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SUMMARY

The behaviour of micro-concrete in shear has been 
studied. The experimental result from the shear tests was 
used to modify an established generalised yield criterion 
that could be applied to reinforced concrete and 
prestressed concrete slab elements. The elements form part 
of a model structure such as box girders in which micro 
concrete was used as the model material.

The generalised yield line considered stress 
resultants including transverse bending moment, in-plane 
normal forces and shear forces along the yield line. The 
modified yield expression was compared with available 
experimental results from the literature. Possible collapse 
mechanisms and local failure modes were studied.

The experimental work on shear included Mattock type 
push-off shear tests. They were conducted to evaluate the 
shear behaviour of micro-concrete comparing with the 
behaviour of normal concrete. Ultimate load tests were 
carried out on four concrete box girder models. The first 
test model was to investigate the collapse behaviour of an 
internal web of a twin- cell simply supported concrete box 
beam. The second test was on a restrained single cell beam, 
designed to represent an outer cell of a multi-cell 
continuous box beam. The third test was on a twin-cell two 
span continuous prestressed concrete box beam. The final 
test was conducted on a multi-cell two span continuous 
reinforced concrete box girder.

The results predicted using the modified yield 
criterion were compared with those obtained from the 
experimental work.

The last chapter discussed the suitability of the 
method for predicting collapse loads was discussed and 
conclusions drawn.
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LIST OF SYMBOLS

Some symbols that are defined locally in the text are not 
included in the following list.

A dot on top of the symbol indicates rate of change

A c, Acr area of concrete section

Ap area of prestressed reinforcement per unit 
width

As area of reinforcement per unit width

b width of cell considered, width of section

D internal work or energy dissipation

d depth of section

di position of reinforcement layer related to 
centre line of the slab element

Es Elastic modulus of reinforcement

eo direct strain at mid layer of section

S i, ex , ey direct strain in the i, x, y direction

6n ' normal strain

Snt ~ shear strain

et tangential strain

Fu Yield load of reinforcement

feu 28 day concrete cube strength

f y  r  f s  - yield stress and service stress of 
reinforcement

fyp yield stress of prestressing reinforcement

f ( o i ) yield condition in stress tensor, where f=0 
indicates yielding

h thickness/depth of section

L span length

Mc yield moment at the flange web junction

Mn, M bending moment normal to shear plane

Mp plastic yield moment
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Mt - transverse moment across the shear plane

mn - non-dimensional moment parametric term

Nn, N - normal force perpendicular to the failure plane

Nnt - shear force along the failure plane

Nt - tangential force perpendicular to the failure 
plane

n - number of cells

H-n - non-dimensional normal stress parameter

nnt - non-dimensional shear stress parameter

Pb - load required to form mid-span plastic hinges

p,p.= - collapse load

Pd - distortional load at collapse

Q r - shear force along shear plane

Th, Tw - twisting moment about the shear plane

t - thickness of web element

tf - thickness of flanges

Vcr - cracking stress

u - log function of strain rate ration term

Vn, Vu - shear stress

Vu - Ultimate Shear Load

Wb - total work in bottom flanges

Wt - twisting work in the end diaphragms, flanges 
and webs

Wt - total work in top flanges excluding twisting

Ww - total work in webs excluding twisting

w - self weight dead load per unit length of member

Zn - distance of neutral axis from mid depth of 
section

z - depth from mid depth of section
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a - shear ductility reduction factor

a' - uniform shear strain rate

P - strain rate ratio at top surface of slab

Y - strain rate ratio at bottom surface

ym - material strength factor

5 - strain rate ratio at bottom surface of slab;

A - deflection under point load

An, Ax - normal displacement across the yield zone; 
crack width; yield zone width

Ant , As - shear displacement along the yield zone

£n - direct strain normal to yield surface at centre 
of section

Ent - shear strain at centre of section

£ T h - tangential strain at centre of section

0n - bending rotation of yield hinge

e - angle of rotation of yield hinges

k - curvature or curvature rate

X - flow rule parametric constant

P - reinforcement ratio As/Ac

pp - prestressing reinforcement ratio Ap/ Ac

ac - uni-axial compressive strength of concrete

an - normal stress,

at - tangential stress

ai,ax,ay - stress in i, x, y direction

X r Xxy - shear stress

4> - yield surface equation

<|) - angle of rotation of yield hinges; function of 
strain rate ration term
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Chapter 1. Introduction

In order to simulate the ultimate behaviour of 
concrete box girder bridges using scale models, 
micro-concrete were often used as a model material for the 
tests. The advantage of using micro-concrete is that with 
careful mix design and quality control, it is possible to 
produce a mix comparable with a prototype concrete in terms 
of stress and strain characteristics. In addition, the 
crack patterns and the yield mechanism can be realistically 
simulated. This is an important aspect in the prediction of 
the ultimate collapse load.

For concrete box girder models, the ultimate failure 
mechanism involves regions of high stress concentration 
causing local crushing and fracture of the slab and wall 
elements. These failure regions can be idealised as yield 
lines and plastic zones. Because of the complex nature of 
box girder and its geometry of deformation, the stress 
resultants along yield lines forming the collapse mechanism 
can involve shear moment and normal forces. For the 
collapse mechanism to fully develop, large deformation is 
required.

Plastic analysis requires the material to possess 
adequate ductility. In the case of micro-concrete, the 
effect of shear transfer along shear yield lines can be 
affected by large shear deformation. In addition, when the 
yield line involves a bending moment as well as shear, the 
rotation of the yield line due to bending reduces the 
effective depth of the slab elements that can transfer 
shear. It is, therefore, important to study the effect of 
using micro-concrete as a model material in the transfer of 
shear.

Chapter 2 reviewed the shear tests conducted by other 
researchers. It then described the shear tests carried out 
by the author. It studied the effect of using 
micro-concrete for the transfer of shear. The effect of 
shear ductility was also studied and the experimental 
result was applied to modify the yield criterion described 
in Chapter 3.

Plasticity theory and the philosophy of limit analysis 
provide a simplified method of assessing the collapse load
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of a structure by the development of a failure mechanism. 
This method of analysis is based upon the assumption that 
the material used will possess sufficient ductility to 
enable the collapse mechanism to develop fully.

Unreinforced concrete by itself has limited ductility 
in tension and shear. In compression, it can sustain load 
for large compressive deformation. When concrete is 
combined with steel reinforcement, the reinforcement 
provides the strength in tension and also the ductility 
after yielding. It is therefore considered realistic to 
assume that plastic analysis can be applied to this type of 
structure. Chapter 3 described briefly the concepts of 
plasticity theory, followed by the general yield criterion 
applied to unreinforced concrete, incorporating the 
modification required to account for the shear ductility 
from Chapter 2. The yield criterion was then extended to 
reinforced concrete and prestressed concrete elements.

Chapter 4 discussed the ultimate collapse analysis of 
concrete box girders using the developed yield criterion to 
predict the collapse load. The box girders studied in this 
thesis involved distortion of the cross section. Except at 
the supports, no additional diaphragms were provided at the 
spans. In order to preserve geometric compatibility in the 
failure mechanism, in-plane shear strains were required to 
distort the section. The stress resultants along yield 
regions involved bending moment, normal forces and in plane 
shear. The yield criterion discussed in Chapter 3 was 
extended to evaluate the collapse load of the box girder 
models. Potential collapse mechanisms for box girders were 
studied. No attempt was made to look into all the possible 
collapse modes for the lowest upper bound solution. This 
was considered justifiable as the collapse mechanisms were 
based upon observed failure modes from the experiments and 
also previous research work conducted by others.

The box girder experiments were described in Chapter 5. 
It was not the intention of this thesis to directly 
simulate any particular box girder bridge or any particular 
loading pattern recommended in the codes of practice. For 
the purpose of designing the section using micro-concrete 
as the modelling material, the scale of the models was kept 
to approximately one to ten. The applied loading was also 
simplified and idealised in order to emphasis the collapse 
mechanisms.
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The transverse strength of the top slab elements in 
multi-cell concrete box girder models is often limited. The 
application of large eccentric point loading will result in 
localised failure. Experiments were therefore conducted to 
study the failure of local cell directly influenced by the 
concentrated loading.

In ultimate load analysis, ordinary reinforced and 
prestressed concrete elements are considered similar if the 
ultimate yield strength for both reinforcing steel and 
prestressing steel is the same. Thus, an experiment on a 
prestressed box girder was conducted and compared with the 
results of a reinforced box girder.

The experimental results for the box girders were 
collated in Chapter 6 and compared with theoretical values. 
The limitations of the theory and its extension to the 
analysis of full-scale structure are then discussed.

Chapter 7 concluded the thesis and considered the 
results provided in previous chapters. The problems and 
limitations of the proposed method of analysis together 
with its application to the prediction of the behaviour of 
full-scale structures were discussed. Recommendations were 
put forwarded for future research.
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Chapter 2. Shear Behaviour of Micro-concrete

2.1 Introduction

Micro-concrete models are often used for studying the 
ultimate collapse behaviour of complex concrete structures. 
The advantage of using this material is its similarity to 
the concrete of a prototype structure. Hence, the elastic 
behaviour can be reproduced realistically. The accurate 
simulation of the crack patterns and yield lines prior to 
final collapse allows a more precise prediction of the 
ultimate collapse load. Although the behaviour of 
micro-concrete was examined, its behaviour under shear 
condition had not been studied in great detail. Hence, a 
series of shear tests were carried out to determine the 
effect of shear on micro-concrete and its implication upon 
the yield criterion for the material.
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2.2 The Mattock Shear Specimens

The Mattock type shear specimen was selected for the 
experiment, Figure 2.1. The specimen had two notches on 
opposite sides near the top and bottom. These notches 
extended to the centre of the specimen. A compression load 
was applied on the top along the centre line. This load 
subjected the area between the notches to a direct shear 
stress resultant.

Hofbeck Ibrahim & Mattock (1969) and Mattock & Hawkins 
(1972), used the specimen to investigate the effect of 
various reinforcement arrangements upon shear capacity. 
Mattock, Johal & Chow (1975) used similar specimens to 
investigate shear failure of corbels. In this latter work, 
the reinforcement was adjusted along the shear plane to 
sustain the bending moment caused by the eccentric 
application of the shear force. Rajandran (1972) applied an 
external bending moment along the shear plane of 
pre-cracked and uncracked specimens to study failure due to 
shear and bending moment. Walraven & Reinhardt (1978) 
tested pre-cracked specimens with reinforcement crossing 
the shear plane at different orientations. The 
displacements of crack opening and shear deformation were 
monitored.

Unreinforced concrete has only very limited tensile 
capacity and hence low shear strength. Such values are 
often ignored in ultimate analysis. For the specimens that 
were investigated by the author, shear reinforcement was 
provided across the shear plane to prevent the sudden 
splitting of the specimen when the cracking strength of the 
shear plane was exceeded. The crack opening and shearing of 
the symmetrically reinforced specimen were uniform and the 
stress resultants on the shear plane could be assumed to be 
uniform shear and normal forces. The normal force could be 
assumed to be equal to the total yield force of the 
reinforcement across the shear plane. Previous experiments 
by Birkeland & Birkeland (1966) and Mattock & Hawkins 
(1972) indicated that shear strength of symmetrically 
reinforced specimens were the same with identical 
reinforcement content irrespective of reinforcement sizes 
and spacing. The effect of size of specimen and aggregate 
could be investigated by varying the specimen size and the 
size of aggregate used in the concrete mix.
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The symmetrical arrangement of reinforcement resulted 
in a uniform compressive stress across the shear plane for 
these specimens, Figure 2.2. The non-symmetrical 
arrangement of reinforcement however, caused an internal 
moment to be induced. This was the result of unequal 
yielding forces in the reinforcement that produced a self- 
induced bending moment along the shear plane, Figure 2.3. 
Thus the failure plane of the specimen was subjected to 
combine shear, bending and normal forces. The bending 
moment could be applied externally, but there would be 
considerable experimental difficulties in maintaining the 
constant bending moment during the failure of the specimen.
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2.3 Description of Shear Test

The shear tests conducted were divided into two groups 
of symmetrically and non-symmetrically reinforced
specimens.

In the first group, the following variables were 
introduced for symmetrically reinforced specimens.

1. maximum size of course aggregate.
2. reinforcement content across the shear plane.
3. area of shear plane.
4. scale of the specimens.

In the second group, the following variables were 
introduced for non-symmetrically reinforced specimens.

1. maximum size of aggregate.
2. reinforcement content across the shear plane.
3. position of the reinforcement relative to the central 

axis of the shear plane giving a different effective 
depth.

Each specimen was assigned a code that identified the 
variables. The first letter could be 'F', 'H' or ' T' to 
signify the size of the specimen, 'F' for full scale, 'H' 
for half scale and 'T' for tenth scale.

The second letter indicated the size of aggregate used; 
'F' for full size 20mm aggregate, 'H' for 10mm aggregate 
and 'T' for a zone 2 sand mix with maximum grit size of 
2mm.

A number was used to indicate the different 
reinforcement parameter given by fy*As/ (bh) . The number '1' 
was used to describe specimens with a lower reinforcement 
ratio and the number '2' for the higher ratio.

The third letter with a number suffix identified the 
specimen thickness or the reinforcement positions. 'Ti' and 
'T2' were used for the different thickness of symmetrically 
reinforced specimens. 'Di' and 'D2 ' were for the different 
effective depths of non-symmetrically reinforced specimens.

A summary of the specimens including all the variables 
is shown in Table 2.1.
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2.4 Instrumentation

Although the specimen instrumentation was simple it was 
sufficient to obtain the required results.

Demountable portal strain transducers with a gauge 
length of 100mm were used in conjunction with a digital 
strain indicator and a switch balance unit. This equipment 
was developed by the British Cement Association (BCA) , 
formerly Cement and Concrete Association (C & CA). The 
gauges were set up in sets of three arranged in a rosette 
pattern across the anticipated shear zone on both faces. 
"Demec" gauges were also used to supplement the results 
from the strain transducer when the capacity of the 
transducer was exceeded.

Electric resistance strain gauges were attached to 
some of the reinforcement to confirm yielding of the steel 
during shear failure.

Dial gauges were used to monitor the relative 
displacements of the shear zone. They were used to measure 
the rate of displacement during the yielding of the shear 
reinforcement.

A crack microscope capable of measuring widths to 
within 0.01mm was used to measure crack widths. The 
observed values were compared with those obtained from 
surface strain measurements.

The bearing arrangements were designed to allow minimum 
resistance to crack opening for the symmetrical reinforced 
specimens and to the bending rotation for the 
non-symmetrical reinforced specimens.

The loading machine was hydraulically operated and 
capable of applying a maximum load of 500kN. The machine 
possessed a facility for maintaining the load or the 
displacement. The latter device was useful during the final 
stages of the experiments when large deformation was 
experienced with little increase in load.
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2.5 Material Used for Shear Specimens

2.5.1 Concrete

Mix designs were carried out to obtain consistent 
mixes for concrete using different maximum size aggregate 
of 20mm, 10mm and zone 2 sand. It was found difficult to 
obtain a mix design producing comparable compressive 
strength as well as tensile strength. The concrete 
specimens using sand mix tends to give higher tensile 
strengths than those with normal size aggregate (20mm, 
10mm), even though the compressive strength were 
comparable. It was decided that the mixes were chosen to 
achieve similar compressive strength as the main criteria. 
The variation in tensile strength was noted.

The grading of typical 20mm maximum aggregate concrete 
and the mix proportion was obtained from the HMSO design 
pamphlet. The finer mixes were proportioned accordingly. 
Johnson's (1962) mix-design for concrete models was used as 
guidance. The grading and proportion of the mixes are shown 
in Table 2.2.

The aggregates used were oven dried Thames gravel. 
Absorption was assumed to be 1 %. After batching, the 
coarse and fine aggregates were allowed to soak for about 
one hour to ensure a saturated surface dried condition. 
This process was to ensure control of the moisture content 
of the aggregate and an accurate assessment of water cement 
ratio.

Rapid hardening Portland cement was used in the mix. 
Thus, the specimens could be tested after a short curing 
period with minimum delay between the different tests.

For each mix, three cubes and three cylinders were 
taken for compressive strength tests and indirect tensile 
strength tests. Different size cubes and cylinders were 
taken corresponding to the different sizes of the shear 
specimen. The range and size of the control specimens were 
shown in Table 2.3.
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B.S.

Percentage by weight passing 

B.S. sieve
Remarkssieve

20mm 10mm 2mm

3/4"-3/8" 38 __

3/8"-3/16" 24 38 -

3/16"-7 6 24 - Based on Saturated
7-14 6 6 40 Surface Dried
14-25 7 6 10 Aggregate
25-52 9 16 10
52-100 7 7 35
100+ 3 3 5

Agg/Cement
Ratio

6.25 5.25 4.25

Water/Cement 
Ratio

0.63 0.63 0.63

TABLE 2.2: CONCRETE MIX PROPORTION
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Size of 
Shear 

Specimen

Size of control 
Cube for 

Compressive 
Strength

Size of control 
Cylinder for 

indirect tensile 
strength

Full size 10Oxl0Oxl0Omm 100mm dia x200mm

Half size 70x70x70mm 50mm dia x 100mm
(2"x4")

Tenth size 25x25x25mm 25mm dia x 50mm

TABLE 2.3: SCHEDULE OF CONTROL SAMPLES
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2.5.2 Reinforcement

The region adjoining the shear plane was reinforced 
such that failure would be restricted to the shear plane 
only. Hence, only the reinforcement across the shear plane 
was of interest.

For the large size specimens, 6mm diameter hot roll 
high yield bars were used. For the thinner and the half 
scale specimens, 3mm diameter high yield and 2.67mm 
diameter mild steel wire were used. For the tenth scale 
specimen, 1mm diameter mild steel wire was used. BCA 
developed a hand-operated machine for introducing 
indentations on the surface of mild steel wire. The knurled 
mild steel wire gave improved bond characteristic and 
slightly higher yield strength caused by the effect of work 
hardening.

The strengths of the reinforcement were expressed as 
total yield loads. Although they could also be expressed as 
yield stresses, their calculated values depended upon the 
accuracy of assessing the diameters of the reinforcement. 
In ultimate load analysis, for the purpose of determining 
the normal stress across the shear plane, it was sufficient 
to obtain the total yield force of the reinforcement 
without actually calculating the area of reinforcement 
across the shear plane.

Table 2.4 summarised the average yield load and the 
corresponding yield stress for the various nominal sizes 
shear reinforcement. The stress strain characteristics of 
each wire type were plotted in Figure 2.4, 2.5 and 2.6.
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Reinforcement 
Nominal Diameter 

mm

Yield
Force
KN

Yield
Stress
N/mm2

6.00 (high yield) 15.35 543.00
3.00 (high yield) 5.05 714.00
2.67 (annealed) 1.00 179.00
1.00 (knurled) 0.20 252.00

TABLE 2.4: AVERAGE STRENGTH OF REINFORCEMENT
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2.5.3 Formwork for Casting of Shear Specimens

Timber formwork was used for casting the full and half 
size specimens. The formwork was made of hardwood ply board 
and coated with polyurethene vanish, Figure 2.7. For 
specimens with different thickness, two different thickness 
spacers were used by inserted into the formwork to reduce 
the thickness of the casting. A steel mould was used for 
the tenth scale specimen.

The formwork and mould for the control specimens were 
covered with mould oil after assembly for easy stripping.
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2.6 The Experimental Procedure

Twenty-six shear specimens were tested. Normally the 
specimens were load tested to failure fourteen days after 
casting.

The primary reinforcing cages were prepared before the 
main casting period. The cages were basically similar for 
the two rigid zones. The only variable being the amount of 
shear reinforcement crossing the shear plane. Both ends of 
the shear reinforcement were bent up to provide the 
required bond and anchorage. The assembled cage was then 
positioned into the oiled formwork for casting, Figure 2.8.

Compaction of the wet concrete for the specimen, the 
control cubes and cylinders were achieved by using a 
vibrating table. They were then covered with polythene 
sheeting to cure for one week.

Prior to testing, the specimen surfaces were prepared 
for the attachment of the strain transducers. The specimen 
was set up with the appropriate end bearing arrangement in 
the loading frame for testing, Figure 2.1.

Load was applied in increments of 15kN initially. For 
each increment, the surface strains and dial gauge readings 
were recorded. This was repeated until cracks developed 
along the shear plane. Cracking was usually associated with 
a sudden increase in the surface strain readings. The same 
procedure was continued with reducing load steps. Crack 
widths were measured at each subsequent stage after 
cracking.

At the ultimate load stage, displacement increments 
were used instead of load increments. Releasing the 
pressure valve slowly controlled displacement of the shear 
plane at this stage until the displacement dial gauge 
stabilised at a pre-determined rate. The load, strain 
values and dial gauge readings were recorded. This was 
continued until the capacity of the measuring instruments 
was exhausted.
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Control cubes and cylinders were tested on the same 
day for compressive strength and indirect tensile strength.
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2.7 The Experimental Observations

2.7.1 Symmetrically Reinforced Specimens

Eighteen specimens were tested. The variables and 
ultimate shear stresses were summarised in Table 2.5.

Specimens FF1, FH1, FT1 were all identically 
reinforced. The only variable was the size of aggregate. 
The initial cracking load and ultimate load were comparable 
for the three specimens. The initial sets of surface strain 
measurement were less reliable as a result of the 
unfamiliar instrumentation. Acceptable results were 
obtained in later tests, however, after some modification 
of the measuring technique. Crack widths were observed and 
measured until it reached approximately 2mm, Figure 2.9.

Specimens FF2, FH2 and FT2 were reinforced with higher 
shear reinforcement content than the previous set of tests. 
The specimen FT2 using the sand mix showed a slightly 
higher cracking strength. The ultimate shear strength of 
these specimens was very close. From the surface strain, a 
small twisting curvature was evident. The strain readings 
from the electric resistance strain gauges indicated 
yielding of the shear reinforcement.

Specimens FHITi, FTITi, FHIT2 and FTIT2 were reinforced 
with a similar reinforcement parameter. The variable was 
the thickness of the specimens. Ultimate shear stresses 
were comparable. Some small twisting and normal rotation of 
the shear plane were recorded during the test.

The next set of tests included six specimens HH1, HT1, 
HH2, HT2, HTITi and HTIT2 . These tests were a repeat of 
previous sets except that the scale of the specimen was 
halved. Shear cracking for all the specimens were evident 
with the crack developing between the notches following the 
predetermined failure plane, Figure 2.10. In specimen 
HTIT2, flexural cracking adjacent to the notches were also 
observed. The fractures in these areas indicated the 
reinforcement in the rigid part was insufficient to prevent 
premature flexural failure.
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Attempts were made to test two tenth scale shear 
specimens TT1 and TT2. The load was applied using the 
Hounsfield Tensiometer apparatus, Figure 2.11. The 
specimens failed almost immediately after the shear crack 
develop. Complete shear failure did not occur for the 
specimen TT2, instead, flexural failure of this specimen 
was observed with yield hinges forming at root of the 
notches. The small size of the tenth scale specimens 
prevented any acceptable strain measurements being obtained 
along the shear plane. The results obtained for these two 
specimens were, therefore, of limited value.
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Specimen

No.

Max Agg 

Size

mm

Size of 

ShearPlane

mm x mm

Reinf. 

arrangement

Cube

Strength

N/mm2

Indirect

Tensile

Strength

N/mm2

Total

Yield

Force

kN

Reinf. 

Para.

pfy

N/mm^

Max.Shear 

Vmax==

Vu/Acr

N/mm2

Crack. 

Stress

Vor

N/mm2

FF1 20 250X150 3-T6 EF 30 a 2.61 92.10 2.46 5.20 3.87

FH1 10 250X150 3-T6 EF 32 a 2.78 92.10 2.46 6.27 4.40

FT1 2 250X150 3-T6 EF 31.4 a 3.18 92.10 2.46 5.47 3.60

FF2 20 250X150 5-T6 EF 31.7 a 2.71 141.30 3.77 7.20 3.73

FH2 10 250X150 5-T6 EF 30.3 a 2.79 141.30 3.77 7.23 4.13

FT2 2 250X150 5-T6 EF 30.8 a 2.98 141.30 3.77 7.09 4.80

FHITi 10 250x100 2-T6 EF 30.9 a 2.79 61.40 2.46 5.92 4.00

FTlTi 2 250x100 2-T6 EF 30.4 a 3.07 61.40 2.46 5.72 4.40

FH1T2 10 250x67 3-3mm EF 31.5 a 2.76 30.30 1.81 5.81 4.78

FTIT2 2 250x67 3-3mm EF 33.4 a 2.88 30.30 1.81 5.28 4.48

HH1 10 125x75 3-3mm EF 30.9 b 2.79 30.30 3.23 6.18 4.80

HT1 2 125x75 3-3mm EF 34.3 b 3.93 30.30 3.23 6.58 5.76

HH2 10 125x75 5-3mm EF 26. 9 b 2.98 50.50 5.39 7.82 4.80

HT2 2 125x75 5-3rcan EF 31.5 b 3.55 50.50 5.39 8.00 5.87

HTITi 2 125x50 2-3mm EF 33.7 b 3.19 20.20 3.23 6.23 4.80

HTIT2 2 125x25 5-2.67mm EF 35.0 b 3.44 10.00 3.23 7.58 6.40

TT1 2 25x15 3-1.07mm EF 44.9 c 3.36 1.57 4.16 11.50 -

TT2 2 25x15 5-1.07mm EF 34.7 c 3.38 2.60 6.93 * -

Notes: * Premature Failure 

Control Samples

cubes cylinders for indirect tensile strength

a ---- lOOmra 100 dia X 200mm
________ 70mm 50 dia 1 n  H i t « »- L u u m m

c ---- 25mm 25 dia X 50mm

TABLE 2.5: RESULTS OF SYMMETRICALLY REINFORCED SHEAR SPECIMENS
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2.7.2 Non-symmetrically Reinforced Specimens

Eight non-symmetrically reinforced specimens were 
tested. Specimens FF1D1, FT1D1, FF1D2 and FT1D2 were all 
identically reinforced on only one face. The variables for 
the specimens were the size of the aggregate and the 
effective depth.

The pre-cracking and failure behaviour of FF1D1 and 
FT1D1 were very similar. Before cracking, the tensile 
strain was measured on opposite faces of the specimen 
across the shear plane. The unreinforced face of the shear 
plane opened suddenly after cracking whilst the reinforced 
face exhibited little damage, and from then on, only a very 
small increase in load was possible. Further shear 
displacement of the specimen induced considerable large 
twisting and normal curvature of the shear plane. The shear 
load reduced during the final stages of the experiment.

The specimens FFID2 and FTID2 both had a smaller 
effective depth. The reduce effective depth was achieved by 
placing the shear reinforcement closer to the central axis 
of the shear plane. This resulted in a reduction of the 
self-induced bending moment along the shear plane. 
Similarly, tensile strain was observed on both faces prior 
to cracking. Cracking occurred simultaneously on both 
faces. The crack width on the unreinforced face was 
generally much wider. After cracking, the applied shear 
load could be increased further by as much as 35kN. From 
the surface strain measurement, it was evident that 
twisting and normal curvature occurred across the shear 
plane. Subsequent load increases caused the crack widths on 
both faces to develop further. The crack width on the 
unreinforced face tended to increase more rapidly than that 
on the reinforced face.

The specimens FF2Di, FT2Di, FF2D2 and FT2D2 were 
repeats of the previous set with the variable being the 
amount of reinforcement. A higher reinforcement content was 
used in these specimens. Different amounts of reinforcement 
were placed near the opposite faces. From the resistance 
strain gauge readings on some of the shear reinforcement, 
the stress level was well within the elastic limit when the 
first crack appeared. Therefore further increase in loading 
was possible. Yielding of reinforcement corresponded to the 
ultimate load of the shear specimen. Again, crack widths
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were wider on the face with lower reinforcement content, 
Figures 2.12 and Figure 2.13. From the surface strain 
measurements, bending rotation and twisting of the shear 
plane were present.

A summary of the parameters and results obtained in 
this test series was provided in Table 2.6.
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Specimen

No.

Max Agg. 

Size

mm

Shear

plane

mm x mm

Reinforcement

arrangement

Cube

Strength

N/mm2

Indirect

Tensile

Strength

N/mm2

Total

Yield

Force

kN

Reinf. 

Para.

pfy

N/mm2

Max.Shear 

Vmax=

Vu/Aor

N/mm2

Crack.

Stress

vor
N/rran2

FFIDi 20 250X150 3-T6(FF ONLY) 

53mm from ®

30.5 a 2.61 46.05 1.23 3.60 3.60

FTIDi 2 250X150 3-T6(FF ONLY) 

53irm from ®

32.1 a 2.86 46.05 1.23 3.65 3.47

FF1D2 20 250X150 3-T6(FF ONLY) 

31mm from ®

32.0 a 2.69 46.05 1.23 4.20 3.47

f t i d2 2 250X150 3-T6(FF ONLY) 

31mm from ®

32.2 a 3.02 46.05 1.23 4.67 3.73

FF2Di 20 250X150 2-T6NF,5-T6FF 

5 3mm from <2

29.2 a 2.71 101.35 2.70 5.07 3.20

FT2Di 2 250X150 2-T6NF,5-T6FF 

53mm from ®

29.6 a 2.85 101.35 2.70 6.40 4.00

FF2D2 20 250X150 2-T6NF,5-T6FF 

31mm from ®

27.4 a 2.54 101.35 2.70 6.13 3.47

FT2D2 2 250X150 2-T6NF,5-T6FF 

31rrm from ®

33.9 a 2.83 101.35 2.70 6.13 4.00

a -Cube and indirect tensile strength based on 100mm3 cube and 100mm dia. x200mm cylinder

TABLE 2 .6 : RESULTS OF NON-SYMMETRICALLY REINFORCED SPECIMENS
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2.8 Surface Strain Measurement

The rosette arrangement for the surface strain 
measurements allowed the following strains to be 
calculated:

a. The strain or relative displacement between gauge points 
in the direction along the gauge.

b. The normal strain perpendicular to the shear plane. This 
measurement could be related to the crack width or crack 
opening of the shear plane after cracking had occurred.

c. The shear strain or shear displacement after cracking. 
The shear displacement could be referred to the relative 
movement of the two rigid portions on each side of the 
shear plane.

d. The tangential strain before cracking. After cracking, 
the tangential strain is small and the tangential 
displacement would be included in the concentrated 
displacement.

e. Normal bending rotation could be calculated from the 
difference in strain measurement on opposite faces of the 
shear plane. This could either be expressed as an angle of 
rotation normal to the shear plane or as a bending 
curvature.

f. Twisting rotation could be assessed from the differences 
in shear displacement along the two faces of the specimen. 
In the experiment, such twisting rotation was caused by a 
twisting moment resultant over the shear plane and the 
experiment arrangement did not restrict such rotation. This 
moment was due to the eccentric distribution of shear 
stress caused by the reinforcement arrangement. See Figure 
2.3.

If the twisting rotation was restricted on a 
generalised yield line, there is no contribution to the 
work done in an upper bound solution from the twisting 
moment resultant. In a lower bound solution however, the 
computation of the twisting moment would be more useful 
where equilibrium conditions were to be maintained.
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2.9 The Results and Their Interpretations

The following graphs were plotted from the results of 
the experiments for the symmetrically reinforced series:

a. Shear stress versus normal displacement.
b. Shear displacement versus normal displacement.
c. Shear stress versus reinforcement parameter.
d. Dimensionless shear stress versus reinforcement ratio.

2.9.1 Shear Stress versus Normal Displacement

The average shear stress for each specimen was 
calculated by dividing the applied shear load by the shear 
area of the specimen. This was only a nominal value since 
the shear distribution over the shear plane was not 
uniform. The normal displacement was obtained from the 
surface strain measurement. Typical shear stress versus 
normal displacement curves was shown in Figure 2.14.

The resulting curve could be sub-divided into three 
phases.

The initial cracking phase for all the specimens 
showed very little normal displacement before cracks 
developed. The strain measured in the reinforcement was 
small. When the crack first developed, the steel stress 
remained within the elastic limit. Slightly higher cracking 
strength was recorded for specimens using the sand mixed 
concrete. This was considered to be due to the higher 
indirect tensile strength of the micro-concrete. Varying 
the thickness of the specimen did not show a significant 
difference in the cracking stress. Once cracks started to 
develop, the strain in the reinforcement increased with 
increasing crack width corresponding to the increasing 
shear load.

At the maximum stress phase, most specimens sustained 
an increase in the applied shear load after cracking. The 
increase depended upon the amount of reinforcement provided 
across the shear plane. The higher the reinforcement 
contents the higher the capacity to resist shear load. The 
ultimate load usually corresponded to the yielding of the 
shear reinforcement. Thus, the ultimate shear value 
corresponded to certain crack widths. The normal crack 
displacement at which maximum shear stress was attained was
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between about 0.3 to 0.4mm for the micro-concrete specimens 
compared with over 0.5mm for the specimens using a normal 
concrete mix.

In reinforced concrete design, the code of practice 
BS8110 (1985) imposed a restriction on crack widths for 
normal concrete to not exceeding 0.3mm for reasons of 
durability. This restriction implied that at the ultimate 
limit state of acceptable design crack width, the shear 
stress phase did not reach its maximum for the normal 
concrete mix.

The slope of the curves in this region could be 
related to the shear stiffness of the cracked concrete. 
Specimens with higher reinforcement content showed a higher 
stiffness value.

The peak shear stress achieved for normal mix 
specimens remained nearly constant for increasing normal 
displacement up to crack widths of 1.5mm. For 
micro-concrete specimens however, the peak shear stress was 
followed closely by a gradual reduction of the shear stress 
to a lower residual value as the normal displacement 
continued to increase.

Such difference in behaviour was considered to be due 
to the different aggregate interlock characteristic of 
normal and micro-concrete. For the mix with larger size 
aggregate, the shear crack would pass through aggregate 
particles. This resulted in larger displacements being 
required to mobilise the peak shear stress and enabled the 
shear stress to remain stable at a peak value under further 
shear displacement.

For a micro-concrete mix, the shear crack tended to 
pass through the cementing gel. Hence the shear interface 
would be less rough. The peak stress would be reached as 
soon as the shear cracks were established. Subsequent shear 
displacement resulted in further smoothing out of the fine 
shear zone giving rise to a reduction in the shear 
capacity. This reduction in shear would continue until a 
lower but more stable value was reached. Thus it showed a 
peak and residual stress behaviour not dissimilar to the 
shear behaviour of compacted cohesionless soil.
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2.9.2 Shear Displacement versus Normal Displacement

The measured surface strain values enabled the 
computation of shear and normal displacements after 
cracking had developed along the shear plane. The 
displacements along and across the shear plane were very 
small before the concrete cracked.

For the specimens using normal size aggregate, the 
shear and normal displacement graph was almost linear with 
very little change in direction for the increasing normal 
displacement.

For specimens using micro-concrete and with similar 
amounts of reinforcement, the initial slope of the graphs 
was almost the same up to a normal displacement of 0.4mm. 
The slope then changed sharply with a much larger shear 
displacement and a smaller increase in normal displacement. 
Figure 2.15 shows the plots of shear displacement versus 
normal displacement.

It was apparent that concrete using a large size 
aggregate remained ductile for a large normal displacement, 
whilst concrete using a sand mix was less ductile. This 
aspect was important in micro-concrete modelling where the 
properties of concrete sustaining shear could change with 
increase in crack displacement.

The slope of the curve on the plot for shear 
displacement versus normal displacement was also of some 
significance. If the results were plotted on the yield 
surface curves for the normal and micro-concrete mixes, 
they appeared to satisfy the normality rule of the theory 
of plasticity, Figure 2.16.
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2.9.3 Shear Stress versus Reinforcement Parameter

The reinforcement parameter was expressed as a stress 
acting normal to the shear plane. In these experiments, the 
reinforcement was positioned perpendicular to the shear 
plane and the crack opening of the shear plane caused 
yielding of the reinforcement. Such yielding had been 
confirmed by the strain measurement of the reinforcement 
using electrical resistance strain gauges. Since there were 
no other externally applied forces acting normal to the 
shear plane, the yield forces in the reinforcement gave 
rise to an equal and opposite compressive stress acting on 
the concrete shear plane. Dowel action and kinking of the 
reinforcement could modify the shear values. Since these 
effects were considered to be negligible (Gambarova (1981), 
Walraven (1978)), no allowances were deemed necessary.

The graph of shear stress versus reinforcement 
parameter was equivalent to plotting the shear stress 
versus normal stress. Both peak shear stress and residual 
values were plotted on the graph. Curves fitted around the 
test results resembled the interactive yield curve of shear 
and normal stress acting together on a concrete element. 
Separate curves were plotted for the peak stress and the 
residual shear stresses, Figure 2.16.

The peak stress curve followed closely the yield 
criterion derived from the so call square yield criterion 
by Neilson (1964).

2

-  an (ac~Cn) + Txy = 0 --------------- (2.1)

The residual stress curve could be represented by the 
following equation proposed by the Author.

-  an (a c - an) + ( Txŷ  ) = 0 ------------------------------ ( 2 . 2 )
a

a  is the modification factor introduced to account 
for the reduced ductility in shear of the micro-concrete.
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2.9.4 Dimensionless Shear Stress versus Reinforcement 
Parameter

To account for the variation in the strength of 
concrete in each specimen, the shear stress and
reinforcement normal stress were made non-dimensioned by 
dividing throughout by the corresponding uni-axial 
compressive strength oc.

nn = 0n == p f y  ( 2 . 3  )
CJc 0c

nnt —  Ixy

CTc

(2.4)

Equations 2.1 and 2.2 could be written as: 

for peak stress,

-nn ( 1 + nn nnt (2.5)

and for residual stress:

-a2nn ( 1 + nn ) = nnt2 --------(2.6)

Curves from Equations (2.5) and (2.6) were plotted in 
Figure 2.17
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2.9.5 Results of Non-symmetrically Reinforced Specimens

The graphs of shear versus moment for the 
non-symmetrically reinforced specimens were of interest, 
Figure 2.18. The effect of a moment upon shear was to cause 
a reduction in the shear capacity of the section.

It could be explained by the fact that the bending 
curvature reduced the effective depth of concrete for 
transfer of shear. The assumption was that once concrete 
cracked in the tension zone, the shear contribution in that 
region would become non-existent. From experimental 
observation however, after cracking of the specimen, it was 
still possible to sustain further increase in the applied 
shear until failure. Modification to the effective depth 
for shear transfer could be made to account for the size of 
aggregate used. This could be handled by stipulating a 
nominal crack 'width beyond which aggregate interlock would 
cease to be effective. Hence, within the limiting crack 
width, part of the tension zone could still carry shear. 
The extra depth would depend on the size of aggregate used. 
The coarser the aggregate, the larger would be the 
effective zone for transferring shear caused by aggregate 
interlock. The smoother crack surface of a micro-concrete 
mix would result in a smaller effective depth for shear 
transfer.

Rajandran (1972) assumed a uniform shear stress over 
the compression zone above the neutral axis for a specimen 
subjected to bending. The disadvantage of this assumption 
was that during failure of a section subjected to shear and 
moment, the bending curvature increased gradually. This 
resulted in the crack on the tension side to open further. 
Hence, the shear contribution changed continuously as the 
curvature continued to increase. That also indicated the 
shear stress resultant changes throughout the deformation 
of the shear plane.

45



2.10 Summary of the Results of the Mattock Tests

Twenty-six shear specimens were tested, the results for 
the symmetrically reinforced sections showed that the 
normality rule of plasticity theory hold true. The size of 
aggregate in the concrete mix could influence the behaviour 
of the members in shear. Normal concrete with 10-20mm 
aggregate showed a peak stress behaviour under shear, 
whilst micro-concrete showed a residual stress 
characteristic. Such characteristic was important in small- 
scale model testing of concrete structures. A modification 
factor was introduced into the basic shear yield criterion, 
giving a much closer correlation with the shear behaviour 
of the material.
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FIGURE 2.2 SYMMETRICAL REINFORCED SPECIMEN

FIGURE 2.3 UNSYMMETRICAL REINFORCED SPECIMEN
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FIGURE 2.4 STRESS STRAIN CURVE FOR 1.07mm WIRE



FIGURE 2.5 LOAD STRAIN CURVE FOR 3mm (1/8") WIRE



FIGURE 2.6 LOAD STRAIN CURVE FOR 6mm REINFORCING BAR
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F I G U R E  2.9 C R A C K I N G  A L O N G  S H E A R  P L A N E
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N O N - S Y M M E T R I C A L  R E I N F O R C E D  S P E C I M E N  
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FIGURE 2.14 SHEAR STRESS Vs NORMAL DISPLACEMENT
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FIGURE 2.15 SHEAR DISPLACEMENT Vs NORMAL DISPLACEMENT



FIGURE 2.16 SHEAR STRESS Vs NORMAL STRESS



FIGURE 2.17 NON DIMENSIONAL SHEAR STRESS Vs NORMAL STRESS
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FIGURE 2.18 NON-DIMENSIONAL SHEAR Vs MOMENT
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Chapter 3 Yield Criterion For Reinforced and Prestressed 
Concrete

3.1 Introduction

This chapter outlined the theory of plasticity and 
discussed how the theory can be applied to an apparent 
non-ductile concrete material. A generalised yield 
criterion was proposed which combined bending, shear and 
axial force resultants. The criterion was developed from a 
bi-axial stress and a combine axial and shear stress 
condition. Modification factors were included in the yield 
criterion to account for the material ductility. The effect 
of prestressing is discussed and suitable conclusion drawn.
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3.2 General Plastic Theory

3.2.1 Yield Condition and Yield Surface

In Plasticity Theory, the yield condition describes 
the combination of stresses or internal forces that can 
produce yielding. The yield condition can be given as:

f (m) = 0 3.1

The above expression describes the yield condition in 
stress tensor, it can equally be expressed in terms of the 
moment tensor or force tensor. The sign for the expression 
is usually adjusted so that f < 0 corresponds to status 
prior to yielding, i.e. only elastic strain has taken place 
for an elastic plastic material. For perfectly rigid 
plastic material, no strain is developed. For the stress 
condition f = 0, yielding of the material takes place. The 
condition f > 0 is not possible for perfectly rigid plastic 
materials. The stresses in the yield condition may include 
reactions. This is useful in the so-called lower bound 
solution where the state of equilibrium for the whole 
structural system has to be maintained. For the case of an 
upper bound solution with perfectly plastic material and 
non yielding supports, the reactions do not need to be 
included in the yield condition since the strain rate will 
be zero.

The surface or curve corresponding to f = 0 is often 
known as the yield surface or yield curve.

3.2.2 Flow Rule and Normality Rule

By means of the flow rule, the plastic strains can be 
related to the yield condition as:

e i  -  X d  1  (ct i )  ---------------------------------------------------------------------3 . 2
8  CFi

If the strain tensor is considered as a vector in the 
co-ordinate system of the yield conditions, this vector is 
an outward normal to the yield surface, which is convex.
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The internal dissipation or work done can be 
expressed as:

D — 2  CTiSi
i= l

3.3

The work equation is a maximum when moving along the 
top of the yield surface, hence, the rate of change would 
be zero. All other work equations within the yield surface 
would be less. At points where the normal to the yield 
surface cannot be defined, the strain tensor would still be 
restricted to within limiting values satisfying the general 
work equation 3.3. Thus, at an apex, the admissible strain 
rates are permitted to lie within the angle contained by 
the normal to the adjoining discontinuity of the yield 
surface.

3.2.3 Lower Bound and Upper Bound Theorems

The lower bound theorem can be defined as a load on 
the structure resulting in a stress field just on or within 
the yield surface. In proportional loading, the load will 
always be less than or equal to the load carrying capacity 
of the structure.

In the case of an upper bound solution, if the 
internal work corresponding to an arbitrary kinematic 
admissible strain field is lower than the external work, 
the corresponding load is always greater or just equal to 
the load-carrying capacity of the structure.

For the case of proportional loading, there is only 
one theoretical load for which a safe stress field and a 
kinematically admissible strain field can be found. Only 
under this condition would an exact solution or the true 
collapse load be determined.
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3.3 Yield Criterion of Concrete Elements

3.3.1 Yield Criterion of a Concrete Element Subjected to 
Bi-axial Stress State

Concrete material has been used advantageously in 
structures for its relatively high compressive strength. 
Under uni-axial compression, after the ultimate strength is 
reached, the test cube or cylinder may exhibit a certain 
degree of strain softening. Non the less it would still 
sustain a load near the maximum with increasing strain. It 
is therefore not unrealistic to treat it as a material with 
plastic behaviour in compression.

In direct tension however, its strength is very 
limited, often less than one tenth of the compressive 
strength. The concrete splits when the maximum tensile 
strength is reached with a sudden brittle failure. Hence 
the maximum tensile stress cannot be maintained. Comparing 
with the compressive strength, the tensile strength of 
concrete is small and is often ignored. However, the 
material could still be treated as behaving plastically. 
Any tensile stress will result in increasing tensile strain 
for un-reinforced concrete. In practice, either steel 
reinforcement or an external pre-compression in the form of 
prestressing resists tensile stress in concrete.

Many other researchers have used the square yield 
criterion with some degree of success. When concrete 
element is subjected to bi-axial stress only, if the 
material was assumed to be rigid plastic having no tensile 
strength, the yield criterion of concrete subjected to 
bi-axial stress is shown in figure 3.1.

It is to be noted that the strain rates plotted on the 
corresponding stress co-ordinates are normal to the yield 
surface. At the corners 0, A, B, C, the strain rates will 
lie between the two outward normal of the adjacent plane 
yield surfaces. If the strain rates are known, the state of 
the stresses in the concrete may be established. Along the 
flat of a yield surface, however, the complete stress 
resultants may not be known.

67



By considering the square yield surface shown in 
Figure 3.1, the following can be deduced for the strains 
and stresses.

On the flat surface OA,

ex = +ve; ey = 0 , <jx 0 ; 0 > oy > —ac 3.4

On the flat surface AB,

ex — 0; ey — ~ve, 0 > ç?x > <yd cry ~~ ~etc 3.5

On the flat surface BC,

6x - ve; ey — 0 , orx — qc/ 0 > 0 y > ~ ( j c . 3.6

On the flat surface OC,

ex = 0; ey = +ve, 0 > 0 X > ~ a d  0 y = 0 3.7

The general energy equation 3.3 for a concrete element 
subjected to a biaxial stress state can be written as:

D- 2 0 x6 x + 2 OySy' 3.8

For the state of stress on the yield surface BC, the 
above energy equation can be reduced to the first term 
only. It can be shown that the stress in the Y direction 
need not be known. The reason is that oy corresponds to ey 
which is zero. Hence the energy dissipation from <jy is also 
zero.

An important feature in the upper bound analysis is 
that only stress resultants that correspond to a plastic 
strain need be considered in the energy equation.
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3.3.2 Yield Criterion of Concrete Subjected to Bending and 
Axial Forces

In the case of bending, along the so called Johansen 
yield lines, yielding can be assumed to be concentrated on 
a narrow zone where the stress resultants reach the yield 
condition of the constituent material. The area adjacent to 
the yield line can be assumed to be non-yielding. The 
strain rates of such a yield line will consist of a normal 
strain en, and a curvature rate k. Whilst the curvature rate 
k is related to the rotation rate 9 of the yield line. The 
normal strain rate varies linearly with the depth from the 
mid-depth of the section and the curvature rate.

The curvature rate is taken as positive 
anti-clockwise. The tensile normal strain is positive 
(Figure 3.2). For this type of yield line, there is no 
tangential dislocation of the yield line, therefore, the 
tangential strain rate should also be zero and,

en = e0 + k z ---------------------------- 3.9

et = 0 --------------------------------- 3.10

With the strain rates known at any depth, the stress 
resultants may be determined from the yield surface shown 
in figure 3.1. The above strain rates correspond to 
stresses on the flat surface BC and the stresses are in 
compression. The strain below the neutral axis is tensile, 
the corresponding stress, therefore, is zero. The 
transverse strain is zero which indicates non-yielding, and 
depends on the boundary conditions, thus,

cm = ~ac above neutral axis 

an = 0 below neutral axis

0 > at > ~ac non-yielding
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By summing through the entire depth of the concrete 
slab section, the normal force resultant can be written as:

Nn ~ CTc( h + Zn ) ~ — 3 .1 1
2

The bending moment can be written as:

Mn = -Nn[ h -  1 ( h + Zn ) ] ---------------------- 3 .1 2
2 2 2

Substituting 3.11 into 3.12

Mn =  c c  [ (  h 2 ) -  Zn2 ]
2 2

= - Nn ( h + Nn )-------------------- 3.13
2 crc

For maximum values of Mn

d  Mn = 0

d  Nn

h _  + 2 Nn =  0
2 2cro

Nn = ----------------------------------------------------3 . 1 4
2

Mmax =  _£Jch ( h  — h  )
4 2

Mmax =  _CTch2 3 . 1 5
8

Introducing the non dimensionless terms 

mn =  8Mn !  nn =  _Nn
Cch CTch
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3.13 can be written as:

mn = -4 nn ( 1 + nn 3.16

This is the parametric yield surface equation for an 
unreinforced concrete member subjected to bending and axial 
forces only.

If the bending curvature reverses, the section below 
the neutral axis becomes compressive, and equations 3.11, 
3.12, 3.13 and 3.16 can be written as:

Nn = -CTc( h - Zn ) ---------------------- 3.17
2

Mn = Nn[ h -  1 ( h ~ Zn ) ] ---------------------- 3 .1 8
2 2 2

Mn -  ~ 0 c  [ ( h 2 ) Zn2 ]
2 2

Nn ( h  + Nn ) -------------------------- -------------------------3 . 1 9

2 a c

mn =  4 n n ( 1 + n n ) ----------------------------- -------------------------3 . 2 0

The parametric equations 3.16 and 3.20 indicate that 
for the same axial force, the bending moment can reverse 
depending on the eccentricity of the applied force. 
Therefore, for a more general yield surface equation 
covering both +ve and -ve moment, the combined yield 
surface equation can be written as:

mn » ± 4 nn ( 1 + nn 3.21

Squaring and rearranging the equation,

_______mn = 1

[4 nn ( l T n T i T "
3.22
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For +ve bending curvature, i.e. k > 0

mn = -4 nn ( 1 + nn )

and for k < 0 ,

mn = 4 nn ( 1 + nn )

Since concrete may be considered not to resist tensile 
forces, the normal stress would have a value between 0 and 
-crc, or in non-dimensional parametric term 0 > nn > -1 .
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3.3.3 Yield Criterion of Concrete Subjected to Shear and 
Axial Force

Mohr's stress circle can be applied to concrete 
subjected to axial force and shear. The maximum stress 
would be equals -<jc and the maximum shear stress occurs 
when axial stress equals -V^c Equation for the shear and 
normal stress can be written as:

X -  “ CTn ( crc + an )------------------------------- 3 . 2 3

This yield criterion holds true if the concrete 
possesses sufficient shear ductility at the peak shear 
stress. However, from the shear tests involving the sand 
mix, (Chapter 2) the shear stress reduced rapidly to a 
residual value. Hence the yield condition could be modified 
to include a shear reduction factor a . This can be 
represented by the equation of an ellipse. The equation 
including the modification factor can be written as:

x - -a2 an ( oc + an )--------- -------- 3.24

The modification factor a has been deduced from the 
experimental results given in Chapter 2.

Equation 3.24 can be written as a yield surface 
equation as follows:

<J> - t + a2an ( ac + an 0 3.25

The strain rates tend to take up a specific direction 
when the concrete element fails due to shear and normal 
forces. According to the flow rule of plasticity (equation 
3.2). The normal and shear strain rate can be written as:

e n -  X d  <t> -  X t a 2 ( ac+  2 an  ) ] ----------------------3 . 2 6
d  an

a n d  2 e nt= X d  = 2 X x-------------------------------------------- 3 . 2 7
d  x
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Therefore, the slope of the outward normal to the 
yield surface can be expressed as:

2ent = ________ 2 j---------------------------3.28
©n a2 ( ac + 2<jn )

and the tangent to the yield surface on the T_an plane 
is given by :

d X -  ~nt2 ( CTc + 2gn ) ----------------------------------------- 3 .2  9
6 an 2 -c

It can be seen that the resultant of the strain rate 
is an outward normal to the yield surface which satisfies 
the condition of orthorgonality, and hence the normality 
rule of plasticity.

d t  • 2ent__  — -1  ----------------------------------------------3 .3 0
d an ©n

Introducing a strain rate ratio y = en
2 ent

3.28 can be written as:

x - a2 ( ac + 2fyn )---------------------3.31
2y

Substituting into 3.24 and rearranging,

an =  ~ a c  [ 1  -  ______ y_________ ] ------------------------------------- 3 . 3 2
2” V (y2 + a2)

x - ac ___ a2---------------------------3.33
2“ V (y2 + a2)

The tangential stress may also be determined from the Mohr 
circle of stress:
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<7t - -fSc f 1 ~ y (1 ~ 2g2) ]
2 V (y2 + a2)

3.34

Equations 3.32, 3.33 and 3.34 indicate that the normal 
and shear stresses can be determined if the strain rates 
are known.

Substituting the non-dimensional parametric terms

nnt = and nn _ Q n

(7c C7c

Equation 3.24 can be written as:

Hnt2 — OC2 Rn ( 1 + Tin )

or _______ nnt2_______  = 1----------------------3.35
- a2 nn ( 1 + nn )

This is the parametric yield surface equation for 
concrete subjected to normal and shear forces.
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3.3.4 Yield Criterion of Concrete Subjected to Bending, 
Shear and Axial Force

It is possible for bending, shear and axial stress 
resultants to act along a yield line in a more complex 
collapse mechanism. The corresponding displacement vectors 
along such generalised yield lines would be the normal and 
shear displacement together with the rotation rate. Figure
3.3

For an infinitesimal yield zone width Ax _» 0, the 
corresponding homogeneous strain rates could be written 
as:

©n, Q n t  r Stt and k.

As before ett could be taken as zero since it occurs 
on both sides of the yield zone within the rigid 
non-yielding region. If en is taken as +ve for tensile 
strain, a normal strain distribution throughout the depth 
of a section can be shown thus in figure 3.4

At any depth z from the centre axis of the section, 
the corresponding strain rates are:

en = e0 + k z------------------------ 3.36

2ent = 2gnt = constant---------------- 3.37

ett = gtt = 0 3 .3 8

Hence the strain rate ratio y = en / (2ent) at each 
layer of the concrete is known. The associated concrete 
stresses can also be established using the relationship in 
equations 3.32, 3.33 and 3.34

CTn - "Gc [ 1 - ____y ]--------------- 3.39
2 V (y2 + a2)

x = ctc a2 --------------------3.4 0
2 V (y2 + a2)

at = -0c [ 1 - y( 1 ~ 2a2) ]------------- 3.41
2 V (y2 + a2)
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With the stresses known at each layer dz of the 
concrete, the total normal force, shear force and bending 
moment resultant can be evaluated by integrating through 
the entire depth of the section.

h/2
Normal Force: Nn = f an d z ---------------- 3.42J-h i t

h/2
Shear Force: Nnt = j x d z --------------- 3.43J -h/2

h/2
Bending : Mn = J an z d z -------------------------- 3.44

Tangential Force: h/2
Nt = f at d z ---------------- 3.4 5-h/2

Tangential Moment: h/2
' Mt = f at z d z ----------- 3.46-h/2

Twisting Moment: h/2
Tn = f x z d z ------------ 3.47-h/2

Equations 3.42, 3.43 and 3.44 are the primary stress 
resultants that will affect the yield criterion. Whilst the 
last three equations 3.45, 3.46 and 3.47 are secondary 
resultants which although do not affect the yield 
criterion, contribute to the overall equilibrium condition 
along the yield line.
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The force resultants of equations 3.42 to 3.47 can be 
computed by substituting the strain rate ratio y of 
equations 3.36, 3.37 by the following:

at z=h/2 p Y top . G n + V h / 2 -------- 3.48
2 e nt

at z=-h/2 6  = Ybot = 6 n - k„-h/2 -------- 3.49
2ent

substituting and rearranging /

e n _ P + 6 -------- 3.50
3ent 2

_kn = 3 - 6 -------- 3.51
3ent h

z = h ( y - P + 6 ) ; dz = h . dY----3.52
P - 6 2 P - 6

therefore equation 3. 42 can be written as

p
N„ = - o h« —C—

2 0 -6 )
/ [ 1 -

/ (  Y 2 + a 2 )
] * dY

Integrating in respect of y and introducing

X = /((32 + a2) - /(62 + a2)

and also substituting for the non dimensional parametric 
term:

nn = Nn / ach

nn = __1_ [ - 1 ]---------------------- 3.53
2 0 -6 )
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Similarly for the shear force, equation 3.43 becomes:

p

Nnt = - a_ha2 / [ 1 ] d y ----
2( (3-6 ) . /( Y2 + a2)

putting Sinh'1 X = y and x = Sinh y = ey - e"y
a a 2

therefore e2y - 2 X_ey - 1 = 0
a

solving the binomial equation;

eY = _y_ + / ( _Y_2 + a2 ) 
a

hence, y = loge y_ + / ( y_2 + a2 )
a

Also; dx = Cosh y dy
a

Cosh y = / (1 + Sinh2 y) = / ( y_2 + a2 )
a

therefore the integral term in equation 3.54 can be written 
as:

p
/ [ ____ 1______  ] . dy = / a Cosh y dy = / dy = y

s /( Y2 + cl2 ) a Cosh y

introducing U = loqc B + / ( B2 + a2 )
6 + / ( 62 + a2 )

and the non dimensional parametric term given by:

nnt = Nnt / ach 

the following is obtained:

nnt = a2 U ------------------------------------ 3.55
2 ((3-6)
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For the bending moment, equation 3-44 can be written as:

Mn = - CTrh2 / [ 1 - 1
2(ß-6)2 6 /(V2 + a2)

].( Y - 3 + 6 ) * dy 
2

= <J-h2__ { ¿ ± 6  / [ 1 x

2(ß-6)2 2 s /(y 2 + a2)
] . d Y  + / _______l.2 - d y

5 / ( Y 2 +  a 2 )

-  / Y * d Y }

The first integral term can be compared with that for Nn 
For the second term may be considered by using the 
expression:

y = Sinh'1 y/a i.e. Sinh y = y/a

p
/ y_2____  .dY = / a 2 Sinh2 y .dy
6 /(Y2 + a2)

= a2 / (Cosh2y - l).dy 
2

= â _ ( Sinh2y - y ) 
2 2

= ( Sinhy.Coshy - y )
2

= a^_ [ y_ /(y.2 + a 2 )- Sinh_1_Y^] |ß 
2 a2 a |s

Introducing = 0 /(02 + a2) - 6 /(62 + a2) 
and the non-dimensional parametric term given by

mn = Mn/(ach2/8)
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Mn = a_h2__ [  ¿ + 6  ( p - 6 - x  ) + 1_.(J) - U.a2 - B 2 - 6 2 ]
2 ( p - 6 ) 2 2  2 2 2

= aTh2 [ 1.(J) - U.a2 - B + 6 . V  ]
2 (p-6 ) 2 2 2  2

mn = 2 [ <() - U.a2 - ( p+6 ).x ] ----------- 3.56
( P - 6 ) 2

The Tangential force in equation 3.45 can be written as

Nt = - a. / h/2 [ 1- v (l-2a2 ) 1 * dz
2 -h/2 / (v2 + a2)

for non-dimensional parametric term

nt = _ X _  [ y (l-2a2 ) - 1 ] ------------------- 3.57
2 (P-6)

The Tangential moment in equation 3.46 can be expressed as:

= ~ CTC
2

h/2

-h/2
[ 1 - v(l-2 a2) 1 

/ (Y2 + a2 )
dz

p

= - CT_h2__ / [ 1 - V(l-2a2) 1 . ( Y - B + 6 ) • dY
2(p-6)2 5 / (Y2 + a2) 2

which may be reduced to the following by noting the 
integral in previous equations and writing in parametric 
form

mt = 2 [ <() - U.a2 - ( p+6 ).x](l-2a2 ) ------3.58
(P-6)2
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Mtw = - ach2a2 / 1______ .(Y - B+6)• dy
2(p-6)2 a /(y 2 + a2) 2

Finally, the twisting moment of equation 3.47 can be
written as

which can be reduced to the non-dimensional form expressed 
as

mtw = . 4q2 [ X  
(P-6)2

( 3+6 ).U ]
2

3.59

The center of action of the force resultants can be 
written as:

Zn = _Mn = a„h2/8 • mn = ----------------3.60
Nn ach • nn nn 8

z„t = _Mt„ = _ach2/8 • mtw = mtw_ h -----------------3.61
Nnt ^ch • n„t nnt 8

Zt = _Mt = a„h2/8 • mt = mt h ---------------- 3.62
Nt ach • nt nt 8

It should be noted that when the curvature rate is 
zero, y = P = 6 = constant and the normal force equation 
becomes:

nn = _X_ [ B - 1 ] ------------------ 3.53a
2 /(p2 + a2)

which is independent of the depth z.

The shear force equation becomes:

nnt = _____ --------  ----------------------------3.55a
2/ (p2 + a2)

and the bending moment reduces to zero. Table 3.1 gives a 
summary of the parametric stress resultants.
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TABLE 3.1 SUMMARY OF PARAMETRIC STRESS RESULTANTS

B *  Ô p = 8

N o r m a l  F o r c e
Hn

1 [ 7 - l ]  i  r p - n
2 (p-5) 2 V (p2+a2)

S h e a r  F o r c e
Hnt

a2 U a2
2(p-8) 2V (p2 + a2)

N o r m a l  M om en t 
mn

2 [(()~U.(x2~ (p+8) - 7 ] 0
(p-0)2

T a n g e n t i a l  F o r c e  
n t

1 [7 ( l - 2fx2 ) - 1 ]  1 [ p ( l - 2 „ 2 ) + n
2 (p-0) 2 V (p2+a2)

T a n g e n t . M om en t 
mt

2 [<J)-U.a2- (p+8) 7 ] ( l ~ 2 a 2 ) 0 
(p-0)2

T w i s t i n g  M om ent 
mtw

4a2 [ 7 — ( p+8 ) . U 1  0 
(p-5)2 2

Where: nn = Nn/ach, nnt = Nnt/ach, mn = Mn/(och2/8 ),

nt = Nt/çych, mt = Mt/(ach2/8 ) and mtw = Mn/(ach2/8 ;

1 == V (p2 + a2) - V (82 + a2)

U = 0)' 
Cn 
O 
1—111 + V ( p2 + a2 )

8 + V ( 82 + a2 )

<j) =: P v (lì2 + a2) - 8 V (82! + a2)

P == ytop - £n + kn h/2 (strain ratio at top.)
2ent

8 =: ybot _ £n - kn h/2 (strain ratio at bottom.
2ent
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It is important to note that although the tangential 
force, tangential moment and the twisting moment can be 
determined from the surface strains, they will not 
influence the overall yield criterion in the upper bound 
solution. The reason is that their corresponding strain 
rates are zero, hence they do not contribute work in the 
energy dissipation equation. The stress resultants, which 
influence the yield criterion in this type of generalised 
yield line, would be the normal force, normal moment and 
the longitudinal shear. They may be determined by the 
surface strain rates en, ent and the curvature rate kn.

It can be seen from the above expressions that the 
stress resultants are functions of the normal strain and 
shear strains on the top and bottom surfaces of the
section. If en/2ent were expressed as Cot0 , 0 would be the 
angle between the outward normal on the yield surface and 
the en axis. By substituting values of 0 between 5° and 175° 
in steps of 5°, this variation applies to the top and
bottom surface to give different values of p and 5 . By
adopting a value of 0.55 for the shear stress reduction 
coefficient a derived from Chapter 2, all the parametric 
stress resultants around the entire yield surface can be 
computed. (See Appendix A) . At the same time, the
eccentricities of the force resultants can also be
evaluated from equations 3.60-3.62.

It has already been established earlier in section
3.3.3 that for normal force and shear force alone, the 
'exact' yield surface equation 3.35 is:

_______ nnt2_______  = 1

- a2 nn ( 1 + nn )

Also in section 3,4 for normal force and bending 
moment, the yield surface equation 3.22 is:

_______ mn = 1

[4 nn ( 1 + nn ) ]"

The yield criterion for the combine bending, shear and 
axial force resultant can be approximately written as:

2

mn _______ _ + nnt2________ _ = 0)i----3.63
[4 nn ( 1 + nn )] - a2 nn ( 1 + nn )
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The above equation represents an ellipse, which is 
similar to that proposed by Cookson (1976).

By substituting the three primary parametric stress 
resultants computed earlier into the approximate yield 
surface equation 3.63, it is found that the maximum error 
for the equation is 9.6% compare to unity.

Cookson (1976) introduced two further approximate 
yield surface equations to deal with bending dominant and 
in-plane force dominant cases. Converting to terms 
compatible to the above and also introducing the a term, 
the two criterion proposed by Cookson can be written 
respectively as follows

____ mn + nnt2_______  — 0 3 ------------- 3.64
-4nn(l + nn) -2a2nn(l + nn)

2

_____ mn t nnt ~ 04 —3.65
2[-4nn(l + nn) ] aV[-nn(l + nn) ]

Equations 3.64 and 3.65 are parabolic curves, which 
give good correlation at certain part of the yield surface 
when the stress resultants are well defined. The error 
level is reduced to less than 4% from the unity factor. As 
the parametric stress resultants vary with the strain 
ratios at different parts of the structure, it would be 
difficult to predetermine the range over which the above 
expressions are applicable. Further more, the equations are 
only valid for positive values of mn and nnt. If the yield 
surface equations are used together, there is also a corner 
on the yield surface where the two meet. This can further 
complicate the calculation since the strain rate at such 
corners of the yield surface is not defined. In the 
collapse mechanism of a complex structure such as a box 
girder bridge, there would be a wide range of shear 
displacement and curvature ratios. It would be useful if a 
continuous curve can be formulated to fit as close as 
possible to the exact yield surface.

The actual yield surface appears to lie between the 
elliptical surface of equation 3.63 and the equation of a 
rectangle with its side being tangents to the principle 
stress resultants.
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The equation of rectangle can be written as:

(x/a)* 2 + (y/b)2 - (x/a)2(y/b)2 = 1

And the equation of ellipse can be written as:

(x/a)2 + (y/b)2 = 1

Hence, for a curve lying between the above two 
equations, the following holds:

(x/a)2 + (y/b)2 -k(x/a)2 (y/b)2 = 1  ; 0 < k < 1

Similarly, an improvement of the elliptical equation 
3.63 can be made by adding a third term which is a constant 
times the product of the first two terms of the equation. 
By trying different values of k together with the values of 
the stress resultants, it was found that k=l/3 gave an 
error of fit of less than 1.4%.

The modify general yield surface equation can be 
written as:

2 2 
mn____  + ____nnt____ + mn nnt2 = 0 2 -----3.66

[4nn (1 + r i n )  ] -(x2nn (l+nn) 48a2nn3 (l+nn) 3

Although a better approximation may be obtained by 
including a higher order for the third term in the above 
equation 3.66, the equation would be too cumbersome to be 
of practical use.

The parametric stress resultants given by equations 
3.53 to 3.59 as well as the yield functions 0i, 03, 0 4 and

0 2 given by equations 3.63, 3.64, 3.65 and 3.66 are 
calculated on spread sheets by substituting different
values of p and 5 . The results are included in Appendix A.
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3.3.5 Work Equations and Equilibrium Equations

It is useful in the ultimate load analysis but not 
always necessary to have an explicit form of yield surface 
equation. It was demonstrated in Section 3.3.4 that it is 
possible to compute the stress resultants from the 
displacement rates. In a generalised yield line such as 
that shown in Figure 3.3, the displacement rates are An, Ant 
and 0 n and the corresponding stress resultants are Nn, Nnt 
and Mn. It is also possible to compute the values of the 
secondary stress resultants, i.e., tangential force, 
tangential moment and twisting moment from the basic 
displacement rates. As there are no corresponding 
displacement rates for these secondary stress resultants, 
they do not contribute to the internal energy dissipation 
equation. Thus the internal energy equation 3.3 can be 
written as:

Di — Z  ( N n . An t Nnt • Ant + Mn. @n )

The summation is to be carried over all the yield 
lines and plastic hinges.

In a collapse mechanism that is kinematically 
admissible, it is possible to relate the displacement rates 
along the various yield lines to a specific displacement on 
the structure. The external work equation is then the 
product of the external applied forces and their associated 
displacements, i.e.

De = Z P x A

By equating the external work with the internal 
dissipation, it is possible to establish the ultimate 
collapse load of the particular mechanism. It is to be 
noted that such solution only represent an upper bound 
condition since there may be other collapse mechanisms 
which can give a lower value of collapse load.

Although the secondary stress resultants do not 
contribute to the energy dissipation, they are useful in 
establishing the equilibrium condition. In this case, if a 
system of stress resultants, which do not violate the yield
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criterion can be established and which are statically 
admissible with respect to the external applied forces, 
then such solution would always give a lower load than the 
actual collapse load. This represents the lower bound 
solution.

88



3.4 Yield Criterion for Reinforced Concrete

The relevant equilibrium equation can be modified for 
reinforced concrete by simply adding the contribution from
the reinforcement.

Therefore,

Normal Force Nn = Nnc + Nns------------------3.67

Shear Force Nnt = Nntc + Nnts----------------- 3.68

Normal Moment Mn = Mnc + Mns------------------3.69

Twisting Moment Tn = Tnc + Tns------------------3.7 0

Tangential Force Nt = Ntc + Nts------------------3.71

Tangential Moment Mt = Mtc + Mts------------------ 3.72

The yield criterion for reinforcement is assumed to be

+ fy. The assumption is that the steel bar can only sustain 
uniaxial stress along the reinforcement. Dowel action and 
the effect of the reinforcing bar kinking across yield 
lines are often small and can be ignored without 
significant errors. This simple criterion implies that for 
positive values of strain rate (tensile), the associated 
stress in the steel would be + fy; and for negative strain 
( compressive) , - fy. When the strain rate is zero, the 
stress is unidentified but may be limited to

fy fs Y "t by.

In an ordinary reinforced concrete slab, the 
reinforcement is usually provided in two orthogonal 
directions near both the top and bottom surfaces. For a 
yield line forming at an angle 0 from the x and y axis, the 
steel contribution can be determined. Introducing 
reinforcement parameters px± and pyi for the ith layer in 
both the x and y direction, which are equal to,

pxi ~ Axi jfy_ sign I eXiL~ 3 . 7 3
h ere I exil

pyi ~ Ayi fy sign I eyj|_ 3.74
h o c  I e yi|
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The steel contribution, therefore, can be written as:

Where the last term of the above expressions determines
whether the steel stresses are in tension or compression.

1

Normal force: Nns -  CTch I C O S 20 + pyi sin20 )

Shear force: Nnts — CTch 
2

I (p x i -p y i) sin2 0

Bending moment: Mns = CTch Z ( pxi d x i cos20 + pyi dyi sin20 )

Twisting: Tns = gch
2

I ( pxi d x i — pyi dlyi) sin2 0

Tangential force: Nts = ach I (p x i sin20 + p y i C O S 20 )

Tangential moment: Mts ii Q n rr S ( px i d x i sin20 + pyi dyi cos20 )

Where dXi and dyi are the position of the reinforcement 
layers related to the centre line of the slab element.

These expressions could then be added to the relevant 
concrete stress resultants to give the modified yield 
criterion for reinforced concrete.

Therefore, the three main force resultants, normal 
force, shear and bending moment of ordinary reinforced 
concrete using equations 3.53, 3.55,and 3.56 can be
considered with the reinforcement to give the yield 
criterion for reinforced concrete as:

Nn =  CTch S(pxi cos2e+ pyi sin20 )+ CTch 1 [ y  -1]

2 (p-5)
-- 3.75

Nnt ~~ CTch £  ( pxi p y i)  S i n 2 0  + CTch Q2 U 3 . 7  6
2 2 (p-§)

Mn = CTch £( pxi dxi cos20 + pyi dyi sin20 )

+ Gch2 [ 4» - U.a2 -(p+5)-x ] ---------- 3.77
4(p-5)2
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It is to be noted that when computing the shear 
contribution due to the reinforcement, dowel action is 
neglected.

An alternative approach is to substitute the steel 
stress resultants into the approximate yield surface 
equation 3.63 and after rearranging, this equation becomes,

ĈJc20t2 (Mn-Mns ) 2 ( Nnt-Nnts ) 2 ( Nn-Nns ) ( Cch+ ( Nn-Nns ) )

-a2 (Nn-Nns)2 (CTch+(Nn-Nns) )2 = 0 -------------- 3.78

For the case of zero shear strain rate, the yield line 
only subjects to a normal strain rate and a curvature rate,
i.e.,

ent — 0 ; Nntc — 0.

equation 3.78 became,

4ac2a2 (Mn-Mns) 2 = a2 (Nn-Nns) 2 (ach+(Nn-Nns) )2

After rearranging, the Bending moment equation,

Mn = Mns ± _1_ (Nn-Nns) (CTch+( Nn-Nns) ) --------3.79
2 oc

If there is no support restraint, Nn = 0, Nnc = -Nns

Mn — Mns +  1 (~Nns) (cfch — Nns)
2 Oc

= CTch £( pxi dxi COS20 + pyi dyi sin20)

± ZQsîl2 [ (£(pxicos20 + pyisin20 )
2

+ I(pxiCOS20 + pyiSin20)2] -------------- 3.80

91



Johansen's general step yield criterion may be written as

Mnj = Mx Cos20 + My Sin2e 3.81

and
Mn = Mnj ±  Nnts2/ 2 ac 3 .8 2

Equation 3.82 indicates that the basic moment should be 
modified by the shear contribution of the reinforcement.

For 0 = 0  or 90° and for an isotropically reinforced 
slab, the 2nd term in equation 3.82 vanishes to give

Mn = Mnj

Jain and Kennedy (1974) concluded that for practical 
reinforcement in slabs, the error in neglecting the 2nd 
term is about 2 % and should be acceptable.

If Nn is not equal to zero as a result of a restraint 
from the slab boundary condition inducing a normal force 
across the yield line, the normal force term Nn should be 
included. Hence, equation 3.82 can be written as:

For no curvature rate, @ n = 0 , the yield criterion for 
reinforced concrete derived from equation 3.35 can be 
written as:

(Nnt ~ Nnts) 2 =  ~ CX2 ( Nn — Nns) ( 0 ch  + Nn ~ Nns) 3 . 8 4

This is the same as for the approximate general yield 
criterion when Mnc = 0.

If the above is applied and it is assumed that the 
reinforcement is symmetrical about the centre of the 
section and is perpendicular to the yield line, then

Mn = Mnj ± Nnts2 ±  J _  (Nn2 + NnCch (1 Nns2 ) )
cjch

Mnj ±  (Nnts2 + Nn2 + Nn(ach -  Nns2) ) ------- 3 . 8 3
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Nnts ~ 0 ,  and Nns — CTch 2  pxi 

and equation 3.84 became

Nnt2 =  ~ a 2 (Nn " a c h í ;  p x i)  ( a c h  +Nn _ a c h £  p x i ) ----------- 3 . 8 5

( Nnt ) 2 =  “a2 ( Nn - £  p x i )  ( 1 +  Nn ~ 2  p x i )  
ach cTch ach

In the above, dowel action and kinking of the reinforcement 
has been ignored.

Converting the above expression to Mattock's term where

Nnt = in -----------------------mean shear stress
ach

Nn = -an------------------------mean normal stress
ach

a c  E p x i  =  p f y

hence,

( tn )2 = a2 ( an + pfy ) ( 1 - gn + pfy )----------3.86
ac ac ac

for a = 1 / there is no shear reduction and the expressions 
are the same.

For combined bending and shear , Nn = 0 and,

( Mn -  Mns) 2 + Nnt2__________________ =  1
[ Nns (gch-Nns) ] 2 - a 2 (-Nns) (ach~Nns)

2gc

in which Nnts = 0 since dowel action is ignored.
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The above expression became, when there is no applied 
shear,

Mn — Mns + Nns (fTch—Nns)
2 q c

In which CTc is equal to 0.6 fcu where fcu is the cube 
strength. This expression is the same as the one derived 
from the simplified stress block used in BS8110, (1985).
The partial safety ym for both the concrete and reinforcing 
material has not been included.
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3.5 Yield Criterion Applied To Prestressed Concrete

The effect of prestressing enhances the elastic stress 
strain characteristic of the structure by making better use 
of the material and mobilising a larger effective 
compression area of the concrete section. It also enables 
better control of deflection and limits crack widths of the 
member. This method of construction is often used for large 
span floors or long-span beams. In order to obtain the 
maximum benefit of prestressing, the steel strands and 
concrete used should be of higher strength than those for 
ordinary reinforced concrete. The higher compressive stress 
induced in the concrete from prestressing improves the 
shear strength of the prestressed members.

In prestressing design, the prestressing tendons are 
usually stressed up to 70-80% of the yield value. Such 
stresses result in a high initial strain in the stressing 
tendon and the concrete. It is this initial pre-straining 
which reduces the deflection under working load condition. 
Since the strains are within the elastic state and are 
small compared to the plastic strain at yield, they can be 
ignored under the rigid plastic assumption. The 
prestressing tendon and any other longitudinal tension 
reinforcement would eventually reach their yield value when 
the bending element is reaching its ultimate load. In 
ultimate load analysis, different yield stress for the 
prestressing tendon compared to that for the ordinary 
reinforcing steel is immaterial. The higher yield value for 
the prestressing tendons only result in a later onset of 
yielding compare to that of the ordinary reinforcement. 
Provided that the concrete section does not prematurely 
reach failure, it could be treated as ordinarily reinforced 
with an equivalent higher reinforcement content. The 
prestressing steel can be absorbed into the reinforcement 
term on the right of equations 3.75 to 3.76.

95



Introducing the prestressing term pp=ApfyP/a c h : -

Nn = CTch S(pxi cos2e + pyi sin20 + ppCOS20p)

+CTch 1 ~ 1 ] --------3 .87
2 ((3-5)

Nnt = rrch £ [ (pxi-pyi) sin20 + ppsin20p] + crch g2 U — 3 .8 8
2 2 (p —5)

Mn = ach K  pXi dxi cos20 + pyi dyi sin20 + ppdpcos20p)

+ CTch2 [ <j) -  U .a 2 -((3+5) - x  ] ----------------3 . 8 9
4 (p-8)2

An alternative approach is to treat the applied 
prestress as an externally applied force, which is 
independent of the reinforcing. Thus modifying the left- 
hand side of equations 3.72. This assumption implies that 
the external force needs to be maintained during the 
continue yielding of the section and ignores the plastic 
behaviour of the prestressing steel. Thus,

Nn — Apf ypCOS20p

=crch l(px±cos20 + pyi sin20 ) + g ch 1 [ X  -  1 ]

2 (p-8)
---------------- 3 . 9 0

Nnt '- 2Apfypsin0pcos0p

- qch Z [ (pxi-pyi) sin20 ] + CTch a 2 U

2 2 (p-8 )

Mn - -Ap £  ypdp C O S ̂0p

=  cych Z ( pxi dxi C O S 20 + pyi dyi sin20 :

+ CTch2 [ (|) - U . a 2 - (p+8 )-x ]
4(p-8)2
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3 .6 Summary

This chapter described how a yield criterion for 
reinforced and prestressed concrete could be developed from 
plasticity theory. It has been shown that the normality 
condition has been satisfied. The yield conditions were 
studied for elements subjected to simple uni-axial forces 
through to elements under more generalised resultants 
involving combine bending moment, axial forces and in plane 
shear forces. The stress resultants can be related to the 
non zero concentrated strain rates An, Ant and 0 n. An 
additional modification term was introduced for micro 
concrete to allow for the shear ductility. The yield 
conditions can also be expressed in non-dimensional 
parametric form. For reinforced elements, the yield 
conditions can be modified by the super-position of the 
yield forces from the reinforcement and the local 
equilibrium condition. The effect of dowel action was 
ignored without any significant error.

For prestressed elements, the applied prestress could 
be treated as an externally applied axial force, which also 
satisfy the equilibrium condition of the local section of 
the element. One important feature is the application of 
the theory to locations where axial forces, shear and 
bending moments can occur such as the flange web junction 
of T-beams and box girder elements. In the following 
chapter, the application of the theory to box girders is 
presented.
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Chapter 4 Ultimate Collapse Analysis of Concrete Box
Girders

4.1 Introduction

Concrete box beams have been used extensively in 
recent years mainly for bridge deck structures. The box 
shape section provides high torsional stiffness, which 
enable the distribution of eccentric loading to other 
sections of the structure. The geometry of the section 
makes efficient use of materials, which provide economy and 
also good architectural appearance.

The distortion of the cross section under eccentric 
load can reduce its efficiency. Although intermediate 
diaphragms can help to keep its geometric shape, their use 
is avoided where possible. Diaphragms can restrict the 
passage of services and are more costly to construct. In 
practice, diaphragms are only provided over supports or at 
locations where heavy point loads are anticipated. In 
general, it is often more economical to increase thickness 
and/or the transverse bending strength of the slab by 
providing additional reinforcement and to add stiffening 
fillets at the wall and slab junctions. The strengthening 
will not completely eliminate distortion, unlike the 
situation where regular spaced diaphragms are provided.

The stress distribution for a box beam which is allowed 
to distort would include transverse bending, torsion and 
warping stress as a result of out of plane bending of the 
flanges and webs of the box member. The current design 
practice is based upon allowing the section to deform under 
load.
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4.2 Previous Work on Analysis and Design of Concrete Box
Girders

Swan (1972) carried out a survey of the characteristic 
and geometry of 173 bridges built before 1972. The 
statistic assembled assisted bridge designers in initial 
sizing and profiling of bridges.

Trikha and Edwards (1972) developed a finite element 
program to study the behaviour of concrete box girders. It 
used an iterative process to predict the strain 
distribution under increasing load, first cracking, 
development of the crack pattern and eventually a collapse 
mechanism. At the end of each load increment, the stiffness 
of the member is modified to take into account for the 
cracking and non-linearity of the element.

Lampert (1972) carried out theoretical studies of 
non-deformable box beams subjected to torsion and bending 
utilising the space truss theory. The theory assumed the 
longitudinal and transverse reinforcement and the concrete 
elements acts as ties and struts of an imaginary space 
truss. As the concrete was assumed to be incompressible, 
the theory was only suitable for lightly reinforced 
sections. The truss model gave a lower bound solution under 
plastic theory.

Maisal and Swan (1973) reviewed nearly 300 references 
on the analysis and design of thin wall beams and in 
particular box girder structures. The methods of analysis 
were mostly elastic ranging from simple beam theory to the 
more complex involving finite elements, finite strips and 
folded plates requiring computer methods.

Spence (1973) studied the failure mode of single cell 
box beams subjected to eccentric loading. The section was 
allowed to deform with the flanges and webs twisted out of 
plane in order to satisfy geometric compatibility. Spence 
assumed rigid plastic material with concrete having 
infinite compressive strength. By ignoring the energy 
dissipation from the twisting of the flanges, webs and 
diaphragms, he managed to get a close correlation between 
theoretical and experimental load carrying capacity of the 
member.
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Swann and Williams (1973) put forward proposals for 
the reinforcement design of the box girder sections under 
bending, shear and torsion. The transverse bending can be 
dealt with separately by super-position. This approach is 
usually on the safe side since the worst conditions for the 
combine stresses do not always occur together.

Cookson (1976) further extended Spence's work to cover 
multi-cell simply supported box beams. A generalised yield 
criterion involving in plane shear and axial force was 
developed to describe the failure of slab elements. 
Twisting work compared to the others was small and could be 
neglected without involving significant error. Cookson 
acknowledged the caution of using the theory to models with 
small size aggregate, which restrict the transfer of in 
plane shear along the shear plane. The theory is also 
restricted to small transverse shear stresses; hence the 
yield criterion was not appropriate for punching shear, 
thick slabs and column supports.

Various experimental works were carried out on box 
girder models. Some were direct scale models of actual box 
girder bridges. Swann (1970) tested a concrete model of the 
Western Avenue box girder bridge. Sommerville (1965) tested 
a model of the Mancunian Way. Scordelis (1975) experimented 
with a model multi-cell two span straight high way box 
beams. Scodelis and Larsen (1977) also tested models of 
curved box beams in California. There were also tests 
carried out on single box girder models of various scales. 
Swann and Williams (1973) tested box members, which were 
restricted from the distortion of the cross section under 
eccentric loading. They tested 16 prestressed single cell 
box beams and 2 other ordinary reinforced beams. Trikha 
and Edward (1972) tested a number of simply supported 
single cell prestressed boxes. Spence (1973) also carried 
out tests on simply supported single cell boxes. By varying 
the eccentricity of loading, he was able to study the 
different failure mechanisms involving flexural and 
distortion of the section. Cookson (1977) continued 
Spence's work by carrying out tests on 4 model box beams 
including a single cell beam; a twin cell beam with 
ordinary reinforcing; a twin cell beam with profiled 
post-tensioning and a segmental prestressed beam with 
straight stressing wires.
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4.3 Elastic Analysis of Box Girders

Maisal and Roll (1974) carried out an extensive survey 
of other references and selected two methods of elastic 
analysis for box beams with side cantilevers. Torsional 
warping and distortional warping can be dealt with 
adequately by formulations developed by Vlasov and the beam 
on elastic foundation theory. The simplified method was 
such that the analysis can be handled without the aid of a 
computer. There are also other methods such as grillage 
theory, folded plate theory and finite strip method, shell 
theory and finite element method which would require the 
extensive use of the computer. With the improvement of 
computer power in the last few years, the restriction on 
elements and size of problem is no longer a significant 
constraint. Engineers and researchers are now less 
reluctant to use the more complex methods since the results 
can be obtained more readily and more accurately, in 
particular when a change of parameters and loading patterns 
can be handled quickly and efficiently. William, Cassell 
and Boswell(1992) have recently developed a program for 
the design of curved prestressed concrete box beams.

4.3.1 Structural Actions in Box-beams

In the case of solid members, the assumption of plane 
sections remains plane hold true. For box beams with 
internal diaphragms and with thick walls and flange 
sections, the effect of distortion and warping would be 
small and are often neglected. The current trend of design 
and construction is to reduce the thickness of the box beam 
walls and bottom slabs in order to minimise self-weight. In 
addition, internal diaphragms are eliminated to allow the 
uninterrupted passage of services or for extra lanes of 
traffic inside the box girder. To compensate for the lost 
of the diaphragm, introducing haunches or fillets often 
enhances the transverse strength. Even so, distortion of 
the section is usually larger than that of the section with 
diaphragms. The effects of distortion of the cross section 
and warping and twisting of the flange and web elements of 
the box beam need to be considered.
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4.3.1.1 Distortion

The cross section of a box member will deform under 
either symmetrical or asymmetrical loading if there are no 
transverse diaphragms (figure 4.1 and figure 4.2). The 
effect of transverse bending of the top or bottom slab and 
walls results in elastic deformation which changes the 
shape of the cross section. Any eccentric loading can be 
resolved into a combination of symmetrical and asymmetrical 
loading. Such deformation, if significant, can reduce the 
torsion stiffness of the section.

4.3.1.2 Warping

Warping is the out of plane displacement of the 
elements. The longitudinal displacement of the section when 
twisted causes a torsional warping displacement even though 
there may be transverse diaphragms. Additional warping can 
result under distortion, which is sometimes known as 
distortional warping displacement (figure 4.3). The warping 
displacement influences the longitudinal stresses. If such 
displacement is being restricted, as in the case of built 
in conditions or in the case of continuous sections, 
significant additional longitudinal stress can develop. 
Such stresses can be significant depending upon the 
geometry of the section and the nature of the loading.

4.3.1.3 Shear Lag

Under symmetrical loading, the differential 
longitudinal straining of the flanges and the web give rise 
to an additional warping stress. Such stresses can be 
created under the effect of bending (figure 4.4, figure 
4.5). The warping stress created depends upon the dimension 
and the relative stiffness and transverse strength of the 
flanges. Wide flange box beams would have a more 
significant effect than narrow flange sections under the 
influence of shear lag.
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4,3.1.4 St Venant Torsional Shear Stress

The theory of St Venant torsion assumes that there is 
no constraint for the warping of the section and therefore, 
no warping stress. The shear effect created for a thin 
walled box section is that the . shear stress around the 
perimeter of the section is constant and forms an equal and 
opposite torque to the external applied torsional moment. 
For thicker sections, the shear stress across the thickness 
of the flange and web elements varies (figure 4.6).

4.3.1.5 Local Effect of The Flanges

On bridge structures, the effect of transverse bending 
under large wheel loads has to be assessed and evaluated 
(figure 4.7). The slab under the large point load should 
also be check for local punching shear (figure 4.8).

105



4.3.2 Methods of Elastic Analysis

There are various methods of elastic analysis for box 
sections. The simple beam theory deals with the ordinary 
bending and shear of the section. However, it does not give 
the transverse bending and shear effect from eccentric 
loading. By super-position, the effects of warping, 
distortion shear lag and local effect can be assessed 
separately. Maisal and Roll summarised the various methods 
of analysis, which deal with the different effects of 
structural actions mentioned in section 4.3.1. Their method 
does not need the aid of computer. The more comprehensive 
methods of analysis include grillage theory, folded plate 
theory, finite strip theory, finite element theory and 
Shell Theory. These methods can deal directly with the 
various structural actions. The complexity, however, 
requires more powerful computer capability. With the 
increasing power of the present day computers, the more 
general methods can now be easily handled.
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4.4 Plastic Analysis of Concrete Box Girders

In the collapse analysis of a complex structure, the 
failure mode often depends upon the way loading is applied 
and the geometry of the structure. For localised loading, 
failure is often restricted to a local mechanism. Whether 
the failure mechanism extends into other regions depends 
upon the strength of the transverse members such as the top 
and bottom flanges. As in all upper bound analysis, there 
are possibilities of other mechanisms, which have lower 
values. It may, however, be possible to design the 
structure against premature failure such as local punching 
shear under heavy point loads and local crushing at flange 
web junctions.

It is important to ensure that for experimental work, 
local failures do not inadvertently occur. Fillets can be 
added to the internal corners of the box members to improve 
the local shear and bending capacity of the section. At the 
location where concentrated loads are applied, the local 
punching shear should be checked and spreader plates should 
be provided to reduce local shear stress to within 
acceptable level.

The collapse mechanism of concrete box girders without 
intermediate diaphragms will involve distortion of the 
cross section. Spence (1973) studied distortion mechanisms 
without shear deformation for single cell box beams with 
infinite strength for concrete (figure 4.9). Cookson (1977) 
further extended the work to account for the finite 
strength of concrete and to deal with continuous and 
multi-cell boxes (figure 4.10, figure 4.11).

In-plane shear will normally develop when only part of 
the entire section is distorted. Such shear could develop 
either in the flanges or webs of the box member depending 
upon the relative strength of the elements. This shearing 
of the section may spread uniformly over the region where 
yielding is deemed to have occurred. Alternatively, such 
yield can be assumed to concentrate along the 
discontinuity, which forms the generalised yield lines 
(figure 4.12, figure 4.13).
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In the analysis of the box members, the load obtain by 
the work equation would be an upper bound solution. Morley 
(1967) proposed that if a corresponding equilibrium 
condition can be found, the upper bound value would be a 
minimum. Morley made the following assumptions for the 
analysis and design of box members:

1. The collapse mechanism consists of yield lines and rigid 
portions and or yield zones.

2. There will at least be one variable parameter in the
mechanism that defines the geometry.

3. The yield line thus formed is assumed not to move. That 
is, the yield mechanism does not change in the course of 
yielding.

In order that plasticity theory can be applied for the 
collapse analysis of the box girder structure, it is
important that the material should have sufficient
ductility to enable redistribution of stresses within the 
structure without premature failure. Premature failures are 
unintentional sudden failure modes, which occur before the 
complete development of the assumed mechanism. To avoid 
such failures, it would be prudent to ensure that the 
applied loading is sufficiently spread and adequate 
reinforcing is provided in the critical sections against
such premature failures.

In experiments, depending on the size of the model, the 
scaled down material could have a different characteristic 
in shear ductility when compared with that of the prototype 
structure. Appropriate modifications can be incorporated to 
account for the different shear ductility of the model 
material.
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4.4.1 Simply Supported Single Cell Box Beams,

Spence (1973) assessed the collapse load of a single 
cell box beam by assuming infinite concrete strength. As a 
result the neutral axis for bending is located at the top 
surface of the top flange. This gives an over estimate of 
the collapse load when compared with the experiments. 
Cookson (1976) incorporated the finite strength of 
concrete, which gave a better approximation of the collapse 
load. For geometrical compatibility, it is necessary for 
twisting to occur in all the flanges and webs of the 
section. However, the twisting work is often small and 
negligible and does not influence significantly the work 
equation.

The work equation for the pure bending can be written
as:

Pb*0L/ 2 + wL2*0/2 = Mp * 2 0 --------------------------4.1

Where Pb is the pure bending imposed live load at collapse 
w is the self-weight dead load per unit length 
Mp is the mid span plastic yield moment

For distortional loading that causes partial collapse 
of the structure, figure 4.9, the corresponding work 
equation can be written as:

Pd*0*L/2 + w *L2*0/4 = 1/2*Mp*20 + 4 *Mc*L*(j) + WT---------4.2

Where Pd is the distortional live load at collapse

Mc is the yield moment at the flange web junction

Wt is the twisting work in the end diaphragms, flanges 
and webs.

Substituting 4.1 into 4.2 and rearranging,

Pd = Pb /2 + 4 Mc*L/b + 2*Wt/L/0 4.3
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The last term on the right hand side of the above 
expression is small compared to the other two terms. For 
geometric compatibility, twisting of the flanges and web 
elements is required. The twisting elements are still well 
within their elastic limits when the bending plastic hinges 
and the corner plastic hinges have already been subjected 
to much larger strain value. In the experiments, where the 
flange strength was limited, ignoring the twisting work 
does not result in significant error. Whilst in real 
structures, where the top flanges are usually thicker and 
have been designed to support substantial loads from the 
traffic, the twisting work would be more significant 
especially in elastic analysis.
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4.4.2 Continuous Single Cell Box Beams

In long span multi-span beams, localised failure of 
single span is one of the mechanisms to be considered. 
Introducing movement joint at support bearings can usually 
relieve the longitudinal strain. If the support and end 
restraints prevent the free movement of the structure, a 
longitudinal force will be induced, which in turn increases 
the bending capacity of the yield lines in the flanges, as 
well as the webs. There are two types of mechanism for the 
failure of the web. The first one is the classical bending 
yield hinge shown in figure 4.10. The second type is the 
load web assumed failure shear zones shown in figure 4.11.
Whether the web elements will fail by the bending 

mechanism or the shear mechanism will depend on the 
strength and reinforcing of the section. For the collapse 
mechanism shown in figure 4.12, it would be possible to 
determine the displacement rates of the various elements 
forming the mechanism. The displacement would include 
rotation of the corner hinges at the flanges and web 
junction, the rotation of the plastic hinges or shear 
deformation of the loaded web, and the twisting of the 
various flanges and web elements for maintaining kinematic 
compatibility. The collapse load can be written as:

Pc = Pb /2 + 4 Mc*L/b + 2*Wt/(L0) 4.4

which is similar to the single span box beam in 4.4.1

In this case, Pb is the load required to form plastic 
hinges at mid span and the adjoining supports without any 
longitudinal restraint. Mc is the corresponding yield 
moments in the flange web junctions; Wt  is the twisting 
work in the flanges, but not the internal diaphragms since 
there is no twisting of the diaphragms.

Any longitudinal restraint would result in additional 
compressive forces which would modifying the yield moments 
across the yield hinges by arching actions resulting in a 
higher value of Pb. Any longitudinal forces may also affect 
the transverse yield lines.
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4.4.3 Continuous Multi-Cell Box Beams

The collapse load for multi-cell box beams can be 
assessed by a similar approach to that used in earlier 
sections. The collapse mechanism is shown in figure 4.11. 
The collapse load can be written as follows:

Pc = Pb /2 + n*Mc*L/b + 2*Wt/(L0) 4.5

Where n is the number of longitudinal hinges in the 
mechanism; Pb is the pure flexural bending collapse load; Mc 
is the corner moment capacity and WT is the twisting work.

Such hinges can be formed in either the flanges or the 
webs. Their formation will depend upon the relative 
strength of the elements. Similar to the last section, any 
longitudinal restraint would result in arching action 
giving a larger collapse load than unrestrained members.
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4.4.4. Twisting work of flanges, webs and diaphragms

From the collapse loads of the box beams, the twisting 
work is now defined. The displacement function due to 
twisting which is the out of plane displacement, can be 
written as:

w = k * x * y ----------------------------- 4 .6

The associated twisting work may be written as

D = £ MP * k/2 4.7

Where the plastic moments Mp are moment vectors which 
include hogging and sagging moments in the two directions. 
The total twisting work, therefore, should be summed over 
the all the elements subjected to twisting including the 
top and bottom, flanges, each of the webs and diaphragms. 
Hence,

WT = I D * Area. ------------------------------ 4.8

When the member is allowed to expand under applied 
loading, the restraining forces are released; the membrane 
action may be taken as zero. The yield moments for the slab 
elements may be assessed based on the assumption of no 
membrane forces. The same reasoning may be applied to the 
bending moments at corners where membrane forces may be 
assumed to be zero. Where the restraint caused the membrane 
force to build up, the membrane action may become 
significant and may not be ignored. In general, the 
deformation due to twisting remains elastic for large 
plastic deformation of other parts of the structure. In 
rigid plastic analysis however, no deformation was supposed 
to have occurred prior to all the yield hinges approaches 
yield. This does pose a slight dilemma since twisting is 
required to maintain geometric compatibility. The elastic 
work from twisting is ignored.

The twisting work compared with the other elements 
of work is however relatively small. Its omission 
therefore, does not give rise to significant errors.
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4.4.5 Failure Mechanism in Webs

There are several mechanisms that can satisfy the 
geometric compatibility required for the failure of the 
webs. The shear mechanism for the webs can be in the form 
of distributed shear stresses concentrated in generalised 
yield lines. The beam shear mechanism proposed by Regan and 
Placas (1970) involved rotation of a hinge nears the end of 
the beam towards the top of a crack (figure 4.13). However, 
such mechanisms can only be valid if all the webs failed 
simultaneously in the same format. For multi-cell box beams 
or the failure of individual webs, it appears to be more 
appropriate to use Breastrup's shear mechanism. (1974) 
Breastrup's mechanism involved zones of uniform shear 
strain rates at both ends of the webs and a rigid region 
near the centre (figure 4.12). Such mechanisms do not 
involve rotation of the webs, hence they can be applied to 
single or multi-cell beams. The work done in the uniform 
shear strain rate end zones can be written as

Wc = __q c * a '  (1-cos 0 ) * t -------------- 4.9
2 sin 0

where a' is the uniform shear strain rate in the shear zone 
and t is the thickness of the web element

The shearing of the web also mobilises the yielding of 
any shear reinforcement. The vertical component of the 
shear strain rate can be written as a' cot0 and the work 
done for the shear reinforcement can be given as

Ws = a '  * cot 0 * As * f y ----------------------------------------- 4 . 1 0

Where As is the area of reinforcement per unit width of the 
section and

fy is the yield strength of vertical reinforcement.

The total work of the two sections in the shear zone of 
the web, therefore, can be summarised as

Ww = 2 [As * fy * Cot0 + qc * (1 -  cos 0 ) * t]* a '  *h* r
2 sin0

-------------------------------------------------- 4 . H
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If the web is external and there is no cantilever, it 
only requires both the top and bottom flanges to deform to 
maintain geometric compatibility. The resulting yield 
mechanism in the top and bottom flanges would involve 
longitudinal yield lines along the flange web junction and 
transverse yield lines at the centre and near both ends. 
The two halves of the flanges on both sides of the centre 
line would also require twisting. If the deflection under 
the edge point load is Ar and the yield moment in both 
directions of the top flange and bottom flanges are Mt and 
Mb respectively, the total work done for the top flange 
would be the sum of work along the yield hinges. The 
work-done in the twisting region can be written as

Wt = 2 Mt * A [ 2 + b/r + r/b ] 4.12

Similarly, the work equation for the bottom flange can 
be written as

Wb = 2 * Mb * A [2+ b/r + r/b+ 2 h/b * Cot 0 ] --- 4.13

The total work including top and bottom flanges and the 
web is

W = w„ + Wt + Wb --------------------------------4.14

Thus equating internal dissipation and the external 
work done by the point load,

Pc = 2h [As *fy*Cot0 +__gc_(1-cosQ) *t] +2 (Mt+Mb) * [2 +b/r+/b]
2 sin0

+ 4Mb h/b cot 0 --------------------------- 4 . 1 5

For minimum values of Pc, using partial differentiation and 
back substitution:

Pc = 2 ac * h * t * V[<t> (!-<(>) ] + 8 * (Mt + Mb) -----4.16

Where = As fy + a Mb/b --------------- 4.17
CTc * t
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The mechanism within the top and bottom flanges could 
vary from what was originally assumed depending on the 
reinforcement content. Punching shear could also occur 
under the point load in conjunction with the web-shearing 
mode. The external work in the above expression had ignored 
the work done by the self-weight of the element.

The collapse mechanism could be also applicable to the 
loading of internal webs. In this case the membrane force 
could become significant.

If adequate reinforcement were provided in the web to 
prevent shear failure in the web, the shearing failure 
would be forced towards the flanges of the flange web 
junction. Such concentration of the deformation at the 
flanges result in the deformation rates of 8n, 2 5nt and 0n. 
The work equation may be itemised as follows:

1 . the generalised yield line in the top flange,
2 . the generalised yield line in the bottom flange,
3. the mid span hinges in the web,
4. the corner hinges along the flange web junction,
5. twisting work in the top and bottom flanges and
6 . mid span flange and web discontinuity.

Cookson derived an expression for evaluating the total 
work done in the discontinuity along the flange web 
junction using the yield surface equations similar to 3.78. 
By using the method of iteration and partial equilibrium 
along the shear discontinuity, the minimum upper bound for 
the mechanism was found to be

P = 4 go bd2. Sinh’1 (_L__) + d. Cit [1+ (_L_) 2] * + L.Myts 
L 2at 2at 2b

+ 4 gc b(h-d)2. Sinh“1 (_L_) + (h-d) ,Cib[l+( L ) 2 ] V* 

L 2ab 2ab

+ L . Mybs +2 g c twd2 + 4F (s—d) + ( Mt + Mb) ( L +4+2b) 
“2b L L 2b L

4.18
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Where,

Cl — V [ NyS (C?C • tf Nys)] ~ ~ - -4.19

C2 = Ci / (2<jc) 4.20

tf is the flange thickness ; Cit and C2t refer to the top 
flange; Cib and C2b refer to the bottom flanges respectively.

at = bdCit/C2t ------------------ 4.21

ab = b(h-d)Cib/C2b --------------------4.22

A possible alternative mechanism that may occur for 
single span box beams involves the shear, distortion of the 
top and bottom flanges. For continuous beams, however, the 
restraining effect of the adjacent spans is likely to 
prevent this mechanism from developing. For this reason, 
such a mechanism is not given further consideration.
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4.5 Summary

This chapter describes briefly the behaviour of box 
girders under load and the available methods of elastic 
analysis. The ultimate collapse analysis using the yield 
criteria developed in chapter three has been presented. 
Geometrically compatible collapse mechanisms are discussed 
for the upper bound solution of concrete slab structures. 
The stress resultants along and across the yield boundaries 
are assessed. By equating the work done by the external 
applied load and the total internal energy dissipation
along the various yield zones, it is possible to calculate 
the collapse loads. Since the solution is an upper bound 
value, there are other possible collapse mechanisms which 
could give a lower figure. However, by choosing a
mechanism, which is close to the actual collapse pattern, 
it is possible to obtain a collapse load, which is near to 
the lowest upper bound solution. The solution for 
prestressed box beams would be similar to the ordinary
reinforced sections, except the reinforcement content 
should be modified to incorporate the effect of
prestressing. In the following chapter, the experiments 
that have been conducted on four box beams are described.
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FIGURE 4.4 SHEAR LAG IN BENDING OF BOX BEAM
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Bending stress distribution in a box beam 
cross section using ordinary bending Theory

Bending stress distribution in a box 
beam cross section considering the 
shear-lag effect
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FIGURE 4.8 PUNCHING SHEAR OF TOP SLAB UNDER WHEEL LOAD
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Chapter 5 Concrete Box Girder Model Experiments

5.1 Introduction

Following the preliminary shear experiments described 
in Chapter 2, four box girder models tests were carried 
out. It was not the intention in this study to model any 
particular real box girder structure but merely an attempt 
to verify the validity of assumptions made for the collapse 
mechanisms and the corresponding collapse loads. This 
information could then be used to study the behaviour of 
actual structures. The average scale of the model 
structures was chosen as 1:10.

The objective of the first model was to study the 
collapse behaviour of a typical internal flange and web 
junction of a simply supported twin-cell box beam Bl. The 
load was applied to an internal web until failure of the 
section. The two external web members were welded steel 
frames made from structural channel and Tee sections. The 
bending and shear capacities of these frames were chosen to 
be comparable with those of the concrete web members. The 
load deflection characteristic of the steel frames was 
studied. The open steel frame on each side allows the 
observation of crack development of the centre web and made 
the measurement of strain and crack widths possible.

In the second experiment studied the failure of the 
external flange and web of an idealised model of a 
multi-cell continuous box beam B2 was studied. The load was 
applied to the centre of the outer web. The adjoining cells 
were idealised by a solid reinforced concrete beam with 
comparable bending and torsional strength. Providing an 
external reaction and restraints simulated continuity over 
the adjoining span.

The objective of the third experiment was to study the 
collapse behaviour of a three-cell two span continuous 
reinforced concrete box beam B3. The two spans, including 
their end diaphragms, were initially cast separately and 
then connected by a central in-situ diaphragm. The central 
and end diaphragms prevent distortional deformation at the 
supports and helped to distribute the reactions more 
uniformly across the section at the supports. The loading 
arrangement allowed two separate tests to be carried out at 
different locations in the two spans.
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The last test was conducted on a prestressed concrete 
double cell two span continuous box beam B4. The beam was 
cast in two halves with the un-bonded prestressing wires in 
their correct position. The prestressing wires were then 
linked together, prior to concreting the diaphragms, using 
special wire couplers. The prestressing wires were then 
stressed from both ends after adequate strength was gained, 
usually after 21 days. Diaphragms were only provided over 
the supports. Two load cases were considered in the 
experiment and the loads were applied over the two 
adjoining spans at selected positions.

This chapter describes the various aspects of 
formwork, materials and instrumentation, including strain 
measurement and defection measurement for the box beam 
models. The four box girder model tests are described and 
review of the experimental results is provided.
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5.2 Formwork and Material

5.2.1 Formwork

The formwork for the internal cores was made from 15mm 
plywood. The top and bottom pieces were chamfered to give a 
15mmxl5mm fillet at the corner of the core. There were 
internal blocking pieces to maintain the external dimension 
of the core. Externally, the core formwork was wrapped in 
thin gauge polythene sheeting to enable easy stripping of 
the formwork. The side and soffit forms were also made from 
15mm ply. The base of the form was of sufficient width to 
allow the widest three-cell box girder to be cast. Prior to 
the placement of the reinforcing cage, the formwork was 
coated with mould oil. The side forms were adequately 
braced by short strutting pieces to ensure that the width 
of the section was maintained. Three core forms were made 
for casting the three-cell box beam.

Permanent timber forms were used for the internal face 
of the end diaphragms. These were then tied to the external 
form with spacer blocks in between to ensure that a 
constant thickness of the diaphragm is maintained. These 
forms were left in place and were not considered to affect 
the strength of the box member.
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5.2.2 Micro Concrete

The micro concrete mix used for the shear tests was 
modified and adapted for the concrete box girders. 
Initially, it was the intention to sieve a Zone 2 sand 
material. Any larger particles retained on the No 7 sieve 
to be discarded. Therefore, the maximum size of the graded 
sand was 2.36mm. The sieved material was used as the 
aggregate. However, it was felt that difference between the 
sieved and unsieved zone 2 sand were not great. Further 
more, because of the quantity of concrete required for each 
box beam, it was decided to use a Zone 2 sand as the coarse 
and fine modelling material without sieving. A plasticizer 
was used to improve the workability of the mix without 
increasing the water cement ratio. The mix proportion for 
the micro concrete were as follows:

Aggregate cement ratio: 2 . 8

Water cement ratio: 0.48

Workability: High

Cement : o O

Aggregate :

Sieved Zone 2 sand

7-14 sieve 1 1 %

14-25 sieve 25%

25-52 sieve 46%

52-100 sieve 15%

1 0 0 + 3%

Plasticizer (Celloplast): 2 .8ml/kg

Average moisture content: 3%

The concrete compressive strength was determined from 
1 0 0 mm cubes, and split cylinder indirect tensile strength 
from 150mm diameter x 300mm cylinders.
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The micro-concrete was compacted by externally mounted 
vibrators. Two external vibrators were mounted on top of 
each model. In all cases, the concrete compacting was 
satisfactory except for one span of the three-cell 
continuous box beam B3. Some honey combing was discovered 
in the bottom flange near the centre and it was conceived 
that this would affect the twisting and shear strength 
contributed by the bottom flange. The area was repaired by 
removing as much of the honey combing as possible and 
replacing with the same micro-concrete mix of the original 
model material.

Additional cubes were cast for determining the 
strength of the concrete at transfer for the prestressed 
box girder experiment. Concrete cylinders were also cast to 
assess the tensile strength of concrete using split 
cylinder tests.
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5.2.3 Reinforcement

Generally, the mesh reinforcement used was a 25mm x 
25mm square mesh with 3mm diameter steel wire. The mesh was 
also tested in conditions where welding was required. This 
condition was expected in the two span box beams B3 where 
continuous reinforcement over supports was required. For 
beam B3, the two spans were cast separately and joined 
together with an insitu diaphragm. The continuity of 
reinforcement was achieved by lap welding the top 
reinforcement. Tensile tests on the welded laps indicated a 
slight difference in ultimate strength. The elastic strain 
elongation was less than that of the non-welded specimen. 
This indicated that welding has reduced the ductility of 
the wire as expected. The reduction, however, was not 
significant for the purpose of the model tests. In a 
prototype structure, however, welding the reinforcement on 
site has to be carefully monitored to ensure that the 
welding operation has not significantly altered the yield 
strength of the reinforcement.

The additional reinforcement used was 4.1mm high 
tensile plain wire. Some of the wire had been work hardened 
by twisting. Tensile tests indicated that work hardening by 
twisting only gives slightly higher yield strength.

For the post-tension box girder experiment B4, a 
single 5.1mm diameter prestressing steel wire used. No 
attempts were made to scale down the full size prestressing 
strands, which were usually 7 wires bundled to form a 
larger diameter cable. In the experiment, the surface of 
the wire was covered by insulation tape to simulate the 
unbonded condition. Depending on the design, the 
prestressing strands may be grouted to give a bonded 
condition for the prototype structure. The bonded condition 
would reduce the stress relaxation of the strands and the 
losses from the effect of creep. In addition, it also 
offers some degree of protection against corrosion.

Each type of reinforcement was tensile tested to 
determine the stress strain characteristic and the results 
are summarised in table 5.1.
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Type of reinforcement As mm2 Fu kN fy N/mm2 Es kN/mm2

3mm mesh 7.07 3.5 495 45

4mm twisted 12.57 6.29 500 209

4mm unworked 12.57 6.10 485 222

5mm prestress 19.63 28.46 1450 208

TABLE 5.1 REINFORCEMENT CHARACTERISTIC

In table 5.1, the area of reinforcement 'As' was based 
upon the nominal diameter since the actual diameter varied 
slightly. The yield stresses were therefore, only based 
upon the nominal diameter. In ultimate load analysis, it is 
more appropriate to use the total yield force for the 
reinforcement, Fu.

It was noted that the difference in tensile strength 
between the twisted and unworked 4mm wire was small. The 
small gain in tensile strength did not warrant the 
additional effort in work hardening the large quantity of 
wires required for the experiments. It was, therefore, 
decided to use the plain wires for all the box girder 
experiments.

In general, the reinforcement in the top and bottom 
flanges of the box beams consisted of two layers of mesh. 
Additional 4mm longitudinal wires were placed within the 
mesh to increase the section's reinforcement content to the 
design requirement. The web reinforcement consisted of two 
layers of mesh. The top and bottom legs of the web mesh 
were bent over 90° and lapped with the mesh in the top and 
bottom flange.

In the idealised internal flange and web beam model 
Bl, the reinforcing mesh was welded to the steel lattice 
beams on either side. Additional diagonal reinforcement was 
provided to strengthen the corners and to avoid premature 
failure of the corner junctions.

For the restrained outer cell model B2, ordinary high 
tensile steel reinforcement was used in the solid portion. 
The design stresses were based upon CP110 with fy varying 
between 425 and 4 60 N/mm2 depending on the diameter of the
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reinforcement used. No tensile tests were carried out for 
this reinforcement. The current concrete code BS8110 (1985) 
allows stresses of 460N/mm,2 irrespective of diameter. The 
difference in stresses for the two codes, however, did not 
invalidate the ultimate capacity of the solid region.

The reinforcing for the three cell boxes B3 was 
similar to that of the other box beams. Since the two spans 
were cast separately, continuity of the top reinforcement 
was achieved by ensuring adequate anchorage and lap of the 
reinforcement within the centre diaphragm. When this was 
not possible, the mesh reinforcement from the two sides was 
joined together by welding in order to provide continuity.

The two-cell prestressed post-tension box beam B4 also 
had similar basic reinforcement cages as the other beams. 
The difference in reinforcement was that fifty percent of 
the main tension reinforcement in the bottom flanges and 
top reinforcement over the central support was substituted 
by 9 number of 5mm prestressing wires. The stressing wires 
were positioned within the webs and profiled to follow as 
much as possible the bending moment diagram. The 
prestressing wires were greased and wrapped with PVC tapes 
to represent an unbonded condition. The two spans were cast 
separately and then joined together by an insitu pour over 
the central support. The prestressing wires were joined at 
the centre diaphragm by special couplers before the 
diaphragm concrete was cast. Stressing of the wire was 
carried out from both ends. The prestressing wire was 
stressed to 75% of the ultimate value.

Allowances were made for the creep and shrinkage 
loss, and slippage of wire at the stressing anchors. 
Although the wires were greased and wrapped to minimise 
friction loss during stressing, additional losses due to 
friction and wire profile were inevitable.
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5.3 Instrumentation

5.3.1 Load Cells and Proving Ring

A total of twelve load cells were needed for the 
different experiments. The aluminium load cells were 
individually calibrated up to 50kN capacity with a 
sensitivity of 50N/digit during the calibration. The 75mm 
high, 4 0mm diameter load cells were used for monitoring 
reactions under various loading arrangements. In general, 
the load cells were positioned under each web. In those 
cases when a reversal of reactions was expected, load cells 
were also placed on top of the box beam and reacted against 
the load frame.

Loading was applied via a 250kN capacity proving ring. 
The ring was attached to a hydraulic jack with a pressure 
gauge that was fixed to the reaction frame at one end. The 
opposite end was fixed to a screw jack with a ball reaction 
mount against the structure. The pressure gauge from the 
hydraulic jack also acted as a check against the load 
indicated from the proving ring. The hydraulic ram provided 
load control, whilst the screw jack provided deflection 
control during the plastic deformation part of the load 
deflection curve.

The load was applied to the outer web at mid span for 
the single cell box beam B2. Hence, the box beam was 
subjected to eccentric loading that gave rise to bending 
and torsional effects. The load was applied to an internal 
web as well as an outer web for the multi-cell beams B3 and 
B4 .

The initial load was applied as a single point load over 
a spreader plate for the idealised external flange and web 
model B2. The flange and web junction under the point load 
failed by local punching shear, unexpectedly. In order that 
the experiment could continue, the crushed area was 
repaired. The load was rearranged and applied through a 
spreader beam onto two reaction pads. This slightly altered 
the bending moment applied to the beam. However, by 
splitting the single point load into two, it reduced the 
effect of direct punching failure. Subsequently, the same 
load arrangement was adopted for the other tests.
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5.3.2 Strain Measurement

Strain was measured on the reinforcement and concrete 
during each loading cycle. Electrical resistance strain 
gauges were used to monitor the strain in the reinforcement 
as well as the load cells. 100mm Demec gauges were used to 
measure strain on the concrete surface. Where the element 
was subjected to combined shear and axial stresses, the 
Demec gauge points were arranged in a rosette pattern to 
determine the principal stresses. In addition, the gauges 
were also used to monitor the development of cracks across 
the fracture section.

The electrical resistance strain gauges (ERS) were 
attached to the surface of selected reinforcing rods and 
individually identified and tested before the concrete was 
cast. The strain gauges were calibrated using an aluminium 
cantilever beam with a point load at the end. The simple 
geometry and stress and strain at the root of the 
cantilever bar was known. Hence the corresponding strain in 
the gauge could be calibrated in this way. The data logger 
recorded the change of the resistance as a result of 
straining with paper printouts for subsequent 
interpretation and analysis.

A 100 mm Demec gauge was used to measure the surface 
strain of the concrete. A rosette arrangement of measuring 
points was set up so that the principle strains could be 
established. When cracks developed across the rosette, the 
measurement over the cracks could trace the development of 
the crack widths during the history of loading. Strains 
were measured on the top and bottom flanges and the webs at 
selected locations.

A considerable amount of strain data was obtained from 
the various model tests. The flange web junction test B1 
used 156 strain gauges and 102 Demec gauge readings from 
the various rosette arrangements. The restraint outer cell 
test B2 used 56 strain gauges and 6 8 Demec gauge readings. 
The two span continuous box B3 used 112 strain gauges and 
99 Demec gauge readings. Most of the results merely 
confirmed the yielding of the reinforcement and the 
concrete resulting in the measurement of the development of 
the cracks. In the last prestressed concrete model B4, no 
attempt was made to measure the strains. Only the 
deflection profiles along and across the section of the 
model were monitored.

136



5.3.3 Deflection Measurement

The deflected profile of the beam sections was 
monitored during the tests using dial gauges. The locations 
of the deflection gauges were such that both the 
longitudinal and transverse deflection could be plotted. 
Gauges were also placed on the sides and end faces of the 
beams. The lateral displacement values enabled the 
assessment of the twisting and warping distortion of the 
cross section.

Dial gauges were used for the deflection measurements. 
The gauges were set up on independent scaffolding frames to 
minimise disturbance. Typical deflected profiles of the 
various experimental beams will be described in the next 
chapter.
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The experiment B1 was conducted to investigate the
collapse behaviour of idealised internal flanges and the 
web of a simply supported double cell box beam. The box 
beam model scale was 1:10. Welded steel lattice frames made 
of structural channel for the top and bottom chords and the 
structural tee sections for the diagonal members replaced 
the two external webs. The open frame outer webs enabled 
the observation and measurement of strain and crack 
development of the internal web throughout the test. 
Figures 5.1 to 5.5

The two lattice steel frames, which represented the
external webs, were fabricated from 76x38 steel channel and 
38x38 structural tee-sections with welded connections 
throughout. Preliminary tests were carried out to assess 
the load deflection behaviour. These tests were carried out
on the individual frame prior to the fixing of the
reinforcing caging. Figure 5.12.

The preliminary tests of the two steel frames involved 
applying a point load of up to 30kN at selected positions 
along the span. The corresponding deflections at selected 
nodes along the span were then recorded. By plotting load 
verses deflection for each node point, the flexibility 
matrix was obtained experimentally. It was intended to 
determine the stiffness matrix by inverting the flexibility 
matrix using the following relationship.

§ = F x p where 5 = Deflection Matrix
F = Flexibility Matrix 
p = Force Matrix

5.4 Idealised Internal Web and Flanges of a Simply
Supported Girder

The expression could also be written as

P = K x § K = Stiffness Matrix,
which is the 
inverse of F

and: K = F_1

There were limitations to the above method. The 
flexibility matrix was based on the selected load points 
and locations where measurement of deflection took place. 
Therefore, the stiffness matrix obtained by inversion was

138



also of limited use. In spite of this deficiency, however, 
the method would still give some indication of the effect 
of other loads applied to the structure simultaneously. In 
Lower bound solutions, this information would be useful.

In designing the steel lattices, the members used were 
so proportioned that the bending and shear capacity was 
comparable to that of a concrete web element. The steel 
lattice beam had however a higher stiffness, and produced a 
smaller deflection. In ultimate load condition, the 
collapse mechanism would be restricted to yield lines 
between the webs and flanges. Also, since the material 
behaviour is assumed to be rigid plastic, the elastic 
behaviour of the outer web is not likely to influence the 
failure behaviour of the overall box girder. The overall 
collapse analysis for the interior flange and web junction 
would still be valid.

The reinforcement cages were added after the 
preliminary tests on the steel lattice beams. Figure 5.13. 
The edge of the reinforcement mesh was welded to the top 
and bottom of the frame. Additional wires were added as the 
main longitudinal reinforcement on which strain gauges were 
attached. The assembly was ready to receive the 
micro-concrete after inserting the two internal formworks. 
Figure 5.14

The model span was 3.5m, and the width was 736mm. 
There were two cells of 330mm centre to centre. The 
thickness of top and bottom flange slabs was 25mm. The 
thickness of the internal web was 30mm and the overall 
depth of the section was 250mm. This represents a span 
depth ratio of 14, which would be within the range of span 
depth ratios in Swann's surveys of constructed bridges.

The model was supported on precast concrete plinths at 
each end. Loading was applied to the centre of the central 
web via the proving ring and a 300kN capacity hydraulic ram 
jacking against a reaction frame, The frame legs were 
anchored down by holding down bolts to the laboratory's 
strong floor.

Calibrated load cells were used under each web end 
support. This enabled the measurement of the distribution 
of the support reactions. In addition a larger load cell
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was used under the proving ring to verify the applied 
loading.

A total of 156 strain gauges were used in both the 
longitudinal and transverse reinforcement to determine the 
distribution and development of the strain throughout the 
test. There were 60 gauges in the top flange, 60 gauges in 
the bottom flange and 36 gauges in the centre web. Figures
5 .6 and 5.7.

100mm Demec gauges were also used for surface strain 
measurement in different rosette arrangements on the top 
and bottom flanges and also the internal web surfaces. 
There were three types of rosette arrangements. The "R" 
type comprised of 6 gauge points set out to measure strain 
in three directions at 0°, 45° and 135°, thus enabling the 
principle strain and development of crack width to be 
determined. In the "T" Rosette, there were four gauge 
points set out at 0° and 90°, thus measuring only the 
longitudinal and transverse strain only. The original 
intention was also to have some "I" rosettes with 6 gauge 
points arranged in an "I" format on the web to determine 
the flexural strain. There was a total of 20 "R" rosettes 
and 12 "T" rosettes on the top and bottom flanges and outer 
surfaces of the beam. The "I" rosettes for the webs were 
abandoned because of access difficulties. The readings from 
the 20 "R" rosettes, 12 "T" rosettes and 84 Demec gauge
readings for each load step are shown in Figures 5.8 to 
5.10.

Thirty dial gauges were mounted on independent frames 
to monitor deflection. Eighteen of those were arranged to 
measure vertical deflection of the webs and 6 gauges at the 
each end for the horizontal movement of the end diaphragms, 
Figure 5.12.

The crack patterns were marked on the member and 
photographed and compared with anticipated crack patterns 
and the assumed collapse mechanism.
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5.5 Idealised External Flanges and Web of a Continuous
Girder.

This experiment B2 was conducted to investigate the 
collapse behaviour of the external flanges and web of a 
multi-cell continuous concrete box girder. When the applied 
loading was concentrated on the outer web, it was 
conceivable that failure of such a structure would be 
localised and limited to the outer cell only. It was, 
therefore, considered appropriate to study the failure of 
the outer cell only of the structure. The remainder of the 
structure was idealised by replacing the other cells with a 
solid rectangular beam that would resist both bending and 
torsion. Continuity was established by providing a vertical 
restraint at the free end of the beam. The restraint gave 
rise to a hogging moment to the end thus simulating a 
continuous moment over the support. Figure 5.15 to 5.17

In general, the dimensions of the flanges and web were 
similar to the ordinary twin cell boxes, which have been 
tested. The overall length of the beam was 4.1m with a 3.5m 
cellular span and a 500mm solid cantilever end span. The 
simply supported end diaphragm was 100mm thick. The overall 
width of the beam was 555mm with a 30mm external web, a 
300mm void and the 255mm solid section. The design for the 
bending and torsional resistance of the solid element was 
to ensure that failure would be restricted to the outer 
cell only. The reinforcing for the solid section was made 
up of 25mm and 16mm diameter high yield bars with 6mm 
links. The mesh reinforcement from the cellular section 
lapped onto the cage of the solid element. Additional 4.1mm 
wire top reinforcement was provided over the short 
cantilever end for the continuity reinforcement and also at 
the bottom of the simple span, Figure 5.18 to 5.19. The 
concreting for the beam was completed in two pours thus 
enabling the internal formwork core to be remove prior to 
the second pour forming the end diaphragm, Figure 5.20.

The beam was then set up on the precast concrete 
plinths on load cells with the reaction frames for loading 
and holding down ready for testing, Figure 5.21. The simply 
supported end was placed on rocker bearings that allowed 
rotation only, Figure 5.22. The centre support was on 
roller bearings that allowed both rotational and lateral 
movement, Figure 5.23. The cantilever end restraint was 
supported also by roller bearings, Figure 5.24.

141



A concentrated point loading was applied to the outer 
web. Demec gauge was used to measure the surface strain. 
Arrays of 15 "R" rosettes, 6 "T" rosettes and 11 linear 
gauge points making a total of 6 8 gauge readings for each 
load step were provided. The strains in the reinforcement 
were measured by electrical strain gauges. A total of 56 
strain gauges were used. It was possible to correlate the 
Demec readings with those from the strain gauge readings. 
The deflection at various points were also monitored and 
recorded to determine the deflection profile under loading 
through to failure. Twenty dial gauges were used for the 
deflection measurement.

During the test, a premature local failure of the 
flange web junction under the point load occurred. The mode 
of failure appeared to be a punching shear of the flange 
and local crushing of the web. This type of failure should 
have been avoided by increasing the contact bearing area. 
In the prototype structure, where loading would be from 
traffic, such large local concentration of point loading 
would not be applied. In order that the experiment could be 
continued with the original assumed failure mechanism, the 
model structure was repaired. The applied loading was 
rearranged with the load applied over 2 points at 450mm 
apart. The bearing plate size was also increased. Loading 
was then applied gradually in load steps in the elastic 
range until yielding started and then by deflection steps 
until a distinct collapse mechanism was established. It was 
noted that the collapse mechanism under this loading 
condition would only result in the formation of yield lines 
and plastic hinges within the outer web and top and bottom 
flanges of the outer cell. The repair did not affect the 
experiment.

The crack patterns were marked and noted after the 
completion of the test.
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5.6 Multi-cell Two Span Continuous Reinforced Concrete Box 
Girder

The box beam model B3 consisted of two continuous 
spans of three cells constructed in reinforced micro-
concrete. The reinforcing and geometry was basically 
similar to the idealised models carried out for the 
internal flange web model and the idealised external flange 
web model. The overall width of the member was 1020mm. The 
two equal spans were 3500mm, Figures 5.25 to 5.27. The 
model was cast in three operations. The two spans were cast 
separately and then they were connected together by an 
insitu centre diaphragm, Figures 5.28 and 5.29.

Two basic load tests were carried out on the box beam. 
The primary test applied a single point load to the outer 
web near the centre of one span, Figure 5.30. The test was 
conducted until the ultimate load was reached, and the 
ultimate load remained constant as the deflection 
increased. The strain gauge, Demec gauge and dial gauge 
readings were recorded for analysis. The test was carried 
out to compare the results with those obtained during the 
idealised outer cell experiment B2.

A total of 112 electrical resistance strain gauges 
were used on the reinforcing bars at two sections of the 
member. There were 56 gauges at the centre and 56 gauges 
near the central support. The gauges were arranged in such 
a way that both longitudinal and transverse reinforcement 
in the top and bottom flanges and in the webs were 
monitored. Prior to the load test, it was discovered that 
15 of the gauges were damaged. Hence, no reliable strain 
readings were obtained from these gauges.

The surface strain was also monitored by Demec gauge 
readings. On the top surface, there were 7 one-directional 
gauges, 6 transverse gauges and 8 three-directional gauges. 
On the bottom surface, there were 6 transverse gauges and 8 

three-directional gauges. 4 three-directional gauges and 8 

one-directional gauges measured the surface strains of both 
outer webs. There were a total of 99 gauge readings for 
each load stage.

Twelve load cells were used under the web supports to 
monitor the reaction distributions. Rocker bearings were
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used at the centre support and roller bearings were used 
for the two outer diaphragms. The load cell strain gauge 
outputs were connected to the data logger for recording.

37 dial gauges monitored the deflection profile of the 
beam section. There were 8 gauges at the end diaphragm, 8 

gauges at each of the quarter span of the loaded span and 5 
additional gauges were used on the opposite span along the 
loaded web.

The loads for the second test were applied over an 
interior web near the centre of the adjoining span, Figure 
5.31. They were applied during the elastic range until the 
collapse mechanism was established. The test was conducted 
to verify the validity of the assumption that the yield 
mechanism was concentrated within the loaded zones of an 
interior web. In the test, only the deflection profile was 
monitored and the crack patterns noted. Hence, no attempt 
was made to measure the strain distribution throughout the 
structure.

The crack patterns were highlighted and recorded on 
photographs, Figures 5.30 and 5.31.
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5.7 Multi-Cell Two Span Continuous Prestress Concrete 
Box Girder

The final experiment B4 was carried out on a twin cell 
two span prestressed box beam. The geometry was generally 
similar to the other box beams. The beam width was 690mm 
with three 30mm webs and two 300mm cells. The two span 
lengths were 3500mm, Figures 5.32 to 5.35. Half of the main 
top and bottom longitudinal reinforcement was omitted and 
the equivalent substituted by prestressing wires. A total 
of nine 5mm prestressing wires were used with three wires 
concentrated in each of the three webs, Figure 5.36. The 
wires were coupled over the centre support and, therefore, 
stressed from both ends. They were stressed in such a 
sequence that the unbalance force across the section was 
minimised. To avoid local crushing of the concrete surface 
under the stressing anchors, 1 2mm thick steel bearing 
plates were used to spread the stressing forces uniformly. 
The positioning of the stressing wire in the webs allowed 
adequate anchorage to be developed. The ultimate bending 
moment capacity of the stressing system reduced because of 
the reduced effective depth of the stressing forces. The 
prestressing wire profile was such that some of the dead 
and live load bending moments were resisted by the 
prestressing system. The wires were wrapped in Denso tapes 
to simulate an un-bonded condition. The prestressing wires 
were joined together by special wire couplers over the 
centre support prior to the casting of the centre diaphragm 
since the two spans were cast separately.

After the centre diaphragm concrete had cured for at 
least 28 days, the stressing wires were effectively 
post-tension to 19.9kN from both ends. This prestressing 
force represented 70% of the yield strength of the wire. 
The actual applied stressing force to each wire was up to 
24.2kN, however, which was as much as 85% of the yield 
strength. This was necessary to overcome the frictional 
losses and anchorage losses during stressing. In a 
prototype structure, the prestressing strains would 
normally be grouted inside the tendon duct to reduce the 
effect of strand relaxation and anchorage slip of the 
prestressing system. In addition, the effect of creep and 
shrinkage in the concrete may also be reduced. Grouting 
would also provide corrosion protection to the strands. On 
motorway bridges where de-icing salts are often used, if 
the salt solution find its way into unbonded stressing 
cable ducts, serious corrosion problems may go undetected.
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The end diaphragms were 100mm thick whilst the centre 
diaphragm was increased to 2 0 0 mm to accommodate the special 
prestressing wire couplers. The box beam was set up on 
three concrete plinths with two load cells on each. Rocker 
bearings were used over the centre support thus allowing 
rotation, but not longitudinal movement. The two ends were 
placed on roller supports which allowed both longitudinal 
movement as well as rotation.

Symmetrical loading was applied initially to allow the 
beam to bed properly onto the supports. For the ultimate 
load case, the loading was applied over the centre of an 
exterior web. Four additional load cells were used on top 
of the member to measure the upward reaction should 
possible uplift under the eccentric loading conditions 
occur.

No attempt was made to measure the surface strain by 
Demec gauges or the strain in the reinforcement. The 
deflected profiles along and across the member were 
monitored by 16 deflection transducers, which were placed 
along and across the section. Crack patterns were also 
noted.
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5 .8 Summary

This chapter has described the experimental details of 
the four box beams. To facilitate the development of 
discussion in the next chapter, the main features of the 
four tests can be summarised as follows in Table 5.2.

Beam Concrete
Strength
N/mm2

Longitudinal 
Reinforcement 
in typical cell

Remarks

B1 40 14-3mn T 4 B flngs 

28-4.lmm Bot flng

Idealised internal flange and web study, external 

steel lattice frames as webs, simply supported, 

symmetrical loading at mid Span.

B2 45 8-3ircn T 4 B flngs 

16-4. lnm Bot span 

16-4. Iran Top over 

Cont. support.

Idealised external flange and web study, adjoining 

multi-cells idealised by solid concrete beam, 

simulated continuity, eccentric loading at mid 

span.

B3 57 16-3mm T s B flngs 

32-4. Iran Bot span 

32-4.Iran top over

Cont. support.

3 cells 2 span continuous box beam study, eccentric 

loading to external webs and syranetrical loading to 

interior webs.

B4 56.3 14-3mn T 4 B flngs 

14-4. Iran bot flng 

3x22.6kN prestress 

per web.

2 cells 2 span post-tension box beam study, 

eccentric loading to adjacent spans.

TABLE 5.2 SUMMARY OF BOX GIRDER EXPERIMENTS
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FIGURE 5.1 TWIN CELL BOX BEAM B1
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FIGURE 5.6 LAYOUT OF STRAIN GAUGES FOR BOX BEAM B1
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FIGURE 5.7 LAYOUT OF STRAIN GAUGES IN WEB OF BOX BEAM B1
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LOADED WEB LOCATION AND NUMBERING DEMEC GUAGES 
(ODD NUMBER FAR FACE, EVEN NUMBERS NEAR FACE) 
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READINGS REQUIRED
TOTAL No OF 'R' ROSETTS 20 60 3 READINGS EACH
TOTAL No OFT ROSETTS 12 24 2 READINGS EACH
TOTAL No OFT ROSETTS 6 18 3 READINGS EACH
TOTAL DEMEC READINGS 102

FIGURE 5.10 LAYOUT OF DEMEC GAUGES IN LOADED WEB OF BOX BEAM B1
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FIGURE 5.11 LOCATION OF DISPLACEMENT GAUGES FOR BOX BEAM B11
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FIGURE 5.17 LONGITUDINAL SECTION FOR BEAM B2
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FIGURE 5.25 PLAN AND ELEVATION OF TRIPPLE CELL BOX BEAM B3



FIGURE 5.26 REINFORCEMENT DETAILS FOR TRIPPLE (  ELL BOX BEAM B3
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FIGURE 5.30 BOX BEAM B3 EXTERIOR_FTANGE WEB TEST
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FIGURE 5.32 PRESTRESSED BOX BEAM B4 PLAN ELEVATION AND SECTION
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3mm 50 x 50 MESH CUTTING LIST

No Thus Length mm Width mm
Top Flange Top Mesh 4 3800 900
Bottom Flange Bottom Mesh 4 3800 900
Top Flange Bottom Mesh 4 3800 750
Bottom Flange Top Mesh 4 3800 750
Web Mesh 12 3800 300

FIGURE 5.35 PRESTRESSED BOX BEAM B4, REINFORCEMENT SECTION
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Chapter 6 Experimental results

6.1 Introduction

In the following chapter, the test results were 
discussed. These results included collapse loads, the 
observed crack patterns, deflection and strain readings for 
the box beams. The crack patterns and deformations were 
related to the assumed collapse mechanisms. The 
experimental collapse loads were compared with the 
theoretical values derived from the earlier chapters. The 
results of similar experiments by other researchers were 
also compared with those obtained by the author. The 
discrepancy between the experimental values and expected 
theoretical values were discussed. Limitations of the 
experiments and the proposed theory particularly regarding 
the assumption of rigid plastic theory were examined and 
summarised at the end of the chapter.
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6.2 Comparison of Experimental and Theoretical Results

6.2.1 Collapse Loads

The upper bound collapse loads for the box beams 
described in the last chapter were assessed using the 
theoretical expressions derived from Chapter 4. In the case 
of simply supported members, the theoretical collapse load 
was itemised under the different structural actions. The 
assumed collapse mechanism involved shear and or bending in 
the loaded web; transverse bending of the flange web 
junctions adjoining to the loaded web; twisting of the top 
and bottom flanges and the end diaphragms. The location of 
the transverse yield hinges depended upon the relative 
bending capacity of the flanges and the web. The tendency 
was for the yield line to form on the weaker of the two 
elements. In the experiments, the flange transverse 
strength was weaker; hence, the yield lines were expected 
to develop in the flanges.

For continuous box beam, additional internal work was 
required to cause yielding of the diaphragm over the 
support region. Hence, additional yield lines across the 
top and bottom flanges over the continuous support would be 
required to enable the formation of the collapse mechanism.

In upper bound analysis, it was often possible to have 
a different collapse mechanism that gave a lower collapse 
load. In such cases, the structure could fail at a lower 
value under an alternative unexpected mechanism. To prevent 
premature failure, it was sometimes possible to reinforce 
the structure locally to ensure that the assumed mechanism 
could fully develop. However, sometimes it was not possible 
to adequately strengthen local regions to avoid failure 
because of the geometric configuration and/or the 
limitation imposed by the relevant design code. In such 
cases, it would be more economical to modify the section 
geometry.

During testing the idealised outer cell box B2, a 
punching shear together with local crushing of the loaded 
web occurred. Because the failure was only local, the 
failure load was much lower than the predicted value. In 
order that the failure pattern follows more closely to the 
assumed mechanism, the loading and reaction system was 
modified after repairing the local damage. The final 
failure pattern was comparable to the assumed mechanism and 
the repair had little effect on the eventual failure.
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Computation of both transverse and longitudinal 
bending capacity of the section was based on a rectangular 
stress block for the concrete with 0 . 6 times the ultimate 
cube strength and the yield load of the reinforcing steel. 
The yield forces in the steel were taken as 3.5kN for each 
3mm wire in the mesh reinforcement; 6.1kN for each 
additional 4.1mm wire and 28.46kN for each 5mm prestressing 
wire. In the current concrete code BS8110 (1985), further 
material factor ym applied to both concrete and steel 
reinforcement to account for the possible variation in the 
material strength and stress profile across the section. 
The factors were 1.5 for concrete and 1.15 for reinforcing 
steel respectively. This could be represented by the 
concrete stress block being adjusted to 0.4 times the cube 
strength and 0.87 times the yield stress for the 
reinforcement. The collapse load was compared with the 
unfactored theoretical load. For the prestressed beam, the 
prestressing force was only taken as 0.7 of the yield 
strength of the stressing wires to allow for prestressing 
loss due to anchorage slip and creep of the concrete.

The upper bound collapse loads for the box beams were 
determined from the geometry of the assumed collapse 
mechanism. The total work done in the mechanism included 
contributions from the generalised yield hinges in the top 
and bottom flanges; bending and shearing of the loaded web; 
transverse yield hinges across the flange and support 
diaphragm region in the case of multi-cell continuous 
sections. Although twisting work was included in the work 
equation, the twisting deformation was small compared to 
those for bending and shear. Whilst the yield hinges in the 
yield zones are approaching yield and giving rise to large 
plastic deformation, the twisting component was still 
within the elastic limit. Hence the ultimate twisting work 
was small when compared to the work done in the generalised 
yield lines. An alternative was to introduce additional 
yield lines over the slab elements to satisfy the geometric 
compatibility without any twisting regions. If at the same 
time, an equilibrium condition could be achieved, the 
result would tend towards a lower upper bound solution 
depending on how accurate the equilibrium status had been 
satisfied.

Three theoretical collapse loads were computed, a 
deformable section without shear; a deformable section with 
shear; a deformable section with modification to the shear 
capacity based on the factor derived from chapter 2 , the 
computation was included in Appendix B and summarised in 
Table 6.1.
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Member

Theoretical Collapse Loads (kN) Experimental Collapse Load 
(kN)

No Shear/ 
Distortion

Shear/
Distortion

shear/ 
distortion 
with shear 
modification

B1 124.04 169.8 137.4 113.00

B2 129.9 149.7 113.9 123.50

B3 a 160.1 199.0 163.2 155.00

b 130.4 168.7 132.9 115.00

B4 96.10 121.6 85.2 87.50

B1 Simply supported twin cell box beam, Idealised internal flange web beam section 

B2 Continuous multi-cell box beam, Idealised external flange and web beam section 

B3 Two span Continuous three cell box beam

a. Test on Internal flanged web section

b. Test on external flange web section

B4 Prestressed two span double cell box beams.

Test on external flange web section

TABLE 6.1 EXPERIMENTAL AND THEORETICAL COLLAPSE LOAD

For computation of collapse loads see Appendix B
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6.3 Experimental Observations

6.3.1 Box Beam B1

Loading of the composite beam was by a single point 
load applied at the centre of the central web, which was 
induced by jacking against the proving ring. An initial 
load of 20kN was applied and then unloaded. The procedure 
was then repeated with load increments of 20kN up to 80kN. 
At each stage of unloading, there appeared to be a 
permanent set. This could be the result of some plastic 
deformation of the member. In addition, the supports could 
adjust themselves to take up any initial bedding slack. At 
each load stage, the automatic data logger recorded the 
steel strain and concrete strain at various locations. 
Surface strains at various locations were also measured. At 
the same time, any crack development was noted. After 
unloading from 80kN, the box beam was reloaded and 
subjected to gradual increases until failure. At the final 
stage, when the applied loading reached a maximum, the 
deflection of the centre section increased rapidly. The 
other sections remained stable. This indicated local 
yielding of the member. The strain values in both steel and 
concrete at the yield section increased rapidly. The load 
deflection characteristics of the box beam can be 
represented by the curves shown on Figure 6.1. The 
deflection profile of the longitudinal and transverse 
sections of both outer webs and the centre web were 
plotted. The results for the loads plotted against 
deflection are summarised in Figures 6.2 to 6.5. It can be 
seen that the box beam was behaving elastically prior to 
the formation of the collapse mechanism. Once the ultimate 
load of the section is reached, and the mechanism formed, 
deformation for the loaded centre web increased rapidly 
whilst the other webs deflect very little subsequently. The 
rate of deformation from this point onward can be 
considered. Deformation may be considered to be 
concentrated on the yield lines and plastic hinges with the 
other non-yielding parts as rigid regions.

The strain values both on the reinforcement and the 
concrete surfaces were measured. Figure 6 . 6  shows the 
distribution of the strain values in the bottom 
longitudinal reinforcement in the bottom flange. It can be 
seen that the strain value is highest immediately under the 
loaded web and reduces gradually towards the outside 
non-loaded webs. It is inevitable that the reinforcement 
under the load web approached yielding first and
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progressively reduced towards the outside web.

Similarly, figure 6.7 showed the strain distribution 
of the longitudinal reinforcement for the top layer 
reinforcement of the bottom flange. Again the strain under 
the loaded web was the highest with gradual reduction 
towards the outer webs.

Figure 6 . 8 showed the strain distribution of the 
transverse reinforcement in the bottom flange. As expected, 
the reinforcement immediately under the loaded web yielded 
first, followed by the yielding of the reinforcement at the 
outer flange web junction forming the transverse mechanism. 
The transverse bending of the bottom flange resulted in a 
yield line forming under the loaded web.

The transverse deformation caused compression of the 
top surface of the bottom flange. This was demonstrated by 
the strain distribution of the transverse reinforcement in 
the top layer of the bottom flange, Figure 6.9.

Figures 6.10 and 6.11 showed the compressive strain 
distribution of the longitudinal reinforcement for the top 
flange. As expected, the compressive strain value for the 
top layer steel had sustained a higher value than the 
bottom layer.

The transverse strain distribution for the top and 
bottom layers of reinforcement for the top flange were 
shown in Figures 6.12 and 6.13. The distribution was 
similar to that recorded in the bottom flange, Figures 6 . 8  

and 6.9. Thus the strain values in the material verified 
that the required transverse yield mechanism had developed.

Figure 6.14 showed the longitudinal strain distribution 
for the web reinforcement in the loaded web. It was 
interesting to note that the web reinforcement near the 
bottom had reached yielding whilst the strain values in the 
top and centre reinforcement remained more or less 
constant.

Figure 6.15 provided a summary of the longitudinal 
strain values for the different elements of the box beam at
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the centre section under the load of llOkN. This was 
compared with the longitudinal strain measurement by Demec 
gauges on the outer surface of the top and bottom flanges 
shown in figure 6.16.

Figure 6.17 summarised the transverse strain values of 
the reinforcement in both the top and bottom flanges near 
the centre section at a loading of 80kN. This indicated 
that transverse yielding of the flanges was starting. 
Figure 6.18 showed the transverse strain on the concrete 
surface at the same section under the same loading. There 
were close correlation between the steel strain and the 
concrete surface strain values.

At yield, the crack widths at the yield hinges 
increased after the applied load reached a peak value. At 
this stage, the maximum load could not be sustained. Since 
the load was applied via a proving ring, the relaxation of 
the structure under the yield mechanism could result in a 
reduction of the applied loading from the reaction frame. 
In order that further observations could be made, the box 
beam was subsequently governed by deflection control. Under 
such condition, maximum load was maintained as much as 
possible on the structure whilst the deformation was 
recorded.

First appearance of cracks was noticed when the load 
reached about 30kN. The propagation and distribution of the 
shear cracks in the loaded web and the top and bottom 
flanges were observed. Figure 6.19 showed the cracks on the 
top flange. The main longitudinal cracks were along the 
flange web junction adjoining the external webs. Although 
some cracks extended to near the two end diaphragms, the 
majority of the cracks were concentrated in about 50% of 
the top flange section.

The bottom flange cracking was shown in Figure 6.20. 
It could be observed that cracking had developed near the 
centre of the section. The yield pattern extended outward 
towards the end diaphragms and also the outside web forming 
the classical yield line pattern for a rectangular slab. It 
could also be seen that the underside of the top flange 
showed similar crack patterns as that shown on the bottom 
flange. The Demec gauge points for the bottom flange could 
also be seen in the figure.
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Although the assumption for the yield lines was that 
they were concentrated in the failure zones forming the 
collapse mechanism, the actual crack patterns were more 
uniform radiating from the point of initial yielding.

The crack patterns on the loaded web also originated 
from the centre of the section where the bending moment was 
highest. The cracks were vertical or near vertical and were 
typical flexural cracks. The cracks near the support 
developed at a higher load value of 60kN. At still higher 
load values, the bending cracks at the centre spread out 
towards the support, whilst the shear crack at the support 
spread towards the centre. The strain values measured 
indicated that the web section deformed linearly with the 
applied loading. At the maximum yield load of HOkN, the 
strain value at the quarter point remained static whilst 
the strain in the centre section increased rapidly forming 
a yield hinge in the centre of the section allowing large 
deformation to occur. At this stage, the region with shear 
cracks near the support increased extending towards the 
centre and began to merge with the centre yield hinges.

At this stage, limiting the deformation of the mechanism 
controlled the experiment. The test was continued until the 
deformation limit of the measuring gauges was exceeded. It 
was interesting to note that deformation was only confined 
to the yield zone and mechanism. The other part of the 
structure remained static. Therefore, if deformation rate 
rather than deformation were considered, the assumption of 
the material having a rigid plastic behaviour was valid.
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6.3.2 Box beam B2

This box beam simulated a typical edge cell of a 
multi-cell continuous box beam. It was expected that 
failure would only be confined to the local span and local 
cell of the multi-cell box beam. The other cells beyond the 
first cell were idealised by a solid reinforced concrete 
beam. Applying external reactions and restraint simulated 
the continuous support boundary condition.

Initially, a single point load was applied via the 
proving ring to the centre of the outer web. The bearing 
plate under the proving ring was a 75x75mm square plate 
bedded on the top surface. It was expected that the section 
would be subjected to torsional effects from the eccentric 
loading. The load was applied gradually. The observed 
deformation and strain measurement indicated that the box 
beam behaved in almost linear elastically after initial 
bedding down of the supports and at the load point.

The web and top flange under the point load began to 
fail by web crushing and punching shear of the top flange 
when the applied load reached 94kN, Figure 6.23. This was 
considerably less than the predicted collapse load. This 
load appeared to be a premature collapse load of a 
non-predicted collapse mechanism. It was then decided to 
halt the experiment temporarily.

In order that the assumed collapse mechanism could be 
further developed, attempts were made to repair the local 
crushed area of the web and flange. The applied loading was 
also modified to reduce the effect of the high concentrated 
load on the beam flange. This was to ensure that failure by 
punching shear and web crushing would not occur.

A new spreader beam was introduced under the proving 
ring. The spreader beam was 600mm long x 100mmx75mm, solid 
steel. Two additional bearing plates under each end of the 
spreader beam enabled the applied load to be halved figure 
6.24. The spreader beam also allowed the load to be applied 
outside the original crushed zone.

The test was resumed with the new loading arrangement
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after the crushed section were repaired and gained adequate 
strength, figure 6.25.

The deflections of the entire section at quarter and 
centre spans of the beam were monitored. The load against 
deflection characteristic of the different sections was 
plotted. The result of the load deflection plot for the 
centre section is shown in Figure 6.21.

These graphs appear to confirm the assumption that 
failure was only confined to the outer web and the top and 
bottom flanges close to the overall zone of failure. It 
could also be observed that the flanges and the web having 
reached yield then deformed at a rapid rate. The force 
resultants within other non-yielding regions remained 
almost static, figure 6.21. The maximum recorded failure 
load was 123.5kN compared to the lowest theoretical value 
of 110.6 kN.

The longitudinal deflection profile of the loaded web 
and the solid section was plotted. It could be seen that 
once the failure load was reached, a rapid increase in the 
deflection under the load occurred. The transverse and 
longitudinal deflected profiles were shown in Figure 6.22.

The strain measurement of the reinforcing steel 
indicated yielding of the reinforcement in the yield zones. 
Yielding was noted in the following locations near the 
centre section:

(a) transverse top reinforcement crossing the junction 
of the top and bottom flanges and the inner web,

(b) transverse bottom reinforcement crossing the 
junction of the top and bottom flanges and the 
loaded web and

(c) the longitudinal reinforcement in the lower section 
of the loaded web.

Elsewhere, the reinforcement behaved elastically until 
the centre sections started to yield. The strain in the 
non-yielding sections remained the same, whilst the 
yielding section continued to deform at a much greater

193



rate. The surface strain measured by using the Demec gauges 
may be correlated with the strain values obtained by the 
electrical resistance strain gauges.

The crack and marked pattern on the flanges and web 
were recorded during the load test. They were then 
highlighted after the completion of the experiment.

Figure 6.26 showed the crack pattern on the front of 
the loaded web. It was noticeable that the diagonal shear 
cracks on the loaded web were relatively uniform on both 
sides of the centre section. Further crushing of concrete 
at the repaired section coupled with yielding of the 
reinforcement at the centre showed the typical 
characteristics of the formation of a hinge. There were 
also longitudinal cracks near the bottom and mid height of 
the web. These could have been the result of local buckling 
failure of the web element.

Figure 6.27 showed the failure crack patterns on the 
top flange. The main longitudinal crack lines ran along the 
flange web junctions both at the side and at the interior 
web. The central patched section was the area of repair 
after the earlier punching failure. The diagonal shear 
crack patterns were the result of the twisting of the two 
halves of the flange. Twisting was required to maintain 
deformation compatibility of the section at failure. The 
cracks were confined in the loaded cell only and did not 
extend to adjacent areas.

Figure 6.28 represented the cracks and failure patterns 
developed in the bottom flange of the box beam. The 
diagonal cracks due to twisting appeared to radiate from 
the point of load application. These cracks merged with the 
longitudinal crack formed between the bottom flange and 
loaded web junction. There were some similarity between the 
crack patterns for this box beam and the one shown in 
Figure 6.20 where two adjoining cells were loaded.
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6.3.3 Box Beam B3

Two tests were carried out on this beam. The first test 
was for a concentrated load applied to the centre of an 
interior web. The load deflection behaviour for the four 
webs near the centre span was plotted in Figure 6.29. It 
could be seen that the box beam section behaved almost 
linearly elastically up to lOOkN. Deflection values 
appeared to be higher directly under the applied load. This 
indicated that the transverse section of the box beam 
showed signs of distortion. Above lOOkN, cracks became more 
prevalent and deformation increased more rapidly under the 
applied load. Yielding of the section was evident when the 
applied load reached 155kN when the deflection of the 
loaded web increased rapidly, whilst the other webs 
increased at a much lower rate.

The crack patterns were marked on all the visible 
surfaces. Figure 6.30 showed the crack pattern on the 
external web, which indicated that this web had also been 
subjected to considerable amount of indirect loading 
transferred by the transverse bending stiffness of the top 
and bottom flanges.

Figures 6.31 and 6.32 showed the crack pattern observed 
on the top flange. There was distinct similarity between 
this crack pattern and that of the box beam Bl, which was 
also subjected to similar load configuration. Longitudinal 
cracks along the remote flange web junction were also 
visible at the later part of the loading test. This 
indicated that the large distortion of the cross section 
had caused yielding of section away from the loaded 
section. Transverse cracks over the centre support for the 
continuous beam were also observed. These cracks over the 
support correspond to the continuous moment over the centre 
support.

Figure 6.33 showed the crack pattern in the bottom 
flange. The flange web junction under the loaded web could 
be seen to have yielded and as a result, severe cracks 
along the two edges of the loaded web were evident. Some 
evidence of twisting of the flanges on both sides of the 
loaded web could be observed. This was similar to the crack 
pattern for beam Bl.
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The second load test was to apply the single point load 
on an exterior web of the adjoining undamaged span after 
the completion of the first test. The load deflection 
curves for the loaded web together with the other three 
webs were plotted in Figure 6.34. The maximum yield load 
achieved was 115kN in the experiment compared to 123.5kN 
for beam B2 and 110.6 kN in theory. From the load deflection 
curve in Figure 6.34, it was found that the loaded web 
deflected more readily than the remaining unloaded webs. 
Also, the loaded web deflected rapidly once the yield load 
was reached. It could be observed that the whole section 
also subject to torsional deformation, which was due to the 
eccentric arrangement of the loading. Crack patterns were 
recorded after the completion of the tests.

Figures 6.35 and 6.36 showed the crack pattern in the 
loaded web. The main feature of the crack pattern was the 
development of shear cracks on the loaded web. It was 
interesting to note that the higher shear near the central 
support compared to the exterior support had resulted in 
more severe cracking near the centre support. The other 
crack patterns were similar to those for beam B2.

Figure 6.37 showed the familiar fan shape crack pattern 
of the top flange and yielding had occurred along the 
flange web junction. There was also evidence of twisting of 
the top flange similar to that of beam B2.

Figure 6.38 showed the crack pattern for the bottom 
surface of the beam. It could be seen that the crack 
pattern was mainly restricted to the outer most cells under 
the concentrated load. This crack pattern was quite similar 
to the corresponding pattern for beam B2 in Figure 6.28.
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6.3.4 Box Beam B4

Initially, the prestressed box beam was loaded with
symmetrical point loading at the centre of one span in 
order to bed down the supports. Load cells were placed
underneath the diaphragms as well as on top of the 
adjoining supports to provide holding down action. The
threaded bolts above the top load cells were tightened to 
introduce a small pre-loading so as to eliminate the
initial slack of the top supports. Hence any top reactions 
could be recorded. The central deflection and support 
reactions were monitored. The loads were taken up to 30kN 
before unloading and the response of the box was almost 
linear elastic within this load range.

The central point load was then shifted to the centre 
of the outer web. Transducers were used to monitor the load 
and deflection profiles. The beam was then subjected to 
gradually increasing loading and unloading cycles until 
failure at 87.5kN. Failure in this case was a local web 
crushing and web buckling. The failure mode started when 
the loads reached about 80kN. Once web crushing and 
buckling started, only a small increase of load to the 
ultimate load was possible. This was sufficient evidence 
that the box beam had reached it ultimate load capacity.

The ultimate load test results that were reported in 
section 6 .2 . 2 were for a load applied at the centre of an 
external web. The load deflection curve plotted in Figure 
6.39 was very flat, which indicates that the elastic 
stiffness of the beam was lower than the other 
non-prestressed beams. A typical longitudinal and 
transverse deflection profile was shown in Figure 6.40.

In designing the prestressed box beam, the amount of 
prestressing were proportion such that it replaced some of 
the main reinforcement. The theoretical load carrying 
capacity, therefore, was similar to the other box beams. 
During the construction of the prestressed box beam, there 
had been problems with adequate compaction of the 
micro-concrete using the external vibrators. As a result, 
the yield load obtained was considerably lower.
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6 .4 Summary

This chapter described the experimental results for the 
four box beams. The collapse load based on no shear 
distortion mechanism and that based on shear distortion 
with shear modification compared well with the experimental 
values. The collapse load based on shear distortion tends 
to over estimate the actual collapse load. The shear 
modification allowed the adjustment of the shear component 
of the collapse load in the shear distortion mode. The 
deformations appeared to compare well with prediction. For 
simple structures, rigid plastic theory gave a reasonable 
upper bound solution since the elastic deformation was 
small compared with the full plastic deformation. For 
complex structures, the value of the elastic deformation 
could be quite significant, in particular, with a mechanism 
involving shear distortion. Hence the collapse load was 
often over-estimated. This could be taken into account in 
predicting the deformation characteristic and ultimate 
collapse load of the models. The yield lines, when 
associated with an equilibrium condition of the stress 
field boundaries, gave reasonable prediction of the 
collapse load. Account should be taken of the reduction in 
shear ductility along the yield lines and in hinges, 
forming the collapse mechanism.

The experimental result for the prestressed box beam 
was lowered than the initial predicted value. It was 
apparent that the effect of poor compaction had reduced the 
elastic stiffness of the prestressed box beam. The bottom 
flanges were in tension at the centre of the loaded span. 
Although the lower concrete strength did not significantly 
affect the flexural strength of the section, it would never 
the less reduce the web buckling and crushing capacity 
causing premature failure of the section. In order to 
account for the lower strength due to poor workmanship, the 
effective material strength is taken as only 80% of the 
theoretical value. It highlighted the problems that could 
be encountered in the construction of the actual 
prestressed beams where reinforcement was congested. A 
higher level of site supervision would be required for this 
type of structure to ensure adequate compaction of the 
concrete could be achieved.

The next chapter provides a conclusion for the 
theoretical and experimental works that were carried out 
and discusses the limitations of the theory that were 
developed.
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FIGURE 6.5 DEFLECTION PROFILE OF BOTTOM FLANGE BEAM B1 x 10 3 mm LOAD AT 112kN
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FIGURE 6.15 LONGITUDINAL STEEL STRAIN DISTRIBUTION AT CENTRE SECTION OF
BOX BEAM B1 LOAD AT 110kN
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FIGURE 6.16 LONGITUDINAL SURFACE STRAIN DISTRIBUTION AT CENTRE SECTION 
OF BOX BEAM B1 LOAD AT 80 AND 110kN
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BOLD Nos. indicate strain guage numbering

FIGURE 6.17 TRANSVERSE STEEL STRAIN DISTRIBUTION AT CENTRE 
SECTION OF BOX BEAM B1 LOAD AT 80kN
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FIGURE 6.18 TRANSVERSE SURFACE STRAIN DISTRIBUTION AT CENTRE 
SECTION OF BOX BEAM B1 LOAD AT 80kN
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FIGURE 6.20 BEAM B1 BOTTOM SURFACE CRACK PATTERN.
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FIGURE 6.40 LONGITUDINAL AND TRANSVERSE DEFORMATION PROFILE OF BOX BEAM B4



Chapter 7 Conclusions

Experiments were carried out to investigate the 
ductility in shear for ordinary concrete and micro-
concrete. The initial tests studied shear specimens 
subjected to direct shear as well as bending normal to the 
shear plane. The effects of size of aggregate, 
reinforcement variation and the size of specimens were 
studied. Under such stress resultants, shear specimens made 
from normal aggregates showed a shear strain behaviour that 
maintained their peak shear stress with considerable shear 
deformation. Those made from micro-concrete exhibited a 
peak and residual stress type behaviour. Whilst the peak 
stress matched that of normal concrete, the effective shear 
stress reduced to a lower residual value of about 55% of 
the peak stress after undergoing considerable large shear 
deformation. This behaviour was explained by the smaller 
concrete aggregate size limiting the capacity to transfer 
shear across and along cracks. Hence, a reduction in the 
effective shear strength could be expected. This aspect 
would be particularly important for micro-concrete small 
scale model structures subjected to ultimate load 
conditions. The effect of the size of the test specimens 
did not show significant differences except that practical 
difficulties would be experienced in handling and testing 
specimens that were too small. Any defects were 
disproportionally exaggerated and rendered the results 
unacceptable. The variation of reinforcement across the 
shear plane could affect the shear strength of the element 
in proportion to the total yield strength of the 
reinforcement. The difference of shear strength of the 
shear specimen when using different bar sizes was small, 
which confirmed the assumption of dowel action not being 
significant.

A modification factor was proposed to modify the 
shear component of a generalised yield criterion developed 
for concrete slab elements in ultimate load tests in which 
yield lines underwent large shear deformation.

The modified generalised yield criterion proposed 
could be applied to a yield line with general deformations 
that included in plane shear displacement and normal 
displacement as well as the Johenson's type bending 
rotation normal to the yield line. In developing the yield 
condition, both the concrete and reinforcing steel were 
assumed to be rigid plastic and to follow the flow and the

239



normality rules. The yield condition was expressed in a 
non-dimensional parametric form. A refinement of the 
parametric equation enabled the modified yield criterion to 
be applied to a wide range of deformation and stress 
resultants.

The parametric equation was extended to deal with 
reinforced and prestressed concrete slab elements. Provided 
that adequate bond and anchorage of the reinforcement were 
ensured, the effect of reinforcement could be treated as 
increasing the normal stress capacity of the concrete. This 
would enhance the resistance against the stress normal to 
the yield plane. The shear capacity increased as a result 
of the shear friction from the yielding of the 
reinforcement. In addition, where reinforcing steel crossed 
the yield plane at an angle, the component along the yield 
line would enhance further the shear capacity of the 
generalised yield line. Dowel action was considered not to 
contribute significantly to the shear strength in this type 
of test.

Prestressing was also treated as an increase of the 
reinforcement content in the ultimate load analysis. Under 
the rigid plastic rule, the internal work for the 
reinforcement, and prestressed reinforcement only started 
after yielding and was concentrated in the yield zones. In 
reality, prestressing enhanced the load deflection 
characteristic of the beam. Comparing with reinforced 
concrete, prestressed concrete elements would have a lower 
overall ductility. This was because some of the strain in 
the prestressing steel had already been taken up in the 
prestressing process.

The rigid plastic theory was used to simplify the 
computation of the stress resultants and internal work 
along the yield lines and yield regions. It would however, 
over estimate the collapse load for mechanisms involving 
distortion and shear discontinuity. In the final collapse 
stage, the collapse mechanism deformed along prescribed 
yield lines and plastic hinges, where the internal work due 
to the yield stress resultants were established from the 
yield conditions and the flow rule. The stress levels in 
the other non-yielding regions would not come into the work 
equation if the displacement rate rather than total 
displacement were considered. Hence, it was possible to 
compute the collapse load using the rigid plastic theory.
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Under rigid plastic theory, no deformation occurs 
until the full mechanism has been developed. For a complex 
structure such as a box beam, various parts of the 
structure will be subjected to varying degrees of yielding 
and deformations prior to the complete formation of the 
full yield mechanism. Rigid plastic theory, therefore, can 
not predict the load deflection behaviour of the box beams, 
because large deformation will have to be experienced in 
some parts of the structure prior to the assumed complete 
collapse mechanism. Other collapse mode can develop earlier 
forming local failure mechanisms, which can give a 
considerably lower value of the failure load. Local 
punching shear failure was an example that occurred during 
some of the tests. This is one of the criticisms for upper 
bound solutions where it is possible to have other 
mechanisms that can give a lower collapse load. In order to 
ensure that the assumed mechanism can develop fully, local 
areas where high stress concentrations are expected should 
be reinforced accordingly. However, this can sometimes 
result in a less economical and impractical or some times 
even impossible design. In which case, the section size 
should be increased or geometry revised.

For a more accurate prediction of the deformation 
characteristic of box beams, materials can be assumed to 
behave as an elastic plastic medium with stress strain 
behaviour similar to those proposed in the current design 
codes for concrete and steel. The process will be much more 
complicated as the full history of the development of the 
yield zones have to be traced throughout the loading 
profile from initial loading to final collapse.

For the ultimate load analysis of the box beams in 
the experiments, appropriate collapse mechanisms were 
chosen. Work equations were set up along yield lines and 
yield zones. Where possible, these were balanced against 
the external work of the applied load. The self-weight of 
the structure were ignored for simplicity, but could be 
included in the work equation. The stress resultants along 
and across the yield lines could be determined from the 
parametric equations. However, they may not provide an 
overall equilibrium condition with the external applied 
load. If static equilibrium was achieved between the stress 
resultants and the applied load, the lowest predicted 
collapse load for the particular mechanism for the 
structure could be considered to have occurred.
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For the multi-span beam experiments, the horizontal 
restraint offered by the adjoining span was limited since 
the beams were supported on roller or sliding bearings to 
allow for shrinkage and thermal movement. In prototype 
bridges, longitudinal restraint is usually provided at one 
end of the supports to resist longitudinal forces from 
vehicle braking and acceleration. A result of the lack of 
longitudinal restraint is that the arching actions cannot 
fully develop. The effect of the longitudinal restraining 
forces from the adjoining spans is usually small and does 
not influence significantly the overall collapse load. In 
consequence, for continuous beams, as long as the work 
equation includes the yield lines over the support regions, 
the collapse load can be assessed without due regard to the 
restraining effect.

To maintain geometric compatibility of the collapse 
mechanism, some of the flange and web elements in the box 
beams twisted under the collapse condition. The twisting 
work was relatively small compared to bending and shear. 
Hence, neglecting the twisting work did not affect 
significantly the prediction of the collapse load. An 
alternative is to introduce additional diagonal yield lines 
to simulate the twisting deformation.

Four multi-box girder models were tested. Upper 
bound collapse loads for each model were predicted from 
these collapse mechanisms. The collapse mechanisms proposed 
were concentrated within the flange and web areas in the 
cells adjacent to the load point because of the simple 
concentrated loading applied over one of the web at a time. 
Hence, two of the models were only idealised structures 
with local internal and external cells, respectively. The 
proposed collapse mechanism involved distortion of the 
local cells and various yield lines and rigid non-yielding 
regions. The results showed good agreement with the shear 
distortion mode incorporating the modification for shear 
ductility. The predicted collapse load for the prestressed 
beam was low because of poor workmanship in the preparation 
of the beam model. Its stiffness was much lower than an 
equivalent reinforced beam. The construction problems that 
could exist in slabs with a high concentration of 
reinforcement and prestressing tendons has been 
demonstrated on the difficulties encountered with testing 
this specimen. The experiment demonstrated the importance 
of good workmanship in preparing the beam for prestressing 
and in the good compaction of concrete around the
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prestressing cables and anchorages. A further modification 
was introduced for the efficiency of prestressing to allow 
for some correlation of the results.

With the current advancement in computing, further 
research can be carried out to study the collapse behaviour 
of complex structures. If the materials are assumed to be 
perfectly elastic-plastic rather than rigid plastic, 
deformation could be allowable in the modelling. By 
discretising the structure into smaller elements, and 
increasing the load in small increments, the regions where 
stresses are highest would indicate first yielding. The 
boundary conditions are then modified to incorporate the 
new yield hinges or deformation zones. In these yield 
regions, ignoring strain hardening, the stress resultants 
would remain at the yield level and not increase under 
further deformation. The external applied load would be 
increased to determine the new high stress regions so as to 
establish the new yield zones. At each stage, except at the 
region where the material has reached yield, material in 
all other areas would still behave elastically. This would 
allow the tracking and the gradual development of the yield 
regions in the structure. The process can then be repeated 
until the full collapse mechanism is achieved. At that 
stage, further increase of load would not be possible 
whilst allowing continuing deformation of structure.

In conclusion, reasonable collapse loads can be 
predicted by rigid plastic theory, when the behaviour of 
the material under large deformation is taken into account. 
More work needs to be done to provide true collapse 
behaviour of box girder structures.
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APPEXDI X A

Summary of parametric stress resultants

B + 6 B = 5

No rmal Force 1 r x -ii 1 r 3 -1 1
n r> 2 (3-5) 2 /(B2 + a2)

Shear Force a2 U a2
n n t 2 ( P-5) 2/(B2 + a2)

Normal Moment 2 [0-U.a2-(B+5) • X] 0
mn (B-5)2

Tangential Force 1 [X(1-2a2) - 11 1 [B(1-2a1 1 + 1 ]
n t 2 (3-5) 2 /(3 2 +a 2)

Tangent . Moment 2 [0-U.a2-(B+5)X](1-2a2 ) 0
m t (P-5)2

Twi s t i ng Moment 4a2 f X - ( B+5 )■ u ] 0
m t w (B-5)2 2

Where: nn = Nn/och ! PI n t — Nn t/ffch ; mn = Mn/((JchZ/8)

nt = Nt/ooh ; m* = Mt/(ach 2/8) ; m*w = Mn/(ach2/8)

X = /(32 + a2) - /(52 + a2)

U = 1OQe B + / ( 32 + a2 )
5 + / ( 52 + a2 )

0 = 3  /(B2 + a2) - 5 /( 52 + a2)

B = Y t o p = S n + kn*h/2 s t r a i n ratio at top.
2en t

5 = Ybo t = 8 n - kn-h/2 strain ratio at bottom.
2em

rrin z 4- n n * 2 = o, ---- —  3.63
[4 nn ( 1 + nn ) ] ' - a2 n n ( 1 + n n )

mn + n n t2 - 0 3 -3.64
-4nn(1 + nn) -2a2nn ( 1 + nn )

m r> + n r» * = 0 4 ------ -3.65
2[-4nn ( 1 + nn) ] * a/[-nn(1 + nn)]

mn ' + n r» t 2 + m n n n t2 _ 02 3.66
[4nn(1+nn)l■ -a2nn(1+nn) 48a2nn3(1+nn)3

A  1



21

6 = constant = Cot 5'

0 6 6 X U 4 n  n flnt Hin lUtvv n t n i t 0, ($2 1)3 < h

.55 5 11.43 11.43 .00 .00 .00 -.001 .013 .000 -.000 -.303 .000 1 .000 1.000 .501 1.000

.55 10 5.67 11.43 -5.75 -.70 -98.48 -.001 .018 -.001 .008 -.303 -.000 1.013 .996 .709 1.006

.55 15 3.73 11.43 -7.67 -1.11 -116.72 -.002 .022 -.003 .016 -.303 -.001 1.030 .992 .808 1.014

.55 20 2.75 11.43 -8.64 -1.42 -123.10 -.002 .025 -.004 .022 -.303 -.002 1.044 .989 .867 1.019

.55 25 2.14 11.43 -9.23 -1.66 -126.05 -.003 .027 -.006 .028 -.304 -.002 1.056 .988 .906 1.022

.55 30 1.73 11.43 -9.63 -1.86 -127.65 -.004 .029 -.008 .034 -.304 -.003 1.065 .987 .935 1.024

.55 35 1.43 11.43 -9.91 -2.05 -128.61 -.004 .031 -.011 .039 -.304 -.004 1.073 .987 .956 1.024

.55 40 1.19 11.43 -10.13 -2.21 -129.23 -.005 .033 -.013 .044 -.305 -.005 1.079 .988 .973 1.024

.55 45 1 11.43 -10.30 -2.37 -129.65 -.006 .034 -.016 .049 -.305 -.006 1.084 .989 .986 1.022

.55 50 .84 11.43 -10.44 -2.52 -129.95 -.007 .036 -.020 .054 -.305 -.008 1.088 .990 .997 1.019

.55 55 .70 11.43 -10.55 -2.67 -130.17 -.008 .038 -.024 .059 -.306 -.009 1.091 .992 1.007 1.016

.55 60 .58 11.43 -10.65 -2.81 -130.34 -.010 .039 -.028 .064 -.306 - . 0 1 1 1.093 .994 1.014 1.011

.55 65 .47 11.43 -10.72 -2.96 -130.46 - . 0 1 1 .041 -.033 .069 -.307 -.013 1.095 .996 1.021 1.006

.55 70 .36 11.43 -10.78 -3.11 -130.56 -.013 .042 -.040 .074 -.308 -.016 1.096 .998 1.026 .999

.55 75 .27 11.43 -10.83 -3.26 -130.63 -.015 .044 -.047 .080 -.308 -.019 1.096 1 . 0 0 0 1.030 .992

.55 80 .18 11.43 -10.87 -3.41 -130.69 -.017 .046 -.056 .085 -.309 - . 0 2 2 1.095 1 . 0 0 2 1.033 .983

.55 85 .09 11.43 -10.89 -3.57 -130.75 - . 0 2 0 .048 -.067 .091 -.310 -.026 1.094 1.004 1.035 .974

.55 90 0 11.43 -10.89 -3.73 -130.80 -.023 .049 -.079 .096 -.312 -.031 1.092 1,006 1.036 .963

.55 95 -.09 11.43 -10.89 -3.89 -130.84 -.027 .051 -.093 . 1 0 2 -.313 -.037 1.090 1.007 1.037 .952

.55 1 0 0 -.18 11.43 -10.87 -4.04 -130.90 -.032 .053 - . 1 1 0 .107 -.315 -.043 1.087 1.009 1.037 .940

.55 105 -.27 11.43 -10.83 -4.20 -130.96 -.037 .054 -.128 .111 -.317 -.051 1.084 1 . 0 1 0 1.037 .928

.55 110 -.36 11.43 -10.78 -4.35 -131.04 -.043 .056 -.149 .116 -.319 -.059 1.080 1 . 0 1 1 1.036 .916

.55 115 -.47 11.43 -10.72 -4.50 -131.13 -.049 .057 -.173 .119 -.322 -.068 1.077 1 . 0 1 2 1.035 .903

.55 1 2 0 -.58 11.43 -10.65 -4.64 -131.26 -.057 .058 -.199 . 1 2 2 -.325 -.078 1.073 1.013 1.034 .891

.55 125 -.70 11.43 -10.55 -4.79 -131.42 -.065 .060 -.228 .125 -.328 -.090 1.070 1.013 1.033 .878

.55 130 -.84 11.43 -10.44 -4.94 -131.64 -.075 .061 -.260 .126 -.332 -.103 1.066 1.013 1.031 .865

.55 135 - 1 11.43 -10.30 -5.09 -131.94 -.086 .062 -.297 .127 -.336 -.117 1.062 1.013 1.030 .852

.55 140 -1.19 11.43 -10.13 -5.24 -132.36 -.099 .063 -.340 .127 -.341 -.134 1.058 1.014 1.028 .839

.55 145 -1.43 11.43 -9.91 -5.41 -132.98 -.115 .064 -.389 .125 -.348 -.154 1.054 1.013 1.026 .824

.55 150 -1.73 11.43 -9.63 -5.59 -133.94 -.134 .064 -.449 . 1 2 2 -.356 -.177 1.050 1.013 1.024 .809

.55 155 -2.14 11.43 -9.23 -5.80 -135.54 -.160 .065 -.522 .116 -.366 -.206 1.045 1.013 1 . 0 2 2 .791

.55 160 -2.75 11.43 -8.64 -6.04 -138.49 -.195 .064 -.613 .106 -.380 -.242 1.040 1 . 0 1 2 1 . 0 2 0 .772

.55 165 -3.73 11.43 -7.67 -6.34 -144.87 -.247 .063 -.730 .088 -.400 -.288 1.034 1 . 0 1 1 1.017 .748

.55 170 -5.67 11.43 -5.75 -6.76 -163.11 -.332 .060 -.875 .057 -.434 -.346 1.027 1.009 1.013 .717

.55 175 -11.43 11.43 . 0 0 -7.46 -261.59 -.500 .049 -.993 -.000 -.500 -.392 1.017 1.007 1.009 .672

A - li
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6 = constant = Cot 10'

0 0 5 X U 4 fin fi nt Din m  t w nt mt 0 , 0 2 Da 0 4
. 5 5 5 1 1 . 4 3 5 . 6 7 5 . 7 5 . 7 0 9 8 . 5 0 - . 0 0 1 . 0 1 8 . 0 0 1 - . 0 0 8 - . 3 0 3 . 0 0 0 1 . 0 1 3 . 9 9 6 . 7 0 9 1 . 0 0 6
. 5 5 1 0 5 . 6 7 5 . 6 7 . 0 0 . 0 0 . 0 1 - . 0 0 2 . 0 2 7 . 0 0 0 - . 0 0 0 - . 3 0 3 . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 0 1 . 0 0 0

LOLO 1 5 3 . 7 3 5 . 6 7 - 1 . 9 2 - . 4 2 - 1 8 . 2 2 - . 0 0 4 . 0 3 2 - . 0 0 2 . 0 0 9 - . 3 0 4 - . 0 0 1 1 . 0 0 5 . 9 9 8 . 6 3 0 1 . 0 0 2
. 5 5 2 0 2 . 7 5 5 . 6 7 - 2 . 8 9 - . 7 2 - 2 4 . 6 0 - . 0 0 5 . 0 3 7 - . 0 0 4 . 0 1 7 - . 3 0 4 - . 0 0 2 1 . 0 1 3 . 9 9 6 . 7 1 4 1 . 0 0 7
. 5 5 2 5 2 . 1 4 5 . 6 7 - 3 . 4 8 - . 9 6 - 2 7 . 5 5 - . 0 0 6 . 0 4 1 - . 0 0 7 . 0 2 6 - . 3 0 5 - . 0 0 3 1 . 0 2 3 . 9 9 3 . 7 7 3 1 . 0 1 1
. 5 5 3 0 1 . 7 3 5 . 6 7 - 3 . 8 8 - 1 . 1 6 - 2 9 . 1 5 - . 0 0 7 . 0 4 5 - . 0 1 1 . 0 3 3 - . 3 0 5 - . 0 0 4 1 . 0 3 2 . 9 9 1 . 8 1 8 1 . 0 1 5
. 5 5 3 5 1 . 4 3 5 . 6 7 - 4 . 1 7 - 1 . 3 5 - 3 0 . 1 1 - . 0 0 9 . 0 4 8 - . 0 1 5 . 0 4 1 - . 3 0 6 - . 0 0 6 1 . 0 4 1 . 9 8 9 . 8 5 4 1 , 0 1 8
. 5 5 4 0 1 . 1 9 5 . 6 7 - 4 . 3 8 - 1 . 5 1 - 3 0 . 7 4 - . 0 1 1 . 0 5 1 - . 0 2 0 . 0 4 9 - . 3 0 7 - . 0 0 8 1 . 0 4 9 . 9 8 8 . 8 8 3 1 . 0 2 0
. 5 5 4 5 1 5 . 6 7 - 4 . 5 6 - 1 . 6 7 - 3 1 . 1 6 - . 0 1 2 . 0 5 4 - . 0 2 5 . 0 5 6 - . 3 0 7 - . 0 1 0 1 . 0 5 6 . 9 8 7 . 9 0 8 1 . 0 2 2
. 5 5 5 0 . 8 4 5 . 6 7 - 4 . 6 9 - 1 . 8 2 - 3 1 . 4 6 - . 0 1 4 . 0 5 7 - . 0 3 1 . 0 6 4 - . 3 0 8 - . 0 1 2 1 . 0 6 3 . 9 8 7 . 9 2 9 1 . 0 2 4
. 5 5 5 5 . 7 0 5 . 6 7 - 4 . 8 1 - 1 . 9 7 - 3 1 . 6 8 - . 0 1 6 . 0 6 0 - . 0 3 8 . 0 7 1 - . 3 0 9 - . 0 1 5 1 . 0 7 0 . 9 8 7 . 9 4 7 1 . 0 2 4
. 5 5 6 0 . 5 8 5 . 6 7 - 4 . 9 0 - 2 . 1 1 - 3 1 . 8 4 - . 0 1 9 . 0 6 3 - . 0 4 6 . 0 7 9 - . 3 1 0 - . 0 1 8 1 . 0 7 5 . 9 8 8 . 9 6 3 1 . 0 2 4
. 5 5 6 5 . 4 7 5 . 6 7 - 4 . 9 8 - 2 . 2 6 - 3 1 . 9 6 - . 0 2 2 . 0 6 6 - . 0 5 5 . 0 8 7 - . 3 1 1 - . 0 2 2 1 . 0 8 0 . 9 8 8 . 9 7 7 1 . 0 2 3
. 5 5 7 0 . 3 6 5 . 6 7 - 5 . 0 4 - 2 . 4 1 - 3 2 . 0 6 - . 0 2 5 . 0 6 9 - . 0 6 7 . 0 9 6 - . 3 1 3 - . 0 2 6 1 . 0 8 5 . 9 8 9 . 9 8 9 1 . 0 2 1
. 5 5 7 5 . 2 7 5 . 6 7 - 5 . 0 8 - 2 . 5 6 - 3 2 . 1 4 - . 0 2 9 . 0 7 2 - . 0 8 0 . 1 0 4 - . 3 1 4 - . 0 3 2 1 . 0 8 9 . 9 9 1 1 . 0 0 0 1 . 0 1 8
. 5 5 8 0 . 1 8 5 . 6 7 - 5 . 1 2 - 2 . 7 1 - 3 2 . 2 0 - . 0 3 4 . 0 7 5 - . 0 9 6 . 1 1 3 - . 3 1 6 - . 0 3 8 1 . 0 9 2 . 9 9 3 1 . 0 0 9 1 . 0 1 4
. 5 5 8 5 . 0 9 5 . 6 7 - 5 . 1 4 - 2 . 8 7 - 3 2 . 2 5 - . 0 4 0 . 0 7 8 - . 1 1 5 . 1 2 1 - . 3 1 8 - . 0 4 5 1 . 0 9 4 . 9 9 4 1 . 0 1 7 1 . 0 0 9
. 5 5 9 0 0 5 . 6 7 - 5 . 1 5 - 3 . 0 3 - 3 2 . 3 0 - . 0 4 6 . 0 8 1 - . 1 3 7 . 1 2 9 - . 3 2 1 - . 0 5 4 1 . 0 9 5 . 9 9 7 1 . 0 2 3 1 . 0 0 3
. 5 5 9 5 - . 0 9 5 . 6 7 - 5 . 1 4 - 3 . 1 9 - 3 2 . 3 5 - . 0 5 4 . 0 8 4 - . 1 6 2 . 1 3 7 - . 3 2 4 - . 0 6 4 1 . 0 9 6 . 9 9 9 1 . 0 2 8 . 9 9 5
. 5 5 1 0 0 - . 1 8 5 . 6 7 - 5 . 1 2 - 3 . 3 4 - 3 2 . 4 0 - . 0 6 2 . 0 8 7 - . 1 9 1 . 1 4 4 - . 3 2 7 - . 0 7 6 1 . 0 9 6 1 . 0 0 1 1 . 0 3 2 . 9 8 7
. 5 5 1 0 5 - . 2 7 5 . 6 7 - 5 . 0 8 - 3 . 5 0 - 3 2 . 4 6 - . 0 7 2 . 0 8 9 - . 2 2 3 . 1 5 0 - . 3 3 1 - . 0 8 8 1 . 0 9 5 1 . 0 0 3 1 . 0 3 4 . 9 7 8

LOLO 1 1 0 - . 3 6 5 . 6 7 - 5 . 0 4 - 3 . 6 5 - 3 2 . 5 4 - . 0 8 3 . 0 9 1 - . 2 5 9 . 1 5 4 - . 3 3 5 - . 1 0 2 1 . 0 9 3 1 . 0 0 5 1 . 0 3 6 . 9 6 8
. 5 5 1 1 5 - . 4 7 5 . 6 7 - 4 . 9 8 - 3 . 8 0 - 3 2 . 6 4 - . 0 9 5 . 0 9 4 - . 2 9 7 . 1 5 8 - . 3 4 0 - . 1 1 7 1 . 0 9 1 1 . 0 0 6 1 . 0 3 7 . 9 5 8

LOLO 1 2 0 - . 5 8 5 . 6 7 - 4 . 9 0 - 3 . 9 4 - 3 2 . 7 6 - . 1 0 8 . 0 9 6 - . 3 3 9 . 1 6 0 - . 3 4 5 - . 1 3 4 1 . 0 8 9 1 . 0 0 8 1 . 0 3 7 . 9 4 7
. 5 5 1 2 5 - . 7 0 5 . 6 7 - 4 . 8 1 - 4 . 0 9 - 3 2 . 9 2 - . 1 2 3 . 0 9 7 - . 3 8 4 . 1 6 0 - . 3 5 1 - . 1 5 2 1 . 0 8 6 1 . 0 0 9 1 . 0 3 7 . 9 3 6

cn cn 1 3 0 - . 8 4 5 . 6 7 - 4 . 6 9 - 4 . 2 4 - 3 3 . 1 4 - . 1 3 9 . 0 9 8 - . 4 3 4 . 1 5 8 - . 3 5 8 - . 1 7 1 1 . 0 8 3 1 . 0 1 0 1 . 0 3 7 . 9 2 5

LOLO 1 3 5 - 1 5 . 6 7 - 4 . 5 6 - 4 . 3 9 - 3 3 . 4 4 - . 1 5 9 . 0 9 9 - . 4 8 7 . 1 5 5 - . 3 6 5 - . 1 9 2 1 . 0 8 0 1 . 0 1 1 1 . 0 3 6 . 9 1 2
. 5 5 1 4 0 - 1 . 1 9 5 . 6 7 - 4 . 3 8 - 4 . 5 4 - 3 3 . 8 6 - . 1 8 1 . 1 0 0 - . 5 4 6 . 1 4 9 - . 3 7 4 - . 2 1 6 1 . 0 7 6 1 . 0 1 2 1 . 0 3 5 . 8 9 9

. 5 5 1 4 5 - 1 . 4 3 5 . 6 7 - 4 . 1 7 - 4 . 7 1 - 3 4 . 4 9 - . 2 0 7 . 1 0 0 - . 6 1 1 . 1 4 0 - . 3 8 4 - . 2 4 1 1 . 0 7 2 1 . 0 1 3 1 . 0 3 3 . 8 8 5

. 5 5 1 5 0 - 1 . 7 3 5 . 6 7 - 3 . 8 8 - 4 . 8 9 - 3 5 . 4 5 - . 2 3 8 . 1 0 0 - . 6 8 2 . 1 2 7 - . 3 9 6 - . 2 6 9 1 . 0 6 7 1 . 0 1 3 1 . 0 3 2 . 8 6 9
LOLO 1 5 5 - 2 . 1 4 5 . 6 7 - 3 . 4 8 - 5 . 1 0 - 3 7 . 0 5 - . 2 7 7 . 0 9 9 - . 7 6 1 . 1 0 9 - . 4 1 2 - . 3 0 0 1 . 0 6 2 1 . 0 1 4 1 . 0 3 0 . 8 5 1

. 5 5 1 6 0 - 2 . 7 5 5 . 6 7 - 2 . 8 9 - 5 . 3 4 - 4 0 . 0 0 - . 3 2 8 . 0 9 6 - . 8 4 5 . 0 8 4 - . 4 3 2 - . 3 3 4 1 . 0 5 6 1 . 0 1 3 1 . 0 2 7 . 8 3 0
LOLO 1 6 5 - 3 . 7 3 5 . 6 7 - 1 . 9 2 - 5 . 6 4 - 4 6 . 3 8 - . 3 9 8 . 0 9 1 - . 9 2 6 . 0 4 8 - . 4 6 0 - . 3 6 6 1 . 0 4 8 1 . 0 1 3 1 . 0 2 4 . 8 0 5

cn cn 1 7 0 - 5 . 6 7 5 . 6 7 . 0 0 - 6 . 0 6 - 6 4 . 6 1 - . 5 0 0 . 0 8 1 - . 9 7 6 - . 0 0 0 - . 5 0 0 - . 3 8 6 1 . 0 3 9 1 . 0 1 2 1 . 0 1 9 . 7 7 0
. 5 5 1 7 5 - 1 1 . 4 3 5 . 6 7 5 . 7 5 - 6 . 7 6 - 1 6 3 . 1 0 - . 6 6 8 . 0 6 0 - . 8 7 5 - . 0 5 7 - . 5 6 6 - . 3 4 6 1 . 0 2 7 1 . 0 0 9 1 . 0 1 3 . 7 1 7



5 = constant = Cot 15

0 0 5 X U ♦ fin n n t m n m t w nt nit 0 , $ 2 «3 <h
. 5 5 5 1 1 . 4 3 3 . 7 3 7 . 6 7 1 . 1 2 1 1 6 . 7 3 - . 0 0 2 . 0 2 2 . 0 0 3 - . 0 1 6 - . 3 0 3 . 0 0 1 1 . 0 3 0 . 9 9 2 . 8 0 8 1 . 0 1 4
. 5 5 1 0 5 . 6 7 3 . 7 3 1 . 9 3 . 4 2 1 8 . 2 5 - . 0 0 4 . 0 3 2 . 0 0 2 - . 0 0 9 - . 3 0 4 . 0 0 1 1 . 0 0 5 . 9 9 8 . 6 3 1 1 . 0 0 2
. 5 5 1 5 3 . 7 3 3 . 7 3 . 0 0 . 0 0 . 0 2 - . 0 0 5 . 0 4 0 . 0 0 0 - . 0 0 0 - . 3 0 5 . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 0 1 . 0 0 0
. 5 5 2 0 2 . 7 5 3 . 7 3 - . 9 7 - . 3 0 - 6 . 3 6 - . 0 0 7 . 0 4 6 - . 0 0 3 . 0 0 9 - . 3 0 5 - . 0 0 1 1 . 0 0 2 . 9 9 9 . 5 9 6 1 . 0 0 1
. 5 5 2 5 2 . 1 4 3 . 7 3 - 1 . 5 6 - . 5 4 - 9 . 3 2 - . 0 0 9 . 0 5 2 - . 0 0 7 . 0 1 8 - . 3 0 6 - . 0 0 3 1 . 0 0 8 . 9 9 7 . 6 6 7 1 . 0 0 4
. 5 5 3 0 1 . 7 3 3 . 7 3 - 1 . 9 5 - . 7 5 - 1 0 . 9 2 - . 0 1 1 . 0 5 7 - . 0 1 1 . 0 2 7 - . 3 0 7 - . 0 0 4 1 . 0 1 5 . 9 9 5 . 7 2 2 1 . 0 0 7
. 5 5 3 5 1 . 4 3 3 . 7 3 - 2 . 2 4 - . 9 3 - 1 1 . 8 8 - . 0 1 3 . 0 6 1 - . 0 1 6 . 0 3 6 - . 3 0 8 - . 0 0 6 1 . 0 2 2 . 9 9 4 . 7 6 7 1 . 0 1 0
. 5 5 4 0 1 . 1 9 3 . 7 3 - 2 . 4 6 - 1 . 1 0 - 1 2 . 5 0 - . 0 1 6 . 0 6 5 - . 0 2 2 . 0 4 5 - . 3 0 9 - . 0 0 9 1 . 0 2 9 . 9 9 2 . 8 0 4 1 . 0 1 3
. 5 5 4 5 1 3 . 7 3 - 2 . 6 3 - 1 . 2 5 - 1 2 . 9 2 - . 0 1 8 . 0 6 9 - . 0 2 9 . 0 5 4 - . 3 1 0 - . 0 1 1 1 . 0 3 6 . 9 9 0 . 8 3 6 1 . 0 1 6
. 5 5 5 0 . 8 4 3 . 7 3 - 2 . 7 7 - 1 . 4 0 - 1 3 . 2 2 - . 0 2 1 . 0 7 3 - . 0 3 7 . 0 6 4 - . 3 1 1 - . 0 1 5 1 . 0 4 4 . 9 8 9 . 8 6 5 1 . 0 1 9
. 5 5 5 5 . 7 0 3 . 7 3 - 2 . 8 8 - 1 . 5 5 - 1 3 . 4 4 - . 0 2 5 . 0 7 7 - . 0 4 6 . 0 7 3 - . 3 1 2 - . 0 1 8 1 . 0 5 1 . 9 8 8 . 8 9 0 1 . 0 2 1
. 5 5 6 0 . 5 8 3 . 7 3 - 2 . 9 7 - 1 . 7 0 - 1 3 . 6 0 - . 0 2 9 . 0 8 1 - . 0 5 7 . 0 8 3 - . 3 1 4 - . 0 2 3 1 . 0 5 8 . 9 8 7 . 9 1 2 1 . 0 2 3
. 5 5 6 5 . 4 7 3 . 7 3 - 3 . 0 5 - 1 . 8 4 - 1 3 . 7 3 - . 0 3 3 . 0 8 5 - . 0 7 0 . 0 9 3 - . 3 1 5 - . 0 2 8 1 . 0 6 4 . 9 8 7 . 9 3 2 1 . 0 2 4
. 5 5 7 0 . 3 6 3 . 7 3 - 3 . 1 1 - 1 . 9 9 - 1 3 . 8 2 - . 0 3 8 . 0 8 9 - . 0 8 6 . 1 0 3 - . 3 1 7 - . 0 3 4 1 . 0 7 1 . 9 8 7 . 9 5 0 1 . 0 2 4
. 5 5 7 5 . 2 7 3 . 7 3 - 3 . 1 6 - 2 . 1 4 - 1 3 . 9 0 - . 0 4 4 . 0 9 4 - . 1 0 4 . 1 1 4 - . 3 2 0 - . 0 4 1 1 . 0 7 6 . 9 8 8 . 9 6 6 1 . 0 2 4
. 5 5 8 0 . 1 8 3 . 7 3 - 3 . 1 9 - 2 . 3 0 - 1 3 , 9 6 - . 0 5 1 . 0 9 8 - . 1 2 6 . 1 2 4 - . 3 2 3 - . 0 5 0 1 . 0 8 2 . 9 8 9 . 9 8 1 1 . 0 2 3
. 5 5 8 5 . 0 9 3 . 7 3 - 3 . 2 1 - 2 . 4 5 - 1 4 . 0 1 - . 0 5 9 . 1 0 2 - . 1 5 1 . 1 3 4 - . 3 2 6 - . 0 6 0 1 . 0 8 6 . 9 9 0 . 9 9 3 1 . 0 2 0
. 5 5 9 0 0 3 . 7 3 - 3 . 2 2 - 2 . 6 1 - 1 4 . 0 6 - . 0 6 8 . 1 0 6 - . 1 8 1 . 1 4 4 - . 3 2 9 - . 0 7 2 1 . 0 9 0 . 9 9 1 1 . 0 0 4 1 . 0 1 7
. 5 5 9 5 - . 0 9 3 . 7 3 - 3 . 2 1 - 2 . 7 7 - 1 4 . 1 1 - . 0 7 9 . 1 1 0 - . 2 1 5 . 1 5 2 - . 3 3 4 - . 0 8 5 1 . 0 9 3 . 9 9 3 1 . 0 1 2 1 . 0 1 2
. 5 5 1 0 0 - . 1 8 3 . 7 3 - 3 . 1 9 - 2 . 9 3 - 1 4 . 1 7 - . 0 9 1 . 1 1 3 - . 2 5 3 . 1 5 9 - . 3 3 9 - . 1 0 0 1 . 0 9 5 . 9 9 5 1 . 0 1 9 1 . 0 0 7
. 5 5 1 0 5 - . 2 7 3 . 7 3 - 3 . 1 6 - 3 . 0 8 - 1 4 . 2 3 - . 1 0 5 . 1 1 7 - . 2 9 5 . 1 6 5 - . 3 4 4 - . 1 1 7 1 . 0 9 6 . 9 9 7 1 . 0 2 5 1 . 0 0 0
. 5 5 1 1 0 - . 3 6 3 . 7 3 - 3 . 1 1 - 3 . 2 3 - 1 4 . 3 0 - . 1 2 0 . 1 1 9 - . 3 4 1 . 1 6 8 - . 3 5 0 - . 1 3 5 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 3
. 5 5 1 1 5 - . 4 7 3 . 7 3 - 3 . 0 5 - 3 . 3 8 - 1 4 . 4 0 - . 1 3 7 . 1 2 2 - . 3 8 9 . 1 7 0 - . 3 5 6 - . 1 5 4 1 . 0 9 6 1 . 0 0 1 1 . 0 3 2 . 9 8 5
. 5 5 1 2 0 - . 5 8 3 . 7 3 - 2 . 9 7 - 3 . 5 3 - 1 4 . 5 2 - . 1 5 5 . 1 2 4 - . 4 4 0 . 1 6 9 - . 3 6 4 - . 1 7 4 1 . 0 9 5 1 . 0 0 3 1 . 0 3 5 . 9 7 6
. 5 5 1 2 5 - . 7 0 3 . 7 3 - 2 . 8 8 - 3 . 6 7 - 1 4 . 6 9 - . 1 7 5 . 1 2 5 - . 4 9 4 . 1 6 6 - . 3 7 2 - . 1 9 5 1 . 0 9 3 1 . 0 0 5 1 . 0 3 6 . 9 6 7
. 5 5 1 3 0 - . 8 4 3 . 7 3 - 2 . 7 7 - 3 . 8 2 - 1 4 . 9 1 - . 1 9 7 . 1 2 7 - . 5 5 1 . 1 6 0 - . 3 8 0 - . 2 1 8 1 . 0 9 1 1 . 0 0 7 1 . 0 3 7 . 9 5 6
. 5 5 1 3 5 - 1 3 . 7 3 - 2 . 6 3 - 3 . 9 7 - 1 5 . 2 0 - . 2 2 2 . 1 2 7 - . 6 1 0 . 1 5 1 - . 3 9 0 - . 2 4 1 1 . 0 8 8 1 . 0 0 8 1 . 0 3 7 . 9 4 5
. 5 5 1 4 0 - 1 . 1 9 3 . 7 3 - 2 . 4 6 - 4 . 1 3 - 1 5 . 6 3 - . 2 5 0 . 1 2 7 - . 6 7 2 . 1 3 9 - . 4 0 1 - . 2 6 5 1 . 0 8 5 1 . 0 0 9 1 . 0 3 7 . 9 3 3
. 5 5 1 4 5 - 1 . 4 3 3 . 7 3 - 2 . 2 4 - 4 . 3 0 - 1 6 . 2 5 - . 2 8 3 . 1 2 6 - . 7 3 6 . 1 2 3 - . 4 1 4 - . 2 9 1 1 . 0 8 2 1 . 0 1 1 1 . 0 3 7 . 9 2 0
. 5 5 1 5 0 - 1 . 7 3 3 . 7 3 - 1 . 9 5 - 4 . 4 8 - 1 7 . 2 1 - . 3 2 1 . 1 2 4 - . 8 0 1 . 1 0 2 - . 4 2 9 - . 3 1 7 1 . 0 7 7 1 . 0 1 2 1 . 0 3 5 . 9 0 5
. 5 5 1 5 5 - 2 . 1 4 3 . 7 3 - 1 . 5 6 - 4 . 6 8 - 1 8 . 8 1 - . 3 6 8 . 1 2 1 - . 8 6 5 . 0 7 6 - . 4 4 8 - . 3 4 2 1 . 0 7 2 1 . 0 1 3 1 . 0 3 4 . 8 8 7
. 5 5 1 6 0 - 2 . 7 5 3 . 7 3 - . 9 7 - 4 . 9 2 - 2 1 . 7 6 - . 4 2 5 . 1 1 5 - . 9 2 1 . 0 4 2 - . 4 7 0 - . 3 6 4 1 . 0 6 6 1 . 0 1 3 1 . 0 3 1 . 8 6 7
. 5 5 1 6 5 - 3 . 7 3 3 . 7 3 . 0 0 - 5 . 2 3 - 2 8 . 1 4 - . 5 0 0 . 1 0 6 - . 9 5 4 - . 0 0 0 - . 5 0 0 - . 3 7 7 1 . 0 5 9 1 . 0 1 4 1 . 0 2 8 . 8 4 0
. 5 5 1 7 0 - 5 . 6 7 3 . 7 3 1 . 9 3 - 5 . 6 4 - 4 6 . 3 8 - . 6 0 3 . 0 9 1 - . 9 2 6 - . 0 4 9 - . 5 4 0 - . 3 6 6 1 . 0 4 8 1 . 0 1 3 1 . 0 2 4 . 8 0 5
. 5 5 1 7 5 - 1 1 . 4 3 3 . 7 3 7 . 6 7 - 6 . 3 4 - 1 4 4 . 8 6 - . 7 5 3 . 0 6 3 - . 7 3 0 - . 0 8 8 - . 6 0 0 - . 2 8 8 1 . 0 3 4 1 . 0 1 1 1 . 0 1 7 . 7 4 8

A - iv
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5 = constant = Cot 20°

0 P 6 X U 4 f in H n  t m n nit» nt ntt «, 0 2 0 3 0 4

. 5 5 5 1 1 . 4 3 2 . 7 5 8 . 6 4 1 . 4 2 1 2 3 . 0 8 - . 0 0 2 . 0 2 5 . 0 0 4 - . 0 2 2 - . 3 0 3 . 0 0 2 1 . 0 4 4 . 9 8 9 . 8 6 7 1 . 0 1 9

. 5 5 1 0 5 . 6 7 2 . 7 5 2 . 8 9 . 7 2 2 4 . 6 0 - . 0 0 5 . 0 3 7 . 0 0 4 - . 0 1 7 - . 3 0 4 . 0 0 2 1 . 0 1 3 . 9 9 6 . 7 1 4 1 . 0 0 6

. 5 5 1 5 3 . 7 3 2 . 7 5 . 9 7 . 3 0 6 . 3 7 - . 0 0 7 . 0 4 6 . 0 0 3 - . 0 0 9 - . 3 0 5 . 0 0 1 1 . 0 0 2 . 9 9 9 . 5 9 6 1 . 0 0 1

. 5 5 2 0 2 . 7 5 2 . 7 5 - . 0 0 - . 0 0 - . 0 1 - . 0 1 0 . 0 5 4 - . 0 0 0 . 0 0 0 - . 3 0 6 - . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 0 1 . 0 0 0

. 5 5 2 5 2 . 1 4 2 . 7 5 - . 5 9 - . 2 4 - 2 . 9 6 - . 0 1 2 . 0 6 1 - . 0 0 4 . 0 1 0 - . 3 0 7 - . 0 0 2 1 . 0 0 2 . 9 9 9 . 5 7 8 1 . 0 0 1

. 5 5 3 0 1 . 7 3 2 . 7 5 - . 9 9 - . 4 5 - 4 .. 5 6 - . 0 1 5 . 0 6 7 - . 0 0 9 . 0 1 9 - . 3 0 8 - . 0 0 3 1 . 0 0 5 . 9 9 8 . 6 4 0 1 . 0 0 3

. 5 5 3 5 1 . 4 3 2 . 7 5 - 1 . 2 7 - . 6 3 - 5 . 5 3 - . 0 1 8 . 0 7 2 - . 0 1 5 . 0 2 9 - . 3 1 0 - . 0 0 6 1 . 0 1 1 . 9 9 7 . 6 9 1 1 . 0 0 5

. 5 5 4 0 1 . 1 9 2 . 7 5 - 1 . 4 9 - . 8 0 - 6 . 1 5 - . 0 2 1 . 0 7 7 - . 0 2 2 . 0 3 9 - . 3 1 1 - . 0 0 9 1 . 0 1 6 . 9 9 5 . 7 3 4 1 . 0 0 8

. 5 5 4 5 1 2 . 7 5 - 1 . 6 6 - . 9 5 - 6 . 5 7 - . 0 2 5 . 0 8 2 - . 0 3 0 . 0 4 9 - . 3 1 2 - . 0 1 2 1 . 0 2 3 . 9 9 3 . 7 7 2 1 . 0 1 1

. 5 5 5 0 . 8 4 2 . 7 5 - 1 . 8 0 - 1 . 1 0 - 6 . 8 7 - . 0 2 9 . 0 8 7 - . 0 3 9 . 0 5 9 - . 3 1 4 - . 0 1 6 1 . 0 2 9 . 9 9 2 . 8 0 6 1 . 0 1 3

. 5 5 5 5 . 7 0 2 . 7 5 - 1 . 9 1 - 1 . 2 5 - 7 . 0 9 - . 0 3 3 . 0 9 2 - . 0 5 1 . 0 7 0 - . 3 1 6 - . 0 2 0 1 . 0 3 6 . 9 9 0 . 8 3 6 1 . 0 1 6

. 5 5 6 0 . 5 8 2 . 7 5 - 2 . 0 1 - 1 . 4 0 - 7 . 2 5 - . 0 3 8 . 0 9 7 - . 0 6 4 . 0 8 1 - . 3 1 8 - . 0 2 5 1 . 0 4 3 . 9 8 9 . 8 6 3 1 . 0 1 9

. 5 5 6 5 . 4 7 2 . 7 5 - 2 . 0 8 - 1 . 5 4 - 7 . 3 8 - . 0 4 4 . 1 0 2 - . 0 8 0 . 0 9 2 - . 3 2 0 - . 0 3 2 1 . 0 5 0 . 9 8 8 . 8 8 8 1 . 0 2 1

. 5 5 7 0 . 3 6 2 . 7 5 - 2 . 1 4 - 1 . 6 9 - 7 . 4 7 - . 0 5 1 . 1 0 7 - . 0 9 9 . 1 0 4 - . 3 2 2 - . 0 3 9 1 . 0 5 7 . 9 8 7 . 9 1 1 1 . 0 2 3

. 5 5 7 5 . 2 7 2 . 7 5 - 2 . 1 9 - 1 . 8 4 - 7 . 5 5 - . 0 5 8 . 1 1 2 - . 1 2 1 . 1 1 5 - . 3 2 6 - . 0 4 8 1 . 0 6 4 . 9 8 7 . 9 3 2 1 . 0 2 4

. 5 5 8 0 . 1 8 2 . 7 5 - 2 . 2 3 - 2 . 0 0 - 7 . 6 1 - . 0 6 7 . 1 1 7 - . 1 4 8 . 1 2 7 - . 3 2 9 - . 0 5 8 1 . 0 7 1 . 9 8 7 . 9 5 1 1 . 0 2 4

. 5 5 8 5 . 0 9 2 . 7 5 - 2 . 2 5 - 2 . 1 5 - 7 . 6 6 - . 0 7 8 . 1 2 2 - . 1 7 9 . 1 3 8 - . 3 3 3 - . 0 7 1 1 . 0 7 7 . 9 8 8 , 9 6 7 1 . 0 2 4

. 5 5 9 0 0 2 . 7 5 - 2 . 2 5 - 2 . 3 1 - 7 . 7 1 - . 0 9 0 . 1 2 7 - . 2 1 5 . 1 4 8 - . 3 3 8 - . 0 8 5 1 . 0 8 2 . 9 8 9 . 9 8 2 1 . 0 2 3

. 5 5 9 5 - . 0 9 2 . 7 5 - 2 . 2 5 - 2 . 4 7 - 7 . 7 6 - . 1 0 4 . 1 3 2 - . 2 5 6 . 1 5 7 - . 3 4 4 - . 1 0 1 1 . 0 8 7 . 9 9 0 . 9 9 4 1 . 0 2 0

. 5 5 1 0 0 - . 1 8 2 . 7 5 - 2 . 2 3 - 2 . 6 3 - 7 . 8 1 - . 1 2 0 . 1 3 6 - . 3 0 1 . 1 6 3 - . 3 5 0 - . 1 1 9 1 . 0 9 0 . 9 9 2 1 . 0 0 4 1 . 0 1 7

. 5 5 1 0 5 - . 2 7 2 . 7 5 - 2 . 1 9 - 2 . 7 8 - 7 . 8 8 - . 1 3 7 . 1 3 9 - . 3 5 0 . 1 6 7 - . 3 5 7 - . 1 3 8 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1 . 0 1 2

. 5 5 1 1 0 - . 3 6 2 . 7 5 - 2 . 1 4 - 2 . 9 3 - 7 . 9 5 - . 1 5 6 . 1 4 2 - . 4 0 2 . 1 6 9 - . 3 6 4 - . 1 5 9 1 . 0 9 5 . 9 9 5 1 . 0 2 0 1 . 0 0 7

. 5 5 1 1 5 - . 4 7 2 . 7 5 - 2 . 0 8 - 3 . 0 8 - 8 . 0 5 - . 1 7 6 . 1 4 5 - . 4 5 6 . 1 6 8 - . 3 7 2 - . 1 8 0 1 . 0 9 6 . 9 9 7 1 . 0 2 5 1 . 0 0 0

. 5 5 1 2 0 - . 5 8 2 . 7 5 - 2 . 0 1 - 3 . 2 3 - 8 . 1 7 - . 1 9 8 . 1 4 7 - . 5 1 2 . 1 6 4 - . 3 8 1 - . 2 0 2 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 3

. 5 5 1 2 5 - . 7 0 2 . 7 5 - 1 . 9 1 - 3 . 3 7 - 8 . 3 4 - . 2 2 3 . 1 4 8 - . 5 7 0 . 1 5 7 - . 3 9 0 - . 2 2 5 1 . 0 9 6 1 . 0 0 1 1 . 0 3 2 . 9 8 5

. 5 5 1 3 0 - . 8 4 2 . 7 5 - 1 . 8 0 - 3 . 5 2 - 8 . 5 5 - . 2 4 9 . 1 4 8 - . 6 2 8 . 1 4 7 - . 4 0 1 - . 2 4 8 1 . 0 9 5 1 . 0 0 3 1 . 0 3 4 . 9 7 7

. 5 5 1 3 5 - 1 2 . 7 5 - 1 . 6 6 - 3 . 6 7 - 8 . 8 5 - . 2 7 8 . 1 4 8 - . 6 8 7 . 1 3 3 - . 4 1 2 - . 2 7 1 1 . 0 9 3 1 . 0 0 5 1 . 0 3 6 . 9 6 7

. 5 5 1 4 0 - 1 . 1 9 2 . 7 5 - 1 . 4 9 - 3 . 8 3 - 9 . 2 8 - . 3 1 1 . 1 4 7 - . 7 4 6 . 1 1 6 - . 4 2 5 - . 2 9 5 1 . 0 9 1 1 . 0 0 7 1 . 0 3 7 . 9 5 6

. 5 5 1 4 5 - 1 . 4 3 2 . 7 5 - 1 . 2 7 - 3 . 9 9 - 9 . 9 0 - . 3 4 8 . 1 4 5 - . 8 0 3 , 0 9 5 - . 4 4 0 - . 3 1 7 1 . 0 8 8 1 . 0 0 8 1 . 0 3 7 . 9 4 4

. 5 5 1 5 0 - 1 . 7 3 2 . 7 5 - . 9 9 - 4 . 1 8 - 1 0 . 8 6 - . 3 9 0 . 1 4 1 - . 8 5 5 . 0 6 9 - . 4 5 7 - . 3 3 8 1 . 0 8 4 1 . 0 1 0 1 . 0 3 7 . 9 3 0

. 5 5 1 5 5 - 2 . 1 4 2 . 7 5 - . 5 9 - 4 . 3 8 - 1 2 , 4 6 - . 4 4 0 . 1 3 5 - . 9 0 0 . 0 3 7 - . 4 7 6 - . 3 5 5 ( . 0 8 0 1 . 0 1 1 1 . 0 3 6 . 9 1 3

. 5 5 1 6 0 - 2 . 7 5 2 . 7 5 - . 0 0 - 4 . 6 2 - 1 5 . 4 1 - . 5 0 0 . 1 2 7 - . 9 2 7 . 0 0 0 - . 5 0 0 - . 3 6 6 1 . 0 7 4 1 . 0 1 2 1 . 0 3 4 . 8 9 3

. 5 5 1 6 5 - 3 . 7 3 2 . 7 5 . 9 7 - 4 . 9 3 - 2 1 . 7 9 - . 5 7 5 . 1 1 5 - . 9 2 1 - . 0 4 2 - . 5 2 9 - . 3 6 4 1 . 0 6 6 1 . 0 1 3 1 . 0 3 1 , 8 6 6

. 5 5 1 7 0 - 5 . 6 7 2 . 7 5 2 . 8 9 - 5 . 3 4 - 4 0 . 0 3 - . 6 7 2 . 0 9 6 - . 8 4 5 - . 0 8 4 - . 5 6 8 - . 3 3 4 1 . 0 5 6 1 . 0 1 3 1 . 0 2 7 . 8 3 0

. 5 5 1 7 5 - 1 1 . 4 3 2 . 7 5 8 . 6 4 - 6 . 0 4 - 1 3 8 . 5 1 - . 8 0 5 . 0 6 4 - . 6 1 4 - . 1 0 6 - . 6 2 0 - . 2 4 2 1 . 0 4 0 1 . 0 1 2 1 . 0 2 0 . 7 7 2

A - V



6 = constant = Cot 25°

0 8 6 X U 4 f in f ì n t Itlr, m t w n t n i t ir Ì 2 Ì 3 0  4

. 5 5 5 1 1 . 4 3 2 . 1 4 9 . 2 3 1 . 6 6 1 2 6 . 0 7 - . 0 0 3 . 0 2 7 . 0 0 6 - . 0 2 8 - . 3 0 4 . 0 0 2 1 . 0 5 6 . 9 8 8 . 9 0 6 1 . 0 2 2

. 5 5 1 0 5 . 6 7 2 . 1 4 3 . 4 9 . 9 6 2 7 . 5 9 - . 0 0 6 . 0 4 1 . 0 0 8 - . 0 2 6 - . 3 0 5 . 0 0 3 1 . 0 2 3 . 9 9 3 . 7 7 4 1 . 0 1 1

. 5 5 1 5 3 . 7 3 2 . 1 4 1 . 5 6 . 5 5 9 . 3 5 - . 0 0 9 . 0 5 2 . 0 0 7 - . 0 1 8 - . 3 0 6 . 0 0 3 1 . 0 0 8 . 9 9 7 . 6 6 8 1 . 0 0 4

. 5 5 2 0 2 . 7 5 2 . 1 4 . 5 9 . 2 4 2 . 9 7 - . 0 1 2 . 0 6 1 . 0 0 4 - . 0 1 0 - . 3 0 7 . 0 0 2 1 . 0 0 2 . 9 9 9 . 5 7 9 1 . 0 0 1

c
n

 
c
n 2 5 2 . 1 4 2 . 1 4 . 0 0 . 0 0 . 0 2 - . 0 1 6 . 0 6 8 . 0 0 0 - . 0 0 0 - . 3 0 9 . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 1 1 . 0 0 0

. 5 5 3 0 1 . 7 3 2 . 1 4 - . 3 9 - . 2 0 - 1 . 5 8 - . 0 1 9 . 0 7 5 - . 0 0 5 . 0 1 0 - . 3 1 0 - . 0 0 2 1 . 0 0 1 1 . 0 0 0 . 5 6 6 1 . 0 0 1

. 5 5 3 5 1 . 4 3 2 . 1 4 - . 6 8 - . 3 9 - 2 . 5 4 - . 0 2 3 . 0 8 2 - . 0 1 1 . 0 2 0 - . 3 1 2 - . 0 0 5 1 . 0 0 4 . 9 9 9 . 6 2 2 1 . 0 0 2

. 5 5 4 0 1 . 1 9 2 . 1 4 - . 9 0 - . 5 5 - 3 . 1 6 - . 0 2 7 . 0 8 8 - . 0 1 9 . 0 3 1 - . 3 1 3 - . 0 0 8 1 . 0 0 8 . 9 9 7 . 6 7 0 1 . 0 0 4

. 5 5 4 5 1 2 . 1 4 - 1 . 0 7 - . 7 1 - 3 . 5 9 - . 0 3 1 . 0 9 4 - . 0 2 8 . 0 4 1 - . 3 1 5 - . 0 1 1 1 . 0 1 3 . 9 9 6 . 7 1 2 1 . 0 0 6

. 5 5 5 0 . 8 4 2 . 1 4 - 1 . 2 1 - . 8 6 - 3 . 8 9 - . 0 3 6 . 1 0 0 - . 0 3 9 . 0 5 2 - . 3 1 7 - . 0 1 5 1 . 0 1 9 . 9 9 4 . 7 5 0 1 . 0 0 9

L
O

L
O 5 5 . 7 0 2 . 1 4 - 1 . 3 2 - 1 . 0 1 - 4 . 1 0 - . 0 4 2 . 1 0 6 - . 0 5 2 . 0 6 4 - . 3 1 9 - . 0 2 1 1 . 0 2 5 . 9 9 3 . 7 8 4 1 . 0 1 2

. 5 5 6 0 . 5 8 2 . 1 4 - 1 . 4 1 - 1 . 1 5 - 4 . 2 7 - . 0 4 8 . 1 1 1 - . 0 6 7 . 0 7 6 - . 3 2 2 - . 0 2 7 1 . 0 3 2 . 9 9 1 . 8 1 6 1 . 0 1 4

. 5 5 6 5 . 4 7 2 . 1 4 - 1 . 4 9 - 1 . 3 0 - 4 . 3 9 - . 0 5 5 . 1 1 7 - . 0 8 6 . 0 8 8 - . 3 2 4 - . 0 3 4 1 . 0 3 9 . 9 9 0 . 8 4 5 1 . 0 1 7

. 5 5 7 0 . 3 6 2 . 1 4 - 1 . 5 5 - 1 . 4 5 - 4 . 4 9 - . 0 6 4 . 1 2 3 - . 1 0 7 . 1 0 0 - . 3 2 8 - . 0 4 2 1 . 0 4 6 , 9 8 9 . 8 7 2 1 . 0 2 0

. 5 5 7 5 . 2 7 2 . 1 4 - 1 . 6 0 - 1 . 6 0 - 4 . 5 6 - . 0 7 3 . 1 2 9 - . 1 3 3 . 1 1 3 - . 3 3 1 - . 0 5 3 1 . 0 5 3 . 9 8 8 . 8 9 7 1 . 0 2 2

. 5 5 8 0 . 1 8 2 . 1 4 - 1 . 6 3 - 1 . 7 5 - 4 . 6 3 - . 0 8 4 . 1 3 5 - . 1 6 4 . 1 2 5 - . 3 3 6 - . 0 6 5 1 . 0 6 0 . 9 8 7 . 9 2 0 1 . 0 2 3

. 5 5 8 5 . 0 9 2 . 1 4 - 1 . 6 5 - 1 . 9 1 - 4 . 6 8 - . 0 9 7 . 1 4 1 - . 2 0 0 . 1 3 6 - . 3 4 1 - . 0 7 9 1 . 0 6 7 . 9 8 7 . 9 4 0 1 . 0 2 4

. 5 5 9 0 0 2 . 1 4 - 1 . 6 6 - 2 . 0 7 - 4 . 7 3 - . 1 1 2 . 1 4 6 - . 2 4 1 . 1 4 6 - . 3 4 7 - . 0 9 5 1 . 0 7 4 . 9 8 7 . 9 5 8 1 . 0 2 4

. 5 5 9 5 - . 0 9 2 . 1 4 - 1 . 6 5 - 2 . 2 3 - 4 . 7 8 - . 1 2 9 . 1 5 1 - . 2 8 7 . 1 5 4 - . 3 5 3 - . 1 1 3 1 . 0 7 9 . 9 8 8 . 9 7 4 1 . 0 2 3

L
O

L
O 1 0 0 - . 1 8 2 . 1 4 - 1 . 6 3 - 2 . 3 8 - 4 . 8 3 - . 1 4 8 . 1 5 6 - . 3 3 7 . 1 6 0 - . 3 6 1 - . 1 3 3 1 . 0 8 4 . 9 8 9 . 9 8 8 1 . 0 2 2

L
O
L
O 1 0 5 - . 2 7 2 . 1 4 - 1 . 6 0 - 2 . 5 4 - 4 . 8 9 - . 1 6 8 . 1 5 9 - . 3 9 1 . 1 6 2 - . 3 6 9 - . 1 5 4 1 . 0 8 8 . 9 9 1 . 9 9 9 1 . 0 1 9

. 5 5 1 1 0 - . 3 6 2 . 1 4 - 1 . 5 5 - 2 . 6 9 - 4 . 9 7 - . 1 9 0 . 1 6 2 - . 4 4 7 . 1 6 2 - . 3 7 8 - . 1 7 7 1 . 0 9 1 . 9 9 2 1 . 0 0 8 1 . 0 1 5

L
O
L
O 1 1 5 - . 4 7 2 . 1 4 - 1 . 4 9 - 2 . 8 4 - 5 . 0 6 - . 2 1 4 , 1 6 5 - . 5 0 5 . 1 5 8 - . 3 8 7 - . 1 9 9 1 . 0 9 4 . 9 9 4 1 . 0 1 5 1 . 0 1 0

L
O

L
O 1 2 0 - . 5 8 2 . 1 4 - 1 . 4 1 - 2 . 9 8 - 5 . 1 9 - . 2 4 0 . 1 6 6 - . 5 6 3 . 1 5 1 - . 3 9 7 - . 2 2 2 1 . 0 9 5 . 9 9 6 1 . 0 2 1 1 . 0 0 5

. 5 5 1 2 5 - . 7 0 2 . 1 4 - 1 . 3 2 - 3 . 1 3 - 5 . 3 5 - . 2 6 8 . 1 6 7 - . 6 2 1 . 1 4 0 - . 4 0 8 - . 2 4 5 1 . 0 9 6 . 9 9 8 1 . 0 2 6 . 9 9 8

. 5 5 1 3 0 - . 8 4 2 . 1 4 - 1 . 2 1 - 3 . 2 8 - 5 . 5 7 - . 2 9 8 . 1 6 6 - . 6 7 8 . 1 2 6 - . 4 2 0 - . 2 6 8 1 . 0 9 6 1 . 0 0 0 1 . 0 3 0 . 9 9 1

c
n
c
n 1 3 5 - 1 2 . 1 4 - 1 . 0 7 - 3 . 4 3 - 5 . 8 7 - . 3 3 0 . 1 6 5 - . 7 3 3 . 1 0 9 - . 4 3 3 - . 2 9 0 1 . 0 9 5 1 . 0 0 2 1 . 0 3 3 . 9 8 2

. 5 5 1 4 0 - 1 . 1 9 2 . 1 4 - . 9 0 - 3 . 5 8 - 6 . 2 9 - . 3 6 5 . 1 6 3 - . 7 8 5 . 0 8 7 - . 4 4 7 - . 3 1 0 1 . 0 9 4 1 . 0 0 4 1 . 0 3 5 . 9 7 3

L
O

L
O 1 4 5 - 1 . 4 3 2 . 1 4 - . 6 8 - 3 . 7 5 - 6 . 9 1 - . 4 0 5 . 1 5 9 - . 8 3 2 . 0 6 2 - . 4 6 2 - . 3 2 9 1 . 0 9 2 1 . 0 0 6 1 . 0 3 7 . 9 6 1

. 5 5 1 5 0 - 1 . 7 3 2 . 1 4 - . 3 9 - 3 . 9 3 - 7 . 8 8 - . 4 4 9 . 1 5 4 - . 8 7 1 . 0 3 3 - . 4 8 0 - . 3 4 4 1 . 0 8 9 1 . 0 0 8 1 . 0 3 7 . 9 4 8

. 5 5 1 5 5 - 2 . 1 4 2 . 1 4 . 0 0 - 4 . 1 4 - 9 . 4 8 - . 5 0 1 . 1 4 6 - . 8 9 6 - . 0 0 0 - . 5 0 0 - . 3 5 4 1 . 0 8 5 1 . 0 1 0 1 . 0 3 7 . 9 3 3

. 5 5 1 6 0 - 2 . 7 5 2 . 1 4 . 5 9 - 4 . 3 8 - 1 2 . 4 3 - . 5 6 1 . 1 3 6 - . 8 9 9 - . 0 3 7 - . 5 2 4 - . 3 5 5 1 . 0 8 0 1 . 0 1 1 1 . 0 3 6 . 9 1 3

. 5 5 1 6 5 - 3 . 7 3 2 . 1 4 1 . 5 6 - 4 . 6 8 - 1 8 . 8 1 - . 6 3 3 . 1 2 1 - . 8 6 4 - . 0 7 6 - . 5 5 3 - . 3 4 1 1 . 0 7 2 1 . 0 1 3 1 . 0 3 4 . 8 8 8

. 5 5 1 7 0 - 5 . 6 7 2 . 1 4 3 . 4 9 - 5 . 1 0 - 3 7 . 0 4 - . 7 2 3 . 0 9 9 - . 7 6 0 - . 1 0 9 - . 5 8 8 - . 3 0 0 1 . 0 6 2 1 . 0 1 4 1 . 0 3 0 . 8 5 2

. 5 5 1 7 5 - 1 1 . 4 3 2 . 1 4 9 . 2 3 - 5 . 8 0 - 1 3 5 . 5 3 - . 8 4 0 . 0 6 5 - . 5 2 1 - . 1 1 6 - . 6 3 4 - . 2 0 6 1 . 0 4 5 1 . 0 1 3 1 . 0 2 2 . 7 9 2

A -  vi
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5 = constant = Cot 30’

0 3 6 X U 4 fin flnt nin m t w nt mt 0 2 $ 3 0 4

L
O
L
O 5 1 1 . 4 3 1 . 7 3 9 . 6 3 1 . 8 6 1 2 7 . 6 6 - . 0 0 4 . 0 2 9 . 0 0 8 - . 0 3 4 - . 3 0 4 . 0 0 3 1 . 0 6 5 . 9 8 7 . 9 3 5 1 . 0 2 4

L
O
L
O 10 5 . 6 7 1 . 7 3 3 . 8 8 1 . 1 7 2 9 . 1 7 - . 0 0 7 . 0 4 5 . 0 1 1 - . 0 3 3 - . 3 0 5 . 0 0 4 1 . 0 3 2 . 9 9 1 . 8 1 9 1 . 0 1 5

L
OLO 1 5 3 . 7 3 1 . 7 3 1 . 9 6 . 7 5 1 0 : 9 4 - . 0 1 1 . 0 5 7 . 0 1 1 - . 0 2 7 - . 3 0 7 . 0 0 4 1 . 0 1 5 . 9 9 5 . 7 2 3 1 . 0 0 7

. 5 5 2 0 2 . 7 5 1 . 7 3 . 9 9 . 4 5 4 . 5 6 - . 0 1 5 . 0 6 7 . 0 0 9 - . 0 1 9 - . 3 0 8 . 0 0 3 1 . 0 0 5 . 9 9 8 . 6 4 0 1 . 0 0 3

. 5 5 2 5 2 . 1 4 1 . 7 3 . 4 0 . 2 1 1 . 6 1 - . 0 1 9 . 0 7 5 . 0 0 5 - . 0 1 0 - . 3 1 0 . 0 0 2 1 . 0 0 1 1 . 0 0 0 . 5 6 7 1 . 0 0 1

c
n

c
n 3 0 1 . 7 3 1 . 7 3 . 0 0 . 0 0 . 0 1 - . 0 2 3 . 0 8 3 . 0 0 0 - . 0 0 0 - . 3 1 2 . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 0 1 . 0 0 0

L
O
L
O 3 5 1 . 4 3 1 . 7 3 - . 2 8 - . 1 8 - . 9 5 - . 0 2 8 . 0 9 1 - . 0 0 7 . 0 1 0 - . 3 1 4 - . 0 0 3 1 . 0 0 1 1 . 0 0 0 . 5 5 9 1 . 0 0 0

. 5 5 4 0 1 . 1 9 1 . 7 3 - . 5 0 - . 3 5 - 1 . 5 8 - . 0 3 3 . 0 9 8 - . 0 1 5 . 0 2 1 - . 3 1 6 - . 0 0 6 1 . 0 0 3 . 9 9 9 . 6 1 0 1 . 0 0 2

c
n

c
n 4 5 1 1 . 7 3 - . 6 7 - . 5 0 - 2 . 0 0 - . 0 3 8 . 1 0 4 - . 0 2 5 . 0 3 2 - . 3 1 8 - . 0 1 0 1 . 0 0 7 . 9 9 8 . 6 5 6 1 . 0 0 3

. 5 5 5 0 . 8 4 1 . 7 3 - . 8 1 - . 6 5 - 2 . 3 0 - . 0 4 4 . 1 1 1 - . 0 3 6 . 0 4 4 - . 3 2 0 - . 0 1 4 1 . 0 1 1 . 9 9 6 . 6 9 8 1 . 0 0 6

. 5 5 5 5 . 7 0 1 . 7 3 - . 9 2 - . 8 0 - 2 . 5 2 - . 0 5 1 . 1 1 8 - . 0 5 1 . 0 5 6 - . 3 2 3 - . 0 2 0 1 . 0 1 7 . 9 9 5 . 7 3 6 1 . 0 0 8

c
n

c
n 6 0 . 5 8 1 . 7 3 - 1 . 0 2 - . 9 5 - 2 . 6 8 - . 0 5 8 . 1 2 4 - . 0 6 7 . 0 6 8 - . 3 2 6 - . 0 2 7 1 . 0 2 2 . 9 9 3 . 7 7 1 1 . 0 1 1

L
O
L
O 6 5 . 4 7 1 . 7 3 - 1 . 0 9 - 1 . 0 9 - 2 . 8 0 - . 0 6 7 . 1 3 1 - . 0 8 8 . 0 8 1 - . 3 2 9 - . 0 3 5 1 . 0 2 9 . 9 9 2 . 8 0 4 1 . 0 1 3

. 5 5 7 0 . 3 6 1 . 7 3 - 1 . 1 6 - 1 . 2 4 - 2 . 9 0 - . 0 7 7 . 1 3 8 - . 1 1 2 . 0 9 4 - . 3 3 3 - . 0 4 4 1 . 0 3 6 . 9 9 0 . 8 3 4 1 . 0 1 6

c
n

c
n 7 5 . 2 7 1 . 7 3 - 1 . 2 0 - 1 . 3 9 - 2 . 9 8 - . 0 8 8 . 1 4 4 - . 1 4 1 . 1 0 7 - . 3 3 7 - . 0 5 6 1 . 0 4 3 . 9 8 9 . 8 6 3 1 . 0 1 9

c
n

c
n 8 0 . 1 8 1 . 7 3 - 1 . 2 4 - 1 . 5 5 - 3 . 0 4 - . 1 0 2 . 1 5 1 - . 1 7 5 . 1 1 9 - . 3 4 3 - . 0 6 9 1 . 0 5 1 . 9 8 8 . 8 8 9 1 . 0 2 1

c
n

c
n 8 5 . 0 9 1 . 7 3 - 1 . 2 6 - 1 . 7 1 - 3 . 0 9 - . 1 1 7 . 1 5 7 - . 2 1 4 . 1 3 1 - . 3 4 9 - . 0 8 5 1 . 0 5 8 . 9 8 7 . 9 1 3 1 . 0 2 3

L
O

L
O 9 0 0 1 . 7 3 - 1 . 2 7 - 1 . 8 6 - 3 . 1 4 - . 1 3 4 . 1 6 3 - . 2 5 9 . 1 4 0 - . 3 5 6 - . 1 0 2 1 . 0 6 5 . 9 8 7 . 9 3 5 1 . 0 2 4

L
O
L
O 9 5 - . 0 9 1 . 7 3 - 1 . 2 6 - 2 . 0 2 - 3 . 1 9 - . 1 5 4 . 1 6 8 - . 3 0 9 . 1 4 7 - . 3 6 3 - . 1 2 2 1 . 0 7 2 . 9 8 7 . 9 5 3 1 . 0 2 4

. 5 5 1 0 0 - . 1 8 1 . 7 3 - 1 . 2 4 - 2 . 1 8 - 3 . 2 4 - . 1 7 5 . 1 7 3 - . 3 6 3 . 1 5 1 - . 3 7 2 - . 1 4 4 1 . 0 7 8 . 9 8 8 . 9 7 0 1 . 0 2 4

c
n

c
n 1 0 5 - . 2 7 1 . 7 3 - 1 . 2 0 - 2 . 3 3 - 3 . 3 0 - . 1 9 9 . 1 7 7 - . 4 2 0 . 1 5 2 - . 3 8 1 - . 1 6 6 1 . 0 8 3 . 9 8 9 . 9 8 4 1 . 0 2 2

. 5 5 1 1 0 - . 3 6 1 . 7 3 - 1 . 1 6 - 2 . 4 8 - 3 . 3 8 - . 2 2 4 . 1 7 9 - . 4 7 9 . 1 4 9 - . 3 9 1 - . 1 8 9 1 . 0 8 7 . 9 9 0 . 9 9 5 ¡ . 0 2 0

L
O
L
O 1 1 5 - . 4 7 1 . 7 3 - 1 . 0 9 - 2 . 6 3 - 3 . 4 8 - . 2 5 1 . 1 8 1 - . 5 3 8 . 1 4 3 - . 4 0 2 - . 2 1 2 1 . 0 9 0 . 9 9 2 1 . 0 0 5 1 . 0 1 6

L
O
L
O 1 2 0 - . 5 8 1 . 7 3 - 1 . 0 2 - 2 . 7 8 - 3 , 6 0 - . 2 7 9 . 1 8 2 - . 5 9 6 . 1 3 3 - . 4 1 3 - . 2 3 5 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1 . 0 1 2

. 5 5 1 2 5 - . 7 0 1 . 7 3 - . 9 2 - 2 . 9 3 - 3 . 7 6 - . 3 1 0 . 1 8 2 - . 6 5 2 . 1 1 9 - . 4 2 5 - . 2 5 8 1 . 0 9 5 . 9 9 5 1 . 0 1 9 1 . 0 0 7

L
OLO 1 3 0 - . 8 4 1 . 7 3 - . 8 1 - 3 . 0 7 - 3 . 9 8 - . 3 4 2 . 1 8 1 - . 7 0 6 . 1 0 2 - . 4 3 8 - . 2 7 9 1 . 0 9 6 . 9 9 7 1 . 0 2 5 1 . 0 0 1

L
OLO 1 3 5 - 1 1 . 7 3 - . 6 7 - 3 . 2 2 - 4 . 2 8 - . 3 7 7 . 1 7 9 - . 7 5 5 . 0 8 2 - . 4 5 1 - . 2 9 8 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 4

c
n

c
n 1 4 0 - 1 . 1 9 1 . 7 3 - . 5 0 - 3 . 3 8 - 4  Ì 70 - . 4 1 4 . 1 7 5 - . 7 9 9 . 0 5 8 - . 4 6 6 - . 3 1 6 1 . 0 9 6 1 . 0 0 1 1 . 0 3 2 . 9 8 5

. 5 5 1 4 5 - 1 . 4 3 1 . 7 3 - . 2 8 - 3 . 5 5 - 5 . 3 3 - . 4 5 5 . 1 7 0 - . 8 3 6 . 0 3 0 - . 4 8 2 - . 3 3 0 1 . 0 9 4 1 . 0 0 3 1 . 0 3 5 . 9 7 5

L
O
L
O 1 5 0 - 1 . 7 3 1 . 7 3 . 0 0 - 3 . 7 3 - 6 . 2 9 - . 5 0 0 . 1 6 3 - . 8 6 1 - . 0 0 0 - . 5 0 0 - . 3 4 0 1 . 0 9 2 1 . 0 0 6 1 . 0 3 6 . 9 6 3

c
n

c
n 1 5 5 - 2 . 1 4 1 . 7 3 . 4 0 - 3 . 9 3 - 7 . 8 9 - . 5 5 1 . 1 5 4 - . 8 7 0 - . 0 3 4 - . 5 2 0 - . 3 4 4 1 . 0 8 9 1 . 0 0 8 1 . 0 3 7 . 9 4 8

. 5 5 1 6 0 - 2 . 7 5 1 . 7 3 . 9 9 - 4 . 1 8 - 1 0 . 8 4 - . 6 1 0 . 1 4 1 - . 8 5 5 - . 0 6 9 - . 5 4 4 - . 3 3 8 1 . 0 8 4 1 . 0 1 0 1 . 0 3 7 . 9 3 0
L
O
L
O 1 6 5 - 3 . 7 3 1 . 7 3 1 . 9 6 - 4 . 4 8 - 1 7 . 2 2 - . 6 7 9 . 1 2 4 - . 8 0 ) - . 1 0 2 - . 5 7 1 - . 3 1 6 1 . 0 7 7 1 . 0 1 2 1 . 0 3 5 . 9 0 5

L
O
L
O 1 7 0 - 5 . 6 7 1 . 7 3 3 . 8 8 - 4 . 8 9 - 3 5 . 4 5 - . 7 6 2 . 1 0 0 - . 6 8 2 - . 1 2 7 - . 6 0 4 - . 2 6 9 1 . 0 6 7 1 . 0 1 3 1 . 0 3 2 . 8 6 9

L
O
L
O 1 7 5 - 1 1 . 4 3 1 . 7 3 9 . 6 3 - 5 . 5 9 - 1 3 3 . 9 4 - . 8 6 6 . 0 6 4 - . 4 4 9 - . 1 2 2 - . 6 4 4 - . 1 7 7 1 . 0 5 0 1 . 0 1 3 1 . 0 2 4 . 8 0 9

A  - vii
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6 = constant = Cot 45'

0 9 3 l¡ X U * Do flnt m n IHtw nt mt », » 2 43 44
. 5 5 5 1 1 . 4 3 1 1 0 . 3 0 2 . 3 7 1 2 9 . 6 6 - . 0 0 6 . 0 3 4 . 0 1 6 - . 0 4 9 - . 3 0 5 . 0 0 6 1 . 0 8 4 . 9 8 9 . 9 8 6 1 . 0 2 2

. 5 5 10 5 . 6 7 1 4 . 5 6 1 . 6 7 3 1 . 1 7 - . 0 1 2 . 0 5 4 . 0 2 5 - . 0 5 6 - . 3 0 7 . 0 1 0 1 . 0 5 6 . 9 8 7 . 9 0 8 1 . 0 2 2

. 5 5 1 5 3 . 7 3 1 2 . 6 3 1 . 2 5 1 2 . 9 4 - . 0 1 8 . 0 6 9 . 0 2 9 - . 0 5 4 - . 3 1 0 . 0 1 1 1 . 0 3 6 . 9 9 0 . 8 3 7 1 . 0 1 6

. 5 5 2 0 2 . 7 5 1 1 . 6 6 . 9 5 6 . 5 6 - . 0 2 5 . 0 8 2 . 0 3 0 - . 0 4 9 - . 3 1 2 . 0 1 2 1 . 0 2 3 . 9 9 3 . 7 7 2 1 . 0 1 1

. 5 5 2 5 2 . 1 4 1 1 . 0 7 . 7 1 3 . 6 1 - . 0 3 1 . 0 9 4 . 0 2 8 - . 0 4 1 - . 3 1 5 . 0 1 1 1 . 0 1 3 . 9 9 6 . 7 1 2 1 . 0 0 6

. 5 5 3 0 1 . 7 3 1 . 6 8 . 5 1 2 . 0 1 - . 0 3 8 . 1 0 4 . 0 2 5 - . 0 3 2 - . 3 1 8 . 0 1 0 1 . 0 0 7 . 9 9 8 . 6 5 7 1 . 0 0 3

. 5 5 3 5 1 . 4 3 1 . 3 9 . 3 2 1 . 0 4 - . 0 4 6 . 1 1 4 . 0 1 9 - . 0 2 2 - . 3 2 1 . 0 0 7 1 . 0 0 3 . 9 9 9 . 6 0 3 1 . 0 0 1

. 5 5 4 0 1 . 1 9 1 . 1 7 . 1 6 . 4 2 - . 0 5 3 . 1 2 4 . 0 1 1 - . 0 1 2 - . 3 2 4 . 0 0 4 1 . 0 0 1 1 . 0 0 0 . 5 5 1 1 . 0 0 0

. 5 5 4 5 1 1 0 0 -.00 #VALUE!#DIV/0!#DIV/0!#DIV/0!#VALUE!#DIV/0!#VALUE!#VALUE!#VALUE!#VALUE!

. 5 5 5 0 . 8 4 1 - . 1 4 - . 1 5 - . 3 0 - . 0 7 1 . 1 4 1 - . 0 1 3 . 0 1 2 - . 3 3 1 - . 0 0 5 1 . 0 0 1 1 . 0 0 0 . 5 4 9 1 . 0 0 0

. 5 5 5 5 . 7 0 1 - . 2 5 - . 3 0 - . 5 2 - . 0 8 2 . 1 5 0 - . 0 3 0 . 0 2 5 - . 3 3 5 - . 0 1 2 1 . 0 0 2 . 9 9 9 . 5 9 5 1 . 0 0 1

. 5 5 6 0 . 5 8 1 - . 3 4 - . 4 4 - . 6 8 - . 0 9 3 . 1 5 9 - . 0 5 0 . 0 3 8 - . 3 3 9 - . 0 2 0 1 . 0 0 5 . 9 9 8 . 6 3 9 1 . 0 0 3

. 5 5 6 5 . 4 7 1 - . 4 2 - . 5 9 - . 8 1 - . 1 0 6 . 1 6 7 - . 0 7 4 . 0 5 1 - . 3 4 4 - . 0 2 9 1 . 0 0 9 . 9 9 7 . 6 8 0 1 . 0 0 5

. 5 5 7 0 . 3 6 1 - . 4 8 - . 7 4 - . 9 0 - . 1 2 1 . 1 7 6 - . 1 0 3 . 0 6 5 - . 3 5 0 - . 0 4 1 1 . 0 1 4 . 9 9 6 . 7 2 0 1 . 0 0 7

. 5 5 7 5 . 2 7 1 - . 5 3 - . 8 9 - . 9 8 - . 1 3 8 . 1 8 4 - . 1 3 8 . 0 7 8 - . 3 5 7 - . 0 5 4 1 . 0 2 0 . 9 9 4 . 7 5 7 1 . 0 1 0

. 5 5 8 0 . 1 8 1 - . 5 6 - 1 . 0 4 - 1 . 0 4 - . 1 5 8 . 1 9 2 - . 1 7 9 . 0 9 0 - . 3 6 5 - . 0 7 1 1 . 0 2 7 . 9 9 2 . 7 9 3 1 . 0 1 2

. 5 5 8 5 . 0 9 1 - . 5 8 - 1 . 2 0 - 1 . 0 9 - . 1 8 0 . 1 9 9 - . 2 2 5 . 1 0 0 - . 3 7 4 - . 0 8 9 1 . 0 3 4 . 9 9 1 . 8 2 6 1 . 0 1 5

. 5 5 9 0 0 1 - . 5 9 - 1 . 3 6 - 1 . 1 4 - . 2 0 4 . 2 0 6 - . 2 7 8 . 1 0 7 - . 3 8 3 - . 1 1 0 1 . 0 4 2 . 9 8 9 . 8 5 7 1 . 0 1 8

. 5 5 9 5 - . 0 9 1 - . 5 8 - 1 . 5 2 - 1 . 1 9 - . 2 3 1 . 2 1 1 - . 3 3 4 . 1 1 1 - . 3 9 4 - . 1 3 2 1 . 0 4 9 . 9 8 8 . 8 8 4 1 . 0 2 1

. 5 5 1 0 0 - . 1 8 1 - . 5 6 - 1 . 6 7 - 1 . 2 4 - . 2 6 0 . 2 1 5 - . 3 9 3 . 1 1 0 - . 4 0 5 - . 1 5 5 1 . 0 5 7 . 9 8 7 . 9 0 9 1 . 0 2 3

. 5 5 1 0 5 - . 2 7 1 - . 5 3 - 1 . 8 3 - 1 . 3 1 - . 2 9 1 . 2 1 8 - . 4 5 3 . 1 0 5 - . 4 1 8 - . 1 7 9 1 . 0 6 4 . 9 8 7 . 9 3 0 1 . 0 2 4

. 5 5 1 1 0 - . 3 6 1 - . 4 8 - 1 . 9 8 - 1 . 3 8 - . 3 2 3 . 2 2 0 - . 5 1 2 . 0 9 6 - . 4 3 0 - . 2 0 2 1 . 0 7 0 . 9 8 7 . 9 4 9 1 . 0 2 4

. 5 5 1 1 5 - . 4 7 1 - . 4 2 - 2 . 1 3 - 1 . 4 8 - . 3 5 7 . 2 2 0 - . 5 6 7 . 0 8 3 - . 4 4 3 - . 2 2 4 1 . 0 7 6 . 9 8 8 . 9 6 5 1 . 0 2 4

. 5 5 1 2 0 - . 5 8 1 - . 3 4 - 2 . 2 8 - 1 . 6 0 - . 3 9 1 . 2 1 8 - . 6 1 7 . 0 6 7 - . 4 5 7 - . 2 4 4 1 . 0 8 1 . 9 8 8 . 9 7 9 1 . 0 2 3

. 5 5 1 2 5 - . 7 0 1 - . 2 5 - 2 . 4 2 - 1 . 7 6 - . 4 2 6 . 2 1 5 - . 6 6 2 . 0 4 7 - . 4 7 1 - . 2 6 2 1 . 0 8 5 . 9 9 0 . 9 9 0 1 . 0 2 1

. 5 5 1 3 0 - . 8 4 1 - . 1 4 - 2 . 5 7 - 1 . 9 8 - . 4 6 2 . 2 1 1 - . 7 0 0 . 0 2 5 - . 4 8 5 - . 2 7 7 1 . 0 8 9 . 9 9 1 1 . 0 0 1 1 . 0 1 8

. 5 5 1 3 5 - 1 t 0 - 2 . 7 2 - 2 . 2 8 - . 5 0 0 . 2 0 6 - . 7 3 0 0 - . 5 0 0 - . 2 8 8 1 . 0 9 2 . 9 9 3 1 . 0 1 0 1 . 0 1 4

. 5 5 1 4 0 - 1 . 1 9 1 . 1 7 - 2 . 8 8 - 2 . 7 1 - . 5 3 9 . 1 9 8 - . 7 5 1 - . 0 2 6 - . 5 1 5 - . 2 9 7 1 . 0 9 4 . 9 9 5 1 . 0 1 7 1 . 0 0 9

. 5 5 1 4 5 - 1 . 4 3 1 . 3 9 - 3 . 0 4 - 3 . 3 3 - . 5 8 0 . 1 8 9 - . 7 6 0 - . 0 5 4 - . 5 3 2 - . 3 0 0 1 . 0 9 6 . 9 9 7 1 . 0 2 4 1 . 0 0 2

. 5 5 1 5 0 - 1 . 7 3 1 . 6 8 - 3 . 2 2 - 4 . 2 9 - . 6 2 4 . 1 7 8 - . 7 5 5 - . 0 8 2 - . 5 4 9 - . 2 9 8 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 3

. 5 5 1 5 5 - 2 . 1 4 1 1 . 0 7 - 3 . 4 3 - 5 . 8 9 - . 6 7 1 . 1 6 5 - . 7 3 3 - . 1 0 9 - . 5 6 7 - . 2 9 0 1 . 0 9 5 1 . 0 0 2 1 . 0 3 3 . 9 8 2

. 5 5 1 6 0 - 2 . 7 5 1 1 . 6 6 - 3 . 6 7 - 8 : 8 4 - . 7 2 2 . 1 4 8 - . 6 8 7 - . 1 3 3 - . 5 8 8 - . 2 7 2 1 . 0 9 3 1 . 0 0 5 1 . 0 3 6 . 9 6 7

. 5 5 1 6 5 - 3 . 7 3 1 2 . 6 3 - 3 . 9 7 - 1 5 . 2 2 - . 7 7 8 . 1 2 7 - . 6 1 0 - . 1 5 1 - . 6 1 0 - . 2 4 1 1 . 0 8 8 1 . 0 0 8 1 . 0 3 7 . 9 4 5

. 5 5 1 7 0 - 5 . 6 7 1 4 . 5 6 - 4 . 3 9 - 3 3 . 4 6 - . 8 4 2 . 0 9 9 - . 4 8 7 - . 1 5 5 - . 6 3 5 - . 1 9 2 1 . 0 8 0 1 . 0 1 1 1 . 0 3 6 . 9 1 2

. 5 5 1 7 5 - 1 1 . 4 3 1 1 0 . 3 0 - 5 . 0 9 - 1 3 1 . 9 4 - . 9 1 4 . 0 6 2 - . 2 9 7 - . 1 2 7 - . 6 6 4 - . 1 1 7 1 . 0 6 2 1 . 0 1 3 1 . 0 3 0 . 8 5 2

A  - viii



5 = constant = Cot 60’

9 ß 5 X U 4 Rn H n t ffln IHtw n» Dit 0 , $ 2 * 3 Í 4

. 5 5 5 1 1 . 4 3 . 5 8 1 0 . 6 4 2 . 8 1 1 3 0 . 3 3 - . 0 0 9 . 0 3 9 . 0 2 8 - . 0 6 4 - . 3 0 6 . 0 1 1 1 . 0 9 3 . 9 9 4 1 . 0 1 4 1 . 0 1 1

. 5 5 1 0 5 . 6 7 . 5 8 4 . 9 0 2 . 1 1 3 1 . 8 5 - . 0 1 9 . 0 6 3 . 0 4 6 - . 0 7 9 - . 3 1 0 . 0 1 8 1 . 0 7 5 . 9 8 8 . 9 6 3 1 . 0 2 4

L
O

L
O 1 5 3 . 7 3 . 5 8 2 . 9 7 1 . 6 9 1 3 . 6 2 - . 0 2 8 . 0 8 1 . 0 5 7 - . 0 8 3 - . 3 1 4 . 0 2 2 1 . 0 5 8 . 9 8 7 . 9 1 2 1 . 0 2 3

. 5 5 2 0 2 . 7 5 . 5 8 2 . 0 0 1 . 3 9 7 . 2 3 - . 0 3 8 . 0 9 7 . 0 6 4 - . 0 8 1 - . 3 1 8 . 0 2 5 1 . 0 4 3 . 9 8 9 . 8 6 3 1 . 0 1 9

. 5 5 2 5 2 . 1 4 . 5 8 1 . 4 1 1 . 1 5 4 . 2 8 - . 0 4 8 . 1 1 1 . 0 6 7 - . 0 7 5 - . 3 2 1 . 0 2 6 1 . 0 3 2 . 9 9 1 . 8 1 6 1 . 0 1 4

en en 3 0 1 . 7 3 . 5 8 1 . 0 2 . 9 5 2 . 6 8 - . 0 5 8 . 1 2 4 . 0 6 7 - . 0 6 8 - . 3 2 5 . 0 2 6 1 . 0 2 2 . 9 9 3 . 7 7 0 1 . 0 1 1

en en 3 5 1 . 4 3 . 5 8 . 7 3 . 7 6 1 . 7 2 - . 0 6 9 . 1 3 6 . 0 6 4 - . 0 5 9 - . 3 3 0 . 0 2 5 1 . 0 1 5 . 9 9 5 . 7 2 6 1 . 0 0 7

L
O

L
O 4 0 1 . 1 9 . 5 8 . 5 1 . 6 0 1 . 1 0 - . 0 8 1 . 1 4 7 . 0 5 8 - . 0 4 9 - . 3 3 4 . 0 2 3 1 . 0 0 9 . 9 9 7 . 6 8 2 1 . 0 0 5

en en 4 5 1 . 5 8 . 3 4 . 4 4 . 6 8 - . 0 9 3 . 1 5 8 . 0 4 9 - . 0 3 8 - . 3 3 9 . 0 1 9 1 . 0 0 5 . 9 9 3 . 6 3 8 1 . 0 0 3

L
O

L
O 5 0 . 8 4 . 5 8 . 2 0 . 2 9 . 3 8 - . 1 0 6 . 1 6 9 . 0 3 7 - . 0 2 6 - . 3 4 5 . 0 1 4 1 . 0 0 2 . 9 9 9 . 5 9 3 1 . 0 0 1

L
O

L
O 5 5 . 7 0 . 5 8 . 0 9 . 1 4 . 1 6 - . 1 2 1 . 1 7 9 . 0 2 0 - . 0 1 3 - . 3 5 0 . 0 0 8 1 . 0 0 1 1 . 0 0 0 . 5 4 7 1 . 0 0 0

L
O

L
O 6 0 . 5 8 . 5 8 - . 0 0 - . 0 0 - . 0 0 - . 1 3 8 . 1 8 9 - . 0 0 1 . 0 0 0 - . 3 5 7 - . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 1 1 . 0 0 0

L
O

L
O 6 5 . 4 7 . 5 8 - . 0 8 - . 1 5 - . 1 3 - . 1 5 6 . 1 9 9 - . 0 2 6 . 0 1 4 - . 3 6 4 - . 0 1 0 1 . 0 0 1 1 . 0 0 0 . 5 4 9 1 . 0 0 0

L
O

L
O 7 0 . 3 6 . 5 8 - . 1 4 - . 3 0 - . 2 2 - . 1 7 6 . 2 0 9 - . 0 5 8 . 0 2 7 - . 3 7 2 - . 0 2 3 1 . 0 0 2 . 9 9 9 . 5 9 5 1 . 0 0 1

en en 7 5 . 2 7 . 5 8 - . 1 9 - . 4 5 - . 3 0 - . 2 0 0 . 2 1 8 - . 0 9 5 . 0 3 9 - . 3 8 1 - . 0 3 8 1 . 0 0 5 . 9 9 8 . 6 4 1 1 . 0 0 3

L
O

L
O 8 0 . 1 8 . 5 8 - . 2 2 - . 6 0 - . 3 6 - . 2 2 5 . 2 2 6 - . 1 3 9 . 0 5 0 - . 3 9 2 - . 0 5 5 1 . 0 1 0 . 9 9 7 . 6 8 4 1 . 0 0 5

L
O

L
O 8 5 . 0 9 . 5 8 - . 2 4 - . 7 6 - . 4 1 - . 2 5 4 . 2 3 4 - . 1 8 9 . 0 5 8 - . 4 0 3 - . 0 7 4 1 . 0 1 5 . 9 9 5 . 7 2 5 1 . 0 0 7

L
O

L
O 9 0 0 . 5 8 - . 2 5 - . 9 2 - . 4 6 - . 2 8 5 . 2 4 0 - . 2 4 3 . 0 6 2 - . 4 1 5 - . 0 9 6 1 . 0 2 1 . 9 9 4 . 7 6 4 1 . 0 1 0

. 5 5 9 5 - . 0 9 . 5 8 - . 2 4 - 1 . 0 8 - . 5 1 - . 3 1 8 . 2 4 4 - . 3 0 0 . 0 6 3 - . 4 2 8 - . 1 1 9 1 . 0 2 8 . 9 9 2 . 8 0 0 1 . 0 1 3

. 5 5 1 0 0 - . 1 8 . 5 8 - . 2 2 - 1 . 2 3 - . 5 7 - . 3 5 3 . 2 4 7 - . 3 5 8 . 0 5 8 - . 4 4 2 - . 1 4 1 1 . 0 3 6 . 9 9 0 . 8 3 3 1 . 0 1 6

. 5 5 1 0 5 - . 2 7 . 5 8 - . 1 9 - 1 . 3 9 - . 6 3 - . 3 8 9 . 2 4 8 - . 4 1 4 . 0 4 9 - . 4 5 6 - . 1 6 3 1 . 0 4 3 . 9 8 9 . 8 6 2 1 . 0 1 9

en en 1 1 0 - . 3 6 . 5 8 - . 1 4 - 1 . 5 4 - . 7 0 - . 4 2 6 . 2 4 7 - . 4 6 6 . 0 3 6 - . 4 7 1 - . 1 8 4 1 . 0 5 0 . 9 8 8 . 8 8 8 1 . 0 2 1

en en 1 1 5 - . 4 7 . 5 8 - . 0 8 - 1 . 6 9 - . 8 0 - . 4 6 3 . 2 4 4 - . 5 1 2 . 0 2 0 - . 4 8 5 - . 2 0 2 1 . 0 5 7 . 9 8 7 . 9 1 1 1 . 0 2 3

L
O

L
O 1 2 0 - . 5 8 . 5 8 - . 0 0 - 1 . 8 4 - . 9 2 - . 4 9 9 . 2 4 0 - . 5 5 1 . 0 0 0 - . 5 0 0 - . 2 1 7 1 . 0 6 4 . 9 8 7 . 9 3 1 1 . 0 2 4

L
O

L
O 1 2 5 - . 7 0 . 5 8 . 0 9 - 1 . 9 8 - 1 . 0 9 - . 5 3 6 . 2 3 4 - . 5 8 2 - . 0 2 1 - . 5 1 4 - . 2 3 0 1 . 0 7 0 . 9 8 7 . 9 4 9 1 . 0 2 4

en en 1 3 0 - . 8 4 . 5 8 . 2 0 - 2 . 1 3 - 1 . 3 1 - . 5 7 2 . 2 2 7 - . 6 0 5 - . 0 4 3 - . 5 2 8 - . 2 3 9 1 . 0 7 6 . 9 8 8 . 9 6 5 1 . 0 2 4

. 5 5 1 3 5 - 1 . 5 8 . 3 4 - 2 . 2 8 - 1 . 6 0 - . 6 0 8 . 2 1 8 - . 6 1 8 - . 0 6 6 - . 5 4 3 - . 2 4 4 1 . 0 8 1 . 9 8 8 . 9 7 9 1 . 0 2 3

. 5 5 1 4 0 - 1 , 1 9 . 5 8 . 5 1 - 2 . 4 4 - 2 . 0 3 - . 6 4 5 . 2 0 8 - . 6 2 3 - . 0 8 9 - . 5 5 7 - . 2 4 6 1 . 0 8 6 . 9 9 0 . 9 9 2 1 . 0 2 1

en en 1 4 5 - 1 . 4 3 . 5 8 . 7 3 - 2 . 6 0 - 2 . 6 5 - . 6 8 2 . 1 9 6 - . 6 1 6 - . 1 1 2 - . 5 7 2 - . 2 4 3 1 . 0 9 0 . 9 9 1 1 . 0 0 3 1 . 0 1 7
. 5 5 1 5 0 - 1 . 7 3 . 5 8 1 . 0 2 - 2 . 7 8 - 3 . 6 1 - . 7 2 0 . 1 8 2 - . 5 9 7 - . 1 3 3 - . 5 8 7 - . 2 3 6 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1 . 0 1 2

L
O

L
O 1 5 5 - 2 . 1 4 . 5 8 1 . 4 1 - 2 . 9 9 - 5 . 2 1 - . 7 6 0 . 1 6 6 - . 5 6 4 - . 1 5 1 - . 6 0 3 - . 2 2 3 1 . 0 9 5 . 9 9 6 1 . 0 2 2 1 . 0 0 4

L
O

L
O 1 6 0 - 2 . 7 5 . 5 8 2 . 0 0 - 3 . 2 3 - 8 . 1 6 - . 8 0 1 . 1 4 7 - . 5 1 4 - . 1 6 4 - . 6 1 9 - . 2 0 3 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 3

L
O

L
O 1 6 5 - 3 . 7 3 . 5 8 2 . 9 7 - 3 . 5 3 - 1 4 . 5 4 - . 8 4 5 . 1 2 4 - . 4 4 1 - . 1 6 9 - . 6 3 6 - . 1 7 4 1 . 0 9 4 1 . 0 0 3 1 . 0 3 5 . 9 7 6

L
O

L
O 1 7 0 - 5 . 6 7 . 5 8 4 . 9 0 - 3 . 9 5 - 3 2 . 7 8 - . 8 9 2 . 0 9 6 - . 3 4 0 - . 1 6 0 - . 6 5 5 - . 1 3 4 1 . 0 8 9 1 . 0 0 8 1 . 0 3 7 . 9 4 7

L
O

L
O 1 7 5 - 1 1 . 4 3 . 5 8 1 0 . 6 4 - 4 . 6 5 - 1 3 1 . 2 6 - . 9 4 3 . 0 5 9 - . 1 9 9 - . 1 2 2 - . 6 7 5 - . 0 7 9 1 . 0 7 3 1 . 0 1 3 1 . 0 3 4 . 8 9 1

A  - ix



6 = constant = Cot 75'

e 8 6 X U * n „ Ho t Hin IHtw n t m t » , « 2 $ 3 « 4

L
O

L
O 5 1 1 . 4 3 . 2 7 1 0 . 8 3 3 . 2 5 1 3 0 . 6 3 - . 0 1 5 . 0 4 4 . 0 4 7 - . 0 8 0 - . 3 0 8 . 0 1 9 1 . 0 9 6 1 . 0 0 0 1 . 0 3 0 . 9 9 2

L
O

L
O

io 5 . 6 7 . 2 7 5 . 0 9 2 . 5 6 3 2 . 1 5 - . 0 2 9 . 0 7 2 . 0 8 0 - . 1 0 4 - . 3 1 4 . 0 3 2 1 . 0 8 9 . 9 9 1 1 . 0 0 0 1 . 0 1 8

L
O

L
O 1 5 3 . 7 3 . 2 7 3 . 1 6 2 . 1 4 1 3 . 9 1 - . 0 4 4 . 0 9 4 . 1 0 4 - . 1 1 3 - . 3 2 0 . 0 4 1 1 . 0 7 6

ooooc
n . 9 6 6 1 . 0 2 4

. 5 5 2 0 2 . 7 5 . 2 7 2 . 1 9 1 . 8 4 7 , 5 3 - . 0 5 8 . 1 1 2 . 1 2 1 - . 1 1 5 - . 3 2 5 . 0 4 8 1 . 0 6 4 . 9 8 7 . 9 3 1 1 . 0 2 4

. 5 5 2 5 2 . 1 4 . 2 7 1 . 6 0 1 . 6 0 4 . 5 8 - . 0 7 3 . 1 2 9 . 1 3 3 - . 1 1 2 - . 3 3 1 . 0 5 2 1 . 0 5 3 . 9 8 8 . 8 9 7 1 . 0 2 2

L
O

L
O 3 0 1 . 7 3 . 2 7 1 . 2 0 1 . 3 9 2 . 9 8 - . 0 8 8 . 1 4 4 . 1 4 0 - . 1 0 7 - . 3 3 7 . 0 5 5 1 . 0 4 3 . 9 8 9 . 8 6 2 1 . 0 1 9

L
O

L
O 3 5 1 . 4 3 . 2 7 . 9 2 1 . 2 1 2 . 0 2 - . 1 0 4 . 1 5 8 . 1 4 3 - . 0 9 9 - . 3 4 4 . 0 5 7 1 . 0 3 4 . 9 9 1 . 8 2 8 1 . 0 1 5

L
O

L
O 4 0 1 . 1 9 . 2 7 . 7 0 1 . 0 4 1 . 4 0 - . 1 2 0 . 1 7 1 . 1 4 2 - . 0 8 9 - . 3 5 0 . 0 5 6 1 . 0 2 7 . 9 9 2 . 7 9 3 1 . 0 1 2

L
O

L
O 4 5 1 . 2 7 . 5 3 . 8 9 . 9 8 - . 1 3 8 . 1 8 4 . 1 3 7 - . 0 7 8 - . 3 5 7 . 0 5 4 1 . 0 2 0 . 9 9 4 . 7 5 6 1 . 0 0 9

L
O

L
O 5 0 . 8 4 . 2 7 . 3 9 . 7 4 . 6 8 - . 1 5 7 . 1 9 6 . 1 2 7 - . 0 6 5 - . 3 6 4 . 0 5 0 1 . 0 1 4 . 9 9 6 . 7 1 9 1 . 0 0 7

. 5 5 5 5 . 7 0 . 2 7 . 2 8 . 5 9 . 4 6 - . 1 7 7 . 2 0 7 . 1 1 3 - . 0 5 2 - . 3 7 3 . 0 4 5 1 . 0 0 9 . 9 9 7 . 6 8 0 1 . 0 0 5

. 5 5 6 0 . 5 8 . 2 7 . 1 8 . 4 4 , 2 9 - . 2 0 0 . 2 1 8 . 0 9 4 - . 0 3 9 - . 3 8 1 . 0 3 7 1 . 0 0 5 . 9 9 8 . 6 3 9 1 . 0 0 3

. 5 5 6 5 . 4 7 . 2 7 . 1 1 . 3 0 . 1 7 - . 2 2 4 . 2 2 8 . 0 6 9 - . 0 2 5 - . 3 9 1 . 0 2 7 1 . 0 0 2 . 9 9 9 . 5 9 5 1 . 0 0 1

cn cn 7 0 . 3 6 . 2 7 . 0 5 . 1 5 . 0 7 - . 2 5 1 . 2 3 8 . 0 3 7 - . 0 1 2 - . 4 0 2 . 0 1 5 1 . 0 0 1 1 . 0 0 0 . 5 4 8 1 . 0 0 0

cn cn 7 5 . 2 7 . 2 7 - . 0 0 - . 0 0 - . 0 0 - . 2 8 0 . 2 4 7 - . 0 0 1 . 0 0 0 - . 4 1 3 - . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 1 1 . 0 0 0

. 5 5 8 0 . 1 8 . 2 7 - . 0 4 - . 1 6 - . 0 6 - . 3 1 3 . 2 5 5 - . 0 4 5 . 0 1 0 - . 4 2 6 - . 0 1 8 1 . 0 0 1 1 . 0 0 0 . 5 5 1 1 . 0 0 0

cn cn 8 5 . 0 9 . 2 7 - . 0 6 - . 3 1 - . 1 2 - . 3 4 7 . 2 6 1 - . 0 9 5 . 0 1 7 - . 4 4 0 - . 0 3 7 1 . 0 0 3 . 9 9 9 . 6 0 0 1 . 0 0 1

L
O

L
O 9 0 0 . 2 7 - . 0 6 - . 4 7 - . 1 7 - . 3 8 4 . 2 6 5 - . 1 4 8 . 0 1 9 - . 4 5 4 - . 0 5 8 1 . 0 0 6 . 9 9 8 . 6 4 7 1 . 0 0 3

cn cn 9 5 - . 0 9 . 2 7 - . 0 6 - . 6 3 - . 2 1 - . 4 2 2 . 2 6 7 - . 2 0 3 . 0 1 7 - . 4 6 9 - . 0 8 0 1 . 0 1 1 . 9 9 7 . 6 9 1 1 . 0 0 5

. 5 5 1 0 0 - . 1 8 . 2 7 - . 0 4 - . 7 9 - . 2 7 - . 4 6 1 . 2 6 7 - . 2 5 6 .011 - . 4 8 4 - . 1 0 1 1 . 0 1 6 . 9 9 5 . 7 3 2 1 . 0 0 8

L
O

L
O 1 0 5 - . 2 7 . 2 7 - . 0 0 - . 9 4 - . 3 3 - . 4 9 9 . 2 6 5 - . 3 0 5 . 0 0 0 - . 5 0 0 - . 1 2 1 1 . 0 2 2 . 9 9 3 . 7 7 0 1 . 0 1 0

L
O

L
O 1 1 0 - . 3 6 . 2 7 . 0 5 - 1 . 0 9 - . 4 1 - . 5 3 7 . 2 6 1 - . 3 4 9 - . 0 1 4 - . 5 1 5 - . 1 3 8 1 . 0 2 9 . 9 9 2 , 8 0 4 1 . 0 1 3

cn cn 1 1 5 - . 4 7 . 2 7 . 1 1 - 1 . 2 4 - . 5 0 - . 5 7 4 . 2 5 5 - . 3 8 5 - . 0 3 0 - . 5 2 9 - . 1 5 2 1 . 0 3 6 . 9 9 0 . 8 3 4 1 . 0 1 6

cn cn 1 2 0 - . 5 8 . 2 7 . 1 8 - 1 . 3 9 - . 6 3 - . 6 0 9 . 2 4 8 - . 4 1 5 - . 0 4 9 - . 5 4 3 - . 1 6 4 1 . 0 4 3 . 9 8 9 . 8 6 2 1 . 0 1 9

. 5 5 1 2 5 - . 7 0 . 2 7 . 2 8 - 1 . 5 4 - . 7 9 - . 6 4 3 . 2 3 9 - . 4 3 6 - . 0 6 7 - . 5 5 7 - . 1 7 2 1 . 0 5 0 . 9 8 8 . 8 8 7 1 . 0 2 1

L
OL
O 1 3 0 - . 8 4 . 2 7 . 3 9 - 1 . 6 8 - 1 . 0 1 - . 6 7 6 . 2 2 9 - . 4 4 9 - . 0 8 7 - . 5 7 0 - . 1 7 7 1 . 0 5 7 . 9 8 7 . 9 1 0 1 . 0 2 3

. 5 5 1 3 5 - 1 . 2 7 . 5 3 - 1 . 8 3 - 1 . 3 1 - . 7 0 8 . 2 1 8 - . 4 5 5 - . 1 0 5 - . 5 8 2 - . 1 8 0 1 . 0 6 4 . 9 8 7 . 9 3 1 1 . 0 2 4

L
O

L
O 1 4 0 - 1 . 1 9 . 2 7 . 7 0 - 1 . 9 9 - 1 . 7 3 - . 7 3 9 . 2 0 6 - . 4 5 2 - . 1 2 3 - . 5 9 5 - . 1 7 9 1 . 0 7 1 . 9 8 7 . 9 5 0 1 . 0 2 4

. 5 5 1 4 5 - 1 . 4 3 . 2 7 . 9 2 - 2 . 1 6 - 2 , 3 5 - . 7 7 0 . 1 9 2 - . 4 4 1 - . 1 3 9 - . 6 0 7 - . 1 7 4 1 . 0 7 7 . 9 8 8 . 9 6 7 1 . 0 2 4

. 5 5 1 5 0 - 1 . 7 3 . 2 7 1 . 2 0 - 2 . 3 4 - 3 . 3 1 - . 8 0 1 . 1 7 7 - . 4 2 2 - . 1 5 2 - . 6 1 9 - . 1 6 6 1 . 0 8 3 . 9 8 9 . 9 8 4 1 . 0 2 2

cn cn 1 5 5 - 2 . 1 4 . 2 7 1 . 6 0 - 2 . 5 4 - 4 . 9 1 - . 8 3 2 . 1 5 9 - . 3 9 2 - . 1 6 2 - . 6 3 1 - . 1 5 5 1 . 0 8 8 . 9 9 1 . 9 9 9 1 . 0 1 9

cn cn 1 6 0 - 2 . 7 5 . 2 7 2 . 1 9 - 2 . 7 8 - 7 . 8 6 - . 8 6 3 . 1 4 0 - . 3 5 1 - . 1 6 7 - . 6 4 3 - . 1 3 9 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1 . 0 1 2

. 5 5 1 6 5 - 3 . 7 3 . 2 7 3 . 1 6 - 3 . 0 9 - 1 4 . 2 4 - . 8 9 5 . 1 1 7 - . 2 9 6 - . 1 6 5 - . 6 5 6 - . 1 1 7 1 . 0 9 6 . 9 9 7 1 . 0 2 5 1 . 0 0 0

L
O

L
O 1 7 0 - 5 . 6 7 . 2 7 5 . 0 9 - 3 . 5 0 - 3 2 . 4 8 - . 9 2 8 . 0 8 9 - . 2 2 4 - . 1 5 0 - . 6 6 9 - . 0 8 8 1 . 0 9 5 1 . 0 0 3 1 . 0 3 4 . 9 7 8

L
O

L
O 1 7 5 - 1 1 . 4 3 . 2 7 1 0 . 8 3 - 4 . 2 0 - 1 3 0 . 9 6 - . 9 6 3 . 0 5 4 - . 1 2 9 - . 1 1 1 - . 6 8 3 - . 0 5 1 1 . 0 8 4 1 . 0 1 0 1 . 0 3 7 . 9 2 8

A- X



5 = constant = Cot 90

9 8 5 X U 4 rin lint m n mtw nt nu 02 $3 04
.55 5 11.43 0 10.89 3.73 130.80 -.023 .049 .079 -.096 -.312 .031 1.092 1.006 1.036 .963
.55 10 5.67 0 5.15 3.03 32.31 -.046 .081 .137 -.129 -.321 .054 1.095 .997 1.023 1.003
.55 15 3.73 0 3.22 2.61 14.08 -.068 .106 .181 -.144 -.329 .072 1.090 .991 1.004 1.017
.55 20 2.75 0 2.25 2.31 7.70 -.090 .127 .215 -.148 -.338 .085 1.082 .989 .982 1.023
.55 25 2.14 0 1.66 2.07 4.75 -.112 .146 .241 -.146 -.347 .095 1.074 .987 .959 1.024
.55 30 1.73 0 1.27 1.86 3.15 -.134 .163 .259 -.140 -.355 .102 1.065 .987 .935 1.024
.55 35 1.43 0 .98 1.68 2.19 -.157 .178 .271 -.131 -.364 .107 1.057 .987 .910 1.023
.55 40 1.19 0 .76 1.52 1.56 -.180 .192 .277 -.120 -.374 .110 1.049 .988 .884 1.021
.55 45 1 0 .59 1.36 1.14 -.204 .206 .278 -.107 -.383 .110 1.042 .989 .857 1.018
.55 50 .84 0 .45 1.21 .84 -.230 .218 .272 -.093 -.393 .108 1.034 .991 .828 1.015
.55 55 .70 0 .34 1,06 .62 -.257 .229 .261 -.078 -.404 .103 1.028 .992 .797 1.013
.55 60 .58 0 .25 .92 .46 -.286 .240 .243 -.062 -.415 .096 1.021 .994 .764 1.010
.55 65 .47 0 .17 .77 .34 -.317 .250 .218 -.047 -.428 .086 1.015 .995 .728 1.007
.55 70 .36 0 .11 .62 .24 -.350 .258 .186 -.032 -.441 .073 1.010 .997 .689 1.005
.55 75 .27 0 .06 .47 .16 -.385 .265 .147 -.019 -.454 .058 1.006 .998 .646 1.003
.55 80 .18 0 .03 .32 .10 -.422 .270 .102 -.009 -.469 .040 1.003 .999 .601 1.001
.55 85 .09 0 .01 .16 .05 -.460 .274 .052 -.002 -.484 .021 1.001 1.000 .552 1.000
.55 90 0 0 0 0 0 #VALUE!#DIV/0!#DIV/0!#DIV/0!#VALUE!#DIV/0!#VALUE!#VALUE!#VALUE!#VALUE!
.55 95 -.09 0 .01 -.16 -.05 -.540 .274 -.052 -.002 -.516 -.021 1.001 1.000 .552 1.000
.55 100 -.18 0 .03 -.32 -.10 -.578 .270 -.102 -.009 -.531 -.040 1.003 .999 .601 1.001

cn cn 105 -.27 0 .06 -.47 -.16 -.615 .265 -.147 -.019 -.546 -.058 1.006 .998 .646 1.003
.55 110 -.36 0 .11 -.62 -.24 -.650 .258 -.186 -.032 -.559 -.073 1.010 .997 .689 1.005
.55 115 -.47 0 .17 -.77 -.34 -.683 .250 -.218 -.047 -.572 -.086 1.015 .995 .728 1.007
.55 120 -.58 0 .25 -.92 -.46 -.714 .240 -.243 -.062 -.585 -.096 1.021 .994 .764 1.010
.55 125 -.70 0 ■ .34 -1.06 -.62 -.743 .229 -.261 -.078 -.596 -.103 1.028 .992 .797 1.013
.55 130 -.84 0 .45 -1.21 -.84 -.770 .218 -.272 -.093 -.607 -.108 1.034 .991 .828 1.015
.55 135 -1 0 .59 -1.36 -1.14 -.796 .206 -.278 -.107 -.617 -.110 1.042 .989 .857 1.018
.55 140 -1.19 0 .76 -1.52 -1.56 -.820 .192 -.277 -.120 -.626 -.110 1.049 .988 .884 1.021
.55 145 -1.43 0 .98 -1.68 -2.19 -.843 .178 -.271 -.131 -.636 -.107 1.057 .987 .910 1.023
.55 150 -1.73 0 1.27 -1.86 -3.15 -.866 .163 -.259 -.140 -.645 -.102 1.065 .987 .935 1.024
.55 155 -2.14 0 1.66 -2.07 -4.75 -.888 .146 -.241 -.146 -.653 -.095 1.074 .987 .959 1.024
.55 160 -2.75 0 2.25 -2.31 -7.70 -.910 .127 -.215 -.148 -.662 -.085 1.082 .989 .982 1.023
.55 165 -3.73 0 3.22 -2.61 -14.08 -.932 .106 -.181 -.144 -.671 -.072 1.090 .991 1.004 1.017
.55 170 -5.67 0 5.15 -3.03 -32.31 -.954 .081 -.137 -.129 -.679 -.054 1.095 .997 1.023 1.003
.55 175 -11.43 0 10.89 -3.73 -130.80 -.977 .049 -.079 -.096 -.688 -.031 1.092 1.006 1.036 .963

A - xi



5 = constant = Cot 120

9 3 6 X U ♦ nn Í1 n t Un in* » nt nit 0 , 0 2 03 04
. 5 5 5 1 1 . 4 3 - . 5 8 1 0 . 6 4 4 . 6 5 1 3 1 . 2 6 - . 0 5 7 . 0 5 9 . 1 9 9 - . 1 2 2 - . 3 2 5 . 0 7 9 1 . 0 7 3 1 . 0 1 3 1 . 0 3 4 . 8 9 1
. 5 5 1 0 5 . 6 7 - . 5 8 4 . 9 0 3 . 9 5 3 2 . 7 8 - . 1 0 8 . 0 9 6 . 3 4 0 - . 1 6 0 - . 3 4 5 . 1 3 4 1 . 0 8 9 1 . 0 0 8 1 . 0 3 7 . 9 4 7

c
n

c
n 1 5 3 . 7 3 - . 5 8 2 . 9 7 3 . 5 3 1 4 . 5 4 - . 1 5 5 . 1 2 4 . 4 4 1 - . 1 6 9 - . 3 6 4 . 1 7 4 1 . 0 9 4 1 . 0 0 3 1 . 0 3 5 . 9 7 6

. 5 5 2 0 2 . 7 5 - . 5 8 2 . 0 0 3 . 2 3 8 . 1 6 - . 1 9 9 . 1 4 7 . 5 1 4 - . 1 6 4 - . 3 8 1 . 2 0 3 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 3

cn
 

cn 2 5 2 . 1 4 - . 5 8 1 . 4 1 2 . 9 9 5 . 2 1 - . 2 4 0 . 1 6 6 . 5 6 4 - . 1 5 1 - . 3 9 7 . 2 2 3 1 . 0 9 5 . 9 9 6 1 . 0 2 2 1 . 0 0 4

L
O

L
O 3 0 1 . 7 3 - . 5 8 1 . 0 2 2 . 7 8 3 . 6 1 - . 2 8 0 . 1 8 2 . 5 9 7 - . 1 3 3 - . 4 1 3 . 2 3 6 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1 . 0 1 2

L
O

L
O 3 5 1 . 4 3 - . 5 8 . 7 3 2 . 6 0 2 . 6 5 - . 3 1 8 . 1 9 6 . 6 1 6 - . 1 1 2 - . 4 2 8 . 2 4 3 1 . 0 9 0 . 9 9 1 1 . 0 0 3 1 . 0 1 7

. 5 5 4 0 1 . 1 9 - . 5 8 . 5 1 2 . 4 4 2 . 0 3 - . 3 5 5 . 2 0 8 . 6 2 3 - . 0 8 9 - . 4 4 3 . 2 4 6 1 . 0 8 6 . 9 9 0 . 9 9 2 1 . 0 2 1

cn cn 4 5 1 - . 5 8 . 3 4 2 . 2 8 1 . 6 0 - . 3 9 2 . 2 1 8 .6 ( 8 - . 0 6 6 - . 4 5 7 . 2 4 4 1 . 0 8 1 . 9 8 8 . 9 7 9 1 . 0 2 3
. 5 5 5 0 . 8 4 - . 5 8 . 2 0 2 . 1 3 1 . 3 1 - . 4 2 8 . 2 2 7 . 6 0 5 - . 0 4 3 - . 4 7 2 . 2 3 9 1 . 0 7 6 . 9 8 8 . 9 6 5 1 . 0 2 4
. 5 5 5 5 . 7 0 - . 5 8 . 0 9 1 . 9 8 1 . 0 9 - . 4 6 4 . 2 3 4 . 5 8 2 - . 0 2 1 - . 4 8 6 . 2 3 0 1 . 0 7 0 . 9 8 7 . 9 4 9 1 . 0 2 4
, 5 5 6 0 . 5 8 - . 5 8 - . 0 0 1 . 8 4 . 9 2 - . 5 0 1 . 2 4 0 . 5 5 1 . 0 0 0 - . 5 0 0 . 2 1 7 1 . 0 6 4 . 9 8 7 . 9 3 1 1 . 0 2 4
. 5 5 6 5 . 4 7 - . 5 8 - . 0 8 1 . 6 9 . 8 0 - . 5 3 7 . 2 4 4 . 5 1 2 . 0 2 0 - . 5 1 5 . 2 0 2 1 . 0 5 7 . 9 8 7 . 9 1 1 1 . 0 2 3
. 5 5 7 0 . 3 6 - . 5 8 - . 1 4 1 . 5 4 . 7 0 - . 5 7 4 . 2 4 7 . 4 6 6 . 0 3 6 - . 5 2 9 . 1 8 4 1 . 0 5 0 . 9 8 8 . 8 8 8 1 . 0 2 1
. 5 5 7 5 . 2 7 - . 5 8 - . 1 9 1 . 3 9 . 6 3 - . 6 1 1 . 2 4 8 . 4 1 4 . 0 4 9 - . 5 4 4 . 1 6 3 1 . 0 4 3 . 9 8 9 . 8 6 2 1 . 0 1 9
. 5 5 8 0 . 1 8 - . 5 8 - . 2 2 1 . 2 3 . 5 7 - . 6 4 7 . 2 4 7 . 3 5 8 . 0 5 8 - . 5 5 8 . 1 4 1 1 . 0 3 6 . 9 9 0 . 8 3 3 1 . 0 1 6
. 5 5 8 5 . 0 9 - . 5 8 - . 2 4 1 . 0 8 . 5 1 - . 6 8 2 . 2 4 4 . 3 0 0 . 0 6 3 - . 5 7 2 . 1 1 9 1 . 0 2 8 . 9 9 2 . 8 0 0 1 . 0 1 3
. 5 5 9 0 0 - . 5 8 - . 2 5 . 9 2 . 4 6 - . 7 1 5 . 2 4 0 . 2 4 3 . 0 6 2 - . 5 8 5 . 0 9 6 1 . 0 2 1 . 9 9 4 . 7 6 4 1 . 0 1 0
. 5 5 9 5 - . 0 9 - . 5 8 - . 2 4 . 7 6 . 4 1 - . 7 4 6 . 2 3 4 . 1 8 9 . 0 5 8 - . 5 9 7 . 0 7 4 1 . 0 1 5 . 9 9 5 . 7 2 5 1 . 0 0 7

L
OL
O 1 0 0 - . 1 8 - . 5 8 - . 2 2 . 6 0 - . 3 6 - . 7 7 5 . 2 2 6 . 1 3 9 . 0 5 0 - . 6 0 8 . 0 5 5 1 . 0 1 0 . 9 9 7 . 6 8 4 1 . 0 0 5

. 5 5 1 0 5 - . 2 7 - . 5 8 - . 1 9 . 4 5 . 3 0 - . 8 0 0 . 2 1 8 . 0 9 5 . 0 3 9 - . 6 1 9 . 0 3 8 1 . 0 0 5 . 9 9 8 . 6 4 1 1 . 0 0 3

. 5 5 1 1 0 - . 3 6 - . 5 8 - . 1 4 . 3 0 . 2 2 - . 8 2 4 . 2 0 9 . 0 5 8 . 0 2 7 - . 6 2 8 . 0 2 3 1 . 0 0 2 . 9 9 9 . 5 9 5 1 . 0 0 1

L
OL
O 1 1 5 - . 4 7 - . 5 8 - . 0 8 . 1 5 . 1 3 - . 8 4 4 . 1 9 9 . 0 2 6 . 0 1 4 - . 6 3 6 . 0 1 0 1 . 0 0 1 1 . 0 0 0 . 5 4 9 1 . 0 0 0

L
O

L
O 1 2 0 - . 5 8 - . 5 8 - . 0 0 . 0 0 . 0 0 - . 8 6 2 . 1 8 9 . 0 0 1 . 0 0 0 - . 6 4 3 . 0 0 0 1 . 0 0 0 1 . 0 0 0 . 5 0 1 1 . 0 0 0

. 5 5 1 2 5 - . 7 0 - . 5 8 . 0 9 - . 1 4 - . 1 6 - . 8 7 9 . 1 7 9 - . 0 2 0 - . 0 1 3 - . 6 5 0 - . 0 0 8 1 . 0 0 1 1 . 0 0 0 . 5 4 7 1 . 0 0 0

cn cn 1 3 0 - . 8 4 - . 5 8 . 2 0 - . 2 9 - . 3 8 - . 8 9 4 . 1 6 9 - . 0 3 7 - . 0 2 6 - . 6 5 5 - . 0 1 4 1 . 0 0 2 . 9 9 9 . 5 9 3 1 . 0 0 1

cn cn 1 3 5 - 1 - . 5 8 . 3 4 - . 4 4 - . 6 8 - . 9 0 7 . 1 5 8 - . 0 4 9 - . 0 3 8 - . 6 6 1 - . 0 1 9 1 . 0 0 5 . 9 9 8 . 6 3 8 1 . 0 0 3

L
O

L
O 1 4 0 - 1 . 1 9 - . 5 8 . 5 1 - . 6 0 - 1 . 1 0 - . 9 1 9 . 1 4 7 - . 0 5 8 - . 0 4 9 - . 6 6 6 - . 0 2 3 1 . 0 0 9 . 9 9 7 . 6 8 2 1 . 0 0 5

. 5 5 1 4 5 - 1 . 4 3 - . 5 8 . 7 3 - . 7 6 - 1 . 7 2 - . 9 3 1 . 1 3 6 - . 0 6 4 - . 0 5 9 - . 6 7 0 - . 0 2 5 1 . 0 1 5 . 9 9 5 . 7 2 6 1 . 0 0 7

. 5 5 1 5 0 - 1 . 7 3 - . 5 8 1 . 0 2 - . 9 5 - 2 . 6 8 - . 9 4 2 . 1 2 4 - . 0 6 7 - . 0 6 8 - . 6 7 5 - . 0 2 6 1 . 0 2 2 . 9 9 3 . 7 7 0 Í . 0 1 1

. 5 5 1 5 5 - 2 . 1 4 - . 5 8 1 . 4 1 - 1 . 1 5 - 4 . 2 8 - . 9 5 2 . 1 1 1 - . 0 6 7 - . 0 7 5 - . 6 7 9 - . 0 2 6 1 . 0 3 2 . 9 9 1 . 8 1 6 1 . 0 1 4

. 5 5 1 6 0 - 2 . 7 5 - . 5 8 2 . 0 0 - 1 . 3 9 - 7 . 2 3 - . 9 6 2 . 0 9 7 - . 0 6 4 - . 0 8 1 - . 6 8 2 - . 0 2 5 1 . 0 4 3 . 9 8 9 . 8 6 3 1 . 0 1 9
L

O
L

O 1 6 5 - 3 . 7 3 - . 5 8 2 . 9 7 - 1 . 6 9 - 1 3 . 6 2 - . 9 7 2 . 0 8 1 - . 0 5 7 - . 0 8 3 - . 6 8 6 - . 0 2 2 1 . 0 5 8 . 9 8 7 . 9 1 2 1 . 0 2 3
. 5 5 1 7 0 - 5 . 6 7 - . 5 8 4 . 9 0 - 2 . 1 1 - 3 1 . 8 5 - . 9 8 1 . 0 6 3 - . 0 4 6 - . 0 7 9 - . 6 9 0 - . 0 1 8 1 . 0 7 5 . 9 8 8 . 9 6 3 1 . 0 2 4

L
O

L
O ( 7 5 - 1 1 . 4 3 - . 5 8 1 0 . 6 4 - 2 . 8 1 - 1 3 0 . 3 3 - . 9 9 1 . 0 3 9 - . 0 2 8 - . 0 6 4 - . 6 9 4 -.011 1 . 0 9 3 . 9 9 4 1 . 0 1 4 1 . 0 1 1

A  - xii



21

6 = constant = Cot 150’

e 0 6 X U 4 H n f l n t B in l l l t w nt nit o 2 $ 3

. 5 5 5 1 1 . 4 3 - 1 . 7 3 9 . 6 3 5 . 5 9 1 3 3 . 9 4 - . 1 3 4 . 0 6 4 . 4 4 9 -.122 - . 3 5 6 . 1 7 7 1 . 0 5 0 1 . 0 1 3 1 . 0 2 4 . 8 0 9

. 5 5 10 5 . 6 7 - 1 . 7 3 3 . 8 8 4 . 8 9 3 5 . 4 5 - . 2 3 8 .100 . 6 8 2 - . 1 2 7 - . 3 9 6 . 2 6 9 1 . 0 6 7 1 . 0 1 3 1 . 0 3 2 . 8 6 9

. 5 5 1 5 3 . 7 3 - 1 . 7 3 1 . 9 6 4 . 4 8 1 7 . 2 2 - . 3 2 1 . 1 2 4 . 8 0 1 -.102 - . 4 2 9 . 3 1 6 1 . 0 7 7 1.012 1 . 0 3 5 . 9 0 5

inin 20 2 . 7 5 - 1 . 7 3 . 9 9 4 . 1 8 1 0 . 8 4 - . 3 9 0 . 1 4 1 . 8 5 5 - . 0 6 9 - . 4 5 6 . 3 3 8 1 . 0 8 4 1.010 1 . 0 3 7 . 9 3 0

inin 2 5 2 . 1 4 - 1 . 7 3 . 4 0 3 . 9 3 7 . 8 9 - . 4 4 9 . 1 5 4 . 8 7 0 - . 0 3 4 - . 4 8 0 . 3 4 4 1 . 0 8 9 1 . 0 0 3 1 . 0 3 7 . 9 4 8

inL
O 3 0 1 . 7 3 - 1 . 7 3 .00 3 . 7 3 6 . 2 9 - . 5 0 0 . 1 6 3 . 8 6 1 -.000 - . 5 0 0 . 3 4 0 1 . 0 9 2 1 . 0 0 6 1 . 0 3 6 . 9 6 3

L
O
L
O 3 5 1 . 4 3 - 1 . 7 3 - . 2 8 3 . 5 5 5 . 3 3 - . 5 4 5 . 1 7 0 . 8 3 6 . 0 3 0 - . 5 1 8 . 3 3 0 1 . 0 9 4 1 . 0 0 3 1 . 0 3 5 . 9 7 5

. 5 5 4 0 1 . 1 9 - 1 . 7 3 - . 5 0 3 . 3 8 4 . 7 0 - . 5 8 6 . 1 7 5 . 7 9 9 . 0 5 8 - . 5 3 4 . 3 1 6 1 . 0 9 6 1.001 1 . 0 3 2 . 9 8 5

. 5 5 4 5 1 - 1 . 7 3 - . 6 7 3 . 2 2 4 . 2 8 - . 6 2 3 . 1 7 9 . 7 5 5 . 0 8 2 - . 5 4 9 . 2 9 8 1 . 0 9 6 . 9 9 9 1 . 0 2 9 . 9 9 4

. 5 5 5 0 . 8 4 - 1 . 7 3 - . 8 1 3 . 0 7 3 . 9 8 - . 6 5 8 . 1 8 1 . 7 0 6 .102 - . 5 6 2 . 2 7 9 1 . 0 9 6 . 9 9 7 1 . 0 2 5 1.001

. 5 5 5 5 . 7 0 - 1 . 7 3 - . 9 2 2 . 9 3 3 . 7 6 - . 6 9 0 . 1 8 2 . 6 5 2 . 1 1 9 - . 5 7 5 . 2 5 8 1 . 0 9 5 . 9 9 5 1 . 0 1 9 1 . 0 0 7

. 5 5 6 0 . 5 8 - 1 . 7 3 - 1 . 0 2 2 . 7 8 3 . 6 0 - . 7 2 1 . 1 8 2 . 5 9 6 . 1 3 3 - . 5 8 7 . 2 3 5 1 . 0 9 3 . 9 9 3 1 . 0 1 3 1.012

. 5 5 6 5 . 4 7 - 1 . 7 3 - 1 . 0 9 2 . 6 3 3 . 4 8 - . 7 4 9 . 1 81 . 5 3 8 . 1 4 3 - . 5 9 8 .212 1 . 0 9 0 . 9 9 2 1 . 0 0 5 1 . 0 1 6

. 5 5 7 0 . 3 6 - 1 . 7 3 - 1 . 1 6 2 . 4 8 3 . 3 8 - . 7 7 6 . 1 7 9 . 4 7 9 . 1 4 9 - . 6 0 9 . 1 8 9 1 . 0 8 7 . 9 9 0 . 9 9 5 1.020

. 5 5 7 5 . 2 7 - 1 . 7 3 - 1 . 2 0 2 . 3 3 3 . 3 0 - . 8 0 1 . 1 7 7 . 4 2 0 . 1 5 2 - . 6 1 9 . 1 6 6 1 . 0 8 3 . 9 8 9 . 9 8 4 1.022

. 5 5 8 0 . 1 8 - 1 . 7 3 - 1 . 2 4 2 . 1 8 3 . 2 4 - . 8 2 5 . 1 7 3 . 3 6 3 . 1 5 1 - . 6 2 8 . 1 4 4 1 . 0 7 8 . 9 8 8 . 9 7 0 1 . 0 2 4

. 5 5 8 5 . 0 9 - 1 . 7 3 - 1 . 2 6 2.02 3 . 1 9 - . 8 4 6 . 1 6 8 . 3 0 9 . 1 4 7 - . 6 3 7 .122 1 . 0 7 2 . 9 8 7 . 9 5 3 1 . 0 2 4

. 5 5 9 0 0 - 1 . 7 3 - 1 . 2 7 1.86 3 . 1 4 -.866 . 1 6 3 . 2 5 9 . 1 4 0 - . 6 4 4 .102 1 . 0 6 5 . 9 8 7 . 9 3 5 1 . 0 2 4

L
O
L
O 9 5 - . 0 9 - 1 . 7 3 - 1 . 2 6 1 . 7 1 3 . 0 9 - . 8 8 3 . 1 5 7 . 2 1 4 . 1 3 1 - . 6 5 1 . 0 8 5 1 . 0 5 8 . 9 8 7 . 9 1 3 1 . 0 2 3

L
O
L
O 100 - . 1 8 - 1 . 7 3 - 1 . 2 4 1 . 5 5 3 . 0 4 - . 8 9 8 . 1 5 1 . 1 7 5 . 1 1 9 - . 6 5 7 . 0 6 9 1 . 0 5 1 . 9 8 8 . 8 8 9 1.021

. 5 5 1 0 5 - . 2 7 - 1 . 7 3 - 1 . 2 0 1 . 3 9 2 . 9 8 - . 9 1 2 . 1 4 4 . 1 4 1 . 1 0 7 - . 6 6 3 . 0 5 6 1 . 0 4 3 . 9 8 9 . 8 6 3 1 . 0 1 9

. 5 5 110 - . 3 6 - 1 . 7 3 - 1 . 1 6 1 . 2 4 2 . 9 0 - . 9 2 3 . 1 3 8 .112 . 0 9 4 - . 6 6 7 . 0 4 4 1 . 0 3 6 . 9 9 0 . 8 3 4 1 . 0 1 6

. 5 5 1 1 5 - . 4 7 - 1 . 7 3 - 1 . 0 9 1 . 0 9 2 . 8 0 - . 9 3 3 . 1 3 1 . 0 8 8 , 0 8 1 - . 6 7 1 . 0 3 5 1 . 0 2 9 . 9 9 2 . 8 0 4 1 . 0 1 3

. 5 5 120 - . 5 8 - 1 . 7 3 - 1 . 0 2 . 9 5 2.68 - . 9 4 2 . 1 2 4 . 0 6 7 . 0 6 8 - . 6 7 4 . 0 2 7 1.022 . 9 9 3 . 7 7 1 1.011

. 5 5 1 2 5 - . 7 0 - 1 . 7 3 - . 9 2 . 8 0 2 . 5 2 - . 9 4 9 . 1 1 8 . 0 5 1 . 0 5 6 - . 6 7 7 .020 1 . 0 1 7 . 9 9 5 . 7 3 6 1 . 0 0 8

. 5 5 1 3 0 - . 8 4 - 1 . 7 3 - . 8 1 . 6 5 2 . 3 0 - . 9 5 6 .111 . 0 3 6 . 0 4 4 - . 6 8 0 . 0 1 4 1.011 . 9 9 6 . 6 9 8 1 . 0 0 6

. 5 5 1 3 5 -1 - 1 . 7 3 - . 6 7 . 5 0 2.00 - . 9 6 2 . 1 0 4 . 0 2 5 . 0 3 2 - . 6 8 2 .010 1 . 0 0 7 . 9 9 8 . 6 5 6 1 . 0 0 3

cn cn 1 4 0 - 1 . 1 9 - 1 . 7 3 - . 5 0 . 3 5 1 . 5 8 - . 9 6 7 . 0 9 8 . 0 1 5 .021 - . 6 8 4 . 0 0 6 1 . 0 0 3 . 9 9 9 . 6 1 0 1.002

L
O

L
O 1 4 5 - 1 . 4 3 - 1 . 7 3 - . 2 8 . 1 8 . 9 5 - . 9 7 2 . 0 9 1 . 0 0 7 .010 -.686 . 0 0 3 1.001 1.000 . 5 5 9 1.000

. 5 5 1 5 0 - 1 . 7 3 - 1 . 7 3 .00 -.00 -.01 - . 9 7 7 . 0 8 3 -.000 -.000 -.688 -.000 1.000 1.000 . 5 0 0 1.000

cn cn 1 5 5 - 2 . 1 4 - 1 . 7 3 . 4 0 -.21 - 1 . 6 1 - . 9 8 1 . 0 7 5 - . 0 0 5 -.010 - . 6 9 0 -.002 1.001 1.000 . 5 6 7 1.001
. 5 5 1 6 0 - 2 . 7 5 - 1 . 7 3 . 9 9 - . 4 5 - 4 . 5 6 - . 9 8 5 . 0 6 7 - . 0 0 9 - . 0 1 9 - . 6 9 2 - . 0 0 3 1 . 0 0 5 . 9 9 8 . 6 4 0 1 . 0 0 3

. 5 5 1 6 5 - 3 . 7 3 - 1 . 7 3 1 . 9 6 - . 7 5 - 1 0 . 9 4 - . 9 8 9 . 0 5 7 - . 0 1 1 - . 0 2 7 - . 6 9 3 - . 0 0 4 1 . 0 1 5 . 9 9 5 . 7 2 3 1 . 0 0 7

. 5 5 1 7 0 - 5 . 6 7 - 1 . 7 3 3 . 8 8 - 1 . 1 7 - 2 9 . 1 7 - . 9 9 3 . 0 4 5 - . 0 1 1 - . 0 3 3 - . 6 9 5 - . 0 0 4 1 . 0 3 2 . 9 9 1 . 8 1 9 1 . 0 1 5

. 5 5 1 7 5 - 1 1 . 4 3 - 1 . 7 3 9 . 6 3 - 1 . 8 6 - 1 2 7 . 6 6 - . 9 9 6 . 0 2 9 - . 0 0 8 - . 0 3 4 - . 6 9 6 - . 0 0 3 1 . 0 6 5 . 9 8 7 . 9 3 5 1 . 0 2 4

A  - xiii



1

5 = constant = Cot 175°

9 0 5 X U 4 fin flnt llln m t w n t Ut Ì i Î 2 0 3 « 4

. 5 5 5 1 1 . 4 3 - 1 1 . 4 3 . 0 0 7 . 4 6 2 6 1 . 5 9 - . 5 0 0 . 0 4 9 . 9 9 3 - . 0 0 0 - . 5 0 0 . 3 9 2 1 . 0 1 7 1 . 0 0 7 1 . 0 0 9 . 6 7 2

L
OL
O 1 0 5 . 6 7 - 1 1 . 4 3 - 5 . 7 5 6 . 7 6 1 6 3 . 1 1 - . 6 6 8 . 0 6 0 . 8 7 5 . 0 5 7 - . 5 6 6 . 3 4 6 1 . 0 2 7 1 . 0 0 9 1 . 0 1 3 . 7 1 7

. 5 5 1 5 3 . 7 3 - 1 1 . 4 3 - 7 . 6 7 6 . 3 4 1 4 4 . 8 7 - . 7 5 3 . 0 6 3 . 7 3 0 . 0 8 8 - . 6 0 0 . 2 8 8 1 . 0 3 4 1 . 0 1 1 1 . 0 1 7 . 7 4 8

L
O

L
O 2 0 2 . 7 5 - 1 1 . 4 3 - 8 . 6 4 6 . 0 4 1 3 8 . 4 9 - . 8 0 5 . 0 6 4 . 6 1 3 . 1 0 6 - . 6 2 0 . 2 4 2 1 . 0 4 0 1 . 0 1 2 1 . 0 2 0 . 7 7 2

. 5 5 2 5 2 . 1 4 - 1 1 . 4 3 - 9 . 2 3 5 . 8 0 1 3 5 . 5 4 - . 8 4 0 . 0 6 5 . 5 2 2 . 1 1 6 - . 6 3 4 . 2 0 6 1 . 0 4 5 1 . 0 1 3 1 . 0 2 2 . 7 9 1

. 5 5 3 0 1 . 7 3 - 1 1 . 4 3 - 9 . 6 3 5 . 5 9 1 3 3 ^ 9 4 - . 8 6 6 . 0 6 4 . 4 4 9 . 1 2 2 - . 6 4 4 . 1 7 7 1 . 0 5 0 1 . 0 1 3 1 . 0 2 4 . 8 0 9

. 5 5 3 5 1 . 4 3 - 1 1 . 4 3 - 9 . 9 1 5 . 4 1 1 3 2 . 9 8 - . 8 8 5 . 0 6 4 . 3 8 9 . 1 2 5 - . 6 5 2 . 1 5 4 1 . 0 5 4 1 . 0 1 3 1 . 0 2 6 . 8 2 4

. 5 5 4 0 1 . 1 9 - 1 1 . 4 3 - 1 0 . 1 3 5 . 2 4 1 3 2 . 3 6 - . 9 0 1 . 0 6 3 . 3 4 0 . 1 2 7 - . 6 5 9 . 1 3 4 1 . 0 5 8 1 . 0 1 4 1 . 0 2 8 . 8 3 9

L
O

L
O 4 5 1 - 1 1 . 4 3 - 1 0 . 3 0 5 . 0 9 1 3 1 . 9 4 - . 9 1 4 . 0 6 2 . 2 9 7 . 1 2 7 - . 6 6 4 . 1 1 7 1 . 0 6 2 1 . 0 1 3 1 . 0 3 0 . 8 5 2
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Appendix B Collpase load computation

Beam B1 Idealised internal flange and web study

W eb hinge

t elevation of loaded web
No shear distortion mechanism

P

concrete strength feu 40 N/mm2
3mm mesh yield force Fym 3.5 kN/wire
4mm add wire Fyw 6.1 kN/wire

effective flange width between fillet b 262 mm
flange thickness tf 25 mm
web depth d 250 mm
web thickness tw 30 mm

top flange

long reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.117
dist of layer from top 8.5 mm
long reinf bottom 3mm mesh 0.141 mm2/mm
reinf para 0.117
distance of layer from top 16.5 mm
trans reinf. top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.117
distance of layer from top 5.5 mm
trans reinf bottom 3mm mesh 0.141 mm2/mm
reinf para 0.117
distance of layer from top 19.5 mm

Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse

yield lines; strain rates are limited to normal strain and rotation only
longitudinal sagging & hogging moment p= 0.117 d=12.5 - 8.5
transverse sagging & hogging moment p= 0.117 d=12.5 - 5.5
long, sagg yield moment of top flange = 560 N-mm/mm
long, hogg yield moment of top flange = 560 N-mm/mm
trans sagg yield moment of top flange= 980 N-mm/mm
trans hogg yield moment of top flange= 980 N-mm/mm

average for twisting moment by top flange 770 N-mm/mm

50mm c/c 
20mm c/c
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bottom flange

long reinf. Top 3mm mesh + 4.1mm wire 0 .8 mm2/mm
reinf. Parameter 0.625
dist of layer from top 8.5mm
long reinf bot 3mm mesh + 4.1 mm wire 0 .8 mm2/mm
reinf para 0.625
dist of layer from top 16.5mm
trans reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.117
dist of layer from top 5.5mm
trans reinf bot 3mm mesh 0.141 EECNÌEE

reinf para 0.117
dist of layer from top 19.5mm

Similarly
Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse
yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment p= 0.625 CM2.5-8.5
transverse hogging and sagging moment p= 0.117 d=12.5 - 5.5

long, sagg yield moment of bottom flange = 2900 N-mm/mm
long, hogg yield moment of bottom flange = 2900 N-mm/mm
trans sagg yield moment of bottom flange= 980 N-mm/mm
trans hogg yield moment of bottom flange= 980 N-mm/mm
average for twisting moment by bottom flange 1940 N-mm/mm

web yield hinge
(simplfied calculation taking into account local equilibrium condition)

web reinforcement 3mm mesh each face

effective flange width for web bending b 330 mm
effective bottom flange reinforcement yield force 217 kN
effective top flange compression due to concrete 198 kN
capacity of top flange steel in compression 23.1 kN
effective top flange reinforcement in compression 19 kN
average yield force due to web reinforcement 28 kN
neutral axis depth for web resisting sagging moment 12.5mm
lever arm for moment calculation 225 mm
effective bending capacity of web due to flange 48.83 kN-m
additional bending capacity due to web reinforcement 3.5kN-m
total bending capacity due to web hinge Mw 52.33 kN-m

Internal work due to top flange longitudinal hinges

= total transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b) /2 x 4 L (4  No. longitudinal hinge lines)
= 980x1/262/2 x 4 x 3500/1000000 = 0.0261 83 kN-m

Internal work due to top flange transverse hinges
= total longitudinal moment capacity Me x average rotation of flange hinge 

= Me x (1/(L/2)) / 2 x 2 x b x 2 ( 1  No. transverse hinge )
= 560x1 x2 /3500 /2  x 2 x 262 x 2/1000000 = 0.0001 68 kN-m
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Internal work due to bottom flange longitudinal hinges 

= total transverse moment capacity Me x average rotation of flange web hinge 

= Me x (1/b )/2 x 4 L (4  No. longitudinal hinge lines)
= 980x1/262 /2x4x3500/1000000 = 0.026183 kN-m

Internal work due to bottom flange transverse hinges 

= total longitudinal moment capacity Me x average rotation of flange hinge 
= Me x (1/(L/2) /2 x 2 x b x 2 (1 No. transverse hinge )

= 2900/1750/2 x 2 x 262 x 2/1000000 = 0.00 0 868 kN-m

internal work due to web hinge 

= web moment capacity Mw x rotation of web hinge 
= Mw x (1/(L/2)) x 2 (1 No. web hinge )

= Mw x 1 x 2 /3500x 2 = 0.05 98 kN-m

twisting work due to top flange 

= average yield moment x K x area 
=Average Me x (1/b/(L/2)) x b x  (L/2) x 4  =
= 770 x (1/262/1750) x 262x1750 x 4 = 0.00 3 08 kN-m

twisting work due to bottom flange 

= average yield moment x K x  area 
=Average Me x (1/b/(L/2)) x b x (L/2) x 4 =

= 1940 x (1/262/1750) x 262x1750 x 4 = 0.00 7 76 kN-m

Total internal work due to unit deflection 0.124042 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work P= 124.04 kN

Shear distortion mechanism

P

Arr -------s
//

/ shear distortion zone /
A

, g \ shear distortion zone \ 7 T.................................. - A ----- \ ___ EL*.

elevation of loaded web with shear distortion section
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Internal work of web due to shear mechanism from equation 4.9-4.11

due to web reinforcement try 9 = 
2 x As x Fy x cot# x (1/r) x h x r 

due to web in shear

45 r= 1500.00 
0.0700 kN-m

2 x ac/2/sin 6 * (1-cos 0) * t * (1/r) x h x r 0.0497 kN-m

Internal work from top flange 

longitudinal hinges
= Me x 1/b 12 x 8 x r (4 No. longitudinal hinge lines) 

= 980x 1 /2 6 2 /2 x 8 x r/1 0 0 0 0 0 0  = 
transverse hinges 

= Me x 1/r/2x4 x b x 2

0.022443 kN-m

=560 x 1 / r / 2 x 4 x 262 x 2/1000000 0.000391 kN-m

Internal work from bottom flange 

longitudinal hinges
=2 * Me x (4 x r / b / 2 + 1 / b x 2 x h * cot 0)

= 2* 980 x ( 2 x r/262 + 1/262 x 2 x 250 cot 0)/1000000 0.022483 kN-m

transverse hinges
= Me x (1 / r) / 2 x 4 x b (4 No. transverse hinge ) 
= 2900 /r/2 x 4  x262 /1000000 = 0.001013 kN-m

twisting work due to top flange 

= average yield moment x K x area 
=Average Me x (1/b/(r)) x b x (r) x 4 = 
= 770 x (1/262/r) x 262 x r x 4 = 0.00308 kN-m

twisting work due to bottom flange 

= average yield moment x K x area 
=Average M c x (1 /b /r )x b x rx 4  = 
= 1940 x (1/262/r) x 262 x r x 4  = 0.00776 kN-m

Total internal work due to unit deflection 0.1769 kN-m

External work due to point load = P x 1 m m /1 000 0.001 P kN-m

equating Internal and external work P<sd= 176.9 kN

by numerical method, minimum occur when
0 is about 62 degrees Psd min = 169.8 kN

With shear modificaation

the shear capacity of web is reduced to
.55 x 2 x sc/2/sin q * (1 -cos q) * t * (r) x h x r*1000 39.66 kN
modified collapse load

P' = P -72.1 +39.66 Psd' min= 137.36 kN
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Beam B2 Idealised external flange web continuous box beam

continuous support

/ i
solid section

It  = ;
h flange twist |  ^

p  *  1— flange longitudinal hinges
plan

P

No shear distortion mechanism

concrete strength 

3mm mesh yield force 
4mm add wire

flange width clear width between fillets 
flange thickness 
web depth 

web thickness

top flange

long reinf. Top 3mm mesh mid span

reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh mid span
reinf para

dist of layer from top

long reinf. Top 3mm mesh + 4mm support
reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh + 4mm support
reinf para

dist of layer from top 
trans reinf. Top 3mm mesh 

reinf. Parameter 
dist of layer from top 

trans reinf bot 3mm mesh 
reinf para

dist of layer from top

feu 45 N/mm2
Fym 3.5 kN/wire
Fyw 6.1 kN/wire

b 270 mm
tf 25 mm
d 250 mm
tw 30 mm

0.141 mm2/mm 
0.104
8.5 mm

0.141 mm2/mm 
0.104
16.5 mm
0.8 mm2/mm 

0.560
8.5 mm
0.8 mm2/mm 

0.560
16.5 mm 
0.141 mm2/mm 
0.104
5.5 mm

0.141 mm2/mm 
0.104
19.5 mm

50mm c/c 
20mm c/c
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Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 

yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment mid span p= 0.104 d=12.5 - 8.5
longitudinal sagging & hogging moment support p= 0.56 d=12.5 - 8.5
transverse sagging & hogging moment p= 0.104 d=12.5 - 5.5

long, sagg yield moment of top flange mid span= 560 N-mm/mm
long, hogg yield moment of top flange mid span= 560 N-mm/mm
long, sagg yield moment of top flange support= 3000 N-mm/mm
long, hogg yield moment of top flange support= 3000 N-mm/mm
trans sagg yield moment of top flange= 980 N-mm/mm
trans hogg yield moment of top flange= 980 N-mm/mm
average for twisting moment by top flange near end span 770 N-mm/mm
average for twisting moment by top flange adj cont. support 1990 N-mm/mm

bottom flange

long reinf. Top 3mm mesh + 4.1mm mid span 0.8 mm2/mm
reinf. Parameter 0.56
dist of layer from top 8.5 mm
long reinf bot 3mm mesh + 4.1 mm wire mid span 0.8 mm2/mm
reinf para 0.56
dist of layer from top 16.5 mm
long reinf. Top 3mm mesh + 4.1mm near cont. support 0.471 mm2/mm
reinf. Parameter 0.33
dist of layer from top 8.5 mm
long reinf bot 3mm mesh + 4.1mm near cont. support 0.8 mm2/mm
reinf para 0.33
dist of layer from top 16.5 mm
trans reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.104
dist of layer from top 5.5 mm
trans reinf bot 3mm mesh 0.141 mm2/mm
reinf para 0.104
dist of layer from top 19.5

Similarly

Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 
yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment mid span 

longitudinal sagging & hogging moment support 
transverse sagging & hogging moment

long, sagg yield moment of bott flange mid span= 
long, hogg yield moment of bottom flange mid span= 
long, sagg yield moment of bottom flange support= 

long, hogg yield moment of bottom flange support= 
trans sagg yield moment of bottom flange= 

trans hogg yield moment of bottom flange=

p= 0.56 d=12.5 - 8.5
p= 0.33 d=12.5 - 8.5
p= 0.104 d=12.5 - 5.5

3000 N-mm/mm 
3000 N-mm/mm 
1780 N-mm/mm 
1780 N-mm/mm
980 N-mm/mm 
980 N-mm/mm
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average for twisting moment by bottom flange near end span 

average for twisting moment by bottom flange adj cont. support

web yield hinge mid span and at support

(simplfied calculation taking into account local equilibrium condition)
web reinforcement 3mm mesh each face

effective flange width for web bending
effective bottom flange reinforcement yield force

effective top flange compression due to concrete
capacity of top flange steel in compression

effective top flange reinforcement in compression
average yield force due to web reinforcement

neutral axis depth for web resisting sagging moment
lever arm for moment calculation

effective bending capacity of web due to flange
additional bending capacity due to web reinforcement

total bending capacity due to web hinge Mw

1990 N-mm/mm 
1380 N-mm/mm

300 mm 
237.2 kN 
202.5 kN 
21 kN 

34.7 kN 
28 kN 

12.5 mm 
225 mm 

53.37 kN-m 
3.5 kN-m 

56.87 kN-m

Internal work due to top flange longitudinal hinges 

= transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b) 12 x 2 L (2  No. longitudinal hinge lines)

= 980 x 1/b/ 2x2x3500/1000000 = 0.0127 kN-m

Internal work due to top flange transverse hinge at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2)) 12 x 2 x b (1 No. transverse hinge )

= 560 x 1750/2 x2xb/1000000 = 0.0001 kN-m

Internal work due to top flange transverse hinge at support 

= long, moment capacity Me x average rotation of flange hinge at support 
= Me x (1/(L/2)) /2 x b  (1 No. transverse hinge )

= 1780*1/1750 /2  x b /1 000000 = 0.0001 kN-m

Internal work due to bottom flange longitudinal hinges 

= total transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b )/2 x 2 L (2  No. longitudinal hinge lines)

= 980 x 1/b /2x2 x 3500/1000000 = 0.0127 kN -m

Internal work due to bottom flange transverse hinges at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2) /2 x 2 x b (1 No. transverse hinge )

= 3000 /1750/2x2 x b /1 000000 = 0.00 05 kN-m

Internal work due to bottom flange transverse hinges at support 

= long, moment capacity Me x average rotation of flange hinge at cont 
= Me x (1/(L/2) 12 x b (1 No. transverse hinge )

= 3000/1750/2 x b /1 000000 =

internal work due to web hinge at mid span 

= web moment capacity Mw x rotation of web hinge at mid span 
= Mw x (1/(L/2)) x 2 (1 No. web hinge )
= Mw x 1 x 2 /3500x 2 = 0.06 50 kN-m
internal work due to web hinge at cont. support

. support

0.0002 kN-m
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= web moment capacity Mw x rotation of web hinge at cont. support 

= Mw x (1/(L/2) ) ( 1 No. web hinge )
= Mw x 1 x 2 /3500 == Mw x 1 x 2 /3500 = 0.0325 kN-m

twisting work due to top flange near end span and support 

= total average yield moment x K x area 
=Average Mc x (1/b/(L/2)) x b x (L/2) =

= (770+1990) x(1/b/1750)xbx 1750 = 0.0028 kN-m

twisting work due to bottom flange 

=total average yield moment x K x area 
=Average Mc x (1/b/(L/2)) x b x (L/2) =

= (1990+1380) x(1/b/1750)xbx 1750 = 0.0034 kN-m

Total internal work due to unit deflection 0.1299 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work P= 129.9 kN
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Shear distortion mechanism
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elevation of loaded web with shear distortion section

Internal work of web due to shear mechanism from equation 4.9-4.11

due to web reinforcement 
2 x As x Fy x cot# x (1/r) x h x r 

due to web in shear
2 x oc/2/sin 6 * (1-cos 6) * t * (1/r) x h x r

Internal work from top flange longitudinal hinges 

= Me x 1/b 12 x 4 x r ( 2 No. longitudinal hinge lines)
= 980x 1 / 2 7 0 / 2 x 4 x r / 1 0 0 0 0 0 0  = 

transverse top hinge mid span 
= M c x 1 / r / 2 x b x 2  
=560 x 1 /r / 2 x 270x2/1000000

transverse top hinge near end support and cont support

= Me x 1 / r /  2 x b x 2
=(560+ 3000) x 1 / r / 2 X270/1000000

Internal work from bottom flange longitudinal hinges 
= M c x ( 4 x r / b / 2  + 1 /  b x 2 x h * c o t 0 )
= 980 x ( 2  x r/270 + 1/270 x 2 x 250 cot 0)/1000000 

transverse hinges
= Me x (1 / r) / 2 x 4 x b (4  No. transverse hinge )

= (3000+1780)*1 / r / 2 x 270 *2 /1000000 =

try 0 = 45 r= 1500.00
0.0700 kN-m

0.0559 kN-m

0.010889 kN-m 

0.000391 kN-m

0.00032 kN-m

0.011242 kN-m 

0.00086 kN-m
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twisting work due to top flange 

= average yield moment x K x area
=Average Me x (1 /b/(r)) x b x (r) *

= (770+1990) x (1/270/r) x 270 x r = 0.00276 kN-m

twisting work due to bottom flange 

= average yield moment x K x area 
=Average Me x (1/b/r) x b x r =
= (1990+1380) x(1/262/r)x 262 x r  = 0.00337 kN-m

Total internal work due to unit deflection 0.1558 kN-m

External work due to point load = P x 1 mm /1000 0.001P kN-m

equating Internal and external work Psd= 155.8 kN

by numerical method, minimum occur when 
0 is about 61 degrees PstJ m in  = 149.7 kN

With shear modificaation

the shear capacity of web is reduced to
.55 x 2 x sc/2/sin q * (1 -cos q) * t * (r) x h x r*1000 43.74 kN
modified collapse load

P' = P -79.5+43.7 Psd' m in = 113.90 kN
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Beam B3 Three-cell continuous box beam internal web loaded

No shear distortion mechanism

concrete strength feu 57 N/mm2
3mm mesh yield force Fym 3.5 kN/wire 50mm c/c
4mm add wire Fyw 6.1 kN/wire 20mm c/c

flange width between fillets b 270 mm
flange thickness tf 25 mm
web depth d 250 mm
web thickness tw 30 mm

top flange

long reinf. Top 3mm mesh mid span 0.141 mm2/mm
reinf. Parameter 0.082
dist of layer from top 8.5 mm
long reinf bot 3mm mesh mid span 0.141 mm2/mm
reinf para 0.082
dist of layer from top 16.5 mm
long reinf. Top 3mm mesh + 4mm support 0.8 mm2/mm
reinf. Parameter 0.439
dist of layer from top 8.5 mm
long reinf bot 3mm mesh + 4mm support 0.8 mm2/mm
reinf para 0.439
dist of layer from top 16.5 mm
trans reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.082
dist of layer from top 5.5 mm
trans reinf bot 3mm mesh 0.141 mm2/mm
reinf para 0.082
dist of layer from top 19.5 mm
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Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 

yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment mid span 

longitudinal sagging & hogging moment support 
transverse sagging & hogging moment

long, sagg yield moment of top flange mid span= 

long, hogg yield moment of top flange mid span= 
long, sagg yield moment of top flange support= 

long, hogg yield moment of top flange support= 
trans sagg yield moment of top flange= 

trans hogg yield moment of top flange= 
average for twisting moment by top flange near ei 
average for twisting moment by top flange adj cor

p= 0.082 d=12.5 - 8.5
p= 0.44 d=12.5 - 8.5
p= 0.082 d=12.5 - 5.5

560 N-mm/mm 
560 N-mm/mm 
3000 N-mm/mm 
3000 N-mm/mm 
980 N-mm/mm 
980 N-mm/mm

span 770 N-mm/mm
support 1990 N-mm/mm

bottom flange

long reinf. Top 3mm mesh + 4.1mm mid span 

reinf. Parameter 
dist of layer from top

long reinf bot 3mm mesh + 4.1 mm wire mid span 
reinf para

dist of layer from top

long reinf. Top 3mm mesh + 4.1mm near cont. support 

reinf. Parameter 
dist of layer from top

long reinf bot 3mm mesh + 4.1mm near cont. support 
reinf para

dist of layer from top 
trans reinf. Top 3mm mesh 
reinf. Parameter 

dist of layer from top 

trans reinf bot 3mm mesh 
reinf para

dist of layer from top

o oo mm2/mm
0.44
8.5mm

o bo mm2/mm
0.44
16.5mm
0.471 mm2/mm
0.26
8.5mm

0.471 mm2/mm
0.26
16.5mm
0.141 mm2/mm
0.082
5.5mm

0.141 mm2/mm
0.082
19.5

Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 

yield lines; strain rates are limited to normal strain and rotation only 
longitudinal sagging & hogging moment mid span p= 0.44 d=12.5 - 8.5
longitudinal sagging & hogging moment support p= 0.26 d=12.5 - 8.5
transverse sagging & hogging moment p= 0.082 d=12.5 - 5.5

long, sagg yield moment of bott flange mid span=

long, hogg yield moment of bottom flange mid span=
long, sagg yield moment of bottom flange support=

long, hogg yield moment of bottom flange support3
trans sagg yield moment of bottom flange3

trans hogg yield moment of bottom flange3
average for twisting moment by bottom flange near end span

average for twisting moment by bottom flange adj cont. support

3000 N-mm/mm 
3000 N-mm/mm 
1780 N-mm/mm 
1780 N-mm/mm 
980 N-mm/mm 
980 N-mm/mm 
1990 N-mm/mm 
1380 N-mm/mm
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web yield hinge mid span and at support

(simplfied calculation taking into account local equilibrium condition)
web reinforcement 3mm mesh each face

effective flange width for web bending
effective bottom flange reinforcement yield force
effective top flange compression due to concrete
capacity of top flange steel in compression

effective top flange reinforcement in compression
average yield force due to web reinforcement

neutral axis depth for web resisting sagging moment
lever arm for moment calculation

effective bending capacity of web due to flange
additional bending capacity due to web reinforcement

total bending capacity due to web hinge M w

330 mm
241.4 kN 
282.15 kN
23.1 kN 

-40.75 kN 
28 kN 
22 mm

215.5 mm 
52.02 kN-m
3.5 kN-m 

55.52 kN-m

Internal work due to top flange longitudinal hinges 

= transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b) 12 x 4 L ( 4 No. longitudinal hinge lines)
= 980x 1 /b/ 2 x 4 x 3500/1000000 = 0.0254 kN-m

Internal work due to top flange transverse hinge at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2)) 12 x 4 x b (1 No. transverse hinge )

= 560x 1750/2 x 4 x b / 1 000000 = 0.0002 kN-m

Internal work due to top flange transverse hinge at support 

= long, moment capacity Me x average rotation of flange hinge at support 
= Me x (1/(L/2)) 12 x b x 2 (1 No. transverse hinge )
= 1780*1/1750/2 xbx2/1000000 = 0.0003 kN-m

Internal work due to bottom flange longitudinal hinges 

= total transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b )/2 x 4 L (4  No. longitudinal hinge lines)

= 980 x 11bl 2 x4 X 3500 /1000000 = 0.0254 kN-m

Internal work due to bottom flange transverse hinges at mid span 
= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2) /2 x 4 x b ( 2 No. transverse hinge )

= 3000 /1750/ 2 x 4 x b /1000000 = 0.0009 kN-m

Internal work due to bottom flange transverse hinges at support 
= long, moment capacity Me x average rotation of flange hinge at cont. support 
= Me x (1/(L/2) 12 x b x 2 (2  No. transverse hinge )

= 3000 /1750/ 2 x 2 x b /1000000 = 
internal work due to web hinge at mid span 

= web moment capacity Mw x rotation of web hinge at mid span 
= Mw x (1/(L/2)) x 2 (1 No. web hinge )

0.0005 kN-m

= Mw x 1 x 2 /3500x 2 = 0.0635 kN-m
internal work due to web hinge at cont. support 
= web moment capacity Mw x rotation of web hinge at cont. support 

= Mw x (1/(L/2)) (1 No. web hinge )
= Mw x 1 x 2 /3500 = 0.0317 kN-m
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twisting work due to top flange near end span and support 

= total average yield moment x K x area 
=Average Mc x (1/b/(L/2)) x b x (L/2) x 2 =
= (770+1990) x (1/270/1750) x 270x1750 x2  = 0.0055 kN-m

twisting work due to bottom flange 

=total average yield moment x K x area 
=Average Mc x (1/b/(L/2)) x b x (L/2) x 2 =

= (1990+1380) x (1 /b/1750) x bx 1750 x 2 = 0.0067 kN-m

Total internal work due to unit deflection 0.1601 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work P= 160.1 kN
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Shear distortion mechanism

Internal work of web due to shear mechanism from equation 4.9-4.11

due to web reinforcement try 0 = 45 r= 1500.00
2 x As x Fy x cot0 x (1/r) x h x r 0.0700 kN-m
due to web in shear
2 x crc/2/sin e * (1-cos 0) * t * (1/r) x h x r 0.0708 kN-m

Internal work from top flange longitudinal hinges 

= Me x 1/b /2 x 4 x 2 x r (4  No. longitudinal hinge lines)
= 980 x 1 / 2 7 0 / 2 x 4 x 2 x r / 1 000000 = 0.021 778 kN-m
transverse top hinge mid span 
= Mcx1 / r /  2 x b x 4
= 5 6 0 x 1 / r / 2  x 270 x 4/1000000 0.00 0 806 kN-m

transverse top hinge near end support and cont support 

= M c x 1 / r / 2 x b x 2
=(560+ 3000) x 1 /r 12  x 270 x 2/1000000 0.00 0641 kN-m

Internal work from bottom flange longitudinal hinges 
= 2xMc x ( 4 x r / b / 2  + 1 / b x 2 x h * cot 0)
= 2x980 x ( 2 x r/270 + 1/270 x 2 x 250 cot 0)/1000000 0.022483 kN-m
transverse hinges
=2x Me x (1 / r) / 2 x 4 x b ( 8 No. transverse hinge )

= 2x(3000+1780)*1 / r / 2  x 270 *2/1000000 = 0.001 721 kN-m
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twisting work due to top flange 

= average yield moment x K x area 
=Average Me x (1/b/(r)) x b x (r) x2 =

= (770+1990) x(1/270/r)x 270 x r  x2 = 0.00552 kN-m

twisting work due to bottom flange 
= average yield moment x K x area 
=Average Me x (1/b/r) x b x r x2 =

= 2x(1990+1380) x (1/262/r) x 270 x r = 0.00674 kN-m

Total internal work due to unit deflection 0.2005 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work ^sd 200.5kN

by numerical method, minimum occur when 
8 is about 50degrees Psd min = 199 kN

With shear modificaation

the shear capacity of web is reduced to
.55 x 2 x sc/2/sin q * (1-cos q) * t * (r) x h x r*1000 43.86 kN
modified collapse load 

P' = P -79.7+43.9 Psd' min= 163.20 kN
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Beam B3 Three-cell continuous box beam external web loaded

plan P
p

supp. hinge

_________________________1 --------------------------------------- z J * , 1
i r
i ft web hinge

>

J l1 -------------------------11-------------------------------------------1
elevation of loaded web section

No shear distortion mechanism

concrete strength 

3mm mesh yield force 
4mm add wire

flange width between fillets 

flange thickness 
web depth 

web thickness

top flange

long reinf. Top 3mm mesh mid span
reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh mid span
reinf para

dist of layer from top

long reinf. Top 3mm mesh + 4mm support

reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh + 4mm support
reinf para

dist of layer from top 
trans reinf. Top 3mm mesh 

reinf. Parameter 
dist of layer from top 

trans reinf bot 3mm mesh 
reinf para

dist of layer from top

feu 57 N/mm2
Fym 3.5 kN/wire
Fyw 6.1 kN/wire

b 270 mm
tf 25 mm
d 250 mm
tw 30 mm

0.141 mm2/mm 
0.082
8.5 mm

0.141 mm2/mm 
0.082
16.5 mm
0.8 mm2/mm 

0.439
8.5 mm
0.8 mm2/mm 

0.439
16.5 mm 
0.141 mm2/mm 
0.082
5.5 mm

0.141 mm2/mm 
0.082
19.5 mm

50mm c/c 
20mm c/c
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Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 

yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment mid span p= 0.082 d=12.5 - 8.5
longitudinal sagging & hogging moment support p= 0.44 d=12.5 - 8.5
transverse sagging & hogging moment p= 0.082 d=12.5 - 5.5

long, sagg yield moment of top flange mid span= 560 N-mm/mm
long, hogg yield moment of top flange mid span= 560 N-mm/mm
long, sagg yield moment of top flange support= 3000 N-mm/mm
long, hogg yield moment of top flange support= 3000 N-mm/mm
trans sagg yield moment of top flange= 980 N-mm/mm
trans hogg yield moment of top flange= 980 N-mm/mm
average for twisting moment by top flange near end span 770 N-mm/mm
average for twisting moment by top flange adj cont. support 1990 N-mm/mm

bottom flange

long reinf. Top 3mm mesh + 4.1mm mid span 0.8 mm2/mm
reinf. Parameter 0.44
dist of layer from top 8.5 mm
long reinf bot 3mm mesh + 4.1 mm wire mid span 0.8 mm2/mm
reinf para 0.44
dist of layer from top 16.5 mm
long reinf. Top 3mm mesh + 4.1 mm near cont. support 0.471 mm2/mm
reinf. Parameter 0.26
dist of layer from top 8.5 mm
long reinf bot 3mm mesh + 4.1 mm near cont. support 0.471 mm2/mm
reinf para 026
dist of layer from top 16.5 mm
trans reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0.082
dist of layer from top 5.5 mm
trans reinf bot 3mm mesh 0.141 mm2/mm
reinf para 0.082
dist of layer from top 19.5

Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse

yield lines; strain rates are limited to normal strain and rotation only
longitudinal sagging & hogging moment mid span p= 0.44 d=12.5 - 8.5
longitudinal sagging & hogging moment support p= 0.26 d=12.5 - 8.5
transverse sagging & hogging moment p= 0.082 d=12.5 - 5.5

long, sagg yield moment of bott flange mid span= 3000 N-mm/mm
long, hogg yield moment of bottom flange mid span= 3000 N-mm/mm
long, sagg yield moment of bottom flange support= 1780 N-mm/mm
long, hogg yield moment of bottom flange support= 1780 N-mm/mm
trans sagg yield moment of bottom flange= 980 N-mm/mm
trans hogg yield moment of bottom flange= 980 N-mm/mm
average for twisting moment by bottom flange near end span 1990 N-mm/mm
average for twisting moment by bottom flange adj cont. support 1380 N-mm/mm
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web yield hinge mid span and at support

(simplfied calculation taking into account local equilibrium condition)

web reinforcement 3mm mesh each face

effective flange width for web bending
effective bottom flange reinforcement yield force
effective top flange compression due to concrete
capacity of top flange steel in compression

effective top flange reinforcement in compression
average yield force due to web reinforcement

neutral axis depth for web resisting sagging moment
lever arm for moment calculation

effective bending capacity of web due to flange
additional bending capacity due to web reinforcement

total bending capacity due to web hinge M w

300 mm 
237.2 kN 
256.5 kN 
21 kN 

-19.3 kN 
28 kN 
23 mm 
226 mm 

53.61 kN-m 
3.5 kN-m 

57.11 kN-m

Internal work due to top flange longitudinal hinges 
= transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b) 12 x2 L ( 2 No. longitudinal hinge lines)

= 980x1/b /2 x 2 x 3500/1000000 = 0.0127 kN-m

Internal work due to top flange transverse hinge at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2)) 12 x 2 x b (1 No. transverse hinge )
= 560 X 1750/2 x 2 x b / 1 000000 = 0.0001 kN-m

Internal work due to top flange transverse hinge at support 
= long, moment capacity Me x average rotation of flange hinge at support 

= Me x (1/(L/2)) 12 x b (1 No. transverse hinge)
= 1780*1/1750/2 x b  /1000000 = 0.0001 kN-m

Internal work due to bottom flange longitudinal hinges 
= total transverse moment capacity Me x average rotation of flange web hinge 

= Me x (1/b )/2 x 2 L (2  No. longitudinal hinge lines)
= 980 x 1/b/2x2 x 3500/1000000 = 0.0 1 27 kN-m

Internal work due to bottom flange transverse hinges at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2) /2 x2 x b (1 No. transverse hinge)
= 3000/1750/2 x 2 x b / 1000000 = 0.0005 kN-m

Internal work due to bottom flange transverse hinges at support 
= long, moment capacity Me x average rotation of flange hinge at cont. support 
= Me x (1/(L/2) 12 x b (1 No. transverse hinge )

= 3000/1750/2 x b /1000000 = 0.0002 kN-m
internal work due to web hinge at mid span 
= web moment capacity Mw x rotation of web hinge at mid span 
= Mw x (1/(L/2)) x 2 (1 No. web hinge)

= Mw x 1 x 2 /3500x 2 = 0 .0 6  53  kN -m
internal work due to web hinge at cont. support 
= web moment capacity Mw x rotation of web hinge at cont. support 

= Mw x (1/(L/2)) (1 No. web hinge )
= M wx 1 x2/3500 = 0.0326 kN-m
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twisting work due to top flange near end span and support

= total average yield moment x K x area
=Average Me x (1/b/(L/2)) x b x (L/2) =

= (770+1990) x (1/270/1750) x 270 x 1750 = 0.0028 kN-m

twisting work due to bottom flange 

=total average yield moment x K x area 
=Average Me x (1 /b/(U2)) x b x (L/2) =
= (1990+1380) x (1 /b/1750) x bx 1750 = 0.0034 kN-m

Total internal work due to unit deflection 0.1304 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work P= 130.4 kN
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Shear distortion mechanism external web loaded

elevation of loaded web with shear distortion section

Internal work of web due to shear mechanism from equation 4.9-4.11

due to web reinforcement try 0 = 45 X - 1500.00
2 x As x Fy x cot# x (1/r) x h x r 0.0700 kN-m
due to web in shear
2 x oc/2/sin 6 * (1-cos 6) * t * (1/r) x h x r 0.0708 kN-m

Internal work from top flange longitudinal hinges 

= Me x 1/b /2 x 4 x r (2 No. longitudinal hinge lines)
= 980x 1 / b / 2 x 4 x r / 1 0 0 0 0 0 0  = 

transverse top hinge mid span 
= M c x 1 / r / 2 x b x 2  

=560 x 1/ r / 2 x 270 x 2/1000000

transverse top hinge near end support and cont support 
= Me x 1 / r / 2 x b
=(560+ 3000) x 1 / r / 2 X 270/1000000 0.00 032 kN-m

Internal work from bottom flange longitudinal hinges 
= M c x ( 4 x r / b / 2 + 1  / b x 2 x h * cot 0)

= 980 x (  2 xr/270 + 1/270x2 x 250 cot#)/1000000 0 .0 1 1 2 4 2  kN-m
transverse hinges
= Me x (1 / r) / 2 x 4 x b (8  No. transverse hinge )

= (3000+1780)*1 / r / 2 x 270 *2 /1000000 = 0.00 0 86 kN-m

0.010889 kN-m 

0.000403 kN-m
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twisting work due to top flange

= average yield moment x K x area
=Average Me x (1/b/(r)) x b x (r) = 

= (770+1990) x (1/270/r) x 270 x r = 0.00276 kN-m

twisting work due to bottom flange 

= average yield m om entxKxarea 
=Average Mcx (1 /b / r ) x bx r  =

= (1990+1380) x (1/262/r) x 270 x r = 0.00337 kN-m

Total internal work due to unit deflection 0.1707 kN-m

External work due to point load = P x 1 mm 11000 0.001 P kN-m

equating Internal and external work PSCj= 170.7 kN

by numerical method, minimum occur when
6 is about 50degrees Psd min = 168.7 kN

With shear modificaation

the shear capacity of web is reduced to
.55 x 2 x sc/2/sin q * (1-cos q) * t * (r) x h x r*1000 43.86 kN
modified collapse load

P‘ = P -79.7+43.9 Psd' min= 132.90 kN
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Beam B4 Two-cell prestressed continuous box beam external web loaded

plan p
p

supp. hinge i
I " " " T
I A web hinge

—

J l
r

elevation of loaded web section

No shear distortion mechanism

concrete strength pour compaction use 50% say 

3mm mesh yield force 
4mm add wire

prestressed wires 5mm 70% Ultimate 50% effective
flange width between fillets

flange thickness
web depth

web thickness

top flange

long reinf. Top 3mm mesh mid span
reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh mid span
reinf para

dist of layer from top

long reinf. Top 3mm mesh + 4mm support

reinf. Parameter
dist of layer from top

long reinf bot 3mm mesh
reinf para
dist of layer from top 
trans reinf. Top 3mm mesh 

reinf. Parameter 
dist of layer from top 

trans reinf bot 3mm mesh 
reinf para

dist of layer from top

feu 30 N/mm2
Fym 3.5 kN/wire 50mm c/c
Fyw 6.1 kN/wire 20mm c/c
Fp 11.3 kN/wire
b 270 mm
tf 25 mm
d 250 mm
tw 30 mm

0.141 mm2/mm 
0.156
8.5 mm

0.141 mm2/mm 
0.156
16.5 mm 
0.47 mm2/mm
0.833
8.5 mm

0.141 mm2/mm 
0.083
16.5 mm 
0.141 mm2/mm 
0.156
5.5 mm

0.141 mm2/mm 
0.156
19.5 mm
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Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 
yield lines; strain rates are limited to normal strain and rotation only

longitudinal sagging & hogging moment mid span 

longitudinal sagging & hogging moment support 
transverse sagging & hogging moment

p= 0 .0 8 3 d = 1 2 .5  -  8 .5
p= 0 .4 4 d = 1 2 .5 - 8 .5
p= 0 .0 8 3 d = 1 2 .5  - 5 .5

long, sagg yield moment of top flange mid span= 5 6 0 N-mm/mm
long, hogg yield moment of top flange mid span= 5 6 0 N-mm/mm
long, sagg yield moment of top flange support3 56 0 N-mm/mm
long, hogg yield moment of top flange support3 3 0 0 0 N-mm/mm
trans sagg yield moment of top flange3 9 8 0 N-mm/mm
trans hogg yield moment of top flange3 9 8 0 N-mm/mm
average for twisting moment by top flange near end span 7 7 0 N-mm/mm
average for twisting moment by top flange adj cont. support 1 2 7 5 N-mm/mm

bottom flange

long reinf. Top 3mm mesh 0 .141 mm2/mm
reinf. Parameter 0 .1 5 6
dist of layer from top 8 .5 mm
long reinf bot 3mm mesh + 4.1 mm wire mid span 0 .8 mm2/mm
reinf para 0 .8 3 3
dist of layer from top 16 .5 mm
long reinf. Top 3mm mesh near cont. support 0 .141 mm2/mm
reinf. Parameter 0 .4 9
dist of layer from top 8 .5 mm
long reinf bot 3mm mesh + 4.1 mm near cont. support 0 .471 mm2/mm
reinf para 0 .4 9
dist of layer from top 1 6 .5 mm
trans reinf. Top 3mm mesh 0.141 mm2/mm
reinf. Parameter 0 .1 5 6
dist of layer from top 5 .5 mm
trans reinf bot 3mm mesh 0 .1 41

EEogEE

reinf para 0 .1 5 6
dist of layer from top 19 .5

Moment capacity can be derived from equation 3.80, in all cases for the long, and transverse 
yield lines; strain rates are limited to normal strain and rotation only
longitudinal sagging & hogging moment mid span p= 0 .4 4 d = 1 2 .5  -  8 .5
longitudinal sagging & hogging moment support p= 0 .2 6 d = 1 2 .5  - 8 .5
transverse sagging & hogging moment p= 0 .0 8 2 d = 1 2 .5  -  5 .5

long, sagg yield moment of bott flange mid span3 3 0 0 0 N-mm/mm
long, hogg yield moment of bottom flange mid span3 5 6 0 N-mm/mm
long, sagg yield moment of bottom flange support3 1780 N-mm/mm
long, hogg yield moment of bottom flange support3 56 0 N-mm/mm
trans sagg yield moment of bottom flange3 9 8 0 N-mm/mm
trans hogg yield moment of bottom flange3 9 8 0 N-mm/mm
average for twisting moment by bottom flange near end span 1 3 80 N-mm/mm
average for twisting moment by bottom flange adj cont. support 1 8 25 N-mm/mm
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web yield hinge mid span and at support

(simplfied calculation taking into account local equilibrium condition)
web reinforcement 3mm mesh each face

effective flange width for web bending
effective bottom flange reinforcement yield force
effective top flange compression due to concrete
capacity of top flange steel in compression

effective top flange reinforcement in compression
average yield force due to web reinforcement
prestressing force at 100, 175 and 200 from top
neutral axis depth for web resisting sagging moment

lever arm for moment calculation

effective bending capacity of web due to flange

additional bending capacity due to web reinforcement
additional bending capacity due to prestressing

total bending capacity due to web hinge Mw

300 mm 
127.4 kN 
135 kN 
21 kN 
-7.6 kN 
28 kN 

22.6 kN
8.5 mm 
233 mm

29.68 kN-m
3.5 kN-m 
4.38 kN-m
37.56 kN-m

Internal work due to top flange longitudinal hinges 

= transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b) /2 x2 L (2  No. longitudinal hinge lines)
= 980 x1 / b /2 x 2 x 3 5 0 0 /1 000000 = 0.0127 kN-m

Internal work due to top flange transverse hinge at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2)) /2 x 2 x b (1 No. transverse hinge )

= 560x 1750/2x2 x b /1 000000 = 0.0001 kN-m

Internal work due to top flange transverse hinge at support 

= long, moment capacity Me x average rotation of flange hinge at support 
= Me x (1/(L/2)) /2 x b (1 No. transverse hinge )

= 3000*1/1750/2 x b  /1000000 = 0 .0 0 0 2  kN -m

Internal work due to bottom flange longitudinal hinges 

= total transverse moment capacity Me x average rotation of flange web hinge 
= Me x (1/b )/2 x 2 L (2  No. longitudinal hinge lines)

= 980 x 1/b/2x2x3500/1000000 = 0.0127 kN-m

Internal work due to bottom flange transverse hinges at mid span 

= long, moment capacity Me x average rotation of flange hinge at mid span 
= Me x (1/(L/2) 12 x2 x b (1 No. transverse hinge )

= 3000 /1750/ 2 x 2 x b /1000000 = 0.00 05 kN-m

Internal work due to bottom flange transverse hinges at support 

= long, moment capacity Me x average rotation of flange hinge at cont. support 
= Me x (1/(172) 12 x b (1 No. transverse hinge )

= 560/1750/2 xb/1000000 = 0.0002 kN-m
internal work due to web hinge at mid span 

= web moment capacity Mw x rotation of web hinge at mid span 
= Mw x (1/(L/2)) x 2 (1 No. web hinge )

= Mw x 1 x 2 /3500x 2 = 0.0429 kN-m
internal work due to web hinge at cont. support 

= web moment capacity Mw x rotation of web hinge at cont. support
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= Mw x (1/(L/2)) (1 No. web hinge ) 

= Mw x 1 x 2 /3500 = 0.0215 kN-m

twisting work due to top flange near end span and support 

= total average yield moment x K x area
=Average Me x (1/b/(L/2)) x b x (U2) =
= (770+1275) x (1/270/1750) x 270 x 1750 = 0.0020 kN-m

twisting work due to bottom flange 
=total average yield moment x K x area 

=Average Me x (1/b/(L/2)) x b x (L/2) =

= (1380+1825+1380) x (1 /b/1750) x bx 1750 = 0.0032 kN-m

Total internal work due to unit deflection 0.0961 kN-m

External work due to point load = P x 1 mm /1000 0.001 P kN-m

equating Internal and external work P= 96.1 kN
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Shear distortion mechanism external web loaded

elevation of loaded web with shear distortion section

Internal work of web due to shear mechanism from equation 4.9-4.11

due to web reinforcement try 0 = 45 r= 1500.00
2 x As x Fy x cote x (1/r) x h x r 0.0700 kN-m
due to prestressing wire
2 x (Ap x Fy x sine x cos 6) x cot e x 1/r x h x r 0 .0339  kN-m
due to web in shear
2 x oc/2/sin e * (1-cos e) * t * (1/r) x h x r 0.0373 kN-m

Internal work from top flange longitudinal hinges 
= Me x 1/b /2 x 4 x r (2 No. longitudinal hinge lines)
= 980 x 1 / b / 2 x 4 x r /1000000 = 0 .0 10889  kN -m

transverse top hinge mid span 
= Mcx1 / r / 2 x b x 2
=560x 1 /r 12  x 270 x 2/1000000 0.0004 03 kN-m

transverse top hinge near end support and cont support 

= Mcx1 / r /  2 x b
=(560+ 3000) x 1 / r / 2 x 270 /1000000 0.00032 kN-m

Internal work from bottom flange longitudinal hinges 
= M c x ( 4 x r / b / 2  + 1 / b x 2 x h * c o t e )
= 980 x ( 2 x r/270 + 1/270 x 2 x 250 cot e)/1000000 0 .0 11242  kN -m

transverse hinges
= Me x (1 / r) / 2 x 4 x b (4  No. transverse hinge )

= (560+1780)*1 / r / 2  x 270 *2/1000000 = 0.000421 kN-m
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twisting work due to top flange 

= average yield moment x K x area
=Average Me x (1 /b/(r)) x b x (r) = 

= (770+1990) x (1/270/r) x 270 x r = 0 .00276  kN-m

twisting work due to bottom flange 

= average yield moment x K x  area 
=Average Me x (1/b/r) x b x r =

= (1990+1380) x (1 /262/r) x 270 x r = 0 .00337  kN -m

Total internal work due to unit deflection 0 .1706  kN-m

External work due to point load = P x 1 mm /1000 0.001 P  kN-m

equating Internal and external work P Sd= 170.6 kN

by numerical method, minimum occur when
8 is about 84degrees Psd m in  = 1 2 1 .6  k N

With shear modificaation

the shear capacity of web is reduced to
.55 x 2 x sc/2/sin q * (1 -cos q) * t * (r) x h x r*1000 4 4 .6 0  kN
modified collapse load

P' = p -81+44.6 P sd'm i n = 8 5 .2 0  k N
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Appendix C Further Literature Review

A further research of literature has been conducted to 
review more recent design and research development in 
shear, yield criteria in reinforced concrete and box 
girder design.

Although there were a lot of research work on shear in 
concrete in recent years, most dealt with deep beam 
shears and punching shears. No significant development 
has been made on the aggregate size effect on shear.

Bortolli L (1990) presented a theoretical solution for 
the punching shear strength of concrete slab assuming 
rigid plastic material and theory of plasticity. He 
included the effect strain softening in tension as well 
as compression in concrete during failure to obtain a 
minimum upper bound solution.

Tan, Kong and Weng (1997) studied the shear strength
characteristic of deep beams reinforced with different 
patterns of web reinforcement in which the ultimate shear 
strength of various tests were found to be independent of 
the loading condition imposed on the beams.

Morgan, Niwa and Tanabe (1997) studied the size effect in 
flexure and shear strength for different concrete and 
reinforced concrete beam sizes subjected to various
loading conditions. They successfully predicted the
behaviour of the model after cracking using non-linear 
fracture mechanics through their constitutive model to 
simulate the crack paths and the localised crack zones.

On the yield criterion of concrete, Labbbane, Saha and 
Ting (1993) tried to develop a rational plasticity based 
numerical model for the response and failure load 
prediction of concrete structures. They used a computer 
model and finite element technique to evaluate the effect 
of yield criterion and loading function on several
plasticity fracture models. They have established the 
importance of accurately modelling the stress-strain 
relationship in predicting structural failure.

Ashour and Morley (1994) used a numerical technique to 
predict upper bound collapse load for concrete beams in
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shear. They used a modified Coulomb failure criterion and 
assuming a rigid-perfectly plastic material with tension 
cut-off. By varying the geometry of the yield lines, 
rigid moving non-yielding regions and plastic zones, a 
minimum collapse load for the assumed mechanism could be 
developed. It could be used to improve the prediction of 
collapse load contributed by the webs in the box beam 
involving similar yield mechanism.

Feenstra and De Borst (1996) used a composite yield 
function to describe the behaviour of plain and 
reinforced concrete in biaxial stress under monotonic 
loading condition. They used different criteria to 
describe the tension and compression condition. This 
elasto-platic approach is extremely useful for the 
numerical analysis and to predicting the elastic-plastic 
behaviour of reinforced concrete structures. It is 
interesting that their approach is quite similar to that 
proposed by the author in Chapter 7 as a recommendation 
for future work.

Bensalem and Bhatt (1996) presented a yield criteria for 
reinforced concrete in plate structure. Using the 
technique of non-linear finite element program and an 
elasto-plastic material assumption, they predicted the 
collapse behaviour of three reinforced concrete deep 
beams and found that their experimental and theoretical 
values were in good agreement.

Beeby (1997) described the possibility of a lower 
ductility in reinforcement than the general assumed view. 
He described the shear bond-slip characteristic of 
reinforcement in reinforced concrete and how it could 
affect the ductility assumption of tensile reinforcement. 
It is interesting to note that unless the bond between 
concrete and reinforcement can be fully developed, the 
limit strength would not be governed by the yield 
strength of reinforcement but the shear bond-slip 
strength between the surface of the two constituent 
materials. In area where reinforcement laps are not 
confined by link reinforcement, bond-slip strength may be 
more appropriate. It would be interesting to study and 
compare the effect of using different aggregate including 
micro concrete on the bond slip behaviour. The bond slip 
surface for a strong aggregate concrete would likely to



be rougher than that using a micro concrete. For micro 
concrete the residual shear strength could affect the 
bond-slip strength in determining yield forces in 
reinforcement for such models.

There were a considerable amount of experimental and 
theoretical work carried out on box girders, most deal 
with elastic methods of analysis whilst some also studied 
the ultimate collapse condition.

Dansei and Edwards (1982) studied the behaviour of three 
large-scale prestressed segmental bridge models of 
deformable cross section. These models were tested in 
service load conditions under concentric and eccentric 
loading. They used finite element method and modified 
simple beam theory to predict the deflections and 
stresses in the section with good correlation.

Perry, Waldron and Pinkley (1985) designed and 
constructed a 1:12 scale concrete model of a four lane 
carriageway bifurcated junction. It was of typical single 
and double box girder construction highly curved on plan 
with cantilever extending from both edges. The highly 
complex prestressed model was made up of up to 11 
different segments. It described the difficulties in the 
construction and instrumentation of the model. In an 
accompanying paper, Pinkney, Perry and Waldron (1985) 
presented the results for the elastic loading tests as 
well as an ultimate load test. The elastic test results 
compared well with established grillage analysis and thin 
wall beam theory. The collapse behaviour under increasing 
uniform load showed a sudden explosive collapse after 
sustaining almost four times the normal dead load 
intensity. Such collapse behaviour is typical of 
prestressed boxes that have lower ductility as a result 
of prestressing.

Kermani and Waldron (1993) studied the behaviour of 
single-cell box girder bridge models with deformable 
cross section. They developed a method of elastic 
analysis based on finite element and stiffness approach. 
Their experimental results compared well with theoretical 
prediction.



Yang and Fu (1997) developed a new torsional analysis 
method for multiceli box based on the Softened Truss 
Model Theory. This elastic method models the shear and 
torsional effect associated with straight multi-cell box 
beams.
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