D™ =0 for i="_ i\/ —9r—2n+z+u. (2.80)
n
For the over and very extended algebras the only solutions are
AD =16, =7,10; r=18,i=16,13; r=26,j = 5,22, 2.81)
A® . p=12i=6,7, r=13,i=5,9; r=18,j = 4,15, (2.82)

D
D

W =17,j=13; r=18,j=12; r=20,7=11; r =39, =09,
@ r=13,=10; r=14,7=9; r=25,j="71.
The exceptional E-series has no solutions on this section of the Dynkin diagram. The
remaining solutions are presented in tables 2.3 and 2.4 for the A and D series, respectively.
We note that not all of the results from tables 2.3 and 2.4 fall into the A™ and D™
n-extended series, so we introduce the notation Almm) labelling an A,-Dynkin diagram
with n roots successively attached to the m-th node in form of an A, -algebra. The special
case of the n-extended symmetric Dynkin diagram with n roots attached to the middle
node of A, we denote by AM.
Some of the A,(n”’m)—algebras are equivalent to the n-extended versions of the E-series.

We have AU"™% = 2 A = pI"=1 ang ALY

tries A&mm) _ Agn,r+1—m) _ Agjé—m,m) _ Aﬁ:;ifi)m

= Eénig). We also have the symme-

In the resulting decomposition we
also encounter algebras that decompose further by possessing Lorentzian roots on their
We mark them in bold in tables
2.3 and 2.4. The precise way in which they decompose is reported in following sections
in tables 2.6 and 2.7.

extended legs of the corresponding Dynkin diagrams.

Al =AY o 1206 4,

AW = AV o 126 Aq

A(li)) = Agll) oL?o A16

A= Ao

AY = AP o 1206 A,

A = AP 6 126 Ay

AT = Ao

AP = AW o 126 A4

Aégé) = Eél) o L?o A32

AW = AW o126 A,

AW =AW o 1206 Ay

Ag}?) = E((;Q) & L2 & A21

Agi) = E(S) oL?o A18

AY = AP o126 A,

AY = EW o120 Ay,

AD = A7 6 1206 A5

AT = Ao

Aéz) = E(6) oL?o A17

A%O) — “(710) o L2 o Ag Agio) _ E((is) o L% 0 A A _ ;1(111 o [2
A%z;) _ “214) o L2 0o As A§174) _ Eé12) o L2 o Ay A _ A(71 o Lo Agp
A§,286) _ Eé24) o [2 o Asy Agf?) _ A(1334) o I2 o Ay A _ A(I o L2 o Ag

Aé%4) = A (954) oL?o A16

Table 2.3: Decomposition of the n-extended algebras Ay
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DY =Bl oLeD, | DY =E"oLoD; | DY =E{oLoD,

DY) = EV o Lo Dy DY =EWoLoA, DY = EY o LoDs
DS = EM o Lo Dy DY) =AY oLoDs | DY) = Al o Lo Dy
DY = ALY o 12 DY =AY LoD, | DY =A%Y 0 LoD,

Dy =BPoLoDi; | DY = A" oLo AP | DY) = E{V o LoDy
DY = A" o Lo Dy DY =EPoLoDy | DY) =EYoLoDsg
DY =A%"oLoA? | DY) =40 oLoDs | DY =E" LoDy,
DY) = EY o Lo Dy DY) =EP oLoDy | DI = A0 12
DI =E9 LoDy | DY =A% 6LoD, | DY =A% o LoD,
DUV =EM o LoDy | DUY = ALY o LoDs | DL = E{™ o Lo Dy
Dé}f’) _ E§15) o Lo Dy, D%O) _ Agﬁﬁ) o Lo Dy Dgo) _ ng) oLoDis
DV =A% oLoAy | DR =EY” o LoDy | DY = A5;" o Lo Ds
DG =EP" o LoDy | DY) =AY, o LoDy | DUV = A%y o Lo D,
DY =B o LoDy | DI = AL o LoDg | DS = AL o Lo D,
Dégm) = 1‘1(115707) o L o Dy

Table 2.4: Decomposition of the n-extended algebras D,(nn).

2.7.1 Reduced System Versus n-Extended Versions

We would now like to know how to express quantities of the full n-extended lattice such
as roots, weights, Weyl vectors and determinants of the Cartan matrix in terms of those
same quantities obtained from the reduced lattices and vice versa. We again follow here
largely the reasoning presented in [25, 24], however, with the key difference that the node
to be removed from the full n-extended Dynkin diagram is not identified as the one that
decomposes the system into finite and affine diagrams, but rather the node ¢ for which
Dén) = 0. The former node might in fact not even exist for the cases considered here.
Moreover, these two types of nodes are always different. Our construction applies to all
n-extended lattices.

Keeping consistency with previous sections, we denote roots and weights related to
the full n-extended lattice as o; and \; fori € S = {—n,...,0,1,...,r}, respectively. We
denote roots and weights related to the reduced system as &;, \; for i € S = S\{¢} = S U

Ss. The root related to the node £ can then be expressed as
oy =2 — U, with v := — Zieé‘ Kuhi, (2.83)

where the vector x is defined by the orthogonality properties z - @; = x - v = 0. Conse-
quently, we have Ky = a? = 2 = v? + 22 and the fundamental weights can be expressed

as
T

Ao = A= A+ (u. )\) . (2.84)

o
IQ

We now sum up the fundamental weights to construct the Weyl vector then yields a
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relation between the Weyl vectors in the two respective systems

pzzie A_A,_;+Z (1+v-p) A (2.85)

Next, to relate the determinants of the Cartan matrices for the two systems we employ

Cauchy’s expansion theorem for bordered matrices, see for example [78], we have

det K = Ky det K — Z o Ka(ad] K)i; K0, (2.86)

where adj K denotes the adjugate matrix of K, i.e. the transpose of its cofactor matrix.
Recalling that (adj K);; = K'Z-;l det K, f(i;l = \; - A\j and Ky = 2, relation (2.86) can be
re-expressed as

det K = (2 — 1) det K. (2.87)

To illustrate the working of this formula and at the same time to check our expressions
from above for consistency, we present explicitly two examples from the tables 2.3 and
2.4.

2
(5) (5)
Example D{}) = E o Lo Dy: With v = APt 4 A% (AP1)* = 1, (A’fg ) — 4/5

2 = 9/5. Furthermore we calculate the determinants det K

we compute v P = —
17
—5, det Kp, = 4 and hence confirm formula (2.87).

det KEés) =

(1) (1)
Example DY = BV o Lo Dyg: With v = AP + M7 (AP9)* = 1, <)\E > — 0 we

= 1. We also calculate the determinants det KD@) = —§, det KE(1> = =2,
25 7

det Kp,, = 4 and hence confirming once more formula (2.87). We shall examine this

compute 12

example, along with its Dynkin diagram, in greater detail in the following subsection.

2.7.2 Decomposition of the Very-Extended D,;-Algebra aka kog

(2)

Continuing to examine the very-extended Ds;’ example above, we write down its Dynkin

diagram as:

Qg (i3 (g Q5 Qg Q7 iy Olg (X111 123N 4 (N 5 6 7N 8 (X1 9 (o (X1 (V22

(651
Qo5

D%—Dynkin diagram on the root lattice for Dys @ ITH @ TTH!
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Noting that the construction of this diagram, or equivalently the construction of the very-
extended Cartan matrix of a g_,, could have been carried out with alternative methods.
We however, stick to the construction methods based on the a; we have detailed in
section 2.4 with the corresponding root space is constructed as indicated in (2.28), to
retain consistency within this chapter. However, as we shall see shortly, this is not the
most convenient representation

The Dg? algebra in this example belongs to a special class of hyperbolic Kac-Moody
algebras studied by Gaberdiel, Olive and West in [24]. Tt possesses at least one node that
when removed leaves a set of disconnected Dynkin diagrams of finite type, with at most
one being of affine type. We may check this definition by removing the hollow node in
the above Dynkin diagram corresponding to the root labelled by ag, we are left with a
disconnected diagram of which one corresponds to the finite dimensional Djg-algebra and
the other to the affine Eéo)—algebra.

Here, we are especially interested in the construction of the reduced Dynkin diagram
from the decomposition corresponding to ES) o D1g. To see this decomposition more

clearly, instead of the representation (2.28), we may also represent the roots as

Bl Do =ag+ E’ 57, = Oy, 1= 2, ceey 18, (288)
Vi ot o= i=1 4, s =g, Y6 =y, Y=g, Yo = as — K, (2.89)
v 1 =—(k+k)—L yqo:=—(+10). (2.90)

Using the standard rules for the construction of Dynkin diagrams, we obtain the same

diagram as above:

E® & Dyig-Dynkin diagram on the root lattice for B\ @ IT! @ I @ Dyq

This construction of the Dynkin diagram differs from the previous in that we have
not used the standard representation for the over-extended and very-extended roots, but
rather we have linked the very-extended root v_, of ES) with a simple root (3; of the
semisimple Lie algebra Dis. Deleting ¢ now has the effect that the two links connecting
~v_o are severed so that this algebra decomposes into ES) @ I @ Dig. Thus y_o = —¢
has becomes a separate disconnected root of zero length v_5 - y_5 = 2 = 0. In addition,
we obtain two separate disconnected Dynkin diagrams for the over extended algebra Eél)

and the semisimple Lie algebra Dig:
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o
~ Y2 Y3 Y4 Yo V-1 Bi B2 Bs Ba Bs Bs Br Bs B BioBii iz Pizfrabis
1

Bis

Reduced Dynkin diagram illustrating the decomposition Dg? = Eél) o Lo Dig

Clearly we have that the root oy = a; for which D, = 0 is different from the root
ag that need to be chosen for the very extended root lattice to reduce to a g, and a gy
Kac-Moody algebra. However, a n-extended construction of simple roots may still be
found such that we may form the two decomposing algebras separately and extend and

combine them into the total algebra.

2.7.3 Double and Triple Decomposition

The previous section’s example illustrated in more detail how a choice of roots may be
found such that a given g_,, that contains a D, = 0 may decompose into two algebras
with one /. However, as we have already seen in tables 2.3 and 2.4, it is also possible
for n-extended algebras to decompose at two or three nodes, say ¢,/ and ¢”, for which
Dy = Dy = Dy = 0. In this subsection, we give an illustrative example of decomposing
g_, from table 2.3 and another from table 2.4, both of which decompose on the semisimple

and extended parts of their associated Dynkin diagrams.

Example A&O) = Eé?’) oLoAyoL?o Aig. The first example from table 2.3 gives the

triple decomposition:

Eés) oL?o Alg

/ N\
A{Y EP oLoAoL?o A

N /!
Agi) oLo Ay

which on the level of the Dynkin gives the following:
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a_10

O 0690 0 0 0 0 0 0 0 06 0 0 0 0o o o o o °
Q1 Qg 3 Qg Q5 Qg Q7 Qlg Qg (i1l 1 (213N 4N 5 6N 7N 8 (X1 gl (N1 (a2 (X3 (0ioy

Reduced Dynkin diagram of ASY = EY) o Lo A0 L2 o Aj

Example Dégl) =As30L0 EéG) o Lo Dgy. This example from table 2.4 decomposes as

Dééo) o Lo A
/ N\
DY As0 Lo E® o Lo Dy

N\ e
ES o Lo Dy

Further examples can be obtained from tables 2.3 and 2.4 for the algebras with bold

entries.

2.8 Roots, Weights, Weyl Vectors and Decomposi-
tion of the flq(nn’m-Algebras

Until this point we have mainly covered g_,, decomposition, but since the Afan’m)—algebras
occur naturally in the decomposition of the n-extended Lorentzian Kac-Moody algebras,
we shall now discuss them in more detail for completeness. The Dynkin diagrams asso-

ciated to A"™ are equivalent to those arising in the description of the so-called T}, 4 ,-

(rp+1) _
p+q+1 — TP#LT'

We would like to understand the simple root structure, and hence the basis for the

singularities [79], with the identification A

underlying root lattice, of the A"™™-algebras, to put them in the context of the n-extended

constructions of section 2.4. To do so, we represent the simple A&n’m)—roots in terms of

32



the r simple roots «; of the semisimple Lie algebra g; and the Lorentzian roots, with the
h root modified similarly as the affine root for the n-extended algebras o, — oy, + k.

Thus the r + n simple A"™ yoots are represented as

a = {O-/la-"7am—1aam+k1aam+17'-'7ar7a—1 =~k — 72?1,'«-7&—3‘ =kj_1—k; — l_ﬁj}y
(2.91)
with 7 =2,...,n. Using the orthogonality relation
AP G g,

(] J ’Lja

i j=—n,...,—11,...,m (2.92)

together with A™™ Z"”K 4 [A(Z;l = AP\ e can construct the n + 1
fundamental weights. We shall focus here on the case for which the extension is attached
onto the middle node Agéﬂi, so that m = h/2, and refer to them as A" We find in

this case the fundamental weights

Q 2n

(m)  _ \f N f -
A= N+ wh =4+ 1) min(i, h — 1) (/\ )\h/2> i=1,...,r, (2.93)
. 4n—j+1) :

() _ \m, 2T IT ) ( f ) =1 2.94
A AL +nh i+ 1) — Ao J RN (2.94)

where /\f are the fundamental weights of A, and )\(n AR .) are fundamental weights for
the n-extended Lorentzian Kac-Moody algebras as determlned above in equations (2.32),
(2.37). The Weyl vector results therefore to

(h2 +4n + 4) (n) ¥
}: AP = pm A 2Mh—®—8(% &Q. (2.95)

J==mn,j70

Next we calculate the expansion coefficients of the three-dimensional principal subalgebras

as
R . 4d+4dn+h*) N . .
DM~ h—i)+ =(h— =1,...,r, (2.96
R o —n— 1)[A2+45(1+n) +nh(l—j5)] .
pm — s s U= —1,...,n (297
—j 1% —j 27’L(h—4)—8 ) J ) y TV ( )
As before, and for the same reasons as for the n-extended algebras, when the 152( =0

for certain values of 7 the Aﬁ"’m)—algebra decomposes. Solving for the condition of ﬁ ")

vanishing, we find that

R , dn + 4+ h?) n(4n + 4 + h?)

P — o for iz ™ h— 2.98
i T T -4 -8 on(h—4) -8~ (2.98)

. h(h+n)

D™ = 0, for j= (2.99)

n(h—4) —4’

Thus the only meaningful solutions, i.e. those for which i, € N, i < r, to (2.98) give rise
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to the decompositions on the leg of the Dynkin diagram corresponding to the A,-diagram
as listed in table 2.5 below.

AP AW = AP o 126 A2 AY = AP o126 A2

ALY AY = AP 6 126 A2 A = AU o 126 A2
A AR = AW o 126 A2 AD = A o120 A2

A AP = A o 126 A2 AQD = A0 o 126 A2
AW = AV o 126 A2 AR = AVS o120 42 | AD) = AP o 26 A2,
A A
A A
A A
A A

~

=
N’

=B o042, | AY =B 620 A2,

O = EP o 120 A% ARV = APV o 126 A2,
& =EP o L0 A2 AR = B o 126 42
G~ B o 120 A2

(n)

Table 2.5: Decomposition of the algebras A, on the A,-leg of the Dynkin diagram.

Whereas on the extended part of the Dynkin diagram we have 57 € N, 7 < n, and find
that the solutions to equation (2.98) as listed in table 2.6:

$7> = 4(74) oL o Ay ASO) = AS” o Lo Ag
gﬁ) = Ag‘*) oLo A /1514) = 2152) oLoAn
§ Aﬁ o Lo As 141(1113) = /Al(lgl) o Lo A
5 =AfoLoA; | A = AfJ o Lo Ay
5 = AD o Lo Ay | ALY = AT o Lo Ay
ST Ao Lo, | A = AV o Lo A
21)9) — A%) <>L<>A16 Ai(%ll?)) _ A:(’i) <>L<>A9 i(%l ) _ Ai(%l) <>L<>A41
O A9 Lod, | A = A9 Lod, | A = AW Lo As,
4(1194) = AZ(:’;) < L & Ag Ar(7216 — Ar(;i) fod L Lo A22 A'(;;Q) = A,(719) O L (&3 A87
51131) = Aﬁ)l o Lo A Aglzi = A§27 oLo Ay A%%) = Aé?g oLoAys

(7 )—A(2)0L0A16
é Y — Aé)OLOAg;Q

§38) A§1) o Lo A36
53) Ag3)<>L<>A32
15
(

g = A(if,) oLo Ay
38) Ag; oLo A36

IJ>> D>> tr.\..> I:>> {]>> D>> :]>>

n)

Table 2.6: Decomposition of the algebras A£ on the extended leg of the Dynkin diagram.

To conclude our study of the decomposition of A,(n”’m)—algebras, we present the algebras
in general. We choose to not give their description of simple roots, weights and Weyl
vectors as we did for g_, in section 2.4, as we will not require these quantities in this

’m)

thesis. We instead list the decompositions for the A -algebras that appeared in table
2.4 for completeness of the description of the g_,, decomposition description. These are

listed in table 2.7 below:

AT = Ao Loa [ A8 = Ao Lok |45 =AW o Lo
ALY = AV o Lo As | ALY = ALY o Lo Ay | ALY = ALY o Lo Ay
A%E’) = Agl) o Lo A A%’S) = E§4) o Lo Ay /1 1 = (3) o Lo Agg

A = BN o Lo Ay | A = EQ o Lo Agy | Al 0 E( Vo Lo Ag
Aé%’g) = E§3) oLo Ay 121%07) = Esgz) o Lo Ay
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(n,m)

Table 2.7: Decomposition of the algebras Al that occur in table 2.4.

Any remaining A,(n"’m)—algebras that appear in table 2.4 and are not reported in table
2.7 do not decompose. Analogously to the examples discussed in the previous section, we

may also find double decompositions for the Alrm) -algebras. We give one example below:

Example D&Y = Ay;0 Lo EY o Lo Dy

Agﬁj) o Lo Ds
/ N\
DY Asso Lo BSY o Lo Ds

p /!
Dgi) oLo A23

as seen from table 2.4, 2.7 and (2.75).

2.9 Summary

In this chapter we defined a new class of Kac-Moody algebras referred to as the n-extended
Lorentzian algebras, g_,, and investigated their structural properties. To define g_,,, we
began through the motivation of finite Kac-Moody algebra, g; and studied their key
properties before extending them in a canonical way to an affine Kac-Moody algebra, g,.
This extension procedure was continued after arriving at g, and generalized beyond the
previously studied over-extended, g_; and very-extended g_, algebras [24], leading us to
a new definition consistent for g_,,.

For the corresponding Dynkin diagrams of g_, we constructed the root and weight
(n)

lattices, and provided general equations for all the n-extended simple roots, o, and
fundamental weights /\En). From /\En) we constructed g_,’s Weyl vector, p(™, for all values
of n, and from p(™-p(™ we found a generalized Freudenthal-de Vries strange formula, which
led us to a necessary condition for g_,, to possess a principal SO(1, 2)-subalgebra. From
the inner products of the Weyl vector p(™ and the fundamental weights, /\Z(n) we compute
the expansion coefficients Df’” for the Js-generator of the principal SO(1,2) or SO(3)
subalgebra. Certain properties of these SO(3) and SO(1, 2)-subalgebras will be revisited
in the following chapter, when we will be concerned with their Casimir eigenvalues in
relation to the exponents of the g_,, and other Lorentzian Kac-Moody algebras that we
come across.

When the Dg") constants of the Js;-generator vanish, we found that g_,, decomposed
into reduced Dynkin diagrams. For the reduced diagrams we analysed in detail whether
D; >0 or ﬁz < 0 for all 4, which constitutes a necessary and sufficient condition for the

existence of a principal SO(3)-subalgebra or a principal SO(1, 2)-subalgebra, respectively.
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We derived explicit formulae to find relevant quantities related to the decomposition of
g_, on both the side of the reduced components, and on the side of g_,, itself. Complete
lists are provided for all decompositions of n-extended Lorentzian Kac-Moody algebras
g_» and have been verified through explicit calculation to high n. A similarly detailed
analysis is presented for the Aﬁn)—algebras, but for A™™ #* A" we only report the
decomposition for the cases appearing in the decomposition of g_,,.

In addition to the role we discussed of g_,, in string theory, these n-extended algebras
and similar extended constructions utilizing the Lorentzian II0Y lattice are also relevant
within the context of classical and quantum integrable systems. Many of these integrable
systems, such as the Toda field theories, or the Calogero-Moser-Sutherland systems can be
described using the root systems and hence starting from the Dynkin diagrams considered
in this chapter. Toda field theories based on g_,, and other systems with Lorentzian IT(HY

lattices will be considered in the following chapter.
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Chapter 3
Lorentzian Toda Field Theories

Many versions of Toda field theories have been studied since the initial discovery of the
discrete theory non-linear lattice in the 1975 [42]. For instance, continuous Toda field
theories can be constructed as integrable conformal field theories, as we shall see in section
3.1.2 of this chapter. The conformal Toda field theories are based on the finite Kac-Moody
algebras, gy we introduced in chapter 2, with fields associated to the simple roots of gy.
These theories may be extended to non-conformal, massive-theories by expanding their
potential about a vector which turns out to be precisely that needed to extend gs to the
affine algebra g, - such theories are known as affine Toda field theories accordingly. The
Toda theories based on g, may be extended again by the introduction of two extra fields,
again introducing conformal behaviour to the so-called conformal affine Toda theories
[80, 81].

We find that this expansion procedure can be continued through following roughly
the n-extension procedure described in the previous chapter, allowing us to construct
Lorentzian Toda field theories based around g_,, algebras [51]. Analogously to the be-
haviour observed from finite, affine and conformal affine Toad theories, we note that the
Lorentzian theories we discover also follow the pattern of oscillating between conformal
and massive theories as we add subsequent fields that perturb the potential of these the-
ories in a well-defined and systematic manner. Unlike the theories bases on gy alone, and
the affine and conformal affine theories perturbed from g, we find that the theories based
on Lorentzian g_,, are non-integrable, as confirmed through conducting the Painlevé test.

Even though these theories are found to be non-integrable, we shall see that they
still possess interesting properties conserved from the integrable theories which they are
perturbed from. For example, the perturbed Eg theory that results in what we will
denote as the (E8> -Toda field theories, have an almost stable noncrystallographic Hy
compound, meaning? 21?hat the first four masses are almost identical in all such theories,
include the integrable affine (Eg) theory that we shall study in its own right. Before
presenting these results, we shall %OW motivate discrete and continuous classical Toda
theories, building upon these classical results to discover Lorentzian Toda field theories,

uncover the status of their integrability, and finally examine their mass ratios.

38



3.1 Toda Field Theories

Toda field theories are some of the best understood field theories in mathematical physics.
The integrability of their classical field theory on a discrete lattice has been known for
some time [42], and has encouraged much subsequent research into the continuous Toda
field theories that this section will mainly focus on. However, before moving onto the
continuous classical versions of the theory we will briefly look at the discretized versions
to give context to where many of the techniques used throughout the studies of Toda field

theories originated from.

3.1.1 Lattice Toda Field Theory

For the description in this subsection, we mainly follow the conventions in [60], writing
the Hamiltonians of Toda field theories for N particles on a lattice as

N p2

H = =L 4 et 3.1
(p,q) Z(2+6 ), (3.1)

7j=1
along with the lattice boundary condition that qyi1 = ¢1. ‘H and the boundary condition
are in terms of the coordinates and conjugate momenta (g¢;, p;). To illustrate the integra-
bility of this model, and also to aid with our discussion of the Painlevé test later in this

chapter in section 3.6, we note that it is possible to write (g;, p;) as terms of the variables

a;,b; as
11, o 1
aj = e, by = oo, (32)
for j € {1,--- ,N}. Allowing us to write the equations of motion for the Toda lattice as
@aj = aj(bj — bj+1), 8tbj = 2(&?_1 — ajz) (33)

This construction allows us to directly write down the Lax pair of the system

by a1 ... an 0 -a1 ... an
a1 by a0
L= , A= . (3.4)
bv-1 an-1 0  -an—
an ay-1 by -aN aN-—1 0
satisfying
oL =1[A L = AL - LA. (3.5)

Where 9;LF = [A, L*] for all k € Z, meaning that (3.5) implies T'r(L*) and may be found
as its first integrals, which can be shown to be independent and in involution. Hence,

showing that this discrete Toda theory is integrable. From this point, many more solutions

39



and behaviours of Lattice Toda can be found [82], that we shall not go into here.

More details of the integrability from Lax pairs can be found in [83]. In the next
subsection we examine the continuos Toda theory, which we shall also find to be integrable.
However, for continuous Toda we shall see that the integrability comes from the continuous

conformal symmetry that the theory admits.

3.1.2 Conformal Toda Field Theory

As we saw in the introduction and rewrite here for reference, the classical Lagrangian of

continuous Toda field theories may be taken to be

_1 g - Bai-¢
g—é ugb-@”d)—@;e s (36)

where we have r bosonic fields ¢* with a € {1,--- ,r} that match up to the r simple
roots of a rank-r finite Kac-Moody algebra, gy, see section 2.1, and where g and 3 are
constants. For this reason, we shall sometimes denote (3.6) as £;,. The equations of

motion from equation (3.6) are found to be

a9 - a Boi¢ _
0,0"p" + = ¥ aje =0 3.7

through using the Euler-Lagrange equation, 9, 6(6,2 = 92 again with a € {1,--- ,7}.!

3(0ud®) — B¢
We also shall write §,0" := 9% in the discourse below.

Other properties of this and related Lagrangians will be examined throughout this
chapter, but for now we would like to concentrate on the conformal properties. To do
so we follow the reasoning of [48], in our notation for the equations of motion in (3.7),

noting that each field ¢; are invariant under the transformation

1
B

where f* are written as arbitrary functions of ¢; and \;, as we saw in chapter 2, are the

b = o+ =NInfrfm, (3.8)

fundamental weights of the algebra with identity A; - o;; = d;; relative to the simple roots

of gy. This gives

1
B
for an infinitesimal transform of the type in equation (3.8). We may then find the Noether

Oppi = [HOudiZ N0 f", (3.9)

current to be expressed in terms of the conformally improved energy-momentum tensor

Jh =0 f,. (3.10)

We shall rewrite the form of this Lagrangian later in this chapter. Also, see chapter 4 and equation
(4.11) for alternate forms and uses of this Lagrangian.
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A necessary condition for this theory to be valid and conformal would be to see that
O, is conserved and traceless. Expressing ©*” in terms of the non-conformally improved

energy-momentum tensor, 7}, we find that

T = 04Dt — gL

’ (3.11)
O =T" = " 7(0,0y — g0 s,
where ~; are arbitrary constants. A direct calculation shows that
M = 0"0,, =0, (3.12)

as expected. We may choose v; = %)\i, leaving the trace of the conformally improved

energy-momentum tensor as

2 N
o, = Z (6_2]66% ? 1 7,0%¢;) =0, (3.13)

where the last equality can be seen by substituting in equation (3.7), and hence illustrating

i

the conformal invariance of the classical Toda field theory described by equation (3.6)
based on a finite Kac-Moody algebra g;. A similar calculation may be undertaken to
show the conformal invariance of a quantum Toda field theory based on gs, however as
our focus shall be on the classical theories for the remainder of this chapter we only refer
the interested reader to [48] for a continuation of this discussion.

The above calculations will become useful in analysing the behaviour of the Lorentzian
Toda field theories that we uncover in section 3.5 and beyond. There we shall see conformal
behaviour at certain levels of perturbation in Lorentzian Toda field theories. However, at
other levels of perturbation in Lorentzian Toda’s we do not see conformal behaviour, and
we in fact will find these theories to be massive - this is similar to the behaviour that we

shall see in the following subsection on Affine Toda field theories.

3.2 Affine Toda Field Theories

Just as we saw a natural connection of finite Kac-Moody algebras, gy to affine Kac-Moody
algebras g, in chapter 2, here we find there is a direct connection of conformal Toda field
theories based on gy to another Toda field theory based on the g, extended from gy.
For this reason, such theories are named affine Toda field theories. The most striking
difference between gy and g, classical Toda theories is that the conformal invariance we
found in the previous subsection vanishes, and as we shall see in the proceeding subsection,
the theory becomes massive. We discuss the perturbation of finite to affine theories here in

detail, as the results will become increasingly important through analogy to the Lorentzian
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Toda theories we introduce in section 3.5 and beyond.

3.2.1 Conformal to Affine Toda Field Theory

Starting from the Lagrangian (3.6)%, associated to rank-r g; with simple roots «;, we also
have r associated real scalar fields ®; for i € {1,--- ,r}. We may rewrite our conformal
equations of motion from equation (3.7) through using the connection of o to their Cartan

matrix, K as «; - o; = Kjj;, and identify ®; = «; - ¢, resulting in

¥R
0,0"D; + % 3 Kt = (3.14)
i=1

after acting on both sides of (3.7) with a; from the left. As K;; will always be invertible
for any gy we choose, we can see that the minimum of the potential of %, occurs as
eP® — o for each a; and hence ®,. This is in line with the conformal behaviour we
proved in equation (3.13) for .Z;,. For completeness, we note that from equation (3.8) we
learnt we may apply a conformal transformation to the fields which was invariant on the
equations of motion, using this shift in the fields with f*f~ = In O% connects equation
(3.14) to (3.7) for simply laced algebras.

We would now like to perturb the conformal theory, 75,
e#® — oo behaviour of the potential to a location of finite value. Following [84], this is

with the aim of moving the
achieved through choosing the shift in the perturbed potential to be

€9 Bo.

SV (p) = ﬁeﬁ 09 (3.15)
where the perturbation parameter, €, taken in the limit e — 0, and where g is the affine
root that we obtained from extending the Dynkin diagram of g; via the definition of the

highest root in equation (2.12). Naming the new minimum of the potential (%), we have

T
Zaieﬁo‘“b(o) = —eqgefo?”, (3.16)
i=1

at the minimum of the perturbed potential, where we find the new potential V,, through
the equations 0Vy, /09,0 = 0, a = 1,...,r. Again using A; - a; = §;; and acting on
(3.16) from the left with \; we find

65061(1)(0) — _8)\Z . aoeﬂao'd)w), Z e {17 P ,T}. (317)

Using this identity, we expand V,, around the minima of the vacuum at #© with ¢,

resulting in

2The Lagrangian may take other forms, see [80], but the one we use here is most concise for our
framework of simple roots that we developed in chapter 2.
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5 9 Bag-6©® 00 d -
i=1
and through making the identification that m? = 5geﬂa°'¢(0>, no = 1 and n; for i € {1,,r}
the Kac labels of g¢, we find

9 T N
Voo (0 + ¢) = % > ngeli, (3.19)
=0

For this perturbed theory, we write the Lagrangian as

_ 1 g - B¢
Ly = 50u0 0" — i ;e . (3.20)

Using equation (3.19), the expansion of potential for .7, is

m . m2 : a a Bm2 - a c a c
Voo = 3 2t 5 ) miafaid’d + == ) mafalafgtlet - (321)
i=1 =1 i=1

From this potential, we may read off the mass matrix, (M?2)% from the squared powers
of ¢ as

(M?)® = m? Z niatal¢® P, (3.22)
i=1

three point and higher couplings clearly may also be read off from V/,,.

A particularly interesting result was proven in [61] regarding the relation of this mass
spectrum and couplings to a certain eigenvector, known as the Perron-Frobenius vector,
of the Cartan matrix, K. This result was particularly interesting as it explained the fact
that the mass ratios of the theory are independent of the symmetry breaking and are even
preserved in the quantum theory for both the continuous [84, 54], and the discrete theory
[85]. A result which we expand upon and apply to hyperbolic and Lorentzian algebras in
Appendix A.

This perturbation procedure has taken us from a conformal field theory to a massive
one, and importantly for the .2, — £, , we do not lose integrability. The integrability
of %, is seen most strikingly through the ability to write down exact S-matrices of the
theory, such an exposition is given in detail for all g, within [84, 55].

In the following section, we shall see that £, may be modified again to regain the
conformal symmetry through adding certain extra fields to the theory. This analogy of
going from conformal to massive, to conformal theory through the subsequent addition
of extra fields will be a theme of this chapter, and will motivate the behaviour we see for

Lorentzian Toda field theories later.
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3.3 Conformal Affine Toda Field Theories

Modifying the Lagrangian of conformal affine Toda theory from the form used in [80, 81]

to align with our notational conventions in this chapter, gives us

g - ;P
Lo = 0,00 D+ LY el 3.23
b = O 3 Z:; (3.23)

which resembles that of %, based on g,, in (3.20), with the use of lightcone coordinates
that we shall name (u,v) to distinguish from the spacetime coordinates (z,t), where
utF=u+vand 9y = %(au + 0,). However, this equation differs from .Z;, as we take the
theories fields, ® as

O = ¢H + (C + T (3.24)

where the two fields 7 and ¢ are added in addition to the r +1 ¢ fields from the .Z,
theory. H,C, D are the generator of the affine Cartan subalgebra of g,, and T3 = H +hD
for simply laced algebras [71]. To see the integrability of ., we may write down the

zero-curvature condition for the associated linear system as

8+A_ — 8+A_ + [A+, A_] — O, (325)
with

A, =0, +e" e, A= -0 0+ e 9_
5+:ZE04“ 5—:ZFO¢N
i=0 =0

where E,,, F,,, are the raising and lowering step operators for g,, respectively. The ability

(3.26)

to find this zero-curvature condition in equation (3.25) illustrates the integrability of
conformal affine Toda field theory, with more details and derivation of these calculations
available within [49, 50].

To better understand the conformal invariance of %

Jca?

following [86] and references
within, we rewrite equation (3.23) in component form as
B2

= 5. pBPi
Zp =5 (000 06 + 0,0 0 + WOy 9C) - ; Gie?H (3.27)

where h is the Coxeter number of g, introduced in section 2.3.3, and the coupling constants
g; and B are distinct to the coupling constants in %}, and equation (3.23). We have also
absorbed in the identification used in the previous section that ®; = «; - ¢ associated to

the affine Cartan matrix K;; = 2050,

of g,. The corresponding equations of motion may
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be written as

0,0_¢ = %(i GiateP e e {0, 1), (3.28)
0.0-n = 0, - (3.29)
0,0_-¢C = ioe’ﬁ&’ieg", (3.30)
B
where we have assumed that (ap)? = 2 when calculating 9, 8‘/9(‘;3) = gﬁ. These equations

of motion are invariant under the conformal transformations

e )y om0 (@0) — ot (uv) (3.31)
_ df zeR df zeR
—((uw) —((a0) — (2L 2 —((u) 3.32
e — e < du) ( T e (3.32)
_ e df df -
n(u,v) n(ap) _ [ 21 2 n(u,v)
e — e (du) (dv) (3.33)

for fi, f» analytic functions, showing that e? transform as scalars, and for x = 0 e¢
transforms in the same manner. The equations of motion, along with the potential of

2. are also invariant under the field transformation

db—=o+xp, n—=n—x, (—=C+cyx (3.34)

for a transform by the arbitrary function y, with 0,0_x = 0, ¢ an arbitrary constant,
and p is the Weyl vector, as defined in section 2.3.3. To confirm that %, is indeed
a conformal theory we first calculate the non-conformally improved energy-momentum

tensor for simply laced algebras with normalized root systems of a? = 2 as

9 T
ﬁ Z Kz] |: u¢z I/¢] g,ul/ M¢Za ¢J

z]O

oy T
2
— (v

’:0 ' (3.35)

+ 3 [ ,n0,C + 0,n0,¢ — 94, 0,md"(]

+ G Z gieﬂtﬁﬁn
=0

allowing us to write the full conformally improved energy-momentum tensor of [49, 86]

for our cases as

O = 0,, — B (9,0, — 9,u0°) (Z bi + hg) (3.36)

which has a vanishing trace, and hence is the energy-momentum tensor of a conformal

theory.
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;.. is thus a conformal theory that is also an integrable theory. It was obtained from
the massive, non-conformal, affine ., theory through the addition of two extra fields n
and ¢. Recalling the previous sections, .Z;, was in turn obtained from the extension of
another conformal theory with one less field, .7,
We have therefore seen the pattern that the extensions procedures of Kac-Moody algebras,

based on a finite Kac-Moody algebra g;.

and the inclusion of additional fields in terms of the associated Toda field theories, allowed
us to alternate between conformal and massive models. This can be summarized by the

schematic below for the Lagrangians of the Toda field theories:

CFT bo Massive e CFT
o%f o%a : o%gca,

We shall see a continuation of this pattern when we extend the base algebra of the Toda
field theory past g,. This will be achieved through use of the n-extended Lorentzian Kac-
Moody algebra construction of chapter 2 to construct new field theories, which we name
Lorentzian Toda field theories, through carefully chosen perturbations from additional
fields associated to simple roots of those extended algebras. Before seeing this, in the
next section we shall briefly go over a more compact form for our simple roots in terms
of matrices, allowing us to construct the Lorentzian Toda field theories in a more concise

notation.

3.4 Lorentzian Matrix Products

In this section, before constructing our Lorentzian Toda field theories we rewrite the n-
extended root formation of section 2.4 in terms of matrices to aid within the formulation
of Lagrangians, energy-momentum tensors and the integrable status of these theories later
in this chapter. Using the Lorentzian inner product from equation (2.14) for a 1-extended

root lattice for a g_; in accordance with equation (2.27), in component form we have

l m
voy=> ays— > (Treap1Yecas + Terasleszp1) (3.37)
B=1 B=1
for vectors z = (x1, ..., Tprom) and y = (y1, ..., Yer2m). Then this inner-product definition

can be extended naturally to matrix multiplication for a general N x (£ 4+ 2m)-matrix A
and another, (¢ + 2m) x N-matrix B, as

l m
(AB),; := ZAiBBBj - Z [Aser25-1)Bies2); + Aier28)Blesas—1y;] » 1,5 =1,...,N.
B=1 B=1
(3.38)
[lustrating the 1-extended further, we take N = r+n+1 to define a (r+n+1) x (¢ 4+ 2m)-

1 £4+2m

matrix M with rows comprised of r+n+1 root vectors a; = (o}, ..., a;™™)T of dimension
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(+2m,ie. Mg := a?. The inverse of such a matrix, M;g may be found when r+n+1 <
¢+ 2m, such that a right inverse can be constructed. To construct this right inverse we
utilize the fundamental weights, \;, of section 2.3.3 and define the matrix A to be composed
of )\f running along the columns of A for g € {1,---,¢ 4 2m} being the components of

each \;. Hence, for the components of A we have Ag; := /\f . Or more precisely, with
M=ol  Ag=X, di=1..r+n+18=1,..1 (3.39)

we obtain

(.Z\JA)ZJ = Q; - >\j :5ij = )\z CQ = (ATMT)

v

(3.40)

Using A, AT and M, MT we may write a symmetric Cartan matrix, K and its inverse,
K= as

(MM7T). =oa;-0; =K, and (AAT), =X -\ =K' (3.41)

) )

As outlined in section 2.1, a general Cartan matrix is defined as 2¢; - «;/ Oéjz, but may be
simplified to «; - o; when taking the length of the roots to be 2 for symmetric K, as we did
within our discussions of conformal affine Toad theory in the equations of the previous
section. Here however, we shall encounter roots of length zero in the sense that «;-a; = 0,
so we will find it necessary to adopt the symmetric K convention.

In chapter 2 we recall that the constants D; arose when examining the three-dimensional
principal subalgebras SO(3) and SO(1,2) of g_,, and were especially important in re-
lation to finding their possible decomposition according to their respective SO(3) and
SO(1,2) subalgebras [25]. In this chapter, we shall again use equation (2.52) to define
the D; constants into a diagonal matrix D := diag(D,,...,D_,), which we shall use to
define the Painlevé matriz as

P :=2DK, (3.42)

also formed with the matrix inner product defined by equation (3.38), to help probe the
integrability of the Lorentzian Toda field theories we start to uncover in the next section.
Moreover, for the remainder of this chapter, all matrix products will be taken to satisfy

equation (3.38) unless otherwise specified.

3.5 Perturbed %_I—Lorentzian Toda Field Theory

We are now in the position where we can start to form Toda field theories from the n-
extended Kac-Moody algebra construction. Illustrating with the most simple case of a
1-extended algebra, g_;, we start with the associated root lattice A;_, defined in equation
(2.17), with affine root g = k — 6 defined via the highest root of the system, 6, and where
k is that of equation (2.15). The 1-extended root is also still defined as a_; = —(k + k).

Extending the schematic in section 3.3 for the Lagrangians of the perturbed theories
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beyond affine we have

CFT o Massive ¢_, CFT by Massive
<z — Z Z —  Z (3.43)
f 9a 9-1 9-2

where all the perturbed fields are associated to the extra highest root in the given La-
grangian, through the association «; - ¢ = ®; that we have seen before. Up to £, , the
pattern in (3.43) is akin to that of the previous chapters from finite, to affine to conformal
affine, whereas the extra perturbation to %,  was not observed until [25]. We note at this
stage that g_» is slightly different to g_, of chapter 2, this difference will be elaborated on
later in this section, but we shall first focus on £, before perturbing it again to reach

this new theory.

3.5.1 £ Conformal Toda Field Theory

Referring to equations (3.6) and (3.20), we write the Lagrangian for £,  as

1
Ly = 50u0 0" — Z ehoie, (3.44)

1=—1

its classical equations of motion can be written as

o + Zaaeﬂw—o a=1,...,0+2, (3.45)

1=—1

obtained from applying the Euler-Lagrange equation, 0, [0.2/0(0,¢%)] = 0Z/¢". In
terms of the affine Toda field theories potential, V , the potential of this theory may
be obtained through the perturbation, akin that of section 3.2.1 that took us from finite
conformal Toda to the affine theory, as V, =V, +0V, , where 0V corresponds to the
term in the sum related to a_;.

We require that the additional term in the potential, 6V, , does not spoil the vacuum
which V_~ possesses, which can be expanded around. This can be viewed on one level
as the fields vanishing for «; - ¢ — —oo, but may also be seen through examining the
trace of the energy-momentum tensor as we have done in the previous subsections within
this chapter. To examine the energy-momentum tensor of £, ~we deform the fields as
®; == a; - ¢ — B In(20; %) to write the Lagrangian, similar to how we did in equation
(3.14), as

mliy t Z Kjief® = (3.46)
i=—1

with symmetric K;;. Defining ¢, for i € {—1,0,1,,7} as ®; = (My); where we use M as
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defined in equation (3.39), we rewrite the equations of motion in a new form as

r

Oga + 2 S (M7) PMo: =, (3.47)
62
i=—1

a

Following the methods to obtain the trace of the energy-momentum tensor, ©% used in

sections 3.1.2 and 3.3, we obtain

! 2
i=—1

Hence, as long as we can find an inverse matrix, M !, we can form v, = 27'Y, Migl,
meaning the trace of the conformally improved energy-momentum tensor vanishes and
the theory is shown to be conformal. This means that in the expansion of the potential,
as done in equation (3.21) for the affine theory, the corresponding mass matrix would
not be invertible, explaining on another level why massive particles would not be found

within this theory.

3.5.2 £ Massive Toda Field Theory
-2

We have found that D%_l is a conformal theory that may be studied in its own right,
however the remainder of this chapter we focus on the massive theory that results from
an additional perturbation from it, that we name %, . This new theory is obtained

2

through perturbing V, = so that

V. (¢)=V, () +V, (¢)=V, (9)+ E%eﬁo“”’. (3.49)

The vacuum ¢ for the new potential V, , computed from the equations 9V, Jrelon o=
- - ¢

0,a=1,...,r+ 2, leads to the constraint

.
Z aieﬂo‘“’bm) = —sa_geﬁo“?‘z’(o). (3.50)

i=—1

Multiplying with the fundamental weights )\; and using the orthogonality relation a;-\; =
0;; yields the relations

Pt — o) ayefr?” = 101, (3.51)
Expanding now the potential V, (¢) around the vacuum we obtain with (3.51)

T 2 T
7 9 Bo_z-¢© o_o-d Z 0i-d m ~ Baid
V§72 (¢(0) + ¢) = 5@66 2'¢ 6’3 29 _ )\z . 04—266 ¢l = E E TLZ‘GB ¢, (352)
i=—2

i=—1
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where m? = 59650*2'¢(0), iy =1and f; = —\; - @_y. We now make the choice a_y = k,
so that with the realizations of the fundamental weights for g_; as in [24, 25], and in

accordance with the choices that we made in chapter 2
Ni=MN4+n), N=k—k Ai=—k withi=1,...,r (3.53)

and \; denoting the fundamental weights of g, we compute n_; =1, ng =1 and n; = n;
the Kac labels as before. Here we make the distinction between g 5 and the regular
n-extended Lorentzian Kac-Moody algebras, g_,, defined in chapter 2. We have a_, €
Ay, @ IT1'! connecting in an almost identical way as the root k — (€ + Z) to all the other
simple roots with a5 - a1 = —1, a_s - = 0,7 =1,...,r. However, this root also
connects to the affine root a_5 - ap = 1, has length zero, i.e. a?, =0 # 2, and is defined
in a smaller representation space than the standard a_, root. Hence, Ay , can not be
viewed as a lattice related to a Kac-Moody algebra, and we refer to it therefore as a root
lattice to an almost over extended algebra.

To obtain the mass matrix of the ,,5,”6_2 theory, we expand equation (3.52) about zero
and obtain

2

7;2(” o+ n_ 1—|—ng—|—z :522(2+h) (3.54)

as constant term in the potential, with h being the Coxeter number of g;. The choice of

«_o has the property
Zf__Q nia; =0, (3.55)

which is crucial to ensure the linear terms within the expansion of the potential to vanish.

The resulting mass matrix must be square and is obtained to be

alal ... alal —alait? —alal™!
2 2 .
M =m E n; alal ... afal —afai™? —ataltt |, (3.56)
—
v Oéll a:+2 —a] ar+2 Oé;“+20/i"+2 Oé;jJrla;”JrQ
1 1 1 r+2 1 r+1
—atal™ o —afalt aftalt? el

in analogy to the affine Toda theories in equation (3.22). For physical results, equation
(3.56) must yield real and positive eigenvalues, which shall be examined for concrete exam-
ples in section 3.7. Before looking at specific examples of Lorentzian Toda field theories,
in the next section we shall establish a framework to allow insight to the integrability of

these models.

3.6 Painlevé Integrability Test

We have already come across several techniques to establish the integrability of field

theories. In section 3.3 we used the zero curvature condition to show the integrability of
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conformal affine Todas, and in section 3.1.1 we used a Lax pair to prove the integrability
of the discrete Toda theory on a lattice. Here we shall use a different technique to
determine the integrability status of the Lorentzian Todas outlined in the previous section,
a technique known as the Painlevé test [87, 88, 89, 90]. In chapter 4 we will go into much
greater detail regarding the concept of Painlevé integrability, so here we only emphasize
the most salient feature: that it provides a necessary but not sufficient condition for the
theory being tested to be integrable. In other words, passing the test does not prove
integrability, but failing the test shows the theory is certainly not integrable. However,
no counter examples are known.

To conduct the Painlevé test on a subset of perturbed .7  , we largely follow and

generalize the reasoning of [21, 60] to determine whether these theories can be integrable or
not. We start by transforming the equations of motion in (3.47) into light-cone coordinates
so that [J = 0_0,. Denoting J_ by an overdot and d, by an overdash, e.g. 0_¢ =: » and
0+ =: ¢. For further convenience we set g = f = 1. We write down the second order
equation of motion into two separated first order equations, which can be achieved by
introduce two quantities, this can be thought of as being akin, but not equal, to canonical

variables, as
P, = &,, Q; = eM#)i, a=1,....042mi=1,...,r+n+1. (3.57)

Differentiating these quantities with respect to each light-cone coordinate we obtain

T

Po=0ga=-> (M"), Qi  Qi=Q;(MP),. (3.58)
We now expand P, and ();, making the standard assumption that both quantities possess
no movable critical singularities in some field ¢(x_,z,) — 0, whose leading order is

determined by some positive integers n,,n, > 0

Qi=Y al¢r e P= pWgEm (3.59)
k=0 k=0
naming this procedure a Painlevé expansion. Differentiating these Painlevé expansions,
we obtain
Qi =Y (k—nga"¢" s Py = (k—n,)bP o1, (3.60)
k=0 k=0

Substituting next the expansions (3.59) and (3.60) into (3.58) and balancing the powers

51



we obtain

(k—n)db) = =" (M) al, (3.61)
. k:_

(k—ngdal™ = 3"l (ap™). (3.62)
m=0

with n, = n, + 1. At this point we have to distinguish between two cases i) when the
Cartan matrix is invertible, i.e. when we have a massive Toda theory and ii) when it is
not, as will always be with a conformal Toda theory. We shall tackle the former case first

in the following subsection.

3.6.1 Invertible Cartan matrix

For k = 0 we can solve the equations (3.61) and (3.62) for the leading order coefficient

functions when the Cartan matrix is invertible

CLEO) - _npnqg'béDia bg)) - _nqé Z (MT)ai Di’ (363)

i=—n

where the D; are the constants we have seen several times before, as defined in equations
(2.42), (2.52) and (2.53).

Next, we factor out the terms in the sum for m = 0 and m = k from equation (3.62).
Using also (Mb©). = —ngo, we re-write (3.61) and (3.62) as

%

k—1

koal + nyngddD; (MB®) = " o™ (Mp) | (3.64)
m=1

Z (MT)ai az(k) + (k= np)(ébgk) = 0. (3.65)

i=—n

These equations, (3.64) and (3.65), can be converted into matrix form

TR X — y k), (3.66)

when defining the N + M = (r +n + 1) + (¢ + 2m) dimensional column vectors

X0 2 (@ ® B L T (3.67)
k—1

VO = SO (), (), 0, 0, (369
m=1

together with the (M + N) x (M + N)-matrix
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k k

py [ AV Birew 360

I S O ORI (3.69)
NxM NxN

The block matrices in 1" have entries

Az(f) = kody;, Bfﬁ) = nypngdoD; Mia, ng) = (MT)M, Egz; = (k —1n,)d0as. (3.70)
In this current formulation of the Painlevé integrability test, equation (3.66) is the most
pertinent equation. It is a recursive equation that may in principle be solved iteratively
at each level k for the coefficient functions contained in X* as long as the matrix 7%
is invertible. Whenever this is not the case one a free parameter is introduced, otherwise
known as a resonance in the Painlevé integrability test parlance, into the set of equations.
When there are enough resonances in the system as boundary conditions or integration
constants, the system is passing the test and is said to be integrable. We go into more
detail regarding resonances and their role and importance for finding integrability of a
given theory in chapter 4.

As equation (3.66) is central in discovering the integrability of our models, let us

therefore compute the determinant of 7). Using the identity

det A B = det A B det ! 0 = det(A — BE7'C) det(E),
C E C E —E7'C 1

(3.71)

we obtain
det T®) = (k — n,)" ¢ "¢ det [k(k — ny)I — ny(n, + 1)DK] . (3.72)

Apart from the pre-factor that we have included for generality, for n = n, = 1, this
reduces to the expression previously obtained in [21] for the subclass of hyperbolic Kac-
Moody algebras. Taking now n, = 1, the matrix in the determinant becomes the Painlevé
matriz and the last factor in (3.72) can be read as the characteristic equation for the
matrix P = 2DK with eigenvalues k(k — 1). Thus we have found that also for the £,
Lorentzian Toda theories the integrability test can be reduced to an eigenvalue problem
for P.

Before considering the case of a non-invertible Cartan matrix we shall briefly look into
the connection of the Painlevé matrix to the factors appearing in the adjoint action of

the three-dimensional principal subalgebras that we first encountered in section 2.5.

3.6.2 Connection to Casimir Eigenvalues of the Principal SO(1,2)-
Subalgebra

For hyperbolic algebras, Nicolai and Olive noticed in [73] that this matrix also emerges

from the adjoint action of the principal subalgebra, SO(1,2) that we considered in sec-
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tion 2.5. Earlier, we saw the principal SO(3) and SO(1,2)-subalgebras in relation to
their expansion coefficients DZ(”) for the Js-generator of the principal SO(1,2) or SO(3)
(n)

subalgebra, whereas here the D, contribute as the Casimir operator

Q= JoJs— JoJ — J_J,

(3.73)
= Ty (Js— 1) = 20 = Jy (J5+ 1) — 2J_J,,

on the Cartan subalgebra for these three-dimensional principal subalgebras, and that in
fact the eigenvalues are identical to the Casimir eigenvalues, and where J,, .J_ are defined
as in section 2.5. Following [73], this may be seen through first constructing the adjoint
action on Q as

ado(z) := [Js, [Js, a]] = [J4, [J-, 2] = [J-, [T+, 2] (3.74)

for x € g_,,. We may always perform an expansion on the elements of the Cartan subalge-
bra b of g_,, through the linear combination j Cihj, where ¢; are expansion coefficients

and h; € b, where substituting this into the above gives

adQ <Z thj> = -2 [J_, [J+’chhj]] = QZCiDjKijhj- (375)
Y]

J J

Now setting ¢; = D; and using the identity Zj K;;D; = —1 for all 7, we obtain

adg (J5) = =2 DiK;D;hj =~ PyD;hj = +2Js. (3.76)
%,] ©,]

[lustrating the importance of P both in the algebraic structure of g_, as well as the
context of the Painlevé test. We have constructed here the SO(1,2) algebra case, but we
note that in generalised cases a principal SO(1,2)-subalgebra does not always exist, as
we explicitly argued for in chapter 2 for many cases, so that it needs to be replaced in

part by a principal SO(3)-subalgebra.

3.6.3 Non-Invertible Cartan Matrix

When the Cartan matrix is not invertible we can not derive (3.63) from the equations
(3.61) and (3.62). As a specific theory that involves a non-invertible Cartan matrix let
us now consider the affine Toda theory .Z, -theory, that we are now familiar with. We
know from section 3.3 that conformal affine Toda theories are integrable, Lax pairs have
been found for non-conformal classical affine Toda field theories [91], and, as mentioned
previously, for the quantum affine cases exact S- matrices have been found to factorise
into two particle S-matrices - all as a consequence of the integrability of these affine Toda
field theories [84]. However, let us also see how the Painlevé test can be implemented,
since the same line of argumentation can then also be applied to some extended theories

we consider below. Using the fact that K;; = f(ij fori,5 =1,...,r with K denoting the

o4



invertible Cartan matrix of gy in this specific line of argument, we can split off the last

row and the last column from K. Then it is easily seen that (3.63) is replaced by

CLEO) - _npnqg.bébi + niag))a b((:yO) - _nngz (MT)ai Di’ (377)

i=1
where D; := Z;Zl K y ! and the n; denote the Kac labels as defined after equation (2.12).
Following now the same steps as in the previous subsection we derive the matrix 7" with

block matrices

A =k, B = nyngddDiMa—nidMiaay” . CL) = (M"),;. BS = (k=n;)dus,

(3.78)
where we defined Dy := 0. Taking now a(()o) = 0, we notice that the only non-vanishing
entry in the O-row of T®) is Tég ) = A(()]f)) — k¢. We can then expand det T™®) with respect

to the first row and derive

det T® = k(k — n,)™ ¢ +2¢? det [k(lc — ) e — iy + 1)DK] , (3.79)

with D, K belonging to g. Thus we have reduced the Painlevé test for the <, -theory to
an eigenvalue problem for the matrix n,(n, + 1)[)[% associated to gy .

Thus we conclude that the integrability properties of the .;Z;f -theory are inherited by
the .Z, -theory, that is when %f is (non)integrable so is .Z, .

For simplicity we derived here the eigenvalue equation (3.72) for symmetric Cartan
matrices. We may repeat the same line of argumentation by replacing in M7 roots by
coroots, a; — &; = 2a;/a? when o? # 0. Then it is easily seen that (3.72) generalizes to
the nonsymmetric case for which the Cartan matrix is defined as K;; = 2 - o/ a? when
oF # 0 and remains K;; = a; - o when of = 0.

J

3.6.4 Characteristic Equation of P

We will now continue to present the results of [51], and keep n, = 1 to analyse the

characteristic equation for the Painlevé matrix P as defined in (3.42)
det [k(k— 1) — P] =0, (3.80)

in some more detail. As argued in the previous subsection, for any version of the
Lorentzian Toda field theories to be integrable the eigenvalues of the Painlevé matrix
must be integer valued and factorize as k(k — 1) with & € N. In particular, this means
when the eigenvalues are negative, the theory is not integrable. These cases can be iden-
tified easily. We need to argue differently depending on whether the matrix D is positive
or negative definite, semi-definite or indefinite.

Denoting by indA = e, — e, the index of the matriz A, defined as the difference
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between the positive and negative eigenvalues of A, e, and e, respectively, we have the
relation

ind(£2DK) = ind(K), (3.81)

where the +sign holds for D positive definite and the —sign for D negative definite.

To prove this relation we first note that the matrix v/£DK+/£D has the same eigen-
values as +=DK. Here /£D is the positive square root with the sign depending on
whether D is positive or negative definite. Next we invoke Sylvester’s theorem, see e.g.
Theorem 12.3 in [92], which states that two symmetric square matrices A and B that
are congruent to each other, i.e. A = QBQT for some nonsingular matrix @, have the
same index. Applied to the above this means that ind(v£DK+/£D) = ind(K), since
VED' = VED. Therefore with ind(vE=DK+/%£D) = ind(+DK) we obtain (3.81).

When D is semi-definite we can define a reduced D-matrix as D by setting the positive
or negative entries to zero and use a reduced version of (3.81) as ind(+2DK) = ind(K).

Since a necessary condition for passing the Painlevé test is that all eigenvalues of 2D K
are positive, i.e. ind(2DK) = ¢ with ¢ denoting the rank of K, the relation (3.81) implies
that ind(£K) = ¢. This means only Lorentzian Toda field theories based on positive or
negative definite Cartan matrix can pass the Painlevé test. In turn this means that those
theories built from non-definite Cartan matrices that were extended from definite ones
through our n-extended Lorentzian root construction can not be integrable, and hence
theories perturbed around % or more generally % are not integrable.

This however does not rule out all constructions of Lorentzian Toda field theories to
be non-integrable. In chapter 4 we examine the cases in which we do not n-extend a
gr algebra, constructing generalized Cartan matrices that we do believe to be integrable
in the sense that they both pass the Painlevé test, and also contain enough conserved
quantities to possess the Painlevé property. We save the details for chapter 4, but the
essence of the Painlevé property is that through examining the Painlevé equations (3.61)
and (3.62) we uncover enough free parameters to be in involution to declare certain Toda
field theories based on Lorentzian Kac-Moody algebras to be integrable, analogous to the
sense of Liouville integrability of r real degree of freedom with r analytic single valued

global integrals of motion in involution.

3.7 Constructions of Lorentzian Toda field theory

We will now construct and illustrate various types of Toda field theories based on different
versions of root systems corresponding to Lorentzian Kac-Moody algebras and their exten-
sions. We will encounter conformally invariant and massive models, and shall concentrate
on the construction of non-integrable Lorentzian Toda field theories, which have particu-
lar interest as examples of perturbed integrable models that become non-integrable after
that perturbation. The results and presentation in this section will very closely follow the

corresponding section in [51].
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3.71 2 -extended Lorentzian Toda field theory

This first type of theories is a series constituting an infinite extension of the perturbed
<, -theory that we introduced in section 3.5. The theories in this series come in one of
two variants: The Z, _ -Lorentzian Toda field theories for odd n are conformally invariant,
and those for which n is even are massive, continuing the pattern we observed at the
beginning of section 3.5. As a construction principle, we extend the one previously used

for the perturbation of the £, -theory and build the roots as follows. For the massless

(,2”@7(2 A)—theories we have the r + 2n roots
a; = simple roots of g; foryj=1,...,n,
a_(2i2) = ki — Z;:_(Qi_3) n;o fori=1,...,n, (3.82)
Q_(2i-1) = — (ks + ky) fori=1,...,n

We notice that the roots a_(z;—o) have length zero for s = 2, ..., n, have a standard inner

product equal to —1 with nearest neighbour roots on the Dynkin diagram and a more
unusual inner product equal to 1 for next to nearest neighbours. The roots a_(2;—1) have

length 2 for + = 1,...,n. Thus we have the inner products

fori=2,...,n,7=1,...,n,k=1,...,2n—2and [ =0,1,...,n—2. At each affine root
g the Dynkin diagram is extended by the following segment:

gi-9p:. - —€——O——O0— - —0O—e—0—e
Qp O] g (3 (V4 Qq_9p Qo_9p

We used here the standard conventions for drawing Dynkin diagrams related to semi-
simple Lie algebras in which vertices with bullets indicate roots of length 2 and single
line links between two vertices correspond to inner products of —1 between the two cor-
responding roots. We increase the set of rules by indicating roots of length 0 with an
empty circles and inner products of 1 by dotted links between two vertices correspond to
the roots. Such type of zero length roots and inner products equal to 1 are not entirely
unusual and also occur in the context of Lie superalgebras and of their affine extensions
[93], in which the definition of the Cartan matrix is generalized to exclude any normalisa-
tion by any roots of zero length, and where exceptions are made within the corresponding
Serre relations in forming the generator structure of superalgebra. Here however, we are
less concerned with the generator construction of these almost n-extended algebras g,
and instead continue to concentrate on what is required to form valid Toda field theories

from them.
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For the g;_, algebra, the corresponding Cartan matrix is

q1 0 0
K, : '
¢ 0
Ki o=@ - @& 2 -11 0 (3.84)
0 0 —1
1 [A(Zn—l
0 0 0
with ¢s == ap - a5, s=1,...,7, and (2n — 1) X (2n — 1) matrix Ky, with entries
Koi19i1 =2, KQij =0, Kipp=—1, K21,21+2 =1, (3.85)

fori=1,...,n,7=1,....n—1, k=1,....2n—2and l=1,...,n — 2.
Taking the same roots and adding one root at the end of the Dynkin diagram as the
negative highest root, designed to make the linear term in the potential vanish, we obtain

the massive Eog_@ )—theory based on r + 2n + 1 roots

«; = simple roots of g for j=1,...,r,
Oé_(Qi_Q) = kl — Z;‘_zf(%fg) n;a for i = 1, oo, n, (3 86)
a_(2i-1) = —(kl + ]{Zz) fort=1,...,n,
O_(2n) = — Z;:—(Zn—l) Q.
Now at each affine root o the Dynkin diagram is extended by the segment:
Qp ] g O3 (4 Qq_9pn Qg_9p Q_2pn
With the corresponding Cartan matrix given by
g 0 - 0
K, : : :
¢ 0
K= @ -+ ¢ 2 -1 1 0 (3.87)
0 0 —1
: Ko,
0 0 0

where the entries of the (2n) x (2n) matrix Ko, are defined as in (3.85) with i =1,...,n,
j=1....,n,k=1,....2n—1andl=1,...,n— 1.
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For the Toda field theories constructed from these root systems it follows from section
3.6, in particular subsection 3.6.4 that the Painlevé integrability test is entirely reduced
to an eigenvalue problem for the Painlevé matrix P, which must factor as n(n — 1)
with n being an integer. This is done through directly reducing the test for the .,2”57%—

K-

extended Lorentzian Toda field theory to the eigenvalue problem for 2D i (an1)-

8- (2n—1
For the semi-simple Lie algebras these integer have been identified as the exp(oner)lts related
to properties of the Casimir operator of the principal subalgebra on one hand, as we
illustrated in section 3.6.2 from work in [73], and on the other as labelling the spins of
conserved W-algebra currents [44].

We will now study the £, _,, ~extended Lorentzian Toda field theories for some concrete

algebras extended from g¢, and hence g,, in more detail in the following segments.

(A,,)_,-Lorentzian Toda field theories

We start with the most simple system in the (A, )_, series, the (4,)_,-Lorentzian Toda
field theory. We represent the (fiz)_z roots (3.86) on a four dimensional lattice as

- ([ \[00) a2:<0,\/§;0,0>, a0:<—\/§,\/g—\/§;1,o>g3.88)

a_y = ~1,1), a_s=(0,0;0,—1). (3.89)

The analogue of the affine root is a_9 = — Z?Z_l n;o; with all Kac labels n; = 1. It is
easily checked that indeed the roots a_1, ag, aq, as have length 2 and the root a_s has
length 0. The Dynkin diagram drawn with the standard rules augmented with the set of

rules as stated at the end of the previous subsection, is as follows:

The eigenvalues of the Cartan matrix K@Z)il are (3.48119,3.,1.68889, —0.170086),
with exactly one negative eigenvalue as we expect for a Lorentzian Kac-Moody algebra

by definition. The mass matrix (3.56) for this root system is computed to

30 0 /3
1 0 3 0 =+
M? = —m? vz (3.90)
0o 0 2 -1
3 1
S5 -1 2

with positive, that is physical, eigenvalues (4.1701,3,2.3111,0.51880) for m = /2. The
matrix D4 ) ~as we defined in (2.53) is negative definite with Dy = Dy = =6, D3 = =7
and Dy = —3. The eigenvalues of the Painlevé matrix P are (—42,—36, —12,2) and the
relation (3.81) is confirmed as ind(—2DK) = ind(K) = 2. The theory fails the Painlevé
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Mass spectrum for (/; 2)-2n Toda field theories

m; = (A2
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Figure 3.1: Mass ratios for the r 4+ 2n particles in the (ﬁQn)fzn—Toda field theories extended
from the (fiQn)_2 theory.

test and is therefore not integrable, also as expected from the results from section 3.6.4.
Extending the (A,)_, theory to an (A, )_, through the procedure described in the
previous subsection allows us to calculate the mass matrix again using equation (3.56).

We plot the results of the first few (fol%)_2 theories mass ratios results in figure 3.1.

(Eog)_Qn—Lorentzian Toda field theories

The first member of the (Eg)_%-series is the (Eog)o—theory corresponding to the well
studied affine Toda field theories, which describes the scaling limit of the Ising model at
critical temperature in magnetic field [53]. The next member is the (li’g)fz—theory for

which we represent the roots (3.86) on a ten dimensional root lattice as

= (1 - %—%,—% —1,-1-110,0), =(1,1,0,0,0,0,0,0;0,0),
:( 0,0,0,0,0,0;0,0), =(0,-1,1,0,0,0,0,0;0,0),
= (0 0—1,1,000000) =(0,0,0,—1,1,0,0,0;0,0), (3.91)
=(0,0,0,0,-1,1,0,0;0,0), 8:(0,0,0,0,0,—1,1,0;0,0),
=(0,0,0,0,0,0,—1,—1;1,0), a_;=(0,0,0,0,0,0,0,0;—1,1),
a_s =(0,0,0,0,0,0,0,0;0,—1).
We have constructed the analogue of the affine root as a_o = — 25271 n;a; with Kac
labels n = (2,3,4,6,5,4,3,2,1,1,1), using those for affine Eg in [31] as a reference. Using
the Lorentzian inner product we compute for the extended part a?, = 0, a?, = 2,
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a_o-a_1 =—1, a1 -ayp = —1, a_s-ayg = 1. The Dynkin diagram drawn with the

standard rules augmented with the set of rules as stated at the end of subsection 3.7.1 is

therefore:
Qo
(Eg) ;e — oo o o ¢ 0 O
-2 a1 (O3 Oy Q5 Qg Oy g g X1 (X_9

The conformal part of the theory is the (Eg) ,-theory, aka Ejo, whose Cartan matrix
has exactly one negative eigenvalue with all other eigenvalues being positive. The Cartan
matrix of (E‘g)_2 has a zero eigenvalue, one negative eigenvalue with the remaining ones

being positive. The mass squared matrix (3.56) for the (Es)_,-theory is computed to be

5 -3 -1 -1 -1 =1 =1 1 0 0
3 27 -1 1 1 1 1 -1 0 0
-1 -11 23 -9 1 1 1 -1 0 0
-1 1 -9 19 =7 1 1 -1 0 0
peolof -1 1 1 =T 15 5 1 -1 0 0 (3.92)
-1 1 1 1 -5 11 -3 -1 0 0
-1 1 1 1 1 -3 7 1 0 2
1 -1 -1 -1 -1 -1 1 3 0 2
0 0 0 4 =2
2 2 -2 4

The ten eigenvalues (19.4794, 12.8905, 8.8224, 7.4524,5.1100, 3.7371, 3.0181, 2.1237, 1.1227,
0.2437) of M? are all positive, thus leading to a physically well-defined classical mass spec-
trum. We may set here m = 1, as only mass ratios will be relevant. Similarly, we compute
the masses for the other members of the (Eog)_%-series, which all posses well-defined spec-
tra. We present our results for the first members of the series in figure 3.3 above.

We observe the interesting feature that when comparing the masses with those of
standard Fjg-affine Toda field theory, four masses are especially stable and remain almost
all identical irrespective of the value of n. These masses can be identified when recalling
that folding the Eg-affine Toda field theory [46] leads to a grouping of the eight masses
in the Fg-theory [53] as two copies of four masses attributed to a theory based on the
root space of noncrystallographic type H;. One set is obtained from the other by a
multiplication of the golden ration ¢ = (1 + /5)/2. Normalizing the Es- masses so that

the largest takes on the value 1, we have

cos 6 1
= 1 = 2sin(46 = = — (3.93
m ’ e sin(46), s ¢ cos(46)’ 4 2¢ cos(460)’ ( )
ms = ¢ 'my, meg=¢ 'mo, my = ¢ tma, mg = ¢ 'my,  (3.94)
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Mass spectrum for (Eo' 8)—2n Toda field theories
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Figure 3.2: Mass ratios for the r 4+ 2n particles in the (Eog) -Toda field theories with almost

2n
stable noncrystallographic H4 compound.

with § = 7/30. We observe in figure 2.1 that the four H, masses in (3.93) are almost
identical in all (Es)_, -theories.

However, none of these theories, apart from (Eg)o, passes the Painlevé integrability
Ky

valued and sometimes negative. We find that Dy, = Dp, is positive definite, as is expected

test. In all other cases the eigenvalues of the matrix 2Dg_, are all non integer

—(2n—1)

for the semi-simple case. We confirm in this case the relation (3.81) as ind (2Dg,Kg,) =
ind (Kg,) = 8. Moreover the eigenvalues factorize into s;(s; + 1) with s; = 1, 7, 11, 13,
17, 19, 23, 29, corresponding to the 8 exponents of Fj.

In contrast, the matrices D are negative definite for all values of n > 1. The

éf(anl)

8 + 2n eigenvalues for 2D g, K(Eg)_(%_l)for n =1,2,... separate into 8 +n negative

—(2n—1)
and n positive eigenvalues. The relation (3.81) is confirmed as

ind (~=2Dg_ i, Ky o)) = ind (Kq ) =8, forn=1,2,... (3.95)

Surprisingly the index of K is preserved for all values of n. To explain this, we list here
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Eigenvalues of 2DK
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Figure 3.3: Eigenvalue spectra for the Painlevé matrix 2D ,, , Ky, ,, of the (Es)  -Toda

field theories.

the first characteristic polynomials det(K — AlI) = 0 for the Cartan matrix Kj_,,

ch(Kg) = A — 167 + 1055 — 364)\° + 714\* — 784)\3 + 440)\? (3.96)
—96A + 1,
ch <K(E8)71) = A0 2007 4 171IA® — 816A7 + 237906 — 4356)\° + 4949\ (3.97)
—3304)\3 + 1140\ — 144\ — 1,

ch (K, ,) = A2 22A1 4208\ — 1100A° + 3531X° — 68927 (3.98)
+73560° — 1914X\° — 48720% 4 5944)\% — 26267\% + 388\ + 1,
ch (K, ) = A =240 5 249\12 — 145001 + 5103A1° — 10576X° (3.99)

+9896A% + T088AT — 31796° + 37074\% — 17467\
—520\% + 305022 — 636\ — 1.

Where to be completely clear, the A here is the expansion variable from the characteristic
equation, not the fundamental weights as we denoted X in chapter 2. We observe that
in each polynomial of the general form Zf:f” a; N, the sequence of coefficients a; has
exactly 8 + n sign changes. Thus according to Descartes’ rule of signs, see e.g. [94],
we have exactly 8 + n positive real eigenvalues confirming the observation above. The
factorization of these eigenvalues into s;(s;+1) leads to the form s; = 1/24+\; with A\; € R

and s; = k; with k; € R, for the negative and positive eigenvalues, respectively.
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We depict the eigenvalue spectra for some 92”( Eg)ﬂn-extended Lorentzian Toda field
theory in figure 3.3 on the previous page, and, as we can partially see from the figure,
most of the eigenvalues of the Painlevé matrix are negative or non integer valued. Hence,
the .,2”( Fo)a -extended Lorentzian Toda field theory fail the Painlevé test and are therefore
not integrable.

In the next segment, we shall examine another option in the construction of Lorentzian
Toda field theories, that will use a different formalism of simple roots and their root lattices
to that we have encountered so far in chapter 2, or that we have used to construct other

Lorentzian Toda field theories up top this point.

3.7.2 L, o(s,)_,, ~€xtended Lorentzian Toda field theory

This construction is based on a generalization of what is referred to in [24] as the symmetric
fusion of two finite semisimple Lie algebras g; and gs by means of some Lorentzian roots

in TI%!. Here we consider a root lattice of the form

A1), anoli)sam = M)y @I @ Ny, - (3.100)
It is comprised of the ry + 2n roots a; with i =1 —2n,...,ry of (§1), ,,, the r2 +2m
roots f3; with ¢ =1 —2m,..., 7y of (g2)_,,, and two modified roots
T1 - T1
Qgp = Knp1 — Zj:ldn 3% Bam = Fny1 = ——1-2m "3

with k11, l_an € IIM'. The Lorentzian roots used in the construction of the o and 3
roots are unrelated with mutual inner products equal to zero. They are labeled by k;, k;,
i =1,...,nand ¢,0;, i = 1,...,m, respectively. For n = m = 0 this construction
coincides with the one in [24] apart from a change of sign in the definition of 5, where we
added k instead of —k used in [24]. We explain the reason for our preferred choice below.
The massive version is then constructed by adding a root v = —(k,41 + l%nﬂ). Using the
rules as stated above, the part of the Dynkin diagram where the (g1)_,, and (g2)_,,, for

n > 1, m > 1 are joined is:

Qy_9n O2_2n O_2p 572 5272771 ﬁ472m

The corresponding Cartan matrix is simply linking up the two affine Cartan matrices
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K(@l)_% and K(§2)_2m as

¢ 0 0 0
K(§1)172n : : : :
qry 0 0
41 T Gri+2n 0 =1 1 0 ce 0
K (1) _3,9(82) _om = -1 2 -1 ,
0 0 1 =1 0 Pryrom P
: :0 Pro
: : K)o
0 0 0 D1
(3.101)
where ¢, ;= a_o, -, s=1,...,714+2n and ps :==PB_om - Ps, s=1,...,79+ 2m.

We present now some examples for Lorentzian Toda field theories build from concrete

algebras of this type of construction.

(E3)_n ¢ (Es)_s,-Lorentzian Toda field theories

We start with (Es)o o (Es)o, where (Es)oo (Es)o = (Es)o o (Es)o in our notation, and take
the same representation for the eight simple roots «;, i = 1,...8 as defined in (3.91), but
we enlarge the representation space from 10 to 18 dimensions by adding 8 zero entries in
the vector representation of the root space. The modified affine root ay = k — Z?Zl n;oy
takes on the same form as in (3.91). Next we construct the roots for the second set

53“0 = ozg, 1,7 = 1,...8, and with all remaining entries 0. The

of simple roots as
second modified affine root is constructed as Sy = k — Z?:1 n;B;. The additional root
v = —(k + k) has therefore non-vanishing entries 77 = —y'® = —1. The Dynkin diagram

becomes in this case

%) i Ba

(Eg)o < (Eg)o:

Q1 Q3 g4 Q5 Qg Q7 Qg Qo Bo Bs Br Bs Bs Ba Bz B

And similarly we construct the Cartan matrix for the other members of the (Eg)_gn o
(Es)_n-series.

With a well defined root system and vanishing linear term we can compute the mass
squared matrix as defined in equation (3.56). Once again we find that all eigenvalues of the
mass squared matrix are positive. Taking the normalized square root of these eigenvalues,
we depict the classical mass spectra for the first seven members of the (Eg)_o, ¢ (Es)_on-
series in figure 3.4 above.

We note that all mass spectra in figure 3.4 are non-degenerate. Even though it may
appear from the figure that some of the heaviest particles have the same mass, there is in

fact always at least a very small difference not visible on the scale used in the figure. For
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.Mass spectrum for (Eg)g¢(Eg)y Toda field theories
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Figure 3.4: Mass ratios for the 18 + 2n particles in the (E’g),gn o (Eg)_an-Lorentzian Toda field
theory.

the lighter particles in the spectrum the difference becomes more apparent. Splitting the
particles into sets belonging to the left and right set of roots, a and 3, respectively, and
comparing with the mass spectrum of the affine (Eg)o-theory, we observe that the mass
spectrum of five heaviest particles is almost identical to the masses in the left and right
set of roots.

Next we consider the eigenvalues of the Painlevé matrix. First we notice that the
diagonal matrix D(gg)ee(Es), 1S positive definite and that the relation (3.81) holds with
ind (K (gg)oo(Bs)o) = 16. It is these eigenvalue spectrum that motivates the choice for the
sign in front of the Lorentzian roots in the definition of 3y. Choosing —k instead of k will
not affect the mass spectrum, but it will reverse the sign in signature of the eigenvalues of
2D K. However, this theory does not pass the Painlevé integrability test as the eigenvalues
of the matrix 2D K are all non integer valued.

In contrast, for (Eg)_o,o(Es)_, with n > 1 the D-matrix is semi-definite with the four
central diagonal entries D(gn+1)(9+4n+1)s D(94+n+2)(9+n+2) being positive and the remaining
negative. Defining a reduced D-matrix as D by setting the positive entries to zero we find
a reduced version of (3.81) as ind(—2DK) = ind(K) = 16. None of the theories in this
series passes the Painlevé integrability test as the eigenvalues of the matrix 2D K are not
only all non integer valued or negative, but in addition some of the eigenvalues occur in
complex conjugate pairs. We depict the real eigenvalues in figure 3.5.

We observe that the “almost degeneracy”’is roughly preserved for the six heaviest
particles. Before concluding this chapter, we would now like to briefly present the results

for the simplest (As)_ s, © (A3)_s,-series of Lorentzian Toda field theories.
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Eigenvalues of 2DK
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Figure 3.5: Real part of the eigenvalue spectra for the 2D K-matrix for the (E‘g),gn o (Eag),gn
Lorentzian Toda field theory, where n is the index of the eigenvalue and E, represents the
eigenvalue value at that index.

(fi2)_2n o (fig)_gn-Lorentzian Toda field theories

Before concluding this chapter, and for completeness, we would like to briefly present the
mass ratio and 2D K eigenvalue results for the (440.2)_2n o (fig)_gn theories. The Dynkin

diagram for these theories takes the form

(Az)_2n ¢ (Az)_ap:

€%)]

Qg 01 g Qa2 (_2p 5—2 52—2m 5—25—1 50

52

where clearly the above represents diagrams with n > 2, but the structure can be inferred
for n = 0,1 also, e.g. for n = 1 with the removal of the av_s and 5_5 roots from the above
diagram.

As done in the previous couple of segments for the (Eg)_ s, ¢ (Es)_s, and (14078)_2n—
Lorentzian Toda field theories, we use the mass matrix in equation (3.56), to calculate
and plot the mass ratios that we present in figure 3.6.

We notice from figure 3.6 that the mass ratios also deviate from the massive theory
based on g,, unlike the stable noncrystallographic part we saw for the (Eg)_Qn—Lorentzian
Toda field theories. Giving behaviour similar to that of which we saw in the (Es)_s, ©
(Eog)_zn with n > 1, providing further confirmation that this disparity is a feature of
these symmetrically fused models, or rather that it was unique to those rather special

Lorentzian Toda field theories with almost stable noncrystallographic Hy compound.
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Mass spectrum for (A3)_;, Toda field theories
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Figure 3.6: Mass ratios for the 7 + 2n particles in the (ﬁg)_gn © (Ag)_op-Lorentzian Toda field

theories for n < 7.

From figure 3.7 we observe that the eigenvalues of the 2D K Painlevé matrix oscillate

in sign. Meaning that they also do not pass the Painlevé test, and hence are not integrable

theories like their gy and g, based counterparts. As previously mentioned, the following

chapter will focus on discovering Lorentzian Toda field theories that we will find to not

only pass the Painlevé test, but to also possess the Painlevé property - providing very

strong evidence that new integrable models may be found in certain Lorentzian Toda field

theories.

Eigenvalues of 2DK
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Figure 3.7: Real part of the eigenvalue spectra for the 2D K-matrix for the (fiz)_gn o (Ag)_on-

Lorentzian Toda field theories for n < 7.
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This procedure is completely general and could be carried out for any (fir)_zn o
(fiT)_gn—Lorentzian Toda field theories, we choose the simplest (fig)_gn o (14012)_271 the-

ories to present here for as an arbitrary example from this series.

3.8 Summary

We began this chapter by presenting classical Toda theories, including the discrete Toda
lattice, the classical finite and affine Toda field theories, and the conformal affine Toda
theory. We noticed a pattern in the continuous classical integrable Toda field theories
that as we extended the base algebra, and hence the fields in the theory associated to
vectors in those base algebras, the theories alternated between massive and massless
theories with either non-conformal or conformal behaviour, respectively. We presented
these theories, along with proofs of their integrability, as motivation for further extending
Toda field theories and their associated Kac-Moody algebras, in ways akin to the extension
procedure we developed in chapter 2.

In this chapter’s development of Lorentzian Toda field theories, we introduced various
types of construction principles for massless, conformal theories and massive theories,
in which the simple roots of these were defined on Lorentzian lattices. We utilized the
Painlevé integrability test to establish that the Lorentzian theories presented here can not
be integrable; however, we still find valid theories and calculate their mass ratios. Some
of these theories maintain part of their integrable counterparts structure, for example the
(E’g)f%—theories contain the four masses of the noncrystallographic Hy-theory obtained
by folding the integrable affine Eg-theory. Remarkably, these masses are only slightly
changed for all values of n, so that we may view this feature as a remnant that survives
the perturbation of the integrable system.

In contrast to this chapter, the following focuses on tracking down any Lorentzian
Toda field theories that can possibly be integrable. To do so, we will have to move away
from the n-extended construction and theories perturbed around these. We shall still use
the Painlevé integrability test, but as this only provides a necessary and not sufficient
criteria for integrability, we shall also find Lorentzian Toda field theories that possess the

Painlevé property, providing the sufficient criteria of these theories’ integrability.
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Chapter 4

Painlevé Integrability of Lorentzian

Toda Systems

Integrability is the essential feature behind Toda field theory’s major successes. Recall
in chapters 1 and 3 we discussed many of these features including, for one, that Toda
field theories based on g, have exact scattering matrices, meaning that they are solved
exactly as their classical mass ratios are preserved to all orders of perturbation theory
[52, 53, 54, 55, 62] - a feature that is as rare as it is desirable amongst all quantum and
classical field theories. Identifying field theories as integrable is therefore important in
terms of their potential, and to determine what direction should be taken when further
analysing their properties.

Many techniques have been developed to determine the integrability of physical sys-
tems. For Toda field theories in particular, in section 3.1.1 we used the Lax pairs in
equation (3.4) to prove the integrability of discrete Toda field, and in section 3.3 we
utilized the zero-curvature condition to show the integrability of conformal affine Toda
field theories. In 3.6 we introduced the Painlevé test, which was effective in showing the
non-integrability of Lorentzian Toda field theories based on certain specific perturbations
of n-extended Kac-Moody algebras.

In this chapter, we again use the Painlevé test, but now as a tool to identify new
integrable Toda field theories. We find several categories of theories that pass the test, and
that the non-trivial theories must be based on Lorentzian lattices as they possess a simple
root whose squared norm is zero, hence we name them null root models. These models
are then shown to possess the Painlevé property - a property of the theory that means
its equations of motion have a general solution which can be shown to have no movable
critical singularities near any non-characteristic manifold [95] - whereby possession of the
Painlevé property means that a theory is integrable. There are many ways to determine
whether a theory possesses the Painlevé property [90, 95, 96, 97]. We use the WTC method
[89], in doing so we show that rank-2 null root models have the Painlevé property, and
have strong reasons to believe that higher spin and rank null root may also be shown to

be integrable in similar ways to the spin-3 rank-2 examples given in section 4.5.2 below.
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4.1 Painlevé Integrability of Toda Field Theories

For partial differential equations (PDEs), singularities occur on an analytic hypersurface

S with codimension 1 relative to the entire phase space. The equation

¢(z) =0, z={z,-,zn}cC?¥ (4.1)

describes the singular manifold where the singularities are contained in N complex di-
mensions. Recall that in section 3.6, ¢ is the manifold that we assumed our Painlevé
expansion solutions to be expanded around, in this chapter we will also take light-cone
coordinates such that z = {u,v} € C? for all the examples considered below. Sometimes
¢ is described as non-characteristic manifold and .S as a non-characteristic hypersurface in
C?N, this emphasises the fact that on a characteristic manifold we can not use Cauchy’s
existence theorem, which is essential in the process of proving that we have a unique
solution for the given initial value problem. Evidently, this means that it is essential for
¢ to be non-characteristic, so that we can solve the initial value problem on our manifold.

Following from these definitions, the Painlevé property for a PDE may be defined as
a PDE with a general solution that has no moveable critical singularities near any non-
characteristic manifold, or equivalently following the definition of [95]: If S is an analytic
non-characteristic complex hypersurface in C?V, then every solution of the PDE which
is analytic on C?*¥\S is meromorphic on C?*| the solution is then said to possess the
Painlevé property and the PDE is Painlevé integrable. Where the distinction between
‘integrability’” and ‘Painlevé integrability’” is only that the integrability has been shown
through the Painlevé method in contrast to other techniques outlined when introducing
the classical integrable Toda field theories in chapter 3.

In searching for new integrable models in the proceeding sections of this chapter we

break our steps towards Painlevé integrability into two stages

1. Pass the Painlevé test. Or in other words, satisfy the necessary criteria of finding

as many positive integer resonances as the order of the system!

2. Possess the Painlevé property. As detailed above, this is sufficient criteria for

the system to be integrable

The machinery developed in chapter 3 provides a straight forward way of flagging
potential new integrable Toda field theory candidates that accomplish the conditions
stated in stage 1, the majority of this chapter will focus on providing a stronger argument

for the stage 2, for any new integrable candidates we find from 1.

! As previously discussed, for all Toda field theories based on algebras with a Cartan matrix K, the
order of the system is equal to the rank of K.
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4.1.1 Towards the Painlevé Property of Toda Field Theories

Our approach for achieving step 2 starts with the model or set of models we have found
to pass the Painlevé test. Passing this test will have given us enough positive integer
resonances, which we denote as N due to it identically matching the N real dimensions
of the analytic manifold. We also have that N = r where r is the rank of the underlying
algebra, the associated Cartan matrix, and hence the order of the Toda field theory’s PDE
we are interested in. In general, for Toda systems, to pass the test we require that there
are N positive integer resonances. It is also possible to achieve the Painlevé property with
negative integer resonances [97], and the so called weak Painlevé property can be satisfied
with non-integer resonances [96]. However, our analysis will stay consistent with previous
chapters and only focus on models analogous to Toda field theories based on finite and
affine Lie algebras, so we will still only be dealing with enough positive integer resonances
to match their rank.

At first sight, one may expect to find 2N — 1 = 2r — 1 resonances in an integrable
Toda system corresponding to the 2r — 1 arbitrary functions occurring along the analytic
manifold, ¢ coming from a meromorphic function, f = f(z1,--+ ,20n), {21, , 228} € C,
with no moveable critical singularities occurring on ¢. This agrees with the notion of the
system having Liouville integrability of N real degrees of freedom with N analytic single
valued global integrals of motion in involution. However, as noted in Flaschka in [98], we
expect to see the behaviour of N = r resonances for the lowest balance Painlevé expansion,
and moreover for Toda systems the lowest balance is unique. To understand this notion
more concretely, we define what is meant by a balance and how this fits in with resonances
and the Painlevé property of some Toda field theories.

In general, a balance is a class of Painlevé expansions with the most negative power in
the series fixed, meaning that the dominant singular behaviour is most dependent at this
point. At certain powers of the expansion arbitrary parameters can be introduced, the
values of the powers in which this is possible are, as we know, identified as the resonances.
Painlevé expansion solutions that contain 2N — 1 resonances and arbitrary functions are
known as principle balances, whereas as mentioned above, those containing /N resonances
and arbitrary functions are the lowest balances. Balances with amounts of resonances
between the principle and lowest balance values are also clearly possible, and more details
regarding these are discussed by Flaschka in [98] and references within.

The lowest balance is unique for a Toda PDE solution as it contains information
directly inherited from the 2N free parameters of the system. This was argued using the
technology of affine varieties and Schubert cells in [98], which we will spare all the details
of for our purposes here. Heuristically however, their argument may be understood as
the 2N complex constants of motion in involution for the integrable Toda system being
viewed as an affine variety. This may be done as we can find a function which takes these

2N constants to zero?, and hence this level set is also an affine variety in the affine space

2For our examples in this chapter and chapter 3, this function can be seen as det[T (Ml = 0. The
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of solutions. This affine variety can be compactified by the addition of ideal points at
infinity, achieved through the addition of varieties of real dimension N — 1, each of which
is parameterized by N — 1 of the 2N free parameters of the principle balance. In other
words, one can consider N of the 2N parameters to be used up to specify the values of the
N constants of motion of the Toda system as both currents of their W-algebras [99] and
exponents of the Lie algebra, as we did in the discussion within section 3.6. Moreover, for
all the models we examine in this chapter, we show explicitly that only the lowest balance
is possible in terms of the maximum possible number of positive integer resonances that
may be discovered.

For the Toda field theories considered in this chapter, we will thus use the lowest
balance to construct a meromorphic solution on the singular non-characteristic manifold,
¢, and show that it can possess the Painlevé property if it satisfies the definition in the
previous subsection. To do so, we will need to take each model that passes the Painlevé
test and solve the recursion equation, showing that we can find N = r free functions
in the general solution to the Painlevé expansion, corresponding to values found at the
resonances values hence showing that the solution is meromorphic on ¢. We also expect
to uncover one final arbitrary functions, bringing us to a total of » + 1, which will always
be related to the arbitrary expansion parameter.

For the r = 2 cases that we focus on, this means that we will uncover three arbitrary
functions in their general solutions. We will show that these solutions only depend on these
three arbitrary functions and the expansion parameter, meaning that any singularities
that occur in each expansion solution must be moveable due to the dependence on the
arbitrary functions, or equivalently that the solutions are meromorphic on the singularity
manifold ¢. Hence, providing formal evidence for the Painlevé property and the Painlevé
integrability of the given model.

It is important to stress the formal nature of the evidence for the Painlevé property and
that at this point of analysis we have no information about the series convergence of the
solution. As noted for example in [90], there is the possibility of sequences of singularity
manifolds for single valued solutions which combine into a more complex singularity that
we cannot Painlevé expand. To rule out this possibility and to absolutely conclude the
system is integrable we must estimate the radius of convergence of the series. However,
there are, to the authors knowledge, no known examples of such models that pass the
Painlevé test, and are subsequently show to have Painlevé property via WTC methods
or otherwise, but have divergent series. We do not conduct this additional analysis here,

and only take note of this possibility.

remaining r resonances may be found at negative values, as we show in section 3.6.4 for the perturbed
n-extended Lorentzian Toda theories.
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4.3 Rank-2 Models that pass the Painlevé Test

Recall from section 3.6.4 that the Painlevé test could not be passed for the class of n-
extended Lorentzian Kac-Moody algebras that had been the focus of previous chapters.
In this section we search for new models that do pass the Painlevé test by determining
conditions on the Cartan matrix, K that allow for the test to be passed. We find that
some of these models must be described with a Lorentzian metric in their root space. For
some specific examples that we find to pass the Painlevé test, we prove they possess the
Painlevé property in later sections.

We restrict our introductory analysis to rank-2 Cartan matrices, K, as to simplify
calculations, although we make note of some higher rank solutions that follow the uncov-
ered patterns that also pass the tests of this section. We also note that our analysis is
not complete in the sense of proving that we have uncovered every general rank-2 Cartan
that passes the Painlevé test, as our main motivation here is to find the most reason-
able candidates to test their Painlevé integrability, so we stop short of exhausting all
possibilities.

Our results are split into roughly two categories of solutions that we find to pass the
Painlevé test. We only will perform further Painlevé analysis on one of these categories
of solutions due to physical reasons presented in the next section. Working with the

definitions given in chapter 3 for the Painlevé test, we start our analysis with

a b 1 d—>b 0
K= , D= , 4.2
(c d) ad—bc( 0 a—c) (42)

where {a,b,c,d} € R. Hence, the Painlevé matrix, P = 2DK, takes the form

1 2a(d—0) 2b(d—10
P — a ( ) ( ) ] (4_3)
ad —bc \ 2c(a—c) 2d(a—c)
The associated eigenvalues of P are calculated to be A = {2, —%}, where the first

value is always fixed at 2, corresponding to the conserved quantity of the spin-2 current of

the energy-momentum tensor from the Toda field theory. Again, as discussed in section
3.6, it is well understood that the resonances, n are related to A through A = n(n — 1),
so we seek to solve
2(a—c)(b—d)
— = —1), VAR 4.4
R n(n—1), n (4.4)

Meaning that we would have two positive integer resonances for the Toda field theory

associated with K, thus passing the Painlevé test.

Solving equation (4.4) gives us two main categories of solutions, with the first that we
present below being a superset of the second. The first category has solutions of K that
take a form in which we have three free parameters and one fixed, giving the following four

possibilities for K that we split into two groups depending on the diagonal or off-diagonal
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position of the dependant value for ease of reference,

c(bb((’r;zl)n—;-(Q)—Q)d) b a b
K — 2b+d(n—2)(n+1 7 4.5
d b(c((n—1)n+2)—2a) ( )

¢ ¢ a(n—2)(n+1)+2¢

d(a(—n?4+n+2)—2c
N e )
K = ( a(2b+d(n—2)(n+1)) d ) y ( 2a+C(—n2+n—2) (46)

b((n—1)n+2)—2d c d

Subbing the above equations (4.5) and (4.6) back into equation (4.3) results in the eigen-
values of P being A = {2,n(n — 1)} as expected. It is not hard to see that we can recover
results of the finite Lie algebras that are known to pass the Painlevé test from the forms
of K in equations (4.5) and (4.6). For example, taking the second solution of K from

equation (4.6) with @ =d =2 and ¢ = —1 results in K = (_21

v (2 w2 -2 o (2 -3 @
S U T L N B T A WS B I '

Which matches up precisely for the resonance of n = 2, 3,6 values expected in the Ay, Cs

__36____ 4 .
nn=D¥8 ) , reproducing

and G Lie algebras respectively. A similar calculation on our other solution in equation
(4.6) would clearly result in the K for D,, hence reproducing all the finite Lie algebras at
rank-2. Equation (4.5) can be seen as the K solutions of taking an non-normalized root
space, i.e. ;- a; = K;; in opposed to the 251—;] = K; used for simple Lie algebras, where
a; for i € {1,--- r} are the simple roots of the Lie algebra as before.

Continuing to examine the solutions (4.5) and (4.6), we immediately ask what other
values of n could be reasonable in terms of other potentially unfound algebras that will

pass the Painlevé test. For the series of known finite algebras in (4.7), we see that no

36
n(n—1)46

consistent combinations that give integer values of {a, b, ¢, d} and positive integer n could

other values of n are valid for — 4 to be an integer. It may be the case that
be found for in (4.5) and (4.6), at this stage we could perform an analysis similar to that
in section 3.6.4 to get further restrictions on their form according to the definiteness of K.
However, we will restrict our analysis to a subcategory of equations (4.5) and (4.6), with
the idea in mind that the novel form of the solutions in this subcategory will likely present
distinct physical behaviour in comparison to the finite and affine Toda field theories.
The second category of solutions gives four possibilities with two free variables, which

we again make the distinction between zeros that occur in diagonals and off-diagonals

K:(O b >’<%c(n—1)n+c b>7 (4.8)
¢ sb(n—1)n+b c 0

K:(a —%d(nQ—n—2)>7< a O>‘ (4.9)
0 d —sa(n*—n—-2) d
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This second category immediately stands out from any Cartan matrices we have previously
encountered through the presence of a zero value in their rows and columns. When zero
values occur in the diagonals of K we refer to these as null roots, due to our interpretation
that the roots have the property that «; - a; = 0. For zero values in off-diagonals, we
view this as non-commutativity in root space and clearly have that «; - o; # o - ; with
a; - a; = 0 for some «;.

Due to the presence of zeros in their K’s, the solutions (4.8), (4.9) will likely have
distinct physical behaviour with respect to their super category (4.5) and (4.6), which
reproduce the known finite and associated affine Toda field theory results [84]. Narrowing
down our search to the models of equations (4.8), (4.9), in the next subsection we will
use the methods developed in chapter 3 to examine the physical properties of Toda field
theories associated to these Cartan matrices. In examining the physics of (4.8), (4.9) we
hope to rule out any trivial behaviour before conducting in-depth Painlevé analysis that
may occur in some of these models, which we cannot identify at the level of analysis of

K alone.

4.4 Physical Behaviour of the Integrable Candidates

Writing down the Toda field theory Lagrangian, as we did in equation (3.6) of chapter 3,

as

1 T
Z = §8Mg08’“‘90 — % Z ehoie (4.10)
i=1

where we denote ¢ as the fields to distinguish in our notation the singular manifold, ¢

of equation (4.1), and all other quantities are as before. Following standard practice and

using 8#% = 6 = with @ € {1,---,r}, the Euler-Lagrange equations result from

equation (4.10), and can be written as

0,0"p + % Z afeli? =0
o (4.11)

making the identity ® := «; - ¢ — %ln Xi, where y; is to be found, substituting this in to
equation (4.11) we have that

68<I>+52XZ af)efei® —
(4.12)
0,0"®; +QZK P — (),
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for x; = a% where we identify Kj; as the Cartan matrix. Concentrating on rank-2 models
with K of the form in equation (4.2) we find that the equations of motion from above
take the form

0,0'®y + %(aeﬁq}l + beP?2) = 0
R P (4.13)
O Dy + 5(66 + de”*?) = 0.

Hence, we see that taking ¢ — 0 or b — 0 corresponding to equations with zeros in
off-diagonal positions as in equation (4.9) means that equation (4.13) partially decouples
into unconnected equations of motion. Whereas taking a — 0 or d — 0 we do not see this
partial decoupling. The latter behaviour we term as belonging to the null-root models,
whereas the former we refer to as partially decoupled models.

The behaviour of these partially decoupling models seems to be more trivial than that
of the null-root models. For example, take ¢ = 0,d = 2 (or b = 0,a = 2), then we have
decomposition into an A; Toda field theory equation of motion for the first (resp. second)
equation of (4.13), with the equation of motion for the other field being dependent on both
fields. Studying the behaviour of these partially decoupled models could be interesting in
its own right, for example as a nonsymmetric perturbation of (A;); with ®; by another
field @5 from (A;)s, such analysis is similar but not identical to that conducted in [100],
in which they examine an A; Toda system, perturbing it with another field such that
the resulting model has behaviour halfway between the Louisville equation and the sinh-
Gordon equation. Here however, we make the decision to not study these models further
in this chapter’s discussion, and we focus our Painlevé analysis on the non-decoupling

null-root models we have uncovered in above calculations.

4.5 Painlevé Integrability and the Painlevé Property

As previously discussed, it is well known that Toda theories based on finite and affine
Lie-algebras are integrable, in the classical sense [91][43]. They are also integrable as
quantum field theories, and it is even possible to find exact S-matrices of these models
[84][52]. As exemplified in the provided references above, often the integrability of these
systems is shown through finding Lax pairs or the zero-curvature representation of the
system. For this subsection we focus on the Painlevé integrability of As, for which the
zero-curvature representation and Lax pairs have been found [101], and therefore Ay’s
integrability established.?

Even though the integrability of A, has been established, the examination of section
(4.5.1) is useful for several reasons. Firstly, as far as we could find in the literature, the

Painlevé analysis on the finite and affine Toda theories has not been previously under-

3As mentioned, and shown with the references of this paragraph, the Lax pairs and zero-curvature
representations have been found for all affine and finite Toda field theories based on ADFE algebras. We
stress this for As as this is the example model that we will also show Painlevé integrability for.
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taken, which is understandable as their integrability has been already established by the
mean discussed above. Hence, it will be beneficial to see a concrete working example of
Painlevé integrability. Secondly, As will provide us with a good idea of what the Painlevé
integrability should look like when we examine the rank-2 null-root models in section
4.5.2.

4.5.1 Painlevé Property of A,

For the A, Toda theory we start with

2 -1 -2 0
K = , M= (4.14)
-1 2 1 \/E
NG 2
where K is Cartan matrix and M is a 2-dimensional matrix representation of the simple
roots, {ay,as}, such that M - MT = K, and all dot products will be taken with a
Euclidean inner product for A, Subbing these values, along with Dy, D, = 1 for A,, into
the equations from section 3.6 for the recurrence relation, 7®) . X®) = Y'(¥) derived from

the Painlevé equation (3.59), we have

k(b 0 —ﬂnpnqcﬁgﬁ 0
0 k(b \/Linpnqg.b(ﬁ \/gnpnqu.ﬁgzg
) ) (4.15)
V2 & (k—n)é 0
3
2

0 0 (k — np)ﬁb

where n,, n, are the balances that will be discussed shortly, and ¢ := ¢(u,v) is the field in

Tk —

light-cone coordinates (u, v) that we aim to show the solutions of the recurrence relations
are meromorphic, i.e. possessing moveable no critical singularities in the limit ¢(u,v) — 0.

The other quantities in the recurrence relation take the form

— Vel Ne
k=1 (oY \/3 @)\ (ki) (k)
|l 2=+ 4/2b a

0 1
(k)
0 b,

where the a; and b; are the expansion coefficients from the Painlevé expansion that we
expect at least 2 to be arbitrary if this A, Toda field theory is to possess the Painlevé
property. We find that the determinate of T) for A, takes the form

det TW = (k* —n, (k +ny)) (k* — n, (k + 3ny)) > (4.17)

At this point, to continue with our analysis we would like to know what balances,
Ny, g > 0 are admissible for valid resonances of the Ay Toda theory. We find that if we

require det T = det T®) = 0, the only possible integer solutions for the balances are
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n, = 1,n, = 2, resulting in

det TW = (k — 3)(k — 2)(k 4+ 1)(k + 2)¢?¢?, (4.18)

where the resonances occur identically at the values of k that satisfy this equation. Ev-
idently det T™®) = 0 for some k < 0, meaning that, for the reasons that we discussed in
section 4.1.1, this is the lowest balance solution that we expected to find.*

It is also no surprise that this solution clearly shows that A, passes the Painlevé test,
containing enough positive integer resonances, k = {2,3}, to match its rank. To show
that As also possesses the Painlevé property, we now aim to solve the recurrence relations
and expect to find three free parameters in doing so. As is standard practice in the
WTC Painlevé method [89], we employ the Kruskal simplification on our field, ¢, so that
o(u,v) = u — &(v), where £(v) is an arbitrary choice of function at this stage. From here
on, we shall denote ¢ := £(v) and its derivative as £, for notation’s sake.

To solve the Painlevé expansions equations (3.59), for Ay we seek to solve

N @) . .
(k—1) ((k2—k—4) DILEERVOI RPN gl <b12+\/§b§”> a;'w)
(k 3 (E-2) N E2)¢
ay (kl)(( k2 +k+4) 38 ( +\/_b“> (o= ”+2251\/§b§")a§’“‘“>

a2k _ (k=3)(k—2)(k+1)(k+2)§" (4.19)
bg) (262—2k—6) K Vab{alt ) fk(k—1) TF 1( \/_b(’> -

k
by f(k (=) b+ (D¢

\/—<( k2+k+4) < Jr\/—b()> (k— 1)7221_@71 \/Ebgi)agk—i)>

(k—3)(k—2)(k+1)(k+2)&’

to find the expansion parameters at each level k. Or at levels in which the RHS of equation
(4.19) we must show that any potential arbitrary values of the expansion parameters found

k)

can be substituted into all levels of the recursion relations 7% - X*) = Y'(*) consistently.

This is show systematically through each level in the proceeding calculations.

Level £k =0

Using equation (3.63) with the derivative of the field from Kruskal simplification, £, and

appropriate constants for A,, n = —1 and r = 2, we find that
2
a) =2¢D;, b0 =2 (MT)a&'D;, (4.20)
i=1

4Further basic analysis on the roots of equation (4.17) shows that only the lowest balance solutions
will be possible as negative values of k are unavoidable. Explaining why we uncover the k = —1, -2
resonances in this example, and also similar negative resonances in further examples, which we shall
examine shortly.
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resulting in

ago) ¢
(0) /
g 28
= , 4.21
bgo) _\/§ ¢ ( )
b Ve¢

where £ is our first discovered arbitrary function, we will need to check that & stays
arbitrary at all higher levels too.
Level k£ =1

At this level T is also invertible, hence we can easily find the RHS of equation (4.19)

through substitution of the appropriate quantities resulting in

a, 0
(1)
as 10
bgl) =1, (4.22)
by 0

Level £ =2

T® is singular, corresponding to the resonance related to the spin-2 energy-momentum
tensor of A;. Comparing both sides of T - X® = Y gives

) (CL?) _ \/5()52)) 5/ —\/iagl)bgl)
(v V) e) || k)
(2) a(2) (2) - \/5 . (423)
—V2a;” + %5+ by 0

e o 0

Substituting in the values in from level-1 and solving results in

(2) (2)

as aq
2
b2 | =] S | (4.24)
2 2

2 )\ -y
where a§2) is the second arbitrary function that we will see stays arbitrary at all higher
levels.
Level k =3

T®) is also singular, so we proceed analogously to the above k = 2 case and find that
TG . X® Z YO yields
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(2v2ef” - 30" ) &
— (38" + \/_b(?’) + Var) ¢)
—V2a 2ay )4 + 26(3)

\/E (3)+2b

after subbing in the values from levels £ = 1,2 into the RHS. Solving for the expansion

, (4.25)

o O O O

coefficients gives

3
g3) —ag)
3 (3

i | = waw : (4.26)

3 3

where a;” is arbitrary. Hence, we have uncovered three arbitrary functions, and as 7'*)

is not singular at any higher levels no more will be introduced.

General Painlevé Expansion Solutions

To proceed we will examine the form of equation (4.19) to find solutions to the Painlevé
expansions, and show that these solutions are meromorphic on the singular analytic mani-
fold we formed these expansions around. From equation (4.19) we can see that the highest
power of the expansion parameter on the RHS corresponds to one less than that on the
LHS. However, as a b = 0 for ¢ = {1, 2} we can identify that the highest terms that
occur will be two powers less on the RHS to the LHS. Taking each of the values from the
k =0,1,2,3 level solutions found above and subbing these first into (4.19) and then the

Painlevé expansion gives

(3) 2242 15,23 43
- vEgy ¢ B0 (e S
15ag2)a§3)¢4 . @° <15(a1 )2 +4(a§ )) ) . 3(a (2)) ag3)¢6
28v/2¢/ 280+/2¢72 20+/2¢72
o (5o(a53>)2a§2>£r+3(a§2>)4) 30 58 (17( N2+ 30(a®)? )
14001/2¢7 " 2464+/2¢3
o (1285(al” (a2 + 28(a”)") 300 (3275(al”)%aPe + 1382(a”))
86240+/2¢" i 509600v/2(£7)

_|_

_|_

.
(4.27)

Where we have taken terms up to ¢'° but could generate terms up to arbitrary order. P,

takes the form
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oo T S
105/ 28¢/
\@bf’ (15"’ +4a?) (SR PaPet /307 (5000 2ae + 3(af)")

+

28067 20¢7 140067
Viade (17”2 + 300)) (/307 (1285002 P + 28(07))
" 24GAER 86240¢7
V361 (3275(a Pale + 1382(a”)?)
- 509600¢'" T

(4.28)

For the );’s we have that

O =28 _ 4 @y 3(a{?)2¢?  BaypalP . ¢ (15(a1 )2¢" + 4(a?) )
@ 10¢’ 7€ 56E7
108" 2007 308¢"
9¢° (1285(a§3))2<a§2))25/ I 28(a§2))5> a® ¢ (3275(a§3))2a§2)5’ n 1382((1&2))4)
" 86240&™ + 50960&"
+ ...
(4.29)
and
2 m, 3a)?¢® bawadl’ ¢t (15(a§3))2§’ + 4(a§2)3)
Qe=—+a; —ay' ¢+ 1 _ 1
@ 10¢/ ¢ 56£72
B 3(@52))2a§3)¢5 . #° (50(@1 )2a126" + 3(aj (2 )) ) ) a§3)¢7 (17(a§3))2§’ n 30((152))3)
108" 2007 308£73
9¢° (1285(@9)2(@52))25/ + 28(@%2))5) Clg3)¢9 (3275@%3))2@52){’ n 1382(@52))4>
i 86240¢" - 50960£"
+ ...
(4.30)

up to terms including terms of the order ¢°, where like the P, terms we can generate
terms of (); up to arbitrary order in ¢. From the form of these four solutions, we can
show that up to any arbitrary order the expansions may be written solely in terms of the

three arbitrary functions ag ), ®) and ¢, allowing us to conclude that these expansions
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give a meromorphic solution fitting with the definition of the Painlevé property, giving

strong indication that the system is Painlevé integrable as expected.

4.5.2 Painlevé Property of spin-3, Rank-2 Null-Root Models

Now we have seen the Painlevé property argued for an example that we already know to
be integrable, we move on to examining the null-root solutions that we found to pass the
Painlevé test. We follow an analogous process to the previous subsection, with the only
difference being we will use a Lorentzian inner product throughout and the Euclidean
inner product used for A,. Hence, we argue for the Painlevé property for systems in the
form of equation (4.8), in which we set b,¢ — —dc for clarity in calculation and n — 3,

so that we have spin-3 null-root model solutions as desired®, meaning we have
0 —d 0 d
K= ) M= , (4.31)
—dc —4dc c 2d
where again M - M7 = K, with the rank-2 Lorentzian inner product such that

Wz = —wWizs — WaZ1, (4.32)

for the vectors w = (wq,wq) and z = (21, 22). Proceeding as we did with Ay, we find that

ké 0 0 664 at?
0 k¢ -0 4 ®
OO I U IS TN I R
—d —2d (k—1)¢ 0 b
0 —c 0 (k—1)é b

where we have transformed M7 as to absorb the Lorentzian inner product so that we can
use regular matrix multiplication with the Euclidean inner product, doing so we calculate
the determinant of T®) to be

det T® = (k — 3)(k — 2)(k + 1)(k + 2)$*¢*, (4.34)

we have again k = {2,3} as the resonances we expected to find, so we can confirm by this
explicit calculation that this rank-2 null root model passes the Painlevé test. Y *) takes

the form

SWe set n = 3 as we choose to study resonances {2,3}, but clearly this method can be applied to
higher spin solutions of these null-root models by altering the value of n to the resonance and hence spin
of our choosing.
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- Sy dby(i)ay (k — i)
v _ |~ iz ax(k— i)o(del(i) + cba(i)) | (4.35)

0

where d, ¢ remain as arbitrary real constants throughout.
Next, we again employ the Kruskal’s simplification on, ¢, so that ¢(u,v) = u — £(v),
with & an arbitrary function. For £ > 1 the expansion coefficients for the Painlevé

expansion solutions are found to be

kD) (6508l (2407 +cb{" )+ (—k2+1+8) ! bVl )

al®) F—3)(k—2) (+ 1) (1 2)€ —
») (k=) (=18 2087 (2067 +eb) ) +2 508 b af" )
A (5=3) (2 (b4 (kT 2)€ - (4.36)
p{¥) B d(2(~k2+k+3) £F 0l (2007 el )+ (—k2 k) SE T anPalt ) | A
k (k—3)(k—=2)(k+1)(k+2)¢’ _ A
by o((h=DESF 0l (2007 b7 ) 4208 @bVl Y)

(k—3)(k—2)(k+1)(k+2)¢

so that we may now proceed to solve at each level and check if we may find the two
remaining arbitrary parameters that we would need to form a meromorphic solution to

the Painlevé expansion.

Level £ =0
For k = 0 we use equations (4.20) with D; = %l, D, = —é, and find that
O [
O |
b —=
by =

where ¢ remains an arbitrary parameter.

Level k=1

T is invertible, hence solving (4.36) for k = 1 results in

aq 0
(1)
s 0
= 4.38
40 . (1.38)
b 0
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Level £ =2

As k = 2 corresponds to the conserved spin related to the energy-momentum tensor, we
will again find that 7® is singular. As before, comparing both sides of 7). X®) =y
yields

2(aPc+362 )¢’
G o )¢ dDpD (—q)
2¢ (aég)(fd)c+2b(22)d+b(12)c> a;l) (—ngl)d _ bgl)c>
dc = (439)
b — <a§2> + 2a52>> d
b§2) — ag)c
Substituting in the values in from level-1 and solving results in
o\
W2 | = 2, (4.40)
by o2

[

where for this model we find bg) as a second arbitrary function.

Level £ =3

T®) is again singular, and we find that after substituting in the above results from k =
0,1,2, TG . X6 = Y gives

3o el

¢ (=30 det40l) d+26{") c)
de =
2 (af”) +249) d

26&3) — agg)c

(4.41)

o O o O

after subbing in the values from levels £ = 1,2 into the RHS. Solving for the expansion

coefficients gives

3) 3)

aq —a3
0P | = Lala |, (4.42)
bg)’) %agg')c

3) . . . .
where aé ) is now arbitrary. Hence, we have uncovered three arbitrary functions and as

we can see from the determinant of 7| it is not singular at any higher levels, so no more
arbitrary functions will be introduced.

General Painlevé Expansion Solutions

Substituting the relations found for levels k£ = 0, 1,2, 3 into equations (4.36) allows us to

write down each term of the Painlevé expansion solutions power by power. We can do
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this up to arbitrarily high powers of ¢, and present here up to ¢°:

P X bldo 1 ), 2 b%de? (3¢ — 2d%) S de! (17c* — 14d)
T c 22 10c2¢! 84ce/
d¢? (5a§’>2c3 (412 + 27¢2) € + 12693 (25d* — 4722 + 18c4))
* 336003672
a0P2dg0 (91d* + 262d¢> — 299¢*) .
5040¢2¢7

(4.43)

Where we have taken terms up to ¢'° but could generate terms up to arbitrary order. P,

takes the form

% 1 268 (2¢2 — 3d2)  abS) ¢t (1062 — 7d?)
P =267 000 + —aP g + 2 —
; C¢ + b ¢—|—2a2 co” + 1008’ + 84¢’
0 (505728 (29 + 15¢2) €' + 1263 (17d* — 2322 + 10¢Y)) (4.44)
T 3360c2£7 |
N alPbP2¢6 (—133d4 — 82d%¢* + 161c%) N
5040c"?
For the Q;’s we present up to ¢°:
0, 88 g2 B _ @, 305202 —dP) _ agbe?
L= 2 10c2¢/ ¢’
¢ (5a§3)2c3 (17d* + 3%) &' + 120573 (9" + d* + 2"4)) (4.45)
a 672c3£7 |
a0 (—175d* + 93dc® + 23¢) N
840c2£1?
and
0, — - % b 4 1 307207 (2 —3) | ayb 6" (106 — Td?)
277 deg? . T 102! 21cg’
& (5@&3)203 (2042 + 15¢2) & + 126873 (17d* — 23d2c2 + 1004)) (4.46)
+ 672c3¢"7
N aSPpP245 (—133d4 — 82d%¢* + 161cY) N
840c2£"?

We can clearly see that to arbitrary order of expansion we may write our solutions in

terms of aé?’), ng) and &, giving us meromorphic solutions, and providing strong evidence
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for the Painlevé property of this rank-2 null-root model. Hence, the class of rank-2 null-
root models with Cartan matrices of the form (4.31) have strong evidence that they are

integrable.

4.6 Summary

In this chapter, we examined a new class of rank-2 integrable Toda field theories based on
Lorentzian root lattices, and showed their integrability through a Painlevé analysis. We
started by discussing the limitations of the Painlevé test, emphasising that it only gives
necessary but not sufficient conditions for integrability of a given model, and therefore
is effective for its usage in chapter 3 for ruling out integrability, whereas for proving
integrability more analysis must be conducted. Sufficient conditions are, however, given
through possession of the Painlevé property, which we proved first for a known integrable
model - the finite A Toda theory - and then for the new class of rank-2 integrable Toda
field theories.

Starting from the Painlevé test, we highlighted possible rank-2 Toda field theories,
which satisfy the necessary condition of possessing enough positive integer resonances to
pass the test. From this analysis, we recovered the Cartan matrices for all the expected
finite Toda theories, but also uncovered several categories of theories that previously had
not been examined. Of these categories, the null root models were non-trivial and did
not decouple into any known Toda systems, so these were singled out as candidates to
conduct further Painlevé analysis on.

As a proof of concept, we first showed that the integrable A, Toda theory possessed
the Painlevé property, and continued to show that all the rank-2 null root Toda field
theories based on Lorentzian root lattices possess the Painlevé property. This was shown
through examination of the Painlevé equations at various levels of their recursion - in
doing so, we showed that there existed enough arbitrary functions within the Painlevé
equations, so that all solutions to an arbitrary high order of recursion depend only on
these arbitrary functions. This meant that any singularities in the solutions for the A,
Painlevé equations must not be movable, hence illustrating that they possess the Painlevé
property by definition.

The null root models possessing the Painlevé property gives very strong indication of
their integrability. We noted that there is the possibility of the Painlevé solutions diverg-
ing, so that sequences of singular manifolds, for which we have free solutions on, com-
bining into a more complex singularity that we can no longer solve through the Painlevé
expansion methods. In adjacent work [102], the authors eliminated the possibility of this
divergence through directly showing the convergence of the solutions. However, as these
authors noted, there are no known examples of this behaviour, and even contriving one
appears to be counterintuitive - so at this stage we still conclude that the null root models

are new integrable theories, and leave such additional analysis to future exploration as it
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will provide interest in its own right.

There is nothing special about the spin-3 or rank-2 nature of the null root models
studied in this chapter. In fact, a simple calculation on the Painlevé matrix of higher
rank models that also possess a null root in certain positions also pass the Painlevé
test, and very likely will also possess the Painlevé property, and this is also true for
higher spin models at rank-2 or above. Our choice of rank-2 was only illustrative, as
the number of Painlevé expansion equations to solve, and constants within each, both
increase with the rank, meaning such calculations are harder to present without more
computational automation with this current method. However, as is the case with the
finite and affine series of Lie algebras, well-defined patterns in the Cartan matrices of the
null root models will lead to more classifications of potential integrable Toda field theories
based on Lorentzian root lattices, but also new Kac-Moody like algebraic structure which

can be studied independently of their field theory properties.
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Chapter 5

Conclusion

5.1 Overview

Throughout this thesis, we have examined the integrability and other physical features
of field theories that are built from Lorentzian Kac-Moody algebras. To do so, we have
developed a framework to study a new class of Lorentzian Kac-Moody algebras, which
we named the n-extended Lorentzian Kac-Moody algebras, g_,,. Utilizing aspects of the
framework used to form g_,,, we built new classes of Lorentzian Toda field theories based
on perturbed g_,, structures, analysed a number of these theories physical features and,
for some models, determined their non-integrability through the Painlevé test. Finally,
we conducted more Painlevé analysis on rank-2 Toda field theories, and found that there
were more options than those already known that passed the Painlevé test and therefore
were likely to be integrable. To illustrate this, for one Lorentzian rank-2 spin-3 Toda
field theory, we proved through the possession of the Painlevé property that this theory
is integrable - demonstrating that the other theories in this new Lorentzian class of Toda
field theories are likely to also be integrable.

The journey throughout this thesis began with an overview of the status and impor-
tance of field theories within physics, especially highlighting the historical successes of
integrability and its uses in exactly solving the equations of motions for a given theory.
We also highlighted the importance of Lorentzian Kac-Moody algebras in describing the
symmetry groups of string theory, whereby the hyperbolic and Lorentzian Kac-Moody
algebras Fpg and Ej;, respectively, play an essential role in string theories unification
through M-theory.

Continuing from this motivation, we developed a framework to define the new class
of Lorentzian Kac-Moody algebra, g_,, mentioned above, through building from rank-r
finite, gy, and affine, g,, Kac-Moody algebras and extending their simple roots, o; for
i€ {l,---,r} on top of the affine root . In this way, we constructed Dynkin diagrams

for g_,, and corresponding root and weight lattices for these n-extended simple roots, ozl(n)
fori € {—n,---,0,1,---  r}, with fundamental weights )\g”) - both of which we gave closed

formulas for all orders of n, from any starting root or weight basis of g;. We identified
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the set of constants DZ(”), which occurred naturally from summing over indices of the
inverse Cartan matrix, but also occurred within the context of 3-dimensional principal
subalgebras of g_,. The DZ(") constants led us to discover that certain g_,, decompose
into sub-g_,, and g algebras, through a novel and very natural decomposition procedure,
and we gave an exhaustive list of all of these possible decompositions.

In chapter 3 we introduced various flavours of Toda field theories, and developed a
method, based on the extension method from the previous chapter, to extend Toda field
theories based on gy and g,. This meant that the resulting extended theories had fields,
®;, based on the Lorentzian root system g_,, and perturbations around its corresponding

(n)

simple roots, «; ’, again with ¢ € {—n,---,0,1,--- ,r}. We named these new models
Lorentzian Toda field theories, and observed that the behaviour of these theories alter-
nated between conformal and massive, on addition of each simple root in the extension
procedure. Through use of the Painlevé test, we showed that these theories, conformal
or massive, were not integrable. Focusing on the massive theories, we calculated mass
ratios for several examples, observing that mass ratios for the finite parts of the extended
theory can be maintained, a feature that we attributed to the integrability of the finite
theory that we perturbed during the n-extension procedure.

Chapter 4 focused on using the Painlevé test and Painlevé property to find new inte-
grable Toda field theories with simple roots dictating field content based on Lorentzian
lattices. Focusing on rank-2 models, the Painlevé test was initially used to discover all
categories of rank-2 Cartan matrices that had enough positive integer resonances to pass
the test. From this, we recovered all the expected known integrable Toda field theories
based on gy, but also found some non-trivial unknown solutions that contained a simple
root of 0 length. We named these models, null root theories, and they could only be un-
derstood naturally through their simple roots existing on a non-Euclidean lattice, which
we chose to be Lorentzian for reasons discussed in chapters 2 and 3. Taking one rank-2
spin-3 null root model as an example, we showed that it not only passed the Painlevé test,
but also possessed the Painlevé property, meaning this Lorentzian Toda field theory is an
integrable model. We concluded by describing how this example could be generalised, and
that other null root models of higher rank and spin are also very likely to be integrable

in the sense of passing the Painlevé test and possessing the Painlevé property.

5.2 Outlook

There are a number of questions that remain unanswered in light of the results uncov-
ered over the course of this thesis. A tough and pure mathematical question to answer
regarding the n-extended Lorentzian Kac-Moody algebras, would be to explain why the
decomposition occur on certain g_,, but not others. Kac has some insight into this reason
[103], in that the centre of certain constructions of Kac-Moody algebras is generated by

the Casimir operator, potentially explaining why decomposition occurs when a D; = 0.
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However, to prove this in terms of theorem 2 in [103], we would need greater understand-
ing of the Weyl group of the given g_,, amongst other tools that still have the potential
to be developed for Lorentzian Kac-Moody algebras in a more general setting.

From a more physical perspective, in the Lorentzian Toda field theories we did not
analyse the features of the conformal Lorentzian models, which could already be stud-
ied further using known methods. For the conformal and massive Lorentzian Toda field
theories, in a similar way to the finite and affine theories, an algebraically independent
formulation could be developed to complement the simple root and fundamental weight
construction explored in this thesis. Furthermore, standard calculations such as mass
renormalizations for Lorentzian Toda theories, or study of the flows between models could
be conducted. It would also be interesting to develop other field theories that use g_,
algebras, such as Calogero-Moser-Sutherland models that also use the roots of a Kac-
Moody algebra, but this issue is also non-trivial as it would again require the Lorentzian
Weyl group which is currently only known in a few special examples, such as for AFEj3, the
extension of the modular group PSL(2,Z), and other similar modular group correspon-
dences.

Regarding the integrable Lorentzian Toda models we discovered, it was already men-
tioned that convergence analysis could be conducted to further convince ourselves of their
integrability - however, other methods such as Lax pairs, or use of the zero curvature con-
dition may prove equally insightful, as they could potentially help in finding the status
of integrability for higher rank and spin Lorentzian null root Toda field theories. Inves-
tigation into the W-algebras and associated W-currents of Lorentzian Toda field theories
could also provide important insights into both the mathematics and physics. Of course,
the other standard calculations mentioned above could also be carried out for the null
root models as they were, or were proposed, for the other Lorentzian Toda field theories
considered.

In conclusion, this thesis has substantially rooted a framework to study extended
Lorentzian algebras in their own right, and in relations to integrable quantum field theo-
ries. There are many avenues for further study, and we hope the mathematical and physics
communities will build upon these frameworks with us, to ultimately better understand

the most fundamental questions that our joint fields aim to elucidate.
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Appendix A

The Perron-Frobenius

Correspondence

This appendix aims to answer some of the questions raised in chapter 2 regarding the

following two points:

1. Why the representation of the simple roots, «;, for a rank-r Kac-Moody algebra, in
matrix form, M, must be a square matrix to form a coherent Toda field theory mass

matrix, (M?)?, and how this relates to the so-called Perron-Frobenius eigenvector.

2. Under what conditions the values of the Perron-Frobenius eigenvector can give the
correct values of (M?)® for Lorentzian or Hyperbolic Toda field theories, in which
non-square representations of the simple roots matrix, M, is used, and where the

Kac labels, n;, are less well-defined.

A.1 The Toda Mass Matrix

Starting with theorem (5.2) from [104], which follows from [61], then we may write the

equation associated to this theorem as

M = (ay, e){a;, e"). (A.1)

This may be rewritten in our matrix representation of roots, M;,, from equation (3.39),

as

M = (Mia, eap)((M;g, €5,))" = Mineasely, (M");, (A.2)

where the indices i,7 € {1,--- ,r} and o, 5,7 € {1,--- , N}, for a rank-r algebra with an
N-dimensional representation of the simple roots.
The step operators, e, in the Cartan-Weyl representation are also Weyl vectors and

belong to the Cartan subalgebra in apposition [104], i.e. e € b’, may be chosen most
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simply as!

n
CafChy, = - ; (A.3)
N1

with n,,; = 1, and the rest are the usual Kac labels for the given g. Thus, for this
initial section of discussion, we may only choose «, 8,7 € {1,--- ,r 4+ 1}, and hence we
are limited to finding a square representation of M;, meaning that if we put in the correct
values for the affine root in the (r + 1) position of each simple root in an r-dimensional
representation we reproduce the exact same formula for the mass matrix for the affine
Toda field theory case [84].

In other words, this is the exact reason why the affine Toda mass matrix commonly
presented, such as we give in equation (3.44) or as in [84], utilizes a r-dimensional repre-
sentation of the roots to reproduce the results as explained in [61], and also links, through
algebraically reasoning, the various representations of the Lagrangian written in the lit-
erature. Explaining why the g, Toda theories based on g; give mass spectrums with
the same ratios of those values found in the Perron-Frobenius eigenvector of the Cartan
matrix associated to the given gy.

Now, to extend this idea beyond g; and g,, if we reduce the limitation of taking
the most canonical representation of ee* as in equation (A.3), and instead take an N-
dimensional representation of the simple roots, we may still replicate the mass matrix
(M?)% we get for cases. We can test this against the result that such a mass matrix
M = (M?)® reproduces the Perron-Frobenius eigenvector values as its eigenvalues, and
show this exactly for certain cases through direct calculation. Therefore, the remaining
discussion in A.2 does not assume an r-dimensional representation of the simple roots,

and hence, does not assume a square representation of M.

A.2 The Correspondence

Taking A as a matrix with its rows composed of fundamental weights, \; of the Lie algebra,

we may act on (M?2)? as

A(M*)®MT, (A.4)
and we find that the eigenvalues, denoted by the function ~, are

7[A<M2)abMT} = Y[Naa(Kij + Xoi)ab), (A.5)

where n,, is a diagonal matrix composed of the Kac labels, n;, and X; is a column matrix

of zeros except for one column of ones in the column associated to the node of the finite

1See [104] for definitions of e on page 13.
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Dynkin diagram to which the highest root attaches, forming the affine Dynkin diagram
and associated Cartan matrix, f(ij, where now ¢,5 € {1,--- ,r+ 1}.
It follows from the fact that f(ij is the affine version of the matrix [K;; + Xo;]q. Hence,

we may write the simplified relation

YADL) M) = A0 (K )] — {0}, (A.6)

where the {0} represents the 0 eigenvalue, which we get as a result of K having a zero
determinant. This is immediately generalizable to Lorentzian Toda field theories, whereby
we take K, to be the Cartan matrix associated to the massive extended theory, such as
that of the ,2”5_2 theory derived in section 3.5.2, or any %_ﬁ theory through the same
reasoning.

It is important to note that the correspondence (A.6) holds solidly for the finite cases
only, in which the Kac labels are well-defined, along with their step operators e. We can
however find specific representations analogies of step operators and Kac labels for hyper-
bolic and Lorentzian algebras, but the assumption must be made that we are expecting to
reproduce the Perron-Frobenius eigenvector values in (M?)?, otherwise we do not have
anything to measure our theory against and values of Kac labels and all representations
of step operators become arbitrary. For example, some of this ambiguity comes from not
knowing what a true K, version of such an algebra would look like, since the n-extension
procedure is only one of many possible ways of extending, and thus forcing det K = 0,

the Lorentzian or hyperbolic Kac-Moody algebra.
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