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ABSTRACT

This thesis considers instability of the convective flow
between differentially heated vertical planes at infinite and

large Prandtl numbers.

For infinite Prandtl number, asymptotic methods are used to
describe the solution of the linear stability problem in the
limit A-»oc, where A is the Rayleigh number. The solution is
expanded in the neighbourhood of y0, where y0 is the critical
value of a convective parameter y associated with the base flow.
The Dbase flow vanishes mid-way between the planes where a
thermal critical layer forms. Matching across the critical
layer leads to two sets of bridging conditions which allow the

critical wavelength of the stationary disturbance to be found.

The effect of large (but not infinite) Prandtl number on
the neutral stability equation is considered in Chapter 5, and

in Chapter 6 the lower branch of the neutral stability curve
for finite and large Prandtl numbers is studied. This leads to
a complete picture of the neutrally stable stationary
disturbances in the 1limit A-»00 for both large and infinite

Prandtl numbers.



CHAPTER ONE INTRODUCTION

1.1 Background Work

The classical problem of natural convection in a cavity,
where one of the vertical walls is uniformly heated while the
opposing wall is uniformly cooled, has been studied by many
investigators experimentally, analytically and numerically. The
buoyancy-driven flow 1is of relevance in a variety of
geophysical, astrophysical and industrial areas and thermal
properties of the flow are of interest in connection with the
insulation of walls and windows, the cooling of nuclear
reactors, solar collectors and certain crystal growing

techniques.

One of the earliest studies of heat transfer, in air, was
performed Dby Nusselt (1909) and many analytical and
experimental studies have followed, notable contributions
having been made by Batchelor (1954), Eckert and Carlson
(1961), Elder (1965) and Gill (1966) . Batchelor (1954),
motivated by the application to window insulation, demonstrated
that the flow 1in a two-dimensional <cavity 1s wuniquely
determined by three parameters: the Rayleigh number A, based on
the horizontal temperature difference across the cavity (and
defined explicitly below), the Prandtl number of the fluid, a,
and the aspect ratio of the cavity, h (height/width) . He
discussed the form of the solution in the situation where

conduction dominates and also suggested that for large Rayleigh

(?)



numbers, where convection dominates, the inner region of the
cavity has a constant temperature and a non zero constant
vorticity. Detailed observations of the primary temperature
distribution in air and measurements of the local heat transfer
at the walls were made 1in experiments by Eckert and Carlson
(1961) using interferometer techniques. Their observations did
not support Batchelor's suggestion that the inner region has
constant temperature at large values of the Rayleigh number;
instead, they observed a region of constant wvertical
temperature gradient. This was supported by experimental
observations by Mordchelles Regnier & Kaplan (1963) and later
by Elder (1965) who obtained more extensive velocity and
temperature measurements for high Prandtl-number fluids, such

as silicon oil, in tall cavities (or slots).

Elder's experiments identified three main flow regimes,
known as the conductive, convective and boundary-layer regimes.
When the Rayleigh number is small, heat is transferred across
the slot primarily by conduction but as the Rayleigh number
increases a stable vertical temperature gradient develops in
the core of the flow and the buoyancy-driven vertical
velocities are ©progressively diminished. Finally as the
Rayleigh number becomes sufficiently large the vertical flow is
confined primarily to boundary layers at the side walls. Elder
also gave a theoretical description of the flow in which he
established that the convective flow in a vertical slot can be
approximated by an exact solution of the Boussinesg equations
equivalent to flow between infinite parallel vertical planes

with a specified vertical temperature gradient, [3. The choice



P=1/2h led to good agreement with the experimental results.
This exact solution has formed the basis of stability analyses
of the convective regime by, for example, Birikh et al (1969),
Gill & Kirkham (1970), Hart (1971), Mizushima & Gotoh (1976)and
Bergholz (1978) . Elder's experiments showed that the main
single-cell <circulation becomes unstable to stationary
multicellular convection when the Rayleigh number reaches a
critical level. In a typical experiment stationary convection
set in at A=5x105 in the form of vertically-stacked transverse
rolls near the centre of the slot. At higher Rayleigh numbers

v .
A =10" the wall regions became unstable to travelling waves.

A more complete asymptotic structure for the boundary layer
regime was developed by Gill (1960) . He showed that a
consistent solution for the vertical boundary layers and the
core led to a horizontal parallel flow across the core and to a
core temperature field which is vertically stratified . Further
studies of the boundary layer regime and its stability have
been made by Gill & Davey (1969), Blythe, Daniels & Simpkins

(1983) and Daniels (1985).

There have Dbeen many other studies of convection in
laterally-heated vertical slots, Dboth by experiment and
numerical simulation. Elder (1966) obtained wvarious numerical
results to model his experiments. Vest & Arpaci (1969) in their
experiments using air convected in a tall cavity, reported the
onset of multicellular convection at sufficiently high Rayleigh
numbers. Similar motions were observed numerically by de Vahl
Davis & Mallinson (1975). Experiments and numerical simulations

by Seki, Fukusako & Inaba (1978), using several kinds of fluids



in a tall cavity with insulated upper and lower boundaries,
focused on the effect of the Prandtl number of the fluid and
the influence of the aspect ratio on the flow pattern. They
observed that the primary single-cell circulation gave way to
multicellular convection as the Rayleigh number increased, in

the form of secondary flow inside the primary flow in the

central region of the cavity.

The prediction of the onset of secondary motion by means of
stability analysis has concentrated on the theoretical model
first introduced by Elder (1965). This model, which consists of
a fluid bounded by infinite vertical planes held at different
temperatures and with a constant vertical temperature gradient,
P, allows an exact solution of the Boussinesqg equations which
in many respects approximates the primary circulation 1in a
vertical slot. A comprehensive stability analysis of this basic
flow was undertaken by Bergholz (1978) covering the whole range
of values of the three governing parameters A, a and p. Here
the parameter preplaces the aspect ratio h of the corresponding
cavity flow. Bergholz showed that the instability of the
convective and boundary layer regimes 1is generally in the form
of travelling waves for low Prandtl number fluids but at high
Prandtl numbers the instability sets in as a stationary state,
consistent with Elder's (1965) observations. Conversely,
earlier studies by Vest & Arpaci (1969) and Korpela, Gozum and
Baxi (1973) had demonstrated that for the conductive regime,
time-dependent instability is preferred for sufficiently high
Prandtl numbers, a >12.7. The stability of the boundary layer

regime was discussed by Gill and Davey (1969) and more recently

(10)



stationary modes of convection which arise at infinite Prandtl

number have been discussed by Daniels (1985).

New analytical insight into the relationship between
vertical slot flow and the flow between vertical planes with a
specified wvertical temperature gradient, was provided by
Daniels (1987). Based on a boundary layer approximation to
describe the convective regime at large values of both A and h
and at infinite Prandtl number, he showed how the vertical
temperature gradient develops in the core of the slot as a
function of the convective parameter Z=(A/h)1/4, and that many
of the flow properties are well approximated by the exact
solution for infinite wvertical planes introduced by Elder
(1965) . Moreover, the solution demonstrated the onset of
instability in the form of transverse rolls at Zrit =11, in good
agreement with the experimental work of Elder (1965), Vest and
Arpaci (1969), Seki et al (1978) and Simpkins and Dudderar
(1981). By analyzing the instability using the aforementioned
exact solution of the Boussinesq equations, it became possible
to identify the equivalent stability criterion in terms of the
imposed vertical temperature gradient,p, this criterion being
y=(PA/4)1/A= y0= 6.30. Here y is a convective parameter for the
exact Boussinesq system replacing the parameter Z=(A/h)1/4 of
the vertical slot flow. With @8=1/2h the two criteria for
instability, Z =11 and y=6.30, are 1in reasonable agreement.
Further work on the nature of the instability and its
development as the convective parameter increases beyond 1its
critical wvalue has also been carried out wusing the exact

Boussinesqg formulation for flow between infinite vertical



planes as a basis. Daniels (1987) identified the lower branch
of a neutral stability curve stemming from y=y0, valid in the
limit of large Rayleigh number, A-*», and corresponding to long
wavelength disturbances, of order A relative to the gap width
between the planes. More recently, the upper branch of the
neutral curve has Dbeen found (Daniels 1989) and this
corresponds to disturbances for which the wavelength is
comparable with the gap width. One of the major properties of
the solution that still remains to be determined 1is the
critical wavelength at the point of instability and this is one

of the key problems addressed in the present thesis.

1.2 Mathematical Model

Here the theoretical model first introduced by Elder (1965),
and subsequently used widely 1in stability analyses of slot
flows, 1is described. Aspects of the stability of the flow are

also discussed.

Consider a vertical fluid layer containing fluid of
kinematic viscosity v, thermal diffusivity k and coefficient of
thermal expansion &, bounded by infinite rigid wvertical planes

x*=+7*/2, maintained at temperatures

T* =T* + AT* (pz*/1* t j) . (1.2.1)

Here x*, z*are cartesian coordinates with z* vertically upwards,
T* 1is the average temperature of the two planes at z*=0 and

PAT*//* is the uniform vertical temperature gradient.



Two-dimensional motion is assumed to be governed by the
following system of equations, which follow from considerations

of conservation of mass, conservation of momentum, thermal

energy and the equation of state of the fluid

dp*/dt* + V* . (p* u¥) =0, (1.2.2)
du*/dt* + (ur.V¥)u* = F+ vU*R2ut - VAP*/p* (1.2.3)
dT*/dt* + (u'.V'T* =k V*2T* , (1.2.4)
P* =P (1 - 6( T* -T")). (1.2.5)

Here V*= (d/dx*,0, d/dz?), t* is the time, p* is the pressure,p* 1is
the density, F=(0,0,-g) 1is the external force per unit mass
(where g is the acceleration due to gravity),u* is the fluid

velocity and p* is the density of the fluid at temperature T*.

Applying the Boussinesqg approximation, which assumes that
variations of density are small and can be neglected except

where multiplied by the acceleration due to gravity, the system

(1.2.2)-(1.2.5) can be reduced to the non-dimensional form

du . dw 0 .

= = 1.2.

dx dz ’ ( )

-if ~ "2

1if du du du\ dp (1.2.7)
dt dx dz dx
dw oW dw + YW + AT (1.2.8)
dt dx dz dz



T
92 Ny ar + w d =V2T . (1.2.9)
dt dx dz

Here the coordinates, time and velocity components are
non-dimensionalised by writing x*=Z*x, z*=Z*z, t*= Kt, u*=ku/f,
w*= kw/Z* and the non-dimensional temperature,T, and reduced

pressure,p, are defined by
T*=T* +AT*T , p*= p* -p*gz*+ p*g6AT*z*+ pBHvkP/Z*2. (1.2.10)
The Rayleigh number A 1is defined by
A =6gAT*Z*3/kv , (1.2.11)

and the Prandtl number o is defined by

o = vk . (1.2.12)

From (1.2.6) a stream function can be defined by the
relations

u =di|j/dz, w = -dip/dx (1.2.13)

and the boundary conditions at the vertical planes are

N =dH>/dx = 0, T =pzt 1/2 (x =t1/2) . (1.2.14)

There is a simple exact solution of the Boussinesqg system

as defined above, which depends on the single combination of

parameters
V= (pA/4)1/4 (1.2.15)
(Elder 1965). This solution is the steady unidirectional flow

(14)



P o= AW(x), T = Bz + 9(x}. {1.2.18)

The functions W and & satisfy the following egoaticns and

boundary conditions
i - @, = AT L {1.2.17)
Y=yp'=y, B=r1,2 (=% 1752, (l.2.18)

The =solotions for @ and W are odd and even functione of x

respactively and are given by
8 =2(0 - D,)sinhyxcosyx — 2(D_ + D jcoshyxsinyx, (1.2.19)
W =y (D + D coshyxcosyx + D_sinhyx sinyx), (1.2.20)
where the constants Dy and D are defined by
Dy = - ({cosh({y/2)ein(ys2) + sinh{y/2) sin{yw/2})/8d , (Ll.2.21)
D ={sinhy + ainy) f16d, (1.2.22)

with d= sink®(y/2)+sin’{y/2). This sclutien represents a
gtratified flow with a lateral temperature variation which, ino
general, drives the fluid up near the hot plane (x=1/2) and
down near the cold plane (X==-1/2}). The limit ¥—+0 correaponds

to the conductive regime in which the solution is given by
@ - x, wo— (x? - T’;;’;n (1.2.23)

with an ascending motion when x>0 and a descending motion when
x< 0. Increase in the wvalus of the convective parameter v
results in an inversion of the horizental temperature gradient

which becomes negative near the centre line (x=0) when

(15}




y=Ya=4.73. Reversal of the flow first occurs near the centre

line when Y=Yb=7,85* The limit Y-*°° corresponds to the boundary

layer regime and results in the formation of Dbuoyancy layers
near each vertical plane, with the intervening core region left
vertically stratified and motionless. The buoyancy layer
solution near the cold plane, x=-1/2, obtained from (1.2.19)

and (1.2.20), is

0 (e"X cos X)/2, 'V - (y2 e~X sinX) /4, (1.2.24)

where X=Y (x+1/2). Profiles of the velocity and temperature for

various values of Y ate displayed in Figures 1.1-1.4.

The stability of the above exact solution is investigated,
in the usual manner, by superimposing a small disturbance upon

the basic state, so that

P> =Al'x) + & x,z,t)], T =pz+ 0(x) +£0 x,z,L). (1.2.25)

The linear stability equations are now obtained by substituting
(1.2.25) into the Boussinesq system (1.2.6)-(1.2.9),
eliminating the pressure p, and neglecting terms of 0 (£2). The
general solution of the stability equations can then be written

in normal mode form to give

p=A (H(x)+ &£ (x)eia(z ct)), T= 0z+ 0 (x)+ £0(x)eda(z ct) (1.2.26)

where a 1s the vertical wavenumber, assumed to be real, and c
is the wave speed. The functions < and 0 satisfy the following

equations and boundary conditions:

(16)



0>""-2a2 '+ add=e' +ia[AN"(])-(c +  (O"-a2)l/of  (1.2.27)

0" - a20 = ia[2O<() - (c+AW")O0]—4vy4q), (1.2.28)

g= (0'=0=20 (x=41/2). (1.2.29)

For neutral stability, so that the disturbance neither grows
nor decays in time, the wave speed ¢ must be real and then the
disturbance 1is stationary if c¢=0, or represents a travelling
wave 1f c¢”0O. For sufficiently large values of the Rayleigh
number A , such solutions exist and have been found numerically
by Bergholz (1978) for a range of values of both the convective
parameter y and the Prandtl number a . The nature of the
instability was found to depend on the relative magnitudes of
these two parameters. If the wvalue of the Prandtl number is in
the low to moderate range, there 1is a transition from
stationary to travelling-wave instability if the convective
parameter y exceeds a certain magnitude. However, if the
Prandtl number is large, the transition, with increasing vy, 1is
from travelling-wave to stationary instability. These results
are consistent with a stability analysis of the boundary layer
regime (y»1l) by Gill and Davey (1969), who considered
travelling-wave instabilities at finite Prandtl numbers, and
with later results for the 1limit of infinite Prandtl number
(0=00, y>>1) by Daniels (1985) where stationary convection is

the preferred mode of instability.

For the conductive regime (y«l) Bergholz' results
confirmed the preference for stationary convection at low and

moderate Prandtl numbers (a<1l2.7) and travelling waves at high

(17)



Prandtl numbers (a>12.7) . This was consistent with results by
Vest and Arpaci (1969), who showed that stationary convection
occurs for A>7880a for wvirtually the whole range of Prandtl
numbers, and Gill and Kirkham (1970) who showed that travelling
waves occur for A>9400a when a»1. The critical value of
the Prandtl number above which travelling waves are the
preferred mechanism was determined by Korpela, Gozum and Baxi

(1973) as 0=12.7.

At infinite Prandtl number, stationary convection 1is the
preferred mode of instability in the convective regime and was
shown by Daniels (1987) to occur for values of the convective
parameter y greater than a critical value y0=6.30. This result
was obtained by considering the limiting case A-*oc, equivalent
to the situation pertaining to the convective regime 1in a
vertical slot where A and h are large with A/h finite. The
usual procedure adopted in stability analyses such as those of
Bergholz (1978) 1is to compute neutral curves 1in the A-a plane
for given values of y. Daniels (1987) argued that the stability
properties of the convective flow with infinite Prandtl number
are best described by analysis based on large Rayleigh number
A, which leads to a universal neutral curve in the (y,a) plane.
The relevant stability equations for infinite Prandtl number
are obtained by setting o=® in the right-hand side of (1.2.27)

and for stationary convection (c=0), the equations

-2a2 (™ ad (=e', (1.2.30)
0"-a20=1iaA(0'ci>—'"0)- 4vy4 9", (1.2.31)
must be solved subject to the boundary conditions (1.2.29). For

(18)



large Rayleigh numbers A, the neutral stability curve in the
(y,a) plane has a form in which the wavenumber a is either small

(of order A -1) or finite, corresponding to lower and upper

branches of the curve respectively.

An investigation of the lower branch of the neutral curve
was carried out by Daniels (1987). The wavenumber a is assumed

to have the form

a-a A-1, as A-»*, (1.2.32)

where a 1is finite, and the leading approximation to the

stability equations and boundary conditions is then

QIm= 0, (1.2.33)
6" =1a(0'<|>1I"'e)- 4y4 Q' (1.2.34)
t=9'=0= 0, (x=%1/2) . (1.2.35)

It was established that real solutions for a exist only when
the convective parameter y is greater than a critical wvalue vyO,
where y0=6.30, and this lower branch solution is shown in Figure
1.5. The critical position corresponds to the point at which a
ey, when the convective terms on the right-hand side of
(1.2.34) dominate and a critical layer of thickness order a 1/3
forms on the cenre-line x=0. The critical wvalue V0 is determined

by the requirement that there is a solution of the system

fi  —qp/i- 02 (fi' fitfi ) —(0/0, 1) at x 1/2,  (1.2.36)



in the region -1/2 ixSO for which /1' (0)=0. This condition
results from consideration of appropriate bridging conditions
across the critical layer, to be discussed in detail in
Chapter 3. The wvalue of y0, based on an accurate numerical
solution of the above eigenvalue problem by Daniels & Weinstein

(1992) 1is 6.29829 to six significant figures.

The above scaling of a in (1.2.32) corresponds to the lower
branch of the neutral curve and there 1is another class of
solution of (1.2.29)-(1.2.31) in which a remains finite as
A—»°c, equivalent to an upper branch (Daniels 1989). This branch
also exists in the region y>y0 and is shown in Figure 1.6. As y
increases the curve asymptotes the position yb=7.85 at which
the base flow reverses on the centre-line of the slot. The
upper branch equations are dominated by the convective terms on
the right-hand side of (1.2.31) except in a critical layer of
thickness order A-1/3 at the centre-line x=0. As y»y0+ the
wavenumber a decreases to zero and the upper and lower branches
coalesce in the neighbourhood of y=y0, a=0 1in the (y-a) plane.

This is shown schematically in Figure 1.7.

The previous analyses of both the upper and lower branch
solutions do not determine one of the most important properties
of the instability - the «critical wavenumber with which
disturbances will occur when the convective parameter y reaches
the neighbourhood of the critical wvalue y0. The earlier work
suggests that the critical wavenumber a will be such that
a=0(A k) as A-»oc where 0<k<l and in fact it emerges that
k=1/3. One of the primary aims of the present work 1is to

determine the precise form of this critical wavenumber, and

(20)



more generally, the local form of the neutral stability curve
near y0. Another aim is to relax the assumption of infinite
Prandtl number and to discuss how the neutral stability curve

is modified for large but finite Prandtl numbers.

1.3 Plan of Thesis

The plan of the thesis is as follows.

Chapters 2-4 are concerned with the determination of the
critical wave number in the 1limit A —-** when the Prandtl number
of the fluid is infinite. In Chapter 2, the solution of the
linear stability equations (1.2.30)-(1.2.31) is derived in the
limit as A —*<» Dby use of asymptotic methods, expanding the
solution in the neighbourhood of the critical wvalue y0. This
leads to asymptotic forms of the perturbation functions 9 and 0
in an 'outer' region -1/2<x<0 and 0<x<1/2 which spans most of
the gap between the planes. The solution here breaks down as
|x|-»0, due to the vanishing of the base flow on the centre line

x=0, and a thermal critical layer forms.

In Chapter 3, the critical layer solutions for ( and 0 are
obtained, and matching with the outer solution leads to two
sets of bridging conditions across the critical layer. This in
turn leads to the form of the neutral stability curve near V0,
from which the critical wavenumber a of order A-1/3 can be
determined. Solutions in the neighbourhood of each vertical

plane are also discussed.

(21)



Chapter 4 describes the numerical calculations needed to
obtain the wvalues of the various coefficients which appear in
the equation of the neutral stability curve. These calculations
involve the use of a Runge-Kutta scheme to solve both the
leading order and the second order problems in the outer
region. This allows the precise form of the critical wavenumber
a to be determined and a comparison to be made with the
results of full numerical simulations, experimental
observations and stability analyses for finite wvalues of A,

such as that by Bergholz (1978).

In Chapter 5 the earlier results are modified to
incorporate the effect of a large, but not infinite, Prandtl
number. This is done by assuming the Prandtl number to adopt a
scaling proportional to A 473 as A -»c. The bridging conditions
obtained in Chapter 3 are not affected but the second order
outer solutions are, leading to a modification to the equation

of the neutral stability curve obtained in Chapter 4.

Finally, Chapter 6 considers the lower Dbranch of the
neutral stability curve for finite and large Prandtl numbers,
including numerical solutions for finite a and an asymptotic
analysis of the solution in the 1limit as a—»oo. This reveals
neutrally stable solutions in the limit A -»c over the entire
range of the convective parameter y>0 and an interesting
transition to the restricted class of solutions in the range

Y>y0 as a—»oc.



FIGURE 1.1. Base flow temperature profiles 0 for wvarious

values of the convective parameter, V.



w x100

Figure 1.2. Base flow velocity profiles wx1l02 for various

values of the convective parameter, vy.



FIGURE 1.3. Base flow temperature profile 0 for the critical

value of the convective parameter, y0.



wx100

FIGURE 1.4. Base flow wvelocity profile wxl1l02 for the

critical value of the convective parameter, 0.



FIGURE 1.5. The lower branch of the neutral curve and the

asymptote at y0=6.30.
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FIGURE 1.6. The upper branch of the neutral curve stemming

from y0=6.30 with the asymptote at yh=7.85.



FIGURE 1.7. Schematic diagram of the neutral stability curve

in the (5 a)-plane as A-*co.



CHAPTER TWO : LARGE RAYLEIGH NUMBER SOLUTION NEAR
THE CRITICAL POINT AT INFINITE PRANDTL NUMBER

2.1 Introduction

The form of the solution of the linear stability equations
for stationary disturbances with infinite Prandtl number in the
limiting case A-*oco and in the neighbourhood of the critical
value,y0, of the convective parameter y, is considered in this

chapter.

In Section 2.2 the linear stability equations are stated
and appropriate scales for the vertical wavenumber a and the
vertical stratification y are identified. This leads to fourth
order equations for the leading terms <P and in the outer
expansion of d which must be solved subject to appropriate
boundary conditions at the walls, x =11/2. Near the centre, the
solution enters a critical layer and asymptotic forms as |x|-*0
of the 1leading order solution <0, and the corresponding
temperature 00, are derived in Section 2.3. Similarly the
asymptotic forms as |x|-*0 of the second order terms, <x and 0%
are derived 1in Section 2.4. The form of the overall outer
solution as x-*0x is summarized in Section 2.5 and this allows
the relevant critical layer solution to be formulated in
Chapter 3. The various constants which arise in the outer
solution can only be determined following the derivation of the

bridging conditions for 90 and <1 across the critical layer.

(30)



2.2 Formulation of the Solution for A-»q@

Consider the solution of the stability equations

(1.2¢30)-(1.2.31) for stationary convection (c=0) in the form

=A(JP (x) + 9 (x) eiwz) , T=pz+0 (x) + 0(x)eiwz. 2.2.1)

In the <case of infinite Prandtl number the perturbation

functions f§and O satisfy the following linear stability

equations
" -2x<P"+ ad<$p=0", (2.2.2)
0"-a20=1iaA (0" §-" 0)-4v4qQ, (2.2.3)

to be solved subject to the boundary conditions
J=<=0 = o. (x=11/2) (2.2.4)

at the vertical planes. As indicated in Chapter 1, solutions of
this system in the 1limit as A-*oc appear to exist only above a
critical wvalue of the convective parameter y equal to y0~6.30,
where the corresponding wavenumber a is small. Here the form of
the solution in the neighbourhood of yO0 is investigated in

detail.

It emerges that the appropriate scales for a and y which

capture the form of the neutral curve near W are given by

a=a0A 13, A-ce, (2.2.5)
Y=w+ vii 7 +.. ., Bnrtoo . (2.2.6)

At this stage the simplest explanation of this lies in the fact



that the correction terms to the leading order theory described
briefly in Chapter 1 then contribute in the most general way to
the outer expansion, as evidenced by the appearance of terms
proportional to af, 1/ia, and y; in the equation for the first
correction term ¢, in the solution for ¢ (see (2.4.1) below).
The theory could be developed with more general forms in
(2.2.5) and (2.2.6) but other powers of A simply lead to an
appropriate limiting form of the neutral curve to be identified

eventually in Chapter 3.

From (2.2.5) and (2.2.6) appropriate expansions for the

base flow functions ® and W are

O(x,vY) 6 (x) +y A‘zmel(x) +eee, A—-x , (2.2.7)

L

W(x,y) = W(x)+y AW (x) +ee., Ao, (2.2.8)

where €,(x) =0(x,%), ©(x) =06, (x,%), %H=Y(X,Y%), W =% (x,v%) and
the subscript y denotes partial differentiation with respect to
Y. The formulae for ©,, 6, Y and ¥ may be deduced from

(1.2.19) and (1.2.20).

Solutions for the perturbation functions ¢and 6, of the

form
0 = Go+A g+ sre, A-—w (2.2.9)
8 =0,+A70,+..., Ao (2.2.10)

are assumed and substitution of (2.2.7)-(2.2.10) into equations
(2.2.2) and (2.2.3), and equating terms of like powers of A,

leads to the following equations and boundary conditions for P
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0, = =2 [2.2.11)
a w:l,"n '

by = By {2.2.12})

oy ¢ = _.:[_r.lH i 4 4 '

R P ., ks B TR il N M {2.2.13)
v 3, ¥, iag¥,

Py = B+ 204 @, (2.2.14)
he = by’ = ¢y =q,'= 0, (% =21/2), {2.2.15)

Here it is asaumed +that the stream function satiefies +the
boundary conditions ¢ =4" =0 a8t x = $t1/2 while conditions for M
cannot be aspecified in view of the 1loss of the second
derivative term 6 in (2.2.3). The walidity of this procedure
will be confirmed in Chapter 3 by considering the solution in

“2/% near eash vertieal wall,

inner regicnas of thickness order A
¥=tl/2 , where the necessary adjustment to the full boundary
conditions (2.2.4) is made. In fact from (2.2.11), the leading
order term in the outer solution for the temperature, &, is
consistent with the thermal condition H =0 in (2.2.4) Bo that

the role of these inner wall regiona iz a relatively minor one.

At the centre-line, x =0, the base flow wveloecity ¥,' vanishes

and 29 the systems (2.2.11)-(2Z.2.14) are, in general, singular

(33)




there. Thus the outer solution developed here also breaks down
in the neighbourhood of x=0 where a thermal critical layer
occurs. The outer solution is thus wvalid in separate regions
-1/2 <x <0 and 0<x<1/2 either side of the critical layer (see
Figure 2.1). The method by which the solution can be found in

each of these regions is discussed in the following section.

2.3 Leading Order Outer Solution

The equation for 40 is

(2.3.1)

and this can be integrated once to give the third order

equation

0 r (2.3.2)

where kO is an arbitrary constant. Equation (2.3.2) 1is to be

solved subject to the boundary conditions 90 =3)0'=0 at x=+1/2.

Thus the solution in x<0 can be written in the form

©0 = °L /1(X) + 02 /2(X) , (2.3.3)

where and 02 are complex constants and f1 and fZare real
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functions of x uniquely defined in the interval -1/2<x<0 by

Fl-mndi= 0; (IE /4, £9) = (0,0,1) at x=-1/2 (2.3.4)
o o0 )
J2 - 7371712 = 1; (£2> f2> f'i)) = (0,0,0) at x=-1/2 (2.3.5)

Since the base profiles 0Oq and W ¢ are even and odd

functions of x respectively, it follows that the appropriate

solution in x>0 1is

o= “i+/i(-x) + oX/2(-x) , (2.3.6)

where o1+ and o2+ are further complex constants.

The form of the solution as x-»0 1s now considered. The

expansions of G¢ and about the centre line x=0 are

00=H + @x2+ n x4+ (Fx6 + ¢, x»0+ , (2.3.7)
Wo' = X + 03 x3 + a5 x5+ 0)7x7+ eee, x— 0 , (2.3.8)
where and are real constants whose values are given in

Table 2.1. It follows that the functions fL (i=1,2) have the

general asymptotic forms

/i=at + bix + ciox2ln|x| + c#x2 + d#x3 + eilx4ln|x| + e” 4+

gix5 + hiOxéln|x| + h#&x6+..., x-*0-, (2.3.9)

where the logarithmic terms are generated by the singularity
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associated with the vanishing of the base flow velocity W, . The
constants a;, b; and c¢; must be determined from a numerical
solution of (2.3.4) and (2.3.5) which is undertaken in Chapter

4, and the remaining constants c;,, d;, €;4,.-. Can be expressed

ir

in terms of these as follows

Cio = @3%/2, d; = (b;s, + i-1)/6

€ip = Cj0S0/24, e; = (a;s, + c;8 - 26ey,)/24

g; = (bys; + djsy)/60, hijy = (Cj0S; + €405)/120,

h; = (ajs, + c38; + ej8; - 74h;,)/120 . (2.3.10)

Here the real constants s;, s, and s,, are defined by

So = Ho/wy , S o= (o - o) /oy,

s, = [p.4mf- Uy 1y + p.o(m:,2 - 0)10)5)]/0)13. (2.3.11)
The numerical values of s;,, s; and s, are given in Table 2.3.

From (2.3.3) and (2.3.6) the asymptotic expansion of ¢, as

Xx—=0% can now be written in the form

2

4 t - - % -4 t
Po= a, + bgx + Cpo X°1n|x| + cox’ + dﬂx3 + ey x'In|x| +

* 4 t 5 : 6 . t 6
€ X + gyX + hyp x In|x| + hyx +..., (2.3.12)
& & . * t 4 - t
where, introducing the vector notation y, = (a;, +bgs Coor Co s
x
+duo-n)' !1 = (al' bl' clo,-.o-j' 22 = (az' bz; CZO,.o-)' the

. + +
relations between a,;, b,,... and the real constants a;,by,..-,

a,b,,... are given, in vector form, by the following formulae

% t 3
Yo =07 ¥, +0, ¥V, . (2.3.13)
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Thus the asymptotic expansions of 90 as|x|-»0 are determined in

+ +
terms of the complex constants c¢*', 02 , and the vectors wvx and

v2 which, in principle at least, are known from the solution of

the two systems for fland £2.

Asymptotic forms of 00 as |[x|-»0 can be deduced from those

for §0 using equation (2.2.11). Thus

00 = aq/x + BO + COOxIn|x|] + COx + DOx + EOx In Ix |

+ EgX3+ e, ,x—*0t+ , (2.3.14)
+ + .
where the constants AQO, ..., EO are defined by

+ + + + +
s0a0: BO = / ~"0 = SCWr

1 * + + + + + +
soco  sia0l’ = Sq&m + s00, Boo = sceaw + sico !

+ +
(2.3.15)

sceo + SlC6 + S2a0 *

The above asymptotic forms of 0 and 00, given by (2.3.12)
and (2.3.14), provide the behaviour of the leading order outer
solution of the stability equations as [x|-*0. The next step is
to carry out a similar analysis of the second order outer

solutions, for (* and 0X.

2.4 Second Order Outer Solution

Here we are concerned with finding the outer solutions for

and 0X. The equation for is



#i" - = (=\<h ) = - (2«@ed+ W~ 1o p;pe go0tHe (2,400

dx XB xao%g

and this can be integrated once to give the third order

equation

4 —_ N Al + \
2ur N Yi©l <) el 00'+4Y0 4% T okx, (2.4.2)
iz0'T'o’

where kx is an arbitrary constant. This is to be solved subject

to the boundary conditions {1 =<' =0 at x=+1/2. The general

solution for can be written in the form
¢ = + 2ade>nt YPBR - 4B/iao f (2.4.3)
where the functions 0L, 912 anc* "13 satisfy the following

equations and boundary conditions:

Fi - -3yT§i = *i ; *1-2i =0 (x=1%1/2), (2.4.4)
P) ]

"y * “]pr/\n = 40 ¥ hi “«Ki =9 (x:il/z), (2.4.5)

12 — 7~ ex2 = — ri<to? (p12 =<2 =° (x=%1/2), (2.4.6)

w )2



- % By 4+ 41, 0y .
iy - 'q,'l:r My = % oy =iy =0

(x=%1/2}. (2.4.7)

Starting with equation (2.4.4), the solutien for § in =<0

can e written in the form

= flxl+a f(x), {2.4.8}

L ﬁ; and I:F;are cumplex constante. Symmetry propertles of

the base flow functions ©; and W', then allow the solution in

x>0 to be written as
- + g
by = & fAl-xy+ o (=X, (2.4.9)

+ +
where  and o, are further complex constants. Here the real
functione [, and f, are those defined by (2.3.4) and (2.3.5).

The asymptotic forms of §, as |x|—=~0 are given by

— + =f 2 % 2 3 -t 4
b= a2, + Box + @ x'1ln|xi| + & x° + &, x + Epx In|x| +

+
& x'+ § o+ Hgx'ln|x| + W x° #..., {2.4.10)

where the constants Elt, By ... are defined in terms of the

real constants a,, b,,..., 83, Pgsevs by the relation
* *

+ -
F. = & v, + @0 v,. (2.4.,11)

where w,, ¥; are the vectors defined in Section 2.3 above and

—-1 = 3 3
¥ =[&;, *D;, €45 v € ;+a-l,...}.

NHext we conaider eguation (2.4.5), where the solution for

#;; in x <0 can be written as

1 = U (X)) * Op By (H). (2.4.12)

(39)




Bere fi,, f,, 4are real functions of x uniquely defined by

S~ fu = L e fs f)=10,0,0) at x=-1/2 (2.4.13)
0

and by ueing symmetry the solution for ¢, in x>0 can be

written in tha form
Py = O ful=X) + ©; fi (-x). (2.4.14)

The asymptotic behaviour of the real functions f;, (i=1,2} as

X¥—=0- is5 giwven by

2 z
fu=ag + byx + eyex’lnlx| + cux’ + dr’ + eqyx'lnlxf +

4
enX + gux° + hyex"ln|m| + hyx® 4. (2.4.15)

Here the real constants a;,, b;; and c;; must be determined by a
numerical solution to be undertaken in Chapter 4, and the
remaining constants are obtained in terms of these by
substituting (2.4.15), together with (2.3.7)=(2.3.92), inte

aguation (2.4.13) and equating terms of like powers in x. Thus
Cip = A3 872, dyy = (by% + D3)/6, ey = (20 + o) /24,
Eil = [1\'.-"1 + 'c“]_ = EEEE_'L[I + I:i-llﬂﬂ + ﬂ.ilﬂl}fﬂd ¥ [2.4.153

From (2.4.12) and (2.4.14) the asymptotic forms of t, a8 |x|—=0

are given by

k]

- t x £ X 2 ¥ * 1
Pii= a3 + by X+ e, XInfx| + e x” +dy x4, ®ln|x|

F OB R tears (2.4.17)
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+ 4
where the constants au,bn, ¢*s are defined in terms of the real

constants all,bll,...., a2l,b2l,-¢++ , by the vector relations
+ + +
vii = or y1ll+ a2 vZa , (2.4.18)
+ + + + + + . .
where v 3l = (an, * cno' cn» +du*eee)/ "ii = (aii'd33,cll0,...)

and v2l =(321'""21i'c2ip/e*e) e
The solution for <# in x< 0 can be written in the form
<P = °i_/1'2(x) + 2 x) / (2.4.19)

where the functions /i2 (i=1,2) are real and uniquely defined by

/m @ r ©/%' - 00"/ '
i2 ———WJJQ (o")2 fit
(fla 'f4 'fi2) =(0,0,0) at x— 1/2. (2.4.20)

Symmetries of the base flow functions 00" Wq, 0{ and IP1' then

allow the solution in x>0 to be written as

2= a# /A2 (—x) + °F 2 (-*) e (2.4.21)

The next step is to consider the form of 912 as jx|—>»0 but

before doing so, we need the appropriate expansions of the base

flow functions and II1'about x=0. These are given by
®i = M+ M x2 + ]Jid x4 +... (x-*0), (2.4.22)
W'=»'x+ B93x3+ S5x5+— (x-*0), (2.4.23)



WHELE figy .0, Wy, ... Are real constants whose numerical values
are given in Table Z.2Z. The asymptotic forms of f,, a5 x—0- are

glven by

z 2 z a
Fig= @y + biax + Cpapx 1njx| + oon” + dipx + €55,% 1n|x:| +

ey X Fe.- (2.4.24)

Hera, again, the real constants &;,, b;,;, and ¢;, are determined
by a numerical aoclution undertaken in <Chapter &, and

substitution of (2.3.9),(2.4.24) and the appropriate base flow

expansions inte (2.4.20) leads to the determination of the

remaining congtants .4, dii,... as
Cian = [Bpdsz + (I - 8gQp )0y 142, diy =[5k, +i(5 — qaiky]/6,
Biap = [ByCagp + (Tp = oy )Cyp ] /24,

B3z =[8pC B ay+50; +r4; - guia,o+ 8,8, )- 34,8 ~268,,,1/24,

(2.4.25)
where the constante
Ig = Yyl Jp = oy fo, ,
Ty = (M = Pg@afog)img, g; = (i = @ mgfuy)lay . (2.8.26)

The walues of r,, r,, g, and g, are given in Table 2.3, We can

now write the asymptotic forme of ¢,, as [x|—=0 as

P

Ny S 2 + + =z
P, = By 1z X F Cogp Xlnfx] 4 e =+ 4, x

+
+ E]_Iu xilrll.HE

T 4
e X Faaa, [2:.4.27)

+ + . .
whereé the constants 813r Dygses. are defiped in terms of the
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real constants a33/ "2 "***~ and al22r b32 x*rx* the vector

relation
_|_
212 = °1+ N 12+ °2+ 22> (2.4.28)
+ + + +  F +
where yp=(al2' T"2' Cizo' CI12' 1d12,...), —12 = (al2 "2 'C120>***)

and V22 = (3221722 'C220 1ess)

Finally we consider equation (2.4.7) where the solution for

13 in x< 0 can be written as

M3 = ait3x) + °2 "3 (x)- (2.4.29)

Here the functions /i3 (i=1,2) are real and satisfy the

equations and boundary conditions

/1t ©0 / d2 ; ©¢/i 4Yo fi

i3~ i ="' v . 2. .
i3 /13 Wy vdx- 1\ 3) 4 s (2.4.30)
/i3 = AB= 0 at x = -1/2 (2.4.31)

The second derivative of /i3does not wvanish as x-*-1/2 in this
case but the third boundary condition at x=-1/2 can be taken as
the requirement that the finite part of f'[3vanishes as x-*-1/2,

equivalent to the local behaviour

fi3 ~ 0 + 0.X + Di20X2Iln|x| + 0.X2 +..., (2.4.32)

where X=x+1/2 and Di20 is a known constant (see Chapter 4). By

symmetry, the solution for 9§13 in x>0 can be written in the
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form
B3 = ~0y fi3(—%) — Oy fia{-x). (2.4.33)
The asymptotic hehavioure of f;; az x—+0- are given by

2 2
fiz = 0i3/x + a3 + by xIn|x| + bij3x + ci30x 1In|x| + cy3x" +

where the constants &;;, bjy; and ¢, are determined numerically
in Chapter 4. The remaining constant® are obtained in terms of
&4, b;y and c;; by substituting (2.3.9),(2.4.34) and the
appropriate base flow expansiocns into equation (2.4.30) and

equating terms of like powers of x. Thie leads to the formulae

— Bgdyy 3, Djyg= (= sponbyy - 805, + 2agmge, Joy )y,

fiq
Sggp = Bp@iad2 + (mpd; + Byby + 2y by)la,
digp = [y sbay + (Be3u8y + 608, ) + Efﬂiﬂ”'ﬁ“ﬁr

d-jj =[E{|h13 —1 ldi]-’_'l"' Bl'ﬁu+ Eﬂuﬂ._r_{[“!z —I.IJIEIJE:;LI]IJ-I' 4T|: [EE 14'{'-'1{' Jf[lll
+{6e; 8, + Sageq + 680y + 53,04, + 688, ) Ay {8, mfi.;.!.-"ual]-"ﬁ .
(2.4.35)

We can now construct the asymptotic forms of ¢, as |x|—+0 which

are giwven by

- i

g * * *
013 = 0713/ + ap; + by xIn|x| + b3 x + cj50 x'1n|x| +

+ +
Ci3 x2+d1'30 x3ln|x| + dli3 %" sy {2.4.36)

.4 + . .
where fi;;, @;3:+.+« are defined in terms of the real conetants

613/a~13l'°°l ﬁ:gfazar-!-ﬁ b‘_'f the vector relation
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Y13 * °1 —-13 + °2 323 ! (2.4.37)

+ + + + +

=+ + t
where T =(613, ~al3, kMg, ; c130, gci3» .13 (613,443,

A130 r 23 »**" A and —23 ~ (M23»N 2390 2309023 r KEK) ¥

The next step 1is to combine equations (2.4.10), (2.4.17),
(2.4.27) and (2.4.36) in the overall solution (2.4.3), to

obtain the general form of "~ as |x|-»0. Thus

+ + + + + 2 +
$B= \/x + a[+ bOxln|x|] + Igx + cOx In x| + c3x
+ 3 - - +3
+ dlI0x Inlx| +d3x +..., x-»0%, (2.4.38)
_I_
where 6X+, ax ,...are defined by the vector relations
_I_
vi = vf + 2aQ vJji + vivf2 - vf3/iaO0, (2.4.39)
where
+ = - ot o+ ot +
zi = (, a3, blo, by, c30, ¢, dio, 4, ) (2.4.40)
+ + t o+ % +
" = (0, a3, 0, *b3, ©lo, T3, 0, £Qj,...), (2.4.41)
+ + + + + +
vlil = (0, a31l, 0, ibllf ciio» cn» O0» F"1 /eee)r (2.4.42)
+ + + + + +
12 = (0, al2, 0, "Db"21 MN20> N2 e O» F 12/ /eee)/ (2.4.43)
+ P + + + + + + +
_B o ("13)) —F%3 r \\B. /\*130! FC:I_BO' FCB) */\13@> /\13,...) (2_4_44)
—+ 4 +

and where vi, vn and v12 are extensions of the vectors defined
in (2.4.11), (2.4.18) and (2.4.28). We now have a complete

asymptotic form for the solution as [|xJj3—>»0.

The corresponding form of 0j is now obtained from equation

(2.2.13), leading to the result
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+
B, = AL/E v AL/ETH BL/u 4 € lnfx| + 0) +ee.,x—0%, (2.4.45)

where the conetants 5.11 Fusans : C"rl are given by
+ +
ﬂ'_l = -.?.PLE.‘I."L!"iEt:, " {21-41-*6]
A, = 8, - (wCo + 2wAL)/in, (2.4.47)
By - 3,8, + §(ra, - quBy) — (29D, + dgwbo)fic,,  (2.4.48)
Ciu=i,;,b1t:, - {:E'f,;vlcmf + 5‘*’13:n]""'i“u (d.4.42)

I+

2 + + + - E + + +
Cy =(Byby + By bty (Eyby —GoBy ) — [wWCp +2wh, +w (5B, + 6E)

+dyiv (20, + ol 1y (2.4.50)

and

w o= 1/ 0, R vy o= iy - onuk/oy . (2.4.51)
The values of v,, v, and v are given in Table 2.3.

The above aaymptotie solutions for ¢, and H,, defined by
equations (2.4.38) and (2.4.45) respectively, represent the
forme of the second order terms in the outer sclution of the
gtability eguations as |x|—=0. The next step is to combine the
reaults for 4., ¢, and f6,, 0, as given by (2.32.12), (2.4.30) and
{2.3.14), (2.4.45) raspectively, and to write down the overall
agymptotic forms2 of the perturbation functions ¢ and B as

[x|-+0. This is described in the next section.
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2.5 Summary

Using equation (2.2.%)), we can write the overall asymptotic

forms of @ as x-*0=:

+ + + 2 i1 + 2 — 3 + 4 T + 4
a0 + bOx + c x lnllx| + cOx™ + dgX~ + e x 1In[¥| + eOlx

4
Il

+ g&x‘5 + h00 xuln [x | + h6x8+ ceep p 23 ™/x + af + fcrxln |x |

+ b{x + (' x21n |x |+ c[x2 + d[oX31In |x | + d™x3 +...)+**»(2.5.1)
Likewise the asymptotic forms of 0 as x-*0t are

+ + + ., + + 2 + 3 « + 3
0=An/x+Bn+ COxIn|X| + Cnx+Dnx +Efx In[x| + Enx +e e

+A 2/3Ax/x4+Ax/x2+ B ]/x2+ CM01n|x |+ C* +e o0 (2.5.2)

The above forms of § and 0, represent the complete asymptotic
behaviour of the outer solution as x-*0zt. Since these forms are
singular, the need for a critical layer in the neighbourhood of
x =0 1s evident, wherein it 1is expected that the thermal
gradient term 0" (x) will become significant. Thus we need to
write the above asymptotic forms of < and 0 in terms of an
appropriate inner variable, which will allow the outer solution
to be matched with corresponding inner solutions for < and 0 in
the <critical layer. Consideration of the «critical layer
solution will 1lead to the derivation of bridging conditions
needed to complete the determination of the remaining unknown
parameters in the outer solution and to determine the form of
the neutral stability curve near y0. The inner forms of < and O

are discussed in the next chapter.



Hi
0 -0.27267 0.00000
1 0.00000 -0.00339
2 10.65360 0.00000
3 0.00000 -0.04544
4 71.51070 0.00000
5 0.00000 0.17756
6 -186.27000 0.00000
7 0.00000 0.34053
8 -267.92400 0.00000
9 0.00000 -0.36958
10 232.62700 0.00000
11 0.00000 0.27063
12 141.95300 0.00000
13 0.00000 0.13556
14 -60.94880 0.00000
15 0.00000 0.05120
16 -20.45560 0.00000
17 0.00000 -0.01494
18 5.22375 0.00000
19 0.00000 -0.00352
20 1.10728 0.00000
Table 2.1. Values of the real constants * and (i=0,..,20).



Table

10

11

12

13

14

15

16

17

18

19

20

2.2.

-18.

-380.

171.

291.

-83.

-55.

10.

Values of the real constants

.04129
.00000
.69997
.00000
.22620

.00000

63890

.00000

81500

.00000

01800

.00000

91900

.00000

51520

.00000

05700

.00000

47540

.00000

.6835

A

.00000
.00396
.00000
.00687
.00000
.09500
.00000
.26774
.00000
.03698
.00000
.38466
.00000
.09966
.00000
.10693
.00000
.02047
.00000
.00947

.00000

and cei



Table

SO

s2

Vi
V3

ro

2.3.

80.54847
39866.68584

-295.40954

37744.78737

-1.17012

12.17643

Values of the

and

si

v2

qi

ri

real constants

-4228.50775

3965.79800

29.13334
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FIGURE 2.1. Schematic diagram of the asymptotic structure of the

flow in the limit A —*co .
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CHAPTER THREE CRITICAL LAYER SOLUTION

3.1 Introduction

The inner forms of the outer solutions for < and 0 as
|x|-*0, obtained in Chapter 2, are now written in terms of an
appropriate inner variable H, where X=4§4/93% This inner region
is a thermal critical layer and the forms of ¢ and 0 obtained in
Section 3.2 determine the asymptotic expansion of the critical
layer solution. Consideration of the critical layer solution
leads to the determination of two sets of bridging conditions
associated with the outer solutions for <90 and respectively.
These bridging conditions are derived in Section 3.3 for the
leading order solution, and in Section 3.4 for the second order
solution. In Section 3.5 the wvalidity of the outer solution in
the neighbourhood of each vertical plane x=%1/2, is considered.
It is found that inner regions of lateral extent order A are
also relevant there, although these have no significant
influence on the instability. It is shown in Section 3.6 that
these 1inner regions allow the necessary adjustment of the
solution to the full boundary conditions at the wvertical
planes. The bridging conditions obtained in Sections 3.3 and
3.4 lead firstly to the determination of y0 and secondly to the
determination of Yi as a function of a0. The latter result
constitutes the neutral stability curve and allows the critical
wavelength of the disturbance to be found following appropriate

numerical calculations to be undertaken in Chapter 4. The form

of the neutral stability curve is derived in Section 3.7.
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3.2 Critical Layer

This section 1is concerned with setting up the appropriate
expansions for the perturbation functions <9and 0 within a
critical 1layer along the centre-line, x=0, of the vertical
planes. Initially this involves writing the limiting form of
the outer solution for small x, given in Chapter 2, in terms of
a new variable, §, which it is appropriate to use for the inner
solution within the critical layer. This variable is chosen so
that, within the critical layer, the thermal gradient term Q0O"
becomes significant, from which it follows that £ should be

defined by
x = A~2/9" . (3.2.1)

The inner 1limit of the outer solution (2.5.1)and (2.5.2) may

now be expressed in terms of £ as follows. For the stream

function

D =a®0 + A-"b"*-1A-"1nAc” ?224A'4/9 [(c"1lnl §| +:0)£2+
+< 2.—%9

J+A-~fdUu3. ") -TA-0-1nA(eloor + B*10C) +

A-8/9[ (*00In I? |+ t + (b"In £ +bY)£j-1 A"0/9 InAc” 2+

A"10/9 [g0?5+ (chinili + ¢\ )i2]-|A'12/91nA (h#0£6+ d10C3 )+

A -12/9[ (hg+h oo INJST)S6 + (d"plnl + d* )"3]1+... (3.2.2)
and for the temperature

0=A2/9@%Fr 1+ A* C* )+ B* —f A-2/91nACHOLi+A-2/9[(CHOIn|S|+

67) 2+ c”-2]+A 4/9(Do™2 + Bfrl)-|A~6/91nA (Eco?3+C%0)+

—6/9 + 4 o 4. 4,
A [ (EOOIn|i] +E5)r +C-101n| ||+ Ci]+... . (3.2.3)

These forms now suggest that within the critical layer the
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solutions for § and 0O should be expanded in the forms

=+ A9+ A"4/InA<SD + AT4T9 (2+A 6/9 (3+A 8/91nAci)40 +
A%+ A T A B0+ AT+ AT 2 A< 60+ AT 0% + .

A 5 (3.2.4)

0 =A279 00+ 01+ A-279InA 020+ A"279 02 +A"479 03 + A"6791nA 040+
A7 4 W20 A 0D+ A 895+ A% RHO+A %86+ ... f

A “*o0, (3.2.5)

where 0* (i=0,1,2,...) and <p0'6io (i=2,4,5,... )are functions

of the inner wvariable £.

We shall also require the forms of the base functions <3W3x
and d0/dx within the critical layer. From (1.2.19) and (1.2.20)

the relevant expansions are

dQ/dx o + A 479]225;2 + A-679p0Y1 + A”87V 4|4 +. .. ,A-*oo , (3.2.06)

oW/ox = A 279001C+ A”6792)3"3 + A_89cilyl™ +...,A-»cc, (3.2.7)

where the coefficients are those given in Tables 2.1 and 2.2.
We are now in a position to proceed to find the inner solution
in the <critical 1layer and hence obtain the appropriate

bridging conditions for the outer solution across the line x=0.

3.3 Leading Order Bridging Conditions

In this section, we Dbegin the process of finding the

critical layer solution by substituting the forms of d0 /<3 and

dwdx, defined by (3.2.6)and (3.2.7), and the forms of f and O,
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defined by (3.2.4) and (3.2.5), into equations (2.2.2) and

(2.2.3) and balancing terms of like powers of A.

8/9 . . .
Thus from terms of order A_/ we find the equation for ¥ is

given by

iolv= 0, (3.3.1)
from which it follows that

o=So+ b0 | + cO£ +~ 1i3. (3.3.2)
From (3.2.2) the boundary conditions for <9 are

<0 —* ato  as +oo, (3.3.3)

and it follows that a0 = a0 and b0= c0= d0= 0. Thus the first

bridging condition across the critical layer is

ao=ado (3.3.4)

and the solution for @ is simply
+

%% H &o o (3.3.5)

Similarly, from terms of order A 6/9 the equation for G is
found to be

rMiv = o, (3.3.0)
with solution

i = ai+ bis§+ c"2+dx . (3.3.7)

From (3.2.2) the boundary conditions are
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b0£+0 as £-* foc (3.3.8)

and it follows that bx= b0 and al = cl=d1=0. Thus the second

bridging condition across the critical layer is

- b0 (3.3.9)

and the solution for < is

=Dbo0 £. (3.3.10)

From terms of order A4/91nA , the equation for &0 is found

to be

Y - §t (3.3.11)
with solution

<0 = 520+ b2 £ +c20 §2+ d20 (3.3.12)
and since the boundary conditions are, from (3.2.2),

<0 N N —[ctoo + 0.£+ 0 as £-*x00, (3.3.13)
we have a0 = b0 = d20 = 0 and

$20= c20§2 with c¢c20=-]c400, (3.3.14)

This result requires c = c"0O but this is the case since, from

(2.3.10) and (2.3.13) , c~g = a<4Sq/2 and ag = aq by (3.3.4).

4/9 ~ ) .
From terms of order Z—\/ , <$® 1is found to satisfy the

equation

~21v=00"'t (3.3.15)
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where 6, is the leading term in the temperature field, to be

considered below (see(3.3.24)). From (3.2.2) the boundary

conditions for $2 are,
$,~Cho E'ln|E| + &, 2+ 0% E  as E—iw. (3.3.16)

Further equations and boundary conditions for ¢j,...,ps are

obtained in succession as follows:

o =8, ,

by ~ dy B2+ d,, E ot } (3.3.17)
71343" = gtzo

by ~ '%Etoo gt —%btm E, E =t } (3.3.18)
adiv . é"-z ,

9y~ €00 E'ln|E| + &) E' + B Eln|E| + B E, E —sw } (3.3.19)
655” =0,

Pso ~ ‘%ctlo g%, § =t } (3.3.20)
651\: i 9-3,'

@5 ~ g B + ¢y EXIn|E| + | &%, & } (3.3.21)
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*60 - ~40 -

¥ ~ 97102 ' N —Hx ) (3.3.22)

v

©6 - oo™61n|i|+ho 6+dA0H3In [£l+cf 3, | —oc . | (3.3.23)

In (3.3.21) and (3.3.23) we have used the fact that WE'=<1=0 in

order to simplify the equations.

Equations for the unknown temperature functions 00,...04 are
obtained by substituting the form of 0, as defined by (3.2.5),
along with (3.2.6) and (3.2.7) into equation (2.2.3). At order

A 6/9 this leads to the following equation for 00:
00+ 10f1C0O™0o =1007070/ (3.3.24)
and from (3.2.3) the relevant boundary conditions are

00 - 4 r1+ ai r4d, ?-%« (3.3.25)

00 —- - oo™ i™ , (i —-=x00) (3.3.26)

by making the transformations

2/3 * *

| = OGP § 0 = —OoMoaci-~o™ 1) 7 00 (T) (3.3.27)

and using the fact that §0 = a® in the right-hand side of

(3.3.24) . Consider now the modified system

(58)



A “A A [£1 A N
00" -1£ e0 =-ie~ 1 , 0070 as |f£ I»o (3.3.28)

and let Oo(p) denote the Fourier transform of 00, so that

00 = (1/2*) /* Oce i® dp, 0Oo(0)= /"0odi. (3.3.29)
Taking the Fourier transform of (3.3.28) gives

d00/dp + p20o0= 2ie/ (p2+e2) (3.3.30)

and the solution for 00 obtained by multiplying (3.3.30) by a

suitable integrating factor, is

00 = 2iee~p {5 (ep "/ (p2+e2) )dp. (3.3.31)

Consideration of the solution for 00 in (3.3.31),in the limit as

—*0, leads to the result

0o (0) = 1i~* (3.3.32)

and hence
;00 +

doo Ood A = i~Moao/Mi e (3.3.33)

Returning to the solution for ¢, equation (3.3.15) may be
integrated once to give "= 00 and it follows from (3.3.24)

that

SAN+itto®ii”',=iaoloact * (3.3.34)
Two integrations give the third order equation
F'"+iala)ifs2- 2 ia0wWwi ®=1a0M ato?2/2 + M 1§+M2, (3.3.35)

where M1 and M2 are arbitrary constants whose values are
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determined from the boundary conditions (3.3.16) as Mx= M2 = 0.
It is expected that a solution of this equation for <2 can now
be found consistent with the Dboundary conditions (3.3.16)
provided the constants c?)satisfy a certain relation. This can

be found by noting that

2 =/o? + k2 (3.3.36)

b

where k2 is a constant corresponding to one of the complementary

solutions, k2|2/2, of (3.3.35). Letting S;—*t°c, it follows that

Lim [$2"(®) -$2" (-A)] = r_Oodi , (3.3.37)
giving

+ “®m —

co- co= (1/2) Jx eodf§- (3.3.38)

The integral on the right-hand side was evaluated in (3.3.33)

and gives the result
+ - , +
CO0=CO0 + 1Mo Jta 0/2(01f (3.3.39)

which represents the third bridging condition across the

critical layer.

At order A4/9 the equation for 0Xis determined as

0/+ iao@|01=iaQ”bo" (3.3.40)
and, from (3.2.3), the boundary conditions are

6i~ Mb"/oil, | “too . (3.3.41)

Here the solution ~ = bt0| has been used on the right-hand side
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of (3.3.40) and it should be recalled that = b 0. Thus by

inspection
0X = n0b"/ooL (3.3.42)

is the required solution. Returning to the equation for {3,

since Qv = 07=0 , it follows that
$3= a3 + b3f + ¢372 + d3i3 (3.3.43)

and from the boundary conditions (3.3.17) it follows that

~ = ~ + o~ +
b3=c3=0 and a3=a lf d3=d0. Thus

do = do / (3.3.44)
+ )
ax= al (3.3.45)

and the solution for < is

$B8=d" |3+ al . (3.3.46)

Equation (3.3.44) represents the fourth bridging condition

across the critical layer for the outer solution <9.

At this stage of the analysis we have four bridging
conditions across the critical layer for the outer solution <)0.

These are summarized as follows:

at = aQ (3.3.47)
0 = bo< (3.3.48)
cto = "o+ in Moat/20", (3.3.49)
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(3.3.50)

Bridging conditions across the critical layer for the second

order solution are obtained in the next section.

3.4 Second Order Bridging Conditions

As explained in Section 3.3, 1in order to obtain the
bridging conditions for , we need to proceed with the
determination of higher order terms in the critical layer

solution. The equation and boundary conditions for 02 are

020 "+ iao(0iie20 = iaoMo”o
&0 ~ ™ 9 =x=00? > ®t ) (3.4.1)
where = --]c00%2 , and CH0 =C00=s0c#0 . It is easily verified

that the required solution is 020=-"s0c”0§. Since "0=S20, it

follows from (3.3.18) that

0 =40 + 4c 4023 / (3.4.2)

where b40 = - -|btl0 = --|b10 and e40 = - |0 = - *e 00, consistent

with the fact that e90= slH0/24.

The equation for 02is

02"+ io00al”02=R (3.4.3)
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where

R = ici0( a2 + Mo ™ <3 " Co) (3.4.4)
and from (3.2.3) the boundary conditions are

02~ c o £1n|f£| +Bo as £— 1o . (3.4.5)

Using the relation (¥4"=02obtained from (3.3.19) one integration

of equation (3.4.3) gives

$lv + icio £54"-1a0 a>4'=/o?Rd§+ k4 , (3.4.0)
where k4 1s an arbitrary constant. Now using the outer
behaviours

"M-e” "1lntl +e” tb*o ~Inlil+b™ | , £ - tw, (3.4.7)
given by (3.3.19) andthe fact that et0-€&"0 =5s 0 (t0- (19)/24,

substitution into (3.4.6) gives the following relation:

ia0@l (b'J-bi) =F ~ Rdi; + sO0(ct0-c"0) (3.4.8)

where F denotes the finite part of the integral in the limit as

A —»00. The right-hand side of (3.4.8) involvesnon-zero

contributions from integrals of the form

= r £ 1 2d$ (3.4.9)

and

I2=F ~ ? 300dS. (3.4.10)

These may be evaluated using integration by parts and making

use of (3.3.16) to give
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11 = 2 (c+0 —CoJ/SiCtoCO! (3.4.11)
12 = - 4(c+0 -c~0) /iacO . (3.4.12)

Substitution of these results into (3.4.8) with R given by

(3.4.4) and making use of (3.3.49) then yields
b* - b = ;X (- 1203)a*/60"03. (3.4.13)

The relation a* = a” obtained in (3.3.45) represents the first
bridging condition across the critical layer for the outer

solution <x, while equation (3.4.13) represents the second.

The second bridging condition for the outer solution «" is

now confirmed by an analytical solution for 02 which can be

obtained in the form

02=k17"2 +kj I "2 +°-3722 $2"+"4 §3 "21V+ 51 (3.4.14)

Substitution into (3.4.3) and a balancing of 1like terms

requires that the constants k™ are given by
kK =-30)3/70" +{q/20" ; k2= 3a8/708; k3=-30)3/1403

=« 3/70)3; N =at0{-H2/2 + 20)3"2 - 15[x®)3 /7 }/20)3 . (3.4.15)

An exact solution for < can now also be obtained by three

integrations of the equation @"=02to yield

$4 = + [~ +k4S 142 + "32272+ (M4+ "5)?24+P1?2/2 + PXS+ P3

(3.4.16)

where in (3.4.16) we have used (3.3.35) to obtain expressions
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for '<{d$§ and /(/<j)2dS)d!; and the constants (i=1,...5) are
given by
= (7°0+ 204«5)/1SSiOF10% ;  X2= (TMo- I80QB)/Seicrc” ;
~3 = (7#0- 480)3) /1eSoi” ; X4=1 a'0 (-4970 - 2760)3)/4032wD
(3.4.17)

where PI1f p2 and P3 are arbitrary constants of integration.

Substitution of the appropriate forms of (2", ®'and Las £-»tx

into (3.4.16) shows that the coefficients bx of the linear terms

in § as E»too are given by

b”i =c'0 (XK.x+ X2)+ 2c_0 Ax+ X2)+ O0x (X3— X2)+ P2 (3.4.18)

and this leads to the relation
P'i ~ bx = 2 Xx+ X2)(0- c").

Substitution of Xx and X2 from (3.4.17) confirms the bridging

condition

bt " bi= Ml ("o~ 12(03)at/6a0)i (3.4.19)

obtained 1in (3.4.13). Also the choice Px=0 ensures that <4

contains no quadratic term 1in H as |-»too, as required by

(3.4.7).

Given that ¢ 10=c'10, the solution of (3.3.20) for <50 is

simply

- 2+ 2 ~ ~

A50 = ~ 'gC 10~ + b5+ + a50' (3.4.20)



where the values of 55& and Eﬁu will not be required.

Wext we consider the eguation for 53 which is determined at
order one from substitution of (3.2.4}, {(3.2.5) and the

relevant bage flow expansions into [(2.2.3):

"+ gy 0= doy [y v Bo+ af §; + oy - B 0 —eE0, ] - 4y 4y
(3.4.21)

The boundary conditions obtained from (3.2.3) are
fy~ Dy & +B/E, E-—ism, (3.4.22)

where D; = Dy. The egonation $;ﬁ = Eﬁ“ may ba integrated twice to

yield
0" = fO* B,dE + kg . (3.4.23)

where k; is a constant of integration, and by considering the

expression (¢g - DEE’#J}{iﬂj, vhere 4 i2 & large value of B, we

abtain

lim (185 - DY E /23 A)-( 95 - D, E¥r3)-a)]= [ (8, - D387 dk. (3.4.24)
The boundary conditions for ¢. require that

@y -DLE /3 ~ 207,00/ E| + (3%, + 2071, § ~tx (3.4.25)
and since ¢, = €, . we obtain

+ _ =.
¢y =e =L [(8,- ohE) at. {3.4.26)

This relation represents the third bridging condition for ¢,

acro2s the critical layer. Fortunately the precise form of the
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integral on the right-hand side 1is not needed in the final
analysis that leads to the equation of the neutral curve and so

the value of the integral has not been calculated.

The equation for 040, obtained by equating terms of order

A-6/91nA , is given by

&0 + M0Y1?2640 = =20 M40+ 722 *20-(03§ ®D]- Yo *20 * (3.4.27)

Substitution of $40, 920 and 02 into the above equation gives

040" +iaoadl| 040 =pi§d +p27? , (3.4.28)
where
Pi=1a0 (Poe 40 +M2C20—®3s0c20)' P2= "0 (Po™M0 — 20Y0 / ) (3.4.29)

and b40 and e40 are defined below (3.4.2). The required solution

satisfying the outer behaviour

@40 ~ ='97™007? @© (3.4.30)

is found by inspection as

040 = (P1£3+ P2 - 6pl/iala)l)/ia001 (3.4.31)

given that E+H0=E Y0 and since * 60"'=040 follows that

%60 =Pi?6/ 120100(0! + (P2 - 6pl/io0ail)*3/6iala)l+c 60 |2 +b60L+a 60,

(3.4.32)

where a60, b& and cd& are constants of integration. This
solution is consistent with the outer behaviour for J® defined

by (3.3.22),



+ +
B ~ ~2§’_<1oo? - 29ci‘io? ' S » (3.4.33)

given that h~00= (sB+ 24s0s1)a‘0/5760 and that d~0 =d10.

The final bridging condition across the critical layer for

the outer solution ("is obtained by considering the equation

%6 =64+76/ together with the outer forms

o - 120117%0,,S31n|C| + (74~ 00+ 120h*0)S3+ 6d\ 0+ 6<51t §-"+00, (3.4.34)

04 - Eoo I3n| || + ¢cof +cfi0ln|S| + c\, |-*+*, (3.4.35)

defined by (3.2.2) and (3.2.3) respectively. This gives the

relation d 1-d 1=(Cl1l- C1)/6, and substitution for C* - Cx from

(2.4.50) yields

dV d !=MoZao[so(Mo - 12(@3)/6 — (4y@+ 353+ s*/Sicod/6acio (3.4.36)

where sO0 is the constant defined in (2.3.11).

The four bridging conditions for the outer solution <" are

now summarized as follows:

+ .
al= ax, (3.4.37)
bt = di + Mo3d (Mo" 12(03)a'J/eala)B , (3.4.38)
+
c gmc'i+ \ £ (§3~Do?2)df , (3.4.39)
d+! =:d 3+ M 3IaocsoMo™1263)/6 - (4y0+ 3s+s0/8) (d]/60)L
(3.4.40)

The critical layer enables the outer solutions in -1/2<x<0

and 0<x<1/2 to be joined smoothly across the centre-line x=0
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and the two sets of bridging conditions (3.3.47)-(3.3.50) and
(3.4.37)-(3.4.40) will be used in Section 3.7 below to complete
the outer solution, to determine Yo and to determine a
relationship between Og and Yi equivalent to the local form of
the neutral stability curve near Yo* However, it 1is also
important to confirm that the outer solution can adjust to the
full boundary conditions at each vertical plane, and this
entails consideration of further inner solutions in the
neighbourhood of x=+1/2. These wall regions are considered in

the next two sections.

3.5 Wall Region

This section is concerned with the wvalidity of our solution
of the stability equations near the walls x=t1/2. We first set
out the form of the outer solution as x-*-1/2, based on the
assumptions made about the boundary conditions for the outer
functions /4, /i3 (i=1,2; j=1,2,3) and then consider the local

solution of the linear stability equations

" - 2a 29+ a49) = 0, (3.5.1)
O"-az20=1aA (0'9Q-Wx0)-4vy4f , (3.5.2)
4=<0'=0=0 at x=2%1/2 (3.5.3)

in which
a=A 1/A0, A—a, (3.5.4)
Y=Yo+A-2/3Yi+ *ee, A-»00O . (3.5.5)

(69)



Near the wall the base flow functions

0=00+ YiA 2/30:+ ...; 'P="Pq+ A 2/31P1+ ..., (3.5.06)

may be expanded as follows. Let X=x+1/2, so that X=0 when

x=-1/2. Using Taylor expansions about X=0, we obtain

M=2, Mt xt / x”~0 , (3.5.7)
OL=" @®MXx1 , X-0 , (3.5.8)

_ A
where Af. (i=0,1,2...) are real constants; their numerical

values, obtained from evaluating 00'and ©fusing (1.2.19) are

given in Table 3.1. Similarly, expansions for * and W1" are
given by
'eV-g0®L & . x—==*0, (3.5.9)
X-*0, (3.5.10)
— Ko .
where (i=1,2...), are real constants whose numerical

values are given in Table 3.2.

The boundary conditions assumed for the outer functions fL

(i=1,2) at x=t1/2 are given by equations (2.3.4) and (2.3.5).

Thus
fi= X2/2 + ~ AlfXl1, X--0, (3.5.11)
2=g3 A2 x1, o+ S (3.5.12)
where (j=1,2) are real constants whose formulae are given in

Appendix I and whose wvalues are given 1in Table 3.3. The

solution for the leading order outer solution <9, in x<0, is



given by

o= %1 /i(x)+P /2Kx) "' (3.5.13)

so that <0 has the form

0 =J2X2+ J3X3 + A X4+ BX5+ ..., X— 0, (3.5.14)
where the constants J2,J3,... are given by
3 - /2, =g A3t g A2Y, (1i=3,4...). (3.5.15)

Next we consider the behaviour of the functions /ij (i=1,2;

3=1,2,3), as X-*0. The boundary conditions for the functions /i
at x=-1/2 are given in (2.4.13), (2.4.15), (2.4.31) and

(2.4.32) and it follows that as X-»0

fi1 = §3~1 x1, (3.5.10)
v}

f21 = s3 x1 ' (3.5.17)
v}

fi12 = s3 cli x1 " (3.5.18)
V)

fo2 = g3 <*+ X1 "' (3.5.19)

f13 = D120x21n 1IX1+ D13x3+ D140 x41ln|x| + D14X4+. .., (3.5.20)

fo3 = %220X In |X |+ D23X + D240X In IXI+ D24x +..., (3.5.21)

where Bj;I, Cj+ and Djif DjiO, (3j=1,2) are real constants whose
formulae are given in Appendix I and whose numerical values are

given in Tables 3.4-3.5. The solution for in x<0 1is given by

IJQL(x) =0l £(x) + 0o~ £ (x) +2al[g-/u xX) + 03 /21(x)] +

YiK 7 i2(x)+02/22(x)]- [o~fl13(x) + o~ £23 (x)]/ia0 (3.5.22)



and 1t therefore follows that

P = KOX2In [X | + K2x2 + K3x3 + KOX4In XTI +...,X-"0, (3.5.23)
where
A0 =—PL M20 + °2°220]/7-a0’ A2 = °1 /2,
k3=01iX3+dl A23+2a@ (c"Ci3+a2C23)+Yi (ofBI3+g2& 3) -
(1 D13+03D23) /1ial
(3.5.24)

*40 = ~ [°1 ™40 + °2 240 .

We may also deduce the forms of 60 and 0X as X-*0 using

relations (2.2.11) and (2.2.13). The leading order temperature

field has the form

80 = RtX + R2X2 + R3X3 +..., X=»0, (3.5.25)
where the real constants R1/R2,... are defined as
o L o 2
R1 ™ #2MOr A1l r R2 = —  A0”2~ M/
*3 = (%470 + °20-2)/ tOi - (] 3)A0 0)2 + (03)/(01 + J2)i0 w2/ ®1 * (3.5.26)

Similarly, the second order temperature field 0Xis given by

61 = TOX"L + 11+ T2X1nlx| + T2X +..., (3.5.27)

where

TO = 2 (M0 @ - J3E0w”/i0"co3,
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Tx = [8(x0(]J30)2- "~ 0)2 /o))y + 67 | .i02)3 - 600]™ (J 470 + J"n2) _ 8'"Yo0a)i2]/ictoa)i3»
T2 = M "20 /®1 (3.5.28)

Combining the results (3.5.14), (3.5.23), (3.5.25) and (3.5.27)

and recalling that in the outer region
L=<+ a-2/341 +..., e =e0 + A"2/3el +..., (3.5.29)

it follows that as X-»0 the overall solutions for the stream

function and temperature perturbations have the form

-2/3

2 3 2 2 3
<4 =J2X+J3X +...+A (K20X 1ln|x|+K2X +K3X +...)+..., (3.5.30)

0 =RIX+ RZX2+...+ A" fToX"l+ Tx+ TOXIn|X| + ...)+... . (3.5.31)

These results represent the form of the outer solution as X-*0
and it 1s clear that the wall conditions (3.5.3) are not
satisfied in full by the outer solutions. An adjustment must
occur in a region close to the wall and the solution there is

considered in the next section.

3.6 Wall Region Solution

The singular behaviour evident in (3.5.31) and (3.5.30) is
caused by the absence of the highest derivative 0 ”in the outer
approximation to the heat equation. Within the wall region this
conduction term must come into play, requiring a local

variation on the scale 1 defined by

X =Aa 1 . (3.6.1)



Writing the inner 1limit (3.5.30) and (3.5.31) of the outer
solution in terms of the variable 1), it follows that as p»—»T

the wall region solution must match with the form

(3)=A g + A J4drd - gA InA K204

+ A%y %28y v +r29%)+ ..., (3.6.2)

0 =A 2/9RIr|+ A-479 (R2t] +T0/r))+ A"6/9 (R3Irf+TX) - ~ A~8/91nATXNg
+ A 89 R4 + T2 r)inr| + T2t )+..., T) 0.

(3.6.3)

This suggests that the inner expansions for <and 0 in the wall

region have the form

<7 S=RM/%y L % A '8/9’6)2 + A '_10/QInA‘§'3(J +

.-10/9-7-
A

<(8 _|_’ oo ./ (3.6.4)

0 = A~2/900 + A~1/9d1 + A'6/902 + A"8/91nA030D +

A'8/903 +..., (3.6.5)

where J4if 0+ and <0, O0Oio are functions of i) . Substitution of
(3.6.4) and (3.6.5) into equations (3.5.1) and use of the
appropriate inner versions of the Dbase flow functions

(3.5.7)-(3.5.10) leads successively to the following results.
At order A4/9 in (3.5.1) we obtain
x iv

<0 =é\]r (3.6.6)

to be solved subject to

<o -40'-0 (1)=0), 00~ J2* (1)—"00) . (3.6.7)
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The required solution is clearly

40 = Tl e

2/9 .
At order A./ we obtain

Axiv= 0,

with boundary conditions

Li = pi' = 0 (ri=0), J3ri3 + O.ri2 (T]— oo0).

The required solution is

43— J3r|3 e

At order one we obtain

&2 =60>

where the solution for 00 is to be considered below.

-2
At order A /9InA it is found that

~30iv =20

and the boundary conditions are

430 = <D = 0 (11=0), $30 _ -2K20ri2/9 (ri-»oo0) .

The required solution is

&P = -2K20il /"W

At order A"279 we obtain

(75)

(3.6.8)

(3.6.9)

(3.6.10)

(3.6.11)

(3.6.12)

(3.6.13)

(3.6.14)

(3.6.15)



@8 A1 (3.6.16)

with boundary conditions

B=LY'=0 (r)=0), 3 J5n5+ K20n21Inr) + K202 (r|>»-0). (3.6.17)

One integration gives

43 =01+ k3, (3.6.18)

where k3 is a real constant; the solution for &3 will be

discussed below.

In the heat equation (3.5.2), substitution of (3.6.4) and
(3.6.5) into equation (3.5.2), and equating terms of 1like

powers of A, leads successively to the following results. At

order A 2/9

60 + ia0& 0o = 1ajl040 (3.6.19)

and since (0= “r|2, it follows that

60"+ icio (03100 =ia (i0J2n)2. (3.6.20)

The boundary conditions for 00 are

00=0 ©=0), 60  Rfr) (ri*oo), (3.6.21)

where Rx 1s given by (3.5.26). By inspection the required

solution 1is

60 = RiTb (3.6.22)

indicating that the leading order temperature field in the
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outer solution is effectively unchanged across the wall region.

Returning to equation (3.6.12) the solution for & is

obtained by integrating 00in (3.6.12) three times and applying

the boundary conditions

42'=4>2 = 0 (11=0), <2 ~ J4ii (r|-*co). (3.6.23)

This leads to the solution

L = Hif - (3.6.24)

At order one the equation for 0Xis found to be

01"+ i«o = i1a0f0" - iao”ifOo, (3.6.25)

and since < =7jwr3 and 0o=R1r), this reduces to the form

ov'+ ~ 10!= r2n3, (3.6.20)
where
i — 10o«™, £2— 1ict)Q (I™* Rla)2/@g) * (3.6.27)

The boundary conditions for 0X are

0i=0 (r)=0), O0X- R27)2 + Tor)"l (r)->c0) , (3.6.28)

where TO0=2(J2"0a)2 - "iXq0)!)/10”a)3. By using the transformation

0i=0 +r2n2/rl, (3.6.29)

the system (3.6.26), (3.6.27) can be written in the simplified

form
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0"+r"0 =-2r2 /rx ;0=0 =0), 0 -ToD1 @ 00, (3.6.30)

for which the general solution can be expressed in terms of

Airy functions (Abramowitz & Stegun, p.446):

0 = mxAi (cr)) + m2Bi (cr|) + 2 itr2Gi (lej)/rX:2 (3.6.31)
where c¢= (-rl1)”1/3 = (-idg0")1/3 and mx and m2 are arbitrary
constants. It 1is convenient to choose the argument of the Airy
function in the sector Jarg ; \<i/3 of the complex plane so that
c is defined by c¢c =e 3Ib(@0xl)1l/3 and the choice m2 = 0 then
ensures that the solution does not grow exponentially as 1r)—*oo.
Indeed since Gif(cr]) 1/7tcr) as T]-*», 1t then follows that
0~Tm las r|l-» o, as required. Finally, application of the
boundary condition 0X=0 at 1= 0 gives ml=-2r2Jt/3 rx . The

final solution for 0X is thus

w

©i= rZL’\z/rx - 2r2nA”cr) )/31/2 rxc2 + 2 4r2Gi(cr) )/rxc7 (3.6.32)

In the solution for $3 it is seen from (3.6.18) that the
term 0X will generate a logarithmic contribution of order n2lnr)
as TH»00, consistent with the outer boundary condition (3.6.17).
At this stage , we have seen that the wall region admits
solutions for both the temperature and the stream function
which allow the outer solution to adjust smoothly to the full
boundary conditions at the vertical plane. This involves
significant adjustment in the temperature field at order A
and a corresponding adjustment in the stream function field at
order A -10/9. This gives confidence in the boundary conditions
assumed for the outer functions <9 and (% suggesting that the

overall solution structure will be consistent in the limit as
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A-»00.

In the next section we return to the question of the
completion of the outer solution and the derivation of the
neutral stability curve, making use of the bridging conditions

across the critical layer derived in Sections 3.3 and 3.4.

3.7 Neutral Stability Curve

Derivation of the neutral stability curve requires
application of the bridging conditions to the outer solutions

for 4 and “across the centre-line, x=0. We recall that in x<0,

the solution for <0 is given by

Lo = /l(x)+°2 f2(x), (3.7.1)

where g and g are complex constants and that in x>0

o= +/i( -x )+ O f2(-x), (3.7.2)

where ol+, o2 are further complex constants. The real functions

/1, f2 are uniquely defined by the solution of (2.3.5) and

(2.3.4). The forms of the functions (i=1,2) as x-»0- are

given by

/1i(x) =at* + btx + ci0 x2In|x| + c#x2 + d+3 +—, (3.7.3)

where the constants aif bif ci0, C* and d+ are related to those

in the general forms of 90 as x»(0+ ,

o =ao + bjx + g0x2In |x | + CgX2+ d,x3+..., (3.7.4)



by the formulae

vh = «® vi+ 02" v2 , (3.7.5)

A

where the vectors v0, vx and are those defined in Chapter 2.

These are now substituted into the bridging conditions

(3.3.47)-(3.3.50) for aj, bg, Cg and dg to give

(°f- °H)al + (°2~ °2)az= 0f (3.7.6)

(of+ 0l+)bi + (qf+ g2)b2 = 0, (3.7.7)

(°i ~ °#)ci + D2~ )2 = -i”s0(olal + 02a2)/2, (3.7.8)
(°i~+ °i+)dx + (of + <+)d2 = O (3.7.9)
The system of equations (3.7.6)-(3.7.9) has more than one

set of solutions (Daniels 1987), but the solution of interest
here 1is that for which (@ does not wvanish on the centre-line

x=0. From (3.7.7) and (3.7.9) this leads to the requirement that

the determinant

bi

(3.7.10)

Since, from (2.3.10), dl=bls0/6 and d2 = (1 +b2s0)/6 this reduces
to the requirement that bI= 0. This condition, equivalent to
/1(0)=0, effectively fixes the wvalue of y0, as explained
originally by Daniels (1987). The 1lowest wvalue of y for which
(2.3.4) has a solution with f£f1'(0)=0 is y =y0 =6.30 and the
manner in which y0 can be calculated numerically from (2.3.4) is

discussed in Chapter 4.



Solving the above system of equations (3.7.6)-(3.7.9) now

leads to the following relations between the constants g%, , a2

and o~ :

+  daox1 4a~c2 t ijs®@maZ

) on (3.7.11)
daxx 4alc2 - i":s(mla2
, 1 XSqar L
02 = . 7.
4aX]  4alc? - ijisCrla? © (3 )
and
°2 ==°%2 (3.7.13)
The value of remains arbitrary, equivalent to the fact that

the original stability problem is a linear, homogeneous one.
However, it is convenient to note that provided a is real the

eigensolutions < and 0 can always be expressed in the form
=0 +1 9>, 0 =0 +1i0 (o), (3.7.14)

where </ \ 0* and e~ 0~ are real odd and even functions of x
respectively. This may be achieved in the present context by

choosing <g =-1(4a2cl-48"2 -1inslala?), so that for the leading

order outer solution

<o = 4o + > (3.7.15)
where
PVo=a"sjaix) - aa/jfx)], (3.7.16)



and

80<e) = (daic2- 4a2ci)/i(x) e (3.7.17)

Just as the leading order bridging conditions involving b+0
and d+O yield y0, so the second order bridging conditions
involving b+x and dil yield yl as a function of a0. This relation
constitutes the neutral stability curve. We recall that the

solution for ((*in x<0 is given by

€= g7i(x) +gf2 (x) + 2a®@[g7 n (x)+a2/20 )]+

Yi [or/i2 ®)+°7 2 (x)1- [q7 i3 x)+a2 /23 (x)]/iaoc /  (3.7.18)

where the real functions /4 (i=1,2; J=1,2,3) are defined in
Chapter 2, and g and g are complex constants. In x>0 the

corresponding solution is

G = gt/i(—x)+ g+ (-x) + 2aR[q7 n(-x) +02/21(-x)] +

YIDH12(-X) + °2 /22(-X)1+[g+ /13 (-X)+°2/23(-X)]/1a0*
(3.7.19)

The forms of the functions (i=1,2; 3=1,2,3) as x*-0 are
given in Chapter 2 and involve, 1in particular, the constants bdij

and di;j which are related to those b* and d* in the general

forms of (g as x-*0% ,

I = bf/x + + bf0xIn|x| + bfx + g*x2ln|x| + c* x2

+ df0Ox3ln|x| +dfx3+... (3.7.20)

by the formulae

vE = vf + 2a% v* + YiY22 - yf3/iq , (3.7.21)
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+ + + + + m .
where the vectors v1f vlr vxl, v12 and v13 are those defined in

Chapter 2. These are now substituted into the bridging

+ +
conditions (3.4.38) and (3.4.40) for bx and cI™ to yield

o3 b3 + a2 b2+ bj + ¢+b2+20”" [a3bl13+02b2n+atbiitaRra g 4
Vi[°i bi2+°2 A2 +°i b12+02 b22]- [a3 *3 +02 b23- O b13 -

°2b23) ]1/iaoc --M-On (M>- 12a”)ab/6a0a)B (3.7.22)
and

0ldl + g d2+ g+dx+ g+d2+2ap2 [OF dn +a2~d2l+ cr dn+q” d21]+

Y1K dl12+°2 d22+°1+d12+°2+d22] ~ [°1~d13 +Cf2 d23 ~°/ d13 ™

o2d23)1/ia0 = -MoJtao[soMo0-123)3) /6 — (4 Yo 3si+s@/8) 0i]l/ .
(3.7.23)

Since *=0, aZ=-a2 and af = 0" 3+ o02a2, the first of these

equations can be written in the simplified form

(gf+ g +)b2+ (oIT+ok) (2a@ ~ +73"2 )-[ (al*-ol+)bl3+2a2 b23]/1ial

= -"oJl(Mo-122)3)(ar a3+ 02~a2)/6a0(o? (3.7.24)

and the second in the simplified form

(ap+ g,+)d2+ (01+0¥) (20@d11+ Yidi2 )~t (g~ - °i+)d13+202b23]/1a0

= -Mo™ao [so(Mo-12w3)/6 — (4 Y&+ 3si+s@/8)aillorai+d2?'a2)/6a0xB .

(3.7.25)

Elimination of (0o2+ o02+) and substitution for o*,02~ and o* from
(3.7.11)-(3.7.13) 1leads, after simplification, to a cubic

equation for g, given by

«w0 + CiOoYi+ c2 = 0, (3.7.26)
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where

(r2riz n2ri2) (3.7.27)
2 (21l ~ #27 11)

(Mo—12cd3) (sOb2/6 —d2)-(olb2 (4Y@+ 3si+ s@/8)
c2- @#Jax
24 O (£ "n ~ "2711)

+t Sq a2 (P23 M2M13 )+ al (2723 ~ 22(03) (3.7.28)
8 (a2 1-alc2) (1"d1Ll- dZiL) T

This equation 1is the neutral stability curve from which the
critical wavelength of the instability can be obtained. 1In
order to determine the coefficients cx and c2 it is necessary to
calculate numerically the various constants a”“b”"~c” aij,bij,0” ,

arising in the solutions for fL and /ij (i=1,2; j=1,2,3) as x— 0.

This task is undertaken in Chapter 4.



10
11
12
13
14
15
16
17
18
19

20

TABLE 3.1.

-125.
524.

-828.

21292.
-3930.

3105.

-2737.

3123.

-1645.

T17.
-600.

237.

-61.
40.

-12.

.16092
.00000

37500

52701

99600

.00000

09001
42010

94002

.00000

64010
65003

61010

.00000

26700
16200

13300

.00000

47490
60910

83620

-58.
333.

-658.

2420.
-4992.

4437.

-4761.

5951.

-3396.

1702.
-1524.

640.

-184.
128.

42.

Values of the real constants

/5
Hi

.50152
.00000

79610
12400

02000

.00000

19001
36002

91000

.00000

17030

43001

43000

.00000

97000
64000

03100

.00000

99900
95300

79760

and



10
11
12
13
14
15
16
17
18
19

20

TABLE3.2.

Values of the real constants

.00000
.03984
.25000
.526821
.00000
.08958
.37106
.94760
.00000
.34938
.45891
.13731
.00000
.59536
.43024
.60279
.00000
.17580
.12258
.04079

.00000

.00000
.00662
.00000
.08359
.00000
.97994
.77603
.13343
.00000
.80196
.93384
.48274
.00000
.77457
. 72502
.24411
.00000
.41739
.311404
.110084

.000000

and <%

(i=o, .

.,20).
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o A~ W

Table 3.3.

An

0.00000
0.00000
0.50000
0.00000
1.65303
4.14945
-3.37225

Values of the real constants AjE (j=L2; i=o,..

A2i

0.00000
0.00000
0.00000
0.16667
0.00000
0.22040
0.69157

,6).



i Bii By

0 Q.00000 0.000006
1 0. 00000 0. 00000
i Q. a0000 0. 00000
3 C.Oo0000 0.00000
4 O.04167 Q. 00000
] 0. 0000 Q.00833
& 0.69157 o, Q0009
i E1.1. Ca

i} Q.00000 0. 00000
1 0, 00000 0.00000
2 CL.O00000 0,00000
A 0.000a80 oL 00000
4 0.53589 0. 00D
5 2.03706 0.07158
B =1.90329 0.33851

TABLE 3.4. Values of the real constants Byy and <y

(§=1.2; 1=0,...,6).

(E8)




TABLE 3.5.

0.
0.
30180.

20661.

94836

273001.

2777 .

4072.

12226.

413.

Dii

.00000

00000
00000
31065

53915

.28995

03277

D2i

.00000
.00000

.00000

59161

38010

50923

40865

Values of

Duo

6249.58111

20661.53915

51864.66976

D2io

331.95613

1097.46950

2754.87189

the real constants

0-1,2; i=0,...,6) .

Dj L

and

D7 10



CHAPTER FOUR : NUMERICAL METHODS AND RESULTS

4.1 Introduction

This chapter is concerned with the numerical calculations
required to obtain y0 and the real constants at, bi, cif aztj, bij
and ¢ (i=1,2; j=1,2,3) and hence the precise form of the cubic
neutral stability curve. This in turn determines the critical
wavelength of the instability. In Section 4.2, the wvarious
systems of equations and boundary conditions for and f— are
listed, and in Section 4.3 an appropriate numerical method of
solution based on series expansions and a fourth order Runge
Rutta scheme is described. The results are reported in Section
4.4 and this leads to the precise form of the neutral stability
curve 1in Section 4.5. The critical wavenumber is found and
comparisons made with both numerical results and experimental

observations of the instability in slot flows.

4.2 Statement of Equations and Boundary Conditions

In this section, we summarize the system of equations and
boundary conditions for the real functions fL and fLj (i=1,2;
j=1,2,3), which must be solved to determine the wvarious
constants arising in the equation of the neutral stability

curve.

The equations and boundary conditions for fL (i=1,2), as

(90)



given in Chapter 2, are

(4.2.2)

The equations and boundary conditions for the functions

(i=1/2; j=1,2,3) are

(4.2.5)

For fI3 the second derivative does not vanish at x=-1/2 where

the local behaviour is given by

/i3 = 0 + 0. x+1/2) + Di20(x+1/2)2ln(x+1/2) + 0. (x+1/2)2+. ..,

(x-*-1/2), (4.2.6)

where Di20 (i=1,2) are real constants whose values are given in



Table 3.5. The three zero coefficients are the three conditions

needed to uniquely define the solution in this case.

The method of solution of the above systems of equations

and boundary conditions is described in the next section.

4.3 Numerical Method

The numerical method employed to solve all of the systems
defined in Section 4.2, in the interval [-1/2,0], was a fourth
order Runge-Kutta scheme, together with a series expansion of
the solution in the neighbourhood of the point x=-1/2. The
expansions for the base flow functions and the real functions
fif fij were determined in Section 3.5 and are given below.

Starting with the base flow functions, and writing X =x+1/2, we

have
(4.3.1)
(4.3.2)
where values of the real constants * and (1=0,1,2, ,20)
are given in Tables 3.1 and 3.2.
The Taylor expansion for f1 has the form
fi=X2/2 + f Alt X1, X-*0 (4.3.3)

where the real constants Axi are obtained by substituting
(4.3.1)-(4.3.3) into (4.2.1) and equating terms of like powers

of X. Formulae for the real constants Axi are listed 1in



Appendix I.

Similarly

fa= EZ Ayy X' 4 H—D. {4.3.4)

where the real constants B,;, obtainred in the same manner ag the

conatanta A,;, are listed in Appendix I.

Rext, we consider eguation (4.2.3); the Taylor expanaion

for fj {j=1,2) is given by
fpu= E B X, X0, (4.3.5)
where the real constants By; are alao listed in Appendix I.

Before considering egquation (4.Z.4), we need expansions of

the base flow functicns 8,' and ¥, . These are given in Section

3.5 as i
a8’ = g} by 2, 0, (4.3.6)
W= B ek, X—0 , (4.3.7)

where numerlcal values of the real constants ﬁu, w; are given in

Tablee 3.1 and 3.2. The Taylor expansions for fﬁ (j=1,Z} are

then given by

o

Fya= & Cy: ¥, X0, (4.3.8)

and formulas for the real conatanta Ty are given in Appendix I.

Finally, we consider eguation (4.2.5), where the expansicns
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for /i3 about the point X=0 contain logarithmic contributions.

In particular

/i3= Di20 X2In |X | + Di3X3+ Did0X4ln |[X | + Did X4 +..., X*~0,

(4.3.9)

where substitution of (4.3.9) and (4.3.1)-(4.3.3) 1into (4.2.5)
yields the appropriate formulae for Di;j and Dif0 (i=1,2) which

are given in Appendix I.

These expansions are used to start off the numerical
integration near x=-1/2 and at =x=-1/2+kh (k=1,2,...) they
provide initial wvalues of fI , f\, f'\ and and needed
to initiate the solution of (4.2.1)-(4.2.5) by a fourth order
Runge-Kutta scheme. The Runge-Kutta integration proceeds to the
neighbourhood of the origin, x=0, where the solutions fir are
singular. In general the integration is stopped just ahead of
the origin, at x=xs, where xs 1s small and negative and the

expansions derived in Sections 2.3-2.4,

/i=ai + bix + ciOx2In|x| + c#x2 + d#3 + eilx4ln|x| + ex4+

gtx5 + hix6ln|x| + hx6 + ..., x—*0-, (4.3.10)

/1ii= aii + bii* + cilOx2ln|x| + ctlx2 + dixx3 +eill0x4ln|x| +

eix4d + 9iix5 + hiiox6lnlxH hiix6 +eme#X-+0-, (4.3.11)

/12= ai2 + bi2x + ci20x2ln |x F ci2x2 + di2x3 +ei20x4ln |x| +

eiz x4 +... , x— 0-, (4.3.12)

/i3= 6i3/x + ai3 + bi30xlnlx1l + bi3X + Ci30x21n|x| + CiX2 +

3% 31n x| + di3x3 +—-———- X— 0-, (4.3.13)



are usad to obtain estimates of the varicus constante a;, b,
€3¢ B34, Py4 and €,;4. This is done by eguating the Runge-Kutta
values of f, f% f") and fﬁ _f'_,-_j and fj; at xz=x, te the
correaponding formulae gilven by +the series expansions
{4.2.10)-{d.3.13}. In the case of each function f; this leads teo
a non-homogenecus system of three equations for a;. b: and oy
since the remaining constants dy,... are known in terms of a;,
by atd o, from (2.3.10). B8imilarly, im the case of each fiy it
lzade to a non-homogensous system of three eguations for a;y,
bij; and c,4, Bince the remaining constants d;i,... are known in
terme of these from (2.4.16), {2.4.25) and (2.4.35%). For the

leading order terms fj(i=1,2) there are two systems which take

the form
a; 0 +bygA + oy = fix) + K;, (4.3.14)
a;T + by Ay +egyy = fi{x) + Ey, {d4.3.15)
ay ™y + B A"; + ey = (%) + Ky, (4.3.16)

where the real functiens I';, A;, ¥;, K;, their first derivatives,
dencted by I';, A%, ¥, K| and thelr second derivatives, depoted
by Ty, A" ¥, R", are defined explicitly in Appendix 1I. Here
fil=a): fi{=,) and f";(x,) denote the values of f (X} and its firat
and second derivatives at the point x,, cbtained from the

Runge—FKutta integration.

For the second crder terms, f,-_j, there are six Systems

{i=1,2; j=1,2,3) which take the form
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a3y + BygAyy + 4%y = fig(®) + Ky, (4.3.17)

a3y + byghis + ey = fizlm) + Ky, (4.3.18)

aijl""lj + hij"*l'”ij + cijflij = _f"ij{l.ﬂ_} + H';—lj; (4.3.19)

where the real functions [ij5, Aj4. X:j5. Fpqr thedr first
derivatives, demoted by T'yy, A'y4, X44, Fyq and their second
derivatives dencted by T'iy¢ A"y4s X'14, Kiq4 are defined
explicitly in Appendix II. Also, on the right-hand aides,
fistxgdy fislx,) and ffiy(x,) denote the values of fi,(x} and its
first and second derivatives at the point X,, 83 cbtained from

the Run¢ge-Kutta integration.

In the case of the eguation for f,, it is necessary to

adjust the convective parameter y until b;= fi(0)=0. Thias is
achieved by an iterative proocedore in which repeated
computations across the interval [-1/2,0] are carried out and
the bisection method used to converge on the required value of
¥: Once thie wvalue, ¥,, 18 known, the remaining systems of
egquations are aolved for this eingle wvalue of ¥, using, in each
case, one integration across the interval [-1/2,0]. Humerical

reaults are discussad in the next section.

4.4 Results

The numerical sclotion was implemented with betweean 100 and

400 steps in the Runge-Kutta scheme, that iz with atep langths
h in the range 0.01 to 0.0025. It was established that, with

100 steps, the sclution obtalned was accurate only to three
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significant figures , when compared with solutions obtained for
200 or 400 steps; however, the solutions obtained with 200 and
400 steps agreed to four significant figures and it was decided
that the main results would be obtained using the Runge-Kutta
scheme with 400 steps. Tables 4.1 and 4.2 show a comparison of

results obtained for fI with 200 and 400 steps respectively.

Numerical experiments were carried out in which the
Runge-Kutta scheme was initiated one, two and four steps away
from the point x=-1/2, using the method outlined in the previous
section. Starting the scheme one step or more away from x=-1/2
made no difference to the solutions obtained to five decimal
places and therefore all of the solutions were computed by

starting one step away from x=-1/2.

In solving equation (4.2.1), the Dbisection method 1led to

the determination of y0 as

Yo = 6.29829 , (4.4.1)

consistent with results given by Daniels & Weinstein (1992).
Properties of the leading order functions fl1 and f2 are
tabulated in Tables 4.2-4.3 and Figures 4.1-4.2 show both the
functions and their first derivatives. The second order
functions /¢j (i=1,2; Jj=1,2,3) and their first derivatives are
shown 1in Figures 4.3-4.8 and quantitative information is

contained in Tables 4.4-4.9.

In order to determine the constants a” bif ¢ azj, bxj and
Cij accurately, the solutions of the systems of equations

(4.3.14)-(4.3.19) described in the previous section were tested
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for accuracy and consistency, by solving each system at several
points xs=-kh (k=0,1,2,...). In this way it was found to be
possible to predict the values of the constants ai7 bi7 cif ai;j,
b.” and c¢” accurate to about four significant figures. Relevant

results are shown in Tables 4.10-4.13, and the predicted values

of the various constants are

a1 = 0.2413
b1 = 0.000
o, = 14.13
.o = 0.02548
Lo = 0.03245
c2=1.703

211 = 0.00395
p11 = 0.0193

c11 = 0.372

ao1 = 3.12 x 104
= 1.98 x10"3
co1 = 3.38

212 = —0.0137
p12 & —2.06

= 11.0

a22 o _0.00367

bz = -0.207

cop = 1.26

a13 = 3.69 x104
b13 = —2.05 x105

c13 = 8.30 x 105

=4.41x103
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b23 = -1.68 x104

c23= 1.58 x105.

These results in combination with the formulae for and dij
given by (2.3.10), (2.4.16),(2.4.25) and (2.4.35) also give

di 0.000

d2 = 0.610

du = 0.255

dz2i = 0.0321

diz = -27.7

dz = =2.77

~&13 © 4.01x 10

dZ = 6.04 x 10!

4.5 Neutral Stability Curve

Consider the equation of the neutral stability curve

derived in Section 3.7,

ao+ C.al¥i+ c2=0 , (4.5.1)

where the real constants ¢3 and c2 are given in terms of the

constants aif b+, c¢cL and aijf b*j, c*j by the formulae (3.7.28)

and (3.7.27). Inserting the numerical values gives

Cl = -53.37 (4.5.2)

c2=1.677 x107 . (4.5.3)

Using the transformation
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1/3 2/3

«0 = tt0C2 / Yl= "YiC2 /C. (4.5.4)
equation (4.5.1) can be written as

Fo_ aoVi +1 =0, (4.5.5)
from which we obtain

Yi = (1 + “0 )/«o0 (4.5.6)

The minimum value of yx, obtained by setting dyl/da0= 0, occurs

when
1/3
a0 = (1/2) (4.5.7)
and the corresponding value of yx is given by
-2/3

Yi = 3(2) . (4.5.8)

Figure 4.9 shows the graph of yI as a function of doO.
Substitution of the wvalues of ¢l and c¢2 into the formulae

(4.5.4) gives the critical value of the wavenumber as
«ocrit = 203.2 (4.5.9)
and the minimum value of yx as

Yi mn = 2320 . (4.5.10)

Thus the overall vertical wavenumber at the onset of

instability is predicted to be

acrit - aOcritA'1/3 = 203.2 A-1/3f A-»oc. (4.5.11)

This result can be compared with the predictions of various
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numerical results and experimental observations for high
Prandtl number fluids, as summarized 1in Table 4.14. 1In the
present theory the Prandtl number is assumed to be infinite,
while the previous results shown in Table 4.12 are for Prandtl
numbers in the range o= 900 to 1000. The results obtained by
Elder (1965) are from experimental observations in a slot with
a vertical aspect ratio between 1 and 60 and with Prandtl
number a =1000. Vest and Arpaci's (1969) results are from
experimental observations in a vertical slot with Prandtl
number a =1000. De Vahl Davis and Mallinson (1975) obtained
their results by solving numerically the full, nonlinear
Boussinesq equations for a vertical slot of aspect ratio 10 and
for a Prandtl number, 0=1000. Bergholz' (1978) result was
obtained by a numerical solution of the full linear stability
equations using the Galerkin method, for a Prandtl number a =
1000, and for the convective paremeter vy =6.98. The present
prediction of the <critical wavenumber is seen to Dbe in
reasonable agreement particularly with the results of Bergholz'

stability analysis and Elder's experiments.

Figures 4.10-4.14 show the development of the instability
near the critical point, as given by (1.2.26), (3.7.106),
(3.7.17) and (4.5.11) for increasing values of the amplitude e
The wvertical scale is chosen to be equivalent to a Rayleigh
number A ~ 105. The results indicate flow patterns for the

smaller wvalues of £ in good agreement with experimental

observations and full numerical simulations.
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-0.49750 0.00000 0.00250 1.00013
-0.49000 0.00005 0.01001 1.00207
-0.47000 0.00045 0.03018 1.02002
-0.45000 0.00126 0.05095 1.05940
-0.43000 0.00250 0.07274 1.12356
-0.41000 0.00418 0.09608 1.21562
-0.39000 0.00635 0.12157 1.33844
-0.37000 0.00906 0.14984 1.49462
-0.35000 0.01237 0.18159 1.68635
-0.33000 0.01635 0.21754 1.91524
-0.31000 0.02111 0.25845 2.18196
-0.29000 0.02673 0.30507 2.48570
-0.27000 0.03335 0.35811 2.82342
-0.25000 0.04110 0.41819 3.18866
-0.23000 0.05013 0.48576 3.56982
-0.21000 0.06058 0.56096 3.94769
-0.19000 0.07262 0.64345 4.29185
-0.17000 0.08636 0.73210 4.55534
-0.15000 0.10193 0.82465 4.66679
-0.13000 0.11935 0.91705 4.51821
-0.11000 0.13856 1.00257 3.94480
-0.09000 0.15933 1.07033 2.68834
-0.07000 0.18114 1.10276 0.31965
-0.05000 0.20302 1.07054 -3.96396
-0.03000 0.22319 0.91952 -12.06993
-0.01000 0.23818 0.51580 -32.27270
0.00000 0.24125 0.00810 1.97E+13

TABLE 4.1. 200-step Runge-Kutta solution for fl.
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-0.49750 0.00000 0.00250 1.00012
-0.49000 0.00005 0.01001 1.00206
-0.47000 0.00045 0.03019 1.02002
-0.45000 0.00126 0.05095 1.05939
-0.43000 0.00250 0.07274 1.12356
-0.41000 0.00418 0.09608 1.21561
-0.39000 0.00635 0.12157 1.33843
-0.37000 0.00906 0.14984 1.49461
-0.35000 0.01237 0.18159 1.68634
-0.33000 0.01635 0.21754 1.91523
-0.31000 0.02111 0.25845 2.18195
-0.29000 0.02673 0.30507 2.48569
-0.27000 0.03335 0.35810 2.82341
-0.25000 0.04110 0.41819 3.18864
-0.23000 0.05013 0.48576 3.56980
-0.21000 0.06058 0.56096 3.94767
-0.19000 0.07262 0.64344 4.29182
-0.17000 0.08636 0.73210 4.55531
-0.15000 0.10193 0.82465 4.66677
-0.13000 0.11935 0.91705 4.51818
-0.11000 0.13856 1.00256 3.94477
-0.09000 0.15933 1.07032 2.68832
-0.07000 0.18114 1.10276 0.31965
-0.05000 0.20302 1.07054 -3.96394
-0.03000 0.22318 0.91951 -12.06986
-0.01000 0.23818 0.51580 -32.27237
0.00000 0.24125 0.00405 -4.14E+11

TABLE 4.2. 400-step Runge-Kutta solution for 1.
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-0.49750 0.00000 0.00000 0.00250
-0.49000 0.00000 0.00005 0.01000
-0.47000 0.00000 0.00045 0.03014
-0.45000 0.00002 0.00126 0.05067
-0.43000 0.00006 0.00248 0.07196
-0.41000 0.00012 0.00414 0.09439
-0.39000 0.00023 0.00627 0.11841
-0.37000 0.00038 0.00889 0.14446
-0.35000 0.00059 0.01206 0.17301
-0.33000 0.00086 0.01583 0.20450
-0.31000 0.00122 0.02027 0.23930
-0.29000 0.00168 0.02543 0.27767
-0.27000 0.00225 0.03140 0.31967
-0.25000 0.00294 0.03824 0.36506
-0.23000 0.00378 0.04602 0.41309
-0.21000 0.00479 0.05477 0.46228
-0.19000 0.00598 0.06450 0.51004
-0.17000 0.00737 0.07514 0.55212
-0.15000 0.00899 0.08650 0.58174
-0.13000 0.01084 0.09825 0.58837
-0.11000 0.01292 0.10978 0.55549
-0.09000 0.01522 0.12004 0.45674
-0.07000 0.01770 0.12732 0.24761
-0.05000 0.02027 0.12867 -0.15602
-0.03000 0.02277 0.11852 -0.95524
-0.01000 0.02485 0.08291 -3.02405
0.00000 0.02548 0.03288 -83445742364

TABLE 4.3. 400-step Runge-Kutta solution for /2.

(104)



-0.49750 0.00000 0.00000 0.00000
-0.49000 0.00000 0.00000 0.00005
-0.47000 0.00000 0.00000 0.00045
-0.45000 0.00000 0.00002 0.00127
-0.43000 0.00000 0.00006 0.00252
-0.41000 0.00000 0.00013 0.00426
-0.39000 0.00001 0.00023 0.00653
-0.37000 0.00001 0.00039 0.00942
-0.35000 0.00002 0.00061 0.01304
-0.33000 0.00004 0.00092 0.01749
-0.31000 0.00006 0.00132 0.02293
-0.29000 0.00009 0.00184 0.02950
-0.27000 0.00013 0.00251 0.03737
-0.25000 0.00019 0.00335 0.04672
-0.23000 0.00027 0.00439 0.05766
-0.21000 0.00037 0.00566 0.07028
-0.19000 0.00050 0.00721 0.08454
-0.17000 0.00066 0.00906 0.10019
-0.15000 0.00086 0.01122 0.11664
-0.13000 0.00111 0.01372 0.13272
-0.11000 0.00141 0.01652 0.14630
-0.09000 0.00177 0.01953 0.15361
-0.07000 0.00219 0.02257 0.14779
-0.05000 0.00267 0.02527 0.11531
-0.03000 0.00320 0.02680 0.02357
-0.01000 0.00373 0.02503 -0.26642
0.00000 0.00395 0.01936 -6780869476

TABLE 4.4. 400-step Runge-Kutta solution for /n .
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-0.49750
-0.49000
-0.47000
-0.45000
-0.43000
-0.41000
-0.39000
-0.37000
-0.35000
-0.33000
-0.31000
-0.29000
-0.27000
-0.25000
-0.23000
-0.21000
-0.19000
-0.17000
-0.15000
-0.13000
-0.11000
-0.09000
-0.07000
-0.05000
-0.03000
-0.01000

0.00000

TABLE 4.5.

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00001
.00001
.00001
.00002
.00003
.00004
.00005
.00007
.00009
.00012
.00015
.00019
.00024
.00029
.00031

OOQOOOOOOOOQOOQOOOOQOQQQOQQ

OOQOQQOOOOOOOQQQOOOOQOQOOOO

.00000
.00000
.00000
.00000
.00000
.00000
.00001
.00001
.00002
.00004
.00006
.00009
.00013
.00019
.00026
.00035
.00047
.00061
.00079
.00100
.00125
.00152
.00182
.00212
.00235
.00235
.00200

-0.

h\

0.00000
0.00000
0.00000
0.00002
0.00006
0.00012
0.00023
0.00038
0.00060
0.00088
0.00128
0.00177
0.
0
0
0
0
0
0
0
0
0
0
0
0

00239

.00316
.00409
.00521
.00652
.00802
.00969
.01145
.01317
.01457
.01515
.01385
.00813

01290

25188657784

400-step Runge-Kutta solution for f21.

(106)



X N2 £12 £12

-0.49750 0.00000 0.00000 0.00004
-0.49000 0.00000 0.00000 0.00071
-0.47000 0.00000 0.00007 0.00696
-0.45000 0.00000 0.00033 0.02109
-0.43000 0.00002 0.00097 0.04475
-0.41000 0.00005 0.00220 0.07954
-0.39000 0.00011 0.00424 0.12699
-0.37000 0.00022 0.00737 0.18855
-0.35000 0.00041 0.01189 0.26552
-0.33000 0.00071 0.01810 0.35883
-0.31000 0.00115 0.02635 0.46874
-0.29000 0.00178 0.03696 0.59429
-0.27000 0.00265 0.05021 0.73240
-0.25000 0.00381 0.06629 0.87644
-0.23000 0.00532 0.08522 1.01408
-0.21000 0.00723 0.10667 1.12381
-0.19000 0.00960 0.12975 1.16971
-0.17000 0.01242 0.15265 1.09332
-0.15000 0.01568 0.17206 0.80134
-0.13000 0.01924 0.18231 0.14646
-0.11000 0.02285 0.17398 -1.10336
-0.09000 0.02598 0.13179 -3.31798
-0.07000 0.02773 0.03084 -7.11107
-0.05000 0.02655 -0.17040 -13.60541
-0.03000 0.01976 -0.54749 -25.37105
-0.01000 0.00237 -1.28077 -53.12595
0.00000 -0.01373 -2.05861 2.53E13

TABLE 4.6. 400-step Runge-Kutta solution for f12.
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-0.49750 0.00000 0.00000 0.00000
-0.49000 0.00000 0.00000 0.00000
-0.47000 0.00000 0.00000 0.00005
-0.45000 0.00000 0.00000 0.00024
-0.43000 0.00000 0.00001 0.00072
-0.41000 0.00000 0.00003 0.00163
-0.39000 0.00000 0.00008 0.00315
-0.37000 0.00000 0.00017 0.00547
-0.35000 0.00001 0.00031 0.00877
-0.33000 0.00002 0.00052 0.01321
-0.31000 0.00003 0.00084 0.01892
-0.29000 0.00005 0.00129 0.02591
-0.27000 0.00008 0.00189 0.03405
-0.25000 0.00013 0.00266 0.04291
-0.23000 0.00019 0.00360 0.05159
-0.21000 0.00027 0.00471 0.05838
-0.19000 0.00038 0.00591 0.06034
-0.17000 0.00051 0.00706 0.05247
-0.15000 0.00066 0.00789 0.02662
-0.13000 0.00082 0.00791 -0.03047
-0.11000 0.00097 0.00632 -0.14008
-0.09000 0.00105 0.00174 -0.33685
-0.07000 0.00100 -0.00811 -0.67923
-0.05000 0.00067 -0.02710 -1.27560
-0.03000 -0.00019 -0.06240 -2.37614
-0.01000 -0.00204 -0.13140 -5.02699
0.00000 -0.00367 -0.20507 2.45E+12

TABLE 4.7. 400-step Runge-Kutta solution for /22.
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X 10"3/i3 10 —-*/13 10 ™*3

-0.49750 -0.00024 -0.00017 -0.00056
-0.49000 -0.00286 -0.00050 -0.00037
-0.47000 -0.01897 -0.00105 -0.00020
-0.45000 -0.04335 -0.00135 -0.00011
-0.43000 -0.07199 -0.00148 -0.00003
-0.41000 -0.10175 -0.00147 0.00004
-0.39000 -0.12974 -0.00131 0.00012
-0.37000 -0.15297 -0.00099 0.00020
-0.35000 -0.16817 -0.00050 0.00028
-0.33000 -0.17161 0.00019 0.00040
-0.31000 -0.15894 0.00112 0.00053
-0.29000 -0.12511 0.00231 0.00067
-0.27000 -0.06445 0.00380 0.00082
-0.25000 0.02898 0.00559 0.00096
-0.23000 0.16059 0.00760 0.00104
-0.21000 0.33330 0.00965 0.00097
-0.19000 0.54384 0.01128 0.00058
-0.17000 0.77543 0.01153 -0.00048
-0.15000 0.98365 0.00850 -0.00286
-0.13000 1.06858 -0.00169 -0.00795
-0.11000 0.81718 -0.02702 -0.01875
-0.09000 -0.22667 -0.08531 -0.04290
-0.07000 -3.10081 -0.22205 -0.10398
-0.05000 -10.53872 -0.58568 -0.30294
-0.03000 -32.43577 -1.94647 -1.42089
-0.01000 -156.49761 -18.96095 -38.26245
0.00000 -17590.21100 -44161.68500 -3.47E+49

TABLE 4.8. 400-step Runge-Kutta solution for /13.
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-0.49750
-0.49000
-0.47000
-0.45000
-0.43000
-0.41000
-0.39000
-0.37000
-0.35000
-0.33000
-0.31000
-0.29000
-0.27000
-0.25000
-0.23000
-0.21000
-0.19000
-0.17000
-0.15000
-0.13000
-0.11000
-0.09000
-0.07000
-0.05000
-0.03000
-0.01000

0.00000

TABLE 4.9.

10-2¢3

-0.00012
-0.00150
-0.00975
-0.02141
-0.03350
-0.04332
-0.04803
-0.04444
.02883
.00331
.05735
.13972
.25789
.42013
.63477
.90842
.24239
.62539
.01917
.32976
.34734
.60952
.95637
.21111
-30.58159
-160.69222
-18573.07412

|
= N NN R RO O 0O 0O o o o O

| |
o O

10-

-19.
-46642.

V23

.00009
.00026
.00053
.00062
.00057
.00039
.00006
.00045
.00115
.00211
.00335
.00495
.00694
.00936
.01217
.01522
.01810
.01991
.01874
.01068
.01252
.06945
.20798
.58481
.01382

97643
11203

10

“1"3

.00029
.00019
.00008
.00001
.00006
.00013
.00021
.00030
.00041
.00055
.00071
.00089
.00110
.00131
.00149
.00153
.00128
.00038
.00186
.00685
.01777
.04269
.10653

.31605

.49651

.40887

.67E+49

400-step Runge-Kutta solution for /23.
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i xs=—ih

-0.00125

-0.00250
-0.00375

.00500
-0.00625
-0.00750
-0.00875
-0.01000

@ ~NJ o o w N
|
o

i Xs=—-1ih

-0.00125
-0.00250
-0.00375
.00500
-0.00625
-0.00750
-0.00875

~J o Ol D w N =
|
(@]

o O O O O o o o

o O O o o o o

al

.24125

.24125
.24125

.24125
.24125
.24125
.24125
.24125

a2

.02548
.02548
.02548
.02548
.02548
.02548
.02548

o O O O o o o o

O O O O o o o

bl
.00000 14.
.00000 14.
.00000 14.
.00000 14.
.00000 14.
.00000 14.
.00000 14.
.00000 14.

b2
.03245 1
.03245 1
.03245 1
.03245 1
.03245 1
.03245 1
.03246 1

c1l

11680
12940
13020
13040
13050
13050
13050
13050

c?2

.70084
.70217
.70226
.70229
.70232
.70237
.70244

TABLE 4.10. Values of the constants aif bi and

(111)



1 -0.
2 -0.
3 -0.
4 -0
5 -0.
6 -0.
7 -0.
8 -0
1" -0
2 -0
3 -0
4 -0
5 -0
6 -0
7 -0
TABLE 4.

xg=-1ih

00125
00250
00375
.00500
00625
00750
00875
.00100

Xg=-1ih

.00125
.00250
.00375
.00500
.00625
.00750
.00875

11. Values of the constants aXj, b:j

O O O O O o o o

all
.00395 0
.00395 0
.00395 0
.00395 0
.00395 0
.00395 0
.00395 0
.00395 0
a 12
.01373 -2.
.01373 -2.
.01373 -2.
.01373 -2.
.01373 -2.
.01373 -2.
.01373 -2.

(112)

b n
.01929 0
.01929 0
.01929 0
.01929 0
.01929 0
.01929 0
.01929 0
.01929 0

b12
06367 10.
06359 10.
06351 10.
06343 10.
06334 10.
06325 10.
06316 10.

cll

.37173
.37193
.37194
.37195
.37196
.37196
.37196
.37196

cl2

89810
93540
94930
95900
96680
97340
97930

and cXj (j=1,2).



i xg=-ih al3 b13 c13

1 -0.00125 -1.61x1011 -2.58x1014 -1.03x1017
2 -0.00250 35930.5 -2.07x106 -6.93x108
3 -0.00375 36780.8 -391813 -4.69x107
4 -0.00500 36889.2 -241165 -6.00x10s
5 -0.00625 36912.8 -215795 -680211
6 -0.00750 36920 -209598 377053
7 -0.00875 36922.9 -207629 656338
8 -0.00100 36924 .4 -206845 748322
9 -0.01125 36925.5 -206454 785216
10 -0.01250 36926.4 -206209 803175
11  -0.01375 36927.3 -206026 813703
12 -0.01500 36928.3 -205870 820920
13 -0.01625 36929.3 -205729 826450
14 -0.01750 36930.3 -205598 830987
15 -0.01875 36931.4 -205474 834846

TABLE 4.12. Values of the constants al3, bl3 and c13.
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1 -0.00125 2057.64 -8.0x106 -5.38x10 9
2 -0.00250 4304.28 -213736 -7.32x107
3 -0.00375 4394.24 -36490.4 -4.88x106
4 -0.00500 4405.74 -20556.3 -565661

5 -0.00625 4408.26 -17866 -2488.59
6 -0.00750 4409.04 -17205.8 109606

7 -0.00875 4409.36 -16994.4 139321

8 -0.00100 4409.53 -16909.4 149157

9 -0.01125 4409.65 -16866.5 153127
10 -0.01250 4409.75 -16839.6 155072
11 -0.01375 4409.86 -16819.3 156216
12 -0.01500 4409.96 -16802.2 157003
13 -0.01625 4410.7 -16786.7 157608
14 -0.01750 4410.19 -16772.3 158105
15 -0.01875 4410.31 -16758.6 158530

TABLE 4.13. Values of the constants a23, b23 and c23.
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Previous Studies h A a Presentstudy

Elderl" (1965) 19 490000 2.4 2.58
Vest & Arpaci* (1969) 20 370000 3.5 2.83
deVahl Davis & Mallinson* 10 940000 2.56 2.07
(1975)

Bergholzl® (1978) 20 360576 2.59 2.85

TABLE 4.14. Comparison of the value of the critical wavenumber
given by (4.5.11) with the results of previous
studies neart and above the onset of secondary

instability.
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FIGURE 4.1. The outer function f1I — and its derivative --- at

the critical point y0 in the interval [-0.5,0].
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FIGURE 4.2.

The outer function f2

the interval [-0.5,0].
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and its derivative

in



FIGURE 4.3.

The outer function /u -

the interval

[-0.5,01].
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and its derivative
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FIGURE 4.4.

The outer function f21 ---

in the interval

[-0.5,0].
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and its derivative f2

0.0025

0.002

0.0015

0.001

0.0005



FIGURE 4.5.

The outer function f12 ---

the interval [-0.5,0].
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and its derivative

in



- 0.02

-0.04

-0.06

-0.08

-0.14

-0.16

-0.18

FIGURE 4.6. The outer function f2 --- and its derivative --- in

the interval [-0.5,0].
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FIGURE 4.7. The outer function /13--- and its derivative f 13

in the interval [-0.5,0],
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FIGURE 4.8. The outer function f2B —-— and its derivative

£ 23 in the interval [-0.5,07,
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FIGURE 4.9. The scaled convective parameter Yi as a function of

the scaled wavenumber ag0.
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510 15 20 25 30 5 4

FIGURE 4.10. Streamlines of the overall flow as given by

(1.2.26) for e=0.0001
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FIGURE 4.11. Streamlines of the overall flow as given by

(1.2.26) for e=0.001
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FIGURE .12. Streamlines of the overall flow as given by

(1.2.26) for e=0.005
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FIGURE 1.13. Streamlines of the overall flow as given by

(1.2.26) for e=0.01

(128)



FIGURE 4.14. Streamlines of the overall flow as given Dby

(1.2.26) for e=0.1

(129)



CHAPTER FIVE : LARGE RAYLEIGH NUMBER SOLUTION NEAR

THE CRITICAL POINT AT LARGE PRANDTL NUMBERS

5.1 Introduction

In this chapter we consider the effect of large but finite
Prandtl number on the local form of the neutral stability curve
near y0. This 1is done by relaxing the assumption of infinite

Prandtl number made in Chapter 2.

The problem is formulated in Section 5.2, and the form of
the solution in the limit as A —0° is discussed in Section 5.3.
This involves choice of an appropriate scaling for the Prandtl
number in terms of A that leads to modification of the equation
of the neutral stability curve obtained at the end of Chapter
3. The form of the modified neutral stability curve is obtained
in Section 5.4 and a discussion of the effect on the critical

value of y0 is given in Section 5.5.

5.2 Formulation

Consider the non-dimensional Boussinesqg system defined in
Chapter 1 by equations (1.2.6)-(1.2.9). Investigation of the

stability of the exact solution

ip = AVEx), T =pz + 0(x), (5.2.1)

is carried out by adding perturbations, and 0, to the stream
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function and temperature in (5.2.1). Substitution into the
Boussinesqg system (1.2.6)-(1.2.9), elimination of the pressure
and linearization in the perturbations <$and 0, leads to the
following system of equations and boundary conditions for

finite values of the Prandtl number:

f'"-2a2 <P cd(=0"+ iajA'F">- (c+A*P') ((0"™a2))1/a, (5.2.2)
0" - a20 = ial A0'(]) = (c+BAI»")0] - 4 vy49), (5.2.3)
p= 9)=6=20 (x=%1/2), (5.2.4)

as obtained in (1.2.27)-(1.2.29).

Since we are concerned with stationary disturbances the
wave speed, ¢, 1s taken to be =zero and the linear stability

equations become

f'"-2a2 P'+ adL-0' = iaA[™M"'(F)- V' K™ a X[>)1/q (5.2.5)

0"- a20 = iaA @P>-»P'0] - 4v4f , (5.2.6)

to be solved subject to the boundary conditions

9= 0=0=0 x= %1/2). (5.2.7)

This chapter is concerned with large Prandtl numbers such that
the right-hand side of (5.2.5) modifies the equation of the

neutral stability curve obtained in Chapter 4.
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5.3 Solution Structure for A —>gm

In the limit as A-»oc, the scales of the vertical wavenumber

and the wvertical stratification y are assumed to be those

defined in Chapter 2,
a=al0A'1l/3, y=vy0+A"2/3y1 +.. ., A-*« , (5.3.1)

and the outer solution for the perturbation functions ¢and 0 is

again of the form
0 =0 + A“2/3(>!+..., A-oc, (5.3.2)
6 =00+ A'2/301+ ..., Ara# (5.3.3)

The scale for the Prandtl number o is chosen to bring the term
on the right-hand side of (5.2.5) into play in the solution for

the second order function @J*. This requires
a =o00A4/3, A-»oc , (5.3.4)

with a0 assumed to be finite. Substitution of (5.3.1)-(5.3.4)
into (5.2.5) and (5.2.6) and equating terms of like powers of
A, leads to the following equations and boundary conditions for

<0,00,¢! and 0X :

(5.3.5)

Zo (5.3.6)
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90"+ 4y 0 (0’
o . e0 yo o0 (5.3.7)
gb*l+ v ia®!'

To0/+ 2aF +ia0[4"9)0- %< [/a, , (5.3.8)
o= &0 = € = <©i= 0 (x =+1/2). (5.3.9)

The leading order outer solutions ({0, 00 are precisely those

identified in Chapter 2, while the solutions for ~ and 0X are
modified by the incorporation of the term involving o0 in the

equation for (), which after elimination of 0j becomes

" _— 0>') = JL T2a02q0'+ Yioi' i Ho  _ 0o+ 4Ya )
dx I’ dx By' 1 0™/

ia OW"<t>o0- %'<t>0"]/a0 (5.3.10)

This can be integrated once to give the third order equation

. @@©l= wWto "iY:
or vV(t> o ’71iY1 'VY —

iao [vo 40 1/°% +~i f (5.3.11)

where k: is an arbitrary constant. This is to be solved subject

to the boundary conditions

e =&"'= o (x=4%112) . (5.3.12)
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A

The solution for can be written in the form

= Sl + 2«0+ Yid2 - &B/i«0 + ial0#h /0o , (5.3.13)

where the functions @G, 011, 412 and <13 are those determined in
Section 2.4. In order to complete the general solution for we
now need the particular solution @4 associated with o0. The

equation for <914 is

@
114 « 4 = T0>0- W > (5.3.14)

and this must be solved subject to the boundary conditions

<y =<4 =0 (x =%1/2) . (5.3.15)
The solution for <)14 in x<0 can be written in the form

$14 = al/id (x) + o 2/24(x). (5.3.16)

where /i4 (i=1,2) are real functions of x uniquely defined by

/ 14 - =8"fi—-g'fi; (fa'farf'a)=(0,0,0)at x=-1/2. (5.3.17)

By symmetry, the solution for <)14 in x>0 can be written in the

form
4 = - of /14 (-x) - a2/24(-x). (5.3.18)

The asymptotic forms of the functions /i4 (i=1,2) as x"-0-
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are given by

Jia= ais + bisx + cid4ox2In |x | + cidx2 + didx3 + eid0x4In x| +

(5.3.19)

Here the real constants ai4d, bi4d and ci4d must be determined by a
numerical solution and the remaining constants are obtained in
terms of these, in the usual way, by substituting (5.3.19),
together with the asymptotic forms of the functions fL (i=1,2)
and the appropriate expansions of the base flow functions into
equations (5.3.17) and equating terms of like powers in x. This

leads to the formulae

Cid0 = aidSo/2'" did = (ide + ai«i)/6,

eido ci40sc/24, eid— (sOcid+ s™” 26e740)/24 (5.3.20)

The constants ai4, bi4 and ci4 were determined numerically using
the same method as that outlined in Chapter 4. Expansions for
the functions /i4 about the point X=x+1/2=0 were used to start
the Runge-Kutta scheme one step away from the point X=0. These

expansions are given by

(5.3.21)

Formulae for the real constants Eik (i=l,2; k=3,4, ) are given
in Appendix III. Tables 5.1-5.2 give the Runge-Kutta solutions
for the functions /i4. The constants ai4, bi4d and ci4 are

A

determined in the same way used to determine the constants a " r
bij and cij (3=1,2,3) 1in Chapter 4 by solving the following

system of equations for i=1,2
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ald "4 + kitid + cidxid = Jidxs) + K4 r (5.3.22)
aidPid + ™4 ~i4 + Ci4Xi4d = si4(Ks) + *14 f (5.3.23)

aidr i4 + bidA 14 + cidx'i4d - q_xo + K"i4 , (5.3.24)

where the real functions ajg¢ Xi4' ~i4 ' their first

derivatives, denoted by r'i4, A'i4, Xi4/ Ki4 and their second

derivatives, denoted by , A"i4, x"i4# K"i4 are defined

explicitly in Appendix III. Values of the real constants ai4,

bi4 and ci4 are given in Table 5.3.

The asymptotic form of (4 as x-*0f can now be deduced from

(5.3.16) and (5.3.18), so that

A A

5
414 aid+ Ki x + cBoX2ln|x| + cfax + dfé4x

AT
+ eqapx 1In|x| +

elax* +. . . x—»0%

’ (5.3.25)

where the constants a4, b”,..., are defined in terms of the

real constants al4,bl4,..., az24,b24,..., by the vector equation

2*4 = °; Y14+ of v4 , (5.3.206)
where
+ S + s

(Ta1s4s fa , ™ 140 'TC14,d14/ »

and  yyy = (a 24 '"~%24 ' C 240" C24 '~24

We can now obtain the general form of & as |[x|-*0 by

combining equations (2,4,10), (2.4.17), (2.4.27), (2.4.30) and

(5.3.25) 1in the overall solution (5.3.13). Thus
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(5.3.27)

where the constants 0%, a*,... are defined by the vector relation
_I_

+ . .

Here the wvectors v*, v7°, and v*3 are those defined in

Chapter 2 (see(2.4.41)-(2.4.44)), and

oo (5.3.29)

with

(5.3.30)

the appropriate extension of the vector defined in (5.3.26).
Equation (5.3.27) gives the complete asymptotic form for the
solution 9l as |[x|-»0. The temperature function O0X bears the same
relation to (fas that given 1in Chapter 2, so that the

asymptotic form for 0X 1is given by (2.4.52)

0X = A"/x4+ Aj /x2+ B*/x + CInIxI + C\ +..., (5.3.31)

where the constants A*, Aj, ... are as defined in Chapter 2,

(2.4.46)—(2.4.50).

Combining the forms of #f, @~ 00 and 0 as |x|-*0, the
overall asymptotic forms of the perturbation functions <9 and O

are as in Chapter 2,
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= al ghgx + el In|%I + chg + di3 + e_é@‘x'lnlblq + en#
+goiX5 + hg0 x6ln|x| + hAx6+ +A 273 (6f/x + a* + bfOxln|x|

+ b+ c*0x21ln x| + ¢c4x2+df0x31n |x |+d"x3+ ... )/ x—»0+ ,

(5.3.32)

= A0/x + B0+ CcOx1A x|+ Cox + DO % +E60x3Ini|x'|+ ED s +—
+ A'273 (A4/x4+A*/x2+ B4/x + C"0ln|x|+C +...)f x-+*0+ |,
(5.3.33)

the only difference being the new forms of the constants af,...
as defined in (5.3.28) and (5.3.29). The next step 1s to
consider the solution in the critical layer and to use the
relevant bridging conditions to determine the modified form of
the neutral stability curve near y0. This 1is considered in the

next section.

5.4 Neutral Stability Curve

The order at which the extra term on the right hand side of
(5.2.5) comes 1into effect in the critical 1layer solution is
higher by order A-279 than that required to obtain the bridging
conditions (3.3.47)-(3.3.50) and (3.4.37)-(3.4.40) . Thus the

bridging conditions obtained in Chapter 3 are still wvalid here.

We now consider the effect of the additional outer term <14
on the equation of the neutral stability curve which was given
in Section 3.7 (equation (3.7.26)). The procedure used in
Section 3.7 to obtain the neutral stability curve is repeated

here taking into account the additional term. We recall from
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Section 3.7, that in x<0 the solution for 00 is given by

o= 0oN/i(x) + 02/2(x). (5.4.1)

and that in x>0

€= ar/i(-x) + o2i(-x), (5.4.2)

where o%, a2, o* and 02 are complex constants and the functions
fi (i=1,2) are uniquely defined by the solutions of (2.3.5) and
(2.3.4-). Also the forms of as x-»0- are given by (3.7.3)

leading to the general form of M as x—»0t

i

V + bgx + clox2In x| + cOx2 + d*x3+ ..., (5.4.3)

where the constants a*, h*,..., are related to those of fL

(i=1,2) by the vector relation

¥o = vi+ v2, (5.4.4)

with the wvectors vj, vx and v2 as defined in Chapter 2.
Consideration of the 1leading order bridging conditions
(3.3.47)~(3.3. 50) then leads to the system of equations given

by

(°f- °it)ai+ (gf- 2)a2 =0, (5.4.5)
(gT+ Oi+)bi + (gf+ c™+)k2 = O, (5.4.6)
(L - °r)Ci + (<8- a&+)c2 = -ijrsO(ofax + 02a2)/2 , (5.4.7)
<gf+ % )di+ @©@~+ )dz = 0. (5.4.8)

Substitution of dI and d2 into (5.4.8) and the fact that bx is
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zero leads to formulas for the constants :11+, e ﬂ1+ in terms
of the arbitrary constant o, , as given by (3.7.11}-(3.7.13).

Thus far the analysis ia identical to that of Chapter 3.
The solution for ¢, in x<0 is given by

b= & filx)+0 £ (1) + 2“:11 by St xd+ 05, fop (%3] +714 [fﬁ_flgfxl +
O Fap (R =[Oy Faa (2} + 05 Foq (23 1/ iugy + deg[o7 R0+ 05 By (231 0,
(5:3.9)

where the rfal functions .IF.ij {(i=1,2; §=1,2,3) are defined in
Chapter 2 and the real functions f;, (i=1,2) are defined in

Sectlien 5.3. The corresponding seolution for ¢, in x>0 is given

by

W= 0 fl-X1+ 0 f (=X) + 2'::&2 |y fra{-=d+aag fr (=X)]4
NIy fra (-2t 0y fg (=1} ] = [@ Fia (—x)+0; fon (—x)] iy =
dogloT fa(—xy+ o5 f(=%) |/oy. {5.4.10)

The forms of _fij {i=1,2; j=1,2,3) as x—0- are given in Chapter

2, and the forms of f;, {i=1,2) are given by

Fram By + bix + ox’ln|x| + opx’ + dgyx® + ey x'ln|x| +

ﬂilx‘ Faney E_"G— ] {5-!41-11.]

where the constants &;;,, by, and c,;;, are as determined in Section
3.3 and the remaining congtants are known in terms of these

from the formulae (5.3.20). Then as |x|—-0, ¢, iz giwven by

$. = 4/x + a + byxln|x| + Bix + e x'ln|x| + ot x? +

dnxln|x] + alx® +..., xe0e | {5.4.12)
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where the constants &, a* ,..., are defined by the relation

vE = vf + 2a@ + TevJi - vEf3/ial0+ ictOvf4/o0 , (5.4.13)

. —+ + +
with the vectors vx , vxl, v12, vf3 as defined in Chapter 2 and
vif4d as defined in Section 5.3. Substitution of these into the

bridging conditions

bi= b- Mo ™ (M-o~ 12®3 )a o/ 6ao“ i (5-4-14)
and

d+i = d” +*gjca”tsoi”o-12(03)/6 - (4v@+ 3sl+s®@/8)a)1]/6c0Bo0

(5.4.15)

and using the fact that b3 is zero and that a* = + o

leads, after simplification, to the following equations

( + o+)b>+ (g+0i+) (2a02 kh+Vibl2)+ (okr-oH) [ioob™/qg, — b*/ic” 1+
(°2 —aF)tiaob24/g)- b23/ia0 1= M (- 12(03) (a” +ofa, ) /6aX(?1

(5.4.16)

(qf+"*+)4 + (of +aH)(2a@d11+YId12)+ (a" -0 3t) [icto d14/00-d 13/ic” ]
+(2 ~2)1 b24/%b- d23/ic” ] = [so (-2 (% + 1r0/6)

“ (4 Yo+ 3sl+s@/8)a)l] (ox" + aze?)/ 6 . (5.4.17)

We recall, from Chapter 3, that

+ 4azc. - kKdi.Cj + 1jiSna’a,
1T T ganed TR T TS ak 9 (5.4.18),
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%9 — on (5.4.19)
4az2c4 - 4alc2 - 1TSq9.92

and

of =- . (5.4.20)

Substitution of (5.4.18)-(5.4.20) into (5.4.16) and (5.4.17),
elimination of (02~ + 02+) from the resulting equations and

simplification then leads to the cubic equation
«@3 + ckae2/00 + CiOoVit c2 = 0O, (5.4.21)

where

c0=JiaiSo[ai (b2d24 - d2b24)-a2 (bjd"- dD14)]/B(a” —alc2)(d@on —-"~d")

= -0.00108 (5.4.22)

and cx and c2 are given by (3.7.27) and (3.7.28) respectively.
Equation (5.4.21) represents the modified neutral stability
curve. It contains the additional quadratic term c0a®/00
generated by the large but finite Prandtl number of the fluid.
In the next section we consider how this affects the critical

wavenumber o and the critical wvalue of at the onset of

instability.

5.5 Critical Wavenumber

We begin by scaling out the constants c¢0, cx and c2 from

equation (5.4.21). This is done by use of the transformations

a0 = al0c21/3, (5.5.1)
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Yi _~Yie2 /ci. (5.5.2)

(5.5.3)
giving
«@3 - "2/gl - al0Yi+ 1 = 0 - (5.5.4)
From (5.5.4), yx can be written in terms of and o0 as
Yi= «@ - a0/q, + 1/a0. (5.5.5)

The minimum value of yx 1s obtained by setting the derivative
of y2 with respect to dO equal to zero and, solving for c*, we

obtain the critical wvalue of the wavenumber a0 as

docrit = [1/4 + (1/16 + 1/432d®)1/2+ 1/216d®]1/3 +

1/d®@[36[1/4 + (1/16+ 1/4320®)1/2 +1/216d®1/3 +1/69,, (5.5.6)

The corresponding critical wvalue of ylf ylcrit, is given by

substitution of (5.5.6) into (5.5.5).

The behaviour of the critical wavenumber as dO0 approaches
infinity is obtained by considering the 1limit d0-*co in (5.5.6).

This gives the result

«ocrit (1/2)1/3 as 50”oc , (5.5.7)

consistent with the result obtained in Chapter 4. Consideration
of the opposite limit shows that as the scaled Prandtl number o0

tends to zero, the critical wavenumber has the form

«Ocrit ~ as 50-*° e (5.5.8)
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The corresponding results for the critical wvalue of the

convective parameter are

Yicrit ~* 3x2 , o0*x , (5.5.9)

Yicrit ~ -1/400 , 0 . (5.5.10)

Figures 5.3-5.4 show the neutral stability curve for
various wvalues of the scaled Prandtl number o0 and the critical
values a0 crit and vylerit are shown as functions of the scaled
Prandtl number ¢ in Figures 5.5-5.6. The graph of the critical
vertical wavenumber a as a function of the convective parameter
for various values of the scaled Prandtl number o0 is shown in
Figure 5.7 and is obtained by eliminating the Rayleigh number

from the relations in (5.3.1).
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-0.49750
-0.49000
-0.47000
-0.45000
-0.43000
-0.41000
-0.39000
-0.37000
-0.35000
-0.33000
-0.31000

-0.29000
-0.27000
-0.25000
-0.23000
-0.21000
-0.19000
-0.17000
-0.15000
-0.13000
-0.11000
-0.09000
-0.07000
-0.05000
-0.03000
-0.01000

0.00000

TABLE 5.1.

105/14

0.00000

0.00000
-0.00000
-0.00001
-0.00004
-0.00013
-0.00035
-0.00081
-0.00166
-0.00309
-0.00536

-0.00880
-0.01378
-0.02076
-0.03026
-0.04287
-0.05922
-0.07999
-0.10585
-0.13745
-0.17532
-0.21978
-0.27070
-0.32722
-0.38709
-0.44490
-0.46865

105/14

.00000
.00000
.00013
.00104
.00265
.00721
.01604
.03117
.05497
.09018
.13976
.20694
.29507
.40755
.54769
.71843
.92213
.16001
.43150
. 73318
.05702
.38769
.69762
.93706
.00858
.66021
.91317

io 5/h

.00001
.00066
.01791
.08275
.15093
.31950
.58039
.95201
.45137
.09363
.89150

.85439
.98727
.28891
. 74921
.34525
.03519
. 74893
.37343
.72925
.53093
.31408
.28174
.90649
.49510
.98888
.04E+11

400-step Runge-Kutta solution for /14
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-0.49750
-0.49000
-0.47000
-0.45000
-0.43000
-0.41000
-0.39000
-0.37000
-0.35000
-0.33000
-0.31000
-0.29000
-0.27000
-0.25000
-0.23000
-0.21000
-0.19000
-0.17000
-0.15000
-0.13000
-0.11000
-0.09000
-0.07000
-0.05000
-0.03000
-0.01000

0.00000

TABLE 5.2.

10 6/24

0.00000
0.00000
0.00000
0.00000
-0.00001
-0.00005
-0.00016
-0.00042
-0.00085
-0.00195
-0.00365
-0.00640
-0.01062
-0.01683
-0.02563
-0.03776
-0.05400
-0.07521
-0.10233
-0.13623
-0.17773
-0.22742
-0.28547
-0.35123
-0.42253
-0.49377
-0.52458

10 6i24

.00000
.00000
.00002
.00019
.00096
.00323
.00844
.01860
.03637
.06497
.10820
.17030
.25590
.36984
.51701
.70203
.92894
.20063
.51804
.87900
.27630
.69462
.10505
.45396
. 63441
.36648
.60009

10 6/24

-10
-12

-14.
-16.
-19.
-20.

-21

-19.

-14

36.

.00000
.00003
.00249
.01826
.06657
.17250
.36477
.67380
.12995
.76205
.59588
.65274
.94771
.48757
.26785
.26850
.44741
73026
99455
04367
56271
.03687
57901
.48360
.63012
96396
.99E+11

400-step Runge-Kutta solution for /24
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i xs=-1ih a14x105 b14x105 cl4x104

1 -0.00125 -0.46866 ~1.90535 ~4.03094
2 -0.00250  -0.46866 -1.90543 -4.03511
3 -0.00375  -0.46865 ~1.90545 ~4.03685
4 -0.00500  -0.46865 ~1.90567 ~4.03860
5 -0.00625  -0.46866 ~1.90587 ~4.04033
6 -0.00750  -0.46865 ~1.90603 ~4.04200
7 -0.00875  -0.46866 -1.90634 ~4.04379
i xs=-ih a24x106 b24x106  aogx

1 -0.00125  -0.52458 -2.59128 -4.87413
2 -0.00250  -0.52458 -2.59128 ~4.87690
3 -0.00375  -0.52458 -2.59128 ~4.87708
4 -0.00500  -0.52458 -2.59128 ~4.87712
5 -0.00625  -0.52458 -2.59128 -4.87715
6 -0.00750  -0.52458 -2.59128 -4.87718
7 -0.00875  -0.52458 -2.59128 -4.87721

TABLE 5.3. Values of the constants ai4, bid4d and cid4d (i=1,2).
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FIGURE 5.1. The outer function -10%i4 — and 1its derivative

— in the interval [-0.5,0].
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FIGURE 5.2. The outer function -105f2i — and its derivative

~1°5£24 — in the interval [-0.5,0],
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FIGURE 5.3. The neutral stability curve for various values of

the scaled Prandtl number o0 .
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FIGURE 5.4. The neutral stability curve for the scaled Prandtl

number a0=0.1
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FIGURE 5.5. The critical wavenumber aOcrit as a function of the

scaled Prandtl number a0
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FIGURE 5.6. The critical convective parameter flcrit as a function

of the scaled Prandtl number o0
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FIGURE 5.7. The <critical wavenumber a versus convective
parameter vy for wvarious values of the scaled

Prandtl number o0.
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CHAPTER SIX LOWER BRANCH OF THE NEUTRAL

STABILITY CURVE

6.1 Introduction

This chapter is concerned with identifying the asymptotic
structure of the lower branch of the neutral stability curve
for large values of the Rayleigh number, A. Solutions are found
for Prandtl numbers in the range 0 250, including the limit
structure for o*°. The relevant lower Dbranch stability
equations and boundary conditions are derived in Section 6.2
and solutions are found for various values of the Prandtl
number and general values of y in Section 6.3 using a numerical
method based on a fourth order Runge Kutta scheme. The limiting
form of the neutral stability curve as o—>»o00 1is considered in
Section 6.4 where it 1is shown that for y<y0=6.30 the scaled
wavenumber assumes a form proportional to the Prandtl number,
while for y > vy0 the scaled wavenumber 1s finite as o—»00. a
numerical solution of the appropriate limiting problem in y<y0
is undertaken in Section 6.5. The results are discussed in
Section 6.6 and are placed in context with those obtained in
Chapters 2-5 for the neighbourhood of y0. This enables a general
picture to be constructed of the form of the neutral stability

curve for large Rayleigh numbers and Prandtl numbers.
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6.2 Formulation

The linear stability equations for the lower branch of the

neutral stability curve are obtained, by assuming a low
wavenumber limit in the full stability equations
(p""-2a2 QI+ adh=0"+ 1aA[W'4) '"-a2 ()W'-W'"(t)1/o, (6.2.1)
0"- a20 = iaA[© d- '0] - 4v4f , (6.2.2)

previously derived in Chapter 1. Here the base flow functions O

and are defined by

0=2(D_ - D+) sinhyxcosyx - 2(D_+ D+) coshyx sinyx, (6.2.3)

IL=Y~3 (D + D+coshyxcosyx + D sinhyx sinyx), (6.2.4)

where the constants D, D+and D are given by (1.2.21)-(1.2.22)

and the appropriate boundary conditions are
$=P =0 (x=%1/2), (6.2.5)
0=0 (x=11/2). (6.2.0)

The lower branch system corresponds to small wavenumbers a

of order A-1 as A»°° and 1is obtained from the system

(6.2.1)-(6.2.6) Dby assuming

a - aA-1, A-»OC. (6.2.7)

Substitution into (6.2.1)-(6.2.6) then shows that the 1leading

approximations to the perturbation functions < and 0 satisfy

the reduced system
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(6.2 .8)

4+ -V'"4>1/0 = 6',

o" = 1ia[0'4e-" '6] - 4y4<9' (6.2.9)
to be solved subject to the boundary conditions

H=4 =0 (x= £1/2) (6.2.10)

0=0 (x=11/2) . (6.2.11)

In the next section we consider the computation of
solutions of the above system for general wvalues of the Prandtl

number and general values of the convective parameter vy. A

solution for infinite Prandtl number in the region y>y0 = 6.30

was previously found by Daniels (1987).

6.3 Lower Branch Solution

It 1is <clear from equations (6.2.8)-(6.2.9) that the
functions 0and 0 are of complex form. Thus we need to write %

and 0 as

§ =br+ ibi/ (6.3.1)

0 =0r+ 101, (6.3.2)

where Jr, Jif Or and 0% are real functions of x. Substitution of
(6.3.1) and (6.3.2) into (6.2.8) and (6.2.9) and Dbalancing of
the real and imaginary parts leads to the following system for

the real functions <r, 4+, Or and 0% :

Be"" 4+ a (A'"4)1- w'd)i")/o =0r', (6.3.3)
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" - a 0" ()r - = 0~ (6.3.4)

Or" + 5(0"'""~=- V'0i) =4y4i~;, (6.3.5)

0i" - a ©@«t - W'0r) =4 y44i o (6.3.6)

The boundary conditions (6.2.10)-(6.2.11) now become

fr=<oi e = &' = 0 (X=11/2), (6.3.7)

Or = 0x= 0 (x=%1/2) . (6.3.8)

Equations (6.3.3)-(6.3.6) are to be solved subject to (6.3.7)
and (6.3.8) for specific wvalues of a, yand a. The solution 1is
obtained by converting (6.3.3)-(6.3.6) into a system of twelve
first order equations Dby introducing the vector form

v.- (YitY2.+++ rYu )f where

(VI/Y 2e%*%rv12 )% ( e***. R L 01/ ©i ) e (6.3.9)

The required solution can then be written in the form

y = Ay + ByQ@ + CyQ , (6.3.10)

where A, B and C are complex constants and the vectors vy
(k=1,2,3) denote the particular solutions of the system

(6.3.3)-(6.3.6) subject to the initial conditions

(Mr/eeeftr 'Cifeeef ~1)=(0,0,1,0,...,0)/ (6.3.11)
( AEEXUHE I e e of £ @ )= @f®/0,1,0. .,0) , (6.3.12)
(@L\'*"f '4*]/.../4)'—" lorlorlojloA)=(0lol "'Illolo)l (6'3'13)
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at x=-1/2 respectively. Application of the boundary conditions

at x=1/2 then leads to the following homogeneous system

A(yiM+ yo1) + B(y<2)+ y<2) )+ C(V1L@)+ y3))=0, (6.3.14)
A(yAL)+ yE1>) + B(y<2)+ V&2 + C(y23)+ y&3))=0, (6.3.15)
A(ydD)+ yu (1)) +B (y<2)+ vil(2)) +C (yA3)+yn B )=0, (6.3.16)

where each of the functions is evaluated at x=1/2. A non-trivial

solution for the constants A, B and C then exists provided that

the determinant

yr + iy vl2) + 1iy%0) vi3 + 1y53)

y2a) + iye) vy + 1iyed) y23 + 1iyed — D + i)

ya) + iyn(Q) v9) + iyn@ y93> + iynQ (6.3.
vanishes at x=1/2. In order to compute the determinant

(6.3.17), a fourth order Runge-Kutta scheme was used with 400
steps across the interval [-1/2,0]. The eigenvalues a were
located for fixed wvalues of the Prandtl number o and the
convective parameter y by varying a until the real and
imaginary parts of the determinant, Dr and , change sign
simultaneously. The required value of a is then obtained by the
bisection method. Tables 6.1-6.3 show bounds [alfa2] on the
relevant wvalues of a and the corresponding values of y for

values of the Prandtl number a = 50,100 and 1000. This
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determines the lower branch of the neutral stability curve in

each case 1in the range OsyslO. Graphical results are presented
following consideration now of the 1limiting form of the

solution for o-*oc

6.4 Large Prandtl Number Limit

For infinite Prandtl number, o, solutions for a in the range

Y>Y0 = 6.30 were obtained by Daniels (1987) by solving the lower
branch system (6.2.8)-(6.2.11) with o=cc. in the range y<y0=6.30

it is necessary to consider solutions with 3 of order o as o->oo.

Consider the equations (6.2.8) and (6.2.9) for the lower

branch of the neutral stability curve obtained in Section 6.2:

K" + iapPY' -V">]/0 = 0, (6.4.1)

6" = ia [0'<[>-V'0] - 4YV, (6.4.2)

with boundary conditions

L=£f =0 (x=11/2), (6.4.3)

e=0 (x=11/2). (6.4.4)

In order to determine the limiting form of the solution as o-*wo

in the region y<Yo = 6.30 it is necessary to write

a = Xo (6.4.5)

and assume that X 1s of order one as o-*%oo. Substitution of

(6.4.5) into (6.4.1) gives
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™M+ AN(W - Wy = 87, {6.4.6)
and substitution of (6.4.%) into (6.4.2) gives
A" + i (F'B-0%9) = 4y, (6.4.7)

which at leading order as o—+» reduces to the convection-

dominated form
YR -G =0 . (6.4.8)

Thus to a firat approximation,
=4
i — 4.
REETTY + (6.4.3)

and substitution of this result into (6.4.6) leade to the

equation
) d @
¢.ur.l + l}"tmi*lr ___|'|_|-'"¢|] e — —_q}] = 0 ., 6.4.10
( il { }

The golution for ¢ subject o (6.4.3% in %<0 can be written

in the form
o0 = W LIX) + % Rix) , (6.4.11)

wherev, and v; are complex constants and the functions f, and f;

are complex anpd unigquely defined by the sclutions of the

third-order systems
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o - ” - =, i, A=
_[1""'--——’fl =i?'.l:"!""1—'i""fi]-= {flrfl’r.f]“}={nlnf1: at 3{:_%:(5'1'12}

p

= (—)’ T * - T Yy
B ———f =1ih{W'E -1+ (L faef (00,01 at x=—~12-,

W d

{6.4.13)

The appropriate solution for ¢ in x>0 follows from the fact that
the base flow functions & and V' are odd and even functions of

# reapectively, and can be written as
+ ~ + =
 =w i (—x) + v f; (-x), {6.4.14)

— _
where f; denotes the complex conjugate of fy and " and +' are

compleax constants.
The general form of f;{m ags x—0= iz given by

fi=8y+ byx + &4 xln|x| + E4x7 + dy X + &y x'ln|x| + & +

Tgo X 10 x| + Jya° 4.0, ®—0-, (6.4,15)

where the constants ij R :E-j and Ej [j=1,;2) are determined from a
nomerical saclution which is o be undertaken in the nextc
section and the remaining constants are expressed in terms of
these by substituting the forms of _f; {J=1,2} into eguations

[(6.49.12) and (6.4.13) respectively and equating like terms in

x. Thus
'Ej.uz sﬂaj/Z, d_j= [Equ'F .'i.jl.l'ﬂlij+ J—l}.‘rﬁﬂ 'E_j{|= sn&jﬂ.l'llidr
E._:.I = !EDE] + El ij_EEE_jj}'lr:‘tf -g'—jcl= —i}il)lc_jcfsol
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gj= [s0dj+ Sibj - 47930+ i~ (3toRj - @ICj - dlci0)]1/60 (6.4.16)

where s0, slf ®©3, w3 are defined by (2.3.11) but where the

expansions (2.3.7) and (2.3.8) are viewed as the expansions of

0" and V ' at general wvalues of y.

We now have the outer solution for € and the outer solution
for 0 can be deduced from equation (6.4.9). At the centre-line
x=0 the singular form of the outer solution is smoothed out
within a critical layer. This has thickness x = 0(0o"1/3) which
can be seen by considering the <correspondence aA«lo,
equivalent to aOA2/3«wka in the context of Chapters 2-5. Hence
the critical layer expansions here are like those of Chapter 3
but with a-A273. Therefore expansions for the critical layer
will proceed as in Chapter 3 provided that the term ik(V ")"-

) does not contribute to the bridging conditions obtained in
Chapter 3. To show that this is the case we consider the size
of the term 1iX W 'g" - V'"¥|>) relative to the term <" used to
obtain the fourth leading order bridging condition.The latter
is of order A2/9 whereas the magnitude of V '@"and 'P'"<) are
order A 2/91nA and A -2/9 respectively. Thus the bridging
conditions are ©precisely those determined 1in equations
(3.3.4-7) = (3.3.50 ) and substitution from (6.4.15) leads to the

following system:

YHa* - vifa3+vda* - vzal2= 0, (6.4.17)

vib* + vibl+vZadb* + v2'b2= 0 , (6.4.18)

V (c*—1is0Jta*/2) - vfc” v& (c*-1is0Jia*/2)- v2c¢2 =0, (6.4.19)
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‘;'1+-l§1w + ‘-."l_al + "lr;- a.; + 1&_52 = ﬂ' ﬂﬁ*4+2ﬂ:|

whare El*..n.ﬁ; denote the complex conjugates of a‘l,...,éz

- - - -l .
regpectively., Bubstitution of d,, ::I;, d, and d; , into (6.4.20)
yields

{—i}“”1i;+5051*:|‘r'1+ + (il &+ 5-!]1:"_1]'"'1_ . [1—i}“ﬂ1£1*+5n51*!""'1’

+ (l+lamgA+s b,y =0 . {6.4.21)

hdding ({6.4.17) multiplied by 1M, and subtracting (6.4.18})

multiplied by s, from eguation (6.4.21) leads to the reault

+ {6.4.22)

¥ =

and using this result in (6.4.17)-(6.4.19) gives the reduced

syatem
+-* - = + =" —
Woa; — W a;F v (&, +a;l=10, (B.4,23)
o _ - + ., % —
v by v b by by -by)=0 (6.4.24)
w' (&, =18,mE, /2) — v E,+ v (D, —isgmAr /2 +C,)m 0, (6.4.25)

for v, ¥ and 4. The ahove system has a non—trivial sclutien

provided that the dsterminant

— % - v W -

al -'ﬂl a.z + ﬁ.z

-— - - -

b, b, b, - b, =0

3, -is,na, /2 -, &a—isgaa, /2 + 8, {6.4.28)
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Evaluation of this determinant leads to the requirement

41 [bl(c2-iSodta2 /2 +c2)+ (b2 - b 2)cfl 1+ a™b-L (c2-1is0Fa2 /2 +c2 )-
o B A

\ . -
(b2 - b2) (c! —ix0liaj” /2) 1+ (42 +&2) [-blcl-b 1 (cl-iSgJia-L /2)]=0.

(6.4.27)

The left hand side of (6.4.27) 1is real. This can be seen by

writing (6.4.27) in the form

(&"bi+a"* ) (<=*+c2)+ (&¢*cx—-alc* ) (b*-b2)-
(bi ci+bici) (@2+a2)-is0jif (axa2 bx-axa2bx)-(b2 -b2)alald/2 = 0.

(6.4.28)

Since €3 , bj and d"j are functions of Xand vy, this equation
expresses a functional relation between these two parameters

which determines the location of the neutral stability curve in

the limit of infinite Prandtl number.

6.5 Numerical Solution for the Large Prandh! number T.imit

In order to determine the 1limiting form of the neutral
stability curve, the complex constants €j , bj and cfj must be
found and the parameters X and y chosen to ensure that (6.4.28)
is satisfied. The numerical method used to solve equations
(6.4.12) and (6.4.13) for the constants é&j , bj and Cj (3=1,2) is

described in this section.

Since the solutions for /j (j=1,2) are complex we write /Jjin

the form

£ fir + ~-/ji (j-1/2) (6.5.1)
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where /jr and /ji are real functions of x. Substitution of
(6.5.1) into (6.4.12) and collecting real and imaginary terms

yields the following equations:

flr~ -7 fir= M 'P'/ii- V"hi), (6.5.2)
fli ~ fli= -MVfir' ~V'flr), (6.5.3)
fir ~ -|r fir-l+ MV'f2i ~ U"f2i), (6.5.4)
fli - -|r fl= -MV'f2r~V"fr), (6.5.5)

which, from (6.4.12) and (6.4.13), must be solved subject to

the initial conditions

(fir'fir'fir) = (0/0/1) / (x=-1/2), (6.5.6)
(f1i'f1'i'Ai) = (0,0,0) , (x=-1/2), (6.5.7)
(fir'fir'fir) = (°/0,0) , (x==1/2), (6.5.8)
(f1i'f1i'fi) = (0,0,0) , (x==1/2) . (6.5.9)

The system (6.5.2)-(6.5.9) 1is equivalent to twelve first order

differential equations which were solved by use of a fourth

(166)



order Runge-Kutta scheme with 400 steps across the interval
[-1/2,0]. A series expansion was used to start off the
computation near x=-1/2. The Taylor expansions for the base flow
functions are equivalent to (4.3.1) and (4.3.2) viewed as

expansions for general values of vy:

0'=20 [kXk , X700 (6.5.10)

0'=2 Q& xk £fX=0, (6.5.11)

where X=x+1/2. Corresponding expansions for the functions /j

(j=1,2) are given by

fi=X2/2 + 2 ~ AkXk , (6.5.12)
00
2 %{_3 Bka 4 (6.5.13)

where the coefficients Ak, Bkcan be found by substitution of
(6.5.10)-(6.5.12) dinto (6.4.12) and equating like terms in x.

This gives

a3=0/ A4 = HoMS cot , A5= -(iw-L + ¢0aR/to2)/120
A6 = Hg/57600)2 + O -n0o)1la)3 + “co2)/co2 , (6.5.14)
and
§3=1/6, B4=0 , B5= X0/3600)3,
§ 6= -pteaR2 /7200032 - ik 03 /360 . (6.5.15)

The real and imaginary parts of f1 and /2 in (6.5.1) can now be
used to initiate the Runga-Kutta computation just beyond x =

-1/2. Values of the convective parameter y and the scaled
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wavenumber X are fixed and the computation proceeds to the
neighbourhood of x = 0 where the complex constant aj, bj and Cj
must be determined. This is done by use of the expansions for /j

(3=1,2) derived in Section 6.4:

/j=aj+ bIiX + CjO0 x2In|x| + CJX2 + dj x3+ e j0x4ln|x| + & x4+

gj0 x5ln|x| + gjX5+..., x-"0-, (6.5.10)

The Runge-Kutta wvalues of J, £, J{' and £, f2', £ at x=xs, where
xs 1is small and negative, are equated to the corresponding
formulae given by the series expansions (6.5.16). This leads to

the following pair of complex non-homogeneous systems of

equations for aj, bj and Cj (j=1,2). These systems are given by
ajrj + bjAj + cIXj /3 (xs) + K (6.5.17)
ajfiy + bjAJ + CiX] /3 (xs) + iTy (6.5.18)
ajf"y + bjA"j + CiX'y = [fM(xg) + K”j (6.5.19)

The complex functions Ij, Aj and Xj/ Kj and their first and
second derivatives are defined explicitly in Appendix III. The
solution of the systems of equations (6.5.17)-(6.5.19) were
tested for accuracy and consistency by solving them at several
points xs=-kh (k = 0,1,2,—) where h = 0.00125 is the step
length in the Runge-Kutta solution. Results are shown in Table

6.4.

The neutral stability curve was obtained by fixing the

convective parameter y and adjusting the wvalue of X until
equation (6.4.28) was satisfied. This led to solutions in the

region Osy<6.30, as shown in Table 6.4 and Figure 6.1. These
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results are consistent with the numerical solution for finite,
large values of o found in Section 6.3, as shown in Figure 6.2.
As o —*a@ the lower branch of the neutral stability curve adopts

two distinct forms in the regions y<y0 and y>yO0. For y<y0 the

wavenumber 1s proportional to the Prandtl number 5 - Xo with X

finite, whereas for y>y0 the wavenumber « is finite as a-»*.

6.6 Discussion

This thesis has considered instability in the form of
neutrally stable stationary convection in the flow between two
vertical planes. Results have been obtained which determine the
form of the neutral stability curve in the limit as A-»°0 for
general values of the convective parameter y and for large (and

infinite) Prandtl numbers.

The results of the present chapter demonstrate that the
lower branch of the neutral stability curve experiences a
dramatic transition as the Prandtl number becomes large. For
finite Prandtl number the lower branch extends all the way to
y=0, so that 1long wavelength stationary convection can occur
with a=0(A-1) for any value of the convective parameter. As the
Prandtl number increases the wavenumber of the section of the

lower branch in the range 0Osy<6.3 increases in proportion to

the size of the Prandtl number, so that when a - A2/3 the
wavenumber a will be of order A “1/3, comparable with the
critical wavenumber for infinite Prandtl number determined in
Chapter 4. When the Prandtl number reaches values of order A,

the theory outlined in this chapter is no longer formally valid
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in the range 0sy<&.3 becausze the wavenumber a there is then of
order one, contradicting the approximaticons used to obtain the
lower branch eguation in Section 6.2. However, 1t 3eema
reaecnable to conjecture that as the Prandtl number jincreases
through wvaluoes of corder A the finite wavelength disturbances
corresponding to the section of the lower branch in Oz y<é.3
transform into the upper branch of the neutral stability curve
for o=« ldentified by Dapiels (19893} and described in Chapter

1. A achematlc diagram of this process iz shown in Figure 6.3.

In ocrder to veriiy this conjecture it would be necessary to
undertake computations of the upper branch solution for wvalues
of an appropriately scaled Prandtl number o, of order A, which
is beyond the scope of the present thesis. Howewer, it is
possible to relate the lower branch computaticns of this
chapter near y=y;=6,.30 to the results of Chapter 5 where the
form of the neutral etability curve was obtained for Prandtl
numbers in the range os=O0(A*"*}. There it was shown that with o=

A** g the neutral stability curve has the form

ayt + Epaa F Tyt T, =0, (6.6-1)

(OF

where a= A" g, and yey, + APy . A g, —+0 this curve is

dominated by the halance between the second and third terms,

equivalent to
L I (6.6.2)

provided that y, i large and o, lies in the range
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Yi 2« °0 « Yi (6.6.3)

For fixed o0, equation (6.6.2) expresses a linear relation
between the wavenumber and the convective parameter precisely
equivalent to the finite slope in the 1limit curve of X versus y
near y0 in Figure 6.1. This slope has been accurately evaluated

from the numerical results shown in Figure 6.4 as

-m = -50653 (6.6.4)

so that

m(Y0O-Y)f Y— Yo- e (6.6.5)

Recalling that

a= A'1l/3a0« a/A = Xo/A (6.6.6)

and cr=A4/3a0/ Y™ Yo + A"2/3 ylf the result (6.6.5) can be

expressed in the form

ao m YiaO (6.6.7)

so that m is identified with the ratio Cj/Cqg in (6.6.2). From
the results of Chapter 5, the wvalue of this ratio is 49194, in

good agreement with the value of m quoted in (6.6.4).

Thus the lower Dbranch evolution with increasing Prandtl
number ties in with the analysis of Chapter 5 describing the
form of the neutral stability curve in the neighbourhood of the
critical point y0; at this stage the lower and upper branches
have assumed the infinite-Prandtl number limit forms in y>6.30

previously found by Daniels (1987,1989) and disturbances of
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finite wavenumber are confined to the range y>Yo*

Various extensions to the present results are needed in
order to investigate further features of the convective
instability. First, an investigation of the precise form of the
upper branch of the neutral stability curve for large (but
finite) Prandtl number is needed 1in order to complete the
analysis of order one wavenumber disturbances. This will
require computations of the upper branch solution for an
appropriately scaled Prandtl number of order A. Second, the
incorporation of weakly non-linear effects in the stability
analysis would allow the amplitude, e, of the disturbance (that
leads to the form of the cells shown in Figure 4.11) to be
determined. However, this analysis may well involve very
complex calculations as suggested by the results obtained here
for the 1linear system. Finally, 1t would be instructive to
consider ways 1in which the Dbasic state assumed here for
infinite vertical planes could be improved to provide a better
approximation to the actual basic flow in a vertical slot,
perhaps making use of a boundary-layer approximation to the
latter flow of the type developed by Daniels (1987). This might

lead to a more realistic comparison with experimental results.
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a —-1000

Y az

0.1 15000000 15500000
1 16000000 17000000
2 18500000 19500000
3 20500000 21000000
4 26000000 26500000
5 29500000 30000000
5.5 27500000 28500000
6 21500000 22000000
7 500000 550000

8 200000 300000

9 800000 1000000
10 1200000 1500000

TABLE 6.1. Bounds [alfa2] on the eigenvalue a and the
corresponding values of the convective parameter vy

for a=1000.
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a =100

Y « a2

0.1 1600000 1700000
1 1750000 1800000
2 2000000 2100000
3 2450000 2550000
4 3950000 4000000
5 6620000 6670000
5.5 6900000 6950000
6 5050000 5100000
7 65000 70000

8 55000 60000

9 922500 924000
10 1450000 1500000

TABLE 6.2. Bounds [&7d2] on the eigenvalue d and the
corresponding values of the convective parameter vy

for 0=100.
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oF8o

Y az

0.1 1200000 1250000
1 1300000 1350000
2 1450000 1500000
3 1700000 1750000
4 4150000 4200000
5 6100000 6050000
5.5 6250000 6300000
6 4550000 4600000
7 605000 610000
8 640000 650000
9 960000 965000
10 1540000 1560000

TABLE 6.3. Bounds [a%a]] on the eigenvalue a and the
corresponding values of the convective parameter vy

for o=50.
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TABLE

6.

4.

13800

14600

15200

16400

19300

22600

7390

Bounds

on

the

"2

14400
14900
15600
16900
20100
23400

7380

eigenvalue

X

and the

corresponding values of the convective parameter vy.
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FIGURE 6.1. The lower branch limit for infinite Prandtl number

in the range 0<y<y0.
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6.2. The lower branch for various values of the Prana

number o in the range 0<y< 9.
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FIGURE 6.3. Schematic diagram of the variation of the neutral
stability curve in the limit A -* ® for large and

infinite Prandtl numbers.
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FIGURE 6.4. The slope of the large Prandtl number limit curve

near y0.
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APPENDIX ONE

In equation (3.5.11) the coefficients Ajl are given by

A3 =

A 14 = Iio/48™ 1/

Ai5 = — (2610 - W 1)11) /120(0%,

A16 = (240)2 k0 - 2407103710 + (U1H102 - 2485'1652fl1 +24UT2fR2)/5760¢.2.

In equation (3.5.12) the coefficients Aj2 are given by

A3 = 1/6,

A24 = 0>

A% = Iv3600i,

A26 = (-“2/0 + e 1]11) /72003 .

In equations (3.5.16) the coefficients Bjl are given by

Bi3 — 0,

Bid = 1/24,

Bis = 0,

Bi6 = (96Al4CUL + i) /2880 (Gl .

In equation (3.5.17) the coefficients Bj2 are given by
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B23

B24 =

B25

b 26

of

A23/20,

In equation (3.5.18) the coefficients C”® are given by

LB =

cid =

Clb =

ci6

Of

~( i+ e 1il0)/48m2/

(= ("co2 + m<Pi“2 + 2" ilio ~ 20i®2"0 + ®1® ) /120072,

- (Po-Mo“ i + “1iii0)/5760@i - (-2A14" OI2 - @w 2+ “co2«”
+ M®i“3 + 2Ai4 + O3ATrE - 20e2ce 1RSI0
+ S " cd2fl0 - 2iokelee3(D + w2@R2fll - 2cAlA1RIA

+ OIlcA2p:2) /2408) B

In equation (3.5.19) the coefficients Cj2 are given by

CH —

c26 =

A23(H0 61 - (3%q) /60 an?,

A23(1*1% 1 ~ Mo™ 1«2 “ ®2 «iPo + 2CD1U)2p 0 “ “ 141Mu )/12 OudT2

In equation (3.5.20) the coefficients Djx, Dj10 are given by

BIX0 =

~~1/2F
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~13 — n0/6/

~140 7 _i/48,

pl4 = nx/24 - 136.3%,3/576,

D150 = 6o0fi1/120,

bis = S2/60 - 6 xil0/360 - 4760n 1/7200,

Die = ["o”13 - 8 iDiy + fiz]/120,

where the constants 6 :, 60and 63 are given by
8-i = M'o/48c0i,
8 = - p0Zml,

8i = (p22 - Fo®1®3 + p2® 1)/ 1f

and Q 17 fi0, 21f 0.2 and n3 are defined by

@o'=| (4Yo®1 + eai4e18 ' — (0280 + O~ ) /» 2,

Q7= (-4vX “2 + 12Ai5fijfal - 6Aldw 10726 x + 12A140 3b0 + @ 260

- ©iCt"so - 37 30263) /io 3,

= (16a 14Yo™i + 4Yo“i®2 - 4Y@" w 3 + 20Al6coBo 1 — 12A15c0Rw 26 1

+ 6Al4coleo25 1 - 6A14(020036 1 + 20A150B60 - 12AT4002a260 -

aZHb0 + 20302(0360 — 001(0460 + 20A14aj%1 + 30716 !61 -

3030363) /&3 ,
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Q3 (20AigYoa)i — 16A%4Yo" i™ 2 "* 4yoa)i02 ®Yo™ i" 273 7 ~Yo™ it

- 20A16a)18)26 1 + 12A15610)26 1 - 6Aldw1a)26 1 - 12A156)1a)36 1

+ 12Ax40)7002036" - O6A14()30)46 1 + 30A166 480 — 20A1%)'3p 260
12A3,@3026g ' 0289  12A3,@3(038q ~ 3@QC2O38q 'C Q3 60

"t 23UG48q 0)37380 t 30A33(03 83 20A34(3283 —3(Q30283

+ 60)30)2(0383 - 30)3(0483)/@Ox .

Sim ilarly in equation (3.5.21) the coefficients D2, Dj20

are given by

Aap = /2/

DX = £2q9/6,

~420 = A-1ho1 o8,

D& = D3/24 - 13S 3£2 3/576,

rs20 = 80£7_3/120,

DR = £22/60 ™ S 3E20/360 - 47S(E7 3/7200,
2 o= [N0M32 ~ A-1M2 + 2 31/17M0/

where £.3, £20, O3, [l2 and [B are defined as follows:

L3 = (2A2383) /43,
2'b ( 2A230 2~1 6A231380)/0)1 £

2= (12A23Y0%1 + 12A25@B6.3 + 2A23(02™ ~ 2A23mm;r36.3

6A23C03C028Q + 12A23C383)/ @3 ¢
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(—12A 23YO(Bitt>2 + 20A26c036_1 - 12A25c030)26_1 —2A23()) 26_1 +
4A23()1(626]36_1 - 2A238)3(646_1 + 20A250350 + 6A2371(6200 -

6A23(634)360 -12A23c636)201) /(6% ,

(20A25YqO)H + 12A23YqWB6T2 - 12A23Yo(~i (i3 - 20A26i)3(@20_1
12A23003 (026_" & 2A23c0: 6.~ “ 12A254) 30) 36.: 6A23c0 “co2 co30
2A23c6id]326.1 + 4A23c62c62c646_1 - 2A23c63cii56_1 + 30A26c6#H60
20A2503c0260 - G6A230"1c6260 + 12A23¢62c02c6300 - 6A23 co3c6460

30A25@2CB + 12A23ARQR02—12A23A2ABCR) / A2 »
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APPENDIX TWO

The functions rif Ai; Xi anci Ki in equation (4.4.14) are

defined as follows:

rt =1 - 13s@x4/576 + s1x4/24 - 17sBx6/57600 - s0s1x6/450 +
s2x 6/120 + (s0x2/2 + s2%4/48)1n|x| +

SoX6ln|x|/5760 + s0slx6ln|x|/240 ,

At = x + s0x3/6 + sqX5/360 + sIx5/60 ,

Xi = x2 + s0x4/24 + SqgX6/2880 + slx6/120 ,

K/ = (i-1) (x3/6 + s0x5)/360 ,

The functions Tij, Aij, Xij and Kij in equations (4.3.17) are

defined as follows:

Fii = 1 - 13s@®x4/576 + s1x4/24 + sO0x2ln|x|/2 + SQX4ln|x|/48 ,

All = x + s0x3/6 ,

Xii = x2 + s0x4/24 + aisOx4ln |x |/24 ,

Kii = ©4x3/6 + c#4/12 - T7ais0x4/288 ,

ri2 = (576 - 13s2x4 + 24sxx4 + 288SoX21n|x| + 12s9x4ln |x|)/576

Ai2 x + s0x3/6 ,

Xi2 = x2 + SX4/24 ,
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Kiz =

a;{r, /24 - g 5,/24 - 13r,s,/576 + 13g,s; /576 -

QB 1% 728 + (rp/2 - guE,f2)XIn|x| + (r,5,/48 -
aue./4B)x*ln|x| + b;x7/6 + o (-13r, + 13q,5,)%' /288 +

(L, /24 - quaﬂ..l'Ed.}x“'ln|x| + ci(ru_-qnaclix".-‘ﬂd .

where g; and &2y (i=0,1,2) are defined by

Op

o,

9z

i’

."!l. i1

T3

il

ik Fi

funy — @ mg) o,

':E'-‘:r"li2 - Tyuyuwy + 0 (0,0 - ““;“"5:'}J'r“:"l3 ’
Uy fiy

(Mg — pgusy ) fony®

thgtn” = g + gy (on® = ooy ) /ay?
1 + (Byx’ln|x|3/2

{x + (8,x"}/6)

—a;s xS 3wy + degy Fde, - lﬁﬂi,,?;fﬂr.ul + &;8,/i, - &,8,F 0
+ lch_DS-[::J'EEmi - 1lla;s, /108m, + Ci8, iy = @58,/ m, +
81949, /180 + 838, /w; - B0 /E0] - 118,820, /1807 +
as8gmi {3, - 8,9 qux /3w’ + —oyuBpfm, + oaeifimg +

23,8 gyxln| x|/’ + 2bgytfoy + dysgiw) + bysx'ln|x|/my +
dogoty /3 + egpsplwy - cioEg/Bw, + a380/18wm, + o 8 fw +

2 3 z
a;Bgm, X1n|x| /3w,
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by

APPENDIX THREE

The coefficients Elj in equation (5.3.21)

E13 = 0/

E14 = 0,

E15 = —ci®/120,

E16 = ~"13 (DJ/60,

The coefficients E2j in equation (5.3.21)

are given by

are given by

E26 - -A23 m-"/60.
functions ri4, Ai4, Xi4 and Ki4 in equation (5.3.22) are given
ri4a = 1 - 13s®x4/576 + s1X4/24 + 1n|x| (s0x2/2 + s¥/48) ,

Aid = (x + s0x3/6),

Xid = (x2 + s0x4/24),
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Ki4 = -aila)xx3/6

In Chapter 6 the functions rif , Xi an<® Ki4 in (6.5.17)

are given by

I"i = 1 + iXx0lx3/6 - 13s®@x4/576 + s1x4/24 + 7iA.s0DIx5/7200 +
i>003x5/20 - 17SqX6/57600 - s0s1x6/450 + s2x6/120 +
X2to2x6/360 + (SgX2/2 + s@x4/48 + -iXsoO"x5/120 +

sBx6/5760 + s0s1x6/240 )In |x | ,

KL = x + s0x3/6 + sqX5/360 + sxx5/60 - iX.sOxlx6/360 +

iXa>3x6/60 ,

Xi = x2 + s0x4/24 - iAxoIlx5/60 + s@x6/2880 + slx6/120 ,

Kid = x3/6 + sgX5/360 - 1i2i)1x6/360
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