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Abstract

We relate the generating functions of the dimensions of the Hochschild cohomology in
any fixed degree of the symmetric groups with those of blocks of the symmetric
groups. We show that the first Hochschild cohomology of a positive defect block of a
symmetric group is nonzero, answering in the affirmative a question of the third author.
To do this, we prove a formula expressing the dimension of degree one Hochschild
cohomology as a sum of dimensions of centres of blocks of smaller symmetric groups.
This in turn is a consequence of a general formula that makes more precise a theorem
of our previous paper describing the generating functions for the dimensions of
Hochschild cohomology of symmetric groups.
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1 Introduction
Let p be a prime number and k a field of characteristic p. As a consequence of results in
[4], using the classification of finite simple groups, if G is a finite group of order divisible
by p, then HH1(kG) is nonzero. It is an open question [5, Question 7.4] whether for G a
finite group and B a block of kG, if the defect groups of B are non-trivial, then HH1(B) is
nonzero. This question has been shown to have a positive answer in some cases in [8] and
[6], for instance.We prove that this question has an affirmative answer ifG is a symmetric
groupSn on n letters.

Theorem 1.1 Let B a block of kSn with non-trivial defect groups. Then HH1(B) �= 0.

In fact, we give a precise formula for the dimension of the first Hochschild cohomology
of a block of a symmetric group as a sum of dimensions of the centres of blocks of smaller
symmetric groups (Theorem 1.2), and this easily implies Theorem 1.1.
In order to state the formula, let us recall that to each block B of kSn is associated a

non-negative integer w � �n/p� called the weight of B, with the property that the Sylow
p-subgroups of Spw are defect groups of B under the natural inclusion Spw � Sn. In
particular, B has non-trivial defect groups if and only if w > 0. Moreover, by Theorem 7.2
of Chuang and Rouquier [3] if B and B′ are blocks of possibly different symmetric groups,

123 © The Author(s) 2023. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view
a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

0123456789().,–: volV

http://crossmark.crossref.org/dialog/?doi=10.1007/s40687-023-00382-2&domain=pdf
http://orcid.org/0000-0002-1893-4237
http://creativecommons.org/licenses/by/4.0/


   20 Page 2 of 5 D. Benson et al. Res Math Sci          (2023) 10:20 

with the same weight, then B and B′ are derived equivalent algebras, and consequently,
for any r � 0, we have dimk HHr(B) = dimk HHr(B′).
For w � 0, denote by Bpw the principal block of kSpw . Then Bpw has weight w and

by the above, dimk HHr(B) = dimk HHr(Bpw) for any weight w block B of a symmetric
group algebra. Thus Theorem 1.1 is a consequence of the following result. For w � 0, let
ρ(pw,∅) equal the number of partitions of pw with empty p-core.

Theorem 1.2 Let B be a weight w-block of a symmetric group algebra over k. If p = 2,
then

dimk HH1(B) = 2
w−1∑

j=0
dimk Z(Bpj) = 2

w−1∑

j=0
ρ(pj,∅).

If p � 3, then

dimk HH1(B) =
w−1∑

j=0
dimk Z(Bpj) =

w−1∑

j=0
ρ(pj,∅).

The proof of the above formula goes through the following theorem relating generating
functions of dimensions of Hochschild cohomology of blocks of symmetric groups with
those of the entire group algebra and then invoking the results of our previous paper
[1]. Denote by p(n) the number of partitions of n, and by P(t) the generating function∑∞

n=0 p(n)tn. Note that dimk HH0(kSn) = dimk Z(kSn) = p(n).

Theorem 1.3 Set Z(t) =
∞∑

n=0
dimk Z(Bpn) tn. For any r � 1, there exists a rational func-

tion φ(t) (depending on p and r) with φ(0) nonzero, such that
∞∑

n=0
dimk HHr(Bpn) tn = tφ(t)Z(t)

and
∞∑

n=0
dimk HHr(kSn) tn = tpφ(tp)P(t).

Remark 1.4 In [1], we proved that
∞∑

n=0
dimk HHr(kSpn) tn = Rp,r(t)P(t)

where Rp,r(t) is a rational function of t. Ken Ono asked us whether Rp,r(t) is a rational
function of tp, and Theorem 1.3 proves that this is the case, with Rp,r(t) = tpφ(tp).

Remark 1.5 The constant coefficient of φ(t) in Theorem 1.3 is equal to y1 =
dimk (HHr(Bp)). Since Bp is derived equivalent to k(Cp � Cp−1), we have y1 =
dimk HHr(k(Cp�Cp−1)). An easy calculation, using the centraliser decomposition, shows
that for r � 1 we have y1 = 2 if r ≡ 0 or −1 modulo 2(p − 1) (which is in particular
the case if p = 2) and y1 = 1 otherwise. If we drop the condition φ(0) �= 0, then the two
formulas in Theorem 1.3 hold trivially for r = 0 with φ(t) = 1

t .
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Remark 1.6 Wenote that the above results do not depend on the choice of the field k . If k ′

is an extension field of k andB a block of kSn for some positive integer n, thenB′ = k ′⊗k B
is a block of k ′Sn having the same defect groups as B, and for any finite-dimensional k-
algebra A we have a graded k-algebra isomorphism HH∗(k ′ ⊗k A) ∼= k ′ ⊗k HH∗(A).

2 Proofs.
We begin with an elementary lemma.

Lemma 2.1 Let R be an integral domain and m a positive integer. If h(t) ∈ R[[t]] is such
that h(tm) ∈ R((t)) is a rational function, then h(t) is also a rational function.

Proof Let h(t) = ∑∞
n=0 hntn, hn ∈ R and suppose that a(t), b(t) ∈ R[t] are such that

∞∑

n=0
hntmn = h(tm) = a(t)

b(t)
.

If h(t) = 0, then there is nothing to prove. So, we assume that h(t) �= 0. Write

a(t) =
m−1∑

s=0
as(tm) ts, b(t) =

m−1∑

s=0
bs(tm) ts,

for as(t), bs(t) ∈ R[t], 0 � s � m − 1. Comparing coefficients of powers of t, the equality

a(t) = b(t)
∞∑

n=0
hn tmn

implies the equality

bs(tm) = as(tm)
∞∑

n=0
hn tmn

for each s, 0 � s � m − 1. Choose s such that bs(t) �= 0. Then h(t) = as(t)/bs(t) is a
rational function of t. �

Proof of Theorem 1.3 Let r � 1. For n � 0, let c(n) denote the number of p-core partitions
of n and for each s, 0 � s � p − 1, set Cs(t) = ∑∞

n=0 c(np + s) tn. For w � 0, set
zpw = dimk Z(Bpw) and ypw = dimk HHr(Bpw). We use the notation

Z(t) =
∞∑

n=0
zpn tn

from the statement of Theorem 1.3 and we set

Y (t) =
∞∑

n=0
dimk HHr(Bpn) tn =

∞∑

n=0
ypn tn.

Note that by [3, Theorem 7.2], ypw is the dimension of the degree r Hochschild cohomol-
ogy of any weight w block of a symmetric group algebra. Also, recall that the ordinary
irreducible characters ofSn are labelled by partitions of n. By the Nakayama conjecture,
proved by Brauer [2] and Robinson [7], two ordinary irreducible characters ofSn belong
to the same p-block ofSn if and only if the partitions labelling them have the same p-core,
and consequently the set of blocks of kSn is in bijectionwith the set of p-cores of partitions
of n. Further, a block of kSn has weightw if and only if the corresponding p-core is a parti-
tion of size n−pw. Thus, the number of weightw blocks of kSn equals c(n−pw). Since the
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Hochschild cohomology of a finite dimensional algebra is the direct sumof theHochschild
cohomologies of its blocks, we have that for any s with 0 � s � p − 1, and any n � 0,

dimk Z(kSpn+s) =
n∑

w=0
zpwc(p(n − w) + s),

and

dimk HHr(kSpn+s) =
n∑

w=0
ypwc(p(n − w) + s).

In other words, for any s, 0 � s � p − 1,
∞∑

n=0
dimk Z(kSpn+s) tpn+s = tsZ(tp)Cs(tp) (2.2)

and
∞∑

n=0
dimk HHr(kSpn+s) tpn+s = tsY (tp)Cs(tp). (2.3)

Since B0 ∼= k , we have z0 = dimk Z(B0) = 1 and from this it follows that Z(t) is invertible
inZ[[t]].On theother hand,wehave y0 = dimk HHr(B0) = 0 and y1 = dimk HHr(Bp) �= 0
(cf. Remark 1.5). In particular,Y (t) is divisible by t but not by t2 inZ[[t]]. So wemay define
a power series in t, with nonzero constant term,

φ(t) = (t−1Y (t))Z(t)−1 ∈ Z[[t]],

and then we have

Y (t) = tφ(t)Z(t). (2.4)

Now,

∞∑

n=0
dimk HHr(kSn) tn =

p−1∑

s=0

∞∑

n=0
dimk HHr(kSpn+s) tpn+s = Y (tp)

p−1∑

s=0
Cs(tp) ts

= tpφ(tp)
p−1∑

s=0
Z(tp)Cs(tp) ts

where we have used (2.3) for the second equality and (2.4) for the third equality. On the
other hand, by (2.2),

P(t) =
p−1∑

s=0

∞∑

n=0
dimk Z(kSpn+s) tpn+s =

p−1∑

s=0
Z(tp)Cs(tp) ts.

So,
∞∑

n=0
dimk HHr(kSn) tn = tpφ(tp)P(t).

Now by Theorem 1.3 of [1] we have that tpφ(tp) is a rational function of t. It then follows
from Lemma 2.1 that φ(t) is a rational function of t, and by the above, φ(0) is nonzero. �

Proof of Theorem 1.2 By Theorem 1.2 of [1],
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∞∑

n=0
dimk HH1(kSn) tn =

⎧
⎪⎪⎨

⎪⎪⎩

2t2

1 − t2
P(t) p = 2,

tp

1 − tp
P(t) p � 3.

Note that in [1] the base field is taken to be Fp, but the above result clearly holds as well
for any field of characteristic p (cf. Remark 1.6). By Theorem 1.3 and its notation, applied
with r = 1,

∞∑

n=0
dimk HH1(Bpn) tn =

⎧
⎪⎪⎨

⎪⎪⎩

2t
1 − t

Z(t) p = 2,

t
1 − t

Z(t) p � 3.

Here, note that h(t) → h(tm) is an injective map on Z[[t]]. This, along with [3, Theo-
rem7.2] proves the equations

dimk HH1(Bpw) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2
w−1∑

j=0
dimk Z(Bpj) p = 2,

w−1∑

j=0
dimk Z(Bpj) p � 3.

of Theorem 1.2. The remaining equations follow from the Nakayama Conjecture, proved
in [2,7], which states that characters of a symmetric group belong to the same p-block if
and only if the corresponding partitions have the same p-core, implying in particular that
dimk Z(Bpj) = ρ(pj,∅). �

Theorem 1.1 is an immediate consequence of Theorem 1.2.
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