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All standard measures of bipartite entanglement in one-dimensional quantum field theories
can be expressed in terms of correlators of branch point twist fields, here denoted by 7 and
TT. These are symmetry fields associated to cyclic permutation symmetry in a replica theory
and having the smallest conformal dimension at the critical point. Recently, other twist fields
(composite twist fields), typically of higher dimension, have been shown to play a role in the
study of a new measure of entanglement known as the symmetry resolved entanglement entropy.
In this paper we give an exact expression for the two-point function of a composite twist field
that arises in the Ising field theory. In doing so we extend the techniques originally developed
for the standard branch point twist field in free theories as well as an existing computation
due to Horvath and Calabrese of the same two-point function which focused on the leading
large-distance contribution. We study the ground state two-point function of the composite
twist field 7, and its conjugate 7;;[ At criticality, this field can be defined as the leading field
in the operator product expansion of 7 and the disorder field y. We find a general formula
for log<7p(0)7i(r)> and for (the derivative of) its analytic continuation to positive real replica
numbers greater than 1. We check our formula for consistency by showing that at short distances
it exactly reproduces the expected conformal dimension
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1 Introduction

It is well-known that the Ising field theory has an internal Zs symmetry, associated to which we
can define two fields: o, the spin field (order operator), and u (disorder operator)lﬂ The theory
also contains a free Majorana fermion field ¥ so that, in the disordered phase of the theory, the
three fields can be characterised by their mutual equal-time exchange relations |1H3]:
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Furthermore, in the context of the investigation of entanglement measures it is often convenient
to consider a “replica” version of the theory, namely a model consisting of n non-interacting,
identical copies of the original. In this model, the fields above acquire an index {p;, 0, ¥;} with
j =1,... n, running over the copy numbers. The resulting model possesses a large amount of
symmetry, namely, not only Zo symmetry on each copy, but symmetry under the exchange of
any copies. Cyclic permutation symmetry is one of these many symmetries and, as it turns out,
it is the symmetry that plays the most fundamental role in computations of the entanglement
entropy and other measures of entanglement [4-6].

In [6] the branch point twist fields 7" and its conjugate 7T (called 7 in the original paper)
were defined as the symmetry fields associated with cyclic permutation symmetry of copies in
a replica theory. These fields too are characterised by their exchange relations with respect to
the fermions:
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for j = 1,...,n and j = j + n. These relations can be written for any 141D quantum field
theory, integrable or not, however, in the context of massive integrable quantum field theory
(IQFT), they provide, together with the two-body scattering matrix, all the information needed
to compute correlation functions and matrix elements of 7 [6]. These computations have now
been carried out for many theories and entanglement measures (see e.g. [7H10]) revealing many
new insights into the universal properties of entanglement at near-critical points.

In recent years, it has been shown that also the fields resulting from the conformal OPE of T
with other fields of the Ising field theory can be of interest in the context of entanglement [11-16].
In particular, the correlation functions of the leading field in the OPE of 7 and ) ; Hj, denoted
by 7,, are related to an entanglement measure known as the symmetry resolved entanglement
entropy [15-17]. 7, satisfies exchange relations which combine those for 7 and x as seen above:
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'In this paper we use the conventions of |18], which corresponds to choosing the disordered phase of the model,
where the fields o(u) are odd (even) with respect to the Majorana fermion W.




In general, such measures can always be defined for theories that possess an internal symmetry
(such as Zs in the Ising case), and it gives access to information about the amount of entangle-
ment that is stored in each symmetry sector.

The computation of the symmetry resolved entanglement provides strong motivation to study
correlators of 7, and this will be the focus of this paper. Our aim is finding an exact analytic
expression for the two-point function (7, (0)ﬂ(r)> using IQFT techniques. The applications of
such a result in the context of entanglement will not be discussed here, but they follow quite
straightforwardly from existing literature. In particular, the form factors of 7, and the leading
contribution to its two-point function were computed in [17]. The present work is an extension of
those results to include higher particle contributions and to show how non-trivial resummation
identities allow for relatively simple closed formulae for all correlation function cumulants.

Correlation functions of composite twist fields have been studied in a number of works
both for the Ising field theory and other, interacting models. Most of these results build upon
the form factor program for the matrix elements of 7 [6] and its extension to composite twist
fields [17]. In [20}22] free theories were studied, whereas interacting IQFTs such as the Ising and
sinh-Gordon models (both with discrete Z symmetry), the sine-Gordon model (with continuous
U(1) symmetry) and the 3-state Potts model (with discrete Z3 symmetry) were studied in [17,23]
and [24], respectively.

It is also possible to study composite twist fields where T is composed with a local field
not associated with an internal symmetry. Such composite fields are associated with cyclic
permutation symmetry too and have a conformal dimension which is distinct from that of 7.
In particular, for theories whose UV fixed point is described by a non-unitary conformal field
theory (CFT), it is possible to construct composite twist fields whose dimension is lower than
that of 7 and they play a critical role in describing the usual measures of entanglement [13].
This happens for instance for the Lee-Yang theory both at and away from criticality. The form
factors and two-point functions of the branch point twist field and composite twist field for this
theory were studied in [14]. The expectation values of composite twist fields involving the energy
field in the Ising field theory were studied in [11}]12].

This paper is organised as follows: In Section 2 we review form factor results for the order
and disorder fields in the Ising field theory as well as for 7 and 7,. We review the cumulant
expansion of two-point functions and introduce an example of the type of convergence issues that
arise in the cumulant expansion of <ﬁ(0)7j(r)>/<n>2 In Section 3 we find closed formulae for
all higher cumulants, leading to a close expression for the two-point function. In Section 4 we test
this expression by obtaining the exact conformal dimension of 7, from resummation of leading
terms in the short-distance expansion of the cumulants. We show that the normalised two-
point function <ﬁ(0)7ﬂ(r)>/<7ﬁ>2 is in fact proportional to the normalised two-point function
(u(0)p(r))/{ )2, thus it factorises into n-dependent and n-independent parts. In Section 5 we
show how to analytically continue the cumulant expansion from n integer and greater than 1
to n real. This allows us to write a formula for the n-derivative of the two-point function at
n = 1, a quantity that typically plays a role in entanglement measures. We conclude in Section
6. Appendix A provides proofs of new useful resummation formulae for the form factors of 7,,.



2 Field Content of the Ising Model and Form Factors

The correlation functions and form factors of the fields o, defined by can be obtained
via form factor bootstrap [25,[26] and where studied in detail by Yurov and Zamolodchikov in
their seminal paper [18]. Form factors of descendent fields (in the CFT sense) of the energy
field e were studied in [19] and shown to match in number and spin the field content of the
corresponding Verma module in the underlying Ising CFT.

Starting from the relations the form factor equations can be written and solved for matrix
elements of o, ;1 and these were found to take an extremely simple form [18], namely (the factor

i* is needed to satisfy the kinematic residue equation):
K -k 0;j
Fop (01, ..., O) = i) H tanhT, (4)
1<i<j<2k
g -k o Hij
Fpia(O o Osn) = °F7 ] tanh =2, (5)
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with 6;; := 6; — 0; and (u) and F{ normalisation constants which can be identified with the
vacuum expectation value of u and the one-particle form factor of o, respectively. More generally,
a k-particle form factor is defined as

FP(61,...,0;) := (0]0(0)|6; ... 0;|0) (6)

that is, a matrix element of a local or quasi-local field between the ground state |0) and a k-
particle state characterised by rapidities {;};. In general, particles will also be characterised
by their quantum numbers, but in the Ising model there is a single particle type so these do not
need to be specified.

For the field p the products above can be rewritten as a Pfaffian of a 2k x 2k antisymmetric
matrix A with entries A;; = tanh “ . In particular this means that in the disordered phase the
vacuum expectation value of pu is non vanishing whereas it is vanishing for o.

In the context of the study of entanglement we know also that branch point twist fields 7
and 7T play a prominent role. Their form factors in the (replica) Ising model have been known
for some time [6,8] and due to the free nature of the model they can also be expressed in terms
of a Pfaffian

FIM Y0y, 05 n) = (THPE(K),  PHK) = Vdet K, (7)

where n labels the number of replicas,

Sinﬂ sinh i
Kij = k(0;;) = — n TN S 2 with 4,5 =1,...,2k, (8)
2n sinh ( 5 ) sinh ( ”) smh 5,

and the superindices 11...1 indicate that all particles are in the same copy 1. From this
representation we also see that all form factors are functions of rapidity differences only, a
property that holds for all spinless fields in relativistic quantum field theory. The two-particle



form factor is simply FQT|11(91, O9;n) = (T )k(012). Form factors for particles in copies ji ... jok
can be obtained from the above using the standard form factor equations presented in [6]

Tlj1.--7 TI11..1,551— i — . . .
szljl ]2k(01,...,92k;n) = F2k| (0{1 17"'79%2 1;77')7 for J1 2]2 Z )2k (9)

with ‘

07 =0+ 2mij . (10)
The form factors of the composite twist field 7, where first obtained in [17] and have again the
Pfaffian structure typical of the Ising model, that is

FIMY0y, L Oogsm) = (T, OPE(W) (11)
with ;
sin ® sinh 24
Wl‘] = w(ez']) = . iﬂ—@ij . iﬂ'+9ij lnh im - (12)
2n sinh ( 3 ) sinh (T) 8 n

As we can see, this differs from k(6) above only because n is replaced by n/2 in the minimal part
of the form factor (i.e. the part that does not contain kinematic poles). However, this small
change leads to some important differences, the main one being the asymptotic properties

1
lim k() = d li 0) =+— 1
A HO =0 and g w@) =25 19)
as well as 9
lilrn1 k(@) =0 and lilfn1 w(f) = itanh 7 (14)

Note that the last equality simply shows that the two-particle form factor of 7, reduces to that
of u for n = 1, as expected. This extends to higher-particle form factors too. It is known from
the study of many models and arguments such as those presented in [27] that the asymptotics
of two particle form factors should be related to the value of a one-particle form factor. This
is a consequence of so-called cluster decomposition in momentum space. In simple theories, as
assumed in |27], this one-particle form factor would be that of the same field. However, in the
Ising model, due to Zs symmetry there is a mixing between form factors of ;1 and ¢ and also
those of 7, (defined as the composition of 7 and };; 0;) and 7, in such a way that:

lim w(f) = +7°. 15
pJim, w(f) = +7 19
where 7 := FIT" s the one-particle form factor of 75, which by relativistic invariance is 6

independent. Combining with we have that

Tol1 1
ER = = (16)

Higher form factors of 7, can also be related to Pfaffians by employing a more general version
of the cluster decomposition property. Namely

lim <77L>_1F27;5+2(91, ce 702k’+2; n) = TFQZ’H(Gl, ey 92k+1; n) (17)
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Note that the prefactor <7L>*1 ensures that when k& = 0 both sides of the equation become 72.

In this way, the form factors Fglg’ (01, .., 02,41;n) can be computed systematically and it is
easy to show that they can be written as a sum of Pfaffians involving 2k variables. In fact, we
can show that

2k+1
Fgé’+1(91,...,92k+1; <T> Z J+1Fn 9 ..,Hj,...92k+1;n), (18)
o

where the sign depends on the position of the variable §; and can be worked out by counting
Wick contractions. Similarly, the symbol 6; means that this variable is removed, hence this is

a sum over 2k-particle form factors depending on a subset of the variables {01, ..., 601} For
instance
FJ7(61,05,03;n) = ( (012) — w(013) + w(fa23))
= (F)*(01,02:0) — F¥ (01, 05;m) + FJ" (05,05im)),  (19)
<Tu>

so that each “contraction” 6;; where |i — j| is even produces one minus sign. The formula
is, as far as we know, new and first presented here. However, this structure is the same as for
the form factors of the field o which are obtained in the limit n = 1, for which the function
w(#) reduces to a tanh (see Eq. ) The special properties of the tanh function mean that
formulae such as and can be shown to factorise also as products of tanh functions.

In [17] it was also shown that the form factor gives the correct conformal dimension of
T, via the A-sum rule [27]. This dimension is [5,/11}(15,28,29)

A n 1 1 1 1
Ar, = A e R ith Ar=—(n—— A, =—. 20
AT T g, M T 48<” n> "= 16 (20)
In fact A7, = A7, since A, = A, even if, for symmetry reasons, A, cannot be obtained from
the A-sum rule.

2.1 Two-Point Function and Cluster Expansion

In this paper we are interested in properties of the ground state two-point function of the field
7,.- In general we would like to write down an expansion of the form

log M _ i CZL(TWL) mr«1 —4AT log(mr) Kr | (21)
T !

where the sum is over functions cZL (7;n) known as cumulants, A, is the conformal dimension
of the field 7, and K7, is a constant that depends on the vacuum expectation value (7).
These cumulants are multiple integrals of linear combinations of products of form factors. More
precisely, we have the following structure

1
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where the functions hkOUl”'j’“(Hl, -+, 0, n) are given in terms of the form factors of the field
involved, and j; represent the particle’s quantum numbers which in our examples will be also
the copy numbers. For example:

2

Y

h;L |7172 (917 02’ TL) _ <7;l4>72 ‘F;;L‘JI.D (01’ 92, n)

h?l]l]2]3]4(91792’93,04’n) —_ <7;L>_2‘FE‘]1]2]3J4(01792,93,94,”)’

7h§i|]1]2 (91’ 027 n)h;mJSM (93’ 94’ ’I’L)
—hJrV133 (9, 0, n)h ]I (6, 6,,m)

—h?'”‘* (01,04, n)h? 7233 (62,03,n), (23)

and so on, whereas all odd particle terms are vanishing. Similar formulae can be written for the
cumulants of 7, where only odd particle cumulants are non-vanishing. A generic combinato-
rial/diagramatic construction of these functions can be found for instance in [30]. For a generic
local field O, it is standard to require

ROde gy 0 ~e % for  f;eR and 6 — 0. (24)

Given the properties of the form factors presented in the previous section, we see that this
property is not satisfied for the cumulants of the two-point function of 7,, or indeed for the
cumulants of the two-point function of p as shown in [18]|. In fact, the cumulant expansion is
still convergent in both cases, but the leading behaviour for small mr is harder to extract than
in theories where holds.

2.2 Two-Particle Contribution

The aim of this work is to find a general, compact form, for all terms in the expansion of
<7L(0)’7j(7’)>/<7;>2 One way to check the two-point function expansion is to recover the con-
formal dimension of the field by exact resummation of all terms which are proportional to
log(mr) for mr « 1, that is the first term in (21)).

Let us start by considering the simplest contribution to the connected part of the two-point
function <’7;(0)77J(r)>/<7;t>2, which has already been studied in the literature [17]. The first
non-vanishing contribution to the cumulant expansion comes from h?‘lj 132(91, 02,n), which is
nothing but the normalised squared modulus of the two-particle form factor. Using @D the
latter can be rewritten as

n B 9 n—1 9 n—1 . .
O |F000:) = Y |00+ 2mig02)] = n(T0? Y w((=010) @), (25)
2,7=1 7=0 7=0

where the superindex j is defined as in (10f). Thus we have

n—=1l roo powo
df,do - ; . .
c?‘(r;n) _ nZ/ / 1 2w((_012)j)w(0{2)e—mrcoshel—mrcosheg
j=0 —Q0 J —00

2(2m)?

n

n—1
- )2 Z/ daw((—@)j)w((?j)K0(2mrcoshg). (26)
j=0

0¢]
(2 .
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The sum above has been computed in [17] by using the cotangent trick and is given by

n—1
Z w((—0))w(#’) = —itanh g(w(29 +im) + w(20 — im)) — ! . (27)
=0

n

This function tends asymptotically to the value % for || — oo. This means that the usual
procedure consisting of expanding the Bessel function for mr « 1 and isolating the log(mr)
leading term, thus effectively removing the Bessel function from the integrand , now leads
to a divergent integral. The integral is however not divergent, it simply needs to be done with
care. We can rewrite as

n—1

c;“(r;n) = (27;)2 /_Z o j;)w((e)j)wwj) - % Ko(2mr COShg)
(271r)2 /_Z df Ko(2mr cosh g) . (28)

In this form, the integral in the first line can be approximated for mr « 1 by expanding the
Bessel function, giving a leading contribution which is proportional to log(mr). The integral in
the second line can be computed exactly to

e}
/ d Ko(2mr cosh g) = 2Ko(mr)2 K —2(log(mr))2, (29)
—Q0

so that, in this case, the leading small mr contribution diverges as (log(mr))? rather than
log(mr). Thus, although the cumulant is still well-defined, its leading small mr behaviour
is now dominated by (log(mr))? instead of log(mr). This is a consequence of the property
(24) not holding in this case. Nonetheless, terms of order (log(mr))? should cancel out when
including further contributions in the form factor series as one expects to recover the 1 /r4ATN
behaviour of the two-point function at short distances. In the next sections we will show one
particular way to recover the expected scaling from our cumulant expansion.

3 Higher Particle Contributions: Closed Formulae

Existing studies of the branch point twist field two-point function for free fermions [§] and
bosons [9] have revealed that the form of higher cumulants can be considerably simplified. This
is because under sum over particle types and integration over the rapidities, many of the terms
in the cumulant either cancel each other out or can be shown to be identical. In fact, it is
possible to show that just as for the standard branch point twist field, and for the same reasons
already discussed in [8}|9] the cumulants of the two-point function of 7, take the generic form

T n n—1 20 +o0 o
. o ~_—mrcosh6;
625 (T) n) - 26(27{')2£ Z H / ” dgz (&
i=1Y"

J1seeJ2e-1=0
—i - - —Jok—1+
x (=) L w0 [ [wO o)) | | woyse ) [ [woyzih™”™) | - (30)
k=1 k=1



By using the fact that w(677) = —w((—0)’), we can change the sign of half of the factors in the
second line, cancelling out the factor (—1)¢. The integrand becomes:

n—1 —1

Y wl(=0)DwO ) [ T wl@i 5 w((—faan )1 772). (31)

J1yeesj2e—1=0 k=1

In order to evaluate the integrals it is convenient to perform a change of variables whereby
we first change the sign of all the even rapidities, without any change in the integration measure.
Then, defining 60;; = 0; + 0; the integrand becomes a function of rapidity sums only:

n—1
D w0 w(@s T w@ ) w637 w83 - (32)
J1,-J20-1=0
We will refer to this as a fully connected sum, meaning that all terms are cyclicly “connected”
both at the level of the rapidities and the summation indices. The sum and others of a
similar type can be computed recursively as shown below and in Appendix A.

3.1 Recursive Formulae

The sum can be carried out leading to generalisations of the following result

- _ sinh (%32) 1
iy _ Y : B
(x,y;n E y) 2 cosh £ cosh % [w(z+y+ir) +w(z+y—in)] — (33)

which is presented here for the first time, although the case x = y was obtained in |17] and has
already been reported in . It is also useful to know that

n—1
Z w(z?) = itanh L (34)
) 2

A derivation of formulae , and their generalisations to multiple sums (see below) is
presented in Appendix A.

For the branch point twist field of free fermions and bosons [8,9] a formula almost identical
to |D also holds, albeit without the term —%. This term in fact makes the generalisation of this
sum to multiple sums more complex for 7, than for 7. It can nonetheless be done as follows.
Let us consider, as an example, the next sum in the series, namely a sum of the form

n—1
Y, w(=a)Muw(y )w(=") Z filz,y™ njw (). (35)
j17j2:0
Repeated use of and to simplify (35]) leads to
n—1 .
Z w((—z)M ) w(y 2 w(?) = - (tanh T 4 tanh Z + tanh Z)
J1,72=0 " 2 2 2

cosh (%)

1
A z Y z
4 cosh 5 cosh 5 cosh £

[2w(z +y+2) + w(@ +y + 2+ 2in) + w(z +y + 2 — 2im)] (36)



This special case gives a good indication of the kind of structures that emerge. We observe that
the contribution in the second line has exactly the same structure as found for the branch point
twist field in the free fermion theory [8]. The terms in the first line form a symmetric polynomial
on the variables tanh %, tanh 4, tanh 5. The general structure for higher sums goes as follows:
let us define
{+1 T
2( 2el) cosh 2 Gy ()
[17%! 2 cosh o
(37)

2i(—1)¢sinh £
fé Tlyeee, T, N P A —
( ) H§i12cosh%

fZ(x;n)7 g@(xlv'-waf-‘rlan) =

where x := ). z; in both cases, and

Fo(zyn) = Zg: <2€£—_j1> [w(a;j*%) +w(x*j+%)] (38)

Ge(zyn) = 26 w(x) + zf: 2t [w(xj) + w(af])] (39)
’ ¢ 20—
with ) .
lim Fy(xz;n) = sgn(x)l22£_1, lim Gy (z;n)= sgn(a:)122£ (40)
|z|—0c0 n || —00 n
and . .
Fo(z;1) = 2% Licoth 50 Gelw;1) = 2%~ tanh o (41)

We can then compute the sum to

n—1
Z w((—z))w(@3'7?) . ow(zy P Y w ()
J15eJ2e-1=0
/—
= fo(z1,...,x2,n) + (;M Z}l o 29 (tanh ﬂ, ...,tanh T2 , (42)
noo % 2 2

whereas a similar sum involving an even number of indices can be evaluated to

n—1
Y wl=mPwed ™) ey T e
Jiseesj2e=0
_ (-t (20+1) ! p, T2t 43
= ge(z1,...,T2041,m) + 1 - ZUQjH tan ?,...,tan 5 . (43)
§=0
In both formulae, O'J(-é)(al, ...,ap) is the elementary symmetric polynomial of order j in ¢ vari-
ables, defined as
l {4
Ué)(al,...,ag):1 and aj(-)(al,...,ag): Z iy Qi+ A - (44)

1<i1<i2<---<ij<5



These formulae can be proven by induction, similar to computations presented in [8,/9]. The
proofs are presented in Appendix A.

An interesting property of the formula and a consistency check of its validity is the fact
that we must recover the cumulant expansion of {(;1(0)u(r))/{u)* for n = 1. Indeed, from
it follows that

(=1)**! cosh £ B

f€x17""$2£?1 :—
( ) Hzelcos,hxz

f+1202 (tan h— tanh%). (45)

Then, in the limit n — 1 the only term remaining from the sum is the symmetric polynomial
(2

Ooy g (tanh %, ... tanh #2¢) which is just the product of its arguments. This agrees exactly with
the cumulant expansion of log(u(0)u(r)) given in [18], formula (3.12a). Similarly, it can be
shown that

i(—1)*'sinh 2 1)+ 24+1 ! 2041
gé(xla-.-g-er-‘rlal)zm— Z 2]+1 ?,...,tanhT). (46)

3.2 Main Result from this Section

In summary, putting together the cumulant expansion with the sum formula (42)) we have
the following exact formula for the logarithm of the correlation function of composite twist fields
in the Ising model:

T.(0OVT (r &
log <<<<;><>>> ~ 3 (i)

=1
" S —mr cosh
:;125(27)24 | 1/00 do; [fe(em, O20-12¢,012¢,m)
+ (_1)£§0(22) (tanhé12 ...,tanh Oae12¢ tanhél%> . (47)
no S 27 2 2

We now proceed to check this expression for consistency by examining its leading short-distance
behaviour.

4 Conformal Dimensions from the Cumulant Expansion

One possible way to test the cumulant expansion of the previous section is to obtain the correct
conformal dimension of the field 7, by identifying the leading short-distance contributions to the
sum over cumulants. Note that this dimension was already recovered by A-sum rule in [17], but
the computation in that case only involved the two-particle form factor of 7, whereas our study
below involves all cumulants, thus providing a more extensive test of all the form factors and
cumulants. Each cumulant is expected to contain a leading contribution which is proportional
to log mr so that the overall sum gives with dimension given by .
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First, let us return to our sum and change variables once more. We define

zi=0ii01 for i=1,...,20—1 , 9 =0y, (48)
so that:
20 o 20 ¢ X 20—1 .
07; = Z(—l)Jilxj y Z 92 = Z T2;—1 s 91}2( = Z (—1)171$i . (49)
j=i i=1 i=1 i=1

The Jacobian of the transformation from the 6 variables to the x variables is an upper triangular
matrix with the diagonal terms being all +1, so the measure acquires no extra factor. Applying
this change of variables to and expressing the result in the new variables we get:

ol 20-1
Z w((—z1) )w(zd 7?) w7 w(( Z (—1)i1a;)2e1)
J1s-J20-1=0 i=1

24 sinh (Zf:l xgifl)

- (_1)€ 20—1(_q1Yyi—1g.
2 cosh <Zi—1 (; ) xl) H?ﬁ_ll 2 cosh (%)

¢
Fo(2) wai1in
i=1

_y it ) 21 qyit,
+ (n) Z ng) (tanh %, ...,tanh ng ! tanh i1 (2 ) T ’ (50)

J=0

with Fy(z;n) the function defined by , with the asymptotics . Recalling it is possible
to also express the sum over symmetric polynomials in terms of products of hyperbolic functions
as

This rewriting will prove useful later on.

4.1 Exponential Factors

Now let us look at the exponential factors in the integrand of and see what they look like
in terms of the new variables x;. From the first relation in one has:

20—1 .
i 0; — 6oy  for ¢ even
> (=1 = ’ : : (52)
= 0; + 69y for i odd

11



so that

20 20—1
Z cosh 6; = cosh 0y + 2 cosh(6; — Oap + O2¢)
i=1 i=1

= cosh 09y + cosh 09 Z cosh(6; — Oa¢) + Z cosh(60; + Oap)

ieven iodd

+sinhf | Y sinh(6; — O3¢) — . sinh(6; + ba)

ieven iodd
201 201 - 20-1 ‘ 201 -
= coshxgy | 1+ Z cosh Z (—=1)""x; | | + sinh gy Z (—1)"sinh Z (1)
i=1 j=i i=1 j=i

(53)

Therefore, since none of the functions in depends on 9y the integral on this variable can
be carried out by making use of the identity

+00
/ dt exp(—Acosht — Bsinht) = 2K (\/ A? — B2> , (54)

—0
giving
+00 o0
/ dagp e Limr cosh i 2Ko(mrdae—1) , (55)
—Q0
with
2 2
20—1 20—1 o 20—1 ‘ 20—1 o
dspy = |14 >l cosh | D (=1 7y || —| D (=1)'sinh | > (=1)7"a; || . (56)
i=1 j=1 i=1 j=1

The mr « 1 expansion of the modified Bessel function is:
Ko(mrdoy—1) = —logmr +log2 — Indgp_1 — v + o(mrday—_1), (57)

from which the leading short distance contributions to the cumulant expansion can be obtained.
It is worth mentioning that one could also resum contributions proportional to the constant term
log2 — 7 in and those should contribute to the K7, -term in , that is to the logarithm
of (T,). A similar computation was carried out in [9] for (7 in the free boson theory.

4.2 Short-Distance Behaviour of the Cumulant Expansion
Putting together ([50)), and in we can split the cumulant into three contributions

T, 1 2
Cop (T5m) = céf) (r;n) + Cée) (r) + b, (r). (58)
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We will define these contributions as follows. First:

2(=1 ZZ'TI +00 +00
0(2;)(7'; n) = 5(47_‘_))%/_00 d(l?l /_OO d.@ggfl Ko(mrdggfl)

sinh (Zle xgi_1>

20—1 i—1g. - )
cosh (Zz‘—1 (;1) ! 1) H?ﬁll cosh (%)

X

¢
Fol2) waiain |, (59)
im1

with )
.7:"5(17; n) = Felx;n) — sgn(w)%?g—l ) (60)

This shift is motivated by the asymptotics and ensures that the function ﬁg(x; n) goes to
zero for |z| large. This in turn ensures the convergence of the integrals even when the Bessel
function is approximated by its leading short-distance contribution — log(mr).

The next contribution is then a combination of the first term in and the term introduced

by the shift :

@) (_1)2 +o0 +o0
Coy (T) = W/_OO dl’l / dZL‘Qg_l Ko(m’l"dgg_l)

—0
cosh (Zle :Ugi,l) — sinh (Zle :Egi,1> Sgn(Zle x9i—1)

20—1 i— X
cosh (Zi_l (;1) 1x1> H?ﬁ? cosh (%)

X

(61)

Note that this contribution is n-independent. Finally, the contribution ¢}, (r) is nothing but the
cumulant of the expansion of (u(0)u(r))/{u)? resulting from the last term (the product of tanh
functions) in (51)):

u (_1)Z+1 +00 400
= dz; ... dzoy_1 K dog—
Chy(T) o(2m)2 /_oo 1 /_OO x90-1 Ko(mrdae—1)
Z?i_ll(_l)171$z 20—1 z;
x tanh ( 5 E tanh 5 ) (62)

This may look a bit different from the cumulant presented in |18] but this is simply due to
the change of variables. Note also that in [18] they implicitly take (u) = 1 in the cumulant
expansion.

(1)

4.3 Leading Contribution to cl,(r;n)

In order to evaluate the integral we can perform yet another (and final!) change of variables:

¢ -1 20-1 -1
y = Z Toi-1 = Tyl =Y — Z T2i-1 Z (1) tai =y - Z T - (63)
i=1 i=1 i=1 i=1
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so that, at short distances )}, c% (r n) ~ —z, log(mr) with

0 52m +0 R +00 +0o0
Z / dy sinhy Fy(2y;n) / dxy .. / dzos_o
=1 ) -0 —0

1902 1 = Z2i—1 ?/—thfl T2 = X2
sech Z 12 H sech ( = ) sech | Z—=u=1"% H sech <l>
2 i=1 2 2 i=1 2

0 ZQTL’L 400 ] R . )
Z dy sinhy F(2y;n)GF(y) , (64)
=1 -0

where, exactly as in [8,9]:

o o @ 1 +00 -1 ia
i 2 Y
Gf(y) = / dz; .. / dxy_q | sech (y =1 Ti > | | sech ( ) = / da(ﬂ-)hge ,
- - — cosh® a
(65)

and the functions Gy(y) can be evaluated explicitly to

m)t! Tsinh ¥ 2 for ¢ even
Gg(y) = (2m) 7Ts1nh H 2( +( ]) ) . (66)
. cosh y H] 1(7r2 (2] - 1)2) for ¢ odd

By replacing Fy(2;n) by Fy(x;n) in , we have ensured that the integrals are convergent
since Gy(y)sinhy is asymptotically polynomial in y and F;(2y;n) is exponentially decaying.
They can be evaluated with great precision and fitted to the function

1 N 1,
zn—12<n—n)+4n+z, (67)

with 2/ = —0.217(4). This gives 4A7, plus an additional constant 2" which should be cancelled
by contributions coming from cgi) (1) + chy(r).

Numerical results for z, are shown in Fig. It is interesting to observe that there is very
good agreement with the formula for n integer and also for n not integer, greater than
2. However for 1 < n < 2 the numerical data differ from suggesting that the analytic
continuation of to n = 1 from n real greater than 1 is non-trivial. This is in agreement
with results found in [17] where the limit n — 1 of the two-particle form factor contribution
produced a delta-function term.

4.4 Leading Contribution to cg) (r) + chy(r)

Consider now the leading contribution to the second term in the cumulant. This is independent
of n and employing the same change of variables as above, it is easy to write an expression which
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Figure 1: Left: The function z, evaluated numerically through the sum for integer values
of n = 1,...,10 (red squares) against the formula (67) (blue solid line). Right: The same
comparison for n € [1, 3] including non integer values. When evaluating the sum numerically
we truncate at some value of £. This value of £ is different for each value of n and is chosen so
that the sum is stable up to 5 decimal digits.

is given by a convergent integral involving the functions Gy(y). Letting >, cg) (r) ~ —2"log(mr)
we have that

" = 2(_1)8 e Yy 2
- dye” — —0.0326(1).
=Y o /0 ye? GAy) = —0.0326(1) (68)
/=1
Note that 1
2+ 2" = -0.250(0) ~ I (69)

Remarkably, this value is precisely what we need to recover the correct dimension of the field
7T, This is because we know that

E chy(r) ~ —llog(mr), (70)
4
(=1

as this is the sum over cumulants corresponding to the two-point function {(u(0)u(r))/{u)? and
p has dimension 4A, = 1/4. Therefore, the overall leading short distance behaviour of the

<7;(0)’77J(7")>/<7;>2 cumulants correctly predicts the conformal dimension . This highly
non-trivial result provides strong support for the formula . In addition, the structure of the
cumulants means that we can also write

TOT () GuO)u(r)) -
T o

where R(r;n) = [[,2; e5¢ (i) 7 (1) has the property R(r;1) = 1.

= R(r;n)
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Recalling the observation of Section namely that the cumulant expansion of 7, posed
some convergence issues, we note that those issues did not feature in the computations of this
section. This is because by writing the cumulant as we have done, all convergence issues have
been “hidden” in the contribution ¢,(r). Indeed, a naive expansion of the Bessel function in
leads to a divergent integral. Nonetheless, as shown in [1§], the short distance limit of this
quantity can be obtained via a semiclassical approach and it ultimately leads to the expected

result .

5 Analytic Continuation to n € R>!

All results obtained so far are valid for n € Z*. This is always the case in the replica picture
where n represents a replica number. However, the entanglement measures that our two-point
function describes are typically defined for generic positive n. Therefore it is interesting to try
and write an expression for the correlation function which is valid for n € R*!. Let us start by
studying the analytic continuation of the leading short-distance terms.

5.1 Analytic Continuation of Leading Short-Distance Contributions

Fig.|1] (right) strongly suggests that our formula needs to be analytically continued in the region
1 <n < 2. A similar problem was addressed in [8,9], where is was shown that as n approaches
1 from n » 1 some of the poles of the cumulants will cross or pinch the real line and provide
additional contributions to the cumulant expansion which are non-vanishing for n € R and
need to be added. The correct analytic continuation is obtained when these contributions are
correctly accounted for. The discussion is nearly identical as for the free boson case [9], albeit
involving different functions.

(1)

As we have seen, only the contribution ¢y, (7;n) to the cumulant is n-dependent. Therefore
we only need to analytically continue the coefficient of the leading short-distance contribution
to this term, that is z, defined in . For non-integer n larger than 1, z, picks up additional
contributions which account for the residues of the poles of ]:'g(2y; n) that cross the real axis as
n — 17. The sum in the function .7:}(2y, n) has kinematic poles a

2+ (2j — 1)im = (2kn + 1)ir  and 2y + (2§ — 1)ir = (2kn — )iz for keZ.  (72)

These poles result are due to the kinematic poles of the two-particle form factor at 0 =i
and 0 = im(2n—1), together with those resulting from the periodicity property w(f) = —w(—6+
2min). This gives rise to four families of poles

yi = (kn+1—j)in, y2 = (kn — j)im, keZ (73)
ys = (kn—1+ j)in, ya = (kn + j)im, keZ, (74)

2The twist field approach assumes n integer larger than 1 (since n is a copy number). For that reason it is
natural to look for an analytic continuation to n = 1 from n > 1. However, once found, the analytic continuation
should be unique, thus valid for all n.
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with corresponding residues of the function inside the sum given by:

Ri(l,j kn) — ’W < 2;__].1 ) sinh(imkn)G2((nk — j + 1)im), (75)
Ro(l,j,kyn) = W ( 25__; >sinh(mkn)az((nk j)im), (76)
R3(l,j§, k,n) = W < 2;__],1 >sinh(mkn)c;§((nk +j — 1)in), (77)
Ry(l, 4, k,n) = —w ( 2;__],1 >sinh(mkn)c;§((nk+ j)im). (78)

These functions are all zero for n integer but they contribute for non-integer n. Let us now
investigate which of these poles cross the real line in the limit n — 17,
4

Since there are many indices involved, let us start by considering just one example: n = 3

and ¢ = 3 in the sum According to the formula 4A7, = 0.236111 in this case but the
numerical evaluation of (64]), after subtracting the constant 2’, gives the value 0.243211 which
slightly overestimates the result. The disagreement is not simply due to numerical imprecision.
The function F3(y,4/3) has poles that cross the integration line as n — 4/3. From and the
definition (38)) we see that for £ = 1 the sum runs only over the value j = 1. For j = 1 the four
families of poles labeled by the integer k are:

y1 = iknm, y2 = (kn — 1)im, keZ (79)
ys = iknm, ya = (kn + 1)im, kelZ. (80)

It is clear that all these poles are always above the real line (for £ > 0) or below the real line

(for k& < 0), that is they never cross the real line, as n approaches %. Therefore there is no
correction coming from the ¢ = 1 contribution. Let us consider £ = 2. Now j = 1,2. For j =1
the poles are the same as above and never cross the real line. For j = 2 we have the following

four families:

y1 = i(kn—1)m, y2 = (kn — 2)im, keZ (81)
ys = i(kn+ 1), ya = (kn + 2)im, ke Z. (82)

We have already seen above that the poles y; and y3 never cross the real line, so we can only
have some contributions from y» and y4. For £ > 0 and n positive and large both families of

poles are above the real line. However, for n = % we see that the pole (kn — 2)im crosses the
real line for £ = 1. Similarly, for k¥ < 0 and n positive and large all poles are in the lower half
plane but the pole (kn + 2)im crosses the real line for n = % and k = —1.

In summary, there are two poles for j = 2 located at i%. The corresponding residue
contributions are

2mi(R2(2,2,1,4/3) — Ry(2,2,—1,4/3)) = —0.00680653 . (83)
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Therefore, the addition of the residua of these two poles improves the estimate of the conformal
dimension from 4A7, = 0.243211 to 4A, = 0.243211 — 0.00680653 = 0.236404 which is much
closer to the exact value (note that the formula gives -4A7, , hence the minus sign o).
The addition of poles for higher values of j will bring this value ever closer to formula (20)) as
shown in Fig [2l In the general n case, in order to fully identify those poles that will cross the

0.10

0.08} -’

0.06¢} A

N

0.04} P
a

0.02} ™24«

0.00

Figure 2: The function z, evaluated numerically through the sum (64) for n € [1, 3] (red squares)
against the formula (green dashed line) and its analytically continued values (blue triangles)

given by .

real line we find once more four cases:

-1
y1:kn+1—-75<0 = 1<k<‘7 ,
n
Yot kn—j <0 = 1<k:<l,
n
. j—1
ys:kn—1475<0 = — <k< -1,
n
yiikn+i<0 = L <k<-1, (84)
n

This gives the analytically continued values 2z,

0 [j;l]_‘h . 047
) o (=D g1 : ,
2, = 2z + Z Z E((47r;241 ( (- > sinh (imnk) G2 ((nk —j + 1)im)

o / [%]_‘D in(— 0+5+1 _
Yy Y ;(4;))2,31 ( 2 jl )smh (innk) G2 ((nk — j)in) . (85)

where we used the fact that the residues Rs({,j,k,n) = —R4(¢,j,k,n) and Ry(¢,j,k,n) =
—Rs3(¢, j,k,n) (which produces a factor 2) and multiplied by 27mi as required by the residue
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theorem. The shifts ¢1, ¢ take the value 1 when n[%] =j—1and n[%] = j, respectively and
are zero otherwise (they can be removed by requiring n to be non-integer). Here the symbol
[.] represents the integer part. Fig. |2 shows the same functions as in Fig. |1| (right) plus an
additional set of values, which are the analytically continued values of z, (in blue). As we can
see these now agree perfectly with the fit , even for non-integer n between 1 and 2.

5.2 Analytic Continuation of the n-Derivative

Applications of the correlation function in the context of entanglement measures frequently
requires the computation of its derivative with respect to n followed by the limit n — 1. As
discussed in [6,8] and [17] the derivative with respect to n of the function has a discontinuity.
More precisely, as n approaches 1 and poles cross the real line, the derivative is not uniformly
convergent as a function of # and this leads to terms involving d-functions. The simplest examples
of this phenomenon are seen for the two-particle contribution to the two-point function of 7 [6]
and of 7, [17]. Here we show how this generalises to the whole cumulant sum. Notice that we
only need to consider the contribution from the function cgi) (r;m) in since all other terms
are independent of n and so the derivative is zero. For this term, we actually only need to

consider F(x;n) as the additional term in the “hatted” version is also n-independent. So, we
define

T . d
sop(r) = —#_)ml %cge)(r;n)
2(_1>€+1Z' +00 +00
= 75(47()26 /_OO d:L‘l /;OO digg_l Ko(mrdgg_l)

sinh <Zf:1 .Tgi_1> d ¢
X lim — | nFp | 2 Z Toi_1;1 . (86)
i=1

20—1 i— . n—
cosh (Zi—l (;1) 111) Hfizl cosh (%) tdn

One way to treat the derivative is to recall the ¢ = 1 result that was derived in [17], namely

 sinh
e d nlw(2x + im) + w(2x —im)]

. d
lim 7nf1($,$,n) = *anlilll%

n—1dn
T T

— —d(x), (87)

cosh? 5 sinhx 2

that is, there is a finite part and a distribution part that accounts for the behaviour around
x = 0. Recall that the function fi(x,y,n) is defined in . This extends to higher cumulants
in similar ways, so that we can write

sap (1) = SEE(r) + s3,(r), (88)

where the two contributions represent the “finite” and d-function contributions. The finite part
can be easily computed by noting that

d '2%71
lim L sinh 2 F(2z;n) = ! x (89)

n—1dn sinhz ’
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Therefore

a (_1)€ +00 40
3 = — dzy ... dzor_1 K dop_
s90 (1) @0 /OO 1 /OO xoe—1 Ko(mrdge_1)
¢ A
~ Zizl L2i—1 (90)

sinh (Zle .’L‘Qi_l) cosh <Z%11(51)1_11’1> Hfﬁ;l cosh (%)

The é-function contribution is a generalisation of the ¢ = 1 case seen above and can be obtained
by identical arguments as those presented in [8]. In fact, the result is also identical to formula
(4.6) in [8], that is,

5 7T2(—1)£ +0o0 +00 4
sp(r) = W/_oo dy / dage—1 6(> w2 1)

— i=1

. ( 20— 2 ) 2 Ko (2mrda_)
/-1 20—1(_1yi—1g.
cosh <211 (21) 111) 1—[%—1 cosh (%)

=1

2(_1)¢ [t +00 4
—72(4(17_‘_)2)(/ dxl / d.fCQg(S(Z :Cgi_l)
—00

-0 i=1

j—1 —rmecosh (324 (—1 I =g +im ik
" / 20 —1 (_1)j H?i16 co (27*1( ) 1732 ) (01
Z ) ' SN (1)l | y2e—1 @
cosh | ==1-—=1 ) TT " cosh (%)

6 Conclusion

In this paper we have studied the normalised two-point function <E(O)7j(r)>/<ﬁ>2 of the
composite twist field 7, and its conjugate. The motivation to study this object comes from recent
investigations of a measure of entanglement known as symmetry resolved entanglement [15-
17]. More fundamentally, our work contributes to developing the understanding of correlation
functions in the replica Ising field theory, a theory that, although free and seemingly simple,
contains a large number of symmetry fields or twist fields which are not present in the standard,
non-replicated, model.

The current work uses traditional IQFT techniques, mainly the form factor bootstrap pro-
gram adapted to composite twist fields [17], to expand the logarithm of the correlation function
into a series of cumulants. The main result of the paper is finding simplified expressions for
these cumulants which result from proving a number of multiple sum formulae, presented in
Appendix A, involving the two-particle form factors of the field 7,,.

Employing this cumulant expansion we have found the following structure

(WO TL(r) w? R
(0)u(r)y {Tu)?

(r;m) with R(r;1) =1, (92)
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where p is the disorder field of the Ising field theory, and R(r;n) has an explicit form given in
terms of a multiple integral representations which we describe in detail in this paper. By exact
resummation of leading contributions to the cumulant expansion, we have shown that at short
distances this two-point function scales as a power law in r with the power which is exactly
predicted by CFT. Showing that the two-point correlation function of the field u factors out of
the correlator has been a crucial ingredient in recovering the correct scaling dimension. We
have also shown how our formulae may be analytically continued to real replica number and
how non-analytic, delta-function terms emerge for all cumulants when computing the derivative
w.r.t. to n. This generalises results found in [17] and [6].

As a byproduct of our investigation, we have also shown that the form factors of the composite
field 75 can be obtained from those of 7, via clustering in momentum space, in much the same
way as the form factors of the fields ¢ and u are related. We have also fixed the normalisation of
the 7T, form factors by fixing the one-particle form factor from the asymptotics of the two-particle
form factor of 7,.

As mentioned above, our result has applications in the context of the symmetry resolved
entanglement entropy and directly leads to a more complete formula for the latter in the Ising
model. We further expect the results of this investigation to apply with some modifications
to other composite fields, at least for free theories, for instance those associated with U(1)
symmetry in doubled free models which were studied in [20-22].
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A Summation formulae

Let us first prove the identities and , which are both obtained via the cotangent trick.
To show , consider the integral:

1

i P dz mcot(mz)w(z®) (93)

where C is the rectangular contour with vertices —e + ¢L., —e —iL, n —e —iL, n — e +iL. The
vertical contributions cancel off because the integrand is invariant under the shift z — z + n.
The same holds for the horizontal contributions in the large L limit, as

lim cotm(t +il) = Fi, lim w (mtJ—”L> = 13 (94)
L— n

L—o

and therefore the sum of the residues must vanish. Within the integration contour, the function
7 cot(mz) has simple poles at z = 0, 1,... n—1 with unite residue. The kinematic poles of w(z?)
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are at z = % — 5, 2 =N — % — 507, with residue % At both these points, cot(nz) = —itanh .

Putting all the pieces together, one has therefore:
n—1 x
0= 7) —itanh = . 95
jzo w(x’) — itan 5 (95)

Using the very same strategy, one can prove . The integral to evaluate is now
1

2mi

yédzwcot(wz)w((—:n)z)w(yz), (96)

along the same contour C as before. In this case, however, the horizontal contributions do not
cancel off, as
lim w((—2) ) w(y*t) = - = |
Jim w((—2) F () = -

and thus the integral evaluates to —% in the large L limit. Summing over the residues of

the poles of 7 cot (7wz) gives the left-hand side of , while the kinematic poles are now at

(97)

z=%+ﬁ, —%—I—n—l—ﬁ andzz%—ﬁ, —%—i—n—ﬁ,withresidues:
z z 1 . z z 1 .

Res w((—x)*)w(y®) = —w(x + y + in), Res  w((—z)*)w(y®) = —w(z +y —in)
a=ly =z 2 pem—Lly =z 2m

2+27rz 2+27m

1 1

Res w((—z)*)w(y®) = ——w(x +y —in), Res w((—2)))w(y?) = ——w(z +y +in).

=1L 2 z=n—1_ U 27

Evaluating the cotangent at the kinematic poles and putting all the pieces together, one has

—% = Z Res[m cot(m2)w((—z)*)w(y?)

sinh (ITW)
cosh (%) cosh (%)

n—1
= > w((-a))uly) + 5 [w(e +y +im) + wlz +y —ir)],
j=0

which is indeed .
Using this result, it is possible to prove and by induction. It is useful to observe
beforehand that the following expansions hold:

k—l]

sinh (Z’il xz) .
= (k)
S N/ o5 (tanhzy,...,tanhz 98
[T, cosha, JZ;] 21 1 k) (98)
cosh Zle x; (5]
g - Z ag;) (tanhzq, ..., tanhxy) . (99)

k
[ ;= coshz; 20

Following the procedure employed in [8,/9] we will prove that implies . If holds,
than we can shift zo, by —2imp, multiply the left-hand side by a factor w(a?, +1) and sum over
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p to obtain:

n—1
N w((a) w(ed ) w2 (T  w(ad,, )

Jise-sJ20—1,p=0

n—1 - g /-1 —p
(2¢ z1 Lor
E o(x1, . ap) n)w(ah, ) + E E 02 ) (tanh 5 ,...,tanh 5 > w(xzh, ),

p=0 p=0
(100)

Let us focus on the first term in the second line, which yields two contributions due to the

presence of a constant term in the right-hand side of . Defining z = Z?ﬁl x;, this reads:

2i(—1)¢sinh £ i (2@— 1) [ < ; ;
— m]_p—m> —i—w(x_J_p—i-m)]w b
H?£12CO 51 Z:l Z:: ( 2€+1)
4i(—1)!sinh & (26— 1>

= ge(T1,. .., To0415M) + _ .

( 2£4157) nH?QQCOShI’]le t—j

N x

= ge(21, .., T3 tan h?%) (101)

The emergence of the function g, was already proved in Appendlx C of |9]. In going from the
second to the third line we used the first identity in and ZJ 1 (25 1) = 220=2_ Consider

now the second term in the second line of . using the fact that tanh IQP = tanh § and (34)
we have:

S (D)5 e 71 Tyt \ op
Z - Za2j tanh?,...,tanhT w(ws,, )

i(=1)° 2231 (20) 1 T20+1

2

Now we observe that the elementary symmetric polynomial of degree j in ¢ variables can be

decomposed as a](-g)(al, coap) = 0](.271)(@, ceeap—1) + agz_zl)(al, ...,ay—1) ag, hence
- | 20 L L (20) 71 Tog To+1
Z Toitp(t ?,...,tanh 5 )+ Py (tanhz,...,tanh2> tanh 5 ]
2£+1 $1 L20+1
Z O3it1 ?, ...,tanh N ). (103)

Thus the sum of (101)) and (102) yields (43). In an analogous way it is possible to prove
starting from .
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